The Impact of Obesity on Predisposed People
to Type 2 Diabetes: Mathematical Model

Wiam Boutayeb!*, Mohamed E.N. Lamlili', Abdesslam Boutayeb®,
and Mohammed Derouich?

! URACO04, Department of Mathematics Faculty of Sciences Boulevard Mohamed VI,
BP: 717, Oujda, Morocco
{wiam.boutayeb,mohamed.lamlili}@gmail.com, x.boutayeb@menara.ma
2 National School of Applied Sciences Univerisity Mohamed Premier Boulevard
Mohamed VI, BP: 717, Oujda, Morocco
mderouich2011@gmail.com

Abstract. Several mathematical models have been developed to simu-
late, analyse and understand the dynamics of 3-cells, insulin and glucose.
In this paper we study the effect of obesity on type 2 diabetes in people
with genetic predisposition to diabetes. Equilibrium analysis and stabil-
ity analysis are studied and the model shows three equilibrium points:
a stable trivial pathological equilibrium point Py, a stable physiological
equilibrium point P; and a saddle point P». A simulation is carried out
to understand the models behaviour.
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1 Introduction

According to the International Diabetes Federation (IDF) 2013, 8.3% of adults
(382 million people) are living with diabetes all over the world with a particular
growing trend of type 2 diabetes. [1]

Obesity is thought to be the primary cause of type 2 diabetes, especially for
people having a genetic predisposition to the disease [2, 3]. Actually, an elevated
level of Free Fatty Acids (FFA) leads to a chronic insulin resistance and thus
B-cell apoptosis that consequently raises the blood glucose level [4].

Several studies have been carried out in order to understand the dynamics of
insulin and glucose leading to diabetes. Bolie (1961) introduced a simple linear
model, using ordinary differential equations in glucose and insulin [5]. Bergman
et al. published the minimal model [6]. Diverse models based on the minimal
model were published by different authors, including Derouich and Boutayeb
(adding physical effort) [7], Roy and Parker dealt with the interaction between
insulin, glucose and FFA [8]. Other authors introduced the dynamics of S-cells
in the mechanisms leading to diabetes. Topp et al incorporate the (-cell mass,
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insulin, and glucose kinetics [9]. Hernandez et al. proposed an extension of the
Topp model by adding the surface insulin receptor dynamics [10]. Boutayeb et
al. extended Topps model by stressing the effect of genetic predisposition to
diabetes [11].

Our model is based on mathematical models published by Boutayeb et al[11],
Roy et al[8] and Hernandez et al[10].

2 The Mathematical Model

In this model we assume, for glucose dynamics that the concentration of glucose
in the blood is determined by a differential equation of the form:

a—bG(t) — cI(t)R(t)G(t) + m1(F(t) — Fp)[9, 10].
Where G(t)(g/l) is the concentration of glucose that increases by a rate a (in
mg/(dl.d)) (glucose production by liver and kidneys) and decreases by a rate
bG(t) where b in (d~!)(independent of insulin) and a rate cI(t)R(t)G(t) repre-
senting the glucose uptake due to insulin sensitivity ¢[10].We assume that the
concentration of glucose increases by a rate mq (F(t)— F) where my (in {/dumol)
which is the effect of FFA on glucose uptake.

Insulin dynamics is governed by the differential equation of the form:

1?1&2) efg():)Q — fI(t)— fR(t)I(t), which has the same expression used by Henan-
dez et al. Where I(¢)( ( pU)/ml) is the plasma insulin concentration [10]. The
dynamics of S-cell mass for predisposed people to type 2 to diabetes[2] as used
in the model of Topp et al. takes the form: (—g + hG(t) — iG(t)?). Where 3(t)
(mg) is the fS-cell mass [10].

