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Preface

MeTrApp 2015 is already the third edition of a conference that started in 2011 as a
workshop organized by the University of Timisoara in Romania. The second edi-
tion was organized as a conference in Bilbao, Spain, by the University of the
Basque Country. Now this book is already the third of its kind presenting the
collection of scientific papers that were presented on the occasion of the Third
Conference on Mechanisms, Transmissions and Applications organized by RWTH
Aachen University in Aachen, Germany.

The driving force behind this now well-established conference series is the
International Federation for the Promotion of Mechanism and Machine Science
namely its two Technical Committees “Linkages and Mechanical Controls” and
“Gearing and Transmissions”.

The aim of this Third Conference on Mechanisms, Transmissions and Appli-
cations is to offer a stage for original research presentations for researchers, sci-
entists, industry experts, and students in the fields of mechanisms and transmissions
with special emphasis on industrial applications in order to stimulate the exchange
of new and innovative ideas. By collecting the peer-reviewed papers that were
funnelled through a rigorous two-stage review process, within the Springer
Mechanism and Machine Science Series, we take the chance to present and share
the outcome of this conference with interested professionals and scientists who are
at the front line of mechanism and machine theory. Thus, the content of this book is
subdivided into different sections that cover the topics Mechanism and Machine
Design, Mechanical Transmissions, Industrial Applications, VDI-Guidelines, Bio-
mechanics and Medical Engineering, Robotics, Mechatronics, and Dynamics of
Mechanisms and Machines.

In total, we received 41 papers, which were carefully reviewed by three
reviewers per paper in a double-review process. Finally, 35 papers were accepted
for presentation during the conference and for publication in this book. Thus, we
want to express our thanks to the reviewers who contributed to this process with
their experience and scientific background. Only through their effort was it possible
to organize a thorough yet speedy review process.
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Many thanks also go to the authors for their enthusiasm about this conference
and to all who helped in organizing this publication as well as the conference itself.
We thank the German Research Foundation for awarding a grant in order to host
this conference, as well as RWTH Aachen University for supporting this confer-
ence. We also thank the staff at Springer for their support through all stages of
preparing this book.

We very much hope that this book also inspires those who could not attend the
conference to contribute or attend one of the next issues of MeTrApp.

February 2015 Burkhard Corves
Erwin-Christian Lovasz

Mathias Hüsing
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The Infinitesimal Burmester Lines
in Spatial Movement

Delun Wang, Wei Wang, Huimin Dong and Son Lin

Abstract The paper studies the infinitesimal Burmester lines of the moving body
at any instant, according to the invariance of the constraint ruled surface of the
binary link C-C. A line-trajectory is expressed by the invariants of axodes of a rigid
body in spatial motion. The Euler-Savary analogue of a line-trajectory in spatial
movement is described in the Frenet frame of axodes. Both the stationary line
congruence of constant axis curvature and the Ball line are revealed. The degen-
erated cases of the infinitesimal Burmester lines, the characteristic lines LHC and
LRC, are discussed according to the H-C curvature and R-C curvature. An numerical
example of a spatial linkage RCCC is given to show some of above results.

Keywords Curvature theory � Ruled surface � Invariant � Axode � Kinematics

1 Introduction

The kinematic synthesis of linkages is essentially to locate the special points or
lines in the moving body, which trace constraint curves or ruled surfaces of the
binary links with specific curvature properties, such as the Burmester points in
planar motion. The curvature theory provides the clues to locate the special lines in
the moving body by estimating the approximation of a general ruled surface and a
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constraint ruled surface. The infinitesimal Burmester lines in spatial motion are not
completely defined and readily located yet in the literature. The constraint curves
and ruled surfaces in spatial linkages have been introduced in Ref. [1]. Distelli [2]
previously presented the Euler-Savary equation of the straight line in spatial
motion. The dual numbers, dual vectors and dual matrices are adopted to study the
trajectories of line in space. Yang [3] defined characteristic scalars to reflect the
infinitesimal properties of ruled surface. Kose [4] adopted dual vector calculus to
study the invariants of a line trajectory in spatial motion. The canonical coordinate
system was adopted by Veldkamp [5], Kirson [6], Roth [7] to study instantaneous
spatial motion. Ting [8] presented a unified algebraic approach for the modeling of
the instantaneous motion of all linear elements. McCarthy [9] derived three cur-
vature parameters, invariants of a ruled surface, to study their local shape by the
moving frame.

For the complexity of line-trajectories, the kinematic invariants of a ruled sur-
face, three construction parameters [10], are naturally preferred to describe the local
geometrical properties of a ruled surface. The construction parameters of both the
moving and fixed axodes are used to reveal the intrinsic property of a rigid body in
spatial motion, which occupy a similar important fundamental roles in spatial
kinematics [11, 12] both in the expressional forms and the contents as the centrodes
do in planar motion. Hence, this paper studies the infinitesimal Burmester line of
the moving body in spatial motion at an instant, corresponding to binary link C-C,
in terms of the invariance of the constraint ruled surfaces [1].

2 Constraint Ruled Surfaces of Spatial Linkages

In linkages, a binary link with two kinematic pairs kinematically connects a moving
body to a base link, or fixed frame. The line of the moving body, or the axis/
guidance line of a moving joint, is constrained and defined as a characteristic line,
and its trajectory in the base link is called a constraint ruled surface.

For a binary link R-C, the moving joint C is a cylindrical pair and the fixed joint
R is a revolute pair. Its constraint ruled surface, a hyperboloid of one sheet, is ΣRC
with LRC as the characteristic line. The binary links with fixed joint R, such as R-C,
R-R, R-H and R-P, have the same constraint ruled surface, or correspond to the
same characteristic line on the moving body. Therefore, a cylindrical pair C can be
taken as a typical moving joint for the binary links with moving joints C, R, H and
P. Hereinafter, all constraint ruled surfaces are represented by a symbol Σ with
subscripts. With C-pair as the moving joint of the binary links, three current
kinematic joints, C, R, H, of spatial linkages are listed in Table 1.

4 D. Wang et al.



3 Infinitesimal Burmester Lines

In order to describe the spatial movement of a rigid body relative to the fixed body,
the moving Cartesian coordinate system {Om; im, jm, km} is established on the
moving body and the fixed system {Of; if, jf, kf} is on the fixed body. As we known,
there is an instantaneous screw axis (ISA) for the spatial motion of the moving body
relative to the fixed body. For all instants, the ISA traces a moving axode Σm in
{Om; im, jm, km} and fixed axode Σf in {Of; if, jf, kf}.

3.1 The Axodes of a Rigid Body in Spatial Movement

The fixed axode Σf is a ruled surface, whose vector expression can be written by an
adjoint approach [11] in {Of; if, jf, kf} as Rf = ρf + μsf, where ρf is the vector of the
striction curve of Σf, sf is the unit vector of the generator of Σf. The construction
parameters αf, βf, γf of Σf can be derived by Frenet formulas [10].

On the other hand, the moving axode Σm is also a ruled surface, whose vector
expression can be written in {Om; im, jm, km} as Rm = ρm + μsm, where ρm is the
vector of the striction curve of Σm, sm is the unit vector of the generator of Σm. The
construction parameters αm, βm, γm of Σm can be derived by Frenet formulas. The
induced construction parameters α*, β*, γ*, as key kinematic invariants for the
spatial movement, can be obtained as α* = αf − αm, β

* = βf − βm, γ
* = γf − γm = 0.

The arc lengths of the spherical image curves of sf and sm are respectively σf and σm.
We designate σ to represent σf and σm for short since they are equal to each other.

The properties of axodes are presented in Ref. [11], which lay the groundwork for
the following spatial kinematics in this paper.

3.2 A Line-Trajectory and Its Frenet Frame

For a moving body in spatial motion, a point P with Cartesian coordinates
(xPm, yPm, zPm) in {Om; im, jm, km} traces a spatial trajectory ΓP in {Of; if, jf, kf}.
A line L with unit directional vector l(δl, θl) in Frenet frame {ρm; E1m, E2m, E3m} of
Σm passes through P. δl is the inclined angle between l and E1m, and θl is the

Table 1 Binary (generalized) links and their constraint surfaces

Binary links Constraint ruled surfaces Symbols of lines Symbols of surfaces

C-C Constant axis ruled surface LCC ΣCC
H-C Helicoid LHC ΣHC
R-C Hyperboloid LRC ΣRC

The Infinitesimal Burmester Lines in Spatial Movement 5



directional angle of the projection vector of l on the plane ρm − E2mE3m. The
position of L is located by parameters (p, h) in {ρm; E1m, E2m, E3m}, as shown in
Fig. 1.

At an instant, L corresponds to ISA and traces a trajectory-ruled surface Σl in
{Of; if, jf, kf}, which can be expressed by

Rl : Rl ¼ ql þ ll ¼ qf þ pE1f þ HE1f � E1 þ ll;
H ¼ h=

ffiffiffiffiffiffiffiffiffiffiffiffi
1� l21

p
; l ¼ ðl1; l2; l3Þ ¼ ðcos dl; sin dl cos hl; sin dl sin hlÞ

�
ð1Þ

The line L is described by the four parameters (l1, l2, p, h) in Frenet frame {ρf;
E1f, E2f, E3f} of Σf. The differential of the arc length σl of the spherical image curve
of l is drl ¼ dl=drj j dr ¼ b�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � l21

p
dr. The vector equation of striction curve of

Σl is ql ¼ qf þ pE1f þ hE1f � E1= E1f � E1
�� �� and the derivative of the striction

directrix distance bl is dbl/dσ = (l2p − l1l3H + l3γ)/(1 � l21). The Frenet frame
{ρl; E1, E2, E3} of Σl can be established, and the three construction parameters can
be derived by the Frenet formulas of a ruled surface as

al ¼ l1a� � b�ð1� l21ÞH þ dbl=dr

b�ð1� l21Þ1=2
; bl ¼

l3 þ b�l1ð1� l21Þ
b�ð1� l21Þ3=2

; cl ¼
a�

b�
þ l1H ð2Þ

3.3 The Infinitesimal Burmester Lines

3.3.1 Constant Axis Curvature

Based on the properties of the constraint ruled surface, we can discuss the infini-
tesimal Burmester lines of the rigid body in spatial movement. As presented in Ref.
[1], the constant axis curvature or the C-C curvature includes βl = constant and

P ISA

im

jmkm

f

m

l

h

p

OL

mO

m

E2 f

E1 f

E3 f

f

0

i f

kf
jf

Of

P
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αl − βl · γl = constant. This implies the spherical image curve of Σl is a circle, and
the striction curve of Σl is a cylindrical curve.

For the constant axis curvature surface ΣCC of Σl, the position can be located by
the normal of Σl at the striction point, or the fixed point A on the fixed axis LA of
ΣCC. The position vector of the fixed point A is

RA ¼ ql þ gE2; g ¼ ðal � blclÞ=ð1þ b2l Þ ð3Þ

where η is the distance between the fixed point A and the striction point B along the
common normal, as shown in Fig. 2. Based on the Eq. (3), both the direction and
the position of ΣCC can be expressed as

cotðd� dlÞ þ cot dl ¼ �b�= sin hl
g þ h

sin2ðd� dlÞ
� h

sin2 dl
¼ � a� � b�c

sin hl
þ cos hl
sin2 hl

b�p

8><
>:

ð4Þ

At an instant, the Eq. (4) is called the Euler-Savary analogue of a line-tra-
jectory in spatial movement.

3.3.2 Stationary Line Congruence

If a line-trajectory Σl contacts ΣCC in the third order, the condition equations dβl/
dσ = 0 and dη/dσ = 0 should be satisfied, which are

cot dl ¼ 1=ðM sin hlÞ þ 1=ðN cos hlÞ
a11pþ a12H þ a13 ¼ 0

�
ð5Þ

where 1/M = (βm − β*)/3, 1/N = (dβ*/dσ)/3β*. The coefficients a11, a12, a13 are all
functions of (l1, l2, l3) and the induced construction parameters of axodes. All such
lines of the moving body constitute stationary line congruence of constant axis
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curvature. Any line of the line congruence has a constant inclination angle and the
equivalent distance with a fixed line at four infinitesimal positions.

In particular, if the line-trajectory Σl has the properties that βl = 0, η = 0, dβl/
dσ = 0 and dη/dσ = 0, the line L is regarded as Ball line. It intersects with a fixed
line orthogonally at four infinitesimal positions. The directions of the Ball lines are
determined by an eight-degree algebraic equation of cosδl, which can be solved to
get the eight sets of directional angles. Actually, there may exist four directions of
Ball lines due to the symmetrical spherical image of unit direction vector of lines.

3.3.3 Infinitesimal Burmester Lines

A line L of a rigid body in spatial motion, whose trajectory Σl has the properties as
dβl/dσ = 0, dη/dσ = 0, d2βl/dσ

2 = 0 and d2η/dσ2 = 0, is called constant axis line, or
infinitesimal Burmester line. The condition equations are

cot dl ¼ 1=ðM sin hlÞ þ 1=ðN cos hlÞ

ð1þ tan2 hlÞ½2 � bmM
M2 þ dM=dr þ 3M=N

M2 tan hl þ 1 þ dN=dr
N2 tan2 hl

þ bm � 1=M
N

tan3 hl � 1
N2 tan

4 hl� þ tan2 hl ¼ 0

a11pþ a12H þ a13 ¼ 0

a21pþ a22H þ a23 ¼ 0

8>>>>>>>>>><
>>>>>>>>>>:

ð6Þ

where a21, a22, a23 are also functions of (l1, l2, l3, α
*, β*, γ*). At any instant, there

exist at most six directions of the Burmester lines in the moving body, whose five
infinitesimal successive positions locate on a constant axis ruled surface ΣCC.

If the fixed joint C is replaced by H-pair or R-pair, the constant axis ruled surface
ΣCC degenerates to be a constant parameter surface in geometrical shape, such as a
helicoid and a hyperboloid of one sheet, denoted by ΣHC and ΣRC respectively, and
the characteristic line LCC becomes LHC and LRC.

Based on the geometrical properties [1] of ΣHC, αl = const, βl = const and
γl = const are referred to as the constant curvature or H-C curvature. If a line-
trajectory Σl contacts ΣHC in second order, the condition equation dγl/dσ = 0 should
be satisfied. There exist infinite (∞3) such lines in the moving body at an instant. If
a line-trajectory Σl contacts ΣHC in third order, the contact conditions are dαl/
dσ = dβl/dσ = dγl/dσ = 0 and d2γl/dσ

2 = 0. There exist finite such lines in the moving
body at an instant.

Based on the geometrical properties [1] of ΣRC, αl = const, βl = const, γl = const
and αlβl + γl = 0 are defined as the hyperbolic curvature or R-C curvature. If a line-
trajectory Σl contacts ΣRC in second order, the condition equations αlβl + γl = 0 and
dγl/dσ = 0 should be satisfied. There exist infinite such lines in the moving body at
an instant. If a line-trajectory Σl contacts ΣRC in third order, the contact conditions
are αlβl + γl = 0, dαl/dσ = dβl/dσ = dγl/dσ = 0 and d2γl/dσ

2 = 0. The line may not exist
because four parameters of the line should meet five constraint equations.
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4 Numerical Example

A spatial RCCC linkage with parameters α01 = 30°, α12 = 55°, α23 = 45°, α30 = 60°,
a0 = 5, a1 = 2, a2 = 4, a3 = 3, h0 = 0 is given in Ref. [13]. The Cartesian coordinate
systems are respectively built up on different links by the Denavit-Hartenberg
appointment. With the motion of the linkage determined by the input angle θ1, the
ISA traces the moving axode Σm and fixed axode Σf in the coupler link and frame
link. At the instant θ1 = 1.00, the construction parameters of Σf and Σm are
αf = −3.4818, βf = 0.4993, γf = 0.8023 and αm = −6.0744, βm = −0.0498, γm = 0.8023,
so the induced construction parameters are α* = 2.5926 and β* = 0.5490.

For the coupler link 2 of the RCCC linkage, there are at most six infinitesimal
Burmester lines at any instant, whose positions and orientations can be calculated
through Eq. (6). At the instant θ1 = 1.00, we can locate four infinitesimal Burmester
lines in the coupler link, whose parameters are listed in Table 2.

In order to show the positions of the Burmester lines, we chose the coordinate
plane RC − x2y2 of the coupler link as a reference plane, as shown in Fig. 3a. The
four Burmester lines intersect the reference plane at four reference points, as shown
in Fig. 3b. Obviously, two of the four Burmester lines are just the two axes z1 and
z2 of the C-pairs of the coupler link with points B′ and C as the reference points.

Table 2 Parameters of the
Burmester lines at instant
θ1 = 1.00

Burmester
lines

Parameters (δl, θl, p, H) in Frenet
frame of Σm
δl θl, p H

LB1 1.1305 4.5703 5.2179 2.9518

LB2 0.7009 6.1193 4.5109 11.7035

LB3 1.3182 5.5787 0.0982 2.2858

LB4 1.3262 5.5571 13.8430 7.2734
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5 Conclusions

Based on the constraint ruled surfaces of the binary link C-C in spatial linkages and
their generalized curvatures, the Burmester lines of a rigid body at five infinitesimal
successive spatial positions are defined for the binary link C-C and concisely
located in the Frenet frame of axodes. There are at most six infinitesimal Burmester
lines at an instant for a spatial motion. The curvatures of a line trajectory in spatial
movement are developed to the generalized curvatures for the constraint ruled
surfaces of the binary links in spatial linkages, which provide a solid ground for the
curvature theory of the line trajectory in spatial movement.
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Science Foundation of China (Grant No. 51275067).
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Educational and Research Kinematic
Capabilities of GIM Software

Erik Macho, Victor Petuya, Mónica Urízar, Mikel Diez
and Alfonso Hernández

Abstract In this paper an educational and research software named GIM is
presented. This software has been developed with the aim of approaching the diffi-
culties students usually encounter when facing up to kinematic analysis of mecha-
nisms. A deep understanding of the kinematic analysis is necessary to go a step
further into design and synthesis of mechanisms. In order to support and complement
the theoretical lectures, GIM software is used during the practical exercises, serving
as an educational complementary tool reinforcing the knowledge acquired by the
students.

Keywords Motion simulation � Computational kinematics � Mechanism synthe-
sis � General purpose software

1 Introduction

In the teaching of subjects related to Machine Theory, supporting and comple-
menting theoretical lectures with a simulation and analysis software, helps the
students to understand deeply and visually the theoretical bases of the Mechanisms
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Science. In the Department of Mechanical Engineering of the University of the
Basque Country (UPV/EHU) two main Bachelor subjects can be highlighted in this
field: Applied Mechanics [1, 2] and Kinematics of Mechanisms [3]. In these
subjects, GIM software is used.

GIM is a registered software created by the COMPMECH Research Group
(www.ehu.es/compmech). The software has been developed focusing, not only on
educational purposes but also on research in the field of computational kinematics
and mechanism design applications. The software presented in this article also has
potential to be used by students of Master Degrees in Mechanical Engineering and
other subjects related to Robotics, Mechanism Design, etc.

GIM has been developed in a modular structure. After defining the kinematic
structure of a linkage in the Geometry module, the user can perform the motion
simulation in the Motion module. GIM is mainly oriented to the field of kinematic
analysis, motion simulation and dimensional synthesis of planar mechanisms. In
any case, it also includes other modules for workspace and singularity evaluation
[4] and static analysis of mechanical structures.

Currently other Universities are using different kinematic softwares during their
lessons. In RWTH Aachen, IGM students use the interactive geometry software
Cinderella (freeware tool provided by Springer) during mechanism lectures [5].
Other Spanish Universities use well known commercial softwares as GeoGebra [6]
or ADAMS [7]. In this paper, we will present the main GIM capabilities used
mainly by Bachelor and Master student but also by some of our PhD students.

2 Kinematic Analysis

In this section are presented and briefly described the main capabilities of the so-
called Motion module. This module is able to simulate the motion of any n-dof
planar mechanism with any kind of revolute and prismatic joints. Also the disk-disk
and disk-line rolling and cam contacts can be modelled.

2.1 Position, Velocity and Acceleration Problems

Figure 1 shows an example of the most elemental results that can be depicted when
the motion of a mechanism is obtained and simulated. Obviously, once the
geometry has been defined, the first step to compute the motion is to define as many
actuators in the mechanism as degrees of freedom. There are different types of
actuators, i.e. rotary ones, linear ones, as well as several input function types, i.e.
polynomial or sinusoidal, available to control the position, velocity and acceleration
of each actuator.

The trajectories, velocities (v) and accelerations (a) of any point, and the angular
velocities (ω) and accelerations (α) of all elements can be drawn. Also the center of
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curvature (C) of the trajectory and the intrinsic components of the acceleration
(aT, aN) can be represented. From an academic point of view, the compliance of all
the well-known properties of these magnitudes can be directly observed and
understood along the whole motion, e.g. the velocity is always tangent to the
trajectory, or the normal acceleration points always towards center of curvature.

All motion results can be obtained not only in the fixed frame, but also with
respect to any relative reference. Such a capability, as shown in Fig. 2, provides the
best support for explaining (or understanding) the frame (vF, aF) and relative
(vR, aR) motion compositions (aC is Coriolis term).

In the same way, the user can check how the specific properties of the rolling
motion, with or without sliding, are verified, e.g., as shown in Fig. 3, when a rolling
motion with no sliding component is performed, contact points in both elements
have the same velocity and the same projection of the acceleration over the contact
tangent line. Those properties are not satisfied when exist sliding in the rolling.

2.2 Kinematic Geometry

GIM software is able to compute and represent the main kinematic geometrical
entities of any element of the mechanism, such as the instantaneous center of
rotation (P), the pole of accelerations (Q), the fixed and moving centrodes (c.f. and

v

α

ω

a
C

a
N

a
T

Fig. 1 General motion simulation results

v

vF

vR

aF

aR

aC

a

Fig. 2 Relative motion composition in velocities and accelerations
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c.m.) and the inflection and Bresse circles (c.i. and c.b.). When studying these
entities, students have an interactive tool at hand which facilitates a deeper
understanding.

For example, as shown in Fig. 4, during the motion simulation, it is checked that
the fixed and moving centrodes are always tangent at the instantaneous center of
rotation, and the moving centrode moves welded the element, rolling over the fixed
one. In the same way, as this tool enables to drag the coupler point of an element to
any position in the moving plane, it can be observed that the pole of velocity has
acceleration and the pole of acceleration has velocity (Fig. 5, up). Also, any point
on the inflection circle is passing through an inflection point on its trajectory and
lacks of normal acceleration, as well as any point on the Bresse circle lacks of
tangent acceleration (Fig. 5, down).

2.3 Advanced Computations

Apart from the basic kinematic geometry, some advances features can be issued.
Here are found some examples. Figure 6 shows the envelope of a line that moves
fixed to the coupler element of a mechanism. As it is known, in positions where

v1=v2

a1

a2

a1

a2

v2

v1

Element 1 Element 2

Element 1 Element 2

Fig. 3 Velocities and accelerations of contact points in a pure rolling and in a cam joint

P

c.f.

c.m.

Fig. 4 Rolling motion sequence between the fixed and moving centrodes
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such a line passes through the return pole (R), the envelope curve has a cusp point
(c.r. is the return circle).

For some simple mechanisms, as the 4-bar linkage, the cubic of stationary
curvature (c.s.c.) and the pivot point curve (p.p.c.) can be traced. When the coupler
point is located at the intersection between the cubic of stationary curvature and the
inflection circle (Ball point, B) it is achieved a quasi-straight-line trajectory in the
proximity of such a point (Fig. 7).

P

aP
c.i.

c.b.

Q

vQ

v

a

v

a

Fig. 5 Instantaneous centers of rotation and acceleration and inflection and Bresse circles

c.r.

R

Fig. 6 Moving line envelope and return circle
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3 Dimensional Synthesis

The Motion module presented in the previous section has a general purpose and can
solve a large amount of planar mechanisms. Apart from this module, the program
provides another one that deals with the dimensional synthesis of one specific
mechanism, the four-bar linkage. Three traditional synthesis problem types have
been addressed, i.e. path generation, rigid body guiding and function generation.

3.1 Path Generation Synthesis

This synthesis is based on the use of precision points and consists in determining a
mechanism whose coupler point trajectory passes exactly through some specific
positions. With this software tool, the user can drag the precision points to change
their position and the computation of the mechanism that fulfills all conditions is
done in real time. This non-linear problem admits many different solutions for the
same input values. The designer has the full control to visualize each of them, as
depicted in Fig. 8.

p.p.c.

c.s.c.

c.i.

B
Fig. 7 Cubic of stationary
curvature, pivot point curve
and ball point

Fig. 8 Synthesis with three precision points. Different solutions for the same data
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The program offers the option for making the mechanism synthesis being
defined three, four, or five precision points of the trajectory. This ability is shown in
Figs. 8, 9 and 10. From the academic point of view, one of main advantages is the
possibility of checking that some solutions do not accomplish the right order in the
sequence of precision points, order error, and also, in the case of Grashof’s four bar
linkages, could appear the so-called branch error, that means that some points
belong to the disconnected path corresponding to the crossed quadrilateral.

Also, the software allows the visualization of the classical geometrical con-
structions for making the synthesis. User can choose between displaying or not such
auxiliary constructions. This feature is valuable for an academic purpose.

3.2 Rigid Body Guiding

The solid element guiding synthesis computes the mechanism that is able to fully
locate an element in a set of desired postures (position and orientation). Figure 11
shows the three alternatives given in the program. The first one allows the user to
specify three postures and the relative positions of the floating joints (the shape of
the coupler). Using the second option, apart from three desired postures, positions
of fixed joints can be specified. Finally, solid element guiding for four target
postures can be done.

Fig. 9 Synthesis with four precision points. Order error and loop error

Fig. 10 Synthesis with five precision points. Different solutions for the same data
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3.3 Additional Functionalities

In the Synthesis module the user can find some extra features related with the
design alternatives based in the four-bar linkage. Some of them are presented in
Fig. 12. Apart from the crossed mechanism, cognates, which trace the same coupler
trajectory, are obtained. Based on them, the so-called 1-dof translational mecha-
nisms are obtained. The two known versions can be represented: the redundant one
and the non-redundant one.

4 Conclusions

The software presented in this paper allows students and researchers to model and
analyse in a quick and simple way n-dof planar linkages. Using the software
capabilities, the user is able to carry out a deep kinematic performance analysis of
the whole mechanism. GIM software has proven to be a very effective tool to
complement and reinforce the theoretical concepts explained during the lectures of
subject related to Mechanism and Machine Science.

GIM software can be freely downloaded from the COMPMECH web site in the
following link: www.ehu.es/compmech/software.

Fig. 11 Synthesis for solid element guiding

Fig. 12 Four-bar mechanism cognate and translational mechanisms
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Geared Linkages with Linear Actuation
Used as Kinematic Chains of a Planar
Parallel Manipulator

Erwin-Christian Lovasz, Sanda Margareta Grigorescu,
Dan Teodor Mărgineanu, Corina Mihaela Gruescu, Cristian Pop,
Valentin Ciupe and Inocentiu Maniu

Abstract The paper deals with a novel kinematic chain, which uses a geared
linkage with linear actuation. The structure is used to actuate the mobile platform of
a parallel planar manipulator (3-RRR). The main characteristics of the geared
linkage with linear actuation are the large rotation angle with proper transmission
angle and the approximately linear transmission function in a large range. These
properties of the geared linkages with linear actuation as kinematic chain allow the
avoiding of the first type singularities and an easier control of the mobile platform
movement.

Keywords Parallel planar manipulator � Geared linkage with linear actuator �
Kinematics � Singularity
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1 Introduction

Parallel manipulators due to their major advantages became a stand-alone branch of
robotics science. There was a continuous and valuable gain of knowledge during the
last decades, which now allow thorough analysis and practical creation. Nowadays,
parallel manipulators science enriches with new structures fit to dedicated tasks.

The large number of possible architectures inspired approaches in generalization
or classification [1, 2]. Different solutions of structure and kinematics were pro-
posed and analyzed aiming to increase or optimize characteristics such as work-
space, precision, dexterity and others [3–7].

With parallel structures an important issue to study and solve is singularity-free
workspace. Each new structure ought to be analyzed from this point of view.
Various approach methods and their results on this matter are presented for different
specific schemes in [3, 8–15].

Each application needs a certain structure in accordance with a given task. Many
authors seek for solution of reconfigurable robots, dedicated to multitasking [16, 17].

Some studies go to subtle problems such as dynamic control in the presence of
parameter uncertainties and external disturbances [18].

The present paper contributes to the development of the specific class of planar
parallel manipulators. It describes a new kinematic chain and focuses mainly on the
problem of singularity avoiding.

2 Structural Analysis of the Novel Parallel Manipulator

Many studies of the authors illustrated that geared linkages with linear actuation
allow a large rotation angle with proper transmission angle for the output element
and an approximately linear transmission function in a large range (approximately
constant transmission ratio) [19, 20]. This property recommends our mechanism to
be used as part of the kinematic chain for the parallel manipulators and it is
expected that this structure avoids the first type singularities in a wider range. This
mechanism type is very compact; the self-locking condition is fulfilled by using a
screw-nut for converting the movement and also for ensuring a high transmission
ratio without gear box. Additionally, while the geared linkages, as actuation chains,
are jointed with the frame; it is expected that the dynamic behavior does not
worsen. Figure 1 shows the kinematic schema of the planar parallel manipulator
using geared linkages with linear actuation.

The proposed notation of this type of manipulator chain should be 3-R(RPRGR)
RR, where R—revolute joint, P—prismatic joint and G—gear pair. In brackets ( ) is
indicated the parallel connected actuating kinematic chain and underlined (ex. P)
the active joint. The considered geared linkage chains use 3 linear actuators
nact ¼ 3, which actuate the output elements 2, 2′ and 2″ connected to the mobile
platform. The number of the elements of each kinematic chain of the planar parallel
manipulator increases to 5 elements nchain ¼ 5. The proposed planar parallel
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manipulator allows 3 DOF for the mobile platform (3): 2 translations along the Ox
and Oy axis and the rotation around the Oz axis, which means the mobility of the
whole structure is computed with the relationship:

M ¼ 3 � ðn� 1Þ � 2 � e1 � e2 ¼ 3 � ð17� 1Þ � 2 � 21� 3 ¼ 3; ð1Þ

where
n is the number of the elements,
e1 number of kinematic pair with f = 1,
e2 number of kinematic pair with f = 2

Considering the relationship (1), the mechanism structure of the planar parallel
manipulator follows a constrained motion expressed through the condition:

M ¼ nact: ð2Þ

3 Kinematic Analysis of the Novel Parallel Manipulator

A simplified computing model, illustrated in Fig. 2, is considered for the kinematic
analysis of the novel planar parallel manipulator 3-R(RPRGR)RR.

Considering Chasles vector equation [23], starting from the reference system of
the fixed platform (OX0Y0), there is [21, 22, 24]:

OAi
��!þ AiCi

��! ¼ OMþ R �MCð3Þ
i

���!
; i ¼ 1; 3; ð3Þ

Fig. 1 Kinematic schema of
the planar parallel
manipulator 3-R(RPRGR)RR,
using geared linkages with
linear actuation
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where

OAi
��! ¼

xAi

yAi

" #
; OM

��! ¼
xM

yM

" #
; R ¼

cos a � sin a

sin a cos a

" #
; MCi

��!ð3Þ ¼
xð3ÞCi

yð3ÞCi

2
4

3
5; ð4Þ

AiCi
��! ¼

l1 cos h1iðsiÞ þ l2 cos h2iðviðsiÞÞ
l1 sin h1iðsiÞ þ l2 sin h2iðviðsiÞÞ

" #
: ð5Þ

h2iðviðsiÞÞ ¼ viðsiÞ þ Dvi: ð6Þ

with Dvi constant values imposed by the planar parallel manipulator designing
conditions.

The geared linkage is composed of an inverted slider-crank, as basic structure,
connected in parallel with a gear train. The planetary gear is fixed with the slider of
the basic structure and performs a planetary motion (Fig. 2). The drive is the slider,
which performs a stroke si. The driven gear 2 performing the rotation angle vi, is
fixed with the binary link BiCi, connected to the mobile platform 3.

The transmission function viðsiÞ of the geared linkage is [24]:

viðsiÞ ¼ ð1� qÞ � wiðsiÞ þ q � uiðsiÞ; ð7Þ

where

q ¼ � r5=r2; ð8Þ

uiðsiÞ ¼ arccos l26 � l21 � ðs0 þ siÞ2
� �.

ð2 � l1 � ðs0 þ siÞÞ
� �

; ð9Þ

Fig. 2 Simplified computing
model for the kinematic
analysis 3-R(RPRGR)RR
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and

wiðsiÞ ¼ arccos ðs0 þ siÞ2 � l21 � l26
� �.

ð2 � l1 � l6Þ
� �

: ð10Þ

The instantaneous transmission ratio correlated with (7)–(10) gives:

v0iðsiÞ ¼ �ðs0 þ siÞ þ q � l1 sinuið Þ=ðl1l6 sinwiÞ: ð11Þ

For solving the forward kinematics problem of the planar parallel manipulator
3-R(RPRGR)RR the following matrix equation is used:

xM

yM

" #
¼

xAi

yAi

" #
þ

l1 cos h1iðsiÞ þ l2 cos h2iðviðsiÞÞ
l1 sin h1iðsiÞ þ l2 sin h2iðviðsiÞÞ

" #
�

xð3ÞCi
cos a� yð3ÞCi

sin a

xð3ÞCi
sin aþ yð3ÞCi

cos a

2
4

3
5; i ¼ 1; 3;

ð12Þ

where the known parameters are the drive manipulator parameters (h1iðsiÞ and
h2iðviðsiÞÞ), the geometry of the fixed platform (xAi ; yAi

) and mobile platform

(xð3ÞCi
; yð3ÞCi

), the length of the links l1; l2; l6 and the gear ratio q.
For the inverse kinematics problem the matrix Eq. (12) will be transformed in

the form:

l1 cos h1iðsiÞ þ l2 cos h2iðviðsiÞÞ
l1 sin h1iðsiÞ þ l2 sin h2iðviðsiÞÞ

" #
¼

xAi

yAi

" #
þ

xð3ÞCi
cos a� yð3ÞCi

sin a

xð3ÞCi
sin aþ yð3ÞCi

cos a

2
4

3
5�

xM

yM

" #
; i ¼ 1; 3;

ð13Þ

where the known parameters are the coordinates of the characteristic point M
(xM; yM), the rotation angle of the mobile platform (a), the geometry of the fixed

platform (xAi ; yAi
) and mobile platform (xð3ÞCi

; yð3ÞCi
), the length of the links l1; l2; l6

and the gear ratio q.

4 Singularity Calculus of the 3-R(RPRGR)RR Planar
Parallel Manipulator

Taking into account the invers kinematic problem Eq. (13), by separating the sub
matrix containing terms h1i, one can eliminate the h1i, i ¼ 1; 3, reaching the
expression:

Geared Linkages with Linear Actuation … 25



l21 ¼ xM þ xð3ÞCi
cos a� yð3ÞCi

sin a� xAi � l2 cos h2iðviðsiÞÞ
� �2

þ yM þ xð3ÞCi
sin aþ yð3ÞCi

cos a� yAi
� l2 sin h2iðviðsiÞÞ

� �2
: ð14Þ

Let’s consider the Eq. (14) as an implicit function FiðxM; yM; aÞ, where

FiðxM; yM; aÞ ¼ xM þ xð3ÞCi
cos a� yð3ÞCi

sin a� xAi � l2 cos h2iðviðsiÞÞ
� �2

þ yM þ xð3ÞCi
sin aþ yð3ÞCi

cos a� yAi
� l2 sin h2iðsiÞ

� �2
�l21 ¼ 0 ð15Þ

and h2iðviðsiÞÞ depending on viðsiÞ, i = 1, 2, 3 is determined by the drive stroke si.
Three dimensional functions FiðxM; yM; aÞ are functions of driven elements 2, 2′

and 2″, expressed by viðsiÞ, so it can be written:

FiðX;QÞ ¼ 0; ð16Þ

with: X ¼ ½s1; s2; s3� and Q ¼ ½xM; yM; a�.
The function differentiation with respect to time is leading to the known relation:

Js � _Xþ Jq � _Q ¼ 0; ð17Þ

where Js and Jq are Jacobian matrices that show the mechanism singularities of
second type and first type, respectively.

The first type singularities express the cases in which the actuation of the drive
elements does not move the mobile platform. The computation of this type of
singularity implies to satisfy the condition to have the Jacobian matrix determinant
Js equal to zero [23]:

detðJsÞ ¼ det

@F1ðX;QÞ
@s1

@F1ðX;QÞ
@s2

@F1ðX;QÞ
@s3

@F2ðX;QÞ
@s1

@F2ðX;QÞ
@s2

@F2ðX;QÞ
@s3

@F3ðX;QÞ
@s1

@F3ðX;QÞ
@s2

@F3ðX;QÞ
@s3

2
666664

3
777775
¼ 0; ð18Þ

where

@FiðX;QÞ
@si

¼ 2l2 xM þ xð3ÞCi
cos a� yð3ÞCi

sin a
hn

�xAi � l2 cos h2iðviðsiÞÞ� sin h2iðviðsiÞÞ
� yM þ xð3ÞCi

sin aþ yð3ÞCi
cos a� yAi

h

�l2 sin h2iðviðsiÞÞ� cos h2iðviðsiÞÞg � v0iðsiÞ; ð19Þ
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@FiðX;QÞ
@sj

¼ 0; i 6¼ j; i ¼ 1; 3; j ¼ 1; 3: ð20Þ

Through the substitution of (19) and (20) in the relationship (18) result the
singularities of first type:

0 ¼ @F1ðX;QÞ
@s1

� @F2ðX;QÞ
@s2

� @F3ðX;QÞ
@s3

: ð21Þ

Because the partial derivative in (21) are similar and if any of them is zero, than
the condition (18) is satisfied and the study of avoiding the singularities of first type
can be reduced on study of one partial derivative of one actuating kinematic chain:

0 ¼ @FiðX;QÞ
@si

; i ¼ 1; 3: ð22Þ

The second type singularities correspond to the positions when non-actuated
drives allow an infinitesimal motion of the mobile platform inside the workspace.
These can be determined when the Jacobian matrix determinant Jq is zero. In
addition Jq depicts the mechanism workspace boundaries [23, 24].

detðJqÞ ¼ det

@F1ðX;QÞ
@xM

@F1ðX;QÞ
@yM

@F1ðX;QÞ
@a

@F2ðX;QÞ
@xM

@F2ðX;QÞ
@yM

@F2ðX;QÞ
@a

@F3ðX;QÞ
@xM

@F3ðX;QÞ
@yM

@F3ðX;QÞ
@a

2
666664

3
777775
¼ 0 ð23Þ

where:

@FiðX;QÞ
@xM

¼ 2 � xM þ xð3ÞCi
cos a� yð3ÞCi

sin a� xAi � l2 cos h2iðviðsiÞÞ
h i

; ð24Þ

@FiðX;QÞ
@yM

¼ 2 � yM þ xð3ÞCi
sin aþ yð3ÞCi

cos a� yAi
� l2 sin h2iðviðsiÞÞ

h i
; ð25Þ

@FiðX;QÞ
@a

¼ 2 � yM þ xð3ÞCi
sinaþ yð3ÞCi

cos a� yAi
� l2 sin h2iðviðsiÞÞ

h in

� ðxð3ÞCi
cos a� yð3ÞCi

sin aÞ
� xM þ xð3ÞCi

cos a� yð3ÞCi
sin a� xAi � l2 cos h2iðviðsiÞÞ

h i

� xð3ÞCi
sin aþ yð3ÞCi

cos a
� �o

ð26Þ
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The substitution of partial derivatives (24), (25) and (26) in the relationship (23)
allows the computing of second type singularities. The singularities of second type
use identical terms in Jq with the planar manipulator 3-RRR [24]. Because the
explicit form of the equations expressing the singularities of first and second type is
too complicated, it is not indicated in the paper.

5 Example Problem

Taking the dimensions of the planar parallel manipulator 3-R(RPRGR)RR given in
Table 1 and exploring the plane for the characteristic coordinates xM 2 ½0; 110� and
yM 2 ½�10; 100�, with a constant rotation angle a ¼ 30�, we obtained the fol-
lowing graphics for singularities analysis (Figs. 3 and 4). The link lengths of the
parallel manipulator l0, l1, l2 and l3 are chosen in order to reduce the singularities of
second order and the optimal link lengths of the geared linkages were dimensioned
on the criterion of maximizing the angle of driven elements 2, 2′, 2″ with proper
values of the transmission angle (l[ 30�) by the inverted slider-crank mechanism.

The absence of zero values for the partial derivatives (22) of each parallel
connected actuating kinematic chain (Fig. 3) confirm the supposition that the 3-R
(RPRGR)RR structure avoids the singularities of first type in the considered range.

Figure 4b shows the second type singularities of the 3-R(RPRGR)RR manipu-
lator in the workspace, which does not depend on the parallel connected actuating
kinematic chains. The results are similar with other studies about planar 3-RRR
manipulator [24].

Table 1 Geometrical parameters of the planar 3-R(RPRGR)RR manipulator

Frame platform length (0) l0 = 120 mm Carrier length (6) l6 = 10 mm

Mobile platform length (3) l3 = 25 mm Gear ratio ρ = 1.5

Chain link length (1,1′,1″) l1 = 50 mm Initial stroke s0 = 42.5 mm

Chain link length (2,2′,2″) l2 = 50 mm Stroke h = 15 mm

Fig. 3 Analysis of the
singularities of first type for
the planar 3-R(RPRGR)RR
manipulator
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A proposed design of the planar parallel manipulator 3-R(RPRGR)RR and a
view of the kinematic chain using parallel connected geared linkage with inverted
slider crank basic structure and linear actuation are shown in Fig. 5a, b.

6 Conclusions

The paper proposes an original solution of a planar parallel manipulator 3-R
(RPRGR)RR, which uses a parallel connected geared linkage with linear actuation.

The kinematic chain implements geared linkages actuated with an electrical
linear actuator beside binary elements and rotation joints. The extension of the
rotation and its forward/backward sense is controlled by means of a geared linkage
with inverted slider crank basic structure.

Fig. 4 Analysis of the singularities of second type for the planar 3-R(RPRGR)RR manipulator in
3D (a) and 2D (b) representation

Fig. 5 Design of the planar parallel manipulator 3-R(RPRGR)RR (a) and one kinematic chain
with geared linkage and linear actuation (b)
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The analysis of the singularities of this manipulator shows that the geared
linkages with linear actuation allow the avoiding of singularities of the first type by
choosing of optimal initial stroke and working stroke.

Some major advantages of this novel type of planar parallel manipulator are
indicated. So, the used mechanism allows a large rotation angle, is light weighted
for a simple and sturdy construction. The linear transmission function can be
achieved by means of a fairly simple and reliable system. The using of linear
actuators with screw-nut fulfills the self-locking condition and ensures a high
transmission ratio without gear box.
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Kinematic Analysis of 3 RSS+CP Parallel
Mechanisms

Tarcisio Antonio Hess Coelho and Fernando Malvezzi

Abstract The paper presents an asymmetric three-degree-of-freedom parallel
mechanism purposely conceived as a robotic device for tool positioning applica-
tions. The kinematic structure of the mechanism contains one central passive limb
that constrains the end-effector motion to two translations and one rotation. This
work deals with important issues related to the parallel mechanism, such as the
position kinematics analysis and the singular configurations prediction.

Keywords Parallel mechanism � Parallel robot � Kinematics � Singularity

1 Introduction

Parallel mechanisms have been studied during the last two decades, due to the fact
that they present some potential advantages in a comparison with serial structures,
namely, the ability to perform fast motions, modular construction, lightness and high
load capacity [1–3]. In fact, this superiority has been observed, for instance, in pick-
and-place parallel robots, capable of reaching very high speeds and accelerations [4].

Regarding the utilization of parallel mechanisms on milling applications, a great
number of architectures have been investigated. The first parallel milling machines,
employed for this purpose, like the Variax and Hexaglide [1, 5], had six degrees of
freedom. However, such structures present some drawbacks, namely, the small ratio
of workspace volume to machine size and the need to control six axes to position
the cutting tool. On the other hand, the Neos Tricept [6] presents a hybrid
architecture, where the parallel portion is a tetrapod with one central passive limb to
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constrain the motion of the moving platform. Differently of its predecessors, this
machine has been used in automotive and aerospace industry. Recently, there is a
trend for using parallel mechanisms with simpler structures, such as the 3-degree-
of-freedom Universal Cartesian Robot [7], Tripteron [8] and Orthoglide [9].

Some architectures, as those analyzed in [7, 8, 10], have reduced modeling
complexity since their kinematic equations are linear and fully decoupled. However,
due to the fact that these robots are over constrained mechanisms, they require a very
special care on manufacturing and assembly of their parts. Such requirements often
demand more tight dimensional and geometrical tolerances, increasing their costs.

Furthermore, most of the proposed parallel robot architectures present symmetric
kinematic chains, while there are only few works dealing with asymmetric archi-
tectures [11–13].

This work deals with a three-degree-of-freedom parallel mechanism purposely
conceived as a robotic device for tool positioning applications. Initially, the mecha-
nism topology is briefly described in Sect. 2. Then, the position kinematics analysis is
presented in Sect. 3. Finally, Sect. 4 focuses in details on the singular configurations.

2 Topology Description

The mechanism analyzed here was proposed in [14, 15] and performs three inde-
pendent motions. Topologically, the mechanism is parallel and asymmetric. The
kinematic structure of the mechanism contains one central passive limb composed
by two joints: a cylindrical one (C) and a prismatic one (P) (Fig. 1b).

Fig. 1 Symbology for position analysis: a the parallel mechanism; b the constraining passive
limb [15]
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As a consequence, the moving platform has got three degrees of freedom and is
constrained to perform two translations and one rotation. The connectivity of the
other three active limbs, 3RSS, is equal to six (Fig. 1a). An underlined letter
represents an active joint, which states the presence of an actuator.

3 Inverse Kinematic Model

The goal of the position kinematic is to obtain the mathematical transformation
between the actuators displacements, θ1, θ2, and θ3, and the coordinates h, θ7 and
v of a point P that belongs to the moving platform (Fig. 1b). In the inverse kine-
matics analysis, the variables h, θ7 and v of point P are known, while the actuator
coordinates are unknown. The mentioned coordinates of point P correspond to the
displacement along X0-axis, Z7-axis and rotation around X0-axis, respectively.
Applying the homogeneous transformation [16] of frame 7 with respect to the fixed
frame 0 0

7T , the location of the point P can be determined. The approach followed
here to develop the mathematical model is similar to that one applied to develop the
inverse kinematic model showed in [15].

0P
1

� �
¼ 0

7T �
7P
1

� �
ð1Þ

where

0
7T = Trans(X0; hÞ Rot(X0; h7Þ Trans(Z7; vÞ ð2Þ

After describing the location of point P, the center of each spherical joints Cj can
be also determined. For the sake of simplicity, α1 is chosen zero (Fig. 2).

Fig. 2 Mechanism parameters in: a the base platform and b the moving platform [15]
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0Cj

1

� �
¼ 0

7T �
H � caj
H � saj

0
1

2
664

3
775 ¼

H � caj þ h
H � saj
� � � ch7 � v � sh7
H � saj
� � � sh7 þ v � ch7

1

2
664

3
775 j ¼ 1; 2; 3 ð3Þ

The point Bj, which represents the center of the other spherical joints in each
limb j, can be obtained applying Eq. (4) (Fig. 3).

0Bj

1

� �
¼ 0

j T � j
jþ3T �

jþ3Bj

1

� �
j ¼ 1; 2; 3 ð4Þ

where

0
j T ¼

caj �saj 0 Lcaj
saj caj 0 Lsaj
0 0 1 0
0 0 0 1

2
664

3
775; j

jþ3T ¼
chj 0 shj 0
0 1 0 0

�shj 0 chj 0
0 0 0 1

2
664

3
775; jþ3Bj ¼

0
0
L1

2
4

3
5

Therefore,

0Bj ¼
L1 � caj
� � � shj þ Lcaj

L1 � saj
� � � shj þ Lsaj

L1chj

2
664

3
775 j ¼ 1; 2; 3 ð5Þ

The distance between points Bj and Cj is equal to L2. Therefore,

0Bj � 0Cj
� �T 0Bj � 0Cj

� �� L22 ¼ 0 j ¼ 1; 2; 3 ð6Þ

Then,

Kjchj þMjshj þ Nj ¼ 0 j ¼ 1; 2; 3 ð7Þ

Fig. 3 Sketch of limb j
indicating used reference
frames [15]
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where

Kj ¼ �2vch7L1 � 2Hsajsh7L1

Mj ¼ ð�H þ 2L� 2hcaj � Hc2aj � 2Hch7s2aj þ 2vsajsh7ÞL1
Nj ¼ h2 þ H2 � HLþ L2 þ v2 þ 2hðH � LÞcaj

� HLðc2aj þ 2ch7s2ajÞ þ 2Lvsajsh7 þ L21 � L22

Equation (7) can be modified into a 2th-order polynomial equation

Nj � Kj
� � � u2j þ 2Mj

� � � uj þ Kj þ Nj ¼ 0 j ¼ 1; 2; 3 ð8Þ

where uj = tan (θj/2). Equation (8) may have up to two different solutions and, as a
consequence the mechanism itself may have up to eight assembly modes. These
assembly modes are only theoretically possible and, consequently, due to con-
structive reasons, one among the others is preferable. The chosen assembly mode
represented in Fig. 1a is adequate because it avoids interference between each
peripheral active limb with the central passive one.

4 Singularity Analysis

In singular configurations, a parallel mechanism can either gain or lose degrees of
freedom [2]. The conditions for the occurrence of singularities can be investigated
by the inspection of the determinants of Jacobian matrices, Jq and Jx [2, 17]. These
Jacobian matrices are obtained by deriving the position equations—Eq. (7) with
respect to time, which leads to Eq. (9). Figure 4a shows an example of such

Fig. 4 Examples of singular configurations for limb 1. The singularity occurs when the points A1,
B1 and C1 belong: a to the same plane π1; b in the same line
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configurations. By setting the variable Jq(1,1) to zero, for instance, the determinant of
Jq becomes null. Figure 4b shows a geometric interpretation of this kind of sin-
gularity. This occurs not only when points A1, B1 and C1 are in the same line, but
also when these points belong to the same plane π1.

Jx _x ¼ Jq _q ð9Þ

where

_x ¼ _h _v _h7
� �T

_q ¼ _h1 _h2 _h3
� �T

Fig. 5 The regions of singular configurations: a for the first limb; b for the first limb, when θ7 is
null; c for the second limb; d for the third limb
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Jq ¼
Jqð1;1Þ 0 0
0 Jqð2;2Þ 0
0 0 Jqð3;3Þ

2
4

3
5 Jx ¼

Jxð1;1Þ Jxð1;2Þ Jxð1;3Þ
Jxð2;1Þ Jxð2;2Þ Jxð2;3Þ
Jxð3;1Þ Jxð3;2Þ Jxð3;3Þ

2
4

3
5

Jxðj;1Þ ¼ 2½hþ ðH � LÞcaj � cajshj þ L1�
Jxðj;2Þ ¼ 2½vþ Lsajsh7 þ ð�chjch7 þ sajshjsh7ÞL1�
Jxðj;3Þ ¼ 2fLsajðvch7 þ Hsajsh7Þ þ ½chjð�Hch7saj þ vsh7Þ

þ sajshjðvch7 þ Hsajsh7Þ�L1g
Jqðj;jÞ ¼ ½�2shjðvch7 þ Hsajsh7Þ þ chjðH � 2Lþ 2hcaj þ Hc2aj

þ 2Hch7 þ s2aj � 2vsajsh7Þ�L1

Figure 5 presents the regions of singular configurations for the parallel mecha-
nism with the mechanism parameters presented in Table 1.

These surfaces are generated by annulling the elements Jq(j,j) in Eq. (9).
Figure 5b shows a 2D-plot of variable v with respect to h, when θ7 is zero. This
represents the loci of point C1: two circles of radii, L2 − L1 and L2 + L1, with center
in A1. Notice that the surfaces shown in Fig. 5c, d are symmetric with respect to the
angle θ7.

5 Conclusions

This work presented the kinematic analysis of 3 RSS+CP parallel mechanism to be
applied as a robotic device for tool positioning applications. The main contribution
of this paper is a singularity analysis, which shows the regions where the singular
configurations can occur. The Jacobian analysis is applied to identify these
singularities.

In a comparison with the previous proposed concepts, this asymmetric and
parallel kinematic structure has got some advantages. The architecture is simpler
than Tricept because the 3 RSS+CP does not need a serial RR wrist to guide the
cutting tool in order to perform three independent translations. Other proposed
concepts, for instance, Orthoglide and Tripteron, need to satisfy special assembly
conditions: the orthogonality and the parallelism between the axes of passive and
active joints in their three limbs. For the 3 RSS+CP, such special conditions refer
only to the central limb, which might reduce its manufacturing and assembly costs.

Table 1 Parameters of parallel mechanism

H (dm) L (dm) L1 (dm) L2 (dm) α1 (deg.) α2 (deg.) α3 (deg.)

4.8 11.9 11.4 18.5 0 120 240
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On the Accuracy Analyses of a Class
of 2-DOF Planar Parallel Manipulators

Mümin Özsipahi and Eres Söylemez

Abstract This study is about the accuracy analysis of two degrees of freedom
planar parallel manipulators consisting of five links (one of which is fixed) that are
connected to each other with five revolute (R) or prismatic (P) joints. Among these
manipulators, topologically RRRRR, PRRRP, RPRPR planar parallel manipulators
are selected. Accuracy analysis is a common method to evaluate the performance of
parallel manipulators. In this study, accuracy analysis of these planar parallel
manipulators is presented by using local conditioning index and maximum posi-
tional error methods. For each of the manipulators, mathematical expressions for
the local conditioning index and maximum positional errors are derived. These
expressions are implemented using Matlab© environment and examples are pre-
sented to show the accuracy distributions over the workspace. The consistency
between local conditioning index and maximum positional error is discussed.

