Chapter 15
Fluid Flow Computation: Incompressible
Flows

Abstract In previous chapters the procedure for discretizing and solving the
general transport equation for the variable ¢ in the presence of a known velocity
field was formulated. In general, the velocity field is not known and has to be
computed by solving the set of Navier-Stokes equations. For incompressible flows
this task is complicated by the strong coupling that exist between pressure and
velocity and by the fact that pressure does not appear as a primary variable in either
the momentum or continuity equations. The focus of this chapter is on presenting a
method that addresses these two issues, and computes the flow field for incom-
pressible fluid flows. This is accomplished initially on a one dimensional staggered
grid, then on a collocated one dimensional grid and finally on a collocated three
dimensional unstructured grid. In addition to fully deriving the SIMPLE,
SIMPLEC, PRIME and PISO algorithms, the Rhie-Chow interpolation and its
extension to transient, relaxation and body force terms are clearly formulated.
Finally, the implementation details for a number of frequently encountered
boundary conditions are presented.

15.1 The Main Difficulty

The general conservation equation dealt with in previous chapters can be reformed
into an equation similar to the continuity and momentum equations. Yet the
numerical techniques presented up till now are not enough to allow for the reso-
lution of the Navier-Stokes equations. Solving general fluid flows requires an
algorithm [1] that can deal with the pressure velocity coupling. To understand this
issue, the continuity and momentum equations are reproduced below.
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dp B
E+V-(pv)—0 (15.1)

g[PVHV'{PVV} :_vp+v~{u[vV+(vV)T”+fb (15.2)

That Egs. (15.1) and (15.2) are nonlinear is not by itself an unsurmountable
difficulty, since such a problem is usually handled by adopting an iterative
approach. Moreover, Eq. (15.2) is a vector equation, which when written in terms of
its components results in a system of scalar equations that can be solved sequen-
tially. Furthermore, the stress tensor can be reformulated into a diffusion-like term
and treated implicitly, with its second part (i.e., the transpose of the velocity gra-
dient) evaluated explicitly based on previous iteration values and added to the
source. The main issue that cannot be addressed directly with the numerics of the
general scalar equation, is the unavailability of an explicit equation for computing
the pressure field that appears in the momentum equation.

A review of Egs. (15.1) and (15.2) reveals that while the velocity field can be
computed using the momentum equation, the pressure field appearing in the
momentum equation cannot be computed directly from the continuity equation.
This strong yet implicit coupling can be made more evident by rewriting the set of
equations in a matrix form as

wEDE-E) e

In this form, Eq. (15.3) shows a zero diagonal block in the system, which is a
characteristic of saddle point problems, indicating that it cannot sustain the solution
of the pressure and velocity fields by any iterative mean. Consequently, an equation
for pressure is required and should be derived.

One approach is to simply reformulate the system of momentum and continuity
equations by decomposing matrix A into a lower (L) and an upper (U) triangular
matrices as

_(F BT\ [(F 0 I FI!BT)
A_(B 0)_(3 —BF—IBT><0 I )‘LU (154)

where the term —BF 'B” is the Schur complement matrix.

This is in essence the approach that needs to be followed in order to iteratively
solve the Navier-Stokes equations. This technique is embodied in the classical
segregated SIMPLE (Semi Implicit Method for Pressure Linked Equations) algo-
rithm of Patankar and Spalding [1-3].

The solution procedure is based on reformulating the Navier-Stokes equations in
terms of a momentum and a pressure equation, which are then discretized and
solved sequentially. The pressure equation is constructed by combining the semi-
discretized momentum and continuity equations (approximation of the Schur
complement matrix).
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The algorithm is driven by a Picard type iterative procedure during which the
momentum equation is solved using the pressure field of the previous iteration. The
resulting velocity field conserves momentum but not necessarily mass. This
velocity field is then used to construct the pressure equation whose solution is used
to correct both the pressure and velocity fields so as to enforce mass conservation.
A new iteration is then started and the sequence is repeated until the velocity and
pressure fields satisfy both mass and momentum conservation.

This algorithm can be described in matrix form as

(0 "")G) () 159

followed by an update to the velocity field using

Cow))-() s

where in Egs. (15.5) and (15.6) F~' is approximated by its inverse diagonal, D',
and the superscript (*) refers to intermediate values at the current iteration.
The steps required are summarized as follows:

Solve: Fv' =f,
Solve: -BD'B'p" = —Bv"
Update: v=v — D 'B"p"
Update: p = p

This kind of splitting is similar to that used in the SIMPLE family of algorithms,
which is the subject of this chapter.

15.2 A Preliminary Derivation

The difficulties faced in developing a solution algorithm for incompressible flow
problems will be highlighted by performing the discretization in a one dimensional
space over the uniform grid displayed in Fig. 15.1. For simplicity, the flow is
assumed to be steady. The simplified continuity and momentum equations (written
in conservative form) are given by

=0 (15.7)

(15.8)
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Fig. 15.1 One dimensional domain

15.2.1 Discretization of the Momentum Equation

The discretization of the momentum equation starts by integrating Eq. (15.8) over
element C shown in Fig. 15.1 to yield

/8(gzu)dv—/§x< )dV /apdv (15.9)

C

The volume integrals of the convection and diffusion terms in Eq. (15.9) are then
transformed into surface integrals by invoking the divergence theorem to give

/ puudy—/ —d —/ Py (15.10)
8VC 6VC

Representing the surface integrals by summation of fluxes over the faces of the
element, and using a single Gaussian point for the face integrals, the
semi-discretized forms of the left and right hand sides of Eq. (15.8) become

Ou Ou Op

A —(puA =(p=Ay) —(n=ny) - | = 15.11

(puly), ue + —(puly),, w, (u Ep y)g (u o y>w / 50V (15.11)
T, Ty, Ve

which can be rewritten as

netty + ity — | (122 ay ) — (2% Ay /8pdv (15.12)
e — Ox . Ox

Convection

Diffusion
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The convection and diffusion terms can be discretized using any of the tech-
niques described in previous chapters to yield an algebraic equation of the form

)
aluc + Z (abur) b‘éf/a—idv (15.13)

F~NB(C Ve

The discretization of the pressure term is deferred till after the discretization of
the continuity equation.

15.2.2 Discretization of the Continuity Equation

The discretized form of the continuity equation is obtained by integrating Eq. (15.7)
over element C displayed in Fig. 15.1 to give

Apu) 1, _
/ oAV =0 (15.14)

Ve

Again making use of the divergence theorem to transform the volume integral
into a surface integral and then into summation of fluxes over the faces of the
element, the discrete form of the continuity equation is obtained as

> (pudy); = (pudy), — (puy),, =0 (15.15)
frnb(C)
or
> iy =t + 1, =0 (15.16)
f~nb(C)

15.2.3 The Checkerboard Problem

The discretization of the pressure term may be accomplished by adopting either of
the following two approaches. In the first approach, the volume integral is com-
puted via a single Gaussian integration point resulting in

dp dp
/axdv (§>CVC (15.17)

Ve
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Using a central difference scheme, the discretized form of Eq. (15.17) is obtained
as

op _PE—DPw
/ade 2Ax Ve (15.18)
Ve

In the second approach, the volume integral of the pressure gradient term is
transformed into a surface integral such that

/—dv_ /pdy (15.19)

Ve

Rewriting the surface integral as a summation of fluxes over the faces of the
element, Eq. (15.19) becomes

V
/ _dV = / pdy = p.Ay. — pwAy, = (Pe _pw)Ay = (pe - pW)A_fC

oVe

(15.20)

Selecting a linear interpolation profile for the variation of pressure, the pressure
gradient term can be rewritten as a function of pressure values at the main grid
points as

p 1 1 Ve pe—pw
/ S dV = {2(1)E+PC)—E(PC+PW)E—WVC (15.21)

Thus either approach leads to the same expression involving the pressure dif-
ference between the alternating points £ and W.

In a similar way, using a linear interpolation profile and noticing that the density
is constant and (Ay), = (Ay),, = (Ay)., the continuity equation can be expressed
as

which also relates the velocity at two alternating grid points.

In Eq. (15.21) the pressure gradient term in element C depends on the values of
pressure at the two alternating, not consecutive, grid points straddling the element.
The same is true for the continuity equation, which enforces conservation only for
alternating velocity elements. This implies that non-physical zigzag (or checkerboard)
pressure and velocity fields, like the ones shown in Fig. 15.2, will be sensed as uniform
fields by the numerical scheme.
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Fig. 15.2 A checkerboard gradient
pressure and velocity fields | I |
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For the pressure and velocity values shown in Fig. 15.2, the pressure gradient at
points W, C, and E are found to be

V. Vi

Ve
2Axc

=0

Ve
/ —dV = (pE pw) 2Axc ( 100 + 100)

0

Ve
/ SV = (pi — p) 3y = (10~ 10) 1 E —

and the continuity equation seems to be enforced for each element since

814 VW . VW -
Vw
Ou VC - VC o

Ve Ve

In multi dimensional situations a similar non-physical behavior can arise even if it is
harder to visualize. This sets the ground for the next step that presents one approach
to resolve this problem.

15.2.4 The Staggered Grid

The culprit in the previous formulation is the uncoupling between the pressure and
velocity fields. Coupling can be enforced if the different variables are stored at
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staggered locations such that no interpolation is needed to calculate the pressure
gradient in the momentum equation and the velocity field in the continuity equation.
Such a staggered grid is shown in Fig. 15.3a, b. In the staggered grid the velocity
field is stored at cell faces (Fig. 15.3a), while pressure and all other variables are
stored at cell centroids (Fig. 15.3b).

With this formulation, the discretized continuity equation for element C becomes

> sy = e+ iy =0 or u,—u, =0 (15.23)
fronb(C)

with no need for interpolation as the velocity values are available at the e and
w locations. Moreover, the momentum equation is integrated over elements similar
to element e resulting in the following discretized momentum equation:

die+ > afuy = bl = Vo(p), = b = V.PELE (15.24)
FNBe) e

The pressure gradient is related to values at the consecutive grid points strad-
dling the element face with no interpolation needed. Therefore checkerboard
pressure and velocity field solutions are inadmissible as they will be easily detected
and eliminated by the numerical method.

>—0O > A
EE Ve
ox T ox g
(b) Ax,
u u
4 o W ¢ O Ay,
ww w v C € E EE
ox, T Sx

Fig. 15.3 An element for a the momentum equation and b the continuity equation in a one
dimensional staggered grid arrangement
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15.2.5 The Pressure Correction Equation

The derivations presented next are based on the work of Patankar and Spalding [2, 3],
who developed the initial implementation of the SIMPLE (Semi Implicit Method for
Pressure Linked Equations) algorithm.

Starting with the continuity and momentum equations given respectively by
(Fig. 15.3)

Z iy = (15.25)

[frnb(C

au, + Z dup = b~ V, (gp> (15.26)
X e

f~NB(e

the solution proceeds by providing an initial guess for the velocity and pressure
fields. Denoting the initial guess or the solution at the starts of any iteration with a
superscript (n), then the tentative velocity and pressure fields are given by ™ and
p™. At any iteration, solving the momentum equation first for the velocity field, the
solution obtained is denoted by a superscript ~ as it is not the final solution at the
current iteration. Thus, the momentum equation satisfies

Ll * u ap(n>
S Y dbup = be—Ve< o (15.27)

f~NB(e)

where the pressure field is still based on values from the previous iteration. The
computed velocity field u" satisfies the momentum equation but not necessarily the
continuity equation, since the pressure field is not exact. Therefore a correction is
sought to ensure that the velocity (or the mass flow rate) and pressure fields satisfy
the continuity equation.

Denoting the correction fields with a superscript prime, i.e., (¢/,p'), then the
sought after velocity and pressure are given by

— * /
Z;Z* iz/ (15.28)

Note that the mass flow rate at cell faces will also be corrected according to

iy =} + pu'S}
R (15.29)
= my +myg
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such that the exact mass flow rate satisfies the continuity equation, i.e.,
te + 1y, = i, + i, + ), + i, = 0 (15.30)

which can be rewritten as

w4+ ml, = —m; — n, (15.31)
This is an interesting form of the continuity equation showing that once the
computed mass flow rate reaches the exact solution and satisfies the continuity
equation, then the RHS becomes zero leading to a zero correction field. Thus it is
the mass conservation error of the current fields that drives the correction field. The

mass flow rates and mass flow rate corrections at an element faces are given by

e = PV: S, = pu:S': = pu:Aye

. ; . . (15.32)
iy, = pv,, - Sy = puwsfv = —pu, Ay,

and
W, = pv. -S, = pu,S* = pu’ Ay,
e Plicde = Pl (15.33)
m,, = pv, - S, = pu,,S, = —pu, Ay,

where in Eqs. (15.32) and (15.33) the fact that S} = Ay, and S, = —Ay,, has been
used.

The pressure field does not appear in Eq. (15.31) and to bring it into the
equation, the discrete form of the momentum equation is used. The process starts by
rewriting Eq. (15.26) in a more compact form as

op
e+ H.(u) =B" — D" = 15.34
e+ i) = B0t () (1534)
where
a;{ U b? u VL’
H = —_ = — = — .
o (1) ,Z 2y Bi=—¢ and D{=— (15.35)
f~NBle) e e e

For the case of the computed velocity field, the above equation is written as

op™
*+H,(u")=B'-D'l — 15.
o) =5 -0t (%5) (15.36)

Subtracting the computed momentum equation, Eq. (15.36), from the exact one,
Eq. (15.34), an equation for the correction field is obtained as
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W+ Ho (i) = —D“(%l;) (15.37)

A similar approach is used for the w face yielding

i, + Hy (i) = —D" (g’;) (15.38)

Substituting Eq. (15.33) into the continuity equation, Eq. (15.31), its expanded
form becomes

Pty Aye + (—pyit Ayy) = — (st} + it ). (15.39)
Then replacing the discrete forms of «/, and u/, computed from Eqgs. (15.37) and

(15.38), respectively, in Eq. (15.39), an equation involving pressure correction is
obtained and is given by

pe| -ty - 0% )} Ay

o (15.40)
o [—Hw(uv _pr (5> }Ayw = (i} + )

In this equation the pressure field appears in a diffusion like form, which after
discretization becomes

pe| -Hatw) - or (PETE) } Ave

o[ty e (PP ] ) =~ G ) (15.41)

or

_ p()DLl <

Rearranging, the pressure correction equation is formulated as

/ / U Ayw / /
) Pe=Pc) = Pu W(_E)(pc_p”v) (15.42)
) AYe+pwH (u /)(_A)’W))

agp’c + aEp’pg + a",’V,p'W = bg (15.43)
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where
' DiAy
ap — pe e
E 5xe
;o Du Ayw
w Oxyp (15.44)
d = —(a';’ + aé’v’)
Wy = — (it} 4 1) + [ AveH () — p, AyH, ()]

The underlined terms in Egs. (15.37), (15.38), and (15.44) involve corrections
which become zero at the state of convergence. Therefore they have no effect on the
final solution. Different approximations to these terms result in different algorithms
as will be explained later. In the original SIMPLE algorithm these terms are simply
neglected. Moreover for one dimensional constant area situations Ay may be set to 1
and dropped from the equations.

