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Foreword

This book which was prepared by a team of Polish scientists from the University of
Technology in Cracow and edited by Jacek J. Skrzypek and Artur W. Ganczarski is
devoted to the Mechanics of Anisotropic Materials. This topic became more and
more important during the past years. Anisotropy with respect to material behavior
should be taken into account—otherwise recent design requirements like reduction
of mass, precise shape prediction after mechanical treatment, etc., cannot be ful-
filled. Including anisotropy in simulations, for example, based on commercial finite
element codes is not a trivial task since the origins of anisotropy are related to the
microstructure of materials as usual disregarded in phenomenological modeling. In
addition, one has to distinguish initially anisotropic materials and materials that are
initially isotropic, but under loading the evolution of anisotropy can be established.
This makes the constitutive description not easier—instead of “pure” constitutive
equations one needs additionally evolution equations describing the development
of the anisotropy. Recently various monographs in this field were published. But
there is a need for more because up to now no general accepted theory exists.

This monograph contains 7 chapters prepared by Halina and Wtadystaw Egner,
Artur W. Ganczarski, Szymon Hernik, and Jacek J. Skrzypek. The chapters are
related to the theory and numerical simulation of anisotropic materials.

Chapter 1 is an introduction to the mechanics of anisotropic materials. This is at
first a summary of the state of the art in this field. In addition, different represen-
tations of classical equations are given. It is obvious that the mathematical back-
ground is worked out and there are no open questions. Looking on the number of
unknown material parameters the question arises of how to identify these param-
eters. The last part of Chap. 1 is devoted to the classification and description of
anisotropy. This part is unique since a lot of special cases are presented and analogy
between two fourth order tensors (the Hookean tensor and the tensor related to the
von Mises yield and failure) is demonstrated.

Chapter 2 is focused on isotropic and anisotropic linear viscoelastic materials.
The first part is a nice summary of the basics of rheological models. The extension
of the correspondence principle to anisotropic materials is given.
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viii Foreword

Chapter 3 is devoted to the anisotropic behavior of composite materials.
Anisotropy is the usual property of any composite (even in the case of short fibers
with chaotic distribution, a significant anisotropy as a result of the injection molding
process can be established. This anisotropy results in approximately 10 % error in
displacement predictions, but 30 % in stress estimates. At first, the analogy between
crystal lattice unit cell and composite representative element is discussed. This
allows using the methods for modeling the symmetries in both cases. Second, the
bounds and micromechanically based homogenization methods are presented. The
concept of limit surfaces, which is usually not related to the micro-scale observation
is an engineering tool to model the limit or failure behavior. It can be used for
various limit states (for example, the beginning of plastic flow or damage pro-
cesses). The mathematics (convexity and normality rules, for example) is presented
in Chap. 4 and the authors demonstrate how to use the mathematical tools in
phenomenological modeling with respect to engineering applications.

Chapters 5 and 6 present two topics which are at the moment under discussion in
the scientific literature: the termination of the elastic range of pressure insensitive
and sensitive materials. Both items are important for any isotropic and anisotropic
initial yield or failure criteria. In addition, starting with Bridgeman’s famous
publications at the end of the 1940s/beginning of the 1950s of the past century,
which discussed for the first time the influence of hydrostatic stress states on
yielding and failure, more and more publications are related to this topic. Jacek J.
Skrzypek and Artur W. Ganczarski present their own points of view. At the same
time they compare their results with the others. It is obvious that a hierarchical
embedding of various approaches can be stated.

Finally in Chap. 7 a short classification of constitutive equations for dissipative
materials is given. This is an important task, especially if one deals with damage-
induced anisotropy.

The present book is a monograph, but at the same time it can be recommended
for a first reading. It can be used also as a textbook for students of Master’s or PhD
studies because of the excellent didactic representation.

Magdeburg Prof. Dr.-Ing.habil. Dr.h.c.mult. Holm Altenbach
April 8, 2015 Lehrstuhl fiir Technische Mechanik
Institut fiir Mechanik

Fakultit fiir Maschinenbau

Otto-von-Guericke-Universitit Magdeburg
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Preface

This monograph is focused on constitutive description of mechanical behavior of
engineering materials: both conventional (e.g., polycrystalline homogeneous iso-
tropic or anisotropic metallic materials) and nonconventional ones (e.g., heteroge-
neous multicomponent, usually anisotropic composite materials) fabricated by
modern material engineering. Effective material properties at the macrolevel depend
on both the material microstructure (isotropic or originally anisotropic in general
case) as well as dissipative phenomena occurred on fabrication and consecutive
loading phase, resulting in irreversible microstructure changes. The material sym-
metry is a background and anisotropy is a core around which the book is formed.
Revision of classical rules of enhanced constitutive description of materials, capable
of capturing virgin or acquired anisotropy, hydrostatic pressure dependence, dis-
tortion of initial and subsequent yield/failure surfaces, as well as coupled several
dissipative phenomena, such as (thermo)elastic, viscoelastic, elastic-plastic-damage,
is necessary.

In the past decade new developed technologies for manufacturing of advanced
engineering materials have stimulated numerous original papers addressed to more
enhanced and rigorous constitutive description and its experimental verification.
Among the recent books attempting to combine a progress in constitutive
description of complex materials with modern engineering expectations, some can
be mentioned. These are: The Mechanics of Constitutive Modeling by Ottosen and
Ristinmaa, Elsevier 2005; Advanced Materials and Structures for Extreme
Operating Conditions by Skrzypek, Ganczarski, Rustichelli and Egner, Springer
2008; Innovative Technological Materials, Eds. Rustichelli and Skrzypek, Springer
2010; Continuum Damage Mechanics by Murakami, Springer 2012; Damage
Mechanics in Metal Forming by Saanouni, Wiley 2012; Micromechanics of
Composite Materials by Aboudi, Arnold and Bednarcyk, Elsevier 2013; Plasticity
of Pressure Sensitive Materials, Eds. Altenbach and Ochsner, Springer 2014, to
mention only a few of them. A variety of pioneering original papers given by, e.g.,
Chaboche, Voyiadjis, Aboudi, Barlat, Khan, and many others, need to be
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X Preface

summarized and presented in a comparative way, to emphasize their significance in
a growth of knowledge in the field addressed. The present monograph is an attempt
to build a bridge between a large number of the new technology inspired and well-
experimented established research papers on one hand, and the systematic and
comparative study from the viewpoint of rigorous classical thermodynamics-based
constitutive descriptions of anisotropic materials on the other hand.

A concise classification of anisotropic materials with respect to symmetry of
elastic matrices referred to as crystal lattice symmetry, and the extended analogy
between symmetries of constitutive material matrices (elastic and yield/failure), are
discussed in Chap. 1. This chapter provides necessary tools for enhanced consti-
tutive description of materials which exhibit the virgin anisotropy or the damage or
phase change acquired anisotropy, following microstructural changes. Apart from
classical definitions of single tensor invariants, the choice of state variables nec-
essary to describe irreversible microstructural changes accompanying coupled
dissipative phenomena, as well as basic definitions of common invariants of either
two second-order tensors (e.g., stress/strain and damage tensors) or two different-
order tensors (e.g., stress/strain and fourth-order structural tensors), are given.

The aim of Chap. 2 is to show useful enhancement of the Alfrey—Hoff analogy to
a broader class of material anisotropy, for which separation of the volumetric and
shape change effects from total viscoelastic deformation does not occur. Such
extension requires use of the vector—matrix notation for description of the general
constitutive response of anisotropic linear viscoelastic material. When implemented
to anisotropic composite materials, which exhibit linear viscoelastic response, the
classically used homogenization techniques for averaged elastic matrix can be
implemented to viscoelastic work-regime for associated fictitious elastic
Representative Unit Cell of composite material. Next, subsequent application of the
inverse Laplace transformation (cf. Haasemann and Ulbricht) is applied. Similarly,
the well-established Hill upper and lower bounds for effective elastic matrices can
be extended to anisotropic linear viscoelastic composite materials. In the space of
transformed variable, instead of time space, the classical homogenization rules for
fictitious elastic composite materials can be adopted.

Mechanics of composite materials in the past decade was one of the most rapidly
explored and developed engineering areas, basically due to huge progress in
composite fabrication and engineering use. The main problem related to Chap. 3 is
focused on and how to correctly predict averaged effective properties by imple-
mentation of numerous homogenization techniques. Useful classification of com-
posites with respect to the format of effective stiffness matrix, based on analogy
between the crystal lattice symmetry and respective configuration of reinforcement
in the RUC, is given. The conventionally used Hill theorem on upper and lower
bounds by Voigt and Reuss isotropic estimates, for approximate determination of
stiffness and compliance matrices of anisotropic composite, is studied. A consistent
application of the Hill theorem to the elements of elastic stiffness or compliance
matrices enables to rule out some peculiarities of the Poisson ratio diagrams met in
the respective bibliography. The new effective approximation of the mechanical
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modules of unidirectionally reinforced composites by use of weighted average
between the Voigt and Reuss upper and lower estimates is also proposed.

The general nature of yield or failure criteria terminating elastic range of iso-
tropic or anisotropic materials is discussed in Chap. 4. The hydrostatic pressure
sensitivity of anisotropic materials can be captured either by the first stress and
second common deviatoric invariants’ direct use, or by the second common stress
invariant use in an indirect fashion. Tension/compression asymmetry in anisotropic
materials is accounted for either by presence of the first common invariant
(translation only) or third common invariant (distortion). Comparison of two ways
to capture anisotropic response: more rigorous explicit common invariant formu-
lations, or implicit approaches based on extension of traditional isotropic criteria in
terms of transformed invariants capable of capturing a complete distortion (Barlat,
Khan, etc.), is shown. Convexity requirement of limit surfaces is discussed and
compared for two material behaviors by use of: Drucker’s material stability pos-
tulate extended to multi-dissipative response, or Sylvester’s stability condition
based on positive definiteness of the tangent stiffness or compliance matrices of
hyperelastic material. Generalized Drucker’s postulate based on elastic-plastic
stiffness matrix is also shown.

Basic features of isotropic or anisotropic initial yield criteria are discussed in
Chap. 5 following explicit versus implicit formulations. The explicit description of
anisotropy is rigorously based on theory of common invariants. The implicit
approach involves linear transformation tensor of the Cauchy stress to enhance the
classical isotropic criteria for capturing anisotropy, hydrostatic pressure sensitivity,
and asymmetry of yield surface. The advantages and differences of both formula-
tions are critically presented. Incidental convexity loss of the classical Hill’48 yield
surface in the case of strong orthotropy is examined and highlighted in contrast to
unconditionally stable von Mises—Hu—Marin criterion. Different transversely iso-
tropic yield criteria are distinguished in light of irreducibility or reducibility to the
isotropic Huber—von Mises criterion in the transverse isotropy plane, and the
appropriate class of tetragonal symmetry (classical Hill’s formulation) or hexagonal
symmetry (hexagonal Hill or von Mises—Hu—Marin criteria) are considered. The
new hybrid formulation, applicable for some engineering materials based on
additional bulge test, is also proposed.

Chapter 6 comprises yield/failure initiation criteria, discussed in detail with
respect to the three following effects: the hydrostatic pressure dependence, tension/
compression asymmetry, isotropic or anisotropic response. In case of anisotropic
materials the explicit formulation, based on either all three common invariants or
first and second common invariants, are addressed especially to case of transverse
isotropy where difference between tetragonal versus hexagonal symmetry is high-
lighted. A mixed approach to formulate the pressure sensitive and tension/com-
pression asymmetric initial failure criteria, capable to describe fully distorted limit
surfaces, which are based on both all stress invariants and the second common
invariant, are proposed. It is particularly addressed to orthotropic materials where
fourth-order linear transformation tensors are used to achieve extension of the
respective isotropic criteria.
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Chapter 7 presents the general features of thermodynamically based constitutive
modeling. The type of constitutive modeling, based on a hypothesis that the state of
a material is entirely determined by certain values of some variables of state, is well
adapted to the formulation of constitutive equations for deformable solids with
several dissipative phenomena. The classification of constitutive equations is pre-
sented for the following materials: elastic-damage, elastic-plastic, thermo-elastic-
(visco)plastic, and elastic-plastic-damage, in a critical and comparative way.
Damage acquired anisotropy and unilateral damage effect are accounted for. When
plasticity is considered, an alternative multiscale approach, based on polycrystalline
calculations for the description of yield anisotropy and its evolution with accu-
mulated deformation, is also discussed. As an example of thermo-plastic coupling,
the fatigue behavior in nonisothermal conditions is analyzed. Numerical simula-
tions which indicate the significant influence of temperature rate on the response of
constitutive model when cyclic thermo-mechanical loading is considered, are
performed.

Finally, all recent trends to account for modeling material anisotropy and cou-
pling of dissipative phenomena have been highlighted and compared. The advan-
tages and difficulties of both a traditional explicit concept of consistent common
invariant-based polynomial formulation versus recently dynamically developed
implicit approach by extension of isotropic criteria with use of linear transformation
of the Cauchy stress tensor, are critically reviewed. Formal and complete analysis of
couplings between several dissipative phenomena (e.g., thermo-plastic coupling,
damage-plasticity coupling, nonisothermal thermo-damage-plasticity coupling, etc.)
are systematically analyzed in frame of irreversible thermodynamics including
internal variables.

Jacek J. Skrzypek
Artur W. Ganczarski
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Notations

General Rules

superscripts ¢4 P PP v T refer to elastic, damage, plastic, phase change, viscous,
and thermal quantities, respectively

superscripts ™," refer to matrix and reinforcement of composite, respectively
superscript ™ refers to residual quantity

superscripts V,R refer to Voigt or Reuss estimate of quantity

left subscripts preceding matrices X Or (o X refer to tangent or secant matrices,
respectively

e tilde over symbol ~ denotes effective quantity including effect of damage
e line over symbol ~ denotes quantity averaged over representative element
e double line over symbol ~ denotes quantity after weighting homogenization
e roof over symbol ~ denotes Lapace’s transform of quantity

Operators

x Scalar

Xiy X Vector

Xij, X Second-rank tensor

X, X Fourth-rank tensor

[X] Matrix

(x]" Matrix transposed

det Determinant

|x] Absolute value

I Norm x ifx>0

(x) Macaulay bracket = { 0 ifr<0

XiX



XX Notations

d Operator of derivative

dx

x Time derivative = %

D Absolute derivative

D:

2 Partial derivative

D Operator of time derivative = 2
_0,0.,0

\4 Nabla = 5.+ 5 + 5

A4 Increment

x®y  Diadic product of vectors

X-y Contracted product of tensors

tr(x) Trace operator or first invariant of tensor

Jo(x)  Second invariant of tensor

H(r) Heaviside’s function

0 Kronecker’s symbol

L,Lc  Laplace and Laplace—Carson integral transforms
exp(x) Exponential function
X*y Convolution operator

Latin and Greek Letters Used as Symbols

a |c |le |g |i |k |m |p |s |u |w |y |oa e | |v |p | |0 |4
Alc|lE|G |1 |k M |P|s|Uu|w |y [B|¢|xl|¢l|le | | |®
b |d |f |h |j |l |n |r |t |v |x |z |y |n |4 |m |7 |y |4 |¥
B|\DI|F |H|JI|LI|N |R|TI|V I X |[Z |50 |ulp|v |y |6 |Q
Symbols

a,b Inner and outer radius of cylinder, respectively

a,b,c Lattice edges

ajj Direction cosines

A Area of surface

A Strain concentration tensor

A,B,C Material coefficients in Burzynski yield/failure criterion

b; Vector of body forces

b,h,l Dimensions of representative unit cell

B Stress concentration tensor
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XX1

Coefficient of cohesion, material constant in Drucker’s
criterion

Complementary energy per unit volume

Damage parameter, vector, second-rank and fourth-rank
tensors

Strain deviator

Young’s modulus

Axial modules (generalized Young’s modulus)
Hooke’s stiffness or compliance tensors

Relaxation function

Tensor of relaxation functions

Yield function, dissipation potential

Force

Plastic potential function

Kirchhoff’s modulus

Gibbs’ potential function

Shear modules (generalized Kirchhoff’s modules)
Structural anisotropy tensors after Kowalsky

Hessian’s matrix

Sectional moment of inertia

Four-rank unit tensor

Principal invariants of strain tensor
Principal invariants of stress tensor

Basic invariants of strain deviator

Basic invariants of strain tensor

Basic invariants of stress deviator

Basic invariants of stress tensor

Vector of thermodynamic conjugate forces
Creep compliance function

Tensor of creep functions

Strength, yield point stress

Yield point stress under compression, tension,
and pure shear, respectively

Plastic tension limits along axes x,y, z, respectively
Plastic shear limits in planes (yz), (zx), (xy)
Bulk modulus

Length

Compressive to tensile strength ratio
Bending moment

Second-rank structural tensors

Fourth-rank damage effect tensor

Direction cosines

Unit vector
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Axial force

Cumulative plastic stain, pressure
Traction vector

Linear differential operators

Scalar products of corresponding direction cosines
Outward heat flux

Transformation matrix

Heat source intesity
Hosford—Backhofen parameter
Fourth-rank continuity tensor
Entropy per unit volume

Stress deviator

Transformed Cauchy stress deviators
Time

Absolute temperature

Internal energy per unit volume
Displacement vector

Material velocity

Volume

Volume fraction

Vector of internal structural variables
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Strain energy per unit volume

Euler’s (space) coordinates

Lagrange’s (material) coordinates

Second-rank unit tensor

Material constant in Drucker—Prager’s criterion
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Shear strain

Strain tensor

Strain tensor including crack/opening effect
Mean strain

Plastic offset

Green’s and Almansi’s strain tensors, respectively
Coefficient of dynamic viscosity

Coefficients of free energy function in Murakami—Kamiya’s
model
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Curvature
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Chapter 1
Introduction to Mechanics
of Anisotropic Materials

Artur W. Ganczarski, H. Egner and Jacek J. Skrzypek

Abstract This book is focused on constitutive description of mechanical behavior
of engineering materials: both conventional (e.g., polycrystalline homogeneous
isotropic or anisotropic metallic materials) and nonconventional ones (e.g., heteroge-
neous multicomponent usually anisotropic composite materials) fabricated by mod-
ern material engineering. Effective material properties at the macrolevel depend on
both the material microstructure (isotropic or originally anisotropic in general case)
and on dissipative phenomena occurred on fabrication and consecutive loading phase
resulting in irreversible microstructure changes (acquired anisotropy). The material
symmetry is a background and anisotropy is a core around which the book is formed.
In this way a revision of classical rules of enhanced constitutive description of mate-
rials is required. The aim of this introductory chapter lies in providing, apart from
classical definitions of tensor single invariants, also the choice of state variables
necessary to describe irreversible microstructure changes accompanying coupled
dissipative phenomena, and basic definitions of common invariants of either two
second-order tensors (e.g., stress/strain and damage tensors) or two different-order
tensors (e.g., stress/strain and fourth-order structural tensors). Concise classification
of anisotropic materials with respect to symmetry of elastic matrices as referred to
the crystal lattice symmetry is given, and extended analogy between symmetries
of constitutive material matrices (elastic and yield/failure) is also discussed. Next,
strain and complementary energy as function of either stress/strain invariants (ini-
tial elastic isotropy) or common stress/strain—damage invariants (damage acquired
anisotropy) are mentioned. Constitutive equation of linear elasticity in terms of com-
mon invariants of strain and structural orthotropic tensors is given. The scope of

A.W. Ganczarski (X)) - H. Egner - J.J. Skrzypek
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2 A.W. Ganczarski et al.

this chapter provides necessary tools for more extended constitutive description of
materials which exhibit either virgin anisotropy or damage or phase change acquired
anisotropy following microstructure changes.

Keywords Single or common tensor invariants * Material symmetry and constitutive
matrices + Virgin or acquired anisotropy * Shear and volumetric change coupling *

Strain energy of anisotropic materials -+ Damage and phase change state variables -
Constitutive tensors analogy

1.1 Second-Order Tensors

1.1.1 Stress Tensor and Stress Tensor Invariants

Stress tensor o, when mathematical 0;; 7,j =1,2,3,0ri, j = x,y, z, and engi-
neering notations are used is furnished as

011 012 013 Oxx Oxy Oxz Ox Txy Txz
loijl=] 021022003 | = | Oyx Oyy Oyz | = | Tyx Oy Tyz (L.1)
031 032 033 Ozx Ozy Ozz Tzx Tzy Oz

where x, y, z denote cartesian coordinate system.
When symmetry of the stress tensor o;; = o; is assumed, the stress tensor can
be represented as columnar stress vector as follows:

011
022
T 033
{o} ={o11,02,033,003,013,012} = 3 (1.2)
013
g12
When the definition of stress deviator is assumed as
1
Sij = 0ij — gdkk(sij = 0ijj — ahé,j = 0ij — gtr (0’) (51‘]‘ (1.3)
1 . . . li=j
where oy, = 30kk denotes either hydrostatic or mean stress, while d; i =V0i £

denotes Kronecker’s symbol, decomposition of the stress tensor into the stress axiator
and the stress deviator takes the following form:

oc=opl+s (1.4)
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where absolute notation o1 and s are used for the stress axiator and the stress
deviator, respectively

opb 0 0
[onl] =] 0 o O
0 0 o
b (1.5)
Ox —Oh  Txy Txz Sxx Sxy Sxz
[s] = Tyx Oy —Oh Tyz = | Syx Syy Syz
Tzx sz O0; — Oh Szx Szy Szz
Classical stress transformation rule from i, j to k, [ directions is
Okl = Qi1 0jj (1.6)

where second-order tensor transformation rule is applied and ay;, a;; denote direction
cosines of the transformation from the original frame i, j = x, y, z in the new
reference frame k, [ = £, n, . Itis possible to distinguish the specific transformation
into eigendirections (principal directions) for which the corresponding stress tensor
takes the diagonal representation

Oxx Oxy Oxz transformation o1 00
Oyx Oyy Oy; | ————> | 0 02 0 (L.7)
Ozx Ozy Ozz 0 003

Three principal stresses are determined as real roots of the cubic equation, being
solution of eigenproblem for the stress tensor o

o= (1.8)

where \; = o1, 07, 03 stand for eigenvalues. These principal stresses are real roots
of the characteristic equation of stress tensor \; = o;

det(c — A1) =0 (1.9)

which can be rewritten in the equivalent fashion
0* = l1;0* + hyo — [, =0 (1.10)
Three coefficients of the characteristic equation (1.10) I, I,, I3, are called the

principal invariants of the stress tensor and may be defined in terms of stress
components
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Ly =tr(o) = 0jj = 0xx + Oyy + 02z [MPa]
by = Oxx Oxy Oyy Oy Oz7 Ozx
- =
Oyx Oyy Ozy Ozz Oxz Oxx

= OxxOyy + OyyOzz + 0770xx — (O')%y + U%Z + O'Z2x) [MPaZ] (111)

Oxx Oxy Oxz
I3y = deto = |0y Oyy Oyz | = OxxOyy0z;
Ozx O'Zy Ozz7

3
+205y0y:00x — (0x205, + 0yy0%, + 02:0%,) [MPa?]

Apart from the principal invariants, the basic stress invariants also called the generic
stress invariants are of particular importance, namely

Jig = 0ij =tr (o) [MPa]

. | 2 2
ho =Loijo =t (0?)  [MPa?] (1.12)
J3o = Y0ij0 k0% = tr (03) [MPa?]

It is seen that the basic stress invariants can be interpreted as traces of subsequent
powers of stress tensor o, ol=0-0,0°=0-0-0,if appropriate coefficients 1,
1/2, 1/3 are used. Note that the basic invariants differ from the principal invariants,
which are coefficients of the characteristic equation (1.10).

The basic stress invariants Ji,, J25, J3, are expressed in terms of the principal

stress invariants I, I»,, I3, as follows:

Jig = o
o = 312 — Dy (1.13)
B0 = 313, = If, 10 + I3

g

The reciprocal relations are

Iie = Jis

ho = 3J% — )y (1.14)

o = i, = Jiyhao + J3g
Decomposition of the stress tensor into the stress axiator (spherical tensor) and the
stress deviator (1.3—1.5) leads to the following system of principal or generic invari-
ants of the stress deviator

Jis =si; =1tr(s) =0 [MPa]
D = Lsijsji = du (s?)  [MPa?] (1.15)
J3s = %Sijsj'kski = %tr (s3) [MPa’]
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where, in similar fashion as in Eq. (1.12), subsequent powers of the stress deviator
5,52 =s-5,58° =555 are used. Note that the first basic deviatoric stress invariant
Jis is equal to zero according to definition (1.3).

Additionally, some engineering tensor stress invariants characterized by the stress
dimension homogeneity [MPa], by contrast to the above defined basic invariants of

different dimensions [MPa], [MPa?], [MPa>] are frequently used as

on = $J1s = 3tr (0) = $o : 1= Loy [MPa] 116)
Oeq = /3J2s =/ %sijsj-,- [MPa] ’

The first of them oy, is easily recognized as the mean stress and the second geq
represents the commonly used stress intensity also called the effective stress.
1.1.2 Strain Tensor and Strain Tensor Invariants

Strain tensor € = ¢;; when uniform mathematical notation i, j = 1,2,3 ori, j =
X, y, z, and the engineering notation are used, is furnished as

1 1
€11 €12 €13 Exx Exy Exz Ex 2wy 27z
_ _ _ |1 1
eijl=|enenes | =|eweyey: | =| 37 & 3%z (1.17)
€31 €32 € Erx Ezy € 1 1
31 €32 €33 X €7y <zz 2Vex 3Vzy &z

where x, y, z denote cartesian coordinate frame.
Transformation of the strain tensor is described in a similar fashion as the stress
tensor transformation (1.6), namely

Ekl = Akialj€ij (1.18)
Similarly, the principal strains can be obtained by solution of the eigenproblem of
the tensor
e=1 (1.19)
or equivalently as solution of characteristic equation of strain tensor
3 2 —
e —heet + e — 3. =0 (1.20)
Coefficients of the above equation I1., I5., I3- denote the principal invariants of the

small (linearized) strain tensor and are defined as the homogeneous, scalar functions
of the strain components
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lie =tr(e) = € = xx +€yy + 622
b = Exx Exy Eyy Eyz €zz €zx
e =
Eyx Eyy Ezy €zz €xz Exx
= (22 2 2
= Exx€yy t Eyy€zz + EzzExx (Exy +ey, + €7x)

(1.21)
Exx Exy €xz

. = |eyx Eyy Eyz | = ExxEyyEzz + 25xy5yz<€zx

Ezx Ezy €zz
2 2 2
— (aemsyZ +eyyey, + ezzexy)

If symmetry of the strain tensor is assumed equivalent representation of the strain
tensor in the form of columnar strain vector may be applied as

11
€22
T €33
{e} = {e11, €22, €33, €23, €13, €12} = s (1.22)
€13
€12

When the definition of the strain deviator, analogous to the stress deviator (1.3), is
used, we arrive at

1 1
€ij = E&ij — ggkkisij = E&jj _5m5ij =Eij — gtr (€) 5,']' (1.23)

where ey, denotes mean (volumetric) strain. Decomposition of the strain tensor into
the strain axiator and the strain deviator is given according to the scheme

e=epl+e (1.24)

when the absolute notation was used, where £, 1 and e denote the strain axiator and
the strain deviator, respectively

em 0 O
[eml] = 0em O
0 0 en
1 1 1.25
€ —€E€m 3y 2 Vxz €xx €xy €xz ( )
[e] = %’yyx €y —€m %’sz = | éx Eyy €yz

1 1 €rx €7y €
2 Vzx 2%y €z~ €m LIRS



1 Introduction to Mechanics of Anisotropic Materials 7

The basic or the generic strain tensor invariants are defined in analogous fashion
as in Eq. (1.12)
Jic = €ii =1tr (g)

Joe = %Eijsji = %tr (62) (1.26)

1 1
J3e = eijejren = tr (€7)

The basic strain tensor invariants Ji., Jac, J3- are expressed in terms of the principal
strain invariants /., I., I3 as

Jie = e
Joe =312 — I (1.27)

Je =315 — IL.be + I

The reciprocal relationships are

Lie = Jie
he = 5JE — ) (1.28)
I = gJ = Ji Do + s

&

The principal invariants of the strain deviator may be determined in an analogous
way as the principal invariants of the stress deviator (1.15), namely

Jie = ejj =tr(e) =0
Joe = 3eijeji = 5t (&%) (1.29)

1 1
J3e = zeijejreri = ztr (e3)

1.1.3 Matrix Representation of Stress and Strain Tensors

Stress 0;; and strain ;; are the second-rank tensors having in general 32 = 9 compo-
nents, since each of indices i, j runs from 1 to 3. Each of them can be interpreted as
linear transformation of a certain vector to another vector. In case of the stress tensor,
linear transformation of direction cosines #; into a traction vector p; according to
rule

pi = 0ijnj (1.30)

is written down or
p1L=o11n| +oppn + o13n3

p2 = 02111 + 022h2 + 02313 (1.31)
p3 = o31n1 + 03212 + 03313
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when the expanded form is used. Applying the matrix-vector notation to the above
formulae the equivalent form is reached

p1 o11 012 013 ni
P2t = | 021 022 023 ny (1.32)
D3 031 032 033 n3

In Eq. (1.32) the second-rank stress tensor is represented by the 3 x 3 tensor repre-
sentation matrix and analogously, the strain tensor representation matrix

011 012 013 €11 €12 €13
o] = | 021 022 023 [e] = | €21 €22 €23 (1.33)
031 032 033 €31 €32 €33
Due to symmetry conditions of both the stress o;; = 0j; and the strain ¢;; =

€;; tensors, both representation matrices are symmetric, comprising 6 independent
components each. When engineering notation is used, replacing 1, 2, 3 frame by
X, y, z cartesian coordinate frame, and introducing appropriate notation o;; = 7;;
andg;; = %%j fori # j, we arrive at

1 1
Oxx Txy Txz Exx 3Vxy 3 Vxz
— — 1
[o] = Oyy Tyz [e] = Eyy 3z (1.34)
Oz €2z

1.1.4 Decomposition of Strains

In the case of infinitesimal deformation the total strain €;; can be expressed as the sum
of the elastic (reversible) strain 6?]-, inelastic (irreversible) strain E} i and thermal
T.

strain EU :

ey =S el 4l (1.35)

In the process of deformation, various microstructural rearrangements of material
structure may take place, for example, the changes in density and configuration
of dislocations, the development of microscopic cavities, changes from primary to
secondary phase, etc. All these rearrangements may contribute to both reversible and
irreversible strains (cf. Abu Al-Rub and Voyiadjis [1]), therefore:

E d eph
ey =¢€xten e oo 1.36
I p d ph (1.36)
Eps = Ers T Epy T Epg + -
where sf; is a “pure” elastic strain, and sj’f, el 55}, ... arerespectively the reversible

and irreversible components of the total strain induced by dissipative phenomenon
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Fig. 1.1 Components of the c /
strain tensor afi induced /
by kth dissipative / /
phenomenon /

Slk 8E

(see Fig.1.1), e.g., plastic flow, damage, phase transformation, etc. For example,
in the case of thermo-elastic-plastic-damage material the total strain tensor ¢;; is
expressed as

ers = e+ e el p el el (1.37)
5+ el
s crs

d

+5» consists of both reversible (ed) and irre-

while its damage-induced component, €
versible (1d) damage strain terms:

ed =% cld (1.38)

1.2 Fourth-Order Tensors and Matrix Representation

1.2.1 Stiffness and Compliance Matrices—Voigt’s Notation

General linear elasticity equation for anisotropic material, frequently called the gen-
eralized Hooke law, takes the forms

-1
€ij = Ejjyok  0ij = Eijucn (1.39)

where the fourth-rank elasticity tensors, stiffness E;ji or compliance Ei;lll’ are
defined, in general by 3* = 81 components, since each of indices i, j, k, [ runs
through 1, 2, 3. Because of the symmetry of the stress oj; = o and the strain
€ij = €j; tensors, both the stiffness and compliance tensors are symmetric with
respect to change of indices in pairs i <> j and k < [

-1 -1 -1
Eijii = Ejiki = Eijic By = Ejipy = Ejjpy (1.40)
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Additionally, because of property of positive definiteness of strain energy or com-
plementary energy the symmetry with respect to change of indices between pairs
ij <> kI must also hold

Eiju = Ewij  Ejjy = Eqi; (1.41)

Because of symmetry conditions (1.40) and (1.41) from among 81 components of
stiffness or compliance tensors, only 21 are independent. In order to describe the gen-
eralized Hooke’s law (1.39) by use of vector-matrix Voigt’s notation, stress and strain
tensors are written as columnar stress and strain vectors, if the following scheme of
change between tensor i, j = 1,2, 3 and vectors k = 1,2, ..., 6 indices holds:

ij 11 22 33 23,32 31,13 12,21

A S ¥ { (1.42)
kK 1 2 3 4 5 6

From the above scheme we obtain the following representations of stress and strain
tensors:

o1
o2
011 012 013 01 06 05 o3
[oij] = on 023 | — o204 | >
a g
33 3 o5
ol
(1.43)
€1
&2
€11 €12 €13 €1 €6 €5 o
[eij] = enen | — 64| =1
€ 5
33 3 e
€6

Analogous scheme is applied to the first and second pairs of indices of stiffness and
compliance tensors

mn
2Eiji1 = Emn, 2E;;}, = E;;} if m or n go through 4, 5, 6 (1.44)

ijk
4Eijki = Emn, 4E._1[ = Er;}l if both m and n go through 4, 5, 6

ijk

Eijki = Epn, E,_,,il = E_1if m or n go through 1,2, 3

where appropriate factors 2 or 4 are applied.
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For instance, if the axial strain £1; is considered the transformation scheme is as
follows:

ent = Eqj o1 + Efy02 + Efj33033 + 2E 53003 + 2E 3013 + 2E 01

1 ! 1 i ) !

€] = Efllal + Eleaz + Ef310'3 + E174104 + EE-10'5 + Ef6106
(1.45)

In case the shear strain £33 is considered, the following are furnished:

-1 -1 -1 -1 -1 .
€23 = Ep311011 + Ep30p020 + Ep333033 + 2E5353023 + 2E5313013 + 2E53,012

J 4 J J J 4

264 = 2E5 01 + 2E 535,00 + 2E 73303 + 4E 304 + 4ES 305 + 4ES o6
i/ Jll i/ 1 \L 1 J/ 1 ¢ 1 1
Y = Ejqo1r+ Epor+ Epgos+ Eyon + Eio5 + 0 Eios

(1.46)

Finally, the generalized Hooke’s law (1.39) is represented in vector-matrix notation

as follows:
5i=Ei;lo'j (i=1,23,j=12,...,6)

vi=Ejlo; (=456j=12....6 (1.47)
or
(&) =B (o) (148)
or equivalently
lo} = [El{e} (1.49)

where [E] or [E~!] denote representation matrices of elastic stiffness or compli-
ance tensors, whereas {€} and {o} denote the columnar vectors of strain and stress,
respectively. When columnar vectors of stress and strain are used as well as elasticity
matrices are explicitly written down, Hooke’s law is furnished as

m ol ol el el el 17
Eyy Eyy By |Ey Es Eg
€1 -1 -1 -1 -1 -1 —1 (o]
- Eyl Eyy Eps|Eyy Eys Eng
2 ENTRNNES RN R R R N
e | _ Ey; Eyy Esy|Esy Ezs Exg 03 (1.50)
Y4 gV gl gl gl gl gl T4 ’
a1 By Egz|Egy Eys Egg
s ES e EMNED B ED || T
6 st Esy Es3|Esy Ess Esg T6
N e i L
| Eq1 Eey Egs |Eey Egs Egs |



12 A.W. Ganczarski et al.

or _ _
Ey E2 Ei3|E14 Ei5 E6
g

E> Ex Exz|Ezq Eps Ene !

a2 &2

o3 E3y E3p E33|E34 E3s E36 £3

g1

- (1.51)
T4 E41 Egy E43|Ess E4s Ese | | 74

-

TS Esy Esy Es3|Esq Ess Ese s

6 Y6

| E61 E62 Ec3|Eea Ees Ee6 |

where engineering notation for shear stress 7; = o (j =4, 5, 6) is used.
It should be mentioned that symmetric stiffness [ E;;j] = [E ;] and symmetric com-
pliance [Ei;l] = [Ej_il] matrices, both having dimension 6 x 6, are representation

matrices of fourth-rank elasticity tensors Ej;j;; or compliance El; ,i ;- Transformation

of each matrix to another coordinate frame can be performed if the matrix nota-
tion (1.51) is replaced by the tensor notation (1.39), or by use of the appropriate
transformation matrix [Q]

[E'] = [QI"[E][Q] (1.52)

For instance, if the stiffness matrix is considered the transformation matrix takes the
form

quiq11 912912 413913
Q21921 922922 423923
Q] 31931 932932 433433
2931921 2932922 2933923
2931911 2932912 2933913

2921911 2912922 2913923 (1.53)
4124913 q13411 q12911
423922 423921 422421
433432 433431 q324931

433922 + 432923 933921 + 431923 431922 + 432921
q33912 + 432913 933911 + 431913 431912 + 432911
413922 + 912923 913921 + 411923 411922 + 412921

the coefficients of which are scalar products of corresponding direction cosines g;; =
nin; between both coordinate frames.

1.2.2 The Choice of State Variables

The irreversible rearrangements of the internal structure can be represented by a
group of variables describing the current state of material microstructure:

(vky = (vp yd yrh (1.54)
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where V¥ may be scalars, vectors, or even rank tensors. For damage description, in
the case where the damaged material remains isotropic, the current state of damage
is often represented by the scalar variable V¢ = D denoting the volume fraction of
cracks and voids d V4 in the total volume dV°. Damage acquired orthotropy requires
a second-order tensor, for example, the classical Murakami—Ohno [38] tensor Vd
D;j, see Eq. (1.61). In the most general case of anisotropy the description of damage
needs to be embodied in an eight-order tensor (cf. Cauvin and Testa [6]), while the
principle of strain equivalence allows using fourth-order tensors, see Sect. 1.2.3. For
phase transformation analysis the scalar variable VP = ¢ is commonly adopted (cf.
Egner and Skoczen [14]), which denotes the volume fraction of the secondary phase
in the total volume of the two-phase Representative Volume Element. However, a
scalar variable is not capable of describing the acquired anisotropy due to partially
directional nature of the secondary inclusions in the primary matrix. Therefore,
instead of scalar variable a second-order phase change tensor can be defined in
analogy to the damage tensor:

3
h=g= Gnion (1.55)

i=1

where &; describes the ratio of the secondary phase area dAE)h to the total area dA? on
the principal plane of normal unit vector n; (cf. Egner [13]). Another group of state
variables consists of internal (hidden) variables corresponding to the modifications
of loading surfaces:
ky _ P P p

{h*) = {rp’aij’lijkl’gijklmn’"' (1.56)

d .d jd d ’
A ks Jijkimns -+

d

correspond to isotropic expansion of the loading surface, apl a - affect

loading surface translatoric displacements, li kD l?j 1 are hardening tensors of the
fourth order which includes varying lengths of axes and rotation of the loading
surface, and glpj Klmn> gl‘.ij Klmn dt.ascrib.e c.han.ges of the curvature of the loading surface
(distortion) related to appropriate dissipative phenomenon (cf. Kowalsky et al. [27],
see Fig. 1.2). The complete set of state variables {Vy} reflecting the current state of
the thermodynamic system consists of observable variables: elastic (or total) strain
tensor E?j and absolute temperature T', and two groups of microstructural {V*} and
hardening {h*} state variables:

where rP, r

Va) = {e5;, T: VP,V VPR P pd Rt ) (1.57)

When thermo-elastic-plastic-damage two-phase material is considered, the exem-
plary set of state variables for a general case of hardening/softening effects induced
by different dissipative phenomena is further listed in Table 7.1.
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Fig. 1.2 Modifications N
of the loading surface in the initial loading surface
space of thermodynamic

conjugate forces {J*} R
(after [13])
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When the material is subjected to reverse tension-compression cycles, the unsym-
metrical behavior in tension and compression is observed as the unilateral response
due to partial crack closure effect. To describe the phenomenon of the unilateral
damage, also called the damage deactivation or the crack closure/opening effect, a
decomposition of the stress or strain tensors into the positive or negative projection is
usually introduced using the fourth-rank projection operators (cf. Krajcinovic [30];
Bielski et al. [4]):

3
€ij = Z"‘(gl)”ﬁ)"ﬁgz)”g?"%)€kl = i(fzzﬁkl (1.58)
I=1

where the fourth-rank tensor Bl.(;,g ; is built of directional cosines between the principal

and the current spatial systems, "S) and x(e7) = H(a) + (H(—a), H is a Heaviside
function and ( is a material constant.

1.2.3 Damage and Damage Effect Tensors

So far constitutive description of material has not accounted for influence of damage.
Damage means existence of microvoids and microcracks in the material that result in
essential deterioration of mechanical properties at the macroscale, such as strength
and stiffness or compliance.

In the simplest case when microvoids are spherical and homogeneously distributed
in material, damage is described by the scalar damage variable D, usually called the
damage parameter, Fig. 1.3
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effective
modulus

initial _~F
modulus

A (initial configuration) B (physical ( (pseudo - undamaged
configuration - damaged) configuration)
o=Esg o=E¢ 6=E¢

Fig. 1.3 Three configurations used in CDM: a initial, b damaged, ¢ effective pseudo-undamaged

Ad
D= (1.59)

Scalar damage variable D, introduced by Kachanov [24] and Rabotnov [46], rep-
resents the loss of effective area from the initial A to the damaged A9 states. In
order to generalize the scalar damage variable to the case when microvoids exhibit
clearly directional nature, the vector damage variable D;, is proposed by Davison
and Stevens [11], Kachanov [25], Krajcinovic and Fonseka [28]

Al
Di=-%t i=1,2,3 (1.60)
Aj
Murakami and Ohno [39] introduced more general damage variable defined by the
symmetric second-rank damage tensor D, capable of capturing an orthotropic dam-
age nature
D1 D12 D13
D= Dy Do3 (1.61)
D33

Recently, researches aimed towards correct description of damage mechanism in
elastic-brittle rock-like materials, ceramics or concrete led to definition of the
Sfourth-rank damage tensors, e.g., Chaboche [8], Krajcinovic [29] or Lubarda and
Krajcinovic [35]. Apart from the above-mentioned damage variables possessing
clear geometric interpretation other damage variables referring to physical planes,
described in details e.g., by Gambarotta and Lagomarsino [15], Seweryn and Mrdz
[48] should also be mentioned. More general classifications of damage variables
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were listed in following subject monographs by Krajcinovic [29, 30], Skrzypek and
Ganczarski [51], Betten [3] or Murakami [40].

In the frame of continuum damage mechanics (CDM), three configurations
are considered: initial configuration A that describes material in undamaged state
D(A) = 0, physical configuration I3 referring to the damaged state D(BB) # 0, and
the equivalent, fictitious pseudo-undamaged configuration C in which real heteroge-
neous material is substituted by a homogeneous material, free of damage D(C) = 0,
as schematically is shown in Fig. 1.3.

The physical (damaged) configuration 5 is equivalent to the effective (pseudo-
undamaged) configuration C in a certain sense, for instance, of strain equivalence
Chaboche [7], stress equivalence Taher et al. [54], or elastic strain energy equivalence
Cordebois and Sidoroff [10]. In physical configuration 5 damage state manifests
through the effective elasticity modulus E, for instance,

E=E(1—-D) or E=El-D)? (1.62)

where the hypotheses of strain or stress equivalence (first formula) or elastic energy
equivalence are used. Contrarily, in the effective configuration C damage state man-
ifests by the definition of the effective variables o, &, respectively

. E _ _ [E _ |E
O=0=, E=€E OF O=0,=, £=¢&/— (1.63)
E E E

or equivalently

g — — g
=, = or =
1—p °7° “T1-D

, E=¢e(1—D) (1.64)

The damage effect matrix, being matrix representation of the damage effect tensor
[M] = [diag {M11, M2z, M33, Mas, Mss, Meg}] (1.65)

is expressed in terms of the damage parameter D as follows:

1
[M] = —— [diag{1,1,1,1, 1, 1}] (1.66)
1-D
where the diagonal form is applicable.
Damage effect matrix plays an essential role in definitions of the damage effective
stress tensor o

T
~ Ox Ty gz Tyz Txz Txy
Mo — ’ 7 , , , 1.67
to} = Mlia) 1—D1—D1—D1—D1—D1—D] (.on
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and the damage effective compliance (stiffness) matrix [E™1]

[E-1 = MITE-M] =
1 —v —v
1 —v
B 1 1 (1.68)
~ E(1—-D)? 1+v

14+v
14+ v

For brevity, in all the above equations (1.62—1.68) the assumption of material
isotropy in undamaged state (A) is applied.

Assumption of the isotropic damage nature is too strong a simplification since
usually microvoids or microcracks are of oval or directional shapes. A proper damage
description requires application of orthotropic damage representation (1.61), which
under the assumption of the principal damage frame reduces to the diagonal form,
where Dy, D>, D3 components may be interpreted by reduction of effective areas 1,
2, 3 (1.60), hence

AS
D = D, D; = A—’ i=1,2,3 (1.69)

Chosen representations of the damage effect matrix based on various hypotheses,
after Chen and Chow [9], Skrzypek [49], Murakami [40], can be defined as follows:

o i}
=D
1—D, L
[M,] = R (1.70)
JA=Dy(-D5) 1
JA=Dy(-Dn 1
L Ja=Dn-Dy
or
- 1 -
1-D; |
1-Ds L
[M] = 1=Ds ! (1.71)

1—0.5(D,+D3) .
1=0.5(D3+ D))

L 1-0.5(D1+Dy) -
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or

)= é(lwlz)l( )
2\ T =or

L b (w7 + )
(1.72)

The damage effective stress can be defined, for instance in the following two ways,
both satisfying symmetry of the effective stress o (D):

Ox Txy Tz
1/2 1/2 1=-Dy /(A-Dn)(1-D2) ~/(1-D1)(1-D3)
o T . ) o
{J}—[Ml ] { }[M ] — [o] = 1-Dy \/(I_D%)(I—Dg)
1—D;3
(1.73)
or
Txy Txz
(1- Dl)2 (=D (1=Dy) (—D))(I-D3)
o} = ' ol = 9y Tyz
{0'} == [Ml] {U} [Ml] I [0'] = (17D2)2 (1= Dz)(l D3)
(1- D3)2
(1.74)

Exemplary effective compliance matrices take the following representations,
Skrzypek and Ganczarski [51]:

[E- ‘]—[MI]T[E vy =
(1— D1)2 - Dl)(l Dy) (1- Dl)(l D3)
—U
(I-Dy)(1-Dy) (1— 02)2 [ Dz)(l D3)

-V -V
(I-D3)(1-Dy) (1-D3)(1-D3) (1- D3)2

g

14+v
(1-Dy)(1-D3)
1+v
(1-D3)(1-Dy)

14+v
(1=Dp(1=Dy) |
(1.75)
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or

[E-1= ([le[E N+ [E-M]) =

—V
=D; D1 = OS(D1+Dz) T=05(D1+D5)
= os<1)z+r),> 1-D; Dz = 05(D2+D3)
1| 1= 05(D1+D1) - 05(Dz+D2) 1—D3
E 4
1=05(D,1D3)
14+v
T=0.5(D1+D3)

14v
1-0.5(D1+D2)

(1.76)

In both cases, for the sake of brevity, material isotropy at the undamaged state
was assumed.

In a more general case of full damage anisotropy the fourth-rank damage tensor
D; 1, built of 21 independent components, should be used.

Following Cauvin and Testa [6] the effective stiffness tensor is defined as

=10-D):E=R:E (1.77)

where fourth-rank tensors R and D stand for damage effect and damage tensors,
respectively. In general case of full damage anisotropy the 6 x 6 matrix representation
of the fourth-rank damage tensor is as follows:

Dy D12 D13 D14 D5 Dig
Dy, Dr3 Dyy Dys Dog
D33 D34 D35 D3
D] = 1.78
D] D44 Dys Dy (1.78)
Dss Dsg
Des

As a particular case the orthotropic damage is considered as example for which the
unsymmetric orthotropic damage matrix reduces to

Dy Dy Di3
Dy Dy D3

D3y D3, D33

[D] = (1.79)

Dss
Des

In the particular case when the orthotropic symmetry of damaged material is
considered, the damage tensor takes the following matrix representation, after Cauvin
and Testa [6], also Ganczarski [17]:
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[ Di111 Di122 D133 i
Dao11 Dozoa D233
D3311 D3322 D3333
2Dy323
2D1313
2D1212 |

(D] (1.80)

defined by 12 independent elements, in general nonsymmetric because three elements
under diagonal D711, D3311, D3327 are truly independent.

In the narrower case of transverse isotropy (in the plane 2, 3), number of inde-
pendent elements of the tensor D;jx; reduces to 5, namely D1, D3, D3, Dy, Ds

[ D1 Dy Dy 7
Dy D3 Dy
Dz/ D4 D3
D] = 1.81
(D] be— Dy (1.81)

Ds

Ds |

Two components D»>11 = D3311 = D/ are dependent, and expressed as
1
Dy = 15 [Dy +v (D1 — D3) — vDy4] (1.82)

This kind of transverse isotropy will further be classified as transverse isotropy case
of hexagonal symmetry (5 independent components in contrast to another transverse
isotropy of tetragonal symmetry where all 6 components are truly independent, see
Table 1.1).

The 6 x 6 transversely isotropic compliance matrix is of the following form:

-1 v vo .
E; E; E;
_w 1 _ 3
E, E» E,
~_ _vp _ w3 1

[E ]: E; E, Ep | (183)
Gy |
G2
s
L G|2 -

in which damage affected modules expressed in terms of damage variables are
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Table 1.1 Classification of anisotropic elastic materials with respect to stiffness matrix symmetry
referring to crystal lattice cf. Nye [42]

Conventional unit cells
of space lattices

Stiffness matrix [C]

Conventional unit cells
of space lattices

Stiffness matrix [C]

a*tb#c
a # B #7290
triclinic lattice

2. y# 90°

b

a
a*b+c
o=PB=90°%y+90°

monoclinic lattice

e

o= B v#90°

rhombohedral lattice

a=p=y=9
orthorhombic lattice

anisotropic Hooke’s
(21 constants)

monoclinic or oblique
Hooke’s anisotropy

!
=

(e]

trigonal anisotropy
(6 constants)

orthotropic Hooke’s
(9 constants)

5.

a

a
a=b*c
a=B=y=90°

tetragonal lattice

6.

a
a+c

o =90°%y=120°

hexagonal lattice

7.

a
a
a=b=c
a=B=y=90°

cubic (regular) lattice

8.

==
\'
%

55

polycrystal

oo !

oo o

transversely isotropic
tetragonal Hooke’s
(6 constants)

=

Pk
e

isotropy (2 constants)

(@]

hexagonal Hooke’s
(5 constants)

el

f’

Cubic Hooke’s
(3 constants)

1.7'

E _E(l D1)(1—D3—D4)—2D, D>/

1—D3—D4—2vD>/
_ v(1=D3—D4)—(1—v)D>/
V12 = = 1-D3;—Ds—20Dy
Er,—E (1=D3+ Dy)[(1=D1)(1=D3—D4)—2Dy Dy/]
2 = B {0=D)(A=D3—vD4)—vD,(1—D3 + Dg)—(1 + ) D2 D2/ (1.84)
1z — (A=D1 (W=vD3=Dy) +vDy(1=D3 + Da)=(1+v) Dy Do/ ’
23 = "0=D)(I=D3—vD4)—vD>r(1—D3 + D3)—(1 + ) D2 D2/
Gy = ﬁ(l — D3 — Dy)
G2 = 5t (1 = Ds)
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More accurate description of anisotropic damage may be provided by use of fabric
tensors, see Murakami [40], Voyiadjis and Kattan [55], Yun-bing and Xing-fu [56],
Lubarda and Krajcinovic [35]. For this reason a unit spherical surface around a given
point P(x) in the RVE is considered (see Fig. 1.4), and the directional distribution
&(n) of the microvoid density on the unit sphere is defined as a polynomial function
of the direction vector n

§(n) = Do + Djj fij(n) + Djjui fijia(n) + - - - (1.85)

Expression (1.85) is a generalized Fourier series with respect to the irreducible tensor
bases fij(n), fiju@®), ...

1
fij(n) = ninj — 36i;

1
fijki(n) = ninjngn; — 5 (6;jnen; + dignjng + dyn jng

] (1.86)
+0jkning + 6jning + onin;) + W(éij”knl
+ dikn jng + Oy jng)
The tensor bases fij(n), fijxi(n), ... are symmetric with respect to the indices,

consist of even-order tensor components, and have vanishing trace.

The tensors Dy, D;j, D;j, ... characterize the directional distribution of damage,
and are called fabric tensors. For given £(n) they can be derived by calculating the
following integrals (cf. Murakami [40]):

Do =7~ [&myds2
52

Dij = %% f §(n) fij(n)d2 (1.87)
S2

Diji = 1=32579 [ £(n) fijx (n)ds2
SZ

The even-order tensors Do, D;j, D;jk, ... represent completely the damage state of
the materials, and have been used as the internal state variables in thermodynamic
modeling of creep and brittle damage, see Onat and Leckie [43], Lacy et al. [32].
Concluding, it is worth to mention that virgin material anisotropy may either
manifest from the very beginning of the elastic response when appropriate anisotropic

Fig. 1.4 Unit spherical
surface to represent
directional void distribution




1 Introduction to Mechanics of Anisotropic Materials 23

formulation of Hooke’s law is required or at damage initiation phase when damage
acquired anisotropy appears as shown above. In the last case the elasticity matrix
at the virgin state may have isotropic nature, whereas after some dissipative process
initiates it changes to anisotropic form.

1.3 Common Invariants of the Second-Order
and Fourth-Order Tensors

1.3.1 Common Invariants of Two Second-Order Tensors:
The Stress/Strain and the Damage Tensors

A fundamental (irreducible) set of common invariants of two second-order tensors
comprises 10 invariants. In a particular case when the common strain-damage space
(g, D) is considered they are furnished as

Jie = tr(e) = €ii

Jre = %tr(s €)= %5,-jeji

J3e = %tr(e ‘E-€) = %ajejkski

Jip = (D) = D;;

Jop = (D - D) = 1Dy Dy

J3p = tr(D - D - D) = $D;;Dji Dy
Jiep =tr(e - D) =¢;jDj;

Jrep = tr(e-€- D) = ¢gjje ji Dy

Jiecp =tr(e - D - D) =¢;;Dj; Dy

Jaep =tr(e-€- D - D) = g€ i Dy Dy

(1.88)

When another stress-damage commonly used space (o, D) is considered the fol-
lowing holds:

Jio = tr(o) = 0y

Jry = %tr(a -0) = %UijO'j,‘

J3, = %tr(a -0-0)= %U,‘jojkaki

Jip =t(D) = Dj;

Jop = %tl‘(D -D) = %Diiji

Jap = %tr(D -D-D)= %Diijka,’

Jiop =tr(o - D) = 0;;Dj;

Jroop =tr(o -0 - D) = Jl'ijka,'

Jsgp =tr(o - D - D) =0;jDj; Dy

Jaigp =tw(o -0 - D - D) =0jojx Dy Dy

(1.89)
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1.3.2 Common Invariants of Two Different-Order Tensors:
The Second Stress/Strain and the Fourth-Order
Structural Tensors

The orthotropic material is characterized by three mutually perpendicular symmetry
planes determined by three second-rank tensors called the structural tensors in terms
of which the elastic strain energy W can be represented as

W=WeE, MY, MP M) (1.90)

When axes of material orthotropy coincide with axes of reference frame the structural
tensors take the simplified forms

100 000 000
MY =] 00| M® = 10| M®=| 00 (1.91)
0 0 1

for which the following holds:
1=MD 4+ M® 4 M® (1.92)

Condition (1.92) means that the structural tensors are mutually dependent. Hence,
elastic strain energy (1.90) can be represented in terms of two structural tensors
chosen as independent, e.g., M M and M@

W=We, MY, M?) (1.93)
Analogously, strain tensor can be written as € = 1€ = € - 1, which finally leads to

1.94
e=MD . e+ M?P . e+ M® .e=1-¢ (154

Summing up, the above equations assure symmetry of the strain tensor &
1 1 1
e= E(E'Mm +MD )+ S MP 4+ M .e)+ 5(5~M(3) +M® .g) (1.95)

The following representation of elastic strain energy in terms of 7 invariants can be
obtained:

W =W|t(e), %tr(s - €), %tr(s -g-€),

tr(e - MWD), tr(e - MP), tr(e - MP), tr(e - e - M?)] (1.56)
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comprising both 3 single strain invariants and 4 common strain and structural tensor
invariants. However, based on (1.95) two first-strain invariants can be represented as

tr(e) = tr(e - M(l)) + tr(e - M(z)) +tr(e - M(3)) (1.97)

tr(e-e)=tr(c-e MYy +tr(e-e - MPD)+tr(e-e- M) ’
whereas the third strain invariant %tr(z—: - € - €) is ignored because strain energy must
be a quadratic function of strain €. For further details see Sect. 1.7.3.

1.4 Classification of Elastic Materials with Respect
to Symmetry Groups and Classes

For further considerations, analogy between the crystal lattice symmetry groups and
classes and corresponding symmetry of the stiffness matrices defined for crystalline
materials might be useful (cf. e.g. Nye [42]). Unit cells of the eight conventional
crystal lattices are demonstrated based on Love [34] and Jastrzebski [23], whereas
corresponding constitutive elasticity matrices are schematically sketched applying
Nye’s graphics (symbol e refers to independent element, symbol o refers to depen-
dent element, symbols @—® or O—O0 represent pairs of identical matrix elements,
symbols @ stand for pairs of elements in which one is doubled (effect of engi-
neering notation applied to shear strain v;; = 2¢;;), whereas symbols @——© denote
pairs of elements of the same absolute value but opposite signs, respectively.

1.4.1 Triclinic Hooke’s Anisotropy (21 Constants)

Deformation of representative cube taken of the generally anisotropic material of
triclinic symmetry subjected to exemplary axial tension along three axes is fully
anisotropic. This means that it comprises both anisotropic axial strains (transforma-
tion of the cube to a rectangular prism) and anisotropic shear strains (transformation
of the rectangular prism to a parallelepiped), as schematically sketched in Fig. 1.5.
In such a case of general deformation the elastic compliance matrix is fully popu-
lated. In other words, all components of the columnar stress vector depend on all six
components of the columnar strain vector (36 combinations). Final representation
of compliance matrix for fully anisotropic (triclinic) material is as follows:
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Fig. 1.5 Schematic

deformation of representative
cube of anisotropic triclinic
material under uniaxial
tension along three axes ™2

A.W. Ganczarski et al.

i

&

1 23 /2
"3
[E~1] =
r 1 _wvor _wsi | M3 M1y M2 9 — _
E1 Ep Ei| FEi E11 E11 o o o o o
_ Vi2 1 _wao | M23(2) "M31(2) "Mi2(2)
Eaz  FEaz Eao 77E22 nEQZ nE22 i e o
_ Vi3 _ V23 1 23(3) 31(3) 12(3) ° e o
Eaz Eaz Faz Eaz Eaz Eaz
T(1)23 T(2)23 77(3)23 1 [31(23) F12(23) .
Glos Gl G Glas Glas G °
77(1?%1 77(2§§1 77(3%%1 l‘(z:f)&m 12‘3 .u12(2§1)
Gz1 Gz Gai G31 G31 G31 b
Nyi2 M)z M@E)12 | He3)i2 H(31)12 1 °
- Giz Giz Giz | Gaiz G12 Giz - — (1.98)

Symmetry of the elastic compliance matrix (1.98) results from symmetry of both
stress and strain tensors, namely

=7  —vki=viEj;
Nij N(k)ij
Fe = G- — MiiwGij = Nwij Exk (1.99)
Mg(/jl) = N(Gk_l,)il'/ —> MijiyG ji = pikinij O
In should be pointed out that the symmetry Ei_jl = ]E;i] holds for elements

of compliance matrix but not for corresponding engineering material constants
Eii, vij, Gij, NG jk» Mijki) as shown in (1.100) versus (1.98) (Table 1.2)

[ E} EL EGED EF ER
Ezii Ez{ 2{ E;{ Ezsi E;{
i Ey Esy Esy |Esy Exs Exg
[]E ]_ Ezﬁ] E;zl E;gl ELtl E‘E_l E;61 (1.100)
E5) Es; Esy |Esy Esg Esg
Egl Eg) Eg |Eg)' Eg Egf
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Table 1.2 Superposition of the strain tensor components of anisotropic material corresponding to

subsequent stress tensor components

Strains
State axial shear
€1 €2 €3 Y23 V31 V12
831 3 3 3 Y
1 1 N T_,z L Lo 1.1 3 1 2
&) g o | 2 s 2
o V21 . V31 - M23(1) - M31(1) - T12(1)
—01 ——01 ——=—01| —/—01 —01 —
. Eiq By By E By By
31
f I — 3 3
o 1 1 V3] Y
: ol ol Lo|| 4 L2 1A iR 2
i L, Igz 2
Vi2 - 1 - V32 M23(2) - MN31(2) - M12(2) -
— =02 =02 ——=—02| —/—o02 ——02 ——02
Fao Foo _FEoo Foo Foo Foo
- 2 2y Y
1 3 12
j 1 3 [ T—>2 1<—T < 1 ©
2 B 123 (—l
Slg e e — T—»z Z
V13 V23 1 M23(3) M31(3) M12(3) -
—_ —_ 3
Ess Es3 Es3
3 3
& e (o - =9 e
2
1 - M(31)237_ N(12)237_
23 ——T23 —=—T23
Gas G Gas
3 3
VZ/)S(\ T—>2 IJ/ 131 l‘j\’ :QZ
2
H(23)31 - 1 - H2)31 -
31 ——T31 — 731
G31 G31 G31
3 3
o= P S 1= 1> 2
2
H(23)12T H(31)117_ 1 -
12 12 ——T12
G2 G2 G2

Elastic engineering modules of five types can be sorted in the following way, after

Lekhnitskii [33]:

e FE;;—axial modules (3 generalized Young’s modules)

e G;j—shear modules for planes parallel to the coordinate planes (3 generalized

Kirchhoff’s modules)

o v;j—Poisson’s ratios characterizing the contraction in the direction of one axis
when tension is applied in the direction of another axis (3 generalized Poisson’s

coefficients)
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o 1;jkn—coefficients characterizing shears in planes parallel to the coordinate
planes resulting from shear stresses acting in other planes parallel to the coor-
dinate planes (3 Chencov’s modules)

e 1;i(jkhy—mutual influence coefficients characterizing extensions in the directions
of the coordinate axes resulting from shear stresses acting in the coordinate planes
(9 Rabinovich’s modules)

The aforementioned modules are listed in Table 1.3. In case of full anisotropy the
shear stress acting in one plane results in a shear strain appearing in another plane.
This effect is described by the three Chencov modules. Hence, the bottom right-hand
side block of the compliance matrix (1.100) is fully populated, in contrast to the
case of isotropy where shear stress acting in one plane results in shear strain in the
same plane exclusively. This means that in case of isotropy the considered block of
compliance matrix must have the diagonal form.

In order to describe effect of axial stresses on shear strains (upper right-hand
side block), as well as effect of shear stresses on axial strains (lower left-hand side
block), it is necessary to define 9 additional modules 7)) j«, called Rabinovich’s
modules where the appropriate symmetry conditions hold (1.99). The total number
of discussed modules is equal to 21. However, only 18 of them are truly independent
because the compliance matrix [E~!'] has to obey transformation with respect to
three Euler angles. It should be pointed out that in general case of anisotropy it is not
possible to find any reference frame for which any element of the compliance matrix
can be equal to zero. The general case of anisotropy corresponds to the triclinic
symmetry lattice cell in which all three edges differ from each other and all three
angles between them differ from each other and none of them is equal to 90°, as
shown in item 1 of Table 1.1.

Table 1.3 Engineering modules defining elements of elastic compliance matrix (1.98) of fully
anisotropic material

Engineering elastic Coupling between | Corresponding axes or planes Number of
modules coefficients

Stress| Strain

Ei1, Ex, Exs Axial | Extension | The same axes 1 — 1, etc.
G12,G32, G3p Shear | Shear strain| The same planes 12 — 12, etc.
1, V31, V32 Axial | Extension | Different exes 1 — 2, etc.

131(23)> 112(23)» #1231) | Shear | Shear strain| Different planes 13 — 23, etc.

O | W | W|Ww|lw

M3(1)s - - -» N2(3) Shear | Extension | Normal to shear plane 23 — 1, etc.
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1.4.2 Monoclinic Hooke’s Anisotropy (13 Constants)

Among anisotropic materials the narrower group called monoclinic symmetry can
be distinguished. Monoclinic or oblique symmetry corresponds to monoclinic space
lattice cell symmetry in which all three edges differ from each other, whereas two
angles are equal to 90° and one is different, as shown in item 2 of Table 1.1. The cor-
responding stiffness matrix symmetry characterizes through incomplete population
in which only 13 elements are not equal to zero, as shown below.

[E~'] =
r_1 _ V21 _ V31 Mi2(1) 7 —
E1 Eqn Eq Ei1 L
_ V12 1 _ V32 Mi2(2)
Ezy  Eaz2 Eao Fao
_ vi3 _ Va3 1 M12(3)
Es3  Fs3 FEas Es3
1 F31(23)
2 Gag o o
H(23)31 1 °
Gs1 Gs1
N1z M2)12 M3)12 1 °
L G2 G2 G2 Giz - = —

(1.101)

In other words, in case of monoclinic symmetry only three of the Rabinovich modules
and only one of the Chencov modules are different from zero.

1.4.3 Trigonal/Rhombohedral Hooke’s Anisotropy
(6 Constants)

Another important narrower case of material anisotropy called trigonal anisotropy
can be distinguished. The trigonal anisotropy corresponds to the rhombohedral cell
lattice in which all three edges are equal to each other and all three angles are equal but

different from 90°, as shown in item 3 of Table 1.1. The corresponding compliance
matrix takes the following representation:

[E™] = )
1 _ver _wsi| ") _
Eqn B B Ei o
_vi2 1 _va1|_ M3
E22 E11 Ell Ell
_viz _ Vis 1 °
Es3 B3  Bsg
M23 _ T(1)23 1
Gas Gas Gag
1 2p19(31)
Gt G31
2131)12 2(1+4v12) o
L [&P Eip -

(1.102)



30 A.W. Ganczarski et al.

Itis seen that in case of trigonal symmetry among Rabinovich’s modules only two are
nonzeroth but in fact only one of them is independent because they only differ in sign.
Additionally, only one Chencov’s modulus is different from zero but in fact it is the
dependent modulus due to the speciﬁc coupling between components 2E Ql =F 5_61
and E2_41 = —E14 as well as E 11 = E22 s Eqgy = Es_s s E1_31 = E2_31 whereas

66 = (E 111 - E, o /2 must hold. Finally for trlgonal symmetry only 6 elements
of the compliance matrix are independent, see Berryman [2].

1.4.4 Orthorhombic Hooke’s Orthotropy (9 Constants)

The majority of engineering materials exhibit a specific symmetry property, which
may result in reduction of the number of nonzeroth elastic modules. It can be done
when, for chosen symmetry group or class, some particular material directions are
defined in such a way that transformation of the compliance matrix from an arbitrary
coordinate frame to the given structural symmetry frame leads to the zeroth popula-
tion of the top right-hand side and the bottom left-hand side blocks of the compliance
matrix (1.98), and additionally the bottom right-hand side block possesses a diag-
onal form. In such practically important cases both the nine Rabinovich 7z and
the three Chencov ;) modules are equal to zero, and consequently, coupling
between the shear stresses and elongations does not exist such that shear strains are
produced exclusively by the action of stresses at the same planes. In this particular
symmetry, called orthotropy, there exist three mutually perpendicular axes (1, 2, 3)
that determine the three material orthotropy planes. The orthotropy symmetry case
corresponds to the orthorhombic lattice in which all three edges differ each from
other but all angles are equal to 90°, as presented in item 4 of Table 1.1.

[ L _ v vsn 11 —
E11 Ell Ell * °
iz 1 vs2
Egg E22 E22
_ i3 _ Va3 _1
L33 Es3  Fss T
Gag 0 0 i
L
€ °
1
L Giz2 1 L o |
(1.103)
The following conditions must hold to assure matrix symmetry:
121 V12 V13 V31 123 V32
—_—_ = === === (1.104)

Enn  Exn Eys  En Eys  Ex

Finally, in case of orthotropy the number of independent material constants is nine,
that is, three generalized Hooke’s modules E11, Ex, E33, 3 generalized Kirchhoff’s
modules G132, G23, G31 and three generalized Poisson’s ratios 121, 13, 13].
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1.4.5 Tetragonal Hooke’s Transverse Isotropy (6 Constants)

For several engineering applications the general orthotropic symmetry model seems
too complicated, since additional symmetry conditions frequently appear. Particu-
larly, when conditions of isotropy hold in selected orthotropy plane the so-called
transverse isotropy obeys.

