
Chapter 2
Modelling of Structural Pounding

Modelling of earthquake-induced pounding between buildings, or bridge segments,
requires the use of accurate structural models as well as appropriate models of the
effects of collisions. Two different approaches can be found in the literature, which
are usually used to simulate structural pounding during ground motions. The first
approach considers the classical theory of impact, which is based on the laws of
conservation of energy and momentum and does not consider stresses and defor-
mations in the colliding structural elements during impact. Since this is not a force-
based approach, the effect of collisions is accounted through updating the velocities
of the considered bodies or structural elements. In the second approach, the
earthquake-induced structural pounding is simulated using the direct model of
impact force during collision.

2.1 Classical Theory of Impact

The classical theory of impact, called stereomechanics, is focuses on determination
of velocities of colliding elements after collision without tracing structural response
during impact (Goldsmith 1960). The analysis is based on the values of velocities of
structural elements before collision with the use of the coefficient of restitution,
which accounts for the energy dissipation during impact due to such effects as, for
example, plastic deformations, local cracking and friction (see Leibovich et al.
1996; Ruangrassamee and Kawashima 2001; DesRoches and Muthukumar 2002).
The formulae for the final (after impact) velocities _xf1, _x

f
2 of two colliding elements

with masses m1 and m2 (see Fig. 2.1) can be expressed as (Goldsmith 1960):

_x f
1 ¼ _x01 � ð1þ eÞm2 _x01 � m2 _x02

m1 þ m2
ð2:1aÞ

_x f
2 ¼ _x02 þ ð1þ eÞm1 _x01 � m1 _x02

m1 þ m2
ð2:1bÞ
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where _x01, _x02 are the initial (before impact) velocities and e is a coefficient of
restitution, which can be obtained from the equation:

e ¼ _xf2 � _xf1
_x01 � _x02

ð2:2Þ

The value of e ¼ 1 is related to the case of a fully elastic collision, while the value
of e ¼ 0 deals with a fully plastic impact. The basic value of the coefficient of
restitution can be determined experimentally by dropping a sphere, made of the
specific material, on a massive plane plate of the same material from a height
h. Then, after recording the rebound height h�, the following formula can be used
(see Goldsmith 1960):

e2 ¼ h�

h
ð2:3Þ

It has been confirmed through experimental studies that the value of the coef-
ficient of restitution usually ranges from 0.4 up to about 0.8 in the case of collisions
between structural elements made of building materials (see Anagnostopoulos and
Spiliopoulos 1992; Zhu et al. 2002; Jankowski 2010). Azevedo and Bento (1996)
suggested that e ¼ 0:65 should be used for typical concrete structures. In fact, this
value has been used by a number of researchers in the analyses of pounding
between different types of structures (see, for example, Anagnostopoulos 1988;
Papadrakakis et al. 1991; Anagnostopoulos and Spiliopoulos 1992; Jankowski et al.
1998; Jankowski 2006b, 2008; Mahmoud et al. 2013). However, the results of the
impact experiments indicate that the value of the coefficient of restitution might
substantially depend on the prior-impact velocity as well as on the material of
colliding elements (Jankowski 2010). The general trend for the typical building
materials, such as: steel, concrete, timber and ceramic, shows a decrease in the
coefficient of restitution as the prior impact velocity increases (see Fig. 2.2).

The value of the coefficient of restitution for colliding elements made of two
different materials can be determined from the following formula (Goldsmith 1960):

1m 2m 1m 2m
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Fig. 2.1 Initial (before impact) and final (after impact) velocities of colliding bodies
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e ¼ e1E2 þ e2E1

E1 þ E2
ð2:4Þ

where ei, Ei are the coefficient of restitution and modulus of elasticity for material
i ði ¼ 1; 2Þ, respectively.