15.2.6 The SIMPLE Algorithm on Staggered Grid

Using the momentum and pressure correction equations, a solution to the flow
problem can be obtained. In the SIMPLE algorithm this solution is found iteratively
by generating pressure and velocity fields that consecutively satisfy the momentum
and continuity equations, while approaching the final solution (which satisfies both
equations) at every iteration [4-6]. This sequential, rather than simultaneous,
solution of the equations is denoted in the literature by the segregated approach.
The sequence of events in the segregated SIMPLE algorithm can be summarized as
follows:

1. Start with a guessed pressure and velocity fields p™ and 1™, respectively.

2. Solve the momentum equation given by Eq. (15.27) to obtain a new velocity
field u;.

3. Update the mass flow rates using the momentum satisfying velocity field to
obtain the sy field.

4. Using the new mass flow rates solve the pressure correction equation to obtain a
pressure correction field p’.

5. Update the pressure and velocity fields to obtain continuity-satisfying fields
using the following equations:
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op'

Kk * ! / u

u' =up o up = —Df (_8x>f

p*c = pgj) +plc (1545)

ckk sk -/ sl DA 87[7/
My = my tmymy = —peDeAye| 5
*r

6. set u = u™* and p = p*
7. Go back to step 2 and repeat until convergence.

The SIMPLE algorithm is best illustrated via the example presented next.

Example 1
Flow in a Pipe Network

A portion of a water pipe system is shown in Fig. 15.4. The momentum
equation for the flow in the pipes can be written as

m = puA = —DAP

where DA = 05, DB = DF = 04, DC = DE = 03, DD = 019, DG = 01875,
and Dy = 0.35. Using the SIMPLE algorithm, calculate the unknown mass
flow rates and pressures in the system.

p, =350 P, =300

Fig. 15.4 A portion of a water pipe system

Solution
In this system, the mass flow rate field is used as a variable instead of the

velocity field. This is not problematic since the momentum equation has been
simplified by dropping the convection and diffusion terms as their values are
negligible compared to the pressure head.



574 15 Fluid Flow Computation: Incompressible Flows

The solution using the SIMPLE algorithm starts by first computing an
initial velocity field using the assumed pressure field, and then predicting a
pressure field that enforces continuity on the just computed velocity field.

This procedure is summarized as

—_

. Start with a guessed pressure field.

2. Compute the mass flow rates using the given momentum equation.

3. Construct a pressure correction equation that enforces continuity (mass
conservation) and use it to correct the pressure and velocity fields.

No iterations will be needed since there are no non-linear effects induced
by a convection term.
step 1
Start by assigning guessed values to the pressure at the locations where
solutions are to be found. Thus assume the following:

pé”) =300 pé”) =200 pé”) = 120 (other values could have been used)
step 2
Based on the assumed pressure values calculate the various mass flow rates
using the momentum equations according to

i’ = Dy (p1 — pi”) = 0.5 % (400 — 300) = 50
iy = Dy (pI) — p3) = 0.4 % (300 — 350) = —20
il = D (pa — pi”) = 0.3 % (50 — 300) = —75
ity = Dp (p%) — p) = 0.19 % (300 — 200) = 19
il = D (p2) — ps) = 0.3 % (200 — 300) = —30
i = D (p7 — p) = 0.4 (80 — 200) = —48
i, = Dg (V) — p) = 0.1875 * (200 — 120) = 15
ity = Dy (po — p”) = 0.35 % (200 — 120) = 28
step 3
Check whether the mass flow rates satisfy continuity by computing > sinj at

~k
all interior points, i.e.,

Node 3: Y~ (i) = ity + iy, — ity — e = =20 4 19 — 50 + 75 = 24
~k

Node 6: Y ~ (i) = thg; + ity — iy, — i = 15 — 30 — 19 + 48 = 14
~k

Node 8: (i) = it} — ity — ity = 50 — 15 — 28 =7
~k
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Since mass conservation is not satisfied, correction fields are needed and
pressure correction equations are derived as follows:

;(mz+m;)=0:»;(mz)=—;(mz)

In term of pressure corrections, mass flow rate corrections can be
expressed as

iy = D (p})
e = De(—ph)
i, = Dp (P — Ps)

1y = (_plﬁ)
tig = D (pl — P)
ity = Dy (—ps)

Note that p|, p5, py, p5 and p} are set to zero since the corresponding
pressure values are known and hence represent the exact values.
The flow field at nodes 3, 6, and 8 are respectively given by

./ ./ ./ ./__.* sk ek sk

Mg + mp — my — Me = (mB+mD Ny mc)

-1 s ! . ! s - % . % o o

mG—l—mE—mD—mF——(mG—i—mE—mD—mF)
./ N B I |

— g — ity = — (1] — ring; — i)

and using pressure corrections as

Dp(p}) + Dp(ps — Ps) — Da(—p ) ( —p}) = — (st + sy, — rivy — ring,)
Dg(ps — py) + D Ps) Dp(py — Ps) — Dr(=p5) = — (g + tity, — iy, — riny)
—DG(P Ps) DH( —Pg ) (ml — ritg — m};)

After simplification the above equations become

1.39(p}) — 0.19(ps) = — (rinfy + rinjy, — rivy — ring.)
1.0775(pg) — 0.1875(pg) — 0.19(p}) = — (ring; + riny, — vinj, — riny.)
— 0.1875(pg) + 0.5375(py) = — (rin; — rinf; — rinfy)
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Substituting the tentative mass flow rates, the various correction fields satisfy

1.39(p) — 0.19(p;) = —24
1.0775(pg) — 0.1875(pg) — 0.19(p}) = —14
—0.1875(p;) +0.5375(py) = =7

Solving the system of pressure correction equations yields

p:3 =-20
p/6 = -20
Py =—20

With the pressure correction computed, the velocity and pressure fields can
now be updated to produce a mass conserving velocity field. The mass flow
rates are computed as

" = rity + iy = iy — 0.5p5 = 50 — 0.5(—20) = 60
iy = 1ty + ring = iy + 0.4p5 = =20 4+ 0.4(—20) = —28
5 = —75 — 0.3(—20) = —69
ryy = rity, + i, = witg, + 0.19(ph — pg) = 19 +0.19(—20 + 20) = 19
=—30+0.3(—20) = -36
—48 — 0.4(—20) = —40
g = g + g = g + 0.1875(pg — p§) = 15 4 0.1875(—20 + 20) = 15
gy = 1y + iy = gy — 0.35pg = 28 — 0.35(—20) = 35

o 5 ./ 5
et = g + mg = mg — 0.3ph

rg =ty 4 g = rig 4 0.3pg

Wy = iy, + iy = iy — 04p6

while the pressure is updated using

p; = p{" + p = 300 — 20 = 280
pi =" + ply = 200 — 20 = 180
py = pi + py = 120 — 20 = 100

Treat the corrected values as a new guess and repeat. Better estimate for the
mass flow rates are computed using the momentum equations as
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ritj, = D(p§"> —pé”)) = 0.19 % (280 — 180) = 19
ity = De(p{) = ps) =03+ (180 - 300) = —36
F(P7 *Pén)> =0.4 % (80 — 180) = —40
G(pé"> —pé")) — 0.1875 # (180 — 100) = 15

ity = Dy (pg *pén)) = 0.35 % (200 — 100) = 35
The imbalance in the mass flow rate at nodes 3, 6, and 8 are computed as

S (i) = rivg, + rivy — sy — s, = —28 4+ 19 — 60 + 69 = 0
~k

> () = ring; + rivg, — ringy — 1y, = 15— 36 — 19+ 40 = 0
~k

S~ () = iy —singy — ringy =50 — 15 — 35 = 0

~k

The pressure correction equations become

1.39(p) — 0.19(pg) =0
1.0775(p}) — 0.1875(p}) — 0.19(py) = 0
— 0.1875(pg) +0.5375(p§) =0

The solution to the pressure correction field is found to be

p:3—0
P/6_0
ps=0

Thus the solution is obtained in one iteration.
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15.2.7 Pressure Correction Equation in Two Dimensional
Staggered Cartesian Grids

In a two dimensional Cartesian grid, three grid systems are used. One for the u-
velocity component, a second one for the v-velocity component, and a third grid
system for the pressure and other variables as illustrated in Fig. 15.5.

The derivations presented above for the pressure correction equation in one
dimensional domains can be easily extended into multi dimensional situations. For
element C shown in Fig. 15.6, the pressure correction equation is obtained as

AP + dyply + dyply + diply + & ply = b (15.46)
where
s PD{Aye o puDiAye
ap =———— ay=——F ——
0x, ox,,
o _anrzAxC a[" _ _pSD;AxC
N OV § Sys (15.47)
df= (& + dy + dy + &)
o = = (] 1y, =+ i, + )
Fig. 15.5 u, v, and main CV
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Fig. 15.6 A two dimensional
Cartesian element for the
derivation of the pressure
correction equation
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Example 2
In the two dimensional problem shown in Fig. 15.7, the following quantities
are given u,, = 50, vy = 20, py = 0 and pg = 10.

The flow is steady and the density is uniform and equal to 1. The
momentum equations for u, and v, are given by

ue = —d(pe — pc)
v = —du(pn — pc)
where the constants d, = 1 and d, = 0.25. The element shown has

Ax = Ay = 1. Use the SIMPLE algorithm to compute the values of u,, v,,, and
Pc.

NO py=0
i
u, =50 |, o
—> CO -")[_,O Pr=10
As
! v, =20

Fig. 15.7 The two dimensional domain used in Example 2
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Solution
Start by assigning a guessed value to the pressure at the C location where
solution is to be found. Thus assume the following:

p(cn ) = 100 (other values could have been guessed)

Based on the assumed pressure value calculate the various velocities using
the momentum equation according to

S
Il

—d, (pE —pg”) = —1% (10 — 100) = 90

vt = —d, (pN - p(c”>) — —0.25 % (0 — 100) = 25
Since the density is uniform and equal to 1 and Ax = Ay = 1, then

90
25

* 0 %

m u
m

v

S x 0 %
=

Check whether the mass flow rates satisfy continuity over element C by
computing > ry at the element faces.
~f

= (i) =i = i, sy — sy = 90 = 50425 — 20 = 45

In the above mass conservation equation the negative sign for 71, and 7}
is explicitly used. Since mass conservation is not satisfied, correction fields
are needed and a pressure correction equation is derived as follows:

; (mf +m}) 0= ; (mf') - ; (mf)

In term of pressure corrections, mass flow rate corrections can be
expressed as

ol — A — ol — of — /
m, =u, =pe m,=v, =025p.

The correction equation becomes

i, + 1ty = — Y it} = 1.25p = —45 = pl. = —36
~if

Applying the correction to the mass flow rate and pressure fields, conti-
nuity satisfying fields are obtained as
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i = i’ i, = 1’ 4 pl = 90 — 36 = 54

/
mit = i + i, = ), + 0.25p. = 25 — 0.25(36) = 16
pe =pg +pe =100 — 36 = 64

Treat the corrected values as a new guess and repeat.

)

= —d,(pg —pr) = —1% (10 — 64) = 54
= —d,(py —pL) = —0.25% (0 — 64) = 16

S x ® %

m
The imbalance in the mass flow rate is computed as

Z(m;) = s} — i}, + iy, — i} = 54— 50+ 16 —20 = 0
~if

The pressure correction equations become
1.25(p.) =0
The solution to the pressure correction field is found to be
pc=0

Thus the solution is obtained in one iteration as

u, = 54
v, = 16
pc = 64

15.2.8 Pressure Correction Equation in Three Dimensional
Staggered Cartesian Grid

Without going into details and for completeness of presentation, the pressure cor-
rection equation over the three dimensional staggered Cartesian grid shown in
Fig. 15.8, where the u, v, and w velocity components are stored at the (e, w), (n, s),
and (z, b) element faces, respectively, is given by

depe + dppyy + dyply + diply + d§ Pl + d Pl + dyppy = B (15.48)
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Fig. 15.8 A three dimensional Cartesian element for the derivation of the pressure correction
equation

where

/ D”Ay AZ q P D" Ay AZ
ap — _pe e e € ap — _Pwmw w w

E 0x, w O0x,y

, D'Ax,Az, D'Ax,Az
afv _ PalV, X ag _ Pslg <

Oy 0ys

/_ _ pD'Ax Ay, - D} Axp Ay, (15.49)

T 52; B 62[)
o= (] + dy+ dy+ df +d + )
B = — (1} + ity + il + gt + i)+ )

15.3 Disadvantages of the Staggered Grid

The use of staggered grids was critical to the development of the SIMPLE algo-
rithm. Nevertheless adopting a staggered grid arrangement has its disadvantages. As
mentioned above, in two and three dimensions, three and four staggered grid
systems, respectively, are required with the velocity components integrated over
different elements, as shown in Fig. 15.5 for a two dimensional situation.

Besides the memory requirement to store a grid system for every velocity
component and a grid system for pressure and other variables, the staggering
procedure itself becomes an issue for non-Cartesian grids and more so for
unstructured grids.
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T'T?\;

Fig. 15.9 Staggered Cartesian velocity components in a curvilinear grid system

Fig. 15.10 Curvilinear coordinates a Covariant component and b contra-variant components

In curvilinear grids, the use of Cartesian velocity components can lead to
problems when one or more of the surfaces become aligned with the staggered
velocity component as shown in Fig. 15.9.

Therefore a better alternative in this case is to use either covariant or contra-variant
curvilinear velocity components, as shown in Fig. 15.10a, b, respectively.

An example of staggering using contra-variant velocity components is shown in

Fig. (15.11).
A
SRR
A X
e, \

Fig. 15.11 Curvilinear velocities: staggering using contra-variant velocity components
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R
ARt

Fig. 15.12 Cartesian components defined at each face

Unfortunately complications arise when discretizing the momentum equations in
curvilinear coordinates [1, 3, 4, 7], due to the increased complexity in the treatment
of the diffusion term, and because the equations gain non-conservative terms.

Another option shown in Fig. 15.12 is to stagger all Cartesian velocity compo-
nents in all directions so as to have all velocity components at all faces. This would
double (in two dimensions) or triple (in three dimensions) the number of momentum
equations to be solved. The problem is further complicated in the case of an
unstructured grid. In this case there is no obvious staggering direction, and the only
way for a staggering concept to apply is by changing the size of the cell elements
used for the pressure and velocity components, or by resorting to staggering all
velocity components along all the faces, again dramatically increasing the number of
variables to be solved. Finally, the geometric information stored is more than dou-
bled, as a new unstructured grid need to be used for the velocity components.

It turns out that the use of a cell-centered collocated grid system (Fig. 15.13),
where all variables are stored at the same location (the cell centroid), is a more
attractive solution. It is worth noting that while the velocity components are stored
at the centroids of the elements as is the case for pressure or any other variable, the
mass flux, a scalar value, in a collocated grid is stored at the element faces. The
mass flux can actually be viewed as a contra-variant component, except that in this
case it is computed using a custom interpolation of the discrete momentum equa-
tion, known as the Rhie-Chow interpolation, which is the subject of the next
section.

Fig. 15.13 Collocated grid arrangement
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15.4 The Rhie-Chow Interpolation

The deficiency in the original collocated formulation presented earlier was in the
linear interpolation used to calculate the velocities at the element faces. This
interpolation resulted in decoupling the pressure and velocity values at the cell level
giving rise to the checkerboard problem. In 1983, Rhie and Chow [8] reported on
an interpolation procedure that allowed the formulation of the SIMPLE algorithm
on a collocated grid [9-16]. In their method a dissipation term, representing the
difference between two estimates of the cell face pressure gradient, is added to the
linearly interpolated cell face velocity. As shown in Fig. 15.14 the two pressure
gradient estimates are based on different grid stencils.

This procedure will be shown to be equivalent to constructing a pseudo-
momentum equation at the element face with its coefficients linearly interpolated
from the coefficients of the momentum equations at the centroids of the elements
straddling the face and its pressure gradient computed using a small grid stencil. In
that respect, the Rhie-Chow interpolation simply mimics the small stencil pressure-
velocity coupling of the staggered grid arrangement.