Keywords Planar parallel manipulators � Conditioning index � Maximum
positional error

1 Introduction

Parallel kinematic machines have been gaining more importance in the industry.
Over the last decade, there has been several research papers published in this area
[1]. Two degrees of freedom mechanisms consisting of five links (one of which is
fixed) that are connected to each other with five revolute (R) or prismatic (P) joints
are called two degrees of freedom Planar Parallel Manipulators (PPM). Topologi-
cally, these manipulators are the simplest form of parallel manipulators and various
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studies are presented about the kinematic, singularity and workspace analysis of
such systems [2–7]. Accuracy is a commonly used performance measure for par-
allel manipulators. Researchers generally prefer using conditioning index to eval-
uate the accuracy performance of two degrees of freedom planar parallel
manipulators [8–11]. Another accuracy evaluation method used for different type of
manipulators is maximum position or orientation error [12–14].

In this study, accuracy analysis of three different planar parallel manipulators is
studied. For each of the manipulators, accuracy analysis is performed and mathe-
matical expressions for the conditioning index and maximum positional error are
derived. These expressions are implemented using Matlab© environment and
examples are presented to show the accuracy distributions over the workspace. The
consistency between local conditioning index and maximum positional error is
investigated.

2 Selected Class of Manipulators

Topologically, thirty-two different two-degree of freedom planar parallel manipu-
lators can be formed with prismatic (P) or revolute (R) joints. Cervantes-Sanchez
and Rendon-Sanchez reduced this number to six, considering some physical

(a) (b)

(c)

Fig. 1 Schematic view of a RRRRR, b PRRRP and c RPRPR manipulators
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constraints [4]. Three different manipulators remain if topological symmetry con-
dition is added. These are RRRRR, PRRRP and RPRPR planar parallel manipu-
lators. The schematic view and geometric parameters of these manipulators are
given in Fig. 1. The input parameters are [θ12, θ13] for RRRRR manipulator and
[s2, s3] for PRRRP and RPRPR manipulators.

3 Accuracy Analyses

In the literature, accuracy analysis is used to evaluate dexterities of parallel
manipulators. Conditioning index is mostly utilized method to obtain dexterity of
parallel robots. Other accuracy analysis method that is presented in this study is
maximum positional error.

In both aforementioned methods, Jacobian matrix of the parallel robot is
required. In addition, inverse or forward kinematic analyses should be performed to
obtain joint variables. Kinematic analysis of the three manipulators shown in Fig. 1
can be found in the literature [8–11]. Using the time derivatives of loop closure
equations, Jacobian matrices of RRRRR, PRRRP and RPRPR manipulator can be
found as follows,

JRRRRR ¼ 1
sin h15 � h14ð Þ

�l2 sin h15 sin h12 � h14ð Þ l3 sin h14 sin h13 � h15ð Þ
l2 cos h15 sin h12 � h14ð Þ �l3 cos h14 sin h13 � h15ð Þ

� �

ð1Þ

JPRRRP ¼ 1
sin h14 � h15ð Þ

sin h15 cos h14 þ að Þ sin h14 cos h15 � að Þ
�cos h15 cos h14 þ að Þ �cos h14 cos h15 � að Þ

� �
ð2Þ

JRPRPR ¼ 1
sin h12 � h13ð Þ

�sin h13 sin h12
cos h13 �cos h12

� �
ð3Þ

3.1 Conditioning Index

The condition number, K is defined in the literature as [15],

K ¼ J
�� �� J

�1
���

��� ð4Þ
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Here, :k k is the matrix norm, i.e.,

J
�� �� ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tr J W J

T
� �r

and W ¼ 1
n
I ð5Þ

where n is the dimension of the square matrix and I is the n × n identity matrix. For
a 2 × 2 Jacobian matrix, let

J ¼ J11 J12
J21 J22

� �
ð6Þ

Then, using Eqs. (5) and (6), it can be shown that,

J
�� �� ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
2

J211 þ J212 þ J221 þ J222
� 	r

ð7Þ

The condition number will be between zero and infinity [15]. Therefore, local
conditioning index, LCI is defined as,

LCI ¼ 1=K ¼ 1
.

J
�� �� J

�1
���

���
� �

ð8Þ

Using the Jacobian matrices from Eqs. (1)–(3) with Eqs. (6)–(8), the expressions
for the LCI can be derived for RRRRR, PRRRP and RPRPR as follows,

LCIRRRRR ¼ 2l2l3 sin h15 � h14ð Þj j � sin h12 � h14ð Þj j � sin h13 � h15ð Þj j
l22 sin

2 h12 � h14ð Þ þ l23 sin
2 h13 � h15ð Þ ð9Þ

LCIPRRRP ¼ 2 cos h14 þ að Þj j � cos h15 � að Þj j � sin h14 � h15ð Þj j
cos2 h14 þ að Þ þ cos2 h15 � að Þ ð10Þ

LCIRPRPR ¼ sin h12 � h13ð Þj j ð11Þ

Note that, LCI can only have values between zero and one. LCI value close to
one means a manipulator with a good accuracy and close to zero refers to
manipulators with a bad accuracy [15]. LCI can have different values for each
position of the end-effector. So, global conditioning index, GCI is defined as,

GCI ¼
Z
W

1
K
dW


 �� Z
W
dW


 �
ð12Þ

In this study, W represents all the reachable workspace bounded by singularities.
As the value of the GCI gets closer to one, the accuracy performance of the
manipulator gets better.
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3.2 Maximum Positional Error

Merlet noted that the most contribution to the errors of the end-effector is from the
resolution of the sensors at the input motors [16]. Therefore, errors from other
sources (assembly, manufacturing, etc.) are neglected in this study. In addition, if
the errors of the end-effector are small, x and y components of the positioning errors
due to the resolution of actuators, Δxc and Δyc can directly be obtained using,

Dxc
Dyc

� �
¼ J

Dq12
Dq13

� �
ð13Þ

where Δq12 and Δq13 are the resolution of the actuators. The maximum positional
error, MPE can be defined as,

MPE ¼ max
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Dx2c þ Dy2c

q� �
ð14Þ

Since the manipulator is symmetric, the resolution of the inputs can be selected
as equal, i.e., Δq12 = ±Δq and Δq13 = ±Δq. Then, using Eqs. (6) and (13) with
Eq. (14), it can be shown that,

MPE ¼ Dqj j
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J211 þ J212 þ J221 þ J222 þ 2 J11J12 þ J21J22j j

q
ð15Þ

Note that, Δq = Δθ for RRRRR and Δq = Δs for PRRRP and RPRPR manip-
ulators. Using the Jacobian matrices from Eqs. (1)–(3) with Eq. (15), the expression
for the MPE can be derived for RRRRR, PRRRP and RPRPR as follows,

MPERRRRR ¼ Dhj j � ffiffiffiffiffiffiffiffiffiffiffiffiffi
Gþ H

p 
sin h14 � h15ð Þj j� 	

where
G ¼ l22 sin

2 h12 � h14ð Þþ l23 sin
2 h13 � h15ð Þ

H ¼ 2l2l3 cosðh14 � h15Þ sinðh12 � h14Þ sinðh13 � h15Þj j

(
ð16Þ

MPEPRRRP ¼ Dsj j � ffiffiffiffiffiffiffiffiffiffiffiffiffi
Gþ H

p 
sin h14 � h15ð Þj j� 	

where
G ¼ cos2 h14það Þþ cos2 h15 � að Þ
H ¼ 2 cos h14 � h15ð Þ cos h14það Þ cos h15 � að Þj j

� ð17Þ

MPERPRPR ¼ Dsj j �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ 2 cos h12 � h13ð Þj j

p .
sin h12 � h13ð Þj j

� �
ð18Þ
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4 Examples

The equations obtained in this study are implemented in Matlab© environment. The
workspaces of the manipulators are scanned to calculate LCI and MPE. Their
distributions within the workspace are determined. Note that, MPE values are
calculated taking the actuator resolution values as one unit, i.e., Δθ = 1 and Δs = 1.

In this study, examples are presented using arbitrary link length dimensions for
each of the manipulator.

For RRRRR manipulator, link lengths are chosen as l1 = 1, l2 = 0.8, l3 = 0.8,
l4 = 1.2, l5 = 1.2 units and distribution of the LCI and MPE are presented in Fig. 2.
Note that, “±” working mode of the RRRRR manipulator is used in this study
(shown in Fig. 1). This is the most commonly used working mode of RRRRR
manipulator.

GCI value that is calculated for all the reachable workspace of the manipulator is
shown. Maximum and minimum values for MPE is infinity and zero respectively.
Maximum value for MPE is encountered at the singularity positions of the
manipulator. MPE values larger than 10 units are not shown for the sake of figure
readability.

When the distribution of LCI and MPE are compared for RRRRR manipulator,
these two methods give similar results in general. In some regions, the change of
LCI and MPE contradict with each other. Merlet also mentioned about this problem
in his studies [17]. On the other hand, it can be claimed that MPE method gives
more realistic results in terms of accuracy performance since it has a direct physical
meaning.

For the PRRRP manipulator with 0.0 ≤ s2 ≤ 4.0, 0.0 ≤ s3 ≤ 4.0, l4 = 2, l5 = 2
units and α = 15° distributions of the LCI and MPE are presented in Fig. 3.

Fig. 2 a LCI, b MPE distribution of RRRRR manipulator

46 M. Özsipahi and E. Söylemez



For PRRRP manipulator, LCI and MPE have worst values closer to the the
x axis. The distributions of LCI and MPE indicate parallel results but the distri-
butions deviate from each other around the region at the tip of the workspace.

For the RPRPR manipulator with l1 = 1, 0 ≤ s2 ≤ 2, 0 ≤ s3 ≤ 2 distribution of the
LCI and MPE is presented in Fig. 4.

For RPRPR manipulator, the LCI and MPE plots show the same increase-
decrease characteristics. Maximum LCI value equals to one and minimum MPE
value equals to 1.4142 (

ffiffiffi
2

p
). These points lay on the same semi-circle whose

diameter is the fixed link (l1). This can also be obtained from Eqs. (11) and (18).

5 Conclusions

In this study, accuracy analyses of three different planar parallel manipulators are
studied. In the accuracy analyses, for each of the manipulator, the expressions for
local conditioning index and maximum positional error are derived. These
expressions can directly be used to determine the accuracy values and performances
of the selected manipulators. Then, some examples of accuracy distributions are

Fig. 4 a LCI, b MPE distribution of RPRPR manipulator

Fig. 3 a LCI, b MPE distribution of PRRRP manipulator
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presented by using Matlab© environment. The consistency between local condi-
tioning index and maximum positional error is discussed using these examples. It is
seen that the distributions of LCI and MPE differ from each other at some work-
space regions.
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Determination of Linkage Parameters
from Coupler Curve Equations

Shaoping Bai

Abstract A fundamental problem in four-bar linkage synthesis is to determine
linkage parameters from a given coupler-curve equation, which is essentially an
inverse problem to the linkage analysis. For many decades, this synthesis problem
has been considered as overdetermined, which yields only approximate solutions.
This paper presents a new result, which shows that a determined system of coupler-
curve coefficient equations can be formulated, which leads to exact solutions of the
linkage parameters. A method of linkage parameter determination from known
coupler-curve equation is further developed, demonstrated with examples.

Keywords Four-bar linkage synthesis � Coupler-curve coefficient (C3) equation �
Determined path-generation synthesis problem � Roberts-Chebyshev theorem

1 Introduction

Path generation synthesis is to find dimensions of a mechanism which is able to
trace a path with a number of prescribed locations [1–3]. Traditionally, the path
generation is carried out by solving a set of synthesis equations, which consists of a
number of multi-variable higher-order polynomial equations, for which it is difficult
to obtain solutions. Approach of polynomial continuation was applied to solve
9-point synthesis problem [4]. With the huge amount of possible solutions, the
identifying of physically meaningful linkages becomes another problem. An
alternative way for the path problem is to search a library that is pre-built based on
kinematic analysis to match a curve [5]. This approach avoids the challenging
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equation solving. However, both the library building and path curve matching are
time consuming. Solving the synthesis problem with optimization techniques has
been extensively explored [6, 7]. While optimization methods allow us to specify
more points (10–20 or more) to describe a desired curve, solution convergence is
not always guaranteed.

In addition to these approaches, there is another approach that is rarely con-
sidered in reported works. Blechschmidt and Uicker [8] proposed an approach of
synthesis from the algebraic curves of the coupler points. Ananthasuresh and Kota
[9] further proposed a two-step method: (1) curve generation; and (2) parameter
evaluation. However, this method was not really implemented. A major problem is
the overdeterminacy related to the parameter determination.

The overdeterminacy in the parameter determination problem refers to the facts
that the number of coefficient equations exceeds the number of linkage parameters.
Recall that the coupler curve equation of a four-bar linkage is a sextic, namely,

f ðx; yÞ ¼
X6
i;j¼0

Pi;jx
iy j ¼ 0; iþ j� 6 ð1Þ

The coupler-curve equation of four-bar linkages is, moreover, a special kind of the
generic sextic given above, which includes only 15 coefficients. As the coefficient
parameters, or design parameters, are only nine, the synthesis problem appears to be
overdetermined, and has been considered as such for decades.

In this paper, the problem of determining linkage parameters for four-bar link-
ages is studied. A new formulation of the coupler-curve synthesis is developed. The
formulation shows that a determined system of coefficient equations can be derived,
which allows us to find exact solutions. A method of linkage parameter determi-
nation is further developed, demonstrated with examples.

2 Problem Formulation

A four-bar linkage is illustrated in Fig. 1, whose coupler curve is Γ that is visited by
a landmark point P of the body. The linkage is generally defined with nine
parameters, x ¼ ½m; h; b1; b2; d1; d2; l2; l3; l4�T , where the link lengths l2; l3; l4 [ 0.
The length l1 of the base link can be calculated from the coordinates of two points
B and D.

The problem is to find the nine parameters, which allow the linkage tracing Γ
given in the form of Eq. 1. This problem is essentially the inverse problem to the
linkage analysis, in which the coupler curve of a known linkage is determined and
analyzed.
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3 Equations of Coupler-Curve Coefficients (C3)

We start with the coupler-curve equation of four-bar linkages, which is available
from the literature [10]. We include directly the equation, as given below

A2
1C

2
2 � 2A1C2A2C1 þ A2

2C
2
1 þ B1C2A1B2 � B2

1C2A2

� C1B
2
2A1 þ C1B2A2B1 � A2

1B
2
2 þ 2A1B2A2B1 � A2

2B
2
1 ¼ 0 ð2Þ

with

A1 ¼ rTa0 � bTa0; A2 ¼ rTc0 � dTc0 ð3Þ

B1 ¼ rTEa0 � bTEa0; B2 ¼ rTEc0 � dTEc0 ð4Þ

C1 ¼ 1
2

ðr� bÞTðr� bÞ þ aT0a0 � l22
� � ð5Þ

C2 ¼ 1
2

ðr� dÞTðr� dÞ þ cT0 c0 � l24
� � ð6Þ

where b(d) is the position vector of point B(D), while a0(c0) is the position vector of
point A(C) expressed in the coupler attached XL – YL frame. r is the position vector
of P, while E is the matrix of rotation through an angle of 90° CCW.

Equation (2) is the equation of the coupler curve for the four-bar linkage
applicable to any point on the coupler link. The equation is a sixth-order bivariate

(a) (b)

Fig. 1 a A generic four-bar linkage with nine design parameters, including link lengths, l2–l4, the
position of point P in the coupler link located by (m, h), and the positions of two joint centers B
(b1, b2) and D(d1, d2); b one Revolute-Revolute (RR) dyad

Determination of Linkage Parameters from Coupler Curve Equations 51



polynomial. Knowing that the circularity of the curve is three, we can write the
coupler curve equation as

f ðx; yÞ ¼ K1ðx2 þ y2Þ3 þ ðK2xþ K3yÞðx2 þ y2Þ2 þ ðK4x
2 þ K5xyþ K6y

2Þðx2 þ y2Þ
þ K7x

3 þ K8x
2yþ K9xy

2 þ K10y
3 þ K11x

2 þ K12xyþ K13y
2

þ K14xþ K15yþ K16 ¼ 0 ð7Þ

This means that the coupler curve of four-bar linkages is a special case of the sextic
bivariate polynomial of Eq. (1). Equation (7) can be derived from Eq. (2) using
computer algebra, with all coefficients expressed with the nine parameters. Of them,
the first coefficient is given as K1 ¼ �l32=4. Other coefficients are online available
at http://homes.m-tech.aau.dk/shb/four-bar/4barsyn_coeffs.pdf.

By introducing ki ¼ Kiþ1=K1; i ¼ 1; . . .; 15, Eq. (7) becomes

f ðx; yÞ ¼ ðx2 þ y2Þ3 þ ðk1xþ k2yÞðx2 þ y2Þ2 þ ðk3x2 þ k4xyþ k5y
2Þðx2 þ y2Þ

þ k6x
3 þ k7x

2yþ k8xy
2 þ k9y

3 þ k10x
2 þ k11xyþ k12y

2

þ k13xþ k14yþ k15 ¼ 0 ð8Þ

which yields a polynomial equation of exact degree 6. In total, we have 15 coef-
ficients fkig151 , all functions of nine parameters.

With any given algebraic equation of a four-bar linkage coupler curve, a system
of coupler-curve coefficient (C3) equations with all nine linkage parameters can be
established

kiðxÞ � k�i ¼ 0; i ¼ 1; . . .; 15 ð9Þ

where fk�i g151 are the known coefficients of the given coupler curve.
Equation (9), with more equations than variables, stands for an overdetermined

system, which admits only approximate solutions.

4 A Determined System of C3 Equations

In this work, we show that a determined system can be established to yield exact
solutions, as described presently.

Recall that K1 ¼ �l32=4, we introduce a parameter r ¼ l3=2, which implies

ki ¼ �Kiþ1ðxÞ=r2; i ¼ 1; . . .; 15 ð10Þ

Substituting l3 = 2r into all coefficients ki yields new expressions of coefficients in
terms of l2, l4, m, h and the coordinates (b1, b2), (d1, d2) and parameter r.
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Further analysis on the coefficient functions reveals their properties:

1. Coefficients k1, k2 and k4 are independent of l2 and l4
2. Coefficients k3 and k5 are linear in l22 and l24; moreover, the coefficient of l2

2 in k3
is identical to its coefficient in k5. The same holds for the term l24

3. Coefficient pairs (k6, k8) and (k7, k9) have the same features as the pair (k3, k5)
4. Coefficients k10; . . .; k15 contain terms of l42; l

2
2l
2
4; l

4
4; l

2
2; l

2
4 only.

These properties allow us to build a system of equations with a reduced number
of unknowns through algebraic manipulations. In this vein, a seven-dimensional
array of design variables is defined as y ¼ ½r;m; h; b1; b2; d1; d2�T .

Note that three coefficient functions k1, k2 and k4 are independent of l2 and l4.
Their corresponding equations in (9) can be expressed in terms of variable y as

kjðyÞ � k�j ¼ 0; j ¼ 1; 2; 4 ð11aÞ

Parameters l2 and l4 can also be eliminated from other coefficient equations. This
is done by subtracting one from the other in each pair of the coefficient equations of
(k3, k5), (k6, k8) and (k7, k9), which lead to three new equations

ki � kj � ðk�i � k�j Þ ¼ 0; ði; jÞ 2 fð3; 5Þ; ð6; 8Þ; ð7; 9Þg ð11bÞ

all independent of l2 and l4.
For the remaining six coefficient equations for k10; . . .; k15, they contain terms

including l42; l
2
2l
2
4; l

4
4; l

2
2; l

2
4 only. These equations can be written as:

ti;1l
4
2 þ ti;2l

2
2l
2
4 þ ti;3l

4
4 þ ti;4l

2
2 þ ti;5l

2
4 þ ti;6 ¼ 0; i ¼ 1; . . .; 6 ð11cÞ

which can be cast in a compact form as

Tq ¼ 0 ð11dÞ

where q ¼ ½l42; l22l24; l44; l22; l24; 1�T , and T is a 6 × 6 matrix whose entries include the
terms of Eq. (11c). Equation (11d) implies that

gðyÞ ¼ detðTÞ ¼ 0 ð11eÞ

Equations (11a), (11b) and (11e) comprise a system of seven equations in seven
unknowns, thereby establishing a determined system of algebraic equations. Upon
solving for y, l2 and l4 can be uniquely determined, thereby finding all unknowns.
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From the above formulation, we achieve an important result:

If the coupler curve equation of a four-bar linkage is known, a determined
system of coefficient equations can be established, whose solutions yield the
complete set of the linkage parameters.

Parameter determination The determined system formulated above leads to
exact solutions of linkage parameter. A possible method to solve this system is
continuation [4]. We propose here an alternative method to solve the synthesis
equations.

The new method adopts a trial-and-error approach, combining both graphic and
numerical techniques. Let r be the key variable, from Eqs. (11a) and (11b), the
solutions of other unknowns in y are readily solved for each given value of r. These
solutions are further substituted back into two coefficient equations, for example, k5
and k6, to find corresponding solutions of l2 and l4. These solutions are then
substituted into the remaining equations, while recording the rms error in meeting
these equations. The point with minimum rms error is chosen as a solution.

Note that there are multiple real solutions for each r; we thus take the minimum
error, which means, e ¼ minfsign1, where fsign1 is the set of all rms values for n sets
of real solutions.

5 Examples

We include two examples to show the effectiveness of the method. The first
example is an asymmetric Watt’s curve:

f ¼ x6 þ 3x4y2 þ 3x2y4 þ y6 � 0:66666667x5 � 1:33333333x3y2

� 0:66666667xy4 þ 0:11277778x4 þ 0:14222222x2y2 þ 0:02944444y4

þ 0:00944444x3 þ 0:00944444xy2 � 0:00333264x2 � 0:00277708y2

þ 0:00000833xþ 0:000025 ð12Þ

with the developed method, the errors with different values of r are examined, as
shown in Fig. 2. Three minima are identified, which are r ¼ 0:15; 0:067; 0:033.
Solutions corresponding to the minima are further found, as listed in Table 1. Each
minimum yields two solutions, both generating the same linkage. All together, three
cognate linkages, anticipated by the Roberts-Chebyshev Theorem, were obtained,
as displayed in Fig. 3.
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(a)

(b) (c)

Fig. 2 Error plots. a Full view, b zoomed view around r = 0.067, c zoomed view around r = 0.033

Table 1 Linkage synthesis results for the example (unit: m)

No. r m h ½b1; b2� ½d1; d2� l2 l3 l4
1 0.15 0.1 0.0 [0, 0] [0.25, 0] 0.2 0.3 0.2

0.15 0.2 0.0 [0.25, 0] [0, 0] 0.2 0.3 0.2

2 0.067 −0.067 0.0 [0.0833, 0] [0.25, 0] 0.1335 0.134 0.201

0.067 0.201 0.0 [0.25, 0] [0.0833, 0] 0.201 0.134 0.1335

3 0.033 0.2004 0.0 [0, 0] [0.0833, 0] 0.100798 0.0668 0.0672

0.033 −0.1336 0.0 [0.0833, 0] [0, 0] 0.0672 0.0668 0.1008

(a) (b) (c)

Fig. 3 Three cognate linkages for a Watt’s curve
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In the second example, the coupler-curve equation is given as:

f ¼ x6 þ 3:0x4y2 þ 3:0x2y4 þ y6 þ 0:05x5 þ 0:2x4yþ 0:1x3y2

þ 0:4x2y3 þ 0:05xy4 þ 0:2y5 � 0:109375x4 þ 0:18x3y� 0:13875x2y2

þ 0:18xy3 � 0:029375y4 þ 0:00875x3 � 0:004375x2y� 0:01525xy2

� 0:044375y3 þ 0:0107375x2 þ 0:001425xyþ 0:00214375y2 þ 0:0008525x

þ 0:00107375y� 0:0000479375025 ¼ 0 ð13Þ

Using the foregoing method, the linkage parameters are then obtained, as listed in
Table 2. Figure 4 displays the three linkages, along with the coupler curve. In the
figure, we show only the linkages in one branch.

6 Conclusions

The determination of exact linkage parameters from coupler-curve equations is
studied. A determined system of coefficient equations was derived. A method
combining a numerical method with graphics tools was developed, which allows us
to determine linkage parameters directly and simultaneously for the three cognate
linkages.

This work solves a fundamental problem in linkage synthesis. The finding of the
determinacy of the coefficient equations has several implications on the kinematic
synthesis study. First, it implies that exact solutions, rather than approximate

Table 2 Linkage synthesis results for the example (unit: m)

No. m h ½b1; b2� ½d1; d2� l2 l3 l4
1 −0.1568 −0.0196 −0.025, 0.1 0.2, −0.2 0.1254 0.294 0.3356

2 0.15 0.1 −0.2, 0 0.2, −0.2 0.15 0.4 0.35

3 −0.1255 0.08369 −0.2, 0 −0.025, 0.1 0.1801 0.068 0.1572

(a) (b) (c)

Fig. 4 Three cognate linkages showing together with the coupler curve
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solutions, for the synthesis from a coupler curve can be obtained. Moreover, this
result could be extended to other types of linkages, including six-bar linkages,
spherical and spatial linkages, etc. It can also be used in the synthesis with finitely
separated positions, for which how to find a coupler curve from given points
remains as an open problem for future study.

Acknowledgments The author acknowledges the discussion with prof. Jorge Angeles, McGill
University, and his comments.
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Introduction of a 1-DOF Rolling Contact
Element for a Planar Reconfigurable
Manipulator

Stefan Kurtenbach, Fritz Ehreiser, Mathias Hüsing
and Burkhard Corves

Abstract This paper introduces a rolling contact element and its usage in a planar
manipulator. Starting from the state of the art in this field of motion technology, the
kinematic structure of the manipulator is introduced. Three different cases for
moving an object in a planar workspace are used for the derivation of the kine-
matics. Superposing these cases leads to the general kinematic equations where
finally the input angles can be calculated.

Keywords Rolling contact element � Planar reconfigurable manipulator �
Kinematic equations � Workspace

1 Introduction

Current developments in the field of grasping technology are focussing on more
tailored solution to adapt to an underlying motion task in an ideal way. Thus, a very
wide range of different grippers, grasping units and other contact elements is
generated. Depending on material characteristics, surface properties, the shape and
some other features of the object to be manipulated these different grippers can be
selected to be used within the motion task.

This paper proposes a more general approach where a rolling contact element is
used which has left one single degree of freedom to perform a rolling motion
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exactly in the contact point. Thus, one single end-effector becomes widely
independent from being affected by object properties. Further, the entire handling
system (planar manipulator) becomes flexible, reconfigurable and versatile [1].
These properties enable the manipulation of a wide range of different objects
possessing diverse properties using a minimum of end-effectors. The significant
difference of this kind of handling systems is the integration of the object into the
kinematic structure. The object itself becomes a link of the structure.

To enable a motion, within a planar workspace of the object to be handled, in
total three degrees of freedom must be realized. This corresponds with a motion in
two perpendicular translational directions and rotation around the third one. The
kinematic structure of a manipulator satisfying these requirements is shown in
Fig. 1. The object (link 3) in this task is a cylinder with a constant curvature. Three
rolling contact joints belonging to three two bar linkages adapt to the cylinder and
integrate it into the kinematic structure. The base mounted links 1, 5 and 7 form the
input links. The constrained motion in all rolling contact points is one further design
task and can be realized through form-closure or force-closure. In this paper the
input links only provide the input torque for moving the object with 3 DOF. Since
there is no redundant arrangement, the drives cannot provide any retention force.

The solution of the vector contours (Eq. 1) is shown in the following chapters.

v1 ¼ pobj þ c1 ð1Þ

2 State of the Art

The application of rolling contact grippers is proposed over the decades. They are
integrated in different robotic structures which are planar as well as spatial ones and
adapted to object with different shapes.

Cole et al. [2] present in the kinematics and control for multifingered hands
manipulating an ellipsoidal object. The object is moved with 6 DOF in a three
dimensional workspace. The kinematics, dynamics and control of the introduced
system is presented.

Ponce et al. in [3] analysed the influence of varying the object shape. They put
focus on n-polygons where the rolling contact element stays on one face of the
polygon during the motion task.

The dextrous manipulability for multifingered robots is subject matter in [4]. A
general technique was developed for dextrous manipulation of a sphere with a flat
finger.

As well as [3] Hasegawa in [5] and Yoshida et al. [6] analysed the stability in
grasping processes. Hasegawa implemented a motion planning algorithm for
multifingered manipulation with rolling contact elements in 3D. This algorithm
automatically suggests the optimal grasping points leading to a stable process.
Yoshida analysed the stability of a grasping process using soft fingertip material.
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Jeong et al. in [7] presents a planar manipulator with a 2D-Workspace and a
redundant actuation with four rolling contact elements. Due to that a release and
re-grasp was enabled since just three contact elements need to stay in contact at the
same time.

3 Motion Sequence of the Manipulator

In this chapter the basic kinematic equations are derived for the manipulator shown
in Fig. 1.

The system contains three manipulators which all have a rolling contact point
with the moving object. During a movement of the object the contact point of each
manipulator moves on the surface of the object as well as on the surface of the
manipulator. Due to that the motion of each manipulator is depending on the
geometrical shape of both surfaces. In this application the end-effector has a con-
stant curvature (see Fig. 1) with the radius r as well as the object with the radius R.

Since all three two-bar-linkages have the same structure, also the kinematic is the
same. Therefore the investigated system is reduced to the left mechanism with the
input motion φ1 and the object. To derive a mathematical description of the motion,
it is separated in the three planar ones: translation in x- and y-direction and rotation
around the z-axis.

3.1 Rotation Around the Z-Axis

The motion is separated in three steps which are schematically presented in the
following. Starting from the initial position (Step 1 in Fig. 2) the entire system is
rotated around the centre of the cylinder with the angle ψrotation (Step 2).

Fig. 1 Kinematic structure of
the mechanism
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The contact point is fixed and the revolute joints are locked. Subsequently the
new base joint is moved into the old one. Unlocking the revolute joints leads to a
rolling in the contact point with the angle φrolling the link 2 and with the angle
ψrolling for the object.

For describing the motion several new variable angels are introduced (Table 1).
φi generally describes the configuration of the manipulator (Fig. 1). With both
angles φ1 and φ2 known the vector v1 can be calculated. The second way to
calculate v1 is by the knowing the relative position of the object and its orientation,
described by the angle w. Then the contact point with the end-effector can be used
to calculate v1.

The rolling condition is found by using the constraint of a rolling contact point
between the end-effector and the object shown in Eq. (2).

r � urolling ¼ R � wrolling ð2Þ

A rotation of the object is described by the angle w. During a rotation the contact
point moves as described in Fig. 2. The rotation can be divided into two parts. The
first one, wrotation describes the rotation of the vector c1 pointing to the end-effector.
The second one, wrolling results from the rolling movement between both surfaces.

Fig. 2 Motion sequence of the system

Table 1 Variables to describe the motion

Variable Description

u1 Input angle of link 1

u2 Rotation angle of link 2

urolling Rolling angle of the contact element

w Total rotation angle of the object around its z-axis

wrolling Rolling angle of the object

wrotation Rotation angle of the object

v1 Vector describing the end-effector centre point from the frame point

c1 Vector from the object origins to the curvature centre of the contact element
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w ¼ wrotation þ wrolling ð3Þ

Figure 3 shows the superposed steps shown in Fig. 2 to finally describe the new
orientation of c1 for a rotation the single steps 2 and 3. It is evident that the new
orientation link two is relaying on wrotation and urolling and described trough the
following Equations.

The calculation of the new position of link 2 bases on the equation
Du2 ¼ ui

2 � ui�1
2 , where the position i − 1 always is known and starts with the

contact position. Thus, the calculation of the input angles becomes trajectory
dependent and the inverse kinematics is solved incrementally. The change of the
orientation Du2 is equal to the subtraction of the angel described by the motion of
the contact point on the end-effector surface urolling and the change wrotation of the
orientation of c1 (Eq. 4).

urolling ¼ Du2 þ wrotation ð4Þ

Inserting Eqs. (2) and (4) in Eq. (3) leads to Eq. (5) whereas the angel w is
described with:

wrotation ¼
R

Rþ r
� w� r

Rþ r
� Du2 ð5Þ

With the constraint of the system from Eq. (2) and the identified relation between
the movements from Eq. (4), c1 is described by Eq. (6b).

Fig. 3 Geometrically dependence of the different angels for a rotation of the system
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c1;rotation ¼
Rþ rð Þ � cos wStart þ wrotationð Þ
Rþ rð Þ � sin wStart þ wrotationð Þ

 !
rotation

ð6aÞ

c1;rotation ¼
Rþ rð Þ � cos wStart þ R

Rþr � w� r
Rþr � Du2

� �
Rþ rð Þ � sin wStart þ R

Rþr � w� r
Rþr � Du2

� �
0
B@

1
CA

rotation

ð6bÞ

The angle wStart describes the initial grasp point in the objects coordinate system.

3.2 Translation in X- and Y-Direction

For a translation of the object the approach stays the same. Through the motion
towards the or away from the manipulator it has to move both links and reposition
them with new angels of u1 and u2. That results in a new orientation of the end-
effector and a movement of the contact point. In Fig. 4 the operation in positive
x-direction is shown.

The displacement of the centre of the object is described by DxPobj and DyPobj.
Since the object does not rotate for a pure translation w ¼ 0. Hence, Eq. (5) is
reduced to one term, Eq. (7):

wrotation ¼ � r
Rþ r

� Du2 ð7Þ

The reorientation of c1 is directly linked with the rotation of link two. As just a
translation is calculated, the rotation of c1 is just relaying on the change of link two
and thus on u2. For a superposition of both operations c1 is calculated as Eq. (8b).

c1;translation ¼
Rþ rð Þ � cos wStart þ wrotationð Þ
Rþ rð Þ � sin wStart þ wrotationð Þ

 !
translation

ð8aÞ

Fig. 4 Sketch of a translation
in positive x-direction
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c1;translation ¼
Rþ rð Þ � cos wStart � r

Rþr � Du2

� �
Rþ rð Þ � sin wStart � r

Rþr � Du2

� �
0
B@

1
CA

translation

ð8bÞ

3.3 Superposed Motion

The general motion of the object is a superposed motion containing translational as
well as rotational parts. To calculate the new positions of the input link in terms of
v1;nP (new Position), the motion task is known leading to boundary conditions for
the displacement (DxPobj;DyPobj) and rotation of the object ðwÞ. Starting from the
initial position pobj, the following Eq. (9) can be derived from superposing:

v1;nP ¼ pobj þ Dpobj þ c1;translation þ c1;rotation ð9Þ

The vector of the two bar linkage describing the new position v1;nP can be
expressed using the link lengths and the input angles, Eq. (10):

v1;nP ¼ l1 � cos u1ð Þ þ l2 � cosðu2Þ
l1 � sin u1ð Þ þ l2 � sinðu2Þ

� �
¼ pobj þ Dpobj þ c1;translation þ c1;rotation

ð10Þ

This equation depends on known parameters like the link lengths, the initial and
final position and orientation of the object, the grasping point. The solution of this
equation results in input angles ui of the two bar linkage. Since the object motion is
a 3-DOF motion, the procedure must be repeated for all two bar linkages resulting
in a solution vector ui. Using the complete equation system, the inverse kinematics
can be solved trajectory dependent and in incremental steps.

4 Design of the Planar Manipulator

The final design of the manipulator can be taken from Fig. 5. The rolling contact
elements are docked on to the cylinder. The constrained motion is not considered in
this paper. The three single Two-Bar linkages are mounted on a stiff frame. Via belt
drive the input moment is transmitted to the input links.
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5 Conclusions

The paper introduces a manipulator with three arms handling an object using rolling
contact elements. Thus, the orientation workspace can be decreased since every
translation or rotation is superposed through a rolling of the contact elements. The
approved concept can be transported into spatial robotics to support handling tasks
in this field of application.
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The Bennett Linkage as a Hinge
Application

Uwe Hanke, Jana Ehlig, Cornelia Fischer, Karl-Heinz Modler
and Niels Modler

Abstract Parametric commercial CAD environments can be used as interactive
geometry software (IGS). Therefore they are the best tool for the implementation of
graphical synthesis methods. This paper gives an introduction of using graphical
synthesis methods solving two pose spatial guidance tasks with the BENNETT

linkage. The synthesis is presented for a hinge application.

Keywords Two pose synthesis � Spatial guidance � Bennett linkage

1 Introduction

The aim of this paper is to show a geometrical way for the mechanism synthesis of
spatial guidance tasks with a simple mechanism structure using robust joints.
Robust joints are rotatory joints (R-joints). They are easy to implement, have no slip
stick or locking problems. The simplest spatial mechanism build up only by
R-joints is the BENNETT linkage [1]. Therefore the focus of this paper lies on
geometrical synthesis of a BENNETT mechanism for a spatial guidance task. The
CAD environment is ideal for the implementation of geometrical synthesis of
motion problems. Especially the use of CAD gives a great benefit in finding
good compromises during the modelling phase. This will lower the amount of
development loops.
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2 Theoretical Background

Mechanism analysis and synthesis in two dimensional space is a well researched
field of study with geometric approaches that goes back to BURMESTER in the
late 19th century [2]. Besides the technological development since then a visual
representation is still of great importance for the understanding of mechanism
motion and its suitability for solving given motion tasks. Planar graphical synthesis
algorithms allow a targeted modification of a set of free parameters combined with a
visual feedback concerning the mechanism position and the required space for the
motion. Within this section this synthesis approach will be adapted to spatial
mechanisms.

A 4R with parallel or intersecting axes is movable by one degree of Freedom.
Using a general screw axes configuration the 4R gets immovable. For the special
dimensions given in Fig. 1b the spatial 4R-chain gets mobile. This linkage is known
as BENNETT-linkage [1]. The amount of links and the four R-joints makes the
BENNETT linkage robust and therefore attractive for industrial applications. The
linkage is widely discussed in research publications [3–7]. Synthesis approaches for
two pose and three pose synthesis is presented in [8–10]. Three poses fully
determine the dimension of the BENNETT linkage. Two poses offer the choice of 5
parameters to determine the linkage and is therefore valid for developing a pure
graphical approach with the direct use of the CAD environment.

The synthesis of the BENNETT linkage is based on two important properties
(Fig. 2, [6, 11]):

1. the four axes of the BENNETT linkage form a truncated pyramid with the sym-
metry axis n,

2. the screw axis describing the motion from a reference position into a second
position intersect the symmetry axis n perpendicularly.

Therefore the BENNETT mechanism synthesis for the 2-pose task can be done into
two steps:

• Synthesis of a 2R-chain (4 parameters) and
• synthesis of the second 2R-chain by using the common normal n (1 parameter).

(a) (b)Fig. 1 BENNETT

mechanism: a characteristic
dimensions b linkage model
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2.1 Synthesis of the 2R-Chain

For a given two pose task with the screw axis Saf12ðsaf12; #af
12Þ (saf12 translation along

Saf12; #
af
12 rotation angle in reference to Saf12: indices see Appendix A.1; construction

of the screw axis see Appendix A.2) the 2R-chain is fully defined by four
parameters. For the case using a graphical synthesis approach it is useful to start the
synthesis by choosing a point for one of the revolute joint axes (3 parameters). A
fourth parameter is the joint location of one link line of the screw triangle. The step
wise synthesis of the 2R-chain is according to Fig. 3 as follows:

• define a point A (3 parameters) of the revolute joint Rab
12,

• the orthonormal projection of A onto Saf12 gives the point K and therefore line la

perpendicular to Saf12,

B M
A0

bfRacR

abR cfR
n

B0

a b

A
N

fc

Fig. 2 BENNETT linkage
and the according truncated
pyramid
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Fig. 3 Synthesis of the
2R-chain: a construction
b kinematic scheme of the
2R-chain
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• the line lf is the result of shifting la by half of the translational distance saf12 of the

screw motion along the screw axis Saf12, followed by a rotation with the rotation

angle aaf12 ¼ 1=2#af
12 around Saf12,

• define a point A0 on lf ,
• A and A0 define lb. The lines la and lb define the plane Eab with the revolute joint

Rab
12 as the plane normal at A. The lines lb and lf define the plane Ebf with the

revolute joint Rbf
12 as the plane normal at A0.

2.2 Synthesis of the Bennett Linkage

The BENNETT mechanism is build up by two pairs of equal links. The orientation of
these pairs is rotation symmetric in reference to the symmetry axis n. Each location
of the counterpart is the result of a half turn in reference to this axis. This line is also
the symmetry axis of the Plücker conoid. Therefore all screw axes describing the
motion from this reference position to a second position of the BENNETT mechanism
intersect n perpendicularly. This can be used for deriving a graphical synthesis
approach.

Analysing the tetrahedron A0ABB0 and the symmetry line n, we see that
n intersects the plane AA0B0 with the plane normal Rbf

12 in N (see Fig. 2). The point
N is the mid point of AB0 with AN perpendicular to n. As well the plane AA0B with
the plane normal Rab

12 has a piercing point M as midpoint of A0B. The line through
A0M is also perpendicular to n. Hence the synthesis of the BENNETT-mechanism by
using a given 2R-chain is the construction of n, with n intersecting the screw axis
Saf12 perpendicularly and intersecting the plane Eab at point N that way, that AN is as
well perpendicular to n.

The graphical synthesis using CAD focuses on the projection onto a plane
E through L perpendicular to the screw axis Saf12 (Fig. 4a). The construction of n is as
follows (Fig. 4b):

• With the given projection of the screw triangle Saf12
0
Rbf
12

0
Rab
12

0 and its characteristic
points A0A0

0K
0L0 the projected symmetry line n0 can be directly drawn as a line

intersecting L0 ¼ K 0 with an angle d. The points N 0M0 are the intersecting points
of the Thales circles kf given by L0A0

0 and ka given by K 0A0.
• The line A0N 0 intersects L0A0

0 in D0.
• The location of n along Saf12 can be found by using the projection onto a plane

through the points KLA0 with points A00K 00A00
0 and D00 ¼ D.

• The point N 0 on A0D0 directly gives the location of N 00 on A00D00 and therefore
with O00 the location of n along Saf12.
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The revolute joint axis Rcf
12 with the point B0 is the result of the half turn of Rab

12;A
around n (Fig. 4a). The revolute joint axis Rac

12 with B is the result of the half turn of

Rbf
12;A0 around n. The link a can be represented by the section AB. As well b by

A0A, c by B0B and f by A0B0.

3 Application

3.1 Dimensional Synthesis

A very interesting field of spatial guidance tasks are hinge applications. The
dimension synthesis of the BENNETT-Mechanism as hinge application shall be
presented at the door guidance for a vehicle door (see Fig. 5a). This vehicle is used
as demonstrator to show the main achievements in function integration, processing
and manufacturing of light weight material, collected in the collaborative research
center 639, founded by the German Research Foundation.

The guidance task is defined by two positions of the door wing shown in Fig. 5b,
with the screw axis Saf12 (construction of the screw axis using CAD is given in

Appendix A.2). The screw parameters are the rotation angle #af
12 ¼ 91:7� and the

sliding distance saf12 ¼ 121:6mm. The dimensional synthesis is divided into the
synthesis of the 2R-chain followed by the construction of the common normal n to
build up the BENNETT-mechanism.

The boundary conditions to this problem are related to the positions of the rotation
axes. The axes Rbf

12;R
cf
12 shall be mounted close to the vehicle frame. The moving axes

n
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Fig. 4 Construction of the common normal n a isometric b projection

The Bennett Linkage as a Hinge Application 73



Rab
12;R

ac
12 should be mounted as close a possible to the door. A useful compromise can

only be found by the intelligent use of the 4 parameters defining the 2R-chain. In this
case we start defining Rbf

12 by A0 close to the screw axis Saf12 and the vehicle frame
f. The fourth parameter is defined by the location of Rab

12 by A1 on the link line la. With

this resultant screw triangle Rab
12R

bf
12S

af
12 the BENNETT mechanism can be constructed by

defining the direction of the common normal n. The choice of d has an influence of
the location of the revolute axes Rcf

12;R
ac
12 and the character of the door guidance

(shown through door flock given in Fig. 6). A satisfactory solution will be the result
of an iterative process varying the parameters of the 2R-chain and the location of the
common normal n. Here we can see the advantages of the 2 pose task compared to the
3 pose task. All the 5 free parameters can directly used to locate the linkage axes and
find the best compromise.

Fig. 5 FiF demonstrator vehicle: a design model b 2 pose guidance task
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Fig. 6 Screen shots of the synthesis showing the door flock from position a1 to position a2:
a isometric view b side view and kinematic scheme c rear view
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3.2 Design

The intermediate links b ¼ Rbf
12R

ab
12 and c ¼ Rcf

12R
ac
12 connect frame link f and door

a. The design of both links should avoid collisions with the functional surfaces of
frame f and door a as well to their neighbor. Hence the design is an iterative process
as well. In this special case it is useful to start the design process designing the
revolute joints in the frame f and door a. Hence the cylindrical bodies of b and c are
given (Fig. 7a). In this special case it is useful to use the open position for the
second design stage for designing the connection between the joint cylinders of
b and c. Avoiding a collision to the frame surface the material has to be wrapped
around the frame for the joint connection (Fig. 7b). This base design has to be
validated by moving the linkage between open and close position. Any collision has
to be handled by removing material or a redesign of the base design. For the model
validation the model is printed in a scaled form using rapid prototyping (Fig. 7c, d).

4 Conclusion

CAD environments can be directly used for the synthesis of simple spatial guidance
tasks by using graphical synthesis methods. The benefit is the direct coupling of
kinematic parameters to the linkage design. The synthesis shown at the BENNETT

linkage gives an example solving spatial motion tasks graphically by a simple and
robust linkage structure. The aim is to encourage design engineers to recover
graphical methods for their CAD implementation. The result in this investigation is
that not the synthesis is the main challenge. The real difficulties arises in the part
design. For a more efficient design process further investigations has to follow.

f

a
b

c

(a) (b) (c)
(d)

Fig. 7 Hinge: CAD model in a open and b closed position; rapid prototyping model in c open and
d closed position
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Appendix

A.1 Indexing Rules

Using graphical synthesis methods it is useful to use a special nomenclature. Lines
defined by small letters and screw axes by big letters. Motions are defined by link
positions and the reference link from where this movement is measured. In case of
definite positions the link pairs and position pairs are marked with indices:

Paf !link index: a moves in reference to f
12 !pose index: position 1moves to position 2

Exemplarily a screw motion from position a1 to a2 in reference to f is defined by
the screw axis Saf12 with #af

12 for the rotation angle around Saf12 and saf12 for the

translation along Saf12. This nomenclature leads to the rules given in Fig. 8.

A.2 Screw Axis

Using two specific screws p1; q1 for the initial and p2; q2 for the second position, the
construction of the screw axis can be done by using the screw perpendicular
bisectors p2 � p1 and q2 � q1 [7]. The screw axis s12 for the displacement is the
common normal of the screw perpendicular bisectors

Fig. 8 Rules and nomenclature for the graphical synthesis demonstrated at a two pose 2R-chain
example
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s12 ¼ ðp2 � p1Þ � ðq2 � q1Þ
jðp2 � p1Þ � ðq2 � q1Þj ; ð1Þ

and therefore the rotation angle #12 around s12 and translation s along s12 (see
Fig. 9).
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Distance from Conic to Point, Plane
or Line

Paul Zsombor-Murray

Abstract To avoid close proximity between building envelope and a nearby power
line, geometric methods to compute normal distances from spatial point, plane and
line to a parabola, approximating the catenary, are developed using projection onto
ideal planes. Then line geometry is applied for the first time to reveal a unified
approach.

Keywords Stationary distance � Conics � Transformation � Line geometry

1 Introduction

“Flat” catenaries can be satisfactorily approximated by parabolæ specified by two
given supporting points P, Q and only the height t2 of the lowest point or vertex
T of the curve. First the problem will be reduced to a planar model by taking the
point or line (expressed in point view) on the origin of a Cartesian frame while the
parabola or its subsequent projection on the plane taken normal to the line initially
in standard form is translated, after possible rotation, to assume its required position
relative to the origin. Planar point or line—The line may represent an edge or line
view of an intruding plane to parabola distances are computed using products of
homogeneous planar point or line coordinate vectors and matrices representing
conic coefficients, rotation, translation and orthogonal projection. Line geometry is
introduced. All solution cases are treated as a product of a 5 × 6 homogeneous
matrix of constraint equation coefficients and a Plücker coordinate vector (Fig. 1).
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1.1 Origin to Translated Parabola

The missing coefficient a and coordinate t1 are computed given P(p1, p2), Q(q1, q2)
and t2 of T(t1, t2). The solution with the closest point on the left appears in Fig. 2.
Constraint equations, p>; q>ð ÞTMspT> p; qð Þ ¼ 0, Eq. 1, are set up as follows.

1 p; q1 p; q2½ �
1 �t1 �t2
0 1 0

0 0 1

2
64

3
75

0 0 �1=2

0 a 0

�1=2 0 0

2
64

3
75

1 0 0

�t1 1 0

�t2 0 1

2
64

3
75

1

p; q1
p; q2

2
64

3
75

¼ aðp1 � t1Þ2 þ t2 � p2 ¼ 0; aðq1 � t1Þ2 þ t2 � q2 ¼ 0

ð1Þ

Eliminating a produces, Eq. 2, a quadratic in t1, its values being given for the
numerical example shown in Fig. 2.

ðp2 � q2Þt21 þ 2 ðq2 � t2Þp1 þ ðt2 � p2Þq1½ �t1 þ ðt2 � q2Þp21 þ ðp2 � t2Þq21 ¼ 0 ð2Þ

Q

P

?

Fig. 1 Minimum distance from ridge pole to power line

0
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6

y

2 4 6 8 10

Fig. 2 A numerical example, with Pð2; 4Þ; Qð9; 6Þ; Tð�5þ 7
ffiffiffi
2

p
; 2Þ, Closest Point at (2.8722,

2.9777) with a ¼ 2= 49ð3� 2
ffiffiffi
2

p Þ� �
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The parabola size coefficient a is obtained with either one of Eq. 1, linear in a,
having chosen the positive root of t1. The other root places P, Q both in the right
hand branch of the parabola. Equation 3 is the equation of the displaced parabola,
like either of Eq. 1 but in terms of an arbitrary point (x, y).

t2 � yþ a x� t1ð Þ2¼ 0 ð3Þ

Forming the squared distance from origin to parabola, x2 + y2, and taking the
derivative set to zero of this with respect to x, having eliminated y with Eq. 3, yields
a cubic, Eq. 4, in x-coordinates of stationary points.

2a2x3 � 6a2t1x2 þ 2a at21 þ t2
� �þ 1

� �
x� 2at1 at21 þ t2

� � ¼ 0 ð4Þ

1.2 Distance Between Parabola and Line

The same numerical parameters will be used together with the line given by Eq. 5.

W þ Xxþ Yy ¼ 0 ð5Þ

One finds a tangent line on the parabola that is parallel to the given one and
measures the length of the normal line segment on the point of tangency that spans
to the given line as shown in Fig. 3. The tangent line and the normal line are given
by Eq. 6.

U þ Xxþ Yy ¼ 0 and V � Yxþ Xy ¼ 0 ð6Þ

–2

0

2

4

6

y

2 4 6 8 10

x

Fig. 3 Minimum distance from sloping roof plane, line 60 − 10x + 10y = 0 to power line, Eq. 4.
The length of the segment, given the original parabola values, is 1.4993
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Coincident point on the parabola and tangent line is expressed by Eq. 7.

t2 þ at21 �at1 �1=2
�at1 a 0
�1=2 0 0

2
4

3
5 !

0 0 2a
0 �1 2at1
2a 2at1 4at2

2
4

3
5

U
X
Y

2
4

3
5

¼
2aY

2at1Y � X
2aU þ 2at1X þ 4at2Y

2
4

3
5 ð7Þ

Substituting the dehomogenized point vector above, the last term in Eq. 7, into
the parabola equation, Eq. 4, provides a linear equation in U. This symbolic value
of U completely defines the tangent line, Eq. 8.

X2 � 4aYðt1X þ t2YÞ þ 4aYðXxþ YyÞ ¼ 0 ð8Þ

Similarly by substituting the point coordinates into the normal line equation the
value of V is determined to yield the equation of the normal line, Eq. 9.

2at1ðY2 � X2Þ � 2aXðU þ 2t2YÞ � XY þ 2aYðXy� YxÞ ¼ 0 ð9Þ

Intersecting the normal line and the edge view of the roof plane yields

V �Y X½ �>� W X Y½ �>¼ Qfq0 : q1 : q2g

the other end point of the line segment between given and tangent line.

1.3 Orthogonal Projection

Because the plane of the catenary is not generally normal to the ridge line an image
of the parabola, projected orthogonally on to a plane normal to the ridge line or
building wall or roof, is usually required. Operations proceed as follows (Fig. 4).

• The standard form parabola coefficient matrix Msp, the rotation operator Rh, the
translation operator T and the orthogonal projection operatorMo are constructed.

Msp ¼
0 0 1=2

0 �a 0

1=2 0 0

2
64

3
75; Rh ¼

1 0 0

0 cos h � sin h

0 sin h cos h

2
64

3
75

T ¼
1 �t1 �t2
0 1 0

0 0 1

2
64

3
75; Mo ¼

cos/ 0 0

0 1 0

0 0 cos/

2
64

3
75
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• Forming the product MoTRhMspR>
h T

>M>
o produces the coefficient matrix Mop

of the rotated, translated parabola rotated by / out of the fixed plane and
projected orthogonally onto it. Let Mop and the orthogonally projected parabola
image be represented as

Mop ¼
a00 a01 a02
a01 a11 a12
a02 a12 a22

2
64

3
75

! a00 þ 2a01x1 þ 2a02x2 þ a11x
2
1 þ 2a12x1x2 þ a22x

2
2 ¼ 0

where

a00 ¼ cos2 / t1 sin h� t2 cos h� a t1 cos hþ t2 sin hð Þ2
h i

a01 ¼ cos/ 2a cos h t1 cos hþ t2 sin hð Þ � sin h½ �=2
a02 ¼ cos2 / 2a cos h t1 sin hþ t2 sin hð Þ þ cos hþ 2at2½ �=2
a11 ¼ � cos2 h; a12 ¼ �ða cos/ cos sin hÞ=2; a22 ¼ �a cos2 / sin2 h

• Figure 5 shows the standard form parabola, its rotated and translated image and
its projection from its natural frame orthogonally onto the fixed frame normal to
the ridge line. The narrower image with its vertex farther to the left is the
required projection.