In case of so-called tetragonal symmetry material properties in the plane (1, 2)
satisfy condition of cubic symmetry, see item 5 of Table 1.1

Ey1=Epn, Gi3=Gx3, 131 =v3n (1.105)

Hence, in case of transverse isotropy of tetragonal symmetry the number of indepen-
dent material constants is equal to 6: Eq1, E33, G23, G12, 21, v31. Corresponding
crystal lattice is sketched in item 5 of Table 1.1, where tetragonal lattice being special
case of the orthorhombic lattice with a = b # ¢ obeys.

When the constraints (1.105) are applied to compliance matrix (1.103) the
transverse isotropy tetragonal symmetry case yields

11 Eu En .\: I
L s
[ ]
Ga:
23 1 .\.
Gas

1
Gz | °

(1.106)

It follows from the constraints (1.105) that six independent material constants define
the tetragonal symmetry matrix:

e FE11, Ez3—two Young’s modulus in the plane of isotropy and direction perpendic-
ular to this plane,

e 151, v31—two Poisson’s ratios referring to transverse contraction or swelling
caused by tension or compression in direction perpendicular to isotropy plane,

e G2, Goz—two different Kirchhoff’s modules in the isotropy or orthotropy planes.

1.4.6 Hexagonal Hooke’s Transverse Isotropy (5 Constants)

In special case of the transverse isotropy called hexagonal symmetry the additional
constraint must obey for the shear modulus in the isotropy plane

Eq

Gp=—1
2 2(1 4+ v21)

or  Egl=2 (El_ll - El—;) (1.107)
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where modulus G 3 is expressed in terms of the transverse Young modulus E11 and
transverse Poisson’s ratio v»1. Hence, in case of the transverse isotropy of hexagonal
symmetry the number of independent constants is equal to 5: Eqq, E33, G23, V21,
v31. A choice of the five independent material constants from among six can be
performed in an optional way, for instance

r_1 Va1 _ V31 T ° —
E1 E1 E1s .\. I
1 vs1
By B
L [}
L

G
23 \
Gas

2(14+v21)
L Eq °

(1.108)

Rolled metals, some multi-phase composite materials, basalt, or columnar ice are
examples of transversely isotropic materials, however, precise distinction between
the tetragonal or hexagonal symmetry classes is often difficult (see for example
Gan et al. [16]).

1.4.7 Cubic Hooke’s Symmetry (3 Constants)

Further reduction in the number of independent constants leads to cubic symmetry for
which the compliance matrix is characterized by three independent material constants
Ei1=E» =E33=E,Gy; =G31 = G2 = G and 11 = v31 = v3» = v. Hence,
the following form of the compliance matrix is furnished:

i

SIS

&=
[

wlfss/Na/N

QlH
Q=
Q=

N

(1.109)

Note that in case of cubic symmetry the condition (1.107) does not hold. The corre-
sponding cubic or regular lattice is shown in item 7 of Table 1.1. A particular example
of the cubic symmetry material is nickel-based single crystal superalloy widely used
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in aircraft engines, especially for turbine blades as discussed by Desmorat and Marull
[12]. The cubic symmetry is the narrower symmetry case known from crystallogra-
phy, see Jastrzebski [23], since fully isotropic crystal lattices are unknown.

1.4.8 Isotropic Hooke’s Symmetry (2 Constants)

All the aforementioned symmetry groups have equivalences in existing crystal lattice
systems. Nevertheless, even narrower than the cubic symmetry called isotropy is
frequently used. The isotropy requires the infinite symmetry group which means that
all material directions are equivalent in terms of mechanical, thermal, electric, optical,
and magnetic properties. In other words it is not possible to distinguish any specific
direction. The isotropy is helpful when describing the majority of polycrystalline
materials either in a virgin state or artificially fabricated as particulate composites,
nano-composites, etc., see item 8 of Table 1.1.

In an isotropic material physical properties are independent of the reference
frame. Hence, any optional reference frame x, y, z is sufficient for unique defini-
tion of material properties. In order to derive mathematical form of the Hooke law
of isotropic material it is most convenient to apply superposition of strain com-
ponents {e} = {Ex, €y, €25 Vyzs Vox %Cy} caused by subsequent stress components
{o} = {04, 0y, 02, Tyz, Tex, Txy} (see Table 1.2). Applying vector-matrix notation
the isotropic Hooke law takes the form

{e} = [JE‘I] (o} (1.110)

where the isotropic compliance matrix [E~'] takes the following representation.
1 \\
G

It is clear that the elastic isotropic material is uniquely defined by two independent
material constants, the choice of which from among E, G, v is optional. In the
above representation diagonal modules E and G are chosen as independent. Hooke’s
law can also be transformed to the following inverse relation, (see Ottosen and
Ristinmaa [44]):

DO DO
3=
—

QlH
Q=

(1.111)

{o} = [E]{e} (1.112)
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where the isotropic stiffness matrix [E] is defined as

M1 —v v v ]
1—v v
1—v
Fl = _ 1.113
LE] (I+v)(1-2v) 1-2v ( )
2
1-2v
2 1-2v
L P

Format of elastic stiffness matrix (1.113) involves elements all dependent on both
E and v such that the format equivalent to (1.111) cannot be achieved. Explicit
separation of the diagonal matrix elements related to shear deformation and the
off-diagonal matrix elements related to extension is possible by use of the format
expressed in terms of Lamé’s constants A and p

A+ 2p A A
A+ 2u A \‘\.—I
A+ 2u
2p
2
2p

where the classical definitions of Lamé’s constants hold

(1.114)

Ev

It is worth to mention that the last format (1.114) can be interpreted by use of Nye
graphics (e or o) where three off-diagonal first quarter elements and three diagonal
third quarter elements are considered as independent.

The considered case of elastic isotropy is the only symmetry case for which it
is possible to separate effects of shape and volume changes when decomposition of
strain and stress tensors into deviators and axiators (1.5), (1.25) is used as

1 1
eml=—oml e

_ 1.116
3K 26’ (1.116)

Two modules in the above pair of relations called the bulk modulus K and the
Kirchhoff modulus G can be expressed in terms of the Young modulus E and the

Poisson ratio v
E E

K:m G:m (1.117)



1 Introduction to Mechanics of Anisotropic Materials 35

However, in all other cases of material anisotropy (items 1 to 7 in Table1.1)
aforementioned separation of volumetric from shear effects is impossible.

In the particular case of plane stress state in the x, y plane strain component €,
can be expressed in terms of strain components in x, y plane as follows:

v
1—v

0, =0—>¢,=—

(ex +&y) (1.118)

Finally, plane stress stiffness matrix [E can be reduced to the 3 x 3 matrix

vE

Ox 1 —gz 1 —E1/2 0 Ex
14
oy t=| e 0 &y (1.119)
T. E ,
w 0 ‘ 2 J U7

1.5 Analogy Between Constitutive Fourth-Order Tensors:
The Elastic (Hooke’s) and the Yield/Failure (von Mises’)
of the Same Symmetry

Identification of material symmetry in elastic range of deformation (anisotropy,
orthotropy, transverse isotropy, isotropy, etc.) is a starting point to appropriate
description of both the limit criteria that control transition from the elastic range into
the state connected with energy dissipation (material damage, plastic yield, phase
change, etc.) as well as correct constitutive description of deformation processes
in nonelastic range. It can be expected that if material in the elastic range exhibits
isotropic behavior, then at least in the initial phase of plastic yielding it will approx-
imately save properties of isotropy. The nature of elastic deformation resulting from
interatomic distances change in crystal lattice is qualitatively different from the nature
of plastic deformation commonly interpreted as plastic microslips considered usu-
ally as slips and dislocations between atom layers inside lattice. However, it can be
expected that during more advanced plastic deformation certain orientation of plas-
tic slip systems in the particular grains leading to appearance of a material texture
characterized by an acquired anisotropy is observed (metal forming processes like
rolling, drawing and press forming, see Mr6z and Maciejewski [37]).

On the other hand if material even in elastic range is characterized by an anisotropy
(e.g., long fiber reinforced composites, wood, biological tissues) it can be expected
that in nonelastic range it will also exhibit anisotropy. However, it will be possible
decrease of a symmetry class toward more general plastic anisotropy, for instance
due to gradual evolution of elastic orthotropy. It can be however noticed that in case
of dissipative processes different from plasticity (e.g., material damage or failure)
loss of isotropy may be expected just in the elastic range, as observed in elastic
brittle materials e.g., ceramics, composites, concrete, etc. Additionally, initiation and
growth of other dissipative processes connected with plastic yielding, phase change
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or other structural changes may result in change in the initial symmetry class. For
example, in case of spheroidal graphite cast iron which generally exhibits brittle-
ductile behavior a gradual transition from elastic anisotropy caused by directional
damage to a state close to isotropy may be observed.

It can be assumed that features of anisotropy present in the elastic range are in
general inherited in nonelastic range if some dissipative processes like plastic yield,
damage, failure are present. Notice however that even, in the case when in inelastic
range material behaves as isotropic, initiation of inelastic range (plasticity, damage,
or failure) may provoke a material symmetry change. It was previously discussed
that in case of damage evolution the fourth-rank damage effect tensor [M(D)] may
be used to describe degeneration of the elasticity tensor [E] = [M(D)]T[E][M(D)],
in a similar fashion effect of other dissipative phenomena such as plastic yield,
structural change due to phase transformation may result in anisotropy nucleation
and growth.

Analogy between crystal unit cells of space lattices and constitutive matrices of
elasticity and initiation of plasticity is presented in Table 1.4. In the fundamental book
by Love [34] the analogy between crystal symmetry classes and groups from one
side and appropriate forms of elastic strain energy function W = % {e}T [E] {e} from
the other, is demonstrated. In this book an extension of the aforementioned analogy
also for symmetry of constitutive matrix of plastic yield initiation [IT] appearing in
the von Mises criterion {o}T [II]{c} = 1 is proposed. Unit cells of the four chosen
space lattices have been presented following Jastrzebski [23], whereas correspond-
ing constitutive elasticity matrices have schematically been presented applying Nye
[42] graphics (symbol e refers to independent element, symbol o refers to depen-
dent element, whereas symbols @&—® or O—O0 represent pairs of identical matrix
elements).

In case of full anisotropy the complete analogy between the Hooke matrix and the
von Mises plasticity matrix holds (21 independent matrix elements in both classes).
However, when narrower symmetry groups are considered: orthotropic, transversely
isotropic of tetragonal or hexagonal classes, it is necessary to notice that elastic
matrices are usually defined in stress tensor coordinates, whereas plastic constitutive
matrices are often defined in the narrower stress deviator coordinates.

Reduction of the tensorial space to the deviatoric one is always equivalent to
imposing additional constraints, hence the number of independent elements of plas-
ticity matrix is always lower than the corresponding number of independent elements
of elasticity matrix. Namely, it is clear that the 6-element orthotropic deviatoric Hill’s
matrix corresponds to the 9-element orthotropic Hooke’s matrix. Similarly, the 4-
element transversely isotropic tetragonal class Hill’s matrix corresponds to the 6-
element Hooke’s matrix, when the independence of Hill’s matrix of hydrostatic stress
is imposed. Finally, the 3-element transversely isotropic hexagonal class Hu—Marin
matrix corresponds to the 5-element transversely isotropic hexagonal class Hooke
matrix. Let us note that pairs of identical matrix elements are arranged in the same
way in both matrices of elasticity and plasticity.

Nevertheless, some dependent elements in the plasticity matrix (as represented
by symbol o) correspond to independent elements of elasticity matrix (sketched by
symbol e), but general population of both matrices remains unchanged.
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Table 1.4 Analogy between chosen symmetry groups: triclinic, orthorhombic, tetragonal and
hexagonal symmetry of Hooke’s matrix and plastic yield initiation von Mises’ matrix

Conventional unit cells
of space lattices

Chosen constitutive matrix symmetry

Elastic Hooke’s matrix

2w= (e}’ [Bl{e}

Plastic yield initiation matrix

(o [IT{c}=1

Q>

&
2
<Y
triclinic lattice
C

a

orthorhombic lattice

p a

a
tetragonal lattice

a
a . a
hexagonal lattice

Hooke’s (21 constants)

von Mises (21 constants)

[ONeN ]
O @O
® OO

orthotropic Hooke’s
(9 constants)

ool

deviatorc Hill’s
(6 constants)

\

transversely isotropic
tetragonal Hooke’s
(6 constants)

ool

e &
.

deviatoric transversely
isotropic teragonal Hill’s
(4 constants)

“

o

transversely isotropic
hexagonal Hooke’s
(5 constants)

> &
\

pseudodeviatoric
transversely isotropic
hexagonal Hu-Marin’s

(3 constants)
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The commonly used term “fransversely isotropic criterion” may be misleading
as long as an additional distinction between the fetragonal and the hexagonal sym-
metry is not introduced. The aforementioned distinction is known from the literature
dealing with prediction of composite behavior in elastic range and its validation by
experiments. For example, Sun and Vaidya [53] examined two types of materials:
Boron/Al composite and Graphite/Epoxy composite, and found that some of them
exhibit tetragonal while others hexagonal symmetry classes. However, even this dis-
tinction between tetragonal and hexagonal symmetry classes may be insufficient to
describe some composite materials, for example, SiC/Ti unidirectional lamina exam-
ined by Herakovich and Aboudi [19]. This is basically caused by residual stresses
that appear after cooling-down during fabrication process.

The above considerations are limited to the description of initial yield surface
only. Generally, it is assumed that during plastic hardening the initial yield surface
possessing certain symmetry is rebuilt in an isotropic way, which is generally not
true. This question was discussed, e.g., by Malinin and Rzysko [36], who invoked
Mursa [41] results for OTCz Titanium Alloy that confirms assumption of isotropic
nature of plastic hardening. However, Hu and Marin’s [22] findings for Aluminum
Alloy showed anisotropic nature of plastic hardening rather than isotropic.

Nevertheless, the plastic hardening theory is usually taken in an isotropic fash-
ion, e.g., Malinin and Rzysko [36], Ottosen and Ristinmaa [44], Hill [20, 21]. Such
approach, although commonly used, may be questionable in light of the aforemen-
tioned experimental testing, some of which confirm such assumption, cf. Mursa [41]
(Titanium alloy) but others contradict it cf. Hu and Marin [22] (Aluminum alloy),
Kowalewski and Sliwowski [26] (influence of first common invariant).

1.6 Strain Energy and Complementary Energy—The State
Potentials for Isotropic or Anisotropic Materials

Material is called elastic if its response (deformation) is independent of loading
history (Fig. 1.6), which means that stress is determined to be strain

oij = 0ij(€k) (1.120)

or vice versa
gij = €ij(ok1) (1.121)

After the fully closed loading—unloading cycle (A-B-A), the initial material state A
is recovered, independent of the loading—unloading path, Fig. 1.6b.

When the concept of strain energy per unit volume W [Nm/m3] is introduced,
the following definitions hold:

W(e) =/O’(6)d6 or Weeij) =/Uij(6k1)d€ij (1.122)
0 0
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@ _ (b,
B(g;=0;')

€ AS €

Fig. 1.6 Schematic illustration of elastic material response: a strain energy and complementary
energy, b independence of final state of loading history

in case of the uniaxial or the multiaxial loadings, respectively. In the following
fashion the complementary energy per unit volume C [Nm/m?] is defined as

C(o) 2/5(§)d< or C(oij) :/ql,'(ekl)dql,' (1.123)
0 0

It is seen from Fig. 1.6 that the following is true:
C(oij) = oijeij — W(eij) (1.124)

It should be emphasized that in the considered case of pure elastic material both the
strain energy YV and complementary energy C are independent of loading path but
depend on the current state exclusively.

In a more general case, when the deformation process is accompanied by perma-
nent (irreversible) changes in material microstructure, for instance, resulting from
plastic yielding, damage growth, or phase transformation during martensitic change
or other irreversible phenomena, the strain energy and the complementary energy
depend on loading history.

In the elastic material for which strain energy depends on the current state only
W(e;;) but does not depend on strain path

Ooij  Oou

— K 1.125
Oexl Oeij ( )

the strain energy can be used as an invariant potential function for the stresses

(1.126)



40 A.W. Ganczarski et al.

In a similar fashion the complementary energy that depends on the current state only
C(o;) but does not depend on strain path

Ogii 0
eij _ 9k (1.127)
Ooy  0Oojj
can be used as an invariant potential function for the strain as follows:
dC(oij
iy = 2o (1.128)
Uij

In a general case of nonlinear elastic material the strain energy and the complemen-
tary energy are not equal to each other, W # C, whereas only in the case of linear
elastic material the equality V) = C holds.

In the above considerations the initial state was treated as stress and strain free,
point A (o = 0, ¢ = 0) in Fig. 1.6. In the more general case a residual stress and/or
strain are built-in A™ (¢ = 0™, ¢ = ). This residual state may result from
fabrication process or prior loading history in which some irreversible changes of
material structure have occurred (e.g., cyclic plasticity) or certain residual stresses or
strains have been built-in (e.g., after cooling-down of long fiber reinforced composite
characterized by different thermal properties of fiber and matrix). Note that in general
this residual state is unknown since the whole history of material, which contains
complete information about fabrication, its initial machining, as well as concerning
unloading process prior to the appearance of this self-balanced residual stress, is
unknown.

Consider the process of elastic deformation of material starting from the residual
state A (0", ™) toward the final state B(Ao, Ac¢), assuming at the beginning
uniaxial tension (see Fig. 1.7).

The increment of elastic strain energy of material corresponding to applied strain
AW(Ae) in the presence of residual stress €™ is equal to

Aeg
AW(Ag) = / Ao (Ae)d(Ae) (1.129)
0
Fig. 1.7 Process of elastic G

deformation of material with

prior residual state included O HAC - TN =1

resk - ——— -

// iAcs(Gres’gres )
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In the particular case of linear Hooke’s law for isotropic material it yields
1 2
AW(Ae) = EE(AE) (1.130)

where
Ac=FEAe Ao=0—-0% Asg=ec—£° (1.131)

obey. In the more general case of multiaxial deformation state the strain energy per
unit volume of elastic material in the presence of residual stress may be written as
Agij
AW(AQ./') = / Acij(Aer)d(Agij), (1.132)
0

whereas in case, if linear elastic material is assumed, the linear relation combining
stress and strain increments is furnished as

Acij = EjjrAc (1.133)

Equation (1.132) represents the increment of elastic energy AV in the presence of
the residual state €;; = £;2° + Ae;j, hence

Agij
AW(Agij) = / Eij Aed(Aeij) (1.134)
0

where the fourth-rank stiffness tensor E; i is used. Note that Eq. (1.134) is true both
for isotropic and anisotropic materials of optional class of symmetry. The stiffness
tensor Ejjz; comprises complete information defining the elastic material response.

In a similar way, the complementary energy increment AC of elastic material in
the presence of residual stress can be written as

Aoy

AC(Aow) = / Acyi (Asmn)d(Agkr) (1.135)
0

If the linear elastic material is assumed we arrive at

Aoy

AC(Acy) = / E;!

klmn

AGund(Ackr) (1.136)
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—1

where E;,

stands for the compliance tensor of elastic material
Aewy = Eppp AGun (1.137)

The above Eq. (1.137) is an extension of the law of linear elastic material to the case of

existence of anonzeroth residual stress and strain Ao;; = oj; —afj’s, Acy = e —ep;

oij — 0i;° = Eiju (et — 1) (1.138)
or
ex = €1 = Eggpy (0mn — o) (1.139)

When the vector-matrix notation is used the fourth-rank elastic tensors E; jx; or E lgrlm
can be represented by the symmetric 6 x 6 matrices: [[E] or [E—1] called the stiffness
or the compliance matrices, respectively, whereas the tensors o;; — U{;S or gg — &5
take the format of columnar vectors of overstress or overstrain, respectively,

o = oy i ey

02 = 03y €2 ey

033 ~ 035 €3 5 (1.140)
™37y 723~ N3 '
31— Tap PR i

Ti2 = 7Y M2 =Ny

Hence, when the Voigt notation is used Eqgs. (1.138) and (1.139) can be written in
equivalent fashion
{a‘ — o™l =[E] {r—: - eres} (1.141)

or
[e—e*}=E{o - 0™ (1.142)

1.7 Elastic Strain Energy as Function of Invariants

The stress and the strain invariants are presented in Sect. 1.1. In the present section
the elastic strain energy per unit volume 1V expressed as the scalar product of both

these tensors 1
WZEJUE]‘{ (1.143)

will also be presented in terms of invariants. In the case of isotropic material three
basic invariants of the strain tensor are sufficient for unique representation of the strain
energy, whereas in case of elastic material comprising damage the use of common
invariants defining internal material microstructure is necessary (see Sect. 1.3).
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1.7.1 Elastic Strain Energy of Isotropic Materials

The simplest example of the scalar function of tensorial argument is the elastic strain
energy VV(e). In the case of isotropic material the strain tensor is uniquely determined
in terms of three basic or generic strain invariants (1.26) as follows:

W(e) = Wie, Jae, J3e) (1.144)

Constitutive law of elastic material (1.126) can be written as follows:

ow oW oL  OW 0l  OW 0J3

T Qer; T 0h. Oz | 0z Oei; O Oeig (1.145)
where 1. 01 03
oe,) = 0jj E =€) E = E€ikEkj (1.146)
hence,
Oij = g;v dij + 3}/2\: gij + g}:\: EikEkj (1.147)
Introducing the Lamé elastic constants \ = m and p = 2(1—‘11,) with
gl/lva = Ak g}/vzg =2u g};\i =0 (1.148)
we arrive at the classical Hooke law of the isotropic material
0ij = Aexklij + 2peij (1.149)

Summing up, the isotropic elastic Hooke material is uniquely defined by the strain
energy which depends on the first and the second basic invariants of the strain tensor

1
W= E/\(J15)2 +2up. (1.150)

but does not depend on the third invariant J3..

1.7.2 Strain or Complementary Energy of Elastic-Damage
Material—Common Strain-Damage and Stress-Damage
Invariants; the Helmholtz or the Gibbs State Potentials

Theory of invariants allows to determine minimal number the basic invariants
from which all other tensorial invariants necessary to obtain a sufficiently general
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representation of the state equations can be built (cf. e.g., Spencer [52], Rymarz [47]).
Usually the strain energy per unit volume WV(g;;) or the complementary energy per
unit volume C(o;;) is taken as the state potential of elasticity (see Sect.1.7.1). As
shown in Sect. 1.7.1, in case of elastic isotropy three invariants sufficiently determine
both types of energy W(J;:) or C(Ji,), i = 1,2, 3.

A scalar function dependent on a pair of tensorial arguments, each of them being
the symmetric second-rank tensor, is a more complex case. The representative exam-
ple of such a case is the strain energy of damaged material YV (e, D). Analogous
to the isotropic material (1.144), both tensors € or D are determined by their single
basic invariants J;. or Jip, i = 1,2, 3. However, the scalar function dependent on
both arguments WW(e, D) has to be uniquely defined not only by single invariants J;.
and J;p but also by the common invariants Jj.p, j = 1, 2,3, 4. This leads to the
format dependent on six single and four common invariants (total 10)

W(e, D) = W:, Jac, J3e, Jips 2, J3D5 J1eD, J2:D, 32D, Jacp)  (1.151)

In addition, the strain energy WV has to be a decreasing function with damage growth
since energy is released during the damage nucleation and growth, so it has to be
linear with respect to D. Hence, the strain energy cannot depend either on the third
strain invariant J3. and on the two single damage invariants J>p, J3p and also on
the two common invariants Jz. p, J4-p (underlined arguments in Eq. (1.151)). Based
on the above physical reasons the strain energy of elastic damaged material can
completely be represented in terms of a combination of five invariants (three single
and two common)

W(€1 D) = Pw(e, D) = pz/](‘llé"a J2Ev Jle JIED» JZED) (1152)

In this way an invariant representation of the Helmholtz free energy per unit mass is
furnished and finally applied as the state potential that determines the stress state in
a unique fashion

5 = Olpv(e, D)

1.153
e ( )

Note also that when the representation (1.152) is specified, some combinations of
invariants are allowed for which the scalar function i (e, D) remains quadratic with
respect to €. Hence, following Murakami and Kamiya [38] the free energy function
pY (e, D) per unit mass is furnished as

+m3JicJ1ep + nadoep '
or

p(e, D) = %)\ (tre)? + ptr (e - €) + 1y (tre)? tr(D)

+mtr (€ - €) tr(D) + mtr(e)tr (€ - D) + mutr (e - € - D) (1.155)

when the equivalent representation is used, e.g., Skrzypek et al. [50].
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Remember that the above formulas (1.154) and (1.155) for the Holmholtz free
energy refer to the specific case of elastic anisotropy which is acquired as the result
of damage nucleation and growth. Hence, in a virgin state where damage does not
exist the energy representation of the isotropic elastic material has to be recovered,
such that symbol € has to be referred to the elastic strain &°.

In a general 3D case the following matrix representation of the constitutive equa-
tion with total formulation holds:

022
033
023
013

(o1 )

L 012 )

TSEy1 SErp SEi3SEs SEis SEre | [ €5
SEyy SE3 SEnas SEzs SEne 5,

_ SEs3 s%34 S117;35 SE;36 53 (1.156)
SE44 *E4s5 “Eue 33
symm. SEss SEsg 53
L SEeo J L1752

where SE, ij represents effective elastic-damage secant stiffness matrix. The damage
acquired anisotropy is described by the 6x6 symmetric secant stiffness matrix as
follows (cf. Skrzypek et al. [50]):

SEnn = A+ 244 20p +m)te(D) +2(3 + 14) D1y
SEzp = A+ 2u+ 20 + m)tr(D) + 2(n3 + na) Doa
“Exy = A+ 24 420 + m)te(D) +2(3 + 14) D33
“Eip = A +2mitr(D) + 13(D11 + D)

SE13 = A+ 2nmitr(D) + m3(D11 + D33)

SExs = A+ 2mitr(D) + m3(Da + D33)

SEss = % [200 + 2mptr(D) + 14(D33 + D2)]

SE4s = D>

SEss = % [2p0 + 2mtr(D) + 14(D1y + D33)]
o (1.157)
E46 = naDi13

“Ee6 = 3 241+ 2mtr(D) + na(D11 + D)
SEs¢ = naD23

SE1s = 13D23

SEx4 = 834 = (113 + n4) D23

SErs = mDi3

SEis = S35 = (13 + n4) D13

SE36 = m13D12

SE16 = %S = (113 +14) D12
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The alternative formulation based on a concept of the complementary energy C
represented by a scalar function of the two tensorial arguments o and D, namely
C(o, D), leads to the Gibbs potential function per unit mass G as follows (cf.
Hayakawa—Murakami [18], Murakami [40]):

C(o, D) = pG(J1s, J20, S35, J1D, 2D, J3D, J10D> J20D, J30Ds Jaop)  (1.158)

where the crack closure effect due to compressive stress, originally introduced in
Hayakawa—Murakami [18], is omitted.

Repeating the above reasoning for physical nature of the Gibbs complementary
energy C(o, D), only five of the above aforementioned ten (1.158) common stress
and damage invariants can be admitted, namely

C(o, D) = pG(o, D) = pG(Jis, J20, J1D, J16D, J20D) (1.159)

Hence, in case of the elastic isotropic material in a virgin state which changes to
anisotropic material due to damage evolution, the Gibbs state potential takes the
following format (cf. Hayakawa and Murakami [18]):

pG(a, D) = — 5 (ra)? + Ltr (o - 0) + 9 (ro)? tr(D) (1.160)
+ htr (o - o) tr(D) + Ystr(o)tr (o - D) + 4tr (o - o - D) ’
which is complementary to (1.155). The matrix representation of secant compliance
matrix referring to Hayakawa—Murakami type elastic-plastic-damage material is as
follows:

e N
€5, “Ey CEp CEjy 0 0 0 [ o1
sp—1 sp-1
€5 “Eyy “E;y 0 00 g
=1
Sl B 000 73 (1.161)
£55 SE¥ 0 0 023
€93 symm. SES_S] 0 o013
e )| SEge | Lona)

where B
SE[) = £ +2u(D)(9) +92) + 2Dy (93 + Va)

SEy = —% +201tr(D) +03(Dyy + Do)

SE;y = —% +201tr(D) +03(Dyy + D33)

SEyy) = L 420D +92) + 2D 03 + U4)

SEyy = —% +201te(D) + 93(Da2 + D33) (1.162)
SE3y = L +201t(D) +93(D + D33)

SE = 52 4 20,u(D) + 94(Dap + D33)

st_sl = % + 295tr(D) + ¥4(D11 + D33)

“Egg = £ + 202t1(D) + 94(D11 + D1a)
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Note that the Gibbs complementary energy per unit mass refers to elastic strains
e® and is represented in the stress space by the quadratic function of o linear with
respect to D, in a similar way as the Helmholtz free energy pi) (e, D) but defined in
the strain space.

Four material constants 7); appearing in the Helmholtz state potential (1.155) as
well as four constants v); appearing in the Gibbs state potential (1.160) (i = 1,2, 3, 4)
act as additional material constants to the elastic constants of the virgin elastic
isotropic material: \, i or E, v, defining effect of damage on the state equation.
Namely, when the Helmholtz potential function W = pi(e, D) is used as the stress
potential we arrive at the state equation o = E(D) : €

o= 8(L:}) = [Atr(e) + 2ntr(e)tr(D) + mstr (e - D)]1 (1.163)
+2[p+mu(D)] e+ mtr(e)D +m(e-D+ D -¢)

On the other hand, when the formulation based on the Gibbs potential function is
used as the strain potential C = pG (o, D) we obtain the state equation in equivalent
forme =E~ (D) : o
0
€= (Lg) =—ztr(o)1+ %a’ + 291tr(D)tr (o)1

o
+2%htr(D)o : 1+ Y3 [tr (o - D)1+ tr(o) D]
+9Y4(c-D+ D - o)

(1.164)

Note however that in the case of elastic damaged material constitutive matrices
stiffness [[E(D)] and compliance [E~! (D)] are rebuilt following damage evolution
such that originally isotropic elastic material acquires an anisotropy.

The state equation of elastic damaged material (1.155) was calibrated for the high
strength concrete by Murakami and Kamiya [38], see also Skrzypek [49] as shown
in Table 1.5.

Apart from the constants of isotropic elasticity E, v (A, ) additional four con-
stants n; (i = 1, 2, 3, 4) are shown in Table 1.5.

The state equation of elastic moderate ductility with damage (1.164) was cali-
brated for spheroidal graphite cast iron FCD400 by Hayakawa and Murakami [18],
see also Skrzypek [49] as shown in Table 1.6.

Apart from the constants of isotropic elasticity E, v (A, ) additional four con-
stants %; (i = 1, 2, 3, 4) are shown Table 1.6.

Table 1.5 Calibration of six material constants in the constitutive equation of high strength concrete,
after Murakami and Kamiya [38])

E (GPa) v () n1 (MPa) 72 (MPa) 73 (MPa) 14 (MPa)
21.4 0.2 —400 -900 100 —23500
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Table 1.6 Callibration of six material constants in the constitutive equation of the spheroidal
graphite cast iron FCD400, after Hayakawa and Murakami [18]

E (GPa) v () 9; MPa~!) |9, MPa~l) |93 MPa~!) |94 (MPal)
169 0.285 —3.95x 107! [4.0 x 107° —4.0x 1077 |2.50 x 107°

The more extended analysis including: crack closure effect under compressive
stress, the initial damage threshold, and the subsequent damage growth during the
hardening phases can be found in Murakami and Kamiya [38], Hayakawa and
Murakami [18], Skrzypek et al. [50], Bielski et al. [4], Kuna-Ciskat
and Skrzypek [31].

1.7.3 Strain Energy of the Elastic Orthotropic
Materials—The Structural Tensors

So far the case of scalar function of second-order tensors expressed in terms of
invariants has been discussed. The more general case of a scalar function of a pair of
tensorial arguments being the second-order and the structural tensors is considered
in this section. The strain energy of orthotropic material W = W(e, M®) is the
representative example of such a case.

The constitutive equation of orthotropic hyperelastic material is obtained by
differentiation of the strain energy function, cf. Boehler [5]

oW oW oW ow
A4S Y (O Ndd V) iy V{C)
7T % T Tant Tan
0 0
+ B—)Z(e MDD+ MD . e) 4+ —a];\; (e-M?P+M? . ¢ (1.165)
ow

+

IV e . M® 1+ MD .
o7 (e + €)

where the following definitions of common invariants are used:

Ji=tre-MD)  h=t(Ee-M?) J=tr(e- MP)
M @ 3 (1.166)

Jy=tr(e-e M) Js=tr(e-e - M*“) Jo =tr(e-e- M)
and definitions (1.91) hold. Following Boehler [5], in order to determine the con-
stitutive equation of linear orthotropic material we choose, (see also Ottosen and
Ristinmaa [44])
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g—JV\: =1 + 01+ B3

ow

8_.]2 =1 + a3y + B33

oW (1.167)
o =1 +ash + a3

oW oW oW

on T o T a5

The coefficients (31, (52, 33 can be substituted by corresponding coefficients o, a4,
as in order to satisfy symmetry of orthotropic stiffness matrix

b=, h=o, [F=oas (1.168)

The above yields the constitutive equation of linear orthotropic material by use of
common invariants of strain and structural tensors

o = [aqtr(e - MD) + aptr(e - MP) + agtr(e - M) MD
+ [aatr(e - MD) + astr(e - MP) + astr(e - M) MP
+ [autr(e - MD) + astr(e - MP) + agtr(e - M) MO (1.169)
+a7(e- MY + MYV . g)+ag(e- M + M .¢)
+ag(e- M +M® . ¢)

Equation (1.169) can be rewritten in the classical form at o = E : € when the
consecutive tensor products € - M () and their traces are defined. For instance,

Exx Exy Exz 1 €xx 00
ce- MDD = Eyy Eyz | - 0 =|ey 00 (1.170)
€17 0 €xz 00
from where one finds
tr(e - MYy = ¢, (1.171)
and
2exx Exy €xz
e MDY 4 MDD .= exy 00 (1.172)
exz 0 0

When the remaining products € - M® and e - M® are calculated analogously, the
coefficients preceding the components of the strain tensor are grouped, and when the
engineering notation is consequently used the state equation (1.169) can finally be
furnished in the following form:
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Oxx E\ Ep Eg3 Exx

Oyy E> Exy Ex3 Eyy

Oz | _ | E31 E3 E33 €z (1.173)
Tyz Eyq Vyz .

Tzx Ess Vzx

Txy Ee6 Vxy

Subsequent elements of stiffness matrix of the orthotropic elastic material [E] are
expressed in terms of coefficients «; as follows:

Ein=a1+2a7 Ep=Enz=a E3=Ej;=qu
Exn=a3+2a3 Ex=FEx»=a5 E33=as+ 2 (1.174)
Ey=ags+a9 Ess=ay+a; Eg=a7+ag

Note that the above described procedure of linear orthotropic elasticity derivation is
based on the theory of invariant representation which differs from the conventional
approach (1.103). More detailed distinction between different ways of formulating
the linear elasticity constitutive laws will be presented in Sect. 1.9.

1.8 Remarks on Irreducible Coupling of Volumetric
and Shear Response in Anisotropic Materials

In the general case of full material anisotropy complete mutual coupling between all
stress and strain components holds. In fact, the generalized Hooke law (1.39) with
the compliance matrix for general anisotropy taken in the form (1.98) leads to (after
Rabinovich [45])

el = —(o11 — 121022 — 131033
Eyy
+ M3yT23 + N31(1)T31 + M2(1)T12)
€0 = —(— V2011 + 022 — V32033

E>
+ M3@)™23 + MB12)T31 + N122) T12)

€33 = — (— V13011 — 123022 + 033
Ex»
+ M33)T23 + M313)T31 + N123)T12) (1.175)
1
Y23 = G_23 (77(1)23011 + M2)23022 + 1(3)23033
+ ™3 + p3123)731 + M12(23)T12)
1
V3= 5 (77(1)31011 + 1231022 + 1(3)31033

G31
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+ 123(31)T23 + 731 + M12(31)7’12)

1

Y12 = G_12 (77(1)12011 + 1212022 + 1(3)12033

+ 123(12) 723 + H31(12)T12 + 712)

Note that in the above equations elastic extensions €11, €22, £33 depend not only on
all normal stresses 011, 022, 033 but also on all shear stresses 73, 731, 712 (through
the generalized Young modules E;; and the Rabinovich modules 1);j ), resulting
in nonzeroth elements of symmetric constitutive matrix of elasticity in its right
top block. Moreover, the shear strains 723, 731, 712 depend on all shear stresses
723, T31, T12 (through the generalized Kirchhoff modules G;; and the Chencov coef-
ficients p;jxr)) as well as on all normal stresses 11, 022, 033 such that the left
bottom and the right bottom blocks of the elasticity matrix are fully populated. The
above remarks lead in consequence to the conclusion that, in all cases different from
isotropy, pure volumetric deformation is inseparable from pure shear deformation.
In other words, irreducibility of elasticity equations (1.175) into uncoupled law of
volume change and law of shape change holds when the decomposition of strain and
stress tensors into axiator and deviator € = ¢,1 + e and o = o1 + 5 is used.

This impossibility is inevitable even in a narrower case of orthotropy (1.103) in
spite of the fact that shear stresses are uncoupled to the extensions and, vice versa,
normal stresses do not result in shear strains. In order to trace this let us rewrite
(1.103) as

1
€11 = — (011 — 121022 — V31033)
Eq
1
€2 = — (—vi2o11 + 022 — V13033)
Ex»
1 (1.176)
€33 = — (—V13011 — 123022 + 033)
E33
y ™3 " T31 y T12
23 = —— 3] = —— ==
G G3i Gy

Calculating the unit volume change called dilatation ® = €11 + €32 + €33 we obtain

1
O =3eyy = — (011 — 121022 — 131033)
En
1
+ —— (—vi2o11 + 022 — V13033) (1.177)
Ex»

1
+ — (113011 — 23022 + 033)
E33
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or recalling the symmetry of elasticity matrix (1.104) the equivalent form is furnished

o11 022 033
e — I-vy—v3)+—=—U—-vi2—v2) + — 1 —vi3 —123)
En Exn E33

(1.178)

Note that in case of orthotropy dilatation is expressed not only in terms of the hydro-
static stress @ = @120 (on) but by the more general function ® = @' (g1, 022, 033;
E;j,vij)or® = O (gpx; Ez_]llcl)

In the particular case of isotropy when E;; = E, v;; = v the above equations
reduce to the classical form

. 1-2 3(1-2
O =3¢y = - (11 +o22+033) = Mah (1.179)
E E
or
_ 1 ke __E (1.180)
™= ) '

in which dilatation or mean strain £, depends on hydrostatic stress oy, exclusively.
Contrary to the previous case for material orthotropy by use of the following
definition of deviatoric strain:

1 _ 1 _
e=e—zeul=E Lo — §@°ft°(akk;Eij,L,)1 (1.181)
we obtain
ML _va v ]
En En En 0 0 0
e _vi2 1 _ v o
1 Exn Exn Ex 0 0 0 !
en v _ms Lo 0 0 022
ez | _ Ezz  E33  Ez3 033
€23 0 0 0|5 0 0 023
o o 0o o0 0L o[
e G31 012
0 0 0]0 0 & (1.182)
1
1
1

—30° (oyy; E[,;ld) 0
0
0
In other words, the pure shear deformation obtained by subtracting of the dilatation

from the full deformation depends also on @°™, so separation of these two effects
is impossible.
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1.9 Cauchy’s Elasticity, Hyperelasticity, or Hypoelasticity

In the theory of linear elasticity in case of infinitesimal deformations occurring in
isothermal or adiabatic conditions the constitutive relations linking tensors of stress
and strain can be defined in three equivalent ways:

e According to the Cauchy formulation it is assumed that there exists an equilib-
rium state, called natural state, for which all components of the stress and strain
tensors are equal to zero and to which material returns after removing loadings.
An environment of natural state obeys unique value relation between stress and
strain as

oij = Eijuen (1.183)

e According to the Green formulation, also called hyperelasticity, it is postulated an
existence of function of elastic strain energy per unit volume WV which is equal to
zero in an environment of natural state and such that an increment of work done
by stress is equal to an increment of strain energy

ow 1 1

gij = _3€ij W= Eai.ﬁkl = injklgiji?kl (1.184)

e According to the third formulation, called hypoelasticity, it is postulated an incre-
mental relation of the following form:

Oojj Oep

dojj = Ejjuden  or = Eiju—- (1.185)

For all three cases: Cauchy’s, hyper- and hypoelasticity tensor E;jr; may depend on
temperature but is independent of stress and strain tensors.

Note however that in the general case of nonlinearity constitutive tensors of elas-
ticity or hyperelasticity (1.183) and (1.184) may differ from constitutive tensor of
hypoelasticity (1.185). In the first case tensor representative matrix E is the secant
matrix [E] = [sc[E], whereas in the other case it is the tangent matrix [E] = [;nE].

It is worth to mention that although Cauchy, hyper- and hypoformulations of
elasticity are alternative in case of theory of infinitesimal deformations, they may lead
to essentially different results after entering the finite deformation range. Namely,
introducing definitions of finite strains

1 (‘314,- 81/!./ 8141' 814.,'
1 (0w Ouj /6’1_2(ax,+axi+axjaxi) Lise
E”_E(E,-Jra_x,-) U (Ou Ou;  Ou O, (1.186)
\EU_ 2 (axj' 8x,~ ax]‘ 8)6,‘ )
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where ¢;; and €;; stand for Green’s and Almansi’s strain tensors, respectively, and
corresponding stress tensors

po 0X; 8Xj

_— 1.187
» O O Okl ( )

Oij —> Eij =

where ¢;; and X;; denote the Lagrange and the second Piola—Kirchhoff stress tensors
instead of formulations (1.183—1.185) we arrive at mutually different formulations

Lij = Eijuen
DW _ 1 5 86,'./'

Dt po 7 or (1.188)
Do;; .
=, ~ Oir$2pj = 0jpS2pi = Eijucu

Dt
In case of hypoelastic material subjected to finite deformation appropriate constitu-
tive equation (1.188)3 comprises both the symbol of objective derivative of the stress
tensor Do;j /Dt and an effect of change of stress tensor resulting from rigid rotation
which is described by skew-symmetric spin tensor

0 l(%_%) _l(%_%)
2 \0x3 Oxp 2 \0x; Ox3
1 (0Ouy Oits 1 (0 )
Q= —=(—-=—" 0 | — == 1.18
/ 2 (8)63 3)62) 2 (3362 axl) ( ?)
Gy SRV CTTT
2 8)61 8)63 2 8)62 8)61
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Chapter 2

Constitutive Equations for Isotropic
and Anisotropic Linear Viscoelastic
Materials

Jacek J. Skrzypek and Artur W. Ganczarski

Abstract In case of isotropic material symmetry, the elastic-viscoelastic
correspondence principle is well established to provide the solution of linear vis-
coelasticity from the coupled fictitious elastic problem by use of the inverse Laplace
transformation (Alfrey—Hoff’s analogy). Aim of this chapter is to show useful
enhancement of the Alfrey—Hoff’s analogy to a broader class of material anisotropy
for which separation of the volumetric and the shape change effects from total vis-
coelastic deformation does not occur. Such extension requires use of the vector—
matrix notation to description of the general constitutive response of anisotropic
linear viscoelastic material (see Pobiedria Izd. Mosk. Univ., (1984) [10]). When
implemented to the composite materials which exhibit linear viscoelastic response,
the classically used homogenization techniques for averaged elastic matrix, can be
implemented to viscoelastic work-regime for associated fictitious elastic Represen-
tative Unit Cell of composite material. Next, subsequent application of the inverse
Laplace transformation (cf. Haasemann and Ulbricht Technische Mechanik, 30(1-
3), 122-135 (2010)) is applied. In a similar fashion, the well-established upper and
lower bounds for effective elastic matrices can also be extended to anisotropic linear
viscoelastic composite materials. The Laplace transformation is also a convenient
tool for creep analysis of anisotropic composites that requires, however, limitation
to the narrower class of linear viscoelastic materials. In the space of transformed
variable s, instead of time space ¢, the classical homogenization rules for fictitious
elastic composite materials can be applied. For the above reasons in what follows, we
shall confine ourselves to the linear viscoelastic materials, isotropic, or anisotropic.
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tropic integral equations of linear viscoelasticity - Fictitious anisotropic elastic
problem - Homogenization of linear viscoelastic composites

J.J. Skrzypek (<) - A.W. Ganczarski

Solid Mechanics Division, Institute of Applied Mechanics,

Cracow University of Technology, al. Jana Pawta II 37, 31-864 Krakéw, Poland
e-mail: Jacek.Skrzypek @pk.edu.pl

A.W. Ganczarski
e-mail: Artur.Ganczarski@pk.edu.pl

© Springer International Publishing Switzerland 2015 57
J.J. Skrzypek and A.W. Ganczarski (eds.), Mechanics of Anisotropic Materials,
Engineering Materials, DOI 10.1007/978-3-319-17160-9_2



58 J.J. Skrzypek and A.W. Ganczarski

2.1 Selected Uniaxial Models of the Isotropic
Linear Viscoelastic Materials

Creep phenomena at elevated temperature are usually treated as nonlinear creep phe-
nomenon problems. There exists broad literature in the field of nonlinear creep, for
example, creep anisotropy Findley et al. [4], survey on constitutive models of non-
linear creep Skrzypek [13], Betten [2], interaction creep and plasticity Krempl [6],
coupling of creep and damage Skrzypek [14], Skrzypek and Ganczarski [15], creep
fatigue damage Murakami [7], and nonconventional creep models of anisotropic
material Altenbach [1] and others.

At the beginning, we confine to the commonly used uniaxial isotropic linear vis-
coelastic models for which a general differential equation models may be written as

) . 0% . e
POU+P10+P20+"'Paﬁ=905+q1€+"'l’bw (2.1)
where po, p1,---,490,41, - .. denote material constants, and constitutive equation

is a linear function of the stress o, strain e, and their time derivatives ¢, &, etc.,

and ¢, £, etc. In such a case by the use of the Laplace transformation £ {f ()} =
o0

f(s) = [ e*dr, alinear viscoelastic problem can be reduced to associated fictitious
0
elastic problem in terms of the transformed variable s, 7; j(x, 5), then the viscoelastic

problem o;; (x, t) is obtained by the inverse Laplace transformation. Symbol { } stands
here for function argument of the Laplace transformation and should not be confused
with the Voigt vector notation.

2.1.1 Maxwell Model

The uniaxial Maxwell model (M) consists of a linear elastic spring e! = ¢/E
and a linear viscous dashpot element €7 = ¢ /7 connected in a series, Fig.2.1.
Differentiation of the first formula with time yields ¢! = &/E. When the additive

Fig. 2.1 Maxwell’s (a) (b) ¢
material: a mechanical
model, b creep curve under

constant loading n E
e

o
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decomposition of the strain or the stain rate ¢ = éH £ is used, we arrive at equation
of the Maxwell model, hence

_9,7 + 25— e 2.2)
E = — —_ or g —0 = ne .
E" 7 g’ ="

When the integration of above equation at constant stress ¢ = o] = const (d = 0)
and initial condition £(0) = o/ E is performed, we arrive at the creep function given

as, see Fig.2.1b
1 1
= —+ -t 2.3
) UI(EJFTJ) 2

or
1 ¢
e=aJM®), Mo =—+- (2.4)
E

The time function JM(¢) is the creep compliance function of the Maxwell model.

2.1.2 Voigt-Kelvin Model

The Voigt—Kelvin model (V-K) consists of a linear spring element and a linear dashpot
element which are connected in parallel as shown in Fig. 2.2a. Adopting the additive
separation of stress into two parts applied to the spring cH! = E¢ and to the dashpot

o'l = né with e = e/ = &, the differential equation of the V-K model takes the
form
. E o
e+ —e=— (2.5)
n Ui

If a constant stress 0 = 01 = const (¢ = 0) is applied to the V-K model, we arrive
at nonhomogeneous differential equation

g1

. E
4 —e=— (2.6)
n 7

Fig. 2.2 Voigt—Kelvin (a)
model: a mechanical E
scheme, b creep strain at
constant stress input
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The homogeneous equation of (2.6) is an equation of separate variables
3 E
E=-2 2.7)
€ Ui
the general integral of which is given by
(2.8)

E
e =Cexp (——t)
n

When variation of integration constant C (¢) with initial condition £(0) = 0 is done

we arrive at the solution of (2.6)

e ()]

or
EIU]JVK(I), JVK(t)Z lI:l—exp (_Et)i|
E n

(2.9)
(2.10)

Function J VK (¢) is the creep compliance function of the V-K model. Note that V-K
model does not account for instantaneous elasticity, hence J V¥ (0) = 0, see Fig. 2.2b.
When the more general case of a time function o (¢) is applied and variation of

constant C(¢) is done in (2.8) we arrive at the differential equation for C (¢)

. 1 E
C(t) = —exp (—t)o(t) (2.11)
n Ui

the general integral of which is expressed in form

1 / E
CH)=Cr+ / exp (—5) o (©)d¢
n 5 n

Substitution of (2.12) to (2.8) with the initial condition €(0) = 0 yields C; = 0, such

(2.12)

that the following general solution for €(¢) holds

1 E ! E
e(t) = —exp (——1) Jexp (—f) o(&)dé
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When integration by parts is applied to (2.13), we arrive at so-called integral
representation of the V-K model

t
o) 1 E .
ety = —— —/eXp ——(r =8 |o(dg (2.14)
E E n
0
in which it is clearly seen that the creep function J V¥ (r) has two terms: independent
of time Jy = 1/E and dependent on time ¢(t) = %exp [—%(r - f)].

Analogous solution may be reached by use of the Laplace transform method
(2.48). In order to do this the nonhomogeneous V-K equation (2.5) is multiplied
both-side by e *? and integrated with respect to variable ¢ in range from 0 to oo

[o/0] E o0 o0
t
/é(t)e"“dtJr —/s(t)e‘”dt :/&e_”dt (2.15)
n n
0 0 0

Consequently, the algebraic equation of the transformed variable s is obtained

sE(s) — e(0) + %?(s) = ? (2.16)

When the initial condition £(0) = 0 is used, the solution of (2.16) with respect of
transformed variable £(s) is given as the following

£(s) = ! Eﬁ(s) 2.17)
s +

n

Applying next the inverse Laplace transform and taking advantage of property that
multiplication of two transforms in fictitious domain of variable s corresponds to the
convolution of two functions in real time space ¢, we arrive at the solution of linear
viscoelastic problem

t

1 E
e(t) = ;/exp [—E(l - 5)} o(§)dg (2.18)
0

identical to (2.13).
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2.1.3 Standard Model

The Maxwell and the Voigt—Kelvin two-element uniaxial models described in the
Sects.2.1.1 and 2.1.2 are very simple, although they exhibit strong limitations. The
linear creep function at constant stress input corresponding to the Maxwell model
does not confirm experiments, whereas the Voigt—Kelvin model is not capable to cap-
ture the instantaneous elastic strain effect. Trying to overcome the above objections,
the commonly used three-parameter standard model is composed of two parts, a
spring element (E) and the V-K unit (E1, n) connected in a series as shown in
Fig.2.3a.

The differential equation of the standard model can be derived in an analogous way
as for the Maxwell and the Voigt—Kelvin simple models, such that after necessary
rearrangement used, the following is obtained

E E\E
n . 1 — o+

; 2.19
E+E TETES EL+E (2.19)

The simple creep function, when the standard model is subjected to a step function
0 = o1 = const (¢ = 0) and integrated with the initial condition £(0) = o|/E
used, takes one of two equivalent forms

_al(LEY_E Er, 720
E_E[(JrEl)_Elexp(_n)} (220

¢ ¢ 1 E E E|
e=o01J°(), Jo(t) = E [(1 + E_l) - E—lexp (—7t>:| (2.21)

if the time-dependent creep compliance function characterizing the standard model
J5(t) is used. Note the horizontal asymptote of £(¢) curve as shown in Fig.2.3b with
the new definition used: 1/H = 1/E + 1/E].

or

(a) (b) €

o
n E ]

Fig. 2.3 The standard model: a mechanical scheme, b creep at constant stress input with
instantaneous elastic strain built-in
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2.1.4 Burgers Model

Although the standard model is free from aforementioned inconvenience of the
Maxwell and the Voigt—Kelvin models, it still exhibits a horizontal asymptote (strain
stabilization) when ¢t — oo, which usually is not true; since according to experi-
mental findings, the creep strain shows rather the infinite increase with time. In order
to control such behaviors, a more complex four-parameter Burgers model which
consists of two simple units, the Maxwell unit (E1, 171), and the Voigt—Kelvin unit
(E>, m2) coupled in a series can be used, as presented in Fig.2.4a. The differential
constitutive equation of Burgers’ model may be written in the format

mm.. . mm .. m m m .
—¢ £ = —— _— 4 — 4+ = 2.22
E, M E1E20+(E1+E2+E2) to (222)

Note that the above equation is the second-order linear differential equation with
respect to strain and stress but of constant coefficients being functions of four para-
meters E, E>, n; and 1. It means that all strain and stress functions and their time
derivatives are the linear functions, whereas the coefficients in Eq.(2.22) are con-
stants: two Young’s modules E1, E, and two viscosity parameters 1y, 12.

When the Burgers model is loaded by a step stress input applied at # = 0 the
integration of Eq. (2.22), with two initial conditions €(0) = o1/E, €(0) = o1/m +
o1/m2 used, leads to one of equivalent relationships

o1 E; E E>
e=— 1+ —t+— |1 —exp|{—¢ (2.23)
E; M E; m
or
1 E E E
e=o1JB(), JB(t)z—[1+—1t+—1|:1—exp(——2t):” (2.24)
E; m E; Up)

where the creep compliance function characterizing the Burgers model compliance
function JB(t) is applied.

(a) 5, (b)
E M
(e
j o, EitEs
m, E\E,

Fig. 2.4 The Burgers model: a the mechanical scheme, b the simple creep curve at constant stress
input applied at t = 0
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Note that the creep curve described by the Burgers model exhibits a skewed
asymptote which corresponds to the unlimited strain increase with decreasing strain
rate, which better fits the experimental findings, see Fig.2.4b.

2.1.5 Creep Compliance and Relaxation Behavior
of the Selected Linear Viscoelastic Models

More complex models of linear viscoelastic materials consisting of one Hooke’s
element and n Voigt—Kelvin’s units coupled in a series or one Hooke’s element and
n Maxwell’s units coupled in parallel are analyzed by Betten [2].

Consider now stress relaxation of simple uniaxial linear viscoelastic models dis-
cussed in Sects.2.1.1-2.1.4, subject to a constant strain €1 at ¢ = 0, from the initial
stress level o1 = E¢;.

In case of the Maxwell model, the stress relaxation from the initial level o at
t =0tot — oo is described as follows

Et
o(t) = o1 exp (—7) (2.25)

Note that the rate of stress decrease changes from the initial 5(0) = —o E /7 to zero,
0(00) = 0. The so-called relaxation time ¢, = 7/ E corresponds to the fictitious case
if the stress decreases continuously at the initial rate and finally it would reach zero
att = ft.

The Voigt—Kelvin model does not exhibit stress relaxation effect. In this singular
case application of the constant strain input, ¢ = £1 at ¢ = 0 can be achieved only
by an infinite initial stress response o (0) — oo, such that the following holds

o(t) = ne1d(t) + Ee H(t) (2.26)

where the term containing the Heaviside unit function H(#) describing the constant
stress in the spring, followed by the infinite stress input in dashpot described by the
0-Dirac function, appears.

The standard model is free from the above singularity and if it is subject to a
constant strain at + = 0, the stress continuously decreases from the initial level
Ec1(t = 0) to the asymptotically approached value He(t — 00) such that stress
relaxation function of the standard model is written as

H H t
o(t) = Ee [E + (1 - E) exp (—;)} (2.27)

1 1
where the definitions hold: — = — + — andn = 1 .
H E E; E+ E,
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Table 2.1 Properties of Maxwell, Voigt—Kelvin, standard and Burgers viscoelastic units, after

Skrzypek [13]

Model Creep compliance function J (¢)
1 E

Maxwell —(1+ —¢
E n
1 _E

V-K = (1-e n’)
E

Standard o R

andar — = ZeT

E E, E
1 E E _E,

Burgers — |14+ —t4+—=—(1—-e ™

1 m E
Model Relaxation modulus E (¢)
E

Maxwell Ee n'

V-K E[1+ £0)]

Standard (B B

e 7
andar E+E ETE

(1 — qar)e™" = (q1 — qara)e™

Burgers

A

If the Burgers model is subject to a constant strain € = € at t = 0, a continu-
ous stress relaxation is described by the combination of two exponential functions
exp(—rit) and exp(—rot) (cf. Table2.1), where after Findley et al. [4] the new defi-

nitions are used

o E\E;

PIFA
=—— A= /p}-4p

mmnm
g =m

(2.28)

2p2

2.2 The Uniaxial Boltzmann Superposition Principle
of the Isotropic Linear Viscoelastic Materials

2.2.1 Bending of a Beam Subject to Stationary Load

Summarizing the results of previous subsection, response of the arbitrary linear
viscoelastic material at step stress input 0 = o1 = const can be written as follows

e(x, ) = e (x)EJ(t) (2.29)
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In other words, strain at the arbitrary material point, being a function of the space
x and time ¢ variables, can be presented as a product of the instantaneous elastic
strain €°(x) depending on x only and the creep compliance function J (t) specifically
chosen for given material model dependent on time ¢ only. In the light of comments
presented in Sect.2.1.5, Eq. (2.29) does not apply to the Voigt—Kelvin model in a
straightforward manner. The V-K model does not comprise the initial elastic strain.

In particular, a deflection of beam made of the linear viscoelastic material
w"®(x, t) at constant loading can be presented as the product of the elastic deflection
w®(x) and the dimensionless creep compliance function EJ(r) as follows

w' (x,1) = w® (x) EJ (1) (2.30)

For creep compliance functions shown in Table 2.1, we arrive at
E
wM (x, 1) = w® (x) (1 + —z)
n

wVK (x, 1) = w (x) [1 — exp (—%t)]
NN I R E, @.31)
w” (x, 1) = w® (x) [ + TR (—?t)}

wB (x, 1) = we (x) [1 + ﬂt + £ |:1 — exp (—ﬂt)“
M E>

The aforementioned relationships hold for all linear viscoelastic models discussed
even though V-K model does not exhibit instantaneous response. This comment
holds for all linear viscoelastic models that do not have free elastic spring.

2.2.2 Bending with Tension of a Beam Subject
to Nonstationary Load

Consider a prismatic beam of doubly symmetric cross-section subject to the axial
force and the bending moment being both functions of coordinate x and time ¢:
N = N(x,t), M = M(x, t). Assume also that both external forces N and M can be
expressed as products of function dependent of x co-ordinate N = N (x) or M (x) and
one common time function f(¢): N(x,t) = N(x)f(¢) and M(x,t) = M(x) f(2).
Supposing for simplicity that viscoelastic deformation fulfils the Bernoulli hypothesis
of straight and normal segments (x, z,1) = A(x,t) + zx(x,t), it is possible to
separate Eq.(2.29) into the viscoelastic axial elongation A\'® and the viscoelastic
curvature k"¢
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AVe (x,1) = Mft](t _ g)wdf
0 ¢ 2.32
(X) 3f(§) (2-32)

K (x, 1) = —— fJ( ——F— ¢ d¢

In a particular case, if both generalized forces are applied instantaneously at ¢ = 0:
N(x,t) = N(x)H(t) and M (x, t) = M (x)H(t), remembering that §-Dirac function
is defined as §(¢) = H(¢) and applying (see Byron and Fuller [3])

t 1

/J(t —§)0(§)d¢ = / J(©)o(r — &)d§ = J (1) (2.33)

0 0

we finally obtain equations for viscoelastic elongation AY®(x,f) and curvature
kY€ (x, t) in a form

N (x)
AV (x, 1) = ——2J (t
0 EA © M () (2.34)

kY (x, 1) =—-w"(x,1) = TJ (3)

Hence, the axial elongation of the linear viscoelastic beam A\ is a product of instan-
taneous (elastic) elongation and the creep compliance function. Analogously, the
curvature of the linear viscoelastic beam "¢ is a product of instantaneous curvature
and creep compliance function J (¢). For simplicity, the conventional beam theory is
adopted here.

2.2.3 Integral Representation of Creep and Relaxation
Functions in Case of Arbitrary Loading History

A general differential equation of uniaxial linear viscoelastic models can be written
as follows:
P00 + p1o+ p20 + - = qoe + q1€ + €+ - - (2.35)

where the constant p;, g; are coefficients of the linear arbitrary order differential
constitutive equation, see Eq. (2.1). Order of Eq. (2.35) is equal to number of viscous
elements (dashpots) appearing in the mechanical model. A compact operator format
can be used instead of Eq. (2.35)

Po(t) = Qe(?) (2.36)
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where P and Q stand for linear differential operators with respect to time acting on
stress o (¢) and strain €(¢), respectively

P=po+ 3+ 824—
=Po T Ppi1 o p28t2 537
a ! (237)
Q:q0+é]1a+qzw+“'

It is clear that the linear elastic (Hooke’s) material is a particular case of linear
viscoelastic material in equation of which all time derivatives disappear, whereas
q0/po = E.

Note that differential operators P and Q are linear with respect to all derivatives,
hence the operator format of Eq. (2.36) can formally be treated as an algebraic equa-
tion as follows

o(1) Q)

% =E () Eve(?) = % (2.38)

The rational operator E,.(¢) used in Eq. (2.38) plays a role of the time-dependent
stiffness operator. As a consequence by contrast to elasticity a fraction o (¢)/e(t) is
not constant but depends on time. Hence, Eq. (2.38) should be read in a symbolic
way as follows

PO) =0 (2.39)

Class of the linear viscoelastic materials is a subclass of the nonlinear
viscoelastic materials; however, the Boltzmann superposition principle holds for
the linear viscoelastic materials only. The superposition principle states that resul-
tant response of the system e(¢) under the “sum” of causes is equal to the “sum”
of responses corresponding to causes acting separately. In particular if stress oy is
applied at time £ and, then, stress o7 is applied at time &>, the resultant strain () at
any time ¢t > & is represented as the sum of the strains resulting from both stresses
considered as though each were acting separately

elor@ =&+ o (t—&)] =celor (t —&D]+eloz (t — &) (2.40)

In case of arbitrary loading history, stress o(¢) can be approximated by a sum of
n stress inputs Ao;, hence from the Boltzmann principle the strain output holds

ey =D et —&) =D It —&)Ao; (2.41)

i=1 i=1
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If the time step tends to zero, we arrive at the integral form of uniaxial creep strain
for the linear viscoelastic material

t

e(r) = / I — 627
0

23

t
d§ = [J(r = §a(©)dE (2.42)
0

If the analogous reasoning is applied to the arbitrary strain history (kinematic
control), we arrive at the integral form of the uniaxial stress relaxation for the linear
viscoelastic material

t t

0
o) = / Et—9) g(f)cm: / E( — H2(6)de (2.43)
0 0

In above integral equations, J (f — &) and E (¢ — &) denote the creep function and the
relaxation function of the material considered, respectively. In practical applications,
the alternative forms to (2.42) or (2.43) are more convenient

t

S(1) = Joo () + / ot — OF(E)dE (2.44)
0
or
t
o(t) = Eoe(t) /wo _O©)de (2.45)
0

where separation of the instantaneous and time-dependent outputs are distinguished.
The general integral forms (2.42) or (2.43) do not comprise explicitly initial con-
ditions, whereas in the forms (2.44) or (2.45) Jy or Eg denote initial value of
creep or relaxation functions (at t = 0) whereas time functions ¢(t — £) or
Yt — &) denote time-dependent parts of creep or relaxation functions. Note that
in Egs. (2.44) and (2.45) symbol £ denotes time when the stress or the strain inputs
are imposed, whereas ¢ denotes the observation time when strain response £(¢) or
stress response o(t) are measured. This approach can be identified as the linear
hereditary model where kernel function depends on time interval r — £ by contrast
to the nonlinear hereditary models where kernel functions depend on ¢, £ separately,
cf. Rabotnov [11].
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2.3 Multiaxial Isotropic Linear Viscoelastic Materials

In what follows, we briefly summarize the fundamentals of the linear viscoelasticity
in case of material isotropy. This will serve as the starting point for further extension
of isotropic to anisotropic linear viscoelastic equations. Such extension will further
be used as convenient tool for analysis of anisotropic viscoelastic composites.

2.3.1 Differential Representation Under a Multiaxial
Stress State

In case of isotropic linear viscoelastic materials under the multiaxial states of stress
and strain, it is convenient to separate volumetric effect from the shape change effect.
Similar to elasticity, such separation is possible only in case of material isotropy (see
Sect. 1.4.8).

Direct extension of linear isotropic viscoelastic constitutive equations (2.36) and
(2.37) to the multiaxial states takes the form

Pysij (1) = Queij (1)
Pookk (1) = Qacrk (1) (2.46)

where P, Q1, P2, and Q> are the linear differential operators applicable to the sepa-

rable shape change and the volume change effects. In the explicit format, equations
(2.46) can be rewritten as

/ /a /62 /aa
P0+P1E+P2w+'”+l)uw sij (1) =

(qé +qi§ +q§§—22 +o +q{,§—};) eij (1)
! ! ! (2.47)

"y //2_'_ //8_2_|_...+ y ok (1) =
Po P ot Py o012 Pa 919 kk =

- //2_'_ //8_2_|_...-|- ”a—b exk (1)
90 q1 ot q, 8t2 qp atb kk

For the purpose of further consideration, it is convenient to transform differential
equations (2.47) expressed in terms of physical time ¢, f (¢) to the equivalent alge-
braic equations expressed in terms of transformed variables s, f(s) according to the
Laplace integral transform

9]

LU )= Fs) = / e f (1) dt (2.48)

0
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The use of above transformation allows to replace the real initial differential prob-
lem of the linear viscoelastic material (differential equation and appropriate initial
conditions) by the equivalent elastic algebraic equation of a fictitious elastic material.

In the next step, when the fictitious algebraic problem is solved in elementary way,
application of the inverse Laplace transform allows to return to the original viscoelas-
tic problem. Described procedure leads to the solution faster than the straightforward
integration of a differential equation due to the Laplace transform pairs known from
literature.

Basic properties of the Laplace transform commonly used in theory of viscoelas-
ticity can be found among others in, e.g., Nowacki [8], Pipkin [9], Findley et al. [4].
Exemplary Laplace transforms for selected elementary functions f(¢) are shown in
Table?2.2.

By use of the Laplace transformation equations of transformed isotropic linear
viscoelasticity (2.46) can be expressed in terms of the transformed variable s as
follows

P15 (5) = Qi (5)

o 7 (2.49)
Pyoki () = Qagii (5)

Table 2.2 Laplace transforms of frequently used functions

f(@) ) £ )
R R P =
@ sf(s) — f(0) [ f&de fE,S)
0 A
1 a
1 - a a
s s
1 e—as
H(r) - H(t — a)
s s
(1) = H(t) 1 5(t —a) eas
1 n n!
' 52 ! prasy
—at 1 n.—at n!
¢ s+a e (s + a)nt!
et — et _ boa e — pe _(a=bs
(s +a)(s+Db) (s +a)(s+Db)
1—e ¥ i o i(l _ema 1
s(s +a) a a2 s2(s +a)
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o (po+ Pis + Phs?+ -+ PLs?)Sij (s) =
(96 +q}s + 552+ +qsb) e (5)

(Py + PYs + Pys* + -+ 4 plis®) G (5) =

(g0 +ai's +a5s* + -+ q;/s") G (5)

(2.50)

Based on the analogy between Eq. (2.49) that describe transformed viscoelastic prob-
lem and linear isotropic elastic equations

sij = 2Ge;j, ok = 3Kegk (2.51)
itis possible to find out the generalized modules of viscoelasticity Gye (t) and K¢ (7) as

Gue (1) = 7 Q‘ Kye (1) = Q2 (2.52)

which are time-dependent functions of #. Additionally, if the definitions of Young’s
modulus £ and Poisson’s ratio v known from the elasticity are used

9KG 3K -2G

-8y _ 22Ty 2.53
3K+G T 6K+2G (2.53)

substitution of (2.52) to (2.53) furnishes the generalized Young’s modulus Eye(t)
commonly called relaxation modulus and generalized Poisson’s ratio vye(t) of
isotropic linear viscoelasticity that can be expressed in terms of time-dependent

operators (2.46)
Q Q

Bo. (1) = Bh . 3QQ
v Q2% PQp +2P1Q;
P; P,
S o (2.54)
P TP P1Q2 — P2Qq
ye (1) = : L =

23—22 + g_; P>Q; + 2P Q>

By contrast to elasticity, the above modules are time-dependent differential operators
but not material constants.

The deviatoric P1, Q; and the volumetrlc Ps, Q2 dl]j‘erenttal operators and the
corresponding transformed operators Pl, Ql and P2 Q2 for selected isotropic lin-
ear viscoelastic models are given in Table2.3. When the additional assumption of
hydrostatic pressure independence of the elastic response is used it is necessary to
consequently apply P, = 1, Q2 = 3K. Note that the above Eqgs.(2.52) and (2.54)
refer to isotropic linear viscoelastic material for which number of independent gener-
alized modules equals 2, namely Gy (7) and K¢ (7) or equivalently Ey. (f) and vye (¢).
In particular case of isotropic elasticity, the above creep modules reduce to two
constants Gy (f) = G and Kye () = K or equivalently Eye () = E and vy (t) = v.