For the insulin receptors dynamics we keep the expression used by Hernandez
et al.: j(1 — R(t)) — kI(t)R(t) — IR(t). Where R(t) is the insulin receptor [10].
The concentration of FFA increases by a rate ms(G(t) — Gp)which represents
the excess glucose used in lipogenesis and decreases by mq(F'(t) — F(t),) which
is the effect of the rate of insulin on FFA. Where F'(¢) ( ( wmol)/1)

So, the model is written as follows:
dG(t)
dt

dI(ty  dp(t) Gt
dt 1+ R(t) e+ G(t)2

=a—bG(t) — cI(t)R(t)G(t) + mi(F(t) — Fp)

— JI(t) = FROI(?)

d@it) = (—g + hG(t) — iG(t)?)
MO _ 1 - r) - k10)RE) - 1RE)
dF (1)

P —ma(F(t) — F(t)p) + ms(G(t) — Gp)
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3 Equilibrium Analysis

The steady state solutions are the solutions of the equations:

a—bG(t) — cI(t)R)G(t) + mu(F(t) — F,) =0
ap(t)  G(t) B

L4 R(t) e + Gy~ T~ FROI =0

—g+hG(t) —iG(t)* =0

j(1 — R(t)) — kI(t)R(t) — IR(t) = 0

—ma(F(t) — F(t)y) + m3(G(t) — Gp) =0

This model has three equilibrium points:

Py(Go, 1o, Bo, Ro, Fo), Pr(G1, 11, 1, Ry, F1) ans Py(Ga, I2, B2, Rz, F3)

e The first equilibrium point Py = (Go, lo, B0, Ro, Fo) is a trivial pathological
point.

With:

mimsGy — ama

GO = )
mims — mab
Iy =0,
ﬁo = Oa
J
Ry = . ,
0 j+1
7 ams — bmsGp — mimsFy, + maobly
0 =

—mims + mab

e The second equilibrium point Py = (G1, 11,51, R1, F1) is a physiological
point.

With:
h—+/h% — 4i
Gl - \/ . Zg)
21
I = —iGy + aj + jmi FY¥ — jmiFy + la+ Im  FY — lmq Fy

ak — cjG} + mikFy —mikF,
FL(R +1)(e+ GP?)
B = ple ;
R ak — ¢jGT + kmi F} — kmq Fy)
e (Gi(bk — cj — cl ’
_ 2maikFy + hmz —m3 \/h2 — 4ig — 2im3Gy

F;
! Qimz

The third equilibrium point Py = (Ga, I2, B2, Ra, F3)
with:
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G, — h+ \/h? —4ig’
24
I = —jGy+aj + jmi Fy — jmiFy + la+ Ilmi F — lmq Fy,
ak — cjG5 + mikFy — mikFy ’
_ (R + 1)(e + G5?)
B2 = e ;
Ry — ak — cjGy + kmi Ff — kmi Fy
G5(bk —cj — cl) ’
P 2magiFy + himz + ma+/h2? — dig — 2im3G,,

2im2

The conditions of existence of the equilibrium points are presented in the fol-
lowing Table:

Table 1. Conditions of existence

Coordinates Conditions of existence
Po (Go, Io, o, Ro, Fo) mms e s Gy
h—y/h2 —4ig )
Pl (G, 1, B, B, 1) 2 <Gy, bk >c(j+1)
h++/h2—4ig )
Py (G, I2, B2, Ra, F») 2i > Gy, bk > c(5 +1)

4 Stability Analysis

The stability analysis based on variational principle is used. The variational ma-
trix of the system at any point P;(i = 0,1, 2) is written as:

—b—cIR —cRG 0 —clIG mi
2dBGe dG?2 —dBG?
(R+1)(e+G?2)2 -f-fR (R+1)(e+G?)  (R+1)2(e+G2) fr 0
(h —2iG)B 0 —g+hG—iG? 0 0
0 —kR 0 —j—kI—1 0
ms 0 0 0 —Mmy

4.1 The Stability Analysis of the Py

The eigenvalues of the variational matrix at Py:

A =—j—1
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No = —g+ hG — iG?
1 1
)\3:72b— m2+1/2\/4m1m3+b272bm2+m§

2
1 1

Ay = 721)_ 2m2 — 1/2\/4m1m3+b2 — 2bmy + m3
Xo=—f IR

Since: A1, A2, A3, A4, A5 < 0 (following the conditions of existence in Tablel) we
conclude that the point Py is stable.

4.2 The Stability Analysis of the P;:

The calculus of P;s eigenvalues is computed using numerical approximation by
Maple, showing that P; is a stable node.