O

o
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x 1

x 2

O

t 1

2

ridge
line

hinge
line

t 2

Fig. 4 Roof ridge and hinge
lines
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2 Line Congruence Pairs

Confining analysis to a planar model has its drawbacks. E.g. cases where the ridge
line is parallel to the plane of the parabola cannot be accommodated. Imagine an
approach that seeks to find all lines common to two line congruences. Without loss
in generality one contains all lines normal to tangents on a standard form parabola
while the other contains those normal to an arbitrary axial line that represents the
ridge. Alternately one may choose the second congruence to be all lines normal to a
given plane so as to represent a building wall or roof surface or the tip of a
lightening rod represented by a point. All these are shown together in Fig. 6.
Consider the parabola, an arbitrary point P(p1, p2) upon it bearing a tangent line and
its normal on P. Taking an auxiliary view normal to the tangent shows the normal
pencil of lines G0

1 on P where G1 is the line congruence on all P. The line one seeks
has radial Plücker coordinates Gr g01 : g02 : g03 : g23 : g31 : g12f g. G2 is shown
thrice. Q 2 G2 depicts the congruence on given point Qf1 : q1 : q2 : q3g. G2?e
shows parallel lines normal to all given planes e E0 : E1 : E2 : E3f g in a parallel
pencil. This situation is equivalent to Q 0 : q1 : q2 : q3f g an absolute point where
q1 ¼ E1; q2 ¼ E2; q3 ¼ E3. This example will not be detailed below because it is
just a special case of a congruence on a given point. Finally G2?;\H where line
Ha H01 : H02 : H03 : H23 : H31 : H12f g is given by its axial coordinates.

Fig. 5 Image of three parabolæ on plane x3 ¼ 0; a ¼ 1=2; t1 ¼ 2; t2 ¼ 3; h ¼ p=4; / ¼ p=3
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2.1 Line Geometry

What follows makes use of elementary line geometry. Recall points P(p1, p2) on the
standard form parabola on the plane x3 = 0.

p2 � ap21 ¼ 0 ð10Þ

Tangent lines on this curve have slope dp2=dp1 ¼ 2ap1. Spatial direction vectors
of lines G in the congruence normal to tangents on the parabola can be expressed as

g01 g02 g03½ �> � 1 2ap1 0½ �>¼ 0 ð11Þ

The parabola is taken in standard form while Q, e, H are given as expressed in
this frame. The case where dp2=dp1 ! 1 can be safely ignored because it occurs
indefinitely far up the branches of the parabola. Therefore all radial lines
G g01 : g02 : g03 : g23 : g31 : g12f g must satisfy the normality condition Eq. 12,

g01 þ 2ap1g02 ¼ 0: ð12Þ

x 1

x 2

P

P

1’

2

Q

1

2

2

e

Fig. 6 Four line congruences
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In addition the condition P 2 G, recalling that spatially Pfp0 : p1 : p2 : p3g;
p0 ¼ 1; p3 ¼ 0, provides the two middle equations chosen from the doubly
singular set, expressed in axial coordinates of G such that Gii = 0, is given by
Eq. 13. In synopsis, P 2 G. If G \ P ¼ e then

P3
j¼0 Gijpj ¼ Ei 6¼ 0; Gji ¼ �Gij;

Gii ¼ 0. If G \ e ¼ P then
P3

j¼0 gijPj ¼ pi 6¼ 0.

G00p0 þ G01p1 þ G02p2 þ G03p3 ¼ 0; �G01p0 þ G11p1 þ G12p2 � G31p3 ¼ 0
�G02p0 � G12p1 þ G22p2 þ G23p3 ¼ 0; �G03p0 þ G31p1 � G23p2 þ G33p3 ¼ 0

ð13Þ

which lead to Eq. 14

�g23 þ g03p2 ¼ 0; �g31 � g03p1 ¼ 0 ð14Þ

because of the term by term proportional equivalence, Eq. 15.

g01 : g02 : g03 : g23 : g31 : g12f g / G23 : G31 : G12 : G01 : G02 : G03f g ð15Þ

The orthogonality between the first and second vector element triads of line
coordinates, Eq. 16, called the Plücker condition or quadric, is used to get P1, hence
P2, to yield coordinates of point P where G intersects the parabola.

g01g23 þ g02g31 þ g03g12 ¼ 0 ð16Þ

2.2 Parabola to Line, Point and Plane

Lines G that are normal to and intersect the ridge line H constitute the second
congruence. These provide the following two necessary constraint equations
Eq. 17.

alignedH23g01 þ H31g02 þ H12g03 ¼ 0;H01g01 þ H02g02 þ H03g03 þ H23g23
þ H31g31 þ H12g12

¼ 0aligned ð17Þ

All this can be arranged in Eq. 18, a system of five homogeneous linear equa-
tions in gij, in detached coefficients form. Recall that the first three rows represent
Eqs. 12 and 14 while the last two are, respectively, normality of directions H?G
and intersection 9H \ G, the two equations Eq. 17.
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1 2ap1 0 0 0 0
0 0 ap21 �1 0 0
0 0 �p1 0 �1 0
H23 H31 H12 0 0 0
H01 H02 H03 H23 H31 H12

2
66664

3
77775

g01
g02
g03
g23
g31
g12

2
6666664

3
7777775
¼

0
0
0
0
0
0

2
6666664

3
7777775

ð18Þ

Solving homogeneously yields all six gij ¼ gijðp1Þ. Inserting these into the
Plücker condition results in a cubic, Eq. 19, in p1, as was Eq. 4, and a trivial
solution (factor).

H12 2aH23p1 � H31ð Þ c3p
3
1 þ c2p

2
1 þ c1p1 þ c0

� � ¼ 0 ð19Þ

Using the first and second equations from the set Eq. 15, with Q replacing P, to
form the last two rows in the 5 × 6 matrix (or alternately with e replacing P) one
obtains with Eq. 20 a linear, rather than a cubic, equation in p1, Eq. 21.

0 0 0 q1 q2 q3
0 �q3 q2 0 0 0

� �
g31
g12

� �
¼ 0

0

� �
ð20Þ

Solving homogeneously yields all six gij ¼ gijðp1Þ. Inserting these into the
Plücker condition produces the linear equation Eq. 21 in p1 and a trivial factor.

�aq23 q1 þ 2aq2p1ð Þp21 ¼ 0 ð21Þ

3 Conclusion

This paper grew from difficulties experienced by a colleague in Innsbruck who ran
afoul of municipal authorities while building her house. Although it is unconven-
tional to put references here, rather than at the beginning, one may see relevance to
wider application by realizing that [3] was written to help in dynamic simulation of
a falling chain. Klien’s [1] little book covers many of the projective geometry
transformations used but I could not find material describing conics (and quadrics)
in terms of their (symmetric) coefficient matrices. This was acquired by osmosis
from exposure to my many Austrian geometer friends. Pottmann and Wallner’s [2]
line geometry text treats that subject thoroughly while [4] is helpful in grasping the
basics. Though I was asked to consider removing the approach and analysis con-
nected with the first three problems I decided to retain it in the interest of illustrating
the geometric thinking the leads to selection of ideal frames in problem formulation.
This was carried through to conceive Fig. 6 which explains the novel application of
line geometry in the unification of these types of problem.
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Motion Synthesis of a Planar Watt II
Type Six-Bar Mechanism with Two
End-Effectors

Gökhan Kiper

Abstract The study deals with motion generation with closed-loop mechanisms
with several end-effectors. As a case study a single degree-of-freedom planar Watt
II type six-bar mechanism with two end-effectors is worked on. Dyad formulation
with complex numbers is made use of for the mathematical model. It is found that
the motion synthesis is possible for at most three poses of the two end-effectors.
The formulations are illustrated with numerical examples.

Keywords Watt II type six-bar mechanism � Motion generation � Dyad
formulation

1 Introduction

The formulations for the dimensional synthesis of mechanisms with single end-
effector are well-known [1–3]. These methods may as-well be used for mechanisms
with several end-effectors. By this way, mechanisms with less actuators may be
utilized in applications which require multiple simultaneous operations. Some
examples for such a system are a gripper with several fingers which have non-
symmetric motions, a pick-and-place manipulator for relocation of several different
objects and a surgery robot with several end-effectors for different operations.
Recently Simo-Serra et al. devised methodologies for designing mechanisms with
multiple end-effectors [4], specifically applied to multi-fingered robotic hands with
several serial chains and fingers meeting in a common palm [5]. Shen et al. [6, 7]
worked on the design of Watt I type planar six-bar mechanisms to be used as a
mechanical finger, where prescribed motions of the middle and distal sections of the
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finger. Also, Wobrecht et al. [8] designed a planar 8-link single degrees-of-freedom
(dof) exoskeleton finger mechanism for which path and motion generation
problems are solved for two of the links. In [8], the authors use numerical
optimization techniques for the synthesis.

In [6, 7], the motion of one of the links is described with respect to the other link
with prescribed motion. That is, the relative motion of the dependent link is used for
the synthesis. However, in an application with multiple end-effectors, the end-
effector motions with respect to the base may be independently described. This
study is an initial attempt for working out dimensional synthesis of such mecha-
nisms with several end-effectors. As the first step, analytical motion synthesis
formulation is developed for a single dof Watt II type planar six-bar mechanism
with two end-effectors for two and three poses of the end-effectors. The dyad
formulation with complex numbers is presented in Sect. 2. Two and three pose
synthesis is the subject of Sects. 3 and 4, respectively. Examples are provided for
both two and three pose synthesis. Further studies are discussed in Sect. 5.

2 Dyad Formulation

The Watt II type planar six-bar mechanism shown in Fig. 1 has end-effectors P and
Q attached to the coupler links of the two-four bar loops. The task is to relocate the
end-effectors from poses P1, Q1 to Pj, Qj for j = 2, 3, … etc. For the mathematical
model of this problem we make use dyad formulation following the notation in [2].
Accordingly, one of the two four bar loops consists of the dyads (W1, Z1) and (W3,
Z3), and the other loop consists of the dyads (W2, Z2) and (W4, Z4). We represent

Fig. 1 Planar six-bar mechanism
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all vectors with complex numbers, i.e. W1 ¼ W1x þW1yî, etc. We can write the
following vector equations from Fig. 1:

W2 þ Z2 �W1 � Z1 ¼ dPQ ð1Þ

eîbj � 1
� �

W1 þ eîaj � 1
� �

Z1 ¼ dPj ð2Þ

eîbj � 1
� �

W2 þ eîcj � 1
� �

Z2 ¼ dQj ð3Þ

eîgj � 1
� �

W3 þ eîaj � 1
� �

Z3 ¼ dPj ð4Þ

eî/j � 1
� �

W4 þ eîcj � 1
� �

Z4 ¼ dQj ð5Þ

where dPQ ¼ P1Q1
���!

, dPj ¼ P1Pj
��!

, dQj ¼ Q1Qj
��!

; bj, gj, /j are crank link rotations and
aj, cj are coupler link rotations as shown in Fig. 1. The angles are directed such that
counterclockwise is positive. Actually Eqs. (2), (4) and (3), (5) represent two
different solutions for the dyads of a four bar. The difference of the solution from
the classical four-bar design comes from Eq. (1).

dPQ, dPj, dQj, aj and cj are given in the motion generation problem. The
unknowns areW1, Z1, W2, Z2,W3, Z3, W4, Z4, bj, gj and /j. The number of scalar
unknowns and free selections for two and three pose synthesis are listed in Table 1.
Exact motion synthesis for more than three poses of the end-effectors is not pos-
sible. In Sects. 3 and 4 we formulate the solution for two and three pose problems.

3 Two Pose Synthesis

For the two pose synthesis problem, three scalar parameters out of W1, Z1, W2, Z2,
and b2 can be selected freely. It is wise to select b2 as one of the specified parameter
values, because it appears in trigonometric functions, which causes nonlinearity.
Two more scalars fromW1, Z1,W2 and Z2 should be selected. In general, there is no
superiority of one over other possible selections. However, from numerical examples

Table 1 Number of scalar unknowns and free selections for two and three pose synthesis

Equations (1–3) Equations (4–5)

Unknowns Equations Free
selections

Unknowns Equations Free
selections

2 poses 9 6 3 10 4 6

3 poses 10 10 – 12 8 4
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we found out that two parameters among the nine cannot be selected arbitrarily. For
example selecting W1x and W1y does not work. Depending on the application, the
designer needs to decide on which parameters to be assumed. For illustration of the
formulation let’s select W1x and Z1x. From real and imaginary parts of Eq. (2)

cos bj � 1
� �

W1x � sinbjW1y þ cos aj � 1
� �

Z1x � sin ajZ1y ¼ dPjx ð6Þ

sin bjW1x þ cos bj � 1
� �

W1y þ sin ajZ1x þ cos aj � 1
� �

Z1y ¼ dPjy ð7Þ

W1y and Z1y can be solved linearly from Eqs. (6–7) to obtain:

W1y ¼
cos aj � 1
� �

dPjx þ sin ajdPjy
� cos aj � bj

� �� cos aj � cos bj þ 1
� �

W1x � 2 2� cos aj
� �

Z1x

� �

sin aj � bj
� �� sin aj þ sin bj

ð8Þ

Z1y ¼ �
cos bj � 1
� �

dPjx þ sin bjdPjy
� 2� cos bj
� �

W1x � cos aj � bj
� �� cos aj � cos bj þ 1

� �
Z1x

� �

sin aj � bj
� �� sin aj þ sin bj

ð9Þ

Once W1 and Z1 are set, W2 and Z2 can be linearly solved from Eqs. (1) and (3)
to obtain:

W2 ¼
eîc2 � 1

� �
W1 � Z1 þ dPQð Þ � dQ2

eîc2 � eîb2
ð10Þ

Z2 ¼
dQ2 � eîb2 � 1

� �
W1 � Z1 þ dPQð Þ

eîc2 � eîb2
ð11Þ

For the other two dyads, it is necessary to select three parameters per dyad. Let’s
select g2 and W3 for one dyad and /2 and W4 for the other dyad. Then Z3 and Z4

can be easily solved from Eqs. (4–5) as:

Z3 ¼
dPj � eîgj � 1

� �
W3

eîaj � 1
ð12Þ

Z4 ¼
dQj � eî/j � 1

� �
W4

eîcj � 1
ð13Þ

Since the formulation is analytical, the unique result is obtained almost instantly
once the assumed parameter values are specified. By changing the assumed
parameter values, the designer can converge to viable solutions and obtain a
satisfactory mechanism.
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As an example consider two poses of the two rectangular objects shown in
Fig. 2. From the figure, dPQ ¼ 20, dPj ¼ 40þ 15̂i, dQj ¼ 20� 5̂i; a2 ¼ �120�,
cj ¼ �60�. The computations are done using Maple® software. After several trials,
considering link length ratios and link collision avoidance, a proper selection for the
assumed parameters is done as b2 ¼ �90�, W1x ¼ �35, Z1x ¼ 6, g2 ¼ �60�,
W3 ¼ �30þ 5̂i, /2 ¼ �100� and W4 ¼ �5þ 10̂i. Using Eqs. (8–13), the
remaining parameters are computed as W1y ¼ 12:902, Z1y ¼ 1:268,
W2 ¼ �3:170þ 12:268̂i, Z2 ¼ �5:830þ 1:902̂i, Z3 ¼ �7:887þ 10:207̂i and
Z4 ¼ �3:711þ 2:804̂i. Hence resulting link lengths are jW1j ¼ 37:302,
jZ1j ¼ 6:133, jW2j ¼ 12:671, jZ2j ¼ 6:133, jW3j ¼ 30:414, jZ3j ¼ 12:899,
jW4j ¼ 11:180, jZ4j ¼ 4:651, jZ1 þ Z3j ¼ 16:515, jZ2 þ Z4j ¼ 16:515 and fixed
joint coordinates with respect to P1: 29;�14:170ð Þ, 37:887;�15:207ð Þ,
28:711;�12:804ð Þ in order of dyads 1, 3 and 4. The two poses of the resulting
mechanism is illustrated in Fig. 3.

Fig. 2 Two pose pick-and-place application for two objects

Fig. 3 Two poses of the designed mechanism
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4 Three Pose Synthesis

For j = 2, 3, Eqs. (1–3) constitute a nonlinear set of equations. However, Eqs. (2–3)
are linear in W1, Z1, W2 and Z2. Solving W1 and Z1, from Eq. (2):

W1 ¼
eîa3 � 1

� �
dP3 � eîa2 � 1

� �
dP2

eîb2 � 1
� �

eîa3 � 1
� �� eîa2 � 1

� �
eîb3 � 1
� � ð14Þ

Z1 ¼
eîb2 � 1

� �
dP3 � eîb3 � 1

� �
dP2

eîb2 � 1
� �

eîa3 � 1
� �� eîa2 � 1

� �
eîb3 � 1
� � ð15Þ

W2 ¼
eîc3 � 1

� �
dQ3 � eîc2 � 1

� �
dQ2

eîb2 � 1
� �

eîc3 � 1
� �� eîc2 � 1

� �
eîb3 � 1
� � ð16Þ

Z2 ¼
eîb2 � 1

� �
dQ3 � eîb3 � 1

� �
dQ2

eîb2 � 1
� �

eîc3 � 1
� �� eîc2 � 1

� �
eîb3 � 1
� � ð17Þ

Substituting Eqs. (14–17) in Eq. (1) results in a complex equation in terms of the
unknowns b2 and b3, only:

Aeî2b2 þ Beî2b3 þ Ceîb2eîb3 þ Deîb2 þ Eeîb3 þ F ¼ 0 ð18Þ

where

A ¼ eîc3 � 1
� �

dP3 � eîa3 � 1
� �

dQ3 þ eî a3þc3ð Þ � eîa3 � eîc3 þ 1
� �

dPQ

B ¼ eîc2 � 1
� �

dP2 � eîa2 � 1
� �

dQ2 þ eî a2þc2ð Þ � eîa2 � eîc2 þ 1
� �

dPQ

C ¼ � eîc3 � 1
� �

dP2 � eîc2 � 1
� �

dP3 þ eîa3 � 1
� �

dQ2 � eîa2 � 1
� �

dQ3

� eî a2þc3ð Þ þ eî a3þc2ð Þ � eîa2 � eîa3 � eîc2 � eîc3 � 2
� �

dPQ

D ¼ eîc3 � 1
� �

eîa3dP2 � eî a2þc3ð Þ � eîa2 � eîc2 þ eîc3
� �

dP3

� eîa3 � 1
� �

eîc3dQ2 � eî a3þc2ð Þ þ eîa2 � eîa3 � eîc2
� �

dQ3

þ eî a2þc3ð Þ þ eî a3þc2ð Þ � 2eî a3þc3ð Þ � eîa2 þ eîa3 � eîc2 þ eîc3
� �

dPQ
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E ¼ � eî a3þc2ð Þ � eîa3 þ eîc2 � eîc3
� �

dP2 þ eîc2 � 1
� �

eîa2dP3

þ eî a2þc3ð Þ þ eîa2 � eîa3 � eîc2
� �

dQ2 � eîa2 � 1
� �

eîc2dQ3

� 2eî a2þc2ð Þ � eî a2þc3ð Þ � eî a3þc2ð Þ � eîa2 þ eîa3 � eîc2 þ eîc3
� �

dPQ

F ¼ eîc2 � eîc3
� �

eîa3dP2 � eîa2dP3

� �
� eîa2 � eîa3
� �

eîc3dQ2 � eîc2dQ3

� �

þ eî a2þc2ð Þ � eî a2þc3ð Þ � eî a3þc2ð Þ þ eî a3þc3ð Þ
� �

dPQ

Multiplying Eq. (18) by e�îb2e�îb3 results in a simpler form:

Aeîb2e�îb3 þ Be�îb2eîb3 þ Fe�îb2e�îb3 þ Ee�̂ib2 þ De�îb3 þ C ¼ 0 ð19Þ

Writing real and imaginary parts of Eq. (19):

Kxc2c3 þ Lxs2s3 þMys2c3 þ Nyc2s3 þ Exc2 þ Eys2 þ Dxc3 þ Dys3 þ Cx ¼ 0

ð20Þ

Kyc2c3 þ Lys2s3 �Mxs2c3 þ Nxc2s3 þ Eyc2 � Exs2 þ Dyc3 � Dxs3 þ Cy ¼ 0

ð21Þ

where c2, s2, c3, s3 stand for cos b2, sin b2, cos b3, sin b3, respectively, and
K ¼ Kx þ Kŷi ¼ Aþ Bþ F, L ¼ Lx þ Lŷi ¼ Aþ B� F, M ¼ Mx þMŷi ¼
�Aþ Bþ F and N ¼ Nx þ Nŷi ¼ A� Bþ F. Either of b2 or b3 can be eliminated
from Eqs. (20–21). Let’s eliminate b3: First linearly solve for c3 and s3 from
Eqs. (20–21). Then using c23 þ s23 ¼ 1, an equation in terms of only b2 is obtained.
This equation is of fourth order in terms of c2 and s2, which indicates that there are
at most eight real solutions for b2. After determining b2, the corresponding b3 ¼
atan2 s3; c3ð Þ are found and W1, Z1, W2 and Z2 are determined from Eqs. (14–17).

Table 1 indicates that for the three pose synthesis the 10 parameters are to be
solved from Eqs. (1–3) without any free selected parameters. This implies that for
given three poses of the two end-effectors, there are finitely many solutions. It is
well-known from the five pose synthesis of a four-bar mechanism that in case of
finitely many solutions, finding the solution is computationally problematic and
usually it is hard to find a practically applicable solution. Also all poses may not be
attained in the same assembly mode of the mechanism. These problems were also
encountered in our computational studies as well.

For the solution for the remaining dyads we can choose two parameters freely per
dyad.Whenwe choose g2, g3,/2 and/3 the rest of the unknowns can be easily solved
linearly. We may use Eqs. (14–17) by substituting g instead of β in Eqs. (14–15) for
W3 and Z3 and / instead of β in Eqs. (16–17) for W4 and Z4.
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As an example consider the case where dP2 ¼ 15þ 5̂i, dP3 ¼ 25þ 10̂i, dQ2 ¼
20þ 10̂i, dQ3 ¼ 30þ 5̂i, a2 ¼ �45�, a3 ¼ �30�, c2 ¼ �60� and c3 ¼ �45�. Using
Maple®, one of the solutions for b2 is solved numerically resulting b2 ¼ �5:908�,
b3 ¼ �13:576�, W1 ¼ �49:057þ 83:162̂i, Z1 ¼ �49:057þ 83:162̂i, W2 ¼
6:848þ 102:869̂i and Z2 ¼ �14:468þ 2:556̂i. For the other two dyads, assuming
g2 ¼ �15�, g3 ¼ �20�, /2 ¼ �20� and /3 ¼ �45�, the link vectors are solved as
W3 ¼ �28:833þ 31:755̂i, Z3 ¼ �1:233þ 7:690̂i, W4 ¼ �8:850þ 30:196̂i and
Z4 ¼ �12:185þ 3:517̂i. The three poses of the resulting mechanism is illustrated
in Fig. 4.

5 Conclusions

This study is a first attempt for kinematic synthesis of closed-loop mechanisms with
several end-effectors, motions of which are independently described with respect to
the base. Specifically, the motion synthesis problem for a Watt II mechanism with
two end-effectors is issued. With dyad formulation it was shown that nine
parameters may be selected freely for two pose synthesis and four parameters are
free for three pose synthesis. Examples showed that three pose synthesis is prone to
computational problems and the solutions are hardly practical. However, the two
pose synthesis proved itself quite successful.

The methods discussed in this study can easily be adapted to other two loop
planar mechanisms which comprise prismatic joints as well. Also similar formu-
lation can be devised for spherical mechanisms. The dyad formulation may also be
used for path generation problem for mechanisms with two end-effectors.

Fig. 4 Three poses of the designed mechanism
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More than two end-effectors in a mechanism is quite rare, nevertheless it seems
that at least two pose synthesis is possible for a mechanism with three end effectors.
The main course of progress in our study will be focused on synthesis methods for
multi-dof mechanisms with several end-effectors.
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Part II
VDI-Guideline



Motion Conversion with the Crank-Slider
Mechanism Regarding Transfer Quality
(Part 1)

A.J. Klein Breteler

Abstract The paper discusses the dimension synthesis procedure of the crank-
slider mechanism, matching a given input angle and a desired output stroke, for the
best possible transfer quality (highest minimum value of the transmission angle),
according to the German guideline VDI-2126 (1989). A modified approach is
proposed in which the transmission angle just needs to be acceptable. This leads to
a much simpler synthesis procedure that covers the most relevant design criteria,
like the minimum transmission angle, space occupation and occurrence of dead
points. The link dimensions can be obtained from a diagram or can be calculated
using simple formulas.

Keywords Dimension synthesis � Transmission angle � Space occupation � Dead
point � VDI-2126

1 Introduction

Conversion of oscillating rotation into translational motion can be done easily with
a rack and a pinion, providing a linear kinematic transfer function. Occasionally
however a designer prefers a different mechanism, for instance to avoid the back-
lash that is typical for a pair of gears. The planar crank-slider mechanism is the
alternative with the simplest kinematic structure [1, 2]. Applying the crank angle as
the input, the dimension synthesis of this mechanism, for the best possible trans-
mission angle, is the topic of [1]. Because a part of the current theory is compli-
cated, the aim of this paper is to discuss the theory of the synthesis procedure and to
propose new ideas for improvement of the guideline.

The mechanism is depicted in Fig. 1, drawn in the three positions that play a role
in the procedure. The synthesis problem can be described as follows.
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Given are the angular input stroke φH and a desired output stroke sH, for which
the four kinematic dimensions (bar lengths r and b, and the co-ordinates of the fixed
pivot e and t) must be determined. Further condition is that the transmission angle μ
is “good” during the whole motion range. In the VDI-guideline this is expressed by
applying the conditions μ1 = μ2 = μ3 (=μmin), extra to the design objective equation
that input angle φH corresponds to output stroke sH.

In both end positions the transmission angle μ must be equal to the minimum
value, while this minimum value should be as high as possible. The position 3,
where the crank is perpendicular to the slider path, holds here the μmin-value.

The ideal situation is that μmin = 90°, but in general it is impossible to achieve
this as the synthesis result. Which value of μmin is acceptable depends also on the
use of the mechanism and on dynamic forces that are however unknown yet in the
early design stage of the mechanism. That is why the acceptable value of μmin is
usually chosen from experience with previous design cases. In practice frequently
a minimum value of 60° or 45° will be adopted. Anyhow it is useful to know which
μmin-value can maximally be achieved.

A side condition is that the transfer function s(φ) must not show backward
motion: the output displacement must be monotonic during the whole motion of the
input angle at interval φH. A dead point at one or both boundaries of the interval
will be included in the theory. Dependent on the application, such a dead point can
be in favour (e.g. as output lock) or needs to be avoided (e.g. in a controlled drive
with output feedback). The precise behaviour of the transfer function on the interval
will not be subject of discussion. In case that an approximated linear behaviour is
wanted, some design freedom can be exploited to meet this requirement.

In case that φH < 180°, the problem can be solved easily using the so-called
symmetric solution. This case has adequately been described in [1]. The crank
positions 1 and 2 are then symmetric to the middle position 3 and the crank end-
points A1 and A2 have the same distance, but opposite, to the guiding line as A3.
Theoretically coupler length b = ∞ would provide the best transfer quality
(μmin = 90°), but this solution is not practical. The smallest possible value of b in-
cludes a dead point in the end-position. By choosing a proper finite value of
b a compromise between transfer quality and space occupation must be accepted.

Fig. 1 Crank-slider
mechanism in the three design
positions
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In case that φH > 180° the symmetric solution is no longer possible due to
monotony failure, but a non-symmetric solution demanding μ1 = μ3 (=μmin), while
μ2 > μmin, can still be obtained. It is the intention of this paper to describe the design
problem of this case and to present the solution options for a designer. This will be
done by means of a graphical approach (Chap. 2), after which the required
parameter calculations will be specified (Chap. 3). To support the user a diagram
will be proposed that overviews the design options and that also provides the
parameter values of design cases with and without dead points (Chap. 4).

2 The Non-symmetric Solution, Graphical Approach

This chapter deals with a non-symmetric solution and includes the case of larger
input angles (180° < φH < 270°). We split up the input angle φH into two angles α
and β, see also Fig. 2:

uH ¼ aþ b; with a[ b ð1Þ

We assume that φH /2 < α < 180° and that 0° < β < 90°. Instead of the
transmission angle μ we consider the distance d of point A to the guiding line g in
the three positions involved. The maximum value of d should be as low as possible:
d1 = d3 (=dmax), while d2 < dmax.

For any choice of α the configuration of Fig. 2 can be drawn. Start for instance
by drawing the crank in the intermediate position 3 (the crank length A0A3 = r is
arbitrary and is considered as the drawing unit) and apply the angles α and β
according Eq. (1) to find the points A1 and A2. Then the guiding line g can be
determined: perpendicular to A0A3 and at equal distance to A1 and A3. Now the
dimension e = A0Y is known and the distance d1 = d3 = r – e. Alternatively the
value of e/r can be chosen from which point A1 and thus α can be constructed.

Fig. 2 Non-symmetric
solution: choose α and β
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Next step is to determine the range of length b, see Fig. 3. The largest possible
value bmax = A1X, otherwise the crank will surpass the dead point at position 1. The
smallest possible value is at least bmin = r – e, for which μmin = 0.

Applying r + bmin = 2r − e and r + bmax as radii of concentric circles around A0,
we find the intersection points with the guiding line g named S1 and S2. When, for
the chosen α, the angle β is such that the elongation of A0A2 intersects g between S1
and S2, the minimum value of b must be increased to A2B2 as drawn (solution with
dead point at end position 2). Smaller values of coupler length b would cause
backward motion of the slider. In case that angle β is smaller (the elongation of
A0A2 intersects g before S1) a valid solution may still exist, yet without a dead point
in position 2. With a larger value of angle β, such that A0A2 intersects g beyond S2,
no valid range of b remains.

It is obvious that the initial choice of α has great effect on the range to choose
coupler length b. In case of an invalid result the procedure must be repeated with
a better (larger) value of α. In general it can be stated that a larger b-value will
provide a higher transfer quality.

The third step concerns the drawing of the mechanism, with the dimensions of
e and b obtained during the previous two steps, in the three positions as depicted in
Fig. 1. This determines also the start position of the slider (point B1, dimension t)
and the end-position (point B2). The output stroke sH/r is thus known, that means it
can be measured on the drawing relative to crank length r. Scaling the drawing,
such that sH corresponds to the demanded value (applying the ratio of sH and sH/r),
provides crank length r and thus the other dimensions.

3 The Non-symmetric Solution, Parameter Calculation

In the previous chapter it appeared that a simple synthesis procedure can be fol-
lowed when all dimensions are initially taken relative to crank length r. This length
can be considered as the scaling value to achieve the desired output stroke sH. We
introduce thus the parameters e/r, b/r and t/r for the dimensional synthesis.

Fig. 3 Range of coupler
length b
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At least the equation d1 = d3 must be satisfied, yielding the following relation
between angle α and parameter e/r:

cos a ¼ 2 � ðe=rÞ � 1 ð2Þ

Applying Eq. (2) two parameters still can be chosen freely. Each required dead
point reduces the number of free parameters by one. Several situations on dead
points can be distinguished and they will be described below. Focus will be laid on
the determination of the two parameters e/r and b/r. The calculation of the third
parameter t/r and the relative output stroke sH/r is straightforward and parallel to the
graphical description in the previous chapter.

In case that a dead point both at start and at end is required, the parameter values
can be calculated as follows. The dead point at the start position requires that

cos a ¼ e� r
b

ð3Þ

Combination of the Eqs. (2) and (3) yields a relation between e/r and b/r:

b=r ¼ r � e
r � 2 � e ¼

1� e=r
1� 2 � e=r ð4Þ

The dead point at the end requires that (see Fig. 3, position 2)

cos b ¼ e
r þ b

¼ e=r
1þ b=r

ð5Þ

Using Eq. (1) and substituting Eqs. (2), (4) and (5) an equation in the unknown
parameter e/r results:

uH ¼ arccos 2 � e=r � 1ð Þ þ arccos
ðe=rÞ � ð1� 2 � e=rÞ

2� 3 � e=r
� �

ð6Þ

This equation needs to be solved numerically (root calculation, e.g. regula falsi).
Extensive trials have learned that a start value e/r = 0 will always do and that only
one solution will be found. The result of Eq. (6) can be applied in Eq. (4) to find the
value of b/r. It is the solution with the highest possible value of both e/r and b/r and
also with the highest transfer quality, see later.

If only a dead point at the end (position 2) is required, one parameter can be
chosen freely. In the previous chapter it became already clear that the value of e/r can
be chosen within a certain small range. The highest possible value of e/r has been
found by solving Eq. (12). The lowest possible value of e/r is determined by
coincidence of the points B2 and S1, see Fig. 3:

b=r ¼ 1� e=r ð7Þ
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Using again Eq. (1) and substituting Eqs. (2), (5) and (7) the following equation
in the unknown lowest possible value of e/r can be obtained:

uH ¼ arccos 2 � e=r � 1ð Þ þ arccos
1� e=r
2� e=r

� �
ð8Þ

This equation has to be solved numerically. Extensive trials have learned that a
start value e/r = 0 will always do and that only one root will be found.

When a user has chosen a certain value of e/r, within the range as specified
above, the corresponding value of b/r can be calculated, using Eq. (2), see Fig. 3:

b=r ¼ e=r
cosðuH � aÞ � 1 ð9Þ

Now the range of both parameters e/r and b/r has been determined for a given
value of crank angle φH. Note that the better solutions are close to the highest
possible value of e/r. Approximate maximum and minimum values of e/r, like
available through a diagram (see later) are usually sufficient for practical use. It is
not required then to solve Eq. (6) or Eq. (8). To obtain an accurate solution, the
application of Eqs. (2) and (9) are the only calculations required!

In case that a dead point only in the start position is required, there is one
parameter free. Equation (4) specifies a direct relation between the parameters e/
r and b/r. One of them can be chosen and the other can be calculated, no matter the
value of φH. Regarding the range of e/r it can be stated that any value lower than the
result of Eq. (6) provides a valid solution. Equation (8) does not play a role here.

In case that no dead points are required, the two parameters e/r and b/r can be
chosen freely within certain limits. The area of free choice appears in the diagram of
Fig. 4, below the φM-line indicating the solution with a dead point at the end.

4 Diagram

Based on the theory as described above, a diagram has been developed, the two
parameters e/r and b/r along the axes, that provides an overview of possible
solutions. The symmetric solutions are included in this diagram as well. Area I
contains the symmetric solutions, area II the non-symmetric ones.

The μmin-lines are straight lines with direction cos μmin, intersecting at (0,1). This
can be derived immediately from Fig. 1, mechanism in position 3:

e=r ¼ 1� ðb=rÞ � cos lmin ð10Þ
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The boundary line LA: Eq. (4) provides the relation between the parameters
e/r and b/r. The equation can be rewritten as Eq. (11), in which the value of b/r is
between one (e/r = 0) and infinity (e/r = 0.5).

e=r ¼ b=r � 1
2 � b=r � 1

; 0� e=r� 0:5 ð11Þ

The boundary line LI-II between symmetrical and unsymmetrical solutions
(dashed): In accordance with [1], the symmetrical solution, Eq. (12) can be derived.
Note that μmin = φH/2 and that for b/r in infinity e/r = 0.5.

e=r ¼ 1þ b=r
1þ 2 � b=r ; 0:5� e=r� 1 ð12Þ

The φM-lines: For region II these lines have been described in Chap. 3 (solution
with a dead point at the end). Note that such solutions also exist for φM < 180°! In
region I of symmetric solutions these lines continue horizontally, but they identify
here ordinary solutions without dead point.

The t/r-lines: Clearly parameter t/r is completely determined by a point in the
diagram: the values of e/r and b/r can be applied in the start position 1 of the
mechanism, using also Eq. (2). A constant value t/r is thus a line in the diagram.

Fig. 4 Diagram
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The sM/r-lines in region II (dash-dotted): They deal with the special situation that
a dead point at the end will occur. For a given point in the diagram (all parameters
known!) the sM/r-value is also known. A constant value of sM/r is thus a line in the
diagram, showing the output stroke relative to the mechanism size.

5 Conclusions

The synthesis procedure to obtain a crank-slider mechanism as described in [1] has
been investigated. It deals with monotonic transfer of motion from the crank (input)
to the slider (output) such that the transmission angle is as good as possible. The
current procedure for larger input angles requires that a user specifies a demanded
transmission angle exactly. This leads to a complicated equation system that needs
(nested) iterative calculations. The category of solutions has been limited to those
mechanisms that have a dead point at the end of the motion interval. The existence
of a dead point at the start of the interval has completely been neglected.

The paper shows that a much simpler procedure can be developed when the
transfer quality does not need to be specified exactly, but is used to guide the
possible design options for the user like choosing or avoiding a dead point at the
start or at the end of the motion interval, the transfer quality and the size of the
mechanism. To calculate the mechanism dimensions a set of simple equations will
do. A diagram has been developed that overviews the design options.

The newly proposed synthesis procedure should be preferred and the current
guideline VDI-2126 can be improved with the results of this paper.
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Motion Conversion with the Crank-Slider
Mechanism Regarding Transfer Quality
(Part 2)

A.J. Klein Breteler

Abstract The paper demonstrates the use of a diagram for synthesis of the crank-
slider mechanism, matching a given input angle and a desired output stroke, for the
best possible transfer quality (transmission angle). The diagram is part of a new
proposal of the German guideline VDI-2126 (1989). Examples concerning
non-symmetric solutions—applicable to larger input angles—are presented that
show the procedure to achieve sufficient transfer quality and to choose or avoid
dead points. The transfer functions of the solutions of a typical example are drawn
to discuss the various design options.

Keywords Dimension synthesis � Transmission angle � Space occupation � Dead
point � VDI-2126

1 Introduction

In [1] the development of the synthesis procedure of the mechanism has been
described. The procedure is supported by a diagram, repeated here as Fig. 1, that
provides a quick overview of the various design options of both symmetric and
non-symmetric solutions. In case of larger input angles (angular stroke φH > 180°)
only a non-symmetric solution can be applied. Because that part of the synthesis
theory concerns a new proposal for [2], examples will be presented here to discuss
this type of synthesis problem.

The diagram has been constructed such that a point (a value for the two
parameters e/r and b/r) represents a mechanism solution. For a drawing of the
mechanism and the explanation of parameters see [1]. The user can obtain the
following information from the diagram:
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• The smallest value of the transmission angle (lines μmin),
• The occurrence of a dead point at start of the motion interval (line LA),
• The occurrence of a dead point at the end of a given interval (line φM),
• The third parameter value t/r assuming optimum transmission angle,
• Relative size of the output stroke (line sM, only valid for the case of a dead point

at end).

Discussion on how to choose a point in the diagram will be done by means of
examples (Chap. 3). How to complete the synthesis procedure by determination of
the mechanism dimensions will be explained first in Chap. 2.

2 Calculation of the Mechanism Dimensions

The diagram of Fig. 1 concerns the synthesis parameters: the dimensions are taken
relative to crank length r. When the two parameter e/r and b/r are known (chosen or
calculated, guided by the diagram) the mechanism dimensions still need to be
determined. This can be done with the Eqs. (1–5) below that can be used in all
situations. For explanation of the various parameters and angles see the figures in [1].
Instead of calculation with Eq. (4), the approximated value of parameter t/r can also
be obtained from the diagram. The value of sH/r can be obtained from the diagram
only in case of a dead point at the end of the interval (sH = sM). Equation (5) provides
sH in the general case.
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cos lmin ¼
1� e=r
b=r

ð1Þ

cos a ¼ 2 � e=r � 1 ð2Þ

cos l2 ¼
cosðuH � aÞ � e=r

b=r
ð3Þ

t=r ¼ sin a� b=r � sinlmin ð4Þ

sH=r ¼ sinðuH � aÞ � b=r � sinl2 þ t=r ð5Þ

The crank length r follows by dividing the given value of sH and the result of
Eq. (5), after which all other dimensions (e, b and t) are thus known.

3 Examples

A crank-slider mechanism has to be designed that, for a given input angle
φH = 200°, shows a slider displacement sH = 1000 mm. Four options will be
considered:

(a) With a dead point both at start and at end. In the diagram this concerns the
intersection point of the lines φM = 200° and LA. The point is marked with
character (a) and a blue dot in Fig. 2, which is an outline of the diagram.
Obviously this is the solution with the best possible μmin—value. To find this
point accurately Eq. (6) in [1] must be solved: e/r = 0.2801. Applying Eq. (4)
in [1] yields b/r = 1.6366.

(b) With a dead point at start only. This solution will exist for any point on the line
LA, where φM > 200°, for instance with a chosen value e/r = 0.2. That point is
marked with character (b) and a green dot in Fig. 2. Applying Eq. (4) in [1]
yields b/r = 1.3333.

(c) With a dead point at the end. Any point on the line φM = 200° will have this
property, like the one marked with character (c) and a light blue dot in Fig. 2.
The simplest way to determine the point precisely is by choosing the e/r value
(although this choice is very sensitive). With e/r = 0.275 the b/r —value can
be obtained with Eq. (9) from [1] and Eq. (2): b/r = 1.3419 The diagram shows
clearly how much the μmin—value will be reduced for any choice on that line.

(d) With no dead point at all. Any point below the line φM = 200° will do. The
point marked with character (d) and a red dot shows such a point. Now both
parameters can be chosen, like for instance here e/r = 0.25 and b/r = 1.3.

Table 1 below shows the results of calculating the remaining parameters and
intermediate results, Eqs. (1–5), followed by the mechanism dimensions.

Motion Conversion with the Crank-Slider Mechanism … 111



4 Analysis of Results

The transfer functions of the sample mechanisms as calculated in the previous
chapter have been drawn using a proven numerical method for kinematic analysis
[3]. Figure 3 shows the transfer functions and Fig. 4 the first derivatives (transfer
functions of order one). These figures show the effect of the chosen design options.
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Fig. 2 Characteristic design solutions

Table 1 Calculated results of the examples

Quantity Eq. No Case (a) Case (b) Case (c) Case (d)

μmin (1) 63.9° 53.1° 57.3° 54.8

α (2) 116.09° 126.87° 116.74° 120°

μ2 (3) 83.9° 86.1° 83.3° 86.6

t/r (4) −0.5717 −0.2667 −0.2361 −0.1958

sH/r (5) 2.05 2.0206 2.09 2.0868

r 487.8 mm 494.9 mm 478.6 mm 479.2 mm

b 798.4 mm 659.9 mm 642.2 mm 623.0 mm

e 136.6 mm 99.0 mm 131.6 mm 119.8 mm

t −278.9 mm −132.0 mm −113.0 mm −93.8 mm
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Especially in Fig. 4 it is clear where the dead points occur: the start value or the end
value of the function will then be zero. Mechanisms (a) and (b) have a dead point at
start, mechanisms (a) and (c) have a dead point at the end of the motion.

-40 -20 0 20 40 60 80 100 120 140 160 180 200 220 240 260
PHI [GRAD]

-2
00

-1
00

0
10

0
20

0
30

0
40

0
50

0
60

0
70

0
80

0
90

0
10

00
11

00
12

00
13

00

S
 [M

M
]

(a) (d)

(c) (b)

Fig. 3 Transfer functions (order 0)

-40 -20 0 20 40 60 80 100 120 140 160 180 200 220 240 260

PHI [GRAD]

-2
-1

0
1

2
3

4
5

6
7

8
9

10
11

12
13

S
' [

M
M

/G
R

A
D

]

(a) (b)

(d)

(c)

Fig. 4 Transfer functions (1st order)

Motion Conversion with the Crank-Slider Mechanism … 113



5 Conclusions

To demonstrate the use of a newly developed diagram for synthesis of the crank-
slider mechanism several examples have been worked out. They show that the
problem of matching larger input angles and desired output strokes can adequately
be solved with so-called non-symmetric solutions. The examples show pretty good
transfer quality (μmin is 53° or better) and dead points can be included or not.
Synthesis parameters can be estimated with the diagram or they can be calculated
using mostly simple formulas. The mechanism dimensions follow then by scaling
the parameters such that the demanded output stroke will be generated.

The examples confirm that the new synthesis procedure works well and that the
current VDI-guideline can be improved indeed.
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Implementation of VDI Guidelines
in Parametric 3D CAD Systems and Their
Functional Extension to Dynamically
Associative Optimization Tools

Christian Ahl and Rainer Lohe

Abstract Design guidelines, such as the VDI guidelines, help the designer in the
synthesis of gears and mechanisms for standard recurring tasks. The guidelines
provide graphical and computational methods, leading the designer systematically
to solve the task. In addition to the actual synthesis process, they often contain
diagrams and formulas to support identification of a “good” mechanism. This paper
shows how the synthesis method derived from such guidelines can be integrated
into modern 3D parametric CAD systems. In addition, design criteria can be used in
the search for “good” mechanisms which are specifically tailored to the particular
application and thus cannot be covered in general guidelines. In order to take into
account such criteria in the individual optimization, the editor should work
dynamically, interactively and associatively. Simultaneously with the modification
of the mechanism via the graphical input device of his of her CAD system, the
editor has to identify and manage the new mechanism dimensions, space require-
ment and the quality of its criteria. The paper clearly shows also that by using
design guidelines in conjunction with parametric CAD systems, synergies are
realized. The design engineer is offered a good guide to the solution of the task in
his or her usual working environment. The use of features and parameters in CAD
systems is explained and solutions are shown to design the mechanism according to
requirements. Typical applications are shown using the 3D CAD systems CATIA
V5 and Pro/Engineer Wildfire 5.0.

Keywords VDI guidelines � CAD systems � Mechanism synthesis � Graphical
methods � Design criteria
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1 Introduction

During conferences in the past, several models to appropriately synthesize mech-
anisms using modern CAD systems have been presented, covering the design
requirements of VDI guidelines [1]. In this paper, a general procedure is presented
and complemented by the specific application of two VDI guidelines. Two recently
released official VDI guidelines are presented in this paper, the new CAD-based
dynamic associative component is also discussed. In the VDI Guideline 2125 [2],
new design and calculation instructions for 4-bar linkage to convert rocker motion
into slider motion are described. In the VDI Guideline 2728 Part 2 [3], a guide for
the synthesis of a mechanism is presented for approximating linear guiding.

2 VDI Guidelines

VDI guidelines are approved standards that represent the state of the art. They serve
the community as manuals, working papers and decision-making support [4]. For
the selection, design and calculation of 4-bar linkages, numerous guidelines are
available to accompany the product development of type and dimension synthesis
up to analysis and simulation.

2.1 Approximating Linear Path-Generating Mechanisms
of High Quality, VDI Guideline 2728

Using the VDI Guideline 2728, 4-bar linkages, such as for example those shown in
Fig. 1 can be realized by utilizing a symmetrical coupler curve in regions with an
approximated linear guiding of high quality.

In the area of linear guiding, a coupler curve has a maximum of six points of
intersection with a line. The extremes that the coupler curve, kk, passes in the area of
the approximated linear guiding determine the dimensions of a rectangular tolerance
band. The largest deviation from the straight line determines the height h of the
tolerance range and the distance of the entry points GR, GL determines the length
L. The dimensions of the deviations can be unified using the Chebyshev approxi-
mation and thus be minimized to hopt. In general, there is exactly one point at the
coupler link which corresponds to the coupler curve of the Chebyshev approxima-
tion. This coupler curve is also referred to as a balanced straight guide [3].

As a basis for an starting linkage, an isosceles crank rocker or the
ROBERTS’sche equivalent, the symmetric double rocker can be used.

For the selection of such four bar mechanisms monograms are available in the
VDI Guideline 2728 from which the achievable linear guide quality and the
required dimensions can be read off or calculated. The guideline allows an overview
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and evidence feasibility for one’s own task. This is required for the 4-bar mecha-
nism synthesis and is helpful to create a parametric CAD model which allows
interactive variation of task and solution.

A four bar mechanism with isosceles bars, (AB = BB0 = BK = l2,) which is
drawn in the Sketcher in 4 different positions, serves as a starting point. These four
positions correspond to those positions of the coupler point on one half of the
symmetrical coupler curve in which the maximum deviations occur (Fig. 2).

In order to allow variation only within Chebyshev solutions, some restrictions
must be imposed on the model:

• In isosceles basic four bar, the length, l2 = AB = BB0 = BK, occurs three times.
• In the coupler triangle and in the inclination of the frame, the same angle, κ,

occurs.
• The vertical positions of the coupler point, K, have to alternate between the

upper limit, go, and the lower limit, gu, of the tolerance band.
• In position 1, the coupler point is located straight above B0 (1Kx = B0x).
• In the positions 2 and 3, the coupler path has a horizontal tangent. For this

purpose, the orbit normal, nK, of the coupler point is determined via the
instantaneous center and constrained vertical.

• In the position 4, the horizontal position of the coupler point is half the length of
the straight guide.

The vertical positions of the coupler points 2 and 3 are automatically arranged
according to the Chebychev restrictions pointed above. Figure 3 shows a corre-
sponding coupler curve from the linkages shown in Fig. 2. The display of the

Fig. 1 Curve in the linear guided section of the isosceles crank rocker [3]

Implementation of VDI Guidelines … 117



coupler curve in Fig. 3 is required to retain control when varying the linear guide in
the CAD system. To clearly define a solution, three parameters can now be varied.
For example, moving point 4K with the mouse varies two parameters that describe
the actual task, i.e. length and width of the tolerance band. Since there is an infinite
number of possible four bar mechanisms (∞1) at any tolerance rectangle, it is
possible to choose any bar dimensions and thus the size of the linkage with the third
parameter.

Fig. 2 Isosceles crank rocker in 4 positions as a ProE screenshot
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The engineering designer is able to realize a mechanism with the help of his or
her CAD system which has a predetermined linear guide length and—deviation. As
expected, this approach only provides results if the required linear guide qualities
and allowable linkage sizes are harmonized. The admissible ranges are clearly laid
out in the VDI Guideline 2728 sheet 2 [3].

2.2 Slider Motion into Rocker Motion, VDI Guideline 2125

The VDI Guideline 2125 describes methods for a favourable conversion of slider
into rocker motion and provides charts for the selection of a high transmission
quality. In the 2014 guideline, the focus is no longer only on the absolute best
transmission. The charts now also contain minor deteriorations of the transmission
angle in the range of the absolute optimum and thus allow the consideration of
additional criteria e.q. the space requirement of the mechanism or the characteristic
of the transfer function. The mechanism structure and the equivalent structure of the
parametric CAD model are shown in Fig. 4.

This guideline distinguishes between procedures I and II according to the
required angular output ψH.

If the transmission angle is good enough, other criteria might be improved. For
this, Procedure III has been added. It helps to manipulate the transfer function and
to monitor the transmission angle in order to find a compromise.

Important equations of the guideline are stored in the knowledge base of CATIA
as parameters to be regulated [5]. In Procedure I, i.e. for angular output
ψH < 76.3°, the best value achievable for the transmission angle is first determined.
For this purpose, the necessary coupler length, b, is either read off from the chart of
the guideline, or determined by a parameter study using the Product Engineering
Optimizer in CATIA [5]. For the remaining three linkage dimensions, c, e and t,
there are simple explicit equations available in the guideline which are easy to use
in the CAD system. The linkage lengths, b and c, and the best achievable value of

Fig. 3 Coupler curve of the requirements corresponding linkage
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the transmission angle μmin are displayed and illustrated in a diagram (Figs. 4
and 5).

If the angular output of ψH = 75° for an input of sH = 100 mm is required, the
result of the study is the optimal transmission angle max μmin = 76.854° with the
link length b = c = 52.42 mm.

1

2

B0

A2

A3

A1

S
H

B1

B3

e

t

H

b

c

3

B2

link b
link c

dead center

control 

position 2position 3

point 1B 

Fig. 4 Left Names on the thrust rocker [2]. Right sketch of the procedure I

Fig. 5 Transmission angle, μ, and link length, c, for sH = 100 mm and ψH = 75°
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The design engineer can now adopt this absolute best transmission linkage or, by
an initial slight deterioration of the transmission angle, vary the dimensions and
take into account his or her own criteria. Therefore he or she must “grab” the
coupler length b and modify it dynamically and interactively by dragging point 1B.
Since the three remaining linkage dimensions, e, t and c, are adjusted automatically
(see VDI 2125), the transmission angle only deteriorates recognizably as a result of
large manipulations, see Fig. 5. In a range of b = 24 mm to b = 75 mm, the
maximum achievable transmission angle max μmin is always above 70°.

The basis for procedure I applies theoretically for angular output up to ψH ≤ 90°.
However for an output ψH > 76.3° (while b = c) there would be a reversal
movement after passing the dead point (cf. [2, 6]).

The requirement of no reverse movement in the range of motion is fulfilled with
the help of illustrating the dead point. The transmission is free of return motion if
the dead-center as shown in Fig. 6 is on the edge of or outside the range of motion.

In Procedure II, i.e. for stroke angle ψH > 76.3°, the absolute best transmission-
friendly linkage has to be determined iteratively. The results are shown in the
selection charts of the guideline, in addition to a guide for the numerical calculation.
However, because in these linkages the coupler length is always about
b ¼ 0:5� sH, it gives a very good starting value for an iteration [7, 8]. In general,
the iteration is not necessary. Diagram 1 in the VDI Guideline 2125 shows only
small improvements for the transmission angle in the case that iteration is applied.

In CATIA, it is advisable to determine the remaining three dimensions in the
same manner as given in diagram 2 in VDI Guideline 2125. Varying the base point
coordinate, e (eccentricity), the parameter study calculates all linkages that meet the
conditions for an optimal transmission angle. From these mechanisms, shown in
Fig. 7 the one with the required angular output, ψH, is chosen. In our example, an
output of ψH = 160° at a stroke sH = 100 mm is required. So we have to select the
highlighted mechanisms shown in Fig. 7 to find the absolute best transmission.