Starting with the discretized x-momentum equations for cells C and F, which are

0
Uc + Hc[u] = Buc — DMC (8_§>
C

; (15.50)
ur —|—HF[Lt] = Bu D4 < P)
F

ox

A uy velocity equation similar to that of Eq. (15.50), with the pressure gradient
linked to the local neighboring pressure values, as illustrated in Fig. 15.14, will
have the following form:

W+WM:H’D<g) (15.51)

Fig. 15.14 The two pressure ) Interpolated face value

gradient estimates in the

Rhie-Chow interpolation ap

technique Linear ox
interpolation |

%%%m%

Rhie-Chow
interpolation 3_1’
ox




586 15 Fluid Flow Computation: Incompressible Flows

Since in a collocated grid, the coefficients of this equation cannot be directly
computed, they are approximated by interpolation from the coefficients of the
neighboring nodes. Using a linear interpolation profile, these coefficients are
computed as

Hyfu) = 3 (Helu + Hlul) = F7 1]
Bf = %(B%+—B”) Bf (15.52)
1 u U FaYl
Df =5 (D¢ + D) = Dj

Employing the values given in Eq. (15.52), the pseudo-momentum equation at
the element face becomes

W+EM—H‘D«$> (15.53)

This is in all practical sense the momentum equation on a “staggered” grid,
which is reconstructed using the collocated grid momentum coefficients.
In all above equations and for later use, values with an over bar are obtained by
linear interpolation between the values at points C and F according to
if = gCDC + ngF (1554)
where g¢ and gr are geometric interpolation factors related to the position of the

element face f with respect to the nodes C and F, as explained in previous chapters.
Using Eq. (15.50), Hy is rewritten as

_ 1 U u 817 u u ap
Hf[l/t} = 5 (—uc —|—BC — DC (a)c_uF +B — D <8x>F>
s u 8p 7]

where the coefficient approximation can be shown to be second order accurate, i.e.,

(8), () 53 ()
(#)-),) 150
“se((3), (), )+ (), ().

(15.55)
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Substituting Eq. (15.55) into Eq. (15.53), the velocity at the element face using
the Rhie-Chow interpolation method is obtained as

up = —Hylu] + BY - D"@x) =& D <<ZZ> (?Z)) (15.57)

average

velocity correction term

For a multi dimensional situation, similar interpolation formulae can be derived
for the y and z velocity components and are given by

(@)G)) o
e m(@)@) o

Equations (15.57)—(15.59) can be written in a vector form, more suitable for
deriving the multi-dimensional pressure correction equation, as

v =7 = D} (Vpr — Vi) (15.60)
where
D_}’ 0 o0
D; =10 D_JZ i (15.61)
0 0 Dy

and where Vp,is computed as per Sect. 9.4 using

Vps = Vpr + {% — (Vpr - eCF)}eCF (15.62)

Correction to interpolated face gradient

and yielding a stencil in the CF direction formed only from the adjacent cell values
pr and pc as

Vps - ecr = W " €cr + [de_ pc_ (Vipf . eCF)} ecr - €cr
CF (15.63)
_pbr=pc
dcr

With the face velocities closely linked to the pressure of adjacent cells, check-
erboard fields are inadmissible rendering solutions on collocated grids viable.


http://dx.doi.org/10.1007/978-3-319-16874-6_9
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15.5 General Derivation

Before proceeding with the development of the multidimensional collocated
pressure correction equation, the discretized multidimensional momentum equation
is first presented.

15.5.1 The Discretized Momentum Equation
The momentum equation given by Eq. (15.2) is slightly modified and written as

%[pv] +V - {pw} = —Vp+ V- {uVv} + V- {u(Vv)'} +1, (15.64)

The discretized form of Eq. (15.64) in the time interval [t — A#/2, t + A#/2] is
sought over element C shown in Fig. 15.15.

In Eq. (15.64), the three underlined expressions represent, from left to right, the
unsteady, convection, and diffusion term, respectively. The discretization of these
terms proceeds as presented in previous chapters. The remaining terms are evalu-
ated explicitly and treated as sources. The volume integral of the second part of the
shear stress term is transformed into a surface integral using the divergence theorem
and then into a summation of surface fluxes as

Fig. 15.15 Element C in a
general unstructured grid
system

F O

Diffusion
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/V~{,u(VV)T}dV: / {u(vV)T}dsz 3wV oS (15.65)

Ve Ve fr~nb(C)
where the expanded form of (Vv); - S¢ in a three dimensional coordinate system is
given by

[ Ou _ Ou ou ., ]
S RS 5

Ox ady 0z
T ov Ov gy  Ov,
Sp= | =S — 15.66
(Vv 8¢ Ox S+ Ay ¢+ oz S5 ( )

ow .  Ow_ Ow_,

The volume integral of the pressure gradient is also treated as a source term and
evaluated explicitly as

/ VpdV = (Vp) Ve (15.67)
Ve

or transformed into a surface integral according to Eq. (2.85) and computed as

/VpdV: /pdS: > oS (15.68)
Ve

Ve f~nb(C)

The body force term is integrated directly over the control volume to yield

/ £,dV = (£,) Ve (15.69)

Ve

Using a first order Euler scheme for the discretization of the unsteady term, a HR
scheme for the convection term implemented via the deferred correction approach,
and decomposing the diffusion flux into an implicit part aligned with the grid and an
explicit cross diffusion part, the discretized momentum equation is written in vector
form as

agve+ Y ayvp = by (15.70)
F~NB(C)


http://dx.doi.org/10.1007/978-3-319-16874-6_2
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where the coefficients are given by

ay. = FluxC¢ + Z (FluxCy)

FnblC)
ay = FluxFy (15.71)
bi. = —FluxV¢ — Z FluxVy + Z ,uf(VV); =Sy — (Vp)cVe

f~nb(C) fr~nb(C)

with the face fluxes calculated using

. E
FluxCy = Hmf,OH + Mfﬁ

convection

contribution dlﬁLfSiO’.’l
contribution
. Ef
FluxFy = —|| iy, Of| = g 7 (15.72)
convection \'\/—/
contribution dl.ﬂT{SIOIll
contribution
FluxVy = =ty (V) - Ty - rigp (v = v7)
and the element fluxes computed from
pcVe
FluxCy =
uxCc At
=V
FluxVe = — Pc Cv‘é — (fp) Ve (15.73)
At N

source term

transient contribution

contribution

Even though the algebraic form of the momentum equation, Eq. (15.70), is
linear, its coefficients depend on the velocity and pressure fields. This nonlinearity
is handled by an iterative process during which the coefficients are calculated at the
start of every iteration based on values of the dependent variables obtained in the
previous iteration. This change in the values of the coefficients results in large
changes in v and affects the rate of convergence to the degree of even causing
divergence. To slow down the changes, under-relaxation can be applied when the
transient time steps used are large. Denoting the under relaxation factor by 1 and
adopting Patankar’s implicit relaxation approach, the under relaxed momentum
equation can be written as

af: 1— )LV (n)
v+ Z a;:VF:ch‘F—aZ‘VC (15.74)

v v
Z F~NB(C) &



15.5 General Derivation 591

By redefining a}. and by. such that

at %
g (15.75)
bY. — bY. + ——atv

A

the under-relaxed momentum equation can be rewritten as

agve+ Y aypvp =b}. (15.76)

F~NB(C)

For the derivation of the collocated pressure correction equation, the pressure
gradient is taken out of the by, source term and displayed explicitly to yield

b}. = —Ve(Vp), + by (15.77)

Substituting back in Eq. (15.76), the momentum equation becomes

AV

ay VC b
ve + Z V== (Ve t (15.78)
F~NB(C dc c

Defining the following vector operators:

f~NB(C) €

~V
gy _ Pc (15.79)

C a’

c

v_ Ve

DC == a_v

c

Equation (15.78) is reformulated as

ve + Hel[v] = ~DY(Vp). + B, (15.80)

a form that will be useful in later derivations.
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15.5.2 The Collocated Pressure Correction Equation

As in the case of a staggered grid, starting with guessed values or values obtained
from the previous iteration (V<”), i, p(”)), the momentum equation, Eq. (15.80),
is first solved to obtain a momentum conserving velocity field v". Thus the obtained
solution satisfies

Vi + He[v'] = —DVC<Vp(">)C+BVC (15.81)

while the final solution should satisfy Eq. (15.80). The difference between these two
equations is that the velocity field in Eq. (15.80) satisfies both the momentum and
continuity equations while the one in Eq. (15.79) does not necessarily satisfy the
continuity equation because of the linearization in which pressure and velocity are
based on the previous iteration values. Therefore corrections to the velocity, mass
flow rate, and pressure fields are needed to enforce mass conservation. Denoting
these corrections by (v, p’, ') the relations between the exact and computed fields
can be written as

v=v'+V
p= p(”) +p/ (1582)

m=m"+m'

Substituting the mass flow rate given by Eq. (15.82) into Eq. (15.25), the con-
tinuity equation becomes

N == > i where i = pv;i -y (15.83)
f~nb(C) f~nb(C)

with the face velocity computed using the Rhie-Chow interpolation as

vi=vi— DTX(V;;W - vpf(.’”). (15.84)

When the computed mass flow rate field is conservative, the RHS of Eq. (15.83)
is zero yielding a zero correction field. On the other hand, an incorrect velocity field
leads to an imbalance in mass and a nonzero value of the RHS of Eq. (15.83)
implying the need for a correction field for conservation to be enforced.

Mass flow rate corrections can be written in terms of velocity corrections, which
can be derived by subtracting Eq. (15.81) from Eq. (15.80) to yield

Vet Hc[V’] = —D‘é(Vp/)C (15.85)
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A similar equation holds for element F and is given by
Vi +He[V] = —D}(Vp), (15.86)
The mass flow rate correction at a cell face can be expressed as
Hip = ppV'y - Sf (15.87)

where the face velocity correction is obtained by subtracting Eq. (15.84) from
Eq. (15.60) to give

vy =V =D} (Vp} — Vp}) (15.88)

Substitution of Egs. (15.87) and (15.88) in Eq. (15.83), leads to the following
form of the pressure correction equation:

S s+ > (D) - Y (o DN S)

J~nb(C) f~nb(C) S~nb(C)
Z mf

fr~nb(C

(15.89)

In this equation the underlined part represents the effects of the neighboring
velocity corrections on the velocity correction of the element under consideration.
This influence becomes clearer by interpolating Egs. (15.85) and (15.86) to the face
yielding the following equivalent expression for the underline terms:

v+ Hi[v] = =D} (Vp'),= V; + D} (Vp') = ~H/[V']. (15.90)

Substituting Eq. (15.90) in Eq. (15.89), the pressure correction equation is
rewritten as

S (DI S) == > i+ Z (o V]-S;)  (15.91)

f~nb(C) f~nb(C) [frnb(C

or more explicitly in the form

Z(PfD(VP ) Z’W*Z Pr %:—g

frnb(C) Paote fombic

(15.92)

In Eq. (15.91) or (15.92) the treatment of the underlined term is critical to
rendering the equation solvable. In the original SIMPLE algorithm it is neglected,
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thus linking the velocity correction at a point directly to pressure corrections.
Because this is a correction equation the modification or dropping of the term will
not affect the final solution, since at convergence the corrections become zero.
However it will affect the convergence rate in that the larger is the neglected term
the higher will be the error present in the approximation at each iteration.

The remaining terms in Eq. (15.91) or (15.92) can be easily treated. The coef-
ficients of the pressure correction equation are obtained as per the discretization of
the diffusion term in Chap. 8, specifically the treatment of anisotropic diffusion.

Thus the term on the LHS is modified into a gradient dot product of the form

(D7(vr)y) -8y = ((Vp), D} ) -8
= (Vp'), (D—;T : sf) (15.93)
= (VP/)f'S/f

The expanded expression of S'; is given by

Dy 0 o]rs Drs:
=DV .S, =0 DI o ||s|=]|Dg 15.94
r=Dp 8§ = / I = |2 (15.94)
W " W QZ
0 0 Dy '/ Dy's;

Working with S';, the discretization of the pressure correction gradient term
proceeds as usual resulting in

(Vpl)f ) Slf = (Vp/)f -Ep + (Vpl)f Ty

E (15.95)
=L (pp = P) + (VP), - Ty
dcr —t =
where the following decomposition of S’y was used:
S/f =E;+T;. (15.96)

The type of decomposition could be any of those reviewed in Chap. 8, as will be
detailed later. The underlined term, arising due to grid non-orthogonality, can either
be neglected or retained. If neglected, it will not affect the final solution as it is a
correction term. If retained, then it will be treated explicitly with an internal loop
(non-orthogonal loop in OpenFOAM®). As the solution starts with a zero pressure
correction field at every iteration, the term has to be updated iteratively while
solving the equation.

Dropping the non-orthogonal contribution, the linearized term of the pressure
correction equation becomes


http://dx.doi.org/10.1007/978-3-319-16874-6_8
http://dx.doi.org/10.1007/978-3-319-16874-6_8
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Ey
(Vp'); -8y === Pk — P)
CF
=D (P — rc)

Substituting back in Eq. (15.91) the algebraic form of the pressure correction
equation is obtained as

(15.97)

dpe+ Y. dipp=bL (15.98)

F~NB(C)

with the coefficients given by

dy = FluxF; = —p; D

a’é:— Z FluxFy = — Z aF

fronb(C) F~NB(C

frnb(C) fnb(C >

- D Z (pH[V] - S)

f~nb(C) frnb(C

Note that different approximations to the underlined terms in Eq. (15.99) result
in different algorithms. In the original SIMPLE algorithm these terms are simply
neglected.

Finally the mass flow rate m;‘ in Eq. (15.99), is the one computed after solving
the momentum equation using as usual the Rhie-Chow interpolation technique with
the latest velocity field, i.e.,

iy = pvj - Sy = pvy -8y — D_}(VP}") - VP,;'H)) Sy (15.100)

Following the calculation of the pressure correction field, the pressure and
velocity at the element centroids and the mass flow rate at the element faces are all
corrected. As mentioned above, the underlined term in Eq. (15.99) is neglected in
the SIMPLE algorithm resulting in large pressure correction values that may slow
the rate of convergence or cause divergence. To increase robustness and improve
the convergence behavior, pressure correction values obtained from Eq. (15.98) are
explicitly under relaxed. No under relaxation is used when updating the velocity
and mass flow rate fields since the pressure correction will ensure mass conser-
vation for these fields. Denoting the under relaxation factor by 47, the following
correction equations are used:
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Ve =vi+Ve Ve=-DLVDP)c
= i = Dy S, (15.101)

pe=p + 2

15.5.3 Calculation of the D; Term

The type of decomposition suggested in Eq. (15.96) could be any of those reviewed
in Chap. 8 with different approaches leading to different expressions for Dy as
derived below.

15.5.3.1 Minimum Correction Approach
For this approach E,is obtained by substituting S’s for S, in Eq. (8.68) leading to
Ef = (ecp . S/f)ecp (15102)

where ecr is a unit vector in the CF direction. Combining Egs. (15.94), (15.102),
and (8.64), E; becomes
_— d¢pDfSy + dipDyS; + de Dy S}

if 2
dep

der (15.103)

Using Eq. (15.103), the following expression for Dy is derived:

X Ty L Y T o

B _ D7) + deg DS + dis DS 15,100
2 2 2 :

der (dep)” + (dep)” + (d&r)

15.5.3.2 Orthogonal Correction Approach
The definition of Ef in this case is obtained from Eq. (8.69) and written as
Ef :S}CCF (15105)

Combining Egs. (15.105), (15.94), and (8.64), Ds is found to be

i Qx 2 vy 2 Wz 2
o B (o7s7) +(o7s7) +(Fs;) 15106
T der (dip) + (dig ) + (o)
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http://dx.doi.org/10.1007/978-3-319-16874-6_8
http://dx.doi.org/10.1007/978-3-319-16874-6_8
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15.5.3.3 Over-Relaxed Approach

In this method, Efis computed from Egs. (8.64) and (8.70) as

Combining Eq. (15.107) with Eq. (15.94), Dy is found to be

2 2 2
U QX v QY w QZ
(Dfo) +(Df5f> +(DfS;)

I~ ok paex 1 Y vy 1 2w (15.108)
depDyS; + depDypSy + depDf'Sy

Any of the above approaches can be adopted to calculate the value of Dy.

