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Abstract A new class of cyclic generalized separable .L; G/ codes is constructed.
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1 Introduction

A classical Goppa code [1] is determined by two objects: a Goppa polynomial G.x/

with coefficients from GF.qm/ and location set L of codeword positions

L D f˛1; ˛2; : : : ; ˛ng � GF.qm/; G.˛i / ¤ 0; 8˛i 2 L:

Definition 1 A q-ary vector a D .a1a2 : : : an/ is a codeword of .L; G/-code if and
only if the following equality is satisfied

nX

iD1

ai

1

x � ˛i

� 0 mod G.x/:

Definition 2 Goppa code is called separable if the polynomial G.x/ does not have
multiple roots.

In [1] V.D. Goppa proved that the primitive BCH codes are the only sub-
class of Goppa codes that are cyclic with G.x/ D .x � �/t ; � 2 GF.qm/;

L � GF.qm/ n f�g: Accordingly, the only one class of separable Goppa codes
with G.x/ D .x � �/; � 2 GF.qm/; L � GF.qm/ n f�g defined as cyclic.

In 1973 in [2] and later in [3–11] a subclasses of extended separable Goppa codes
and subclasses of separable Goppa codes with Goppa polynomials of degree 2 and
additional parity check were proposed. It was proved that these codes are cyclic.
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However, the existence among separable Goppa codes any subclass of cyclic codes
remained an open problem ([12] Ch.12, Corollary 9, Research Problem 12.3).

In 2013 in [13] the subclass of cyclic separable Goppa codes with a special choice
of location set L and and Goppa polynomial G.X/ of degree 2 was suggested.

L D f˛1; ˛2 : : : ; ˛n�1; ˛ng � fGF.q2m/ n GF.qm/g Sf1g;
˛n D 1; ˛

qm

i D ˛�1
i D ˛n�i ; n D qm ˙ 1;

G.x/ D .x � ˇ/.x � ˇ�1/; ˇ 2 GF.q2m/; ˇ C ˇ�1 2 GF.qm/;

G.˛i / ¤ 0; ˛i ¤ ˛j ; 8i; j 2 f1; : : : ; ng; i ¤ j:

A generalized Goppa code [14] can be constructed by using the following general-
ization of location set L:

L D
�

f 0
1 .x/

f1.x/
;

f 0
2 .x/

f2.x/
; : : : ;

f 0
n.x/

fn.x/

�
; (1)

where f 0
i .x/ is a formal derivative of fi .x/ in GF.q/ and

fi .x/ D x` C ai;`�1x`�1 C : : : C ai;1x C ai;0; ai;j 2 GF.q�/;

gcd.fi .x/; fj .x// D 1; gcd.fi .x/; G.x// D 1; 8i; j; i ¤ j:

Definition 3 q-ary vector a D .a1a2 : : : an/ is a codeword of generalized .L; G/-
code if and only if the following equality is satisfied

nX

iD1

ai

f 0
i .x/

fi .x/
� 0 mod G.x/: (2)

Generalized Goppa codes have allowed to expand a class of cyclic Goppa codes
with G.x/ D .x � �/t : Many cyclic .n; k; d/ codes can be described as generalized
Goppa codes [15] with

fi .x/ D f .˛i x/; f .x/ D x` C a`�1x`�1 C : : : C a1x C a0; ˛; aj 2 GF.q�/;

a0 ¤ 0; ˛n D 1; nj.q� � 1/; gcd.fi .x/; fj .x// D 1; 8i; j; i ¤ j

and

G.x/ D xt :

For such codes the design bound for minimum distance dG � tC1
`

and the
corresponding decoding algorithm were determined [16, 17]. However, a subclass
of cyclic generalized separable Goppa codes is still remained limited by polynomial
G.x/ D .x � �/; � 2 GF.q�/.
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2 Two Subclasses of Binary Cyclic Generalized Separable
Goppa Codes

In this paper we will consider a binary case with two variants of separable Goppa
polynomial

G.x/ D xn � 1 and OG.x/ D x.xn � 1/: (3)

We will need the following definitions.

Definition 4 For any integers n; nj.2m � 1/ and l; 0 � l < n a cyclotomic coset
ml is given by

ml D fl2j mod n; 8j D 0; 1; : : : ; �l � 1g;

where �l is the smallest integer greater than 0 such that l2�l � l mod n:

Definition 5 The minimal polynomial Ml.x/ of element ˛l 2 GF.2m/ is given by

Ml.x/ D
Y

j 2ml

.x � ˛j /; deg Ml.x/ D �l :

Definition 6 The generator polynomial of a cyclic .n; k; d/ code C is given by

g.x/ D
Y

j 2D

.x�˛j /; D D
�[

j D1

mlj and g.x/ D
�Y

j D1

Mlj .x/; deg g.x/ D
Y

j D1

�lj D n�k;

where D is the set containing the indices of the zeros of the generator polynomial
g.x/. The size of set D is equal to n � k.