Fig. 6 Parameter variation according to Procedure I and return motion control
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Based on this linkage, Procedure II also gives the possibility to influence
positively the angular output ψH, the transmission angle μmin, the space requirements
or the transfer function (cf. Fig. 7) by dynamically and interactively pulling at point
B0, thus modifying the eccentricity e.

3 Conclusion

By implementing design rules in 3D CAD systems, the designer can crucially
simplify the design process for mechanisms.

The dynamic behaviour of CAD systems is ideal for the mechanisms’ synthesis.
Classical graphical methods gain a new and greater importance because nowadays
these graphs can be dynamically, interactively and associatedly varied in CAD
systems. Many alternatives are assessed very quickly. Sufficient accuracy is
available. Space analysis and collision checks can be simulated.

This dynamic and interactive approach becomes perfect by the associative
component, that indicates the search direction in which a better mechanism can be
expected to be found. Another positive experience is the required expertise of the
user. The CAD models can be applied with standard CAD knowledge and no
special programming is required.

Fig. 7 Left VDI 2125 Procedure II—Parameter study for b = 0.5. Right Sketch Procedure II
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Part III
Dynamics of Mechanisms and Machines



Optimal Motion Cueing Algorithm
Selection and Parameter Tuning
for Sickness-Free Robocoaster
Ride Simulations

Duc An Pham, Sebastian Röttgermann, Francisco Geu Flores
and Andrés Kecskeméthy

Abstract Drive simulators using serial robots, such as the KUKA robot
“Robocoaster”, are becoming attractive for situations in which the workspace of
traditional Stewart platforms is not suited to accommodate large target rotations,
allowing for a wider range of possibilities. Nevertheless—even when using serial
robots—the exact target motion can often not be exactly reproduced. In these cases,
motion cueing algorithms (MCA) are used to produce a motion which feels as
realistic as possible while remaining in the robot acceleration workspace. This
paper analyzes the numerical properties of all currently existing MCA (classical,
adaptive, optimal, and model predictive control) and selects the most suitable MCA
using objective criteria. It also introduces a new procedure for tuning the optimal
MCA such that it behaves as good as and even better than much more involved
techniques based on the model predictive control (MPC). The new algorithm,
termed ZyRo-K, shows best properties for reproducing the desired linear specific
force while reducing the rotational false cues. While the work shown in this paper is
restricted to numerical evaluation using state-of-the-art “goodness” metrics, the
application and test of the algorithms for human passengers on a Robocoaster is
currently being prepared and will be published in the near future.
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1 Introduction

Driving simulators are becoming more popular as affordable systems for both
training flight pilots and researching human motion sensation. In recent years, a
new generation of driving simulators based on serial robots has been developed in
order to reduce the price of the system and, most importantly, to improve the quality
of the simulating process.

The aim of MCA in driving simulators is to generate motions which feel as
realistic as possible. However, the lack of understanding of human motion per-
ception, the restricted workspace of simulators, and the perception thresholds lead
to false cues that induce simulator sickness due to the inconsistency of motion and
visual information. Thus, selecting and tuning the best MCA for a particular motion
simulation becomes a challenging task.

All current MCA use the tilt coordination technique to simulate the sustained
acceleration and translational motion for the high-frequency (HF) part of acceler-
ation. The classical washout filter consists of both linear high-pass filters (HP) and
low-pass filters (LP), whose parameters can be adjusted off-line by trial and error.
This algorithm is the most widely used in commercial simulators because of its
simple properties. However, it exploits the available workspace ineffectively, and
produces false cues due to its linear characteristics. In order to exploit the work-
space of the Robocoaster, Gio [3] developed a new motion cueing algorithm named
“cylindrical classical algorithm”, which is the classical washout algorithm using
cylindrical end-effector motion for lateral acceleration instead of linear motion,
yielding a larger acceleration workspace for serial robots.

A further development of the classical washout filter is the “adaptive washout
filter” [7, 8, 10, 11]. In this method, the washout filter parameters are systematically
updated in real time to minimize a cost function using steepest descent techniques.
As mentioned in [6], although the false cues can be decreased, the stability of the
algorithm depends strongly on the selected parameters. An optimal MCA was
firstly proposed by Sivan et al. [12] and later improved by Reid and Nahon. Wu and
Telban used more involved vestibular system models to develop new algorithms
[13] that included higher-order washout filter models and which were fitted to the
target motion by optimal control methods. Another optimal algorithm was proposed
by Richard Romano and Zywiol [14], and then used with optimized filter param-
eters by Tändl and Kecskemethy [5]. The algorithm is different from that developed
by Sivan [12] in that it only focuses on solving the tracking problem in offline mode
by finding the suitable combination of linear acceleration and tilt angle to replicate
more realistically the target specific force, leading to less tuning parameters than the
other algorithms mentioned above. More recently, model predictive control (MPC)
techniques have been used for the MCA strategy, which allows one to handle not
only limits of working space, but also the thresholds of motion perceptions.

The aim of the present work is to compare all existing algorithms and to evaluate
their performance using a “goodness” metric proposed in the literature [2, 9], which
gives a hint on the quality of the motion simulation. The MCA were tested for a
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virtual ride along an planar s-shaped curve, choosing the lateral acceleration as the
target (design) signal, and using the limit parameters of the real ride simulator.

This paper is structured as follows. First the equipment of the driving simulator
is described. Then the concepts of the current MCA and the objective criteria are
briefly described. Finally, the different methods are compared based on the afore-
mentioned goodness factor, showing which is the best suited for a biofidelic motion
cueing of the chosen trajectory.

2 Description of Experimental Setup

Figure 1 shows the physical ride simulator used in the Lab for Mechanics and
Robotics (LMR) at the University of Duisburg-Essen. It consists of a KUKA
KR500/1 TÜV Robocoaster robot with a Maurer Söhne roller coaster seat mounted
at the robot flange, a Visette45 head mounted display unit, an A.R.T. motion
tracking system with two cameras, a visualization PC, a trajectory PC and a control
PC. All of these systems are interconnected via ethernet. The robot system is
adapted so that it fulfills the safety rules for human passengers provided by the
German Technical Control Board TÜV Süd.

On the robot controller, the optional KUKA Robot Sensor Interface technology
package is installed, which allows the needed capability of interacting with an
external PC via ethernet. The controller receives the prescribed axis value sets from
the trajectory PC at every simulation time step. The simulation program running on

Kcam

Kp

Kbase

ΔRp rp

ΔRp rp

q̇1

q̇2

q̇3

q̇4

q̇5

q̇6

q

I

t

t

Trajectory PC

Control PC Visualization PC

ARTrack Controller

LAN/COAX connection to cam

Ethernet Switch

DVI connection to HMD

Input File

Input File

KUKAKUKA
Control
Panel

Robot
Controller KUKA KR 500/1 TÜV
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Fig. 1 Architecture of the motion simulator Robocoaster at the LMR of University Duisburg-Essen
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that PC is capable of using previously computed input files containing values either
in axis or target coordinates. Datasets computed by the different motion cueing
algorithms are used as input data on the trajectory PC. The matching virtual reality
environment, which is displayed on the head mounted display in stereo 3D with the
help of a more3D plugin, is computed on the visualization PC. In this virtual reality
environment the viewing angle changes depending on the passengers head move-
ment, which is tracked with the A.R.T. camera system. Finally, a control PC is
included to operate the whole simulation system, which starts all needed devices
simultaneously and gives the operator the ability to monitor the simulator while
the simulation is in progress. Both the program running on the trajectory PC and
the visualization environment and the control environment program are based on
the multibody simulation system MOBILE [4].

3 Review of Existing MCA

In the literature, a great variety of approaches for MCA exist, which are mainly
devoted to linear motion in longitudinal direction. Hereby, “perception” is localized
at the vestibular system, and translation is parametrized by the specific force and
rotation by the angular velocity.

(a) Classical algorithm with cylindrical coordinates (CL; Fig. 2a). Introduced
by Giordano [3], this concept uses the standard classical washout algorithm in
cylindrical coordinates n ¼ ½R; a; z� with R ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
and a ¼ atan2ðy; xÞ.

For motion prescription, linear high-pass filters for linear and rotational
motion (HPa, HPw), a low-pass filter together with a tilt coordination (TC)
which replaces the sustained acceleration by a proper tilted angle, as well as a
compensator block for adapting the target motion due to the inertial acceler-
ation of the moving washout frame are used.

(b) Adaptive algorithms (AD). These are developed from the classical MCA by
adapting the high-pass filter parameters K (gain), xn (natural frequency), and f
(damping ratio), in real time such that cost function

J ¼ f1
2
½wað€n� €nHPÞ

2 þ wv
_n
2

HP þ wsn
2
HP þ wkðK � K0Þ2

þ wfðf� f0Þ2 þ wxðxn � xn0Þ2�g ð1Þ

is minimized [7], where €n represents acceleration in the cylindrical coordi-

nates, the quantities €nHP;
_nHP; nHP are high-pass filtered signals of acceleration,

velocity and position, respectively, K0; f0;xn0 are the reference anchor values
of the filter parameters, and wð���Þ are weighting parameters which penalize the
difference in response between the target motion and the simulator, as well as
restraining the translational velocity and displacement in the simulator.
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(c) Optimal Washout Algorithms (OpS, OpRN, Tel-YoMe, Tel; Fig. 2b).
These models, first developed by Sivan [12], determine the higher-order filters
WðsÞ by solving the linear quadratic optimal control problem

J,E
Z

eðtÞTQeðtÞ þ usðtÞRusðtÞ þ xscðtÞTRcx
s
cðtÞ

� �
ð2Þ

which includes a linearized mathematical model of the human vestibular
system and uses as measure for the cost function the error eðtÞ between the
expected vestibular system’s output of the passenger and its counterpart
coming from the target motion. The optimal MCA was further developed, e.g.,
by Reid & Nahon [10], Telban [13] by modifying the linearized model of
system, e.g. by using different models of the vestibular system, different input
signals us and simulator state variables xsc. The weighing matrices Q;R;Rc

were tuning by trial and error to find the suitable values.
(d) Optimal Control Algorithms (ZyRo-Z, ZyRo-K; Fig. 3a). This approach,

first developed by Zywiol and Romano [14], solves the problem as an optimal
tracking problem, whose cost function

J ¼
Z

y� r
h iT

Q y� r
h i

þ uTRu

� �
dt ð3Þ

is targeted to find the appropriate control input u ¼ ½u1; u2� (u1 for specific
force, u2 for angular velocity) which produces as accurately as possible the
perceivable quantities, such as the specific force at pilot head (y1), while
keeping other signals, such as the offset position of the cabin with respect to
the home configuration (y2), as close to zero as possible. The algorithm,
termed ZyRo-Z, finds—for given parameters Q, R, c and c—the best
combination of linear acceleration and tilt angle such that the desired specific
forces over time are replicated as close as possible and works in offline mode.
In Tändl and Kecskeméthy [5], an approach for optimizing the values of the
optimal control parameters Q, R, c and c with respect to a given trajectory was
proposed, which led to better cues than the originally proposed values of
Zywiol and Romano [14]. The result of this optimized optimal control
trajectory is termed as “ZyRo-K”.

W11

W22

W21 W12

+
ϕ

P
ya 0

sya

sϕ
+

++
0

PR

0
ya

2

1

s

yS

ϕ

HPw

LP

+
+

TC

Transformation

compensator

∫
ξ

HPξ
HPa ∫

HPξ

d
Pv

∫Transformation

-+

Pv
P

(a) (b)
a

Fig. 2 Control diagrams: a classical algorithm in cylindrical coordinates, b optimal algorithm

Optimal Motion Cueing Algorithm Selection … 131



(e) Model predictive control (MPC) algorithms (Fig. 3b). These algorithms use
multivariable optimization to fit future behavior of the plant output over a
future fixed interval (prediction horizon) while respecting the previously
defined constraints [1], using a parametrized version of the future input var-
iable u time history over the future horizon. We designed three MPC (MPC-1,
MPC-2, MPC-3) with different system dynamic modelings, where MPC-1 has
a similar model as ZyRo-Z/K, MPC-2 includes an integrated mathematical of
the otolith system, and MPC-3 includes a complete vestibular system model
based on the concept of [1].

4 Results

The expected sensation of real passengers is difficult to measure, as it will also
contain many subjective effects which are difficult to render objectively in a general
scheme. However, Fischer [2] proposed a numerical measure for expected sub-
jective sensation which he termed the “good criterion”, which is composed of the
errors between the target and simulator specific force (acceleration sensation at the
vestibular system) as well as between the target and simulator angular velocity,
respectively, and their time derivatives. By combining it with a general performance
index criterion, such as proposed by Pouliot et al. [9], a refined assessment of
motion cue biofidelity can be performed numerically, e.g. to optimize the MCA
before its application for a given offset trajectory.

In the performance indicator described in [9], two indicators are used. The first
one, k1, is intended to yield a single numerical value describing the average error
between motion cues generated by the real motion and those produced by the
simulator. The second indicator, k2, describes the average error in the rate of change
of the variable k1 [9]. The two indicators are described by the following equations:
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ki ¼ 100ð kif
vmax

þ kix
xmax

Þ ði ¼ 1; 2Þ ð4Þ

where index f means specific force and index x represents angular velocity. A
value of ki ¼ 0 means a simulation with perfect expected simulator sensation, while
the greater ki [ 0 the worse the simulation sensation is expected to be.

The “good criterion” of [2] is obtained by refining the performance indicators
according to following expressions

k1 ¼ k1f þ k1x ¼ k1f ;sc þ k1f ;sh þ k1x;sc þ k1x;sh ð5Þ

k2 ¼ k2f þ k2x ¼ k2f ;sc þ k2f ;sh þ k2x;sc þ k2x;sh ð6Þ

where the index “sc” denotes the errors in scaling (magnitude), while the index “sh”
denotes the error in shape as the error average between the corresponding target
curve and the optimally scaled simulator curve.

The response of all MCA was tested for a left-right steering maneuver with a
constant velocity of 6 m/s [5], thus featuring pure lateral acceleration (which leads
to a value of zero for k1x;sc and k2x;sc). All rides were evaluated by the criteria
defined above, and the results are shown in Figs. 4 and 5a, b. As can be seen, the
optimal control approach ZyRo-K with optimized parameters yields the best results
in all criteria and sub-criteria. This is interesting as it is even better than the much
more involved model predictive control approaches MPC-1, MPC-2, MPC-3,
which take typical computation times of approximately 30 min, as compared to
1.5 min for the ZyRo-K, both on a desktop with quadcore 2.66 GHz. Also, the
results show the very poor performance of the classical and adaptive algorithms,
which may explain the bad subjective experiences one has when riding this type of
simulators.
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5 Conclusions

The present paper reviews all (ten) currently existing motion cueing algorithms for
one dimensional motion of ride simulators and compares their behaviour using
Matlab implementations and virtual rides over a planar s-shaped curve with lateral
acceleration only. The performance evaluation is carried out using a “good crite-
rion” in which the errors between the target and simulator specific force and the
target and simulator angular velocities are evaluated. The comparison shows that
the optimal control approach together with a newly introduced optimization of the
optimal control parameters based on the given trajectory yields the best results.
Moreover, model predictive control algorithms are shown to be close to the best
optimal control approach, but render much longer computational times to obtain the
desired motion trajectories. The comparison in this paper is restricted to offline
trajectories, as most employed ride motion shaping techniques require the knowl-
edge of the complete future. For online ride simulator control, only the classical
washout algorithm with limited adaptive optimization can be used. These show,
however, very poor performance in terms of the “good criterion”, partly explaining
the poor subjective sensation reported to take place in this kind of simulators. While
in this paper only the numerical properties of the motion cueing algorithms have
been addressed, corresponding MCA evaluation trials with human passengers are
currently being prepared, by which the numerical predictions of sensations will be
validated. This is planned for future publications.
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Structural Body Stiffness Influence
on the Vehicle Dynamic Behavior

Antonio Carlos Botosso and Tarcísio A. Hess Coelho

Abstract The influence of vehicle torsional stiffness on the lateral load transfer has
been largely studied and are present on many publications. This work aims to go
further on this evaluation, not only demonstrating how the lateral load transfer
varies when the vehicle is subjected to a lateral acceleration but also evaluating,
based on a robust engineering method (Taguchi), in which situation the vehicle
response to external factors is significantly influenced by structural stiffness.

Keywords Multibody � Vehicle dynamics � Mechanism stiffness � Body
stiffness � Robust engineering

1 Introduction

The analytical approach for engineering problems is fundamental in the product
development because of the speed of the analyses and relative low cost of high
capacity computers compared to construction of physical prototypes and laboratory
tests. The possibility of creating and developing highly optimized products using
such equipment, have led companies to invest money and effort in developing
Computer Aided Engineering (CAE) areas.

It is well known that vehicle dynamic behavior is influenced by vehicle struc-
tural stiffness. Torsional stiffness has been largely study as its influence on vehicle
lateral load transfer when cornering [1–3]. This situation is critical for high per-
formance vehicles since suspension tuning must be precisely and torsional stiffness
is not measured and accounted easily [4]. In this situation is preferable refined
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models (multibody models) where vehicle structural stiffness can be easier
evaluated.

The analytical modeling of multibody systems that considers a sequence of rigid
bodies connected by joints, spring and damper elements has improved to have as
the reliability of the physical model as possible and desirable. Although the models
of complete vehicles have high complexity, they do not represent a barrier to the
current computer processing capacity. This availability and improvement of
representativeness have led to the addition of flexible bodies replacing the rigid
elements.

The techniques of degrees of freedom reduction applied to the continuous
bodies, which allowed flexible elements introduction on multibody systems, dating
from the mid-20th century, highlighting the Craig-Bampton method [5] for its
publication in the AIAA Journal in July 1968 “Coupling of substructures for
Dynamic Analysis”. The consideration of the flexible elements in the model may
increase its complexity excessively due to the greater number of variables. This
might cause troubles on the analysis and the system behavior understanding (it is
harder to identify which variable really influences or changes a result).

In order to avoid unnecessary increment of complexity on the model, this paper
seeks to understand and discuss comparatively and by robust engineering meth-
odology, from a simplified analytical model and a full car model elaborated in
multibody environment, in which situation vehicle dynamic analytical results would
be significantly influenced by the consideration of structural stiffness.

2 Lateral Load Transfer Evaluation

Figure 1a, b shows a simplified analytical model (derivate from complete multibody
model presented on Sect. 3) sufficient to obtain the equations of motion to evaluate
the lateral load transfer as dependent of the vehicle body stiffness.

Where Mf and Mr are the front and rear sprung masses and hsf and hsr its height
from the ground; mf and mr are the front and rear unsprung masses and huf and hur
its height from the ground. Zf and Zr are the front and rear heights of the roll center
that determines the roll axis. tf and tr are the front and rear track of the vehicle. L is
the wheel base and Kf, Kr and KT represents, respectively, front roll stiffness, rear
roll stiffness and body torsional stiffness.

The assumptions to the analytical modeling are:

• No inertial forces considered.
• There is no gravity effect on the transversal displacement of the center of gravity

due to the body roll.
• Roll center and centers of gravity are considered on XZ plane.
• Normal axis to roll axis are considered vertical (parallel to Z axis).

For lateral dynamic evaluation, Eqs. (1) and (2) are obtained by doing the static
equilibrium for the vehicle subjected to a lateral acceleration ay. Equations (1)
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and (2) describes the front and rear lateral load transfer due to vehicle parameters
and lateral acceleration.

DNf ¼ 2
tf
� ay

� Mf þ mf
� � � zf þMf � dsf � Kf

Kf þ Kr �KT
KrþKT

þMr � dsr �
Kf �KT

KfþKT

Kr þ Kf �KT

KfþKT

� mf � dur
2
4

3
5

ð1Þ

DNr ¼ 2
tr
� ay

� Mr þ mrð Þ � zr þMf � dsf �
Kr �KT
KrþKT

Kf þ Kr �KT
KrþKT

þMr � dsr � Kr

Kr þ Kf �KT

KfþKT

� mr � dur
2
4

3
5

ð2Þ

By filling in the equations with parameters obtained on ADAMS® complete
vehicle model (vehicle parameters are not relevant for this evaluation and they will
not be described) and assuming a unit acceleration, it is possible to obtain the
following graphs to understand how the body stiffness, suspension roll and mass
distribution affect the lateral load transfer.

Figures 2 and 3 present how the proportion of front lateral load transfer with
respect to the total lateral load transfer varies as a function of the proportion of front
suspension roll stiffness for a given value of mass distribution and for 4 different
values of proportion between body torsional stiffness and suspension total roll
stiffness. This analysis is similar to proposed by [1].

Fig. 1 a Masses and dimensions. b Springs model to represent stiffness
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3 Sensitivity Study of Vehicle Stiffness

Robust Engineering Method, developed by prof. Genichi Taguchi was initially
developed to ensure that products or processes were less subject to uncontrollable
factors [6]. Similar to Vilela [7], this method can be adapted to the problem ana-
lyzed here because the idea of robustness implies the assessment of the influence
level of each parameter on the results and how these results are affected by noises
(Signal to Noise ratio). In this case, we are interested in identifying how sensible the
vehicle is to the external factors by changing the structure stiffness.

The idea is to apply the robust engineering methodology for a stiffness influence
evaluation. In that way, two different multibody models of a specific vehicle (in this
case a Dodge Neon® with some assumptions due to lack of data specifications)
were necessary; one considering only rigid bodies and other with body structure
and subframe represented as flexible bodies. Both were built by using Altair Motion

Fig. 2 LLT to 70:30 mass
distribution

Fig. 3 LLT to 50:50 mass
distribution
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View® as pre-processor and Altair Motion Solve® as solver. Figures below show
both models. Figure 4a is the rigid vehicle model and Fig. 4b shows the multibody
model with flexibility considerations of body structure and subframe.

3.1 Control Factors

In this problem, control factors will be the external excitations applied to the vehicle
in order to evaluate which of them are more sensible to the structural stiffness
variation. Table summarizes the variables and its levels (Table 1).

At that point, an arbitrary event is built in order to allow evaluation for static and
dynamic condition of the vehicle. At this event, control factors will be applied to the
system in the follow way.

While accelerations are linearly applied at time 0 s until the end, wheel travel are
applied with a step function starting at 0 s until 0.2 s. Keeping the analyses running
until 5 s to reach the system stabilization, will be possible to extract responses from
the transient (0–2 s) and static portion (2–5 s) of the event.

Fig. 4 a Rigid multibody vehicle mode. b Multibody model with flexible structure

Table 1 Control factors
considered for robust analyses Unit Level 1 Level 2 Level 3

X acceleration mm/s2 −4000 0 4000

Y acceleration mm/s2 −1500 0 1500

Z acceleration mm/s2 −4000 0 4000

Right front
wheel travel

mm −90 0 90

Left front
wheel travel

mm −90 0 90

Right rear
wheel travel

mm −90 0 90

Left rear wheel
travel

mm −90 0 90
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3.2 Noise Factors

Since the study purpose is to determine in which situation the vehicle is more
sensible to the body stiffness variation, the noise factor considered is the body and
subframe stiffness and the levels are: both rigid and both flexible.

3.3 Experiments

To evaluate seven control factors at three levels for two noises, 4374 number of
runs would be necessary as calculated by Eq. (3).

37 � 2 ¼ 4374 ð3Þ

To avoid unnecessary effort, it will be considered an orthogonal matrix that
allows a statistic determination of the control factor influence on the system. In this
case, to have necessary combinations, a L18 (18 runs combining all the control
factors) will be chosen (further explanations about orthogonal matrix are found on
[6]). Table 2 presents the considered matrix filled in with the control factors
variables.

Table 2 L18 Matrix with all the runs arrangement

Run Acc X Acc Y Acc Z RF travel LF travel RR travel LR travel

1 −4000 −1500 −4000 −90 −90 −90 −90

2 0 −1500 0 0 0 0 0

3 4000 −1500 4000 90 90 90 90

4 −4000 0 0 90 90 0 −90

5 0 0 4000 −90 −90 90 0

6 4000 0 −4000 0 0 −90 90

7 −4000 1500 −4000 90 0 90 0

8 0 1500 0 −90 90 −90 90

9 4000 1500 4000 0 −90 0 −90

10 −4000 −1500 4000 −90 0 0 90

11 0 −1500 −4000 0 90 90 −90

12 4000 −1500 0 90 −90 −90 0

13 −4000 0 4000 0 90 −90 0

14 0 0 −4000 90 −90 0 90

15 4000 0 0 −90 0 90 −90

16 −4000 1500 0 0 −90 90 90

17 0 1500 4000 90 0 −90 −90

18 4000 1500 −4000 −90 90 0 0
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Where, RF, LF, RR and LR means, respectively, Right Front, Left Front, Right
Rear and Left Rear.

For each run (each matrix line arrangement), responses from static and transient
portion will be extracted. The responses are:

• From static portion:
Vehicle roll (rotation around X axe), pitch (rotation around Y axe) and yaw
(rotation around Z axe); and displacements in the X, Y and Z directions. All the
responses measured at the vehicle center of gravity.

• From transient portion:
The impulse at the front and rear top mounts measured by the sum of the vertical
forces applied to the top mount from 0 to 1.2 s of the event.

In order to evaluate the noises, all the 10 responses for each one of the 18 runs
will be performed twice, one for rigid vehicle model and other for the flexible one.

3.4 Noise Factor Consideration

The synthesis proposed by Taguchi says that it is possible to evaluate the noises
effects statistically by the mean and its variance. This analysis is done by calcu-
lating a factor called Signal to Noise Ratio (SNR).

To adapt methodology to the actual system, we will look for to the highest value
of SNR, where SNR is the variance between rigid and flexible bodies responses for
the same run. In order to have a unique combined metric for static responses and
another unique metric for transient response, all the values obtained on the runs will
be normalized to a range of 0–1. In this way, it is possible to combine them by
doing a simple sum for static metrics and for transient ones.

As we are evaluating the SNR between rigid and flexible bodies and we know
that the variances has a low order compared to the nominal values, we will consider
a function which gives a weight to the variances in order to evidence higher
variances in detriment of lower values.

Therefore, the SNR function considered is:

SNR ¼ �10= log s2 ð4Þ

where the S2 is the variance between the metrics for both noises in a same run.
The effect of each level for all the control factors on the dynamic behavior will

be calculated by the average of the responses were the level appears on the run
arrangement. The control factor with highest influence on the variance between
rigid and flexible bodies models will be that one with the highest differences among
the averages calculated for their levels.
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3.5 Sensitivity Response

By doing the approach presented before and representing the means graphically, we
obtain the graphs presented on the Figs. 5 and 6.

First graph (Fig. 5) shows that the vehicle static behavior evaluation is more
affected by the structural stiffness when the vehicle is subjected to external accel-
erations, specially the vertical acceleration. It means that in a static condition with

Fig. 6 Sensibility of SNR for dynamic portion (impulse on top mounts)

Fig. 5 Sensibility of SNR for static portion (displacement and rotation)
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applied vertical acceleration, the measured CG position will vary between different
stiffness of structure. Similarly, for the transient condition as we see at the Fig. 6,
the impulse responses are more sensible to the structural stiffness variation when the
vehicle is subjected to external accelerations.

4 Conclusions

Based on the lateral load transfer analyses, two important information were
obtained by graphs on Figs. 2 and 3. First is that, for a given proportion of front
suspension roll, lateral load transfer vary as a function of the body stiffness. In the
other hand, as much close to the mass distribution proportion the value of pro-
portion of front suspension roll stiffness is, less influence the body stiffness has on
the lateral load transfer. Then, the effect of the lateral load transfer variation, evi-
denced by a low structural stiffness, can be minimized by keeping the suspension
roll stiffness ratio approximately equal to mass distribution ratio. Furthermore, this
condition is generally observed on the vehicles because springs definition, and
consequently the suspension roll, are generally proportional to the mass distribu-
tion. It means that an adequate suspension tuning should drives a reasonable ratio
equilibrium between suspension roll stiffness and mass distribution.

Seeing that the mechanism stiffness, in this case the body torsional stiffness,
influences lateral load transfer and that the amount of influence depends on the
mechanism configuration, a more generic evaluation, considering a full model
vehicle, is necessary to determine how the vehicle dynamic behavior (not only
lateral load transfer) can be influenced by mechanism stiffness.

Based on that, the sensitivity study showed that the dynamic behavior is more
influenced by structural stiffness when it is subjected to accelerations, mainly the
vertical. It means that, for maneuver that the vertical acceleration is high or com-
paratively higher than other external factors, like pothole or ride events, the
responses can vary depending on the body stiffness. For handling analyses, with
low accelerations and displacements, the considerations of structural stiffness are
not relevant and would increase model complexity unnecessarily. Although results
are specific for evaluated car, the methodology can be extended for other vehicles.
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Case Study Regarding a New Knee
Orthosis for Children with Locomotion
Disabilities

Cristian Copilusi, Alexandra Margine and Nicolae Dumitru

Abstract This research addresses to children locomotion system for designing
special orthosis and prosthesis mechanical systems. The research aim is to obtain the
motion laws developed by a child locomotion system and with these, the knee joint
connection forces will be obtained through an analytical method for walking
activity. These parameters are useful for an orthotic system design of a 7 years old
child. The research is based on an experimental analysis developed with ultra high-
speed video equipment on 20 children and a dynamic analysis by using Newton-
Euler method completed with Lagrange multipliers. The obtained dynamic param-
eters are used as input data for a new knee orthosis design. Virtual simulations are
performed by using MSC Adams which validates a new knee orthosis prototype.

Keywords Dynamics � Locomotion system � Virtual simulations � Knee orthosis

1 Introduction

Nowadays different rehabilitation systems were designed but these addresses to
adults and elderly persons. It is well known that these systems are limited in children
case, due to the fact that a child is in a continuous growth. Basically, specific com-
panies and research centers needs to develop parameterized models for any child’s
age and anthropomorphic data. It can be mentioned similar research work in this field
by [1–4]. Similar dynamic analyses with remarkable result can be found in [5–8]. Due
to this fact modular orthotics devices and parameterized prosthetics can be developed
in order to improve the locomotion system and to satisfy the ability to move in case of
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children with age between 4 and 7 years. As starting point on this research a state-of-
the-art was performed and regards, the dynamic analyses performed by other
researchers and also similar rehabilitation solutions especially designed for children
have been studied. In order to develop and perform a dynamic analysis of a human
locomotion system, it is necessary to use some parameters obtained on experimental
way. For this on the second section of this research, an experimental analysis on
children locomotion systemwas performed.With the obtained data, on third section a
human locomotion system dynamic model was developed which can be parameter-
ized accordingly to a child between 4 and 7 years size and weight. On this section, a
dynamic analysis was performed by using Newton Euler method completed with
Lagrange multipliers for obtaining the knee connection forces. With the obtained
knee connection forces, virtual simulations of a new knee orthosis concept were
performed with the aid of MSC Adams software. These are described in the fourth
section of this research. Important data were obtained, and this are synthesized on the
final conclusions of this research through the fourth section frame.

2 Locomotion System Experimental Analysis

For the experimental analysis, a high-speed video analysis equipment was used.
This equipment called CONTEMPLAS is owned by the University of Craiova-
Faculty of Mechanics [9]. The human locomotion system experimental analysis was
performed on a number of 20 human healthy subjects with the age between 4 and
7 years. A database was obtained and this consists on angular amplitudes from hip,
knee and ankle joints during walking. Thus, on this research frame only essential
data were extracted and these are represented by human knee joint angular ampli-
tude in case of a 7 years old child. The experimental analysis principle consists on
attaching of a three reflective markers centered on the interest joints and tracking
them with the equipment software aid. The attached markers are shown in Fig. 1,
and the acquired knee joint angle variation during walking is presented on Fig. 2.

M1

M2

M3

Fig. 1 Markers identification
during walking tests in
Craiova
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The analyzed child performs a complete gait cycle during walking in a period of
0.6 s. This period is important to know and to retain for dynamic computations and
also virtual simulations.

3 Locomotion System Dynamic Analysis

By having on sight similar dynamic models of the human locomotion system, an
inverse dynamic analysis based on Newton-Euler method completed with Lagrange
multipliers was performed [10–12]. This was possible by elaborating a dynamic
model which is shown on Fig. 3. The input data for the inverse dynamic analysis were
considered known and were represented by the geometric elements (LOT, L1, L2,…,
L16) and generalized coordinates variation laws from kinematic joints: q1, q2, q3,…,
q16 obtained with the CONTEMPLAS equipment’s aid. A computational algorithm
was elaborated with MAPLE software’s aid. Through this, it will be followed to
obtain the connection forces components, which will appear in the walking activity,
for a gait cycle, at the each joint level from the mathematical model structure. This is
equivalent to human locomotion system. The constraint equations are:

uðq; tÞ ¼ 0 ð1Þ

qr-Generalized coordinates vector considered when the elements are rigid ones;
t-time. The motion equation has the following form:

M JTq
Jq 0

� �
€q
k

� �
¼ Qa

a

� �
ð2Þ

Where: M, represents the mass matrix with: M = diag (mi, Ji); i ¼ 1; 16. We
obtain the Lagrange’s multipliers are:

k ¼ Jq
� ��1 Qa �M � q::� � ð3Þ
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Fig. 2 Acquired knee joint
angle (degrees) versus Gait
(%) during a test
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The motion laws are known: q(t), q
:
(t) and q

::
(t), from the experimentally analysis

accomplished in dynamic mode. From Eq. (3) relations we determine k Lagrange’s
multipliers, with the aid of a programming algorithm accomplished in MAPLE
software. With these it will be process an inverse dynamic analysis from we obtain
kinematic joint connection forces. These forces were determined by taking into
account the Lagrange multipliers:

F00rði;jÞ
i ¼ Ri;i00

� �T� Aoi½ �T� k½ �rði;jÞ ð4Þ

Fig. 3 Human locomotion
system dynamic model
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Based on the elaborated algorithm the connection forces for each joint were
obtained.

On this research only the knee joint connection forces were retained and these
are shown in Fig. 4.

The force components for knee joint from Fig. 4 have high values and high
oscillations due to the foot contact with ground when the analyzed subject performs
a single gait during walking. The values presented on the first diagram from Fig. 4
were transformed on a polynomial function which will serve as input data for
virtual simulations. Through this will actuate the orthosis and represents the actu-
ator command and control function.

4 CAD Design and Dynamic Simulation

A mechanical design of a new knee orthosis especially designed for a 7 years old
child is presented in Fig. 5.

The structure was designed to permit adjustments of mechanism links in
accordance with different human body constitution. A dynamic analysis has been
worked out by using a proper model for operation tests in ADAMS environment
[13] by using GSTIFF solver with an error of 1.0E−003 %. Contact, stiffness,
dumping coefficients, and friction force have been defined accordingly as listed in
Table 1 with links made of aluminum alloy. This new knee orthosis is composed
from 3 modular links which are actuated through a single actuator by pulling two
flexible wires. These flexible wires are guided through pulleys in order to perform a
real knee flexion motion. The modular elements are in a direct circular contact each
other. Basically the orthosis will simulate a roto-translational motion as a natural
knee. Also there are two brackets used for fixing this orthosis onto child leg. During
simulations, the femur bracket was considered fixed in space and on the opposite
component, respectively on tibia bracket, a constant force was applied. The value of
this force represents the equivalent weight of the child shank and foot segments,
respectively 35 N.

Fig. 4 Computed connection forces for knee joint a left lower limb, b right lower limb
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Femur bracket

Tibia bracket

Child leg weight force

Motion limitators

Circular profile of 
a modular link 

Actuator
flexible wire 1

Actuator
flexible wire 2

Fig. 5 A mechanical design of the proposed new knee orthosis

Table 1 Input parameters for dynamic simulation

Parameter Type/value Units Parameter Type/value Units

Elasticity modulus 7.17054E + 004 N/mm2 Contact μs 0.7 –

Density 2.74E−006 kg/mm3 Contact μd 0.5 –

Penetration depth 0.1 mm Force exponent 1.8 –

Friction force Coulomb N Damping 40 N·s/mm

Fig. 6 A simulation sequence with ADAMS software for the new knee orthosis

152 C. Copilusi et al.



Computed simulation sequences are represented in Fig. 6 and the main kinematic
result is shown in Fig. 7. From Fig. 7 it can be observed that appropriate values are
obtained as compared with those from experimental tests. The prototype validation
has been made by obtaining the virtual model angular amplitude, respectively the
tibia bracket. This is shown on Fig. 7 and it results an angular amplitude of 47°. In
addition, on Fig. 8 the variation of the flexible wires Von Misses stress are shown.

The angular amplitude demonstrates the feasibility for manufacturing the new
knee orthosis elements. These were manufactured after extracting the CAD draw-
ings and choosing aluminium alloys as base material in order to be lightweight. The
flexible wires are usual ones made from steel, provided from market and can hold a
weight of 50 kg. The obtained prototype of the proposed knee orthosis is presented
on Fig. 9. This was controlled through a servomotor unit GWS S03N 2BB type,
with an ARDUINO Duemilanove board.

Fig. 7 Tibia bracket angle variation during simulation versus time

Fig. 8 Computed von Misses stress for flexible wires during simulation versus time
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5 Conclusions

A new prototype of a new knee orthosis for children locomotion rehabilitation is
designed. Simulation results have outlined suitable performance for suitable user-
oriented operation in walking rehabilitation application, although its design may
require additional components in future developments. The proposed design is
fairly simple wearable and light with adjustable structure and its operation is run
with only one actuator that can be regulated to fully help or partially assist a child
walking, even with monitoring purposes. The actuator was controlled through a
command and control acquisition board with a programming algorithm that can be
modified in order to adapt any knee motion law developed by a healthy child with
similar anthropomorphic data as the one placed on walking therapeutical recovery
programs.
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Dynamic Modelling of Lower-Mobility
Parallel Manipulators Using
the Boltzmann-Hamel Equations

Oscar Altuzarra, Philipp Marcel Eggers, Francisco J. Campa,
Constantino Roldan-Paraponiaris and Charles Pinto

Abstract Explicit Dynamic equations are needed for simulation and control in the
field of Mechatronics. Several classical methods are available to get Dynamic
equations. Regarding those methods that aim exclusively at the equations relating
applied torques and motion generated, i.e. avoiding any calculus of joint wrenches,
Analytical mechanics offers several approaches. For serial mechanisms, Lagrange
equations are very convenient and systematic. However, finding such mathematical
expressions can be cumbersome when facing closed-loop mechanisms even with
the help of Lagrange multipliers. Moreover, this is quite complex if spatial rotations
are considered, and hence, generalized coordinates are very much coupled in the
expressions of Lagrange functions to be differentiated. Boltzmann-Hamel equations
come to help in this regard. In this paper, authors show the finding of the dynamic
equations of the 3PRS lower-mobility parallel manipulator using the Boltzmann-
Hamel equations and exploring the effect of coupled freedoms in the rotation of the
end-effector.

Keywords Boltzmann-Hamel equations � Lower-mobility parallel manipulators

1 Introduction

An explicit set of differential equations describing the dynamics in terms of the
actuation variables (i.e. the set of generalized coordinates), the mass properties and
the actuation forces, is necessary for the implementation of simulation and control
on real time applications. Such set is called explicit or detailed form since inertia,
gravitational and Coriolis terms are obtained separately and in closed form.

Dynamic equations in implicit form have been frequently obtained using
Newton-Euler method and the principle of virtual work. Lagrangian formalism is a
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method reported to be very efficient in obtaining an explicit form of such equations
in open chain mechanisms, but a prohibitive task for parallel manipulators because
of the kinematic constraints due to closed loops [1]. However, exploiting less
known capacities of Analytical Mechanics, such as quasi-velocities, Boltzmann-
Hamel equations and the principle of energy equivalence, it is possible to find the
aforementioned dynamic equations with a good computational efficiency in parallel
mechanisms with full-mobility, i.e. six degrees of freedom (DOFs) [2– 4].

In this paper, authors aim to apply the same principles to the finding of explicit
dynamic equations in lower-mobility parallel mechanisms, pointing out the effect of
considering their constraints equations in the methodology.

2 Dynamic Modeling of the 3PRS

Approaching the aforementioned dynamic modeling in terms of input variables
qq ¼ q1; q2; q3½ �T using Lagrange equations means that we should be able to get
the Lagrange function Lmech of every link of the mechanism in terms these vari-
ables to apply the so called Euler operator Eqq [5]:

Eqq Lmechð Þ ¼ d
dt
@Lmech

@ _qq
� @Lmech

@qq
¼ fq ¼ tq þQq ð1Þ

so that we can get the generalized forces fq, that include the input torques tq in
terms of the input variables for known mass and inertia of the mechanism, and the
effect of output wrenches represented by the generalized forces Qq. Such an explicit
equation can be applied to control the input currents depending on the motion
variables measured at the encoders.

However, parallel manipulators, as the 3PRS in Fig. 1, are characterized by a
complex direct kinematics so finding such form of Lmech is often impossible.
Nevertheless, Analytical Mechanics offers some alternatives.

The use of dependent coordinates can simplify the issue of the nonlinear nature
of the direct problem. Essentially the use of such redundant coordinates means that
we can analyze subsystems of the mechanism as if we had disassembled the closed
chained mechanism, as long as we add later on the conditions of the assembled
motion. This is done when using the Lagrange multipliers λ, but adding in the
analysis the finding of those λ’s. The Principle of energy equivalence is an alter-
native to this that avoids such additional calculus. The 3PRS parallel mechanism
will be analyzed by taking apart the end-effector and the limbs.

Spatial rotations add to the complexity of Lmech the fact that the kinetic energy
results in terms of the derivatives of angular coordinates multiplied by trigono-
metric functions. The use of quasi-velocities as generalized coordinates simplifies
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such expression requiring the use of the Boltzmann-Hamel equations instead of
Euler’s operator. The 3PRS’s end-effector will be analyzed with this approach,
while Euler’s operator will be used for the limbs moving on fixed vertical planes.

2.1 Principle of Energy Equivalence

The mechanism is split up into N free-body subsystems represented by their gen-
eralized coordinates qbi . The condition that individuals subsystems bi move as they
were part of the assembled mechanism implies that qb, the set of all the generalized
coordinates qbi pertaining to every subsystem bi, is a function of the generalized
coordinates chosen for the assembled mechanism, in our case the input variables qq.
Furthermore, the virtual displacements are related by:

dqb ¼
@qb
@qq

dqq ¼ J dqq; dqbi ¼ Jbidqq i ¼ 1; . . .;N ð2Þ

where the Jacobians J and Jbi are found with the Kinematic analysis, showing the
interdependence of kinematic parameters in the assembled mechanism.

Fig. 1 Dynamic modelling of
the 3PRS mechanism
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The virtual work done by the assembled system and the set of subsystems is the
same:

dWq ¼ dWb ¼
XN
i¼1

dWbi ð3Þ

dqTq fq ¼ dqTb fb ¼
XN
i¼1

dqTbi fbi ð4Þ

fq ¼ JT fb ¼
XN
i¼1

JTbi fbi ð5Þ

what means that we can find the dynamic equations for each subsystem apart and then
add them up. When considering the disassembled subsystems, joint forces appear at
points where we split the mechanism. Such forces produce a virtual work on a
subsystem that is cancelled out with the work produced in the adjacent subsystem
when adding all dynamic equations, and hence there is no need to finding them.

2.2 Lagrange Equations

Let’s define subsystems i ¼ 1; . . .; 3 with every limb BiAi as free bodies moving on
the corresponding vertical planes, being their local generalized coordinates

qbi ¼ xbi ; ybi ; cbi
� �T

, position of the centre of mass and the orientation of the body
defined with a local reference system Rbi . Upon application of Euler’s operator
Eqbi

Lbið Þ we get:

fbi ¼
0
Fbi
0

8<
:

9=
; ¼ Eqbi

Lbið Þ ¼
mbi 0 0
0 mbi 0
0 0 Ibi

2
4

3
5q::bi þ

0
mbig
0

8<
:

9=
; ¼ Mbiq

::

bi þ gbi

ð6Þ

Using the kinematic relationship _qbi ¼ Jbi _qq we obtain:

fbi ¼ MbiJbiq
::

q þMbi
_Jbi _qq þ gbi ð7Þ

And the contribution of subsystem i to the mechanism’s dynamics in terms of the
actuation variables is obtained with the projection in Eq. (5):

fqbi ¼ JTbi fbi ¼ JTbiMbiJbiq
::

q þ JTbiMbi
_Jbi _qq þ JTbigbi ð8Þ
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where matrices are operated and renamed as:

fqbi ¼ Ibiq
::

q þ cbi þ �gbi ð9Þ

being the inertia matrix Ibi and gravitational vector �gbi only functional of the
position of the mechanism, while the second term on the right contains the qua-
dratic terms in velocities cbi . Upon addition of Eq. (9) for i ¼ 1; . . .; 3 we get the
contribution of the limbs to the Dynamics of the mechanism:

tq ¼ ILsq
::

q þ cLs þ �gLs ð10Þ

2.3 Boltzmann-Hamel Equations

The end-effector has a constrained spatial motion that involves translation and
rotation. The principle of energy equivalence allows us to consider separately both
motions by using a virtual mass at the centre of mass of the mobile platform
subjected to translation, and a virtual inertial body subjected to rotations.

The contribution of the first virtual mass to the Dynamics can be solved using
the Lagrange equations mentioned above. Considering the coordinates of the centre
of mass as generalized coordinates qG ¼ xG; yG; zG½ �T , an applied external force at
that point fG, and the kinematic relationship with the input variables through the
corresponding Jacobian JG we can get:

JTGfG ¼ JTGMGJGq
::

q þ JTGMG _JG _qq þ JTGgG ð11Þ

JTGfG ¼ IGq
::

q þ cG þ �gG ð12Þ

The contribution of the virtual inertial body can be approached more effectively
using the components of the angular velocity w in the moving frame as quasi-
velocities for the application of the Boltzmann-Hamel equations. Such quasi-
velocities w are dependent on the Euler angles and their derivatives w _qe; qeð Þ, with
an expression as:

w ¼ W_qe ¼
cos/ sin h sin/ 0
� sin/ sin h cos/ 0

0 cos h 1

2
4

3
5

_h
_w
_/

8<
:

9=
; ð13Þ

Also, loop-closure and constraint equations in the mechanism’s Kinematics provide
an expression of the angular velocity w in terms of the input variables through the
corresponding Jacobian w ¼ JR _qq. Hence, a relationship can be found between the

derivatives of Euler angles and the inputs _qe ¼ W�1JR _qq ¼ J_qq.
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The Lagragian function is:

Lmp ¼ 1
2
wTImpw ð14Þ

and the Boltzmann-Hamel equation projected onto the input variables is:

JTRmmp ¼ JT
@w
@ _qe

� �T

� d
dt
@Lmp

@w

� �
þ d
dt

@w
@ _qe

� �T

� @Lmp

@w
� @w

@qe

� �T

� @Lmp

@w

" #

ð15Þ

where the first term contains the projection of the applied external moments
expressed in the moving frame mmp onto the jointspace.

Upon differentiation of Eq. (14) and substitution of Eq. (13) where appropriate
we get:

JTRmmp ¼ JT WTImp _wþ _W
T
Impw� @w

@qe

� �T

Impw

" #
ð16Þ

It can be demonstrated that:

@w
@qe

� �
¼ A� _W ð17Þ

with

A ¼ @ _w
@ _qe

� �
ð18Þ

and then Eq. (16) can be expressed as:

JTRmmp ¼ JT WTImp _wþ 2 _W
T
Impw� ATImpw

h i
ð19Þ

Considering Eq. (13) and its derivative with respect to time _w ¼ _W _qe þW€qe into
Eq. (16), we get:

JTRmmp ¼ JT WTImpW
� �

q
::

e þ JT WTImp _Wþ 2 _W
T
ImpW� ATImpW

h i
_qe ð20Þ

and using _qe ¼ J _qq and its derivative €qe ¼ J€qq þ _J _qq, it yields:

JTRmmp ¼ JT WTImpW
� �

Jq
::

q þ JT WTImpW
� �

_J
�

þJT WTImp _Wþ 2 _W
T
ImpW� ATImpW

h i
J
i
_qq

ð21Þ
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Some further simplifications and renaming produce the Dynamics equation
contributed by the rotation of the mobile platform:

JTRmmp ¼ JTRImpJRq
::

q þ cmp ¼ �Impq
::

q þ cmp ð22Þ

Adding the Dynamic equations of the limbs Eq. (10), the translational part of the
mobile platform Eq. (12), and the rotational part Eq. (22) we get the explicit
Dynamics equation for the parallel manipulator:

tq þ JTGfG þ JTRmmp ¼ ILs þ IG þ �Imp
� �

q
::

q þ cLs þ cG þ cmp
� �þ �gLs þ �gG½ � ð23Þ

The advantage of this approach is that the Kinematic analysis provides the
Jacobians Jb, JG, and JR from the application of loop-closure equations and con-
straint equations in a straightforward way. Also, matrices W and A are defined for
an specific Euler convention and do not depend on the mechanism analyzed. Hence,
the procedure is systematic and reduces the risk of errors in stating the particular
Dynamic equations for any specific mechanism.

3 A Numerical Example

A numerical example is done with the parallel manipulator in Fig. 1, a 3PRS with
orthoplanar limbs. Dimensions are H = 300 mm, L = 500 mm and r = 200 mm.
Limbs have a mass of m = 1.2 kg and end-effector M = 1.7 kg homogeneously
distributed. Motion required at the end-effector keeps Z value constant while
rotation about the X and Y axes, θ and ψ respectively, is as shown in Fig. 2.

The application of Eq. (23), for such an output motion required, produces the
values of input forces required at the actuators as shown in Fig. 3.

Fig. 2 Output motion of the 3PRS mechanism
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4 Conclusions

The method used in this paper to develop the Dynamic equations of parallel
manipulators with elements that move with spatial rotations shows a structure that is
systematic and simple. For different manipulators, we should only change the mass
and inertia terms, and find in the kinematic analysis the Jacobians needed.

The method provides the explicit dynamic equations in terms of the input
variables without the need for solving other variables in the run. Therefore, they are
very convenient for application into the control or simulation motors.
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Part IV
Mechanical Transmissions



Gear Variator—Scientific Reality

Konstantin Ivanov, Almas Dinassylov and Ekaterina Yaroslavceva

Abstract Gear adaptive variator is the toothed transmission with the variable
transfer ratio which is adapting to the variable loading. Unsuccessful attempts of
creation of a gear variator were undertaken repeatedly. The main problem is—
maintenance of constant engagement of cogwheels of a variator. The decision of
this problem can be based on use of a kinematic chain with two degrees of freedom.
Earlier it was proved that this kinematic chain with closed contour possesses the
effect of force adaptation. The gear variator can be performed in the form of the
closed differential mechanism. The external variable technological loading changes
the transfer ratio itself without any control system. The gear variator opens
essentially new concept of creation of adaptive engineering for machines with
variable technological resistance (for example, adaptive gearbox of car). The theory
of a gear variator is based on discovery «Effect of force adaptation in mechan-
ics» which is published in leading editions of world press. In the paper the bases of
the theory of a gear adaptive variator are presented.

Keywords Gear variator � Toothed engagement � Differential mechanism � Force
adaptation
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1 Introduction

The variator is a mechanism for stepless regulating of the transfer ratio. At present
there are only frictional variators.

The gear (toothed) variator is a wheelwork with constant engagement of toothed
wheels and with the variable transfer ratio. The gear variator is dream of the
designers creating drives of machines with variable technological resistance (for
example, car gear boxes, drives of manipulators etc.). The gear variator unlike a
frictional variator can procure reliable transfer of force and high efficiency. The gear
variator can be performed as a toothed mechanical transmission with variable
transfer ratio.

Earlier attempts of creation of continuously variable transmissions (CVT) were
undertaken [1–3]. Ivanov [1] used a wheelwork as the kinematic chain between the
mobile stator and a rotor of electric motor, Crockett [2] used a gear variator together
with the hydraulic converter and Harris [3] used a brake for control of the mech-
anism. Patents of inventors did not contain authentic theoretical dependences for
calculation of mechanisms.

The theoretical substantiation for creation of adaptive gear mechanisms with
variable transfer ratio has been developed in works of Ivanov [4–6].

In Ivanov’s patents [7–9] gear adaptive mechanisms with a backing, with a high
range of transfer ratios and with the use of inertia properties are presented.

The purpose of the work is the short theory of the gear variator.

2 Description of Gear Variator

In present time the scientific researches of so-called adaptive mechanisms which
procure self-adjustment to external loading are executed. The adaptive connecting
gear provides transfer of motion from the engine of constant power on the tool with
a speed, inversely proportional loading. Thus, it is possible to consider the adaptive
mechanism as the mechanism self-adjusted to a variable load.

The adaptive wheelwork (gear variator) looks like the closed gear differential
with two degrees of freedom (Fig. 1). It contains a frame 0, the carrier H1, the
closed contour, containing toothed wheels 1–2–3–6–5–4 and the carrier H2. Solar
wheels 1, 4 are joined in the block of wheels 1–4. Epicycle wheels 3, 6 are joined in
the block of wheels 3–6. The kinematic chain has two degrees of freedom. The gear
variator can work in a regime with two degrees of freedom and in a regime with one
degree of freedom. Motion of the mechanism with two degrees of freedom occurs in
operating conditions of motion with self-regulation. The motion principle is basing
on the transform of input energy stream from carrier H1 into output energy stream
on carrier H2 by closed contour 1–2–3–6–5–4 which has energy circulation. Motion
with one degree of freedom occurs at variator start-up when the output carrier is
stopped. Another case takes place when the moment of resistance on the output
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carrier exceeds the maximum value. Then the output carrier is stopped. The stop
regime allows preventing a mechanism exit out of operation at overloading. After
elimination of an overloading will occur the mechanism will continue work in
motion operating condition.

3 Kinematic Analysis of Gear Variator

The kinematic analysis of the variator consists in definition of speeds of all points of
the mechanism on the set speeds of two external links. It is convenient to make the
kinematic analysis of the variator by means of a picture of speeds (Fig. 1).

In a picture of speeds linear speeds Vi points of the mechanism in the form of
horizontal lines and angular velocities of links xi—in the form of inclined lines are
presented. Angular velocities x1 ¼ x4;x3 ¼ x6 intermediate links 1–4 and 3–6 are
defined in known angular velocities of external links, вoдил xH1; xH2 and transfer
ratios at the shut down carriers.

