Chapter 1
Behavior of Compactness in Function Spaces

The reader who has found his (or her) way through the first thousand problems of
this book is fully prepared to enjoy working professionally in C,-theory. Such a
work implies choosing a topic, reading the papers with the most recent progress
thereon and attacking the unsolved problems. Now, the first two steps are possible
without doing heavy library work, because Chapter 1 provides information on the
latest advances in all areas of C,-theory, where compactness is concerned. Here,
many ideas, results and constructions came from functional analysis giving a special
flavor to this part of C,-theory, but at the same time making it more difficult to
master. | must warn the reader that most topics, outlined in the forthcoming bulk
of 500 problems, constitute the material of important research papers—in many
cases very difficult ones. The proofs and solutions, given in Chapter 2, are complete,
but sometimes they require a very high level of understanding of the matter. The
reader should not be discouraged if some proofs seem to be unfathomable. We still
introduce new themes in general topology and formulate, after a due preparation,
some non-trivial results which might be later used in C,-theory.

Section 1.1 contains general facts on “nice” behavior of C,(X) and its subspaces
when X has some compactness-like property. There are two statements which
deserve to be called the principal ones: Arhangel’skii’s theorem on compact
subspaces of C,(X) for X Lindelof, under PFA (Problem 089) and Okunev’s
theorem on Lindelof subspaces of C,(X) for a compact separable space X, under
MA+—CH (Problem 098).

Section 1.2 deals with Corson compact spaces and their applications. The most
important results include a theorem of Gul’ko, Michael and Rudin which states that
any continuous image of a Corson compact space is Corson compact (Problem 151),
Sokolov’s example of a Corson compact space which is not Gul’ko compact
(Problem 175) and Sokolov’s theorem on Lindelof property in iterated function
spaces of a Corson compact space (Problems 160 and 162).

In Section 1.3 we present the latest achievements in the exploration of Lindelof
X -property in X and C,(X). Many results of this section are outstanding. We would
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2 1 Behavior of Compactness in Function Spaces

like to mention Gul’ko’s theorem which says that every Gul’ko compact is Corson
compact (Problem 285), Okunev’s theorems on Lindel6f X -property in iterated
function spaces (Problems 218 and 219), Leiderman’s theorem on existence of dense
metrizable subspaces of Gul’ko compact spaces (Problem 293) and Reznichenko’s
example of a Gul’ko compact space which is not Preiss—Simon (Problem 222).
Section 1.4 outlines the main topics in the theory of Eberlein compact spaces.
Here, the bright results are also numerous. It is worth mentioning a theorem of Amir
and Lindenstrauss on embeddings of Eberlein compact spaces in X (A4) (Problem
322), Rosenthal’s characterization of Eberlein compact spaces (Problem 324), a
theorem of Benyamini, Rudin, Wage and Gul’ko on continuous images of Eberlein
compact spaces (Problem 337), Gruenhage’s characterization of Eberlein compact
spaces (Problem 364) and Grothendieck’s theorem on equivalence of the original
definition of Eberlein compact spaces to the topological one (Problem 400).
Section 1.5 is devoted to the study of splittable spaces and embeddings which
admit nice extension operators. It has two main results: Arhangel’skii and Shakh-
matov’s theorem on pseudocompact splittable spaces (Problem 417) and a theorem
of Arhangel’skii and Choban on compactness of every #-extral space (Problem 475).
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1.1 The Spaces C,(X) for Compact and Compact-Like X

Given an infinite cardinal «, call a space X k-monolithic if, for any ¥ C X with
|Y| < k, we have nw(Y) < k. A space is monolithic if it is k-monolithic for any
k. A space X is zero-dimensional if it has a base whose elements are clopen. The
space X is strongly zero-dimensional (this is denoted by dimX = 0) if any finite
open cover of X has a disjoint refinement. If we have topologies t and  on a set Z
then t is stronger than p if t O . If T C p then t is said to be weaker than .

Given a space X and A C C(X), denote by cl,,(A) the set { f € C(X) : there
exists a sequence {f, : n € w} C A such that f,= f}. If X is a space, call a
set A C C(X) an algebra, if A contains all constant functions and f + g € A,
f - g € A whenever f,g € A.If we have spaces X and Y say that a set A C
C(X,Y) separates the points of X if, for any distinct x, y € X, thereis f € A with
f(x) # f(y). The set A separates the points and the closed subsets of X if, for any
closed F C X and any x € X\ F thereis f € A suchthat f(x) ¢ f(F).

The space D is the two-point set {0, 1} endowed with the discrete topology. If T
isasetand S C T then )(g : T — D is the characteristic function of S in T defined
by x%(x) = 1forall x € S and x%(x) = 0 whenever x € T\S. If the set T is clear
we write s instead of x5. Amap f : X — Y is finite-to-one if f~!(y) is finite
(maybe empty) for any y € Y.

If X isaspaceand A, B C C,(X) let MIN(4,B) = {min(f,g): f € A, g €
B} and MAX(A, B) = {max(f,g): f € A, g € B}. For any n € N consider the
set G,(A) = {af +bg 1 a,b € [-n,n], fig € A}. Given Y C C,(X) we let
S1(Y) = {Y}. If we have Sx(Y) for some k € N, let Sp41(Y) = {MIN(A4, B) :
A,BeS(Y)}UMAX(A,B): A,B e Sy (Y)}U{G,(A): Ae S(Y), neN}.
This defines a family S, (Y) for every n € N; let S(Y) = (J{S,(Y) : n € N}.

The expression X ~ Y says that the spaces X and Y are homeomorphic. If P
is a topological property then - P is to be read “has P”. For example, X + P
says that a space X has the property P. For a space X, the class £(X) consists of
all continuous images of products X x K, where K is a compact space. A class
‘P of topological spaces is called k-directed if it is finitely productive (i.e., X,Y €
P = XxY € P)and X € P implies that £(X) C P. A k-directed class P is sk-
directed if P is closed-hereditary, i.e.,if X € Pthen Y € P forany closed Y C X.
A property (or a class of spaces) Q is weakly k-directed if any metrizable compact
space has Q (belongs to Q) and Q is preserved (invariant) under continuous images
and finite products.

Given a space X and an infinite cardinal «, the space 0,(X) = (X x D(k))* is
called the k-hull of X. The space X is called «-invariant if X ~ 0,(X). A class
P is called k-perfect if, for every X € P, we have 0,(X) € P, £(X) C P and
Y € P foranyclosed Y C X.If P is a class of spaces, then P, consists of the
spaces representable as a countable union of elements of P. The class Ps contains
the spaces which are countable intersections of elements of P in some larger space.
More formally, X € P, if X = | J{X,, : n € w} where each X, € P. Analogously,
X € Ps if there exists a space Y and ¥, C Y such that ¥, € P foralln € w and
({Y, :n € w} >~ X. Then Pys = (Py)s.
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A space is called k-separable if it has a dense o-compact subspace; the space X
is Hurewicz if, for any sequence {Uf, : n € w} of open covers of X, we can choose,
for each n € w, a finite V, C U, such that | J{V, : n € o} is a cover of X. We say
that X is an Eberlein—Grothendieck space (or EG-space) if X embeds into C,(Y)
for some compact space Y. A space X is radial if, forany A C X and any x € A\A4,
there exists a regular cardinal x and a transfinite sequence S = {x, : @« <k} C 4
such that § — Xx in the sense that, for any open U > x, there is ¢ < « such
that, for each 8 > «, we have xg € U. The space X is pseudoradial it A C X
and A # A implies that there is a regular cardinal « and a transfinite sequence
S = {xy : @ < k} C Asuchthat S — x ¢ A. A subset A of a space X is
called bounded if every f € C(X) is bounded on A4, i.e., there exists N € R such
that | f(x)] < N for all x € A. A family U is an w-cover of a set A, if, for any
finite B C A, there is U € U such that B C U. A Luzin space is any uncountable
space without isolated points in which every nowhere dense subset is countable. An
analytic space is a continuous image of the space P of irrational numbers. Given a
space X, let vet(X) < k if, for any x € X and any family {4, : @ < k} C exp X
with x € m{Za ;o < k}, we can choose, for each o < «, a finite B, C A, such
that x € (| J{By : @ < k}. The cardinal vet(X) = min{x > o : ver(X) < k}is
called fan tightness of the space X.

It is also important to mention that the wizards of set theory invented an axiom
which is called PFA (from Proper Forcing Axiom). Any reasonably comprehensive
formulation of PFA is outside of the reach of this book. However, any professional
topologist must know that it exists and that it is consistent with the usual system of
axioms (referred to as ZFC) of set theory provided there exist some large cardinals.
I am not going to give a rigorous definition of large cardinals because we won’t need
them here. However, we must be aware of the fact that it is absolutely evident for
everybody (who knows what they are!) that their existence is consistent with ZFC
notwithstanding that this consistence is not proved yet. So, it is already a common
practice to use nice topological consequences of PFA. The one we will need is the
following statement: “If X is a compact space of weight w; and ¢(X) > w then
w; + 1 embeds in X”.

Given a space X a continuous map r : X — X is called a retraction if
ror = r.If f is a function then dom( f) is its domain; given a function g
the expression f C g says that dom(f) C dom(g) and g|dom(f) = f.If
we have a set of functions {f; : i € I} such that f;|(dom(f;) N dom(f;)) =
fil(dom( f;) N dom( f;)) for any indices i, j € I then we can define a function f
with dom(f) = (J,;c; dom( f;) as follows: given any x € dom(f), find any i € [
with x € dom( f;) and let f(x) = f;(x). It is easy to check that the value of f at
x does not depend on the choice of i so we have consistently defined a function f
which will be denoted by | J{f; : i € I}.
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Prove that, if X is a normal space and dimX = 0 then dimB8X = 0 and hence
BX is zero-dimensional.

Let X be a zero-dimensional compact space. Suppose that Y is second
countable and f : X — Y is a continuous onto map. Prove that there exists
a compact metrizable zero-dimensional space Z and continuous onto maps
g: X —>Zandh:Z — Y suchthat f =hog.

Prove that there exists a continuous map k : K — I such that, for any compact
zero-dimensional space X and any continuous map f : X — I, there exists a
continuous map g5 : X — Ksuchthat f =kogy.

Prove that, for any zero-dimensional compact X, the space C,(X,I) is a
continuous image of C, (X, D?).

Given a countably infinite space X prove that the following conditions are
equivalent:

(i) Cp(X,D) is countable;
(i) Cp(X,D) =~ Q;
(iii) X is compact.

For an arbitrary space X prove that

(@) for any P C C,(X) there is an algebra A(P) C C,(X) such that
P C A(P) and A(P) is minimal in the sense that, for any algebra
A CCy(X),if P C Athen A(P) C 4;
(ii) A(P) is a countable union of continuous images of spaces which belong
to H(P) = {P" x K for some m € N and metrizable compact K}.
(iii) if Q is a weakly k-directed property and P = Q then A(P) F Q,, i.e.,
A(P) is a countable union of spaces with the property Q;

Given a compact space X suppose that A C C,(X) is an algebra. Prove that
both A and cl,(A) are algebras in C »(X).

Let X be a compact space. Suppose that A C C,(X) separates the points
of X, contains the constant functions and has the following property: for each
fgeAanda,b €e Rwehaveaf +bg € A, max(f,g) € A, min(f, g) € A.
Prove that every f € C,(X) is a uniform limit of some sequence from A.
Let X be a compact space and suppose that Y C C,(X) separates the points
of X. Prove that

(i) for any algebra A C C,(X) with Y C A, we have cl,(4) = C,(X);
(ii) if Y contains a non-zero constant function then cl, (| S(Y)) = C,(X).

For a space X, suppose that Y C C,(X) and cl,(Y) = C,(X). Prove that
Cp(X) € (E(Y))s.

Prove that every k-directed non-empty class is weakly k-directed. Give an
example of a weakly k-directed class which is not k-directed.

Prove that any class K € {compact spaces, o-compact spaces, k-separable
spaces} is k-directed. How about the class of countably compact spaces?
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Let P be a weakly k-directed class. Prove that, for any Y C C,(X) such that
Y e P,wehave S(Y) C P.