73

2 Constitutive Equations for Isotropic and Anisotropic Linear ...

cudt,d | At
S+ s lb wm\\:m + ﬁ s+ ,q sl ye¢ D
: Jr\\
S+ skd + 1 wd 1 ! d
$.101D42d0 214]2UN]0A PIULIOJSUDLT
S+ stb sl+ 7 sl 7 o)
s +s%d + 1 I s+ I 'd
$.401042d0 I1101D102p PAULIOJSUDL]
0 p g S L | 4
b+ b -y i T+ ,a g Y€ o)
0 :m+:m u
mmm._.h%\i._.ﬁ T I T+ I g
$403p42d0 21410UN]OA
Pp 101 0 .4+ \mfm 10
€ b+ gib ¢ ah T ik bt.a M ¢ '0
NQ /1 +\ 4
S+ g+ T+ I Th+ I 'd
s403p.42do J1101D102 (T
2h + 31b
= 0td +old + 0 31b + 300 = old + 0 sb+37 =0 wt”bw._.b 3 =0 uornenba JuazepIq
s1o3mg pIepuels UTATOS[—ISTOA [[omXeN Yoo [°POIN

([#] ‘T8 10 AS[pulq I91je) S[OPOW JNISB[0ISIA Jeaul] [dwls Pajod[oas 10 siojerodo [enualeliq €7 dqBL



74 J.J. Skrzypek and A.W. Ganczarski

2.3.2 Integral Representation Under a Multiaxial Stress State

As mentioned above, in case of isotropic viscoelastic materials number of the material
time functions is equal to two. Hence, it is possible to separate effects of shape
change from the volume change. In such a way, we arrive at the integral form of
the constitutive equations of isotropic linear viscoelastic material that generalize the
analogous uniaxial equation (2.43) for multiaxial states

t 81..
57 (1) =2 Gue ( — &) e(,;f) ac

0 Do ©) (2.55)
ouk (1) =3 [Kye (¢ — ©) ""5 d¢

0

In a particular case, if the volume change is pure elastic, Eq. (2.55) take the simplified

form
aeu © f
o€ (2.56)

Sij (t)—szve(t_g)

o = 3K Ekk

2.4 Elastic-Viscoelastic Correspondence Principle
for the Case of Isotropic Materials

Consider at the beginning, a particular case of isotropic linear viscoelastic behavior
for which separation of the volume change from the shape change holds in a similar
fashion as in case of isotropic elastic behavior, see Sect. 1.4.8. Remember however
that in a more general case of the anisotropic behavior, linear elastic, and linear
viscoelastic, this separation is not possible, see Sect. 1.8.

Analogy between the transformed equations of linear isotropic viscoelastic mate-
rials (2.49) and conventional equations of isotropic elasticity (2.51) leads to the
searching of the solutions of viscoelasticity on basis of a priori known coupled
elastic problems. This analogy is known as the elastic-viscoelastic correspondence
principle, see Findley et al. [4].

Let us summarize a complete set of equations of linear isotropic viscoelasticity,
see Skrzypek [13]

e the equilibrium equations

60',']' (x,1)

prmy bj(t)=0 (2.57)

e the constitutive equations formed either in the format of differential operator
representation (2.46)
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Pisij (x, 1) = Qre;j (x, 1)
Paok (x, 1) = Qaepk (x, 1) (2.58)

or in the integral representation (2.55)

t
sij (x, 1) = ZOfGev (t—8é;x,dE

; (2.59)
ok (6, 1) =3 [Key (1 — &) Enk (x,€) dE
0
e the linearized geometric equations
Ou; (x,t)  Ouj(x,t)
f t) = 2.60
61 (x ) 2 [ 8)6]‘ + axi ( )

e the boundary conditions under assumption that boundary between domains of
force I'p and displacement Iy remain unchanged

P; (x,t):o,-j (x,t)nj na I'p (2.61)
Ui (x,t) =u; (x,1) na Iy ’
For simplicity independence of the viscoelastic modules, Gye, Kye from the spatial
coordinates holds. In other words, material homogeneity is assumed. In a particular
case of composite materials although that material is inhomogeneous at microlevel
a homogenization technique allows to reduce such problem to homogeneous at the
RUC level of the representative unit cell, see Chap. 3.

When the Laplace transformation of the above set of Egs. (2.57)—(2.61) is done
we arrive at the fictitious coupled elastic problem

Jojj (x, s)
ax,-

- PSR Qi
sij (x,8) = 25Gejj (x,5) = Eeij (x,s)

+b;(x,5)=0

o~

o~

- S Q2

Okk (x,5) = 3sKEgk () = »15—25kk (x,5) (2.62)
(. 5) = |:8A (x, s) 37ij (x, s)]

Gij (.8 2 Ox; Ox;

Pi (x,s) =i (x,s)n; at Tp
Ui (x,s) =u; (x,5) at Iy
in which the body forces b (x,5), external forces P (x, s), displacements U, (x, )

as well as fictitious elastic constants G (s) and K (s) are functions of the transformed
variable s.
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Finally, the analogy between viscoelastic and coupled elastic problems can be
formulated. Namely if a solution of coupled fictitious elastic problem is known (2.62)
0ij (x,s) and u; (x, s), the solution of corresponding linear viscoelastic problem
(2.57)—(2.61) can be obtained on the way of the inverse Laplace transformations
oij (x, 1) and u; (x, t). Simultaneously, following relations must hold

Gye = Q) Kye = Q6 (2.63)
25P; (s) 35P> (5)

The correspondence principle can be applied only to the boundary problems where
the interface between the boundary I'p (where the external forces are prescribed) and
the boundary I'yy (where the surface displacements are given) is independent of time,
see Findley et al. [4]. The above limitation does not hold in case of some material
forming processes, for instance rolling, where the interface between boundaries I'p
and Iy varies with time.

An example of elastic-viscoelastic correspondence principle applied to multiaxial
stress and strain states the thick walled tube made of the isotropic standard material
subject to internal pressure p(t) = pH(t) applied instantaneously at ¢t = 0 is
considered after Findley et al. [4]. Taking advantage of the correspondence principle
and recalling Lamé’s solution for coupled elastic problem

2 2
R pa® 14+v (b 1—v
=————|— 2.64
TR E (r+1+ur (2.64)

substitution of (2.54) for E, v in (2.64) gives

14+v ’1'51
H_

5 —
@« (2.65)
1+v 2P,Q1 +P1Q;
— =
1—-v 3P1Q2

In this way, a fictitious coupled elastic problem in term of s

~ 2D 2 BB LDD
P, (b  2P,Q,+P
e = 2O B (— 4 2 AP r) (2.66)
b*—a=Q \'r 3P1Q2

is find out. Applying transformed operators /ﬁ] , ﬁz, 61 , and 62 of standard model
(see Table2.3) under additional assumption that shape change creep deformation is
accompanied by the elastic hydrostatic deformation P, =1Q, =3K,wefinda
solution of the fictitious coupled elastic problem

2
~ pa A B

=———=—+— 2.67
i) = 57— £ty (2.67)

n
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where A and B are functions of radial coordinate r exclusively

1 (b r E{+E (b* r\  2r
A=———=+3). B=—7-\|—+3)+—= 2.68
E/(r+3) E\E (r+3)+9K (2:68)

Finally, the solution of the real linear viscoelastic problem is achieved by use of the
inverse Laplace transform of (2.67) in the following format

© = pa* 1 b2+r +2r+1 b2+r
T2 e\ T3) Tk TE\T T3

Lo (5]

2.5 Integral Representation of the Linear Viscoelastic
Equations of Anisotropic Materials

(2.69)

The elastic-viscoelastic correspondence principle applied for isotropic material pre-
sented in previous Sect. 2.4, was based on mathematically convenient separation of
the volumetric and the shape change effects from total viscoelastic deformation.
However, in case of any class of material anisotropy such separation does not occur.
Hence for sake of generality, we change formulation of the correspondence principle
to the uniform fashion that does not employ the above separation. For convenience,
the vector-matrix notation will be used.

In a general case of anisotropic linear viscoelastic material, the integral form of
constitutive equations is furnished as (see Shu and Onat [12])

t

ey () = / ik (= €) 610 (€) d€ (2.70)
0
or
t
o (1) = / YE (1t — ©)2u(€)de @71
0

where YoJ; i (t — &) defines the fourth-rank tensor of creep functions; whereas,
VeE;jki(t — &) is the fourth-rank tensor of relaxation functions which characterize
viscoelastic properties of anisotropic material. Assuming the symmetry conditions:
ik =" Jaij =" Jjire =" Jijik, or ¥ Ejjiy =" Eyij ="° Ejirg ="° Ejjik, both
tensors of viscoelastic anisotropy have 21 independent functions. Both constitutive
tensor functions ¥J;;x; or Y°E; i depend on current time ¢ (integration limit).
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When the vector-matrix notation is used, the general constitutive equation of
anisotropic linear viscoelastic material defined by Egs. (2.70) and (2.71) takes equiv-

alent integral form
t

0
() = / e = €15 (or(©)) e 272)
0
or
’ 9
(o) = / PUE( — €)1 (o) de 2.73)
0

When nonabbreviated notation is used introducing matrix of creep compliance func-
tions “¢J;; (t — &), we arrive at the following constitutive integral equations of
anisotropic linear material

Exx(t) VeJ11 Y12 Y13 Y4 Y15 Y16 Oxx (§)

Eyy (1) o | Y21 Yo Y3 |Yoag Y5 Yooe ayy(§)

ez | _ / VeJ31 Y32 Y33 Y34 Y35 Y36 672(6) 4 274)
Vyz(t) VeJar VoJar Y43 |V aa Y5 YJae Tyz (&) ’
Yex (1) 0 | Y5y YeJsy YeUs3|YTs4 YoJss5 VoUse | | Tox (©)

Yy (1) Vo1 YoJe2 YJe3|YJea Vo5 Vo6 | | Txy(E)

where [V¢J];; = [J(t — &)];; is the creep compliance matrix. For Eq.(2.73) the
inverse relation holds

Oxx (1) YE11 YE12 Y°E13|Y°E14 “°E15 YE16 | | €xx (&)

Ty (1) + | YE21 Y°Ex Y°E23|Y°E24 Y°Es Y¥Eoe Eyy (&)

o (1) _/ VeE31 Y°E3 Y°E33|Y°E34 Y°E35 E36 | | €,:(6) 4 (275)
Ty () | YE41 YEq2 “°E43"°E4q “°E45 “Es6 | | Yy:z(§) '
Tz (1) 0 | YEs1 Esp “Es3|Y°Es4 “°Ess “°Ese | | Yz (§)

Ty (1) Y’E61 “*Ee2 °E63|"°Es4 *E65 “*Ee6 | | Yxy(©)

In particular case of orthotropic linear viscoelastic material, Eqs.(2.74) and (2.75)
reduce to narrower forms

e11(t) VeJi Y12 Y13 11(§)
€2(t) | Y21 Y22 Y3 622(§)
£33(1) / VeJ31 Y32 Vo33 733(§)

= 5 d 2.76
13(0) s @) [% @70
Y31 (1) 0 VeJss 731()
712(2) Vo6 T12(€)
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or
on(t) YE11 Y*E12 YE13 SR3)
022(t) . | YE21 Y°Ex Y°En3 €22(8)
033(t) / VeE31 Y°E3p °E33 €33(9)
= . d 2.77
T23(t) VeE44 Y23(8) & @m
731(1) 0 Y’Ess A31(6)
T12(1) YEe6 | | 112(8)

being extension of equations of orthotropic linear elasticity (1.103). Note that both
stresses and strains are functions of time Y°o;; ="¢ 0;;(t), Y¥e;; ="° €;;(1), in
similar fashion as elements of creep compliance °J;; ="° J;; (t — £) and relaxation
VE;; =" E;; (t — &) matrices.

Applying the Laplace transform to Eqgs. (2.74) and (2.75), we arrive at the asso-
ciated fictitious elastic constitutive equations in the transformed domain

Exx(s) Ji D2 i3 Ja Jis Jie | | Oxa(s)
Eyy(s) Ja1 2 Ja3|Joa Jos Ja6 | | Oy (s)
§z(S) — 5| J31 I3 331 J34 S35 36 Ezz(s) 2.78)
lyz(s) Ja1 Jaz Jaz|Jag Jus Jae | | Tz (s)
Ve (5) Tsi Jsa Js3|Jsa Jss Jse | | Tex(8)
Yxy ($) | o1 Jo2 Je3 | Joa Jos Jes | L Tev(®)
or _ _
G (5) E\  Ei2 Ei3|E14 Ei5 Er6 | | Exx(s)
Tyy(s) Ez Ex Exz Ezq Ens Exg | | E3y(s)
0:2(s) | _ | Es1 Esy E33|E34 E35 E36 | | €22(5) 2.79)
Tye(s) E4i Egy Ey43\Eaq Egs Egg | | 102(®) '
i”(s) E51 Esz Es3 Es4 Ess Esc) j” (s)
Tay(5) | Eq1 Eex Egy| Eey Ees Ege | | 10 (®)

2.6 Application of the Anisotropic Correspondence
Principle to the Case of Orthotropic Composite
Materials

For a purpose of engineering application, for instance to some composite materials in
which at least one of phases exhibits viscoelastic behavior, it is sufficient to assume
the narrower case of orthotropic linear viscoelastic equations (2.76) and (2.77).
When the Laplace transformation is applied to the integral constitutive equations
of the orthotropic linear viscoelastic material (2.76) and (2.77), we arrive at the
associated fictitious orthotropic elastic equations in terms of s
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{G(s)) = s[E(s)] {E(s)} (2.80)
or R
(&)} = s()1{E ()} (2.81)

When the vector-matrix notation is applied the corresponding formulas can be written
in an expanded fashion

G11(s) EyEnEi 0 0 0 |[&i
G22(5) Exi Ex Ex3 0 0 0 En(s)
233(S) _ E31 E3 E33 AO 0 0 i33(S) 2.82)
723(5) 0 0 O0|Ey, 0 O 723(s)
:31(S) 0 0 o0lo ESS 0 131(S)
T12(5) L0 0 00 O 566_ Y12(s)
or ~ _
211 (5) JypJiz Ji3) 00 0 o11(s)
En(s) Jor J22 J23[ 0 0 0 | | Faa(s)
533(S) g J31 J3n J33 B 0 0 233(S) 2.83)
723(s) 00 07, 0 0 723(s)
Y31 (s8) 0 0 0|0 "]\55 0 731(8)
F12(s) 00 0/0 0 -’]\66 T2(s)

The above equations generalize constitutive equations of isotropic viscoelastic mate-
rial (2.62), 3 to the case of material orthotropy, where E, = E, j(s) and J, = J, i (8)
stand for the orthotropic relaxation function matrix and the creep compliance matrix,
respectively. Solution of the problem of viscoelastic orthotropy can be obtained on
the way of the Laplace inverse transform applied to the transformed variables 7;; (s),
& 7 (s), which are retransformed to physical variables o;; (), €;; (f).

It should be emphasized that in case of anisotropic linear viscoelastic materials,
similar to anisotropic elastic materials, it is not possible to separate the constitutive
equations into the volumetric change and the shape change uncoupled equations since
anisotropy results in full coupling between the volume and the shape viscoelastic
deformation.

In case of composite materials, the properties of which exhibit the linear viscoelas-
tic features, a generalization of commonly used homogenization techniques (see
Chap. 3) to viscoelastic work-regime can be proposed (cf. Haasemann and Ulbricht
[5]). The frequently applied concept of the representative unit cell (RUC) origi-
nally developed for elastic composites can also be adapted to nonelastic behavior of
composites (matrix and/or fiber). To this end, the class of linear viscoelastic mate-
rial occurs to be very convenient when use of the correspondence principle which
enables to transform the real viscoelastic (time-dependent) problem to a fictitious
elastic (time-independent) problem in the domain of new variable s (see Table?2.4).


http://dx.doi.org/10.1007/978-3-319-17160-9_3
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Constitutive equation of viscoelastic material can be formulated twice: at the
level of subcell (3) where components are described by different viscoelastic equa-
tions (matrix, fibers, particles) and at the level of RUC where different properties of
material are homogenized in a particular way to yield mean or effective viscoelastic
response.

The above described stages of description are briefly presented as follows: at level
of subcell the local constitutive equations of linear viscoelasticity hold

t

- (B

eV () = / I =" ©de (2.84)

0
or
t
5 B -(By

ol V() = / CEN - 9" ©de (2.85)

0

where the local variables, microstress, and microstrain are combined by local con-
stitutive time-dependent fourth-rank tensors (the creep compliance tensor or the
relaxation tensor) for the homogeneous constituent material. In a formal fashion
when a homogenization inside the RUC is used, we arrive at

t

Y1) = / YTt — €)% E 0 (©)de (2.86)
0
or
t
550 = [ Bt - " Fue)e 287)
0

Mean or effective fourth-rank tensors of creep compliance “°J; ikl or relaxation
Ve E; ki are defined at the level of RUC in terms of the corresponding local tensors
Vﬁm) or Vefl(m) at the level of subcell by the use of a homogenization procedure
in an analogous way as for the elastic composite (3.58). Homogenization of the vis-
coelastic properties of the composite material is not a trivial problem and is seldom
met in literature, cf. e.g., Haasemann and Ulbricht [5].

Application of correspondence principle occurs to be very useful since it makes
possible to convert time-dependent heterogeneous viscoelastic problem to associated
time-independent elastic problem for which homogenization tools can directly be
applied. In particular when elastic-viscoelastic analogy is applied for anisotropic
composites at the level of RUC, the application of the Laplace transform allows to
reduce integral equation of real material (2.86) or (2.87) to coupled set of equations
of a fictitious elastic problem in space of the transformed variable s
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~ =—1 ~

€Cij(s) = SE;ji (5)°Thi(s) (2.88)
or R N ~

Gij(s) = SE;jki(s) ki (s) (2.89)

Finally, solution of the anisotropic linear viscoelastic problem can be obtained by the
use of inverse Laplace transformation from the transformed domain °Z; i (9),¢ o i (8)
to the physical domain ¥°z;; (¢),"° 7;; (t). When absolute notation is used we get (see
Haasemann and Ulbricht [5])

— ! w =
70 =B =0+ [ TR - E0d g0

="YeE(t) : ¥ E(t = 0) + [*°E : Y £](r)

Recall definition of the Laplace Eansform of the function f(¢) (r > 0) into the
function of transformed variable f(s)

LU®) = Fo e / Fedi 2.91)
0

and definition of the convolution of two functions

def

f@ = /fl(t — 9 f2(O)dE = f1(1) * fo(1) (2.92)
0

Applying the Laplace transform (2.91) to the convolution integral (2.92), we arrive
at the convolution theorem (see Findley et al. [4])

t
c / it = HELE L = L{f1() * L0} = fi(s) fals) (2.93)
0

Taking next the Laplace transform of the integral form of constitutive equation of
the anisotropic linear viscoelasticity (2.90), we arrive at the equivalent transformed
algebraic equation of anisotropic linear elasticity according to scheme

veg (1) =V B (1) e E(r = 0) +YCE(r) e E() -S> 5(s) = sB(s) : 5(s)  (2.94)

defined by function of the transformed variable s. The transformed matrix of
anisotropic fictitious elasticity sE(s) is built at the level of RUC of considered
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composite. The above matrix is obtained by the homogenization of the transformed

isotropic local matrices SE(&Y) (s) at the level of composite microstructure (subcells).
The procedure described above is sketched by the following scheme shown in
Table2.4. The homogenization procedures for the anisotropic elastic composites are
well recognized (for details see next chapter). By contrast, there is no unique and
direct homogenization procedure to yield the effective creep compliance Y¢J ,(jﬁ ,?l) (1)
and relaxation Y* E l(]ﬂ IZZ) (¢) tensors (e.g., Haasemann and Ulbricht [5]). Hence to over-
come this deficiency, the suggested scheme is as follows: first apply the Laplace trans-
form at the level of subcell in order to eliminate physical time (left path in Table 2.4),
second use a homogenization method in order to reach the RUC level for fictitious
elastic RUC of composite material and finally apply the inverse Laplace transform
to arrive at the physical viscoelastic RUC level (right back path in Table2.4).
Usually for sake of simplicity of further applications, the fransversely isotropic
effective relaxation matrix sE(s) at the level of RUC is sufficient, whereas at the
microlevel (subcell) the isotropic matrices for the constituents (f) fiber and (m)

=(f =(m)
composite matrix sE (s) and sE (s) are usually accepted (see also (2.82)).
Elastic-viscoelastic correspondence principle as applied to orthotropic viscoelastic

Table 2.4 Elastic-viscoelastic homogenization method based on the representative unit cell (RUC)
applied to the associated elastic material by correspondence principle

sub-cell Py RUC
= <
/ / \
\ / \ /
I~ | |

{E(Bw)} _ j [veJ(ﬁw)] {(-,ww)} d¢  linear viscoelastic {z} = J [vJ) {&} d¢

{U(Bw)} .

—

t
"eIE(ﬁ”)} {é(ﬁ“’)} d¢ homogenization ? {o} = [ [*E| {€}d¢
0

f
l:_l

1
{g(ﬁw)} — s [j(@v)] {3.(%)} associated elastic {g} =5 [j] {%}

{&(57)} =3 [IAE(S'*)] {E(ﬁ'y)} homogenization {%} =3 [E} {?}

ene
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Fig. 2.5 Beam model and RUC of unidirectional composite according to Haasemann and
Ulbricht [5]

Table 2..5 Viscoelastic . Fiber Natic
properties of fiber and matrix - —

material following Relaxation 70 +200e011/s |3 4 15¢1/s
Haasemann and function

Ulbricht [5] Poisson’s ratio 0.2 0.35

and viscoplastic materials is applied by Haasemann and Ulbricht [5]. In case of uni-
directionally reinforced composite considered by Haasemann and Ulbricht [5] (see
Fig.2.5), both fiber and matrix materials were described as isotropic linear viscoelas-
tic (see Table 2.5); whereas at macroscale, the sane composite material obeyed the
transverse isotropy symmetry. The Laplace—Carson transform

]

Lolf )= Fe(s) =s / e f (1) dr (295)

0

was used in order to transform equations of transversely isotropic linear viscoelastic
material in t domain into corresponding equations of fictitious linear elastic mate-
rial in domain of transformed variable s, in which conventional homogenization
techniques of elastic composites were applicable (for details see Chap. 3).
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Chapter 3
Mechanics of Anisotropic
Composite Materials

Artur W. Ganczarski, S. Hernik and Jacek J. Skrzypek

Abstract Mechanics of composite materials was in the last decade one of the most
rapidly explored engineering area, basically due to huge progress in composite fabri-
cation and use. The main problem referred in this chapter is how to correctly predict
averaged effective properties by implementation of numerous homogenization tech-
niques. Useful classification of composites with respect to the format of effective
stiffness matrix, based on the analogy between the crystal lattice symmetry and
respective configuration of reinforcement in the RUC, is given. Extended section is
focused on conventionally used Hill’s theorem on upper and lower bounds by Voigt
and Reuss’ isotropic estimation for approximate determination of stiffness and com-
pliance matrices of anisotropic composite. Consistent application of the Hill theorem
to the elements of elastic stiffness or compliance matrices (but not to engineering
anisotropy constants) enable to explain some peculiarities of the Poisson ratio dia-
grams, met in respective bibliography (e.g., Aboudi et al., Micromechanics of Com-
posite Materials, 2013; Sun and Vaidya, Compos. Sci. Technol. 56:171-179, 1996;
Gan et al., Int. J. Solids Struct. 37:5097-5122, 2000). The new effective proposal
to achieve approximation of the mechanical modules of unidirectionally reinforced
composites by the use of hybrid-type rule of weighted average between the Voigt
and Reuss upper and lower estimates is proposed. Capability of this averaged inter-
polation was checked based on selected findings by Gan et al. (Int. J. Solids Struct.
37:5097-5122, 2000) for Boron/Al composite, which show good convergence and
enable to treat weighting coefficients as universal ones over the full V¢ range.
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3.1 State of the Art

Essential progress observed in manufacturing processes and application of compos-
ite materials results in necessity to develop methodology of determination of the
effective properties mechanical, thermal, and others. Among the variety of papers
dealing with modeling of effective mechanical properties of composites and their
experimental verification, the following group of papers in which a coupling between
the topology of fibrous reinforcement (or particle) reinforcement and material sym-
metry of constitutive model describing composite can be distinguished, for instance:
Sun and Vaidya [30], Gan et al. [9], Liu et al. [19], Wiirkner et al. [37], Selvadurai
and Nikopour [28] and others.

Aforementioned papers deal with the modeling of unidirectionally reinforced
composites treated as homogeneous orthotropic solids characterized by some effec-
tive modules that describe average material properties of the composite. Assuming
the periodic fiber arrangement inside the matrix usually two types of Representative
Unit Cells (RUC) that exhibit either the tetragonal symmetry (square array) or the
hexagonal symmetry (hexagonal array) are considered.

In the significant paper by Sun and Vaidya [30] two composite systems: Boron/Al
and Graphite/Epoxy of the respective fixed volume V; fraction equal to 0.47 and
0.6 are analyzed. Authors find essential scatter in analytical results obtained for two
kinds of composites in comparison with earlier data from the literature, namely:
Hashin and Rosen [10], Whitney and Riley [35], Chamis [6], Sun and Chen [29],
Sun and Zhou [31], Kenaga et al. [15]. In particular, the large scatter is referred to the
effective Young modulus, the effective Kirchhoff modulus, and the effective Poisson
ratio in the plane of transverse isotropy. The obtained material constants, in general,
do not confirm the theorem on upper and lower bounds based on the classical Voigt
and Reuss rules. Especially difficult is to explain the estimated magnitude of the in-
plane Poisson ratio exceeding range of two composite components based on either
the isotropic characteristic of components in Boron/Al composite or the orthotropic
characteristic of components in Graphite/Epoxy composite.

More systematic analysis of the influence of homogenization methods on esti-
mated effective properties of composites is due to Gan et al. [9]. The authors com-
pare the new Strain-Compatible Method of Cells (SCMC) with other homogenization
methods such as Generalized Method of Cells (GMC) Paley and Aboudi [25] and
micromechanical analysis using FEM. For numerical simulation, authors used the
unidirectionally reinforced Boron/Al composite assuming two types of the repre-
sentative unit cells based either on a random topology of parallel fibers or on the
hexagonal array for full spectrum of the volume fraction V; €< 0, 1 >. The homog-
enization results are also compared with the classical approximate calculations based
on Voigt/Reuss mixture rules, Voigt [34], Reuss [27]. The performed analysis con-
firms applicability of the upper/lower bounds for majority of equivalent material
constants except for the in-plane Poisson ratio. However the authors do not pre-
cisely distinguish between the tetragonal or the hexagonal symmetry when modeling
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Representative Unit Cell (RUC) such that all six modules of orthotropy are treated
as independent in spite of clear hexagonal symmetry in fibers topology.

Liu et al. [19] analyze possibility for the Poisson ratio positioned beyond the
Voigt/Reuss estimates. Moreover: “It was found that the effective Young modulus
in both transverse and longitudinal direction can exceed not only the approximate
Voigt estimation, but also the stiffness of the stiffer constituent phase”. The authors
recommend precautions when applying Voigt/Reuss estimates in cases when one of
the components is made of incompressible material.

In the recently published paper by Wiirkner et al. [37] the effective elastic mod-
ules of the composite formed of isotropic Epoxy matrix and transversely isotropic
Graphite fibers are examined for reasonable wide range of volume fraction V;y e<
0.1 = 0.6 > see also comments in Sect.3.5.5 of this chapter. The rhombic array of
fibers is used for simulations characterized by different topology angles of RUC.
Following cases are considered: v = 60° (hexagonal array), 60° < ~v < 90° (rhom-
bic array) and v = 90° (tetragonal array). The estimated effective modules show
satisfactory coincidence with numerical results given by Jiang et al. [14].

The more general approach to modeling of composites reinforced by unidirec-
tional fibers is recently presented by Selvadurai and Nikopour [28]. Authors con-
sidered the random parallel identical Carbon fibers distribution in the Epoxy matrix
of a composite. In the light of the numerical analysis performed, it is found that
in spite of random fibers distribution it is possible to determine a minimal Repre-
sentative Area Element—RAE (>65 fibers number) that guarantees the property of
transversely isotropic symmetry of hexagonal type (5 independent constants in the
elasticity matrix, see Fig.3.1).

Extensive state-of-the-art review of the micromechanics-based analysis of com-
posite materials, enriched by numerous actual results, both in the field of homog-
enization techniques and its experimental validation for real long-fiber reinforced
composites, are found in recently published excellent monograph by Aboudietal. [1].

3.2 Analogy Between the Elastic Matrices
Symmetry at the Level of Crystal Lattice Unit
Cell and the Composite Representative Element

A useful analogy between the crystal lattice symmetry at the level of single crystal
lattice or crystal grains and the relevant microstructure of composite materials of
identical symmetry groups that characterize effective elastic matrices (stiffness or
compliance) at the macrolevel is sketched in Fig.3.1.

Equations of linear elasticity of crystal and composite materials are written
in (3.1)

(0} = [c]{e}® and {7} = [E] (&) (3.1)
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Fig. 3.1 Classification of selected composites with respect to the format of compliance matrix
[E~!]: a anisotropic fiber arrangement, b rhombic fiber arrangement, ¢ orthotropic fiber arrange-
ment, d square fiber arrangement, e hexagonal fiber arrangement, f regular particle arrangement, g
random particle arrangement, after Tjong and Ma [33], Martin-Herrero and Germain [21], Nye [23]



3 Mechanics of Anisotropic Composite Materials 91

(e)
X3
[ ]
\ o0 o
c
N \
a a o
a®c transversely isotropic haxagonal fiber array (after
o =90° v = 120° hexagonal Hooke’s Sun and Vaidya [30])
hexagonal lattice (5 constants) 9 F

S ﬁﬁgg

. regular particle reinforcement
t
a=B=y=90° 81 Efnssilglrtrsl; Ty (after Desmorat and Marull [7],

cubic (regular) lattice Banks Sills etal. [3])

a=b=c

partlcle remforced Al/A1203+T1B2
polycrystal isotropy (2 constants) isotropic composite (after Tjong
and Ma [33])

Fig. 3.1 (continued)

where relevant stiffness matrices at the crystal and composite level possessing iden-
tical symmetry properties are denoted with [s] and [¢] whereas {o}", {}", and
{7}, {€} stand for stress and strain vectors at the microlevel and the effective stress
and strain averaged over the representative element (RVE or RUC) (see Gan et al.
[9], Selvadurai and Nikopour [28], etc.). The respective compliance matrices used
in Eq. (3.1) can be rewritten in the equivalent fashion

© —[s]{o}  and  (5) = [E '1(5) (3.2)

where the effective compliance matrix is represented as
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(E,| Epy Ep3|Eyg Eys Erg |
Ey Ey Exy|Ey Ens Exg
| B Fu P B P (33
Egy Eg Eg3|Eyy Eys Eyg
Es) Esy Esy |Esy Ess Esg
Eq Egy Egy |Eqy Eqs Eqq

The stiffness and compliance matrices at the crystal level in Egs. (3.1) and (3.2) are
denoted by [c] and [s] in accordance with the notation used in crystallography as
shown in Table 3.2.

Compliance matrices are more convenient for further application since they have,
generally, simpler representation when compared to the respective stiffness matrices,
both expressed in terms of the engineering elasticity constants (Young modules Ej;,
Kirchhoff modules G, Poisson ratios v;j, Chencov modules p; ;) and Rabinovich
modules 7;(jx) as shown in Table3.1). In a more general case of fully anisotropic
composite material, for instance when composite material is at the microlevel rein-
forced with Carbon nanotubes of irregular arrangement, the effective continuum of
averaged properties is fully anisotropic and characterized by 21 engineering modules
where the effective compliance matrix of the composite [E | expressed in terms of
engineering anisotropy constants is furnished as follows:

1 v | M) M) M2 ]
En Eq En| En En En
_ V2 1 v | 3@ M@ M2

Eyn Exn Exn| Exn Exn Exn

vz vy 1 m33) MWL) M20)

=1 E33  Eszz  E3 E33 E33 E33

[E 1= 3.4)
N3 1M223 N3)23 1 B3123) H12023)

G Gz Gu | Gz Go Ga3
nm3r N3 N33 He3)3L 1 B12GD
G311 Gz Gz G3i G3) G3)
Nz N2 1312 [Eede kEnrz 1
G Gn Gn G2 G2 G2

In Table 3.1 engineering anisotropy constants are ordered into five groups:

e E;;—anxial elasticity modules (three generalized Young modules)

o G;j—shear modules at three anisotropy planes (three generalized Kirchhoff
modules)

e v;j—transverse strain coefficients (three generalized Poisson ratios)

o 1ijj(kiy—Chencov modules (three Chencov modules combining shear in different
anisotropy planes)

e 1i(jky—Rabinovich modules (nine Rabinovich modules combining shear and
normal strain effects).

It is worth to mention that the symmetry of stress and strain tensors results in appro-
priate symmetry of the compliance (stiffness) matrix, Lekhnitskii [16].
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Table 3.1 Types of engineering modules used in representation of the compliance matrix (3.4)

Engineering modules Coupling effect Considered Number of
axes or planes | components
(coupling)
Stress Strain
component | component
Ei1, Exn, E33 Axial Axial Same axes 3
1 — 1, etc.
G12,G3, G3y Shear Shear Same planes 3
12 — 12, etc.
1, V31, V32 Axial Axial Transverse 3
directions
1 — 2, etc.
[431(23)s H12(23)» [412(31) Shear Shear Different 3
planes
13 — 23, etc.
723(1)s - - - » M12(3) Shear Axial Normal to 9
23 — 1, etc.
Vij __ Yji e — oy
;= By — vijEii = vji Ejj
Mjk) _ N _
Fu = G, MiwGij = Ndij Exk (3.5)
Hij (ki Hki)ij
Gt =6k = HijnGji = 1ukinij G

A convenient analogy between the crystal lattice symmetry, the effective matrix
and respective configuration/orientation of fibers or particles in exemplary unit cells
of composites is shown in Fig.3.1. Before we start to discuss items a—g in Fig. 3.1,
a comment should be done that an analogy between the exemplary representative
composite microstructure and the conventional unit cell of a crystal lattice is built
based on the identical stiffness matrix format and symmetry properties at the level
of crystal unit representative cells (lattice) and the level of composite representative
unit cell (fibers/particles geometry, arrangement, etc.), but not on different physical
features.

Such analogy occurs to be helpful in proper description of symmetry groups and
classes of the elastic matrices and proposing their experimental-based identification.

In a general case of anisotropy Eq.(3.4), the respective triclinic crystal lattice
symmetry ensures fully populated stiffness matrices at both levels considered (crystal
lattice vs. microstructure) for instance due to the totally anisotropic Carbon/Carbon
composite (see Fig.3.1a Martin-Herrero and Germain [21]).

Composites formed by stacking layers (lamina) at different fiber orientation are
called laminates, the effective properties of which vary with orientation, thick-
ness, and stacking sequence of layers. The effective properties of a unidirectional
lamina are classified as orthotropic with different properties in the material direc-
tions (cf. Herakovich and Aboudi [12]). In general, the effective properties of such
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multicomponent systems correspond to averaged orthotropic continuum described
by nine orthotropy modules E11, E», E33, 121, V32, 131, G12, G23, G31, if elastic
range is considered. The corresponding crystal lattice symmetry is known as the
orthorhombic lattice characterized by three different cell edges a # b # ¢ and
identical angles o = 8 = v = 90°, Fig.3.1c.

Unidirectionally reinforced composites with the regular parallel fibers arrange-
ment correspond to the averaged transversely isotropic continuum at the macrolevel.
However, depending on frequently used periodic fiber arrangements, two of them
are specially interesting: fetragonal (square) fiber array and hexagonal fiber array,
as shown in Fig. 3.1d, e, respectively. Corresponding two crystal lattice cells are also
presented that exhibit equivalence between the in-plane fiber array over the compos-
ite RUC and in-plane atoms in the Crystal Unit Cell CUC arrangements. Note that in
case of tetragonal transverse isotropy, the number of independent modules is equal
to six, whereas in case of hexagonal transverse isotropy this number is reduced to
five.

Consider for a moment a more general case called the monoclinic or oblique sym-
metry. At the level of composite RUC it corresponds to the rhombic fiber array as
shown in Fig.3.1b. In this case, periodicity is dependent not only on the distance
between layers but also on the angle of slope of the RUC walls 60° < v < 90°.
The corresponding crystal lattice symmetry is known as monoclinic lattice symmetry.
This case can be recognized as an intermediate between the triclinic lattice (Fig.3.1a)
and the orthorhombic lattice (Fig. 3.1c). Consequently, the equivalent stiffness matrix
describing monoclinic anisotropy is enriched with four nonzeroth independent ele-
ments Fl_él , Ez_ﬁl , 33_61, and E;s]’ such that total number of independent modules of
the compliance matrix is equal to 13 = 9+4. Presence of these additional elements is
a characteristic feature for Rabinovich constants 1)y jx and Chencov constants ;i)
responsible for anisotropy (which are not present in orthotropy).

Consider further more detailed two particular fiber arrangements of the mono-
clinic symmetry (Fig. 3.1b) which easily can be recognized in two fiber arrays of the
tetragonal or the hexagonal symmetry appearing in transversely isotropic long-fiber-
reinforced composites. In both cases, a = b holds but two particular magnitudes of
the slope angle a rhombic array of y are admitted: v = 90° or v = 60° (Fig.3.2).
In the first case when v = 90°, rhombic fiber array reduces to the square fiber array
(at the composite level) and the equivalent representative crystal lattice cell exhibits
architecture of tetragonal symmetry, as previously shown in Fig. 3.1d. In the second
case when v = 60°, any arbitrary rhombic array reduces to another hexagonal fiber
array (at the composite level) with the equivalent crystal lattice cell architecture of
hexagonal symmetry, see Fig. 3.1d. In both cases considered in the compliance matrix

[E’l] of Eq. (3.4) four elements describing the Rabinovich and the Chencov effects

=1 =1 —=-1 =1 . .
E¢ = Eyg = E3g = E45 = 0 disappear such that only nine elements are present

in the orthotropic Hooke law Fig.3.1e. However, in case of transverse isotropy, the
number of independent modules reduces to either six (square array, v = 90°) or
five (hexagonal array, v = 60°) since in the last case the in-plane modulus equals

fé_él = (Fl_ll - Fl_zl)/ 2 and should be considered as dependent.
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Fig. 3.2 Square or rhombic fiber array
hexagonal fiber arrays as (monoclinic symmetry)
particular cases of rhombic a+ b, 60°<y<90°
fiber array 3 3 ’

square fiber array hexagonal fiber array

(tetragolrjlal symmoetry) (hexagonal symmetry)
a=b,y=90 = =60°

3 4300 3% b, wgl 60

Finally, for the narrower case of the tetragonal lattice namely a = b = ¢ and
a = 3 =~ = 90° the particular cubic crystal lattice is recovered (regular lattice).
The stiffness or compliance matrices are here characterized by three independent
constants: E;' = E, = Ey Ep) = Ef' = Eyy  E})l = Esf = Eg see
Fig.3.1f. Such cubic symmetry case is sometimes expected in certain regular particle
arrangement, as discussed by Desmorat and Marull [7] and Banks-Sills et al. [3].

To make this classification complete, the particle-reinforced composites of irreg-
ular particle shape and their topology should be admitted. In such a case, at the
macrolevel, the properties of isotropy of composite inside RUC can be admitted,
where two independent elastic constants (effective) can satisfactorily be estimated
from the Voigt/Reuss rules based on the particle volume fraction V¢ only, see Fig. 3.1g.

In schematic representation of the elastic matrices of crystal lattice and composite
microstructure, the visualization of matrix elements was adopted after Nye [23] where
e depicts independent modules, o dependent modules, whereas e—e or o—o pairs of
identical modules, etc. (see Chap.?2).

As it was aforementioned, a similarity between the symmetry classes of crystals
at the crystal lattice level and composite microstructure at the macrolevel has sub-
sidiary meaning only. In fact, the crystal symmetry implies format and symmetry of
the elastic crystal matrices: stiffness [¢;;] or compliance [s;;] being 2nd rank matrix
representation of 4th rank crystal elasticity tensors c;ji or s;ji;. Passing from the
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Table 3.2 Equations of elasticity at the crystal level and macrolevel

Notation Crystal level Macrolevel

Tensor al-g.cr) =g jkle,(flr) Gij = EijuEu
ey = sijuoy 5j = Eyu0u

Matrix-vector (ri(cr) =g jaﬁ-cr) gj = E; JEj
Ei(cr) _ 5ijo_;cr) F = E;fl,]

atomic level (crystal lattice) to the macrolevel (composite RUC), we arrive at the

. . . = =1, . .
correspondence to the equivalent composite matrices Ejj or E;; built as equivalent
representation matrices (averaged in procedure of homogenization) of the composite

effective elasticity tensors E; ikl OF F; x> see Table 3.2, It is necessary to distinguish

stress and strain at the atomic crystal lattice level ai(;r) and sl(;r) from analogous
variables measured at the level of RUC: macrostress and macrostrain ¢;; and €;;.
Note that in crystallography, components of tensors c;jx; and s; i are traditionally
called the stiffness coefficients and the compliance coefficients. On the other hand,
when passing to the macrolevel of analysis, the effective tensor components of com-
posite E; ki and Fi_j,ld are named stiffness and compliance constants. Mention that
there does not exist any direct correspondence between elastic crystal coefficients
and the effective elastic constants of composite material at the macrolevel, c.f. Nye
[23]. Remember also that during the fabrication process of composite, the resid-
ual thermal stresses different in matrix and fibers material have to be built-in into
enriched equations of elasticity. Assuming for simplicity that during the fabrication
process strains have elastic nature only, the application of conventional equations
of thermoelasticity is justified. However, during the final cooling down process of
the composite and also in the fabrication phase, some thermoplastic microstructure
change in the material can be observed. In such cases, the thermoelastic analysis may
occur incorrect (cf. e.g., Herakovich and Aboudi [12]).

3.3 Effective Elastic Matrix Characterization of Composites
with Various Symmetries

3.3.1 Triclinic Anisotropic Long-Fiber-Reinforced Composite
(Anisotropic Fiber Array, Fig.3.1a)

Elasticity equation of anisotropic composite material (at the macroscale) written in
an arbitrary material frame can be furnished in a following fashion, cf. Eq.(3.4)
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(3.6)

Taking into account the symmetry conditions of the effective compliance matrix
——1 =1

Ejj =Ej,
matrix of elasticity total number of required elements is equal to n = % =21.

However, following the reasoning of Lekhnitskii [16] and others, the maximal num-

see Eq.(3.5), in order to completely determine fully populated 6 x 6

ber of different from zero but independent matrix elements E-;l equals 18 (see

Table 3.1). It follows from requirement that both effective compliance Ei_jl and stiff-

ness E; j matrices have to obey transformation rule by three Euler angles. In such
general case of anisotropy, that in crystallography corresponds to triclinic lattice sym-
metry, it is impossible to reduce to zero any matrix elements via some transformation
by a rotation of the reference frame with any angles.

3.3.2 Monoclinic or Oblique Anisotropic Long-Fiber
Composite (Rhombic Fiber Array, Fig.3.1b)

Composite systems of the rhombic-type fiber architecture represent the particular
case of generally anisotropic composite geometry in such manner as the monoclinic
crystal lattice symmetry is the particular case of general triclinic symmetry at the crys-
tal lattice level. In such rhombic-type fiber array composites, the axis parallel to the
fibers direction can be distinguished (3) being perpendicular to the transverse plane
(1, 2). Corresponding equation of elasticity built on the base of oblique anisotropy
compliance matrix takes the following format

r 1w v 712(1)
— En Eyn En Eyy —
£l _vp 1 _umyp me || o1
€22 Ex»n  Exn Exn Ep 022
= _n3 v L Mm@
€33 | _ Eyz  Ez;  E3 E33 033 (3.7)
=~ - 1 H31(23) T .
223 Gz Gn 23
Y31 Mg.%m GL T31
~ 31 31
712 nmiz M@z NE)2 1 712
L G2 Gnn Gnp G

By contrast to generally anisotropic composite matrix Eq. (3.6), in the case of com-
posite of oblique anisotropy property number of nonzeroth independent material
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structural modules equals 13. Among them: three Young modules E11, E22, E33;
three Kirchhoff modules G13, G31, G12; three Poisson ratios v»1, V31, v32; one Chen-
cov modulus [131(23); and three Rabinovich modules n12(1), N12(2), N12(3) are present
in Eq. (3.7) instead of 21 (18 irreducible) shown in Eq. 3.6. On the other hand, appear-
ance of some Chencov 113123y and Rabinovich 712 x) coefficients allows to distinguish
formats of the compliance matrices in case of the rhombic fiber array in which nei-
ther Rabinovoch nor Chencov coefficients are present, when the material orthotropy
frame coincides with the effective stress/strain frame.

3.3.3 Orthotropic Composite (Lamina with Perpendicular
Fiber Arrangement, Fig. 3.1c)

The narrower case of frequently used composites built of a number of layers which
are long-fiber reinforced in an alternate perpendicular layer after layer fashion are
called the orthotropic multi-laminate composites, commonly also named lamina. In
corresponding elasticity matrices, compliance or stiffness, Rabinovich 12 and
Chencov 113123 coefficients (present in previously discussed Eq.3.7) disappear in
Eq. (3.8) such that the number of independent modules of the effective elastic compli-

ance fi_jl or stiffness matrix E; jisreduced t0 9 = 13 — 4, namely: 3 Young modules
E11, Ex, E33; 3 Kirchhoff modules Gz, G31, G12; 3 Poisson ratios 121, 131, V32.
These equivalent anisotropy constants of composite have to be either measured in
appropriate 9 tests or estimated by the use of a chosen homogenization method
for assumed perpendicular fiber arrangements (see for instance Gan et al. [9] for
Boron/Al composite)

ML v v 7]
_ En En En _
€11 _v2 1 v 11
= Exn Exn Ex =
522 _viz v 1 722
€33 | _ Esz  E3z  Es 033 (3.8)
V23 GLB 723
731 1 731
Y12 G | T12
L [

Transformation of the relation {€} = [E~!] {o’} to {o'} = [E]{e} is not a trivial one
in case of the elastic orthotropy. It can be done in a numerical fashion by finding
the stiffness matrix [E] which is inverse to the compliance matrix [E~"]. Elements
of the stiffness matrix [[E] can be explicitly expressed in terms of nine engineering
constants of orthotropic material determined E11, E2», E33, G23, G13, G12, 21, V3]
and v3; as follows (see Ochoa and Reddy [24], Tamma and Avila [32])
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o1l Ein En Enss g11
022 Exi1 Exon E233 En
o33 | _ | E3311 E3300 E3333 €33 (3.9)
23 E2323 23
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where subsequent elements of the stiffness matrix [[E] are given by equations
1—
Ey = T2 E) Ejp = YR By,
17
Ey33 = YRS Fay Fpypy = SZU3BLEpy (3.10)
Enpsy = YBH2U3 Fay Eagyy = 1M2L By
Ex323 = G3 Eiiz=G3 Epni=G6n
whereas symbol A denotes
A =1—vippp1 — VI3V3] — V2332 — VI2V23V3] — 1VI3V3R2 (3.11)

Note that full orthotropic symmetry and population of both matrices stiffness (3.9)
and compliance (3.8) is saved and refers to appropriate combinations of engineering
constants but not to engineering constants separately, for instance

21 + V13v3 vi2 + V31123
Eq12n = TEZZ = TE“ = E»qi etc. 3.12)

Hence only nine orthotropy modules are independent.

3.3.4 Unidirectional Long-Fiber Composite—Transversely
Isotropic Tetragonal Type (Square Fiber Array, Fig. 3.1d)

Particular case of orthotropic composite is transversely isotropic symmetry unidi-
rectional long-fiber-reinforced system in which fibers are built-in with the regular
tetragonal manner (square fiber array, Fig.3.1d). The effective elasticity matrix of
such composite is described with six independent constants: E11, E33, 121, 32, G23
and G2 as shown in Eq. (3.13). At the level of RUC, tetragonal symmetry is observed
(4 in-plane axes)
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3.3.5 Unidirectional Long-Fiber Composite—Transversely
Isotropic Hexagonal Type (Hexagonal Fiber Array
Fig.3.1e)

In the another case of unidirectionally reinforced composites, when in the system
fibers are row after row shifted by the half-distance, at the level of RUC the hexag-
onal symmetry property holds (six symmetry axes). Hence, only five from among
mechanical constants are independent, since G23 = %

r 1 _va _ 7]
_ En Eqj Eql _
€11 _v2 1 vy 11
= Exn En Ex
522 _vi2 _v3 1 722
€33 | _ Ey Expn Ex 033 (3.14)
723 2( 12‘2’;23 ) ?23 ’
731 1 T31
Y12 G2 T12

1
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The two types of transversely isotropic composites dependent on the fiber arrange-
ment of either tetragonal or hexagonal symmetry are not always consistently exam-
ined which may lead to some erroneous conclusions (cf. Sun and Vaidya [30]).

3.3.6 Regular Particle-Reinforced Composite—Cubic
Symmetry (Regular Particles Arrangement, Fig. 3.1f)

It is commonly assumed that the composites reinforced with a randomly distributed
particles of irregular size and shape can be treated at the level of RVE as the isotropic
continuum. However, in case of some regular particle reinforcement by repeating
identical shape and size particles, the equivalent composite continuum exhibits the
cubic symmetry (Fig.3.1f). Among the crystal materials of cubic (regular) sym-
metry long list can be mentioned: Pyrites (cubic), Fluor Spar, Rock-salt, Potassium
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Chloride (cf. Love [20]) or Tantalum, Aluminum, Gold, Copper, Germanium, a—iron,
Magnesium Oxide (Magnesia), and Spinel (MgAl;O4) (cf. Berryman [5]). All cubic
symmetry materials are characterized by three independent compliance modules:
Fl_ll, fl_zl and 3;41 where 3;41 # (El_ll — Fl_zl) /2 or equivalently G # ﬁ In
a similar way, the composite reinforced with three-directional mutually perpendicu-

lar short-fiber of the cubic symmetry is described by three independent engineering
constants £, v, and G

rl _v _v .
- E E " E —
€11 v v o11
€22 e E E 022
= _v _v 1 _
19 g
[EEN E E E 733 (3.15)
1
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3.3.7 Isotropic Composite (Random Particle Arrangement,
Fig.3.1g)

Irregular particle-reinforced composite in which the distribution shape and orien-
tation of particles are fully disordered (chaotic) can be described at the level of the
repeating RVE by the effective elasticity matrix (stiffness or compliance) character-
ized by two independent modules: Ej| . Eyy (Eq4 = (Ej; — Ej»)/2 or equiva-
lently G = 2(1—€rl/))' In the isotropic composite with irregular particle reinforcement,
no characteristic material frame can be distinguished inside RVE (infinite number of
symmetry axes)

r 1l _v _v 7
_ E E " E _
€11 v l v O11
= E E E =
fzz v w1 022
£33 E E E 033
Y3 2(14v) 23 (3.16)
_ E >
Y31 2(14v) T31
~ E
Y12 2(14v) T12
L E .

More general approach to describe particle-reinforced composites in which size/shape
and topology of particles are ordered with the specific symmetries may lead to various
symmetry classes of elastic matrices (cf. Banks-Sills et al. [3]).
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3.4 Bounds for Effective Elastic Properties
of Unidirectionally (Long Fiber) Reinforced
Composites of Tetragonal or Hexagonal Symmetry

3.4.1 Nature of Homogenization Problem in Modeling
of Heterogeneous Composites—Voigt and Reuss’
Concept

Composite materials described in Sect.3.3 have to be considered as two- or multi-
component systems at the microlevel (microcomposites) or the nanolevel (nanocom-
posites). Composite materials are in essence nonhomogeneous or in fact heteroge-
neous materials due to different properties of the system constituents (components)
commonly recognized as the matrix (most frequently metallic, ceramic or polymer)
and the reinforcing fibers or particles (for instance long fibers made of ceramic
or metallic materials and others) although the constituent materials are essentially
homogeneous. At microscale, on boundaries between the components of different
materials a jump of mechanical, thermal, and other properties arise. Averaging meth-
ods inside the representative element (RVE) or the representative cell (RUC) used for
analysis of multicomponent composite materials known as homogenization methods
are based on the assumption that it is possible to determine approximate values of
the effective properties of the equivalent homogeneous composite (heterogeneous
in fact) as well as uniform macrostress and macrostrain (nonuniform in fact at the
microlevel), cf. Fig.3.3. It is necessary to accept existence of the repeating Rep-
resentative Volume Element—RVE (cf. e.g., Sun and Vaidya [30], Gan et al. [9],
Wiirkner et al. [37], Bayat and Aghdam [4]), or the Representative Unit Cell—RUC

averaged
(a) (b) stress in
Fi the RVE
homogenization i
1
m —
O,
E % /| E
|52 < i [ 52
1
e
microstress v
in matrix N |/ T
microstress \l:
in reinforcing Fi Fi
particles

Fig. 3.3 Representative volume element RVE: a heterogeneous material at microscale, b homoge-
neous material at macroscale
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(cf. e.g., Li and Wongsto [18], Li [17], Wongsto and Li [36], Pidaparti and May
[26], Banks-Sills et al. [3], Herakovich and Aboudi [12]) which are subsequently
divided into the subcells, Fig. 3.5. The RVE size or the RUC size and geometry have
to be sufficiently large in order to properly catch an essence of composite system
properties and behavior at the macroscale. Simultaneously, they have to be suffi-
ciently small but repeatedly noticeable to assure that the representation of a uniform
deformation field described by the displacement u# and the gradient Vu such that
the averaged (effective) strain € = %(VTu + Vu) is justified (cf. Gan et al. [9]).
Note that component material at the microlevel (or nanolevel) is usually isotropic;
however, a multiphase composite can be either isotropic (for majority of particular
composites) or anisotropic (for instance in case of fibrous composites reinforced with
directionally oriented fiber beam).

The differences between the RVE (Representative Volume Element) and RUC
(Repeating Unit Cell) concept are discussed in details by Drago and Pindera [8]. The
authors claim that the concept of RVE is addressed to the statistically homogeneous
material at an appropriate scale. Moreover it is assumed that the strain and stress
are uniform throughout the RVE. On the other hand Drago and Pindera assume the
periodicity in the material, both in strain and stress fields. However most researchers
assume that the RUC is the periodic RVE and use its interchangeably [1, 30].

Traditionally it is assumed that the particle-reinforced composites in a disor-
dered manner (e.g., with dispersed micro or nanoparticles as well as short micro or
nanowires) show isotropic symmetry after homogenization (at the level of RVE).
However, the above reasoning has to be accepted with necessary care. If repeatable
shape and regular orientation of reinforcing particles are ensured throughout the
matrix volume, in spite of the isotropic properties of both phases—matrix and rein-
forcement it may happen that after homogenization the averaged material modules at
the macroscale (composite level) exhibit other than isotropic symmetry properties.
Such problem was analyzed by Banks-Sills et al. [3] with respect to the Glass-Epoxy
composite, by the use for simulation particles of various but regular geometries:
spherical, cylindrical, cubic and rectangular parallelepiped. To be more precise the
following unusual remark can be cited: “An interesting surprise for rotated particles
was the existence of unusual material constants which cause normal deformations to
produce orthogonal shear stresses and vice versa effect of Rabinovich’s coefficients
and shear deformations to produce orthogonal shear stresses and vice versa effect of
Chencov’s coefficients”, cf. Banks-Sills et al. [3].

Only in the specific case if reinforcing particles are repeatedly spherical and
do not exhibit same characteristic spatial distribution the assumption about isotropic
symmetry at the macroscale (RVE-level) is reasonable to accept. In such specific case
the classical mixture rules can be applied in order to achieve averaging methods: the
Voigt [34] or the Reuss estimates [27]. In the simplest case of two isotropic constituent
phase materials, Voigt and Reuss’ rules of mixture are simply based on the volume
fraction of matrix V| and reinforcement V,
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VP = pici + paca Voigt’s rule

1 3.17
== a + 2 Reuss’ rule ( )
p P1 p2

Symbols pj and p; stand for elastic constants of constituent materials, matrix and
reinforcement (particles), for instance Young modules E£; and E; and Kirchhoff
modules G| and G, whereas ¥ and Rp denote the corresponding effective modules
E and G averaged at the RVE level. Symbols ¢; and ¢, stand for volume fraction
of both phases (Vi and 1 — V;) with irregular particles distribution throughout the
RVE ignoring effect of local concentration density, size and shape of particles and
their orientation and mutual interaction, see Fig.3.3a. After homogenization, the
averaged (effective) stress o and T are met in RVE instead of different microstresses
in constituent materials: matrix oy, and reinforcement oy (see Fig.3.3b).

The mixture rules Voigt and Reuss’ (3.17) lead to different estimates of averaged
material constants of homogenized isotropic continuum E and G. In case of Voigt
estimate compatibility of strains in both phase materials is assumed, whereas in
case of Reuss’ estimate compatibility of stresses is postulated. The first approach
leads to discontinuity of stress at the boundary between constituents whereas the
second approach causes strain discontinuity. In other words, the Voigt approximation
can be treated as equivalent to kinematically admissible approach in contrast to the
Reuss approximation which is statically admissible. In fact at the microlevel of
heterogeneous composite both stress and strain continuity hold such that the Voigt
and the Reuss approximations can serve as upper and lower estimates for the effective
stiffness matrix elements of anisotropic composite systems (cf. Herakovich [11], Gan
et al. [9]). In the impressive monograph “Micromechanics of composite materials,”
Aboudi et al. [1] analyze the effective engineering constants of the Glass/Epoxy
fibrous composite E11, Ex = E33, v12 = V13, 123, G12 = G13, G723 as functions of
fiber volume fraction V;. This findings generally confirm the upper and lower bounds
by Voigt and Reuss’ isotropic estimates except for the transverse Poisson ratio 123
for which an excess of the bounds is observed.

In order to simply explain the essence of Voigt and Reuss’ estimates, consider ele-
mentary one-dimensional two-component mechanical systems sketched in Fig.3.4
representing: (a) Voigt, (b) Reuss’ and (c) the effective homogeneous elements.

In case of Voigt scheme, Fig.3.4a, two bars of A; and A, cross-sectional areas
that represent matrix and reinforcement (particle) of the same length / are jointed in
parallel (7 =l =hband A = A + A»). Loading force F is separated between matrix
and reinforcement F = F; + F, whereas identical elongation of both constituents
is equal to the averaged elongation of substituting homogeneous system, Fig. 3.4c:
Al = Al; = Al,. Hence, when the Hooke law is applied to schemes a) and c) we
arrive at distribution of force between matrix and reinforcement

E1A E)A
(i B 242

- === 3.18
"TEA + Ay 2T EA + Ay G18)
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(a) (b) (0

L E

Fig. 3.4 Uniaxial mechanical models for mixture rules application in composites: a Voigt rule,
b Reuss’ rule, ¢ effective homogeneous material

Finally, introducing definitions of volumE fractions V; = A; /Z and Vo, = Ay /Z the
Voigt-based effective Young modulus Y E is furnished

E= E\Vi+ EV) = VE 3.19)

In case of Reuss’ scheme, Fig. 3.4b, two bars of different lengths /y and/, and A| =
A, = A representing matrix and reinforcement materials are joined in series and
loaded by identical force F = F| = F, whereas averaged elongation of substitutive
system Fig. 3.4c is the sum of component elongations Al = Alj + Al,. Again, when
Hooke law is applied to schemes (b) and (c) the following must hold

FI  FI Fl
el S (3.20)
EFA EA E>)A
Finally applying definitions of volume fractions Vi =/, /I and V5 = /I we arrive
at the Reuss-based effective Young modulus RE in the format

1 V V. 1
= 1+—2_

"5 B g (3.21)

In order to make further considerations easier we introduce original notation used
by Hill in [13]. In this way equations describing the uniaxial Voigt and Reuss’ models
can be rewritten in the new following formats. In case of Voigt model the identity
of strains in both phases Y& = £ = &, holds. Hence the following set of equations
describe the uniaxial Voigt model
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Vv \%

o= ‘cio1 + VCzJ2

VE: VEVE
VEVz = VC]E]E] + VC2E2€2

VE = VC]E] + VCZEQ

(3.22)

where fractional concentrations by volume of the phases in the Voigt model (see
Fig.3.4a) are defined as V¢ = Aj/A and Voo = Ay /A; Ve + Ve, = 1.
In the analogous way in case of uniaxial Reuss’ model the identity of stresses in

both phases R = o1 = o, holds, hence the basic set of equations is
Rz = Reer + Repey
R_
R.__ E
E=—=
RE
A R (3:23)
RE E, E>
1 Re Rey

RE  E E

where fractional concentrations by volume of the phases in the Reuss model (see
Fig. 3.4b) are defined as Re; = [1 /1 and Rey = L /1; Reyp + Rep = 1),

In fact both pairs Ver, Voo and Rey, Rey can be interpreted as common volume
fraction of both phases V¢ and 1 — V¢ in the uniaxial models of the same material,
hence it must hold

c1 = VC] = RC] =V c) = ch = Rcz =1—-V (3.24)

Note that the Poisson effect is ignored in aforementioned considerations.

3.4.2 General 3D Formulation of Voigt and Reuss’
Homogenization Estimates

On the RVE level, that represents heterogeneous material, the definitions of either
the averaged stress or the averaged strain tensors can be written down

o= / odV (3.25)
VRVE
VRVE
or
€= / edV (3.26)
VRVE
VRVE

where Vryg denotes a volume of the chosen RVE, see Aboudi et al. [1].
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Average values of stress and strain & and € in RVE are given in terms of 1, 62
and €1, €, in the phases by the following relations

o =c101+ o) € =ClE] + & (3.27)

Since the elastic material is assumed for both phases the obvious relations must hold
at any point in the phases

or=E; ¢ and o=E;:¢ep (3.28)

and
e1=E':01 and er=E;':0; (3.29)

if the inverse format is used.

Substitution of (3.28) and (3.29) into (3.27) with the assumption that phases
are uniform and isotropic (012 = &1,2, €12 = €1,2) the analogous relations hold
between the average quantities

o=clE g+ & E:ClEl_l 1o +C2Ez_l o) (3.30)

where consistently £; and €3, as well as o; and o, stand for uniform strain and
uniform stress fields in each of the phases in RVE, respectively.

A distribution of the two-phase materials in the RVE is obviously not necessarily
random, but must be structurally representative distribution for composite material
at the macrolevel. In the light of above remark a unique relationship between the
average strains in the phases €1, €, upon the average overall strain in RVE € can be
furnished by the use of strain concentration tensors A1 and A,

el =A:¢ Erx=MAy:E (3.31)

where the obvious condition holds c¢; A| 4+ c2 Ay = T with [ being the unit tensor. By
combining Eq. (3.31) with Eq. (3.30) we arrive at

T=(CE :A+0E:A):eE=E:€ (3.32)

where E stands for the effective stiffness tensor of the overall composite.
Equivalently reverse unique relationships between the average stresses in the
phases @1, o> upon the average stress in RVE @
oc1=Bi:oc oy,=B:0o (3.33)
must hold if the stress concentration tensors By and B, which satisfy the relation

c1B1 + 2By = 1, are introduced. Again combining Eq.(3.33) with the second of
Eq. (3.30) we arrive at
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E=(E B +0E ' :B):=EF :7 (3.34)

where E_l is the effective compliance tensor of the composite.

The first homogenization rule was introduced by Voigt (1889) [34] as average
constants of polycrystals. Assuming the strain concentrationisconstant A; = Ay =1
and strain is uniform € = €, = €, it follows:

E=cE| +E; (3.35)

Equation (3.35) provides the effective stiffness matrix elements of the composite in
terms of the volume-averaged stiffness of individual phases.

By contrast, Reuss (1929) [27] assumed that constituents of the composite are
subjected to a uniform stress equal to the average stress in RVE By = B, = L in
Eq. (3.33) and effective compliance is given by a rule of mixture as follows:

B =cE " + ;! (3.36)

Note that in fact neither the Voigt nor the Reuss assumption is correct. The implied
stress due to Voigt causes tractions at phase boundaries not satisfying equilibrium
01 # 02. On the other hand the implied strain due to Reuss’ causes discontinuity
of strain at the interface between matrix and particle € # &5.

3.4.3 Theorem of Lower and Upper Bounds by Voigt
and Reuss’ Estimation

Hill theorem, which is called the theorem of lower and upper bounds, allows to
connect a constitutive description at two scales: micro level at the point level and the
meso level, where the representative volume element RVE is defined. After Auriault
et al. [2], it is assumed that:

e the global variables are the volume means of the local stress and strains, and that
the conservation and constitutive equations have the same structure at microscopic
and mesoscales,

e the assumption of energetic consistency, known as the Hill principle, which
imposes equality on the energy contained within the medium, whether it is
expressed in local variables or using variables defined at mesoscale.

According to the second assumption, the equivalence of energy at micro and RVE
level leads to the following formula:

/a:edV:/E:EdV:VE:E (3.37)
1% %
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where V' = Vryg is used for brevity. Hence, when the Hooke law is applied, both
at micro level o = E : € and mesoscale & = E : g, the previous equation can be
rewritten as
/s:E:edV:VE:E:E (3.38)
1%

According to the Hill-Mandel relation and Eq. (3.37) the following equality holds:

1 1 1
o:.e= V/crdV : V/edV =v/a:st=(cr:s) (3.39)

14 14 Vv

Letus consider the Representative Volume Element bounded by surface S in which
uniform strain field € = const accompanies linear displacement field u = €-x, hence
the external work can be rewritten down as follows:

1 1 1
LZ=—/t-udS:—/t-§~de=—§-/t~de (3.40)
2 2 2

S S S

Applying the traction boundary condition in following form ¢ = o - n, where n
stands for a normal vector to the surface, and the Gauss theorem of divergence, the
Eq. (3.40) can be rewritten as follows:

1 1
L,= EE . /div (o-x)dV = EE . / [div (o) - x 4+ o - div(x)]dV (341
4 v
The uniform stress accompanying the uniform strain leads to div(o) = 0 hence the
external work (3.41) reduces to

1 1
L,= Eo/adezﬁzgzz(aze) (3.42)

14

N =

when the Hill-Mandel relation is applied. Applying assumption, that the constitutive
relations at both scales are the same:

g=E:g, o=E:e (3.43)

1 _
UIE:(O’:E):V/E:E:EdV:E:]Eig (3.44)
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Let us defined a new fictitious stress field &, where the Hooke law can be defined
as:
c=E:z (3.45)

The real, effective fields (e.g., stress o and strain €) must fulfil the theorem of minimal
potential energy, hence the energy based on a fictitious stress field & must be greater
than effective one, so the following inequality is true:

1 I [

(U:E):—/U’ZEde—/O’ZEdV (3.46)

Vv Vv
\%4 \%4

Input of the Eq. (3.44) to the left-hand side of above inequality and the definition of
fictitious stress (3.45) on the right-hand side, yields the inequality:

1 — 1
V/e:E:st:E:E:ES/E:E:EdV=E:E: V/]EdV (3.47)
1%

Vv Vv

After some rearrangements the inequality (3.47) can be rewritten as follows:
- 1
E < v / EdV (3.48)
1%

Inequality (3.48) means that the effective stiffness tensor on RVE level is the lower
bound of mean constitutive tensor on micro level, where the mean operation is cal-
culated over the volume of Representative Volume Element.

Consider the two-phase continuum, where the total volume of RVE is a sum of
two volumes V = V; U V,. Next, it is assumed that for the both phases constitutive
law is Hooke equation, where the material behavior is defined by the tensors E; and
[E,. Hence it is possible to change the continuous formulation described by Eq. (3.48)
to the discrete form as follows, compare (3.32):

E<cE + 0k = VE (3.49)

where c; = V1/V,co = V,/V and ¢; + ¢» = 1. The right-hand side of above
equation is well-known relation called Voigt estimation, which means that Voigt
formula is a lower bound of the effective stiffness matrix components.