Transfer ratios of links of transfer we will define through numbers of teeth of
wheels zi i ¼ 1; 2; . . .6. The interconnection of angular velocities of the mechanism
is defined by equations
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Fig. 1 The gear differential
mechanism (gear variator)
and a picture of its speeds
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x1 � xH1

x3 � xH1
¼ uðH1Þ

13 ; ð1Þ

x1 � xH2

x3 � xH2
¼ uðH2Þ

46 ; ð2Þ

where uðH1Þ
13 ¼ �z3=z1, u

ðH2Þ
46 ¼ �z6=z4. From (1) and (2)

x1 ¼ uðH1Þ
13 ðx3 � xH1Þ þ xH1: ð3Þ

x1 ¼ uðH2Þ
46 ðx3 � xH2Þ þ xH2: ð4Þ

Let’s subtract Eq. (4) of Eq. (3), we will receive

uðH1Þ
13 ðx3 � xH1Þ þ xH1 � uðH2Þ

46 ðx3 � xH2Þ � xH2 ¼ 0:

From here

ðuðH1Þ
13 � uðH2Þ

46 Þx3 � uðH1Þ
13 xH1 þ uðH2Þ

46 xH2 ¼ xH2 � xH1:

From here

x3 ¼ xH2ð1� uðH2Þ
46 Þ � xH1ð1� uðH1Þ

13 Þ
uðH1Þ
13 � uðH2Þ

46

: ð5Þ

Equations (4) and (5) define sequence of acts by definition angular velocities
x3; x1 transfer links. Angular velocity of the satellite 2 is defined from a condition

x2 � xH1

x3 � xH1
¼ uðH1Þ

23 ; s ð6Þ

where uðH1Þ
23 ¼ z3=z2. From here

x2 ¼ uðH1Þ
23 ðx3 � xH1Þ þ xH1: ð7Þ

Angular speed of the satellite 5 is defined from a condition

x5 � xH2

x3 � xH2
¼ uðH2Þ

56 ; ð8Þ

where uðH2Þ
56 ¼ z6=z5. From here
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x5 ¼ uðH2Þ
56 ðx3 � xH2Þ þ xH2: ð9Þ

It is necessary to note, that in the absence of mobility in a contour the kinematic
chain will move in a condition with one degree of freedom. In this case angular
velocities of all links are equal. Thus, all kinematic and power parameters are
defined, and all mechanism has the kinematic and static definability.

4 Force Analysis of Gear Variator

Let’s make the force analysis of the kinematic chain (Fig. 1) by the standard
technique. The problem of the power analysis of the mechanism with two degrees
of freedom consists in definition of reactions in kinematic pairs and in definition of
the generalized forces on two external links.

Some features of act of forces occur for the considered kinematic chain. We will
consider that on external links the generalized forces—moments MH1 and MH2 on
carriers H1 and H2 are acting. On intermediate structural group of Assur the
superposed forces do not act (a gravity of links and an inertial force of links are
neglected because they are small in comparison with forces on external carriers).

The force analysis should be begun with consideration of structural group 1–2–
3–6–5–4 in the form of the closed contour consisting of toothed wheels. The
structural group contains the block of solar wheels 1–4, the satellite 2, the block
epicycle wheels 3–6 and the satellite 5. Such structural group was never considered
earlier in the power analysis of mechanisms. However for this structural group it is
possible to make conditions of balance of statics which define interconnection
internal and superposed forces. We will consider, that superposed forces for con-
sidered structural group is force FH1 transferred from the carrier H1 on point B, and
force FH2 transferred from the carrier H2 on point K. Internal forces are reactions in
kinematic pairs in points C, E, D, G.

The first feature of considered structural group consists that all internal forces
R32; R65; R12; R45 can be expressed on statics conditions through active forces FH1

and FH2.
For links of a contour 2 and 5 we will express reactions in the kinematic пapax

D, C, G, E through external cилы FH1; FH2, enclosed in тoчкax B, K

R12 ¼ R32 ¼ 0:5FH1: ð10Þ

R45 ¼ R65 ¼ 0:5FH2: ð11Þ

Here FH1 ¼ MH1=rH1; R12 ¼ M12=r1; R32 ¼ M32=r3, FH2 ¼ MH2=rH2; R45 ¼
M45=r4; R65 ¼ M65=r6 MH1; MH2—moments on carriers, rH1; rH2—radiuses of
carriers, M12;M32—moments, created on the satellite by 2 reactions R12; R32 co of
the party of toothed wheels 1 and 3,M45;M65—moments, created on the satellite by
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5 reactions R45; R65 co of the party of toothed wheels 4 and 6, riði ¼ 1; 2. . .6Þ—
radiuses of wheels.

After substitution of values of forces in Eqs. (10) and (11) we will receive
equations for definition of the internal moments through the external moments

M12 ¼ 0:5MH1r1=rH1; ð12Þ

M32 ¼ 0:5MH1r3=rH1; ð13Þ

M45 ¼ 0:5MH2r4=rH2; ð14Þ

M65 ¼ 0:5MH2r6=rH2: ð15Þ

Let’s make for the satellite 2 and satellite 5 equilibrium equations in the form of
the sum of the moments concerning its instant centers of speeds P2, P5.

After transformation with account the time taking into account x1 ¼ x4; x3 ¼
x6 we will receive

M12x1 þM32x3 ¼ MH1xH1; ð16Þ

M45x1 þM65x3 ¼ MH2xH2: ð17Þ

We will combine the made expressions. We will receive a condition of inter-
acting of parameters of the kinematic chain as a whole

M12x1 þM32x3 þM45x1 þM65x3 ¼ MH1xH1 þMH2xH2: ð18Þ

In the left side of Eq. (18) the sum of powers (matching to the sum of works)
contour internal forces occurs.

M12x1 þM32x3 þM45x1 þM65x3 ¼ 0: ð19Þ

The right side of Eq. (18) represents the sum of powers (matching to the sum of
works) contour superposed forces

MH1xH1 þMH2xH2 ¼ 0: ð20Þ

From the Eq. (20) it follows

xH2 ¼ MH1xH1=MH2: ð21Þ

Additional constraint Eq. (21) provides effect of force adaptation to output
loading: at the set constant parameters of aerial input MH1; xH1 and set output
moment of resistance MH2 output angular speed xH2 is in return proportional
dependence on the variable output moment coпpoтивлeния MH2.
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From the Eq. (19) we will receive

ðM12 �M45Þx1 þ ðM32 �M65Þx3 ¼ 0: ð22Þ

The Eq. (22) represents the equation of works (powers) on intermediate links
1–4 and 3–6. The Eq. (22) means balance presence on intermediate links 1–4 and
3–6 simultaneously. In the mobile closed contour basic new situation occurs:
balance in statics separately on each intermediate link is absent, but balance of
intermediate links simultaneously on the move all contour occurs.

In the closed contour energy circulation occurs.
From Eq. (22) we will receive

�ðM45 �M12Þx1 þ ðM32 �M65Þx3 ¼ 0: ð23Þ

The Eq. (23) reflects an analytical form of circulation of energy unknown earlier in
a contour during its motion. Thus, it is installed, that the gear variator represents the
closed gear differential mechanism with two degrees of freedom and with one input.

5 Experimental Testing of the Gear Variator

Testing of force adaptation effect in the mechanism presented on Fig. 1 has been
executed by M. Ceccarelli and G. Balbaev on the test-bed in LARM of university
Cassino [10].

On Fig. 2 experimental tractive characteristic of the gear adaptive mechanism
presented as function of output traction moment (or resistance moment) in Nm from
output angular velocity in rpm at constant input angular velocity and engine torque.

The experimental tractive characteristic conforms to the theoretical one.

Fig. 2 Experimental tractive characteristic of gear variator
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6 Conclusions

In the kinematic chain with two degrees of freedom the closed contour provides
definiteness of motion. It allows considering the found regularity of the analysis of
gear variator as the classical theory applied to mechanical systems with ideal
constraints. The theory allows creating the gear variator possessing property of
mechanical adaptation to variable technological loading. The adaptive gear variator
provides possibility of motion of output link with a speed inversely proportional
moment of resistance (torque) at a constant input power of engine.

The adaptive mechanical wheelwork uses the effect of power adaptation allowing
automatically changing the transfer ratio. The gear variator ideally adapts for vari-
able technological loading without use of any control systems. It allows simplifying
a design, to reduce transmission sizes, to raise its reliability and efficiency.
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A Novel Approach for Conceptual
Structural Design of Gearbox

Delun Wang, Huipeng Shen, Huimin Dong and Shudong Yu

Abstract The paper presents a novel approach for conceptual structural design
of a complex machine part. The approach consists of the following four steps:
(i) building a geometric-physical model, (ii) extracting a conceptual model,
(iii) meeting the strength and stiffness requirements, and (iv) considering structural
manufacturability and aesthetics. Due to the design constraints of a complex
machine part in both geometrical and physical requirements, a geometric model is
built as a simple geometric shape including all connection surfaces. And a physical
model is a finite element model with loads and connection constraints incorporated.
The conceptual model is a truss structure in accordance with the material distribution
and load paths under different load cases. During designing conceptual structure, its
skeleton is accomplished according to the optimal material distribution. The
dimensions of the structural skeleton are determined based on the required structural
strength and stiffness. Finally, by taking into account the manufacturability and
aesthetic appearance, a conceptual structure with the required dimensions is accepted
as the actual structure of the machine part. Using a gearbox design as an illustrative
example, we demonstrated that the proposed approach is efficient and reliable. The
new conceptual structure, produced using this approach for a gearbox, is superior to
the empirical and analogical approaches because of lack of proven and reliable
design methodology in the literature.

Keywords Structural skeleton � Conceptual design � Material distribution �
Gearbox
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1 Introduction

Some parts of a machine, which can provide support and determine the machine
critical layout, are usually large, heavy, and difficult to manufacture. Those complex
machine parts can take 70–90 % of the total machine weight. Examples include the
chassis of a vehicle and the case of a gearbox and so on. Because of the lack of
proven and reliable design methodology, it is difficult to design the geometric
structures and determine their corresponding performances. Indeed, the traditional
structural design adopts manual calculations and design by experience and analogy.
As a result, the traditional design can be bulky, heavy and costly. This may reduce
the dynamic performance of the part and the overall product competitiveness.
Lightweight design [9, 12] and the appearance design have been a main research
topic in green manufacturing technology.

With the development of the computational mechanics [2, 4], especially with the
application of finite element method, the topology optimization method and calcu-
lation software, research on how to obtain a reasonable structure with excellent
properties has been carried out in different industries [1, 3, 5, 11] and fields [6, 7, 14].
Kroll [10] discussed the general influence of lightweight design approaches on
energy efficiency in machine tools and restrictions on the maximum mass reduction
for structural components. Jang and Kim [8] developed a specialized integrated
design for MEMS compliant mechanisms from topology to shape optimization.
Remouchamps [13] used the topology optimization to design aircraft pylons.
However, a general scientific method for the structural conceptual design of complex
machine parts does not appear yet.

In this paper, we are interested in how to design a reasonable structure in
connection with the performance requirements of a gearbox. The process of the
conceptual structural design is introduced as follows. Firstly, the geometric model
and the physical model are set up by analyzing load cases and constraint charac-
teristics. And then, the structural conceptual model is represented according to the
optimal material distribution based on the synthesized load paths. Meanwhile, the
dimensions of the structure are determined by the required strength and stiffness.
Finally, the structural manufacturability and good appearance are briefly introduced.

2 Geometric-Physical Model

The geometric model of a complex part is used to describe the shape and structural
characteristics and show the spatial connection between the adjacent parts. The
physical model is a finite element model containing loads (directions and magni-
tudes) and constraints. For a three-stage cylindrical gear reducer, its structure sketch
is shown in Fig. 1. The installation on the input side (I-shaft) is connected by a
screw shaft. The output shaft (IV-shaft) is supported by bearings.
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2.1 Geometric Model

Based on the main functions of parts, a geometric model is a simple shape including
the connection surfaces. The shape and dimensions of the geometric model mainly
show the connection surface dimensions, the position distribution, the movement
situation. The process of building the geometric model can be expressed as follows.
Firstly, in order to build the surface shape and structure for each connection, it is
essential to ensure the relative spatial position and dimension between the con-
nection surfaces. Secondly, a simple solid configuration is confirmed. Generally it is
a simple geometric shape or combinations of shapes like cylinder, cuboid, etc.
Thirdly, the internal and outside occupied space is determined in accordance with
the required movement between adjacent parts, space and assembly. Then, the
design domain is confirmed, where the structure, shape and dimensions can be
redesigned. For the cylindrical gear reducer, a gearbox is indispensable to bearing
and transferring loads to the foundation. The geometric model is shown in Fig. 2.

2.2 Physical Model

In building a physical model, we need to consider the loads, the connection con-
straints, and the finite elements. The first two factors are discussed in this section.

A machine part is subjected to static and dynamic interfacial loads at the con-
nection surfaces, its own weight, the bearing weight, the inertia force, the thermal

Fig. 1 Sketch of a three-stage cylindrical gear reducer

Fig. 2 A geometric model
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load, electro-magnetic forces, fluid forces, etc. The interfacial loads affect other
parts via the connection surfaces. The calculation condition is usually chosen be to
the most critical operating condition, or a typical operating condition with adequate
load factors. The load is obtained by solving the mechanical model in the pre-set
condition, and determining the domain of loads.

The connection constraint is limited by adjacent parts. The constraint type is
determined by the connecting surface, the installation form and the number of
degrees of freedom. In analyzing the performance and designing structure by the
finite element method, the constraint must be implemented into the finite element
model as the boundary conditions. There are three common types of constraints:
displacement equivalent, spring element equivalent and contact element equivalent.
A fixed connection surface can be modeled using the displacement equivalent
constraint. Bolt and screw shaft connection surface is generally modeled using an
equivalent spring element. The surface-to-surface contact between adjacent parts is
modeled using the contact element.

Based on the meshed geometric model, a physical model with applied load and
constraints is established. The load cases contain the clockwise and counterclock-
wise conditions. The connection surfaces with bearings and screw shaft are mod-
eled using the spring elements in a finite element analysis. Figure 3 shows the
physical model of the gearbox.

3 Conceptual Structural Design

In order to obtain a reasonable structure, the conceptual model is built according to
the material distribution and load paths under different load cases. We then design
the local details and come up with a preliminary structural scheme.

3.1 Structural Skeleton

When the design of a structure is accomplished according to the optimal material
distribution, we consider the design as reasonable. The next question is how to find
a structure of optimal material distribution. In this section, we propose a method for
describing the material distribution by a space vector diagram. This method

Fig. 3 A physical model
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includes two steps: the topology optimization of a continuum structure, and the
outputting load path with a single load case.

The detailed topology optimization of continuum structures can be found in the
literature. In this paper, we only give a brief discussion of the objective functions
and constraints. An objective function generally falls in three categories: minimum
weighted compliance (maximum stiffness), minimum weighted reciprocal eigen-
value (maximum fundamental frequency), and minimum compliance index
(the mixture of the first two). Constraints include performance constraints and
manufacturing constraints, etc.

① The objective function for minimum weighted compliance is

min CwðXÞ ¼ 1
2

X
wiuiðXÞTKuiðXÞ ð1Þ

where Cw is structural compliance; wi is a corresponding weighting coefficient
of every load case; ui is the vector of structural displacements, K is a structural
global stiffness matrix.

② The objective function for minimum weighted reciprocal eigenvalue is

min fwðXÞ ¼
X

wi=kiðXÞ ð2Þ
where fw is weighted reciprocal eigenvalue; wi is a corresponding weighting
coefficient of every eigenvalue; ki is structural eigenvalue.

③ The objective function for minimum compliance index is

min SðXÞ ¼
X

wiCiðXÞ þ NORM

P
wj
�
kjðXÞP
wj

ð3Þ

where S is structural compliance index; NORM is correction coefficient.

As mentioned above, the weighted compliance can be applied as objective
function when the static stiffness is a critical influence of the structure. The
weighted reciprocal eigenvalue can be used considering the impact of machine
vibration on the structure. And the compliance index can be selected balancing the
effect of the first two. For the gearbox, the last objective function is adopted.

Based on the physical model along with the related optimization parameters, a
topology optimization model can be achieved. The material distribution can be
obtained by the well-known algorithms available in the commercial finite element
software. The results are shown in Fig. 4 for the clockwise condition, and Fig. 5 for
the counterclockwise condition. According to the material utilization, a boundary
identification rule is created. The load path is output by the space vector diagram.
The structural skeleton form is the type shown in Fig. 6.

Fig. 4 Clockwise condition
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3.2 Integrated Skeleton

Considering the bearing capacity of various parts under complex load cases, the
optimal path can be obtained by synthesizing space vectors for material distribu-
tions under different conditions. We can use the Boolean operations to synthesize
space vectors. Then we build the conceptual model according to the optimal path.

It can be seen that the conceptual model is a truss structure integrated and
regularized the space vector diagram of the optimal load path by synthesizing the
material distributions under different load cases. Figure 6 shows the integrated
space vector diagram. The conceptual model of the gearbox is shown in Fig. 7.

4 Strength and Stiffness Design

In order to meet the strength and stiffness requirements, the wall and local structure
with proper type and scale should be added. The strength scale is taken as the
maximum working stress as an index. The working stress is the maximum principal
stress by incorporating the bending stress, the tensile stress, the compressive stress,

Fig. 5 Counterclockwise
condition

Fig. 6 Space vector diagram
of load path

Fig. 7 Conceptual model
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and the shear stress. And the stress concentration everywhere should be kept as
small as possible. The stiffness scale is taken as the displacement in the most critical
operating condition as an index. It should be pointed out that the greater the strength
and stiffness of the structure, the heavier the weight. Overdesign results in poor
dynamic performance, heavy product, material waste, and low efficiency. So the
structure should be as light as possible provided that the strength and stiffness
requirements are satisfied.

The overall performance is the result of the wall structure combined with local
structure. Meanwhile, the type and scale of local structure vary depending on the
main wall. Therefore, design for strength and stiffness must take the scale of the
structure and the weight of the part into account.

For this gearbox, it is designed to seal the entire structure as bearings are
considered to be lubricated by splashing oil inside the gearbox. Then a wall in the
conceptual model is added. Of course, the conceptual model can be inside or
outside the gearbox. This paper adopts the outside form considering the usage
requirements. The whole structure scale is determined by size optimization. For
walls of 8 mm in thickness, and the ribs of 10 mm thickness, the stress and
displacement nephograms are shown in Figs. 8 and 9 by the commercial finite
element software. The key results are given in Table 1.

Table 1 Design result of the gearbox

Performance parameters Mass (Kg) Static displacement (m) Static strength (MP)

Objective ≤650 8.0 × 10−5 ≤160

Clockwise result 610 7.6 × 10−5 38.3

Counterclockwise result 610 7.5 × 10−5 41.5

Fig. 9 Displacement
nephogram

Fig. 8 Stress nephogram
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5 Design for Structural Manufacturability

As mentioned above, the structure must meet not only the requirements of strength
and stiffness, but also manufacturability and fine aesthetic appearance. We will
discuss the two points in this section.

The manufacturability mainly reflects the geometric machinability of a structure.
According to the above method of the conceptual design, the geometric structure
shape is ideal. The manufacturability and costing must be considered when the
structure of parts is designed. The manufacturability process includes the selection
of material, processing and assembling, hoisting and transportation, etc.

After completing the strength, stiffness and process design, the overall structure
needs to carry out aesthetics design for constructing a greater sense of stability. This
kind of design method provides a different perspective to design structure shape and
color to form a design style based on the scientific principle.

For the above structure of the gearbox, the arrangement of ribs is further
designed considering the structural manufacturability and aesthetics. It can be seen
that the arrangement of the well-distributed ribs makes the system, shown in
Figs. 10 and 11, aesthetically pleasant as well as satisfactory in meeting the per-
formance requirements.

6 Conclusions

1. This paper presents a novel approach for conceptual structural design, which
consists of four steps: building a geometric-physical model, extracting a con-
ceptual model, meeting the strength and stiffness requirements, and considering
structural manufacturability and aesthetics.

Fig. 10 The first scheme

Fig. 11 The second scheme
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2. The approach lays a scientific foundation of structure design compared to the
traditional empirical and analogical approaches. The proposed approach has
been successfully used to design gearbox. The outcome indicates that the
approach is reasonable and effective in design for lightweight.

3. Using the proposed design methodology, we produced a satisfying gearbox that
meets all the requirements and constraints.

Acknowledgments This paper acknowledges the support by National Key Technology Research
and Development Program of the Ministry of Science and Technology of China
(No. 2012BAA01B05).
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Dynamic Modeling of Planetary Gear
Train for Vibration Characteristic
Analysis

Huimin Dong, Kai Zhang, Delun Wang, Yangyang Wu
and Shaoping Bai

Abstract In this paper, a torsional-translational coupled nonlinear dynamic model
for planetary gear train with three planet gears is developed to investigate its
vibration characteristic. In this lumped-parameter model, gears and carrier all have
three degrees of freedom: two translations and one rotation. The equations of
motion of the dynamic model are built in consideration of gear elastic deformation
and time-varying mesh stiffness. Gear elastic compatibility equations are developed
to describe the relationship between displacements, elastic deformations and
transmission errors. Thus, dynamic equations of the planetary gear train consist of
equations of motion and gear elastic compatibility equations can be found and the
effects of support stiffness and flexible planet pin on vibration characteristic have
been addressed. The results show floating central gear and flexible planet pin can
avoid critical operating conditions, which provides a theoretical guideline for the
design of planetary gear train.

Keywords Planetary gear train � Dynamic model � Vibration characteristic �
Equivalent mesh error

1 Introduction

Planetary gear train with three planet gears is widely used in many industries and
fields, because it offers several advantages of large transmission ratio, simple
construction and compactness. Generally, due to manufacture and assembly
errors and time-varying mesh stiffness, noise and vibration would occur in gear
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transmission which damages the gear teeth seriously. Therefore, extensive studies
on gear noise and vibration problems have been conducted analytically [1, 2]. The
effects of manufacturing errors [3], unequal planet stiffness [4], planet position
errors [5], eccentricity errors [6] and time-varying mesh stiffness [7] have been
considered. August [8] found floating sun gear can improve loading condition at a
low speed; Kahraman [9] discussed the effects of planet mesh phasing and support
stiffness on the gear vibration. To summarize, there are mainly two vibration
excitations in planetary gear train, which are time-varying mesh stiffness, manu-
facturing and assembly errors.

In this paper, a torsional-translational coupled nonlinear dynamic model is
developed for a three-planet planetary gear train. The model considers the multi-
degree-of-freedom (M-DOF) of the planetary gear train; moreover, the two vibra-
tion excitations, which are time-varying mesh stiffness, manufacturing and
assembly errors; both are discussed in this paper. Based on this model, the influ-
ences of support stiffness and flexible planet gear pin on vibration characteristics are
studied.

2 Dynamic Modeling

2.1 Coordinate Systems and Parameters

The planetary gear train considered in this study consists of a sun gear, a carrier and
a ring gear (subscripts s, c and r respectively), which are coupled to each other by
three pinions (subscript ni). Each component undergoes planar motion, which
means two translations and one rotation are considered. Figure 1 illustrates the
dynamic model of planetary gear train: component bearings are modeled by linear
springs and dampers, gear mesh interactions are represented by gear mesh stiffness
and dampers acting along the line of action. Following assumptions are made (i) the
translational displacements of all parts in axial direction and non-axial torsional
displacements are ignored; (ii) The meshing angle variations of gear pairs are
negligible; (iii) The dynamic model is based on lumped-parameter theory, planet
gears have the same structure, also the same physical and geometry errors.

In the dynamic model, coordinate systems are defined as shown in Fig. 1, the
fixed coordinate system {O; X, Y}; moving coordinate systems {Oc; Xc, Yc} and
{Oni; Xni, Yni}, i = 1, 2, 3, attached to the carrier and rotate at the constant carrier
angular velocity ωc. The planetary gear train converted into a conventional one in
{Oc; Xc, Yc}, and the line of action is fixed respect to this coordinate system.
Translations xj, yj and torsional displacement uj, j = c, s, r are measured in moving
coordinate system {Oc; Xc, Yc}, j = ni in the coordinate system{Oni; Xni, Yni}; xj, yj
represent planar vibrations of each components. uj, j = s, r is measured along the
tangent to base circles; for the carrier, uc is along the tangent to equivalent circle
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which radius is equal to distance between the pin and carrier centers; uj is taken as
positive when its direction is coincident with its angular velocity.

2.2 Equations of Motion

Since planar vibrations of each component xj and yj, j = c, s, r, ni, are measured in
rotating coordinate systems, which is non-inertial; In order to describe the inertial
forces in moving coordinate systems, the inertial accelerations are projected to
moving coordinate. Acceleration in non-inertial frame is not only the second
derivative of xj and yj, but also centrifugal acceleration and Coriolis acceleration,
which means

ajx ¼ x
::
j � 2xc _yj � x2

cxj
ajy ¼ y

::

j þ 2xc _xj � x2
cyj

�
j ¼ c; s; r; ni ð1Þ

Equations of Motion of Carrier. As shown in Fig. 1, the carrier is coupled with
planet pin-bearing assembly via stiffness kcn and damping Ccn. Moreover, the
carrier support bearing is modeled by stiffness kc and damping Cc. Thus, the carrier
suffers interaction forces from carrier support bearing, planet-pin bearing and
inertial force. In the fixed coordinate system {O; X, Y}, equations of motion of
carrier in Xc and Yc directions can be expressed as:

mcacx þ Ccx _xc þ kcxxc � RðCcn _uc þ kcnucÞ sinwni þ RðCcnx _xcni þ kcnxxcniÞ ¼ 0

mcacy þ Ccy _yc þ kcyyc þ RðCcn _uc þ kcnucÞ coswni þ RðCcny _ycni þ kcnyycniÞ ¼ 0

(
ð2Þ

where mj, j = c, s, r, ni is the mass of each component, wni is position angle of the
ith planet gear, wni = 2π(i − 1)/n, xcni and ycni are the relative displacements of
carrier respect to planet gears in Xc and Yc directions respectively.
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Fig. 1 Dynamic model of the
3-pinion planetary gear train
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There are three torsional forces applied to carrier, which are interaction forces
from carrier support bearing and pin-bearing assembly, and torsional inertial force.
Thus, torsional equation of motion of carrier can be obtained:

ðIzc=r2c Þu
::
c þ ðCcu _uc þ kcuucÞ � RðCcnx _xc þ kcnxxcÞ sinwni

þ RðCcny _yc þ kcnyycÞ coswni þ RðCcnu _uc þ kcnuucÞ � RðCcny _yni þ kcnyyniÞ ¼ �Tc=rc ð3Þ

where Tc is the torque applied to carrier, rc is radius of equivalent circle of carrier,
which is equal to distance between the pin and carrier centers. Izj represents moment
of inertia about z-axis, j = c, s, r, ni.

Equations of Motion of Sun Gear and ring gear. The sun gear connects to planet
gears along the line of action through gear mesh stiffness kjn and damping Cjn.
Moreover, the sun and ring gears coupled to the ground or shaft via support stiffness
kj and damping Cj, also a torsional stiffness kju and damping Cju, j = s, r. There are
three forces applied on central gears, which are meshing forces, interaction forces
from support bearing and inertial force. Equations of motion of central gears with
three-degree of freedom are given as follow:

mjajx þ Cjx _xj þ kjxxj þ RðCjn
_djni þ kjnidjniÞ sinðwjniÞ ¼ 0

mjajy þ Cjy _yj þ kjyyj � RðCjni
_djni þ kjnidjniÞ cosðwjniÞ ¼ 0

8<
: j ¼ s; r ð4Þ

where wsni = wni − αsni, wrni = wni + αrni, αsni and αrni are the pressure angle of
external, internal gear pair, respectively; δsni, δrni is gear elastic deformation along
the line of action between the ith planet gear and sun gear, ring gear, respectively.
Similar to the carrier, the torsional equations of motion of central gears can be
written as:

ðIzs=r2bsÞu
::
s þ ðCsu _us þ ksuusÞ þ RðCsn

_dsni þ ksndsniÞ ¼ Ts=rbs

ðIzr=r2brÞu
::
r þ ðCru _ur þ kruurÞ � RðCrni

_drni þ krnidrniÞ ¼ 0

8<
: ð5Þ

where rbj, j = s, r, ni are radius of base circle of sun gear, ring gear and the ith planet
gear, respectively.

Equations of Motion of Planet Gear. For the ith planet gear, it is positioned at an
angle wni respected to the first planet gear, meshing with the sun gear and ring gear,
each planet gear jointed to the carrier through a pin-bearing assembly. Similar to
carrier, planet gear subjects interaction force from pin-bearing assembly modeled
by translational stiffness kcni and damping Ccni, torsional stiffness knu and damping
Cnu, internal and external meshing forces and inertial force.
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mnianix þ Ccni _xcniX þ kcnixcniX � ðCsni
_dsni þ ksnidsniÞ sin asnið Þ

þðCrni
_drni þ krndrniÞ sinðwrniÞ ¼ 0

mnianiy þ Ccni _ycniY þ kcniycniY � ðCsni
_dsni þ ksnidsniÞ cosðwsniÞ

�ðCrni
_drni þ krnidrniÞ cosðwrniÞ ¼ 0

ðIzni=r2bniÞu
::
ni þ ðCnui _uni þ knuiuniÞ � ðCsni

_dsni þ ksnidsniÞ þ ðCrni
_drni þ krnidrniÞ ¼ 0

8>>>>>>>>>>><
>>>>>>>>>>>:

ð6Þ

where xcniX, ycniY are relative displacements of planet gear with respect to the carrier
in Xni and Yni directions respectively.

Equations (2)–(6) stands for the equations of motion of the 3-pinion planetary
gear train, expanding i = 1, 2, 3 and j = s, r, totally 18 equations. The 18 equations
include translational and torsional displacements, totally 18 variables and 6 gear
elastic deformations (δsni and δrni, i = 1, 2, 3). In other words, there are totally 24
variables in 18 equations, in order to determine the 24 variables, additional 6
supplementary equations are needed, which are presented by follow section.

3 Gear Elastic Deformations Compatibility

In order to solve the dynamic equations, supplementary equations are needed to
describe the relationship between vibration displacements, equivalent mesh error
and gear elastic deformations. According to the contact condition of tooth pair, the
elastic and geometric motion involving manufacturing and assembly errors will be
compatible along the line of action of gear pair.

According to the contact condition of engaged tooth pair, gear pair elastic
deformation should be equal to sum of the equivalent displacements of gears and
equivalent meshing error. That is referenced as gear elastic compatibility equation,
can be written as:

dsni ¼ psni � Hcont

drni ¼ prni � Hcont

�
; Hcont ¼ 1 psni; prni � 0

0 psni; prni\0

�
ð7Þ

where Hcont is defined as contact factor, psni, prni are the relative gear mesh dis-
placement of sun-planet and ring-planet gear pair, respectively (shown in Fig. 2).

psni ¼ �xs sinðwsniÞ þ ys cosðwsniÞ þ us � xni sin asni � yni cos asni � uni þ esni
prni ¼ �xr sinðwrniÞ þ yr cosðwrniÞ � ur þ xni sin arni � yni cos arni þ uni þ erni

�
ð8Þ

where esni and erni are the equivalent mesh errors of sun-ith planet gear pair, ring-ith
planet gear pair, respectively; and these errors are caused by manufacturing and
assembly errors.
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4 Vibration Characteristics

The gear vibration characteristics of the 3-pinion planetary gear train are discussed
in this section. Time-varying mesh stiffness and manufacturing and assembly errors
are taken into account. The effects of support stiffness and flexible planet pin on
vibration characteristic are quantified.

Time-varying mesh stiffness varies as the gears rotating, because meshing pro-
cess always varies from one and two pairs of spur gear teeth in contact. The mesh
stiffness ksni and krni are time-dependent periodic functions over one mesh cycle;
which can be approximated by the Fourier series:

k ¼ kmin þ ðkmax � kminÞðe� 1Þ

þ
X1
s¼1

kmax � kmin

sp
sin 2psðDt

T
þ e� 1� t

T
Þ � sin 2psðDt

T
� t
T
Þ

� � ð9Þ

where kmin is minimum of time-varying mesh stiffness, and kmax is maximum one, ε
represents contact ratio. The values of kmin and kmax can be determined through
Ishikawa formula [10].

Effect of support stiffness. Using parameters in Table 1 and time-varying mesh
stiffness, we solved the equations by Runge-Kutta numerical integral method. The
translational and torsional vibration displacements, velocities and accelerations of
gear centers are determined. As shown in Fig. 3, the planar vibration accelerations
of sun gear center in coordinate system {Oc; Xc, Yc} and the accelerations of the first
planet gear center in {On1; Xn1, Yn1} are presented.

Figure 4 shows the vibration accelerations of the system with sun gear support
stiffness decreased 10 times to 1.0 × 105 N/mm, which is equivalent to floating sun
gear condition. Compared with Fig. 3, the accelerations of sun gear and planet gear

ωs-ωc

ψni

xniyni

Xc
Os'

Os xs

ys

us

O'ni

αsni

uniYni

Yc

(a) (b)

Oni

Xni

Xni

ψni

xni
yni

Xc
Or'

Or xr

Oni

O'ni

ωn-ωc αrni

uni

-ωc

Yc

Yni

yr

Fig. 2 Relative displacement of gear pairs: a external gear pair; b internal gear pair
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fluctuate more steadily, and the maximum vibration acceleration value of sun gear
decreased from 30 to 22 mm/s2, 60 to 48 mm/s2 in x and y direction, respectively,
also the same to the acceleration of planet gear.

Table 1 Parameters of the 3-pinion planetary gear train

Sun Planet Ring Carrier

Number of teeth 35 31 97

Modulus (mm) 18 18 18

Mass (kg) 642.8 474.5 742.8 2920.9

Pressure angle (deg) 20 20 20

Tooth width (mm) 326 320 326

Input speed (r/min) 545

Input torque (N mm) 6.7 × 105

Support stiffness (N/mm) 1.0 × 106 1.0 × 106 1.0 × 106 1.0 × 106

Torsional stiffness (N/mm) 3.44 × 107 2.68 × 107 1.0 × 106 1.78 × 107

Translational damping (N s/mm) 10 10 10 10

Torsional damping (N s/mm) 5 5 5 5

Eccentric errors (µm) 6 6 6

Assembly error (µm) 6 6 6

Fig. 3 Vibration accelerations of the 3-pinion planetary gear train: a sun gear, b planet gear

Fig. 4 Vibration accelerations of system with floating sun gear: a sun gear, b planet gear
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Effect of flexible planet pin. The influence of the support stiffness to the planet
gears is investigated by a decrease value. In physical system, flexible planet pins are
used, which allow the planet gears deflect independently in a circumferential
direction, Fig. 5 shows the vibration acceleration when using flexible planet pin, for
which the support stiffness of planet pins, is decreased to 1.67 × 105 N/mm.
Comparing to Fig. 3b, the maximum vibration acceleration value of sun gear
decreased from 28 to 12 mm/s2, 30 to 12 mm/s2 in x and y direction, respectively.
The use of flexible planet bin improves the vibration among planet gears
significantly.

5 Conclusions

In this paper, a new dynamic model for planetary gear train is developed by
lumped-parameter method, incorporating time-varying mesh stiffness obtained
through Ishikawa formula. The influences of support stiffness and flexible planet
pin on vibration characteristic are simulated and discussed. It is shown that support
stiffness has a significant influence on gear vibration. In particular, floating sun gear
can improve the vibration obviously, and the use of a flexible pin can be helpful in
improving planet vibration characteristics.
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Kinematics and Dynamics of Compound
and Complex Gear System

Jósef Drewniak, Jerzy Kopeć and Stanislaw Zawiślak

Abstract Analysis of planetary gear coupled with additional friction gear is ana-
lyzed in the present paper. The parts of the system are a compound planetary gear
and a friction or hydro-kinetic gear. The kinematical and dynamical analyzes are
described. Some variants of the system are considered. The standard methods e.g.
Willis formulas and graphical-analytical methods were utilized.

Keywords Mixed graphs � Force and moment analysis � Variants of gears

1 Introduction

Planetary gears are widely used due to high ratios, relatively low weight and
compactness. However design of such gears requires a full and detailed analysis of
velocities, torques, efficiencies, etc. The conceptual phase of design [1] consists of
searching for alternative design solution and introductory calculations. The simu-
lation is one of available approaches for analysis of virtual designs. The authors had
analyzed a compound planetary gear in work [2] by means of traditional and graph-
based approaches. Versatile graph modeling methods were applied by the authors in
considerations of different gears [2–6]. Here the proposed design solution consists
in aggregation of the earlier considered planetary gear with an additional friction
gear. In work [2], due to the fact that the DOF of the single gear was 2, the case of
two inputs and two outputs was considered, respectively. In other papers of the
authors [3, 4] the reduction of mobility is achieved via system of clutches and
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brakes aiming for reduction of the DOF to 1 and therefore precise calculations of
the ratio and the output velocity are possible. This approach to design is very
characteristic for the automotive automatic gear boxes where different drives (gears
—ahead and reverse) are achieved via adequate rearrangements of control elements.
Finally, efficiency analysis and optimization have to be performed [7].

In this paper, another approach is discussed i.e. an aggregation of two gears—it
is the main idea, then full kinematical analysis as well as some bond graph mod-
eling attempts have been done. Upon matching two gears, we obtain a possibility of
mechanical control of the obtained system. An aim of this paper is just to propose
and to analyze of the compound and complex gear system.

2 References Review

Book [8] encloses versatile gear, gearbox and automotive automatic gears schemes,
their comparisons, modeling techniques, calculations, technical specifications etc.
It is a very good practical manual for those who would be interested in gear design.
There were at least two additions of this book. The modeling techniques for gear
design and simulations are very different, but graphs are used very frequently [2–6,
9–15]. Versatile graph approaches are utilized. The review of the graph-based
methods and their descriptions can be found in book [6] and paper [18]. The fol-
lowing graphs are used: mixed graphs [2, 6], contour graphs [2–5, 19], linear graphs
[14, 15] as well as bond graphs [4, 9, 11–13]. The theoretical basics of bond graphs
modeling can be found in books [16, 17] and for other graphs in thesis [6]. Searching
for design solution of gear can be performed via search through the well-known
general schemes [8] and modification or via dedicated synthesis procedure [18] or
other approaches described in Pahl et al. [1]. The approach consisting in looking
through variants is discussed in Drewniak and Zawiślak [5]. An aggregation of gears
was proposed in Hsieh and Tang [19]. The tasks performed by means of graphs are
as follows: synthesis [18], analysis [10], generation of atlases of design solutions [5],
efficiency analysis, reverse problems, modeling [14] and some others.

Bond graphs seem to be the most powerful tool due to the fact that they can
model several different subsystems simultaneously i.e. mechanical, electrical,
pneumatic etc. Recently, bond graphs were used for drive systems of wind turbines
[6, 9, 11, 12] and automobile gearboxes [13], but especially in hybrid systems.

3 Analysis of Designs of Complex Gears

The compound planetary gear can co-operate with another gear creating a complex
gear system. Variants of such artifact are given in Figs. 1 and 2. The system could
be applied e.g. for wind turbine drive system. Due to variable directions and power
of wind blow the turbine gear system should be controllable. Besides mechatronic
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control systems, some mechanical subsystem allowing for variability of charac-
teristics, are valuable. The variant of complex gear system differs in the introduc-
tory gear, when planetary gear remains the same. However, it itself can be modified
via changes of teeth numbers and wheel dimensions.

The compound gear itself consists of two rows of elementary planetary gears
connected mutually. The sun wheels are mounted together on the common shaft

(a) (b)

Fig. 1 Schemas of complex gear enclosing: a frictional gear, b hydro-kinetic gear

(a) (b)

Fig. 2 Schemas of complex gear system enclosing friction gear (second variant): a reductor,
b multiplicator
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rotating along the main axis of symmetry (1 and 4). Planetary geared wheels
(planets) 2 and 5 have carriers h1 and h2, respectively.

External drum has two internal toothings (teeth rings) 3 and 6. The gear without
any clutch or brake has 2 DOF, therefore its performance could not be described
without mutual dependence of parameters. The gear has interesting properties i.e.
changes of dimensions of gear parts of these two mentioned rows allows for control
of sign and value of the partial ratios and in consequence of the whole gear.
However, precise determination of the ratio is needed, therefore it should be also
done for the system of gears.

4 Kinematical and Dynamical Analysis of Gears

We start the considerations from the compound gear. The compound planetary gear is
analyzed taking into account velocities and forces. Like it was mentioned before, there
are two rows of elementary planetary gears. The simplified graphical analyses of
velocities for both rows are presented in Fig. 3 and Fig. 4 for planets (planetary wheels)
and sun wheels.

The rule of lack of losses is applied, therefore relative linear velocities are equal.
The notions applied are as follows: v—linear velocities and ω—angular velocities.
The goal of the current considerations is determination of all kinematical charac-
teristic quantities. The second variant of dimensions is shown in Fig. 4. It is very
interesting that increasing the diameter of the sun wheel 4, we can change not only
the value of kinematical ratio of the gear but also the direction of reverses of the

(a) (b)

Fig. 3 Velocity diagram for planets and sun wheels in case of negative kinematical ratio: a, b first
and second row, respectively
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output shaft II as well as the carrier h2. In Fig. 5, so called, free body diagrams of all
three wheels for two rows are presented. Due to this approach, the forces analyses
can be effectively performed based on the 3-rd Newton law.

In Fig. 5, the analysis of forces is graphically and schematically presented for
two gear rows, abstracting from dimensions. Here, it was assumed that there are
three planetary wheels in every case, however other assumption was done in the
calculations presented underneath.

5 Calculations

The DOF for the gear system, consisting of two gears: friction and planetary can be
calculated based on the following formula:

W ¼ 3 � n� 2 � p5 � p4 ¼ 3 � 7� 2 � 7� 6 ¼ 1 ð1Þ

We can calculate the ration of the compound planetary gear using the Willis
formula (taking into account the I-st and II-nd row of the planetary gear). The
calculations were performed for the following data—(I row): z1 ¼ z2 ¼ 24,
z3 ¼ �72, sI ¼ 3 number of planetary wheels; (II row): sII ¼ 3—number of
planetary wheels, z4 ¼ 24, z5 ¼ 18, z6 ¼ �60 as well as mI ¼ mII ¼ 2—modules
for I-st and II-nd row, respectively. We have also relationships connected with the
design of the gear: xI ¼ x1 ¼ x4 and x3 ¼ x6 (Fig. 5 and Fig. 6).

The rotational velocity and moment (torque) are equal:

nI ¼ n1 ¼ n4 ¼ 900 obr
min, TI ¼ 300 N �m.

(a) (b)

Fig. 4 Velocity diagram for planets and sun wheels in case of positive kinematical ratio
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The ratio of friction gear is negative because the friction gear changes direction
of rotations—Fig. 6a:

if ¼ r2
r1 � 1� eð Þ ¼

xI

xh1
ð2Þ

It was assumed: r1 ¼ 100, r2 ¼ 150, e ¼ 0; 01—slip coefficient (neglected in
calculations). The carrier velocity is equal to:

xh1 ¼ xI

if
; where x1 ¼ p � n1

30
ð3Þ

The direction of reverses of the carrier h1 is opposite in comparison to the
direction of reverses of the input shaft No I.

Ratio of friction gear is negative because of change of rotation direction. It can
be written by means of the formula:

(a) (b)

Fig. 5 Free body diagram of meshed wheels—analysis of tangent forces; in case of negative ratio
(radial forces are omitted)

(a) (b)

Fig. 6 Distribution of forces and torques acting on: a active carrier h1; b passive carrier h2
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if ¼ xI

xh1
¼ � r2

r1 � 1� eð Þ ¼ � 150
100

¼ �1:5 ð4Þ

Therefore carrier velocity is equal:

xh1 ¼ xI

if
¼ 94:248

�1:5
¼ �62:832

rad
s
; ð5Þ

where: x1 ¼ x4 ¼ p�n1
30 ¼ p�900

30 ¼ 94:248 rad
s ,

Willis formula for the I-st row of the planetary gear (set of wheels 1, 2 and 3) let
us calculate the base ratio of the I-st row of the planetary gear:

ih1
1;3

¼ x1 � xh1

x3 � xh1
¼ z3

z1
¼ �72

24
¼ �3 ð6Þ

As above, the Willis formula is used for the II-nd row of the planetary gear, and
the basic ratio for the II-nd row of planetary gear is equal:

ih2
4;6

¼ x4 � xh2

x6 � xh2
¼ z6

z4
¼ �60

24
¼ �2:5 ð7Þ

Angular velocity of drum wheels 3 and 6 was obtained from Willis formula
either:

x3 ¼ x6 ¼
x1 � 1þ 1

if
� ih11;3 � 1
� �h i

ih11;3
¼ �115:192

rad
s

ð8Þ

Angular velocity of the carrier h2:

xh2 ¼
x3 � ih14;6 � x1

ih14;6 � 1
� � ¼ �115:192 � �2:5ð Þ � 94:248

�2:5� 1
¼ �55:352

rad
s

ð9Þ

In another way:

xh2 ¼
x1 �

1þ 1
if
� ih11;3�1ð Þ

h i
�ih14;6

ih11;3
� 1

2
4

3
5

ih14;6 � 1
� � ¼ �55:352

rad
s

ð10Þ
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Kinematical ratio of the gear is equal to:

iI; h2 ¼ xI

xh2
¼

ih11;3 � ih14;6 � 1
� �

� 1þ 1
if
� ih11;3 � 1
� �h i

� ih14;6 � ih11;3
¼ 1:7027 ð11Þ

The graphical-analytical method was applied for obtaining angular and linear
velocities of wheels and carriers. For example the linear tangent velocity of sun
wheel and satellite wheel in meshing point 2 is equal:

v1; 2 ¼ x1 � d12 ¼ 94:248 � 48
2
� 10�3 ¼ 2:262

m
s

ð12Þ

where:

x1 ¼ p � n1
30

¼ p � 900
30

¼ 94:248
rad
s

For obtaining linear velocity of wheel 2, meshed in point with wheel 3 we can
write down the equation (Fig. 6a):

v2; 3 � vh1
d2
2

¼ v2; 1 þ vh1
d2
2

ð13Þ

It should be noticed that: v2; 1 ¼ v1; 2. Thus we obtain:

v2; 3 ¼ v2; 1 þ 2 � vh1 ¼ 2:262þ 2 � 3:016 ¼ 8:294
m
s

ð14Þ

where:

vh1 ¼ xh1 � rh1 ¼ 62:832 � 48 � 10�3 ¼ 3; 016
m
s
; ð15Þ

nh1 ¼ nI
if
¼ 900

�1; 5
¼ �600

obr
min

; ð16Þ

xh1 ¼ p � nh1j j
30

¼ p � 600
30

¼ 62:832
rad
s
; ð17Þ

rh1 ¼ d1 þ d2
2

¼ mI � z1 þ z2ð Þ
3

¼ 2 � 24þ 24ð Þ
2

¼ 48: ð18Þ
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Next we can calculate the velocity of drum wheel no 3:

x3 ¼ v3; 2
d3j j
2

¼ 8:294 � 103
72

¼ 115:194
rad
s
; ð19Þ

where v3; 2 ¼ v2; 3, and d3 ¼ mI � z3 ¼ 2 � �72ð Þ ¼ �144.
The numerical values of angular velocity of drum wheels 6 and 3 are obviously

the same (x6 ¼ x3) and these angular velocities (x3 and x6) have the same
direction.

For calculating the linear velocity vh2; 5 of carrier h2 in rotating axis of satellite 5
(vh2; 5 ¼ v5 ;h2 ¼ vh2—linear velocity of center of item 5, Fig. 6b; we omit finally
the index 5 as redundant) we use the following formula:

v5; 6 � vh2
d5
2

¼ v5; 4 þ vh2
d5
2

ð20Þ

vh2 ¼ 0; 5 � v5; 6 � v5; 4
� � ¼ 0:5 � 6:912� 2:262ð Þ ¼ 2:325

m
s

ð21Þ

where:
v5; 6 linear velocity of wheel 5 in meshing point with drum wheel 6,
v5; 4 linear velocity of wheel 5 in meshing point with wheel

v5; 6 ¼ v6; 5 ¼ x6 � d6
2

����
���� ¼ 115:194 � 60 � 10�3 ¼ 6:912

m
s
; ð22Þ

v4; 5 ¼ v5; 4 ¼ x4 � d42 ¼ 94:248 � 48
2
� 10�3 ¼ 2:262

m
s
: ð23Þ

Angular velocity of carrier h2:

xh2 ¼ vh2
rh2

¼ 2:325 � 103
42

¼ 55:357
rad
s
; ð24Þ

where:

rh2 ¼ d4 þ d5
2

¼ mII � z4 þ z5ð Þ
2

¼ 2 � 24þ 18ð Þ
2

¼ 42:

Total gear ratio is

iI; h2 ¼ � xI

xII
¼ � xI

xh2
¼ � 94:248

55:357
¼ �1:7025: ð25Þ
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For comparison, second example was considered for the same planetary gear
parameters. The only difference is that the ratio of friction gear is:

if ¼ � r2
r1 � 1� eð Þ ¼

xI

xh1
¼ � 100

100
¼ �1 ð26Þ

where r1 ¼ 100, r2 ¼ 100, e ¼ 0; 01—slip coefficient (neglected in calculations).
The results of calculations were collected in Table 1.

Table 1 Collected values of velocities analysis

Variable Value Description

nh1 900 obr
min

xh1 94:248 rad
s

Angular velocity. The absolute value is considered, the
direction of carrier velocity is compatible to direction assumed
in Fig. 6

rh1 48mm Radius of carrier h1
x1 94:248 rad

s
ih1
1;3

�3 Base ratio of I-st row of planetary gear

ih2
4;6

�2:5 Base ratio of II-nd row of planetary gear

x3 �157:080 rad
s

Angular velocity of drum wheel 3

d3 �144mm

xh2 �85:272 rad
s

iI; h2 1:1053

v1; 2 2:262 m
s Row of planetary gear in meshing point with the satellite no 2

v2; 3 11:310 m
s Row of planetary gear 2 in meshing point with wheel 3

v3; 2 ¼ v2; 3 11:310 m
s

vh1 4524 m
s

vh2 3:5815 m
s Velocity of carrier h2, axis of satellite 5

v5; 6 9:425 m
s Velocity of wheel 5 in the meshing point with wheel no 6;

remark: v5; 6 ¼ v6; 5
v4; 5 2:262 m

s Velocity of 5 in meshing point with 4;
remark: v4; 5 ¼ v5; 4, x4 ¼ x1

xh2 85:274 rad
s

Angular velocity of carrier h2

rh2 42mm Carrier radius h2
iI; h2 �1:1052 Total ratio
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6 Conclusions

The complex gear systems were analyzed. The system consists of the planetary
compound planetary gear and the friction gear. Kinematical and dynamical analyses
were performed showing a range of achieved parameters, bond graph calculations
are not entered but they confirm correctness of analyses. The calculations were
performed based upon traditional approach. The immanent property of the system is
possibility of essential modification via changing design parameters.
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Part V
Robotics



Step Design of a Cassino Tripod Leg
Mechanism

Mingfeng Wang and Marco Ceccarelli

Abstract In this paper, we present the mechanical design of a tripod leg mecha-
nism for a Cassino biped locomotor. Kinematic properties are investigated to select
the proper stroke of the linear actuators and the radius difference between the
moving and base plates. Workspace optimization of the adopted 3-UPU manipu-
lator is computed by considering the Global Condition Index and universal joints
constraints. Step design of the foot plate is presented and analyzed to improve the
performance by changing the initial length and reassembling of the three limbs in
the leg mechanism.

Keywords Biped locomotors � Workspace analysis � Tripod leg mechanisms �
Step design

1 Introduction

Biped locomotors, as biped robots, have attracted interests of many research
communities in the past decade, and a lot of prototypes have been built in the
laboratories and even for specific application tasks [1, 2].

However, most of the existing biped locomotors are based on leg designs with
human-like architectures by using serial chain solutions, such as ASIMO, NAO,
HUBO, HRP-4 and so on, while WL-16 (Waseda Leg-No. 16) is a design that
achieved world first dynamic human-carrying biped walking as based on leg
designs with Gough-Stewart parallel mechanisms [3]. Ota et al. [4] and Sugahara
et al. [5] have also proposed to use Gough-Stewart parallel mechanisms for leg

M. Wang (&) � M. Ceccarelli
LARM: Laboratory of Robotics and Mechatronics,
DICeM-University of Cassino and South Latium, Cassino, Italy
e-mail: wang@unicas.it

M. Ceccarelli
e-mail: ceccarelli@unicas.it

© Springer International Publishing Switzerland 2015
B. Corves et al. (eds.), Mechanisms, Transmissions and Applications,
Mechanisms and Machine Science 31, DOI 10.1007/978-3-319-17067-1_22

211



modules. Nevertheless, the potentiality of parallel manipulators (PMs) for leg
mechanisms has not been fully investigated, since the typical 6-DOF PMs also
suffer from some disadvantages, e.g., reduced workspace, difficult mechanical
design, complex direct kinematics, and accurate control algorithms. To overcome
the above disadvantages, PMs with fewer than six DOFs, namely reduced DOF
manipulators, have been widely attempted both in industry and academy. In the
field of leg designs for biped robots, Ceccarelli and Carbone [6] have investigated
the possibility of using PMs with less than six degrees of freedom for leg design as
inspired from the human leg muscular system. Pan and Gao [7] have presented a
new kind of hexapod walking robot as based on 3-DOF parallel mechanisms for
applications when nuclear disaster happens. Wang et al. [8] has proposed a quad-
ruped/biped reconfigurable walking locomotor as based on four 3-UPU PMs during
quadruped walking and converting into two 6-SPU PMs during biped working.
Indeed, 3-DOF PMs could be enough for reducing the total cost and operations of
leg mechanisms for biped locomotors, since that fewer actuators are required.