Given a k-directed class Q and a compact space X suppose that some set
Y C C,(X) separates the points of X and ¥ € Q. Prove that C,(X) € Qs,
i.e., there is a space Z such that C,(X) C Z and C,(X) = ({C, 1 n € 0}
where every C, C Z is a countable union of spaces with the property Q.

For a compact space X suppose that ¥ C C,(X) separates the points
of X. Prove that there exists a compact space K and a closed subspace
F Co0,(Y) x K such that C,,(X) is a continuous image of F.

Prove that, for any compact space X, there exists a compact space K and a
closed subspace F' C (C,(X))® x K such that C,(X*) is a continuous image
of F.

Let X be a compact space such that (C,(X))® is Lindeldf. Show that C,(X®)
is Lindelof. As a consequence, C,(X") is Lindelof for each n € N.

Assume that X is compact and P is an w-perfect class. Prove that it follows
from C,(X) € P that C,(X®) € P.

Let P be an w-perfect class of spaces. Prove that the following properties are
equivalent for any compact X:

(i) the space C,(X) belongs to P;
(ii) there exists Y C C,(X) such that Y is dense in C,(X) and ¥ € P;
(iii) there exists ¥ C C,(X) which separates the points of X and belongs
to P;
(iv) the space X embeds into C,(Z) for some Z € P.

Prove that the class L(X) of Lindelof X'-spaces is w-perfect. As a conse-
quence, for any compact X, the following properties are equivalent:

(i) the space C,(X) is Lindelof X;
(ii) there exists Y C C,(X) suchthat Y isdensein C,(X)and Y € L(X);
(iii) there exists ¥ C C,(X) which separates the points of X and belongs
to L(X);
(iv) the space X embeds into C,(Y) for some Lindel6f X'-space Y.

Let X be a compact space such that C,(X) is Lindelof X. Show that C,(X*)
is a Lindelof X'-space and so is C,(X") for each n € N.

Prove that the class K(A) of K-analytic spaces is w-perfect. Thus, for any
compact X, the following properties are equivalent:

(i) the space C,(X) is K-analytic;
(ii) there exists Y C C,(X) such that Y isdensein C,(X) and Y € K(A);
(iii) there exists ¥ C C,(X) which separates the points of X and belongs
to K(A);
(iv) the space X embeds into C,(Y) for some K-analytic space Y.

Let X be a compact space such that C,(X) is K-analytic. Show that C,(X*)
is a K-analytic space and so is C,,(X") for each n € N.
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Observe that any K -analytic space is Lindelof X'. Give an example of a space
X such that C,(X) is Lindelof X but not K-analytic.

Give an example of X such that C,(X) is K-analytic but not Kgs.

Let X be a Lindelof X'-space. Prove that C, (X) is normal if and only if C, (X)
is Lindel6f. In particular, if X is compact then C,(X) is normal if and only if
it is Lindelof.

Suppose that X is a Lindeléf X-space such that C,(X)\{f} is normal
for some f € C,(X). Prove that X is separable. In particular, if X is
w-monolithic and C,(X)\{f} is normal for some f € C,(X) then X has
a countable network.

Let X and C,(X) be Lindelof X-spaces and suppose that C,(X)\{f} is
normal for some f € C,(X). Prove that X has a countable network.

Let M, be a separable metrizable space for all # € 7. Suppose that Y is dense
inM =[[{M,; : t € T} and Z is a continuous image of Y. Prove that, if
Z x Z is normal then ext(Z) = w and hence Z is collectionwise normal.
Prove that, for any infinite zero-dimensional compact space X, there exists a
closed F C C,(X,D”) C C,(X) which maps continuously onto (C,(X))®.
Prove that, for any infinite zero-dimensional compact space X, there exists a
closed F C C,(X,D*) C Cp(X) which maps continuously onto C,(X®).
Prove that the following conditions are equivalent for an arbitrary zero-
dimensional compact X:

(i) Cp(X,D) is normal;
(ii) Cp(X,I) is normal;
(iii) C,(X) is normal;

(iv) Cp(X) is Lindelof;

(v) (Cp(X))® is Lindelof;
(vi) Cp(X*?) is Lindelof.

Observe that C,,(X) is monolithic for any compact X . Using this fact prove
that, for any compact space X, each compact subspace ¥ C C,(X) is a
Fréchet—Urysohn space.

Prove that, for any metrizable space M, there is a compact space K such that
M embeds in C,(K).

Prove that the following conditions are equivalent for any compact X:

(i) there is a compact K C C,(X) which separates the points of X;
(ii) thereis a o-compact Y C C,(X) which separates the points of X;
(iii) there is a o-compact Z C C,(X) which is dense in C,(X);
(iv) X embeds into C,(K) for some compact K;

(v) X embeds into C,(Y) for some o-compact Y.

Suppose that X is compact and embeds into C,(Y') for some compact Y . Prove
that it is possible to embed X into C,(Z) for some Fréchet—Urysohn compact
space Z.
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Give an example of a compact space X embeddable into C,(Y) for some
compact ¥ but not embeddable into C,(Z) for any compact first countable
space Z.

Suppose that X embeds into C,(Y) for some compact Y. Prove that it is
possible to embed X into C,(Z) for some zero-dimensional compact space Z.
Suppose that X embeds into C,(Y") for some countably compact Y. Prove that
it is possible to embed X into C,(Z) for some zero-dimensional countably
compact space Z.

Give an example of a space Y which embeds in C,(X) for a pseudocompact
space X but does not embed in C,(Z) for any countably compact Z.

Prove that a countable space ¥ embeds into C,(X) for some pseudocompact
space X if and only if ¥ embeds into C,(Z) for some compact metrizable
space Z.

Give an example of a space Y which embeds into C,(X) for a countably
compact space X but does not embed into C,(Z) for a compact space Z.

Let £ € Bw\w. Prove that the countable space wz = w U {§}, considered
with the topology inherited from Bw, does not embed into C,(X) for a
pseudocompact X .

(Grothendieck’s theorem). Suppose that X is a countably compact space and
B C C,(X) is a bounded subset of C,(X). Prove that B is compact. In
particular, the closure of any pseudocompact subspace of C,(X) is compact.
Prove that there exists a pseudocompact space X for which there is a closed
pseudocompact ¥ C C,(X) which is not countably compact.

Let X be a o-compact space. Prove that any countably compact subspace of
C,(X) is compact.

Let X be a space and suppose that there is a point xo € X such that
V¥ (x0,X) = w and xo ¢ A for any countable A C X. Prove that there is
an infinite closed discrete B C C,(X) such that B is bounded in C,(X).
Prove that there exists a o-compact space X such that C,(X) contains an
infinite closed discrete subspace which is bounded in C, (X).

Prove that there exists a o-compact space X such that C,(X) does not embed
as a closed subspace into C,(Y) for any countably compact space Y .

Given a metric space (M, p) say that a family U C exp M \{@} is p-vanishing
if diam,(U) < oo for any U € U and the diameters of the elements of I/
converge to zero, i.e., the family {U € U : diam,(U) > ¢} is finite for any
& > 0. Prove that, for any separable metrizable X, the following conditions
are equivalent:

(i) X is a Hurewicz space;
(ii) for any metric p which generates the topology of X, there is a p-vanishing
family & C t(X) such that U = X;
(iii) for any metric p which generates the topology of X, there exists a
p-vanishing base B of the space X;
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(iv) there exists a metric p which generates the topology of X, such that, for
any base I3 of the space X, there is a p-vanishing family ¢/ C B for which
Uu = X;

(v) for any metric p which generates the topology of X and any base 5 of the
space X there is p-vanishing family B’ C B such that B’ is also a base
of X;

(vi) every base of X contains a family which is a locally finite cover of X.

Prove that X is a Hurewicz space if and only if X is compact.

Prove that any separable Luzin space is a Hurewicz space.

Prove that any Hurewicz analytic space is o-compact.

Give an example of a Hurewicz space which is not o-compact.

Prove that, under CH, there exists a Hurewicz space whose square is not
normal.

Prove that X" is a Hurewicz space for every n € N, if and only if, for any
sequence {yx : k € w} of open w-covers of the space X, we can choose, for
each k € w, a finite u; C yx such that the family (J{ux : k € w} is an
w-cover of X.

Let X be any space. Prove that X" is a Hurewicz space for all n € N if and
only if vet(C, (X)) < w.

Prove that if C,(X) is Fréchet—Urysohn then vet(C,(X)) < w.

Prove that, under MA+—CH, there exists a second countable space X such
that X" is a Hurewicz space for each natural n, while X is not o-compact.
Say that a space is subsequential if it embeds in a sequential space. Prove that
every sequential space has countable tightness and hence each subsequential
space also has countable tightness.

For any point § € Bw\w prove that the countable space w U {£} is not
subsequential.

Prove that C,(I) is not subsequential.

Prove that the following are equivalent for any pseudocompact X :

(i) Cp(X) is a Fréchet—Urysohn space;
(ii) Cp(X) embeds in a sequential space;
(iii)) X is compact and scattered.

Prove that radiality is a hereditary property; show that pseudoradiality is
closed-hereditary. Give an example showing that pseudoradiality is not
hereditary.

Prove that any quotient (pseudo-open) image of a pseudoradial (radial) space
is a pseudoradial (radial) space.

Prove that any radial space of countable tightness is Fréchet—Urysohn.

Prove that a space is radial (pseudoradial) if and only if it is a pseudo-open
(quotient) image of a linearly ordered space.

Prove that any radial space of countable spread is Fréchet—Urysohn.

Prove that any radial dyadic space is metrizable.

Prove that Sw\w is not pseudoradial.
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Prove that D“' is not pseudoradial under CH and pseudoradial under
MA+—CH.

Prove that it is independent of ZFC whether every dyadic pseudoradial space
is metrizable.

Prove that, for any space X, the space C,(X) is radial if and only if it is
Fréchet—Urysohn.

An uncountable cardinal « is called w-inaccessible if A < k for any cardinal
A < k. Recall that, if £ is an ordinal then cf(§) = min{|A| : A is a
cofinal subset of £}. Prove that, for an infinite ordinal &, the space C,(§) is
pseudoradial if and only if either cf(§) < w or £ is an w-inaccessible regular
cardinal (here, as usual, £ is considered with its interval topology). Observe
that w-inaccessible regular cardinals exist in ZFC and hence there exist spaces
X such that C,(X) is pseudoradial but not radial.

Let X be a compact space. Prove that, if C,(X) is pseudoradial then it is
Fréchet—Urysohn (and hence X is scattered).

Let X be any space such that C,(X,D) x 0 is not Lindelof. Prove that the
space C,(X, D) is not Lindelof.

Suppose that X is a compact space such that a countable set M C X is open
and dense in X. Assume also that the set of isolated points of ¥ = X\ M is
uncountable and dense in Y. Prove that ex?(C,(X,D) x 0®) > w.

Suppose that X is a compact space such that a countable set M C X is open
and dense in X. Assume also that the set / of isolated points of ¥ = X\ M is
uncountable and dense in Y'; let F = Y\ /. Prove that, under MA+—CH, any
uncountable subset of the set £ = {f € C,(X,D) : f(F) = {0}} contains
an uncountable set D which is closed and discrete in C, (X, D).

Let X be a compact space of weight @ in which we have a countable dense set
L and a nowhere dense closed non-empty set F'. Assuming MA+—CH prove
that there exists M C L such that M\ M = F and all points of M are isolated
in the space M U F.

Prove that, under MA+—CH, if X is a compact space such that C,(X) is
normal, then X is Fréchet—Urysohn, w-monolithic and has a dense set of
points of countable character.

Assume MA4—CH. Show that, if a compact space X has the Souslin property
and C,(X) is normal then X is metrizable.

Prove that w(X) = [(C,(X)) for any linearly orderable compact space X . In
particular, if C,(X) is Lindelof then X is metrizable.

Given an infinite compact space X prove that we have |Y| < 2/(")<(X) for any
Y CcC,(X).

Suppose that X is a compact space with the Souslin property and C,(X) has
a dense Lindeldf subspace. Prove that w(X) < |C,(X)| < 2°.

Prove that, for any uncountable regular cardinal «, if Z C C,(x + 1) separates
the points of k + 1 then [(Z) > «.

Prove that, if X is a dyadic space and ¥ C C,(X) then nw(Y) = [(Y). In
particular, any Lindelof subspace of C,(X) has a countable network.
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Prove that, if X is a dyadic space and C,(X) has a dense Lindelof subspace
then X is metrizable.