The use of the classical theory of impact is recommended for predicting the
global effects on colliding bodies (Goldsmith 1960). However, its use in the
analysis of earthquake-induced structural pounding is actually limited to the cases
of collisions between only two structures which are modelled as lumped mass
single-degree-of-freedom (SDOF) systems (see, for example, Ruangrassamee and
Kawashima 2001). This limitation results from the fact that the approach does not
consider stresses and deformations in the colliding structural elements during
impact (it is assumed that contact lasts negligibly short time) and the behaviour of
structures during impact is not obtained. Therefore, the approach is not recom-
mended when structures are modelled as multi-degree-of freedom systems or when
the study on pounding of buildings in series, or between several segments of a
bridge, is conducted. In such cases, the structural response during the whole time of
contact is important, since collision between other structural elements might take
place at the same time. It is also possible that when two structural elements rebound
after collision they might come into contact with other elements.

2.2 Models of Pounding Force During Collision
Between Structures

The second approach, which has been applied to model structural pounding dur-
ing earthquakes, is to use directly the model of impact force during contact (force-
based models). The experimental results (see Goland 1955; Goldsmith 1960;
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Fig. 2.2 Coefficient of restitution with respect to the prior-impact velocity (Jankowski 2010)
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Van Mier et al. 1991; Jankowski 2010) show that the impact force history depends
substantially on a number of factors, such as masses of colliding structures, contact
surface geometry, material properties, relative prior-impact velocity, structural
material properties and even history of previous impacts.

The pounding force time history during impact consists of two phases (periods).
The approach period starts at the beginning of contact and lasts till the peak
deformation. It is followed by a restitution period which is finished at the moment
of separation. The results of experiments indicate (see Goldsmith 1960; Jankowski
2010) that, at the beginning of the approach period, colliding elements are within
the elastic range but, later on, plastic deformations, local cracking or crushing
usually take place. On the other hand, the accumulated elastic strain energy is
released without major plastic effects in the second phase of impact, i.e. during the
restitution period. It has been observed that majority of the energy dissipated during
impact is lost during the approach period of collision, while relatively small amount
of energy is dissipated during the restitution period (Goldsmith 1960). Moreover,
the experimental results show that during the approach period, a rapid increase in
the pounding force is usually observed, whereas, during the restitution period, the
force decreases with a lower rate, which is often reduced even further just before the
separation (see Fig. 2.3a). It has also been observed that the relation between
pounding force and deformation is non-linear with larger increase in values of
pounding force for larger deformations (see Fig. 2.3b).

Fig. 2.3 Example of pounding force diagrams obtained from experiments: a pounding force time
history; b relation between pounding force and deformation (after Crook 1952 and Goldsmith
1960)
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The pounding force between structures is usually simulated by the use of elastic
or viscoelastic impact elements, which become active when contact starts, i.e. when
the gap between elements is reduced to zero (see Fig. 2.4). Several types of such
elements have been employed by researchers to model the phenomenon.

2.2.1 Linear Elastic Model

The basic impact element consists of a simple linear elastic spring (see Maison and
Kasai 1990, 1992; Filiatrault et al. 1995; Zanardo et al. 2002; Kim and Shinozuka
2003; Karayannis and Favvata 2005). The pounding force during impact, FðtÞ, for
this model is expressed as:

FðtÞ ¼ kdðtÞ ð2:5Þ

where dðtÞ is the deformation of colliding structural elements and k denotes the
impact element’s stiffness which accounts for the local stiffness at the contact
location. The major drawback of the linear elastic model is that it does not account
for the energy dissipation during collision.

2.2.2 Linear Viscoelastic Model

The lack of energy dissipation properties is overcame in the linear viscoelastic
model (Kelvin-Voigt model), in which the impact element consists of a linear
spring with addition of linear damper (Wolf and Skrikerud 1980; Anagnostopoulos
1988, 1995, 1996; Anagnostopoulos and Spiliopoulos 1992; Jankowski et al. 1998;
Zhu et al. 2002; Pekau and Zhu 2006; Komodromos et al. 2007; Polycarpou and

1m 2m
spring

1m 2mspring

damper

gap

gap

(a)

(b)

Fig. 2.4 Equivalent force-
based models of pounding:
a with only spring; b with
spring and damper
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Komodromos 2010). The pounding force during impact, FðtÞ, for the linear vis-
coelastic model is expressed as:

FðtÞ ¼ kdðtÞ þ c _dðtÞ ð2:6Þ

where _dðtÞ describes the relative velocity between colliding structural elements and
c is the impact element’s damping, which can be calculated based on the formula
(Anagnostopoulos 1988, 2004):

c ¼ 2n
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k

m1m2

m1 þ m2

r
ð2:7Þ

in which n denotes the damping ratio related to the coefficient of restitution, e, by
the following relation (Anagnostopoulos 2004):

n ¼ � ln effiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ ðln eÞ2

q ð2:8Þ

A shortcoming of the linear spring-damper element is a negative impact force
observed just before separation which does not have a physical explanation
(Goldsmith 1960; Hunt and Crossley 1975; Marhefka and Orin 1999). This effect is
related to the fact that the viscous component is active during the whole time of the
restitution period [see Eq. (2.6)]. Moreover, the activation of the viscous component
with the same damping coefficient during the approach and restitution period results
in a uniform dissipation of energy during the whole time of collision, which is also
not fully consistent with the reality (Goldsmith 1960; Valles and Reinhorn 1996,
1997). As described before, most of the energy is lost during the approach period
and in the second phase of impact, i.e. in the restitution period, the accumulated
elastic strain energy is released with only minor energy dissipation. Nevertheless,
due to its simplicity, the linear viscoelastic model has been widely and successfully
used in a number of analyses of earthquake-induced structural pounding.

2.2.3 Modified Linear Viscoelastic Model

In order to eliminate the sticky tensile force that appears just before separation of
colliding structures in the case of the linear viscoelastic model, a modified version
of the model, in which the damping term is activated only during the approach
period of collision, was proposed (Mahmoud and Jankowski 2011). The pounding
force during impact, FðtÞ, for this model is defined as:

FðtÞ ¼ kdðtÞ þ c _dðtÞ for _dðtÞ[ 0 ðapproach periodÞ
FðtÞ ¼ kdðtÞ for _dðtÞ� 0 ðrestitution periodÞ ð2:9Þ
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where the impact element’s damping, c, is defined by Eq. (2.7). However, the
relation between the impact damping ratio and the coefficient of restitution from
Eq. (2.8) is no longer valid and, in order to satisfy the relation between the post-
impact and the prior-impact relative velocities [see Eq. (2.2)], the following relation
has been determined (see Mahmoud and Jankowski 2011):

n ¼ 1� e2

e e p� 2ð Þ þ 2ð Þ ð2:10Þ

2.2.4 Hertz Non-linear Elastic Model

In order to model the pounding force-deformation relation more realistically (see
Fig. 2.3b), a non-linear elastic spring following the Hertz law of contact (Hertz
1882) has been used in a number of studies (Jing and Young 1991; Davis 1992;
Pantelides and Ma 1998; Chau and Wei 2001). The pounding force during impact,
FðtÞ, for the Hertz non-linear elastic model is expressed as:

F tð Þ ¼ bd
3
2 tð Þ ð2:11Þ

where β is the impact stiffness parameter which depends on material properties and
geometry of colliding bodies. A wide range of impact stiffness parameters for
collisions between concrete elements has been determined by Van Mier et al.
(1991) based on the results of experiments. It has been verified that the impact
stiffness parameters for steel-to-steel collisions take even higher values (Goldsmith
1960; Chau et al. 2003). Goldsmith (1960) described simplified formulae to cal-
culate the impact stiffness parameters for certain shapes of colliding bodies. For
example, the impact stiffness parameter for collisions between two spheres can be
calculated as:

b ¼ 4
3pðh1 þ h2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R1R2

R1 þ R2

r
ð2:12Þ

where Ri, ði ¼ 1; 2Þ is a radius of the colliding body with mass mi, and hi is defined
as (Goldsmith 1960):

hi ¼ 1� v2i
pEi

ð2:13Þ

where vi stands for the Poisson’s ratio and Ei denotes the Young’s modulus of the
material. When R2 ! 1, i.e. when the second body becomes a massive plane
surface, the impact stiffness parameter, b, is defined as (Goldsmith 1960):
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b ¼ 4
3p h1 þ h2ð Þ

ffiffiffiffiffi
R1

p ð2:14Þ

The disadvantage of the Hertz contact law model is that it is fully elastic and
does not account for the energy dissipation during contact due to plastic defor-
mations, local cracking, friction, etc.