For some D let’s consider a binary linear .�; �; �/ code CL with the length �,
dimension �, minimum distance � and parity-check matrix HL

HL D

2

6666664

ˇ
j1
1

G.ˇ1/
: : :

ˇ
j1
�

G.ˇ�/

ˇ
j2
1

G.ˇ1/
: : :

ˇ
j2
�

G.ˇ�/

:::
: : :

:::

ˇ
jk
1

G.ˇ1/
: : :

ˇ
jk
�

G.ˇ�/

3

7777775
;

ˇi 2 GF.2�/ n f0; 1g; GF.2�/ \ GF.2m/ D f0; 1g;
N D fj1; j2; : : : ; jkg; N [ D D f0; 1; : : : ; n � 1g:

(4)

Let b D . b1 b2 : : : b� b�C1 : : : b�/ with bi D 1; 8i D 1; : : : � and bi D 0; 8i D
� C 1; : : : ; � be a codeword of this code. Then for this vector b and parity-check
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matrix HL we obtain

b � H T D 0 and
�X

iD1

bi

ˇ
jl

i

G.ˇi/
D

�X

iD1

ˇ
jl

i

G.ˇi /
D 0; 8l D 1; : : : ; k: (5)

As in [17] we will call CL as non-zero-locator code for cyclic code C with the set

D if for any mi � D exists j W j 2 mi;
�P

iD1

ˇ
j
i

G.ˇi /
¤ 0 . We associate with codeword

b of this non-zero-locator code CL the following locator polynomial

f .x/ D .x � ˇ1/.x � ˇ2/ � � � .x � ˇ� /; ˇj 2 GF.2�/; j D 1; : : : ; �;

fi .x/ D .x � ˛i ˇ1/.x � ˛i ˇ2/ � � � .x � ˛i ˇ� /; ˛ 2 GF.2m/; ˛n D 1;

gcd.fi .x/; fj .x// D 1; 8i ¤ j; i; j D 1; : : : ; n:

(6)

Theorem 7 Generalized .L; G/ code with Goppa polynomial G.x/ (3) and locator
set L (1) defined by non-zero-locator code CL (4),(5) and by associated locator
polynomial f .x/ (6) is a cyclic code C with the set D of indices of zeroes of
generator polynomial.

Proof Parity-check matrix HG for this code is:

HG D

2

6666666664

˛
`1

1

�P
iD1

ˇ
`1
i

G.ˇi /
: : : ˛`1

n

�P
iD1

ˇ
`1
i

G.ˇi /

˛
`2

1

�P
iD1

ˇ
`2
i

G.ˇi /
: : : ˛`2

n

�P
iD1

ˇ
`2
i

G.ˇi /

:::
: : :

:::

˛
`ı

1

�P
iD1

ˇ
`ı
i

G.ˇi /
: : : ˛`ı

n

�P
iD1

ˇ
`ı
i

G.ˇi /

3

7777777775

D

2
6664

˛
`1

1 : : : ˛`1
n

˛
`2

1 : : : ˛`2
n

:::
: : :

:::

˛
`ı

1 : : : ˛`ı
n

3
7775 ;

where f`1; `2; : : : ; `ıg � D:

(7)

ut
Note 8 By Definition 6 dimension of this code is k D n � kDk, where kDk is a
size of the set D.

For the case OG.x/ D x.xn � 1/ we will obtain a similar theorem.

Theorem 9 Generalized .L; OG/ code with Goppa polynomial OG.x/ (3) and locator
set L (1) defined by non-zero-code CL (4),(5) is a cyclic code OC with the set OD �
D [ m�1 of indices of zeroes of generator polynomial.
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Proof Parity-check matrix H OG for this code is:

H OG D

2
66666666666664

˛�1
1

�P
iD1

1
G.ˇi /

: : : ˛�1
n

�P
iD1

1
G.ˇi /

˛`1

1

�P
iD1

ˇ
`1
i

G.ˇi /
: : : ˛`1

n

�P
iD1

ˇ
`1
i

G.ˇi /

˛`2

1

�P
iD1

ˇ
`2
i

G.ˇi /
: : : ˛`2

n

�P
iD1

ˇ
`2
i

G.ˇi /

:::
: : :

:::

˛`ı

1

�P
iD1

ˇ
`ı
i

G.ˇi /
: : : ˛`ı

n

�P
iD1

ˇ
`ı
i

G.ˇi /

3
77777777777775

D
8
<

:

HG; if � 1 2 D or 0 2 N;�
˛�1

1 : : : ˛�1
n

HG

�
; if � 1 … D and 0 … N:

(8)
ut

Theorem 10 From (2), (3) and (6) we obtain the following estimation for minimal
distance of binary cyclic generalized separable Goppa code:

dG � 2n C 1

�
for G.x/ D xn � 1

and

d OG � 2n C 3

�
for OG.x/ D x.xn � 1/:

3 Trace Non-zero-Locator Code

As example of non-zero-locator code let’s consider a binary linear code with length
� , parity-check matrix

HL D

2

666664

ˇj1

G.ˇ/

ˇ2j1

G.ˇ2/
: : :