Given a space X suppose that K C C,(X) is a compact space of uncountable
tightness. Show that there exists a closed X; C X such that C,(X) contains
a compact subspace of weight and tightness w;.

Prove that the axiom PFA implies that, for any Lindelof space X and any
compact K C C,(X), we have 1(K) < w.

Given a space X and a set A C X denote by 74 the topology on X generated
by the family t(X) U exp(X\A) as a subbase; let X[4A] = (X,t4). In
other words, the space X[A] is constructed by declaring isolated all points
of X\ A and keeping the same topology at the points of A. Prove that, for
any uncountable Polish space M and A C M the following conditions are
equivalent:

(i) the space (M[A])® is Lindelof;
(i) if F is a countable family of finite-to-one continuous maps from the
Cantor set K to M then (\{f~1(A) : f € F} # 0;
(iii) if F is a countable family of injective continuous maps from the Cantor
set Kto M then ({f~1(A): f € F} # 0.

Deduce from this fact that, for any uncountable Polish space M there is a
disjoint family {A, : o < ¢} of subsets of M such that (M [A,])® is Lindelof
forany o < c.

Given a space X and a set A C X denote by 74 the topology on X generated
by the family 7(X) Uexp(X\A) as a subbase; let X[A] = (X, t4). Prove that,
if M is a Polish space, A C M and n € N then the following conditions are
equivalent:

(i) the space (M [A])" is Lindelof;
(i) if F is a family of finite-to-one continuous maps from the Cantor set K
to M and | F| <nthen ({f~1(A): f € F} #0;
(iii) if F is a family of injective continuous maps from the Cantor set K to M

and | F| <nthen ({f~1(A): f € F} #0.

Deduce from this fact that, for any uncountable Polish space M there is a
disjoint family {4, : « < c} of subsets of M such that for every & < ¢ the
space (M[A,])* is Lindelof for any k € N while (M[A,]) is not Lindelof.
Suppose that P is an sk-directed class of spaces and ¥ € P. Prove that if
X C Cp,(Y) and the set of non-isolated points of X is o-compact then C ];" (X)
belongs to the class Pys.

Prove that there exist separable, scattered o-compact spaces X and Y such
that both (C,(X))” and (C,(Y))® are Lindelof while C,(X) x C,(Y) is not
normal and contains a closed discrete set of cardinality c.

Show that there is a separable scattered o-compact space X and a countable
space M such that the space (C,(X))“ is Lindelof while we have the equality
ext(Cp(X) x Cp(M)) = cand C,(X) x C,(M) is not normal.
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1 Behavior of Compactness in Function Spaces

Prove that, under CH, there exists a separable scattered compact space X
such that (C,(X, D))" is Lindelof for any natural n, while (C,(X,D))* is
not Lindelof.

Prove that there is a scattered, separable, zero-dimensional o-compact space
X with (C,(X, D))" Lindelof for each natural n, while (C,(X,D))® is not
Lindelof.

Assume MA+—CH. Let X be a space with [*(X) = . Prove that any
separable compact subspace of C,(X) is metrizable.

Assume MA+—CH. Let X be a separable compact space. Prove that, for any
Y C C,(X) with [*(Y) = w, we have nw(Y) = w.

Prove that there exists a separable o-compact space X such that (C,(X))“ is
Lindelof and s(X) > w.

Assume MA+—CH. Prove that there is a separable o-compact space X such
that C,(X') does not embed into C,(Y') for a separable compact space Y .
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1.2 Corson Compact Spaces

All spaces are assumed to be Tychonoff. For a product X = [[{X, : t € T} of the
spaces X; and x € X,let Y(X,x) ={ye X : [{t € T : y@) # x(1)}| < w}.
The space X' (X, x) is called the X -product of spaces {X; : t € T} with the center
x. Again,ifx e X = [[{X,:t eThletoX,x)={y e X:|{teT:yt) #
x(1)}| < w}. The space o (X, x) is called the o-product of spaces { X, : t € T} with
the center x. If some statement about X'-products or o-products is made with no
center specified, then this statement holds (or must be proved) for an arbitrary center.
The symbols X' (A) and o(A) are reserved for the respective X'- and o-products of
real lines with the center zero, i.e., ¥(4) = {x e R4 : [{a € A : x(a) # 0}| < w}
and o(A) = {x e R4 : [{a € A : x(a) # 0}| < w}. Now, T4(4) = {x ¢ R* :
forany ¢ > O the set {a € A : |x(a)| > &} is finite}. A family & C exp A4 is called
w-continuous if | J{U, : n € w} € U whenever U, € U and U, C U,y for all
n € w. The family U is w-cofinal if, for every countable B C A, there exist U € U
suchthat B C U.If B C Aand x € ¥ (A), let rg(x)(a) = x(a) ifa € B and
rg(x)(a) = 0 otherwise. Clearly, rg : X (A) — X (A) is a continuous map. Call a
set Y C X (A) invariant if the family {B C A : rg(Y) C Y} is w-continuous and
w-cofinal.

A compact space X is Corson compact if it embeds into X' (A) for some A. Given
a space X and an infinite cardinal «, the space (X x D(k))* is called the «x-hull of
X and is denoted by o, (X). The space X is called «-invariant if X ~ o0,(X). For a
space X, the class £(X) consists of all continuous images of products X x K, where
K is a compact space. Define a class P to be «-perfect if, for any X € P, we have
0(X)eP,E(X)ePandY € P foranyclosed Y C X.

Let T be an infinite set. An arbitrary family A C exp T is called adequate if
UA=T, expA C Aforany A € A, and A € A whenever all finite subsets of
A belong to A. Given A C T, let y4(t) = 1ift € A and y4(t) = 0ift ¢ A.
The map y4 : T — {0, 1} is called the characteristic function of A in the set T.
The symbol D denotes the two-point discrete space {0, 1}. If we have a set T and an
adequate family A on T let K4 = {x4 € D7 : A € A}. Another object associated
with A is the space 7} whose underlying set is 7 U {£}, where £ ¢ T, all points
of T are isolated in 7'} and the basic neighbourhoods of £ are the complements of
finite unions of elements of A. A subspace X C D7 is called adequate if X = K 4
for some adequate family A on 7.

Given an uncountable cardinal k, a space X belongs to M (k) if there exists a
compact K such that X is a continuous image of a closed subset of L(k)® x K.
The space X is called primarily Lindelof if X is a continuous image of a closed
subspace of L(k)® for some uncountable cardinal «.

Suppose that S, is homeomorphic to @ + 1 for each « < «. In the space
S = P{S, : @ < k}let F be the set of non-isolated points. Introduce a topology ©
onthe set S/F = {F} U (S\F) declaring the points of S\ F isolated and defining
the local base at F as the family of all sets {F} U (U\ F) where U is an open set
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(in S) which contains F. The space V(k) = (S/F, 7) is called the Fréchet~Urysohn
k-fan. A family U C exp X is Ty-separating in X if, for any distinct x, y € X, there
exists U € U such that |U N {x, y}| = 1. A continuous surjective map f : X — Y
is irreducible if, for any closed F C X with F # X, we have f(F) # Y.

Let X be a space. Denote by A D(X) the set X x{0, 1}. Given x € X, letug(x) =
(x,0) and u;(x) = (x,1). Thus, AD(X) = up(X) U u;(X). Declare the points of
u1(X) isolated. Now, if z = (x,0) € AD(X) then the base at z is formed by the sets
up(V) U (u; (V)\{u1(x)}) where V runs over the open neighbourhoods of x. The
space AD(X), with the topology thus defined, is called the Alexandroff double of
the space X . Recall that, if we haveamap f : X — Y thenthe map f" : X" — Y"
is defined by f"(x) = (f(x1),..., f(x,)) forany x = (x1,...,x,) € X". A space
X is called Sokolov space, if, for any family {F,, : n € N} such that F}, is a closed
subset of X" for each n € N, there exists a continuous map f : X — X such
that nw(f(X)) < w and f"(F,) C F, for all n € N. Given a space X, we let
Coo(X) =X and Cp,11(X) = C,(Cp (X)) forall n € w. The spaces C,, ,(X)
are called iterated function spaces of X .

In this section, we make use of a two-player game with complete information
introduced by G. Gruenhage. In this game (which we call the Gruenhage game or
W -game), there are two players (the concept of “player” is considered axiomatic),
who play a game of w moves on a space X at a fixed set H C X. The first
player is called OP (for “open”) and the second one’s name is PT (for “point”).
The n-th move of OP consists in choosing an open set U, D H. The player PT
responds by choosing a point x,, € U,. After  moves have been made, the sequence
P = {(Uy,x,) : n € N} is called a play of the game; for any n € N, the set
{U, x1,...,U,, x,} is called an initial segment of the play P.

Now, if P = {(U,,x,) : n € N} is a play in the W-game at H in the space
X then the set {x, : n € N} is taken into consideration to determine who won the
game. If x, — H in the sense that any open U D H contains all but finitely many
points x,,, then OP wins. If not, then PT is the winner.

A strategy for the player OP is any function s, whose domain is the family
dom(s) = {@} U{F : F = (Uy,x1,...Uy,xy), n €e N, H C U; € t(X) and
x; € U; foralli < n}and s(F) is an open set containing H for any F € dom(s).
If P = {(U,,x,) : n € N} is a play, we say that OP applied the strategy s in
P, if Uy = s(@¥) and, for any n > 2, we have U, = s(Uy, x1,...,Uy—1, Xp—1).
The strategy s is called winning if any play in which s is applied, is favorable for
the player OP, i.e., OP wins in every play where he/she applies the strategy s. A set
H C X is a W-set (or has the W -property) if OP has a winning strategy in the game
on X with the fixed set H. If every point of X is a W-set, X is called W -space (or
a space with the W -property). A family U of subsets of X is called point-countable
if, for any x € X, the family {U € U : x € U} is countable. A space X is
metalindelof if any open cover of X has a point-countable open refinement. A space
X is metacompact if any open cover of X has a point-finite open refinement.
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Let M, be a metrizable space for each ¢t € T'. For an arbitrary pointa € M =
[I{M; : ¢t € T}, prove that ¥ (M, a) is a Fréchet-Urysohn space. In particular,
XY (A) is a Fréchet-Urysohn space for any A.

Let M, be a metrizable space for each ¢t € T'. For an arbitrary pointa € M =
[I{M; : t € T}, prove that ¥ (M, a) is a collectionwise normal space. In
particular, X'(A) is a collectionwise normal space for any A.

Let M, be a second countable space for each t € T'. For an arbitrary point
a €M =][{M, : t € T}, prove that ext(X(M,a)) < w. In particular,
ext(X(A)) = w for any set A.

Let M, be a second countable space for any ¢ € T'. Take any pointa € M =
[I{M; : t € T}. Prove that, if a compact space X is a continuous image of a
dense subspace of X' (M, a) then X is metrizable. In particular, if a compact
X is a continuous image of o (M, a) or ¥ (M, a) then X is metrizable.

Prove that, if |A] = k > o then the space XYy (A) is homeomorphic to
C,(A(x)).

Prove that, if |[A] = k > o then the space X(A) is homeomorphic
to Cp(L(x)).

Prove that, for any «, there is a compact subspace of C,(A(«)) which separates

the points of A(k). As a consequence, C,(A(k)) and Xy (k) are K;s-spaces
and hence Lindelof X'-spaces.

Prove that 0(A) is a o-compact space (and hence a Lindelof X-space) for
any A.

Prove that, for any uncountable set A, there is a closed countably compact
non-compact subspace in X' (A) and hence X'(A) is not realcompact.

Prove that, for any infinite A, every pseudocompact subspace of Xy (A) is
compact.

Prove that any metrizable space M embeds in X, (A) for some A.

Observe that any pseudocompact continuous image of X, (A) is compact and
metrizable for any infinite A. Give an example of a countably compact non-
compact space which is a continuous image of X (w).

Prove that, for any uncountable A, the space X'(A4) is not embeddable into
Y«(B) for any set B.

Prove that, for any uncountable A, the space Xx(A) is not embeddable into
o (B) for any set B.

Prove that, for any uncountable A, neither of the spaces X' (A) and X, (A)
maps continuously onto the other.