At the Laboratory of Robotics and Mechatronics (LARM), University of Cassino
and South Latium, one research line is devoted to design and analysis of parallel
mechanisms with reduced DOFs for multiple purposes, and several prototypes of
parallel mechanisms have been built with low-cost and easy-operation character-
istics. Research activities have been carried out on both theoretical aspects and
application implementations. A 3-DOF PM has been designed and used as a novel
design solution of a tripod leg mechanism for a Cassino biped locomotor [9]. To
improve the experimental performance of the built prototype of the tripod leg
mechanism [10], the kinematic optimization process is presented in this paper by
taking into account reachable workspace, kinematic isotropy and step design.

In this paper, the built prototype of the tripod leg mechanism is presented as
based on a 3-UPU parallel manipulator. In order to obtain the well-conditioned
workspace, kinematic analysis and optimization progress are proceeded by con-
sidering the Global Condition Index and angular limits of universal joints. The step
design of the foot plate is presented and analyzed by comparing two configurations
of three limbs in the leg mechanism.

2 The Cassino Tripod Leg Mechanism

A first prototype of the proposed tripod leg mechanism, as shown in Fig. 1a, has
been built and verified for prescribed movements [10]. Its kinematic scheme of a 3-
UPU (U and P stand for universal and prismatic pair, respectively) parallel
manipulator is shown in Fig. 1b.

The leg mechanism consists of a waist plate, a moving foot plate, and three
identical limbs with linear actuators and U-joints at each end. By properly orienting
the axes of U-joints, the moving foot plate can only perform purely translational
motion, as pointed out in [11].
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The main specifications and details of mechanical design parameters of the
tripod leg mechanism has been indicated in the previous work [10], as referring to
dimension parameters in Fig. 2, where L, W, and H are length, width and height of
the mechanism, respectively; SL and SH are step length and height; step trajectory
starts from point S-1 and follows the sequences of S_1-2-3-4-1. Hw and Hf are the
thicknesses of waist and foot plates; Lf and Wf are length and width of the foot,

Fig. 1 The Cassino tripod leg mechanism: a a prototype; b a kinematic scheme of 3-UPU PM

Fig. 2 Dimension parameters of the prototype in Fig. 1a
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respectively. In each limb, the distance between the rotation center of upper U-joint
and waist plate is equal to that between the rotation center of lower U-joint and foot
plate, i.e. the half-length of the universal joint, is noted as Duw = Duf, the distance
between the two rotation centers of upper and lower U-joints, i.e. the length of each
limb, is noted as li (i = 1, 2, 3), and the initial value of li is set as Li0, which
determines the initial height of the proposed leg mechanism.

3 Kinematic Analysis

In this section, the direct and inverse kinematics and the calculation of the Jacobian
matrix of the proposed 3-UPU parallel manipulator are based on the solution
methodology as presented in [9, 11].

In Fig. 1b, the position vectors of points Ai and Bi (i = 1,…,3) with respect to base
coordinate frame A: O-xyz and moving coordinate frame B: P-uvw (the originsO and
P placed at the corresponding triangle’s center) respectively, can be written as

Aai ¼ aix; aiy; 0
� �T

; and Bbi ¼ Abi ¼ bix; biy; 0
� �T ð1Þ

where a superscript indicates the reference coordinate frame in which a vector is
expressed. The vector p determines the position of point P in the base coordinate
frame. Furthermore, since vectors ai and bi are constants, the difference of them,
which is defined as vector ci, is a constant too. Hence, a vector-loop equation can be
obtained for each limb as

li ¼ pþ bi � ai ¼ p� ci ð2Þ

For the direct kinematics, the position vector p = [px, py, pz]
T of the moving

platform can be computed according to the given length of each limb li. The
solution can be obtained by expanding the Eq. (2) in the form

p2 � 2p � ci þ c2i ¼ l2i for i ¼ 1; 2; 3: ð3Þ

For the inverse kinematics, the length of each limb li can be computed according
to the given position vector p. The solution can be obtained by dot-multiplying
Eq. (2) with itself and taking the square root as

li ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðpx � cixÞ2 þ ðpy � ciyÞ2 þ p2z

q
for i ¼ 1; 2; 3: ð4Þ

where only positive root can be obtained in the presented leg mechanism, while
negative root cannot be obtained unless reassembling the mechanism.
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For the Jacobian matrix J, it relates the velocities of moving platform and linear
actuator and can be written as a 3 × 3 matrix as

J_p ¼ _li ð5Þ

J ¼ u13T; u23
T; u33

T� �T ð6Þ

where ui3 are the unit vectors along the axes of the prismatic joint axis for limb i.
Due to the direct kinematic analysis above, the platforms workspace depends on

two geometric parameters: the magnitude ci of vector ci and the stroke si of the
linear actuator which is directly related to each limb’s length li. Since the proposed
3-UPU platform has equilateral triangular base and moving plates, and three
identical linear actuators, therefore, ci and si have the same value in each limb, so
that they are two free parameters to be defined in the kinematic design, which are
denoted by C and S respectively.

4 Kinematic Optimization

In this section, the kinematic tool used to formulate the workspace optimization
problem is based on the Global Condition Index which is introduced in [12] and
used in [11, 13], as defined in Eq. (7)

g ¼
R
W

1
j dWR

W dW
ð7Þ

where W is the workspace and · is the condition number of the manipulator
Jacobian matrix J

j ¼ Jk k Jk k�1 ð8Þ

The objective of the well-conditioned workspace is to determine the values of
the tripod leg mechanism design parameters that result in the best kinematic isot-
ropy by considering the allowable angular limits of the universal joints. The range
of values of the actuators’ stroke, S, is considered to be 0.2 and 0.8 of the minimum
length of the limb, i.e., Li0, which are based on the technical specifications of
the majority of commercially available linear actuators. The range of values of the
radius difference of two plates, C, is assumed between 0.27 and 0.645 of the
maximum length of the limb, i.e., Li0 + S, which is indicated in the workspace
optimization work as indicated in Ref. [13].

By using the Matlab optimization toolbox, the maximum workspace is produced
for values of design parameters C around 0.3 and S as large as possible, i.e., around
0.8 when 1,000,000 points are randomly selected inside the determined enclosure
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space by Monte Carlo method. Under considering the limitation of the built pro-
totype, namely the stroke of the linear actuator is fixed as S = 100 mm, in order to
obtain the optimal workspace, the minimum value of Li0 is selected as 250 mm and
then the value of C is calculated as 100 mm. The constraints of U-joints are
considered by treating them as two revolute joints at the base. For each point within
the obtained workspace, if all of the revolute joints fall between the allowable
angular limits, then the point is within the well-conditioned workspace. Specifi-
cally, the angular limits of the revolute joints are chosen with the condition number
remains below 10, as pointed out in [13].

Figure 3a, b present the workspace of the manipulator for the optimized values
without and with angular constrains of U-joints, respectively. The color of the
points represents the value of the Global Condition Index, the dark red points have
large values and they are generally found toward the center of the workspace, and
the dark blue points have small values and they are generally found toward the
bottom edges of the workspace. It can be noted that by imposing constraints on the
revolution range of the universal joints, the workspace isotropy is improved while
the workspace volume is slightly decreased.

5 Step Design

Based on the well-conditioned workspace of the tripod leg mechanism, the initial
length of three limbs can be determined as Li0 = 250 mm, hence, the objective of
step design is proceeded to optimize the step size by assembling three limbs in the
leg mechanism.

During the biped walking gait, the human-like foot step trajectory is an ovoid
curve, as shown in Fig. 2, where the straight line segment is related to the sup-
porting phase and the curve segment is related to the swinging phase. During the
foot motion cycle, the step trajectory will start from point S-1 and follows the

Fig. 3 Optimized workspace of tripod leg mechanim for C = 120 mm and S = 200 mm: a without
U-joints angular constraints; b with U-joints angular constraints
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sequences of S_1-2-3-4-1. The step size can be characterized by the step length SL
and step height SH.

By assuming the direction of the biped walking gait as forward, the tripod leg
mechanism was assembled with one limb ahead and the other two rear in the
previous design [9], while in this paper the one is assembled with one on the right

Fig. 4 Cross-sections of the
workspace with the step
trajectory inside for forward
walking: a in O-xz plane, for
the foot configuration of one
limb on the right and the other
two on the left; b in O-yz
plane, for the foot
configuration of one ahead
and the other two rear;
c in O-xy plane
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and the other two on the left. In order to compare the step sizes in different
assemblies, Fig. 4a–c present three cross-sections of the optimized workspace of the
manipulator in O-xz, O-yz and O-xy planes, respectively. Assumed that the step
trajectory starts from the initial position P0 = [0, 0, 300] with step height
SH = 50 mm, the obtained maximum step size are shown in Fig. 4a, b, and the
corresponding step lengths can be obtained from position data in Fig. 4c, which are
computed as SLa = 215 mm and SLb = 158.4 mm, respectively. It can been seen that
the step size is improved about 35.7 % by assembling three limbs with one right and
the other two left.

6 Conclusions

In this paper we have presented the mechanical design and kinematic analysis of a
tripod leg mechanism for a Cassino biped locomotor. The well-conditioned
workspace has been obtained by taking into account the Global Condition Index
and angular limits of universal joints. Considering the constraints of the built
prototype, the minimum value of Li0 is selected as 250 mm and the value of C is
calculated as 100 mm. Based on the obtained well-conditioned workspace, step
design has been presented by changing the initial length and assembly of three
limbs in the leg mechanism and the step length can been improved 35.7 % based on
the same step height.

Acknowledgments The first author would like to acknowledge China Scholarship Council (CSC)
for supporting his PhD study and research at the Laboratory of Robotics and Mechatronics
(LARM) in the University of Cassino and South Latium, Italy, for the years 2013–2015.
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Self-crossing Motion Analysis of a Novel
Inpipe Parallel Robot with Two Foldable
Platforms

Wan Ding and Yan-an Yao

Abstract A novel pipeline robot that can realize both inchworm gait and a new
concept of Self-crossing motion (SCM) gait is proposed. The robot is composed of
two identical spatial foldable platforms and three identical RPR (revolute-prismatic-
revolute) kinematic chains. The foldable platform that is essentially an improved
plane-symmetric Bricard linkage with special twist angle can achieve a continuous
turning inside out. By taking advantage of the locomotion cooperation among two
platforms and three kinematic chains, the robot possesses large deformation
capabilities (adapt to different pipe size), different locomotion modes (SCM,
inchworm), and foldable and expandable capabilities (fold into flat or prism shape).
Two different SCM strategies are described respectively. As displayed in dynamic
simulation with integrated locomotion gaits, the SCM movement performs a larger
step length and fast speed than general inchworm locomotion.

Keywords Inpipe parallel robot � Spatial folding platform � Self-crossing motion �
Inchworm motion

1 Introduction

Parallel mechanism consisted of two platforms and several kinematic chains can be
improved to design inchworm pipeline robot. The construction characteristics of
these robots include an extendable body for moving forward and two deformable
platforms for supporting [1]. Bekhit et al. [2], presented an inchworm robot based
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on the Gough-Stewart (G-S) parallel mechanism with two improved 3-DoF (degree
of freedom) triangular platforms. The platform was constructed by replacing each
edge with linear actuator and each vertex with revolute joint accordingly. Aracil
et al. [3] proposed a climbing robot based on G-S parallel mechanism with two ring
platforms. Each platform was designed with four grip devices arranged equally
around the ring for supporting. Jeon et al. [4] designed a steerable inchworm type
inpipe robot that was consisted of two 1-DoF four crank-slider mechanisms con-
structed extendable platforms and one pinion-rack driven extensor mechanism.
Similarly, Kim et al. [5] developed an inpipe robot that was composed of two sets
of scissor-type mechanisms on both ends and a single pneumatic cylinder on center.

However, for these robots, the step length and inpipe radius adaptability were
limited by their deformation capability and physical size of the deformable plat-
form. What’s more, the foldable ability for most inchworm pipeline robot was
restricted by their planar configurations. Thus, in order to acquire the large defor-
mation and high mobility, the robots should be equipped with special fabricated
large extension ratio telescopic rod [6] or more complex structure [7], which would
definitely increase the difficulty of design, manufacture and control system.

In totally different way, by adopting the folding and single DoF properties of the
Bricard linkage acting as the deforming platform and by using three RPR kinematic
chains to achieve moving forward, we propose a novel inpipe robot. The platform
possesses large deformation capability. What’s more, a novel locomotion mode
called Self-crossing Motion is proposed to achieve large step length and fast
locomotion speed. And, the robot can easily fold into flat or prism shape.

2 Mechanism Design and SCM Description

2.1 Mechanism Design

Figure 1a shows the simplified 3D model of the robot. It contains two identical
deforming platforms (platforms A and B) and three RPR kinematic chains. See
Fig. 1b, each platform is a single DoF plane-symmetric Bricard linkage with six
revolute joints and six links [8]. See Fig. 1c, two platforms are connected with three
RPR kinematic chains, which form a 3-RPR parallel manipulator. Figure 1d
illustrates the partial view of vertex mechanism that aims at keeping the plane of
circular ring always coplanar with the angular bisector, namely, θ1 = θ2. Figure 1e is
the sketch diagram of the vertex mechanism that is a single DoF symmetric double
planar slider-rocker mechanism calculated by G-K criterion [9].

The revolute property of the two links of Bricard linkage at A12 keeps
unchanged. For the plane-symmetric Bricard linkage with special given parameters
illustrated in what follows, the two triangular planes composed of three interval
vertices, such as ΔA1A3A5 and ΔA2A4A6, always parallel to each other and keep
equilateral triangle shapes [10]. Since each platform has single DoF, the platform
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will be locked into single link if one of the six revolute joints of the Bricard linkage
is fixed. And then, the robot will be degenerated to a single DoF 3-RPR parallel
manipulator (PM) with only translational motion if two deforming platforms are
locked simultaneously. Therefore, the robot has three DoFs totally.

2.2 SCM Description

See Fig. 2a, the robot has three states between platforms A and B: State I, below
state; State II, coplanar state; State III, above state. By properly controlling two
platforms, three states can transform orderly, namely, Δa1a2a3 can cross Δb1b2b3,
or reverse. Thus, we define this special motion as: Self-crossing motion.
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Fig. 1 The 3D model and mechanism sketch of the robot
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However, at state II (Fig. 2b), the robot reaches the constraint singularity
position (CSP) as two triangles are coplanar. The characteristics of instantaneous
(infinitesimal) degrees of freedom changed, which changes into two independent
expandable platforms and one instantaneous translation that is vertical to the tri-
angle plane [11]. As labelled in Fig. 2, parameters lA, lB, and L represent the edge
length of Δa1a2a3 and Δb1b2b3, and length of aibi (i = 1, 2, 3). According to the
relation of coplanar, the geometry condition satisfies:

L ¼ 2ffiffiffi
3

p lA � lBj j ð1Þ

3 Motion Analysis of the Deformation Platform

According to the Ref. [12], for the plane-symmetric Bricard linkage shown in Fig. 1
(b), the output angle φ can be represented by input angle θ and twist angle α:

ui ¼ 2 arctan
2 cos a sin h�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 cos2 aþ 1þ 2 sin2 a cos h

p

cos2 a� sin2 a� 2 cos2 a cos h
;

ði ¼ 1; 2;u1uses 'þ';u2uses '�'Þ
ð2Þ

In Ref. [12], we know that the Bricard linkage keeps moving continuously when
twist angle satisfies 60° ≤ α ≤ 120°, and, the linkage with twist angle α behaves the
same way as one whose twist angle set as 180° − α. Meanwhile, the six linkages of
the Bricard linkage with twist angle α = 60° or 120° will coincide together as both θ
and φ1 reach to 180°, which is impossible to reach this point of a physical prototype
due to interference. What’s more, the input-output curve called compatibility path
forms a closed loop as 60° < α < 120°.

As shown in Fig. 3a, the variation of edge lengths ||A1A3|| of DA1A3A5 with
respect to variation of twist angle α ∈ [60°, 120°], input angle θ ∈ [θmin, θmax], and
length of each linkage l = 620 mm are displayed.

See Fig. 3b, the compatibility path of α = 62° compared with α = 60° is adopted
as an example to show new features of the Bricard linkage. The length ||A1A3||
varies from 241 to 1240 mm. We can see that both of two twist angles are pass
through four fixed state (S) points, S2, S3, S6, and S7. The compatibility path S1S5
(from S1 to S5) generate by choosing input-output parameters (θ, φ1). As we can see,
the variation of input angle θ changes from θ ∈ [−157.5°, 157.5°], and the output
angle φ1 reaches to the minimum value at point S4(134.1°, 157.5°). Meanwhile, the
S1S4 obeys to monotone decreasing, while S4S5 obeys monotone increasing. On the
contrary, compatibility path S5S1 (from S5 back to S1) acts as in symmetry
locomotion.

Interestingly, we find that the Bricard linkage can overcome two extreme states
(S1 and S5) and achieve a locomotion cycle (from S1 back to S1) by exchanging the
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input and output at states S1 and S5. Therefore, in order to show this transformation
and deformation, in Fig. 4, we choose five states (S3 to S7) that have symmetry
motion with five states (from S7 back to S3) are shown accordingly. Especially, the
output angle φ2 can be enable after the minimum value at S4 shown in Fig. 3b, c.

4 SCM Analysis

As discussed in part 2.2, in order to deal with the DoF variation, the instantaneous
translation motion can be controlled by adding one actuation at one of the six
revolute joints (ai, bi) shown in Fig. 2b. Additionally, we find an interesting gait of
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the SCM movement without additional actuation by using the contact force between
two deforming platforms to overcome the CSP. The following part will illustrate the
two different locomotion modes by using dynamic simulation.

4.1 SCM with Additional Actuation

Figure 5a is the initial position; input parameters are set as θA = θB = 0°,
L = 360 mm; L keeps unchanged in whole locomotion cycle. Figure 5b shows that
two platforms do not have interference as θA = 52°, θB = 20°. See Fig. 5c, θA = 137°
and θB = 80°. Figure 5d, disable θA and enable θP at the beginning of this step; the
robot reaches CSP as θP = 130°. Figure 5e, by further increasing θP = 220°,
platform A moves above platform B. Figure 5f, the robot recovers to its original
configuration as θA = 0°.

Additionally, the disable or enable process can be replaced by redundant actu-
ation, namely, all of the six parameters are mounted with actuations.

4.2 SCM Without Additional Actuation

The omitted initial and final states have the same state as Fig. 5a, f. Platform B
keeps unchanged in the cycle. Figure 6b, disable L, increase θA to extreme position
θA = 157.5°. Figure 6c, disable θA and enable φA; increase φA = −70° so as to let

(a) (b) (c)

(d)

(e) (f)

Fig. 5 Gait I: SCM with additional actuation (θP)
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platform A contact with platform B. Figure 6d, the robot reaches the CSP, and
platform A takes advantage of the contact force to “extrude” from platform B.
Figure 6e, by further increasing φA = 0°, the robot utilize contact force and folding
motion to overcome and pass the CSP, and then, L is enabled, Δa1a2a3 is above
Δb1b2b3. Figure 6f, the robot recovers to its original configuration as φA = 120°.

4.3 Combined Locomotion Gaits in Pipeline with a Gap

Figure 7 shows that the robot takes advantage of the three gaits together to over-
come a gap in a straight line inpipe (side view), which include two SCM gaits
shown in Figs. 5 and 6 and one inchworm gait. The gaits shown from Fig. 7a–c are
gait I. The gaits shown from Fig. 7c–e are inchworm gaits. The gaits shown from
Fig. 7e–g are gait II. The enabled and disabled parameters are illustrated in each
step. Figure 7g shows that the robot moves a distance upward.

By comparing the two locomotion modes, it can be seen that, SCM has a larger
step length than inchworm motion in a cycle, while inchworm motion can pass

(a) (b) (c) (d)

Fig. 6 Gait II: SCM without additional actuation (θP)

(a) (b) (c) (d)

(e) (f) (g) (h)

Fig. 7 Combined locomotion for overcoming a gap
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through a narrower inpipe size than SCM. However, as mentioned above, inch-
worm motion and SCM can exchange into each other. And also, both of them are
possible to give a fast and stable locomotion in pipeline.

5 Conclusions

This paper presented a pipeline robot composed of two identical improved plane-
symmetric Bricard linkage with twist angle 62° acting as spatial foldable platform
and three identical RPR kinematic chains. The two Bricard linkages of which
continuous locomotion of turning inside out was illustrated in details were used to
achieve a novel locomotion type called SCM. And then, the condition of realizing
SCM and two different SCM strategies according to different locomotion modes to
overcome CSP were shown and analyzed.

The SCM gait by using its own contact force to overcome the CSP was a novel
feature for parallel robots. The dynamic simulations of SCM gaits and combined
locomotion verified the locomotion feasibility of moving inpipe. What’s more, the
combined locomotion gaits illustrated that the SCM gait got a larger step length and
faster speed than inchworm gait. The new type of pipeline locomotion, Self-
crossing Motion, provided a new locomotion type for inpipe robot family.
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A Novel Skid-Steering Walking Vehicle
with Dual Single-Driven Quadruped
Mechanism

Jianxu Wu, Qiang Ruan, Yan-an Yao and Meili Zhai

Abstract A novel legged-vehicle called dual quadruped vehicle (DQV) is
proposed. The DQV contains two identical single-driven quadruped mechanisms
which are composed of single degree-of-freedom (DoF) planar mechanisms. Based
on the functional requirements, the construction of leg mechanism is presented. The
arrangement of overall vehicle is described, and the steering analysis is discussed.
Finally, the dynamic simulation and experimental system are carried out to verify
the validity of the theoretical analysis and the maneuverability of the prototype.
By decreasing the DoFs, it is useful for the reduction of the cost and simplification
of the control algorithm. What’s more, the reliability and practicality of the walking
vehicle can also be enhanced.

Keywords Walking vehicle � Closed chain � Mechanism analysis � Skid steering

1 Introduction

Compared with the tracked and wheeled vehicles, the legged machines are more
flexible, efficient and versatile when operated on off-road terrains. In the past
decades, plenty of the prototypes have been widely used in various fields. For
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example, the Bigdog [1] has been used as a delivery vehicle in the military tasks;
the WL-16 and Hyperion 4 [2, 3] have been used as the transportation for injured
individuals; the ASV and DANTE II [4, 5] have been used for supervision task and
volcanoes exploration; the Walking Harvester [6] has been used for the forestry and
agriculture tasks; the ASIMO [7] has been used in daily life.

From the above literature reviews, it can be seen that the researchers around the
world have devoted themselves to the studies on legged machines. The crucial
mechanical design of these robots has been focused on the leg mechanisms, which
can be divided into open-chain linkage and close-chain linkage. In the open-chain
mechanism, actuators were installed on the hip, knee and ankle. Nevertheless,
a certain amount of legged robots were restricted to the laboratory for the following
reasons: (1) The larger number of actuators increases the kerb weight and energy
consumption of the robot. (2) If all of the DoFs need to be simultaneously actuated
while walking on rough terrain, the control algorithm will become complex. This
may make the robot less reliable in a severe environment. (3) Not only the incre-
ment in actuators and sensors, but also the intricate control could result in the
expensive design and maintenance.

In order to improve the practicability for a legged robot, the enhancement of
mechanical design with lower DoFs is urgently required. Therefore, the single-DoF
planar linkages with close-chain have been implemented in different prototypes,
such as: Chebyshev mechanism, Walking Vehicle [8], Walking Apparatus [9], and
also, the reconstruction study for ancient machinery by Chiu, Hwang and Chen,
et al. [10–12]. However, the above robots not only keep balance by adding sup-
porting wheels, but also fail to steer. Different from these, the Klann mechanism
[13] and the Theo Jansen mechanism [14] improved the mobility by adding more
leg modules. With the aim of building an easy-operation and low-cost walking
vehicle, this paper deals with the DQV that is composed by close-chain linkages on
the basis of skid-steering theory.

2 Design of the Leg Mechanism

In order to be capable of passing various terrains, the closed kinematic chain used
as the leg mechanism should be subject to the design constraints. Meanwhile, the
foot trajectory, generally divided into the “support phase” and the “transfer phase”,
should meet the functional requirements, which can be summarized as follows. The
desirable foot trajectory is shown in the Fig. 1:

1. The trajectory must be a closed symmetrical curve without intersections.
2. The support phase of the foot-point is approximately a straight line.
3. The height of the stride H in the transfer phase is as high as possible, and the

length L in the support phase is as long as possible to ensure the walking ability.

Based on the functional requirements, the 1-DoF planar leg mechanism with the
close-chain full-pivot feature is presented in Fig. 2. The linkages in Watt chain [15]
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are designed as ground link, crank, thigh link, and shank link, respectively. In
Fig. 2a, the parameters are described as: ri (i = 1, 2, …, 9), the length of linages; θi,j
(i = 1, 2,…,9; j = 1, 2, …,9), the angle between the linkages i and j. The design
parameters are listed in Table 1.

3 Dual Quadruped Vehicle

3.1 Arrangement of Overall Vehicle

The arrangement of the DQV is shown in Fig. 3a. The whole mechanism consists of
two identical quadruped mechanisms on each side of the frame. In each quadruped

Walking Direction

H

L

Support phase

Transfer phase

Fig. 1 The foot trajectory

Crank

Shank
link

Thigh 
link

Ground link

r1

r0r3

r2

r5
r6

r7
r8

r9

θ0

θ3,6

θ8,9

r4

θ2,4

(a) (b) (c)

Fig. 2 The leg mechanism construction: a sketch diagram, b 3D module, c prototype

Table 1 Design parameters of the six-bar mechanism

r0 (mm) r1 (mm) r2 (mm) r3 (mm) r4 (mm) r5 (mm) r6 (mm)

120.93 25 86.4 72 36 97.2 43.2

r7 (mm) r8 (mm) r9 (mm) θ0 (°) θ3,6 (°) θ2,4 (°) θ8,9 (°)

79.2 55.8 139.46 147.90 29.69 62.06 20
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mechanism, the cranks arranged in the front and rear legs on the same side have a
zero radian phase difference, and the cranks arranged in the left and right legs have
a 180° phase difference. The front and the rear legs follow the feature of moving in
the same plane.

In order to simplify the motion control algorithm and reduce the number of
motors further, the cranks of the left and right legs share the public driving shaft,
and the front and rear shafts are driven by the motor through the chain transmission.
Consequently, each quadruped robot is driven independently by a single motor.

3.2 Skid-Steering Analysis

Following the arrangement described above, the two quadruped mechanisms are
equivalent to the two sides pedrail system, and they achieve different speed by
changing the driving forces. Figure 3b depicts the no-load full-vehicle steering
model. O and R are the steering center and the steering radius respectively, and
B represents the distance between the longitudinal symmetry planes of the two
quadruped robots. OT is the projection of point O in the longitudinal symmetry
plane of the vehicle, and VT represents the average speed of the legged-vehicle.
Similarly, V1 and V2 are the speed of the two quadruped mechanisms. Therefore, the
steering parameters can be obtained as:

xT ¼ v1
R� 0:5B

¼ v2
Rþ 0:5B

¼ v2 � v1
B

ð1Þ

R ¼ v2 � 0:5BxT

xT
¼ v1 þ 0:5BxT

xT
¼ v1 þ v2

2xT
¼ B v1 þ v2ð Þ

2 v2 � v1ð Þ ð2Þ

ω
O OT O2O1

B
R

V1

V2

Front      Rear

Left   
     

 Right
(a) (b)

Fig. 3 The description and analysis of DQV: a arrangement, b steering model
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4 Dynamic Simulations

Figure 4 displays a cycle of walking simulation by ADAMSTM, the motor speed is
30r/min. After a cycle of walking simulation, it takes 4 s and the moving distance is
390 mm. The foot point trajectory shown in Fig. 4a is a closed ovoidal curve, the
height and length of the stride are 40 and 200 mm respectively.

The fluctuation of the platform in DQV is shown in Fig. 5a, and the amplitude is
6 mm which meets the application requirements. The torque on the crank is shown
in Fig. 5b.

Figure 6a displays a cycle of steering simulation. And, the motor speed of the two
quadruped mechanisms is set as 15 and 45r/min, respectively. Besides, Fig. 6b
illustrates the lateral force on the leg mechanism which results in loosing connection
and increasing friction between linkages. Therefore, the detailed mechanical design
strategy of a revolute joint shown in Fig. 6c is adopted in each leg.

θ1=π/2θ1=0 θ1=2πθ1=3π/2
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Fig. 5 Simulation parameters analysis: a fluctuation of vehicle b torque on the crank
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5 Prototype and Experiments

As shown in Fig. 7, the experimental system composed of walking system, a
control unit, a power supply, an operation unit is built (see Table 2 for a summary
of the specifications of the DQV).

See Fig. 8, the turning experiments are carried out to validate the feasibility of
the experimental system and the locomotion of constructed prototype. The exper-
iment illustrated in Fig. 9 testifies the zero radius steering ability of the DQV.

Figure 10 shows the vertical obstacle passing experiments. The obstacle with the
height of 20 mm is easy to overcome for the DQV. Furthermore, the experiment
succeeds finally when one or two legs step on the obstacle which is 35 mm in
height.

Fig. 7 The experimental
system

Table 2 Summary of the specifications for DQV

Curb
weight (kg)

Size Mobility

Length
(mm)

Width
(mm)

Height
(mm)

Vertical
obstacles(mm)

Slops
(°)

Payload
(kg)

Speed
(mm/s)

4.2 459 428 258 350 30 6 300

Fig. 8 Steering with the Radius (R = 300 mm)
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The climbing ability of the DQV is verified by the experiment shown in Fig. 11a,
and the DQV is able to keep stability by taking full advantage of multiple legs when
operated on the rugged terrain, as seen in Fig. 11b.

6 Conclusions

This paper proposed a novel walking vehicle called DQV. The mechanism design
was presented according to the three functional requirements. The arrangement of
the overall vehicle was described, and the turning mode was analyzed. Furthermore,

Fig. 9 Pivot steering experiment

Fig. 10 Vertical obstacle passing experiments

Fig. 11 Slope and rugged terrain experiments
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dynamic walking motions were simulated in ADAMSTM, and the results showed
the locomotion feasibility of the mechanism design. The experiments were carried
out successfully to testify the theoretical analysis and the reliability of the experi-
mental walking system. Generally speaking, the DQV with simple control and
flexible steering is able to cope with the different environment.
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University (2014YJS112).
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Automatic Generation of Serial
Manipulators to Be Used in a Combined
Structural Geometrical Synthesis

Daniel Ramirez, Jens Kotlarski and Tobias Ortmaier

Abstract In the present paper, an approach to generate a minimal set of serial
manipulators that provide the required motion directions without redundant solu-
tions is introduced. Besides the architectures, the Denavit-Hartenberg parameters
that can be used as optimization parameters in a posterior geometrical synthesis are
extracted. The motion directions are defined through a required motion vector
which is modified in order to consider the orientation of the robot base. All suitable
architectures are generated from a set of discrete Denavit-Hartenberg parameters.
The method removes all isomorphisms from the set of suitable architectures sig-
nificantly reducing the number of solutions, i.e. the computational effort. In order to
illustrate the advantage of the proposed method, the number of solutions generated
with and without detection of isomorphisms are given. Finally, an example of
architectures with four degrees of freedom is given.

Keywords Serial manipulators � Robot design � Structural synthesis � Isomor-
phisms � Denavit-Hartenberg parameters
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1 Introduction

The robot design process involves two different procedures: the structural synthesis
and the geometrical synthesis. The first aims to find the number, type, and orien-
tation of the robot joints in order to generate a manipulator with a given number of
degrees of freedom (DOF). The second looks for the optimal dimensions of robot
links to accomplish a given task [15]. However, in general the two procedures are
carried out separately. Usually, an architecture is chosen a priori to perform the
geometrical synthesis. Thus, the obtained manipulator does not necessarily repre-
sent the best mechanism. In order to perform a combined (structural and geomet-
rical) synthesis, it is necessary to determine all suitable architectures that provide
the motion directions of the required task as well as to identify the parameters that
can be used in the optimization process maintaining the DOF at the end effector
(EE) of the manipulator.

Most existing methods carrying out the structural synthesis of manipulators are
based on the graph theory [2, 9], screw theory [8, 11, 12], groups of displacement
[1, 10, 14], linear transformations [5–7], or position and orientation characterization
[18, 19]. Most of these approaches have been applied in the design process of
parallel manipulators. Only few works address serial manipulators: in [3] and [13],
the rule-based design of serial kinematic chain is proposed. The derivation of the
design rules are carried out using groups of the displacement and the screw theory,
respectively. Additionally, in [4] 6 DOF serial robotic manipulators with only
revolute joints are found. There, traveling coordinate systems are applied to
describe the geometry of the manipulator and evolutionary morphology (EM) is
used for generating new architectures.

Nonetheless, the rule-based design method does not provide the parameters and
restrictions that should be subsequently used in a geometrical synthesis. Further-
more, the solutions generated by EM should be grouped before performing the
geometrical synthesis in order to reduce the computational cost. Hence, a general
approach to find serial architectures that fulfil a required motion is proposed. The
architectures are described using the Denavit-Hartenberg (DH) parameters. The
proposed method identifies the DH parameters that can be used as optimization
parameters as well as the necessary restrictions that should be considered in the
subsequent geometrical synthesis. With the goal of reducing the computational cost
and the complexity of the optimization problem, the kinematic chains are grouped
using detection of isomorphisms in the set of suitable architectures.

The paper is organized as follows. Firstly, the required motion vector is defined.
Secondly, the general algorithm to generate the suitable architectures without
redundant solutions is introduced. Thirdly, as part of this algorithm, the generation
of all possible architectures that fulfil the required motion as well as the conditions
for the detection of isomorphisms are presented. Then, the capability of the pro-
posed approach is demonstrated comparing the number of architectures obtained
both with and without detection of isomorphisms. Finally, two manipulators with 4
DOF are shown in order to clarify the obtained results.
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2 Definition of the Required Motion

The first step of the structural synthesis is the definition of the required motion of
the end effector, i.e. the required translational and rotational motion directions. The
velocity n of the EE can be used for this purpose.

The velocity n of the end effector of a serial manipulator with n generalized
coordinates can be described using the origin On of its reference frame (RF)n as a
reference point [17]:

n ¼ vn
xn

� �
¼ J _q; ð1Þ

where vn and xn are the linear and angular velocity of the EE, J ¼ j1; j2; . . .; jnð Þ is
the Jacobian of the manipulator and the joint rates _q ¼ _q1; _q2; . . .; _qnð ÞT, corre-
sponding to _hi in case of a revolute joint R and _di in case of a prismatic joint P. The
vector ji, with i ¼ 1; 2; . . .; n, is the ith column of the Jacobian and represents the
effect of the ith joint rate _qi on the velocity n of the EE.

The required degrees of freedom of a given application are defined through the
required motion vector nreq 2 R

6, corresponding to the vector n 2 R
6. Elements of

nreq ¼ vTreqn ;x
T
reqn

� �T
¼ nreq1 ; nreq2 ; nreq3 ; nreq4 ; nreq5 ; nreq6
� �T

being zero (nreqi ¼ 0)

indicate that there is no required motion in this direction for any _q. The required
DOF of the manipulator are the amount of nreqi 6¼ 0. For instance, the vector

nreq ¼ nreq1 ; nreq2 ; nreq3 ; 0; 0; nreq6
� �T

defines the motion of a manipulator with 4
DOF (1R3T) at the EE: three translational motions along the x-, y-, and z-axis (3T)
and one rotational motion around the z-axis (1R).

By using the DH parameters to describe a serial manipulator, the axis of the first
joint is always the z-axis and all configurations will have a motion along or around
it. To avoid this problem, the required motion vector nreq can be rotated as shown in
[16]:

nðzÞreq ¼ nreq; nðyÞreq ¼
RT

x ð�p=2Þ 0 3�3½ �
0 3�3½ � RT

x ð�p=2Þ

 !
nreq;

nðxÞreq ¼
RT

y ðp=2Þ 0 3�3½ �
0 3�3½ � RT

y ðp=2Þ

 !
nreq;

ð2Þ

where Rxð�p=2Þ and Ryðp=2Þ 2 R
3�3 are the rotation matrices rotating �p=2 and

p=2 around the x- and y-axis, respectively. nðzÞreq, n
ðyÞ
req, and nðxÞreq are the required

motion vectors for a manipulator whose first axis is aligned with the z-, y-, and
x-axis, respectively.
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3 Structural Synthesis Algorithm

The procedure for the structural synthesis of serial manipulators is shown in
Algorithm 1. At the beginning a set of suitable DH parameters for the first link is
generated as pointed out in [16]. This set becomes the set of suitable architectures
(SoA) for the first DOF of the mechanism. It is important to note that the resulting
set includes several similar architectures with different DH parameters. These iso-
morphisms are found using the procedure proposed in Sect. 3.2. Further DOF are
generated and added to every member of SoA until the DOF of the architectures in
SoA is equal to the required DOF in nreq. The complete algorithm is carried out for

the three motion constraint vectors nðzÞreq, n
ðyÞ
req, and nðxÞreq.

3.1 Generation of Suitable Architectures

The proposed generation of all architectures fulfilling nreq is shown in [16]. These
architectures are described by means of the DH parameters using prismatic (P) and
revolute (R) joints. In the case of a P joint, di corresponds to the joint coordinate qi
and in case of a R joint hi ¼ qi. Additionally, each DH parameter is limited to two
possible values: hi ¼ 0; p2

� 	
; di ¼ 0; d�i

� 	
; ai ¼ 0; a�i

� 	
; ai ¼ 0; p2

� 	
. The values

di ¼ 0 and ai ¼ 0 mean that these parameters must be zero. In contrast, di ¼ d�i and
ai ¼ a�i mean that these parameters can take any value different from zero. The
value ai ¼ 0 indicates that two consecutive joint axes are parallel and ai ¼ p

2 that
these axes are perpendicular. All possible parameter combinations as well as further
details can be found in [16].
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The suitability of an architecture is evaluated through two conditions. Firstly, the
terms of nreq that are zero must also be zero in the robot motion vector n of the
evaluated architecture. Secondly, the rank of the Jacobian J must be equal to the
number of required DOF.

3.2 Detection of Isomorphisms

In the set of suitable architectures, there are configurations described with different
DH parameters having similar kinematic behaviour (isomorphisms). In order to
reduce the computational cost and the complexity of the optimization problem
(combined structural and geometrical synthesis), these similar architectures are
gathered in groups that can be represented by a common DH parameter matrix.
Figure 1 shows an example of two architectures that are isomorphisms.

In the first case of Fig. 1, the parameters of the first link are h1 ¼ 0 and a1 ¼ a�1,
while in the second case h1 ¼ p=2 and a1 ¼ 0. As can be seen, h1 and a1 can take
any value without affecting the motion directions of the EE. Hence, both manip-
ulators can be considered particular cases of the same DH parameter matrix. Here,
the notation hi; di; ai, or ai with i ¼ 1; 2; . . .; n indicates that these parameters can
take any value including zero.

The detection of isomorphisms is performed for every member of the set of
suitable architectures. If two architectures can be described with the same DH
parameter matrix, they are replaced in the set of suitable architectures by the new
DH parameter matrix. Hence, the SoA contains the minimal set of possible
manipulators for each new DOF (see Algorithm 1).

Table 1 summarizes the conditions to be evaluated for each DH parameter
(dj; aj; aj; hj) of the jth link of a manipulator. xj represents the angular velocity
generated by the first j links. zj�1 is the axis of the jth joint as shown in Fig. 2.

x0

z0
y0

z4

x4

y4

x0

z0
y0

z4
x4

y4

Fig. 1 Example of two isomorphisms with nreq ¼ ð0; 0; nreq3 ; nreq4 ; nreq5 ; nreq6 ÞT
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ðJjþ1Þaj¼0 is the matrix composed by the first jþ 1 columns of the Jacobian matrix

replacing aj ¼ 0. jJvjþ1;n represents the matrix formed by the first three rows of the
last n� j columns of the Jacobian matrix, i.e. the elements of the Jacobian that
represent the effect of the last n� j joints (qjþ1; qjþ2; . . .qn) on the linear velocity
described in the jth reference frame. jJxjþ1;n represents the matrix formed by the last
three rows of the last n� j columns of the Jacobian described in the jth reference
frame.

It is important to note that the subindex j represents the link under consideration
while i is used as the index to indicate any other link.

4 Results of the Proposed Approach

Based on the presented procedure (see Algorithm 1), the DH parameters of serial
manipulators fulfilling a required motion vector nreq can be determined without any
redundant solution. Table 2 compares the number of architectures generated using
the proposed approach and the number of architectures reported in [16] (without

Table 1 Summary of the conditions to compare two architectures

Parameter Joint Condition Possible values

dj R xj � djzj�1 ¼ 0 _ xj � djzj�1 2 nreq dj 2 R

aj P xj�1 � ajxj ¼ 0 _ xj�1 � ajxj 2 nreq aj 2 R

aj R rankðJjþ1Þaj¼0\rankðJjþ1Þaj¼a� aj 6¼ 0 ða�j Þ
R xj�1 � ajxj 2 nreq aj 2 R

aj R, P rank jJvjþ1;n

� �
¼ 0; 3f g ^ rank jJxjþ1;n

� �
¼ 0; 3f g aj 2 R

hj P rank jJvjþ1;n

� �
¼ 0; 3f g ^ rank jJxjþ1;n

� �
¼ 0; 3f g hj 2 R

P aj ¼ 0 _ xj�1 � djzj�1 ¼ 0

EE

(RF)j-1

(RF)n

(RF)i-1

(RF)j

(RF)0

link j

lin
k i

joint j

joint 1j+

joint i

xj-1

zj-1 zj

Oj-1
Oj

xj

On

Oi-1

r
1

xi-1

zi-1

Fig. 2 Location of the reference frames of a serial manipulator
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isomorphims detection). NðzÞ
s ;NðyÞ

s , and NðxÞ
s represent the number of architectures

with the first joint axis aligned with the z-, y-, and x-axis respectively. Ns is the total
number of architectures found for each required motion vector. In comparison to
[16], the number of architectures generated can be substantially reduced using the
presented method. Therefore, the obtained architectures are able to be used in a
subsequent efficient geometrical synthesis process. Hence, all possible architectures
can be considered and the selection of the architecture can be included in the robot
optimization process.

The proposed approach is capable for manipulators up to 6 DOF. In this case, the
required motion vector nreq does not have to be rotated using Eq. (2). Without
detection of isomorphisms, the number of architectures generated for a 6 DOF
manipulator would increase up to a few millions. Such a set of suitable architectures
could not be handled due to the very high computational cost. However, using the
presented method, a total number of 326 architectures are obtained for a required
motion vector nreq ¼ ðnreq1 ; nreq2 ; nreq3 ; nreq4 ; nreq5 ; nreq6ÞT.

As an example, Table 3 shows all possible architectures that can be used to
obtain a manipulator with three rotational and one translational DOF along an axis
parallel to the z-axis (nreq ¼ ð0; 0; nreq3 ; nreq4 ; nreq5 ; nreq6ÞT). The DH parameters of
these architectures show which parameter has to be a certain value, which has to be
different from zero, and which can take any value without changing the motion
directions of the EE. In case of the PRRR manipulator on the left side, h1, a1, a1,
and d2 can take any value. Despite this, the EE maintains the direction of each DOF.
Therefore, these parameters can be used as optimization parameters in case of a
geometrical optimization process of this manipulator. In contrast, the parameters a2
and a3 must be p=2 and a2, d3, a3, d4, and a4 must be zero.

Table 2 Number of architectures generated with and without isomorphisms detection

nreq Without isomorphisms
detection

With isomorphisms
detection

NðzÞ
s NðyÞ

s NðxÞ
s

Ns NðzÞ
s NðyÞ

s NðxÞ
s

Ns

ð0; 0; nreq3 ; 0; 0; nreq6 ÞT 12 0 0 12 2 0 0 2

ðnreq1 ; 0; 0; 0; 0; nreq6 ÞT 0 0 4 4 0 0 1 1

ðnreq1 ; nreq2 ; 0; 0; 0; 0ÞT 0 8 8 16 0 1 1 2

ð0; nreq2 ; nreq3 ; 0; 0; nreq6 ÞT 8 24 0 32 1 2 0 3

ðnreq1 ; nreq2 ; 0; 0; 0; nreq6 ÞT 112 64 64 240 4 3 3 10

ð0; 0; 0; nreq4 ; nreq5 ; nreq6 ÞT 2 2 2 6 1 1 1 3

ðnreq1 ; nreq2 ; nreq3 ; 0; 0; 0ÞT 32 32 32 96 1 1 1 3

ð0; 0; nreq3 ; nreq4 ; nreq5 ; nreq6ÞT 20 0 0 20 2 0 0 2

ðnreq1 ; nreq2 ; nreq3 ; 0; 0; nreq6ÞT 1984 704 704 3392 17 9 9 35

ð0; nreq2 ; nreq3 ; nreq4 ; nreq5 ; nreq6 ÞT 220 220 388 828 7 5 11 23
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5 Conclusions

The paper presented an approach to generate serial architectures that fulfil a
required motion vector. It provides the DH parameters that can be used as opti-
mization parameters in a subsequent geometrical synthesis. A set of suitable
architectures is generated from a modified required motion vector. The isomor-
phisms are detected and removed from this set in order to reduce significantly the
computational cost and the complexity of the optimization problem. Hence, the
obtained architectures can be efficiently used in a computer design process to carry
out a combined structural geometrical synthesis, evaluating their performance
regarding requirements as workspace, dynamics, etc. In comparison to the case
without detection of isomorphisms, the number of architectures generated is
reduced up to 99 % (for a 5 DOF manipulator) using the proposed approach. In
order to clarify its effectiveness, the number of architectures generated by the
presented method is compared to results previously published without the detection
of isomorphisms.
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Part VI
Biomechanics and Medical Engineering



Bioinspired Mechanism Synthesis
for Flapping Flight with Unsteady
Flow Effects

Hrishikesh Raste, Anupam Saxena, Roger Sauer
and Burkhard Corves

Abstract Optimal 2D flapping wing kinematics and wing shape are obtained based
on well-established unsteady flow characteristics to maximize the mean lift. Flow
characteristics, e.g., creation and evolution (strength and position) of the attached
leading and trailing edge vortex, vortex shedding and subsequent wake capture,
Kramer’s and transient effects, are modeled via the potential flow analyses
performed on a finite set of cross flow planes. The stabilizing axial flow across the
helical vortex is computed by considering the variation in span-wise vortex prop-
erties and centrifugal forces due to wing rotation. Post detachment, vortex decay is
captured in the wake. The consequent variation in pressure around the wing chord is
used to compute the mean lift per cycle.

Keywords Biomimetics � Unsteady flow mechanisms � Mechanism synthesis �
Wing profile

1 Introduction

Flapping flight in insects has intrigued scientists for long. For a dragonfly, flow
patterns associated with its aerial acrobatic feats are even more intricate. It flaps its
wings in rowing motion along an inclined plane at a rate close to 40 Hz with Re in
the range 3000–6000 [10]. Ellington [3] notes that the flow around the wing profile
of a dragonfly is unsteady. Flapping flight is analyzed previously using quasi-steady
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models [2] wherein wing forces are computed treating fluid flow as steady at
each time instant.

Sane [7] highlights the importance of two unsteady flow mechanisms around a
flapping wing, namely the delayed stall with leading edge vortex and Kramer effect.
It is known that a stably attached helical shaped leading edge vortex contributes
significantly to the lift during translation while Kramer’s effect accounts for the
high peaks in lift during wing rotation. The wing shape can also influence the flow
in different length scales. The temporally evolution of a leading edge vortex, and its
convection and diffusion into the wake, makes flow around the flapping wing
remarkably stable for Re ≥ 100 [7]. This vortex when shed encounters the flapping
wing in the wake causing variations in lift.

Unsteady characteristics via the potential flow theory (Sect. 2) are considered to
optimally synthesize a 2D mechanical linkage to simulate the wing kinematics
(Sect. 4), and wing shape (Sect. 5) so that the lift is maximized. Creation and
convection (position and strength) of an attached leading edge vortex is modeled as
a singularity in potential flow (Sect. 2). Per Ellington’s [4] observation, a single
attached leading edge vortex is considered present at a time per cycle of wing
motion. Viscous decay of the shed vortex is also accounted for in Sect. 2. There-
after, for a candidate linkage and wing profile, hydrodynamic forces (per unit
length) acting on the wing are computed analytically (Sect. 3). Flow computations
are then coupled with mechanism synthesis to obtain results presented in Sect. 7.

2 The Potential Flow Model

The flow is assumed incompressible, inviscid and irrotational except for the pres-
ence of a concentrated vortex modeled as a flow singularity. The analysis is
performed in a plate attached reference frame (x00Ry00, plane P) on a wing chord MN
in Fig. 1b. Gradients of quantities along the wing span are assumed small, hence the
3D flow is modeled as a sequence of 2D flows on parallel cross planes (not shown
in Fig. 1b). The wing is assumed thin, rigid, and uncumbered. The 2D flow is
characterized using the following circulations—C around the plate that models the
Kramer’s effect, and Cj that is either attached to the leading/trailing edge, or free/
shed in the wake. The model herein closely follows the analytical development in
Minotti [6] but with salient differences.

2.1 Complex Potential at Far Field

This section describes the 2D flow in one of the cross-flow planes in Fig. 1b. The
point R translates with a velocity UðtÞ and the chord rotates with an angular speed
XðtÞ (xBA, Fig. 1b) about R. Defining a complex variable z ¼ xþ iy, the complex
potential, following from Minotti’s derivation [6], is written as,
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CðzÞ ¼ �U�zþ Xiz2=2 ð1Þ

where superscript star represents a complex conjugate. For ease of evaluating the
flow around complex boundaries, Kutta-Joukowski (conformal) transformation is
used. It maps the geometry of the wing chord from one complex plane z ¼ xþ iy to
another 1 ¼ nþ ig. The transformation f : z ! 1 is given by

z ¼ xo þ 1þ a2=1 ð2Þ

where a is the radius of cylinder in conformal plane. One now applies the Milne-
Thomson theorem to model the surface of the cylinder as streamline, so that the
flow does not penetrate it. Thus,

Ctð1Þ ¼ Cð1Þ þ C�ða2=1�Þ ð3Þ

2.2 Modeling an Attached/Shed Circulation and Its Center

Circulations, C centered at 1 ¼ 0 and Ci centered at 1i ¼ aðpi þ iqiÞ (pi and qi are
scaling factors) in the conformal plane model the flow around the plate. In presence
of these circulations Cð1Þ is modified to

Cð1Þ ¼ �U�1þ iXðxo þ 1Þ2=2þ C lnð1Þ=2piþ
X

i¼1;2;3;4

Ci lnð1� 1iÞ=2pi ð4Þ
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Fig. 1 a Schematic of the proposed six bar mechanism with a ternary link. Reference frames XOY
(global) and xOy (local) are defined for simplifying kinematic calculations. Point O is fixed on the
insect body. b A 3D view of the wing attached with the coupler link lc. Chord MN of the wing is
analyzed for lift using the 2D potential flow theory in the crossflow plane P
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C1=C2 (unknown variable) is a leading edge vortex at edge M=N, while C3=C4

represent the vortex shed from M=N. Once shed its strength, now a known quantity,
diminishes according to the decay function (Sect. 2.3). The terms pertaining to
C3=C4 are included in Cð1Þ only when a vortex is shed. Milne-Thomson theorem is
used to transform Cð1Þ to Ctð1Þ. For brevity, we forgo the expression for Ctð1Þ and
leave it for the reader to derive. From Ctð1Þ, the velocity field in the z plane can be
computed as

u� ¼ dCtð1Þ=dz ¼ ðdCtð1Þ=d1Þ dz=d1ð Þ�1¼ ðdCtð1Þ=d1Þ 12=ð12 � a2Þ� � ð5Þ

At 1 ¼ �a, the denominator on the right hand side tends to infinity. For regu-
larization therefore, two Kutta conditions, dCtð1Þ=d1j�a ¼ 0 can be employed to
determine the circulations C and C1 or C2:

Consider first the case where C1=2 is attached to the leading or trailing edge.
Smith [9] treats the spiral vortex sheet as a line vortex. He computes the center of
circulation such that the overall force on the surface and the line vortex is zero. The
modified Smith’s condition derived for the delta planform of the wing is written as

lim
z ! zv dCtðzÞ=dz� C1=2=2pðz� zV Þ

� � ¼ Uað�zV � �zEÞ=r ð6Þ

where zV represents the center of the vortex, zE is the edge to which the vortex is
attached, Ua is the velocity incident to the wing and r is the distance of the wing
chord from the hinge. Ua is determined using the Maxworthy’s model [5] as

Ua ¼ 1:414rVRo=S ð7Þ

where VRo is the wing tip velocity and S is the wing span. As the vortex detaches, it
is assumed that the axial velocity Ua becomes zero since the free circulation
destabilizes rapidly. Thus the velocity field in the core region around the shed
vortex is give by the Saffman’s model as,

Uzs1
¼ lim

z!zs1
dCtðzÞ=dz� C3=4=2piðz� zs1Þ
� � ð8Þ

where z1s represents the center of the shed vortex.

2.3 Vortex Decay and Wake Capture

We model the decay of circulation into the wake. The axial feed is assumed absent
(Ua ¼ 0). C3=4 will decay, either rapidly or gradually from the center of the core,
outward, due to viscosity and other factors. Based on computational and experi-
mental data, semi-empirical models exist that employ single-phase decay
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formulation for predictions. The model of Sarpkaya [8] and others predict decay
rate, initially large but diminishing with time. Linear best-fit models of decay also
exist that are developed based on the data from a range of weather conditions.

In this paper we model the vortex decay post detachment using a predefined
decay function characteristic of a free vortex decay. Due to the reciprocating motion
of insect wings, shed vortices from the previous stroke lingering in the wake might
interact with the wings during the next stroke [7]. This phenomenon called as wake
capture was observed to cause an increase in lift [1].

3 Computation of the Mean Lift: Blasius Theorem

Derivation of the analytical expression for the hydrodynamic force follows from
Minotti [6]. The force F per unit length, on a wing chord MN in some crossflow
plane is given by

Fx � iFy ¼ iq=2
I
P

dCTðzÞ=dz½ �2dzþ iq@
I
P

CTðzÞdz
� ��

=@t ð9Þ

where Fx is the drag force acting along the horizontal of the attached reference
frame and Fy is the lift force normal to Fx. P is the perimeter around the wing chord.
The integrals can be computed using the Cauchy’s residue theorem.