15.5.4 The Collocated SIMPLE Algorithm

The sequence of events in the collocated SIMPLE algorithm is displayed in
Fig. 15.16 and can be summarized as follows:

1.

To compute the solution at iteration n + 1, start with the solution at time ¢ for

(n) u(")

pressure, velocity, and mass flow rate fields, i.e., p , and "), respectively,

as the initial guess.

. Solve the momentum equation given by Eq. (15.70) to obtain a new velocity

field v".

. Update the mass flow rate at the element faces using the Rhie-Chow interpo-

lation (Eq. 15.100) to compute a momentum satisfying mass flow rate field 7"
Using the new mass flow rates assemble the pressure correction equation
(Eq. 15.98) and solve it to obtain a pressure correction field p’.

. With the pressure correction field update the pressure and velocity fields at the

element centroids and the mass flow rate at the element faces to obtain
continuity-satisfying fields using Eq. (15.101). These resulting fields are
denoted by u”, ™, and p*, respectively.

. Treat the obtained solution as a new initial guess, return to step 2 and repeat

until convergence.

Set the solution at time n + 1 (i.e., # + Af) to be equal to the converged solution
and set the current time n + 1 (i.e., t + Af) to be n (i.e., ?).

Advance to the next time step.

Return to step 1 and repeat until the last time step is reached.


http://dx.doi.org/10.1007/978-3-319-16874-6_8
http://dx.doi.org/10.1007/978-3-319-16874-6_8
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Fig. 15.16 A flow chart of

Q)
the SIMPLE algorithm —_—
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. . ’
correctionequation for p
repeat l
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:
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Example 3
In the two dimensional problem shown below, the following quantities are
given py = 100, py = 20 and pg = 50 and an inlet condition at face s with
vy = 20 and zero pressure gradient.

The flow is steady state and the density is uniform of value 1. The
momentum equations for u, and v, are
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Uc = *dx(pe *pw)

and

Ve = 7dy(Pn *ps)

where the constants d, = 1 and d, = 0.25. The element shown has
Ax = Ay = 1. Use the collocated SIMPLE algorithm to derive the pressure
correction equation and solve it to find the pressure for element C. Take

p(cn) =70 as an initial guess for pressure at C (Fig. 15.17).
py =20

RS

py =100 N

2 Eg>>ci5[%;:~ A
U

20

Fig. 15.17 The two dimensional domain used in Example 3

Solution
At the inlet the zero gradient condition can be used to compute

py=pc=p3 =10

now compute ug')7 vg') using
uy = —di(p - p)
= —1(60 — 85)
=25

and

ve = —d, (Pf{') *pE”))
— _0.25(45 — 70)
— 625

since pi”' =05 (pf” +p¢"), pi =05(pf? +pyy') and pi =05 (p + YY)

Now the pressure correction equation is constructed by substituting the
mass flux and its correction into the mass conservation equation. Using the
Rhie-Chow interpolation the face fluxes are computed as
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= Ay = u; — dy (pé") - p(c")) -05 ( (pf,”) - p&”)) + (PEZ) - pﬂ”)))
[ ——
pressure difference average pressure difference
across face across face

= 0.5[de(p - o) + e (pD = p)) |~ | (P — ) —05((p2 - ") + (62 = ") )
[ E——

u pressure difference average pressure difference
across face across face

= —dx(p@ —pg))

= —1(50 — 70)
=20

similarly for the n and w face

ity = V,Ax = Vi — d, (pfé’) —pg’)) — 0-5((19,(1") —pﬁ")) + (p,({,? —pi")))

pressure difference average pressure difference

across face across face
— g (p® _ o
= ~&\PN —Pc

= —0.25(20 — 70)
=125

i, = —uyAy = i, +d | (p = p)) 0.5 ( () = p) + (P4 - p2)))

pressure difference average pressure difference
across face across face
— (52— o)
= 1(70 — 100)
=-30
with riz; = —20Ax = —20 the pressure correction equation is constructed

from
(if i) + (it + 7t} + (el + i) + 1y = O

and
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il + i), 4 iy, = — (v + rv, + 1, + i)
= —(20 4 12.5 — 30 — 20)
=175

now

thus we have
— (P = Pc) —0.25(ply — P() + (P — Pw) =175
or
2.25pc — pp — 0.25py, — ply = 17.5
if the E, N and W values were exact then we would have
2.25p. =175
or
pe =178

then we would proceed with correcting the pressure and velocity components
at C to yield

pe=p +pe=T7178
ue=0=ul =25
ve = —dy(p, — p))
=—0.25 (O.Sp'c fp'C)
— 025(0.5 x 7.78 — 7.78)
=0.9725

SO

Ve =6.25+0.9725
= 7.2225



602 15 Fluid Flow Computation: Incompressible Flows

15.6 Boundary Conditions

A boundary element has at least one face located at a boundary patch, which is
denoted as a boundary face (Fig. 15.18). The treatment of boundary conditions at a
boundary face is critical to the accuracy and robustness of any CFD code. Thus for
any pressure-based code to succeed, it is imperative for the boundary conditions of
both momentum and pressure-correction equations to be properly implemented.
This section describes in detail the implementation of a variety of boundary
conditions.

A first note of interest is the expression of the Rhie-Chow interpolation at a
boundary face, which has to be modified since the averaging cannot be performed
in a fashion similar to an interior face. The average at a boundary face is written in
terms of the element value as

Op = 0Oc (15.109)

where b refers to the boundary face centroid and C to the element centroid.
Adopting this practice, the averages in the Rhie-Chow interpolation, the velocity,
and the mass flow rate at a boundary face become

Vi = Ve
vpl = vpl (15.110)
D} =D

Fig. 15.18 An example of a
boundary element

boundary
element
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v, =v,-Du(vp - vpl)
~—~
boundary face

standard Rhie—Chow

(15.111)
=Vc DVc(Vp(b) - Vp<c>)

boundary Rhie—Chow

mz = prZ . Sb
= Py [VE - D¢ (VPZ") - Vp(c")ﬂ -Sp

= ppVe Sy — py D (pé”) —pl >) — Py (DVchi"> Ty — DLVpe - Sb)
(15.112)

In what follows the implementation of boundary conditions is first presented for
the momentum equation, followed by the implementation of the boundary condi-
tions for the pressure (correction) equation. For the cases when the boundary
conditions for the momentum and pressure correction equations are co-dependent,
their full treatment is detailed in the pressure correction equation section.

15.6.1 Boundary Conditions for the Momentum Equation

The semi-discretized form of the momentum equation can be expressed as

o

WVWL Yo lv) == > S)+ > (v-S)+ B

~————  frnb(C) fr~nb(C) f~nb(C) element
element discretization discretization
face discretization face discretization face discretization

where the discretization type of the various terms is explicitly stated. Terms that are
evaluated at the element faces should be modified along a boundary face in
accordance with the type of boundary condition used. Therefore, for boundary
elements, the terms evaluated at the element faces are written as

> (iyv) = (ryve) +  riwvy (15.114)
f~nb(C) [frinterior nb(C) boundary face
—— —— ;

face discretization
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Yows)= D> (v-Ss)+ WS

frnb(C) [fr~interior nb(C) boundary face

face discretization ( 15.115 )

- Y s B

[frinterior nb(C)

boundary
face
Z (prSr) = Z (orSr) + poSh (15.116)
f~nb(C) [frinterior nb(C) b \daf/' )
| — oundary face

face discretization

where subscript b refers to a value at the boundary. As previously stated, the pressure
term may be discretized following either an element or a face discretization. In either

case the expanded form is the same since V¢ (Vp)( is calculated as Y~ psSs
frnb(C)

implying that the value at the boundary is always required. To show the way
boundary pressure affects solution, the expanded form of the pressure gradient (i.e.,
face discretization) is adopted in the implementation of boundary conditions.

15.6.1.1 Wall Boundary Conditions

Generally a no-slip or a slip boundary condition may be applied to a moving or a
stationary wall. The implementation involves computing and linearizing the shear
stress at the wall. This is different from the Dirichlet condition, though for a
cartesian grid the two conditions may be shown to be identical.

No-Slip Wall Boundary (pp = ?; ity = 0; Vy = Vi)

A no slip boundary condition implies that the velocity of the fluid at the wall v, is
equal to the velocity of the wall v,,,;. For a stationary wall, the boundary velocity
v, is zero. The known velocity at the wall could be wrongly viewed as a Dirichlet
boundary condition. However this is not really the case, since what is needed is to
have a zero normal boundary flux while also accounting for the shear stress. This
cannot be satisfied by simply setting v;, = v,,,;;. Figure 15.19 shows that this can be
guaranteed by ensuring a shear stress that is tangential to the wall in addition to a
boundary velocity equation that is equal to the wall velocity. The force F; exerted
by the wall on the fluid can be written as

F, =F, +F (15.117)
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Fig. 15.19 A schematic of a no-slip wall boundary condition

where F)| is in the tangential direction to the wall and F is in the normal direction,
which is supposed to be zero. Thus

F, =F| = tyaiS» (15.118)
where 7,y is the shear stress exerted by the wall on the fluid given by

8VH

—pu— 15.11
" od, (15.119)

Twall =

In Eq. (15.119) v is the velocity vector in the direction parallel to the wall and
d is the normal distance from the centroid of the boundary element to the wall
computed as

S
n:S—b = nmi + nyj + nk
b (15.120)
dcy - Sp
dL:dc;,'n: S
b

and n the wall normal unit vector. The velocity vector v can be written as the
difference between v and its normal component as

u— (un, +vn, + wnz)nx
vy=v—(v-mn=1q v— (un,+vn, +wn;)n, (15.121)
w— (unx + vny, + wnz)nZ
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From Eq. (15.119), the wall shear stress can be approximated using

(VC_Vh) Ve —Vp) — (Ve —Vp) -njn
Twall = — Uy, dL ! = _:ub( ¢ b) SLC b) }

(uc — up) — [(uc —up)n, + (ve — vp)ny + (we — Wh)nz]nx
= _ 5—j (ve —wp) — [(uc — up)ny + (ve — vp)ny, + (we — Wb)nz] ny
(we —wp) — [(uc — up)ng + (ve — vo)ny + (we — wp)nz|n;

(15.122)

from which the boundary force for a laminar flow can be obtained as

(uc —up) — [(uc — up)ny + (ve — vp)ny + (we — wb)nz} n,

(ve —wp) — [(uc — up)ne + (ve — vp)ny + (we — wh)nz]ny

(we —wp) — [(uc — up)ny + (ve — vp)ny + (we — wb)nz] n,
(15.123)

HySh
Fp=———
b d,

Using Eq. (15.123) the coefficients of the boundary elements for the momentum
equation in the x, y and z directions are modified as follows:

u-component equation

S,
al + B2 (-
dJ_ :

interior faces contribution —
boundary face contribution

u
0 —ap_,
HySh 2 :
bg — b¢ + v [u;,(l — nx) + (ve — vp)nyn, — (we — Wb)nznx] - S,
~—~ 1
interior faces contribution
boundary face contribution
(15.124)
y-component equation
y .Uth
V vV
ac ac + 4 1 - y
~—~—~ 1
interior faces contribution
boundary face contribution
v
0« ap_,
) :ubsb 2 y
bi — b + 5 (uc — up)nany +vp (1 —ny ) + (we — wp)neny | — ppS;,
~~ 1

interior faces contribution —
boundary face contribution

(15.125)
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w-component equation

) , 1% Sp
ag «— ag 4+ 2 (1 — nz)
~—~ d,
interior faces contribution —
boundary face contribution
w
0 «— ap_,
w w ,ubS], 2 Z
bg — bg. 4+ [(uc — up)ngng + (ve — vp)nyng + wb(l — nz)] - S}

~~ d;

interior faces contribution

boundary face contribution

(15.126)
The unknown boundary pressure p,, is extrapolated from the interior solution

using either a truncated Taylor series expansion around point C such that pressure is
found from

s =pe + Vpl - dey (15.127)
or the mass flow rate expressed via the Rhie-Chow interpolation as

ity = puVy S — DL (VpL) = Ip) -8, (15.128)

Since the mass flow rate and velocity at the wall boundary are zero, the above
equation reduces to

0=0- p,D}. (vpl(,") - Vp<c”>) 'S, (15.129)
which can be modified into

DVp,” -8y = Vp,” -8, (15.130)
= Vp(cn '8
Expressing §';, as the sum of the two vector E;, and T}, Eq. (15.130) becomes
Vpy - (By +Ty) = Vpi -8 (15.131)

Since E, is in the direction of Cb, the above equation can be modified to
Delpy — pc) = (Vp‘c’” . v Tb) (15.132)

from which the boundary pressure is obtained as

(Vpg )8~ vpy - T”)
Dc

Po=pc + (15.133)
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Fig. 15.20 A schematic of a
slip wall boundary condition

Slip Wall Boundary (p, = 7;#1, = 0;F, = 0)

For this boundary condition, the wall shear stress is zero (Fig. 15.20). Therefore the
boundary force is zero. The boundary pressure is computed as for the no-slip wall
boundary case using Eq. (15.127) or Eq. (15.133). The coefficients of the
momentum equation (in vector form) are modified as follows:

ag «— ag-
~—~
interior faces contribution
0—a, (15.134)
bY. — bY - S
C C bOD
——

interior faces contribution ~ boundary face contribution

15.6.1.2 Inlet Boundary Conditions

Three types of inlet boundary conditions are considered. (i) specified velocity;
(i1) specified static pressure and velocity direction; and (iii) specified total pressure
and velocity direction. All treatments of the pressure boundary conditions will be
detailed in the pressure correction boundary conditions section.
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Specified Velocity (p, = 7; 1y, specified; vy, specified)

For a specified velocity boundary condition at inlet (Fig. 15.21) the convection
(rhpvy) and diffusion (F, = 15 - Sp) terms at the boundary face are calculated using
the known values of velocity v, and mass flow rate r1,. The pressure at the
boundary is extrapolated from the boundary element centroid as

py=pc+Vpl - do (15.135)

The terms involving the boundary velocity are treated explicitly by adding them
to the source term and setting the coefficient ay._,, to zero while adding its value to
the af. coefficient.

The coefficients of the boundary element are modified according to

ag. +— ag:
by — bl — aj._,Vp (15.136)

v
0 ap_,

Fig. 15.21 A schematic of
specified velocity boundary
condition at inlet

Vb = Vspeciﬁed
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Specified Pressure and Velocity Direction (p,, = Pspecified; T 7; €y specified; vj7)

In the case of a specified static pressure at inlet (Fig. 15.22), p, is known. The
velocity being unknown, has to be computed from the pressure gradient at the
boundary. To this end, a velocity direction should be specified as part of the
boundary condition.

As the boundary pressure p,, is known, its value is directly used in calculating the
pressure gradient in the boundary element without any special treatment. Therefore
Pp is used in calculating Vpc.