Prove that, for any A4, the space X (A) embeds in a countably compact Fréchet—
Urysohn space.

Show that, if A is an uncountable set, then X,(A) cannot be embedded in
a o-compact space of countable tightness. In particular, neither X' (A) nor
Y« (A) are embeddable in a compact space of countable tightness if |A| > w.
Let X be a compact space. Prove that X is Corson compact if and only if X
has a point-countable Ty-separating family of open F-sets. Deduce from this
fact that any metrizable compact space is Corson compact.
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1 Behavior of Compactness in Function Spaces

Let M, be a second countable space for any # € T. Prove that, for any point
a €M = ][{M; : t € T}, every compact subset of X(M,a) is Corson
compact.

Prove that any Corson compact space is monolithic, Fréchet—Urysohn and has
a dense set of points of countable character. As a consequence, @; + 1 is not
Corson compact.

Prove that d(X) = w(X) for any Corson compact space. Thus, the two arrows
space is not Corson compact.

Let X be a Corson compact space such that C,(X)\{f} is normal for some
f € C,(X). Prove that X is metrizable. In particular, if C,(X) is hereditarily
normal, then X is metrizable.

Prove that any linearly ordered and any dyadic Corson compact space is
metrizable.

Let X be a Corson compact space. Prove that the Alexandroff double AD(X)
is also Corson compact. In particular, AD(X) is Corson compact for any
metrizable compact X .

Let X, be a Corson compact space for any t € T. Prove that the one-point
compactification of the space @{X, : t € T} is also Corson compact.

Prove that, under CH, there exists a compact space of countable spread which
is not perfectly normal.

Let X be a Corson compact space such that s(X) = w. Prove that X is
perfectly normal.

Let X be an w-monolithic compact space such that s(C,(X)) = w. Prove
that X is metrizable. In particular, a Corson compact space X is metrizable
whenever 5(C,(X)) = .

Let X be a compact space of countable tightness. Prove that X maps
irreducibly onto a Corson compact space.

Given spaces X and Y assume that there exists a closed continuous irreducible
ontomap f : X — Y.Prove that d(X) = d(Y) and ¢(X) = c(Y).

Prove that, under the Jensen’s axiom (<>), there is a perfectly normal non-
metrizable Corson compact space X . Therefore, under <>, a Corson compact
space X need not be metrizable if c(X) = w.

Prove that any Corson compact space X, with w; precaliber of X, is
metrizable.

Assuming MA+-—CH, prove that any Corson compact space X, with
¢(X) = w, is metrizable.

Prove that a compact space X can fail to be Corson compact being a countable
union of Corson compact spaces.

Prove that there exists a compact space X which is not Corson compact being
a union of three metrizable subspaces.

Suppose that X is compact and X is a countable union of Corson compact
subspaces. Prove that X is Corson compact.

Prove that any countable product of Corson compact spaces is Corson
compact. In particular, X is Corson compact whenever X is Corson compact.
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Let X be a Corson compact space. Prove that X has a dense metrizable
subspace if and only if it has a o-disjoint 7 -base.

Prove that M (k) is an w-perfect class for any «.

Prove that for any Corson compact space X the space C,(X ) belongs to M (k)
for some uncountable «.

Prove that if « is an uncountable cardinal and Y € M (k) then Y * is Lindelof.
In particular, (C,(X))* is Lindelof for any Corson compact space X.

Prove that any countable union of primarily Lindelof spaces is a primarily
Lindelof space.

Prove that any countable product of primarily Lindel6f spaces is a primarily
Lindelof space.

Prove that any continuous image as well as any closed subspace of a primarily
Lindelof space is a primarily Lindelof space.

Prove that any countable intersection of primarily Lindelof spaces is a
primarily Lindelof space.

Prove that primarily Lindel6f spaces form a weakly k-directed class.

Given a space X let r : X — X be a retraction. For any f € C,(X) let
ri(f) = f or.Provethatr| : C,(X) — C,(X) is also a retraction.

Given an uncountable cardinal « and a set A C L(k) define a map py :
L(k) — L(x) by therule py(x) = aif x ¢ Aand py(x) = x forall x € A
(recall that L(x) = x U {a} and a is the unique non-isolated point of L(k)).
Prove that

(i) pa is aretraction on L(k) onto A U {a} for any A C L(x);

(i) if B C L(x) and F is a closed subset of (L(x))® then there exists
A C L(x)suchthat B C A, |A| < |B|-w and (p4)?(F) C F. Here, as
usual, themap g4 = (p4)? : (L(x))® — (L(k))® is the countable power
of the map p 4 defined by g4(x)(n) = pas(x(n)) forany x € (L(x))® and
neE w.

Prove that, for any primarily Lindelof space X, the space C,(X) condenses
linearly into X'(A) for some A.
Prove that the following conditions are equivalent for any compact space X:

(i) X is Corson compact;
(ii) Cp(X) is primarily Lindelof;
(iii) there is a primarily Lindelof P C C,(X) which separates the points
of X;
(iv) X embeds in C,(Y) for some primarily Lindelof space Y.

Prove that a continuous image of a Corson compact space is Corson compact.
Observe that X, (A) and 0 (A) are invariant subsets of X' (A4); prove that, for
any infinite cardinal k and any closed F C X'(A) we have

(i) if By C A,rp,(F) C Fforany o <k and ¢ < B < k implies B, C Bg
then 5 (F) C F where B = | J,,_, Bo;

(ii) for any non-empty D C A with |D| < k there is a set E C A such that
|E| <k, D C Eandrg(F)CF.
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In particular, F is invariant in X'(A4).
Prove that the following properties are equivalent for any X:

(1) X is a Sokolov space;

(i) if, forany n € N, aset B,, C X" is chosen then there exists a continuous
map f : X — X such that nw(f(X)) < w and f"(B,) C B, for each
neN;

(iii) if F,,, is a closed subset of X” for all n,m € N, then there exists a
continuous map f : X — X such that nw(f (X)) < w and f"(F,,) C
F,,, foralln,m € N.

Prove that if X is a Sokolov space then X x w is a Sokolov space and every
closed F' C X is also a Sokolov space.

Given a Sokolov space X and a second countable space E, prove that
C,(X, E) is also a Sokolov space.

Prove that X is a Sokolov space if and only if C,(X) is a Sokolov space.

Let X be a Sokolov space with *(X) < w. Prove that C,(X, E) is Lindelof
for any second countable space E.

Prove that

(i) any R-quotient image of a Sokolov space is a Sokolov space;
(i1) if X is a Sokolov space then X is also a Sokolov space;
(iii) a space with a unique non-isolated point is Sokolov if and only if it is
Lindelof.

Let X be a space with a unique non-isolated point. Prove that the following
properties are equivalent:

1) (X)) =wand t*(X) < w;

(ii) X is a Sokolov space and t*(X) < w;
(iii) Cp,(X) is Lindeldf for all n € N;
(iv) Cp(X) is Lindelof.

Let X be an invariant subspace of X'(A). Prove that X is a Sokolov space.
Deduce from this fact that every Corson compact space is Sokolov.

Prove that every Sokolov space is collectionwise normal and has countable
extent. Deduce from this fact that ext(C,, (X)) < o for any Sokolov space
X andn € N.

Let X be a Sokolov space. Prove that

(@) if t*(X) < o then C} 2,+1(X) is Lindeldf for any n € w.
(ii) if /*(X) < w then C,,,(X) is Lindelof for any n € N;
@iii) if I*(X) - t*(X) < w then Cp,,(X) is Lindel6f for any n € N.

Prove that every Sokolov space is w-stable and w-monolithic. Deduce from
this fact that every Sokolov compact space is Fréchet—Urysohn and has a dense
set of points of countable character.

Prove that a metrizable space is Sokolov if and only if it is second countable.
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Let X be a Sokolov space with [*(X) - t*(X) = w. Prove that

(1) if X has a small diagonal then nw(X) = w;
(ii) if w; is a caliber of X then nw(X) = w.

Prove that if X is a Sokolov space with a Gs-diagonal then nw(X) = w.

Let X be a Lindelof X -space. Prove that if X is Sokolov then #(X) < w and
C, . (X) is Lindeldf for any n € N. In particular, if K is Sokolov compact (or
Corson compact) then C, ,(K) is Lindelof for any n € N.

Let T be an infinite set. Prove that, if A is an adequate family on 7' then K 4
is a compact space.

Let T be an infinite set. Suppose that A is an adequate family on 7'. Prove that
K 4 is a Corson compact space if and only if all elements of A are countable.
Let T be an infinite set; suppose that A is an adequate family on 7" and u is
the function on K 4 which is identically zero. For any t € T lete,(f) = f(¢)
forany f € K4. Observe that Z = {e; : t € T} U {u} C Cp(K4,D);
let p(§) = uand ¢(t) = ¢, forany t € T. Prove that 9 : T} — Zisa
homeomorphism and Z is closed in C,,(K 4, D). In particular, the space T’} is
homeomorphic to a closed subspace of C,(K 4, D).

Suppose that T is an infinite set and A is an adequate family on 7. Prove that
the spaces C,(K 4,1D) and C,(K 4) are both continuous images of the space
(Th x w)®.

Let T be an infinite set. Suppose that A is an adequate family on 7. Prove the
space C,(K 4) is K-analytic if and only if 7} is K-analytic.

Let T be an infinite set. Suppose that A is an adequate family on 7. Prove the
space C,(K 4) is Lindelof X if and only if 7} is Lindelof X'

Observe that every adequate compact space is zero-dimensional. Give an
example of a zero-dimensional Corson compact space which is not homeo-
morphic to any adequate compact space.

Let T be a subspace of R of cardinality w;. Consider some well-ordering <
on T and let < be the order on T induced from the usual order on R. Denote
by A; the family of all subsets of 7' on which the orders < and < coincide
(i.e., A € A, if and only if, for any distinct x, y € A, we have x < y if and
only if x < y). Let A, be the family of all subsets of 7" on which the orders <
and < are opposite (i.e., A € A, if and only if, for any distinct x, y € A4, we
have x < y if and only if y < x). Check that A = A; U A, is an adequate
family and that X = K4 is a Corson compact space for which C,(X) is
not a continuous image of any Lindelof k-space. In particular, C,(X) is not a
Lindelof X'-space.

Give a ZFC example of a Corson compact space without a dense metrizable
subspace.

Give an example of a compact space X for which (C,(X))* is Lindelof while
X is not Corson compact.

Prove that any Corson compact space is a continuous image of a zero-
dimensional Corson compact space.

Prove that every first countable space is a W-space and every W -space is
Fréchet—Urysohn.
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1 Behavior of Compactness in Function Spaces

Suppose that f : X — Y is an open continuous onto map. Prove that if X is
a W-space thensois Y.

Suppose that X is a separable space and a closed set ' C X has an outer base
of closed neighbourhoods (i.e., for any U € t(F, X) there is V € t(F, X)
such that V' C U). Prove that if F is a W-set in X then y(F,X) < . In
particular, if X is a separable W -space then y(X) = w.

Show that there exist W-spaces which are not first countable and Fréchet—
Urysohn spaces which are not W -spaces.

Prove that any subspace of a W -space is a W -space and any countable product
of W-spaces is a W -space.

Prove that any X'-product of W -spaces is a W-space. Deduce from these facts
that if X is a Corson compact space then every non-empty closed FF C X isa
W -set; in particular, X is a W -space.

Prove that, if X is a compact space of countable tightness, then a non-empty
closed H C X is a W-set if and only if X'\ H is metalindel6f.

Let X be a compact scattered space. Prove that a non-empty closed H C X is
a W-set if and only if X'\ H is metacompact.

(Yakovlev’s theorem) Prove that any Corson compact space is hereditarily
metalindelof.

Prove that the following are equivalent for any compact space X:

(i) X is Corson compact;
(ii) every closed subset of X x X isa W-setin X x X;
(iii) the diagonal A = {(x,x) : x € X} of the space X isa W-setin X x X;
(iv) the space (X x X)\A is metalindelof;
(v) the space X x X is hereditarily metalindelof.

Give an example of a compact W-space X such that some continuous image
of X is not a W-space.

Suppose that X is a compact space which embeds into a o-product of second
countable spaces. Prove that the space X2\ A is metacompact; here, as usual,
the set A = {(x,x) : x € X} is the diagonal of the space X.