2.2.5 Hertzdamp Non-linear Model

Although the non-linear Hertz model effectively captures the relation between
pounding force and deformation, its drawback, related to the fact that it does not
account for the dissipated energy during collisions, causes serious problems.
Therefore, the Hertzdamp model was considered to study the pounding phenomenon
in the field of earthquake engineering (see Muthukumar and DesRoches 2006; Ye
et al. 2009). The energy loss during impact is taken into account by adding non-linear
damping to the Hertz model (see Lankarani and Nikravesh 1990, 1994). The
pounding force during impact, FðtÞ, for the Hertzdamp non-linear model is expressed
as (Lankarani and Nikravesh 1990, 1994; Muthukumar and DesRoches 2006):

F tð Þ ¼ bd
3
2 tð Þ 1þ 3 1� e2ð Þ

4 _x01 � _x02
� � _d tð Þ

" #
ð2:15Þ

2.2.6 Non-linear Viscoelastic Model

Disadvantage of the non-linear Hertz model is also overcome in the non-linear
viscoelastic model (see Jankowski 2005a, b, 2006b, 2007a, 2008; Mahmoud and
Jankowski 2009, 2010; Mahmoud et al. 2012, 2013; Sołtysik and Jankowski 2013),
in which the non-linear spring, following the Hertz law of contact, is applied
together with the non-linear damper activated during the approach period of col-
lision. This approach allows us to simulate more accurately the process of energy
dissipation, which takes place mainly during that period (Goldsmith 1960). The
pounding force during impact, FðtÞ, for the non-linear viscoelastic model is
expressed as (Jankowski 2005b):

F tð Þ ¼ �bd
3
2 tð Þ þ �c tð Þ _d tð Þ for _d tð Þ[ 0 approach periodð Þ

F tð Þ ¼ �bd
3
2 tð Þ for _d tð Þ� 0 restitution periodð Þ ð2:16Þ

where �b is the impact stiffness parameter and �cðtÞ is the impact element’s damping,
which can be obtained from the formula (Jankowski 2005b):
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�c tð Þ ¼ 2�n
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�b

ffiffiffiffiffiffiffiffi
d tð Þ

p m1m2

m1 þ m2

r
ð2:17Þ

where �n denotes the damping ratio related to the coefficient of restitution, e
(Jankowski 2006a):

�n ¼ 9
ffiffiffi
5

p

2
1� e2

e eð9p� 16Þ þ 16ð Þ ð2:18Þ

2.3 Experimental Verification of the Effectiveness
of Pounding Force Models

For the purposes of verification the accuracy of different models of structural
pounding, the results of the numerical analyses have been compared with the results
of the experimental studies conducted for various types of colliding elements (see
also Jankowski 2005b; Mahmoud et al. 2008). The values of the impact stiffness
parameters: k, b and �b, defining the models used in the numerical analysis, have
been determined through iterative procedure so as to equalize the peak pounding
force determined from the simulations with the peak pounding force obtained from
the experiment. The difference between the experimental results and the results
from the numerical analysis has been assessed by calculating the normalized root
mean square (RMS) error (see Bendat and Piersol 1971):

RMSE ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPNV

i¼1 Hi � �Hið Þ2
q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPNV
i¼1 H

2
i

q � 100% ð2:19Þ

where Hi, �Hi are the values from the time history record obtained from the
experiment and from the numerical analysis, respectively; and NV denotes a number
of values in these history records. In the numerical analysis concerning examples
presented in this chapter, the time-stepping Newmark method (Newmark 1959),
with the standard parameters: cN ¼ 0:5 and bN ¼ 0:25 assuring the stability and
accuracy of the results (see Bathe 1982; Chopra 1995), has been applied to
determine the structural response.

2.3.1 Impact Between a Ball Falling Onto a Rigid Surface

In this section, the results of the numerical analysis are compared with the results of
impact experiment conducted by dropping steel, concrete and timber balls of dif-
ferent masses onto a rigid surface (compare also Jankowski 2010). Balls have been
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dropped from various height levels in order to obtain different impact velocities.
The properties of balls used in the experiment are specified in Table 2.1. B&K type
4344 accelerometer attached to the ball was used to measure the force time histories
during impacts. System PULSE was applied for measuring and data acquisition
purposes. The experimental setup is shown in Fig. 2.5.