On the other hand it is assumed that across entire boundary S the uniform boundary
conditions ¢ = & - n hold, where & is a uniform stress in the representative volume
RVE. In this case the work of external forces is as follows
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1
/t-udS:z/E-nmdS (3.50)
S S

Consider the theorem of divergence:
1_ 1 T 1_ 1_ _
L,=—-0: —(Vu+V u)dV:—o-: edV=-0:¢ (3.51)
2 2 2 2
% 4

According to Eq.(3.44) and substituting Hooke law € = E~! : & the work of
internal forces can be evaluated as follows:

/a:edV:VE:E:VE:E_I:E (3.52)
1%
Consider now a new fictitious strain field € = Efl : o defined in an analogous

fashion as fictitious stress (3.45). On the base of theorem of minimum of potential
energy, the inequality as follows must be true:

/U:EdV:VE:ES/E:EdV (3.53)
v v

According to Hooke law applied to the term of right-hand side in above equation and
taking into account uniform stress @, it can be evaluated, compare (3.47):

1
E ' < V/E_ldv (3.54)
\%

Consider a similar continuum like previous one, where the whole volume of RVE
is a sum of two volumes V = V| U V,. Next, it is assumed that for the both phases
constitutive law is Hooke equation, where the material behavior is defined by the
tensors 1 and ;. Therefore it is possible to change the continuous formulation
described by Eq. (3.54) to discrete form as follows, compare (3.49):

E ' <[ + ;' = RE! (3.55)

where c; = V1/V,co = V,/V and ¢1 + ¢» = 1. The right-hand side of above
equation is well-known relation called Reuss’ estimation, which means that Reuss’
formula is a lower bound of the effective compliance matrix components, or equiva-
lently the upper bound of the elements of the effective stiffness matrix, because the

product E : E_l is equal identity tensor 1.
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3.5 Micromechanics-Based Homogenization Methods

3.5.1 Effective Elastic Stiffness Matrices
of Unidirectional Composites

Itis incorrect to directly apply the Voigt and the Reuss rules to anisotropic composites
since these simple isotropic mixture rules are based on volume fraction of matrix and
reinforcement materials Vi, and V;, but not on true constituents geometry and topol-
ogy. Hence, Voigt and Reuss’ approximations are insufficient for correct estimation
of the effective modules of stiffness or compliance matrices of true composite system,
for instance with long-fiber-reinforced composite architecture of various symmetry.
Temporary micromechanics-based homogenization models take into account not only
the volume fraction of constituents, but also their configuration, geometry and other
factors such as built-in residual stresses due to fabrication methods. Among them the
following homogenization methods are frequently used: the method of Concentric
Cylinder Assembly (CCA), Hashin and Rosen [10], the Mori—Tanaka Method (MT),
Mori and Tanaka [22], the Generalized Method of Cells (GMC), Paley and Aboudi
[25] or Strain Compatible Method of Cells (SCMC), Gan et al. [9]. Not going deeply
in details, all micromechanics based homogenization methods assume existence of
periodically repeating Representative Volume Element (RVE) or Representative Unit
Cell (RUC) the size and geometry of which must capture the essence of the true
composite behavior on the macroscale, and which can be mapped into a point of a
homogeneous continuum characterized by the displacement field u and the gradi-
ent Vu. Two common GMC and SCMC assumptions are: displacements continuity
inside the cell and across the subcell boundaries, and constant strain within the sub-
cells 6(*3"/), Fig.3.5. However, by contrast to SCMC method the GMC method does
not account for coupling between the transverse shear stresses and the transverse
normal stresses, cf. Gan et al. [9]. However, both microstresses and microstrains
averaged at the RUC level o and € are periodical and repeatable at the macroscale
(cf. Sun and Vaidya [30]).

Exemplary 2D cross-section of the square representative unit cell 4/ of unidirec-
tionally long-fiber-reinforced composite with RUC domain /A divided into subcells
built of different material h(jk)lf(yk), where k = m and £k = r stand for matrix and
reinforcing fiber, is presented in Fig.3.5. At the subcell level hgl, the local elastic-
ity equation holds combining local variables in the subcell, microstrain €*?) and
microstress o) )

ol = Efp)ey” (3.56)

where Ei(ﬁ;) denotes local stiffness tensor in subcell ((3), different for the matrix

material £ i(]r']lg and the reinforcing fiber material £ f]r,){ ;- Effective strain€;; and effective
stress 0;; averaged inside RUC are defined by approximate equations
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Oij = 7] > Z By

B=1~=1

When the inverse formulas for local variables are taken from (3.57), namely s(ﬂ ) Eij)

and ai(j ) (@), and substituted next to local equation of elasticity (3.56) at subcell
we arrive at the equation of elasticity at RUC level that combines average stress and
average strain

Ng N,
(B 4 B
Gij = — ZZhﬁz E;) Ao Emn (3.58)
/J’ Iy=1
Eijmn

where Axmn 1s so called tensorial concentration operator the components of which
A,(j,ZL allow to separate properties of constitutive material matrix and reinforcement
(fiber). If the new definition E; imn over RUC for averaged stiffness tensor is intro-
duced (cf. Eq.3.58) the averaged elasticity equation in RUC is furnished

Eij = Eijmngmn (3.59)

Note that in the averaged elasticity equation (3.59) E jumn stands for effective stiffness
tensor of composite expressed in terms of the local elasticity tensors in subcells E(??)

and the concentration tensor A(ﬁ )

w1mn YEPrEsented by the matrix of concentration factors
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Table 3.3 Local and averaged elasticity equations

A.W. Ganczarski et al.

Notation Subcell level (8) RUC level
By By _ = _
Index 057 = Ei‘jllgkl, Gij = EijkiEu
By _ o—1py By =1
i =Eg o €ij = Eijuon
Vector/matrix (o) = [EPN (B} {7} = [El{g}

(€PN} = [P~ g BN}

E =[E (o)

defining distribution of constituent materials (subcell level) over the RUC (composite
level).

If the vector/matrix notation is used and the homogenized stiffness matrix is
defined in RUC both Eqgs.(3.56) and (3.59) can be rewritten in format shown in
Table 3.3.

3.5.2 Effective Stiffness Matrices of Unidirectional
Composites Characterized by Regular Fiber
Configuration—Square Array Versus Hexagonal Array

Final format of the effective elastic stiffness matrix of composite E depends not
only on the selected homogenization method (for instance Reuss’, Voigt, GMC,
SCMC etc.) but also on a choice of the Representative Unit Cell RUC. In fact a
proper choice of RUC geometry should follow true fiber topology in the considered
composite. Two basic regular fiber arrays repeating (periodic) at the macroscale
of the unidirectional composite are of particular interest: the square array and the
hexagonal array (Fig.3.6). The rhombic array (Fig.3.2) is not commonly used in
practice, and it will not be considered here.

In case of tetragonal symmetry (square array) fibers are arranged in parallel rows
and series being equally spaced by distance a in the matrix material of composite
(Fig.3.6a). Such fiber configuration in unidirectional composite is used by Tamma
and Avila [32], Wiirkner et al. [37] and others. By contrast, in case of hexagonal
symmetry (hexagonal array) fibers are distributed in position of parallel rows equally
spaced with distance a but neighboring rows are shifted each to the other with dis-
tance a/2 (Fig.3.6b). Hexagonal symmetry fiber topology is used for example by
Herakovich and Aboudi [12], Sun and Vaidya [30] and other authors. Configuration
of fibers in composite at the macroscale is a starting point for appropriate selection
of the Representative Unit Cell (RUC) geometry for numerical simulation employed
by the use of homogenization methods in order to find the effective properties of a
composite.

When either the tetragonal or the hexagonal symmetry fiber configurations are
employed various Representative Unit Cells can be defined (cf. Sun and Vaidya [30]
and others).
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Fig.3.6 Two configurations of fibers in unidirectionally reinforced transversely isotropic composite
(macroscale): a tetragonal symmetry, b hexagonal symmetry
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Fig. 3.7 Representative Unit Cells (RUCs) of tetragonal symmetry (square fiber array): a various
choices of repeating RUCs at the macrolevel, b three shape geometires and fiber dispositions in
RUG:s, ¢ three sub-RUCs and fiber geometry with additional symmetry used

In case of the fibers topology that exhibits tetragonal symmetry (square fiber
arrays, Fig.3.7a) three different representative unit cells are used (see Fig.3.7b, c).
Due to the transverse isotropy property, in fact the 2D analysis is sufficient whereas
the choice of one of the three cells presented in Fig. 3.7c for numerical simulation is
insignificant.

On the other hand if the fibers topology is governed by the hexagonal symme-
try (hexagonal arrays), Fig.3.8a, the other two Representative Unit Cells can be
established as shown in Fig.3.8b. Note that the RUCs of the tetragonal symmetry
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18 0| 8

a

Fig. 3.8 Representative Unit Cells RUCs of hexagonal symmetry: a various choices of repeating
RUC:s at the macrolevel, b two different geometries of repeating RUCs—square and rectangular and
corresponding fibers configuration, ¢ shape and fibers disposition in two sub-RUCs with additional
symmetry used

(Fig.3.7b) have 4 axes of geometrical symmetry whereas the RUCs of the hexagonal
symmetry (Fig.3.8b) inscribed into the 2a x 2a square or the a x 2a rectangle have
only 2 axes of geometrical symmetry, in spite of that the hexagonal has 6 own sym-
metry axes. A choice of subcells (Fig.3.7c and Fig. 3.8c) used for homogenization
is in fact arbitrary and does not influence final numerical results, but proper distinc-
tion between the tetragonal and the hexagonal RUCs (Fig.3.7 vs. Fig.3.8) should
follow the true fibers arrangement during composite fabrication in order to properly
estimate mechanical characteristics of the composite which meet the experimental
findings (see Sect.3.5.3).

3.5.3 Sun and Vaidya Findings for Boron/Al Composite

In what follows let us inspect some results presented in Sun and Vaidya [30] for trans-
versely isotropic Boron/Aluminum composite by the use of FEM micromechanics-
based homogenization models when compared to other methods, c.f. Hashin and
Rosen [10], Chamis [6] for various fibers topology (square array vs. hexagonal
array) and some experimental evidence. The isotropic material properties of both
constituents: Boron fiber and Aluminum matrix used by the authors are recalled in
Table 3.4.

Key to distinct elastic response of the transversely isotropic (unidirectional) com-
posite of either the tetragonal or the hexagonal symmetry is a number of indepen-
dent material constants. In general case of the composite that exhibits plane isotropy
property of tetragonal type, the averaged composite material is characterized by six
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Table 3.4 Material properties of isotropic constituents of the unidirectional Boron fibers reinforce-
ment in the Aluminum matrix, after Sun and Vaidya [30]

Constituent material E (GPa) v
Boron fiber 379.3 0.1
Aluminum matrix 68.3 0.3

independent constants: E11, E33, 121, 32, G23,and G12. By contrast, in case of plane
isotropy of hexagonal type the number of independent material constants is reduced
to five since the shear modulus in the isotropy plane G»3 is coupled with the trans-
verse Young modulus E7; and corresponding Poisson ratio 123 by the relationship
which holds for isotropic media

Ex»

Gy=—"—
2T 20 o)

(3.60)

Let us examine the data given in Table 3.5 based on Sun and Vaidya [30] in the light
of above constraint. It is visible that in case of micromechanics-based FEM model
with the hexagonal array used by Sun and Vaidya [30] as well as its simulations by
Hashin and Rosen [10] the transversely isotropic hexagonal symmetry roughly holds
Eq. (3.60). However, when the RUC of tetragonal symmetry (square array) is used
by Sun and Vaidya [30] or Chamis [6] composite exhibits the tetragonal symmetry
property.

Note also that in literature a big scatter of both the material properties of the con-
stituents of the same type (Boron/Al) and results based on different homogenization
methods are met.

Table 3.5 Comparison of selected elastic material modules for the Boron/Al composite, obtained
in various numerical experiments by different authors for the same Boron/Al composite material
(V = 0.47), after Sun and Vaidya [30]

Material FEM Sun and Vaidya [30] Numerical simulations
constants
of composite
Boron/Al
(Vr =0.47)
Square array Hexagonal array | Chamis [6] Hashin and
Rosen [10]
E11 (GPa) 215 215 214 215
E» = E33 (GPa) | 144 136.5 156 139.1
G23 (GPa) 45.9 52.5 43.6 54.6
G2 = G13 (GPa) | 57.2 54.0 62.6 53.9
V3 0.29 0.34 0.31 0.31
] = 131 0.19 0.19 0.20 0.195
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3.5.4 Interpretation of the Theorem of Lower and Upper
Bounds in the Light of Gan et al. [9] and Aboudi
et al. [1] Findings for Boron/Al Composite

Sun and Vaidya findings presented in Sect.3.5.3 are limited to the selected volume
fraction (Vy = 0.47). For further analysis it is convenient to discuss Gan et al. [9]
findings concerning the similar Boron/Al long-fiber composite Table 3.6, but obtained
for a complete volume fraction spectrum V; € [0, 1].

Note large discrepancy between the input data used for numerical experiments by
Sun and Vaidya [30] (Table 3.4) and that used by Gan et al. [9] (Table 3.6). In numer-
ical experiments based on homogenization methods FEM, GMC and SCMS (see
Sect.3.5.1) Gan et al. [9] compared various round Boron fiber arrangements in the
RUC: unidirectional random (disordered) disposition, the single fiber centered in the
square cell and the hexagonal symmetry array, but applying the general orthotropy
symmetry group (9 material constants explored), see Fig.3.1. Results obtained from
numerical experiments FEM, GMC and SCMC (Table3.7) closely resemble data
governed by the transverse symmetry group, but in case of GMC method a higher
divergence is met. Further distinction between the tetragonal or the hexagonal sym-
metry group can be done by checking the condition (3.60). An analysis performed in
Table 3.8 leads to the conclusion that the considered composite exhibits the fetragonal
symmetry class when GMC and SCMC homogenization methods are involved since
the condition (3.60) does not hold. By contrast, when the micromechanics-based
FEM was implemented the results obtained satisfy the requirement of the hexagonal
symmetry class (condition (3.60) is satisfied) where only 5 material constants are
essentially independent (see Fig.3.1 and Eq.3.13 vs. 3.14).

Examine closer the selected Gan et al. [9] findings from numerical experiments
based on the regular hexagonal fibers packing in the Boron/Al composite by the use
of SCMC homogenization method, compared with the Voigt and Reuss models relied
upon the volume fractions of the phases only. Inspection of these results obtained
in numerical experiment for long-fiber-reinforced composite characterized by trans-
versely isotropic tetragonal or hexagonal symmetry performed in light of the Hill
theorem on lower and upper bounds by Voigt and Reuss isotropic estimates will be
subject of further considerations.

Chronologically, Voigt (1889) and Reuss (1929) had proposed estimates for engi-
neering constants £ and G in polycrystals a long time before Hill proved famous
theorem on lower and upper bounds for the averaged stiffness matrix [E] or the com-

Table 3.6 Material properties of constituents of the unidirectional Boron/Al composite, after Gan
etal. [9]

Constituent material E (GPa) v
Boron fiber 413.7 0.2
Aluminum matrix 55.16 0.3
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Table 3.7 Approximation of material constants by orthotropic numerical experiment for unidirec-
tional long-fiber Boron/Al composite with random fibers arrangement in-plane transverse to fibers
beam direction and 30 x 30 number od subcells in the RVE, after Gan et al. [9]

Material constants of | Homogenization methods (random arrangement of fibers)
Boron composite/Al
(Vr =0.5)

FEM GMC SCMC
Eq; (GPa) 234.7 2347 2347
E» (GPa) 138.5 117.9 131.0
E33 (GPa) 137.3 113.1 128.6
G23 (GPa) 54.78 37.78 57.70
G2 (GPa) 60.48 42.94 58.51
G31 (GPa) 60.99 40.53 58.77
21 0.2361 0.2446 0.2387
V3] 0.2369 0.2492 0.2405
V32 0.3078 0.3289 0.3182

Table 3.8 Comparison of the shear modules in the transverse plane obtained from the experiment
by Gan et al. [9] for random unidirectional fibers dispersion in RVE (orthotropy) of Boron/Al
composite with the expected magnitude under the hexagonal-type transverse isotropy constraint

(3.60)

FEM GMC SCMC
G23 (GPa) 54.78 37.78 57.70
E
Gy = 2(T2532) 527 43.45 49.23
% of divergence -39 13.0 —17.2

pliance matrix [Efl] addressed to heterogeneous media (see Hill [13]). Recently,
scientists involved in the composite mechanics field and development of reliable
homogenization methods, commonly employ the Hill theorem originated for multi-
phase media, to estimate numerically the effective stiffness or compliance matrices
for composite materials. Very often they need to find the engineering constants which
are conventional input data for existing FEM-based codes addressed to anisotropic
composites. As a consequence, magnitudes of the Young modules E;1, E22, E33 and
the Kirchhoff modules G 17, G33, G31 counted from [E] or [Efl] lay inside the Voigt
and the Reuss estimates. Contrary, the magnitudes of Poisson ratios v12, 123, 131, that
may exceed both estimates, even though the Hill theorem on lower and upper bounds
holds for all elements of averaged stiffness [E] or compliance [E_l] matrices. Such
peculiarity occurs although the theorem on Voigt and Reuss estimates is fulfilled, if
consistently applied to all elements of elastic matrices [E] or [E_l], but not to the
engineering constants evaluated from the appropriate formulas. Note that the engi-
neering constants are measured from experiments. Such peculiarity can be observed
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for instance in results for the Boron/Al composites presented by Gan et al. [9] Fig. 3.9,
as well as the another Glass/Epoxy composites by Aboudi et al. [1], see Fig.3.10.
Presented in the Fig.3.9 Voigt and Reuss’ bounds are obtained in two different
ways. First, the “loose” bounds are obtained by extracting the averaged Poisson
ratios from the appropriate stiffness matrix element, which will be discussed further.
Second, the “tight” bounds are obtained in the way of straightforward use of Voigt
and Reuss’ mixture rules to Poisson ratios of both phases. It is evident that the
exemplary results by Gan et al. [9] obtained by application of SCMC method exceed
both “loose” as well as “tight” systems of bounds. Similar behavior is typical also for
another Glass/Epoxy composite system discussed by Aboudi et al. [1], see Fig.3.10.
The Voigt and the Reuss bounds used here are enriched by other “loose” bounds
of Concentric Cylindrical Assemblage model (CCAY, CCA™) which turn out to be
much broader. Although such a broad bound systems are admitted, the Poisson ratios

Fig. 3.9 Peculiarity 0.38
of the Poisson ratio 1,3
diagrams for the long-fiber SCMC
Boron/Al system, after Gan 033 O o
etal. [9] o
C Reuss “loose”
> 028
023 =~ Ctight”
Voigt “loose” ~ =~ = = J22x,
0.18 L L L L L L L L L
""0 01 02 03 04 05 06 07 08 09 1
Vi
Fig. 3.10 Peculiarity of the 0.53
Poisson ratio 1,3 diagrams
for the long-fiber 048 -
Gl ]
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system after Aboudi et al. [1] 0.43
038 ccA+”
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R, 9q >
0.33 .\.\ cuss 100s€ MOC
\\
028 | N P
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13 obtained by use of the Mori-Tanaka method (MT), the Micromechanics-based
Method of Cells (MMC) and the Self Consistent Scheme (SCS) exceed these bounds.

Note that in both cases the “loose” Voigt and Reuss bounds are shown by two
curved diagrams versus V; in Figs.3.9 and 3.10, although the Voigt estimate is in
fact linear (from definition). It can be understood when the mixture rules, Voigt and
Reuss’, are consistently applied to the stiffness modulus of E ;/lm both phases, matrix
and fiber reinforcement

mjrdef  E™/T(1— 0™

= 3.61
11 (1+ Vm/r)(] _ zym/r) ( )
namely
VEu =EN(1 -V, +ELV;
I A=V n Vi (3.62)

ol m T
REN EY Ey,

Bars in Eq.(3.62) over the symbol refer to the composite as a whole, superscripts
V and R refer to the Voigr and Reuss’ estimates whereas symbols ™/ refer to the
constituents (matrix and fiber reinforcement). Symbols Y/RE ; are given by the
following formulas

_ VE(1 - VD)
VE —
R RE(1 - Rp) ’
Ey

~ (I + Ro)(1 —2Rp)

Solution of the above equation system (3.63) for the magnitudes of averaged Poisson
ratio U with the Young modules VE, RE averaged straightforwardly by the use of
appropriate mixture rules for Voigt and Reuss’ estimates

VE(V;) = E™(1 — Vp) + E'V;
L 1= W (3.64)
RE(Vp)  E™  E

yields the following formula for the “loose” Poisson ratio bounds

VIRE| ’ VREL\ Y/RE VIRE |
1- V/RE -8 1= V/RE V/RE +1-= V/RE
V/Ry _

VRE,,
V/RE

(3.65)

4

Alternatively, applying the Voigt or the Reuss mixture rules directly to the Poisson
ratios of both phases, matrix ™ and fiber " other two “tight” Poisson ratio bounds
are found
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Vo =™ — Vp) + 'V
1 1-Vs Vi (3.66)
Ry = om T or

where the “tight” Voigt bound preserves linearity.

Concluding, both “loose” bounding diagrams in Figs.3.9 and 3.10 exhibit non-
linear property since the magnitudes of Poisson ratios were obtained in an artificial
paths: either by extracting them from Eq. (3.63) or by straightforward application of
the mixture rules to engineering Poisson ratios for which linear “tight” Voigt estimate
is saved (3.66).

Finally, when the Hill theorem of lower and upper bounds is consistently applied
to the elements of elastic stiffness or compliance matrices then and only then all
effective matrix elements of a composite considered lay inside the lower and upper
bounds or at most at one of the bounds. In fact, if the results by Gan et al. [9], originally
presented in terms of the engineering anisotropic constants E11, E», G23, G12, V12
and 13 are consistently transformed to the space of elements of compliance matrix
Ey . Es; . Ery. Eys.Eq, . Ess . the results obtained by use of the SCMC method
follow the Hill theorem upper and lower bounds as shown in Fig.3.11.

3.5.5 Approximation of Mechanical Modules of Long-Fiber
Unidirectionally Reinforced Composites by the Use
of a Hybrid Rule Between Voigt and Reuss Estimates

Mention at the beginning that classical mixture rules by Voigt (3.171) and Reuss
(3.17;) apply a random dispersion of composite constituents over RVE. It is obvious
that the Voigt and the Reuss estimates converge at appropriate magnitudes of modules
of matrix and reinforcement for volume fraction Vi = 0 or V; = 1, respectively. This
question should be carefully considered in light of fabrication procedure. Namely,
assuming identical fibers of circular cross-section regularly packed over the RUC
either according to square or hexagonal arrays we arrive at two different maximal fiber
packing limits Vimax, see Fig. 3.12. It is seen that maximal fiber packing for the square
array Vf?:llax = 78.5 % is much lower than analogous maximal fiber packing for the
hexagonal array Vftrlgi‘x = 90.7 %. Even higher maximal fiber packing can be achieved
by using fibers of either various diameters or noncircular cross-section (square cross-
section fibers or honey-comb cross-section fibers joined by thin matrix layers). Hence,
the homogenization results according to Voigt or Reuss for surroundings V¢ = 1 have
only theoretical sense. Analogous objections can be formulated to homogenization
results for surroundings Vy = 0 where there is difficult to talk about a composite.
Consider now in detail results by Gan et al. [9]. In what follows in order to for-
mulate a weighted homogenization rule based on a tensorial interpolation between
lower and upper bounds it will be more convenient to consistently formulate the Voigt
and Reuss estimates in application to stiffness or compliance matrix components but
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Fig.3.11 Interpretation of the Gan et al. [9] results in the space of elements of effective compliance

matrix [E 1] obtained on the base of diagrams of engineering constants of the Boron/Al composite
in light of theorem of upper and lower bounds by the Voigt and Reuss estimates
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Fig. 3.12 TIllustration of maximal fiber packing for identical fibers of circular cross-section in case
of: a square array, b hexagonal array

not to the engineering constants (what is commonly done). The weighted homog-
enization rule allows to formulate the approximate method to estimate elements of
effective elasticity matrices (stiffness or compliance) by the use of the values of lower
and upper bounds and performing interpolation between them with the use of new
tensor-like rule of mixture (a hybrid formulation). In this way it will be possible to
build diagrams for all orthotropic matrix components [E~'] in the full range of vol-
ume fraction V¢ € [0, 1] assuming coincidence with known experimentally obtained
matrix [*PE~!] for one arbitrarily chosen volume fraction Vfo. Additionally, coin-
cidence with known matrices of pure constituents: Vy = 0 for matrix material and
V¢ = 1 for fiber material must hold.

Let us rewrite the scalar Voigt and Reuss formulas (3.17) into matrix Voigt and
Reuss formulas, respectively to stiffness or compliance matrices

VIE] = ¢1['E] 4 2["E] (3.67)

or
RE ' = i [E™'] + e["E~'] (3.68)

where common fractional concentrations by volume of the phases according Voigt
and Reuss’ rules ¢ = V; and ¢ = 1 — V¢ as previously shown for uniaxial models
(3.24), see Aboudi et al. [1]. This simplification means that orientation of reinforce-
ment is ignored, such that fractional concentrations depend on volume fraction V¢
only. Symbols [/ME] and [/™E~!] stand for elements of stiffness or compliance
matrices for reinforcing fiber or matrix, respectively. As a matter of fact ¢; and ¢;
must account for both volume fraction and reinforcement orientation, therefore for
determination of them advanced homogenization schemes are required (e.g., FEM,
GMC, SCMC, CCM and others).
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In what follows a simple rule of weighted average between, the Voigt and the
Reuss upper and lower estimates is proposed. Such approach is based on tensorial
interpolation between upper and lower estimates which enables to avoid application
of numerous cumbersome homogenization methods, for instance micromechanics-
based FEM, GMC, SCMC, CCM etc.

To this end, we define weighting vector ay built of weighting coefficients for
subsequent elements of stiffness or compliance matrices. For brevity we confine
ourselves to the compliance matrix only. Hence, the proposed hybrid or weighting
homogenization rule takes the following format

=1

Eyy (Vo) = oY Ey (V) + (1 - a)RE} (Vo)

Ep (VD) = oY Ezy (Vo) + (1 — a)REqy (VD)

Exs (VD) = aVEsy (VD) + (1 — a3)REa (VD)

s (V) = oY By (VD) + (1 — a)REzy (V)

Ty (V) = oYE (V) + (1 — as)RE LR (V) (3.69)

Epy V) = a¥Ery (Vo) + (1 — ag)REpy (VD)

Fa (V) = oY By (V) + (1 — anRE (V)

Fos (VD) = oY Esa (VD) + (1 — ag)REag (VD)

oo (VD) = oY Egq (VD) + (1 — 00)R Egg (VD)
Additionally, independence of the weighting coefficients c of the volume fraction V¢
over the whole range of V¢ € [0, 1] is assumed. This assumption refers to definition

of convex set of two vectors. If the magnitudes of stiffness or compliance elements
are known at certain point V; = Vfo

=1
[E (V)] =[PE~ (V)] (3.70)

then it is possible to determine unknown vector of weighting coefficients oy for the
compliance. Applying these coefficients over the whole range of volume fraction
V¢ € [0, 1] the sought elements of compliance matrix can be determined.

3.5.6 Capability of the Proposed Hybrid-Type Rule Versus
Experimental Evidence in Light of Fiber Array
Symmetry: Tetragonal or Hexagonal

The weighting average homogenization rules defined in the previous Sect.3.5.5 by
Eqgs. (3.69) are rather simple and effective ones that allow to easily predict unknown
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Table 3.9 Values of weight coefficients according to compliance matrix components for Voigt and
Reuss’ homogenization and SCMC [9]

[E Interpolation points Qi
[VE~!11 x 1072 (GPa™ 1) |[RE~!] x 1072 (GPa™1)| [SMCE-1] x 10-2 (GPa™ 1)

Ey! 1.01 0.42 0.909 0.833
Ey) 1.01 0.42 0.909 0.833
Ey | 101 0.42 0.463 0.075
Eyy | =029 —0.09 —0.116 0.142
E; | —0.29 —0.09 —0.116 0.142
Ey | —0.29 —0.09 —0.300 1.050
Ey | 259 1.01 2.130 0.707
Eg 2.59 1.01 2.268 0.794
Eg 2.59 1.01 2.130 0.707

constitutive modules of the composite system over the whole range of the volume
fraction V¢ € [0, 1] providing that they are known for one Vfo. Efficiency of this
method is tested by the use of the results of numerical simulation by SCMS homog-
enization method [9]. To this end nine weighting coefficients oy for the orthotropic
Boron/Al composite are calculated by interpolation between Voigt and Reuss’ esti-
mates shown in Fig. 3.13. Magnitudes of the weighting coefficients oy are established
at the point Vf0 = 0.513 by comparison with the homogenization results SCMC by
Gan et al. [9]. Obviously the weighting homogenization rule must give correct results
at the end points Vy = 0 and V¢ = 1. Calculated weighting coefficients and set of
predictions YE~!, RE~1 SCMCE—1 for nine elements of compliance matrix are pre-
sented in Table3.9. The results of the weighting homogenization rule are verified
with the results given by Gan et al. [9] based on SCMC method, that fully confirm
the assumption that weighting coefficients oy can be treated as universal ones for
the composite tested over the full range of volume fraction as shown by curves of
weight rule e versus SCMC homogenization [.

3.5.7 Interpretation of Results Obtained by Weighting
Homogenization in Terms of Engineering Constants

Nevertheless the formulated in previous subsection “hybrid” mixture rules based on
weighting interpolation between Voigt and Reuss’ estimates have to be formulated
in the space of elements of elasticity matrix (compliance or stiffness), where Hill
theorem of lower and upper estimates by Voigt and Reuss holds, it is usually neces-
sary to express the results in terms of engineering orthotropy constants. The reason
for such representation results from usually applied homogenization techniques to
engineering constants, but not to elasticity elements. This system of engineering
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constants is dominant in the subject literature, see Aboudi et al. [1], Gan et al. [9],
Sun and Vaidya [30], and others.

To this end the engineering constants have to be extracted either from the com-
pliance

p—— :71 p——
Ey=1/Ey, Eyn =1/Ey Eyz =1/Ey,

—1 —1 —1 371
Gas = 1/E Gss = 1/Ess Gos = 1/Eg 3.71)

—1 =1 —1 =1 —1 =1
vio=—E /Ey, vis=—E3/Ey; 33 =—Ey [Ep

or the stiffness

Ef = 2EE13E3 + EN1EnEsz — ExzEy — Ej1Ey; — ExnEq;
- = p— :2
ExnEsz — Eys
Ey = 2EpEpBEn+ EnEnEss —E3Ey — EnEy — EnEs
- = p— :2
E\1E3z — Eq3
= = = = = = = = = =2 = =2
Fan — 2EnEREnR+EnEnEsy;; —ExREy — E11Eyy — EnEs
3 == = (3.72)
EnwEx» —E
Gas = Eay Gss = Ess Geo = Ecs
EpEss —EEx E3Ep — EnExn
V= — — B=ET— = =
EpnEsz — Eyy EpnEsz — Eyy
EnEn —EEn
EnEsz — Eq3
matrices.

In what follows the conversion of results shown in the previous section given
in the elasticity modules space, to the system of engineering orthotropic constants
is done preserving previously used assumption of the transversely isotropic hexag-
onal symmetry. The comparison of engineering orthotropic constants is presented
in Fig.3.14. The figure contains only four plots, because the transversely isotropic
hexagonal symmetry assumption has been proven and Poisson’s ratios are not dis-
cussed. Young and Kirchhoff modules obtained from proposed weighting rule (3.69)
coincide with the Gan et al. [9] results.
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Chapter 4

General Concept of Limit
Surfaces—Convexity and Normality
Rules, Material Stability

Artur W. Ganczarski and Jacek J. Skrzypek

Abstract General nature of yield or failure criteria terminating elastic range of
isotropic or anisotropic materials is summarized. As shown, the hydrostatic pressure
sensitivity of anisotropic materials can be captured either by first stress and sec-
ond common deviatoric invariant direct use (Tsai—Wu), or by the second common
stress invariant in an indirect fashion (von Mises). Tension/compression asymmetry
in anisotropic materials is accounted for either by presence of first common invari-
ant (only translation, Tsai—Wu) or third common invariant (distortion, Kowalsky).
Comparison of two ways to capture anisotropic response, more rigorous explicit
common invariants formulations or implicit approaches based on extension of tradi-
tional isotropic criteria in terms of transformed invariants (Barlat, Khan) capable of
capturing a complete distortion, is shown. Convexity requirement of limit surfaces is
discussed and compared for two material behaviors by the use of Drucker’s material
stability postulate extended to multi-dissipative response or Sylvester’s stability con-
dition based on positive definiteness of the tangent stiffness or compliance matrices
of hyperelastic material. Generalized Drucker’s postulate based on elastic—plastic
stiffness matrix is also shown.
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4.1 Termination of the Elastic Range in Cases of Isotropic
or Anisotropic Materials

General classification of anisotropic initial yield/failure criteria requires clear dis-
tinction between two approaches met in subject literature. First approach, developed
by Sayir, Goldenblat and Kopnov, Spencer, Boehler, Tsai and Wu, Zyczkowski, Voyi-
adjis, and others, is directly based on a concept of common invariants of stress and
structural anisotropy tensors. Second mixed-type approach, developed by Barlat,
Khan, Cazacu, Kyriakides, Yoon to mention only some, is based on the extension
of classical isotropic yield criteria to anisotropy, by application of linear transfor-
mation of Cauchy’s stress. Approach based on common invariants concept, although
more rigorous from invariant theory point of view, is for practical reasons usually
limited to first and second common invariants, such that distortion effect is hard
to handle. Mixed-type approach, although less formalized in viewpoint of the the-
ory of common invariants, occurs to be very useful for practical description of the
materials that exhibit strong limit surface distortion. In other words, in the common
invariants-based approach the existence of first common invariant is necessary to
describe strength differential effect. On the other hand, in the mixed-type approach,
strength differential effect is captured by a modified third invariant. 1t is clear that
second invariant (either common or modified stress invariant) has to be present in
both formulations.

General fensorially polynomial anisotropic plastic flow or failure criterion is
based on a consistent concept of common invariants of the stress tensor o and of
the structural tensors of plastic or failure anisotropy I, e.g., IT;joij, I1;j10ij0ki,

o . f
I jkimn0ijOk1Omn, etc. Structural tensors of plastic/failure anisotropy Hl.}}/ second

rank, IT B/kfl fourth-rank and IT %flmn sixth rank, different for plasticity (p) or failure (f)
initiations, are satisfactory to describe basic transformation modes of limit surfaces
due to plastic or damage hardening processes, namely: isotropic change of size
of limit surface, its translation and rotation, as well as distortion due to a curvature
change (cf. Sayir [28], Kowalsky et al. [20]). The basic postulates of material stability
either in a Drucker’s sense for ductile materials (cf. Drucker [8]), or the positive
definiteness of the Hessian matriX [anElnnemen > 0in a Sylvester’s sense for brittle
materials (cf. Kuna-Ciskat and Skrzypek [21]), imply restriction, which allow the
plastic yield or failure initiation surfaces to be always closed and convex surfaces in
the stress space.

Traditionally in case of ductile materials (e.g., majority of metals, alloys, inter-
metallics), second rank tensors I7;; of plastic anisotropy are usually neglected, since
the hydrostatic stress does not influence yield initiation criterion (Cazacu and Bar-
lat [4]). Additionally, tension or compression asymmetry is negligible (ky ~ k).
On the other hand, in case of brittle materials (e.g., concrete, ceramic materials,
rocks, composite materials, etc.), where initiation of failure or damage manifests
mostly or prior to other dissipative phenomena such that first stress invariant plays
important role, tension or compression asymmetry is essential (k¢ # k.). Hence, the
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first (linear) common invariant IT;jo;; cannot be omitted (e.g., Tsai-Wu criterion
[32]). Moreover, the third (cubic) invariant I7; jxjmn 0ijOki Omn, Which describes limit
surface distortion, can play an essential role if consecutive hardening phenomena
due to advanced plasticity and damage or other microstructure changes occur (e.g.,
Kowalsky et al. [20]). However, when only initiation of plastic or failure mechanisms
is considered, also this term is consequently omitted.

There exists a wide class of advanced engineering materials (e.g., Mg-Th,
Mg-Li, Ti-Ni superalloys, etc.) that exhibit strength differential effect but do not
exhibit hydrostatic pressure sensitivity. The initial yield criteria describing such
materials have to comprise second and third invariants, either of stress tensor J>, J3
(Raniecki and Mréz [27]), or common invariants 120 , J30 (Barlat et al. [2], Cazacu and
Barlat [4], Plunkett et al. [26]). Symbols Jf, 130 denote generalizations to orthotropy
of classical stress invariants J and J3, in the orthotropic Drucker-based yield condi-
tion, by the use of a linear transformation L of the Cauchy stress tensor S =L : o.

Recently, a generalized form of anisotropic yield/fracture criteria was proposed
by Khan and Liu [17] and Khan et al. [18]. These criteria are capable of capturing
different types of limit surfaces (quadratic Hill-type, nonquadratic Tresca or max-
imum shear stress type and intermediate type loci). They are based on equi-biaxial
tension loading condition, and include tension or compression asymmetry ratio of
fracture, and are successfully verified for wide class of materials (e.g., Ti-6A1-4V
alloy).

Classical orthotropic Hill criterion [13], despite obvious advantages and wide
technical applications, is limited however by some constraints of applicability. These
constraints are described in detail in Chaps. 5 and 6. However for the purpose of the
present preliminary introduction, they will be pointed out briefly.

First limitation of applicability range of the classical Hill criterion is established
through the inequality bounding magnitudes of the engineering orthotropy constants
kyx, ky, and k,, in order to avoid ellipticity loss of the limit surface in the stress space
(e.g., Ottosen and Ristinmaa [25], Ganczarski and Skrzypek [11]). Such limit bounds
put upon the orthotropy limits usually hold in case if the degree of material orthotropy
is moderate. For example, if the material ensures the transverse isotropy symmetry,
it is shown that the orthotropy degree bounded by the inequality kmax/kmin < 2
guarantees ellipticity of the limit surface to be saved. However, if the orthotropy
bound is violated, the Hill criterion becomes useless, when the degeneration of the
cylindrical (elliptic) surface into two concave hyperbolic cylinders occurs, what is
inadmissible in the light of Drucker’s or Sylvester’s stability postulates. In a case of
high orthotropy degree (observed for majority of the long fiber reinforced composites,
for instance, Boron/Al, SiC/Ti, Glass/ Epoxy, Graphite/Epoxy, etc., e.g., Herakovich
and Aboudi [12], Sun and Vaidya [31], and others), the concept other than Hill
is proposed. This new approach suggests formulation of limit criterion based on
the nine-parameter von Mises condition, but enhanced by the Hu—Marin-type biax-
ial orthotropic loading conditions (Hu and Marin [14], Skrzypek and Ganczarski
[30]). It will be demonstrated that, even in a case of arbitrarily strong orthotropy
(for instance, kmax/ kmin = 9, in case if brass L.62 is tested) the property of ellipticity
is saved.
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Second limitation of applicability range of the Hill criterion arises when transverse
isotropy property is considered. It will be shown that, if reduction of Hill criterion
to the transverse isotropy symmetry is performed, the four-parameter form that sat-
isfies the tetragonal symmetry class is furnished (e.g., Voyiadjis and Thiagarajan
[33], Sun and Vaidya [31]). This type of symmetry is of particular importance in
case of unidirectional fiber reinforced composites. In such a case moduli, &y, ky,
kz, and ky, are considered as independent (z orthotropy axis), which makes impos-
sible to reduce the classical Hill criterion to the isotropic von Mises condition in
the plane of transverse isotropy. To avoid this irreducibility, new Hu—Marin-based
transversely isotropic criterion exhibiting hexagonal symmetry class is proposed
instead of the deviatoric transversely isotropic Hill criterion exhibiting tetragonal
symmetry. It enables to achieve coincidence with the isotropic von Mises condition
in the transverse isotropy plane, preserving cylindricity regardless of the magnitude
of orthotropy degree.

Finally, it will be demonstrated that, for some composite materials it is nec-
essary to further modify the three-parameter Hu—Marin-type criterion to the new
four-parameter intermediate type criterion between the classical Hill and hexagonal
Hu—Marin’s concepts, taking advantage of the bulge test, that differs essentially from
both the Hu—Marin hexagonal type criterion and the isotropic von Mises criterion
in the isotropy plane. Bulge tests have been performed and described by Jackson
et al. [16] with equipment used by Lankford et al. [22]. This new criterion is capa-
ble of properly describing the SiC/Ti long fiber reinforced composite examined by
Herakovich and Aboudi [12].

4.2 Survey of Pressure Sensitive or Insensitive Yield Criteria

Invariant description of any limit surface (initial yield or failure) has to be performed
by the use of irreducible set of invariants being arguments of a scalar function defining
limit surface. For isotropic materials, equation of limit surface is a scalar function
of three stress invariants (cf. Iyer [15], etc.)

1 1
f [tF(U), Etr(s -8), gtr(s - s -s)} 4.1)

For anisotropic materials equation of limit surface is a scalar function of common
stress and structural anisotropy tensor invariants (cf. Sayir [28], etc.)

(2) ) (6)
flo:l, o:M:0, 0:M:0:0,...] 4.2)

where only even ranks of anisotropy tensors are taken into account.
In some cases of anisotropic alloys exhibiting tension/compression asymmetry, it
is convenient to consider a scalar function of selected (mixed) stress invariants and
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common invariants (cf. Khan and Liu [17], etc.)

1 1 (4)
f|tr(o), Etr(s - 8), gtr(s cs-8);...,o0:I: 0, ... 4.3)

The following effects are of particular importance when describing features of
the limit surfaces:

e hydrostatic pressure dependence
e tension/compression asymmetry
e anisotropic behavior

In order to properly capture all features considered, the limit criteria have to include

the second stress invariant (either Jo, or Jos) in case of isotropy or the second
{4) (4)
common invariant (either o :Il: o or s :I: §) in case of anisotropy. This is a

direct consequence of the necessity to include total or pure shear elastic energy.

The presence of the first and the third invariants (the stress invariants Ji,, J35 or
(2) (6)
the common invariants o :II, o :Il: o : o) is necessary to capture dependence on

hydrostatic pressure and tension/compression asymmetry.

In general, materials can be classified into two groups: hydrostatic pressure depen-
dent and hydrostatic pressure independent materials, alternatively called pressure
sensitive and pressure insensitive materials. Traditionally, ductile materials (major-
ity of metals) can be considered as hydrostatic pressure independent. On the other
hand, brittle materials (rocks, ceramics, etc.) should be treated as hydrostatic pres-
sure dependent ones. Hydrostatic pressure dependence of isotropic or anisotropic
limit criteria can be captured in the two different manners:

e direct dependence on the hydrostatic pressure through both first and second invari-
ants:

— the first stress invariant plus the second deviatoric invariant

f |:tr(a'), %tr(s)i| isotropy “4.4)

— the first common invariant plus the second common deviatoric invariant

@2 @ ,
flo:Il,s:I:s anisotropy 4.5)
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e indirect dependence on the hydrostatic pressure through the second invariants with
the first invariants ignored

— the second stress invariant

f [%tr(a . a)i| (o0 =s+oyl) isotropy 4.6)

— the second common stress invariant
4)
f(a' 10 0') (o0 =s+o0n1)  anisotropy 4.7)

There exists a broad class of engineering materials which do not exhibit any depen-
dence on the hydrostatic pressure, neither direct nor indirect. This means that in
case of the isotropic hydrostatic pressure independent materials, the corresponding
limit surfaces have to include the second deviatoric invariant exclusively. In case of
anisotropy, limit surfaces can include the second common deviatoric invariant and
additionally the first common deviatoric invariant. However in all cases considered,
equation of limit surface has to include the second stress or the second common
invariants which results from the quadratic form of energy representation. Exem-
plary equations of limit surfaces that found confirmation in engineering materials
are presented in Table4.1 according to aforementioned classification.

Table4.1 shows comparison between the pairs of appropriate isotropic and
anisotropic criteria that correspond to the direct dependence on hydrostatic pres-
sure (Drucker—Prager criterion vs. Tsai—Wu criterion), the indirect dependence on
hydrostatic pressure (Beltrami criterion vs. von Mises criterion) and independence
of the hydrostatic pressure (Huber—von Mises criterion vs. Hill criterion). The oldest
criterion based on total elastic energy formulated by Beltrami in 1885 is invoked in
this table although it has no experimental evidence.

Tension/compression asymmetry, also called strength differential effect is included
in a natural way in limit criteria for anisotropic materials. In case of limit criteria for
isotropic materials, this effect manifests through the presence of first stress invariant
(J15) and/or the third stress invariant (J3,), as shown in Fig.4.1. Note that in case
of the first stress invariant dependent surface compressive and tensile meridians are
in identical distance from the center of limit curve, but axis of the limit surface is

Table 4.1 Hydrostatic pressure dependence of initial yield/failure criteria

Dependence on oy,
Direct Indirect Lack of dependence
Isotropy Drucker—Prager Beltrami Huber—von Mises
aliy + Vs =k V3 =k V3 =k
Anisotropy Tsai-Wu von Mises Hill
) ) ) “)
ol 4+s:MH:s=1 |o:l:oc=1 s s =1
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Fig. 4.1 Tension/compression asymmetry caused by a First stress invariant—Ilow carbon steel
18G2A subjected/to monotonic plastic offsets o — gof = 1 X 1075, 0 — eoff = 5 x 1075 after
Kowalewski and Sliwowski [19], b third stress invariant—TiNi alloy after Raniecki and Mréz [27]

shifted (Fig. 4.1a). In other case, when limit surface is third stress invariant dependent
function, compressive and tensile meridians are not in identical distance from the
center of limit curve but the axis of the limit surface remains at the position of
hydrostatic axis (Fig.4.1b).

It was aforementioned that the limit criteria have to include appropriate sec-
ond invariants. However, limit surfaces based on the second invariants exclu-
sively (stress invariants or common invariants) are capable to capturing neither ten-
sion/compression asymmetry nor shape change due to distortion. By contrast, the
limit criteria based on the second and the third invariants (stress invariants or com-
mon invariants) are capable of capture both tension/compression asymmetry and
distortion. Table4.2 shows comparison between the pairs of selected isotropic and
anisotropic criteria that correspond to the lack of tension/compression asymmetry
and distortion (Huber—von Mises’ criterion vs. Hill criterion), tension/compression
asymmetry with distortion ruled out (Drucker—Prager criterion vs. Tsai-Wu crite-
rion) and tension/compression asymmetry with distortion accounted for (Drucker cri-
terion vs. Kowalsky et al. criterion). To illustrate classification described in Table 4.2
a comparison between asymmetry without distortion and asymmetry with distortion
accounted for is presented in Fig.4.2. In the case of isotropy Fig.4.2a the Drucker
criterion is compared with the Drucker—Prager criterion. In case of Drucker—Prager

Table 4.2 Effect of first and third invariants on tension/compression asymmetry and distortion of
limit surfaces

Lack of asymmetry | Asymmetry without | Asymmetry and
and distortion distortion distortion
Isotropy Huber—von Mises Drucker—Prager Drucker
V3D =k alig+ s =k |3 —cli =k°
Anisotropy Hill Tsai-Wu Kowalsky et al.
“) @ @ ) (6)
s s =1 oM +s:TH: s =1 s::s+s:M:s:s=1
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Fig. 4.2 Comparision of tension/compression asymmetry and distortion of limit curves in case
of: a isotropy (Drucker—Prager criterion vs. Drucker criterion), b anisotropy (Tsai—Wu citerion vs.
Kowalsky et al. criterion)

criterion based on the first and the second stress invariants tension/compression
asymmetry appears independently from shape distortion. By contrast when the
Drucker criterion is used, both effects are coupled through the third invariant so
they appear simultaneously. In the case of anisotropy Fig.4.2b the Tsai—Wu crite-
rion is compared with the Kowalsky et al. criterion. The Tsai—Wu criterion accounts
for tension/compression asymmetry without distortion (only translation through the
first common invariant accounted for). By contrast when the Kowalsky et al. the six
order criterion is used, the tension/compression asymmetry and shape distortion are
coupled in an anisotropic fashion through the third common invariant.

In general, a material anisotropy can be captured by use of the two approaches. In
the first, mathematically consistent approach called the explicit anisotropy approach

the system of stress invariants J1, Jas, J3 is substituted by the corresponding system
2) (4) (6)
of common invariants o :Il,s :T: s,s :T: s : s according to the Goldenblat,

Kopnov, and Sayir concept when formulating anisotropic limit criteria. In the other,
currently dynamically developed approach called the implicit anisotropy approach by
Barlat and Khan either the second J;¢ and the third J3; stress invariants are substituted

by the corresponding transformed deviatoric invariants Jzos, J30S or the stress deviator
(4)
is transformed by use of the two independent 4-rank transformation tensors ¥ =C: s
(4)

and ¥’ =C’: s and next they are inserted to one of well know isotropic criteria,

either Drucker or Hosford, respectively. These linear transformations correspond to

mapping of the deviatoric Cauchy stress tensor o to other two deviatoric stresses
X, X’ referring to the material anisotropy (orthotropy) frame.

The implicit approach is able to capture the full material orthotropy with distortion

] ) ] 4 4

effect included by use of two 4th rank orthotropic transformation tensors C, C’

containing 2 x 9 = 18 independent material constants by contrast to the explicit
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common invariant based approach which requires in case of material orthotropy 4-
(@) (6)
rank tensor I and 6-rank tensor Il containing 9 + 56 = 65 material constants.

Although the explicit approach is more mathematically rigorous than the implicit
one, simultaneously it is much more cumbersome and open to misunderstandings.
Both approaches, the explicit and the implicit, are alternative ones and obviously
they lead to different approximations.

Comparison of the explicit and the implicit approaches to capture anisotropy is
schematically presented for selected criteria in Table4.3. A major difficulty for the
limit yield/failure description is caused by the coupling between anisotropy and
strong tension/compression asymmetry as discussed by Khan et al. [18]. Such sig-
nificant coupling can lead to a complete distortion of the limit surface (possible
lack of any axis of symmetry) as it is presented in Fig.4.3 based on Luo et al. [23]
experimental findings for AZ31B Mg alloy fitted by Plunkett et al. [26].

Table 4.3 Explicit or implicit anisotropy of limit surfaces

Explicit Implicit
Isotropy Huber—von Mises Raniecki-Mroz Cazacu et al. [5]
(4) ) PP en =13 3 N
s:l:s=k 2 > S(si| — ksi)® = 2k
i=1
Anisotropy | Hill Cazacu and Barlat Plunkett et al.
(‘_‘) (J0)3/2 _ CJO — k3 3 e
s:M s =1 2 2 (% —kZ)i+
where J,', J3 i=1
transformed 3 Sy ena u
common invariants Zl(|2,-| —KZ)" =2k
i=
where
(4) (4)
Y =C:s,X =C:s

Fig. 4.3 Fitting of Luo et al. 1.5
[23] experimental data for
AZ31B Mg alloy by the use
of the implicit anisotropic 2 1
yield criterion by Cazacu and [
Barlat [4 @
[4] % o5
=
2
&
s 0
£
3
-0.5
N——t
Tkey
—1 H
-1 -0.5 0 0.5 1 1.5

dimensionless © yx
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4.3 Drucker’s Postulate for Stability of Ductile
Materials—Requirements for Convexity
and Normality of the Yield Surface

Let us confime first to only one situation when termination of the elastic range is
caused by the initiation of plastic flow mechanism. When formulating equations of
the initial yield surface and its further rebuilding due to consecutive process of strain
growth exceeding the elastic range, it is convenient to restrict further considerations
to processes that guarantee the convexity of initial and subsequent yield surfaces as
well as the associated flow rule. This means that the plastic potential function g is
considered to be equal to the yield function f.Such simplified approach is useful for
description of majority of metals by contrast to the nonassociated flow rules (g # f)
applicable to majority of brittle materials.

Consider first arbitrary stress cycle ABCD that consists of elastic loading AB from
the initial state inside current yield surface (0};) to point belonging to this surface
(0ij), subsequent elementary loading BC corresponding to stress increment do;;
during which the yield surface is rebuilt f; — fi41, and final unloading CD to the
initial stress level (ol.*j) as shown in Fig. 4.4. Note however that this process describes

the closed cycle only in stress space 05 = 07‘/ but the final state D corresponds to

changed strain state EB- = 6% + dafj. The strain increment ds?j stands for permanent
and irreversible plastic strain change connected with rebuilding of the subsequent
yield surface.

According to the Drucker postulate, work per unit volume done by stress quasi-
cycle on total deformation ABCD is nonnegative

W:%(O‘ij—(f;kj) dE,’j >0 4.8)
ABCD

The additional load carried by the material over a complete stress quasi-cycle is called
the external agency. In other words, when the work done by an external agency over
the stress quasi-cycle would be negative a subsequent equilibrium state would have
been reached in a spontaneous way associated with an energy dissipation. According

Fig. 4.4 Tlustration of the
closed stress quasi-cycle

C(oj+ doy)

v
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to small strain theory the additive decomposition of the total strain increment into
the reversible and irreversible terms is done de;; = de?j + dsf.)j we arrive at

W= jl{ (Uij - U;kj) def; + j{ (U,g,' - o;kj) dej; (4.9)

ABCD ABCD

€ __
ij =
El; Iilgkl holds. Providing that the compliance tensor is constant El; ,11 = const we

arrive at
o\ g # gt
f (Uij - aij) Eijudon = Ejjy (U” ~ % ) dou

The first of above integrals is equal to zero since, according to the Hooke law &

ABCD ABCD
-1
=Eijkl %Uz‘jdgkl —U?j}{ddkl (4.10)
ABCD ABCD
A
- 0ijo, Tk
= gl (P2 — oom)| s =0
2 Tk =%k

Hence, keeping in mind that plastic strain is different from zero ¢; ; # 0 only along

path BC the Drucker postulate (4.8) is finally expressed by inequality for the follow-
ing simple integral (not circular integral)

WP — /(a,z, - a;“j) de?, = 0 @.11)
BC
This means that the work done by the external agency on plastic strain is nonnegative

and corresponds to rebuilding of yield surface f; —> fi1+1. Applying expansion of
WP in the Taylor series around the initial point o;; = a;‘j we arrive at

1] 1]
T 2] T @)

=0+ (0ij — 0% ) deb, + Loy de?, +.->0
1 ij ij 2 J=ij -

AWp (0[/ - a?‘.) a2mp (g,. ;= g?‘.)
+

WP = WP (0,‘./' = Ul*j) +

When the two first nonzero terms of expansion series (4.12) are saved, we find an
inequality :
(O'ij — ofj) ds?/ + EdUijdEZ >0 (4.13)

which must hold for arbitrary initial stress state o7, inside or on the current yield
surface. Therefore, the inequality (4.13) that expresses the condition of stability of
elastic—plastic material in Drucker’s sense can be finally furnished in the form of
two following inequalities
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(b)

Fig. 4.5 Interpretation of Drucker’s postulate consequences: a convexity, b normality

(0ij — a;‘;.)dgf, >0 and do; jdgf/. >0 (4.14)

The above inequalities must simultaneously hold which in mathematical sense cor-
responds to nonnegative value of the first and the second energy differential YWP in
the neighborhood of the initial point o;; = a;“j.

Conditions (4.14) can be interpreted in a geometric way regarding convexity of a
yield surface and normality of vector of plastic strain increment.

The first of inequalities (4.14) can interpreted as nonnegative value of the scalar
product of two vectors (o — o*) and deP. Hence, the angle 1) between these two
vectors in the stress space o;; has to be either acute orright angle ¢ < /2 (Fig.4.5a).
This condition holds for each vector o* which is located on or within the yield surface.
This implies that the yield surface must be convex surface in the stress space f. It is
called in literature the convexity postulate of yield surface f.

The second of inequalities (4.14) can be interpreted as the scalar product of two
vectors dor and deP which must also be nonnegative for arbitrarily chosen stress
increment do (Fig. 4.5b). This requirement must hold for arbitrary vectors do- con-
nected with transition of f; surface into f;y; surface (Fig.4.5b) which belong to
the half-space tangent to ith surface, hence the only one possible vector deP? which
always ensures condition (4.14) must be normal to this surface f,n =ny

0
deP? = \n = )\—f = Agrad f (4.15)
do

Symbol A is the scalar multiplier the magnitude of which ensures that the new point
at the stress trajectory belongs to the new yield surface f. The condition (4.15)
determines direction of the plastic strain increment deP consistent with the gradient
n = J0f/0o = Agrad f which is normal to the yield surface. This requirement is
equivalent to the so-called flow rule associated with the yield surface.

Drucker’s postulate of stability (4.14) assumes that both convexity and normality
rules must hold. In case when the normality does not hold, it is possible to choose
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(a)

Fig. 4.6 Illustration of a case when Drucker’s stability postulate is not satisfied: a convexity of
the surface f saved but normality of deP does not hold, b lack of convexity of the surface f but
normality of deP saved

Fig. 4.7 Graphical
interpretation of
nonassociated flow rule

o* # o that the angle between vectors (o0 — o) and deP is greater than 7/2 such
that the scalar product of these two vectors is negative. This means that in this case
Drucker’s postulate is not satisfied (Fig.4.6a). By contrast when the convexity of a
yield surface is violated it is possible to choose o* such that the scalar product is
negative (o0 — o*)deP < 0 (Fig.4.6b). Both above negative examples (Fig.4.6a, b)
are an indirect proof that violation even one of normality or convexity conditions
means violation of Drucker’s postulate as a whole.

Approach based on the associated plastic flow rule is applicable for majority of
metals but acceptance of this rule is not necessary in case of nonmetallic materials
(soils, rocks, some composites). In such case, the so-called nonassociated flow rule
is applicable. For nonassociated flow rule the direction of plastic strain increment is
determined from the gradient to other surface g which does not coincide with the
yield surface f, g(o) # f(o): n =ny # ny (Fig.4.7). As consequence, in case of
nonassociated flow rule we arrive at

17)
de? = A\ — Agradg (4.16)
do

instead of (4.15). For such materials Drucker’s stability postulate does not obey.
In classical formulation of Drucker’s material stability postulate [8, 9], the single
dissipation process connected with plastic flow is considered. However, when multi-
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dissipative material processes are present an extension of the classical normality
rule can be done. When weak-coupling concept between the dissipative processes
is applied Simo and Yu [29], in which two different dissipation surfaces plastic f},
and damage fy are defined, further extension of the normality rule to the so-called
generalized normality rule is successfully implemented in a series of papers deal-
ing with coupled plasticity and damage dissipation processes, e.g., Murakami [24].
Implementation of the Murakami model to ABAQUS FEM code is done by Bielski
et al. [3]. Further extension to multiple-coupled dissipative phenomena connected
with plastic flow, damage growth and phase change is due to Egner [10]. A compari-
son between existing evolution rules proposed by Abu Al-Rub and Voyiadjis [1] and
Chaboche [6] with recently developed formulations has been done. More advanced
discussion on multi-dissipative response description can be found in further chapters.

4.4 Stability Postulate for Elastic Materials—Positive
Definiteness of the Tangent Stiffness Matrix

Following Chen and Han [7], we consider the stability criterion of hyperelastic
material for which all deformations are reversible such that stability requires the
work done by the external agency in a cycle to be zero. For an elastic material, both
the stress state and the strain state in (4.8) return back to a;“j and 5;;. as shown in
Fig.4.8. Over such a cycle the Drucker stability postulate becomes an equality

]{ (aij — a;“j) deij =0 (4.17)

since no permanent strain over such cycle occurs. Note that the above equality holds
for the elastic material by contrast to previously formulated Drucker’s inequality
formulated for elastic—plastic material (4.8). Choosing next the initial state to be

(@) —ow D) _ac
T ogj gj= 00

Fig. 4.8 Illustration of normality of: a stress vector o;; to normal hypersurface of constant strain
energy per unit volume ¥V = const, b strain vector ¢;; to normal hypersurface of constant comple-
mentary energy C = const
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stress and strain free, we reduce (4.8) to

faijdffij =0 (4‘18)

which must hold irrespectively to the path. In other words, the integrand in (4.18) is
the exact differential such that the elastic strain energy per unit volume )V serves as
the potential function for stress

)
W (eif) =/‘7ijd5ij and o = g (4.19)
ij

In an analogous way, we may prove that the complementary energy per unit volume
C serves as the potential function for strain

oc
C (J,‘j) = /6,‘jd0,'j and gij = gtl (4.2())

Note however that in general case of inelastic material, the strain energy ¥V may
depend not only on the current strain state V(g;;) but also on the strain history
W(eij, f(cij)), e.g., as a result of irreversible microstructure change due to plastic
flow or microdamage growth. Similarly in such general case, the complementary
energy per unit volume C may depend not only on current stress state C(o;;) but also
on stress history C(o;;, f(0;;)). This means that neither W nor C can be directly
chosen as potential functions for stress and strain, respectively.

The strain energy per unit volume VV(¢; ;) and the complementary energy per unit
volume C(o;;) are being interpreted as hypersurfaces of constant value energy in six-
dimensional spaces of strain €;; and stress o;; respectively. Assuming independence
of both considered energies of loading histories in respective spaces, the derivatives
of both scalar functions 9WW/0¢;; and OC/0o;; with respect to their arguments are
being interpreted as the gradients of corresponding hypersurfaces, which are the
vectors normal oriented outward to these hypersurfaces (Fig. 4.8).

Thus stress increment ¢;; can be furnished in terms of strain increment €;; as
follows 5 JEe

. Oij . .
%= Ocki = 6aij85k1 K @.21)

where definition of the potential function for stress (4.19,) is involved.
The following definitions of material stability are further explored (see Chen and
Han [7]):

e The work done by the added stress increment on the strain increment is positive
and the following inequality is called stability in small

é'ijéij >0 (422)
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e The work done over the cycle by application and removal of stress increment on
strain increment is nonnegative and the following inequality is called stability on
cycle

fdijéij >0 (4.23)

For numerical applications in order to find stability criterion for hyperelastic mate-
rials, the first inequality (4.22) occurs the effective tool to this end (Fig.4.9).
Substitution of (4.21) for ¢;; into (4.22) leads to the following stability condition

>*w

Eii€ 0 4.24
affijai‘:kl ij€kl > ( )

The above inequality written in nonabbreviated form reads as

W _PW  _PW  _PW *W PW_ ]
. T 65§X 35)()(85))}1 Ogxx0ez; 85)()(67}()) afxxa’)/yz Oexx0Vzx .
Exx W W P*W PW PW Exx
X (‘)g%y OeyyOez; OeyyOvxy OcyyOvyz: OcyyOvex .
vy 2 92 92 2 vy
X I*W "W I*W "W X
€zz 0€%Z 022:07xy 0£zz07yz 022207y Ezz
. 2 2 ) . >0
Ay I*W I*W W Y
. Y 8712-y OvxyO0vyz OVxyO7zx . Y
Tyz PW _PW Tyz
. 2. Oy Ovar .
Hox B'yyz VyzOVzx Aox

PW
L oz
4.25)

The Voigt notation used above allows to represent the fourth-rank elasticity tensor
by its representation matrix identified as the tangent stiffness matrix

2
oW ] (4.26)

OemOey

[canE lmn = |:

The above reasoning dealing with the incremental formulation of constitutive
equation based on quadratic form for strain energy VV can easily be converted into

Fig. 4.9 Illustration of 9 ¢ Lldode<0

material stability loss in case do 2

of hiper elastic material do N
Jdode>0

de de
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dual formulation when incremental form of constitutive equation based on the com-
plementary energy is used alternatively. The strain increment €;; expressed in terms
of the stress increment ¢;; takes the following form

o*C

=—— 427
aCTij (90’1([ Tk ( )

which substituted to the condition of stability in small (4.22), leads to inequality

92C

————0ji0 0 4.28
ao'ij Dol OijOkl > ( )

The above inequality written in nonabbreviated form reads as

- 8’°Cc _ 9%C a*c a’c 2’C 2’c__ 7
BU%X aa'xxao'yy 005300z 00xxOTxy O00xxOTy; 00xx 0Ty
Oxx *C 2*C 2*C d*C 2*C Oxx
. do2 00yy00;; 00yyOTxy 00yyOTy; 00y, OTzx .
Oyy ” - - L Oyy
. a*c a’c ’c a’c .
Ozz 60122 00:;0Txy 007,07y, 007;0Tzx Ozz -0
]
Tey a’c ’C a’c T
Y 072, Omy0ry: OmyOre Y
Tyz 02C 8%C Tyz
Fox Bryzz OT)-ZZE)TZ N Fox
o°C
L or%
(4.29)

The above representation matrix can be identified as the tangent compliance matrix

2
¢ i| (4.30)

[tanE_l]mn = [m

Summing up conditions (4.24—4.25) and (4.28—-4.29) state that both surfaces of
constant strain energy ¥V = const and complementary energy C = const determined
in the strain space WV (g;;) or the stress space C(o;;), respectively, are convex. These
are so-called convexity postulates for surfaces of constant strain energy W(g;;) or
complementary energy C(o;;) which can be proved in a following way.

4.5 Convexity of Surfaces of Constant Strain Energy
or Complementary Energy

In what follows the convexity of surfaces of constant strain energy ¥V = const and
constant complementary energy C = const will be proved (convexity requirement).



150 A.W. Ganczarski and J.J. Skrzypek

Consider two strain states of linear or nonlinear elasticity 65}) and 65?). The

strain energy values corresponding to these strains can be denoted as W(ES)) and

W(asz.)). The corresponding increment of elastic strain energy W(EE}) ) — W(aﬁ))
M '

can be expanded in Taylor’s series around the state ¢, j

) my_ W o o
W(sij ) — W(eij ) = oo 5(1_)(51'1' €;j )
&)
2 (4.31)
l a—W (5(2) — 5(1)) (5(2) — 5(1)) + IS
2 afmnagkl - ij ij kl kl
ij
Limiting ourselves to the first two terms only we arrive at
@ m, _ W @ _ ()
Wi(e;;) =Wl ) = e 50,)(5” €ij )
ij
2 (4.32)
1_ow (2 - <) (2 - &)
2 agmnaf‘:kl L ij ij ki kl
1

The second term on the right hand side is positive taking into account (4.24) hence
neglecting it we arrive at the following inequality

oW
WED) - W) > 5o

(=7 =) (4.33)

)
Cij
or in an equivalent format

WD) = W) _ oW
(5<2) _ 5(1)) Oemn

(4.34)

m
ij ij Sij
Geometric interpretation of the inequality (4.34) is the following: the left hand side
E}) and 5?12-), whereas the
right hand side presents the hyperplane tangent at point zs;}) to the surface W(g;j) =
const. For the sake of simplicity, consider first the unidimensional case when the strain

represents the hyperplane secant passing through points

energy is a function of one independent variable YV (¢) inequality (4.34) reads as

WE@) —weEeby  aw
i
(6(2) — 5(1)) Oe (D

(4.35)

It is shown in Fig.4.10 that the strain energy W/ (e) being a quadratic function of
strain € exhibits property that the slope of the secant is always greater than slope of
the tangent both passing through the initial point. In other words, the tangent always
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Fig. 4.10 Illustration of
convexity of strain energy
function W(¢e) when it
depends on only one
independent variable ¢

Fig. 4.11 Illustration of lack
of convexity for cubic
function

wW(e)
W(e)=E&¥2
W(ED)--=mmmmmm :
secant, E
tdlngent
WEM| - i
) g<'2) €
fx)
X

/

“slides” at outside of the energy function curve YV () never crossing it by contrast to
the other case of a cubic function for which above condition is not satisfied Fig.4.11.

A case of energy function of two strain arguments is illustrated in Fig.4.12. Note
that it is possible to define convexity of a function f(x) on the basis of positive
definiteness of its second derivative, see Fig.4.13.

Generalization of above conclusion for function of many arguments, for instance
the strain energy W(e;;), condition of convexity is equivalent to positive definiteness

tangent point X;,

Fig. 4.12 Illustration of convexity or concavity of surface
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Fig. 4.13 Illustration of flx) flx)
convexity or concavity of a d&F d&F
function on the basis of sign e 0 e 0
of its second derivative \/ /\
X X
convex concave

of the Hessian 'H;; being (6 x 6) matrix of fourth-rank tensor components H; i =
OPW/Oe;jOex (4.24)

W

i = [W]
[ °W PW PW PW PW PW
85% 0e10ey 0e10e3 O0e10v4 Oe10vys 021076
>PW W PW PW W
Oel  0e20e3 Deadyy 9e20ys De20ys
W PW  PW PW
de3  0e30ys 023075 023076
’*w  Pw  o*w
o2 Oudys 07407

(4.36)

W PW
92 07507
*W

what is a proof for convexity of the surface WV (g;;). In analogous way, it is possible
to prove convexity of surface C(0;;).