Observe that any countably compact subspace of a Corson compact space is
closed and hence compact. Deduce from this fact that there exists a countably
compact space X which embeds into X'(A) for some A but is not embeddable
into any Corson compact space.

Let M, be a separable metrizable space for any o < w;. Prove that a dense
subspace Y of the space [[{M, : @ < w;} is normal if and only if Y is
collectionwise normal.

Prove that if 2! = ¢ then there exists a dense hereditarily normal subspace
Y in the space D such that ext(Y) = w;. Deduce from this fact that it is
independent of ZFC whether normality implies collectionwise normality in
the class of dense subspaces of D°.

Let X be a monolithic compact space of countable tightness. Prove that any
dense normal subspace of C,(X) is Lindelof. In particular, if X is a Corson
compact space and Y is a dense normal subspace of C,(X) then Y is Lindelof.
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Let X be a Corson compact space. Prove that there exists a o-discrete set
Y C C,(X) which separates the points of X.

Prove that, under CH, there exists a compact space X such that no o-discrete
Y C C,(X) separates the points of X.

Let X be a metrizable space. Prove that there is a discrete ¥ C C,(X) which
separates the points of X .

Prove that, for each cardinal «, there exists a discrete ¥ C C,(I*) which
separates the points of I*.

Prove that C,(Bw\w) cannot be condensed into X'« (A) for any A.

Prove that, for any Corson compact X and any n € N, the space C, ,(X)
linearly condenses onto a subspace of X'(A) for some A.
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1.3 More of Lindelof X -Property. Gul’ko Compact Spaces

All spaces are assumed to Tychonoff. Given two families .A and B of subsets of a
space X, say that A is a network with respect to B if, for any B € 5 and any open
U D B, thereis A € Asuchthat B C A C U. A space X is a Lindeldf X -space, if
X has a cover C such that all elements of C are compact and there exists a countable
family F which is a network with respect to C. The class of Lindel6f X -spaces is
denoted by L(X).

Given a space X, denote by A the set C(X,I) and, for each f € A, let
Bx(f) = f(x). Then By : A — I and the subspace X = {By : x € X} C [ is
homeomorphic to X. Identifying the spaces X and X, we consider that X C I4.
Denote by BX the closure of X in I4. The space BX is called the Cech-Stone
compactification of the space X. Let vX = {y € X : HN X # @ for any
non-empty Gs-set H C BX such that y € H}. The space vX is called the Hewitt
realcompactification of the space X. The space X is realcompact if X = vX.If
¢ : X — Y is a continuous mapping then its dual map ¢* : C,(Y) — Cp(X) is
defined by ¢*(f) = fogpforany f € C,(Y).

Given a space X, we let Cp,o(X) = X and C,, ,11(X) = C,(C, (X)) for all
n € w. The spaces C), , (X) are called iterated function spaces of X . A space X hasa
small diagonal if, for every uncountable A C (X x X)\ A, there is a neighbourhood
U of the diagonal A = {(x,x) : x € X} such that A\U is uncountable. A space
Y is Eberlein—Grothendieck if it can be embedded into C,(K) for some compact
space K. Say that a space X is Ky if there exists a space Y such that X C Y and
X = ({Y, : n € w}, where each Y, is a o-compact subset of Y. A K-analytic
space is a continuous image of a K;s-space.

A family U C exp X is said to be point-finite at x € X if {U e U : x € U} is
finite. The family U is weakly o -point-finite if there exists a sequence {U, : n € w}
of subfamilies of U/ such that, for every x € X, we have i = (J{U, : n € M.}
where M, = {n € w : U, is point-finite at x}. The family U is Ty-separating if,
for any distinct x, y € X, there exists U € U such that |U N {x, y}| = 1. Aset U
is a cozero set in a space X if there is f € C,(X) such that U = X\ f~'(0). The
spaces which have a countable network are called cosmic.

Say that X is a Gul’ko space if C,(X) is a Lindelof X'-space. A compact Gul’ko
space is called Gul’ko compact. The space X is Talagrand if C,(X) is K-analytic.
A compact Talagrand space is called Talagrand compact.

A space X is called d-separable, if it has a dense o-discrete subspace. If X is
a space and U,V C t*(X), we say that V is a w-base for U if, for every U € U,
there is V' € V such that V' C U. The point-finite cellularity p(X) of a space X
is the supremum of cardinalities of point-finite families of non-empty open subsets
of X. A space X is «-stable if, for any continuous onto map f : X — Y, we have
nw(Y) < k whenever iw(Y) < k. Given a cardinal «, a space X is k-monolithic if
A C X and |A| < « implies nw(A) < k. Now, X is a Preiss—Simon space if, for any
closed F C X and any non-isolated x € F, there exists a sequence {U, : n € w}
of open non-empty subsets of F' such that U, — x, i.e., any neighbourhood of x
contains all but finitely many of U,’s.
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An uncountable regular cardinal « is a caliber of a space X if, for any family
U C t*(X) of cardinality «, there exists U’ C U such that || = k and (U’ # @.
An uncountable regular cardinal « is called a precaliber of a space X if, for any
family U C t*(X) of cardinality «, there exists 4/’ C U such that [U'| = x and
U’ is centered (=has the finite intersection property, i.e., |V # @ for any finite
vcu.

The symbol P stands for the space of the irrationals which is identified with »®;
in particular, if p,q € P, we say that p < ¢ if p(n) < g(n) for any n € w. Let
0® = {0} and 0=* = | J{" : n € w}. Usually, when considering @ <“, we identify
n = 0 with the empty set and every n € N with the set {0,...,n — 1}. If s € ®=%
andn € w thent = s7n € w=* is defined as follows: there is a unique k € w with
sewlettlk =sandt(k) = n.

Say that a space X is P-dominated if there is a compact cover {K, : p € P} of
the space X such that p,q € P and p < g imply K, C K,. In other words, the
space X is P-dominated if it has a P-directed compact cover. A space X is said to
be strongly P-dominated if it has a P-directed compact cover C such that, for any
compact K C X there is C € C such that K C C,i.e., C “swallows” all compact
subsets of X.

Given a space Z, the family of all compact subsets of Z is denoted by K(Z).
A space X is dominated by a space Y if there is a compact cover { Fx : K € KC(Y)}
of the space X such that K, L € K(Y) and K C L imply Fx C Fi.

Given a set A and a point x € R4, let supp(x) = {a € A : x(a) # 0}. If we have
afamilys = {4, :n € w} CexpAand|Js = Athen N, = {n € w : A,Nsupp(x)
is finite} for any x € R4, Let X;(A4) = {x € X(A) : A = |J{A, : n € N,}}; here,
as usual, X(A) = {x € R* : |supp(x)| < w} and Tx(4) = {x € R* : for any
e > 0,the set {a € A : |x(a)| > &} is finite}. The spaces X'(A4) (or X, (A)) will
be called X'-products (X«-products) of real lines. If X is a space and M C X, let
W be the topology generated by t(X) U {{x} : x € X\ M }. The space (X, ppr) is
usually denoted by X ;.

The statement CH (called Continuum Hypothesis) says that the first uncountable
ordinal is equal to the continuum, i.e., ; = ¢. The statement “t = 2¢ for any
infinite cardinal «” is called Generalized Continuum Hypothesis (GCH).
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1 Behavior of Compactness in Function Spaces

Suppose that X = vY and Z is a subspace of R¥ such that C »(X) C Z.
Prove that there exists Z' C RY such that C »(Y) C Z'and Z' is a continuous
image of Z.

Suppose that X is o-compact. Prove that there exists a K,s-space Z such that
C,(X)C Z CR™.

Suppose that vX is o-compact. Prove that there exists a K-analytic space Z
such that C,,(X) C Z C RY.

Prove that X is pseudocompact if and only if there exists a o-compact space
Z such that C,(X) C Z C RX.

Give an example of a Lindelof space X for which there exists no Lindelof
space Z such that C,(X) C Z C R¥.

Prove that vX is a Lindelof X-space if and only if C,(X) C Z C R¥ for
some Lindelof Y'-space Z. In particular,

(i) if C,(X) is a Lindelof X-space, then vX is a Lindelof X-space;
(i) (Uspenskij’s theorem) if X is a Lindelof X'-space then there exists a
Lindelof ¥-space Z such that C,(X) C Z C RY;
(iii) if v(Cp,(X)) is a Lindelof X'-space then vX is Lindelof X

Given a natural n > 1, suppose that there exists a Lindelof X'-space Z such
that C,,(X) C Z C RE»—1X) Prove that there exists a Lindeléf X-space Y
such that C,(X) C Y C RX.

Suppose that C,(X) is a Lindelof X'-space. Prove that C,,,(X) is w-stable
and w-monolithic for any natural n.

Prove that a space X is dominated by a space homeomorphic to the irrationals
if and only if X is P-dominated.

Suppose that X is dominated by a second countable space. Prove that there
is a countable family F of subsets of X which is a network with respect to a
cover of X with countably compact subspaces of X .

Suppose that a space X has a countable family F which is a network with
respect to a cover of X with countably compact subspaces of X. Prove that
vX is a Lindelof X -space.

Prove that the property of being dominated by a second countable space is
preserved by countable unions, products and intersections as well as by closed
subspaces and continuous images.

Show that every Lindelof X'-space is dominated by a second countable space.
Prove that X is a Lindelof X-space if and only if X is Dieudonné complete
and dominated by a second countable space.

Prove that, for any space X, the space C,(X) is dominated by a second
countable space if and only C,(X) is Lindelof X

Prove that, for any space X, the space C,(X) is P-dominated if and only if
C,(X) is K-analytic.

Prove that, for any space X, the space C,(X) is strongly P-dominated if and
only if X is countable and discrete.
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Observe that there exist spaces X for which C,(X,I) is Lindelof X while
C,(X) is not Lindelof. Supposing that vX and C,(X,I) are Lindel6f
X -spaces prove that C,(X) is a Lindelof X-space. In particular, if X is
Lindelof X then the space C,(X) is Lindelof X' if and only if C,(X,1) is a
Lindelof X'-space.

(Okunev’s theorem). Suppose that X and Y are Lindelof X'-spaces such that
Y C C,(X). Prove that C,(Y) is a Lindelof X-space.

Let X and C,(X) be Lindelof X'-spaces. Prove that, for every natural 7, the
space C,, ,(X) is a Lindelof X'-space. In particular, if X is compact and C,(X)
is Lindelof X' then all iterated function spaces of X are Lindelof X'-spaces.
For an arbitrary Lindel6f X'-space X, prove that every countably compact
subspace ¥ C C,(X) is Gul’ko compact.

Suppose that C,(X) is a Lindel6f X-space. Prove that every countably
compact ¥ C C,(X) is Gul’ko compact.

(Reznichenko’s compactum) Prove that there exists a compact space M with
the following properties:

(i) Cp(M)is a K-analytic space, i.e., M is Talagrand compact;
(ii) there is x € M such that M \{x} is pseudocompact and M is the Stone—
Cech extension of M \{x}.

As a consequence, there is an example of a K-analytic space X such that some
closed pseudocompact subspace of C,(X) is not countably compact.
Suppose that, for a countably compact space X, there exists a condensation
f:X —>Z cCC,(Y),where C,(Y) is a Lindelof X'-space. Prove that f is a
homeomorphism and X is Gul’ko compact.

Give an example of a pseudocompact non-countably compact space X which
can be condensed onto a compact K C C,(Y), where C,(Y) is Lindelof X.
Give an example of a space X such that C,(X) is Lindel6f ¥ and some
pseudocompact subspace of C,(X) is not countably compact.

Observe that if there exist spaces X such that C,(X) is a Lindelof X'-space
while #(C,(X)) > w. Prove that, if C,,(X) is Lindelof ¥ and Y C C,(X) is
pseudocompact then Y is Fréchet—Urysohn.

Show that there exists a space X such that C,(X) is a Lindelof X'-space and
t(Y) > w for some o-compact subspace ¥ C C,(X).

Let X be an arbitrary space. Denote by 7 : C,(vX) — C,(X) the restriction
map. Prove that, for any countably compact ¥ C C,(X), the space 7~ (Y) C
C,(vX) is countably compact.