Table 2.1 Properties of balls
used in the impact experiment Material Ball diameter

(mm)
Ball mass
(kg)

Steel (type 18G2A) 21 0.053–0.054

50 0.538–0.541

83 2.013

Concrete (grade
C30/37)

103 1.329–1.350

114 1.763–1.835

128 2.531–2.636

Timber (pinewood) 55 0.065–0.066

71 0.109–0.112

118 0.493–0.497

Fig. 2.5 Setup of the impact experiment
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In the numerical analysis, the model of a ball falling onto a rigid surface, shown
in Fig. 2.6, has been used. The dynamic equation of motion for such a model can be
expressed as (Jankowski 2005b):

m€zðtÞ þ FðtÞ ¼ mg ð2:20Þ

where m is mass of a ball, €zðtÞ its vertical acceleration, g stands for the acceleration
of gravity and FðtÞ is the pounding force, which is equal to zero when zðtÞ� h (h is
a drop height) and is defined by Eqs. (2.5), (2.6), (2.9), (2.11), (2.15) and (2.16)
when zðtÞ[ h, where deformation dðtÞ is expressed as:

dðtÞ ¼ zðtÞ � h ð2:21Þ

2.3.1.1 Impact Between Steel Elements

In the first example, the results of the numerical analysis are compared with the
results of the experiment conducted for a steel ball of mass 2.013 kg impacting the
steel surface with the velocity of 0.92 m/s. The following values of parameters
defining different pounding force models have been used in the numerical analysis:
k ¼ 3:45� 108 N/m for the linear elastic model, k ¼ 4:82� 108 N/m, n ¼ 0:17
ðe ¼ 0:58Þ for the linear viscoelastic model, k ¼ 5:03� 108 N/m, n ¼ 0:43 ðe ¼
0:58Þ for the modified linear viscoelastic model, b ¼ 2:94� 1010 N/m3=2 for the
Hertz non-linear elastic model, b ¼ 3:76� 1010 N/m3=2, e ¼ 0:58 for the Hertz-
damp non-linear model and �b ¼ 6:60� 1010 N/m3=2, �n ¼ 0:49 ðe ¼ 0:58Þ for the
non-linear viscoelastic model. The time-stepping Newmark method with constant
time step Dt ¼ 1� 10�6 s has been used to solve the equation of motion (2.20)
numerically. The pounding force time history measured during the experiment and
the histories received from the numerical analysis, for the considered example of

Fig. 2.6 Model of a ball
falling onto a rigid surface
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impact between steel elements, are presented in Fig. 2.7. Using Eq. (2.19), the RMS
errors for pounding force histories have been calculated as equal to: 72.3 % for the
linear elastic model, 18.6 % for the linear viscoelastic model, 26.5 % for the
modified linear viscoelastic model, 93.1 % for the Hertz non-linear elastic model,
39.1 % for the Hertzdamp non-linear model and 21.9 % for the non-linear visco-
elastic model.

2.3.1.2 Impact Between Concrete Elements

The second example concerns the comparison between the results of the numerical
simulations and the experiment conducted for a concrete ball of mass 1.763 kg
impacting the concrete surface with the velocity of 0.13 m/s. In the numerical analysis,
the following values of parameters, defining different pounding force models, have
been used: k ¼ 4:33� 107 N/m for the linear elastic model, k ¼ 4:91� 107 N/m,
n ¼ 0:09 ðe ¼ 0:76Þ for the linear viscoelastic model, k ¼ 5:47� 107 N/m, n ¼
0:19 ðe ¼ 0:76Þ for the modified linear viscoelastic model, b ¼ 5:92� 109 N/m3=2

for the Hertz non-linear elastic model, b ¼ 6:39� 109 N/m3=2, e ¼ 0:76 for the
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Fig. 2.7 Pounding force time histories for impact between steel elements
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Hertzdamp non-linear model and �b ¼ 1:02� 1010 N/m3=2, �n ¼ 0:22 ðe ¼ 0:76Þ for
the non-linear viscoelastic model. The time-stepping Newmark method with constant
time step Dt ¼ 1� 10�5 s has been used to solve the equation of motion (2.20)
numerically. The pounding force time history measured during the experiment and
the histories received from the numerical analysis, for the considered example of
impact between concrete elements, are presented in Fig. 2.8. The RMS errors for
these pounding force time histories have been calculated as equal to: 36.1 % for the
linear elastic model, 12.7 % for the linear viscoelastic model, 15.7 % for the modified
linear viscoelastic model, 59.3 % for the Hertz non-linear elastic model, 49.4 % for
the Hertzdamp non-linear model and 11.9 % for the non-linear viscoelastic model.