Summarizing fulfillment of the stability postulate for elastic material guarantees
following properties of elastic deformation:

e Strain energy WW(e;;) and complementary energy C(o;;) exist and are positive
definite.

e Stress 0;; and strain ¢;; are normal to respective surfaces W = const or C = const.

e Surfaces VW = const and C = const are convex in respective spaces of ¢;; or ;.

e Positive definiteness of tangent stiffness matrix [;nE] and compliance matrix
[@nE~!] guarantees unique inverse of constitutive equations which means that
for any constitutive relation of type o;; = F(g;;) based on function W there
always exists its unique inverse €;; = F oy i)
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4.6 Discussion: Criterion of Positive Definiteness
of the Tangent Stiffness Matrix in Sylvester’s
Sense Versus Stability in Drucker’s Sense

In Sects.4.3 and 4.4 different versions of stability postulate for elastic—plastic or
hyperelastic materials are presented which are similar to each other by common
analysis of elementary work done on closed stress cycle. In both cases, detailed
analysis of the work term leads to formulation of normality rule and convexity of
respective surface (see Table 4.4). This is however the end of similarities between both
stability postulates. Namely, one of the essential differences between both stability
postulates is that Drucker’s postulate saves sense in case of elastic—plastic defor-
mation only. From the mathematical point of view, Drucker’s postulate is weaker
constraint than the Sylvester stability postulate of hyperelastic material. As a matter
of fact, requirement of nonnegative elementary work of plastic strain according to
Drucker’s postulate for elastic—plastic material

dojjde}; = 0 (4.37)

can be satisfied even for a case when only one scalar product, for instance do,de}
is positive and dominant over the others

Table 4.4 Schematic formulation of the Drucker stability criterion for hyperelastic material versus
the Sylvester conditions for minors of the Hessian matrix: total versus incremental formulations of
constitutive equations

Definitions Constitutive relations
Stress potential definition Oij = ——
(35,' j
Total form of constitutive equation 0ij =sec Eijkicii
. - . . ’Pw |
Incremental form of constitutive equation Oij = m——F—¢ul
(95,‘ j (9Ek1
2
. f O°W
Tangent stiffness tensor tan Eijki def 77
X 86,‘_,‘ 85](1
Drucker’s stability postulate in small Gijéij > 0
. . ‘ P*w
positive definiteness of quadratic form Wekl >0
(stability criterion) €ijOckl
2
. . | O°W
Hessian matrix [Hi;] «
X (95,' 86./
Sylvester’s stability condition det[H;;]x > 0
(all minors k x k of matrix [H]) k=1,2,...,n)
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do,de? — |doydel] — [dodeP| — [dTednb] — [draydady |

(4.38)

_|d7yzd7§z| >0

By contrast stability postulate for hyperelastic material is stronger constraint

because it requires positive definiteness of the quadratic form (4.24) which in Voigt’s
notation is as follows

lanElmnEmén > 0 (4.39)

According to the Sylvester criterion, necessary and sufficient condition for positive
definiteness of the quadratic form (4.39) is as follows:

det[@(Elr >0 k=1,2,...,6 (4.40)

for arbitrary arguments ¢, and €, where [;;n[E]x denote minors (sub-matrices of
dimensions k x k) of the tangent stiffness matrix [*"[E] and symbol det[ ] stands for
determinant. Hence, the Sylvester criterion (4.40) performs in nonabbreviated form
system of six inequalities (for sub-determinants) which together guarantee stability
of hyperelastic material

tanE11 > 0
det tanE11 tan E12 -0
tanE22
tanEll tanE12 tanEl3
det tanE22 tanE23 | > 0
tan £33

4.41)

tanE11 tanE12 anE13 tanE14 tanE15 anE16
tan£22 tan E23 tan E24 tan E25 tan E26
tanE33 tanE34 tanE35 tanE36

>0
tan E44 tan E45 wan E46
tan E55 tan Es6
tan E66

det

Finally itis worth to notice that the essential difference between Drucker’s stability
postulate (4.37) formulated for elastic—plastic material and the Sylvester’s stability
postulate for hyperelastic material based on positive definiteness of tangent stiffness
matrix (4.40) vanishes when the constitutive law in an incremental form based on
tangent stiffness matrix (4.15) is used as follows

of
P ep —1
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After introducing (4.42) into criterion of nonnegative plastic work (4.37), we arrive
at generalized stability Drucker’s postulate based on criterion of positive semi-
definiteness' of elastic—plastic stiffness matrix

E: y —ydogidog > 0 (4.43)
Generalized Drucker’s postulate formulated in such a way (4.42) is however stronger
condition than conventional Drucker’s postulate (4.37), and it takes form analogous
to Sylvester’s criterion (4.41) in which sub-determinants of fangent elastic stiffness
matrix [;nE] have been formally substituted by sub-determinants of tangent elastic—
plastic stiffness matrix [fan] (see Kuna-Ciskatl and Skrzypek [21]).

anE1p > 0
det an 11 anE12 =0
L tanE22
g)nE tanE12 tanEl3
det tanE22 an£23 | = 0
L tdnE33
(4.44)
anE11 anE12 unE13 an E14 unE1s un Ele
tan 222 1in E23 tan E24 an E25 1an E26
det tanE33 t'an34 tanE35 tanE36 -0
tan E44 tan E45 tan E46
tanE55 tanE56
L tan E66

Sylvester’s stability criterion in the format analogous to (4.41) or (4.44) was imple-
mented as failure criterion in other elastic-damage material to predict secondary
link-type or wing-type secondary crack initiation and subsequent growth stages
in the plane-stress concrete specimen with a pre-load crack, subject to tension or
compression (cf. Kuna-Ciskat and Skrzypek [21]). Note however that in numeri-
cal simulation of crack-growth response in elastic-damage material, the localized
strain-damage field is met at the crack tip. Consequently, local formulation of
the constitutive equations is no longer sufficient to assure convergence and avoid
mesh-dependence, such that more advanced nonlocal material model has to be used
(cf. Skrzypek et al. [30]) in such case.

!Inequality in a weak form with respect to accounting for possible perfectly plastic deformation.
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Chapter 5

Termination of Elastic Range of Pressure
Insensitive Materials—Isotropic

and Anisotropic Initial Yield Criteria

Artur W. Ganczarski and Jacek J. Skrzypek

Abstract In this chapter basic features of isotropic versus anisotropic initial yield
criteria are discussed. Two ways to account for anisotropy are presented: the explicit
and implicit formulations. The explicit description of anisotropy is rigorously based
on well-established theory of common invariants (Sayir, Goldenblat—-Kopnov, von
Mises, Hill). The implicit approach involves linear transformation tensor of the
Cauchy stress that accounts for anisotropy to enhance the known isotropic criteria to
be able to capture anisotropy, hydrostatic pressure insensitivity, and asymmetry of
the yield surface (Barlat, Plunckett, Cazacu, Khan). The advantages and differences
of both formulations are critically presented. Possible convexity loss of the classical
Hill’48 yield surface in the case of strong orthotropy is examined and highlighted in
contrast to unconditionally stable von Mises—Hu—Marin’s criterion. Various transi-
tions from the orthotropic yield criteria to the transversely isotropic ones are carefully
distinguished in the light of irreducibility or reducibility to the isotropic Huber—von
Mises criterion in the transverse isotropy plane and appropriate symmetry class of
tetragonal symmetry (classical Hill’s formulation) or hexagonal symmetry (hexag-
onal Hill’s or von Mises—Hu—Marin’s). The new hybrid formulation applicable for
some engineering materials based on additional bulge test is also proposed.
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5.1 Isotropic Initial Yield Criteria of Pressure Insensitive
Materials

In case of isotropic materials limit criteria for elastic range are independent of refer-
ence frame. For this reason the isotropic initial yield criteria can be written down in
the reduced frame of simple stress tensor invariants f(J;,, IT;) = 0 instead of the
stress tensor components frame f (o, I1;) = 0. By contrast, in case of anisotropic
materials the stress components frame has to be applied and the common both stress
and structural tensor invariants should be used (see Table5.2). Such a simplifica-
tion means reduction of the six-dimensional stress space to the three-dimensional
space spanned by arbitrary set of three stress invariants (J;,; i = 1,2, 3). Sym-
bol I1; denotes scalar material constants defining termination of the elastic behavior
through the yield initiation in a form of micro-slips in ductile material I7; = klp (yield
stresses) or through the local microcracks in brittle material I7; = kl‘.i (failure limits).

The number of independent material constants I7; depends on the number of
parameters in the equation of limit surface (vield or failure initiation) which have
to be identified from independent strength tests: e.g., the uniaxial tension (k;), the
uniaxial compression (k.), and the pure shear (k). In the simplest case, when con-
ditions of initial yielding or failure are identical for tension and compression and
simultaneously the shear is not independent constant the number of material con-
stants reduces to one parameter k; = k. = k which corresponds to yield or failure
initiation, whereas ks = % Such a limitation is true for majority of ductile mate-

rials (metals and metallic alloys). However, in case of brittle materials that exhibit
different limit stress points for tension and compression (both yield and failure), the
limit surface is to be characterized by at least two independent constants k; # k. and
such property is called strength differential effect.

Assuming narrower case of the experimentally confirmed for majority of metals
independence of yield initiation from hydrostatic pressure Jj,, we arrive at the limit
surface equation being function of the second and the third stress deviator invariants

S (Jos, J3s; ki) =0 (5.1)

Such a narrower class of materials is called hydrostatic pressure insensitive isotropic
materials.

The above condition depends on both the second and the third stress deviator
invariants J, J3s but it is independent of the first stress invariant Ji,. It simply
means that the cylindrical limit surface possesses the axis equally inclined to the
principal stress axes (01, 02, 03) called the hydrostatic axis (Fig.5.1).

For purpose of further geometric illustration of considered surfaces it is convenient
to apply the Haigh—Westergaard coordinates [21, 63] £, p, and 6 which represent,
respectively: distance along the hydrostatic axis measured from the origin to the
current stress point (effect of Ji,), distance in the deviatoric plane measured from
the hydrostatic axis and the stress point considered (effect of J), and the polar
coordinate of the stress point in the deviatoric plane (effect of Jz) (Fig.5.1). Hence
the following definitions of the Haigh—Westergaard coordinates hold
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plane
G,+6,+05=const

Fig. 5.1 Cylindrical yield surface in the Haigh—Westergaard coordinates

Jio 33 U5
=22 p= 20y 30) = ——
3 LTV oGO =g

Roughly speaking, dependence on the first coordinate £ stands for noncylindricity,
the second one p comprises size and the third one 6 describes asymmetry of the yield
surface.

For further consideration it is also convenient to use a concept of the generating
curve of limit surface conventionally called the meridian. Meridians of the limit
surface either yield or failure are curves being intersections of the surface by planes
of @ = const containing the hydrostatic axis. In case of rotationally symmetric limit
surfaces all meridians are identical. In a particular case of cylindrical surface all cross
sections by planes ¢ = const (deviatoric planes) are identical and hence meridians
are straight lines.

In more general case of cylindrical but nonrotationally symmetric surface, which
depends on either the third invariant J3; or alternatively the third coordinate 6, three
of all meridians are of the particular importance (Fig.5.2)

13 for 0 <6 < 5.2)

w3

Fig. 5.2 Cross section of the cylindrical limit surface in deviatoric plane & = const; points T, S,
and C correspond to the tensile &, the shear kg, and the compressive k. yield points, ki # k¢
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1. Tensile meridian T (0 = 0°)
2. Shear meridian S (6 = 30°)
3. Compressive meridian C (0 = 60°)

Hence the equation of nonrotationally symmetric cylindrical surface (5.1) can be
written as

f(p,0:ki) =0 (5.3)

where the independence of the position at the hydrostatic axis £ is obvious.

Note thatin a general case Eq. (5.3) represents cylindrical surface, the cross section
of which is not necessarily circular p(#). This property is called the strength differ-
ential effect or the tension and compression asymmetry k; # k.. Summarizing, for
isotropic materials considered the 60° symmetry property must be fulfilled which
means that the curve in the deviatoric plane is completely described by the form for
the sector 0 < ¢ < 7 and this form is repeated in the remaining sectors (Fig.5.2),
for details see Chen and Han [9], Ottosen and Ristinmaa [47]. In case of majority
of metals yield point stresses for compression and tension do not differ ky = k. = k
which means that no strength differential effect exists. In other words in the Haigh—
Westergaard space arbitrary cross section of a cylindrical yield surface done by any
deviatoric plane has to pass through six skeletal points: T; (§ = 0°, 120°, 240°)

and C; (6 = 60°, 180°,300°) at constant distance from the origin equal to \/gk.
Simultaneously, each of sectorial curve has to pass through three points correspond-
ing to pure shear S; (6 = 30°, 150°, 270°), see Ottosen and Ristinmaa [47], (Fig.5.3).

In the simple case of majority of metals and steels the additional assumption
of independence of the cross section from the angle # or alternatively from the

Fig. 5.3 The 60° symmetry property of the yield surface (5.3) in the deviatoric plane
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third invariant J3; can be done. In such a case limit surface is the cylindrical and
rotationally symmetric simultaneously as follows:

/3 3
f(pik)y=+/3J2s —k = Esijsij—k:\/;p—kzo 54

In such a way we arrive at the limit case of the unit shear strain energy-based classical
isotropic von Mises criterion occasionally called the Huber—von Mises criterion
anticipated by Huber [31], extended by von Mises [43] and interpreted physically by
Hencky [22], cf. Ottosen and Ristinmaa [47]. When the engineering notation is used
the isotropic von Mises criterion takes the explicitly deviatoric form

(O'y - UZ)2 + (o; — O'X)Z + (ox - Jy)z +6 (Tyzz + TZ%C + szy) = 2k? (5.5)

or
0% — o100 + O'% — 003 + a% — 0103 = k> (5.6)

if principal stresses are used.

In a more general case when the yield criterion depends on both the second and
the third Haigh—Westergaard coordinates f (p, #) or alternatively on both the second
and the third deviatoric stress invariants f(Jas, J35) we met the historically earlier
cylindrical criterion proposed by Tresca [60]

f(p,H;k)zﬁpsin(G—g)—kzo 0595% (5.7)
When the principal stresses are used the classical form of the Tresca criterion
f(o1,02,03:k) =max (|oy — 02|, |02 — 03], |03 —01]) =k =0 (5.8)

clearly corresponds to the hypothesis of maximum shear stress. The Tresca criterion
can also by presented in terms of the second and the third stress deviator invariants
(1.15), cf. Reuss [49]

[ (g, Jag) =45 — 2702 — k> I3 + 6k* Iy — kS =0 (5.9)

The Tresca initial yield surface is cylindrical but not rotationally symmetric built
on the regular hexagon and the hydrostatic axis Fig.5.4. It is clear that the Tresca
yield surface represents a regular prism inscribed into the Huber—von Mises circular
cylinder and possessing six joint meridians seen here as six skeletal points Ty, T, T3
and Cy, Cy, C3 (Fig.5.4). The Tresca initial yield surface exhibits the 60° symmetry
property.

The Tresca limit surface suffers from the existence of edges (tension Ty, Ty, T3
and compression Cy, Cp, C3 meridians) in which the normality rule does not hold
Fig.5.5.In order to avoid this deficiency the Hosford and Backhofen [27] and Hosford
[28, 29] limit surface can be introduced
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Fig. 5.4 Cylindrical initial
yield criteria in the
deviatoric plane

Fig. 5.5 Nonuniqueness of
plastic strain increment
direction in case of skeletal
points for Tresca yield
surface

loy — 2™ + o2 — o3|™ + |03 — 0| = 2k™ (5.10)

The discussed criterion is commonly called the Hosford criterion (1964) although it
was earlier suggested by Hershey [24] and Davies [11]. The exponent m used in the
Hosford criterion is an additional material constant that should be chosen according
to experimental evidence. The range of this constant exhibits certain limitations and
particular cases. It can theoretically change in range 1 < m < oo, cf. Cazacu and
Barlat [7]. Inthe cases | <m < 2or4 < m < oo the initial yield curves are located
between the Tresca and the Huber—von Mises loci, whereas form = 1 and m — oo
or for m = 2 and m = 4 the Tresca or the Huber—von Mises yield loci are recovered,
respectively. If 2 < m < 4 the yield curve slightly exceeds the Huber—von Mises
loci as shown in Fig.5.6. If 0 < m < 1 is chosen a concave yield curve is met,
which is inadmissible from the Drucker stability postulate point of view. According
to Hershey, magnitudes m = 6 and m = 8 well fit experimental findings.

Concluding, the Tresca initial yield criterion is the inner bound for all limit curves
of the isotropic materials without the strength differential effect. Note however that
there exists wide class of materials which exhibits the strength differential effect
hence the Tresca does not have to be treated as the inner bound nevertheless the
convexity condition resulting from the Drucker postulate is not violated, see Cazacu
and Barlat [7].
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Fig. 5.6 The second Haigh—Westergaard coordinate p versus exponent m in Hosford’s criterion
(5.10)

It is also possible to derive the outer bound for all limit curves of the isotropic
materials without the strength differential effect which does not violate convexity
according to Drucker’s postulate. To this end the criterion of maximal deviatoric
stress proposed by Schmidt [53], Ishlinsky [32], and Hill [26] can be used

2
f(o1,02,03; k) =max[|oy — onl, o2 — onl, |03 — onll — §k =0 (5.1

The above equation when rigorously expressed in the Haigh—Westergaard space takes

the alternative form
\/gpcos 9|, '\/gpcos 0+ %)
2

In this space the outer bound represents a regular prism circumscribed onto the
Huber—von Mises circular cylinder and possessing six joint meridians seen here as
six skeletal points T, T2, T3 and C1, C,, C3 (Fig.5.4). By contrast to Tresca’s inner
bound now six meridians do not coincide with the outer bound prism edges but lie
in the middle of walls (Fig.5.4).

Summarizing the above considerations, the postulate of inner and outer bounds
of limit surfaces of initial yield in isotropic and tension/compression materials (no
strength differential effect included) by Tresca (inner bound) and the criterion of
maximal deviatoric stress (outer bound) define the admissible range for all cylindrical

f(p, 05 k) =maX[

(5.12)
Vioeos (0- %)
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Fig. 5.7 Experimental c,/k
. R Huber-von
findings for thin-walled Mises outer bound
tubes made of steel (o), 1.2 &
copper (e), and nickel (OJ), 0
after Lode [40] Tresca’
08~ inner bound ¢
0.6
0.4
0.2

L 1 1 L 1
0 02 04 06 08 1.0 12 “o/k

Fig. 5.8 Yield surfaces
exhibiting strength
differential effect

ki/ke =0.75,1.0
(Huber—von Mises), 1.25;

described by (5.13), after ki/ke
— 0.75

Cazacu and Barlat [7] — — 1.0 (Huber-von Mises)
------ 1.25

limit surfaces for the class of metals and steels. It directly results from both the 60°
symmetry property in the Haigh—Westergaard space as well as the Drucker convexity
assumption. Hence, all initial yield surfaces of real tension/compression asymmetry
insensitive materials have to include tensile Ty, T», T3 and compressive Cy, Ca,

C3 meridians being straight lines equidistant form the hydrostatic axis \/gk. For
instance, the Lode [40] experimental findings for thin-walled tubes made of steel,
copper, and nickel confirm suitability of the Huber—von Mises and the Tresca criteria
for prediction of yield initiation in case of ductile materials under the plane stress
state (03 = 0), see Fig.5.7. Limit surface dependent on the second and the third stress
invariants with the strength differential effect accounted for, was used by Raniecki
and Mrdéz [48] when applied to initial yield or phase change surfaces in NiTi shape
memory alloys

f g, Jag) = (Jas)"? = ¢ (Jag)" — " =0 (5.13)
Raniecki and Mroz’s criterion (5.13) includes three material constants ¢, k, n and
it is an extension of the Cazacu and Barlat [7] criterion for n = 1 for describing

asymmetry in yielding initiation in pressure insensitive isotropic materials, Fig.5.8

F(Jas, Jas) = (Jag)¥? —chzs =k =0 (5.14)
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On the other hand, substituting n = 2 to Eq. (5.13) we arrive at Drucker’s
criterion [12]
f(as, Jag) = (J2)* = ¢ (J3)” = k° =0 (5.15)

5.2 Von Mises Anisotropic Criterion

In a general case of material anisotropy, extension of the isotropic yield initiation
criteria (Table 5.3) to the anisotropic yield/failure behavior (Table5.4), by the use
of common invariants of the stress tensor and of the structural tensors of plastic
anisotropy (cf. Hill [25], Sayir [52], Betten [5], Zyczkowski [65]), can be shown in
a general fashion

f (I, Oyjoyj, Do iow, Tijkimnoijokcmn, ---) =0 (5.16)

where Einstein’s summation convention holds.
In such a case, initiation of plastic flow or failure is governed by the structural ten-

<0> <2> <4> <6>
sors of material anisotropy of even-ranks: Il = I1, Il = I, Il = I, Il =
Mijkimn, - - ., etc., instead of the scalar constants k; as it is known for isotropic mate-

rials. Equation (5.16) owns a general representation, but its practical identification
is limited by a large number of required material tests and, additionally, because the
components of the structural tensors are temperature dependent, which makes iden-
tification much more complicated (cf., e.g., Herakovich and Aboudi [23], Tamma
and Avila [59]). Hence, a general form (5.16) is usually more specified and limited
for engineering needs.

In a particular case when a general tensorially polynomial form of Eq. (5.16)
is assumed (cf. Sayir [52], Kowalsky et al. [37], Zyczkowski [65], Ganczarski and
Skrzypek [18]) the polynomial anisotropic yield criterion is furnished

(o) + (Tyoyon)’ + Tijgmnoiiorom)) + - —1=0 (5.17)

where, if the Voigt notation is used the structural anisotropy tensors take correspond-
ing matrix forms
<2> Tl T12 713
[II]= T2 T3 (5.18)
33
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and
Iy Iy Hy3 |1 s e
\ Iy I3 |11y TThs T
it 33|34 I35 IT36
[T = Myy Iys Tye (5-19)
55 56
Is6

The even-rank structural anisotropy tensors I7;, ITijx, Hijkimn, - - -, in EQ. (5.17) are
normalized by the common constant /T and «, 3, 7 . . ., etc., are arbitrary exponents
of a polynomial representation. In a narrower case if « = 1,3 = 1/2,v = 1/3,
and limiting an infinite form (5.17) to the equation that contains only three common
invariants, we arrive at the narrower form known as the Goldenblat and Kopnov
criterion [19]

Htjalj + (Ijl'jkla'ijo'kl)l/2 + (17t'jklmnO'ija'klo'rm't)1/3 -1=0 (5.20)

which satisfies the dimensional homogeneity of three polynomial components.

Equation (5.20), when limited only to three common invariants of the stress tensor
o and structural anisotropy tensors of even orders: 2nd I1;;, 4th IT;j;, and 6th I,
is not the most general one, in the meaning of the representation theorems, which
determine the most general irreducible representation of the scalar and tensor func-
tions that satisfy the invariance with respect to change of coordinates and material
symmetry properties (cf., e.g., Spencer [56], Rymarz [51], Rogers [50]). However,
2nd, 4th, and 6th order structural anisotropy tensors, which are used in (5.20) or
in case if « = 1,8 = 1,y = 1 and the deviatoric stress representation used by
Kowalsky et al. [37]

1 2 3
hfj )sl;,' + hgjk)[s,'jskl + hgjk)lmns,:/sklsmn —h® =9 (5.21)

are found satisfactory for describing fundamental transformation modes of limit sur-
faces caused by plastic or failure processes, namely: isotropic change of size, kine-
matic translation and rotation, as well as surface distortion (cf. Betten [5], Kowalsky
et al. [37]).

In what follows, we shall reduce class of the limit surface from the general ten-
sorially polynomial representation to the forms independent of both the first IT;jo;;
and the third IT;jxjun0ij010my, common invariants, but preserving the most general
representation for the second common invariant, according to von Mises [43, 44].
In such a case the 4th rank tensor of material anisotropy I is, in general, defined
by 21 anisotropy modules (but 18 of them independent), since the anisotropy 6 x 6
matrix [II]; (5.19) can completely be populated. Further reduction of the number
of modules to 15 will be achieved, when the insensitivity of general von Mises
quadratic form with respect to the change of hydrostatic stress will be assumed. In
such a way the general tensorial von Mises criterion will be reduced to the devia-
toric von Mises form defined by 15 anisotropy modules. A choice of 15 anisotropy
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modules considered as independent is, in general, not unique (cf. Szczepiniski [58],
Ganczarski and Skrzypek [17]). However, the 15-parameter deviatoric von Mises cri-
terion is sensitive to the change of sign of shear stresses, which may be considered as
questionable (cf., e.g., Malinin and Rzysko [42]). Simplest way to avoid a doubtful
physical explanation for existence of terms linear for shear stresses 7;;, a reduction
of the 15-parameter von Mises equation to the 9-parameter orthotropic von Mises
criterion can be done. This form does not satisfy the deviatoric property, but when
the constraints of independence of the hydrostatic stress is consistently applied, it
is easily reduced to the deviatoric form, known as orthotropic Hill’s criterion, with
only 6 independent moduli of orthotropy (cf. Hill [25]).

Limiting ourselves to plastic yield initiation in ductile materials, a consecutive
reduction of the general tensorially polynomial anisotropic criterion (5.20) to the form
dependent only on the 4th rank common invariant o [T;j;;01; holds, as it was proposed
in the von Mises criterion for anisotropic yield initiation (item D8 in Table 6.3) (cf.
von Mises [43, 44]).

oiillijuoy —1=0 (5.22)

When the more convenient Voigt’s vector—matrix notation is used, the form equivalent
to (5.22) is obtained

<4>

(c}T[T J{o}—1=0 (5.23)

where only one fourth-rank tensor of plastic anisotropy Il is saved.

Anisotropic von Mises criterion (5.22) or (5.23), being an initial yield criterion of
anisotropic material is an extension of the isotropic Huber—von Mises criterion (5.4).
This is more clear when the Huber—von Mises condition is rewritten in a following
fashion

oIl Mo —1=0 (5.24)
where HI%AH stands for the isotropic fourth-rank structural tensor whose represen-
tation matrix is _ _

1-% %000
1 —4[000

1 11000
MHMH - 2
= 4’% 529

| 30
| 3

Note however that condition (5.24) comprises stress tensor components o;; but not
stress deviator components s;; as commonly used. However, Eq. (5.24) takes analo-
gous form when stress deviator components s;; are used, namely

syl Ty s — 1= 0 (5.26)
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since when decomposition of the stress tensor into the deviatoric and the hydrostatic
part is done 0j; = s + %okk&-j we arrive at

1
syTTi sy + (2s,~,- 4 gammé,,) ( 5}3}“*5,(,) O —1=0 (5.27)

However, the underlined term in (5.27) is identically equal to zero since the following
holds

HHMH_i_HHMH_I_HHMH:l_%_%:O
H2MH+HHMH+HHMH: %—1—1 %20 (5.28)
T e R

when the Voigt notation for the Huber—von Mises matrix is used.

The structural 4th rank tensor of plastic anisotropy in Eq. (5.22) must be symmet-
ric: Iy = Iyij = i = iji, if stress tensor symmetry is assumed. Hence, in
case if none other symmetry properties are implied, the von Mises plastic anisotropy
tensor is defined by 21 modules. However, due to its invariance of the tensorial trans-
formation rule, number of independent anisotropy modules is reduced to 18. Finally,
the general anisotropic von Mises criterion can be furnished as

My0? + Hyyyy”% + M0+

2yvyyox 0y + 2y 0y0; + 21 00,05+

ATy, 05 Tyz + Mgy Ox Tox + iy Ox Ty +

Hlyyy0yTye 4 Ayyexoy Tox + 41y 0y Toy+ (5.29)
A 77y; 0, Tyz + 411120007 Tox + 4l 720y 07 Ty +

SnxyszxyTyz + 811 yeoxTyz Tex + SnzxxyszTxy+

ATy 72 + ATy T2 + ATy T2 = 1

where [T denote 21 components of the von Mises plastic anisotropy tensor.

The von Mises 6 x 6 matrix of plastic anisotropy, being symmetric and fully
populated matrix representation of the 4th rank anisotropy tensor [T;j; shown in
(5.22), is furnished as follows:

Iy 1o Iy |1y 15 e eccece

1o Is3|1124 1125 Il eeloce

[<ﬁ>] _ 33 |1134 135 36 bl bl
B II4g 1145 Ilse o

55 156 i

Ilge .

(5.30)
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if engineering vectorial representation of the stress tensor {o} is chosen as

o3 Ox
(o3 Oy
[0} g

=431 =1% (5.31)
04 Tyz
o5 Tzx
g6 Txy

When the matrix coordinates IT;; (5.30) are consistently defined by the tensorial
coordinates IT;jx

Iy = My IIp = Hyyyy I3 = HZZZZ

I, = nxxyy Iz = Hxxzz I3 = Hyyzz

Iy = 217xxyz ITs = 217)0(2)6 e = 217xxxy s (5.32)
T4y = 4Hyzyz Is5 = 41Ty Tlge = 4nyxy

Iys = 4Hyzzx Ty = 4nxyyz IIs¢ = 4nz,xxy

we arrive at the general anisotropic von Mises equation equivalent to (5.29)

107 + Mxno; + Myz07 +

2(IMp0x0y + My30y0, + I1310,0% +

407y, + H1505Tox + T160xTay +

I40y Ty, + 50y Ty + Theoy Tay + (5.33)
I1340;Ty; + 11350 Tox + 1360, Tay +

T145Ty Tox + HaeTayTyz + H56ToxTay) +

MMag7} + 5572 + Mee7h, = 1

Representation of the anisotropic von Mises condition (5.23) in deviatoric form is
not trivial. The von Mises equation in the vector—matrix notation depends on both the
deviatoric s and the hydrostatic part o1, when stress decomposition o = s 4 o1
is applied, namely

<4> <4>
T 1s)+ (2407 + on (UT) ([ I ]{I}Uh) —1=0 (5.34)

The tensorial von Mises equation (5.34) can further be reduced to the deviatoric form
independent of the hydrostatic pressure as follows:

()T [aev ] {s} — 1 =10 (5.35)

only if the constraint
<4>

[M]{1} =0 (5.36)



172 A.W. Ganczarski and J.J. Skrzypek

is consistently applied. The constraint (5.36) guarantees the deviatoric von Mises
equation (5.35) to be represented in the reduced six-dimensional stress space by a
cylindrical surface defined by 15 independent anisotropy modules, when six con-

straints are satisfied
oy + I+ 13 =0

Iy + T + 13 =0
I3+ I3 + 33 =0
My +Thy + 14 =0
Ili5 + IT)s + 135 =0
I + I + 36 =0

(5.37)

However, the final matrix representation (5.30) with (5.37) employed depends on a
choice of independent elements. Two of such representations are of special impor-
tance.

In the first case, the elements of matrix (5.30) considered as independent are:
Iy, I3, ITh3; Ths, e, T4, TThe, T34, I35 and Tag, 155, Tes; Tas, Tae, Tse,
such that the following first representation for the deviatoric von Mises matrix is
furnished

—1I5 — I3 115 115
—IIo — I3 1153
4y II] = —1l3 — 1o

—1IIzy — I3y 1115 Il [ceeloee
1oy —1I5 — I35 Il celece
H34 H35 7H16 — H26 Ole @ O
H44 H45 H46 oo
IIs55 156 oo
HGG L °

(5.38)
if constraints (5.37) are applied as follows

Iy =~y — I3, Iy =~y — T34
Iy = —ITp — I3, Ilhs = —11i5 — I35 (5.39)
I3 = =13 — I3, Il36 = —I16 — Iy

Inthe second case, the elements of matrix (5.30) chosen as independent are: Iy, 122,
I33; Iy, ITi6, IThy4, Ths, T34, I35 and T4, [1s5, Iee; Tlys, Tae, I156, hence we
arrive at the second representation of the deviatoric von Mises matrix as follows:
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[ 11, %(Hszs — Iy — IIy) %(sz — I — II33)
Py 5 Iy — Mo — II33)
11
[devH] = 33
—ITyy — II34 15 116 T [eocoloee]
134 —1II5 — I35 126 eojece
1134 1135 —1I16 — 126 eje 0o
1144 145 146 eoe
155 e ')
IIg6 1L °|
(5.40)
if, instead of (5.39), other substitution is used
My = 333 — Iy — ITy)
M3 = (I, — Iy — IT33)
Iy = LTy — My — 1T
23 = 5 (I 2 33) (541)

Iy = —1ITy — I3y
s = —ITi5 — I35
36 = —I6 — Iy

A choice of 15 elements in the von Mises matrix (5.30) considered as independent
is not a unique procedure and can result in the different deviatoric von Mises equation
forms. In particular, when a more convenient representation (5.38) is substituted for
[gevIT] in (5.35) we arrive at the following von Mises equation expressed in the
deviatoric stress space

—Is (s¢ — Sy)2 — I3 (sx — 52)* — I3 (sy — 52)2 +
2 {TYZ [1724 (Sy - sx) + 134 (s; — sx)] +
Tox [1715 (Sx — Sy) + I35 (sz — Sy)] +
Ty [MT16 (sx — 52) + Tag (sy — s2) |+
Ty5Ty; Tox + Ha6Tay Ty + H56TUTxy} +
Magry, + Mss5725 + Moy, = 1

(5.42)

It is visible that above equation owns the clear deviatoric structure hence, when the
tensorial stress space is used instead of the deviatoric one, the analogous equivalent
to (5.42) representation of the deviatoric von Mises equation is also true in terms of
stress components (cf. Szczepiriski [58])



174 A.W. Ganczarski and J.J. Skrzypek

—ITy3 (o — Uy)2 — M3 (0 — 02)* — I3 (oy — Jz)2+

2 {TyZ [1724 (O'y — ox) + 134 (0; — O’x)] +
7o [ (04 — 0y) + T35 (02 — 0y) | +
Txy [HIG (ox —07) + 1l (Uy - UZ)] +
T1y57y; Tox + HaeTay Ty, + HSGszTxy} +

H44Ty2z + 17557'12x + nﬁﬁszy =1

(5.43)

Note, that Egs. (5.42) or (5.43) are defined by 15 elements [1;;. However, the under-
lined terms are sensitive to change of sign of shear stresses, e.g., 7y;(0y — 0y) etc.,
which is physically questionable and, finally, such terms are consequently omitted in
some cases (cf., e.g., Malinin and Rzysko [42]). Nevertheless, the full representation
(5.43) might occur useful when the von Mises—Tsai—Wu extension to the brittle-like
material is sought for (cf. Tsai and Wu [61]).

5.3 Orthotropic Initial Yield Criteria—The von Mises
Orthotropic Criterion, the Hill Deviatoric Criterion

General form of the 21-parameter anisotropic von Mises criterion (5.33) involves
none material symmetry property. In a particular case if plastic orthotropy is assumed
for the initial yield criterion (5.23), when represented in principal orthotropy axes,
the 9-parameter orthotropic von Mises matrix (5.30) takes the form

Iy I 130 0 0 0 coo
Iloo I3 O 0 O oo
_ I35 0 0 O °
[ortﬂ] - H44 0 0 °
IIs5 0 °
Igg °

(5.44)

In such a case the general anisotropic von Mises equation (5.33) is reduced to the
narrower 9-parameter orthotropic von Mises criterion

107 + Mxo; + My307 +
2(ITyox0y + Ih3oyo, + I1310.0x) + (5.45)
H44T)2'z + 17557}%[ + 17667')(2)) =1

When the Voigt notation is used, the 9-parameter orthotropic von Mises criterion
takes the form
(o) [onIIl {o} =1 =0 (5.46)
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that involves definition (5.44). Note that equation (5.46) belongs to the class of
hydrostatic pressure sensitive criteria (cf. item D8 in Table 6.3 Khan et al. [35, 36]).

In order to achieve pressure insensitive orthotropic criterion we apply a procedure
described in Sect.5.2. If we decompose again the stress tensor into deviatoric and
volumetric parts o = § 4 op1 in the orthotropic von Mises equation (5.46) we arrive
at the equation analogous to (5.34)

() oI s} + (2017 + o (1)) (o (o) =1 =0 (547)

Assuming further hydrostatic pressure insensitive form the following holds
lon I {1} =0 (5.48)

which leads to three constraints instead of six in general case of von Mises anisotropic
Eq.(5.37)
My +Iy+Mi3=0
Iy + Iy + I3 =0 (5.49)
ITi3+ I3 + 133 =0

In this way the orthotropic von Mises criterion (5.46) reduces to the pressure insen-
sitive criterion called Hill’s criterion [25, 26] that contains six independent modules

1T s} —1=0 (5.50)

Hill’s matrix [ITH] appearing in Eq.(5.50) contains six independent modules. A
choice of the three independent modules form six involved in Eq. (5.49) is not unique.
In what follows two of them are discussed (see two aforementioned forms (5.38) and
(5.40)).

In this way we arrive at the following Hill’s matrices

—H12 —H13 H12 H13
—1II15 — I3 I3
—1II3 — Il23
[t = T
155
1

ocoOee
oe

(5.51)
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or

M33—1111 —1IIag Il —1I11;—1T
Hll 33 11 22 22 11 33

5
Iy —Ifas—1IT
H22 11 222 33
1133

(]

® OO
® O

(5.52)

When the engineering notation is used, corresponding representations of the Hill’s
criterion are

2 2
_[st (0y = 02)" + Mi3 (0, — 0:)* + 12 (0% —Uy) ]+
17447’ + 5572 + 1766

(5.53)

or
02 + 172205 + 3302 + (33 — T — ITh) 00y +
Iy — My — I33) ox0; + (1111 — Iy — I133) 0y0; + (5.54)
1744Ty2Z + Hsstzx + 176673), =1

Both representations (5.53) or (5.54) describe the same Hill’s limit surface, but apply-
ing two different choices of six independent elements of the Hill matrices (5.51)
or (5.52). In order to calibrate Hill’s criterion in the form (5.53) or (5.54) three

Fig. 5.9 Six tests for Hill’s k.
criterion calibration @
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tests of uniaxial tension oy = ky, 0y, = ky, 0, = k; and three tests of pure shear
Txy = kxy, Tyz = kyz, Tox = kg, in directions and planes of material orthotropy
(Fig.5.9), must be performed. These tests allow to express six modules of material
orthotropy in Eqs. (5.53) and (5.54) in terms of 3 independent plastic tension lim-
its ky, ky, k; (in directions of orthotropy), and 3 independent plastic shear limits
kyz, kzx, kyxy (in planes of material orthotropy). Hence,

RN U N Y
B=3 2t e a2 ) =1

_Hl3:1(i+i_i),n55:L (5.59)
2\Kk2 KK k2,
_mzz(i+i_i),n%=i

2\i2 K2 k2 k2,

such that orthotropic Hill’s criteria equivalent to (5.53) or (5.54) can be furnished
in terms of plastic anisotropy limits as follows:

11 1 1 11 1 1 )
Nete g)o-tilgte g)oo
Z

z X y

1f(1 1 1 2 Tyz 2 Tox 2 Txy g
=+ - - _ — = = ) =1
2 (k;% " k% kzz) (Ux Uy) - (kyz) * ke " Kxy
> oy 2+ oy 2+ o\ L1 1
Ix bl ZY) =+ = - = oo, -
ke ky ke KUk

1 1 1 1 1 1
—_ 4 = - = O-yo'z - =4+ =- = 0,0 =+ (557)
(kg 2 kg) (kg K2 kg)
Tyz ? Tex 2 Txy z
=) +({=) +(=) =1
kyz kzx kxy
Note that under a particular plane stress condition, e.g., in the x, y plane, when

0; = Tix = Ty; = 0, both formulas (5.56) and (5.57) reduce to the 4-parameter
orthotropic Hill’s condition

2 2 2
o2 oy (1 1 1 oy
(kg L) A

(5.56)
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where initiation of plastic flow in the x, y plane is controlled not only by the in-plane
limits &y, ky, and k,y, but also by the out-of-plane limit k,, which may finally lead to
inadmissible loss of convexity by the yield surface. This will be discussed in detail
in the next section.

Note that in case when ITrz = 113 = I11; = —1/2k2 and [1y4 = 55 = g6 =
3/k? the orthotropic Hill criterion (5.53) reduces to the isotropic Huber—von Mises
criterion

(03— 02)" + (0. — 0x)2 + (00 — ) 46 (Tyzz 72+ Tfy) =22 (5.59)

The Hill criterion (5.53) is formulated in the space of principal material directions
of orthotropy which in general do not coincide with directions of principal stresses.
In the particular case when the coaxiality holds o, = o1, 0y = 02, 0, = 03,
Tyy = Ty = Tzx = 0 we arrive at simplified

— o3 (02 — 03)* — 13 (03 — 01)> — 12 (01 — 02)* = 1 (5.60)

or when calibration (5.55) is used the explicit form of (5.60) is finally furnished

S (LR B L
NA=s+=5—-—=)2—0
2\2 "k )"

L] + . ( )2+ (5.61)
N+ ——=)lo3—0 .
2\ e e)r

(L 1 1), 21
o\ g ) T

Hill’s condition (5.61) represents cylindrical elliptic surface whose axis coincides
with the hydrostatic axis. Nevertheless in some cases, the limit surface looses closed

form for high othotropy degree which may occur when one of following expressions

I B [ T L1 1 .
2Te e elsewhere etego%gtg-w changes the sign. Such

behavior is not admissible and a way how to overcome it will be presented in the next
section.

It is convenient to express Hill’s limit surface by use of the Haigh—Westergaard
coordinates (cf. Ganczarski and Lenczowski [15])

ol ¢ 1 3 cos
o b = 7 1§+ \/; p(6) 1 cos(0 — &) (5.62)
03 311 cos(6 + 27”)
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Fig. 5.10 Comparison of the
Huber—von Mises and the
Hill criteria in deviatoric
plane applying the
Haigh—Westergaard
coordinates p(0) (k; = k,

ko = 0.8k, k3 = 1.5k)

to finally obtain Hill’s criterion in form p(#)

2

p(9) =
1 1 1 ~]]2 s 1 1 1 ’]]2 s
(g-i-g—E)Sl (9+§)+(E+E_g>51 (9_§)

Note that in case if ky = ko = k3 = k the Huber—von Mises circular cylinder is

recovered Fig.5.10
2
p= \/;k = const (5.64)

5.4 Hill’s Criterion Versus Hu—-Marin’s Concept
in Case of Strong Orthotropy

Classical orthotropic Hill’s criterion [25], despite obvious advantages and wide tech-
nical applications, is limited however by some constraints of applicability, which are
discussed in the present section following [18].

First limitation of applicability range of the classical Hill criterion is established
through the inequality bounding the magnitudes of the engineering orthotropy con-
stants k1, ko, and k3 in order to avoid ellipticity loss of the limit surface in the stress
space when the coordinate axes are aligned with the material axes of orthotropy (see,
e.g., Ottosen and Ristinmaa [47], Ganczarski and Skrzypek [17, 18]). Such limit
bounds put upon the orthotropy limits usually hold in case if the degree of material
orthotropy is moderate. For example, if the material ensures the transverse isotropy
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symmetry, it is shown that the orthotropy degree bounded by the inequality i‘::‘: <2
guarantees ellipticity of the limit surface to be saved. However, if the orthotropy
bound is violated, the Hill criterion becomes useless when a possible degeneration
of the elliptic cylindrical surface into two concave hyperbolic cylinders occurs, what
is inadmissible in the light of Drucker’s or Sylvester’s stability postulates.

To illustrate this restriction, we consider two types of true materials for which
the classical Hill criterion occurs to be: either useful, if material orthotropy degree
is not very high such that the ellipticity property of the limit surface is preserved, or
useless if the orthotropy degree is as high as the described limit surface no longer
holds the ellipticity requirement. Other words, a physically inadmissible degeneration
of the single convex and simply connected elliptical limit surface into two concave
hyperbolic surfaces occurs.

The following inequality bounds the range of applicability for Hill’s criterion
(cf., e.g., Ottosen and Ristinmaa [47])

2 2 2 111
LI
272 272 272 4 4 4
o R L S I - R =

(5.65)

For simplicity, a coincidence of the principal stress axes with the material orthotropy

axes is assumed in (5.65). In the narrower case of transverse isotropy ki = k,
condition (5.65) reduces to the simple form
1[4 1
—l==-=]>0 5.66
g (k% kg) e

Substitution of the dimensionless parameter R = 2(1;—?)2 — 1, after Hosford and
Backhofen [27], leads to the simplified restriction

R > —-05 (5.67)

If the above inequalities (5.65)—(5.67) do not hold, elliptic cross sections of the limit
surface degenerate into two hyperbolic branches and the lack of convexity occurs.
To illustrate this limitation, the yield curves in two planes: the transverse isotropy
(o1, 02) and the orthotropy plane (o1, 03) for various R—values, are sketched in
Fig.5.11a, b, respectively. It is observed that when R starting from R = 3 approaches
the limit R = —0.5, the curves change from closed ellipses to two parallel lines,
whereas for R < —0.5 concave hyperbolas appear.

As example of orthotropic engineering material for which classical Hill’s criterion
can correctly predict the limit surface, consider first the OTCz Titanium Alloy, the
mechanical orthotropic properties of which are given in Table 5.1 (cf. Malinin and
Rzysko [42]). Note that, for the OTCz Titanium Alloy, yield limits in the plane of
weak orthotropy 1,2 differ not so much, but the 3 axis is the dominant orthotropy
axis. As a consequence, in the plane of weak orthotropy 1,2 Hill’s ellipse is slightly
rotated towards 2—axis (ap & 45°), in contrast to the plane of strong orthotropy
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(a)

Fig.5.11 Degeneration of the Hill’s limit surface with the magnitude of the Hosford and Backhofen
parameter R: a transverse isotropy plane, b orthotropy plane (after Ganczarski and Skrzypek [18])

Table 5.1 Mechanical properties of orthotropic OTCz Titanium Alloy after Malinin and Rzysko
[42]

Yield limits ki [MPa] k> [MPa] k3 [MPa]

490 520 800

1,3, where the rotation of the Hill ellipse is significant («13 & 71°), as shown in
Fig.5.12a, b, respectively.

In a case of high orthotropy degree (observed for majority of the long fiber rein-
forced composites, for instance: Boron/Al, SiC/Ti, Glass/Epoxy, Graphite/Epoxy,
etc., e.g., Herakovich and Aboudi [23], Sun and Vaidya [57], and others), the con-
cept other than Hill’s is proposed. This new approach suggests formulation of limit
criterion based on the 9-parameter von Mises condition, but enhanced by the Hu—
Marin type biaxial orthotropic loading conditions (cf. Hu and Marin [30], Skrzypek
and Ganczarski [54]). It will be demonstrated that, even in a case of arbitrarily strong
orthotropy (for instance, kmax/kmin = 9, in case if brass £.62 is tested) the property
of ellipticity is saved.

In general case of strong orthotropy, when the ellipticity condition (5.65) does
not hold, the deviatoric Hill criterion (5.56) or (5.57) becomes useless. Hence, in
order to describe physically admissible closed and convex limit surface, the more
general 9-parameter orthotropic von Mises equation (5.44) has to be recalled. In a
narrower case of the principal stress axes coinciding with the material orthotropy
axes the Eq. (5.45) reads as

M0} + IThy03 + 3303 + 2(IT120102 + 30203 + [T310301) = 1 (5.68)

The condition (5.68) is defined by six material parameters only, because T3 = 131 =
T12 = 0, hence its calibration requires six conditions:
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Fig. 5.12 Hill’s deviatoric initial yield conditions versus Huber—von Mises’ isotropic approxima-
tion for the OTCz Titanum Alloy (cf. Table5.1): a the plane of “weak” orthotropy (o1, 02), b the
plane of “strong” orthotropy (o, 03) (after Ganczarski and Skrzypek [18])
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Fig. 5.13 Graphical O;
illustration of biaxial loading
conditions (5.70
( ) kj k[ ’ k/)
P R

three tests of uniaxial tension along the orthotropy axes

01=k1 Uz=003=0—>1711=1/k%
oy =kp 0'1=00'3=0—>1722=1/k% (5.69)
O’3=k30’1=00’2=0—>ﬂ33=1/k%

and three orthotropic biaxial tension loading conditions (k;, k;) cf. Fig.5.13

o1=kiopy=kyo3=0— II}p = —1/2kik>
o1=kio3=k3 00 =0— II;3=—1/2k1k3 (5.70)
02 =ky o3 =k3 01 =0 —> I3 = —1/2kok3

The similar equibiaxial tension loading conditions are used, e.g., by Khan and
Liu [35].

Calibration of the orthotropic von Mises criterion (5.68), performed with condi-
tions (5.69) and (5.70) used, leads to the three-axial extension of the Hu—Marin type
criterion (cf. Ganczarski and Skrzypek [16], Skrzypek and Ganczarski [54])

2 2 2
o1 0107 lop) 0203 o3 0103
—) -——+=) =) =1 5.71
(/q ) ik, (kz) koks (k3 ) kiks 7D
The enhanced Mises—Hu—Marin type criterion (5.71) is free from Hill’s deficiency
even in case of arbitrarily strong orthotropy degree, since it never violates the Drucker

stability postulate, which is not guaranteed by Hill-type equations. The Hu—Marin-
type Eq.(5.71) can easily be presented in the “pseudo-deviatoric” format

2 2 2
o1 (o3 (op) 03 03 g1
—— =) +{——) +|— ) =2 5.72
(kl kz) (kz ks) (k3 kl) 672
Three orthotropy limit yield points k1, k> and k3 establish the proportional stress/
strength axis of cylindrical Hu—Marin’s surface. Note that this proportional stress/
strength axis, which determines a position of the limit surface axis in the prin-

cipal stress space, is different from the hydrostatic axis, but the condition of
equal ratios o;/k;i = « holds at all points belonging to this axis. The extended
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von Mises—Hu—Marin type criteria (5.71-5.72) are always “unconditionally stable”
criteria, that remain convex even for very strong orthotropy, by contrast to the clas-
sical Hill condition in which the possible loss of convexity can be met in the case of
highly orthotropic materials. However, the fully deviatoric format of the Hill criteria
(5.50-5.56) is lost in the Hu—Marin type format (5.72) where the hydrostatic pressure
insensitivity is relaxed.

In the particular case of plane stress state 03 = 0 the three-parameter enhanced
von Mises—Hu—Marin equation (5.71) is reduced to the two-parameter one, as pro-
posed by Hu—Marin [30]

2 2
o1 0102 (op)
— ) —— —) =1 5.73
(kl) kikz | (kz) G739
Comparison of the 2-parameter Hu—Marin plane stress equation (5.73) with the

simplified 4-parameter plane stress Hill’s equation (5.58) written for principal stress
axes, leads to the 3-parameter form

2 2

o1 1 1 1 (02)
=) (5+5-5 +(2) =1 5.74
(kl) (k% 7 k%)maz - (574)

which becomes identical to the von Mises—Hu—Marin equation (5.73) only if follow-
ing constraint holds
1 1 1 1

Kk + k2 kik 673
which is usually not true.

In order to illustrate a suitability of the von Mises—Hu—Marin orthotropic
Eq.(5.71), when compared to certain limitations of the Hill deviatoric Eq.(5.58),
two engineering materials characterized by different degrees of orthotropy: OTCz
Titanium Alloy (“weak” orthotropy) and £62 brass (“strong” orthotropy) are studied.
The results are presented in Fig.5.14a, b on the planes o1, 03 and o1, 02, respec-
tively. In case of “weak’ orthotropy both Hill’s and Hu—Marin’s ellipses differ not so
much, and both concepts are recommended (Fig. 5.14a). However, in case of “strong”
orthotropy, when the inequality (5.65) is not satisfied, following the Hill concept two
concave hyperbolic cylinders are formed by opening of the elliptic cylinder towards
the proportional stress/strength axis (Fig.5.14b). On the other hand, the Hu—Marin
type surface saves the ellipticity property regardless of the magnitude of orthotropy
degree considered. In other words the Hu—Marin surface is “‘unconditionally stable”
which remains convex for very strong orthotropy. It is possible due to three additional
constraints (5.70) satisfied for the pairs of orthotropy yield limits (ky, k2), (k2, k3),
and (k3, k). But, it should be pointed out that the Hu—Marin cylindrical surface
does not satisfy the condition of deviatoricity, hence this condition in fact should be
classified as a specific representative of the hydrostatic pressure sensitive class of
materials where the independence of the hydrostatic stress constraint is relaxed.
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Fig. 5.14 Comparison of the Hill and the Hu—Marin plastic yield criteria for two orthotropic
materials of different orthotropy degrees: a “weak” orthotropy in case of OTCz titanium alloy
(ki = 490MPa, ky = 520MPa, k3 = 800MPa), b “strong” orthotropy in case of 162 brass
(k; = 105MPa, k» = 120MPa, k3 = 950 MPa) (after Ganczarski and Skrzypek [18])

The aforementioned possible loss of the convexity of classical Hill’s criterion
[25] (5.56) in case of highly orthotropic materials is even more pronounced when
the orthotropic generalization of the isotropic Hosford criterion [27] (5.10) for higher
(even) exponents is done
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_H23|Uy_az|m_nl3|oz_0x|m_H12|Ux_Jy|m (5.76)

+ Taa| 7y " + 55|70 ™ + He6|Tay|" = 1

Six generalized orthotropy modules I»3, . .., I1ge can be expressed in terms of six

yield point stresses Ky, . . ., kyy in analogous fashion as previously discussed manner
of calibration for Hill’s criterion (5.55), namely

I 1 ( 1 n 1 1 ) I 1
—423 == - s 1144 =
2 \lkyl™ = ko™ k™ Iy ™

1 1 1 1 1
-3 == ( + - ) , I[s5 = 5.77
PANATITATI TR e ©-77)

I 1 ( 1 n 1 1 ) 17 1
—2 =7 - s o6 = T
2 \lkel™  lkyl™ k™ Ky |™

Note however that in this extended case (different from m = 2 and m = 4 when the
orthotropic Hill is recovered) dimension of the orthotropy modules 153, ..., I1gs
depends on the value of power m and it is equal to MPa™".

Although the yield criterion defined by Eq. (5.76) with the calibration (5.77) used
has been mathematically verified and its convexity has been proven in case of the
planar anisotropy in the principal stress space if and only if m > 1 and the orthotropy
modules IT»3, . . ., I1gg are positive constant coefficients (see Barlat and Lian [2], also
Chu [10]), in case of the general orthogonal anisotropy in the six-dimensional stress
space convexity is not obvious.

The more general case, when axes of material orthotropy are different from axes of
principal stresses, was considered by Ganczarski and Lenczowski [15]. It was shown
that, although the limit surface is closed and convex in space of principal material
orthotropy frame, it occurs that lack of convexity is met when transformation to the
space of principal stress frame is done in terms of three angles defining the mutual
configuration of these two frames. This type of convexity loss was examined for
the brass sheet £.22 the six orthotropic yield points of which are given in Table 5.2
after Malinin and Rzysko [42] who gave three-axial yield point stresses whereas
three shear yield point stresses were estimated in [15] using simplified formulas

kij = \/g form =2and k;; = \/Tk_” for m = 6, 8. For simplicity the evolution of the
generalized orthotropic Hosford yield condition (im = 8) with respect to only one of
the Euler angles ¥} was considered. It represents a prism of the semi-hexagonal cross
section with oval corners as presented in Fig. 5.15. The loss of convexity is observed
for 18° > ¢ > 26°.

Table 5.2 Yield point stresses for brass £.22 after Malinin and Rzysko [42]
m kyx [MPa] ky [MPa] k, [MPa] kzy [MPa] |k [MPa] |k, [MPa]
2 120 105 950 182 194 64.8
6or8 120 105 950 157 168 56.1
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Fig. 5.15 Evolution of the
generalized orthotropic
Hosford yield condition

(m = 8) versus the Euler
angle ¥ = 18°, 20°, 22°,
24° and 26° for brass £.22,
after Ganczarski and
Lenczowski [15]

08 -06 -04 -02 0 02 04 06 08[GPa]

It should be pointed out that the limit criteria considered throughout this section
do not exhibit the strength differential effect such that they cannot be recommended
as failure criteria for brittle materials where this effect is essential.

5.5 Transversely Isotropic Case—Hill-Type Tetragonal
Symmetry Versus Hu—-Marin-Type Hexagonal
Symmetry Criteria

The second limitation of applicability range of classical Hill’s criterion arises when
the transverse isotropy property is considered. In this section it will be shown that,
if reduction of Hill’s criterion to the transverse isotropy symmetry is performed, the
4-parameter form that satisfies the tetragonal symmetry class is furnished (cf., e.g.,
Voyiadjis and Thiagarajan [62], Sun and Vaidya [57]). This type of symmetry is of
particular importance in case of unidirectional fiber reinforced composites. In such
a case moduli: ky, ky, k;, and k,, are considered as independent (z is the orthotropy
axis), which makes impossible to reduce classical Hill’s criterion to the isotropic von
Mises condition in the plane of transverse isotropy.

To avoid this irreducibility to isotropic von Mises, the new Hu—Marin-based trans-
versely isotropic criterion exhibiting hexagonal symmetry is proposed instead of
deviatoric transversely isotropic Hill’s criterion exhibiting tetragonal symmetry. It
enables to achieve reducibility to the isotropic von Mises condition in the transverse
isotropy plane, preserving cylindricity regardless of the magnitude of orthotropy
degree.

Finally, it will be demonstrated that, for some composite materials it is necessary
to further modify the 3-parameter Hu—Marin-type criterion to the new 4-parameter
intermediate-type criterion between classical Hill’s and hexagonal Hu-Marin’s
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concepts, taking advantage of the bulge test. This new hybrid-type criterion differs
essentially from both the Hu—Marin hexagonal type criterion and the isotropic von
Mises criterion in the isotropy plane. Bulge tests have been performed and described,
e.g., by Jackson et al. [33] with equipment used by Lankford et al. [39]. This new
criterion is capable of properly describing the SiC/Ti long fiber reinforced composite
examined by Herakovich and Aboudi [23].

Classical Hill’s equation (5.53-5.54), which is expressed in terms of six indepen-
dent plastic yield limits &, ky, k;, ky, k¢, and kyy, (5.56) is often too general for
engineering applications. Orthotropic structural materials usually exhibit the trans-
versely isotropic symmetry, basically due to either fabrication process or microstruc-
ture texture, as often observed in many long parallel fiber reinforced composites. In
particular, if in elastic range the transversely isotropic symmetry group holds, it is
expected that, also for the plastic yield initiation criterion such a narrower symmetry
is true.

In what follows, a distinction between two symmetry classes of the transverse
isotropy—tetragonal or hexagonal type has to be done. Such distinction is known,
e.g., from definitions of Representative Unit Cell used in homogenization methods
for composite materials (cf., e.g., Berryman [4], Sun and Vaidya [57], etc.).

Assume that the z-axis is the orthotropy axis, whereas x, y is the transverse
isotropy plane. When applying Eq. (5.54) with calibrations (5.56) or (5.57) and addi-
tionally assuming kx = ky # k;, k;x = k;y # kyy, the number of independent limits
in transversely isotropic Hill’s equation reduces to four for instance: two axial yield
limits k, and k;, and two shear yield limits &, and k,, (Fig.5.16).

In this way the following is furnished

1 1
—Il3 = -1l %2 Iy = Ils5 = z
Z 2
o ! (5.78)

Fig. 5.16 Four independent k. ki
tests for transversely T
isotropic Hill’s criterion 7
calibration
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Substitution of (5.78) into (5.51) and (5.52) yields to transversely isotropic Hill’s
matrices

—ng—H13 H12 H13
—IIo — II>3 I3
—2113
risHH =
& ) 114y
11y
— . H66—-
RN
o
L .7
(5.79)
or
Iy, 1133 —2111, II33 [ o N
i e
el = Has :
I1s H44
1y \
Ilg6 B o
(5.80)

The transversely isotropic 4-parameter Hill criteria corresponding to orthotropic
Hill’s criteria (5.56) and (5.57) take the following representations

2
(O'y—O'Z) +(Uz_0x)2 i_L (0 _0)2+Ty21+7-12x+7-xzy
2k2 k2oo2k2) VY k2, k2,

or equivalently

A

U)% +0§ 022 2 1 Oy0; + 0,0% 7'y2Z +T§C T)?y
2 k_2 — OxOy — 2 2 + 7 =1 (5.82)
X Z z X Xy

Both forms involve four plastic limits k,, k., k;x, and k,y, considered as indepen-
dent parameters. Underlined factor in (5.82) includes not only k, but also k.. The
explicitly deviatoric form (5.81) exhibits the similar feature. The plastic state in the
transverse isotropy plane x, y is controlled not only by the tensile yield limit in
this plane k., but also by the out-of-plane tensile yield limit k,. Concluding, trans-
versely isotropic Hill’s criteria (5.81) or (5.82) have to be classified as the tetragonal
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symmetry format (see Table 1.4). The assumption of tetragonal symmetry of the cri-
teria (5.81-5.82) was also considered by Voyiadjis and Thiagarajan [62] in case of
directionally reinforced metal matrix composites (Boron—Aluminum). Broader dis-
cussion that relates to distinction between the tetragonal versus hexagonal symmetry
in the yield/failure criteria will be presented in Sect. 6.5, where additional constraint
for case if ITgg = —2(I113 + 211}3) is assumed, such that ITgg has to be considered
as dependent plastic modulus. To this end, if aforementioned constraint postulated
by Chen and Han [9] is applied, the equality holds

4 1
Mgs = == (5.83)
ki k2

instead of (5.784) and transversely isotropic 3-parameter Hill’s criteria correspond-
ing to (5.81) and (5.82) in following format

— 2 - 2
(G'y UZ) + (UZ Ux) + ( 1 1 ) (Ux — O'y)2+

2 2 o2

2 A (5.84)

Ty + Tox N 4 Ly 5 |

oy S )2 =
K2 2 k2)
or equivalently
0’%4‘0’5 0'% (2 1 ) 0y0z; + 0,0x +
k2 2o\k2 o k2) k2

X X 2z Z (585)

1}

T)?Z + TZ%( n ( 4 1 ) ’ 1
= — — — )2 =
K2 2 k2)™
can be written down.

In the particular case of plane stress state in the transverse isotropy plane (x, y)
Ox, 0y, Try 7 0 Eqgs.(5.81) or (5.82) reduce to (5.58) with additional condition
ky =k,

2 2 2
oy + oy 2 1 Txy
e (e k_) ot = (.50

The above form simply means that commonly used “transversely isotropic Hill’s
criterion” does not coincide in the “transverse isotropy plane” with the isotropic
Huber—von Mises equation

2 2 2

oy + ay 0x0y Txy

—_ e — 43 = =1 5.87
2 @ + 2 (5.87)

In other words, when the new transversely isotropic yield criterion, that is free
from inconsistencies between (5.86) and (5.87) is sought for, the material parameter
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preceding term 0,0y, must be equal to IT33 — 211 = 1 /k% and not depend on &,
and, simultaneously, the material parameter I1gs = 3/ k)% must depend on k, only.
In order to derive the transversely isotropic yield criterion reducible to coinci-
dence with the Huber—von Mises criterion in the isotropy plane, the new transversely
isotropic hexagonal Hu—Marin equation will be postulated. To obtain this criterion,
the general orthotropic von Mises equation (5.45), which is not deviatoric, can be
calibrated analogously to that presented in (5.69) and (5.70). Namely, when the con-
straints of transverse isotropy are imposed, we invoke:
the two fensile tests in the x- and the orthotropy z-axes and the shear test in the
orthotropy zx-plane

ox=ky, Oy =0, =Ty =Ty; =Tx =0 —>H11=1'[22:1/k%
o=k, Ox=0y =Ty =Ty =T =0— I3 =1/k> (5.88)
Tox =kgu, Ox =0y =0, =Ty =Ty, =0 —>H44=H55=1/k§x

and the three biaxial conditions for coincidence of appropriate pairs of yield limits
Ox =ky, 0y =ky, 0Z=Txy=7'yZ=TU=O—>H12:—1/2k§
oy = ky, 0, =k;, Oy =Txy =Ty = Tox = 0 —> IT13 = —1/2kck; (5.89)

Oy = ke, Ty =k /N3, 0y =0, = Tyy = Toe =0 —> Tge = 3/k2

Introduction of (5.88) and (5.89) into orthotropic von Mises’ criterion (5.45) leads
to transversely isotropic 3-parameter hexagonal Hu—Marin’s criterion as follows:

0)25 + 0-5 _ Ox0y 022. _ 0y0z + 0z0x Tsz + TZ%Y + 37—/‘72)7 =1 (5 90)
k2 k2 k2 k ky k2, k2 ’
or
2 2 2 2 2 2
ox — 0y oy o o, O et T | Ty
— ) +(=-=) +=-") +35—+65 =2 (591
( ks ) (kx k) (k k) ki g = e

Note, that the above conditions correspond to generalized Hu—Marin’s equations
(5.71)or (5.72) with k| = k>, butenhanced by the additional shear terms and referring
to optional directions x, y, z. Equations (5.90) or (5.91) reduce to the Huber—von
Mises equation (5.87) in case of plane stress state in the transverse isotropy plane
(x, ¥), which means that this new criterion can finally be recognized as transversely
isotropic hexagonal symmetry von Mises—Hu—Marin’s based criterion.
Transversely isotropic conditions—tetragonal Hill’s (5.71) or (5.72) and hexag-
onal Hu—Marin’s (5.90) or (5.91), are examined for given orthotropy degrees
R = 2(%)2 — 1 = 2kyy/ky = 0.8, k(xy)/kx = 0.9, and k,/k, = 0.8, for fol-
lowing stress states: biaxial normal stresses (0, oy) and combined normal with
shear stresses (0, Txy) in the transverse isotropy plane (see Fig.5.17a, b), as well as
biaxial normal stresses (o, 0;) and combined normal with shear stresses (o, Ty)
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in the orthotropy plane (see Fig.5.18a, b). It is worth to mention that transversely
isotropic Hill’s condition of tetragonal symmetry (5.81) or (5.82) comprises four
independent plastic yield limits: ky, k;, k., and k,y, because shear yield limit in
isotropy plane kyy is considered as independent.

Contrarily, transversely isotropic enhanced Hu—Marin-type condition, the symme-
try class of which is hexagonal, is defined by three independent yield limits only: &,
kz, and k,, since in-plane shear yield limit k,, must agree with the Huber—von Mises
criterion in the isotropy plane k,, = % Hence, representation of the transversely

isotropic hexagonal symmetry Hu—Marin-type constitutive matrix of plasticity is as
follows:

F.l. _.1._ 1 7T — _
k2 ik% _Zkikz '\O i
%2 en ks
. [ ]
HM k2
[trism1 } - T
R 1 ‘\
3
F AL O
L k3l = -
(5.92)

The general case of transversely isotropic 4-parameter tetragonal symmetry Hu—
Marin-type yield criterion that preserves convexity but lost property of reducibility
to the isotropic von Mises condition in the plane of transverse isotropy is considered
by Voyiadjis and Thiagarajan [62]. The corresponding matrix of plasticity used by
authors results from the general orthotropic matrix when four independent plastic
onset limits are k1, ko = k3, k4 = ks, and k¢ (if original notation is saved 1 denotes
fiber direction)

[trisHVT] =
3k —2kiky —2kiko
4.2 22
9 "2 o0
oka
Tlkika + k2)
4 2
3 (k1ka + k7) \
L 5 (k3 + k)

(5.93)
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Fig. 5.17 Comparison of transversely isotropic criteria in the transverse isotropy planes: Hill’s
tetragonal (5.82), Hu—Marin’s hexagonal (5.90) and Huber—von Mises’ for given magnitudes of
orthotropy ratios: R = 2, k;/ky = 0.8, k(ry)/kx = 0.9 in case of 2D states of stress: a biaxial
normal stresses (0, 0y) and b combined normal with shear stresses (o, Tyy) (after Ganczarski and

Skrzypek [18])
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Fig. 5.18 Comparison of transversely isotropic criteria in the orthotropy plane: Hill’s tetragonal
(5.82), Hu-Marin’s hexagonal (5.90), and Huber—von Mises for given magnitudes of orthotropy
ratios: R = 2,k /ky = 0.8, k(xy)/ kx = 0.9, in case of 2D states of stress: a biaxial normal stresses
(ox, 0;) and b combined normal with shear stresses (o, 7;,) (after Ganczarski and Skrzypek [18])
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Introducing for kl, ko, k4, and kg the following substitution 2k]2 = k2’ 2k2 = klz
%(klkz + k2 = k2 s 5 (k2 + k6) = k2 we end up with format of the Voyiadjis and

Thiagarajan condition analogous to (5 92) however 4-parameter, where not only &y,
kz, and k,, but additionally k., are considered as independent (see doubly underlined
terms in (5.90) and (5.94))

2 2 2 2 2
o2+ oy _ 0x0y a_% _0y0y + 0,0 Tyz + 7L h -1 (5.94)
K2 2R koke e o K '

Such criterion is irreducible to the isotropic von Mises type in the plane of isotropy,
but it fits the experimental data for Boron—Aluminum composite tubular specimen
having unidirectional lamina (Dvorak et al. [14] and Nigam et al. [45]).

Both transversely isotropic criteria: Hill-type of tetragonal symmetry (5.81) as
well as Hu—Marin-type of hexagonal symmetry (5.90) describe cylindrical surfaces
in space of principal stresses. However, Hill’s type limit surface represents elliptical
cylinder, the axis of which coincides with the hydrostatic axis, in contrast to enhanced
Hu—Marin-type limit surface that represents elliptic cylinder, the axis of which forms
a proportional stress/strength axis, different from the hydrostatic axis. It means that
enhanced Hu—Marin’s condition does not satisfy the deviatoricity property, which is
a price for property of reducibility to the Huber—von Mises condition in the isotropy
plane, with cylindricity ensured regardless of the magnitude of orthotropy degree.

A choice of appropriate transversely isotropic limit criterion, of either the tetrag-
onal symmetry (5.81) or the hexagonal symmetry (5.90), depends on coincidence
with experimental findings for real material. This may often lead to one of the two
above considered symmetry classes, but sometimes material limit response is dif-
ferent even from both of them. Note that the shape of limit curves in the trans-
verse isotropy plane is the key to appropriate classification of real transversely
isotropic material as exhibiting tetragonal symmetry or hexagonal or mixed symmetry
properties.