Give an example of a space X such that 7~!(Y) is not pseudocompact for
some pseudocompact ¥ C C,(X). Here m : C,(vX) — Cp,(X) is the
restriction map.

Assume that vX is a Lindelof X¥-space and 7w : C,(vX) — C,(X) is the
restriction map. Prove that, for any compact Y C C,(X), the space 7~ '(Y) C
C,(vX) is also compact.
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1 Behavior of Compactness in Function Spaces

Assume that vX is a Lindelof X-space and 7w : C,(vX) — C,(X) is the
restriction map. Prove that, for any Lindelof X'-space Y contained in C,(X),
the space 7~ !(Y) C C,(vX) is Lindelof X.

Let X be a pseudocompact space and denote by 7 : C,(BX) — C,(X)
the restriction map. Prove that, for any Lindelof Y'-space (compact space)
Y C C,(X), the space 7~ '(Y) C C,(BX) is Lindeléf ¥ (or compact,
respectively).

Give an example of a pseudocompact X such that 7~'(Y) C C,(BX) is not
Lindelof for some Lindelof Y C C,(X). Here w : C,(BX) — C,(X) is the
restriction map.

Observe that C,(X) is a Lindelof X-space if and only if C,(vX) is Lindelof
X; prove that, for any X, the space C,(X) is K-analytic if and only if C,(vX)
is K-analytic. In other words, X is a Talagrand space if and only if vX is
Talagrand.

Suppose that C,,(X) is a Lindelof X'-space. Prove that C,, ,(vX) is a Lindel6f
X'-space for every n € N.

Given an arbitrary space X let # : C,(vX) — C,(X) be the restriction
mapping. Let 7*(¢) = ¢ o & for any function ¢ € RX¥) and observe that
the map 7* : R»™ — REG®Y) s an embedding. Identifying the space
v(C,(C,(X))) with the subspace {¢p € R : ¢ is strictly »-continuous
on C,(X)} of the space R»X) (see TFS-438) prove that

(i) 7*(Cp(Cp(X))) C ™ (W(CH(Cp(X)))) C Cp(Cp(vX));
(ii) if Cp(X) is normal then 7*(v(C,(C,(X)))) = C,(C,(vX)) and hence
the spaces v(C,(C,(X))) and C,(C,(vX)) are homeomorphic.

Suppose that C,(X) is a Lindelof X-space. Prove that C,, »,(vX) is homeo-
morphic to v(Cp2,(X)) forevery n € N.

Suppose that C,(X) is a Lindelof X'-space. Prove that Cj 5,41 (vX) can be
condensed onto C), 5,4 (X) forevery n € w.

Suppose that C,, »¢+1(X) is a Lindeldf X'-space for some k € . Prove that
Cpont1(X) is a Lindelof X'-space every n € w.

Suppose that Cp ¢ (X) is a Lindelof X-space for some k € N. Prove that
Cpon(X) is a Lindelof X-space every n € N.

Give an example of a space X such that C,(X) is not Lindelof while C, 5, (X)
is a Lindeldf X'-space for every n € N.

Give an example of a space X such that C,C,(X) is not Lindelof while
Cpont+1(X) is a Lindelof X-space for every n € w.

Prove that, for any space X, only the following distributions of the Lindelof
XY -property in iterated function spaces are possible:

(i) Cp,(X) is not a Lindelof X-space for any n € N;
(ii) Cp(X) is a Lindelof X'-space for any n € N;
(iii) Cpon+1(X) is a Lindelof X-space and C2,+42(X) is not Lindelof for
any n € w;
(iv) Cpont2(X) is a Lindelot X'-space and C,2,+1(X) is not Lindeldt for
any n € .
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Suppose that Cp, 5x+1(X) is a Lindelof X -space for some k € w. Prove that,
if Cp 21 42(X) is normal for some / € w, then C,,(X) is a Lindelof X'-space
for any n € N.

Suppose that Cp, 5x42(X) is a Lindelof X-space for some k € w. Prove that,
if Cp21(X) is normal for some / € w, then C,,(X) is a Lindelof X'-space
for any n € N.

Prove that, if C,(X) is a Lindelof X-space, then v(C,C,(X)) is a Lindelof
X' -space.

Prove that, if X is normal and v(C,(X)) is a Lindelof X-space, then
v(C,C,(X)) is a Lindelof X-space.

Prove that, if X is realcompact and v(C,(X)) is a Lindelof X'-space, then
v(C,C,(X)) is a Lindelof X-space.

Let w; be a caliber of a space X. Prove that C,(X) is a Lindel6f X'-space if
and only if X has a countable network.

Prove that there exists a space X such that w; is a precaliber of X, the space
Cpn(X) is a Lindelof X-space for all n € w, while X does not have a
countable network.

Let X be a Lindelof X'-space with w; a caliber of X . Prove that any Lindelof
X -subspace of C,(X) has a countable network.

Prove that a Lindelof X'-space Y has a small diagonal if and only if it embeds
into C,(X) for some X with w; a caliber of X.

Prove that, if C,(X) is a Lindelof X-space and has a small diagonal then X
has a countable network.

Suppose that a space X has a dense subspace which is a continuous image of
a product of separable spaces. Prove that any Lindel6f X-subspace of C,(X)
has a countable network.

Prove that any first countable space is a Preiss—Simon space.

Prove that any Preiss—Simon space is Fréchet—Urysohn.

Give an example of a compact Fréchet—Urysohn space which does not have
the Preiss—Simon property.

Let X be a space which has the Preiss—Simon property. Prove that each
pseudocompact subspace of X is closed in X.

Suppose that X is a Preiss—Simon compact space. Prove that, for any proper
dense Y C X, the space X is not the Cech-Stone extension of Y.

Prove that the following properties are equivalent for any countably compact
space X:

(i) X is a Preiss—Simon space;
(i) each pseudocompact subspace of X is closed in X;
(iii) for each closed F C X and any non-isolated x € F, the space F\{x} is
not pseudocompact.

Let X be a Lindelof X'-space. Suppose that ¥ C C,(X) and the set of non-
isolated points of Y is Lindelof X'. Prove that C, (Y, 1) is Lindelof X.

Let X be an Eberlein—Grothendieck space. Suppose that the set of non-isolated
points of X is o-compact. Prove that C,(X,I) is K,s.
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1 Behavior of Compactness in Function Spaces

Let X be a second countable space. Prove that, for any M C X, the space
C,(Xp, 1) is Lindelof X.

Let X be a o-compact Eberlein-Grothendieck space. Prove that C,(X) is a
K,s-space.

Give an example of a Lindelof space X such that C,(X,I) is Lindel6f X and
X x X is not Lindelof.

Suppose that X is a space such that v(C,(X)) is Lindelof ¥ and we have the
equality s(C, (X)) = w. Prove that nw(X) = w.

Suppose that C,,(X) is hereditarily stable and v.X is a Lindelof X' -space. Prove
that nw(X) = w.

Show that if C,(X) is hereditarily stable then nw(Y) = o for any Lindelof
X -subspace Y C X.

Suppose that v(C,(X)) is a Lindelof X'-space and w; is a caliber of C,(X).
Prove that nw(Y') = w for any Lindelof X -subspace Y C X.

Give an example of a space X which has a weakly o-point-finite family
U C t*(X) such that ¢ is not o-point-finite.

Let X be an arbitrary space with s(X) < k. Prove that any weakly o-point-
finite family of non-empty open subsets of X has cardinality < «.

Give an example of a non-cosmic Lindelof X'-space X such that any closed
uncountable subspace of X has more than one (and hence infinitely many)
non-isolated points.

Suppose that C,(X) is a Lindel6f X'-space. Prove that, if all closed uncount-
able subspaces of C,(X) have more than one non-isolated points, then C,(X)
has a countable network.

Let X be a Lindelof X'-space with a unique non-isolated point. Prove that any
subspace of C,(X) has a weakly o-point-finite Ty-separating family of cozero
sets.

Let X be a space of countable spread. Prove that C,,(X) is a Lindelof X'-space
if and only if X has a countable network.

Show that, under CH, there exists a space X of countable spread for which
there is a Lindelof X-space Y C C,(X) withnw(Y) > w.

Let X be a space with a unique non-isolated point: X = {a} U Y, where all
points of Y are isolated and @ ¢ Y. Prove that, for every infinite cardinal «,
the following conditions are equivalent:

@ p(Cp(X)) =k
(i) if {4, : @ < kF} is a disjoint family of finite subsets of ¥ then there is
an infinite S C k™ such thata ¢ | J{A, : @ € S};
(iii) if {4, : & < kT }is a family of finite subsets of Y then there is an infinite
S C kT suchthata ¢ ({4, : o € S}.

Let X be a space with a unique non-isolated point. Prove that, if X has no
non-trivial convergent sequences, then the point-finite cellularity of C,(X) is
countable.
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Call a family y of finite subsets of a space X concentrated if there is no
infinite & C y such that | p is discrete and C*-embedded in X . Prove that,
if every concentrated family of finite subsets of X has cardinality < «, then
P(Cy(X)) < k.

Prove that there exists a Lindelof X'-space X with a unique non-isolated point
such that C,(X) is a Lindelof X-space, p(C,(X)) = w, all compact subsets
of X are countable and nw(X) = .

Prove that there exists a space X such that C,(X) is Lindelof X-space,
nw(X) =cand p(X) = w.

Prove that any continuous image and any closed subspace of a Gul’ko compact
space is a Gul’ko compact space.

Prove that any countable product of Gul’ko compact spaces is a Gul’ko
compact space.

Let X be a Gul’ko compact space. Prove that for every second countable M,
the space C,(X, M) is Lindelof X

Prove that if C,(X) is a Lindelof X'-space then X can be condensed into
a XY -product of real lines. Deduce from this fact that every Gul’ko compact
space is Corson compact.

Prove that if X is Corson compact then the space C,(X) condenses linearly
into a X' -product of real lines. As a consequence, for any Gul’ko compact X
the space C,(X) condenses linearly into a Xx-product of real lines.

Let X be a Corson compact space. Prove that, if p(C,(X)) = o then X is
metrizable. Therefore if X is a Gul’ko compact space and p(C,(X)) = w
then X is metrizable.

Suppose that X and C,(X) are Lindelof X -spaces and p(C,(X)) = w. Prove
that | X| <.

Prove that a compact space X is Gul’ko compact if and only if X has a weakly
o-point-finite Ty-separating family of cozero sets.

Prove that a compact X is Gul’ko compact if and only if there exists a set A
such that X embeds into X;(A) for some family s = {4, : n € w} of subsets
of Awith s = A.

Suppose that X is a space, n € N and a non-empty family & C 7*(X) has
order < n, i.e., every x € X belongs to at most n elements of /. Prove that
there exist disjoint families V, ..., V, of non-empty open subsets of X such
that V = | J{V; :i < n}isa m-base for .

Suppose that a space X has the Baire property and I/ is a weakly o-point-finite
family of non-empty open subsets of X. Prove that there exists a o-disjoint
family V C t*(X) which is a r-base for U.

Prove that every Gul’ko compact space has a dense metrizable subspace.

Let X be a Gul’ko compact space. Prove that w(X) = d(X) = c(X). In
particular, each Gul’ko compact space with the Souslin property is metrizable.
Let X be a pseudocompact space with the Souslin property. Prove that any
Lindelof X'-subspace of C,(X) has a countable network.

Let X be a Lindelof X'-space. Suppose that Y is a pseudocompact subspace
of C,(X). Prove that Y is compact and metrizable if and only if ¢(Y) = .
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1 Behavior of Compactness in Function Spaces

Prove that every Gul’ko compact space is hereditarily d -separable.

Let X be a compact space. Prove that C,(X) is a K-analytic space if and only
if X has a Ty-separating family I/ of open F,-subsets of X and subfamilies
{Us : s € =} of the family U/ with the following properties:

(@) Up = U and Uy = | J{Us~k : k € w} forany s € ©=%;
(b) for every x € X and every f € w®, there exists m € w such that the
family U 7|, is point-finite at x for alln > m.

Let X be a compact space. Prove that C,(X) is a K-analytic space if and only
if X can be embedded into some X' (A) in such a way that, for some family
{A; 1 5 € @=?} of subsets of A, the following conditions are fulfilled:

(a) Ag = Aand A; = | J{As;~ : k € w} forany s € ©=%;
(b) for any point x € X and any f € w®, there exists m € w such that the set
A r1, N supp(x) is finite for all n > m.