The mass flow rate at the boundary is computed from the continuity equation
(see next section). Then, for a specified velocity direction given by the unit vector
ey, the velocity for a specified pressure boundary condition at inlet is obtained as

iy = ppvy" - Sy = py||Vi[lev - Sp = (||| = ﬁ = v, = [v"[lev
(15.137)

The velocity at the boundary is computed at every iteration and the problem is
solved as in the case of a specified velocity with the coefficients in the momentum
equation modified according to Eq. (15.136).

p b(specified)
€

v, (specified)
v,|[=?
rit, =17

Fig. 15.22 A schematic of specified pressure and velocity direction boundary condition at inlet
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Fig. 15.23 A schematic of
specified total pressure and
velocity direction boundary
condition at inlet

vV, v,

Protal(specifieay = Py T Ps 5

Specified Total Pressure and Velocity Direction (pgjb = Do specified; ! ; €y specified; vy,7)

In the case of a specified total pressure at inlet (Fig. 15.23) the velocity direction
should also be specified. However, the magnitude of the velocity and the pressure at
the boundary are unknown though related using the total pressure definition given by

1
Po = P + ZPVY (15.138)
~—~
static pressure e and

dynamic pressure

where py is the total pressure, p the static pressure, p the density, and v the velocity
vector. The mass flow rate at the boundary is computed from the continuity
equation (see next section). Knowing the mass flow rate, the velocity is computed
in the same manner as for the specified pressure case using Eq. (15.137). The
velocity is thus treated as a known velocity condition (i.e., a Dirichlet boundary
condition) with the coefficients in the momentum equation modified according to
Eq. (15.136).

15.6.1.3 Outlet Boundary Conditions

Three types of boundary conditions at an outlet are considered: (i) a specified static
pressure, (ii) a specified mass flow rate, and (iii) a fully developed flow.
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Specified Static Pressure (py = Pypecifiea; 1675 Vi?)

For the momentum equation, fully developed conditions are assumed at a specified
pressure outlet (Fig. 15.24) implying a zero velocity gradient along the direction of
the surface vector at outlet. This is also equivalent to assuming the velocity at the
outlet to be equal to that of the boundary element. Thus it is similar to a zero flux
boundary condition whose implementation is rather simple.

The modifications to the coefficients are given by

ag «— ag- + Ty,
D . oo
interior faces contribution ~ boundary face contribution
0—al_, (15.139)
v v
bc — bc - DPbSp

interior faces contribution ~ boundary face contribution

This sets the contribution of the outlet velocity to zero and uses the specified
pressure boundary value in the computation of the pressure gradient.

However to ensure that the flux is zeroed in the outflow surface vector direction
only, the velocity is usually extrapolated to the outlet using the boundary flux,
which is computed from the boundary element flux as

VVb = VVC — (VVC -eb)eb (15140)

Fig. 15.24 A schematic of
specified static pressure
boundary condition at outlet
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This ensures that the gradient along the boundary surface vector is zero. Then,
using a Taylor series expansion, the velocity at the boundary is computed as

Vp :Vc-i-VVb-dCb (15141)

where Vv, is used instead of Vv¢. Therefore an additional correction is now added
to the source term and the modifications to the coefficients become

ag — ag. + Ty,
v . o
interior faces contribution boundary face contribution
0—a, (15.142)
v \4 .
be be —1y(VVy - dep) — ppSe

interior faces contribution ~ boundary face contribution

Specified Mass Flow Rate (rh;, = Mpecified; p;,?v;,?)

Since the flow is incompressible, a specified mass flow rate boundary condition
(Fig. 15.25) is equivalent to specifying the normal component of velocity at the
boundary. The velocity is calculated by assuming its direction to be the same as that
at the main grid point, i.e., (ey),= (ey).. Thus, the velocity is expressed as

Vi = [Vp|(ey) e (15.143)
Fig. 15.25 A schematic of
. v, =9
specified mass flow rate b S
boundary condition at outlet b
m, =1

b specified
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with |v,| obtained from

1y,

_— 15.144
pr(ev)c - Sp ( )

1y, = ppVs - Sp = pp|Vi|(ey) - Sp = |vi| =

allowing v, to be calculated. Thus for momentum, a specified velocity boundary
condition is applied. The coefficients of the boundary elements are modified
according to Eq. (15.136).

Fully Developed Outlet Flow

For a fully developed flow, the velocity gradient normal to the outlet surface is
assumed to be zero. Hence the velocity at the outlet is assumed to be known and
computed from the zero normal gradient using Eqs. (15.140) and (15.141). As for
the pressure at the boundary, it can be extrapolated from the interior pressure field
using

P»=pc+ Vpc-deg (15.145)

The velocity is treated as known and the coefficients of the momentum equation
are modified according to Eq. (15.142).

15.6.1.4 Symmetry Boundary Condition

A scalar is reflected across a symmetry boundary. Thus, a symmetry boundary con-
dition for a scalar variable is imposed by setting its normal gradient to zero, as with an
insulated wall boundary condition. For the velocity vector, the symmetry condition
shown in Fig. 15.26 also implies that it is reflected about the symmetry boundary with
its parallel component (i.e., parallel to the symmetry boundary) retaining magnitude
and direction, while its normal component becoming zero. This results in a zero shear
stress but a non-zero normal stress along the symmetry boundary. Thus, the same
boundary condition can be used to impose a slip wall boundary condition for viscous
flows.

The unit vector in the direction normal to the boundary n and the normal
distance to the boundary d, are given by Eq. (15.120). Therefore the velocity
components normal and parallel to a symmetry boundary satisfy

aVH _ (15146)
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Fig. 15.26 A schematic of a
symmetry boundary condition

Symmetry Plane

The normal component of velocity can be written as

(ucnx + ven, + wcnz)nx
v =(v-m)n=7< (ucns+ven, + wen;)n, (15.147)

(ucnx +veny, + wcnz)nz

while the parallel component is given by Eq. (15.121). The boundary force F; can
be decomposed into a normal component F, and a parallel component F)|. As the
shear stress along a symmetry boundary is zero, the parallel component of F, is
zero. Denoting the normal stress by o, the force F,, is given by

F,=0.5 (15.148)
The normal stress component can be approximated as

(ucnx + veny, + wcnz)nx
\A Hp
o) ~ 72,ubd— = 72d— (ucny + veny + wenz)ny (15.149)
* + (ucnx + ven, + wcnz)nZ

from which the boundary force is found to be

(ucnx +veny, + wcnz)nx

S
F,=F, = —2% (ucnx +veny + wcnz)ny (15.150)
1
(ucnx + veny + wcnz)nz
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The pressure gradient in the direction normal to a symmetry boundary is zero.
Mathematically this is written as

Vpy-n =0 (15.151)

The pressure at a symmetry boundary should be extrapolated from the interior of
the domain. Therefore to ensure a zero normal gradient, the pressure gradient at the
symmetry boundary is computed as

Vpy = Vpc — (Vpc -n)n (15.152)
Thus, the pressure is obtained from
Pb=pc+ Vp,-dep (15.153)

Using the above equations, the coefficients of the boundary elements for the
momentum equation in the x, y and z directions are modified as follows:

u-component equation

2/1 Sb
ag — ag + d}l nf
—

interior faces contribution o
boundary face contribution

0« a%zb (15.154)
21,8

bé - b’é _ HpOb
~~ dy

interior faces contribution

[vcny + wcnz} ny — ppSy,

boundary face contribution

y-component equation

, 21,8
ag — ac S
~—~ d, /
interior faces contribution ~—
boundary face contribution
v
0«—ay_, (15.155)
2u,S
v v b2b y
be — be - [ucny + wengny — piS;,
~—~ dL

interior faces contribution .
boundary face contribution
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w-component equation

21,8,
w w bOb 2
(ZC — aC d I/ZZ
~—~ €
interior faces contribution NV
boundary face contribution
w
0—al, (15.156)
2up,S,
w w bOb Z
be be — [ucnx + vcny] n; — ppSy
~—~ d,

interior faces contribution .
boundary face contribution

While this is not a comprehensive list of momentum boundary conditions, it
does cover the most common types.
15.6.2 Boundary Conditions for the Pressure Correction

Equation

The continuity equation for a boundary cell can be written as

S g+ gy =0 (15.157)
f~nb(C) boundary face
or
> (g i) + (g + i) =0 (15.158)
frnb(C) e
boundary face

where #1}, is the boundary mass flux and ), is its correction. While for an internal
face the mass flux and its correction are defined by Egs. (15.100) and (15.101), for a
boundary face the definition is slightly different. Since at a boundary face only the
boundary cell contributes to the average quantities, the use of Eq. (15.109) in
combination with Egs. (15.100) and (15.101) gives

i, = pyvi - Sy — pyDL(VpL) — Vp) -8,

. ) ) (15.159)
iy, = —pyDe(p), — Pe)

In implementing boundary conditions the values of s}, ), pp, and pj, must be
calculated. Based on the discussions related to the momentum equation, three types
of boundary conditions can be inferred. The first type is designated by “specified
mass flow rate” (e.g., walls or velocity specified at inlets). For this category 1, = 0,
which is similar to a zero scalar flux boundary condition, and no modification to the
pressure-correction equation is needed. The pressure however has to be computed at
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the boundary from the interior field. The second type of boundary conditions is
termed “pressure specified” where p; = 0 and for which a Dirichlet-like condition
has to be enforced for the pressure-correction equation. For this condition, 71 is
computed from the boundary and interior pressure field. In the third type, an
implicit relation exists between the pressure and the mass flow rate, as in a specified
total pressure boundary condition. In this case, an explicit equation is extracted
from the implicit relation and substituted into the pressure-correction equation.

Details regarding the various types of boundary conditions and their imple-
mentation are now given.

15.6.2.1 Wall Boundary Condition
(po = M50y = 03V = Vo) Or  (pp = 75111 = 0; F = 0)

Whether it is a slip (Fig. 15.20) or no-slip (Fig. 15.19) wall boundary condition the
mass flow rate is zero. Therefore 77, = 0, which is equivalent to a specified zero
flux and implying that no modification is needed for the pressure-correction
equation. However the pressure at the wall is required and is computed using
Eq. (15.127) or Eq. (15.133) or a low order extrapolation profile, as shown below.

pe+Vpl - dey Eq. (15.127)
(Vp(cn) -8 —Vpy Tb)
pr=1q Pc+ Eq. (15.133) (15.160)
D¢
pc loworder extrapolation

15.6.2.2 Inlet Boundary Conditions
Specified Velocity (p, = 7; i, specified; v, specified)

For a specified velocity at inlet (Fig. 15.21), the mass flux is known and its cor-
rection is set to zero, i.e., m;, = 0. Thus, similar to a wall boundary condition, the
term is simply dropped from the pressure-correction equation. The pressure at the
boundary is extrapolated from the internal pressure field using Eq. (15.127) or
Eq. (15.133) or a low order extrapolation profile as summarized in Eq. (15.160).

Specified Pressure and Velocity Direction (p;, = Dipecified; Hp7; €y specified; v,?)
In the case of a specified static pressure at inlet (Fig. 15.22), p,, is known and thus

P}, is set to zero but izj, # 0. The inlet is treated as a Dirichlet boundary condition
for the pressure-correction equation. The coefficient of the p’ equation becomes
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al = > oDy + pyDc (15.161)

frnb(C) boundary face contribution

interior faces contribution

Specified Total Pressure and Velocity Direction (pu,b = Do,specified; Mp7;
ey specified; v,?)

As mentioned earlier, for a specified total pressure (Fig. 15.23), the velocity
direction should also be specified. The total pressure relation given by Eq. (15.138)
is first rewritten as a function of the mass flow rate and pressure by replacing the
velocity magnitude by the mass flux. Thus,

. 7y,
fiy, = pvy, - Sy, = plvpley - Sp = plvy| = e S,
> ' (15.162)
1 m,
= Pob =Pb+5—

2pb (ev . Sb)2
Using a Taylor expansion about pj, p} is obtained as

py . Ips .
Db +p§,:pb+a—m(m;):>p§,:a—mm; (15.163)
Differentiating Eq. (15.162) with respect to 71, and substituting into
Eq. (15.163), the final form of p), is found to be

py(ey Sb)2 "y
Substituting Eq. (15.164) in Eq. (15.159), the mass flux correction is expressed as

mzprC /
15.165
3 — Dclpyvy - pyvy) € ( )

tity = =pyDe (P, = PC) = ity =~

Replacing #j, in the expanded continuity equation (Eq. 15.158) by its expression
from Eq. (15.165), the modified a’é’ coefficient for the boundary cell becomes

/ PmeDC
P = E D 15.166
“ f~nb(C) pf ! +mz - DC(PbVZ ' pbv;;) ( )
——

- o boundary face contribution
interior faces contribution
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15.6.2.3 Outlet Boundary Conditions
Specified Pressure (pb = Dipecified; 1y Vb?)

For a specified pressure at outlet (Fig. 15.24) pj, is set to zero. On the other hand, 1),
is computed as

i, = —pyDe (P, — Pc) (15.167)

The velocity direction being needed, it is customary to take the direction of v, to

be that of the upwind velocity ve. The expression of the af. coefficient in the

pressure-correction equation becomes

d-= > pDr + p,Dc (15.168)
f~nb(C) boundary face contribution

interior faces contribution

Specified Mass Flow Rate (rit, = fitgpecifiea; Pb7V5?)

For a specified mass flow rate at outlet (Fig. 15.25), i, is zero and is simply
dropped from the pressure correction equation with no modifications required for
the coefficients of the boundary elements. By setting 71, to zero in Eq. (15.159), the
pressure correction (or pressure) at the boundary is set equal to the pressure cor-
rection (or pressure) at the boundary cell centroid.

Fully Developed Outlet Flow

For a fully developed flow, the velocity at the outlet is assumed to be known and
computed from the zero normal gradient. This means that r, at the outlet is known.
Therefore no correction is needed and mg is set to zero. However, as the boundary
pressure is unknown, it is extrapolated from the interior pressure field. Since the
velocity is iteratively updated, the above treatment does not guarantee overall
conservation except at convergence. It is customary with incompressible flows to
overcome this issue and to enforce global mass conservation at any iteration by
modifying 71, at the boundary to satisfy overall mass conservation. This is done by
calculating the total mass flow rate entering the domain 71;,. Then based on
the calculated mass flow rates at outlet boundaries, the total mass flow rate leaving
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the domain 7, is computed. The mass flow rate at an outlet is adjusted
according to

Pt — m;%—m (15.169)
Moyt

To be able to apply the above treatment, the outlet should be placed far away
from any recirculation zone.

15.6.2.4 Symmetry Boundary Condition

The mass flow rate across a symmetry line (Fig. 15.26) is zero and as such its
correction is set to zero, i.e., mg = 0. Thus, similar to a wall boundary condition, the
mass flow rate correction term is simply dropped from the pressure-correction
equation. The pressure at the boundary is extrapolated from the internal pressure
field using Eq. (15.127) or Eq. (15.133) or a low order extrapolation profile as
summarized in Eq. (15.160).

15.6.2.5 The Relative Nature of Pressure

For incompressible flow problems in which the normal velocities are prescribed on
all boundaries, a difficulty arises due to the relative nature of pressure. In such
cases, since only the pressure gradient appears in the momentum equation, there is
no means for determining the absolute level of pressure, and only pressure differ-
ences have physical meaning. This indeterminacy of the pressure level leads to a
singular coefficient matrix A and the direct solution of the system A¢ = b fails. The
singularity is easily removed by simply setting the pressure at one point in the
domain to a prescribed value. The remaining pressures are then calculated relative
to this value.

15.7 The SIMPLE Family of Algorithms

In the SIMPLE algorithm [13], velocity and pressure are treated in a segregated
(sequential) manner, with the pressure field computed by deriving a pressure cor-
rection equation that exploits the discrete momentum equation to replace the
velocity field in the continuity equation with a pressure term. In the derivation, a
velocity correction term, Hy[v'], was neglected as retaining it renders the equation
unmanageable.