4 Mechanism Synthesis

Dragonflies and damselflies use contraction of synchronous flight muscles, namely
the medial elevator and lateral depressor, for wing actuation. These are arranged
vertically, with one end attached to the wings and the other to the floor of the
thorax. Together, the contractions help produce wing pronation, downstroke,
supination and upstroke. Wings also rotate and twist during these stages.

A mechanism such as Fig. 1 is proposed, where the slider A replicates the muscle
contractions. Wing base is attached to AB and the wing projects out in the plane
perpendicular to the paper. Two reference frames termed as global frame (XOY ,
capital letters) and a local frame (xOy, letters with subscript l) are defined for ease of
kinematic analysis as presented below

xP ¼ r1 cosA1; yP ¼ r1 sinA1; xPl ¼ xP cos cþ yP sin c;

yPl ¼ �xP sin cþ yP cos c
ð10Þ

xAl ¼ e; yAl ¼ yPl þ l1 sinb1l ; b1l ¼ cos�1 xAl � xPl=l1ð Þ ð11Þ
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Moving back to the global frame,

xA ¼ e cos c� yAl sin c; yA ¼ e sin cþ yAl cos c ð12Þ

xQ ¼ r2 cosA2; yQ ¼ r2 sinA2; xB ¼ xQ þ l2 cos b2; yB ¼ yQ þ l2 sinb2
ð13Þ

where,

b2 ¼ hþ g; h ¼ tan�1ðyA � yQÞ=ðxA � xQÞ g ¼ cos�1ðAQ2 þ l22 � l2CÞ=2l2AQ
ð14Þ

Temporal derivatives provide velocities and accelerations. These can be used to
compute the lift forces using the aforementioned potential flow theory. Coupler link
lc is assumed to be of a constant length of 10 mm. The mechanism is synthesized
using the following design parameters described by vector D1. Thus,

D1 ¼ ½r1; r2;A1;A2; e; l1; l2; c�: ð15Þ

Mechanism locking and singularities are avoided by using the following
constraints.

xAl � xPl\l1; AQ2 þ l22 � l2C\2l2AQ; �0:95� l2c þ l21 � BP2

2lcl1
� 0:95;

�0:95� l22 þ QP2 � BP2

2l2QP
� 0:95

5 Wing Profile

The shape of a flapping wing plays a vital role in governing the fluid dynamics in
the length scales of insect flight. In this work, the wing profile is modelled as a
single/multiple Rational Bezier/B-spline curves with C0 continuity at the junction
points (if any). Constraints are used to ensure that no loop is formed. A general
point on a rational Bezier curve is defined by

PðtÞ ¼
Xn
i¼0

Pc
i wiB

n
i ðtÞ=

Xn
i¼0

wiB
n
i ðtÞ

 !
ð16Þ
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where t is a parameter such that 0� t� 1. Bn
i is a Bernstein polynomial defined as

Bn
i ¼

n
i

� �
ð1� tÞn�iti. Pc

i denotes a set of Bezier points for 0� i� n and wi is a

corresponding weight assigned to the data point. Ideally a delta wing profile is
sought implicitly by maximizing the lift. Bezier points and the corresponding
weights constitute the design vector D2 such that

D2 ¼ ½Pc
i ;wi�; 0� i� n ð17Þ

6 Coupling

After developing the mechanism kinematics and the wing profile, we couple the
flapping assembly with the 2D potential theory to calculate the lift on the wing.
Frame x00Ry00 is the proposed Z plane which is mapped to the corresponding 1 plane
by the conformal transformation. The wing attached to the link AB in Fig. 1a is
divided into chords in their respective crossflow planes (Fig. 1b). Total lift is
computed as summation of individual lifts on the chords. VM and VN are tip

Table 1 Optimal design parameters for the flapping mechanism

r1 (mm) r2 (mm) A1 (deg) A2 (deg) e (mm) l1 (mm) l2 (mm) c (deg)

D1 6.04 5.95 48.04 71.62 7.24 15.05 9.06 70
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Fig. 2 a A planar view of the optimal mechanism. A wing is attached with the coupler AB which
protrudes in a plane out of the paper on the other side. A wing chord MN can be seen as a
projection on the mechanism plane. The slider attached at A (not shown here) slides along the pink
line. Different poses of the wing chordMN are depicted in gray in the background. b Shows Bezier
(control) points marked (small squares) around the same wing profile
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velocities, deduced from VA and VB, which are used in calculating Ua. The coupling
between the mechanism kinematics, wing profile and the potential flow is then set
up as an optimization problem

Maximize
D ¼ ½D1;D2�Mean Lift per unit length

A stochastic hill climbing genetic algorithm is used with 10,000 iterations and
crossover and mutation rates as 1 and 0.02 respectively.

7 Results

Optimal mechanism design parameters are provided in Table 1 with mechanism in
Fig. 2. Table 2 gives optimal Bezier points and weights. A delta shape of the wing,
Fig. 2b, can be observed starting from the connection points A and B (attached to
the coupler lc). Figure 3a shows lift generated on the wing during two cycles of
mechanism rotation. An overall positive lift can be observed during the cycle.
Decay functions in Fig. 3b model the vortex decay of the vortices shed from edge
M (blue) and edge N (red).

8 Conclusion

The synthesized mechanism mimics the role of elevator and depressor muscles. The
synthesized wing profile, as expected, resembles a delta shape which is necessary to
create and sustain the leading edge vortex. A practical model the mechanism should
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Fig. 3 a Denotes the lift generated on the whole wing of the mechanism, b is a plot of the decay
model employed. The same model is employed for vortices shed from edges M and N and during
supination and pronation
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be motorized with a high frequency to obtain the wingbeat of an insect, e.g. a
dragonfly. Since the mechanism is composed of pin joined rigid links vibrational
instabilities may set in at such high speeds. A better design could involve using
flexural components with their inherent advantages such as low friction and wear,
easy manufacturability and vibrational stability.
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Conceptual Design of a New Neurosurgical
Brain Retractor

Hsuan-Ping Kuan and Chin-Hsing Kuo

Abstract Brain retractor is an instrument that delivers a steady retraction for
retaining a working channel within the brain during brain surgery. Yet, current
brain retractors still look forward to some augmentations, e.g., the adjustable
retraction distance and spatula angle, the fine and coarse adjustments and the
changeable spatulas. Though there are already existing designs that possess one to
three functions mentioned above, but none of them integrates all the aforemen-
tioned four design variables together. In this paper, we propose a new mechanism
concept that possesses all of the above functions. To achieve adjustable retraction
distance, a threaded slider is meshed with a screw. Two pairs of bevel gears and a
rod make up the mechanism for adjustable angle of retraction spatula. The fine and
coarse adjustments for the retraction distance are achieved by using planetary gear
trains. We also designed a spatula holder with multiple sizes of spatulas to
accomplish changeable spatulas. The CAD models of the new design are presented.

Keywords Brain retractor � Medical device � Surgical tool � Neurosurgery �
Mechanism design � Screw mechanism � Gear train

1 Introduction

During intracranial surgery, brain retractor is an indispensable instrument that
retracts the brain steadily and retains a working channel for surgical tools.
Figure 1a–d show the operation procedure of a kind of brain retractors (i.e., the
concentrically expansible needle retractor [5]). Figure 1a depicts a so-called
concentrically expansible needle retractor [5]. At the beginning, the retractor is
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inserted into the brain as shown in Fig. 1b. Then, it expands (as illustrated in
Fig. 1c) and creates a channel for surgical instruments to reach the lesions inside the
brain.

There are already some brain retractors in the market, such as LEYLA retractor
system [1], minimally invasive tubular retractor [2], gelatin sponge retractor [4],
concentrically expansible needle retractor [5], Miyake-Ohta brain retractor [6],
cylindrical channel retractor [7], stitch retractor [8], microroll retractor [9], etc.
These devices can all retain a working channel and each of them possesses some
specific functions. For example, the LEYLA [1] and Miyake-Ohta systems [6] can
change spatulas for accommodating different depth and channel sizes. For example,
the LEYLA system [1] and the concentrically expansible needle retractor [5] can
change the retraction distance, which is convenient for surgeons to expand the
operating field. The LEYLA system [1] can adjust the angle of the spatulas. In that
way, surgeons can retract less brain tissue to gain the same amount of space for
operation. Although these retractors can fulfill the basic needs of brain surgery, their
abilities can still be further improved to offer better assistance. For instance, if the
retraction speed can be adjusted with fine and coarse tunes, it would suggest a more
delicate operation.

This paper presents a new mechanism concept that delivers an alternative
solution for adjustable retraction distance and angle of retraction spatula, fine and
coarse adjustments, and changeable retraction spatulas. In the following, we pro-
pose the design concept first. Then, we describe how the proposed brain retractor
works and explain the mechanism theories behind. Next, we compare the advan-
tages and disadvantages of the new design with the existing retractors. Last, we talk
about future improvements of our new design.

2 New Design

The proposed new brain retractor is shown in Fig. 2. It provides adjustable
retraction distance and angle of retraction spatula, fine and coarse adjustments in
adjusting the retraction distance and changeable spatulas.

Fig. 1 Illustration of a brain retractor and its use [5]. a The retractor, b inserting stage, c retracting
stage, d operating stage
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For achieving adjustable retraction distance, the mechanism is made of two
sliders and an integrated right- and left-handed screw. The sliders are both threaded
on one side. One slider has a left-handed thread, while the other has a right-handed
one. The threads on the screw mesh with the ones on the sliders. When the screw
rotates, the two sliders move oppositely as illustrated in Fig. 3a, b.

In order to make the angle of retraction spatulas adjustable, we attached two
bevel gears to both spatula holders, respectively, as shown in Fig. 4a, b. Next, we
mount two bevel gears on the rod and insert a pin through the hole on the bevel gear
and the slot on the rod each as shown in Fig. 5. In this way, the bevel gear can move
translationally with respect to the rod as depicted in Fig. 5a, b. Finally, we join the
assembly of the rod and the bevel gears to the slider and mesh both gears to
the gears on the spatula as shown in Fig. 4b. As a result, the spatula will rotate as
the rod rotates. Figure 6 shows the schematic drawing of the overall mechanism.

Figure 6 is the mechanism sketch of the proposed brain retractor. I1 and I2 are the
two inputs, which respectively control the translational and rotational motions of
the spatulas. When I1 is actuated, the integrated right- and left-handed screw is
driven to push the bevel gear set, SL and SR, on either side so as to adjust the

Fig. 2 Schematics of the proposed brain retractor. a Assembly view, b explode view

Fig. 3 Schematics of the mechanism for adjustable retraction distance. a Before rotating the
screw, b after rotating the screw
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Fig. 4 Schematics of the mechanism for adjustable angle of retraction spatulas. a Spatulas and its
holder assembled on sliders, b full assembly of the mechanism for adjustable angle of retraction
spatulas

Fig. 5 Schematic of the assembly of the slotted rod and two bevel gears. a Bevel gears before
translational and rotational moving, b bevel gears after translational and rotational moving

I1

I2

spatula

S1L

spatula

S1R

S2L S2R

Fig. 6 Schematic drawing of the proposed brain retractor
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distance between the two spatulas, i.e., the retraction width. On the other hand,
when I2 is actuated, the two bevel gears S1L and S1R will rotate accordingly, which
drives the other two bevel gears and consequently regulates the orientation angles
of the two spatulas, i.e., the opening angle.

For mounting the retractor on surgical tables, a fixation module is attached to the
retractor. Different modules can be put on the retractor for different purposes. For
instance, the one we have now is an endoscopic holder module, which is just a bent
tube that can be attached to the back of the retractor as shown in Fig. 7a. This
module allows an endoscopic holder to hold the retractor as shown in Fig. 7b.

Different sizes of retractor spatulas, as shown in Fig. 8, are provided. The
surgeons can choose suitable sizes for their needs. We also used planetary gear
trains, which are hidden in the red circles in Fig. 9, to accomplish fine and coarse
adjustment. The structure of the hidden gear trains is elaborated in Fig. 10a, b. The
theories behind it will be discussed in the next section.

Fig. 7 Attachment module and its use. a Endoscopic holder module, b usage of the holder

Fig. 8 Different sizes of retractor spatula
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3 Speed Analysis

As shown in Fig. 10, the planetary gear train used in our brain retractor consists of a
sun gear (yellow), three planet gears (blue) supported by the carrier (purple) and a
ring gear (green). It is widely known that epicyclic gearing must obey the following
two equations:

xs � xc

xa � xc
¼ �Na

Ns
¼ �Ra

Rs
ð1Þ

Ra ¼ 2Rb þ Rs ð2Þ

where xa, xs, xp and xc are the angular velocities of the ring gear, sun gear, planet
gear, and planet carrier, respectively; Na and Ns are the numbers of teeth of the ring
gear and sun gear, respectively; Ra, Rs and Rp are the pitch radii of the ring gear, sun
gear, and planet gear, respectively. Here, because the ring gear is fixed to the base
of the retractor, xa ¼ 0. By setting xa ¼ 0 and the angle speed ratio
xs : xc ¼ 4 : 1, we can get the result of Rp = Rs = 1/(3Ra) by solving Eqs. (1) and

gear train

Fig. 9 Installation of the planetary gear trains

Fig. 10 The planetary gear train for fine and coarse adjustment. a Explode view, b front view
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(2) together. So, when the radii of the planet gears are equal to that of the sun gear
and one third of the ring gear, the fine adjustment distance will be one-fourth of the
coarse adjustment distance.

4 Discussion

We have presented a new retractor design in the above. The unique part of this new
design is that it gives the surgeon the same amount of working space and yet
retracts less brain. This is done through the advantage that the new retractor can
retract the brain in two different modes, which are achieved by moving the spatulas
translationally and rotating them.

A comparison of our proposed retractor and other eight types are presented in
Table 1. From the table, we observe that none of the other retractors can adjust
retraction distance with different velocities; one can change the angle of retraction
spatula; two can change spatulas and one can change retraction distance; and only
our design has all four abilities as a whole.

Table 1 Comparison of the brain retractors

System Adjustable
retraction
distance

Adjustable angle of
retraction spatula

Fine and
coarse
adjustment

Changeable
spatulas

LEYLA retractor
system [1]

✓ ✓ ✗ ✓

Minimally invasive
tubular retractor [2]

✗ ✗ ✗ ✗

Gelatin sponge
retractor [4]

✗ ✗ ✗ ✗

Concentrically
expansible needle
retractor [5]

✓ ✗ ✗ ✗

Miyake-ohta
retractor [6]

✗ ✗ ✗ ✓

Cylindrical channel
retractor [7]

✗ ✗ ✗ ✗

Stitch retractor [8] ✗ ✗ ✗ ✗

Microroll retractor [9] ✗ ✗ ✗ ✗

Our proposed brain
retractor

✓ ✓ ✓ ✓

✓ Yes; ✗ No
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5 Conclusions and Future Work

We have presented the conceptual design of a new brain retractor that provides
adjustable retraction distance and angle of retraction spatula, fine and coarse
adjustments, and changeable retraction spatulas. A threaded slider is meshed with a
screw for achieving adjustable retraction distance. Two pairs of bevel gears and a
rod comprise the mechanism for adjustable angle of retraction spatula. Fine and
coarse adjustments are achieved by using planetary gear trains. We also designed a
spatula holder and multiple sizes of spatulas to accomplish changeable spatulas.
Then, we analyzed the velocity ratio of the gear train for understanding the dis-
placement ratio between the fine and coarse adjustments.

In addition to the aforementioned abilities, there are still several things the
retractor can further go with. For example, if the brain retractor is made of anti-glare
materials, the reflected light that may distract surgeons would be minimized. Fur-
thermore, if the retractor can be fixed on patients, unexpected damage caused by
accidental movement of the patient’s head can be reduced. Moreover, because brain
is delicate tissue, the retractor is highly possible to harm the brain when its
retraction width is being regulated. On the other hand, if the brain retractor has the
ability of monitoring the brain pressure, we can prevent the damage from it [3, 10].
Accordingly, the next step we may take is to make the retractor smaller and lighter
in order to reduce the stress when it is mounted on the patient’s skull. Also, we need
to design an attachment module for attaching the retractor to the patient. What is
more, we will attach pressure sensors to the outer surface of the spatula in the future
for providing the pressure monitoring ability. For minimizing the glare created by
the retractor, we will use plastic material for spatulas instead of using metals in our
future prototype.

Acknowledgments This work is financially supported by Ministry of Science and Technology,
Taiwan under the MOST Undergraduate Research Scheme with project number MOST-103-2815-
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Mechanism Design for Haptic
Handwriting Assistance Device

Mehmet İsmet Can Dede and Gökhan Kiper

Abstract One of the applications of haptic technology is in education and training.
Handwriting for first year-elementary students has been included in the curriculum
for some years in Turkey as the first and only writing skill to be taught. Providing
these students with a haptic assistance device during the handwriting learning
process is the global aim of this work. Among the other components of the design
such as electronics, controls and communication, mechanism design is a critical
component to be considered for optimization of the device at different levels. This
paper aims to address a solution to meet the design criteria through ergonomic
design for user along with optimized force exertion capabilities.

Keywords Haptics � Planar 5R mechanism �Mechanism design � Assistive device

1 Introduction

Haptics literally means sense of touch and haptics technology aims at transmitting
this sense from one location to another location. Haptics technology finds appli-
cation in assisting the blind [1], education [2], training [3], computer-aided design
[4], medical field [5], entertainment [6], automotive industry [7], mobile phones [8]
and even art [9]. Depending on the application specifications, a variety of haptic
devices can be produced. If the application aims at stimulating cutaneous sensory
system, in which the receptors under the skin are targeted, a group of devices called
tactile haptic/cutaneous haptic interfaces are considered. In this case, the stimulated
sensation is temperature, texture, slip, vibration, force or pain.
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Kinesthesia is the sense that detects bodily position, weight, or movement of the
muscles, tendons, and joints. The receptors of this sensation are usually located in
the joints and muscles of the human body. Therefore, if a haptic interface is
developed to stimulate kinesthesia senses, it aims to stimulate sense of location/
configuration, motion, force or compliance. In training or education type of
applications, motion and rendering of slave side induced forces plays a vital role.
Hence, most of the education or training type of applications calls for kinesthetic
haptic devices. Haptic devices coupled with other human-computer interfaces, such
as three-dimensional (3D) virtual reality (VR) visualization systems, are referred to
as haptic systems. Many researchers have developed education or training purpose
haptic systems based on the existing general purpose haptic devices [10–12].

One commercially available example of these type haptic systems is the dentistry
trainer by Moog [13]. Main difference of this system from the previously mentioned
ones is that a new haptic interface is specifically developed for the system.
Workspace, motion and force rendering capabilities are selected according to the
application and the device is constructed accordingly.

Application considered in this study is assistive system for handwriting educa-
tion/rehabilitation. The need in education arises from recent changes in the edu-
cation system of Turkey. Since couple of years, first graders in elementary school
start to learn to write by handwriting. In a classroom of 30 or more students, it
becomes impossible for the teacher to work with every student one on one. Hence, a
possible teleoperated or automated system to assist the student at early stages can
fill this gap in education. In the later stages, the same system can be used as a source
of evaluation of the learnt handwriting skills.

In rehabilitation there are two potential needs at different levels. In a more severe
case scenario, it can be used for post-stroke patients to re-gain motor neurons for
performing finer motor skills through BCI-based initiation of the task. This requires a
joint research with neuroscientists in order to correctly locate the neurons to work
with. For course motor neuron training, various studies exist in the literature [14].
Another case for rehabilitation is the motor skill rehabilitation of post-injury patients.

Since the application is specifically focused on writing skills, modifying existing
haptic devices is not the choice since they are manufactured usually for 3D motion.
There have been studies on developing handwriting assistance systems with such
general-purpose haptic interfaces [15]. As a result of this, a planar haptic device for
handwriting assistance is designed and presented in this paper. Next section describes
design criteria followed by the description of the initial design and optimization of the
design with respect to force exertion capability throughout the workspace.

2 The Design Criteria

Complying with the aim of the study, the type of grasping is selected to be precision
grasp. This type of grasp is used for handwriting and holding tools for precise
operations. The amount of forces that a person can exert in this type of a grasp is
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limited to 1 N in average, hence the devices built for this type of grasp and precise
operations (Phantom Omni® [16]) are developed around this range of force exer-
tion. The maximum amount of force to be reflected to the user is selected to be at
1 N throughout the workspace of the device. Although an equal amount of maxi-
mum force exertion throughout the workspace cannot be achieved (unless the
manipulator is not a PP type of mechanism), an optimization criteria is described as
to have equal force ranges throughout the workspace.

Another design criterion is set for the workspace dimensions to cover a writing
range on an A4 (297 mm × 210 mm) paper. The location of the workspace is to be
optimized for the ergonomics of the user being right-handed. The performance
criterion in this optimization is to enable a visual feedback of the written letters at
all times.

Writing requires the positioning of the tip of the pen on a planar surface,
therefore the task space is two dimensional and it is required to design a two
degrees-of-freedom (dof) planar mechanism. For the structure of the device, a
parallel mechanism is preferred over a serial one due to its higher precision
capability [17]. We confined ourselves with single loop planar mechanisms with
revolute (R) and prismatic (P) joints only. The following considerations are taken
into account for the selection of the kinematic structure of the mechanism: (1) the
actuated joints should be grounded, (2) If exists, prismatic joints should be actuated,
(3) the topological structure of the mechanism should be symmetric. Of all possible
alternatives only RRRRR (5R) and PRRRP comply with these conditions. For the
planar writing application 5R mechanism is chosen due to compactness and force
transmission characteristics.

3 Mechanism Analysis and Design Optimization

The mechanism structure to be designed and an A4 paper are illustrated in Fig. 1.

3.1 Static Force Analysis

The direct and inverse kinematic analysis formulation is performed, however for
brevity, we do not present the kinematic formulation here. In this application,
inertial forces are not comparable with the external forces (due to selecting high
strength to weight ratio link structures), therefore dynamic effects are ignored in
design stage. We shall use virtual work principle in order to obtain relation between
the actuator torques, T1 and T2, and external force, F04 ¼ F04 ] /. The total virtual
work done on the system:
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F04c/dxþ F04s/dyþ T1dh1 þ T2dh2 ¼ 0 ð1Þ

The velocity level kinematic analysis results in

dx ¼
�a1s h3 � h1ð Þ a4sh4 þ b4s h4 þ b4ð Þ½ �dh1 � a2

a4s h2 � h4ð Þsh3
þ b4s h4 þ b4ð Þs h3 � h2ð Þ

" #
dh2

a4s h3 � h4ð Þ

dy ¼
a1s h3 � h1ð Þ a4ch4 þ b4c h4 þ b4ð Þ½ �dh1 þ a2

a4s h2 � h4ð Þch3
� b4c h4 þ b4ð Þs h3 � h2ð Þ

" #
dh2

a4s h3 � h4ð Þ

ð2Þ

where s and c stand for sine and cosine. Substituting Eq. (2) in Eq. (1) we get

T1 ¼ a1s h3 � h1ð Þ a4s h4 � /ð Þ þ b4s h4 þ b4 � /ð Þ½ �
a4s h3 � h4ð Þ F04

T2 ¼ a2 a4s h2 � h4ð Þs h3 � /ð Þ � b4s h3 � h2ð Þs h4 þ b4 � /ð Þ½ �
a4s h3 � h4ð Þ F04

3.2 Design Optimization

The 5R mechanism is simulated using Microsoft Excel® using the kinematic and
force equations given in Sect. 3. When the end effector is grasped by a user, we aim
to achieve uniform feeling throughout the workspace. Assuming a constant force
along the x-direction (direction of major motion of hand while writing) acting on

Fig. 1 5R mechanism
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the end-effector, the motor torque requirements are computed and drawn as a
surface plot on the workspace. The torque surfaces are desired to be as flat as
possible. Taking avoidance of link collisions into account, a parametric design is
performed by changing the link lengths in order to obtain flat torque surfaces for
both of the motors. The optimization criterion is to minimize

r ¼ max Tið Þ � average Tið Þ
average Tið Þ �min Tið Þ

where Ti for i = 1, 2 stands for the torque of the motors. An optimal solution is
obtained by manually changing the link lengths in Excel®. Designed link lengths
are given in Table 1. Torque requirements for a constant force of 1 N at the end-
effector are given in Fig. 2. Accordingly, one of the motors demands 0–0.18 N m,
while the other one demands –0.21 to 0.05 N m. Ratio r is *0.86 for both motors.

Table 1 Designed link lengths

a0 b0 c0 d0 a1 a2 a3 a4 b4 β4

250 mm 50 mm 117.5 mm 50 mm 200 mm 250 mm 250 mm 250 mm 60 mm 60°

S e rie s 1
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0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

0.2

1
2

3
4

5
6

7
8

9
1 0

1 1
1 2

1 3
1 4

1 5
1 6

1 7
1 8

1 9
2 0

2 1
2 2

2 3
2 4

2 5
2 6

2 7
2 8

2 9
3 0

3 1
3 2

3 3
3 4

3 5
3 6

3 7
3 8

3 9
4 0

4 1
4 2

4 3
4 4

4 5
4 6

4 7
4 8

4 9
5 0

5 1
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5 3
5 4

5 5
5 6

5 7
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1 2 3 4 5 6 7 8 9 1 0 1 1 1 2 1 3 1 4 1 5 1 6 1 7 1 8 1 9 2 0 2 1 2 2 2 3 2 4 2 5 2 6 2 7 2 8 2 9 3 0 3 1 3 2 3 3 3 4 3 5 3 6 3 7 3 8 3 9 4 0 4 1 4 2 4 3 4 4 4 5 4 6 4 7 4 8 4 9 5 0 5 1 5 2 5 3 5 4 5 5 5 6 5 7
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S e rie s 1 1

S e rie s 1 6
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-0.22
-0.2
-0.18
-0.16
-0.14
-0.12
-0.1
-0.08
-0.06
-0.04
-0.02
0
0.02
0.04
0.06

1

2

3

4

5

6

7

8

9

1 0

1 1

1 2

1 3

1 4

1 5
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2 4

2 5

2 6

2 7
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-0.2
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-0.14

-0.12

-0.1

-0.08

-0.06

-0.04

-0.02

0

0.02

0.04

0.06

1 2 3 4 5 6 7 8 9 1 0 1 1 1 2 1 3 1 4 1 5 1 6 1 7 1 8 1 9 2 0 2 1 2 2 2 3 2 4 2 5 2 6 2 7 2 8 2 9 3 0 3 1 3 2 3 3 3 4 3 5 3 6 3 7 3 8 3 9 4 0 4 1 4 2 4 3 4 4 4 5 4 6 4 7 4 8 4 9 5 0 5 1 5 2 5 3 5 4 5 5 5 6 5 7

(a) (b)

(c) (d)

Fig. 2 Torque requirement of the motor at joint A0: a auxiliary, b side views; torque requirement
of the motor at joint B0: c auxiliary, d side views
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Minimizing the ratio r corresponds to optimizing the mechanical advantage
throughout the workspace of the mechanism. It is well known that the mechanical
advantage is lost when the mechanism is positioned near singularities. So, opti-
mizing r also guaranties that the mechanism is far from the singular configurations
as well.

It is also possible to apply numerical optimization techniques to obtain optimal
dimensions for the mechanism. We did not formulate the problem as a constrained
optimization problem for several reasons. First of all, there are 10 design parameters
(see Table 1), which means that the optimization should be applied on a 10
dimensional space. The dimension of the optimization space can be reduced by
assuming some of the parameters, but running the optimization algorithm for dif-
ferent assumed values is very time consuming. Also, the objective function should
include all design criteria with well-chosen weights of the criteria, whereas with
parametric design in Excel®, we monitor the ratio r, the variation of both of the
motor torques over the workspace, possible link collisions and ergonomics of the
design at the same time. Since everything is evaluated and printed on screen in the
blink of an eye, Excel® enables a quite fast and intuitive design environment.

4 Constructional Design

The constructional design of the device is performed in CAD environment. The
main concern in choosing link material is to obtain higher strength to weight ratio at
links. In this way, the minimum impedance of mechanism will be as low as possible
by having the smallest inertia properties. The maximum impedance that can be
simulated by the mechanism should be as high as possible as well. In that case, the
link rigidity receives importance.

Joints structure is also important since for a high precision application minimum
joint clearance is required. In addition, in designing impedance type of haptic
devices, another important issue is minimization of joint frictions to increase the
transparency of the device, which is the desired to displayed impedance ratio. In
order to have lower joint frictions, two ball bearings per joint are used for bedding
and they are housed by Aluminum parts to minimize the joint clearance by having
acceptable rigidity while having relatively low weight.

The assembly of the device is done in such a way that the control card and the
power supply do not collide with the links at any instant of manipulation. Manu-
factured and assembled handwriting mechanism is shown in Fig. 3.
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5 Conclusions and Discussions

Haptics technology has found application in various areas to provide a solution for
different needs. This study aims to make use of this technology for providing
assistance in learning handwriting skills. In this paper, work carried out for
designing the mechanism of the handwriting assistance device is described. First the
kinematic and force equilibrium equations are derived. Then the system is simu-
lated and link lengths are determined in order to optimize force exertion
characteristics.

There still remains some more work to do in this research. The design for the pen
to be attached at the end-effector is to be carried out. The vertical motion of the pen
for writing and traveling modes is to be achieved by means of a solenoid actuator.
The electronic hardware for communication between the device and a computer and
driving the motors is designed and manufactured and the software is still being
developed. The experimental tests will be performed when the overall design is
completed.

Acknowledgments This study has been funded by the Ministry of Science, Industry and Tech-
nology of Turkey (Project code: 0391.TGSD.2013) provided to CAROB Mühendislik Ltd. Şti.,
Turkey.

Fig. 3 Constructed and assembled first prototype
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3 DoF Haptic Exoskeleton for Space
Telerobotic

Dan Teodor Margineanu, Erwin-Christian Lovasz, Valentin Ciupe,
Marius Mateaş and Eugen Sever Zăbavă

Abstract For extravehicular activities in space, as mounting and dismounting
devices and maintenance, a teleoperated robotic arm is frequently used to spare the
human operator from the dangers in orbital space. For precision handling operations
such as clamping, inserting and screwing bolts, etc., visual feedback is not suffi-
cient. In this paper, a lightweight 3DoF haptic exoskeleton is developed to control a
robotic arm in a natural way by copying operator movements and assisting the
operator in feeling the loads in the robotic hand.

Keywords Space � Robotics � Haptic � Exoskeleton � Lightweight

1 Introduction

Exoskeletons are mainly used in rehabilitation of physically disabled persons [1].
A great number of patents [2–5] propose various structures and control solutions.
Joutras et al. [3] patented a complex equipment covering almost all human body
joints (shoulder, elbow, wrist, knee, ankle and neck) for rehabilitation of patients
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sitting in wheelchairs through body segments movement controlled in amplitude and
reacting load. Dariush [2] found a control method by actuators of an exoskeleton.

Bionic body HAL-5 developed at Tsukuba University, Japan, is a robotic body
suit helping the elderly and disabled persons to walk and move objects. Researchers
at Korea Institute of Science and Technology in Seoul developed a master arm
exoskeleton controlling the arms of a humanoid robot. An arm exoskeleton
developed at Salford University, Manchester, England helps users at rehab exer-
cises. A pneumatic exoskeleton developed at Kanagawa Institute of Technology in
Atsugi, Japan allows a fitness trainer to hold a 20 kbar without effort. L-EXOS
developed at Scuola Superiore Sant’Anna, Pisa, Italy, is an arm and hand exo-
skeleton allowing human interaction with virtual environments. Carlos Owens from
Wasilla, Alaska, built Mecha, a 5.5 m and 1360 kilos exoskeleton. Profesor Jacob
Rosen from University of Washington, Seattle, and his team designed a full arm
exoskeleton to help neurologically disabled persons. A team from Saga University,
Japan, developed an upper limb exoskeleton transforming neuromuscular signals in
robotic movement.

At the Free University in Bruxelles, Belgium, in the Active Structures Lab ASL
Sensoric Arm Master (SAM) [6] exoskeleton was designed as haptic interface with
a serial structure isomorphic to human arm. SAM has 7 degrees-of-freedom (DoF)
actuated according to the human arm joints (shoulder, elbow, shoulder and wrist
flexion and extension, shoulder and wrist abduction and abduction, arm and fore-
arm pronation and supination) and 6 prismatic joints allowing morphologic adap-
tation between the active and human joints. This allows a good compromise
between using capabilities (maximized workspace and no singularities) and
mechanical complexity. Each exoskeleton joint has a similar concept with a local
actuator, a position and torque sensor, allowing some control strategies (impedance,
admittance control).

In previous works [7, 8], the authors studied some variants of lightweight
mechanical structures with servomotor or electromagnetic brake on the revolute
joint, planetary mechanism with linear actuator or pneumatic cylinder, belt or cable
drives. Potentiometres, encoders, CCD cameras, digital magnetic compases and
3-axes gyroscopes were compared as angular sensors or measuring devices.
Actuation with DC servo- and vibration motors, brakes, linear stepper motors,
pneumatic cylinders and miostimulators were discussed. The solution with DC
electromagnetic brake in the revolute joint and potentiometer was chosen as most
suitable for lightweigt space telerobotic applications.

2 Lightweight 3 DoF Haptic Exoskeleton Design

For design, the considered maximal haptic reaction felt in the palm of the operator
is similar to manipulating a load of 2.5 kg in earth gravitational field. For the three
modules of the exoskeleton, this desired reaction needs the maximal reactive
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moments for the lever arms belbow, bflex and bp/s (Fig. 1) given in Table 1,
respectively.

The exoskeleton is composed of three modules (see Fig. 2): elbow flexion and
extension, forearm pronation/supination and wrist flexion and extension. Wrist
adduction/abduction was considered redundant for the tasks and to complicated to
be included in a lightweight structure.

2.1 Elbow Flexion/Extension Module

The elbow module (Fig. 3) is clamped on operator’s arm by the Velcro adjustable
sleeve 1. The position of the elbow joint of the exoskeleton can be also adjusted

Fig. 1 Reference dimensions for the human forearm and hand

Table 1 Lever arms and maximal reactive torque in the exoskeleton’s modules

Module Wrist
(flexion/extension)

Forearm
(pronation/supination)

Elbow
(flexion/extension)

Lever arm (mm) 100 100 400

Maximal reactive torque (Nm) 2.5 2.5 10

Fig. 2 CAD model of the 3 DoF lightweight exoskeleton
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according to the operator by sliding the inner and outer arm-to-elbow rods 4 along
the prismatic guides 2 and then clamping into position. The structure is reinforced
under the elbow by the ribs 3 connecting the two rods. At the rods’ ends, the two
electromagnetic breaks 5 are mounted. The breaks’ rotors 6 mounted on axles 7 and
ball bearings 8 are fixed on the elbow-to-forearm rods 9. On one side, the axle is
connected also with the potentiometer 6 giving the rotation angle in the joint.

As the operator flexes the elbow, the signal from the potentiometer is sent to the
slave robotic arm. As the torque in the robot’s joint increases, the feedback signal is
transmitted to the brake that creates the haptic response.

2.2 Forearm Pronation/Supination Module

The forearm pronation/supination module (Fig. 4) is built around operator’s fore-
arm. It is composed of two coaxial sleeves: the outer sleeve 1 is clamped on the
elbow-to-forearm rods of the elbow module, the inner sleeve 2 on bushings 3 turns
around forearm module axis and is clamped on the forearm-to-wrist rods 4.

Fig. 3 The elbow flexion/extension module. a CAD model, b construction c cross-section through
the elbow joint
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The rotation angle of the forearm module is measured by the potentiometer 5
mounted on the outer sleeve through the synchronous belt drive 6. The signal is
then sent to the slave robotic arm.

The haptic response is produced by two electromagnets 7 mounted on the frames
8 on the outer sleeve. The electromagnetic force clamps the collars on the bushings
between two friction plates 9 at 80 mm distance dps to the module axis.

Two electromagnets symmetrically positioned on the outer sleeve are used, as to
balance the friction forces and to give only a haptic reactive torque Tps in the
forearm module.

For a friction coefficient μps of 1.25 corresponding for a hard break pad friction
material/steel friction pair, the necessary clamping force:

Fclamp
� �

nec¼
Tps
� �

nec

2 � lps � dps

is 15.5 N, and the clamping pressure on the brake plates for a electromagnet
diameter rod dt of 2 mm is 4 MPa.

pap ps ¼
4 � Fclamp

� �
nec

p � d2t

2.3 Wrist Flexion/Extension Module

On the forearm-to-wrist rods’ ends, the axles 1 of wrist flexion/extension module
(Fig. 5) are mounted. On the outer side, the electromagnetic brake 2 fixed on a
wrist-to-hand rod 4 gives the haptic response. The potentiometer 3, connected to the

Fig. 4 Pronation/supination module
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inner axle reads the rotation angle in the wrist joint. The two rods are joined by the
handle 5. Acting on the handle, the operator commands the slave robotic arm and
feels the haptic response given by all three modules, as the exoskeleton structure is
isomorphic to the human arm.

Fig. 5 The wrist flexion/extension module

Fig. 6 The exoskeleton prototype with elbow flexion/extension module (a) and the test rig (b)
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Fig. 7 Calibration diagram for rotation angle given by the potentiometer [8]

Fig. 8 Force feedback measured on the handle [8]
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3 Exoskeleton Prototype and Testing

In the Mechatronics Research Laboratory at Politehnica University Timişoara,
prototypes for haptic exoskeletons are built. In Fig. 6, a lightweight exoskeleton
with one controlled DoF in the elbow joint [8] is presented.

In order to obtain an accurate command signal for the robotic arm, the module
was calibrated by measuring the rotation angle for different values of the units
reported by the potentiometer. The results are presented in Fig. 7.

For generating a haptic response according to the load in the joint, the saturation
effect in the electromagnetic brake should be taken into account.

In Fig. 8a, b, the force feedback on the handle measured for given command
signal and command Voltage is presented. Saturation effect is obvious on both
diagrams, so an interface software for adapting the haptic response is needed. The
force feedback repeatability was in the range of 5 % only for higher values (over
50 % command voltage), but it is considered sufficient for a proper haptic response.

4 Conclusions

Development of master lightweight exoskeletons with useful haptic response
requires a compromise between structural complexity and precision. Electromag-
netic brakes use reduces mass and dimensions, and potentiometers give accurate
enough readings for rotation angles. Careful calibration for all joints is necessary in
order to obtain the required performances. Further exoskeleton developments
include the design of a 2 DoF shoulder module mounted on a fixed structure, to
obtain a full arm exoskeleton.

Acknowledgments The authors would like to express their gratitude towards the Romanian
Space Agency (ROSA) for the support through the project New Haptic Arm Exoskeletons for
Robotics and Automation in Space (EXORAS).
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The Handling and Spreading
Algorithms of a Multi-arm Robot
System for Automated Cloth Sheet
Ironing Machine

Hidetsugu Terada, Kazuyoshi Ishida, Koji Makino
and Yasunori Atsumi

Abstract To realize the soft work handling application for automated cloth sheet
ironing machine, a multi-arm robot system which can operate a cloth sheet handling
and spreading operations is developed. This robot system consists of two rectan-
gular coordinates type robot arms and one rotational joint type robot arm. And this
system has the detection system using infra-red detection sensors to detect the cloth
sheet edge and the sheet existence. And to avoid the collision, the motion plane of
these robots is parallel to the particular plane on the Cartesian frame. In this report,
considering the motion of a cloth sheet handling by human hands and the
co-operative motion for the multi-arm robot system, the quantification method of
the cloth sheet handling spreading operations by the geometrical calculation are
proposed. Especially, the quantification method of the carton box assembling
operations is applied to this motion. And considering the conventional finding
approach of the cloth sheet edge by human hands, the cloth sheet existence and
overlapping detection method without image-processing is proposed. Also, based
on the motion test results, it is clear that the robot system can pick up and spread the
cloth sheet edges.

Keywords Multi-arm robot � Quantification method � Handling � Spreading �
Cloth sheet
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1 Introduction

In the end of 2012, a quarter of industrial robots of the world were used in Japan
[1]. Especially, the Japanese particular application field is in assembling process for
mechanical or electrical parts. Moreover since the labor costs are rising extremely,
the labor saving is most important in Japan. It is one of the solutions that the
operation fields of industrial robots are spread to the soft works handling process
fields. Therefore, soft work handling methods by industrial robots have been
studied [2, 3]. And the soft works handling process which is the operation of
attaching the washed linen to the automated ironing machine, is one of the
important problems in Japanese laundry. In this case, it is required that the workers
don’t touch these linens for hospital use to prevent an infectious disease, as
possible.

To realize the soft works handling process, the various handling robot fingers
and the handling algorithms have been developed, in which a lot of robot systems
use image processing [3, 4]. However, the influence of overlap and the shadow of
the object cannot be eliminated. So, the handling error has often occurred at
conventional robot systems. On the other hand, we have developed motion planning
approaches using multi-arm robot which doesn’t use an image processing for carton
box assembling and a cloth sheet wrapping operation [5, 6].

In this report, a multi-arm robot system of cloth sheet handling and spreading
operations for the automated ironing machine is developed. Then, applying
proposed motion planning approaches, the handling and spreading algorithms of the
cloth sheet which is piled up at random is proposed. Especially, to realize the
simplified algorithms, special robot end effectors which are attached the infra-red
(IR) lighting and detection system are proposed. And the prototype robot system is
tested to verify the usefulness of the proposed approach.

2 Structure of a Multi-arm Robot System

A structure of a multi-arm robot system is proposed as shown in Fig. 1. This robot
system consists of two rectangular coordinates type robot arms (Robot arm 1 and
Robot arm 2) and one rotational joint type robot arm (Robot arm 3). Especially, to
avoid the collision at the handling shift motion, the motion plane is on the “j-k”
plane of the Cartesian frame. It is perpendicular to the “i-k” plane, which is the
motion plane of the Robot arm 1 and 2. And this conveyer feeds cloth sheets. And
this conveyer feeds cloth sheets to the initial picking point. This robot system picks
up a cloth sheet which is piled up at random. And that moves up along the diagonal
line. And then, that spreads a cloth sheet for the next process of the automated
ironing machine. Figure 2 shows the cloth sheet initial state and the final state at this
procedure.
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3 Structure of the End Effectors and the Single Layer Cloth
Sheet Detection Algorithm

In general, at operation of attaching the overlapped linens which are piled up at
random to the automated ironing machine by human hand, workers always find the
cloth sheet edges without visual information. In other words, it is not necessary to
find cloth sheet using an image processing.

Therefore, to realize the simple cloth handling approach, considering the
detection motion for the cloth sheet edge by workers, the end effectors of a multi-
arm robot system are proposed as shown in Fig. 3. The Robot arm 1 and 2 are

Fig. 1 Structure of a multi-arm robot system for cloth sheet handling and spreading operations

(a) (b)

Fig. 2 Cloth sheet state of for the automated ironing machine. a Initial state. b Final state
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operated as the main motions of a cloth handling. Also, the Robot arm 3 is operated
as the support motion and the handling shift motion. So that, these end effectors
have a different jaw shape. And clamping directions are orthogonal each other. And
fingertip has a transmissive type IR detection sensor to detect a cloth sheet existence
and to avoid the influences of the cloth sheet colors. Especially, non-uniformity of
the moisture content after washing causes large dispersion of thickness detection
using the conventional supersonic thickness sensor. This sensor can detect the
overlap of the cloth as the difference of the signal level. As shown in Fig. 4, when
the end effector clamps a single layer cloth sheet, the intensity of a transmissive
signal level decreases from the “Not-existence” condition. These signal levels

(a) (b)

Fig. 3 End effectors. a For Robot arm 1 and Robot arm 2. b For Robot arm 3

(a)

(b)

(c)

Fig. 4 Handling conditions
of a sheet overlapping and
signal intensity. a Not
existence. b Single layer cloth
sheet. c Overlapped cloth
sheets
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depend on the thickness and the overlap number of a cloth sheet. And in case that,
the thickness of cloth sheet to use is fixed, the overlap number can estimate from the
signal intensity level. And to find the appropriate single layer handling position, a
search algorithm flowchart of Robot arm 1 and 2 is defined as shown in Fig. 5. And
a search algorithm flowchart of Robot arm 3 is similar to this algorithm. That is
only different point which Robot arm 3 moves on “j-k” plane. Therefore, a similar
parameter is defined to the coordinate of the “j” axis.

Then, instead of using image processing systems, the reflect-type IR cloth sheet
edge detection sensors are attached on Robot arm 1 and 2. When these sensors
detect the existence of a cloth sheet which is hanged from the end effector, the
height of the handling point is calculated geometrically. Also to find the appropriate
cloth sheet edge position, a search algorithm is defined as the similar algorithm of a
single cloth sheet handling position as shown in Fig. 6.

Fig. 5 Algorithm flowchart
of finding the appropriate
single layer handling position
for Robot arm 1 and 2
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4 Quantification of Handling and Spreading Operations
Using a Multi-arm Robot System

To realize the cloth sheet attaching operation which is suitable for the multi-arm
robot system, the handling and spreading operations have to be quantified using the
geometrical vector equations. The geometrical vector model of each robot arm is
defined as shown in Fig. 7. Each linkage length is defined as the constant vector
Ci

13;C
i
23;C

k
31;C

k
32 andC

k
33. And each liner motion vector is defined as the liner

vector Li
11;L

k
12;L

i
21;L

k
22 andL

i
34. Also each joint rotation matrix of Robot arm 3 is

defined as Eih1 ;Eih2 andEih3 . At this robot system, it is assumed that tool center point
(TCP) coincides with the detection point of a transmissive type IR detection sensor.
So, it can replace to the positioning problem without the pose calculation. And the
motion of each robot arm can be quantified as P1, P2 and P3 in Eqs. (1)–(3).

P1 ¼ Li
11 þ Lk

12 þ Ci
13 ð1Þ

P2 ¼ Li
21 þ Lk

22 þ Ci
23 ð2Þ

Fig. 6 Algorithm flowchart
of finding the cloth sheet edge
for Robot arm 1 and 2
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P3 ¼ Ei �p
2ð Þ � Eih1 Ck

31 þ Eih2 Ck
32 þ Eih3 � Ck

33

� �� �þ Li
34 ð3Þ

Then, the simple procedure is needed to the robot operation. Therefore, a cloth
sheet handling and spreading operations from the initial to final state have to be
divided in five main procedures, as follows;

Procedure 1: Pick up a cloth sheet on the arbitrary position,
Procedure 2: Detection and handling on the first edge,
Procedure 3: Detection and handling on the opposite side sheet edge,
Procedure 4: Extension of a cloth sheet along the diagonal line,
Procedure 5: Handling of the other edge points on the opposite diagonal line.

For example, at the procedure 1, the Robot arm 3 picks up a cloth sheet on the
arbitrary position to transfer to the end effector of Robot arm 1 as shown in Fig. 8,
at first. When rotation angles are defined as θ1a, θ2a and θ3a, this motion P3a is
quantified as Eq. (4).

(a) (b)

Fig. 7 Vector geometries of each robot arm. a Rectangular coordinates type. b Rotational joint
arm type

Fig. 8 Motion locus of pick
up a cloth sheet on the
arbitrary position
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P3a ¼ Ej �p
2ð Þ � Eih1a Ck

3a þ Eih2a Ck
32 þ Eih3a � Ck

33

� �� �þ Li
34 ð4Þ

And a cloth sheet is shifted to the Robot arm 1 at the picking point with a sheet
handling algorithm which has been shown in previous section.

Then, at the procedure 2, the Robot arm 1 and 2 approach each other and move
up to the start position as Eqs. (5), (6). In these equations, Li

11b;L
k
12b;L

i
21b andL

k
22b

are variable vectors.

P1b ¼ Li
11b þ Lk

12b þ Ci
13 ð5Þ

P2b ¼ Li
21b þ Lk

22b þ Ci
23 ð6Þ

And the Robot arm 2 moves down to detect a cloth edge with the proposed
detection algorithm as Eq. (7). In this equation, Lk

22c is only variable vector.

P2c ¼ Li
21b þ Lk

22c þ Ci
23 ð7Þ

Then, the end effector of Robot arm 2 moves up with holding a cloth sheet. This
motion is similar to Eq. (7); Lk

22c is only variable vector, too. And the end effector of
Robot arm 1 releases the cloth sheet simultaneously. The execution order of these
equations coincides with the procedure of handling and spreading operations. And
then, applying the motion planning approaches of a carton box assembling and a
cloth sheet wrapping [7, 8], motion loci of each tool center point of robot arm can
be calculated. Also, each procedure can be described in the same equation.
Therefore, at the procedure 3, 4 and 5, variable vectors and joint rotation matrices
which are substituted for these equations are shown.

At the procedure 3, to detect the opposite side sheet edge, the end effector on Robot
arm 2moves up asLk

22d. And the end effector of Robot arm 1with the cloth sheet edge
detection sensors moves down simultaneously as Lk

12d, too. At this procedure, the
motion of the Robot arm 2 is replaced to the motion of the Robot arm 1 at the
Procedure 2. Then, at the procedure 4, to spread the cloth sheet, the Robot arm 1 and 2
move outside and downward simultaneously with a little tension as
Lk
11e;L

k
21e;L

k
12e andL

k
22e. At the procedure 5, a Robot arm 3 clamps the other edge

points on the opposite diagonal line just like Eq. (4) as Eih1f ;Eih2f andEih3f . And then,
to eliminate tangling or winding of the sheet itself, these robots shift the hands as
Lk
11g;L

k
21g;L

k
12g;L

k
22g;E

ih1g ;Eih2g andEih3g .

5 Verification Test by Prototype Robot System

To verify the usefulness of a quantification method for a cloth sheet handling and
spreading operations, the prototype of a multi-arm robot system is tested. Table 1
shows the success probability of each handling procedure at the 30 times trial. So, it
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is clear that the multi-arm robot system can pick up and spread the cloth sheet.
However, this robot system sometimes fails in the handling or spreading operations.
Because, the un-uniformity of the moisture content after washing causes the dis-
persion of a cloth sheet pose. And a position of a cloth sheet is estimated using a
geometrical calculation. In addition, the times of detection for sheet existence are
restricted to 3 times. That is not enough, so the numbers of a adjust motion have to
be improved. Also, at the final procedure, the cloth sheet edge might sometimes
entangle itself near the diagonal line. So, the prevention method of the cloth sheet
tangle must be investigated.

6 Conclusions

To realize soft works handling and spreading processes, a multi-arm robot system
has been developed. Especially, the quantification method of the carton assembling
and cloth sheet wrapping operation has been applied to the cloth sheet handling
operation. And the handling and spreading algorithms of a cloth sheet attaching to
the automated ironing machine are shown. And based on these algorithms, the
prototype of robot system has been tested. So, it is clear that the robot system can
pick up and spread the cloth sheet edges. In future work, to reduce the handling
error, the robot finger shape has to be improved. Also, considering finding motion
of the cloth sheet edge by human finger tips, the recovery motion methods of the
handling error will be investigated.
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AutoHD—Automated Handling
and Draping of Reinforcing Textiles

Burkhard Corves, Jan Brinker, Isabel Prause, Mathias Hüsing,
Bahoz Abbas, Helga Krieger and Philipp Kosse

Abstract In almost all industrial sectors handling processes are automated through
the use of robotic systems. However, in the manufacture of fiber-reinforced struc-
tures with complex geometries, the handling of dry, pre-impregnated semi-finished
textiles is still performed mainly manually resulting in long processing times, low
reproducibility and high manufacturing costs. A previous AiF research project
“AutoPreforms” aimed at the automation of the entire production process of
components with uniaxial curvature. The scope of this AiF research project
“AutoHD” is to fully automate the draping and handling process of complex, three-
dimensional fiber composite structures with high degrees of deformation and
multiaxial curvature (e.g. car wings). Based on a draping simulation wrinkles can
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already be recognized during the draping process and counteracted by the devel-
oped mechanical structure. This is achieved by the utilization of the bending
stiffness of textile semi-finished products, a flexible end-effector and a built-in
optical quality assurance process. In this paper the main aspects of preforming
processes are described revealing the challenges of the project. With examples of
currently existing systems, the objective and innovative contribution of the project
are described. The paper serves as initial presentation of the project and its solution
approaches.

Keywords Automated handling � Draping � Preforming process � Mechanism
design � Composite materials

1 Introduction

For medium-sized suppliers of automotive and engineering industries, the pro-
duction of technically sophisticated fiber-reinforced plastics (FRP) is an important
and economically rewarding field of activity. However, further development of FRP
so far fails due to the low degree of automation of the production process; par-
ticularly the automated handling. Although in almost all industrial sectors handling
processes are automated through the use of robot and gripper systems, the handling
and draping of dry and pre-impregnated semi-finished textiles into complex
geometries is still mostly performed manually. The reasons for this are high
demands on technology and lack of knowledge about the behavior of flexible semi-
finished products [1, 2]. This in turn results in long processing times, low repro-
ducibility and high manufacturing costs.

First approaches for the efficient handling of textile reinforced structures (pre-
forms) for FRP components are presented in a joint AiF project “AutoPreforms”
[3]. The research project “AutoPreforms” aimed at the automation of the entire
production process of components with low geometric complexity like uniaxial
curvatures. Complex, three-dimensional parts with high degrees of deformation,
such as car wings, impose high requirements particular to the handling and quality
assurance (Fig. 1).

The aim of the research project “AutoHD” is to fully automate the draping and
handling process during preforming of composite structures with complex multi-
axial geometries for the first time. This is achieved by the utilization of the bending
stiffness of textile semi-finished products, a flexible end-effector and a built-in
optical quality assurance process. On the basis of draping simulation an optimal
draping strategy and process control is determined in order to, for example, mini-
mize the occurrence of wrinkling and other drape defects. Additional rules are
derived for wrinkle elimination in order to correctively adjust the draping process.
The project solely focuses on the manufacturing steps of handling and draping,
since automated solutions for the remaining process steps (e.g. cutting, consoli-
dation) have already been developed [4–6].
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2 Preform Processes

In the following paragraph, aspects of preform processes are described revealing the
main challenges of the project. First, the general manufacturing process of a pre-
form is introduced. Next, the draping and handling in textile preforming processes
are presented. Finally, the need of sensor systems in order to avoid wrinkling is
described.