2.3.1.3 Impact Between Timber Elements

In the third example, the results of the numerical analysis are compared with the
results of the experiment conducted for a timber ball of mass 0.109 kg impacting
the timber surface with the velocity of 0.39 m/s. The following values of param-
eters, defining different pounding force models, have been used in the numerical
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Fig. 2.8 Pounding force time histories for impact between concrete elements

2.3 Experimental Verification of the Effectiveness of Pounding Force Models 21



analysis: k ¼ 1:83� 106 N/m for the linear elastic model, k ¼ 2:28� 106 N/m,
n ¼ 0:16 ðe ¼ 0:61Þ for the linear viscoelastic model, k ¼ 2:62� 106 N/m, n ¼
0:38 ðe ¼ 0:61Þ for the modified linear viscoelastic model, b ¼ 1:33� 108 N/m3=2

for the Hertz non-linear elastic model, b ¼ 1:66� 108 N/m3=2, e ¼ 0:61 for the
Hertzdamp non-linear model and �b ¼ 3:11� 108 N/m3=2, �n ¼ 0:43 ðe ¼ 0:61Þ for
the non-linear viscoelastic model. The time-stepping Newmark method with con-
stant time step Dt ¼ 1� 10�5 s has been used to solve the equation of motion
(2.20) numerically. The pounding force time history measured during the experi-
ment and the histories received from the numerical analysis, for the considered
example of impact between timber elements, are presented in Fig. 2.9. Using
Eq. (2.19), the RMS errors for pounding force histories have been calculated as
equal to: 64.3 % for the linear elastic model, 20.7 % for the linear viscoelastic
model, 26.6 % for the modified linear viscoelastic model, 85.8 % for the Hertz non-
linear elastic model, 53.6 % for the Hertzdamp non-linear model and 20.8 % for the
non-linear viscoelastic model.
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2.3.2 Pounding Between Models of Tower Structures

In this section, the results of the numerical analysis are compared with the results of
the shaking table experiment focused on pounding between two tower models with
different impacting materials (compare also Jankowski 2007b, 2010). Two 1 m high
tower models (see Fig. 2.10) with different dynamic properties were built to be tested
during the experiment. The columns were arranged in a rectangular pattern with a
spacing of 0.22 m along the shaking direction (longitudinal one) and a spacing of
0.3 m along the orthogonal (transverse) direction (compare also Falborski and
Jankowski 2013). All supporting elements used in the left tower model had a rect-
angular cross section with dimensions: 6 × 6 mm, whereas the model of the right
tower was constructed of members with a section of 8 × 8 mm. The total mass of the
supporting columns with horizontal connections and additional bracings was equal
to mc1 ¼ 2:258 kg for the left tower model and mc2 ¼ 3:864 kg for the right one.
Elements of external dimensions 0:25� 0:25� 0:05 m made of different building
materials, i.e. steel, concrete and timber (see Figs. 2.11 and 2.12), were fixed at the
top of each tower. With the help of additional masses in the form of plates and bolts
(see Figs. 2.11 and 2.12), the top mass of the tower models was kept constant for all
experimental tests, apart from the material used, and was equal tomt1 ¼ 9:485 kg for
the left tower model and mt2 ¼ 18:337 kg for the right one. Based on the free

Fig. 2.10 Setup of the shaking table experiment
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vibration tests, the following dynamic parameters have been determined for both
tower models: f1 ¼ 2:59 Hz, nS1 ¼ 0:004, f2 ¼ 2:99 Hz, nS2 ¼ 0:01, where fi, nSi
ði ¼ 1; 2Þ are the natural frequency and the structural damping ratio, respectively.
The initial gap size of d ¼ 0:04 m between the towers has been considered in the
study. The tower models have been excited in the horizontal direction by the NS
component of the El Centro earthquake (18.05.1940). Two ENDEVCO type 7752
accelerometers, which were attached to the tower models at their top (see Fig. 2.10),
were used to measure the time histories during the ground motion.