Discarding this term does not affect the final solution since its value is zero at
convergence. Rather, it affects the path to convergence because during the initial
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iterations its value can be significant. This large value may either cause divergence
or slow down the rate of convergence as a result of an overestimated pressure
correction field. To counterbalance that, in SIMPLE the pressure is under relaxed
by computing its value using p = p* + APp’, where A¥ is the pressure under
relaxation factor. For optimum convergence, A” is usually set equal to (1—21"),
where A" is the momentum under relaxation factor, with more information on this
provided later.

Despite the use of under relaxation, the rate of convergence of the SIMPLE
algorithm remains problem dependent and researchers sought alternatives for fur-
ther improvements. Their effort culminated in the development of a SIMPLE-like
family of algorithms such as SIMPLEC [17], SIMPLER [3], PISO [18], SIMPLEX
[5], PRIME [19], SIMPLEM [20], and SIMPLEST [21]. Moukalled and Darwish
[22] unified the formulation of these algorithms for both incompressible and
compressible flows while Darwish et al. [23] and Jang et al. [24] assessed their
performance. It is not the intention here to give a full account of these algorithms,
rather, attention will be focussed on the two most popular variants, which are the
SIMPLEC (SIMPLE Consistent) algorithm of Van Doormal and Raithby and the
PISO (Pressure-Implicit Split Operator) algorithm of Issa. These two algorithms
present two different approaches for dealing with the H¢[v'] term. In SIMPLEC the
velocity correction at the main grid point is approximated as the weighted average
of the velocity corrections at the neighboring locations altering the term Hy[v'] into

a modified one, Hf [v'], of smaller magnitude, which is then neglected. In the PISO

algorithm, the H[v'] term is accounted for as part of the split operator approach. In
all other algorithms, the Hy[v'] term is neglected as in SIMPLE and modifications
are introduced either to the momentum equations or the DV operator. Because the
PISO algorithm is equivalent to one step of the SIMPLE algorithm and one or more
steps of the PRIME algorithm, the latter is also detailed.

In the PRIME [19] algorithm the momentum equation is solved explicitly. This
explicit treatment of the momentum equation is justified by its small contribution to
the convergence of the entire flow field. On the other hand, finding the correct
solution for the pressure field represents the most important factor impacting the
overall convergence.

In SIMPLEST [21], the coefficients in the momentum equation are separated
into their convection and diffusion parts with the convection terms treated explicitly
and the diffusion terms implicitly, thus affecting DY and H. The justification for the
explicit treatment of convection is based on the similarity between the propagation
of disturbances at a finite speed without any change in magnitude in a pure con-
vection situation, and the propagation of error, from a particular point to the
neighboring grid points, in a single iteration of explicit iterative methods. While the
implicit treatment of diffusion is argued based on the similarity between the
propagation of disturbances in a pure diffusion situation instantaneously in all
directions with rapid decay in their amplitude and the reduction of errors throughout
the entire solution domain, in a single iteration, by implicit solution methods.
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In SIMPLEM (SIMPLE-Modified) [20], the pressure-correction equation is
solved before the momentum equation implying that the pressure field is computed
using the old velocity field. This results in better pressure corrections than velocity
corrections and interchange the disadvantages and advantages of the SIMPLE
algorithm.

In SIMPLER (SIMPLE-Revised) [3], an additional equation is developed from
which the pressure is directly calculated while the SIMPLE-like pressure-correction
equation is used to update the velocity field. The reason for a separate pressure
equation being that, once the velocity field is updated using the predicted pressure
correction field, it no longer satisfies the momentum equations. Therefore, the
pressure should be calculated from another equation to match the velocities, so that
the momentum equations are also satisfied.

The SIMPLEX algorithm [5] was developed with the aim of ensuring that the
rate of convergence will not degrade with grid refinement. It differs from SIMPLE
in the way the DY field is computed. This is done by using an additional set of
equations, which is developed and solved based on the assumption that the influ-
ence of the spatial distribution of pressure difference changes little with grid
refinement. Therefore, if the pressure difference influence is restricted to a cell, it
would be appropriate to assume that, by extrapolation, the pressure difference at the
main grid point adequately represents the pressure differences at the element faces.

Though all of the above algorithms were originally derived for a segregated grid,
they are applicable within a collocated grid framework.

15.7.1 The SIMPLEC Algorithm

The SIMPLEC (SIMPLE-Consistent) [17] algorithm is a modified version of the
SIMPLE algorithm derived by simply assuming that the velocity correction at point
C is the weighted average of the corrections at the neighboring grid points.
Mathematically this is expressed by

E (lFV F

Ve MO Z aFvF ~V e Z aF (15.170)
Z aF F~NB(C F~NB(C
F~NB(C

and using the H operator, Eq. (15.170) can be written as

3 “FVF ve Y —:>Hc |~V cHe[l] (15.171)
F~NB(C) c F~NB(C
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Therefore instead of neglecting the H¢[v'] term as in SIMPLE, it is replaced by
the approximate value given by the above equation. With this approximation the
velocity correction given by Eq. (15.85) becomes

(1+Hc[1]))Ve = —DL(VP)e = Ve = —Dp(VD), (15.172)

Equation (15.172) can then be used to derive the pressure correction equation.
The same result can be achieved by adding and subtracting the term

> akve from the momentum equation obtained by combining Egs. (15.76)
F ~NB(C)

and (15.77), leading to the following modified equation:

ag+ Y ap|ve+ D ay(vi—ve)=—-Ve(Vp)e+bp  (15.173)
F~NB(C) F~NB(C)

which, in turn, can be written as
ve +Helv — ve] = —D(Vp) . + By (15.174)
By using Eq. (15.174), the velocity correction equation becomes
Vie=—He[vV — V] = Du(Vp'), (15.175)

Then the term H¢ [V — v/ (] is dropped, which is equivalent to the approximation
given by Eq. (15.171), and the modified velocity correction is used in deriving the
pressure correction equation.

Due to a better estimate in SIMPLEC (i.e., a smaller term is dropped), the
relaxation of pressure becomes unnecessary and as compared to SIMPLE, the
resulting velocity corrections will satisfy better the momentum equations.
Consequently, a higher rate of convergence is obtained. Thus, with the exceptions
of dropping He[v' — V¢ rather than He[v/] and replacing DY. by D, the steps
involved in the SIMPLEC algorithm are similar to those of the SIMPLE algorithm.

15.7.2 The PRIME Algorithm

In the PRIME (PRessure Implicit Momentum Explicit) [19] algorithm, the
momentum equation is solved explicitly. This explicit treatment is justified by the
small contribution to the convergence of the entire flow field by the iterative sweeps
of the momentum equation. On the other hand, finding the correct solution for the
pressure field represents the most important factor in the overall convergence.
Based on this argument, the PRIME algorithm can be summarized as follows:
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The momentum equation is solved explicitly to obtain a new velocity field v"
using

vi. = —H¢ [v<”>] )4 (Vp<">)C+BVC (15.176)

This velocity field is employed to derive the pressure correction equation. Thus
defining the correction fields such that

VZ‘* ZV*C+V/C pc_p(c) +pC (15177)

the corrected field would satisfy
v = —Hc[v"*] — DL(Vp*)e + B = —Hc[v* + V] — DY, [v (p<"> + p')} B
(15.178)

leading to the following expression relating velocity and pressure correction:

Ve=— (HC [v* - v(’”} n HC[V’D — DLV, (15.179)

Substituting Eq. (15.179) and its correction into the continuity equation yields

> oDVp S == Y it Y [Pf (Hf [V -y q +if[V']) 'Sf}

f~nb(C) f~nb(C) f~nb(C

(15.180)

where the underlined terms in Egs. (15.179) and (15.180) are neglected.

The terms neglected in PRIME (H¢ [v*—v™] + H¢[v']) can become smaller
than the term neglected in SIMPLE (Hc[v']) if Hc[v/] and He[vi—v(™] are of
opposite signs. It is worth noting that He[v'] = He[v™—v*] is a correction to satisfy
continuity, while H¢ [v*fv<">} is a correction to satisfy momentum. Usually the
corrector added to satisfy momentum is opposite to that added to satisfy continuity
and hence, the neglected term (Hc [v*—v")] + H¢[v']) is smaller. Moreover, since
the momentum equations are explicitly solved, no under-relaxation is required. This
has the advantage of increasing the stability of the algorithm.

15.7.3 The PISO Algorithm

In the PISO algorithm [18, 25], the Hc[v'] term is accounted for as part of a
correction procedure composed of two or more steps. The first step is similar to the
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SIMPLE algorithm where v’ is computed from Egq. (15 83) while neglecting Hc[v'].
The continuity satisfying velocity v and pressure p" fields are used to recalculate
the coefficients of the momentum equation and then to solve it explicitly. The new
velocity field v'~ is used to calculate the mass flow rate field 7i2*** at the element
faces using the Rhie-Chow interpolation. Then, Hc[v'] is partially recovered in a
second corrector step where the velocity correction is written as
*okkk $kk "
Ve =V¢ t+Ve

= —HZ [y = (D) (Vp')e + Ve

— _H** [V + v ] (DE)** (Vp*)c _|_ V//C

= —HZ [v'] - HE[V] = (Dg) ™ (Vp*)e + Ve (15.181)

= —HZ V'] = (D0)" (Vp")c —HE [-De(Vp))e] +v'c

AV

C

R Ve 4 Y'e = HE [DE(VP) (]

In Eq. (15.181) the underlined term represents the portion of the H¢[v'] that is
recovered by the second corrector step. The second velocity correction satisfies

Vie=—-HZ V'] — (DY) (VP")e (15.182)

Using Eq. (15.181) with the Rhie-Chow interpolation between points C and F, a
new pressure-correction field is obtained as

> opDVpl S =— Y mf+ Z pHV']-S;)  (15.183)
f~nb(C) f~nb(C f~nb(C

where the underlined terms in Eqgs. (15.182) and (15.183) are again neglected. This
corrector step may be repeated as many times as desired, each time recovering a
new additional portion of H¢[v'].

By following the sequence of events, it can be easily seen that PISO may be
considered as a combination of one SIMPLE step and one or more PRIME steps,
hence combining the implicitness of the SIMPLE algorithm with the stability of the
PRIME algorithm. The sequence of events in the collocated PISO algorithm can be
summarized as follows:

1. To compute the solution at time 7 + At, use as an initial guess the solution at time

(n) u(n)

t for pressure, velocity, and mass flow rate fields p ,and ™, respectively.

SIMPLE Step

2. Solve implicitly the momentum equation given by Eq. (15.70) to obtain a new
velocity field v'.

3. Update the mass flow rate at the cell faces using the Rhie-Chow interpolation
technique (Eq. 15.100) to obtain a momentum satisfying mass flow rate field rz;.
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Fig. 15.27 A flow chart of the PISO algorithm
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4. Using the new mass flow rates, assemble the pressure correction equation
(Eq. 15.98) and solve it to obtain a pressure correction field p'.

5. Update the pressure and velocity fields at the cell centroids and the mass flow
rate at the cell faces to obtain continuity-satisfying fields using Eq. (15.101).

PRIME Step(s)

6. Using the latest available velocity and pressure fields, calculate the coefficients
of the momentum equation and solve it explicitly.
7. Update the mass flow rate at the cell faces using the Rhie-Chow interpolation
technique.
8. Using the new mass flow rates, assemble the pressure correction equation
(Eq. 15.183) and solve it to obtain a pressure correction field.
9. Update pressure, velocity, and mass flow rate fields using expressions similar to
the ones given in Eq. (15.101).
10. Go to step 6 and repeat based on the desired number of corrector steps
11. Set the initial guess for velocity, mass flow rate, and pressure as u ', m,
and p".
12. Go back to step 2 and repeat until convergence.
13. Set the solution at time ¢ + At to be equal to the converged solution and set the
current time ¢ + At to be .
14. Advance to the next time step.
15. Go back to step 1 and repeat until the last time step is reached.

A flowchart of the PISO algorithm is presented in Fig. 15.27.

15.8 Optimum Under-Relaxation Factor Values for v and p’

To promote convergence in the SIMPLE algorithm the momentum and continuity
equations are under relaxed using the under relaxation factors A¥ and 47, respec-
tively. An important task is to find the under relaxation values that will result in the
optimum convergence rate. Recalling that the velocity correction is obtained
without any under relaxation from

c=-Dc(Vp')e (15.184)

Moreover, in calculating the pressure field, the pressure correction is under
relaxed in order for the velocity correction field given by Eq. (15.184) to satisfy the
exact velocity correction equation given by

'c = —Hc V] = #Dc(VD') (15.185)
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Equating Eqgs. (15.184) and (15.185), an expression for 4’ is obtained as

X He[v
—De(Vp)e = ~HelV] = De(Vp)e = 7 = 1 +%]
Z aFVF (15.186)
F~NB(C
acv C

The SIMPLEC algorithm eliminated the need to under relax pressure correction
and resulted in the optimum acceleration rate. Therefore, using the approximation
introduced in SIMPLEC, the velocity correction at C can be written as the weighted
average of the velocity corrections at the neighboring grid points such that

E ClFVF

, F~NB(C

Ve R ——~—
Z ar

F~NB(C

(15.187)

From Egs. (15.70)—(15.73) the coefficient af. can be expressed as

ag = - > @+ > iy (15.188)

F~NB(C) frnb(C)

which in the limit of a steady state solution (the case for which under relaxation is
used, since for an unsteady situation the time step plays the role of the under
relaxation factor) reduces to

Z aF (15.189)

2 F~NB

(‘}<

Substituting Eq. (15.189) in Eq. (15.187), the velocity correction is approxi-

mated as
> ave > ave
’ F~NB(C v/ F~NB(C
VeR ————————— = a Ve~ — 15.190
C ;Vac cYC /IV ( )

substituting Eq. (15.190) in Eq. (15.186), an expression relating A" and A7 is
obtained as

VISR A (15.191)
Experience has shown that the performance of the SIMPLE algorithm with its

under relaxation factors satisfying Eq. (15.191) is similar to that of the SIMPLEC
algorithm.
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15.9 Treatment of Various Terms with the Rhie-Chow
Interpolation

15.9.1 Treatment of the Under-Relaxation Term

The use of the collocated grid method with the Rhie-Chow interpolation resulted in
solutions that are dependent on the value of under relaxation factor in the momentum
equation. To eliminate this dependence, a modification to the Rhie-Chow interpo-
lation is required. The under relaxed momentum equation is written as

1 1= o
wave =~ Y apve+ b~ VeVpe + <;—V>a‘év(c) (15.192)
F~NB(C) .

where b is the source term of the momentum equation from which the pressure

and under relaxation source terms are extracted and V(C") is the previous iteration
value of velocity at cell centroid C. The corresponding under relaxed momentum
equation using a staggered grid formulation can be expressed as

1 1=\
WAV = - > @V + b} — V;Vpy + (—) ayv)” (15.193)
nb~NB(f) &

The Rhie-Chow interpolation method mimics the staggered grid formulation by
forming a pseudo-momentum equation at the cell face. It is because of this
behavioral imitation that the Rhie-Chow interpolation is successful. Therefore as a
guiding principle, the yardstick to any modification to the Rhie-Chow interpolation
should be whether the modified formulation is similar to the staggered grid for-
mulation. Therefore, the form of the under relaxed equation using the Rhie-Chow
interpolation should be given by

1+ v v _ T L=\
TYYr = —nb;[v;(f) @y Vub + by — ViVpy + ()—V> ayvy (15.194)

The average of the first term on the right hand side is obtained as

- Z axbvnb +bfv = _gC< Z (d;v,:) +b‘é) - gF( Z (CIX]VN) + b‘l':)
") °

nb ~ NB F ~NB( N ~NB(F)

1 v -7 v ()
= gc FaCVC‘FVCVPC_ v )4cve

L, 1= v (1)
+ gF |svarVr + VrVpr — 7 apVyi

L

e [1=-"\—
= F“fvaerVPf—( i >afo" )

(15.195)
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Substituting Eq. (15.195) into Eq. (15.194), the extended Rhie-Chow interpo-
lated cell face velocity vy is obtained as

v =5 = D} (Vpy — Vi) + (1= ) (v = v")) (15.196)

Not accounting for the effect of under-relaxation on the face velocity results in
solutions that depend on the under relaxation factor.