(Talagrand’s example) Show that there exists a Gul’ko compact space X such
that C,(X) is not K-analytic. In other words, not every Gul’ko compact space
is Talagrand compact.
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1.4 Eberlein Compact Spaces

All spaces are assumed to be Tychonoff. Given an arbitrary set A, we will need the
spaces X(A) = {x e R : [{a € A : x(a) # 0}| < w}, Ty(4) = {x € R : for
any ¢ > 0, the set {a € A : |x(a)| > &} is finite} and 6(4) = {x € R* : the set
{a € A : x(a) # 0} is finite}. Suppose that we have a product X = [[{X, : 1 € T}
andx € X.Let Y(X,x) ={y e X : |{t € T : y(t) # x(t)}| < w}. The space
XY(X, x)iscalled the X -product of { X, : t € T} centered at the point x and the point
X is the center of the relevant X'-product. If we have a product X = [[{X, : 7 € T}
and x € X,theno(X,x) = {y € X : |{t € T : y(t) # x(t)}| < w}. The
set 0 (X, x) is called the o-product of {X, : t € T} centered at the point x and
the point x is the center of the relevant o-product. If no center of a X-product
or a o-product is specified, then the formulated statements are valid (or must be
proved) for any center of the mentioned X'-product or o-product. If X is a set, then
A=Ay ={(x,x): x € X}is the diagonal of X.

The space D is the two-point set {0, 1} with the discrete topology. A space X
is called functionally perfect if there is a compact K C C,(X) which separates
the points of X. A functionally perfect compact space is called Eberlein compact.
A compact space K is called a uniform Eberlein compact if, for some set A, the
space K embeds into X (A) in such a way that there exists a function N : Rt — N
such that [{a € A : |x(a)| > €}| < N(¢) forall x € K and ¢ > 0. Here R is the set
of all positive real numbers. Call X strong Eberlein compact if it is homeomorphic
to a compact subspace of 0y(A4) = {x € D* : |x~'(1)| < w} for some A. A space
is called k-separable if it has a dense o-compact subspace. The expression X ~ Y
says that X and Y are homeomorphic. Given a locally compact non-compact X, let
a(X) = X U{ap}, whereag ¢ X.Let u = 7(X) U {{ag} UU : X\U is compact}.
The space (x(X), u) is called the one-point compactification of the space X .

If P is a class of spaces, then P, consists of spaces representable as a countable
union of elements of P. The class Ps contains the spaces which are countable
intersections of elements of P in some larger space. More formally, X € P, if
X = U{X, : n € w} where X, € P for any n € w. Analogously, X € P;s
if there exists a space Y and ¥, C Y such that ¥, € P foralln € w and
({Y, : n € w} >~ X. Then Pys = (Py)s. Say that X is a Kys-space if X € Kys
where K is the class of compact spaces.

Let T be an infinite set. An arbitrary family A C exp T is called adequate if
UA =T, expA C Aforany A € A, and A € A whenever all finite subsets of
A belong to A. Given A C T, let y4(t) = 1ift € A and y4(t) = 0ift ¢ A.
The map y4 : T — {0, 1} is called the characteristic function of A in the set T . If
we have a set T and an adequate family A on T, let K4 = {y4 € DT : 4 € A}.
Another object associated with A, is the space T3 whose underlying setis 7 U {£},
where & ¢ T, all points of T are isolated in 73 and the basic neighbourhoods of
£ are the complements of finite unions of elements of A. A subspace X C D7 is
called adequate if X = K 4 for some adequate family A on 7.
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A family y of subsets of X is Ty-separating if, for any distinct x, y € X, there
is A € y such that |[A N {x, y}| = 1. Now, y is T;-separating if, for any distinct
x,y € X, there are A, B € y such that A N {x,y} = {x} and B N {x, y} = {y}.
Aset U C X is cozero if there is f € C,(X) such that U = f~'(R\{0}). Say
that X is a Preiss—Simon space if, for any closed FF C X and for any non-isolated
x € F, there exists a sequence {U, : n € w} of open non-empty subsets of F
such that U, — x, i.e., any neighbourhood of x contains all but finitely many
of U,’s. A space X is called homogeneous if, for every x,y € X, there exists a
homeomorphism f : X — X such that f(x) = y. A space X is o-metacompact if
any open cover of X has a o-point-finite open refinement, i.e., a refinement which
is a countable union of point-finite families.

All linear spaces in this book are considered over the space R of the reals. Let
L be a linear topological space. A set M C L is called a linear subspace of L if
ax + By € M whenever x,y € M and o, 8 € R. A linear space L, equipped
with a topology t, is called linear topological space if (L, t) is a T-space and the
linear operations (x, y) — x 4+ y and (¢, x) — tx are continuous with respect to t.
A subset A of a linear space L is called convex if x, y € A implies tx + (1 —¢)y €
A for any number ¢ € [0, 1]. A convex hull conv(A) of a set A C L is the set
{tixi+ ...+ tyxp,:neN, x,...,x, €A, ty,....t, €[0,1], ty +... + 1, = 1}.
A linear topological space L is called locally convex if it has a base which consists
of convex sets. If L is a linear space and A C L then the linear span of A in L is
the intersection of all linear subspaces of L which contain A. A real-valued function
x — ||x||, defined on a linear space L, is a norm if it has the following properties:

(N1) ||x]] = 0 for any x € L; besides, ||x|| = 0 if and only if x = 0;
(N2) |lax|| = || -||x|| forany x € L and @ € R;
(N3) [lx + yll < [lx|[ + [[y]| for any x, y € L.

If || -|| is anorm on a linear space L, the pair (L, ||-||) is called a normed space.
If the norm is clear, we write L instead of (L, ||-||). If L is a normed space, then the
function d; (x, y) = ||x — y|| is a metric on L. Every normed space L is considered
to carry the topology generated by the metric d;. If (L,d;) is a complete metric
space, L is called a Banach space. Given a linear space L, a function f : L — R is
called a linear functional if f(ax 4+ By) = af(x) + Bf(y) forany x,y € L and
o, B € R; the functional f is called trivial if f(x) = O for any x € L. The set of
all continuous linear functionals on L is denoted by L*; clearly, L* C C(L). Given
aset X and F C R¥, let tx be the topology generated by the family { f ~'(U) :
f e F, U € t(R)} as a subbase. We call tx the topology generated by F. If L is
a linear topological space, denote by L,, the space (L, t;«). We call t;+ the weak
topology of L. Given a topological property P, a set K C L is called weakly P if
the topology, induced in K from L,,, has the property P. For example, aset K C L
is weakly compact if the topology, induced in K from L,,, is compact.
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Prove that the following conditions are equivalent for any space X:

(1) X is functionally perfect;

(ii) X condenses onto a subspace of C,(Y') for some compact Y';

(iii) X condenses onto a subspace of C,(Y") for some o-compact Y;

(iv) there exists a o-compact H C C,(X) which separates the points of X;
(v) the space C,(X) is k-separable.

Show that neither X' (A4) nor R4 is functionally perfect whenever the set A4 is
uncountable.

Prove that the spaces 0(A4) and X, (A) are functionally perfect for any set A.
Prove that C), (1) is functionally perfect.

Show that, if a space condenses onto a functionally perfect space, then it is
functionally perfect.

Prove that any subspace of a functionally perfect space is functionally perfect.
Prove that a countable product of functionally perfect spaces is a functionally
perfect space. In particular, a countable product of Eberlein compact spaces is
Eberlein compact.

Prove that any o-product of functionally perfect spaces is a functionally
perfect space.

Prove that any product of k-separable spaces is k-separable.

Prove that a space X is hereditarily k-separable (i.e., every ¥ C X is
k-separable) if and only if X is hereditarily separable.

Suppose that f : X — Y is an irreducible perfect map. Show that the space
X is k-separable if and only if sois Y.

Prove that, for any k-separable X, the space C,(X) is functionally perfect. In
particular, the space C,(X) is functionally perfect for any compact X.

Give an example of a non-k-separable space X for which C,(X) is function-
ally perfect.

Prove that, for an arbitrary space X, the space C,(X) is a continuous image
of C,(C,(Cp(X))).

Prove that C,(X) is k-separable if and only if C,C,(X) is functionally
perfect. As a consequence, X is functionally perfect if and only if C,(C,(X))
is functionally perfect.

Prove that any metrizable space is functionally perfect. In particular, any
second countable space is functionally perfect and hence any metrizable
compact space is Eberlein compact.

Let X be a metrizable space. Prove that C,(X) is functionally perfect if and
only if X is second countable.

Prove that any paracompact space with a Gs-diagonal can be condensed onto
a metrizable space. Deduce from this fact that any paracompact space with a
Gs-diagonal is functionally perfect.

Observe that any Eberlein—Grothendieck space is functionally perfect. Give an
example of a functionally perfect space which is not Eberlein—Grothendieck.
Prove that every metrizable space embeds into an Eberlein compact space.
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1 Behavior of Compactness in Function Spaces

Prove that C,(X) is a K,s-space for any Eberlein compact X . In particular,
each Eberlein compact space is Gul’ko compact and hence Corson compact.
Prove that a compact space X is Eberlein if and only if it embeds into X, (A4)
for some A.

Prove that a compact space is metrizable if and only if it has a T;-separating
o -point-finite family of cozero sets.

Prove that a compact space X is Eberlein compact if and only if X has a
To-separating o -point-finite family of cozero sets.

Give an example of a scattered compact space which fails to be Corson
compact and has a Ty-separating o -point-finite family of open sets.

Suppose that a compact X has a Ty-separating point-finite family of open sets.
Prove that X is Eberlein compact.

Prove that a non-empty compact X is Eberlein if and only if there is a compact
F C C,(X) which separates the points of X and is homeomorphic to A (k)
for some cardinal k.

Say that a (not necessarily continuous) function x : I — I is increasing
(decreasing) if x(s) < x(¢) (or x(s) > x(¢) respectively) whenever s,¢ € I
and s < ¢. A function x : I — I is called monotone if it is either increasing
or decreasing. Prove that the Helly space X = {x € I' : x is a monotone
function} is closed in I and hence compact. Is it an Eberlein compact space?
Prove that a compact space X is Eberlein compact if and only if C,(X) is a
continuous image of (A(k))® x w® for some infinite cardinal «.

Prove that a compact space X is Eberlein compact if and only if there is a
compact space K and a separable space M such that C,(X) is a continuous
image of K x M.

Prove that any infinite Eberlein compact space X is a continuous image of
a closed subspace of (A(x))” x M, where k = w(X) and M is a second
countable space.

Prove that each Eberlein compact space is a Preiss—Simon space.

Prove that, if a pseudocompact space X condenses onto a subspace of C,(K)
for some compact K, then this condensation is a homeomorphism and X is
Eberlein compact. In particular, any functionally perfect pseudocompact space
is Eberlein compact.

Prove that a zero-dimensional compact space X is Eberlein compact if and
only if X has a Ty-separating o-point-finite family of clopen sets.

Let X be a zero-dimensional compact space. Prove that X is Eberlein if and
only if C, (X, D) is o-compact.

Prove that any Eberlein compact space is a continuous image of a zero-
dimensional Eberlein compact space.

Prove that any continuous image of an Eberlein compact space is Eberlein
compact.

Prove that there exists a compact X such that X is a union of countably many
Eberlein compact spaces while C),(X) is not Lindel6f. In particular, a compact
countable union of Eberlein compact spaces need not be Corson compact.
Prove that it is consistent with ZFC that there exists a Corson compact space
which does not map irreducibly onto an Eberlein compact space.
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Suppose that P is a class of topological spaces such that, for any X € P,
all continuous images and all closed subspaces of X belong to P. Prove that
it is impossible that a compact space X be Eberlein compact if and only if
C,(X) € P, ie., either there exists an Eberlein compact space X such that
C,(X) ¢ P or there is a compact ¥ which is not Eberlein and C,(Y) € P.
Let X be a Gul’ko compact space. Prove that there exists a countable family
F of closed subsets of X suchthat | JF = X and K, = (\{4d:x € A € F}
is Eberlein compact for any x € X.