5.6 Hybrid Formulation of Enhanced Hu—-Marin-Type
Condition

In what follows a description of new limit criterion of the hybrid symmetry property
between the tetragonal (5.81) or (5.82) and the hexagonal (5.90) or (5.91) symme-
try classes, is proposed. The Hu—Marin type equation of pure hexagonal symmetry
property (5.90) or (5.91) comprises three independent material constants k, k,, and
k... However, real engineering materials of hybrid-type nature are frequently charac-
terized by four independent material constants determined from four tests: two limits
in uniaxial tensions ky and k., shear limit in orthotropy plane k., (5.69) and addi-
tionally, in the biaxial tension test (bulge test) k(yy) instead of the first of condition
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Fig. 5.19 Fitting of the initial yield surface of unidirectional SiC/Ti composite according to
Herakovich and Aboudi findings [23] (symbol [J) by the use of transversely isotropic Hu-Marin’s
hybrid-type criterion (5.90): a, b transverse isotropy plane (oy, oy), ¢ orthotropy plane (0, o), d
orthotropy shear plane (o, 7;,) (after Ganczarski and Skrzypek [18])

(5.701), namely

1
Ox =0y =k(xy) Oz =Tay = Ty; = Tox =0 —> Ijp = T (5.95)
Xy

The above condition leads to the hybrid formulation of enhanced Hu—Marin’s con-
dition

U)% + 03 0x0y O’ZZ 0y0z; +070x Ty2z + Tz%c szy _
— s T T3 o + 3 +3=5 =1 (5.96)
kx k(xy) kz kaX kzx kx

Equation (5.96) differs from the hexagonal form of Hu—Marin’s condition (5.90) in
the underlined term, where the fourth independent material constant k(,y) is taken
from the bulge test (5.95), additionally to conditions (5.893 3). The hybrid formula-
tion of 4-parameter transversely isotropic Hu—Marin’s condition (5.96) has matrix



5 Termination of Elastic Range of Pressure Insensitive Materials ... 197

representation as follows:
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(5.97)

It is illustrated in Fig.5.19a—d for the SiC/Ti long fiber reinforced composite by the
use of thick solid line.

The hybrid-type enhanced Hu—Marin criterion is capable of capturing behavior
of some long fiber reinforced composite materials, that in the transverse isotropy
plane exhibit limit response different from both the Hill and the Huber—von Mises
materials (cf., e.g., Herakovich and Aboudi [23]).

5.7 Comparison of Four Selected Transversely Isotropic
Yield Criteria

Transition from the orthotropic yield criterion (von Mises or Hill) to the transverse
isotropy is connected with the reduction of independent plastic modules (von Mises
9 — 6, Hill 6 — 4). These independent modules have to be identified by the use of
appropriate number of tests and constraints. At present section the detailed discussion
of the four selected yield criteria from Sect. 5.5 is performed. To this end we invoke
following selected yield criteria, two of them based on the Hill origin and the other
two based on the von Mises origin

2 2
oy toy Uf 2 1 0y0; + 0,0,
2z _ (= N

e e ke 2
sz+7'z2x T—fyzl
k2 K2y
(5.98)
U)% + 03 03 2 1 0y0; + 0,0%
Ty + To +(i_ 1)T2 _
K2 2oe)™
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The above criteria have been derived in terms of different combinations of engineer-
ing modules based on appropriate identification procedures. All four criteria under
consideration involve three common tests:

ox = ky o, =k; Toe = kgx (5.99)

Additional conditions necessary for full identification take different forms.
In case of the classical Hill criterion (5.98) the additional fourth condition holds:

Txy = kxy (5.100)

Aforementioned Hill’s criterion contains four independent parameters and can be
classified as tetragonal symmetry form (see Table 1.4d).

The second formulation (5.98,) is also based on Hill’s criterion however the
additional constraint is imposed on the I1g¢ modulus (see Chen and Han [9])

4 1
1766=—2(1713+21712)=ﬁ—— (5.101)

TR
such that number of independent parameters is reduced to three k,, k;, and k., as a
consequence this Hill’s criterion exhibits property of hexagonal symmetry. However,
it is irreducible to the Huber—von Mises criterion in transverse isotropy plane.

The third formulation (5.983) inherits the von Mises format hence, if reduction
to transverse isotropy is performed, it requires identification of six plastic modules
in terms of three independent plastic limits &, k,, and k. Therefore, except from
three common conditions (5.99) the following additional three must be formulated

ox=0y=ky ox=0y=kero =k, Toy=hke/V3 (5.102)

In other words, two biaxial conditions in planes (xy) and (xz) hold and additional
condition imposed on [Tgs exhibits Huber—von Mises reducibility property
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3
Moo = = (5.103)

X
The fourth formulation (5.984) is of specific nature, namely it is based on the von
Mises—Hu—Marin criterion and requires the following three additional conditions

Ox =0y =kinyy Ox=0y=kyANo, =k, Ty= kx/x/g (5.104)

Hence, (5.104) essentially differs from (5.1021) since it involves the new indepen-
dent constant k(yy) established from the bulge test in the transverse isotropy plane
(see Jackson et al. [33]).

In conclusion it is clear that only the classical Hill condition is of tetragonal
symmetry whereas all three other proposals discussed above have to be classified
as hexagonal symmetry types even though the reasons of reduction of independent
parameters (4 or 3) are of different nature.

5.8 Implicit Formulation of Pressure Insensitive Anisotropic
Initial Yield Criteria—Barlat’s and Khan’s Concepts

In this section another approach (implicit formulation) is discussed based on a series
of papers developed by Barlat, Planckett, Cazacu, and Khan to mention some names
only. The implicit formulation involves the linear transformation of the Cauchy stress
tensor o to the transformed stress ¥ = LL : o by the use of transformation tensor L
responsible for orthotropy. Such linear transformation concept of the stress tensor
was first introduced by Sobotka [55] and Boehler and Sawczuk [6]

0 = Ajou (5.105)

where Ajj; stands for a certain dimensionless tensor of anisotropy that satisfies
general symmetry conditions Ajiy = Ajiu = Aji = Apij and the well-known
isotropic yield conditions to hold for anisotropic materials as well if o;; are replaced
by ;. This approach is not directly based on the theory of common invariants in the
sense of Sayir, Goldenblat, Kopnov, Spencer, Boehler, Betten etc. formalism (explicit
formulation). According to this implicit approach an extension of isotropic initial
yield/failure criteria is performed to account for the fension/compression asymmetry
property and to material anisotropy frame (usually orthotropy) by applying the linear
transformation to the stress tensor and inserting this transformed stress tensor into
the originally isotropic yield/failure criteria.

In the paper by Cazacu et al. [8] authors consider both the isotropic yield criterion
for description of asymmetric yielding
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f(Jas, Jas) = (Is1] = ks)? + (Isa] — ks2)® + (s3] — ks3)® = 2k¢

1
S_Longy (kt) BERE (5.106)
RIS ke) | @y -2
where s;, i = 1, ..., 3 are the principal values of the stress deviator and f gives

the size of the yield locus (isotropic hardening), as well as its extension to include
orthotropy by the use of linear transformation of the Cauchy stress deviator ¥ = C : s
through

Ci1 C12 Ci3

Ci2 Cpp Co3
C= Ci3 Cp3 C33 (5.107)

Cys
Css
Ces
which lead to following anisotropic equation

(21 = kZ)* + (122 — k22" + (1 53] — kZ3)" = 2k (5.108)

Authors proved convexity of the isotropic yield form (5.106) as well as pressure
insensitivity of its orthotropic form (5.108) obtained through the linear transformation
to the transformed stress frame. However, the question of convexity of the orthotropic
form (5.108) remains open in the light of discussion performed for Hill’s (Fig.5.11)
and Hosford’s (Fig.5.15) extensions in case of a highly orthotropic materials.

The proposed yield function appears to be suitable for description of the strong
asymmetry and anisotropy observed in textured Mg-Th and Mg-Li binary alloy sheets
and for titanium 4AIl-1/40;, see Cazacu et al. [8]. The orthotropic yield criterion
proposed by Cazacu et al. [8] was also investigated in a series of multiaxial loading
experiments on Ti-6Al-4V titanium alloy by Khan et al. [34].

Extension of Drucker’s isotropic yield criterion (5.15) to anisotropy by use of
common invariants J20 and J3O is due to Cazacu and Barlat [7], and investigated by
Yoshida et al. [64]

U2 —cl) k=0 (5.109)

The constant ¢ in the Eq.(5.109) accounts for the tension/compression asymmetry
defined as
_3VBG kD)

5.110
20k} + K3) ( )
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and belongs to two ranges

0, %g) for k¢ > ke > 0
ce 33 (5.111)
—T‘,O) for 0 < k¢ < k¢

The second and third common invariants of orthotropy are defined as

J20 = % [al (ox — Uy)z +ax(oy — O'z)z +asz(o; — O'x)z]
+a47'xzy + 4157'}62z + am’zz,

B = 3G+ 520} + by + b)) + 261+ ba) = b2 — 3]0
+2b11 Ty Ty Tox + 5 {2(b1 + b2)oxayo, — (bioy + byo,)o?
— (b30% + b202)0% — [(b1 — by + ba)oy + (by + b3 + ba)oylo?} G112
— 1716 + o — boory — 707
— 7212byoy — bgo, — (2bg — bg)o,]
- szy[Zblo(fz — bsoy — (2b1g — bs)Ux]}

The discussed anisotropic criterion was successfully verified for textured magnesium
Mg-Th and Mg-Li alloy sheets. Authors proved convexity of the enhanced isotropic

yield criterion only for c(k;/ k.) belonging to the range [—ﬁ, - %5]. In case of the
anisotropic form of Cazacu and Barlat’s criterion (5.109) the general proof of con-
vexity for the wide class of highly tension/compression asymmetric and anisotropic
materials may not be possible.

More complete representation of J20 and 130 common invariants as well as the
extended model (5.109) verification for high-purity a-titanium is done by Nixon
et al. [46].

Korkolis and Kyriakides [38] applied anisotropic extension of Hosford’s isotropic
criterion (5.10) in terms of principal stress deviator s1, s2 in case of plane stress state

Is1 — s2|" 4+ |251 + s2|" + |s1 + 2s52|" = 2k" (5.113)
Folowing Barlat et al. [3] they introduced anisotropy by use of a concept of two linear

transformations §' = L' : s and §” = " : s where L’ and L.” are transformation
tensors introducing anisotropy

IS — 51" + 28] + SYI" + |S] + 285" = 2k" (5.114)
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Experimental validation of (5.114) is due to Korkolis and Kyriakides [38] applied to
Al-6260-T4 as well as due to Dunand et al. [13], Luo et al. [41] applied to AA6260-T6
alloys under classical tensile and butterfly shear tests.

Comparison of two different approaches: explicit formulation based on common
invariants and implicit formulation composed as extension of isotropic criteria to
anisotropy and tension/compression asymmetry leads to the following characteristic
features.

The implicit formulation is very advantageous and fruitful in order to build
numerical models able to capture experimental evidence for broad class of inno-
vative metallic materials (mainly metal-based alloys) that simultaneously exhibit
tension/compression asymmetry, anisotropy, and hydrostatic pressure insensitivity.
Apart from these advantages some open questions may be highlighted. Among them
there might be mentioned not obvious physical interpretation for the extended criteria
based on known isotropic forms enhanced through strength differential sensitivity
and orthotropic linear transformation of stress. The general proof of convexity is
rather cumbersome and not attached in a complete and convinced form. Although
the isotropic equations are undestandable, have physical interpretations, and satisfy
convexity requirements the transposition of these equations to the transformed stress
frame may lead to the loss of convexity.

By contrast use of the explicit approach based on well-established theory of com-
mon invariants is more rigorous and so leads to more clear physical interpretation
(energy) and convexity of quadratic or poly-quadratic forms. However, this consistent
approach leads to major difficulties when numerical implementation and experimen-
tal validation are considered. Additional difficulties arise when implementing the
explicit approach to more general cases if the material orthotropy frame does not
coincide with the principal stress frame. Such more general problem was discussed
by Ganczarski and Lenczowski [15] in case of Hill’s and orthotropic Hosford’s cri-
teria. In such a case it is necessary to transform tensor of structural orthotropy to the
frame of principal stress resulting in a possible loss of convexity and even degener-
ation of an initially closed surface into twofold surface (nonclosed).

5.9 Brief Survey of Commonly Used Pressure Insensitive
Isotropic and Anisotropic Initial Yield Criteria

In this section a brief survey of the selected commonly used pressure insensitive
initial yield criteria is presented. The survey is focused on following two aspects:

e isotropic versus anisotropic formulation,
e direct versus indirect dependence on the stress invariants or the common invariants.

Special attention is paid for invariant representation of invoked limit criteria. Cho-
sen isotropic yield criteria are collected in Table5.3. All cited criteria depend on
the second deviatoric invariant and additionally they may depend on the third devi-
atoric invariant. Criteria Al, A2, and A3 are written down in the format directly
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Table 5.3 Survey of pressure insensitive isotropic yield criteria

A. Author(s) Limit criterion

Al | Raniecki and Mréz [48] Eq. (5.13) (J25)M?% — ()" = k"

A2 | Cazacu and Barlat [7] Eq. (5.14) (J2s)3? — ey = K3

A3 | Drucker [12] Eq. (5.15) (Jas)? — c(J35)? = k©

A4 | Huber [31], von Mises [43]1 Eq. (5.4) | 3J2s = k?

A5 | Tresca [60], Guest [20] Eq. (5.8) Reuss | max(|o; — 02|, |02 — 03], |03 — 01]) =k

[49] Eq. (5.9) 443 —27J% — 9k*JE + 6k* Jpy = kO

loy — 02| + o2 — 03] + |03 — 01| = 2k

A6 | Schmidt [53], Ishlinsky [32] and Hill
[26] Eq. (5.11)

A7 | Hershey [24], Davies [11] and Hosford
[29] Eq. (5.10)

A8 | Cazacu et al. [8] Eq. (5.106)

max(|oy — o, [o2 — onl, |03 — onl) = 3k

lor — o2|™ + |oa — o3|" + |03 — 01| = 2k™

(Is1]—ks 1)+ (Is2] —ks2) @+ (s3] —ks3)® = 2k

dependent on both invariants. The existence of the third invariant being argument of
different power functions enables to capture various asymmetry of the initial yield
curve in the deviatoric plane. The particular case of aforementioned Drucker-like
criteria when ¢ = 0 is the classical Huber—von Mises criterion A4 in which influ-
ence of the third stress invariant is ignored. Another classical Tresca’s criterion AS
is written down in the three equivalent formats: the form suggested by Tresca [60]
and experimentally validated by Guest [20], explicitly invariant Reuss’ form and
the Cazacu and Barlat [7] form being a particular case of Hosford’s criterion A7
when m = 1. The Tresca criterion represents the regular hexagonal prism in the
Haigh—Westergaard space inscribed into the Huber—von Mises circular cylinder (see
Fig.5.4). The maximal deviatoric stress-based criterion A6 formulated by Schmidt
[53], Ishlinsky [32], and Hill [25] also represents the regular hexagonal prism in
the Haigh—Westergaard space, however circumscribed onto the Huber—von Mises
circular cylinder (see Fig.5.4). The Tresca and Schmidt-Ishlinsky—Hill criteria are
useful as the inner and outer bounds for all isotropic third stress invariant insensitive
criteria, however the existence of corners on initial yield surfaces is physically ques-
tionable because the uniqueness of plastic strain increment is lost (see Fig.5.5). The
direct generalization of the Tresca criterion A5 by the use of power form that elim-
inates corners is due to Hershey [24], Davies [11], and Hosford [27]. The exponent
m that ensures convexity has to be taken from the range 1 < m < oo, see Fig.5.6.
The Tresca-like criteria A5, A6, and A7 do not account for the tension/compression
asymmetry effect. Another original criterion proposed by Cazacu et al. [8] A8 is
relevant to the Drucker criterion A3 in such a sense that it is a homogeneous func-
tion of degree a in stresses, the cross section of which represents a “triangle” with
rounded corners, see Cazacu et al. [8]. The strength differential effect is included and
controlled by a parameter E(,f—l). The existence of absolute values in the criterion
proposed results from a reversible shear mechanisms such as slip, since yielding
depends only on the magnitude but not direction of the shear stress, yield criterion
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f(s) = f(—s). Other yield criteria accounting for different representations of the
second and the third invariants due to Sayir that exhibit discrete 120°-symmetry are
discussed by Altenbach et al. [1].

Chosen anisotropic yield criteria are collected in Table5.4. In the item B1 two
examples of implementation of implicit anisotropic extension of the isotropic Drucker
yield criterion (dependent on the second and the third deviatoric stress invariants)
referring to works by Cazacu and Barlat [7] and Nixon et al. [46] are presented. The
original notation used by the authors is given in Table5.3. By contrast to original
notation in item B1 of Table 5.4 the criterion is rewritten in a frame of transformed
stress ¥ = LL : o instead of the Cauchy stress frame o. Due to this concept the

second J20 and the third J30 transformed invariants are expressed in terms of only
<4>
one fourth-rank transformation tensor L instead of the second-rank s : eIl : s and
<6>
the third-rank common invariants s : eyl : s : s necessary to be implemented when

the Goldenblat—Kopnov explicit formulation would be used. The discussed implicit
formulation shows essential reduction of the number of material constants that have
to be identified in order to capture experimental data (see discussion in Sect.5.2).
Note that the transformation tensor L exhibits format of the Hill orthotropy matrix
however it is dimensionless. When comparing items B2 and B3 corresponding to the
deviatoric von Mises criterion (5.43) written in the form suggested by Szczepinski
[58] and to the Hill criterion (5.53) [25, 26] different population of corresponding
plastic matrices is applied. In case of Hill’s format the terms which are sensitive to

Table 5.4 Survey of pressure insensitive anisotropic yield criteria

B. Author(s) Limit criterion
Bl Cazacu and Barlat [7] and Nixon et al. {%tr [(L:o)-(L: a')]}3/2

[46] Eq. (5.109) —citr[(L:o)  (L:o)- (L:o)] =k

<4>
B2 Szczepinski [58] Eq. (5.43) S:devilis =1
<4>
B3 Hill [25, 26] Eq. (5.53) s s =1
<4>
B4 Voyiadjis and Thiagarajan [62] Eq. (5.94) |o : i1V : o = 1
<4>

B5 Skrzypek and Ganczarski [18, 54] o i I™: o =1

Eq. (5.90)

<4>

B6 Ganczarski and Skrzypek [18] Eq. (5.96) | o : 2P o = 1
B7 Cazacu et al. [8] and Khan et al. [34] (2] — EEl)a + (|12,] — 7522)“ +

Eq. (5.108) (| 23] — kX3)? = 2k*
B8 Ganczarski and Lenczowski [15] ajloy — o™ + azlo; — o™ +

Eq. (5.76) a3lox — oy|™ + aslnyel" +

as | ™ + aGlTxy‘m =1
B9 Korkolis and Kyriakides [38] Eq. (5.114) | [S] — S3|" + 287 + S5|"
+ 187 + 285" = 2k"
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change of sign of shear stresses, for instance 7y, (sy — ), ..., Ty; Tz, . . . are omitted.
It is equivalent to the reduction of a number of independent plastic modules from 15
to 6.

Items B4, BS, and B6 refer to the transversely isotropic criteria of initial
yield/failure in unidirectionally reinforced Boron—Aluminum fibrous composites.
Voyiadjis and Thiagarajan [62] used generally transversely isotropic tetragonal sym-
metry form of the yield criterion. However the experimental data used for calibration
based on Dvorak et al. [14] and Nigam et al. [45] were limited to narrower case in
which only plane stress state in the orthotropy plane was considered without distinc-
tion between the tetragonal and hexagonal symmetries. All three formulas B4, BS,
and B6 describe cylindrical limit surfaces in stress space, the axis of which does not
coincide with the hydrostatic axis.

The key difference between the Voyiadjis and Thiagarajan formulation B4 and
the Skrzypek and Ganczarski approach B5 both related to the transversely isotropic
materials, lies in the format of doubly underlined terms in Egs. (5.94) and (5.90),
respectively. Namely when Eq. (5.94) is used the fourth constant ky, is indepen-
dent and determined from experiment, whereas in Eq. (5.90) the fourth constant is
dependent and equals to ky, = % In other words, the Voyiadjis and Thiagarajan

criterion (5.94) is irreducible to the Huber—von Mises criterion in the transverse
isotropy plane, whereas the Skrzypek and Ganczarski criterion is reducible. This
means that the Voyiadjis and Thiagarajan criterion possesses fetragonal symmetry
whereas the Skrzypek and Ganczarski criterion exhibits hexagonal symmetry.

The full reducibility requirement in Eq. (5.90) may occur too restrictive when
some composite materials are experimentally tested. In such a case the hybrid for-
mulation (5.96) is proposed where k(v taken from the bulge test in the transverse
isotropy plane is independent leading to 4-parameter tetragonal format (ky, k;, k..,
and k(yy)). The considered criteria B4, B5, and B6 are in fact secondary pressure
sensitive, however this sensitivity property is inquired due to preserved cylindricity.
The property of cylindricity is predominant and justifies the appearance of criteria
B4, B5, and B6 in this section.

To describe both the asymmetry between tension and compression and the
anisotropy observed in hexagonal closed packed metal sheets, Cazacu et al. [8]
and Khan et al. [34] proposed extension of isotropic criterion (5.106) to the case
of orthotropy represented by item B7. It consists in application of fourth-order lin-
ear transformation operator on the Cauchy stress tensor expressed by its principal
values. The proposed anisotropic criterion was successively applied to the descrip-
tion of the anisotropy and asymmetry of the yield loci of textured polycrystalline
magnesium and binary Mg—Th, Mg—Li alloys and « titanium.

Orthotropic generalization of the Hosford criterion (item A7) in which principal
axes of material orthotropy do not coincide with principal stress axes was proposed
by Ganczarski and Lenczowski [15] in the form of item B8. Next the convexity check
of the yield condition was performed in case of the brass sheet of Russian commercial
symbol £.22, that is material of strong orthotropy slightly different from transverse
1sotropy.
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The last criterion (item B9) is another anisotropic generalization of Hosford’s

isotropic criterion (item A7) done by Korkolis and Kyriakides [38] and addressed to
Al-6260-T4 tubes inflated under combined internal pressure and axial load.

References

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.
22.

. Altenbach, H., Bolchoun, A., Kolupaev, V.A.: Phenomenological yield and failure criteria. In:

Altenbach, H., Ochsner, A. (eds.) Plasticity of Pressure-Sensitive Materials. Springer, Heidel-
berg (2014)

. Barlat, F.,, Lian, J.: Plastic behavior and stretchability of sheet metals. Int. J. Plast. 5(1), 51

(1989)

. Barlat, F, Brem, J.C., Yoon, J.W., Chung, K., Dick, R.E., Lege, D.J., Pourboghrat, F., Choi,

S.-H., Chu, E.: Plane stress function for aluminium alloy sheets—part I: theory. Int. J. Plast.
19, 1297-1319 (2003)

. Berryman, J.G.: Bounds and self-consistent estimates for elastic constants of random polycrys-

tals with hexagonal, trigonal, and tetragonal symmetries. J. Mech. Phys. Solids 53, 2141-2173
(2005)

. Betten, J.: Applications of tensor functions to the formulation of yield criteria for anisotropic

materials. Int. J. Plast. 4, 29-46 (1988)

. Boehler, J.P.,, Sawczuk, A.: Equilibre limite des sols anisotropes. J. Mécanique 9, 5-33 (1970)
. Cazacu, O., Barlat, F.: A criterion for description of anisotropy and yield differential effects in

pressure-insensitive materials. Int. J. Plast. 20, 2027-2045 (2004)

. Cazacu, O., Planckett, B., Barlat, F.: Orthotropic yield criterion for hexagonal close packed

metals. Int. J. Plast. 22, 1171-1194 (2006)

. Chen, WE, Han, D.J.: Plasticity for Structural Engineers. Springer, Berlin (1995)
. Chu, E.: Generalization of Hill’s 1979 anisotropic yield criteria. In: Proceedings of the

NUMISHEETS’89, pp. 199-208 (1989)

Davies, E.A.: The Bailey flow rule and associated yield surface. Trans. ASME E28(2), 310
(1961)

Drucker, D.C.: Relation of experiments to mathematical theories of plasticity. J. Appl. Mech.
16, 349-357 (1949)

Dunand, M., Maertens, A.P., Luo, M., Mohr, D.: Experiments and modeling of anisotropic
aluminum extrusions under multi-axial loading—part I: plasticity. Int. J. Plast. 36, 34—49 (2012)
Dvorak, G.J., Bahei-El-Din, Y.A., Macheret, Y., Liu, C.H.: An experimental study of elastic-
plastic behavior of a fibrous boron-aluminum composite. Int. J. Mech. Phys. Solids 36, 655-687
(1988)

Ganczarski, A., Lenczowski, J.: On the convexity of the Goldenblatt-Kopnov yield condition.
Arch. Mech. 49(3), 461-475 (1997)

Ganczarski, A., Skrzypek, J.: Modeling of limit surfaces for transversely isotropic composite
SCS-6/Ti-15-3. Acta Mechanica et Automatica 5(3), 24-30 (2011) (in Polish)

Ganczarski, A., Skrzypek, J.: Mechanics of Novel Materials (in Polish). Wydawnictwo
Politechniki Krakowskiej, Krakow (2013)

Ganczarski, A., Skrzypek, J.: Constraints on the applicability range of Hill’s criterion: strong
orthotropy or transverse isotropy. Acta Mech. 225, 2568-2582 (2014)

Goldenblat, LI., Kopnov, V.A.: Obobshchennaya teoriya plasticheskogo techeniya anizotrop-
nyh sred, pp. 307-319. Sbornik Stroitelnaya Mehanika, Strofizdat, Moskva (1966)

Guest, J.J.: On the strength of ductile materials under combined stress. Philos. Mag. 50, 69132
(1900)

Haigh, B.F.: The strain-energy function and the elastic limit. Eng. Lond. 109, 158-160 (1920)
Hencky, H.: Zur Theorie plastischer Deformationen und der hierdurch im Material her-
vorgerufen Nach-Spannungen. ZAMM 4, 323-334 (1924)



5 Termination of Elastic Range of Pressure Insensitive Materials ... 207

23.
24.
25.
26.
217.

28.
29.
30.
31
32.
33.

34.

35.

36.

37.

38.

39.

40.

41.

42.
43.

44.

45.

46.

47.

48.

Herakovich, C.T., Aboudi, J.: Thermal effects in composites. In: Hetnarski, R.B. (ed.) Thermal
Stresses V, pp. 1-142. Lastran Corporation Publishing Division, Rochester (1999)

Hershey, A.V.: The plasticity of an isotropic aggregate of anisotropic face—centred cubic
crystals. J. Appl. Mech. 21(3), 241-249 (1954)

Hill, R.: A theory of the yielding and plastic flow of anisotropic metals. Proc. R. Soc. Lond.
A193, 281-297 (1948)

Hill, R.: The Mathematical Theory of Plasticity. Oxford University Press, Oxford (1950)
Hosford, W.F., Backhofen, W.A.: Strength and plasticity of textured metals. In: Backhofen,
W.A., Burke, J., Coffin, L., Reed, N., Weisse, V. (eds.) Fundamentals of Deformation Process-
ing, pp. 259-298. Syracuse University Press, Syracuse (1964)

Hosford, W.F.: Texture Strengthening. Met. Eng. Q. 6, 13—19 (1966)

Hosford, W.E.: A generalized isotropic yield criterion. Trans. ASME E39(2), 607-609 (1972)
Hu, Z.W., Marin, J.: Anisotropic loading functions for combined stresses in the plastic range.
J. Appl. Mech. 22, 1 (1956)

Huber, M.T.: Wiasciwa praca odksztalcenia jako miara wytezenia materiatu, Czas. Techn. 22,
34-40, 49-50, 61-62, 80-81, Lw6w, Pisma, Vol. II, PWN, Warszawa 1956, 3-20 (1904)
Ishlinskii, A.Yu.: Gipoteza prochnosti formoizmeneniya, p. 46. University, Mekh, Uchebnye
Zapiski Mosk (1940)

Jackson, L.R., Smith, K.F., Lankford, W.T.: Plastic flow in anisotropic sheet steel. Am. Inst.
Min. Metall. Eng. 2440, 1-15 (1948)

Khan, A.S., Kazmi, R., Farrokh, B.: Multiaxial and non-proportional loading responses,
anisotropy and modeling of Ti-6Al-4V titanium alloy over wide ranges of strain rates and
temperatures. Int. J. Plast. 23, 931-950 (2007)

Khan, A.S., Liu, H.: Strain rate and temperature dependent fracture criteria for isotropic and
anisotropic metals. Int. J. Plast. 37, 1-15 (2012)

Khan, A.S., Yu, S., Liu, H.: Deformation enhanced anisotropic responses of Ti-6Al-4V alloy,
part II: a stress rate and temperature dependent anisotropic yield criterion. Int. J. Plast. 38,
14-26 (2012)

Kowalsky, U.K., Ahrens, H., Dinkler, D.: Distorted yield surfaces—modeling by higher order
anisotropic hardening tensors. Comput. Math. Sci. 16, 81-88 (1999)

Korkolis, Y.P., Kyriakides, S.: Inflation and burst of aluminum tubes. part II: an advanced yield
function including deformation-induced anisotropy. Int. J. Plast. 24, 1625-1637 (2008)
Lankford, W.T., Low, J.R., Gensamer, M.: The plastic flow of aluminium alloy sheet under
combined loads. Trans. AIME 171, 574; TP 2238, Met. Techn., Aug. 1947

Lode, W.: Der Einfluss der mittleren Hauptspannung auf der Fliessen der Metalle, Forschungs
arbeiten auf dem Gebiete des Ingenieurusesen, 303 (1928)

Luo, M., Dunand, M., Moth, D.: Experiments and modeling of anisotropic aluminum extrusions
under multi-axial loading—part II: ductile fracture. Int. J. Plast. 32-33, 36-58 (2012)
Malinin, N.N., Rzysko, J.: Mechanika Materiatéw. PWN, Warszawa (1981)

von Mises, R.: Mechanik der festen Korper im plastisch deformablen Zustand, Gétingen
Nachrichten. Math. Phys. 4(1), 582-592 (1913)

von Mises, R.: Mechanik der plastischen Formédnderung von Kristallen. ZAMM 8(13), 161-185
(1928)

Nigam, H., Dvorak, G.J., Bahei-El-Din, Y.A.: An experimental investigation of elastic-plastic
behavior of a fibrous Boron-Aluminum composite. I. Matrix-dominated mode. Int. J. Plast. 10,
23-48 (1933)

Nixon, M.E., Cazacu, O., Lebensohn, R.A.: Anisotropic response of high-purity a-titanium:
experimental characterization and constitutive modeling. Int. J. Plast. 26, 516-532 (2010)
Ottosen, N.S., Ristinmaa, M.: The Mechanics of Constitutive Modeling. Elsevier, Amsterdam
(2005)

Raniecki, B., Mroz, Z.: Yield or martensitic phase transformation conditions and dissipative
functions for isotropic, pressure-insensitive alloys exhibiting SD effect. Acta Mech. 195, 81—
102 (2008)



208 A.W. Ganczarski and J.J. Skrzypek

49. Reuss, A.: Vereifachte Berechnung der plastischen Formédnderungen in der Plastizitétstheorie.
ZAMM 10(3), 266274 (1933)

50. Rogers, T.G.: Yield criteria, flow rules, and hardening in anisotropic plasticity. In: Boehler, J.P.
(ed.) Yielding, Damage and Failure of Anisotropic Solids, pp. 53-79. Mechanical Engineering
Publications, London (1990)

51. Rymarz, Cz.: Continuum Mechanics (in Polish). PWN, Warszawa (1993)

52. Sayir, M.: Zur FlieBbedingung der Plastizitdtstheorie. Ingenierurarchiv 39, 414-432 (1970)

53. Schmidt, R.: Uber den Zusammenhang von Spannungen und Forminderungen im Vestigungs-
gebiet. Ing.-Arch. 3, 215-235 (1932)

54. Skrzypek, J., Ganczarski, A.: Anisotropic initial yield and failure criteria including tempera-
ture effect. In: Hetnarski, R.B. (ed.) Encyclopedia of Thermal Stresses, vol. A, pp. 146-159.
Springer, Dordrecht (2014)

55. Sobotka, Z.: Theorie des plastischen Fliessens von anisotropen Korpern. Z. Angew. Math.
Mechanik 49, 25-32 (1969)

56. Spencer, A.J.M.: Theory of invariants. In: Eringen, C. (ed.) Continuum Physics, pp. 239-353.
Academic Press, New York (1971)

57. Sun, C.T., Vaidya, R.S.: Prediction of composite properties from a representative volume ele-
ment. Compos. Sci. Technol. 56, 171-179 (1996)

58. Szczepiniski, W.: On deformation-induced plastic anisotropy of sheet metals. Arch. Mech.
45(1), 3-38 (1993)

59. Tamma, K.K., Avila, A.F.: An integrated micro/macro modelling and computational methodol-
ogy for high temperature composites. In: Hetnarski, R.B. (ed.) Thermal Stresses V, pp. 143-256.
Lastran Corporation Publishing Division, Rochester (1999)

60. Tresca, H.: Mémoire sur I’écoulement des corps solids soumis 4 de fortes pressions. Comptes
Rendus de I’ Académie des Sciences 59, 754-758 (1864)

61. Tsai, S.T., Wu, E'M.: A general theory of strength for anisotropic materials. Int. J. Numer.
Methods Eng. 38, 2083-2088 (1971)

62. Voyiadjis, G.Z., Thiagarajan, G.: An anisotropic yield surface model for directionally reinforced
metal-matrix composites. Int. J. Plast. 11, 867-894 (1995)

63. Westergaard, H.M.: On the resistance of ductile materials to combined stresses in two and three
directions perpendicular to one another. J. Frankl. Inst. 189, 627-640 (1920)

64. Yoshida, F., Hamasaki, H.M., Uemori, T.: A user-friendly 3D yield function to describe
anisotropy of steel sheets. Int. J. Plast. 45, 119-139 (2013)

65. Zyczkowski, M.: Anisotropic yield conditions. In: Lemaitre, J. (ed.) Handbook of Materials
Behavior Models, pp. 155-165. Academic Press, San Diego (2001)



Chapter 6

Termination of Elastic Range of Pressure
Sensitive Materials—Isotropic

and Anisotropic Initial Yield/Failure Criteria

Jacek J. Skrzypek and Artur W. Ganczarski

Abstract Yield/failure initiation criteria discussed in this chapter account for the
three following effects: the hydrostatic pressure dependence, tension/compression
asymmetry, and isotropic or anisotropic material response. For isotropic materials, the
criteria accounting for pressure/compression asymmetry (strength differential effect)
must include all three stress invariants (Iyer, Gao, Yoon, Coulomb—Mohr criteria). In
anarrower case, when only pressure sensitivity is accounted for, rotationally symmet-
ric surfaces independent of the third invariant are considered and broadly discussed
(Burzynski, Drucker—Prager criteria). For anisotropic materials, the explicit formu-
lation based on either all three common invariants (Goldenblat—Kopnov, Kowalsky)
or the first and second common invariants (von Mises—Tsai—Wu) is addressed, espe-
cially in case of transverse isotropy when the difference between tetragonal and
hexagonal symmetries is highlighted. A mixed way to formulate pressure sensitive
tension/compression asymmetric initial failure criteria capable of describing fully
distorted limit surfaces, which are based on all stress invariants and also the sec-
ond common invariant (Khan, Liu) alone, are received and particularly addressed to
orthotropic materials where fourth-order linear transformation tensors are used to
achieve extension of the isotropic criterion.
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6.1 Nature of Yield/Failure Initiation in Pressure Sensitive
Materials

Initial yield conditions discussed in Chap.5 are applicable for ductile materials in
which itis justified to ignore both the tension/compression asymmetry and the hydro-
static pressure sensitivity. In a majority of metallic polycrystalline materials, termi-
nation of the elastic range corresponds to initiation of plastic microslips. In case of
brittle materials, such as the majority of ceramic materials, rocks, concrete, ceramic
matrix composites CMC, columnar ice, etc., material failure is initiated not by the
plastic slips but microcracks (damage), which by way of evolution and aggregation
processes may lead to initiation and formation of macrocracks (failure).

The general anisotropic form of failure initiation criterion in brittle materials may
be assumed in the analogous form as that used as an initial yield criterion proposed
by Goldenblat and Kopnov [16] and others in Eq. (5.16), namely

d d
4= (M, Oijoij, Mijuoijow, Iijkimn0ijokOmns, - - .) = 0 (6.1)

Symbols IT;, I;;, IT;jii, I;jkimn, - . . stand for the material constants /1; and the
structural tensors of material anisotropy. It is commonly assumed that damage is not
associated with plastic slip evolution. However, recently developed theories introduce
a distinction between elastic damage and plastic damage evolution, see Abu Al-Rub
and Voyiadjis [1], Egner [10].

Assuming by analogy to Eq. (5.17) the tensorially polynomial format of the crite-
rion (6.1), the general anisotropic Goldenblat—Kopnov criterion of failure initiation
is furnished as

(o))" + (Hijklo'ija'kl)ﬂ + (Iijkimnoijoiomn)’ + -+ —1=0 (6.2)

Although the general format of failure initiation criterion (6.2) is analogous to
the previously introduced criterion of yield initiation (5.17), further reduction of
this equation to be applicable for brittle materials has to be performed applying
different assumptions from that used for ductile materials. Plastic yield initiation
in metallic polycrystalline materials is traditionally characterized by the following
features (compare Chap. 5):

e Yield initiation is usually hydrostatic pressure insensitive (independent of the first
common invariant).

e The criterion of yield initiation exhibits symmetry with respect to tension and
compression (no strength differential effect).

e Initial yield surface has to be convex (Drucker’s postulate).

On the other hand, failure initiation in some metallic or nonmetallic materials is
commonly described including the more complex behavior:

e Failure initiation is hydrostatic pressure sensitive.
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e The criterion of failure initiation exhibits asymmetry with respect to tension and
compression (also called strength differential effect), since for the majority of
brittle materials strength resistance for compression is frequently much higher
than for tension (essential strength differential effect).

e Initial failure surface has to be convex (positive definiteness of tangent stiffness
matrix in Sylvester’s sense).

The above-mentioned “sharp” distinction between ductile and brittle materials
is often not exactly justified, especially when more advanced structural material
behaviors are considered. Numerous experimental findings referred to novel mate-
rials suggest another classification with respect to distinct mechanical responses,
among which three are of particular importance:

e Hydrostatic pressure sensitivity.
e Tension versus compression asymmetry.
e Material anisotropy.

The above features are briefly discussed in Sect.4.2. In light of experimental obser-
vation of metal alloys, distinction between plastic mechanism and brittle mechanism
at failure initiation may not be true and justified.

Indeed, a majority of pressure insensitive metallic materials show rather plastic
yield initiation mechanism of either isotropic nature (NiTi shape memory alloys,
Raniecki and Mréz [31]; Mg, Mg—Th or Mg-Li alloys, Cazacu and Barlat [5]; 4Al-
JTOQ Titanium alloy, Cazacu et al. [6]) or anisotropic nature (Al 6061-T6511 alloy,
Cazacu and Barlat [5]; Ti-6Al-4V Titanium alloy, Khan et al. [19]; Al 6260-T4
alloy, Korkolis and Kyriakides [22]).

However, some experimental evidence for pressure sensitive metallic alloys show
combined plastic/fracture mechanism with pronounced tension/compression asym-
metry effect of either isotropic nature Nickel-base Inconel 718, Iyer [17], Pecherski
etal. [29]; 5083 Aluminum alloy, Gao et al. [15]; or anisotropic response (Ti—6A[—4V
Titanium alloy, Khan et al. [21], Khan and Liu [20]; AA2008-T4 Aluminum alloy;
AZ31 Magnesium alloy, Yoon et al. [39]).

Nevertheless, it should be pointed out that in all described cases of physically
different coupled mechanisms, the limit surface of yield and/or failure initiation
must definitely satisfy the convexity requirement in the sense of either Drucker’s or
Sylvester’s material stability postulates.

Criteria of yield initiation in polycrystalline materials are discussed in Sect.5.1.
These materials commonly called ductile (majority of metals, steels, alloys, etc.) do
not exhibit strong sensitivity of limit surface to hydrostatic pressure. It was shown
that in such a case limit surfaces are independent of the first stress invariant (Ji,)
or equivalently of the first Haigh—Westergaard coordinate (). Initial yield surfaces
are therefore represented by cylindrical surfaces whose axis is the hydrostatic axis.
Hence, it is not possible to distinguish limit states of failure initiation at tension k;
and compression k., because k; = k. must hold.

There exists a broad class of isotropic materials for which the above limita-
tion does not obey (concrete, rocks, soils, cast iron, particle reinforced composites).


http://dx.doi.org/10.1007/978-3-319-17160-9_4
http://dx.doi.org/10.1007/978-3-319-17160-9_5

212 J.J. Skrzypek and A.W. Ganczarski

Therefore, it is necessary to include the first stress invariant Ji, or the first Haigh—
Westergaard coordinate £ in the criterion of failure initiation. Limit surfaces rep-
resented in the space of principal stress lose the cylindrical form, which allows to
distinguish failure strength at tension and compression k¢ # k. commonly called
strength differential effect. This is the direct consequence of the first stress invariant
existence that changes the size of the limit surface cross-section along the hydrostatic
axis.

In this section we confine our considerations to the isotropic limit surfaces asso-
ciated with microslip systems in plastic metals. In the general case of yield initiation
in isotropic materials the equation of limit surface in terms of three basic stress
invariants Ji,, Jos, J3, takes the form

f e, J26, J363 ki) =0 (6.3)

where definitions (1.12) are applied. This equation describes the general class of
isotropic hydrostatic pressure sensitive materials, see items C1-C5 in Table 6.2.

In the narrower case of failure of isotropic materials the equation of limit surface
is commonly written in terms of the following three invariants: the first stress tensor
invariant Ji,, the second, and the third stress deviator invariants Jos and Jzg

f(JIO"J2SsJ3s;ki)=0 (64)
or alternatively in terms of the three Haigh—Westergaard coordinates (5.2)

f&p0;k)=0 (6.5)

The advantage of Eq. (6.4) is that it separates the hydrostatic stress Ji, from the influ-
ence of deviatoric stresses expressed by Ja; and J35. On the other hand Eq. (6.5) has
a geometrical interpretation showing dependence of the limit surface cross-section
on the position at the hydrostatic axis £. Such surface is no longer cylindrical, hence
it naturally exhibits tension/compression asymmetry. All limit surfaces belonging to
the class considered exhibit certain sectorial symmetry with respect to hydrostatic
axis (see discussion in Chap. 5), however, only in a particular case of independence
of the third invariant J3; (or 6) it is fully rotational symmetry.

6.2 Isotropic Initial Yield/Failure Criteria Accounting
for Pressure Sensitivity and Strength Differential Effect

As discussed in Sect.6.1, there exists a wide class of materials, metallic and
nonmetallic, in which both a hydrostatic pressure dependence and the strength dif-
ferential effect are pronounced and have to be incorporated into the threshold criteria
describing onset of yield or fracture as well as phase change. In case of isotropic
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materials such criteria have to be expressed in terms of all three invariants Jy,, J25,
and J3, (6.3) or Ji,, Jos, and J3; (6.4).

The Ottosen and Ristinmaa [28] mixed format separates the influence of hydro-
static pressure Ji, from the deviatoric stress represented by J,; and cos 36

f 1o, Jos,cos30; ki) =0 (6.6)
where f
33 J 1 1
cos (30) = Tﬁ Jos = 557 Sji Jas = 3518 jkSki (6.7)

The invariants Ji,, J2g, and cos 36 have clear interpretation: Ji, tells about the hydro-
static pressure sensitivity (noncylindrical limit surface), Jo; represents the distance
of the point at the deviatoric limit curve (the magnitude of the deviatoric stress), and
cos 36 informs about influence of the direction of deviatoric stress (nonrotationally
symmetric limit surfaces asymmetry in so-called strength differential materials), cf.
Ottosen and Ristinmaa [28]. Applying consistently system of the first stress invariant
and the second and the third stress deviator invariants, Eq. (6.6) can also be written
as (6.4).

The general form of the power threshold function applicable to advanced metals
having not only three threshold parameters a, b, and c but also including two inde-
pendent powers p and r in the yield/failure criterion for isotropic materials can be
furnished as follows:

1/r
(ari? + b2 +cn?) " —1=0 (6.8)

It will be shown below that a majority of criteria met in the literature to predict onset
of yield, failure, or even phase transformation (Iyer [17], Pecherski et al. [29], Gao
et al. [15], Iyer and Lissenden [18], Briinig et al. [3], Raniecki and Mréz [31]) can
be captured as specific cases of this general format (6.8).

Assuming r = p in Eq. (6.8) the Lyer [17] yield/failure onset criterion in isotropic
materials is recovered as

1/p
(ari? + b2 +er?) " —1=0 6.9)

Equation (6.9) is successfully used to describe the Nickel-base alloy Inconel 718 at
elevated temperature 650 °C, e.g., by Iyer and Lissenden [18]. If r = p = 1 the
specific format used by Iyer and Lissenden [18], Pecherski et al. [29] is obtained as

all 4+ bhs+ely? —1=0 (6.10)

Equation of this type that represents asymmetric either paraboloidal or ellipsoidal
surface was calibrated for Inconel 718 by Pecherski et al. [29]. Note that the Huber—
von Mises f(Jas), the Drucker—Prager f(Ji,, Jos), and the Drucker f(Jag, J3s)
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yield functions can be obtained as special cases. Assuming another combination of
powers p/r = 1/2 and r = 6 we arrive at the Gao et al. [15] yield function

1/6
el (aljﬁ, + 2773 + blffs) k=0 6.11)

calibrated and verified for the 5083 Aluminum alloy. The constant ¢ can be found
by introducing the uniaxial condition onto Eq.(6.11)

4 ~1/6
= —b 1 6.12
ci (a1 + 72501 + ) (6.12)

Another special case of Eq.(6.8) when p/r = 1/2 and r = 1 was considered by

Briinig et al. [3]
atig ++/ Jos +b\/3 Jis =c (6.13)

who confirmed its applicability for failure initiation in Aluminum alloys and high-
strength steels. Equation of this type represents asymmetric cone and is capable of
capturing yield onset in the high-strength 4370 and 4330 steels.

Direct extension of the Cazacu and Barlat [5] asymmetric yield function (5.14)
to pressure sensitive materials is due to Yoon et al. [39]

albdis + (1> = cJ3) P —1=0 (6.14)

From among three material constants a, b, and ¢ in (6.14) only two are independent
since the third a has to capture uniaxial tensile test, namely

1
a= (6.15)

Additionally, the convexity of the proposed yield function is satisfied if ¢ €

[#, %]. This isotropic equation is also extended to material anisotropy in order
to properly describe various metals of AA 2008-T4, high-purity «-Titanium, and
AZ31 Magnesium alloy.

The aforementioned criteria (6.8)—(6.14) that include the effect of all three invari-
ants are essentially applicable to advanced metals and metal alloys. However, there
exists a broad class of conventional nonmetallic materials (concrete, soils, ceramics,
etc.) that account for both hydrostatic pressure sensitivity and strength differential
effect. The useful criterion for description of soils, later generalized for description
of concrete by Mohr [27] in 1900, was originally proposed by Coulomb [8] in 1776.
As shown later, this criterion can be considered as extension of both the Tresca con-
dition and the Drucker—Prager criterion. The original form proposed by Coulomb is
well known in the literature dealing with soil mechanics, namely
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|7l =c —otan ¢ (6.16)

Two material constants ¢ and ¢ stand for cohesion and the angle of internal friction,
respectively. According to Mohr’s circles concept, Eq. (6.16) means that failure of
material occurs if the radius of the largest principal circle is tangent to an envelope
formed by two straight lines inclined by angle 2¢ as shown in Fig. 6.1a. In the special
case of frictionless material ¢ = 0 criterion (6.16) reduces to the Tresca criterion
when the cohesion is identical to the yield stress under pure shear ¢ = k.

Equation (6.16) defining traditional format of Coulomb—Mohr criterion can be
rewritten in terms of principal stresses. Assuming order of the principal stresses
01 > o3 > o3 and considering arbitrary stresses 7 and ¢ as shown in Fig.6.1b

1
T=rcos¢p= 5(0'1 — 03)COS @

1 1 1 (6.17)
o= 5(01 4+ 03) +rsing = 5(01 + 03) + 5(01 — 03)sin ¢
we arrive at
1 1 o]y — 03 .
E(al—ag)cos¢=c— 5(01+03)+Tsm¢ tan ¢ (6.18)
The above equation can also be written in the abbreviated form
1 4 sin¢ l—sing 6.19)

o1 -0 =
2ccos ¢ 3¢ cos 10)

When the different failure strengths for compression k. and tension ki, k, > k; are

defined as follows:
2¢ cos ¢ o — 2ccos ¢

ke = = — 6.20
T 1—sing ' 1+sing 6.20)
(a) T (b)
T
c SIS
r= 0.5(c,+oc;)
N
rcos¢{ ,,i
o5 —, c
—_——
—c 0.5(c;—0;) rsing

Fig. 6.1 Coulomb—Mohr failure criterion in-plane o — 7: a graphical representation as failure
envelope, b Mohr’s transformation of arbitrary state of stress to the principal state of stress
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Fig. 6.2 Failure loci of Os
Coulomb—-Mobhr criterion in ke m=1.0
1.0) -
plane o7 = 0O for several
values of ratio m = k¢ / ki . o6l m=17 Tresca
SN
24502 M =5
!

t [e]]
2 pe Ao 7
ke

the extension of Tresca’s format is recovered from Eq. (6.19)
maoy) — 03 ch (6.21)

where m stands for the compressive to tensile strengths ratio m = k¢/ki. The
Coulomb—Mohr equation in the above format (6.21) in the plane stress state assuming
intermediate stress o, = 0, with the convention o1 > 02 > o3 used, can graphically
be represented by deformed irregular hexagons following the magnitude ratiom > 1
in Eq.(6.21), as shown in Fig.6.2. In case of k. = k; (m = 1) the classical Tresca
condition is recovered, however, when Coulomb—Mohr equation is considered for
ke > k¢ (m > 1)areduction of the admissible field in quarters I, I, and IV is observed
whereas the quarter III remains unchanged.

When using the mixed invariant system (J15, Jas, 0) the implicit invariant format
of the Coulomb—Mohr criterion (6.21) is reached as

1 . .
f Uig, Jos, 05 ¢, 9) = gllg sin ¢ + /Jps sin (9+ z)
J
—i—,/%cos(@—i—g) sing —ccos¢ =0

where cos(30) = %5 (1213;3/2’ and 0 < 0 < /3.

Alternatively, in terms of the Haigh—Westergaard coordinates £, p, 0 the following
explicit format of Coulomb—Mohr criterion is furnished as

(6.22)

£ (€ p.0ic, d) = V2Esin b + +/3psin (9+ g)

(6.23)
+ pcos (9 + g) sin ¢ — +/6¢ cos ¢ = 0
where a new relationship between c, k¢, and ¢ holds as
1 i
= LTS (6.24)

cos @
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Fig. 6.3 Cross-sections of (a)
Coulomb-Mohr failure p
surface in: a plane £ — p, T p

b deviatoric plane

In the Haigh—Westergaard space the Coulomb—Mohr criterion represents irregu-
lar hexagonal pyramid the tensile T and the compressive C meridians whose straight
lines are unequally inclined to the ¢ axis (Fig.6.3a)

2v6ccos ¢ N/6ke(1 — sin ¢)
34sing 3 +sing

Pto =
(6.25)
24/6¢ cos 10} . «/Ekc(l — sin @)
3—sing 3 —sing

PcO =

In the deviatoric plane the Coulomb—Mohr surface cross-section has the form of
irregular hexagon shown in Fig. 6.3b.

p/ke

&/ke

Fig. 6.4 Experimental verification of Coulomb—Mobhr failure criterion in the £ — p plane for concrete
specimens, according to ([J, o) Richart et al. [32], (A) Kupfer et al. [25], (o) Balmer [2]
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The Coulomb—Mohr criterion is widely used for concrete. The experimental find-
ings by Richart et al. [32], Kupfer et al. [25] and Balmer [2] show applicability
of the Coulomb—Mohr failure criterion of concrete Fig.6.4. Note however that the
admissible tensile field bounded by meridians T and C for £ > 0 reduces nearly to
zeroth since the tensile strength k; is almost equal to zero for the considered class of
materials.

6.3 Isotropic Rotationally Symmetric Initial Failure
Surfaces—Hydrostatic Pressure oy, and J, Sensitivity
but J3; Insensitivity: Burzynski and Drucker—Prager
Criteria

Let us limit a geometrical symmetry of considered isotropic limit surfaces to the case
of complete rotational symmetry with respect to the hydrostatic axis characterized
by the condition o1 = g2 = 3. The rotationally symmetric isotropic surfaces have
to be dependent neither on the third deviatoric stress invariant J3s nor on the third
Haigh—Westergaard coordinate 6, equivalently.

Examine a universal form of the three-parameter isotropic rotationally symmet-
ric initial yield/failure surface originally introduced by Burzynski [4] (item C6 in
Table 6.3) as follows:

Aol + Bop + Cop —1=0 (6.26)

where A, B, and C are the material constants, while oeq and oy, are equivalent and
hydrostatic stresses, respectively. The Burzyriski criterion (6.26) can also be written
in the equivalent invariant fashion in terms of the first stress invariant Ji, and the
second deviatoric stress Jpg invariant

JlO' 2 Jl(f
A3Jos + B (T) +C (T) ~1=0 6.27)

Alternatively, in the Haigh—Westergaard space the Burzynski criterion takes the form

A§p2+3(i)2+ci—1=o (6.28)
2 V3 V3 '

Three constants in the Burzyiiski criterion A, B, and C are determined based on
three tests: the uniaxial tension (k;), uniaxial compression (k.), and simple shear
(ks). These calibrations lead to the three-parameter Burzynski criterion general form

kike o
3k2 7o

3kik,
+ (9 - k‘2 °) 0 +3 (ke — ky) o — kike = 0 (6.29)
S
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ki
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=]
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Jkike /3
—————— : : B

9 — 2.25(k+ ko ik,

Fig. 6.5 Different types of Burzynski’s rotationally symmetric yield/failure surface versus mutual
relationships between ki, k¢, and ks or magnitude of parameter B in Eq.(6.29)

Such formulation, although frequently forgotten, presumes not only tension/
compression asymmetry ky # k. but also the third shear limit point ks considered as
independent. Equation (6.29) represents different types of Burzynski’s rotationally
symmetric surface depending on mutual relationships between ki, k., and ks. How-
ever, all of them are independent of the third Haigh—Westergaard coordinate 6§ or the
third deviatoric stress invariant Jas, alternatively. In case the shear yield/failure point
stress kg is greater than % Eq. (6.29) represents rotationally symmetric ellipsoid,

if the shear yield point stress is equal to ,/ % it represents rotationally symmetric

paraboloid, whereas if the shear yield point stress is less than it represents

twofold rotationally symmetric hyperboloid. If kg reaches its lower admissible bound
—2hke_ he hyperboloid transforms to the Drucker—Prager cone. Shear yield stress
V3(kitke) _

the

points less than LRV
t c
such case Eq. (6.29) represents onefold concave hyperboloid (Fig. 6.5):

kike
3

are inadmissible in sense of Drucker’s postulate since in

® kg > ellipsoid

® kg =,/ % paraboloid

% twofold hyperboloid

kike
3

o ks <
o kg = ——=ke__ Drucker—Prager cone

® kg < onefold concave hyperboloid

V3lktke)

In case of a twofold hyperboloid only one fold that includes stress origin has physical
sense.
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h ktkc 2k1kc
V3 V3(ke= ko) V3 (ke k)

Fig. 6.6 Cross-sections of Burzynski’s yield surface: elliptic, parabolic and straight-line at the
Haigh—Westergaard plane & — p in case of material characterized by ratio k. / ki = 10

In nonmetallic materials (for instance concrete) the ratio k./k; may be much
higher than one reaching the magnitude of 10. Then volume bounded by Burzyiniski’s
surface: ellipsoid, paraboloid or cone is basically limited to the compression zone,
only slightly entering into the tensile zone (¢ > 0) as sketched in Fig. 6.6. The three-
parameter rotationally symmetric format of Burzyriski’s criterion (6.29) guarantees
that the appropriate ellipsoid includes exactly three meridians of uniaxial tension
T(ky), uniaxial compression C(k.), and the simple shear S(ks). It is a consequence
of the fact that the three constants k¢, k., and kg are independent. Contrarily, two-
parameter Burzynski’s approximations, paraboloidal or conical include only two of
the three meridians, tensile T(k;) and compressive C(k.), which means that the shear
point stress kg is treated as dependent kg (k¢, k).

The two-parameter rotationally symmetric paraboloidal approximation of

Burzyniski’s surface (ks = / ]‘%ﬁ) can be written as follows:

Oay + 3 (ke = k) o — kike = 0 (6.30)

or
3Jo5 + (ke — k) Jio — kike =0 (6.31)
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or
3
207+ (ke = k) V3¢ — ke = 0 (632)

It is experimentally verified for metallic alloys; for instance, material constants for
Inconel 718 (Ni-base like alloy including Cr) cited by Pecherski et al. [29] are
following:

ky =779 MPa, k. =878 MPa,  k; =473 MPa (6.33)
Note that yield/failure stress points fulfil the condition kg = % which means that

Burzynski’s paraboloid is guaranteed.
In the other particular case if

- kke (6.34)
T VBl + ko) ’
the two-parameter conical approximation of Burzynski’s surface is furnished
ke — ky kike
+3=——op — =0 6.35
T ke T ke (03
o ke — K Kok
V3 + =, —2—" =0 6.36
2s kt +kc lo kt i kc ( )
or
ke — ke \/5 kike
+ V2g—2,/=2 =0 6.37
Pt TR YR 3kt ke (6.37)

The above condition can be reduced to the Drucker—Prager condition commonly met
in literature. Note however that in the light of above discussion, the Drucker—Prager
condition can be considered as the limit case of the applicability range of Burzynski’s

criterion. Behind this limit when kg < M, the conical surface deforms into
N3k tke)

the concave onefold hyperboloid which is inadmissible following Drucker’s stability
postulate.

Finally, in order to explicitly show reduction of Burzyriski’s conical criterion
(6.35-6.37) to Drucker—Prager’s condition [9] the following new parameters are
defined

1 kc - k[ 2 klkC

o = —_— = —
ﬁ kt + kc «/g kt + kC
When the Drucker—Prager notation is used, we end up with the format explicitly

written down in terms of the first stress invariant and the second deviatoric stress
invariant (item C7 in Table 6.3), cf. (6.36)

(6.38)

f Ui, Jasi k) = adig +/Jos —k =0 (6.39)
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k3o

Fig. 6.7 Drucker—Prager’s yield/failure surface in: a principal stress space, b Haigh—Westergaard’s
coordinates

Analogously, when the Haigh—Westergaard coordinates are employed we arrive at
the form

f(f,p;k):om@f—i—%—k:O (6.40)

The Drucker—Prager condition (6.39—6.40) describes conical circular surface the
axis of which is the hydrostatic axis (equally inclined to principal stress axes o1, o2
and 03) as shown in Fig. 6.7. Cross-sections of the Drucker—Prager cone are subject
to isotropic contraction under hydrostatic tension (o, > 0) contrary to isotropic
extension under hydrostatic compression (o, < 0). In the particular case o = 0,
the Drucker—Prager cone transforms to the Huber—von Mises cylinder. Note however
that the Drucker—Prager cone is bounded by inequality 0 < ¢ < ﬁ at the tensile

side of the hydrostatic axis whereas it is not possible to reach failure —oo < £ < 0
on the compressive side of the hydrostatic axis. The Drucker—Prager criterion is used
in the description of variety of metallic engineering materials such as Aluminium,
steel AISI 4330, Fe-based, Ti-based alloys etc. for which hydrostatic pressure effect
has to be included.

When (6.39)—(6.40) format of Drucker—Prager’s criterion is used, we arrive at the
expanded equation

O’% — 0107 + U% — 0203 + (T% — 0301

—k=0 (641
3 (6.41)

a(01+02+03)+\/

In a particular case of the plane stress state 03 = 0, the above equation yields the

following one
2 _ 2
a(o) + o) + /%W_k:o (6.42)
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Fig. 6.8 Exemplary o))
cross-section of
Drucker—Prager’s limit
surface by plane o3 = 0

Equation (6.42) represents an off-center ellipse in the oy, o> plane (Fig.6.8), the
major axis of which is inclined at 45° to o1, 0, axes and which intersects stress axes
at different ordinates k; and k.

_ VB Lo 3k
C1+43a’ C_l—\/goz

that stand for the uniaxial tensile and uniaxial compressive yield/failure onset points
ke > k¢, hence the strength differential effect is captured.

k¢ (6.43)

6.4 Anisotropic Yield/Failure Criteria for Hydrostatic
Pressure Sensitive Materials—von Mises—Tsai—Wu
Type Criteria (Explicit Formulation)

Based on the discussion performed in Sect. 6.1, the conclusion can be drawn that the
linear term I1;;0;; in the Goldenblat—Kopnov criterion (6.2) plays an essential role
and cannot be omitted (o # 0) when the pressure sensitive materials are considered.

As a rule it is convenient to reduce the general Goldenblat—Kopnov criterion
(6.2) to the narrower format which exhibits dimensional homogeneity assuming
a=1,6=1/2,v=1/3 as follows:

12 1/3
ijoij + (Mijuoijon) 24 (ITijkimn0ijOk1Omn) P_1=0 (6.44)

Limiting ourselves to the linear and the quadratic terms in the Eq. (6.44), in other
words neglecting the third common invariant responsible for a distortion, we arrive
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at the particular sub-case of the Goldenblat—Kopnov criterion, cf. Zyczkowski [41]
Hijo'ij + Hijklo'ijakl —-1=0 (6.45)

which, on the other hand, can be treated as an extension of isotropic Drucker—Prager’s
failure criterion (6.39) to the case of anisotropy. Note however that due to material
isotropy, the Drucker—Prager criterion contains only stress invariants Ji, and Jag,
whereas in Eq. (6.45) to describe anisotropy the common invariants of stress and the
structural anisotropy tensors I1;; and I1; j;; must be used (cf. Chap. 5). By contrast to
the cases of the Huber—von Mises and the Hill yield conditions which represent the
circular and the elliptic cylinders, respectively (Fig.6.10), in the considered case of
the Drucker—Prager criterion and its anisotropic generalization (6.45), the respective
failure surfaces can be recognized as the circular and the elliptic cones, respectively.

Another special sub-case of the Goldenblat—Kopnov criterion (6.2) is obtained
if « = 1,6 = 1 and consecutive limitation of this format to the linear and the
quadratic terms hold such that at the anisotropic extension of Burzyriski’s paraboloid
(6.30-6.32) is met, cf. Ganczarski and Lenczowski [11]

Ijjoij + Hijiyoijor —1 =0 (6.46)

Note that the quadratic term IT;ji0;j0k in Eq.(6.45) appears under square root
whereas in Eq. (6.46) does not; hence, the condition (6.45) can be interpreted as a
noncircular cone whereas the condition (6.46) as a noncircular paraboloid. Compare
also the relevant discussion referring to the isotropic subcases of Burzynski’s the
circular cone (6.37) and the circular paraboloid (6.32) discussed in Sect. 6.3.

Structural tensors of the second IT;; and fourth I7;j;; orders appearing in
Egs. (6.45)—(6.46) stand for two independent yield/failure anisotropy tensors the
identification of which has to be performed on the basis of respective yield/failure
tests in analogous way as that discussed in Chap.5. However, in the present case,
two anisotropy tensors have to be calibrated; hence, the appropriate number of tests
increases such that the difference between the tension and the compression uniaxial
tests can be captured. By substituting for convenience Voigt’s vector-matrix notation,
both the above tensors can be represented as follows:

11 T12 713 L
[7] = T2 23 oo
33 L4

(6.47)
or

{m}' = {711 w2 wa3|ma3 T13 W12 }T{' oofoe '}T
(6.48)
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and
Hll ng H13 H14 H15 H16 o0 0000
I35 1123|1124 Ilo5 Ilog eeoece
[H] _ Il33|1134 I35 Il3¢ XX
114y Iy5 146 °
IIs5 ITs6 o
Igg °

(6.49)

where yield/failure loci are determined by two yield/failure characteristic matrices
[7r] of the dimension (3 x 3) and [IT] of the dimension (6 x 6). Hence in the considered
case of general anisotropy, the number of modules defining yield/failure initiation is
equal to 27 = 6 4 21.

The condition of yield/failure initiation in anisotropic materials (6.46) takes in
Voigt’s notation the equivalent format

(m}{o} +{a}T[M]{c}—1=0 (6.50)

where

(o} = (6.51)

being an extension of anisotropic von Mises’ criterion of plastic materials (5.23),
however enriched by the additional term. Among the general anisotropy number of
modules 27, only 24 = 6 + 18 are truly independent. However, in practical applica-
tion, this number of 24 material modules can further be reduced by assuming a certain
symmetry group. For instance, in case of orthotropy, a hypothesis that anisotropy
exhibited in the elastic range is inherited also by the limit criterion (initiation of
yield/failure), may be formulated, as shown in Table 1.4.

In what follows an extension of anisotropic von Mises’ criterion, (5.22) enhanced
by linear terms (6.46) is considered. Assume the deviatoric form of von Mises crite-
rion (5.43) but enhanced by including the linear terms

—I» (ax — Uy)z — I3 (o — UZ)2 — I (O‘y — UZ)Z +
2 {Tyz [1724 (O'y — O'x) + 134 (0, — Ux)] +
Tox [1715 ((Tx — O'y) + I35 (O’Z - O’y)] + (6.52)
Tey [T (0x — 02) + I (0 — 02) | +

MysTy; Tox + TaeTxy Ty + HSGszTxy} +
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17447')%Z + H55TZ2x + 1766T3y+

T Ox + T220y + T330; + T2Tay + T3 Tox + T23Ty; = 1

Note that this form is strictly pressure insensitive only in the quadratic terms but it
is pressure sensitive as far as the linear terms are concerned. In order to obtain the
form of Eq. (6.52), fully pressure insensitive the following additional constraint has
to be satisfied

m + Mo+ 73 =0 (6.53)

The condition (6.53) can be understood in one of the three following ways:
1 = —(m2 +m33) or mp = —(m +m3) or m33=—(m11 +m2) (6.54)

For instance, substituting the first of conditions (6.54) in the Eq.(6.52), we arrive
at the first of three deviatoric forms of the von Mises—Tsai—Wu criterion, which is
hydrostatic pressure insensitive

—1I; (O’X — O’y)z — I3 (o — crz)2 — I3 (oy — UZ)Z +
2{ry: [Ta4 (oy — 0x) + 34 (0, — o) | +
Tex [IThs (0x — 0y) + M35 (02 — 0y) | +
Tey [Mi6 (0x — 02) + ITas (0y — 02) | + (6.55)
Tys5Ty, Tox + TlaeTyy Ty + Hngszxy} +
17447'y2Z + MssT2 + H667'§y+

T2 (0y — 0x) + W33 (07 — 0x) + T12Tay + T3T2x + T237Ty; = 1

The form analogous to (6.55) was considered by Szczepiniski [34] where the first
of constraints (6.54); was chosen when calibrating anisotropic modules 11>, I3,
Iy3, . .., I1gs (15 modules) and o3, 733, . .., m23 (5 modules).

Experimental verification of Eq.(6.55) was done by Kowalewski and Sliwowski
[23] where the low carbon steel 18G2A specimens were used. In this experiment,
the cross-sections of limit surface (6.55) in the plane oy, 7yy

— (I + M3) 0% + 2I6Txyox +17667fy — (M2 + m33) Oy + 12Ty = 1 (6.56)

was considered. The Eq. (6.56) represents ellipse the center of which is shifted from
the origin (oy, 7xy), the axes are rotated with longer to shorter axes ratio slightly
different from that in isotropic material (Huber—von Mises’ criterion), Fig.6.9.

Limiting further considerations to orthotropic materials, both the characteristic
matrices [or7r] and [orI1] (6.49) and (6.50) take following forms valid for principal
directions of orthotropy
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Fig. 6.9 Experimental 200
verification of Eq. (6.56) in
case of low carbon steel

18G2A specimen subjected — 100+
to monotonic prestrain ch
o—éoff = 1 x 107, = 04
O—eoif =5 x 1073, after =
Kowalewski and Sliwowski &

[23] — 100

—200

-7T11 0 0 °
[ortﬂ-] = 22 0 l o {. L4 .| }
733 ]
[T T2 I3 0 07 0 [ [eee
H22 Hgg 0 0 0 L
H33 0 0 0 L]
[ortH] - H44 0 0 ®
Il55 0 °
L Ilge o

(6.57)

The second rank matrix [o7r] is of the dimension 3 x 3 whereas the fourth rank
matrix [o[I] dimension is 6 x 6. The matrix [or;7] has diagonal form and the matrix
[ort ] is of the identical symmetry as the von Mises plastic orthotropy matrix (5.44).
Both matrices (6.57) are defined by 12 = 3 4+ 9 modules.

Therefore the condition of yield/failure initiation for anisotropic materials (6.50)
takes a form typical for the rotationally symmetric group

fonm}H o} + {0} [onlT {o} =1 =0 (6.58)

being an extension of the von Mises orthotropic yield condition (5.46) for pressure
sensitive materials. The von Mises orthotropic yield/failure initiation criterion (6.58)
can be written down in the following extended form

17110)% + szag + 17330?-{-
2(Ilaoxoy + Ihzoyo; + I1310;0x)+
17447')2% + H55Tz2x + H667—x2y+

M10x + 7220y + M330; — 1=0

(6.59)

Note that above equation represents fully tensorial form of the orthotropic
yield/failure criterion contrary to the deviatoric form which is characteristic for
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the Hill yield criterion. This means that 12 = 3 + 9 material modules defining
yield/failure material characteristic tensors o7 and oI are required for its identi-
fication. The first term in Eq. (6.58) refers to the strength differential effect whereas
the second one represents a von Mises-type surface the axis of which generally does
not coincide with the hydrostatic axis.