In the numerical analysis, a model, in which both towers are simulated as SDOF
systems, as shown in Fig. 2.13, has been used. The dynamic equation of motion for
such a model can be written as (Jankowski 2005b):

m1 0

0 m2

" #
€x1ðtÞ
€x2ðtÞ

" #
þ

C1 0

0 C2

" #
_x1ðtÞ
_x2ðtÞ

" #

þ
K1 0

0 K2

" #
x1ðtÞ
x2ðtÞ

" #
þ

F tð Þ
�F tð Þ

" #
¼ �

m1 0

0 m2

" #
€xgðtÞ
€xgðtÞ

" # ð2:22Þ

Fig. 2.12 Top view of the right tower with impacting elements (made of steel, concrete and
timber) and additional masses

Fig. 2.11 Top view of the left tower with impacting elements (made of steel, concrete and timber)
and additional masses
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where xiðtÞ, _xiðtÞ, €xiðtÞ are the horizontal displacement, velocity and acceleration of
tower i ði ¼ 1; 2Þ, respectively, Ki ¼ 4p2f 2i mi, Ci ¼ 2nSi

ffiffiffiffiffiffiffiffiffi
Kimi

p
denote stiffness and

damping coefficients, €xgðtÞ stands for the acceleration of input ground motion and
FðtÞ is the pounding force, which is equal to zero when dðtÞ� 0 and is defined by
Eqs. (2.5), (2.6), (2.9), (2.11), (2.15) and (2.16) if dðtÞ[ 0, where deformation dðtÞ
is defined as:

dðtÞ ¼ x1ðtÞ � x2ðtÞ � d ð2:23Þ

The following mass values: m1 ¼ 10:004 kg, m2 ¼ 19:226 kg have been applied
in the numerical analysis, as calculated from the formula (Harris and Piersol 2002):

mi ¼ mti þ 0:23mci ði ¼ 1; 2Þ ð2:24Þ

In order to solve the equation of motion (2.22) numerically, the time-stepping
Newmark method with constant time step Dt ¼ 0:002 s has been used.

2.3.2.1 Pounding Between Steel Elements

The first example shows a comparison between the results of the numerical analysis
and the experiment conducted for pounding of tower models with impacting steel
elements (steel type 18G2A). The following values of parameters of different
pounding force models have been applied in the numerical analysis: k ¼ 5:67�
107 N/m for the linear elastic model, k ¼ 7:93� 107 N/m, n ¼ 0:12 ðe ¼ 0:68Þ for
the linear viscoelastic model, k ¼ 8:54� 107 N/m, e ¼ 0:68 for the modified linear
viscoelastic model, b ¼ 3:94� 109 N/m3=2 for the Hertz non-linear elastic model,
b ¼ 5:14� 109 N/m3=2, e ¼ 0:68 for the Hertzdamp non-linear model and
�b ¼ 8:32� 109 N/m3=2, �n ¼ 0:31 ðe ¼ 0:68Þ for the non-linear viscoelastic model.
The displacement time history of the left tower model (lighter and more flexible
one) obtained from the experiment and the histories received from the numerical
analysis are shown in Fig. 2.14. Using Eq. (2.19), the RMS errors for the time
histories have been calculated as equal to: 28.7 % for the linear elastic model,

Fig. 2.13 Model of two colliding SDOF systems
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Fig. 2.14 Displacement time histories of the left tower model for pounding between steel
elements under the El Centro earthquake
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23.2 % for the linear viscoelastic model, 24.3 % for the modified linear viscoelastic
model, 22.9 % for the Hertz non-linear elastic model, 22.5 % for the Hertzdamp
non-linear model and 22.6 % for the non-linear viscoelastic model.