A preform is a non-impregnated, textile, multi-layer reinforcement structure. In
the preforming process, complex, three-dimensional, near net shaped textile rein-
forcement structures can be realized. These structures have a high potential for the
automated mass production of high performance fiber-reinforced plastics [4]. Initial
approaches for a semi-automated production have already been developed [7–9].
However, these approaches consider single steps of a process chain such as the
investigations of sewing parameters for the automated sewing of fiber composites.
The economical use of preforming technologies, e.g. within the medium-sized
automotive industry, is only possible if the entire process chain of multiaxial
handling is automated for mass production. The automation of the three-dimen-
sional placing of the reinforcing textiles thereby represents a key role.

2.1 Draping of Fiber-Reinforced Plastics

Forming or draping of textile structures is an essential component in the manu-
facturing process of textile preforms. The deformation behavior of flexible textile
semi-finished products is very complex. Therefore, the material selection of the
semi-finished textile is typically performed for a given component geometry using a
trial-and-error process. Draping is performed manually by experienced profes-
sionals correcting the resulting draping defects (e.g. wrinkles, gaps and loops). This
procedure is technically and economically deficient with respect to a large-scale

Possible 
geometries

Demonstrator
part

FRP car roof

Multiaxial
geometries

Possible
demonstrator parts

FRP car and motor-
bike wing

Fig. 1 Geometries realized within the project “AutoPreforms” (left) and examples of complex
multiaxial geometries within “AutoHD” (right), (image ref. upon request)
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production of FRP components. The time and cost-intensive process of textile
selection by trial-and-error and manual production can be improved by material
modeling and process simulation. The objective of the simulation is to predict the
deformation behavior of the reinforcing textile during preforming.

There are several computer-based methods for the so-called draping simulation.
The available methods differ in their computational complexity and level of detail.
Purely kinematic or on the finite element method (FEM) based models can be
applied [10]. If external process forces (e.g. the motion and gripping of the robot)
that act on the textile should be considered, FEM-based models must be used. As
input for the simulation, the mechanical material properties of the semi-finished
textile (e.g. Young’s modulus, bending stiffness, friction coefficients between the
reinforcing fibers as well as between the reinforcing fibers and the tool) are
required.

2.2 Handling in Textile Preform Processes

Previously developed semi-automated systems provide solutions for specific han-
dling tasks (cf. among others [10–14]). The forming of the reinforcing textiles by
these systems is partly three-dimensional, but the individual transformations are
realized only uniaxial [i.e. there are no spherical deformations (e.g. hemisphere)].
The placing of multiaxial reinforcing textiles in curved geometries with existing
systems is, if at all, only possible at very low degrees of deformation.

When selecting a suitable handling system for textile semi-finished products,
different criteria must be considered (e.g. the geometry of the gripping and placing
position, the dimensions of the workpiece as well as its material properties [15]).
An important criterion is the reliability of the gripping process. According to [16]
the reliability depends on a variety of factors, such as the material flexibility,
operating speed, gripping technology and the environment.

2.3 Process Monitoring by Means of Sensor Systems

For a continuous process-relevant protection of significant quality features only non-
destructive, manufacturing-integrated audit procedures (referred to as inline
inspection systems [17]) are of importance. For testing of multiaxially curved pre-
forms—and in particular for the detection of wrinkles—it is essential to capture the
3D geometry. The recognition of wrinkling must take place early during the draping
process in order to be able to counteract without loss of time. The strict requirements
under industrial conditions (e.g. short cycle times, robustness, and reliability) can
solely be met by integrating the sensors directly into the end-effector. A simulta-
neous quality control and feedback of the test results to the corrective intervention
process (process control) is not achieved by currently existing methods.
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3 Handling Devices in Textile Preform Processes

An adaptive multi-functional end-effector (Fig. 2), which was developed as part of a
previous joint research project called “AutoPreforms”, is able to handle different
geometries [such as flat, bent, concave, convex or a combination thereof (see also
Fig. 1)]. The component geometries treated by this end-effector can be divided into
three groups (plane components with curved sides, curved components with con-
stant radius of curvature and bent components). The gripping elements of the end-
effector can be moved relatively to each other, where the distances between the
gripping elements remain constant, so that the reinforcing textile is not damaged.
The movement of the gripping elements is active and controlled by the robot
controller. In addition, the gripping elements are passively pivotable and dis-
placeably mounted in height. So they can orient themselves when placed towards
the surface of the mold and in addition to the actively shaped curvature [3, 18–20].

A prototype for the automated handling of clothing textiles was developed
within the scope of the joint research project “Integrated 3D sewing system” funded
by the Federal Ministry of Education and Research (BMBF) [14]. Monitoring the
gripping operation was carried out with the help of a camera system attached to a
stationary system of linear axes [21]. For the conformal gripping of reinforcing
textiles, a large-area vacuum gripping system whose gripping surface can be
changed by sliding chamber walls was realized at the Bremer Werk for assembly
systems [22]. At the University of Louisiana at Lafayette, USA a gripping system
with suction surfaces attached to the movable kinematic units was developed. The
system serves both the separation and handling of limp materials [23]. The Brötje-
Automation GmbH, Wiefelstede developed a handling system for similar applica-
tions that is based on selectively controllable suckers. These suckers are arranged in
a matrix form. Thus, an adaptation of the gripping surface is possible [11]. Within
the Fraunhofer Innovation Cluster “KITe hyLITE” a handling unit was designed
and developed with which unidirectional fiber semi-finished products can be
formed and positioned in a mold [13]. Another example of a rigidly constructed
end-effector is the “CFKTex” system with a selectively activatable gripping surface
[12]. The Institute for Machine Tools and Industrial Management of the Technical

Fig. 2 Adaptive multi-
functional end-effector [20]
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University of Munich realized a system that enables the automated production of
three-dimensional preforms, wherein also fixing of the reinforcing textiles is pos-
sible by binder activation. In a current research project of the German Aerospace
Center called “EVo”, a continuous process chain for the automated manufacture of
FRP components for automotive and aerospace applications is realized. The
developed preform unit also includes an end-effector with 90 separately switchable
vacuum grippers and is quality assured to handle and stack blanks. The transfor-
mation of the resulting layer stacks is done in a consolidation process, whereby an
on-line correction of the deformation is not possible [24]. The mentioned systems,
if at all, allow draping only with very low degrees of deformation. The quality of
the conversion can be detected comprehensively, but is not used as a basis for on-
line correction of the process. Regarding the flexibility of the production of auto-
motive components, this represents a limitation that need to be addressed. Examples
of such complex, multiaxial geometries are shown in Fig. 1 (right). The afore-
mentioned sub-goal of an inline-wrinkle detection and correction has been inte-
grated into any forming unit of the projects mentioned. Extensive reviews of
literature about mechanisms for automated handling and draping of multiaxial
reinforcing textiles are presented by [12, 25].

4 Objective and Innovative Contribution

The aim of the recently started joint research project “AutoHD” is to develop an
automated handling and draping technology for fiber-reinforced semi-finished
products for the series production of multiaxially curved structural components.
The main task of the approach lies in the specific combination of draping, material-
appropriate utilization of bending stiffness of reinforcing textiles, an end-effector for
multiaxial draping and process-integrated quality control. The complete sequence
of this process is shown in Fig. 3. First, a planar semi-finished textile is grasped by
means of a suitable gripper. The gripper is located on an end-effector which in turn
is mounted on an industrial robot for transport and coarse positioning of the textile.
Using external cameras, the process is monitored, so that the actual position is
directly adjusted in accordance to variations from the nominal position. After
successful coarse positioning, fine positioning is carried out through the end-
effector by reshaping and draping the semi-finished textile so that it can be placed in
the multiaxially curved mold—preferably without wrinkling.

An optical sensor system monitoring the draping is also integrated within this
process step. A second control loop, the draping control loop, can intervene directly
in the handling process once deviations between the data of the sensor system and
the data of draping simulation and especially wrinkles occur. The described process
flow ensures a highly automated draping and handling process. The on-line quality
assurance provides a zero defect production. This results in increased output rates
and the saving of expensive reinforcing textiles.
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The automated handling of textile preforms aims at the economical production of
FRP parts of different geometries. The innovative aspect of the approach is to
automate the current manual handling and multiaxial draping by a suitable robot
end-effector system with integrated gripping elements. By integrating a sensor
system, changes of the position of the textiles or the emergence of wrinkles when
placed into the mold are registered. The connection of the sensor system to the
control loop of draping allows for a direct intervention of the end-effector on these
errors. A tool for process monitoring, without the need of separate sensors within
additional process steps, ensures integrated optical inspection of wrinkles, correct
positioning as well as correct fiber orientation of the placed semi-finished products.
Thereby, potential errors can already be detected in the running process resulting in
increased process quality and reduction of discard. For the first time, the measured
3D fiber orientation allows the balance between the real and the simulated draped
preforms. The degree of automation in the production of FRP parts is thus increased
significantly and represents an important contribution to the establishment of FRP
as a material for high volume applications.
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Fig. 3 Automated drapery and handling process (image ref. upon request)
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Singularity and Workspace Analyses
of a 3-DOF Parallel Mechanism
for Vehicle Suspensions

Fernando Malvezzi and Tarcisio Antonio Hess Coelho

Abstract This work deals with the singularity and workspace analyses of a three-
degree-of-freedom mechanism for rear independent suspensions, capable to adjust
simultaneously the camber, rear steering and roll angles. This mechanism is able to
improve handling performance when compared to the vehicle with a passive sus-
pension mechanism. The inverse kinematic model was developed for the velocity
kinematic analysis. The Jacobian matrices are applied to investigate the mechanism
singularity configuration. Finally, the reachable workspace is obtained using the
discretization method. The obtained results have shown there is not singular con-
figuration inside the specified workspace. The available workspace can attend the
camber and rear steering angles stroke. Moreover, this workspace can be obtained
by using standard joints and actuators.

Keywords Singularity � Workspace � Jacobian analysis � Parallel mechanism �
Automotive suspension

1 Introduction

Parallel mechanism is a mechanical system characterized by the presence of
independent kinematic chains, actuating in-parallel on the end-effector. Among its
mains advantages, one can mention low inertia, fast dynamic response, high load
capacity, high rigidity and precision [1]. Consequently, it has been employed in
flight simulators, robotic manipulators and machine tools. Despite the fact that the
use of active parallel mechanisms in the automotive field is still not found, Malvezzi
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and Hess-Coelho [2–5] presented a novel type of independent rear suspensions,
based on a 3-DOF parallel mechanism, which is able to adjust simultaneously the
camber, rear steering and roll angles. The simulations results demonstrated that a
vehicle equipped with such active mechanism really improves its handling per-
formance in a comparison with the same vehicle but assembled with a passive
suspension.

The design of a parallel mechanism for any application in general, and for
automotive vehicles in particular, demands special cares. From this perspective, two
important kinematic issues must be taken into account: (a) verification of occur-
rence of singular configurations; (b) evaluation of the available workspace. With
respect to singularities, when a parallel mechanism reaches such configurations, it
can either gain or lose degrees of freedom [1]. According to Gosselin and Angeles
[6], Balchanowski [7], Azulay et al. [8], Choi and Ryu [9], the conditions for the
occurrence of singularities can be identified by the Jacobian analysis. On the other
hand, the workspace can be defined as the region reached by the end-effector. In the
case of automotive suspensions, the end-effector corresponds to the tire-wheel set.
The size and shape of the workspace is constrained by the link lengths, the joint and
actuator strokes, and singular configurations, as well [10]. The available workspace
can be determined either by the geometric [10] or discretization [11, 12] method. In
the discretization method, the process begins with a solid, assumed larger than the
feasible workspace, discretized by a regular mesh. Then, a procedure checks
whether or not each mesh node violates the physical and kinematic constraints.
Hence, the workspace boundaries are composed by a set of nodes that have at least
one neighbour node that does not belong to the workspace [12, 13].

This work deals with the singularity and workspace analyses of a three-degree-
of-freedom parallel mechanism for rear independent suspensions. Section 2 briefly
describes the mechanism topology and how it actuates on the roll, camber and rear
steering angles. Then, Sect. 3 deals with the kinematic model. The results are shown
in Sect. 4, while Sect. 5 presents the conclusions.

2 Description of the Mechanism Topology

The parallel mechanism analyzed here was proposed in [2–4] and performs three
independent motions. Topologically, the mechanism is parallel and asymmetric
with three distinct active kinematic chains (PUS + PRS + UPSRS).

Figure 1b shows that the action on the body roll angle is achieved by the force
exerted by the actuator 1 on the sprung mass (body). On the other hand, when the
car does not perform evasive maneuvers or cornering, the actuator 1 does not exert
force on the sprung mass and the wheel travel (passive movement) is influenced
only by the action of the spring and the damper. In addition, the camber angle is
changed by the simultaneous movement of the actuators 2 and 3, while the rear
steering angle is modified by the actuator 3.
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3 Kinematic Model

In order to analyze the singularity and the workspace of the mechanism, the inverse
kinematic model is derived. The goal of the position kinematic model is to obtain
the mathematical transformation between the end-effector location, defined by the
vector ~v ¼ ½H;C;W�T (Figs. 2a and 3b) and the displacements provided by the
actuators, defined by the vector ~S ¼ ½s1;s2; s3�T (Fig. 2a, b). The actuators 1 and 2,
and the bars 1 and 2 are in the Oy1z1 plane.

The null functions f1, f2 and f3, dependent of the vector ~S and ~v, developed in
[2], are reproduced here. Equations (1)–(3) represent the mathematical transfor-
mation between the end-effector location and the actuators displacements. These
equations are second-degree polynomial, independent and decoupled in the vari-
ables s1, s2 and s3. Besides, there are relationships between the angles Γ and Ψ and
the camber and the rear steering angles, respectively, which are presented in [2].

f1ð~s;~xÞ ¼ s21 þ 2zE1s1 þ 2L2cosH� 2LzE1sinH� 2L2 ¼ 0 ð1Þ

f2 ~s;~xð Þ ¼ s22 � 2 ‘cosHþ hcosCð Þs2
þ 2½h2 þ ‘hcosðH� CÞ � ‘hsinH� h2sinC� ¼ 0

ð2Þ

Fig. 1 a Mechanism in the vehicle; b Mechanism CAD model; c Kinematic scheme [2]

Fig. 2 Symbology for position analyses and location of the Ai, Bi, Ci points: a front view; b top
view [2]
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f3 ~s;~xð Þ ¼ s23 � 2 ‘cosHþ hcosCþ dsinCsinWð Þs3 þ d2 1� cosWð Þ2

þ ‘sinHþ hsinC� dcosCsinW� hð Þ2�‘2 þ ‘cosHþ hcosCð Þ2

þ dsinCsinWð Þ2þ2dsinCsinW ‘cosHþ hcosCð Þ ¼ 0

ð3Þ

Differentiating Eqs. (1)–(3) with respect to the time,

dfi
dt

¼ @fi
@H

� dH
dt

þ @fi
@C

� dC
dt

þ @fi
@W

� dW
dt

þ @fi
@si

� dsi
dt

¼ 0 i ¼ 1; 2; 3ð Þ ð4Þ

Equation (4) can be arranged in matrix form, which is the relationship between
the end-effector and actuators velocities (Eq. 5).

Jx~x
:

þJs~s
:

¼~0 ð5Þ

where ~x
:

¼ _H; _C; _W
� �T

and~s
:

¼ _s1; _s2; _s3½ �T represent the end-effector and actuators
velocities, respectively. The matrices Js and Jx are Jacobians.

Js ¼

@f1
@s1

0 0

0
@f2
@s2

0

0 0
@f3
@s3

2
6666664

3
7777775

Jx ¼

@f1
@H

@f1
@C

@f1
@W

@f2
@H

@f2
@C

@f2
@W

@f3
@H

@f3
@C

@f3
@W

2
66666664

3
77777775

ð6Þ

Fig. 3 a Symbology for position analyses-3D view; b Rotation angle (Ψ) of the vector~u around
the king pin (axle defined by the points A1 and A2)
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where

@f1
@s1

¼ 2s1 þ 2zE1
@f2
@s2

¼ 2s2 � 2 ‘cosHþ hcosCð Þ

@f3
@s3

¼ 2s3 � 2 ‘cosHþ hcosCþ dsinCsinWð Þ

@f1
@H

¼ �2L2sinH� 2LzE1cosH
@f1
@C

¼ 0
@f1
@W

¼ 0

@f2
@H

¼ 2‘s2sinH� 2‘hsin H� Cð Þ � 2‘hcosH

@f2
@C

¼ 2hs2sinCþ 2‘hsin H� Cð Þ � 2h2cosC
@f2
@W

¼ 0

@f3
@H

¼ 2‘s3sinHþ 2‘cosH ‘sinHþ hsinC� dcosCsinW� hð Þ
� 2‘sinH ‘cosHþ hcosCð Þ � 2d‘sinCsinWsinH

@f3
@C

¼ �2s3 �hsinCþ dcosCsinWð Þ
þ 2 ‘sinHþ hsinC� dcosCsinW� hð Þ hcosCþ dsinCsinWð Þ
� 2hsinC ‘cosHþ hcosCð Þ þ 2d2sinCcosCsin2W

þ 2d‘cosHcosCsinWþ 2dhsinWcosð2CÞ

@f3
@W

¼ �2s3dsinCcosWþ 2d2 1� cosWð ÞsinW
� 2dcosCcosW ‘sinHþ hsinC� dcosCsinW� hð Þ
þ 2d2sin2CsinWcosWþ 2dsinCcosWð‘cosHþ hcosCÞ

4 Singularity and Workspace Analyses

According to Tsai [1], an inverse kinematic singularity occurs when the determinant
of Js is null. On the other hand, the direct kinematic singularity occurs when the
determinant of Jx is null. In Eq. (6), we can see that the determinant of Js is null if
one of the diagonal elements of Js is equal to zero. Besides, regarding to the direct
kinematic singularity, as the elements Jx12, Jx13 and Jx23 of Jx are nulls, the
determinant of Jx is null if Jx11 or Jx22 or Jx33 are equal to zero.

Table 1 shows the mechanism parameters employed in the singularity and
workspace analyses.
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Figure 4 shows the inverse singular configurations (Fig. 4a, b) and the direct
singular configurations (Fig. 4c, d) obtained in the singularity analysis. In Fig. 4a
and b, the actuator 2 axis is orthogonal to the bar 2, which limits the workspace
because the camber angle cannot be increased, even if the actuator 2 moves to any
direction. Moreover, it is not possible increase the steering angle even if the actuator
3 moves to any direction. Figure 4c shows the singular configuration where the
actuator 1 and the bar 1 are in the same line, so the vertical movement of the wheel
becomes uncontrollable. Figure 4d shows that when all actuators are locked, the
end-effector gains two degrees of freedom. It can perform infinitesimal rotation

Fig. 4 Singular configurations

Table 1 Mechanism parameters employed in the singularity and workspace analyses

L ðmmÞ ‘ ðmmÞ d ðmmÞ h ðmmÞ
120 300 120 240
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around the axis defined by the points A1 and A2. Similarly, the end-effector can also
perform infinitesimal rotation around the line which is parallel to the x-axis as well
passing through the point A1.

Regarding to determine the mechanism workspace, the discretization method
was employed. From a domain composed of a wide range of camber, rear steering
and roll angles, a mapping is made in order to determine the loci of singularities and
the available workspace. The camber and rear steering angles ranges are between
−90° and +90°. So, an algorithm implemented in MATLAB software checks

Fig. 5 Reachable and specified mechanism workspaces
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whether or not each mesh node violates the physical and kinematic constraints.
Consequently, workspace boundaries are composed by a set of nodes that has at
least one neighbour node that does not belong to the workspace.

The physical constraints are represented by the bars lengths, actuators stroke and
the passive joints limits. Moreover, the algorithm calculates the determinants of
Jacobian matrices Js and Jx as well it verifies if their values are null. These null
determinants correspond to singular configurations.

In order to attend the vehicle dynamic performance presented in [2], the spec-
ified workspace must allow both a camber variation between −10° and +10° and a
rear steering variation between −6° and +6°. This workspace can be achieved if the
strokes of the actuators 2 and 3 are equal to 145 mm and if the amplitude of the
joints that connect the end-effector to the bars is equal to 20°.

Figure 5 shows both the reachable and the specified workspaces for several
wheel travel positions. The red region represents the workspace limited by both the
actuators stroke and the joint limits. On the other hand, the workspace limited only
by the actuators stroke is defined by the addition of the red and blue regions.
Moreover, there are no singular configurations inside the specified workspace.

It is noteworthy that when the car does not perform evasive manoeuvres or
cornering, the camber and rear steering angles will be approximately null.

5 Conclusions

In this paper the singularity and workspace analyses of a three-degree-of-freedom
mechanism for rear independent suspensions, capable to adjust simultaneously the
camber, rear steering and roll angles, were developed. While the Jacobian analysis
was applied to identify the conditions for the occurrence of singular configurations,
the discretization method was employed to evaluate the available workspace. From
a domain composed of a wide range of camber, rear steering and roll angles, a
mapping was made in order to determine the loci of singularities and the available
workspace, that influenced by constraints such as link lengths and joint/actuator
strokes. The performed simulations have shown that possible singular configura-
tions remain far from the specified workspace, which provides typical values of the
wheel-tire travel and camber/rear steering ranges. Moreover, such workspace can be
achieved by using standard joints and actuators.
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The Mathematical Model of a Weaving
Machine

Jiří Ondrášek

Abstract This paper deals with the mathematical model creation of a controlled
mechanical system (weaving machine). The controlled mechanical system is
composed of a constrained mechanical system and its drive and regulation. Motion
equations of a constrained mechanical system are formed on the basis of the
Langrangian equations of a mixed type—LEMT through an expert system, such as
MSC.ADAMS. Drives of weaving machine mechanisms are implemented by
synchronous servomotors. For mathematical description of this type of electric
motor, a D,Q coil model was used. For the description of a permanent magnet
excited synchronous machine the idealized equations of synchronous machines
were used. The goal of a simulation model creation, was to determine the char-
acteristic parameters of electric motors in the dependence on the heald shaft number
and working speed.

Keywords Controlled mechanical system � Drive � Electric motor � Controller

1 Introduction

In order to describe the analyzed object unbiasedly, it is necessary that it is
mathematically modelled and solved as a whole inclusive its subsystems:
mechanical, electrical, hydraulic, pneumatic, thermal, etc., thus, the mechatronic
system is created. In the practical implementation, partial systems work together
and influence each other. To describe these systems well, it is necessary to create a
good model of the given system.
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The complex solution of the joint systems will enable us to predict, to evaluate
and to test all the possible running states of a developed machine or device in the
models. In such a way, that it is possible to avoid unpredictable situations which
can substantially slow down and increase expenses of the development of the
machinery in practice. This will create time and financial savings.

2 Controlled Mechanical System

This section gives only the basic information on how to create mathematical models
of a controlled mechanical system. Detailed knowledge of this issue may be found
for example in [1–3].

One of the possible procedures for generating a simulation model of a controlled
mechanical system is the procedure of composing abstract dynamical systems with
causal orientation input–output, see Fig. 1. The particular abstract dynamical
systems are most often described either with a state or transfer characterization.
This link is simple because the outputs of one model are the inputs of another
model. The main goal of creating a model is determining the time course of the
dynamical behavior of a system which lies in the numerical solution of the gen-
erated system of differential equations, or the system of algebraic and differential
equations. A Controlled mechanical system is mainly composed of abstract sys-
tems, which describe the mechanical system itself, its drive and regulation.

The next section is devoted to the definition of mathematical models of these
systems.

2.1 Constrained Mechanical Multi-body System

The motion equations of a constrained mechanical system with flexible bodies are
set on the basis of the Langrangian equations of a mixed type—LEMT. A summary
record of motion equations in matrix form can be included [1]:

M �JT

J 0

� �
q
::

k

� �
¼ p1 � D _q�Kq

p2

� �
; ð1Þ

Fig. 1 Block diagram of a controlled mechanical system
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in which:

p1 ¼ Q� fg � _M _qþ 1
2

@M
@q

_q
� �T

_q;

p2 ¼ � @

@qT
J _qð Þ _q� 2

@

@qT
@fV

@t

� �
_q� @2fV

@t2
:

ð2Þ

To the constrained mechanical system description, generally dependent physical
coordinates q are used with dimension r, which are constrained by a set of scalar
constraint conditions in the number of s:

fV ðq; tÞ ¼ 0: ð3Þ

For i-flexible body, vector qi may be described in the form as follows:

qi ¼ ri,pi,qeid e ; ð4Þ

in which ri represents the vector of the coordinates which determine the position of
the given body in the stationary coordinate system. The orientation of the body in
this basic space is given by Euler parameters pi. The elastic deformations of the
body are expressed by the vector of the elastic coordinates qei.

In Eq. (1), matrices M, K and D represent the mass, stiffness and damping
matrix of the mechanical system as a whole. Vector Q represents the vector of
generalized forces, whose components associate with relevant generalized coordi-
nates qj and vector fg is the gravity forces vector. Furthermore, in Eq. (1), λ vector
of Lagrange multipliers exists in the number of s. They are related to the forces and
moments required to maintain the constraints. The matrix J = ∂fV∕∂qT expresses
the Jacobi matrix of constraint equations set.

In the case of Eq. (1), it is a set of (r + s) differential/algebraic equations for the
(r + s) unknowns—the r generally dependent physical coordinates q and the
s Lagrange multipliers λ. The constrained mechanical multi-body system is char-
acterized by (i = r − s) degrees of freedom. At present it is possible to set and to
solve the motion equations of a constrained mechanical systems through a com-
mercially available expert systems, such as MSC.ADAMS.

2.2 Drive

In many cases, a machinery drive is implemented by a 3 phase synchronous electric
motor with permanent magnets with which an exciting magnetic rotor flux is
produced. This motor type is used namely in servo drives with which high
dynamics and accuracy are required. For simulations, a DQ coil model was used,
which is based on the mathematical description of a synchronous machine and uses
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the transformation of stator coordinates into rotor coordinates. The model of this
motor including its control structure leads to a system of differential equations.

The voltage equations of the synchronous servomotor expressed in the com-
ponent shape in rotor reference frame (d, q) have this form [2]:

Ud ¼ RsId þ Ld
dId
dt

� xelLqIq; Uq ¼ RsIq þ Lq
dIq
dt

þ xel LdId þ wmð Þ ; ð5Þ

where ωel is the electric angular velocity of the rotor and also of the rotating
coordinate system (d, q), Id and Iq are current components expressed in the rotor
reference frame (d, q) and Rs denotes stator coil electrical resistance. Ld and Lq are
inductances of stator winding in the direct and quadrature axis and ψm = const
represents the flux linkage due to permanent magnet. The electromagnetic torque is
then given by the expression [2]:

M ¼ 3
2
pp wmIq þ Ld � Lq

� �
IdIq

� 	
; ð6Þ

in which pp is the number of pole pairs. The block diagram of the synchronous
machine DQ-model is shown in Fig. 2. It was created on the basis of Eqs. (5) and
(6).

The vector control of the synchronous motor is given by the condition Id = 0 A,
then the vector of stator current i is perpendicular to the flux linkage vector ψ and
the electromagnetic torque M is maximum. During the vector control of this electric
motor type, the cascade control loop is almost exclusively used with three hierar-
chically arranged feedbacks: current, speed, and position. Maintaining the required
values of position φ*, revolutions ω* and current Id

*, Iq
* is ensured by PID linear

controllers. The control action is thus the sum of the three terms: proportional
feedback, the integral term and derivative action. The relation between the output

Fig. 2 Block diagram of a synchronous machine DQ-model
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value—the control value u(t) and the input value—the tracking error e(t) is given by
differential equation [3]:

uðtÞ ¼ K eðtÞ þ 1
Ti

Z t

0

eðsÞdsþ Td
deðtÞ
dt

0
@

1
A; eðtÞ ¼ wðtÞ � yðtÞ : ð7Þ

The controller parameters are the proportional gain K, the integral gain K/Ti and
the derivative gain K · Td. The time constants Ti and Td are called integral time
constant and derivative time constant. The tracking error e(t) expresses the differ-
ence between the desired input value (w(t) ≡ φ*, ω*, Id

*, Iq
*) and the actual output

(y(t) ≡ φ, ω, Id, Iq) of the controlled system, see Fig. 3.

3 Weaving Machine

The working cycle of a weaving machine consists of four basic phases: shed
opening, weft insertion, shed closing, and weft beat-up. With the pneumatic
weaving machine VERA [5], those phases are ensured by two fundamental
mechanisms: a slay mechanism and a shedding mechanism, which are mutually
synchronized with an electrical connection, see Figs. 4 and 5. The motion syn-
chronization of both mechanical systems results from the requirement of the
equality of rotations of the slay box cam shaft φR and shaft 2 of the shedding
mechanism φ.

In the case of the slay mechanism, it is a cam mechanism with radial conjugate
cams and an oscillating roller follower with a displacement law ϑ = ϑ(φM). It is
composed of a slay cam shaft and a batten, see Fig. 4. Its drive is implemented by a
synchronous servomotor—master. The shedding device is a combined cam
mechanism with a displacement law ϑCM = ϑCM(φS) of a Stäubli cam motion [7],

Fig. 3 Block diagram of cascade control loop with ideal P and PI controllers
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which consists of a cam mechanism and linkages. Its drive is performed by means
of a servomotor—slave. The displacement law of the Stäubli cam motion was
identified on the basis of the cam shape measurement. The cam profile coordinates
for the requirements of the weaving machine mathematical model were determined
by the kinematic synthesis of combined cam mechanisms [6]. The kinematic syn-
thesis was implemented on the basis of the displacement law knowledge of the
given cam mechanism and its dimensional parameters.

In the case of the mathematical model of the weaving machine, this is a dynamic
analysis of a spatial multi-body system with flexible elements—timing belts.
Between the bodies, there were defined kinematic pairs with friction in such a way

Fig. 4 Model of the slay and shedding mechanism with 4 heald shafts

Fig. 5 Block diagram of weaving machine control
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as the analyzed mechanical system is free of redundant constraints. The dynamic
friction factor value of revolving joints was defined according to bearing type.
Values are generally taken from μ = 1 × 10−3 to μ = 3 × 10−3 [4]. The beat-up forces
were ignored in calculations because they were inconsiderable due to the inertial
effects of the slay mechanism. The inertial effects and loads of warp threads were
integrated into the inertial effects of the shedding mechanism. The intensity of these
forces depends on the type of woven fabric.

With the use of knowledge included in Sect. 2.2, the mathematical models of the
drives and regulations were created. The appropriate parameters of PID controllers
were tuned on the basis of the Ziegler–Nichols tuning rules [3], see Table 1. The
motion equations of the weaving machine controlled mechanical system were set
and numerical computed by MSC.ADAMS. The main aim of the calculations was
to determine the characteristic parameters of the electric motors dependent on the
heald shaft number, working speed and the control accuracy.

3.1 Sample of Results

For the electric motor design, it is necessary to know the basic power parameters,
which are one of the many outputs of the tasks of multi-body systems dynamics.
They are values of driving torque Mh and power P. In the machine working cycle,
these variables have a time-varying course. Therefore, they used to be quantitatively
expressed as its root mean square values MhEff and PEff. Root mean square (RMS) of

Table 1 Drives parameters

Parameter Unit Slay mechanism:
1FT6108-8AF7

Shedding mechanism:
TGT4-0950

Number of pole pairs pp [−] 4 3

Stator coil electrical resistance Rs [Ω] 0.065 1.95

D-axis stator inductance Ld [mH] 1.5 11.4

Q-axis stator inductance Lq [mH] 1.5 11.4

Rotor permanent magnetic
flux linkage

ψm

[NmA−1]
0.5954 0.5183

Current controller proportional
component

KI

[VA−1]
5 2

Current controller time
integration constant

TI [s] 0.0005 0.0005

Speed controller proportional
component

Kω [As/
rad]

5 0.2

Speed controller time
integration constant

Tω [s] 0.08 0.08

Position controller
proportional component

Kφ [s−1] 5 0.2
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a quantity expresses an imaginary substitutive constant quantity that has the same
average power as the time-varying quantity. In the case of electric motors, they can
be assigned to the rated typical parameters such as rated driving torque Mn and the
rated power Pn.

The power demands on the drive of the slay and shedding mechanism are
numerically expressed with the RMS values MhEff and PEff during the steady state
and the maximum values MhMax and PMax during the transient state, see Table 2.
These values were computed on the basis of the weaving machine mathematical
model with four heald shafts and the working speed reached the value
nn = 700 rpm. The hypothetical courses of required driving torque MMaster and
MSlave are shown in Fig. 6. The synchronous servomotors 1FT6108-8AF7 [8] and
TGT4-0950 [9] were chosen on the basis of computational simulations.

4 Conclusions

A mathematical model of the weaving machine was created. A complex model is
composed of the slay and shedding mechanism model and a drive model of both
mechanical systems. The drive model includes the synchronous servomotor model
and the model of the weaving machine control structure. The complex model is
expressed with a set of differential/algebraic equations. The power parameters of the

Table 2 Power parameters of electric motors

Weaving machine
mechanism

Transient state Steady state

MhMax

[Nm]
PMax

[kW]
Mn ≡ MhEff

[Nm]
Pn ≡ PEff

[kW]

Slay mechanism 110 28.5 31 9.0

Shedding mechanism 30 9.5 8 2.6

Fig. 6 Driving torque of slay and shedding mechanism
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electric motors were determined on the basis of computational simulations. By
means of these parameters, the drive electric motors of both mechanical systems
were selected. A synchronous servomotor 1FT6108-8AF7 [8] was chosen for the
drive of the slay mechanism and an electric motor TGT4-0950 [9] for the drive of
the shedding mechanism. The motor size is dependent on the control accuracy.
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Approximation of Periodic Displacement
Law with Fourier Series
in the Applications of Mechanisms
with Electronic Cam

Petr Jirásko, Pavel Dostrašil and Miroslav Václavík

Abstract When investigating movements of working links of manufacturing and
handling machine mechanisms, we often face a serious problem in complying with
positional accuracy in relation to the production technology. The design of a
working mechanism seeks to minimize inertial forces or to reduce the weights of
mechanism links. Then, the consequence is a reduction of stiffness with significant
deviations from the prescribed trajectory. Deviations are caused by natural oscil-
lations of links of the kinematic chain of a working mechanism. The paper outlines
the methodology of designing a displacement law for the periodic working
movements of electronic cams. As an exemplary displacement law, it is used
VDI_2143 Praktische Anwendung.

Keywords Electronic cam � Positional deviation � Harmonic analysis � Fourier
transform

1 Introduction

When implementing periodic displacement laws with large compliance in the driven
part of a cam mechanism, there often occurs an unacceptable positional deviation.
The issues concern manufacturing and handling mechanisms, for example, a yarn
traversing mechanism in OE—spinning machines. Tasks of similar type are char-
acterized by requirements for the highest speed of rotation (periods of displacement
law), which leads to considerable dynamic forces in the driven part of a mechanism.
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The aim is to decrease those forces or to reduce the weights of moving elements and
with regard to the required speed to control the kinematic quantities of a working
link, which is the control of a positional error due to natural harmonic oscillations,
excited by the motion function of a cam mechanism (conventional or electronic). At
the same time, requirements of the positional accuracy of a working link are not
extreme and inertia forces are dominant. Same problem, but with a different
approach is resolved in [5].

2 The Methodology of Investigation

The task of this type is modeled on a dynamic stand with a mechanism with elec-
tronic cam, Yaskawa (Japan) hw configuration, and with mass parameters, as to
Fig. 2. Displacement law is a function as to VDI_2143 [1], which is shown graph-
ically in Fig. 1 in the form of displacement (the zero derivative), the 1st and the 2nd
derivatives. The required quantities obtained from three sources (A, B, C groups) are
processed to functional dependencies and present a degree of conformity of virtual
modeling (discrete dynamic models) with reality acquired by independent mea-
surement and system monitoring in the PLC development environment (MP2300
controller). Due to a limited extent of the paper, only some results according to the
following groups are presented. We do not indicate the results of the measured
kinematic quantities of working mass I1, we only state conformity with the theo-
retical values. HW means of measuring equipment and measurement results them-
selves are in [3, 4]. There are mentioned interesting measurement results of PERR
positional error and its comparison with virtual computing models. This comparison
is a criterion of accuracy of computational models.

A Group. Evaluated quantities of measurement in the 5th cycle period are:

• The sensed position of working inertia mass I1 in [deg], see Fig. 3
• Speed of working inertia mass in revolutions [min−1]

Fig. 1 Displacement (zero derivative), 1st and 2nd derivatives as to VDI_2143 [1]
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• Accelerating torque on the servomotor shaft (analog value from the drive
inverter in [%] of EKM efficient torque, catalog value)

• P-error positional deviation of motion function on the servomotor shaft from
the theoretical values in [deg] (analog value from the drive inverter)

Fig. 2 Yaskawa electronic cam stand

Fig. 3 Discrete model of electronic cam 0-Π-1.1
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B Group. Evaluated quantities by the MPE720 system by means of PLC moni-
toring functions (digital values) are (Figs. 5 and 8):

• Servomotor rotor position in [pulse] … green
• Servomotor rotor speed in [rad/s] … blue
• Servomotor rotor acceleration in [rad/s2] … red
• PERR positional deviation in [pulse], equivalent to p-error … violet

C Group. Virtually modeled quantities are:

• Kinematic quantities of servomotor rotor (position [deg], speed [rad/s], accel-
eration [rad/s2])

• Kinematic quantities of working inertia mass (position [deg], speed [rad/s],
acceleration [rad/s2])

• PERR positional deviation in [deg] (equivalent to PERR from PLC and p-error
from the measurement)

• Torsion [deg] of compliant shaft between working inertia mass and servomotor
shaft

Furthermore, it will be indicated a comparison of PERR positional deviation of
servomotor rotor with the theoretical data of the motion function from the mea-
surement, from a computational model using Lagrange equations of the 2nd kind
[2, 3] and from a sw MSC.ADAMS/EASY5 modeling. Thus, PERR is the difference
of the actual position on the servo shaft from the theoretical position, according to
Fig. 3, it is q3 − q2 [deg].

Because of the limitations of the extent of this paper, there will be mentioned the
results with PI modeled controller in speed constraint of a cascade arrangement of
electronic cam controllers. The results of measurements and modeling with
P control are similarly consistent as those mentioned results with PI control.

The examination will be carried out in the following two steps. The first step is
to analyze the movement of a working link, kinematically excited by the original
displacement law according to VDI_2143 and excited by an approximated
VDI_2143 Fourier series with the first ten harmonics.

3 Solution

3.1 SW Modeling and Measuring on a Dynamic Stand
with the Original Displacement Law According
to VDI_2143

Sw developed in VÚTS for investigating the kinematics and dynamics of electronic
cam mechanisms solves 0-П-1.1 model of electronic cam described in [3] according
to Fig. 3. Input parameters are the displacement law of the working link according
to VDI_2143 in terms of its derivatives, depending on the position of virtual axis,
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speed, mass, stiffness, damping, etc. The obtained results are functional depen-
dences according to the above mentioned C group. In Fig. 4, there are only displays
of torsion [deg] between masses I1 − I11 and PERR value. An independent variable
is time [s] of an interval of one cycle.

Figure 5 shows the results according to B group. The description of the envi-
ronment, monitoring functions and the features of the MPE720 (Yaskawa) devel-
opment environment is given in [3]. The main axis Y1 (left) refers to PERR
positional deviation and it is in units [pulse]. The used SGMGH-30D servomotor
(Sigma II type) has Encoder, which sends 217 pulses per 1 revolution. The sec-
ondary axis Y2 (right) refers to acceleration in units [rad/s2]. Other quantities are in
auto scale and are given for guidance and monitoring the nature of functional
dependencies.

In Fig. 6, there are provided the measured and modeled PERR positional
deviations from the servomotor rotor motion function in two ways of virtual
simulation.

A more detailed description of the numerical solution of the discrete model,
which is depicted by Lagrange equations of the 2nd kind as to Fig. 3, is not listed
here due to the limited scope of this paper. The principles of controlling servo
drives are not described as well, it is only stated that the majority of servo drives
show a cascade control structure with torque, speed and positional feedback.

Fig. 4 SW model (VDI_2143), selected quantities as to C group

Fig. 5 MPE720, quantities as to B group (color figure online)
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Controllers are generally proportional (P) and proportional-integral (PI). Detailed
descriptions of the controlling and modeling of servo drive can be found in [6].
Therefore, we aim at such an intervention in the numerical solution of motion
equations so that PERR characteristic quantity as a positional deviation of the
servomotor itself should correspond to the PI actual mode utmost. PERR is a
criterion for the accuracy of the given sw model and its waveform (course) is
compared with two independent sources. One source is measurement and the other
is the virtual model of a controlled mechanical system created in MSC.ADAMS and
MSC.EASY5 program (software) systems. Compliance is remarkable. Thus, the
results provide a virtual study of the influence of the dynamic properties of dis-
placement laws of kinematically excited compliant systems, as described below.

3.2 Harmonic Analysis of Displacement Law
as to VDI_2143. Sw Modeling and Verifying the Dynamic
Properties of the Approximated Displacement Law
on the Stand

The aim of the harmonic analysis of displacement law is to replace its original data
with approximated values of Fourier series with the least final number of first
harmonic components. From this new approximated displacement law, we expect
smaller values of oscillation amplitudes of working inertia mass. Thus, by choosing
the number of harmonic components, the error of approximation is monitored with
respect to the kinematic quantities of a working link. In this exemplary solution, it is
used the first ten harmonics from the original VDI_2143 harmonic analysis and a

Fig. 6 PERR positional deviations (measurement, 2 methods of virtual simulation)

338 P. Jirásko et al.



new displacement law is implemented on the stand as to Fig. 2. Measurement and
virtual testing on sw models are the same as with the original VDI_2143 by the
above Sect. 3.1. Furthermore, there are mentioned only two basic results.

Fig. 7 SW model (10 harm. Components VDI_2143), selected quantities as to C group

Fig. 8 MPE720, quantities as to B group (color figure online)

Fig. 9 PERR positional deviations (measurement, virtual simulations)
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Figure 7 shows the solution results as to C group (approximated data of dis-
placement law VDI_2143 by Fourier series—the first 10 harmonics). It is a torsion
between masses I1 and I11 and the characteristic positional error of servo motor
PERR.

In Fig. 8, there are the results as to B group. See the text to Fig. 5 in Sect. 3.1.
Figure 9 indicates the results of the measured and modeled PERR positional

deviation of the servo motor rotor motion function in two ways of virtual
simulation.

4 Conclusions

By comparing Figs. 5 and 8, an improvement is demonstrable. The mentioned
method of replacing the original displacement law with a new approximated
function with an intentional “positional error” can achieve smaller positional
deviations of a working link, it is effective, and is easy feasible and modifiable
particularly in a mechanism with electronic cam on the basis of a different number
of harmonic components. Based on the virtual simulation, whose conformity with
the reality is excellent, it can be studied various characteristic influences of
mechanisms with electronic cam (for example, the effect of speed ratios, control
properties or compliance and damping of an electromagnetic constraint stator-rotor,
etc.) with highly compliant driven output links of working mechanisms.

The methodology of replacing the original displacement law by a certain number
of harmonics is gaining importance in the implementation of non-periodic motion
functions, the so-called stepping ones with significant rest intervals. There are
important mechanisms in the form of rotary tables and stepping mechanisms where
the requirement for the minimum step time increases technological production time
or productivity. Those issues associated with the residual spectra of stepping dis-
placement laws are not listed here because of the limited extent of the paper, but
they will be presented at the conference.
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High-Speed and High-Resolution Linear
Microstepper Based on Toggle Mechanism
Actuated by Electromagnet

Takaaki Oiwa, Yuichiro Toyoda and Junichi Asama

Abstract Novel linear microsteppers are designed for high-speed and high-reso-
lution positioning actuators. In general, most microsteppers equipped with a multi-
layered piezoelectric actuator for positioning have difficulty to improve their feed
rate because of the small stroke of the actuator, despite their excellent positioning
resolution. The microstepper in this study employs two electromagnets for
clamping the rail, and one electromagnet for longitudinal actuation of the mecha-
nism. Use of electromagnets with a larger stroke enables a high-speed feed rate and
allows for the use of inexpensive low-voltage amplifiers. Moreover, the toggle
mechanisms reduce the actuator’s displacement and enlarge the actuator’s force.
Because the relation between the input and output displacements of the toggle
mechanism is non-linear, the microstepper achieves both high-speed and high-
resolution positioning as necessary. This paper deals with experimental mecha-
nisms equipped with two types of actuators based on one or two gaps between the
armature and the iron core of the electromagnet. First, the fundamental design of the
microstepper with two toggle mechanisms actuated by an electromagnet is intro-
duced. Next, an experiment using each of the two sets of microsteppers we man-
ufactured is described. As a result, the microsteppers are capable of of 1 mm/s
maximum speed and a positioning resolution better than 0.1 µm.

Keywords Displacement reducer � Inchworm mechanism � Microstepper �
Positioning resolution � Toggle mechanism

1 Introduction

In recent years many types of microsteppers have been developed as miniature
linear actuators for precision positioning [1–3]. The conventional microstepper
shown in Fig. 1a can move over a long distance regardless of the positioning
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actuator’s stroke because they move like an inchworm by sequentially using two
clamping elements and one positioning actuator. The positioning resolution of the
microstepper usually depends on the resolution of the positioning actuator, so the
maximum feed rate of the microstepper is restricted by the positioning actuator’s
stroke and maximum driving frequency. Because most microsteppers employ a
multi-layered piezoelectric actuator as the positioning actuator, it is possible to
achieve nanometer-order positioning resolution. However, positioning speed more
than 1 mm/s requires a driving frequency higher than 100 Hz because the stroke of
the piezoelectric actuator is around 10 µm at most. Moreover, the drive of the
piezoelectric actuator requires high-voltage amplifiers. The microstepper in this
study employs an electromagnet actuator with a larger stroke for high-speed
positioning, driven by low-voltage amplifiers. Furthermore, a displacement reducer
based on toggle mechanisms [4–6] enables high positioning resolution. Since the
output displacement of the reducer exponentially increases with an increase in input
displacement, this microstepper can achieve not only high-speed positioning but
also high-resolution positioning as necessary.

This paper deals with experimental mechanisms equipped with two types of
actuators based on one or two gaps between the armature and the iron core of the
electromagnet. First, we introduce the fundamental design of the microstepper with
two toggle mechanisms actuated by one electromagnet. Second, we describe the
design of the electromagnets both for positioning and clamping. Third, we relate the
results of evaluations of the positioning speed and resolution for the two types of
the microstepper we manufactured.

2 Fundamentals

2.1 Outline

Figure 1b depicts schematic illustration of the proposed microstepper consisting of
two magnetic clamps and one positioning actuator, as well as the conventional
microstepper. Unlike it, however, ours uses two toggle mechanisms to reduce the
displacement of the positioning actuator. The output displacement of the toggle
mechanisms changes the distance between the clamps, and moves the microstepper
along the rail. Since each clamping element has not only an electromagnet but also
a permanent magnet, the microstepper can magnetically hold to the rail even in an
electric power outage.

2.2 Displacement Reducer

Figure 2a depicts one toggle mechanism consisting of two flexure elements for
simplicity although the microstepper is equipped with two such mechanisms. When
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the input displacement of the toggle x is small relative to the length of the springs l,
the output displacement y is approximately expressed [5, 6] by equation,

y � x2

l
: ð1Þ

Figure 2b shows the output displacement and reduction ratio when the input
displacement x varies from 0 to 1.5 mm. This figure also indicates that small input
displacement less than 0.3 mm is extremely reduced to less than 5 µm for fine
positioning. On the other hand, larger displacement of 1.5 mm produces a 110-µm-
step displacement for fast feeding. When the input displacement x varies from 0.3 to
1.5 mm, the reduction ratio increases 5 times from 0.015 (≈1/67) to 0.075 (≈1/13).
This means that positioning resolution depends on the input displacement of the
toggle mechanism.

2.3 Electromagnet

In general, when increase of the gap enables larger displacement of the electro-
magnet actuator, a considerably large electric current is needed to close the wide
gap because the attractive force drastically decreases inversely with the square of
the gap. To avoid the above defect, in this study, two types of electromagnet

Fig. 1 Linear microsteppers: a conventional, and b proposed in this paper, consisting of flexure
toggle mechanisms, positioning electromagnet and clamping electromagnet
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actuators, with one and two gaps, respectively, were designed as the positioning
actuators. The actuator shown in Fig. 3a has two gaps of 0.25 and 0.6 mm among
one electromagnet and two pole pieces. Increasing the current of the electromagnet
firstly closes the smaller gap, and thereafter decreases the larger gap. This means
that the maximum displacement of the actuator is 0.85 mm. From these design
values it is expected that input displacements of 0.25 and 0.85 mm would produce
the reducers’ output displacement of 10.6 and 61.6 µm, respectively, when the
initial input displacement x0 is 0.3 mm. Consequently, these actuator’s strokes
yielded microstepper steps of 5.3 and 31 µm, respectively, and a maximum posi-
tioning speed of 0.78 mm/s at a 25-Hz driving frequency.

Another actuator shown in Fig. 3b has one gap between an electromagnet and a
pole piece. However, because the pole piece is made of a permanent magnet, bias
flux is provided, and slightly decreases the gap without an electric current. The
current flow in the coil to further increase the flux closes the gap, and results in a
large output displacement of the actuator. On the other hand, an inverse current
decreases the bias flux, and increases the gap until the point at which there is no
permanent magnet. It is expected that this causes very small input displacements of
the reducer, and extremely small steps of the microstepper. From these design
values it is expected that an input displacement of 1.2 mm produces the reducers’
output displacement of 67 µm when the initial input displacement x0 is 0.3 mm.
Consequently, this stroke yields microstepper steps of 34 µm and a maximum
positioning speed of 0.84 mm/s at a 25-Hz driving frequency.

Fig. 2 a One flexure toggle mechanism, and b relationship between input and output
displacements of toggle mechanism

346 T. Oiwa et al.



3 Experimental Setup

To avoid assembly error, monolithic structures consisting of the cores of the two
clamps, the core of the positioning actuator, and the two toggle mechanisms were
fabricated from a plate (annealed carbon steel, S50C, 5-mm thickness) by the wire
electric discharge machine. Moreover, a neodymium permanent magnet was
installed into the core of each clamp in both model 1 and model 2. Two types of
microsteppers equipped with the electromagnetic coils described in the Sect. 2.3 are
shown in Fig. 4a. Each microstepper was placed on a rail consisting of parallel
blocks of ground carbon steel (S45C). Figure 4b depicts the driving and measuring
setup for the microstepper. A DC servo-driver (I–V amplifier, Servo techno LA320)
voltage-controlled by a PC with a 12-bit D/A converter regulated the coil current of
the positioning actuator from –0.8 A to 2.0 A. Another servo-driver (Servo Techno
LA220) drove the series-connected electromagnetic coils for the two clamps with a
current of ±0.4 A. Each sequential motion of the positioning actuator and clamps,
shown in Fig. 1, was repeated at a frequency of 25 Hz for a period of 2.0 s.
Figure 4 also illustrates the timing chart for the two drivers, consisting of 90°-out-
of-phase square waves. Meanwhile, a plunger-type linear encoder (Heidenhain
MT1201 + IK121; measuring range, 12 mm; measuring resolution, 2 nm) with zero
measuring force measured the displacement of the microstepper at a sampling
interval of 1 ms. At the current stage, this PC for measuring is not synchronized
with the PC for driving.

Fig. 3 Microsteppers with two types of positioning actuators

High-Speed and High-Resolution Linear Microstepper … 347



4 Experimental Results

Figure 5a shows the displacement measurement results for the model 1 micro-
stepper. The relationship among the applied current, averaged positioning speed
and averaged step is shown in Fig. 5b. This figure shows that a coil current of more
than 1.1 A remarkably increased the speed and step. It was expected that a current
more than 1.1 A closes both small and large gaps c1 and c2 of the positioning
actuators, and then considerably increases the output displacement of the reducer. A
1.3 A current achieved the maximum positioning speed of 1.02 mm/s. This feed rate
was 30 % faster than expected value of 0.78 mm/s described in Sect. 2.3. More
current, however, gradually decreased the speed. It is likely that too much current
generates an undesirable attractive force between the electromagnet for positioning
and the rail to spoil the positioning speed.

Fig. 4 a Two microsteppers, and b driving and measuring setup for microstepper

Fig. 5 a Measured displacement of model 1, and b effect of current on averaged speed
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Figure 6a, b depict the measurement results for model 2. Currents of 1.6 and
1.7 A achieved the same maximum positioning speed of 0.573 mm/s. This was
32 % slower than 0.84 mm/s expected from the calculation in Sect. 2.3. The coil
current within ±0.6 A kept the positioning speed very low. When the current was
more than +0.6 A, the positioning speed and step increased with increases in
current. However, a coil current more 1.6 A spoiled the positioning speed in the
same manner as in model 1.

Figure 7 depicts the step responses of the two types of the microsteppers at the
positioning actuators’ currents of 0.4 A, which are shown in only five sequences.
The average step or the positioning resolution of one sequence was approximately
50 and 80 nm, respectively. Although each displacement increases in a staircase
pattern, at least in theory, the experimental result seems to indicate forward-and-
backward motions of 0.2 or 0.4 µm. In this regard, it is speculated that some
geometrical deviations of the contact surfaces between the microstepper and the
rail, such as out-of-flatness, produces motion errors of the microstepper, especially
angular motion errors.

Fig. 6 a Measured displacement of model 2, and b effect of current on averaged speed

Fig. 7 Positioning resolution
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5 Conclusions

Two types of microsteppers equipped with displacement reducers and electro-
magnet actuators instead of a piezoelectric actuator have been developed to improve
both high-speed and high-positioning resolution. The reducer can vary the step
length in the positioning direction because of its non-linear characteristics between
input and output displacements. The resulting microsteppers achieved approxi-
mately 1-mm/s maximum speed at a driving frequency of 25 Hz, and positioning
resolutions better than 0.1 µm.
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