Consider now reduction of criterion (6.58) to a narrower form known in the
literature as the Tsai—Wu orthotropic criterion of failure. The Tsai—Wu criterion is
characterized simultaneously by strength differential effect and pressure insensitivity
of [orIM] in Eq. (6.57) such that [oIT] —> [TITV] (see (6.52))

{#™ o+ ()T [0™ ] (s} - 1 =0 (6.60)
where
Ox Ox — Oh
Uy Jy — Oh
(o) = TUZ (s) = UZT_ h (6.61)
yz yz
Tex Tzx
Txy Txy

This leads to the following representation of both characteristic matrices

T11 0 0 [ ] i
RS A I A PO
33 °
(6.62)
[ —II15 — I3 115 I3 0 0 0]
—1I12 — Il23 153 0 0 0
Iy 0 0
IIss 0
| HGG-
(0] [ ] [ ]
(@] [ ]
[e]
[ ]
[ ]
[ ]
(6.63)

In what above the Nye graphics is adopted in order to distinguish the independent e
from dependent o 4th-rank matrix elements.
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Equation (6.60) and mrw representation (6.63) reflect “hybrid notation” in the
following sense: the first term represents the linear common invariant of the stress
tensor o and the structural tensor 771" (analogy to the pressure sensitivity in case of
isotropic material) whereas the second term represents quadratic common invariant
of the stress deviator s and the structural tensor TIT" (defining shape and orientation
of surface in the stress space). The criterion (6.60) takes therefore explicit form of
9—parameter Tsai—Wu’s criterion [36]

2 2

- [1723 (0y = 02)" + M3 (0, — o) + 1z (05 — 0y) ] + 17447y2Z + (6.64)
17557'Z2x + HG()T)?y + m10y + 00y + 7330, — 1 =0
As a matter of fact, any addition of a hydrostatic pressure to all normal stresses
oy — 0y % oy, does not change the magnitude of quadratic terms in condition (6.64)
but simultaneously causes the linear terms still dependent on oy,. Hence, finally the
Tsai—Wau criterion in the format given by (6.64) remains the pressure sensitive one
through the linear terms.

6.5 Transversely Isotropic Case Tsai—-Wu Type Tetragonal
Versus Hexagonal Symmetry Criteria

Similar to Sect. 5.5, a reduction of 9—parameter yield/failure orthotropic Tsai-Wu'’s
criterion (6.64) to narrower case of the fransverse isotropy requires precise distinction
between the tetragonal and hexagonal symmetry classes. Assuming after Chen and
Han [7] plane of transverse isotropy x, the 4th-rank orthotropy matrix [IITV] (6.63)
reduces to the transversely isotropic format (s TITV] analogously to the transversely
isotropic Hill criterion (5.79) or (5.80) possessing only four independent material
constants whereas the 2nd-rank transversely isotropic matrix [is7™ T V] reduces to a
form possessing only two independent material constants. Finally, assuming /1>3 =
I3, I14q = Iss, ™11 = 72 in (6.62) and (6.63) instead of the 9—parameter form
(6.64), we arrive at two 6—parameter forms of the transversely isotropic yield/failure
criterion of tetragonal symmetry that directly refer to formulations (5.79) or (5.80),
namely

T11 0 0
[rism ™™V ] = m11 0 \'

(6.65)
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http://dx.doi.org/10.1007/978-3-319-17160-9_5
http://dx.doi.org/10.1007/978-3-319-17160-9_5
http://dx.doi.org/10.1007/978-3-319-17160-9_5
http://dx.doi.org/10.1007/978-3-319-17160-9_5

230

and

J.J. Skrzypek and A.W. Ganczarski

—1Il — I3 112 IIs |0 0 0
—Ihs—1Ihs Iz |0 0 O
=213l 0 0 O
CmTWT 13
[trlSM ] H44 0 0
H44 0
B B e
Nl
o
— ._
(6.66)
or alternatively
T11 0 0
[trisﬂ'TW] = 11 0 \.
733 [ ]
(6.67)
and
(11, Zsa=2ln _Ils) g 0 0 ]
o, -Z=10 0 0
1T 0 0 0
CTWT — 33
[trlsH ] H44 0 0
H44 0
5 | e
1
°
— ._
(6.68)

In case of transversely isotropic symmetries of both the 2nd-rank and the 4th-rank
anisotropic matrices defining yield/failure onset, the pairs @—— or O——-o0 stand for
identical matrix elements considered as independent or dependent pairs, respectively.
In case when non abbreviated notation is used, the 6—parameter transversely isotropic
Tsai—Wu yield/failure criterion of tetragonal symmetry takes the following form
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2 2
—I13 [(Uy - Uz) + (0; — O'x)z] — I (O'x — O'y) + g4 (T)z,z + Tzzx) (6.69)
+H667'3y + 711 (0x + 0y) + 330, —1=0

or alternatively

Iy (U)% + 0’3) + 3302 + (33 — 2M111) 00y — [T33 (010, + 0y0)

(6.70)
+ Iy4 (T)%z —i—Tsz) + H667'3y =+ m11 (Ux -I—Jy) +m330, —1=0
The above transversely isotropic limit equations are expressed in terms of six material
anisotropy modules: I1\3, I113, I144, I1ee, 711, 733 OF I111, 133, [144, 166, T11, 733
if corresponding matrix representations (6.65)—(6.66) or (6.67)—(6.68) are imple-
mented.

However, the number of independent modules can further be reduced to five, since
the sixth diagonal modulus ITgg has to satisfy the relationships (cf. Chen and Han
[7], Ganczarski and Skrzypek [12])

e = —2(IT13+ 2IT1p)  or  Ige = 4111 — 33 (6.71)

if the corresponding formats (6.66) or (6.68) are used. The conditions (6.71) satisfy
the reducibility of the criteria (6.66) or (6.68) to the forms invariant with respect to
two equivalent stress states 7y, = o and 0y = 0, 0, = —0 in the transverse isotropy
plane.

Taking above conditions into account, equations (6.69) and (6.70) contain only five
independent material coefficients referring to appropriate tensile and compressive
strengths ki, kcx, k7, kc; and shear strength k.. Hence, in order to calibrate them,
the following tests have to be performed if, for instance, the format (6.69) is used:

ox =k, oy=...=7;%x=0— (—H13—H12)kt2x+7r]1ktx=1

Oy = —kex, Oy = ... =T =0 —> (=113 — M) k2, — miikey = 1

o, =k, Ox=...=Ty=0—> =203k + m33ke; = 1 (6.72)
0, =—kezy, Ox =...=T5 =0 — —21713kC2Z — m33ke; = 1

Tox = kzx, sz...=7y2=0—>1744k22x=1

Solution of Eq. (6.72) with respect to 113, I112, I144, 711 and 733 takes the form

1 1 1 1

2ktzkcz ktxkcx 2ktzkcz 2k§x
(6.73)
1 1 1 1
™M =7 =7 ,T33="——7",
ktx kcx ktz kCZ
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Magnitude of material modulus ITge, referring to shear strength in the plane of
transverse isotropy is not independent but given by Eq. (6.71), hence

4 1

Ileg = —— —
ktxkcx ktzkcz

(6.74)

Note that both formats in Eq. (6.71) lead to the same calibration for g4 (6.74). Hence,
after substitution of Eqs. (6.73)—(6.74) to Eq. (6.69) one can get the final form of the
hexagonal transversely isotropic Tsai—Wu criterion in terms of five independent
constants ki, kcx, kiz, ke and k.

o2+ 0‘3 N 03 ( 2 1 ) 0y0; 4 050
— - OOy — —————
ktxkcx ktzkcz ktx kcx ktzkcz A ktzkcz

2 2
N Ty + 7 N ( 4 1 ) 2 6.75)
kzzx ktxkcx ktzkcz ?

1 1 1 1 {

* (ktx kcx) (Ux * Uy) * (ktz kcz) 7=
Inspection of the transversely isotropic format of the Tsai—Wu criterion (6.75) reveals
that underlined coefficient preceding 7y differs in format from the analogous term
in the transversely isotropic Hill criterion (5.82) since independent shear limit in the
transverse isotropy plane kyy is used. Obviously, the transition from the Tsai-Wu
criterion (6.75) to the Hill criterion (5.82) requires to ignore the tension/compression
asymmetry effect ki, = k¢ and k¢; = kc; which leads simultaneously to vanishing
of linear terms. In other words, in this case, the Tsai—~Wu transversely isotropic
criterion reducible to the Hill criterion becomes pressure insensitive, by contrast to
the Eq. (6.75) in which pressure sensitivity kiy # kex and ki; # ke, plays essential
role.

It is seen that material coefficients in the xy-plane of transverse isotropy that
precede the terms o, 0y, and Tfy are not fully independent since they contain not only
the in-plane tensile and compressive limits ki, k¢, but also the out-of-plane tensile
and compressive limits k; and k. Consequently, Eq. (6.75) can be classified as the
hexagonal transversely isotropic Tsai—Wu criterion of initial yield/failure.

Applicability range of the Tsai—Wu orthotropic criterion (6.75) to properly
describe initiation of failure in some engineering materials that exhibit high orthotropy
degree, is bounded by a possible ellipticity loss of the limit surface, see Ganczarski
and Adamski [14]. In other words, a physically inadmissible degeneration of a sin-
gle convex and simply connected elliptic limit surface into two concave hyperbolic
surfaces occurs.
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The following inequality bounds the range of applicability of the transversely
isotropic Tsai—Wu criterion to ensure convexity

CtZ,‘:CZ, KixKex ‘CtZ, CCZ

which can easily be recognized as an extension of the relevant bounding inequality for
Hill’s criterion (5.66). Substitution of the dimensionless parameter R= 2(%) -1,
(extension of the Hosford and Backhofen parameter), leads to the simplified restric-
tion

R > —05 (6.77)

If the above inequalities (6.76)—(6.77) do not hold, elliptic cross-sections of the limit
surface degenerate to two hyperbolic branches and the lack of convexity occurs. To
illustrate this limitation, the yield curves in two planes:

the transverse isotropy plane (o, oy)

2R
0')2; - H_—Eaxo'y + Ui + (kex — kex) (Ux + Uy) = kixkex (6.78)

and the orthotropy plane (o, 0;)

2 2
2 2
0L — ——=0y0; + — =07 + (kex — ki) 0x + kizke, 0, = kixk 6.79
X 1 R xYz 1 R z (cx tx) X tzRczVUz txfex ( )

for various R-values, are sketched in Fig.6.10a, b, respectively. It is observed that
when R, starting from R = 3, approaches the limit R = —0.5, the limit curves
change from closed ellipses to two parallel lines, whereas for R < —0.5, concave
hyperbolas appear.

Except the hexagonal transversely isotropic Tsai—Wau criterion Eq. (6.75), one can
introduce the other hexagonal transversely isotropic Tsai—Wu failure criterion, see
Ganczarski and Adamski [14]. In order to do this, let us consider the more general
transverse isotropic von Mises—Tsai—Wu criterion of the format

I (0)% + 0_3) + 1733022 + 2[00y + 2013 (Ux + O’y) o,

6.80
+ Iy (Ty2z + Tzzx) + HGéT)%y + 711 (Ux + Uy) + w330, =1 (©50
Equation (6.80) contains 8 = 6 + 2 independent modules and it is straightforward
simplification of the orthotropic von Mises—Tsai—Wu criterion (6.59) by introducing
obvious symmetry conditions 1y = [, I1p3 = I131, [144 = I1s5 and 711 = 72.
For calibration of it following tests are to be performed:
six uniaxial tension/compression and shear conditions


http://dx.doi.org/10.1007/978-3-319-17160-9_5

234 J.J. Skrzypek and A.W. Ganczarski

3 LR =34

5 ] ] ] ] ]
-6 -5 -4 -3 -2 -1 0 1 2

Gx/ v ktx kcx

Fig.6.10 Degeneration of the Tsai~Wu limit surface with the magnitude of the generalized Hosford
and Backhofen parameter R: a transverse isotropy plane, b orthotropy plane, after Ganczarski and
Adamski [14]
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ox = ke, Oy =...=Tox =0 —> Mk + Ttk = 1
oy = —key, 0')7:--'=sz:0—>Hllkczx_ﬂ'llkcle
o, = ki, O’x=...=7'zx=o—>H33kt2z+7'r33ktz=1 (6.81)
= —kez, Oy =... =Tz =0 —> H33kczz—ﬂ'33kcz= 1
Tox = kzx, ox:...=TyZ:O—>I'[44k12x=1
Try = A Kkikex /3, 0x = ... = Ty; =0 —> [gekirker /3 =1
and two biaxial conditions that allows to capture magnitudes of 11> and 113
Oy =0y = k(xy) = —(kex — ki) FV/AL O, =...=T); =0
2k? kex — kix
Txy)
— — 2IT1k? Y e = 1
ktx cx 2 *) * ktxkx o =
1 ktxkcx
Ox :Uz:k(xz) Z_E (kcx_ktx)+(kcz_ktz)k VA2,
tzcz
K2 K2
Oy = =Ty =0 —> —OD 4 0D 72 (6.82)

ktxkcx ktzkcz *x2)
+(1 l)k +(1 l)k 1
ktx kcx () ktz kcz 2 =

Symbols A; and A, used for brevity denote: A} = (kcy — kix)? + kicker and
As = [(kex — ki) + (kez — ktz)k‘xk”] + 4kickex. Solution of Egs. (6.81-6.82) with
respect to Iy, I112, I113, I133, H44, Ilge, 711 and 733 yields

Hll = l/ktxkcx H12 = _I/Zktxkcx H13 = _I/Zktzkcz
I35 = 1/kizke, My = 1/k2,, Ile6 = 3/ kixkex (6.83)
T = 1/koe = 1/ kex 733 =1/kiz — 1/ ke,

which finally leads to the new hexagonal transversely isotropic von Mises—Tsai—Wu
failure criterion also in terms of five independent constants ki, kcx, ktz, kcz and &y,
but different from (6.75)

2

2 2 2 2
oy + oy o; 0x0y  0y0y +0x0; Ty + 7

+ —
ktx kcx ktzkcz ktx kcx ktz kcz kz2x
b2 g2 +( L1 )( + )+( Lo ) =1
T. —_— = g ag g, =
ktxkcx Y ktx kcx ! y ktz kcz :

Note that the coefficients preceding ooy and TX}, underlined terms in (6.84) are
always positive by contrast to analogous terms in (6.75) that can change sign. These
prevent elliptic form of failure curves from loss of ellipticity and reduce Eq. (6.84)
to the “shifted” Huber—von Mises ellipse from the origin of coordinate system in

case of transverse isotropy plane. In other words, this new hexagonal format of

(6.84)




236

(a) vpa)
5=

J.J. Skrzypek and A.W. Ganczarski

25 H
\

Tsai;Wﬁ hexagonal
- -

. _-
- —_
1 1 1 1 1

30335

-25 -20 -15 -10 -5 0

Tsai-Wu hexagonal O
new Tsai-Wu hexagonal /

— kex PN Ky

711/

. 1 J

5[MPa]

Txy

— =  — ——
= . =
Tsai-Wuthexagonal —~ =~

5[MPa]

ktx

Ox

_3_8

! !
3 2 10 1

J
2 [MPa]

Fig. 6.11 Comparison of transversely isotropic Tsai—Wu’s initial failure criteria of hexagonal and
new hexagonal types for columnar ice: a plane of transverse isotropy (o, oy), b plane of orthotropy
(0x, 07), ¢ shear plane (o, 7xy), after Ganczarski and Adamski [14]
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Table 6.1 Experimental data

. . Tensile strength Compressive strength

for columnar ice after

Ralston [30] kt)c 1.01 MPa kCX 7.11 MPa
ke, 1.21 MPa ke; 13.5MPa

Tsai-Wu'’s failure criterion is unconditionally stable and preserves reducibility to
isotropic Huber—von Mises ellipse but shifted in the isotropy plane.

Both the Tsai—Wu transversely isotropic initial failure criteria, hexagonal
Eq.(6.75), and new hexagonal type Eq.(6.84) are compared for columnar ice, the
experimental data of which was established by Ralston [30] in Table6.1 in plane
of transverse isotropy (o, 0y), shear plane (o, Txy), and in plane of orthotropy
(ox, 0;), see Fig.6.11. Subsequent cross-sections of the limit surface are ellipses
that exhibit strong oblateness in case of tetragonal symmetry; the centers of which
are shifted outside the origin of coordinate system toward the quarter referring to
compressive stresses. In case of cross-section by plane of transverse isotropy (see
Fig.6.11a), the symmetry axis has obviously inclination equal 45° to the axes of coor-
dinate system; in other words, it overlaps projection of hydrostatic axis at the trans-
verse isotropy plane (o, o), contrary to the cross-section by plane of orthotropy (see
Fig. 6.11b) the main semi-axis of ellipse is inclined by 71.1°. It has to be emphasized
that in case of columnar ice compressive strength along othotropy axis, k¢, is over 10
times greater than tensile strength ki,; whereas, analogous ratio k¢, / k¢, is approxi-
mately equal to 7 in case of transverse isotropy plane. Moreover, ratio of semi-axes
for Tsai—Wu tetragonal ellipse in (o, oy) plane essentially exceeds analogous ratio
for Huber—von Mises ellipse, contrary to the case of Tsai—Wu hexagonal ellipse. It is
also worth to emphasize that although the hexagonal transversely isotropic Tsai—Wu
failure criterion Eq.(6.75) and the new hexagonal transversely isotropic Tsai—Wu
failure criterion Eq. (6.84) contain the same number of five independent strengths
kix, kex, kiz, ke, and k., only criterion (6.84) is free from convexity loss and simul-
taneously truly transversely isotropic in sense of hexagonal class of symmetry.

6.6 Implicit Formulation of Pressure Sensitive Anisotropic
Initial Failure Criteria—Khan’s Concept

In the Sect. 5.7, representative papers based on the implicit approach to anisotropic
yield criteria not accounting for pressure sensitivity were discussed. In what follows
selected examples of implementation of the implicit approach to the broader class
accounting for anisotropy, tension/compression asymmetry, and pressure sensitivity
are thoroughly considered.

Khan and Liu [20] applied the following extension of the nine-parameter
orthotropic von Mises criterion (5.45) to describe the ductile fracture of the Ti-6Al-
4V alloy accounting for hydrostatic pressure sensitivity, anisotropy, and significant
tension/compression asymmetry effect
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JexpIC(C + D1 (Fo} + Go3 + Hoj + Loyoy + Mayos + Noyos

I (6.85)
+ Pc7122 + Qalz3 + Rcr%3) = exp (c1 —1)

/3

Both the hydrostatic pressure dependence /; and the tension/compression asymme-
try J3 are included in an implicit fashion as arguments of two exponential func-
tions appearing as multipliers at the right- and the left-hand sides of orthotropic von
Mises’ equation. According to authors, interpretation of the main advantage of such
formulation is that the anisotropy and tension/compression asymmetry are uncou-
pled into separate multiplicative terms which allow the anisotropic parameters and
tension/compression asymmetry coefficient to be determined independently. The fol-
lowing definitions hold F, G, H, L, M, N, P, Q, and R are anisotropic parameters;
C is the tension/compression asymmetry coefficient, { denotes the Lode parameter
¢ = cos30 = 21 __J where 6 is the Lode angle, I; is the first stress invari-

2 (J3R)?’
ant, whereas J> and J3 are the second and the third invariants of deviatoric stress

tensor. Although the general form of limit criterion (6.85) accounts for all three fea-
tures, anisotropy, tension/compression asymmetry, and hydrostatic pressure depen-
dence, in fact its calibration performed by authors leads the form capturing only the
tension/compression asymmetry and hydrostatic pressure dependence. As a conse-
quence, the limit curve of Al2024-T351 alloy exhibits only one axis of symmetry
which means that this corresponds to the case of partly distorted limit surface. By
the use of above formula, authors succeeded with fitting experimental data in rolling
direction (RD), transverse to rolling direction (TD), and the thickness direction (ND)
Fig. 6.12. However, hydrostatic pressure dependence introduced by the use of right-
hand side exponential function leads to loss of convexity of the fracture surface along
the meridian direction in the Haigh—Westergaard space as it was shown by Khan and
Liu [20]. The convexity loss discussed in this case is significant only from theoreti-
cal point of view, because in such a case Drucker postulate is violated. However, for
the data cited by authors the concave meridian effect is very small such that it can
probably be ignored from engineering point of view for the considered material data.
Nevertheless, in spite of possible convexity loss along meridian no convexity loss
along circumference is observed; although there exists second exponential function
dependent on J> and J3 being a multiplier of the Hill form on the left-hand side of
Eq. (6.85).

In another paper by Khan et al. [21], the direct hydrostatic pressure dependence
(through 1) is dropped; however, both significant anisotropy (fully anisotropic cali-
bration of all material constants F, G, ..., R) and tension/ compression asymmetry
are saved

exp[—C(C + D] (Fo} 4+ Go3 + Ho3 + Loyoy + Moy03 + Nojo3
2 2 2 ‘ (6.86)

+Pofy + Qofy + Rogy) =1
Although the general form of limit criterion (6.86) accounts for nine independent
anisotropy parameters, in example considered by authors in [21], due to calibration
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Fig. 6.12 Correlation of the 0.2% yield loci of Ti-6Al-4V alloy (o—experimental data points,
—points calculated from ND experimental data) with the yield function proposed by Khan
etal. [21] (solid line) and Huber—von Mises criterion (dashed line): a comparison in RD-TD plane,
b projection on deviatoric plane

the material constant G is determined from the equi-biaxial compression test; so it
depends on three compression limits like in case of Hill criterion. Under assumption
of plane stress state, it reduces to four-parameter orthotropic Hill condition (5.58).
Fitting of experimental data for 7i-6Al-4V alloy at different strain rates and tempera-
tures shows excellent coincidence between the experimental findings and simulation.
By contrast to the previous formulation (6.85), the symmetry of the limit curve is
lost completely (nonaxis of symmetry exists) as shown in Fig. 6.12.

Orthotropic yield criterion proposed by Yoon et al. [39] being anisotropic exten-
sion of the isotropic criterion (6.14)

~ 1/3
L+ (572 -0) =1 (6.87)

where _
Iy = hyoxy + hyoyy + hy oy
Jy=1s"s (6.88)
Jy = det(s")

The stress tensors s’ and s” (6.88) are transformed from the stress tensor o to the
transformed space by two fourth-order linear transformation tensors I and " as
follows s’ =L/ : o and s =L" : o with
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Fig. 6.13 Comparison of the Oyy
yield surface of AZ31 2504
Magnesium alloy:
o—experimental data points,
[}—yield function proposed
by Yoon et al. [39] (unit
MPa)
Y+ =3 -c/3 T
—C§l;/3  +ciy3 (ch’>/3)
G @) i @i
i —-C,’/3 —-C,;’/3 C C 3
Lo _ i/ N R (6.89)
Cy
(@)
© (@)
1
i c |

where superscript (i) =/ or //.

This highly extended yield criterion is capable of capturing all three features:
anisotropy, tension/compression asymmetry and hydrostatic pressure sensitivity of
various metals like AA 2008-T4, high-purity a-Titanium, and AZ3 1 Magnesium alloy.
Excellent fitting of proposed yield criterion and experimental data of AZ31 is shown
in Fig. 6.13. This sufficiently general form can unconditionally be recommended as
very effective and specially addressed to model fotally distorted response of cold-
rolled metals.

6.7 Review of Isotropic and Explicit or Implicit Anisotropic
Initial Failure Criteria

In this section, a brief review of the selected pressure sensitive initial yield/
failure criteria is demonstrated. Contrary to the survey given in Sect.5.9, in the
case considered here, the review of pressure sensitive criteria has to account for
three characteristic properties:

o the first stress Ji, or the first common [1;;0;; invariants have to be present in the
yield/failure criterion,
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e isotropic versus anisotropic formulation,
e direct versus indirect dependence on the stress invariants or the common invariants.

In case of isotropic pressure sensitive criteria, the attention is paid to invariant
representation of invoked criteria. Selected isotropic yield/failure criteria are col-
lected in Table6.2. All cited criteria depend on both the first stress invariant and
the second deviatoric invariant but additionally they may also depend on the third
deviatoric invariant. Criteria C1 Iyer [17], Gao et al. [15] and C3 Iyer and Lissenden
[18], Pecherski et al. [29] are special cases of the general criterion C4 Eq.(6.8),
see Sect.6.2. Criterion C2 by Yoon et al. [39] has slightly different format and
cannot be derived form the general criterion C4 as a particular case but it can be
considered as the extension of the Cazacu and Barlat [5] pressure insensitive yield
criterion A2 in Table 5.3 to the case of hydrostatic pressure sensitivity. Chronologi-
cally first yield/failure Coulomb—Mohr’s criterion C5 has been presented in the three
equivalent formats: the original Coulomb format (6.16), the Mohr format (6.18)
explicitly expressed in terms of principal stresses, and the mixed invariant format

(6.22) in which definition cos(36) = %g i 1213)‘3 7 holds and explicit dependence
on the third stress deviator invariant is Visiblé, see Chen and Han [7]. All above
criteria C1-C5 represent in the High—Westergaard space asymmetric yield/failure
surfaces hence tensile and compressive meridians stay in different distance from
hydrostatic axes. Next criterion C6 originated by Burzyriski [4] represents in the
High-Westergaard space rotationally symmetric surface of various shapes: ellip-
soidal, paraboloidal, hyperboloidal, or conical, see Fig. 6.5. Hypothetically possible
onefold hyperboloidal surface has to be excluded on the base of Drucker’s convex-

Table 6.2 Review of pressure sensitive isotropic yield/failure criteria

C | Author(s) Stress invariants

1/p
Cl1| Iyer [17], Gao et al. [15] Eq. (6.9) (anj+bJ§+cJ§{’/3) -1

C2| Yoon et al. [39] Eq. (6.14) albdis + (5> = )31 =1

C3| Iyer and Lissenden [18], Pecherski ale(, + bJys + ch/S =1
et al. [29] Eq. (6.10)

1/r
C4| Extension of C1 and C3 formats, (a],zf + szi + cJ32Sp/3) —1=0
Eq.(6.8)

C5| Coulomb [8], Mohr [27] Eq.(6.16) | |T| =c —otan¢ % (o1 —03)cos ¢ =
pr.incip.al stress format Eq. (6.18) c— [% (01 + 03) + Z5% sin ¢] tan ¢
mixed invariant format Eq. (6.22) % Ji 8in & -+ /T2y sin (0 + % ) +

V325 cos (0 + F)sing — ccosdp =0

2
C6| Burzyfiski [4] Eq. (6.27) A3Jo + B (%) e (%) =1

C7| Drucker and Prager [9] Eq. (6.39) adiy +/Jos =k
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ity postulate. The limit format of the Burzynski criterion which satisfies Drucker’s
convexity postulate is the Drucker—Prager [9] criterion C7 that represents the con-
ical surface. Note that both Burzynski’s and Drucker—Prager’s criteria degenerate
to Huber—von Mises’ cylindrical surface in case when dependence on hydrostatic
pressure is neglected.

Selected pressure sensitive anisotropic yield/failure criteria are written in
Table 6.3. Most of the criteria presented in this table, namely items D1-D13, deal
with explicit formulation of the anisotropic yield/failure criteria being consistently
formulated in the frame of common stress and structural tensors I7T;0;;, I jk10ijor
and I1;jkimn0ijOkiOmn. On the other hand, the last two items D14 and D15 comprise

Table 6.3 Review of pressure sensitive anisotropic yield/failure criteria

D Author(s) Common invaritants

P

D1 Goldenblat and Kopnov [16], Sayir [33] ITj0i)* + (Hijklaijakl)j

Eq.(6.2) + (Mijkimnoijoxiomn)” + ... =1
D2 Zyczkowski [40] Eq. (6.44) Ijjoij + (nijkla'ijgkl) 2
+ (Hijklmnﬂijﬂklamn)m =1
D3 Kowalsky et al. [24] Eq.(5.21) hO 4 hf})sij + sijhg,)dskl
+Sijsklhgj3~/)dm,,smn =0
D4 | Zyczkowski [41] Eq. (6.44) ijoi; + /Tijuoijon = 1
D5 Ganczarski and Lenczowski [11], Mijoij + Hijuoijon =1

Ganczarski and Skrzypek [13] Eq. (6.46)

D6 Ganczarski and Skrzypek [13] Eq. (6.52) 17,~ja,~_,~ + Hi_,kls,»_,»skl =1

D7 Orthotropic von Mises—Tsai—-Wu Eq. (6.58) | onf1;j0ij + ordTijrioijor =1

D8 von Mises [37, 38] Mijuoijon =1

D9 Khan et al. [21] ortlTijkioijor =1

D10 | Theocaris [35], Liu et al. [26] ortdTijoij + | /Hgkls,-_,'skl =1
D11 | Tsai and Wu [36] Eq. (6.64) ondTijoij + My sijsn = 1

D12 | Tetragonal transversely isotropic Tsai—Wu msH}]'.Wcr,- i+ {z‘sﬂg}?{si Skl = 1 (6 matrial

Eq.(6.75) constants)

tris

D13 | Hexagonal transversely isotropic Tsai—Wu, msﬂgwm i+ hexﬂ;%si s =1(@
Ganczarski and Adamski [14] Eq. (6.84) material constants)

D14 |Khan and Liu [20] Eq. (6.85), Khanetal. | /exp[C(C + Dlor[ijki0ij01
[21] Eq. (6.86) =exp(c1 4)
exp[—C (¢ + DlondTijiioijon = 1

D15 | Yoon et al. [39] Eq.(6.87) L+ —uniB =1
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exemplary anisotropic yield/failure criteria based on implicit formulation where
anisotropy is introduced by linear transformation imposed on the stress tensor, and
next generalization of the known pressure sensitive isotropic criteria are done by
replacing stresses or stress invariants by transformed ones. All aforementioned crite-
riainclude first and second common or transformed invariants by definition (presence
of the first invariant is necessary in order to account for hydrostatic pressure sensitiv-
ity and the second invariant ensures energy based interpretation of the limit criterion),
whereas appearance of the third common or transformed invariant is optional.

The most general form D1 originated by Goldenblat and Kopnov [16], Sayir [33]
is written in a polynomial format where the exponents «, 3, -y, . . . are arbitrary con-
stants and number of terms is arbitrarily chosen, but usually limited to the first three
terms. Two particular cases of the criterion D1 are of special interest. Assuming
a = 1,6 = 1/2,7 = 1/3 the homogeneity of the polynomial function on the
left-hand side is assured, e.g., Zyczkowski [40] D2. On the other hand, the criterion
D3 used by Kowalsky et al. [24] does not satisfy homogeneity requirement where
« = 3 = v = 1 holds. In the criteria D1-D2, all three common invariants are saved;
hence, the total number of independent material constants corresponding to the first
I1;jo;j the second I1; i 0ok and the third IT;jx1mn0ij ki Omy cOmmon invariants is
equal to 6 +21 4 56 = 83. Both criteria D1-D2 are formulated in the space of stress
tensor components. However, when the majority of metallic materials is considered
the stress deviator space is more adequate to formulate limit criteria. Criterion D3
described in this space, having reduced total number of independent material con-
stants, was proposed by Kowalsky et al. [24]. Engineering application of the full
format including all three common invariants is very complicated because it requires
identification of large number of modules of the third common invariant (up to 56
in general case). The third common invariant is responsible for distortion of limit
surface hence in all cases where distortion is not very significant it is reasonable to
neglect the third common invariant. Items D4-D13 take advantage of aforementioned
simplification, what means that only first two common invariants are saved, which
drastically reduces number of independent material constants down to 6 + 21 = 27.
Both items D4 and D5 are consequently written in the stress space. However, item
D4 represents the conical-type limit surface, being anisotropic generalization of
the isotropic Drucker—Prager cone; whereas, item D35 represents paraboloidal-type
limit surface, being anisotropic generalization of isotropic rotationally symmetric
Burzyniski’s paraboloid. Of course due to anisotropy, both discussed criteria do not
satisfy the rotational symmetry property. In some cases, it is justified to use devia-
toric format of the second common invariant only that leads to some reduction of
number of independent material constants 6 + 15 = 21. The representative of such
limit criterion is item D6. If fully deviatoric format of both the first and the sec-
ond common invariants is used, we arrive at the hydrostatic pressure independent
criterion considered by Szczepiniski [34] (6.55) that has 5 4+ 15 = 20 independent
material constants. This criterion does not appear in Table6.3 since it is pressure
independent; however, its simplified form that has not the first deviatoric common
invariant (5.43) was discussed in Sect.5.2. The essential difference between both
criteria (5.43) and (6.55) is that Eq.(5.43) represents limit surface that axis coin-
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cides with the hydrostatic axis whereas Eq. (6.55) represents limit surface that axis
is shifted from the hydrostatic axis. The appropriate limit surfaces degenerate to not
rotationally symmetric cylinders.

Criterion D7 may be considered as an extension of the orthotropic von Mises
criterion (5.45) by use of the first common invariant described 349 = 12 independent
material constants. Criteria presented in items D8 and D9 do not contain the first
common invariant and they are written down in the stress space. This means that both
discussed criteria are pressure sensitive ones. The general von Mises criterion D8 is
described by 21 independent material constants whereas the criterion D9, suggested
by Khan et al. [21] contains only 9 independent material constants since it describes
material orthotropy. Next two items, namely D10 and D11, can be considered as
narrower formats of items D4 and D5. Both criteria are determined by 3 46 = 9
independent material constants. This reduction is furnished by simultaneous use of
two substitutions: first, substitution of Hill’s structural tensor (6 independent material
constants), instead of Mises’ tensor (21 independent material constants); and second,
substitution of stress deviator by stress tensor in the second common invariant.

Criteria D12 and D13 describe yield/failure surfaces in case of transverse isotropy
of tetragonal Eq. (6.69) and new hexagonal Eq. (6.84) symmetry however they differ
each from the other in this sense that format Eq.(6.69) is described by 2 +4 = 6
independent material constants by contrast to the format Eq. (6.84) in which2+3 = 5
independent material constants is present. In such a way the narrower hexagonal form
assures its reducibility to the shifted Huber—von Mises type ellipse in the plane of
transverse isotropy.

Criteria D14 and D15 belong to separate type of limit criteria in that sense that they
are neither the common invariant-based explicit equations nor linear transformation-
based implicit generalization of chosen isotropic criteria. These original mixed con-
cepts are difficult to be classified in sense of either implicit or explicit approaches
because involved simultaneously all three invariants. In D14 criterion suggested by
Khan and Liu [20], Khan et al. [21], the second common invariant /7 i(;'rl: ,0ijok and
all stress invariants /1, J», J3 are involved. In D15 criterion proposed by Yoon et al.
[39], the first common invariant [1;;0;; together with the second and the third trans-
formed invariants J;, J; are used. The format with J;, J; turns out to be anisotropic
extension of Drucker’s criterion which appears in power 1/3 due to assure dimension
homogeneity with the first common invariant 1.
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Chapter 7
Classification of Constitutive Equations
for Dissipative Materials—General Review

H. Egner and W. Egner

Abstract In the present chapter the general features of thermodynamically based
constitutive modeling are described. In such approach a basic hypothesis is that the
state of a material is entirely determined by certain values of some independent vari-
ables, called variables of state. This type of constitutive modeling is particularly well
adapted to the formulation of constitutive equations for deformable solids with sev-
eral dissipative phenomena. A common three-stage procedure in the definition of a
constitutive model is discussed: (1) choice of the state variables, (2) definition of the
state potential from which the state relations (between strain-like variables and their
dual conjugated forces) are derived, and (3) choice of the dissipation potential from
which the rate equations of state variables are derived. The classification of consti-
tutive equations is then presented for elastic-damage, elastic-plastic, thermo-elastic-
(visco)plastic, and elastic-plastic-damage materials. Damage-induced anisotropy and
unilateral damage effect are accounted. When plasticity is considered, an alterna-
tive multiscale approach, based on polycrystalline calculations for the description
of yielding anisotropy and its evolution with accumulated deformation, is also dis-
cussed. As an example of thermoplastic coupling, the fatigue behavior of martensitic
hot work tool steel in nonisothermal conditions is analyzed. In this example two
cases are compared: (1) partial coupling, when changing temperature is accounted
only in changing material parameters, and (2) full coupling, when additional terms
proportional to temperature rate are added in the kinetic equations of thermodynamic
conjugate forces. Numerical simulations are performed, which indicate the signifi-
cant influence of temperature rate on the response of constitutive model when cyclic
thermomechanical loading is considered.

H. Egner (X)

Solid Mechanics Division, Institute of Applied Mechanics,

Cracow University of Technology, al. Jana Pawta II 37, 31-864 Krakéw, Poland
e-mail: Halina.Egner @pk.edu.pl

W. Egner

Division of Technical Mechanics, Institute of Applied Mechanics,

Cracow University of Technology, al. Jana Pawta II 37, 31-864 Krakéw, Poland
e-mail: Wladyslaw.Egner@pk.edu.p

© Springer International Publishing Switzerland 2015 247
J.J. Skrzypek and A.W. Ganczarski (eds.), Mechanics of Anisotropic Materials,
Engineering Materials, DOI 10.1007/978-3-319-17160-9_7



248 H. Egner and W. Egner

Keywords Constitutive modeling * Dissipative material - Thermoplastic coupling *
Damage-induced anisotropy

7.1 Coupled Dissipative Phenomena

We consider a specific portion of the physical universe, called a system. A system
is closed, which means that there is no exchange of matter between it and its sur-
roundings. To describe the state of a system we need a set of macroscopic quantities,
which are characteristics of a system, and which can be scalars, vectors, or tensors
(matrices), such as temperature or a strain tensor. Such quantities are called state
variables, and functions of state variables are state functions. State functions depend
only on the state of the system and not on the manner in which this state is achieved.
A system subjected to loading undergoes the process of deformation. If both the sys-
tem and its surroundings can be brought back to their initial conditions, the process
of deformation is called reversible. If the restoration of a system to its initial condi-
tions requires changing of the conditions of its surroundings, the process is called
irreversible. For reversible processes, the material after unloading returns to its ini-
tial state, and its characteristics do not change. In the case of irreversible process
the material after unloading does not return to its initial state, but to some residual
state, characterized by residual strains and stresses, and changed material properties.
Irreversible phenomena are accompanied by the dissipation of energy introduced to
the material in the course of deformation. For this reason they are called dissipative
phenomena. In particular, among reversible phenomena we may indicate linear or
nonlinear elasticity, while plasticity, creep, and/or damage are irreversible and lead
to various rearrangements of a material microstructure. Elastic response is indepen-
dent of the load history, so that the response for loading and unloading follows the
same path (path independent). In accordance, the stresses are uniquely given by the
strains through the constitutive relation.

Reversible deformation is limited when irreversible rearrangements of a material
microstructure are initiated. Most often the material degradation connected with slip
rearrangements of crystallographic planes through dislocation motion is observed
(ductile materials) and/or the development of microcracks and microvoids takes
place (brittle materials). Such behavior may be illustrated on the example of uniaxial
loading/unloading for three typical groups of engineering materials: (visco)plastic
(or ductile—most of metals), brittle (some CMC-type composites, ceramic mate-
rials, concrete, rocks) and mixed (visco)plastic/brittle (most of MMC composites,
castiron). Figure 7.1a illustrates the response of ductile (visco)plastic material. After
reaching threshold stress k*P the initially linear stress—strain diagram becomes non-
linear due to the development of (visco)plastic strains. On the basis of experimental
observations it can be assumed that during this hardening process the elastic modulus
remains unchanged, EYP = E€. The areas W¢, WP, and W*'P in Fig. 7.1a illustrate,
respectively: the elastic strain energy that can be retrieved during unloading, the dis-
sipated energy (mainly in the form of heat), and the energy used for rearrangements
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Fig. 7.1 Different dissipative phenomena observed during uniaxial loading/unloading: a
(visco)plasticity; b damage; ¢ plasticity with damage, after Ganczarski and Skrzypek [32]

of material microstructure (stored energy). Stress level k5p is an asymptotic value,
to which the stress tends when the viscoplastic strain tends to infinity, £'? — oo
(asymptotic hardening).

Brittle materials exhibit quite different behavior. After reaching threshold value
k9 the initiations of microcracks and/or microvoids are observed. Further increase of
the load causes the development of microdamage, and finally leads to brittle fracture
when fracture strain e’ is reached (see Fig. 7.1b). Microdamage development causes
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material degradation (damage softening) observed on macroscale as a progressive
drop of elastic modulus, E9 < E°. The areas W¢, W Wid and W4 illustrate,
respectively, the elastic strain energy, reversible part of the energy related to partial
closure of microcracks during unloading, the energy dissipated by damage, and the
energy used for microstructural rearrangements (stored energy).

In a more complex case, when the material exhibits both ductile and brittle features
(for example, spheroidal graphite cast iron) three ranges of the deformation process
can be distinguished (see Fig. 7.1c¢): elastic (0 < kd),elastic-damage (kd <o < k'P),
and mixed (visco)plastic-damage range (kP < o) (for the case when k4 < k'P).
Respective areas: W€, wed wid psd apg yysved correspond to the elastic strain
energy, reversible part of the energy related to partial closure of microcracks during
unloading, the energy dissipated by damage, the energy stored by damage hardening,
and the energy stored by simultaneous development of microdamage and plastic
strains. The elastic range in such complex case is limited by a surface which is a
common part of two other surfaces, related to plastic slip initiation, f*P, and damage
initiation, f4. During coupled process of damage and (visco)plastic dissipation,
plastic strains, as well as damage development, influence both plastic and damage
surfaces (cf. Egner [26]).

7.2 General Features of Thermodynamically Based
Constitutive Modeling of Coupled Dissipative
Phenomena

7.2.1 Basic Assumptions

The motions of the thermodynamic system obey the fundamental laws of continuum
mechanics expressed in the local form:

e conservation of mass
p+pviji =0 (7.1)

e conservation of linear momentum
ojj|j + pbi = pi; (7.2)
e conservation of angular momentum
oij = 0ji (7.3)
e the first law of thermodynamics

pu — E',:/'J,'j —r+gqy)i =0 (7.4)
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e the second law of thermodynamics

pi— L 4 (ﬂ) >0 (1.5)
T T/i

The following notation is used: p is the mass density per unit volume; v; is the
material velocity; o;; is the stress tensor; b; is the body force density per unit mass;
u is the internal energy per unit mass; €;; is the strain tensor; r is the distributed
heat source per unit volume; g; is the outward heat flux; s stands for the internal
entropy production per unit mass; 7 is the absolute temperature. Depending on the
scale, different approaches may be used in order to describe an overall structural
response of a dissipative structure on the macroscale. In general, micromechani-
cal models relate the macroproperties and the macroresponse of a structure to its
microstructure. In such approach the rearrangements of microstructure are discrete
and stochastic phenomena induced by a number of weakly or strongly interacting
microchanges that influence the overall structural response. The micromechanical
models have the advantage of being able to sustain heterogeneous structural details
on the microscale and mesoscale, and to allow a micromechanical formulation of the
evolution equations based on the accurate microchange growth processes involved
(cf. Chaboche et al. [17]; Boudifa et al. [11], Aboudi [1]).

Continuum Mechanics approach discussed in the present chapter provides the
constitutive modeling in the framework of thermodynamics of irreversible processes
with internal state variables. This approach is based on a concept of the effective quasi-
continuum (see Fig.7.2c). The material heterogeneity (on the micro and mesoscale)
is smeared out over the Representative Volume Element (RVE) of the piecewise
discontinuous material. The true state of a material within RVE, represented by the
topology, size, orientation, and number of microchanges, is mapped to a material
point of the effective quasi-continuum. The true distribution of microchanges within
the RVE, and the correlation between them are measured by the change of the effec-
tive constitutive properties. The microstructural rearrangements are defined by the
set of state variables of the scalar, vectorial, or tensorial nature (cf. Murakami and
Ohno [54]; Litewka [49]; Chaboche [18]; Skrzypek and Ganczarski [69]; Skrzypek
et al. [70]; Ganczarski et al. [30]). The constitutive tensors for the dissipative mate-
rial are defined by the use of even-rank effect tensors (damage effect tensor, phase
transformation effect tensor, etc.) that map thermodynamic forces from the physical
(discontinuous) to the fictitious (pseudocontinuous) configurations, see Fig.7.2.

7.2.2 State Potential and State Equations

In constitutive modeling, the well-known formalism of thermodynamics of irre-
versible processes with internal state variables, and the local state method are often
adopted. In this approach a central hypothesis is that the state of a material is entirely
determined by certain values of some independent variables, called variables of
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Fig. 7.2 a Virgin (initial), b physical (changed), and ¢ equivalent pseudo-unchanged continuum;
the equivalence principles are used in order to smear out the true microchanges distribution over
the RVE to yield the effective constitutive modules for dissipative material

state (see Chap.1). This type of approach is particularly well suitable to the for-
mulation of constitutive equations for deformable solids with several dissipative
phenomena. The constitutive behavior is defined by the specification of two poten-
tials: an energy (state) potential and a dissipation potential. A state potential is a
closed, convex, and scalar-valued function of the overall state variables. Usually,
Helmholtz’s free energy density is adopted, decomposed into elastic (py®), plastic
(pyP), damage (pv9), phase change (pYPM), etc. terms (cf. Lemaitre and Chaboche
[48], Abu Al-Rub and Voyiadjis [3]):

P =D pi = pu® 4 pP + pgo 4 pyPt - (7.6)
k=1

By eliminating all the reversible processes from the Clausius—Duhem inequality (7.5)
the following state equations which express the thermodynamic forces conjugated
to the observable state variables (see Chap. 1) are obtained:
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5 = 200) _ 0p¥) d(p) D=,
§j= e = . - 5
0= %54 ef=const Oy O (1.7)
_ W '
-or
The second term in (7.71) introduces the fourth-order tensor p© — %y which

ijkl 0c§;
accounts for the unilateral damage effect. The definition of tensor 5:.‘;. is g]iven by
Eq. (1.58) in Chap. 1 of this book. In addition, the pairs of forces conjugated to other
microstructural or hidden state variables are postulated in a similar form to (7.71)
and (7.7,) (cf. Chaboche [18]):

ok 9(pY) r_ O(pY)
r= vk’ i = Ohk

(7.8)

In the above equations Y* stand for thermodynamic forces conjugated to microstruc-
tural state variables V¥ Eq.(1.54), whereas hardening forces H* are conjugated to
hidden state variables h*. In particular, when hardening variables (1.56) are used,

thermodynamic forces H¥ = {Rk, Xk Lg'kl’ nglmn}, conjugate  of

ij’
corresponding internal variables ¥ (1.56) are defined for each dissipation mech-
anism (k = p, d, ph, ...) (see Table7.1):

A(py) A(py) I(py) A(py)

k_ kK _ ko ko _

R = ork Xij= ook Lijpg = k. Glipgrs = 3 (7.9)
u upq ijpqrs

If we now define the thermodynamic conjugate force vector J and the flux vector
P as:

Tii . . .7
Jz[aij,?l;—Yk,Hk] Pz[é{j,—qi;—vk,—hk] (7.10)

then the dissipation inequality (7.5) can be expressed as the scalar product of J and
P as follows (Krajcinovic [44]; Ottosen and Ristinmaa [60]):

n=J-P>0 (7.11)

where M is the dissipation function,

n= o)+ YVE— HYR  — g1/ T (7.12)
S———
rmech T

that can be fartherly decomposed into mechanical m™¢°" and thermal n” terms.
The state relations (7.7)—(7.9) are deduced from the fundamental Clausius—Duhem
inequality. The kinetic equations of force-like variables are then obtained by taking
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Table 7.1 State variables and corresponding thermodynamic conjugate forces for the general
thermo-elastic-plastic-damage two phase material

Phenomenon State variables Conjugate forces
Mechanical variables Observable state variables: ¢;;, T gij» §
Plastic flow 53- (or 55-) oij (or —ojj)
Plastic hardening rP (isotropic) RP

ag. (kinematic) X g.

l;kl (anisotropic) LZ‘kl

ggklmn (distortional) ngl
Damage Vl;l = Dy —Y;
Damage hardening r4 (isotropic) RY

ag- (kinematic) X;ij

lijkl (anisotropic) Lg'kl

gfszmn (distortional) Gg-k,
Phase transformation V,-JP h = &ij —Y,-JC'I
Phase transformation hardening | rP" (isotropic) RPh

ag-h (kinematic) X g.h

1521 (anisotropic) LE'ZI

ggzlmn (distortional) Gg-:,

time derivatives. Various coupling terms appear in the kinetic equations, that are nec-
essary for proper description of a material behavior, especially when cyclic loading
is considered [27, 28].

7.2.3 Dissipation Potential and Rate Equations

Dissipation Potential

Once the force-like variables are known from the state relations, it remains to define
the flux variables so that the volumic dissipation M (7.12) is always nonnegative. In
order to define the evolution equations to dissipative phenomena, the existence of
several dissipation potentials F¥ may be assumed, corresponding to each microstruc-
tural rearrangement (due to plastic flow p, damage growth d, phase change ph etc.),
and defined independently but partly coupled (weak dissipation coupling, Chaboche
[18]). Dissipation potentials are assumed in the form of positive, convex, closed, and
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scalar-valued functions of force-like variables, with the associated state variables
able to serve as parameters.

Dissipation functions in general can be expressed in the following nonassociated
form:

FF = 5 4 gk (R + g (XE) + ghioo (L) + 0hit (G (7.13)

where giks o g{gn, g’zfnis o> and 9’51 « are functions corresponding to recovery effects of par-
tial progressive return to the original microstructure (Kuo and Lin [45]; Mirzakhani
et al. [52]). Only the first two terms, related to isotropic and kinematic effects, are
used in the majority of existing models. Usually, the recovery functions are defined
as quadratic functions of thermodynamic forces conjugated to hardening variables,

k vk 1k k
R, XU Liqu’ GiqurS‘

Loading Functions

In Eq.(7.13) f¥ stands for a loading surface related to the kth dissipative phenom-
enon. A first classical approach to the definition of the loading/failure criteria, usually
in relation to the phenomenon of plastic flow, is based on a concept of common invari-
ants of the stress and structural anisotropy tensors (see Chap.4). Loading functions
f*, described by relevant thermodynamic forces which are tensors of different order,
can be listed in a polynomial hierarchy with increasing complexity and hardening
properties, see Kowalsky et al. [43]. For example, the plastic yield function fP of
third degree with distortional hardening is given by

3 o
= \/Esiefngkls’?lf + 5558 Gl — (R + RP) =0 (7.14)

ef _ _ef
i = %

degree (damage, phase transformation, etc.) may be defined as

where s - %o,‘i}iélj and afjf =0;—X S Other loading functions of third

d _ [ydef;d ydef | ydefydef~d dof 4, pdy _
f _\/Yije LiwYa™ + Y55 Y Gl Ymn — (Ry + R =0

(7.15)

ph _ phef , ph ,phef phef y,phef ~ph phef ph phy _
f _\/Yij Liw¥u +Yi Yy Gugmn¥Ymn — (Ry +RPY) =0

where Y = i/ — X} and yPhel — yPh _ x f]’.h . Investigations by Streilein [71]
have shown that such polynomial yield functions, including hardening tensors up to
the sixth order are best covering the experimental data. To account for the unilateral

damage effect, the damage loading function f¢ may be expressed in terms of the
modified damage-conjugated thermodynamic force Y ;ef* (see Challamel et al. [22]):

d def* 7 d def’ defx ydef d d d
o= \/Yije LY + Y Y Gl Yo — (RG + R =0 (7.16)
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where (see Eq.(1.58))

def defy, (V) (V) (V) (V) def (¥) ydef
Ylje*—Zn(Y Oyniy nS ny n Yt = BR) Y (7.17)

Second approach, developed recently for example by Barlat et al. [4-6], Cazacu
and Barlat [14], Plunkett et al. [65], Yoon et al. [78] is of mixed type: classical
isotropic yield criteria were extended to anisotropy by the application of linear trans-
formation of the stress tensor. The proposed anisotropic yield function represents
with great accuracy both the tension/compression anisotropy and the strength differ-
ential effect.

A new yield criterion to describe the anisotropic yield behavior and tension/
compression asymmetry was also proposed by Khan et al. [42], and Khan and Liu
[41]. Both effects were uncoupled into multiplicative terms, which allowed to deter-
mine the anisotropic coefficients and tension/compression asymmetry parameters
independently. Additionally, by introducing a shape-dependent term different types
of yield surfaces can be predicted: quadratic—Hill type, non quadratic—Tresca
type, or intermediate.

Rate Equations

A constitutive model that fulfills the Clausius—Duhem inequality, fulfills all for-
mal requirements. However, this does not guarantee that the model provides a good
approximation of the real material behavior. If the internal state variables (1.57) cho-
sen in modeling are not identified with underlying physical mechanisms, responsible
for dissipation, the theory may be physically empty. There are various approaches
for establishment of the rate laws, so that the dissipation inequality is fulfilled:

e Direct approach. On the basis of experimental observations some evolution laws
for the components of flux vector P Eq. (7.10) are postulated. Then a posteriori
check is performed that the dissipation inequality (7.11) is fulfilled, and this must
be done for each material model.

e Onsager’s approach. Rate laws are established on the basis of the Onsager recip-
rocal relations (cf. Onsager [58, 59]):

Po = ToyJy (7.18)

where coefficients Ty create symmetric and positive definite coefficient matrix.
Insertion of (7.18) into (7.11) always provides:

n=J -P=JoToyJy >0 (7.19)

e Potential approach. The existence of a dissipation potential F (Jo, Z ) is assumed,
which is a closed, convex, and scalar-valued function of the thermodynamic forces
Jo, and some other possible variables Zg. If function F fulfills the condition
F(Jg,Zg) — F(0, Zg) > 0, then the evolution laws:
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Po=A—— A>0 7.20
) 976 > (7.20)

fulfill the dissipation inequality (7.11). This approach was pioneered by Halphen
and Nguyen [36] and is known in literature as a generalized normality rule.

e Postulate of maximum dissipation (cf. Ziegler [84]). According to this postulate,
from all admissible fluxes these are taken which maximize the mechanical dis-
sipation ™" (7.12) under the constraint that f¥ < 0 (7.13). This problem is a
Lagrange minimization problem with a constraint in terms of inequality:

L=—nmeh p Mt = —oyel — YAVE 4 HERE 4 Nt (7.21)

Necessary conditions of extremum lead to the following rate laws:

n k o fP 3f afp
SR L RC AR | CAES |
g (')ol] Oojj + Oojj + 8UU
——— —— —
EE ;d égh
. GOfTOfP oy f N
vk = Y A\ AP
Z ork oYk + oYk + oYk + (7.22)
vk v dk Vphk
af GOSP  OFY i Ofh
N AP —— N —— NP .
Z oHF ok T omE N omF T
N —’ N —’ P m——
Jipk Jdk Jyphk

where \F are nonnegative consistency multipliers and & is a number of a dissipative
phenomenon, like plastic flow, damage growth, phased change, etc., taking place
in the material. The postulate of maximum dissipation leads to associated theories,
since the loading criterion f* is associated with the potential function.

Both potential approach and approach based on the postulate of maximum dis-
sipation may be generalized into the following evolution rules (cf. Chaboche [18],
Egner [26]).

FX . OFP gFd . gFph
)\k = AP A Aph
z (90,] 80,1 + 80,-]- + 80,-1- +
OF! §pOFT qOFY L OFPh
zxayk c’)YkJrA oYk +A7 avk T
—_— T (7.23)
vpk ydk y phk
no o OF! . QFP . 9FY . QFPh
AP d APh .
§ GHF ok TN ok T opE T
N’ S——— N e’

Jipk Jdk J,phk
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For rate-independent problems the consistency multipliers may be calculated from
the consistency conditions:

fr=0
. fi=0
ff=0, = h—0 (7.24)

The parameters M are assumed to obey the classical Kuhn—Tucker loading/unloading
conditions:

< 0 and ):\k = 0 = passive loading
f¥<0 and f*¥{ =0and Ak =0 = neutral loading (7.25)
=0and \* > 0 = active loading

Note that if the damage loading function is expressed in terms of the modified ther-
modynamic force Ygef*, see Eqgs. (7.16) and (7.17), then another fourth-rank tensor,

D;{l) = OYISef* / 8Y§ef, which accounts for different damage evolution under tension

and compression, appears in expression (7.23,) written for k = d:

OF™ 8ydef>k
_ by =S a0 A M 7.26
lJ = Z 3yd mz aYI?lef* 6Y; ( )

The kinetic laws for thermodynamic conjugate forces (R Xk i szl, G{;klmn, .

obtained by taking time derivatives of the state laws (7.8) and (7.9). By the use of

..)are

tensorial forces Ll 4 and Gl]klmn conjugated to hardening variables ll 4 and gljklmn
significantly better agreement with experimental data may be obtamed as proved by
Streilein [71]. The kinetic laws for the overstress model by Chaboche and Rousselier
[21], extended to rotational and distortional hardening up to the sixth order, were
given by Kowalsky et al. [43]. The deviation between the experimental and numerical
results decreased from 11.8 % for the original model to 5.1 % for the model extended
to rotational and distortional hardening, see Fig.7.3.

When the classical approach based on the normality rule is used, the rate of a
given state variable is derived from one dissipation function, related to dissipative
phenomenon represented by this variable. On the other hand, if another approach,
based on the postulate of maximum dissipation (cf. for example, Abu Al-Rub and
Voyiadjis [3]) is applied, coupling between dissipation phenomena is possible to rep-
resent in evolution equations, however only associated theories are then described,
since the kinetic laws result from side conditions of a minimization Lagrange prob-
lem, which are imposed on the loading functions and not dissipation functions. Note
that Eq. (7.23) describe both coupling between dissipation phenomena (so that all
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Fig. 7.3 Hysteresis loops (a) 500
and yield surfaces original .
for the uniaxial tensile test, model M7 o

extended
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after Kowalsky et al. [43]
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b

data
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original N
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dissipation functions may appear in each kinetic law) and nonassociated rules. Con-
sequently, the inelastic strain rate consists not only of the plastic strain rate, but also of
strain rates related to other dissipative phenomena. As well, the rates of microstruc-
tural state variables, V¥ include terms resulting from coupling of kth dissipative
phenomenon with other dissipative phenomena. At the same time the description
of nonassociated theories is possible. Therefore, the evolution rules (7.23) may be
considered as the generalization of classical normality rules and approaches based on
the postulate of maximum dissipation: for associated theories, when the considered
dissipation function is equal to the loading function, F¥ = f*, or for nonassoci-
ated theories in which the recovery terms are independent of thermodynamic forces
associated with the microstructural rearrangements, Eq. (7.23) become equivalent
to the approaches based on the principle of maximum dissipation (cf. for example
Abu Al-Rub and Voyiadjis [3]). On the other hand, if coupling between individual
dissipation potentials is neglected, Eq. (7.23) reduce to the classical normality rule
(cf. for example Ganczarski and Skrzypek [31]). The comparison between kinetic
equation (7.23) presented in Egner [26] and approaches presented in Abu Al-Rub and
Voyiadjis [3] and in Chaboche [18] for elastic-plastic-damage material is presented
in Table7.2.
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7.3 Elastic-Damage Material

Linear elastic material behavior is based on the assumption that the elastic stiffness
(or compliance) tensor is constant through the entire service time. In general, this
assumption is not true, because of the appearance of several irreversible mechanical
phenomena, e.g. plasticity and damage, etc. which all affect the elasticity tensors.
Roughly speaking, due to these material degradation phenomena, a drop in stiffness
and an increase in compliance is observed, such that the initially linear behavior
becomes nonlinear. Neglecting, at this point, the plastic dissipation mechanism, we
confine ourselves to the influence of the damage dissipation mechanism on the prop-
erties of nonlinear elastic-damage material. If the damage process is active, addi-

tional damage-induced strains, reversible 6:-}(1 and irreversible €9, are observed, see

i
Eq.(1.38):¢;; = 5?}- + Ej-’jd + 5}]‘.'. In other words, nucleation of microcracks and micro-
cavities, growth, and coalescence, as well as decohesion, grain boundary cracks, etc.,
are the source of nonlinearity. It may be described by the effective stress concept or,
more generally, the effective variables concept [24]. According to this formalism,
the effective (damage influenced) stress 7;; is obtained from the Cauchy stress o;
through the linear tensorial transformation, by the use of the fourth-rank damage
effect tensor Miji(Dp,), the elements of which depend on the current components
of the second-rank damage tensor D,,. Hence, the following linear tensorial trans-

formation rule holds: B
oij = Mijiion (7.27)

Matrix representation of the damage effect tensor is complicated and not unique, as
shown by Chen and Chow [23], see Chap. 1. Summing up, when the effect of damage
growth is taken into account, the initially linear elasticity equations become nonlinear
following the stiffness deterioration (and compliance increase) due to damage:

ojj = MiquqursMrkslfz[ (7.28)

Usually, the initial damage threshold is observed, the exceeding of which matches
the active damage growth. Below the damage threshold processes are purely elastic,
but on reverse loading the additional effect of damage hardening may occur. In spite
of mechanical properties damage also influences thermal expansion and thermal
conductivity. In order to derive the damage affected thermal expansion tensor [29]
application of the stress equivalence principle gives:

ar1(1 = Dy)
(@] = ax(1 — Dy) (7.29)
a3(1 — D3)

In an analogous way, postulating the entropy equivalence principle one may introduce
a damage affected thermal conductivity tensor [69]:


http://dx.doi.org/10.1007/978-3-319-17160-9_1
http://dx.doi.org/10.1007/978-3-319-17160-9_1
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A1 = Dy)
(1 = Dy) (7.30)
A3(1 = D3)

(]

7.4 Elastic-Plastic Material

A second basic dissipative mechanical phenomenon that causes a loss of material
linearity is material degradation connected with plasticity. In the case of the plas-
ticity dissipation mechanism (as observed in the majority of ductile metals) the
irreversible plastic strain 5?- in a loaded/unloaded specimen remains in the stress-
free state. Assumption of the class of symmetry of material in the elastic range
(orthotropy, transverse isotropy, isotropy) is the key point for proper definition of the
yield criterion. If material is isotropic in the elastic range, it deforms approximately
isotropically also at the initial phase of plastic flow. In the case of deep plastic defor-
mation, however, a specifically ordered material texture is formed during fabrication
process, such as metal forming, rolling, deep drawing, plastic penetration, etc. On the
other hand, materials that are anisotropic in the elastic range, either virgin or dam-
age acquired (e.g. long fiber reinforced composites, thin ceramic layers deposited
by different techniques, bones, etc.) retain anisotropy also in the plastic range. The
most general criterion of the transition of anisotropic material from the elastic to the
elastic-plastic range, based on the von Mises concept, is known as the von Mises
criterion:

oiillijon = 1 (7.31)

The von Mises anisotropy tensor Il is characterized by 21 independent moduli,
see broader discussion in Chap.5. However, this criterion is difficult to practical
applications due to expensive material tests. In the case of isotropy, the Huber—von
Mises isotropic yield condition is often applied:

1
HMH _ [(Ux _ Uy)Z + (oy — 02)2 + (0, —0y)* +

Oeq
2
\/_ 2 2 2 172
6 (Txy + Tyz + sz)] =k

(7.32)

7.4.1 Classical Isotropic Plastic Hardening

In the case of J-type mixed isotropic/kinematic hardening model of the isotropic
material, the hardening effect can be decomposed into the isotropic growth of the
diameter of the plastic dissipation surface and a rigid movement of the surface center,
cf. Fig. 7.4. Corresponding equations for the J>-type isotropic, kinematic, or mixed
plasticity hardening functions, also called loading functions, are:


http://dx.doi.org/10.1007/978-3-319-17160-9_5
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. 3
fplsoz\/;_k(T)—RP(p)=0

pokin _ \/%(sij - X;P)(s,-j — X:-,P) —k(T)=0 (7.33)

. 3 Vi /)
fpmix — \/E(S’J — lep)(slj — lep) —k(T)—RP(p)=0

In the above equations, the scalar variable RP(p) represents the isotropic term, or
drag stress, the tensorial variable X sz (521, p) is the translation tensor, or the back stress

. p . . . _ 2 p p
tensor. The scalar variable p(aij) is the accumulated plastic strain,dp = ./ gdeijdslj,

function k(T) is the initial temperature-dependent yield point stress, whereas X :-]P
stands for the deviator of X 5 Isotropic and kinematic plastic hardening functions,

ij(sfl, p) and RP(p) are, in general, given by the nonlinear relationships. When
the Armstrong—Frederick mixed hardening model is used, the following nonlinear
evolution rules can be applied:

fPAF = Doy — X —k (1) = RP (p) =0

3
sty =X = 300 = X0y = XD

(7.34)
dRP = bP(RE, — RP)dp

2
dXjj = SCP(p)dej; —1P(p)Xjdp

Parameters CP(p) and +P(p) are known scalar functions of the cumulative plastic
strain. For the uniaxial stress state both the drag stress RP(e”) and the back stress
XP(eP) are described by the scalar functions, namely:

OA

B initial
k+ X+ Rw/o ------ yield T 5
surface /
k A §

I/

I

0} > cP !

\

\

/ G

—k é mixed
_-71C, isotropic
—(k+X,+R,) _.f__’____.(')C.} ____________________ kinematic

Fig. 7.4 Illustration of the Armstrong—Frederick nonlinear isotropic/kinematic hardening, after
Ganczarski et al. [30]



264 H. Egner and W. Egner

fPAF — o — XP| —k(T) — RP(P) =0
dRP = bP(RL, — RP)|deP| (7.35)

2
dXP = gCP(EP)dsp — P(eP) XP |deP|

For some applications, Chaboche and Rousselier [21] proposed multi-kinematic

hardening model: o
fp = J2(Ulj - X,’,’) —k(T)=0
3 .
— pn
=2 Xy (7.36)
2
dXj" = ZCP(p)dej =" (p) X dp

Note that all aforementioned mixed, isotropic/kinematic J,-type plastic hardening
models assume that plastic surfaces follow the isotropy condition. This means that
subsequent yield surfaces are similar to one another, and no distortion effects are
considered. In general, this is not true, as shown, for example, in experiments by
Phillips and Tang [61].

7.4.2 Homogeneous Yield Function-Based Anisotropic
Hardening

Asymmetric Yielding

An alternative to kinematic hardening in classical plasticity is the asymmetric yield-
ing model, presented by Barlat et al. [6]. The approach is based on homogeneous yield
functions/plastic potentials, combining a stable, isotropic, or anisotropic hardening-
type component f(s;) and a fluctuation component f (s;;):

1
P =A{lr 6] + [faGsp]"} — k@
= {[f Gsip)]? + |p1|q|h,]s,, (sif119 (7.37)

+ Ipzl"lhgsu + Ihgsull"]‘f k@) =0

where p1, p2, ¢ are coefficients, while k and & denote equivalent stress and strain,
respectively. Stable function f (s;;) may be isotropic or anisotropic, homogeneous of
an arbitrary degree, symmetric with respect tc t0 the origin, or capturing the strength
differential effect. The dimensionless tensor n , of the components:
hs.
hy = —t (7.38)

Y §hs hs
37kl kl

. . . -~ TS
is a structural tensor called the microstructure deviator. As an example, if b~ corre-
sponds to uniaxial tension, it is represented in its matrix form by
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(7.39)

—
=)
4
[
|
o owvi—
|
O RI= O
- O

Note that in the particular case of p; = py = 0 the yield function f P]f reduces to
the traditional isotropic or anisotropic yield function fPB = f (si)) = k(€). If only
p2 = 0 expression (7.37) becomes:

1

IR = {[f(sij)]q + |P1Iq|i17,sU - |i;l$jsij||q}5 —k(®) =0 (7.40)

Therefore, different yield stress values are obtained depending on the sign of loading.
For example, if a uniaxial tension is considered, then the stress deviator is:

200 |
[sd=k | 0-1 0], hiysip = Sk (7.41)
0 0-1
3
and (7.40) becomes B _
PP =k —k@ =0 (7.42)

On the other hand, the uniaxial compression gives:

~-2 00
3
1 ~ 1

[sc] = ke 0 3 01, h[jsij = _Ekc (7.43)

001

leading to
L

FPB =kl + (p)717 — k(@) =0 (7.44)

From (7.42) and (7.44) the ratio of compression to tension yield stress can be obtained:

ke _1
P [1+ (p)?] 4 (7.45)
t

A yield surface example in the 7- plane for ¢ = 2 and p; = 4/3 (then k. / k¢ = 3/5)
is shown in Fig.7.5a.
Evolution of the Yield Surface: Forward Loading

In Barlat et al. [6] the flow stress is a function of the plastic work:

ke ke -
— = = = 5 7.46
ke A g1(&) ( )

and it is assumed that this stress decreases according to:
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yield loci in 7—plane with
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(after Barlat et al. [6])
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¢)

In Eq.(7.47) k = k(é) represents the reference stress—strain curve, and kg = k
(¢ = 0). From (7.47) and (7.44) the evolution of coefficient p; is obtained as:

pr = [ —1]7

(7.48)

The relationship (7.48) allows to describe the progressive flattening of the yield
surface on the opposite side of the loading direction, without affecting the shape of
the yield surface at locations near the current loading state.
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Table 7.3 Exemplary set of parameters for homogeneous yield function-based anisotropic hard-
ening model

a Coefficient of the stable yield function of Hershey [38] type:
I

FGsi) = {5(s1 — s2l* + Is2 — 531 + |s1 — s3|)}a —k(®) =0

C,n Coefficients of the classical hardening curve (Swift [72] behavior is assumed)
k() =C(eg+8)

q Parameter affecting the flatness of the back of the yield surface with respect to
the loading direction

c1,C2,C3 Parameters affecting the new flow stress and hardening rate after unloading
and reloading

c Parameter associated to the rotation rate of the microstructure history deviator

c4, C5 Additional parameters controlling the flow stress rate if permanent softening

is considered

Evolution of the Yield Surface: Reverse Loading

If the stress is reversed, the new yield stress in compression, k¢, is different from the
flow stress in tension just before unloading (k;), as can be concluded from (7.45) and
(7.48). It means that the Barlat model is capable of capturing the Bauschinger effect.
As observed experimentally, the flow stress under compression increases rapidly,
and approximately recovers the tensile flow stress (from (7.46) it follows then that
g1(€) — 1). A simple evolution for g; proposed in [6] is:

dgi 1—g
— =]

7.49
de g1 ( )

Similar to p1, the parameter p, can be expressed as a function of the variable g, (€) =
ke/k, so that ps starts to increase for reverse loading in the same way as p increased
for forward loading. This allows the yield surface to be distorted in two opposite
directions (Fig.7.1b). If the flow stress after reversal does not recover the level of the
monotonic curve (permanent softening), two additional coefficients, c4 and c5 and
two additional state functions, g3 and g4 may be introduced to capture the effect (see
Tables7.3 and 7.4).