2.3.2.2 Pounding Between Concrete Elements

In this example, the results of the numerical analysis are compared with the results
of the experiment conducted for pounding of tower models with impacting concrete
elements (concrete grade C30/37). In the numerical analysis, the following values
of parameters, defining different pounding force models, have been used: k ¼
1:87� 107 N/m for the linear elastic model, k ¼ 2:05� 107 N/m, n ¼ 0:14 ðe ¼
0:65Þ for the linear viscoelastic model, k ¼ 2:36� 107 N/m, e ¼ 0:65 for the
modified linear viscoelastic model, b ¼ 9:75� 108 N/m3=2 for the Hertz non-linear
elastic model, b ¼ 1:17� 109 N/m3=2, e ¼ 0:65 for the Hertzdamp non-linear
model and �b ¼ 2:53� 109 N/m3=2, �n ¼ 0:35 ðe ¼ 0:65Þ for the non-linear visco-
elastic model. The displacement time history of the left tower model obtained from
the experiment and the histories received from the numerical analysis are shown in
Fig. 2.15. The RMS errors for these time histories have been calculated using
Eq. (2.19) as equal to: 22.6 % for the linear elastic model, 15.3 % for the linear
viscoelastic model, 18.7 % for the modified linear viscoelastic model, 22.4 % for
the Hertz non-linear elastic model, 16.3 % for the Hertzdamp non-linear model and
14.8 % for the non-linear viscoelastic model.
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Fig. 2.14 (continued)
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Fig. 2.15 Displacement time histories of the left tower model for pounding between concrete
elements under the El Centro earthquake
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2.3.2.3 Pounding Between Timber Elements

The third example concerns a comparison between the results of the numerical
analysis and the experiment conducted for pounding of tower models with
impacting timber elements made of pinewood. The following values of parameters
of different pounding force models have been applied in the numerical analysis:
k ¼ 1:47� 106 N/m for the linear elastic model, k ¼ 1:97� 106 N/m, n ¼ 0:16
ðe ¼ 0:60Þ for the linear viscoelastic model, k ¼ 2:33� 106 N/m, e ¼ 0:60 for the
modified linear viscoelastic model, b ¼ 1:50� 108 N/m3=2 for the Hertz non-linear
elastic model, b ¼ 1:74� 108 N/m3=2, e ¼ 0:60 for the Hertzdamp non-linear
model and �b ¼ 2:85� 108 N/m3=2, �n ¼ 0:44 ðe ¼ 0:60Þ for the non-linear visco-
elastic model. The displacement time history of the left tower model obtained from
the experiment and the histories received from the numerical analysis are shown in
Fig. 2.16. The RMS errors for these time histories have been calculated using
Eq. (2.19) as equal to: 38.7 % for the linear elastic model, 25.2 % for the linear
viscoelastic model, 27.6 % for the modified linear viscoelastic model, 43.8 % for
the Hertz non-linear elastic model, 26.3 % for the Hertzdamp non-linear model and
24.8 % for the non-linear viscoelastic model.

0 5 10 15 20 25 30 35 40
-0.06
-0.04
-0.02

0
0.02
0.04
0.06

Time (s)

D
is

pl
ac

em
en

t (
m

)

Hertzdamp nonlinear model

0 5 10 15 20 25 30 35 40
-0.06
-0.04
-0.02

0
0.02
0.04
0.06

Time (s)

D
is

pl
ac

em
en

t (
m

)

Nonlinear viscoelastic model

Fig. 2.15 (continued)
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Fig. 2.16 Displacement time histories of the left tower model for pounding between timber
elements under the El Centro earthquake
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2.3.3 Conclusions

The results of the studies show that the linear viscoelastic and the non-linear
viscoelastic models give the smallest errors in the pounding force time histories
during single impact. In the case of the linear viscoelastic model, a negative impact
force just before separation, which does not have a physical explanation, has been
observed. However, the improvement introduced in the modified linear viscoelastic
model, in order to overcome this drawback, does not really lead to the increase in
the accuracy of the model.

Further analysis has shown that the application of the linear viscoelastic, the
Hertzdamp and the non-linear viscoelastic models results in the smallest errors in
the response time histories of the analysed examples of structural pounding under
earthquake excitation. The impact force models have been found to have some
advantages and disadvantages when used for modelling of structural pounding. The
results of the study indicate that the efficiency of them depends on the type of
analysis conducted.
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