15.9.2 Treatment of the Transient Term

When solving a transient problem with a backward Euler transient scheme the
discretized momentum equation can be written as

agve =— Y (ayve) +b% — VeVpe + agve. (15.197)
F~NB(C)

where b is the source term of the momentum equation from which the pressure
and transient source terms are extracted. The equivalent equation for the staggered
grid variable arrangement has a similar form given by

ayve=— > (al,Vuw) + b} = ViVps + vy (15.198)
nb~NB(f)

Using the Rhie-Chow interpolation method, a pseudo cell-face equation will be
constructed as

ayve=— Y ayvw+b} = VVp + @V, (15.199)
nb~NB(f)

The average of the first term on the right hand side is obtained as

— Z ay,Vop + b} = —gc¢ Z (a;VF) + b‘é
nb~NB(f) F~NB(C)

—gr Z (axvy) + b}

N~NB(F) (15.200)
=gc [avcvc + VeVpe — a%vg]
+ 8r [a}vF + VFVpF — Cl;—V;}

= a;Vf + Vprf - a;’v}’
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Substituting into Eq. (15.84), the extended Rhie-Chow interpolated cell face
velocity vy is obtained

_ __ a°D} _
Vi =V = Dj(Vpy = Vipy) + fof (V; - V;) (15.201)

Not accounting for the effect of the unsteady term on the face velocity results in
solutions that are time step dependent and have an oscillatory behavior for small
time step. This correction is valid only for the first order Euler discretization. In case
of more accurate time discretization schemes similar corrections can be performed
following the same principles.

15.9.3 Treatment of the Body Force Term

When treating body forces in the staggered grid arrangement, the stencil of the body
force term is exactly that of the pressure gradient term. In the case of a collocated
grid arrangement, the body force, velocity, and momentum variables are calculated
at the same location. Thus, in order to have a discretization of the body force that
retains a similar stencil as the pressure, a redistribution of the body force term is
needed. The discretized momentum equation is written as

atve=— > apvp +bYl—Ve(Vp)e + VeBL (15.202)
F~NB(C)

where the double bar indicates two averaging steps. The first step is to compute B_VC
(Fig. 15.28) at the cell face as

B} = gcBl + (1 — gc)B} (15.203)
ap
dx
staggered grid
c [ F

C>O0C>O0 W) 0 >0 [

]
B

Fig. 15.28 Treatment of body force and pressure gradient on a staggered grid
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while the second (Fig. 15.29) is to get an average of these face values at the cell
centre.

The average values at cell center can best be derived [26] by considering the one
dimensional situation depicted in Fig. 15.30.

For the case of a stationary fluid, the pressure gradient should be in equilibrium
with the body forces leading to

0= —Vps +B) (15.204)

Expanding the above equation, a relation between the pressures at C and F can
be written as

pc = pr + Bgdy (15.205)
I
5y] fida B,
ffffff 2
O

Fig. 15.30 One dimensional stationary fluid
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or more generally as

pc =pr+ By -derp (15.206)

where By is the magnitude of B, given by
By = psg (15.207)

For incompressible flows, the variation with temperature of the density
appearing in the body force term is modeled using the Boussinesq approximation as
given by Eq. (3.101).

Again for cell C the pressure gradient should be in equilibrium with the body
forces, resulting in

0= —Vpc + Bl = Vpc = BY. (15.208)

However the pressure gradient for cell C is computed as

(gcpc + (1 — gc)pr)Sy (13-209)

=~

Ve
substituting from Eq. (15.206) gives

; (gc (pp +BY- dCF> +(1- gc)pF) S,

\V4 =
pc Ve

zf:PFSf Zf: 8c (F; : ch> Sy

= +
Ve Ve

28 ;gc@'df)sf (15.210)

= +
PF Ve Ve

which implies that

BL-L (15.211)
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The second requirement is that the cell-face velocity be similar to that of the
staggered arrangement equation:

ayve=— > alVu +b} = V;Vp; + V;B} (15.212)
nb~NB(f)

where b{. is the source term given in Eq. (15.71) from which the pressure and body
force terms are extracted. The averaging of the coefficients yields

=Y @y +b=—gc| > (ahve) +bL
nb~NB(f) F~NB(C)

—gr| > (ayvy)+b}
N~NB(F) (15.213)

=gc |:a‘éVC + VcVpe — VCITVC}
+ 8F [a,VvVF + VeVpr — VFB:}]
= vy + ViV — V/B]

and substituting into Eq. (15.179), the extended Rhie-Chow interpolated cell face
velocity vy is obtained as

vy = V7 = D} (Vipy = Vipy) +D}(B;_B_f¥> (15.214)

where B_; is calculated as

= ch:Vc+ (1-gc)Bx (15.215)

2l

=

The above additional treatment of the cell face velocity increases the overall
robustness of the solution procedure for situations where variations in body forces
are important (e.g., free-surface flows).
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15.9.4 Combined Treatment of Under-Relaxation, Transient,
and Body Force Terms

In general all three terms described above should be dealt with together. This
necessitates modifying the Rhie-Chow interpolation to account for all three effects.
Fortunately this can easily be derived by using the principle of superposition
leading to the following interface velocity:

v = V7 — Dy (Vpr — Viy) +D}¥<Bf—3_}>

DY L (15.216)
ar Dy (VO . ?) + (1 B ;V) (v(”) _ V("))
Vi f f . f f

_l.

where in calculating D_]Y the under relaxed value of the af. coefficient is used.

15.10 Computational Pointers

15.10.1 uFVM

In uFVM, the pressure correction equation is implemented in one script file denoted
by cfdAssembleMdotTerm. Listing 15.1 shows the core of the algorithm whereby
the coefficients of the pressure correction equation are assembled by linearizing the
fluxes at each of the interior faces. In addition, the mdot field (i.e., the mass flow
rate at the faces) is calculated based on Eq. (15.216), which is subdivided into 9
terms (i.e., terms I trough IX) and assembled step by step to produce the cell face
velocity. The terms into which the velocity at the face is decomposed are as
follows:

term I: the interpolated velocity field vy,
terms II and III: the face and average pressure gradients —E(fo - V—pf),

terms IV and V: the average and redistributed body forces D_fV(B_jX — B_]Y>,

) a;Df —
terms VI and VII: the transient fluxes V‘ (V; — vfo) , and
f ’

terms VIII and IX: the relaxation correction term (1 — /lv)(v‘;-” ——)
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o

oe

assemble term I
density f [v]_£f.sSf

o

oo

bar_f = (dot(vel_bar_f(:,:)',SEf(:,:)"))";

local_FLUXVE =local_FLUXVf+ density f.*U_bar_f;

2

()

% Assemble term II and linearize it
- density f ([DPVOL]_f.P_grad_f).Sf

o

oo

DUSf = [DUl_f.*Sf(:,1),DU2_f.*Sf(:,2),DU3_f.*Sf(:,3)1];
geoDiff =( dot(Sf(:,:)',DUSE') ./ dot(CN(:,:)',Sf(:,:)"))";
local FLUXCfl = local FLUXCfl + density_f.*geoDiff;

local_ FLUXCf2 = local FLUXCf2 - density_f.*geoDiff;

local_FLUXVE = local_FLUXVEf - density f.*dot(p_grad_f',T')';
% assemble term III
% density_f ([P_grad]_£f. ([DPVOL]_f.Sf))

oo

local_FLUXVEf = local_ FLUXVE +
density_f.*dot (p_grad_bar_f (iFaces,:)',DUSf (iFaces,:)"')"';

°

% assemble terms IV and V
% density_f [DBVOL]_f. ([B]l_f -[[B]]1_£f).s_f

oo

local_FLUXVEf = local_ FLUXVE +
density_ f[iFace] *FVVectorDotProduct (FVTensorVectorDotProduct (DB_f, FVVe
ctorSubstract (FVMakeVector (bfl_bar_ f[iFace],bf2_bar_f[iFace]) ,h FvMakeVe
ctor (bfl_redistributed_f[iFace],bf2_redistributed_f[iFacel))),S_f) ;

©

o°

assemble terms VI and VII
[Dt]_f (U_0ld_f -[v_old]_£f.s_f)

o0

U_bar_old_f = [velx_old _bar_f[iFace] vely_old_bar_f[iFace])] *

S_f!
local_FLUXVf = local FLUXVE + DT_f*(mdot_old_f[iFace] -
density_old_f[iFace] *U_bar_old_f) ;

o

assemble terms VIII and IX
(1-URF) (U_f -[v]_£f.S_f)

o° o

o

local_FLUXVf = local FLUXVE + (1.0-Mdot_URF) * (mdot_previous_f -
density_f.*U_bar_f);

of

assemble the flow term dot for the face

o0

o

local_mdot_f = local FLUXCf_1* (pressure[iElementl]+ Pref) +
local_FLUXCf_2* (pressure[iElement2]+ Pref) + local_FLUXVE;

2
]

o

e

Assemble in Global Fluxes

oo

Listing 15.1 Script used for the calculation of the mass flow rates and coefficients of the pressure
correction equation in uFVM
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theFluxes.FLUXC1f (iFaces,1) = local_FLUXCf1;

theFluxes.FLUXC2f (iFaces,1l) = local_FLUXCf2;

theFluxes.FLUXVf (iFaces, 1) = local_ FLUXVE;

theFluxes .FLUXTf (iFaces,1l) = theFluxes.FLUXC1f.*pressureC (iFaces)

+ theFluxes.FLUXC2f.*pressureN(iFaces) + theFluxes.FLUXVf (iFaces) ;

[}
<

mdot_f = theFluxes.FLUXTf (iFaces) ;

Listing 15.1 (continued)

15.10.2 OpenFOAM®

The numerical techniques introduced so far are used in what follows to develop
OpenFOAM®™ [27] applications for solving the incompressible Navier-Stokes
equations.

15.10.2.1 Pressure Correction SIMPLE Solvers

Based on the SIMPLE algorithm, a number of solvers will be constructed. The base
solver, simpleFoam, will be presented first. This is followed by a number of ver-
sions, with each one adding more capabilities to the base code. These solvers can be
summarized as follows:

1. simpleFoam (not the OpenFOAM® built-in solver) is the base code that
incorporates the SIMPLE Algorithm in its most basic form.
2. simpleFoamImproved extends the base code to allow for improved treatment of
relaxation.
. simpleFoamTransient adds transient capabilities to the steady-state simpleFoam.
4. simpleFoamBuoyancy adds to the code the body force treatment.

w

More versions will be covered in the chapters to follow, each one with extended
capabilities, added by modifying the base code described in this chapter. A list of
the versions that will be covered in the next chapters is given below.

5. simpleFoamCompressible is the compressible version of simpleFoam (Chap. 16)
6. simpleFoamTurbulent includes capabilities for treating turbulent flows
(Chap. 17).

simpleFoam

Before reviewing the simpleFoam code, some basic notational issues are addressed.
The first step is to define, as shown in Listing 15.2, the geometric fields and
parameters that will be initialized and used in the code.


http://dx.doi.org/10.1007/978-3-319-16874-6_16
http://dx.doi.org/10.1007/978-3-319-16874-6_17
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#include "fvCFD.H"
#include "orthogonalSnGrad.H"

[/ K K K kK kK ok Kk ok ok kK kK kK kK kK kK kK ok ok kK ok ok kK kK %

* x ok /)

int main(int argc, char *argvl[])

{

# include "setRootCase.H"
include "createTime.H"
# include "createMesh.H"

HH

Listing 15.2 The #include macro derivatives used to define the types of objects needed

In Listing 15.2, the #include macro directives outside the main function are
needed to define the types of objects that are then declared and used in the appli-
cation. The #include “fvCFD.H” contains a list of definitions for classes that are in
general necessary to build any application in OpenFOAM®™. In the developed
application an additional header, not present in the fyCFD.H header, necessary for
the SIMPLE solver implementation will be added.

The use of the #include statements inside the main function is a compacting
procedure, with each declared statement representing a piece of the code moved to
the corresponding file name. For example, the statement #include “createMesh.H”
just represents the code shown in Listing 15.3, which is necessary to instantiate the
mesh class.

createMesh.H
Foam: : Info
<< "Create mesh for time = "
<< runTime.timeName () << Foam::nl << Foam::endl;

Foam: : fvMesh mesh
(
Foam: : IOobject
(
Foam: : fvMesh: :defaultRegion,
runTime. timeName (),
runTime,
Foam: : IOobject : :MUST_READ

) 5

Listing 15.3 The code representing the #include createMesh.H file necessary to instantiate the
mesh class
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Once the necessary initialization has been performed, the next step is the
definition of the proper fields or variables needed by the solver. These are defined
in file “createFields.H”. The first defined field, shown in Listing 15.4, is the

pressure field (p).

Info << "Reading field p\n" << endl;
volScalarField p
(
IOobject
(
"p",
runTime. timeName () ,
mesh,
IOobject: :MUST_READ,
IOobject: :AUTO_WRITE
) o
mesh
) 5

Listing 15.4 Script used to define the pressure field

Since the solution is obtained by solving a pressure correction equation instead
of a pressure equation, a pressure correction field (pp) is also defined (Listing 15.5).

const volScalarField: :GeometricBoundaryField& pbf=p.boundaryField() ;
wordList pbt = pbf.types();
volScalarField pp
(
IOobject
(
"pp",
runTime. timeName () ,
mesh,
IOobject: :NO_READ,
IOobject: :AUTO_WRITE
) o
mesh,
dimensionedScalar ("zero", p.dimensions(), 0.0),
pbt

Listing 15.5 Script used to define the pressure correction field

It is worth noting that in Listing 15.5 a different constructor is used to define the
pressure correction field. Since the pressure corrector represents the pressure itself,
the same boundary conditions defined for the real pressure can be used for the
pressure correction field without the need to define the same quantity twice.

The list of pressure boundary types displayed in Listing 15.6 are now copied
under the pbt variable in Listing 15.5 and directly used in the constructor of pp.
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// Set pp boundary values
forall (pp.boundaryField(), patchi)

{
if (isType<fixedvValueFvPatchScalarField> (pp.boundaryField()

[patchil))

{
fixedvalueFvPatchScalarField& ppbound =

refCast<fixedvalueFvPatchScalarField> (pp.boundaryField () [patchi]) ;

ppbound == scalarField (ppbound.size(),0.0);

Listing 15.6 Script showing the declaration of the different pressure boundary types

The corrector should reset to zero the correction field at every iteration and
should also apply a zero value at all boundaries for which a Dirichlet boundary
condition is used for the pressure.

The velocity and corresponding mass flux fields must also to be defined. As
depicted in Listing 15.7, the velocity field is defined through an input file while the
mass flux field can be defined as a derived quantity.