ˇ�j1

G.ˇ�/
ˇj2

G.ˇ/

ˇ2j2

G.ˇ2/
: : :

ˇ�j2

G.ˇ�/

:::
: : :

:::
ˇjk

G.ˇ/

ˇ2jk

G.ˇ2/
: : :

ˇ�jk

G.ˇ�/

3

777775
;

ˇ � primitive element in GF.2�/;

t r.ˇji / D 0; 8i D 1; : : : ; k;

N D fj1; j2; : : : ; jkg;
N [ D D f0; 1; : : : ; n � 1g:

(9)

and codeword

b D .b1b2 : : : b�/; wt.b/ D � and b1 D b2 D b22 D : : : D b2��1 D 1:
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Now we can rewrite matrix HG (7) in the following form

HG D

2
6666664

˛
`1

1 t r
�

ˇ`1

G.ˇ/

�
: : : ˛`1

n t r
�

ˇ`1

G.ˇ/

�

˛
`2

1 t r
�

ˇ`2

G.ˇ/

�
: : : ˛`2

n t r
�

ˇ`2

G.ˇ/

�

:::
: : :

:::

˛
`ı

1 t r
�

ˇ`ı

G.ˇ/

�
: : : ˛`ı

n t r
�

ˇ`ı

G.ˇ/

�

3
7777775

D

2

6664

˛
`1

1 : : : ˛`1
n

˛
`2

1 : : : ˛`2
n

:::
: : :

:::

˛
`ı

1 : : : ˛`ı
n

3

7775 ;

where t r
�

ˇ`i

G.ˇ/

�
¤ 0; i D 1; : : : ; ı; f`1; `2; : : : ; `ıg � D:

(10)

For such trace non-zero-locator code we have locator polynomial f .x/ from (6):

f .x/ D .x�ˇ/.x�ˇ2/ � � � .x�ˇ2��1

/ D ˝1.x/; ˝1.x/ 2 F2Œx	; deg ˝1.x/ D �;

˝1.x/ is a minimal polynomial of element ˇ 2 GF.2�/.
From Theorem 10 we obtain the following estimation for minimal distance of

binary cyclic generalized separable Goppa code with trace non-zero-locator code:

dG � 2n C 1

�
for G.x/ D xn � 1

and

d OG � 2n C 3

�
for OG.x/ D x.xn � 1/:

4 Examples

1.

n D 21; OG.x/ D x.x21 � 1/; ˛ 2 GF.26/; ˛21 D 1; ˇ 2 GF.27/;

f .x/ D x7 C x6 C x4 C x C 1; fi .x/ D ˛7i x7 C ˛6i x6 C ˛4i x4 C ˛i x C 1;

L D f x6C1
x7Cx6Cx4CxC1

; ˛7x6C˛
˛7x7C˛6x6C˛4x4C˛xC1

; : : : ; ˛14x6C˛20

˛14x7C˛15x6C˛17x4C˛20xC1
g;

t r
�

ˇi

OG.ˇ/

�
D 1; i D 0; 3; 4; 6; 7; 12; 14; 21;

t r
�

ˇi

OG.ˇ/

�
D 0; i D 1; 2; 5; 8; 9; 10; 11; 13; 15; 16; 17; 18; 19; 20:

Therefore from Theorem 9 we have .21; 6; 7/ cyclic code with generator
polynomial g.x/ D m1.x/m3m5.x/. From Theorem 10 we obtain the following
estimation for minimum distance for this generalized separable .L; OG/ code:

dG � 2n C 3

�
D 45

7
> 6 and we have dG D d D 7:
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2.

n D 21; OG.x/ D x21 � 1; ˛ 2 GF.26/; ˛21 D 1; ˇ 2 GF.27/;

f .x/ D x7 C x6 C x4 C x2 C 1; fi .x/ D ˛7i x7 C ˛6i x6 C ˛4i x4 C ˛2i x2 C 1;

L D f x6

x7Cx6Cx4Cx2C1
; ˛7x6

˛7x7C˛6x6C˛4x4C˛2x2C1
; : : : ; ˛14x6

C˛20

˛14x7C˛15x6C˛17x4C˛19x2C1
g;

t r
�

ˇi

OG.ˇ/

�
D 1; i D 2; 3; 5; 6; 11; 13; 20;

t r
�

ˇi

OG.ˇ/

�
D 0; i D 0; 1; 4; 7; 8; 9; 10; 12; 14; 15; 16; 17; 18; 19:

From Eq. (10) and Theorem 7 we have .21; 6; 7/ cyclic code with generator
polynomial g.x/ D m1.x/m3.x/m5.x/. From Theorem 10 we obtain the
following estimation for minimum distance for this generalized separable .L; G/

code:

d OG � 2n C 1

�
D 43

7
> 6 and we have d OG D d D 7:

5 Conclusion

The new subclasses of cyclic generalized separable Goppa codes with Goppa
polynomials xn � 1 and x.xn � 1/ are proposed. The parameters and examples
of the codes from these subclasses are shown.
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