4.3 The Stability Analysis of the Ps:

We put:
A=b+cIR
B = cRG
C=clG
B 2dpGe
 (R+1)(e+ G?)2
2
o dG
(R+1)(e+G?)
F=f+fR
dBG?
= I
T= Re12e+ay T
K =kR
L=j+kl+1
M = (h —2iG)j3

Given the characteristic polynomial,
M+
(n+L+F+ A\ +
(mimg + moL +maF +nA—KJ+ LF+ LA+ DB+ FA)X +
(mlmgL —mimsF —moKJ+moLF+moLA+moDB+moFA—KDC—-KJA+
LJA+ LDB+ LBD + LFA+ MBE)\* +
(mimsKJ —mimsLF —moKDC —moKJA+moLDB+moLFA+maMBE —
KEMC + LMBE)X +
moKEMC — moLMBE

Following the conditions of existence of P, given in Tablel: moKEMC —
mo LM BE < 0, whereas the coefficient of the highest order is positive. We
conclude that P, is unstable since the necessary condition of routh Hurwitz is
not satisfied.
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5 Simulation

Our simulation is based on the parameters given in Table 2. [8-11].

Param Value

a

S TR - 0o Q o o

— 3 .

mi

ma
m3

Gy
Ey

864
1.44
0.85
43.2

20000
216
0.06
0.572-3
0.252e-5
2.64
0.02
0.24
0.0864

43.2
97.92

98
380

Table 2. Parameters for an average healthy person

Units

dl
mg d

mg2d

Biological Interpretation
glucose production rate by liver when G =0

glucose clearance rate independent of insulin
insulin induced glucose uptake rate

[-cell maximum insulin secretory rate

gives inflection point of sigmoidal function
whole body insulin clearance rate
[B-cell natural death rate
determines (-cell glucose tolerance range
determines (-cell glucose tolerance range
insulin receptor recycling rate
insulin dependent receptor endocytosis rate
insulin independent receptor endocytosis rate
the effect of plasma FFA on glucose uptake

the influence of insulin

the rate constant representing plasma FFA concentration

the basal glucose concentration

the basal FFA concentration

Using the parameters giving in Table 2 yields the results presented in Table 3.

Table 3. Stability analysis using the values of parameters given in Table 2

equilibrium points(G, I, 3, R, F) Stability
(679, 0, 0, 0.9, 1698.2) stable

(82, 12.65, 853.32, 0.85, 343.7) stable

(145, 6.13, 211.25, 0.88, 486.6) instable

In this model we considered the effect of obesity on type 2 diabetes. It was
shown in the first point Py that an elevated rate of FFA has an impact on insulin
secretion and insulin-resistance and hence on the development of type 2 diabetes.

The results of the simulation using parameters given in Table2 with (I(0)=6.5,
£(0)=220, R(0)=0.87 and F(0)=580) are illustrated by Figl, Fig2, Fig3, Figd
and Figh.
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Fig. 1. Plot of the trajectory of G over 150 days
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Fig. 2. Plot of the trajectory of I over 150 days
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Fig. 3. Plot of the trajectory of 8 over 150 days
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Fig. 5. Plot of the trajectory of FFA over 150 days

The mathematical model has three equilibrium points: a stable pathological
point corresponding to an hyperglycemic state with zero level of 5-cell mass and
insulin Py(679,0,0,0.9,1698), and a high level of FFA, a stable physiological
point with basal values of FFA, glycemia, insulin, insulin receptor and [-cell
mass Pj(82,12.645,853.32,0.85,343.7), and an unstable saddle point with in-
termediate values of FFA, glycemia, insulin, insulin receptor and [-cell mass
P»(145,6.13,211.25,0.88, 486.6).

6 Conclusion

In this model we considered the effect of obesity on type 2 diabetes in presence
of pre-disposition to diabetes on the dynamics of §-cells, insulin, glucose, insulin
receptors and Free Fatty Acids (FFA). It was shown that the pathological and
physiological equilibrium points are stable and the saddle equilibrium point with
intermediate values of Glucose, Insulin, $-cell mass, insulin receptors and FFA
is unstable. An elevated rate of FFA, leads to an evolution towards the patho-
logical point (G=679,1=0,5=0,R=0.9,FFA=1698.2). This model confirms that
FFA has an impact on insulin secretion and insulin-resistance and hence on the
development of type 2 diabetes for people with predisposition to diabetes.
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