Info << "Reading field U\n" << endl;
volVectorField U
(
IOobject
(
nge
runTime. timeName (),
mesh,
IOobject: :MUST_READ,
IOobject: :AUTO_WRITE
),
mesh
) 5
surfaceScalarField mDot
(
IOobject
(
"mDot",
runTime. timeName (),
mesh,
IOobject: :READ_IF_PRESENT,
IOobject: :AUTO_WRITE
)
linearInterpolate(U) & mesh.Sf ()
) ;

Listing 15.7 Script used to define the velocity and mass flux fields
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Finally the fluid thermo-physical properties should also be defined. For incom-
pressible laminar flows this involves simply assigning a value to the kinematic
viscosity nu, as shown in Listing 15.8.

Info<< "Reading transportProperties\n" << endl;
IOdictionary transportProperties
(
IOobject
(
"transportProperties",
runTime.constant (),
mesh,
IOobject: :MUST_READ_IF MODIFIED,
IOobject: :NO_WRITE
)
)i
dimensionedScalar nu

(
transportProperties.lookup ("nu")
)8

Listing 15.8 Code used to define the fluid thermo-physical properties

After defining all variables the implementation of the SIMPLE algorithm can
proceed. A while loop can be used for the cases when the stopping criterion is the
number of SIMPLE iterations. For each single loop, the momentum and pressure
correction equations are solved and updates of the variables are performed. Starting
with the momentum equation written as (the form solved in OpenFOAM™),

V- {vw} =vwWv - Vp (15.217)
where the kinematic viscosity v is defined as

v="= (15.218)

and p represents the pressure divided by the density, i.e.,

Static pressure

15.219
; ( )

its solution is translated into the script shown in Listing 15.9.
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// Solve the Momentum equation
fvVectorMatrix UEQn
(
fvm: :div (mDot, U)

- fvm::laplacian(nu, U)
);
UEgn.relax () ;
solve

(
UEgn == -fvc::grad(p)
)i

Listing 15.9 Script to solve the momentum equation

The first instruction in Listing 15.9 defines the finite volume discretization of the
momentum equation in vector form with its storage matrix (the three components of
the velocity vector are solved in a segregated manner despite its vectorial imple-
mentation). The system is then implicitly relaxed and solved via an iterative solver.

Once the momentum equation is solved, a new guess for the velocity field is
obtained. This velocity does not satisfy the continuity equation in general and the
assembly of the continuity equation in the form of a pressure correction equation is
now required to correct the flow field. The pressure correction equation is written as

—V - (DVp)=-V-(v) (15.220)

where a component of D at an element centroid is computed as

D=— (15.221)

\4
aC

with values at the faces obtained by interpolation. Its implementation is translated
into the following syntax (Listing 15.10):

pp = scalar(0.0) *pp;
pp.correctBoundaryConditions () ;

fvScalarMatrix ppEgn

(
- fvm::laplacian(DUf, pp, "laplacian(pDiff,pp)")
+ fvc::div(mDot)

)i

Listing 15.10 Script to implement the pressure correction equation
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where div(mDot) is basically ) 7, while pp represents p’ and is reset to zero at
each iteration. Moreover, the DUf variable is the value of D at the cell face
obtained, as shown in Listing 15.11, by linear interpolation using the values at the
nodes straddling the face. Further, .A() represents the diagonal terms in the
momentum matrix divided by the volume.

volScalarField DU = 1.0/UEgn.A() ;
surfaceScalarField DUf ("DUf", linearInterpolate (DU)) ;

Listing 15.11 Script to calculate the values of DUf

Listing 15.12 computes the mass flow rate at cell faces (mDof) using the
Rhie-Chow interpolation where the calculation of Vp,and Vpy is clearly shown.

const surfaceVectorField ed = mesh.delta() () /mag(mesh.delta() ());
Foam: : fv: :orthogonal SnGrad<scalar> faceGradient (mesh) ;
surfaceVectorField gradp_avg_f = linearInterpolate(fvc::grad(p));
surfaceVectorField gradp_f = gradp_avg_f - (gradp_avg f & ed)*ed +
(faceGradient.snGrad (p)) *ed;

surfaceVectorField U_avg_f = linearInterpolate(U) ;
// Rhie-Chow interplation

mDot = (U_avg_f & mesh.Sf()) - ( (DUf*( gradp_f - gradp_avg_f)) &
mesh.Sf () );

Listing 15.12 Script to compute the mass flow rate at cell faces using the Rhie-Chow
interpolation

The pressure correction equation is now fully set and is solved by executing the
statement in Listing 15.13.

ppEgn.solve() ;

Listing 15.13 Statement used to solve the pressure correction equation

Once the pressure correction equation is solved, the velocity, pressure, and mass
flow rate fields are updated using the obtained pressure correction field. Starting
with the mass flow rate field (i.e., the mDot flux), it is updated by executing the
below statement (Listing 15.14).
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mDot += ppEgn.flux();

Listing 15.14 Statement used to update the mass flow rate field to satisfy continuity

The flux() function in Listing 15.14 provides the matrix multiplication, the extra
diagonal matrix coefficients, and the corresponding solution. Recalling the finite
volume discretization of the diffusion term, each extra diagonal of coefficients
represents a face of the mesh. Thus the update of the fluxes can be performed in a
more consistent way using directly the matrix coefficients and cell values.
A simplified version of the flux() function is shown in Listing 15.15.

for (label face=0; face<lowerAddr.size(); face++)

{
mDotPrime[face] =
upperCoeffs[face] *pp [upperAddr [ face] ]
- lowerCoeffs[face] *ppl[lowerAddr[facell];
}

return mDotPrime;

Listing 15.15 A simplified version of the flux() function where the flux correction mDotPrime is
computed

In Listing 15.15 the correction flux mDotPrime (Eq. 15.101) is basically eval-
uated by performing a loop over the faces using the upper and lower coefficients of
the matrix and multiplying these coefficients with the corresponding cell values.

Finally the velocity and pressure at cell centroids are updated using the script
shown in Listing 15.16,

scalar URF = mesh.equationRelaxationFactor ("pp") ;
p += URF*pp;

p.correctBoundaryConditions () ;

U -= fvc::grad(pp) *DU;
U.correctBoundaryConditions () ;

Listing 15.16 Update of the velocity and pressure fields at cell centroids

where the variable URF is the explicit relaxation factor for pressure update A\”,
necessary for a stable SIMPLE solver.
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simpleFoamImproved

In simpleFoamImproved the Rhie-Chow interpolation is extended to account for
the relaxation of the velocity field. This is translated into the syntax presented below
in Listing 15.17 that expands the generic Rhie-Chow interpolation to include the

additional term in Eq. (15.196).

// Rhie-Chow interplation
mdotf = (U_avg_f & mesh.Sf()) - ( (DUf*( gradp_f - gradp_avg_f)) &
mesh.Sf() )

(U_avg_previter_ f &

)
+(scalar (1) - URFU) * (mdotf.prevIter() -
)

mesh.Sf()));

Listing 15.17 Improved Rhie-Chow interpolation accounting for under relaxation

Thus the fields mdotf.prevIter() and U.prevlter() need to be defined.

simpleFoamTransient
In simpleFoamTransient the Rhie-Chow interpolation is extended to account for
the transient term. Thus the expression for the mass flow rate becomes (Listing

15.18).

// Rhie-Chow interplation
mdotf = (U_avg_f & mesh.Sf()) - ( (DUf*( gradp_f - gradp_avg_f)) &
mesh.Sf () )

(U_avg_previter f &

)
+(scalar (1) - URFU) * (mdotf.prevIter() -
)

))

mesh.Sf (
+ DTf*( mdotf_old - (U_old_f& mesh.Sf()));

Listing 15.18 Rhie-Chow interpolation accounting for the effects of under-relaxation and the
unsteady term

Furthermore the main loop is modified to add a transient loop, with the main

code becoming as shown in Listing 15.19.
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pimpleControl pimple (mesh) ;

[/ KR Kk x k ok k k ko Kk Kk ok k k ok ok ok ok ok Kk Kk ok x k ok ok ok ok

* x k7

Info<< "\nStarting time loop\n" << endl;
while (runTime.run())

{

#include "readTimeControls.H"
#include "CourantNo.H"
#include "setDeltaT.H"
runTime++;

Info<< "Time = " << runTime.timeName() << nl << endl;

scalar iter=0;
while (pimple.loop())
{
iter++;
Info<< "Iteration = " << iter << nl << endl;
//
U.storePreviter() ;
mdotf.storePrevIter () ;

// Pressure-velocity SIMPLE corrector

#include "UEgn.H"
#include "ppEgn.H"

}

runTime.write () ;

Info<< "ExecutionTime = " << runTime.elapsedCpuTime() << " s"
<< " ClockTime = " << runTime.elapsedClockTime() << " g"
<< nl << endl;

Listing 15.19 The main loop used for solving unsteady flow problems

simpleFoamBuoyancy

The simpleFoamBuoyancy solver adds to simpleFoamTransient the following
capabilities: (i) the solution of the energy equation, (ii) the inclusion of a body
source term in the momentum equation, and (iii) an account of the effects of the
body force term redistribution in the Rhie-Chow interpolation.

The codes used to introduce these modifications are shown in Listings (15.20),
(15.21), and (15.22).
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The code needed to solve the energy equation is given in Listing (15.20).

// Solve the Energy equation

fvScalarMatrix TEgQn
(
fvm: :ddt (T)
+ fvm::div(phi, T)
- fvm::laplacian(K, T)
)i

TEgn.relax() ;
TEQn.solve() ;

Listing 15.20 The script used to solve the energy equation

The source term in the momentum equation is implemented as (Listing 15.21),

surfacevVectorField B_f = linearInterpolate(- beta* (T-To) *qg) ;
volVectorField B_reconstructed = fvc::average(B_f);

solve
(
UEgn == -fvc::grad(p) + B_reconstructed

)i
Listing 15.21 Accounting for the body force term source in the momentum equation

while the calculation of the mass fluxes using the Rhie-Chow interpolation are as
displayed in Listing (15.22).

surfacevVectorField B_reconstructed_f =
linearInterpolate (B_reconstructed) ;

// Rhie-Chow interplation

phi = (U_avg_f & mesh.Sf())

- DUf*( (gradp_f*mesh.magSf())-(gradp_avg_f&mesh.Sf()))
+ (scalar(l) - URFU) * (phi.previter() - (U_avg_previter_f &
mesh.Sf()))
+ DTf* (phi_old - (U_old_f& mesh.Sf()))
+ DUf* ( (B_f& mesh.Sf()) - (B_reconstructed_f& mesh.Sf()) ) ;

Listing 15.22 The modified Rhie-Chow interpolation accounting for body forces
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15.11 Closure

This chapter presented the segregated pressure-based approach for solving
incompressible flow problems on collocated grids. It also demonstrated that the
success of the Rhie-Chow interpolation on collocated grids is due to its formation of
a pseudo-momentum equation at the cell face that has a tight pressure gradient
stencil similar to the one resulting from a staggered grid formulation. In addition,
the details of implementing the most commonly encountered boundary conditions
in the momentum and pressure-correction equations were discussed. The next
chapter will extend the pressure based method to predict compressible fluid flow at
all speeds.

15.12 Exercises

Exercise 1
A portion of a water-supply system is shown in Fig. 15.31. The flow rate 7z in a
pipe section is given by

m = CAp

where Ap is the pressure drop over the length of the pipe section, and C is the
hydraulic conductance. The following data is known:

p1 = 400, p, = 350
i = 25
Co=04,C5 =02,Cc =0.1,Cp =0.3,Cr = 0.2

Find ps, p4, ps, ma, mp, mc,mp and g using the following procedure

Start with a guess for p3, p4, and ps.

Compute 77" values based on the guessed pressures.

Construct the pressure-correction equations and solve for p}, p; and pk.
Update the pressures and the rir* values
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Do you need to iterate? Why?

p,=350 i, P,

p, =400 it P,

Fig. 15.31 A portion of a water-supply system

Exercise 2
A one dimensional flow through a porous material is governed by

dp
e
clulu + +

where c is a constant. The continuity equation is

du

0
dx

Xp—X1 = 1 X3—Xy = 2
Sy =3 Sp =2

Use the SIMPLE procedure for the grid shown in Fig. 15.32 to compute p,, uy,
and ug from the following data:

Cp = 0.3 Ccgp = 0.15
pP1 = 150 pP3 = 18

with the size and area at the center of each control volume given by

AXA: I,AA:3
AXB:3;AB:2

o —> o —> o)
2

1 u, u,

Fig. 15.32 One dimensional flow in a porous material
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Exercise 3

In the Steady, one dimensional, constant density situation shown in Fig. 15.33, the
velocity u is calculated at locations B and C, while the pressure is calculated at
locations 1 and 2. The velocity correction formulae are written as

ug = Dg(p1 —p2) and uc = Dc(p2 — p3)

where the values of Dy and D¢ are 3 and 4, respectively. The boundary conditions
are uy = 5 and p3 = 70.

(a) If at a given stage in the iteration process, the momentum equations give
up = 4 and ug. = 6, calculate the values of p; and p,.

(b) Explain how you could obtain the values of p; and p; if the right hand
boundary condition is given as uc = 5 instead of p; = 70.

E)—O —> g m)—oO

u 1 u U 3

A B

Fig. 15.33 Incompressible flow in a one dimensional domain

Exercise 4

Consider the main control volume shown in Fig. 15.34. A staggered mesh is used
with the u and v velocity components stored as shown. The following quantities are
given: u,, = 7, vy = 3, py = 0 and pz = 50. The flow is steady and the density is
constant. The momentum equations for #, and v,, are given by:

ue = —De(pE — pc)
Vp = *Dn(PN *PC)

Also given D, = 2, D,, = 1.6, and the control volume has Ax = Ay = 1.

(a) Starting with a guessed value of p(C"> = 50, use the SIMPLE algorithm to find
u, and v,,.
(b) Is an iteration loop needed for this problem? Explain.

Pc Pe

Fig. 15.34 A main control volume in a two-dimensional staggered grid arrangement
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Exercise 5
Consider the simplified one-dimensional Forchheimer model for flow in porous
media given by

dp

bu* = —k—
! dx

with the continuity equation given by

d(eu)
dx

=0

In the above equations b is a constant and ¢ is the porosity coefficient that
accounts for the effective porous area.
Devise a SIMPLE-like procedure to compute p¢, u,, and u,, for the following data:

Ax=0.1; Ay=1

by = 5; bc=4;bp =3
e, =0.9; ¢,=0.6

pw =40;  pgp=—200

Start with the following initial values for velocity and pressure (Fig. 15.35):

u, = u;, =3 and pc = —100.

e

Dww Per

Fig. 15.35 One-dimensional Forchheimer model for flow in porous media

Exercise 6
Compute the interface velocities u, and u,, using the Rhie-Chow interpolation and
compare it to the averaged values i, and u,, knowing the following data (Fig. 15.36):

pww = 10;pw = 12;pc = 16;pg = 24; pgg = 40, and
uw = 5;uc = 10;ug = 40.

MWW MW u(‘ ME MEE

ﬁww Py | Pc |€ Dr 1453

Fig. 15.36 A one dimensional collocated grid
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Exercise 7

In OpenFOAM® develop a SIMPLEC pressure correction algorithm by modifying
the SIMPLE algorithm described in this chapter. Hint: in order to find the sum-
mation of the extra diagonal coefficients use the H1() function of the fvMatrix.

Exercise 8

Check the pisoFoam solver located in $FOAM_SRC/../applications/solvers/
incompressible/pisoFoam/pisoFoam.C and compare it with the algorithm descri-
bed in this chapter, i.e., “The Collocated PISO Algorithm”. Find out the incon-
sistency with the standard OpenFOAM®™ implementation.

Exercise 9
Develop a pressure correction PISO algorithm for OpenFOAM®.
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