General Deformation Paths

When loading changes direction, the rotation of the microstructure history deviator

iz\ls.. takes place. As long as h\?jsij remains positive (forward loading), tensor ﬁf/ rotates
towards the direction of the current stress tensor, according to ([6]): ‘
dﬁfj ~ SA% 7%

where 's\ij is the normalized stress deviator, in the same manner as (7.38).
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Table 7.4 Summary of hardening equations for homogeneous yield function-based anisotropic
hardening model

Loading case Hardening equations

LN dgi ko dgs 93— g2
. S o p— —_—
Forward loading: h,-js,j >0 roke ) (C3 i gl), e c1 s

dga d;;l?j P 8~ o~
= cs(cs — g4), rEiakd gh‘,}(Skth,)

o T dgi 94— g1 dg ko

Reverse loading: hjs;; <0 | — = , —= = _
Vi ng US,/ < FE Cl P FE |3 % 42}

c |:—?]

dg di

3
de de

8~ —~
;i + gh;@lhzl)}

When EZSU < 0 (reverse loading), the tensor ’h\fj rotates towards the direction
opposite to the current stress tensor:

O DS e (751)
ds SR A

The approach presented above is capable of describing the Bauschinger effect, as
well as asymmetric yielding and anisotropic hardening. The formulation is effective
for the modeling of a number of materials, including low carbon, dual phase and
ferritic stainless steel sheet samples (for more details see [6]).

7.5 Remarks on Implicit Multiscale Formulations
of Hardening Descriptions

7.5.1 General Multiscale Procedure Based on Polycrystalline
Calculations

When only plasticity is concerned as an irreversible phenomenon, the classical
isotropic hardening models, reflecting the proportional expansion of the surface,
are suitable for simulation of sheet forming operations of cubic metals (both fcc
and bcee) [62]. Kinematic hardening, accounting for pure translation of the ini-
tial yield surface, is necessary to model more accurately the smooth elastic-plastic
transition under reverse loading. For this purpose various nonlinear kinematic hard-
ening models and multi-surface models have been developed. However, in many
cases the evolution of the material texture influences so significantly the material
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properties even for the simplest monotonic loading paths, that traditional hardening
laws cannot accurately model these phenomena.

The anisotropic initial yield criteria are extensively discussed in Chap.5 of the
present book. They involve a number of coefficients required for proper description
of various anisotropic effects. The determination of analytic laws of variation for
the anisotropy coefficients requires a large amount of data. For this reason a gen-
eral multiscale procedure based on polycrystalline calculations for the description
of yielding anisotropy and its evolution with accumulated deformation has been pro-
posed by Plunkett et al. [62] and Plunkett and Cazacu [64]. The approach consists
in determination of the flow stress in various stress directions either by experimen-
tal measurements or polycrystalline calculations, next an interpolation technique is
used to construct subsequent yield surfaces. The crystal plasticity model allows for
describing the deformation of a material by crystallographic slip. It also accounts for
the reorientation of the crystal lattice. The initial texture, needed as an input of the
polycrystal model, is obtained from the experiment, while the final texture is given
by the grain reorientations associated with shears in the active deformation systems
(slip and/or twinning) in the grains. When a viscoplastic self-consistent (VPSC)
model is used (cf. [46]) to simulate the interaction of a grain with the surroundings,
each grain is treated as an ellipsoidal inclusion embedded in a uniform matrix having
unknown properties to be determined. The information about the evolution of the
yield loci is then generated in numerical tests.

The procedure consists of the following steps: (I) fitting the parameters of a
polycrystal model to reproduce the mechanical response of the material along a given
deformation path; (I) probing numerically the pre-strained polycrystal along various
directions in order to quantify the induced anisotropy; (III) determining coefficients
of the macroscopic yield surface on the basis of the yield stresses calculated from
polycrystal model (this procedure is repeated for various pre-strain levels); (IV)
obtaining the macroscopic yield surfaces corresponding to any pre-strain level, using
an interpolation technique (see Fig.7.6).

The above implicit multiscale procedure was successfully used to model the
mechanical response of hexagonal closed packed metals (high purity Zirconium,
Magnesium alloys, Titanium, etc.) [55, 62, 63, 78] and Aluminum alloy sheets
[76, 77]. Two examples of this approach applied to simulations of behavior of dif-
ferent materials are briefly presented below.

7.5.2 Cube-Textured Aluminum Alloy Sheets

Two Aluminum alloy sheets, 1050-O (strongly cube textured) and 6022-T4 (mildly
cube textured) were investigated by Yoon et al. [76]. The constitutive model included
the Y1d2004-18p yield function (cf. [65]):


http://dx.doi.org/10.1007/978-3-319-17160-9_5
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Fig.7.6 Theoretical yield surface evolution for a zirconium clock-rolled plate during in-plane com-
pression for various levels of pre-strain. Solid lines yield surfaces corresponding to fixed pre-strain
levels, determined using the VPSC model (symbols). Dashed lines yield surfaces for intermediate
pre-strain levels obtained by linear interpolation (after [63])

7R = [ = S+ |5 - S5+ [5 - S
+ 85 = Sy + |85 — Sy|* + [, — 83 (7.52)
+ [ = Sy + |8 — Sy + |8y - 35| = 4k

where §i , §é Eg and §i’ §é’ , §§’ are principal components of the linearly transformed
stress tensors:

o / o 7

Sij = Lijklakl and Sij = LijklUkl (7.53)

The Swift or the Voce isotropic strain hardening laws were used to model the strain
hardening behavior of Aluminum alloy 1050-O and 6022-T, respectively, in uniax-
ial tension. The yield surfaces for both sheet samples are shown in Fig.7.7. The
overall results for mildly cube-textured material confirmed that the uniaxial flow
curves in different directions did not exhibit the same stress level due to plastic
anisotropy. However, the strain hardening rates were similar. For this case the yield
function associated with the isotropic hardening rule is able to reflect the uniaxial
anisotropic behavior sufficiently well. For strongly cube-textured sheet sample the
uniaxial stress—strain curves are clearly different in different directions. The sim-
ple shear hardening curves in the investigated directions appeared to be drastically
different. In this case crystal plasticity, which accounts for crystallographic texture
evolution, allowed to fully explain the behavior of 1050-O.

Similar investigations are presented in [5] for 6111-T4 and 2090-T3 Aluminum
alloy sheet samples, and in [77] for AA2090-T3 Aluminum alloy sheet sample, sub-
jected to deep drawing process. They demonstrated that the anisotropic properties of
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Fig. 7.7 Yield surfaces for: a 1050-O and b 6022-T4 sheet samples (after [76])

sheet materials subjected to uniaxial tension were described very accurately. Also,
the predicted and experimental cup height profiles with six ears were shown to be in
excellent agreement.

7.5.3 Hexagonal Close-Packed Metals

Hexagonal Close-Packed metals (HCP) exhibit a deformation behavior which is
quite different from cubic crystalline structure materials. As a consequence, rolled
or extruded products of these materials show a strong anisotropy and compression—
tension asymmetry (strength differential effect). Recently, the anisotropic behavior
of hexagonal close-packed metals was investigated by Plunkett et al. [62, 63], Yoon
et al. [78], Cazacu et al. [15], and Nixon et al. [55], among others. In all these
papers yielding is described using a criterion which can capture both anisotropy and
strength differential effect. The expressions for the evolution laws were derived using
the above-mentioned multiscale procedure (experimental investigations of uniaxial
stress—strain curves and crystallographic texture, crystal plasticity-based calcula-
tions, and macroscopic scale interpolation techniques). The comparison between
simulated and experimental results validated that the proposed methodology can
provide good predictability of anisotropic behavior and strength differential effect
of the considered materials (see Fig.7.8).
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500+

Fig. 7.8 Comparison of the simulated yield surfaces of high-purity o-titanium under plane stress
with experimental results (after [78])

7.6 Thermoplastic Coupling

7.6.1 Introduction

When the elastic-plastic material is loaded so that not only inelastic strains develop,
but also the temperature is changed, then thermoelasticity and thermoplasticity are
encountered. The experimental results (Bednarek and Kamocka [7]) proved that not
only the temperature itself but also the heating rate makes a significant impact on
parameters that determine carrying capacity at elevated temperatures, and that heat-
ing rate should be accounted for in the strength analysis of structures exposed to high
temperatures. Increasing the heating rate results in decreasing the slip along grain
boundaries and leads to the creation of local empty spaces, which decrease the cross-
section area and give reasons for more brittle cracking than in the case of a long-time
low heating rate. The low heating rate creates a significant grain deformation within
the pearlite-and-ferrite areas, accompanied by the ductile damage, while the high
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heating rate causes small grain deformation accompanied by the brittle damage (see
Fig.7.9). The need for the additional term, proportional to the temperature rate in the
evolution equation for the back stress was already considered by Prager [66]. It was
introduced in the description of hardening behavior under thermomechanical loading
also by Ohno [56], McDowell [50], or by Chaboche [19] in the unified viscoplastic
constitutive equations using the Armstrong—Frederic format. A thermomechanical
development of plasticity presented in Lagrangian form with the use of rate-type
constitutive equations in a strain-temperature space setting was included in Casey
[13]. A formulation of elastic-plastic theory for rate-independent materials, based
on the use of thermodynamic potentials with thermal effects included, is attributed
to Houlsby and Puzrin [39]. They applied the four energy functions commonly used
in thermodynamics to provide descriptions depending on which combinations of
stress, strain, temperature, and entropy are taken as independent variables. A sys-
tematic presentation is made of 16 possible ways of formulating constitutive behav-
ior within this framework. A general framework for rate-independent, small-strain,
thermoinelastic material behavior is presented also in the paper by Benallal and
Bigoni [8], which includes thermoplasticity as a particular case. Strain localization
and the development of material instabilities are investigated to highlight the roles
of thermal effects and thermomechanical couplings. Thermodynamic laws based on
consistent Eulerian formulation of finite elastoplasticity with thermal effects were
presented by Xiao et al. [75]. In Chaboche [16] the argument is made for the neces-
sity of temperature rate terms in the context of hardening rules. The temperature
rate terms of the back stresses are also considered by Yu et al. [79] in a thermo-
viscoplastic constitutive model derived by the authors. A thermodynamic framework
for constitutive modeling of time- and rate-dependent materials (viscoelastic,
viscoplastic, viscodamage, and microdamage healing) was derived by Abu Al-Rub
and Darabi [2]. The emphasis in their paper was placed on the decomposition of ther-
modynamic conjugate forces into energetic and dissipative components. It was shown
that such decomposition is necessary for accurate estimation of the rate of energy
dissipation. Thermomechanical coupling was also considered by Saanouni [67], sum-
marizing the current most effective methods for modeling, simulating, and optimizing
metal forming processes. Ganczarski and Skrzypek [31] and Ganczarski et al. [30]
take into account the temperature dependence of all material functions that charac-
terize plasticity and damage components, which results in extended thermoplastic-
damage equations, with the additional temperature rate terms in all evolution equa-
tions of thermodynamic conjugate forces. More general case of the nonassociated
plasticity and nonassociated damage, when not only temperature softening but also
damage softening is taken into account is due to Egner [25, 26] and Egner and
Egner [28]. In Egner and Egner [27] the influence of temperature rate is investigated
quantitatively on the example of thermomechanic low cycle fatigue of AISI L6 steel.



274 H. Egner and W. Egner

Fig. 7.9 S235JRG2 steel microstructure after mechanical tests: a 50C/min heating rate; b
500 C/min heating rate, after Bednarek and Kamocka [7]

7.6.2 Example of Thermoplastic Coupling: Tempered
Martensitic Hot Work Tool Steel Subjected
to Cyclic Thermomechanical Loading

Low Cycle Fatigue of AISI L6 Steel

To investigate the influence of temperature rate on the response of the constitutive
model of thermo-elastic-(visco)plastic material, the tempered martensitic hot work
tool steel, widely used in the forging industry will be considered. The isothermal
low cycle fatigue behavior of this steel is well described in the literature (cf. Zhang
et al. [83], Velay et al. [74], Zhang et al. [80]). The steel undergoes cyclic softening,
regardless of the testing temperature (see Fig.7.10). During the initial few hundred
cycles (for accumulated plastic strain less than one) rapid softening is observed, fol-
lowed by a slow, quasilinear softening till rupture (cf. Mebarki et al. [51], Bernhart
et al. [9]). The first stage is generally explained by the rapid change of disloca-
tion density inherited from the quench treatment, while the second is related to the
formation of dislocation substructure and carbide coarsening under the action of
time, temperature, and cyclic load (cf. Gibbons and Dunn [33], Zhang et al. [81],
Golariski and Mroziniski [34, 35]). The considered steel is not stable during fatigue
(see Fig.7.11). For test temperatures lower than tempering temperature (left part of
Fig.7.11, see Table7.5) the maximum stress decreases linearly with the difference
between both temperatures for each level of hardness with nearly the same slope.
Above the tempering temperature the maximum stress decreases more violently (the
slope changes) because of the interaction of temperature and stabilization of steel.
This is related to the thermal aging effect and indicates that the microstructure can
be modified by the thermal cycle when the steel is subjected to temperatures equal
to or higher than the tempering temperatures.

Equations of 2M1C Constitutive Model
Basic Assumptions

The material behavior is described by the use of 2M1C constitutive model, derived
by Cailletaud and Sai [12] and extended by Velay et al. [74]. This RVE-based model
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(after [81])

Table 7.5 Quenching and tempering conditions of fatigue samples made of 55NiCrMoV7 hot work

tool steel (after [82])

Tempering temperature (°C) 350 460 560 600
Tempering time (h) 2 2 2 2
Hardness (HRC) 50 455 42 35
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involves the following set of state variables for the description of the current state of
thermo-elastic-viscoplastic material:

(Vo) = {e5. 7.5, 1@ 0l 0P} (7.54)

where elastic strain a and absolute temperature T serve as observable variables and

- @

four internal varlables kinematic and isotropic plastic hardening variables s oy

and r, r@ are introduced.
The model is based on the assumption of small strains. Total strain is decomposed
into an elastic, inelastic, and thermal components:

ey = e+l el (155)

The inelastic strain is farther decomposed into two different strain mechanisms induc-
ing the cyclic softening of the tempered martensitic steels, namely the decrease of the
dislocation density inherited from the quench treatment, and the carbide coarsening:

el = Al(D)ey) + Ay(T)ey) (7.56)

where A1(T) and A;(T) are temperature-dependent proportionality factors.
Equations of State

The state equations result from the assumed form of the state potential, which is here
the Helmholtz free energy, decomposed into thermoelastic (py'®) and thermoplastic
(py'P) terms, after [74]:

pU(Va) = pt®(ejj — ey, T) + p® (T, r®  af), k=12 (7.57)

where

1
Pt = ph(T) + 3 (e — £ Eija(T) (e = £5,)
— BT (e — )T = To),  By(T) = Egu(T)agy(T)

(7.58)
Y = —[cn(T)a“) D +200Maf ol + Co(T)afaf)

+ 311D QT 4 by(T) 02(T)r )

In Eq.(7.58) al.Tj(T) is the thermal expansion tensor; A(7T) is a function of
temperature; C11(T), C12(T), C22(T), b1(T), b2(T), Q1(T), Q>(T) are material
parameters, which in general may be temperature dependent. Symbol 7 stands
for the reference temperature at which no thermal strains exists. All coefficients
appearing in the considered model are summarized in Table 7.6. In Eq. (7.58) partial
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Table 7.6 2M1C model coefficients

277

Young modulus and yield stress

Eo(T), Ro(T)

Viscous coefficients K(T),n(T)
Parameters of kinematic part C1i(T), C12(T), Coa(T)
Localisation coefficients of strain mechanisms | A(7T"), Ax(T)

Static recovery terms

M(T), Mz(T), mi(T), ma(T)

Parameters of isotropic part

Q10o(T), Q2(T), bi(T), ba(T)

Table 7.7 State equations of the 2M1C constitutive model (after [74])
State variable

Conjugated force

7]
€% (elastic strain) ojj = (P¥) = Eju(T)ey,
i 863
o
T (& t =-—
(temperature) N ar
. . . opy) 2
agj]) (kinematic hardening) X;j]) = 80?1) = g[C”(T)afjl)—i-C]z(T)af)]
ij
0 2
agjz) (kinematic hardening) Xl-(jz) = (Lg)) = g[C22(T)a§j2)+C‘2(T)a§j])]
%
7]
r (isotropic hardening) RM = 8(/)(1?)) =b1(T)Q1(T)rM
r
7]
r (isotropic hardening) R® = 8(/)(15)) = bz(T)Qz(T)r(z)
r

kinematic—kinematic state coupling is introduced, while no coupling is considered
for the isotropic hardening effects, cf. Blaj and Cailletaud [10]. The state equa-
tions for 2M1C model are given in Table 7.7. Isotropic hardening force RV (the fifth
equation presented in Table 7.7) corresponds to the strong softening during the initial
several hundred cycles until the accumulated plastic strain does not exceed unity (see
Fig.7.10). Experimental observations (cf. Zhang et al. [83]) confirm the softening
dependence on the initial plastic strain level (so-called strain range memorization
effect, cf. Chaboche [16]). Therefore, the additional internal variables need to be
introduced, see Table 7.9.

Evolution of Strain-Like Variables

Potential of dissipation F, after Velay et al. [74], is assumed not equal to plas-
tic yield surface (nonassociated thermo-viscoplasticity). This allows us to obtain
nonlinear plastic hardening rules, which give a more realistic description of the
material response:

F = FP(f7) +g(X) (7:59)
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with .
P n
F'P — ﬂ f (7.60)
n(T)+ 1 \K(T)
and
k) my (T)+1
i Mk(T) J(Xij ) J(X(k)) _ 3X,(k)X,(k)
k=1 mi(T) + 1\ M(T) ’ v 200 (7.61)

1(k) (k) (k)
X; =X —3 L(Xp )0i
where K (T) and n(T) are viscous coefficients, and M (T), M>(T), m(T), my(T)
are static recovery terms (see Table7.6). Symbol fP = 0 is the J-type plastic yield
surface:

P S0 = XD 4 10? — xP)2 = Ry(T)+RV+RD) =0 (7.62)

where J(0j;) = +/3J2s (see Eq.(1.15) Chap. 1).
On the basis of the generalized normality rule (cf. Chaboche [18]) the rate of
inelastic strains is given by the following relations:

1 1
A0 _ fP _ §< fP >n(T) (J) X( ) 0
Y oe) 2\K(T) JIeD —x g y@@ - xPp

13

(@ _ x@
5(2) 5 OfP _ §< fP >n(T) Si X 5,0
7 2) = An;

go?  2\K(T) Jie - X51>)2+J(Ui52> — Xy

(7.63)

In the present formulation, which is based on the model derived by Cailletaud
and Sai [12] and extended by Velay et al. [74], the model response depends on two
mechanisms (2M) while only one criterion (1C) characterizing the elastic domain
is defined. The equations of evolution resulting from the assumed potential (7.59),
derived in [74], are summarized in Table 7.8. Experimental tests have shown that the
asymptotic value Q of the isotropic hardening variable » may depend of the plastic
strain range (cf. Chaboche [16], Jiang and Zhang [40], Sai [68]). The strain memory
effect can be incorporated into all isotropic hardening variables used. For the sake of
simplicity, the strain memory effect was here introduced into the first variable, (!
only, after [73, 74]. In [74] the plastic strain range memorization effect is introduced
through the asymptotic value Q1, which is subjected to change when the inelastic
strain exceeds a certain threshold f* introduced in the plastic strain space. For this
reason two additional internal state variables have been defined: the radius p* and
the center 5;‘; of the memory surface f* (see Table7.9).
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Table 7.8 Evolution equations of internal state variables

State variable

Evolution law

<1) (kinematic hardening)

0 M, M1
o 20 _ 3 X <J<X<f >>
i = €ij 255D M
y g j(Xl_/ ) 1

<2> (kinematic hardening)

2 (), \Mm2
a® @ _3 X <J<Xi/ >>
— <y 2 2) M
l/ ) J(Xij ) 2

r1 (isotropic hardening)

V(1 - RY (D
/\(1 Ql)_r

r (isotropic hardening)

[

A(1-82) = 5@

Table 7.9 Memory effect of the strain range

Parameter of isotropic hardening part
related to initial rapid softening

01 = Qioo(T)[1 — exp(=2pp*)]

Memory surface

fr=3JGCE - - p*

Evolution of additional internal state
variable memorizing prior maximum
plastic strain range

5* = nH(f*) < ngnt > p

Evolution of additional internal state
variable memorizing prior maximum
plastic strain range

&= \/g(l —mMH(f") < nunyy > pny;

Unit normal to the memory surface

fe=0

¥ =
/) Z“}s,-j

n

— \/? Eu 75?/*
J(s i—¢€; )

1 I
el =€ —5(5 )0i

i i
%
g = 611 3(5kk)6,j
. . g |age
Unit normal to the yield surface = o / ‘ 90y

fP=0

Evolution of Stress-Like Variables: Effects of Temperature Rate

The influence of temperature rates is often disregarded in kinetic equations. The need
for such terms was discussed in many papers, for example by Moreno and Jordan
[53], Hartman [37], Ohno et al. [57], Ohno [56], Lee and Krempl [47], Chaboche [16],
Ganczarski and Skrzypek [31], Egner [26], Egner and Egner [27, 28]. To investigate
the problem qualitatively and quantitatively the evolution equations for thermody-
namic conjugate forces, extended with terms proportional to temperature rate were
derived in Egner and Egner [28] accounting for full coupling with temperature (see

Table 7.10).
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Table 7.10 Evolution laws for thermodynamic conjugate forces

Partial coupling Full coupling with temperature

. . . OE;u(T 06 (T

Gij= | Egu(T)(En — ) [#()(gkl_glld)_ P ( )(T )
- B T

. 2 . i 2 [0C(T) 9C1»(T)

a _ 0 @) 11 (1) @

X, = g[Cn(T)Oé,»j + C2(T)é; 7] +§[ o i o % ]T

. 2 OCxn(T) 0C12(T)

@ _ | 4 ) 22 @ (1)

X = 3[C22(T)a +C12(T)a ] +3[ T T ]T

R . ob (T 0Q100(T

RW = | by(D[Q1(T)FV 4+ Q1(T)rV] +[ D) G 1ool(T) + b (1) Qér( )]X
[l—eXP( 2up)IrOT

R® = | by(T) Qo(T)i® +[0b2(T) Qz(T)+b(T)8Q2(T)} rOf

Heat Balance Equation

In the case of thermo-elastic-viscoplastic material, for which the number of state
variables is reduced to the set {V,,} given by relation (7.54), the general coupled heat
equation takes the following form:

P 0 4
degoT 1T P

v\ . 06 . P \.q
* (Uf B p@) A p(arm ~Torarm )’

Y ~ 82¢ o G s 82¢ 0‘4(_1) (7.64)
oo ~ 570 5e) ' o750

0 O .2)
—p - T Qi
(aa,ff) 8T8a§j2)) ’

which is nonlinear and fully coupled to mechanical problem. In the above equation
rext 18 the specific external heat gained by the body (e.g. through radiation), and heat
flux g; is given by the Fourier law:

PCTT = —¢gj,i + prext + pT

qi = —NijTj; (7.65)

By the use of state equations presented in Table 7.7 and law (7.65), the equation of
heat balance (7.64) can be transformed to the following form (cf. Abu Al-Rub and
Darabi [2], Saanouni [67], Ottosen and Ristinmaa [60], Egner [26]):
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where ™M is the mechanical dissipation:

thermomechanical coupling term

. . . .1 2) . (2
[mech _ Jij‘g}j _ R _ p2;) _ Xlgj)algj) _ Xlgj)algj)

and tensor P;; is introduced in the form:

Pj=

Material Data

_8E,:/kl

(ext — 52,) +

(T — To) + By

(7.68)

The model coefficients, summarized in Table7.6, were identified by Velay et al.
[74] for martensitic hot work tool steel AISI L6 in different test temperatures,
below tempering temperature of the steel. The results of experimental identi-
fications are presented in Table7.11. To illustrate the variation with tempera-
ture of model parameters the chosen functions are plotted in Fig.7.12. Following

Table 7.11 55NiCrMoV7 parameters (after [74])

20°C 300°C 400°C 500°C
E (MPa) 206,580 188,940 176,580 156,935
Ro (MPa) 790 525 455 410
K (MPa) 130 165 195 268
n 19.5 18 17 15
Ci 450,480 406,585 378,675 195,655
Cxn 124,980 91,520 41,965 13,215
Ci —149,925 —126,100 —84,843 —40,500
Ay 0.78 0.74 0.66 0.65
As 0.4 0.436 0.46 0.48
M 795 760 740 705
m 2 20 18 10.5
M, 890 850 800 700
ma 11.75 9.5 7 4.3
Otoe —295 —80 —68 —100
by 11 7 6 55
0> -75 —75 —75 —75
by 0.2 0.2 0.2 0.2
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Fig. 7.12 The variation with temperature of chosen model parameters

Zhang et al. [83], the memory parameter p is taken equal to 420 for all the tempera-
ture levels. Additionally, if only symmetrical strain controlled tests are considered,
n equals 0.5 (instantaneous memorization); in the other cases, 1) equals 0.1 for pro-
gressive memorization (Chaboche [20]).

Numerical Results

Several anisothermal fatigue tests were subjected to numerical analysis, according
to the strain and temperature controlling presented in Fig.7.13.

Two cases are compared in each example: (1) temperature rate terms in kinetic
equations presented in Table7.10 (third column) are disregarded, and the influence
of temperature changes is accounted for only by changing material characteristics
according to the second column of Table 7.10 (case 1); (2) all temperature rate terms
are included according to the second and third columns of Table 7.10 (case 2).
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Fig. 7.13 Anisothermal fatigue tests: total strain and temperature changes. a Test I; b test II; ¢
test IIT
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strain

The stress—strain loops for all the tests are presented in Fig.7.14. Qualitatively
different results are obtained: without temperature rate terms the response exhibits
unreasonable shift of hysteresis loops along the stress axis, while including additional
temperature rate-dependent terms allows to preserve stable behavior. Such effect was
already indicated by Chaboche [16], and is expected to be even more significant for
materials exhibiting cyclic hardening (here the shift of stress—strain loops in test I
and test III is mitigated by cyclic softening material effect).

The quantitative difference between both cases, which represents the influence
of temperature rate on the response of the considered constitutive model, can be
estimated from curves in Fig.7.15 showing the evolution of maximal stress versus
cumulated plastic strain. When full coupling with temperature is accounted, the
numerical simulations of test I and III confirm cyclic softening behavior throughout
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Fig. 7.14 Hysteresis loops for a test I; b test II; ¢ test IIT

all the fatigue tests. If the influence of temperature rate is neglected, and change
of temperature during the tests is accounted only in changing material parameters
(partial coupling, case 1), the numerical simulations exhibit cyclic hardening of the
material, which is in contradiction with the experimental observations (at least for
isothermal conditions, see Fig.7.10). The maximum observed difference between
the values of maximum stress on cycle is here even as large as 30 %, and is observed
during the first stage of fatigue test (rapid softening). The results presented here
indicate that coupling between temperature and dissipative phenomena taking place
in the material may have a significant influence on the response of a constitutive
model. Disregarding the rate of temperature in the evolution of thermodynamic forces
related to hardening effects may lead to erroneous results, especially when solving
high temperature problems, such as fire conditions or thermal shock.
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7.7 Nonlinear Damage-Plasticity Models

The general elastic-plastic-damage constitutive law, derived by the use of the irre-
versible thermodynamics formalism, is based on the concept of the state poten-
tial and the dissipation potentials. The state potential relates the set of internal
state variables Vo, = {Dj; ag., rP, ozg., rd} to the set of thermodynamic forces
Jo = {—YS; Xg-, RP, Xg-, Rd}. The pairs (ag, XII;-) and (rP, RP) refer, respectively,
to plastic kinematic hardening (movement of the yield surface), and plastic isotropic

hardening (dimension of the yield surface). Similarly, the pairs (ag-, X ?j) and (r9, RY)
refer to damage kinematic hardening (movement of the damage surface), and dam-
age isotropic hardening (dimension of the damage surface). The additional pair
(Djj, —Yi;i) refers to anisotropic damage variable and elastic strain energy density
release rate as the thermodynamic force conjugated to damage variable. Usually, the
Helmbholtz free energy density 1) is adopted as the state potential, where apart from
the damage influenced elastic term py)® two additional terms stand for the plastic

hardening pyP and damage hardening pi? (see Eq.(7.6)):
pv = pUt(Eg, Dy) + peP(af, rP) + pu (o, r) (7.69)

The specific free energy may be for example assumed in the following nonlinear
form [3]:

1 1 1
P = Ea?jEijkleled + ngag.ag. + R% |:rp + m exp(—bprp)i|
1 1 (7.70)
+ szagag + R4, [rd + 3 exp(—bdrd)}
Hence, the state equations are (see Eqs. (7.7) and (7.8)):
I(py)
oy = = = Ejjui(Dpg)ey
X0 = 8(m§) _2 cra?
ij 3% 3 ij
0
RP = () = R2[1 — exp(—bPrP)]
orP
I(py)
d _ _ d,d
Xij 9ad ¢ Yy
ij
A(py)
RY = aid = R4 [1 — exp(=b%rd)] (7.71)
yd — _8(p1;[})

i oDy
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In general, each of the two dissipation mechanisms, plasticity and damage, can appear
independently, hence two dissipation surfaces, for plasticity FP and for damage F¢,

may be defined, for example in a following way:

3P

— - yPxP
FP = [P+ 2 S X0X
3 (1.72)
fP= \/5(&77 — X5 — X)) — (R + RP)
and J
1y
Fd=fd 4 _ _xdxd
2¢4 VY (7.73)

o= Jord = xHod - x - R+ RY

where symbols Rg and Rg denote the initial sizes of the yield and damage surfaces.
In what is presented above, the loading functions fP and f9 stand for the yield
function and damage function, respectively. Loading functions may or may not be
equal to the dissipation potential functions FP and F9. The cases when fP # FP
and/or f4 £ F4 refer to the nonassociated plasticity and/or nonassociated damage.
In other words, two potential functions FP and F¢ serve to define so-called the
generalized normality rules, for plasticity and damage, as follows (see Eq. (7.20)):

N L

& = D=\ a_Y;i (7.74)

v doj’

Two loading functions, fP and f9, serve to determine two dissipation multipliers, AP
and A\, The multipliers define magnitudes of plastic and damage increments, satisfy-
ing current dissipation functions (loading functions) fnp 41 and f,f 1 (the consistency
conditions), as shown in Fig. 7.16. In the case of the associated rules, both potential
functions are equal to the dissipation functions, FP = fP and F d— f d_ 50 that the

same surfaces are used for the normality rules and the consistency conditions, hence:

Fig. 7.16 Loading surfaces,
after Ganczarski et al. [30]
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afP a0r¢
=\ =\ 7.75
’/ dojj’ 6Yd (7.75)

and f P=0,f ‘d — (). Note also that both dissipation surfaces, plasticity and dam-
age, can undergo mixed hardening rules (7.72>), (7.732). Though both mechanisms
(plastic slip and/or microcrack growth) can exist separately, the subsequent loading
functions fP and f¢ can be changed on loading steps not only due to plastic strains,
but also due to prior damage evolution (if any). This effect is hidden in the symbol
tilde (") placed over the symbols that refer to the damage effective variables, as
follows:
~ RP
oij = Mijou, X = MjuX}, R =—x (7.76)

NG

Symbols M;j;;(Dpy) stand for the components of the fourth-order damage effect
tensor. Chosen representations of this tensor, based on various hypotheses, are given
in Sect. 1.2.3.

By the use of the generalized normality rule we arrive at the following equations
for plasticity and damage:

P T N
&P = )\Pai - E)‘\p (s — Xjq) My
ij Joy; 2 3 N —n

E(qu — Xpg) (Spg — Xpg)
. L OFY Y — X
Dj=X— =) . -
aYij \/(Yrs - rs)( s Xr_y)

P ip OFF Skl — )?//5 P s
Gy =N ——p = )\ Miju + XP

GXU N — Ccp

(qu Xpg)(Spg — Xpg)
. P
7P = —)\P aF —
OR 1 D,,»D,j
7.77)
d d d d
d‘iz_'da_Fd:_é‘d _ Yo — Xu +’degl
v 8X 2 d d d C
v \/(qu = X5 (Vg = Xpg)
oFY .
rd = — d-__ = >\d
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The thermodynamic force rates X f-;-, RP and X l‘-}, R¢ conjugate of hardening variables

, and ad, rd

P .
al], j» ¢ are as follows:

o 2 . .
Xp = gcpgg — VP Mgt Mg Xbg (1 — /Dy D) iP

RP = bP(RY, — RP)/P

. yd_xd
d _ ij ij _ Adyd | d
Xl] - \/( xd )(Yd —xd ) ’y Xl] r
pa— Pq pq Pq

d_ bd(Rgo _ Rd)’;d

(7.78)

In what is given above, the plasticity/damage couplings are introduced by the fourth-
rank damage effect tensor M;jy; (Dpy) and the damage equivalent ,/D;; Dj;. In the case
of nondamage plasticity, the classical Armstrong—Frederick formulas for nonlinear
plasticity are recovered (see Eq. (7.34)) whereas both formulas for X g. and RY vanish.
This also means that the Armstrong and Frederick law may be considered as the
intrinsically nonassociated plasticity rule, when the thermodynamic potential-based
formulation is used. In order to derive the evolution equations for coupled plasticity
(7.751) and damage (7.757) the postulate of maximum mechanical dissipation may
also be used. The nonnegative dissipation function is defined in the form:

N = oyc) — XPak — RPFP — Xfiag — RV 4+ YDy = 0 (7.79)
The dissipation function is subjected to two constraints, fP = 0 and f d = 0. Hence,
introducing two Lagrange multipliers AP and \¢ and maximizing the new functional:

A = oyél, — Xpaj, — RPiP — X365 — RY + Y Dy
i v (7.80)
—)\pfp - )\dfd — max

we arrive at the evolution equations for plasticity (7.751) and damage (7.757) if the
implicit formulas for fP and f d are used. For more details, see [3, 26].
The dissipation multipliers AP and A obey the following loading/unloading con-
ditions: . .
fP < 0 and AP = 0 passive plastic
fP<0and { fP =0 and A\P = 0 neutral plastic
fP =0 and AP > 0 active plastic
f d<0and M =0 passive damage
fd¢<o0and { f9=0and \d = 0 neutral damage
f4=0and A > 0 active damage

(7.81)
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Both dissipation multipliers are obtained from two consistency conditions (cf. [3]):

w  OfP . OfF af? fp
P — 2 _xP RP D;i=0
"= 00,70t axr it ore ™ op, P
(7.82)
. 8fd fd fd 8fd .
d __ ZJ d D —
o= do ,‘jalj + 8Xd + aRd + {9D,;,- Y 0

7.7.1 Conclusions

The description of inelastic behavior of engineering materials requires the mathe-
matical formulations for yield functions, flow rules, and hardening laws, appropriate
for the class of materials under consideration, and obeying the mechanical and phys-
ical principles. A separate aspect of modeling concerns identifying the constitutive
parameters. So far, the influence of damage on most of material characteristics is
usually not accounted for in the models due to the existing gap between the formu-
lated constitutive equations and the possibilities to identify the material parameters.
However, fast development of computational possibilities allows to simulate numer-
ically even very complex problems. In addition, with the increased attention paid to
many innovative materials of complex microstructure, and a deeper understanding
of the physical meaning of material characteristics, together with the development
of advanced experimental techniques which allow for the determination of structural
features such as size and volume fractions of microstructural inhomogeneities in a
variety of materials, the identification becomes much more well founded.
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4-rank transformation tensor, 140
4310 steel, 214
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Additive decomposition of strain increment,
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AISI L6 steel, 273
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Al2024-T351 alloy, 238
Almansi’s strain tensor, 54
Aluminum alloy, 38, 214, 269

sheet, 269
Aluminum matrix, 116
Analogy, 93
Angle of internal friction, 215
Anisothermal fatigue test, 282
Anisotropic
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Carbon/Carbon composite, 93

composite, 81

criterion, 139

damage, 22

damage evolution, 46

damage variable, 286

extension of Burzyiiski’s paraboloid, 224

extension of Hosford’s criterion, 201

failure initiation criterion, 210

fiber array, 96

generalization of Burzyriski’s paraboloid,
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generalization of Drucker—Prager’s cone,
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Goldenblat—Kopnov’s criterion of failure
initiation, 210

hardening, 268

linear visco-elastic material, 77, 80

linear visco-elastic problem, 82

material, 38, 41, 50, 136

material yield/failure initiation, 227

von Mises’ criterion, 170

yield, 256

yield criteria, 204

yield/failure behavior, 167

yield/failure criterion, 134, 242

Anisotropic yield/failure criterion, 243
Anisotropy, 35, 202, 240

and tension/compression asymmetry
coupling, 141

Armstrong—Frederick’s mixed hardening
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Associated

fictitious elastic constitutive equations,
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flow rule, 142
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state variable, 255
Asymmetric
yield/failure surfaces, 241
yielding, 199, 268
Asymmetry
with distortion, 139
without distortion, 139
Atomic
crystal lattice level, 96
level, 96
Average
overall strain in RVE, 107
strain in phases, 107
stress in phase, 107
stress in RVE, 107, 108
Averaged
elasticity equation in RUC, 113
orthotropic continuum, 94
stiffness matrix, 118
strain, 106
stress, 106
Averaged stress, 104
Averaged transversely isotropic continuum,
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Axial modulus, 92
AZ31 Magnesium alloy, 211, 214, 240

B
Basic
invariant, 44
strain invariant, 43
strain tensor invariant, 7
stress invariant, 4, 212
Beam
deflection of linear visco-elastic
material, 67
of doubly-symmetric cross-section, 66
Beltrami’s criterion, 138
Bernoulli’s hypothesis, 66
Biaxial
condition, 191
tension, 195
tension loading condition, 183
Biological tissue, 35
Body force, 75
Boltzmann’s superposition principle, 68
Boron fiber, 116
Boron/Al composite, 38, 88, 120, 195
Boron/Al system, 120
Boundary condition, 75
Brittle
ductile behavior, 36

Index

fracture, 249
material, 134, 137, 160, 210, 248, 249
Built-in residual stress, 112
Bulge test, 136, 188, 196, 199
Bulk modulus, 34
Burgers’ model, 63
constitutive equation, 63
stress relaxation, 65
Burzynski’s
criterion, 218, 242
surface conical approximation, 221
surface paraboloidal approximation, 220

C
Carbide coarsening, 276
Carbon
fiber, 89
nanotube, 92
Cauchy’s
formulation, 53
tensor, 53
Cazacu—Barlat’s criterion, 166, 201
Ceramic
material, 102, 210
matrix, 102
Matrix Composite, 210
Ceramics, 15, 35
Change of size, 168
Chencov
constant, 94
modulus, 92
Chencov modulus, 92, 98
Chencov’s
coefficient, 51
modulus, 28, 30
Classical Hill’s
hexagonal symmetry type, 199
tetragonal symmetry type, 199
Classification of
anisotropic elastic materials, 21
damage variables, 15
Clausius—Duhem’s inequality, 253, 256
Closure of microcracks, 250
energy, 250
Cohesion, 215
Columnar
ice, 210
strain vector, 6, 25
stress vector, 2, 25
vector of strain, 11
vector of stress, 11
Combination of invariants, 44
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Combined plastic/fracture mechanism, 211
Common Invariant
of two second-order tensors, 23
Common invariant, 44, 48, 167, 199, 255
of orthotropy, 201
of strain and structural tensors, 49
of two different-order tensors, 24
Common invariants of stress and structural
tensors, 134
Common strain and structural tensor invari-
ant, 25
Comparison of explicit and implicit formu-
lations, 202
Complementary energy, 38—40, 46
increment, 41
per unit volume, 39, 147
positive definiteness, 10
Compliance
coefficients, 96
matrix, 12, 28-30, 42, 98
Compliance matrix, 119
Composite, 35
effective elasticity tensor, 96
material, 75, 79, 188
RUC, 94
Composite RUC, 96
Compression
failure strength, 215
tension asymmetry, 271
Compressive meridian, 162, 217
Concave
hyperbolic cylinder, 135
meridian effect, 238
yield curve, 164
Concentric Cylinder Assembly, 112
Concentric Cylindrical Assemblage model,
120
Concrete, 15, 35, 210, 214, 218, 220
Condition of positive definiteness of the
Hessian, 152
Conical rotationally symmetric surface, 241
Constitutive
elasticity matrix, 25
equation, 49, 74, 80
equation of linear orthotropic material,
48
integral equation of anisotropic linear
material, 78
model, 88
relation, 53
Continuum mechanics, 250
Convexity, 211
of the orthotropic form, 200
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of yield surface, 142, 144
postulate, 149
postulate of yield surface, 144
rule, 144
Convolution theorem, 82
Coulomb—Mohr’s
criterion, 215
criterion explicit format, 216
criterion implicit invariant format, 216
failure criterion, 218
Coupled
elastic problems, 74
fictitious elastic problem, 76
plasticity and damage dissipation
processe, 146
Coupling
of volume and shape viscoelastic
deformation, 80
of volumetric and shear response, 50
Crack closure
/opening effect, 14
effect, 14, 46
Creep, 248
anisotropy, 58
compliance, 81
compliance function, 66
compliance tensor, 81
fatigue damage, 58
function, 69
Crystal
elasticity tensors, 95
lattice, 96
lattice symmetry, 25, 89
plasticity model, 269
plasticity-based calculations, 271
symmetry, 95
unit cell, 36, 94
Crystal lattice symmetry, 94
Crystallographic texture evolution, 270
Cubic
crystal lattice, 95
function, 151
lattice, 32
symmetry, 32, 100
Cyclic softening of tempered martensitic
steel, 276
Cylindrical
initial yield surface, 163
limit surface, 163
surface, 161
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D
Damage, 9, 248
acquired anisotropy, 23
acquired orthotropy, 13
affected thermal conductivity tensor, 261
affected thermal expansion tensor, 261
anisotropy, 19
deactivation, 14
dissipation surface, 287
effect matrix, 16
effect tensor, 14, 16, 36, 251, 261, 288
effective compliance matrix, 17
effective stiffness matrix, 17
effective stress tensor, 16
effective variable, 288
eight-order tensor, 13
evolution, 47
fourth-order tensor, 13
function, 287
growth, 39, 44, 45, 48, 146
hardening, 286
hardening process, 134
initiation, 250
nucleation, 44, 45
parameter, 16
softening, 273
strain, 9
tensor, 14
threshold, 261
Decomposition of
strain tensor, 51
stress tensor, 51
Deflection of beam made of linear
viscoelastic material, 66
Dependence on
hydrostatic pressure, 137
tension/compression asymmetry, 137
Deviatoric
differential operator, 72
plane, 160, 162
space, 36
stress space, 173
transversely isotropic Hill’s criterion,
187
von Mises’ criterion, 169
von Mises’ equation, 173
von Mises—T'sai—Wu'’s criterion, 226
Differential operator representation, 74
Dilatation, 51, 52
Dirac’s function, 67
Direct
approach, 256
dependence on hydrostatic pressure, 137

Index

Directional distribution of

damage, 22

microvoid density, 22
Displacement, 75
Displacements, 75
Dissipated energy, 248
Dissipation

F,277

function, 255

inequality, 253

of energy, 248

potential, 254, 256, 286

potential function, 287
Dissipative phenomenon, 8, 248
Distortion, 139, 168

effect, 134

of limit surface, 134, 243
Distortional hardening, 255
Drucker’s

condition of stability, 143

convexity assumption, 166

convexity postulate, 242

criterion, 140, 167

isotropic yield criterion extension, 200

like criterion, 203

postulate, 142, 153

postulate of material stability, 134

postulate of stability, 144

stability postulate, 135, 164, 180, 211,

221
stability postulate for elastic—plastic
material, 154

Drucker—Prager’s

condition, 221

cone, 219

criterion, 138—-140, 242
Dual phase ferritic stainless steel, 268
Ductile material, 134, 137, 160

E

Effective
compliance matrix, 91, 97
compliance tensor of composite, 108
elastic compliance matrix, 98
elastic stiffness matrix, 98
elastic stiffness matrix of composite, 114
elastic-damage secant stiffness matrix,

45

fourth-rank tensors, 81
matrix elements of composite, 122
mechanical property, 88
quasi-continuum, 251



Index

stiffness matrix, 97, 104
stiffness matrix of composite, 108
stiffness tensor on RVE, 110
stress, 5
thermalproperty, 88
variable, 16
Effective elastic stiffness, 112
Elastic
(reversible) strain, 8
brittle material, 35
compliance matrix, 25, 28, 122
compliance matrix symmetry, 26
compliance tensor, 42
constitutive law, 43
damage evolution, 210
damage material complementary energy,
43
damage material strain energy, 43
damaged material, 47
engineering modulus, 27
isotropic material, 46
range, 35
response, 38
stiffness matrix, 122
strain energy, 43, 147, 248, 250
strain energy equivalence, 16
strain energy in terms of structural ten-
sors, 24
strain energy increment, 40
strain energy per unit volume, 42
volume change, 74
Elastic-viscoelastic correspondence princi-
ple, 74,77, 83
Elasticity
constitutive matrix, 36
matrix, 36
tensor degeneration, 36
Elastic-plastic
damage constitutive law, 286
damage material, 259
deformation, 153
material, 153
stiffness matrix, 155
Ellipsoidal
inclusion, 269
rotationally symmetric surface, 241
Ellipticity loss, 179
of the limit surface, 135, 232
Energetic consistency, 108
Energy
dissipated by damage, 250
for rearrangements of microstructure,
249
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stored by damage hardening, 250
Engineering
anisotropic constants, 122
constant of orthotropic material, 98
defining elements of
modulus, 28
material constants, 26
orthotropy constant, 126
tensor stress invariant, 5
Enhanced
isotropic yield criterion, 201
Mises—Hu—Marin’s-type criterion, 183
Epoxy matrix, 89
Equation of
isotropic elasticity, 74
linear elasticity of composite material, 89
linear elasticity of crystal, 89
linear isotropic viscoelastic materials, 74
linear isotropic viscoelasticity, 74
transformed isotropic linear
viscoelasticity, 71
Equi-biaxial tension condition, 135
Equilibrium equation, 74
Equivalence of energy, 108
Equivalent
composite matrices, 96
elastic material, 71
Esidual strain existence, 42
Evolution law, 256
Explicit
anisotropy approach, 140
formulation, 242
Extended thermo-plastic-damage equations,
273
Extension of
anisotropic von Mises’ criterion, 225
isotropic Drucker—Prager’s failure
criterion to anisotropy, 224
Tresca’s, 216
External force, 75

F
Fabric tensor, 22
Fabrication process, 38, 40
Failure, 35

initiation limit surfac, 211
FEM-micromechanics-based

homogenization, 116

Fiber thermal property, 40
Fibrous reinforcement, 88
Fictitious

coupled elastic problem, 75, 76
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elastic (time-independent) problem, 80
elastic constant, 75
elastic material, 71
elastic problem, 81
elastic RUC of composite, 83
linear elastic material, 84
orthotropic elastic equation, 79
pseudo-undamaged configuration, 16
strain, 111
stress, 110
Finite
deformation range, 53
strain definition, 53
First
common invariant, 134
deviatoric von Mises’ matrix, 172
Haigh—Westergaard coordinate, 212
stress invariant, 212
stress tensor invariant, 212
Flux vector, 253
Four-parameter Burgers model, 63
Fourth-order
linear transformation tensor, 239
tensor, 9
tensor matrix representation, 9
Fourth-rank
compliance tensor, 9
damage tensor, 15, 19
damage tensor matrix representation, 19
elasticity tensor, 9
stiffness tensor, 9, 41
tensor of creep functions, 77
tensor of relaxation functions, 77
Fracture surface loss of convexity, 238
Free energy function per unit mass, 44
Frictionless material, 215
Full anisotropy, 50
Function of
three stress invariants, 136
transformed variable, 75

G
General
constitutive equation of anisotropic lin-
ear viscoelastic material, 78
coupled heat equation, 280
orthotropy symmetry group, 118
von Mises criterion, 168
Generalization of
classical stress invariants, 135
Hosford’s criterion, 206
Generalized

Index

force, 67
Fourier series, 22
Hooke’s law, 9—-11
Hooke’s modulus, 30
Kirchhoff’s modulus, 27, 30, 51
method of cells, 88
modules of viscoelasticity, 72
normality rule, 146, 257, 278, 287, 288
Poisson’s coefficient, 27
Poisson’s ratio, 30, 72
stability Drucker’s postulate, 155
Young’s modulus, 27, 51, 72
Generalized Method of Cells, 112
Generic
invariant of stress deviator, 4
strain invariant, 43
strain tensor invariant, 7
stress invariant, 4
Gibbs’
complementary energy, 46
potential function, 46, 47
state potential, 47
Glass-Epoxy composite, 103, 120
Global variable, 108
GMC homogenization method, 118
Goldenblat—Kopnov’s
criterion, 168, 223
explicit formulation, 204
polynomial format, 243
Grain reorientations, 269
Graphite
/Epoxy composite, 38, 88
fiber, 89
Green’s
formulation, 53
strain tensor, 54
Growth of dissipative process, 35

H
Haigh—Westergaard’s
co-ordinate, 160, 178, 212, 216, 222
space, 217
Hardening
force, 253
state variable, 13
Heating rate, 272
Helmbholtz’s
free energy density, 286
free energy per unit mass, 44
potential function, 47
state potential, 47
Hershey—Davies’ criterion, 164
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Heterogeneous
composite, 104
material, 102
Hexagonal
array, 88
class, 36
closed packed metals, 269
fiber array, 94
Hooke’s Transverse Isotropy, 31
Hu—Marin’s condition, 191
symmetry, 31, 38, 88, 187, 195, 205
symmetry array, 118
symmetry class, 32, 118, 136, 229
symmetry group, 37
symmetry Hill’s criterion, 198
transversely isotropic symmetry, 89
transversely isotropic Tsai—-Wu’s crite-
rion, 232
transversely isotropic von Mises—Tsai—
‘Wu failure criterion, 235
Hexagonal array, 89, 114, 115, 122
Hexagonal fiber array, 94
Hexagonal symmetry, 94, 100, 114-116
Hidden state variable, 253
High orthotropy degree, 181, 232
High strength concrete, 47
High—Westergaard’s
space, 241
High-strength steel, 214
Hill theorem on lower bound by Reuss’ es-
timate, 118
Hill theorem on upper bound by Voigt esti-
mate, 118
Hill’s
criterion, 135, 138, 139, 175, 176
criterion constraint, 179
criterion convexity loss, 185
criterion range of applicability, 180
matrix, 175
structural tensor, 244
tetragonal symmetry form, 198
theorem, 108
theorem of lower and upper bounds, 122
type of tetragonal symmetry transversely
isotropic criterin, 195
yield criterion, 228
Hill-Mandel relation, 109
Homogeneity at RUC level, 75
Homogeneous constituent material, 81
Homogenization, 83
method, 102
of transformed isotropic local matrices,
83
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procedure, 81
tool, 81
Honey-comb fibers, 122
Hooke’s
law of isotropic material, 33
matrix, 37
Hosford’s criterion, 164, 203
Hot work tool steel AISTL6, 281
Hu-Marin’s
based transversely isotropic criterion,
136, 187
type of hexagonal symmetry isotropic
criterin, 195
Huber—von Mises’
circular cylinder, 179
criterion, 138, 139, 163, 203
ellipse, 244
isotropic yield condition, 262
surface, 242
Hybrid
formulation, 124, 205
homogenization rule, 125
mixture rule, 126
symmetry property, 195
Hydrostatic axis, 183
Hydrostatic pressure
axis, 160
independence, 72
independent criterion, 243
insensitive isotropic materials, 160
insensitivity, 202
sensitive criterion, 175
sensitivity, 135, 211, 213, 214, 240, 241
Hyper-
elastic material, 153, 154
elasticity, 53
elasticity tensor, 53
Hyperboloidal rotationally symmetric
surface, 241
Hypo-
elastic material, 54
elasticity, 53
elasticity tensor, 53

I
Identical stiffness matrix format, 93
Implicit

anisotropic extension of Drucker’s yield

criterion, 204

anisotropy approach, 140

approach, 199

approach to anisotropy, 236
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formulation, 243
multiscale procedure, 269
Inconel 718, 213, 221
Incremental form of constitutive equation,
149
Independent material constant, 243
Indirect dependence on hydrostatic pressure,
138
Inelastic
(irreversible) strain, 8
material, 147
strain, 278
Initial
configuration, 16
creep function, 69
failure, 136
relaxation function, 69
yield, 136
yield surface, 142
Initiation of
dissipative process, 35
plastic flow mechanism, 142
plasticity, 36
Inner bound, 203
Instantaneous
elastic strain, 66
memorization, 282
Integral
constitutive equation of anisotropic
linear viscoelasticity, 82
constitutive equations of the orthotropic
linear viscoelastic material, 79
form, 78
form of constitutive equation, 77
form of constitutive equations of
isotropic linear viscoelastic material,
74
form of uniaxial creep strain, 69
form of uniaxial stress relaxation, 69
representation, 75
Interaction creep and plasticity, 58
Intermediate
between Hill and Hu—Marin concepts,
136
type loci type limit surface, 135
yield surface, 256
Internal
(hidden) variable, 13
pressure, 76
state variable, 251, 286
Inverse
Laplace’s transform, 61, 71, 77, 83
Laplace’s transformation, 76, 82

Index

Irreducibility
of elasticity equations, 51
to isotropic von Mises, 187
Irreducible
set of invariants, 136
tensor base, 22
Irregular
arrangement, 92
hexagonal pyramid, 217
particle-reinforced composite, 101
particles distribution, 104
Irreversible
phenomenon, 39
process, 248
strain, 9
term, 143
Isotropic
change of size of limit surface, 134
compliance matrix, 33
composite, 101
elastic Hooke’s material, 43
Hooke’s law, 33, 43
Hooke’s material, 33
Huber—von Mises’ criterion, 169, 178
Huber—von Mises’ equation, 190
linear visco-elastic behavior, 74
linear visco-elastic material, 70
linear visco-elasticity, 72
linear viscoelastic material, 72
material, 38, 41, 43, 136, 211
plastic hardening, 264
pressure sensitive criteria, 241
standard material, 76
stiffness matrix, 34
von Mises’ condition, 136
von Mises’ criterion, 163
yield criterion, 202
Isotropy, 35, 70
of composite, 95

K

Kinematic plastic hardening, 264

Kirchhoff modulus, 98

Kirchhoff’s modulus, 34, 92

Kowalsky’s criterion, 140

Kuhn-Tucker’s loading/unloading
condition, 258

L
Lagrange’s stress tensor, 54
Lamé’s

constant, 43
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solution, 76
Laminate, 93
Laplace’s
integral transform, 70
inverse transform, 80
transform, 79, 83
transform method, 61
transform pairs, 71
transformation, 75, 79
Law of
phase change, 51
volume shape, 51
Level of
composite microstructure, 83
RUC, 81
subcell, 81, 83
Limit
criterion, 35
surface asymmetry, 213
Linear
common invariant, 229
differential operator, 68, 70
elastic material, 41
elasticity, 150, 248
elasticity equation, 9
hereditary model, 69
isotropic viscoelastic constitutive
equations, 70
orthotropic elasticity, 50
orthotropic material, 49
transformation concept, 199
transformation of Cauchy’s stress, 134
transformation of stress tensor, 256
transformation of the Cauchy stress
tensor, 135
transformation operator, 205
visco-elastic material, 65, 68, 71, 80
visco-elastic problem, 76
visco-elasticity, 70, 81
Linearized geometric equation, 75
Linearly transformed stress tensor, 270
Loading
history, 40
surface distortion, 13
surface isotropic expansion, 13
surface rotation, 13
surface translatoric displacement, 13
unloading cycle, 38
Local
constitutive equations, 81
constitutive time-dependent fourth-rank
tensor, 81
elasticity equation, 112
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state method, 251
stiffness tensor in subcell, 112
tensor, 81
variable, 81
Long fiber reinforced composite, 35, 40, 94,
96, 135
material, 197
Long fiber reinforced composite
architecture, 112
Loose bound, 120
Loss of convexity, 186
Low
carbon steel 18G2A, 226
cycle fatigue, 273
Lower
bound, 88
bound of effective compliance matrix,
111
bound of effective stiffness matrix, 110
bound of mean constitutive tensor, 110
estimate, 104

M
Macrolevel, 96, 107
Macroscopic yield surface, 269
Macrostrain, 96
Macrostress, 96
Magnesium
alloy, 269
Mg-Th sheet, 201
Manufacturing process of composite
materials, 88
Martensitic change, 39
Material
anisotropy, 77, 211
anisotropy frame, 199
damage, 35
failure, 210
homogeneity, 75
isotropy, 70
microstructure, 12
microstructure change, 39
microstructure rearrangement, 248
orthotropy, 52, 80
orthotropy plane, 30
symmetry, 35, 88
symmetry change, 36
texture, 35
Matrix, 103
representation, 19
thermal property, 40
vector notation, 8
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Maximal
deviatoric stress criterion, 203
fiber packing limit, 122
Maximum shear stress type limit surface,
135
Maxwell’s model, 58
creep compliance function, 59
equation, 59
stress relaxation, 64
Mean
fourth-rank tensors, 81
strain, 6
stress, 5
Memory surface, 278
Meridian of
limit surface, 161
simple shear, 220
uniaxial compression, 220
uniaxial tension, 220
Meso level, 108
Metallic
material, 102
matrix, 102
Mg-Li alloy, 205
sheet, 201
Mg-Th alloy
sheet, 205
Micro level, 108
Microcrack, 210
Microlevel
homogenization technique, 75
Micromechanical
analysis, 88
model, 251
Micromechanics-based
FEM, 118
homogenization model, 112
Method of Cells, 121
Microstrain, 81, 112
Microstress, 81, 104, 112
Microstructural
rearrangements, 8
state variable, 13, 253
Microstructure deviator, 264
Mixed
invariant system, 216
plastic hardening, 264
symmetry, 195
Modification of loading surface, 13
Modified third invariant, 134
Monoclinic
crystal lattice symmetry, 97
Hooke’s anisotropy, 29

Index

lattice symmetry, 94

or oblique symmetry, 29

space lattice cell, 29

symmetry, 29, 94
Mori-Tanaka method, 112, 121
Multi-dissipative processes, 146
Multiaxial

deformation state, 41

loading, 39

state, 70, 74
Multicomponent composite material, 102
Multiple-coupled dissipative phenomenon,

146

Multiscale procedure, 269
Murakami—Ohno’s tensor, 13

N
Nano-composite, 33
Ni-based alloy, 221
Nickel-based

Inconel 718, 211

single crystal superalloy, 32
NiTi shape memory alloy, 166
Non-associated

damage, 273, 287

flow rule, 142, 145

plasticity, 273, 287

rule, 259

thermo-viscoplasticity, 277
Non-homogeneous differential equation, 59
Non-linear

creep phenomenon, 58

elastic material, 40

elasticity, 150, 248

hereditary model, 69

plastic hardening rules, 277

viscoelastic materials, 68
Non-metallic material, 214, 220
Non-quadratic

yield surface, 256
Non-quadratic Tresca’s type limit surface,

135
Non-rotationally symmetric initial yield
surface, 163

Non-rotationally symmetric surface, 161
Nonassociated

damage, 273

plasticity, 273
Nonconventional creep model, 58
Nonelastic range, 35
Normality

of plastic strain increment, 144

rule, 144, 258
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0o
Objective derivative of stress tensor, 54
Oblique
anisotropy compliance matrix, 97
anisotropy property, 97
symmetry, 94
Observable variable, 13
Onsager’s approach, 256
Onset of
fracture, 212
phase change, 212
yield, 212
Operator format, 67
Orthorhombic, 94
Hooke’s orthotropy, 30
lattice, 30, 31, 94
symmetry group, 37
Orthotropic
Hooke’s law, 94
Boron/Al composite, 126
creep compliance matrix, 80
damage, 15, 19
elastic material, 50
Hill’s condition, 239
Hill’s criterion, 135, 177, 189
Hosford’s criterion, 185
Hosford’s yield condition, 186
hyperelastic material, 48
linear visco-elastic material, 78
linear viscoelastic equations, 79
material, 48
matrix component, 124
multi-laminate composite, 98
relaxation function matrix, 80
stiffness matrix, 49
symmetry group, 36
viscoelastic material, 83
von Mises’ criterion, 174, 175, 191
von Mises’ equation, 181, 191
von Mises’ matrix, 174
Orthotropy, 35, 225
modulus, 94, 186
plane, 192
symmetry, 30
Orthotropy modulus, 99
OTCz Titanium alloy, 38, 180, 184
Outer bound, 203
limit curve, 165
Overstrain columnar vector, 42
Overstress columnar vector, 42
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P
Paraboloidal rotationally symmetric surface,
241
Particle

reinforced composites, 103
reinforcement, 88
Particulate composite, 33
Partly distorted limit surface, 238
Periodic fiber arrangement, 88
Perpendicular fiber arrangement, 98
Phase
change, 35, 146
transformation, 9, 36, 39
transformation effect tensor, 251
transformation scalar variable, 13
Physical configuration, 16
Planar anisotropy, 186
Plane stress
condition, 177
state, 35, 184, 191, 216, 222
stiffness matrix, 35
Plastic
anisotropy, 35
damage evolution, 210
flow, 9, 146
hardening, 286
hardening process, 134
potential function, 142
shear 1 imits, 177
slip initiation, 250
tension limit, 177
yield, 35, 36
yielding, 35, 39
Plasticity, 248
dissipation surface, 287
matrix, 36
Poisson’s ratio, 34, 92, 98
averaged by mixture rule, 121
Polycrystal model, 269
Polycrystalline
magnesium, 205
material, 33
Polymer matrix, 102
Polynomial
anisotropic yield criterion, 167
function of direction vector, 22
Positive definiteness of the quadratic form,
154
Postulate of
inner and outer bounds, 165
maximum dissipation, 257, 258
Potential
approach, 256
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function for strain, 147
function for stress, 147
Pressure
insensitive criterion, 175
insensitive isotropic material, 166
insensitive material, 137
insensitivity, 228
sensitive initial yield/failure criterion,
240
sensitive material, 137, 214
sensitive metallic alloy, 211
sensitivity, 229, 232, 236
sensitivity inquired, 205
Primary matrix, 13
Principal
invariant of strain tensor, 5
invariant of stress deviator, 4
invariant of the strain deviator, 7
material orthotropy, 186
of invariant stress tensor, 3
strain, 5
stress, 3
stress frame, 186
Progressive memorization, 282
Projection operator, 14
Property of elastic deformation, 152
Pseudo-deviatoric format, 183
Pure shear
deformation, 52
strength test, 160

Q

Quadratic
common invariant, 229
Hill’s type limit surface, 135
yield surface, 256

R
Rabinovich modulus, 92, 98
Rabinovich’s

constant, 94

modulus, 28, 30, 51, 92
Random topology of fibers, 88
Raniecki-Mr6z’s criterion, 166
Rate-

independent problem, 258

type constitutive equation, 273
Rebuilding of yield surface, 143
Reference frame, 33
Regular

lattice, 32

particle reinforcement, 100

Index

Reinforcement, 103
Reinforcing
fibers, 102
particles, 102
Relaxation, 81
function, 69
modulus, 72
tensor, 81
Relaxed hydrostatic pressure insensitivity,
184
Representation
damage effect matrix, 17
of elastic strain energy in terms of
invariants, 24
of strain tensor, 10
of stress tensor, 10
Representative
area element, 89
unit cell, 80, 88, 102, 112, 114
Representative volume element, 102, 112
Residual
state, 40
stress, 38, 40
stress existence, 42
Reuss’
bound, 120
estimate, 103, 104, 121
estimation, 111
mixture rule, 88
rule, 88
scheme, 105
Reverse tension-compression cycle, 14
Reversible
process, 248
strain, 9
term, 143
Rhombic
array, 89, 94
fiber architecture, 97
fiber array, 94, 97, 98
Rhombohedral cell lattice, 29
Rock, 210
like material, 15
Rotation, 168
of limit surface, 134
Rotationally symmetric
ellipsoid, 219
hyperboloid, 219
initial yield/failure surface, 218
limit surface, 161, 163
paraboloid, 219
RUC of
hexagonal symmetry, 116



Index

tetragonal symmetry, 115
Rule of mixture, 103

S
Scalar
damage variable, 15
function of common invariants, 136, 137
function of pair of tensorial arguments,
48
function of stress invariants, 136
function of tensorial argument, 44
Schmidt-Ishlinsky—Hill’s criterion of
maximal deviatoric stress, 165
SCMC homogenization method, 118
SCMS homogenization method, 126
Secant hyper-plane, 150
Second
common deviatoric invariant, 138
common invariant, 134, 138
deviatoric invariant, 138
deviatoric von Mises’ matrix, 172
order phase change tensor, 13
order tensor, 2
Piola—Kirchhoff’s stress tensor, 54
rank damage tensor, 15, 261
stress deviator invariant, 212
stress invariant, 138
Secondary inclusion, 13
Self Consistent Scheme, 121
Separation of volume change from shape
change, 74
Shape
change, 34, 70, 74
change effect, 70
distortion, 140
Shear
limit point, 219
meridian, 162
modulus, 92
test, 191
SiC/Ti
long fiber reinforced composite, 197
unidirectional lamina, 38
Single
fiber in the square cell array, 118
strain invariant, 25
Skew-symmetric spin tensor, 54
Skrzypek—Ganczarski’s criterion, 205
Soil, 214
mechanics, 214
Space lattice, 36
Spheroidal graphite cast iron, 36, 47
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Square
array, 88, 114, 122
fiber array, 94, 99, 115
fibers, 122
Stability
criterion of hyper-elastic material, 146,
148
in small, 147
on cycle, 148
postulate, 153
Stacking layers composite, 93
Standard model
creep compliance function, 62
stress relaxation, 64
State
equation, 47, 49, 252
functions, 248
potential, 38, 44, 252, 286
potential of elasticity, 44
variable, 12, 13, 248, 251
Stiffness
coefficient, 96
deterioration due to damage, 261
matrix, 12, 50, 98
matrix symmetry, 21, 25
metrix, 42
modulus of phase, 121
Stored energy, 250
Strain
axiator, 6, 34
compatible method of cells, 88, 112
concentration tensor, 107
damage space, 23
decomposition, 59
deviator, 6, 34
energy, 38, 39, 43, 48
energy function, 48
energy of damaged material, 44
energy per unit volume, 38, 147
energy positive definiteness, 10
equivalence, 16
first basic invariant, 43
memory effect, 278
potential, 47
potential function, 40
rate decomposition, 59
second basic invariant, 43
space, 47
tensor, 5
tensor decomposition, 34
third basic invariant, 43
Strength differential
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effect, 134, 135, 138, 160, 162, 166, 203,
212,214,223, 228, 264, 271
materials, 213
Stress
/strength axis, 183
axiator, 2, 34
cycle, 142
damage space, 23
deviator, 2, 34
deviator coordinates, 36
equivalence, 16
increment, 147
potential, 47
potential function, 39
quasi-cycle, 142
tensor, 2
tensor decomposition, 34
tensor representation matrix, 8
transformation, 3
Stress concentration tensor, 107
Strong
anisotropy, 271
limit surface distortion, 134
Structural
anisotropy matrix, 167
anisotropy tensor, 167
change, 36
symmetry frame, 30
tensor, 24, 48, 264
tensor of material anisotropy, 167, 210
tensor of plastic or failure anisotropy, 134
Structurally representative distribution, 107
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