Let X be an Eberlein compact space with |X| < c. Prove that there exists
a countable family F of closed subsets of X such that | JF = X and the
subspace K, = ({4 : x € A € F} is metrizable for any x € X.

Observe that ¢(X) = w(X) for any Eberlein compact space X . Prove that, for
any infinite compact X, we have ¢(X) = sup{w(K) : K C C,(X) and K is
compact}.

Given a pseudocompact space X and functions f, g € C(X), letd(f,g) =
sup{| f(x) — g(x)| : x € X}. Prove that d is a complete metric on the set
C(X) and the topology of C,(X) is generated by d.

Prove that, for any pseudocompact X, the space C,(X) is separable if and only
if X is compact and metrizable.

Suppose that X is a compact space and let || f|| = sup{| f(x)| : x € X}
for any f € C(X). Assume additionally that » € C(X), r > Oand H =
{h, : n € w} C C(X) is a sequence such that ||h,|| < r forall n € w and
h,(x) — h(x) forany x € X (i.e., the sequence H converges to / in the space
C,(X)). Prove that h belongs to the closure of the convex hull conv(H) of the
set H in the space C,(X).

Suppose that X is a Cech-complete space and we are given a continuous map
¢ 1 X — C,(K) for some compact space K. Prove that there exists a dense
Gs-set P C X such that ¢ : X — C,(K) is continuous at every point of P.
Prove that any Eberlein—Grothendieck Cech-complete space has a dense
Gs-subspace which is metrizable.

Prove that if X is an Eberlein—Grothendieck Cech-complete space then
c(X) = w(X).

Let X be a compact space. Assume that X = X;U...UX,, where every X; is
a metrizable (not necessarily closed) subspace of X . Prove that X/ Nn...nX,
is metrizable. In particular, if all X;’s are dense in X then X is metrizable.
Suppose that X is a compact space which is a union of two metrizable sub-
spaces. Prove that X is Eberlein compact which is not necessarily metrizable.
Observe that there exists a compact space K which is not Eberlein while being
aunion of three metrizable subspaces. Suppose that X is a compact space such
that X x X is a union of its three metrizable subspaces. Prove that X is Eberlein
compact.

Prove that, if X is compact and X is a union of countably many of its Eberlein
compact subspaces then X is Eberlein compact.

Give an example of an Eberlein compact space which cannot be represented
as a countable union of its metrizable subspaces.
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1 Behavior of Compactness in Function Spaces

Let X be a Corson compact space such that X is a countable union of Eberlein
compact spaces. Prove that C,(X) is K-analytic and hence X is Gul’ko
compact.

Let X be a o-product of an arbitrary family of Eberlein compact spaces. Prove
that C,(X) is a K;s-space.

Prove that the one-point compactification of an infinite discrete union of non-
empty Eberlein compact spaces is an Eberlein compact space.

Prove that the Alexandroff double of an Eberlein compact space is an Eberlein
compact space.

Recall that a space X is homogeneous if, for any x,y € X, there is a
homeomorphism 2 : X — X such that 4(x) = y. Construct an example
of a homogeneous non-metrizable Eberlein compact space.

Give an example of a hereditarily normal but not perfectly normal Eberlein
compact space.

Let X be an Eberlein compact space such that X x X is hereditarily normal.
Prove that X is metrizable.

Prove that there exists an Eberlein compact space X such that X2\ A is not
metacompact.

Prove that any Eberlein compact space is hereditarily o-metacompact.

Prove that, for any compact X, the subspace X?\A C X? is o-metacompact
if and only if X is Eberlein compact.

Prove that a compact space X is Eberlein compact if and only if X x X is
hereditarily o-metacompact.

Prove that a compact space X has a closure-preserving cover by compact
metrizable subspaces if and only if it embeds into a o-product of compact
metrizable spaces. In particular, if X has a closure-preserving cover by
compact metrizable subspaces then it is an Eberlein compact space.
Construct an Eberlein compact space which does not have a closure-preserving
cover by compact metrizable subspaces.

Observe that every strong Eberlein compact is Eberlein compact. Prove that
a metrizable compact space is strong Eberlein compact if and only if it is
countable.

Prove that a compact X is strong Eberlein compact if and only if it has a
point-finite 7j-separating cover by clopen sets.

Prove that every o-discrete compact space is scattered. Give an example of a
scattered compact non-o-discrete space.

Prove that every strong Eberlein compact space is o-discrete and hence
scattered.

Prove that a hereditarily metacompact scattered compact space is strong
Eberlein compact.

Prove that the following conditions are equivalent for any compact X:

(i) X is o-discrete and Corson compact;
(i) X is scattered and Corson compact;
(iii) X is strong Eberlein compact.
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Prove that any continuous image of a strong Eberlein compact space is a strong
Eberlein compact space.

Prove that any Eberlein compact space is a continuous image of a closed subset
of a countable product of strong Eberlein compact spaces.

Let X be a strong Eberlein compact space. Prove that the Alexandroff double
of X is also strong Eberlein compact.

Suppose that X; is strong Eberlein compact for each ¢ € T. Prove that the
Alexandroff one-point compactification of the space P{X; : t € T} is also
strong Eberlein compact.

Observe that any uniform Eberlein compact is Eberlein compact. Prove that
any metrizable compact space is uniform Eberlein compact.

Observe that any closed subspace of a uniform Eberlein compact space is
uniform Eberlein compact. Prove that any countable product of uniform
Eberlein compact spaces is uniform Eberlein compact.

Prove that if X is a uniform Eberlein compact space then it is a continuous
image of a closed subspace of (A(k))® for some infinite cardinal «.

Prove that any continuous image of a uniform Eberlein compact space is
uniform Eberlein compact. Deduce from this fact that a space X is uniform
Eberlein compact if and only if it is a continuous image of a closed subspace
of (A(x))® for some infinite cardinal .

Given an infinite set 7 suppose that a space X; # @ is uniform Eberlein
compact for each t € T. Prove that the Alexandroff compactification of the
space EP{X; : t € T} is also uniform Eberlein compact.

Let T be an infinite set. Suppose that A is an adequate family on 7. Prove that
the space K 4 is Eberlein compact if and only if 7} is o-compact.

Let T be an infinite set. Suppose that A is an adequate family on 7. Prove that
the space K 4 is Eberlein compact if and only if there exists a disjoint family
{T; :i € w}suchthat T = | J{T; : i € w}and x~'(1) N T; is finite for every
xe Kygandi € w.

Let 7 be an infinite set and .4 an adequate family on 7. Prove that the adequate
compact K 4 is uniform Eberlein compact if and only if there exists a disjoint
family {T; : i € w} and a function N : @ — w such that T = ( {T; :€ w}
and [x~'(1) N T;| < N(i) forany x € K4 and i € w.

For the set T = w; X w; let us introduce an order < on T declaring that
(a1, B1) < (a2, Bo) if and only if o1 < ap and B; > B,. Denote by A the
family of all subsets of 7" which are linearly ordered by < (the empty set and
the one-point sets are considered to be linearly ordered). Prove that A is an
adequate family and X = K 4 is a strong Eberlein compact space which is not
uniform Eberlein compact.

(Talagrand’s example) For any distinct s, € ®, consider the number
8(s,t) = min{k € w : s(k) # t(k)}. Foreachn € w,let A, = {A C w® : for
any distinct 5,7 € A we have §(s, 1) = n}. Prove that A = | J{A4, : n € w}is
an adequate family and X = K 4 is a Talagrand compact space (i.e., C,(X) is
K-analytic and hence X is Gul’ko compact) while X is not Eberlein compact.
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1 Behavior of Compactness in Function Spaces

Given a compact space X let || f|| = sup{| f(x)| : x € X} forany f € C(X).
Prove that (C(X), || - ||) is a Banach space.

(Hahn-Banach Theorem) Assume that M is a linear subspace of a normed
space (L, || - ||) and suppose that f : M — R is a linear functional such
that | f(x)| < ||x|| for any x € M. Prove that there exists a linear functional
F:L — Rsuchthat FIM = f and |F(x)| < ||x]|| forall x € L.

Given a normed space (L, ||-||) let S = {x € L : ||x|| < 1} be the unit ball of
L. Prove that a linear functional f : L — R is continuous if and only if there
exists k € N such that | f(x)| < k forany x € S.

Given a normed space (L, || - [|),let S = {x € L : ||x|| < 1} and consider
the set S* = {f € L* : f(S) C [—1, 1]}. Prove that S* separates the points
of L.

Let L be a linear space without any topology. Suppose that F is a family
of linear functionals on L which separates the points of L. Prove that the
topology on L generated by F, is Tychonoff and makes L a locally convex
linear topological space.

Let L be a linear space. Denote by L’ the set of all linear functionals on L.
Considering L’ a subspace of R”, prove that L’ is closed in R-.

Given a normed space (L, || - ||), consider the sets S = {x € L : ||x]|| < 1}
and S* = {f € L* : f(S) C [-1, 1]}. Prove that, for any point x € L, the
set S*(x) = {f(x): f € S*}is bounded in R.

Given a normed space (L, || - [|),let S = {x € L : ||x|| < 1} and consider
the set S* = {f € L* : f(S) C [-1,1]}. Denote by L, the set L with
the topology generated by L*. Observe that S* C C(L,,) and give S* the
topology t induced from C,(L,,). Prove that (S*, ) is a compact space.
Prove that L, is functionally perfect for any normed space (L, || - ||). As a
consequence, any compact subspace of L,, is Eberlein compact.

Let L be a linear topological space. Given a sequence {x, : n € w} C L,
prove that x,, — x in the weak topology on L if and only if f(x,) — f(x)
forany f e L*.

For an arbitrary compact space K let || f|| = sup{|f(x)] : x € K} for
any f € C(K). Denote by C,,(K) the space C(K) endowed with the weak
topology of the normed space (C(K), ||+||). Prove that (C,,(K)) D 7(C,(K))
and show that, in the case of K = I, this inclusion is strict, i.e., T(C,,(I)) #
(C,(D)).

Suppose that K is a compact space and let || f|| = sup{| f(x)| : x € K} for
any f € C(K). Denote by C,,(K) the space C(K) endowed with the weak
topology of the normed space (C(K), || - ||). Prove that, for any X C C(K,1I),
if X is compact as a subspace of C,(K) then the topologies, induced on X
from the spaces C,(K) and C,,(K), coincide.

(The original definition of an Eberlein compact space) Prove that X is an
Eberlein compact space if and only if it is homeomorphic to a weakly compact
subset of a Banach space.
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A space X is called splittable if, for every f € RX, there exists a countable set
A C Cp(X)suchthat f € A (the closure is taken in R¥). Splittable spaces are also
called cleavable, but we won’t use the last term in this book. A space X is weakly
splittable if, for every function f € R¥, there exists a o-compact A C C,(X) such
that f € A (the closure is taken in R¥). A compact weakly splittable space is called
weak Eberlein compact.

A space X is strongly splittable if, for every f € RX, there exists a sequence
S ={fy:n€w} CCyX)suchthat f, — f.A space X is functionally perfect
if there exists a compact K C C,(X) which separates the points of X. Given a
space X let L ,(X) be the set of all continuous linear functionals on C,(X) with the
topology induced from C,(C,(X)).

A space X has a small diagonal if, for any uncountable set A C (X x X)\A,
there exists an uncountable B C A such that B N A = . Here, as usual, the set
A = {(x,x) : x € X} C X x X is the diagonal of the space X. A subspace
Y C X is strongly discrete if there exists a discrete family {U, : y € Y} C ©(X)
such that y € U, for each y € Y. A space is strongly o-discrete if it is a union of
countably many of its closed discrete subspaces. The space D is the two-point set
{0, 1} endowed with the discrete topology.

An uncountable regular cardinal « is a caliber of a space X if, for any family
U C t*(X) of cardinality «, there exists U’ C U such that |I'| = k and U’ # @.
An uncountable regular cardinal « is called a precaliber of a space X if, for any
family U C t*(X) of cardinality «, there exists &/’ C U such that [U'| = x and
U’ has finite intersection property, i.e., [V # @ for any finite V C U’. Now,
p(X) = sup{|U| : U is a point-finite family of non-empty open subsets of X}.
The cardinal p(X) is called the point-finite cellularity of X. Given a space X and
x € X, call a family B C t*(X) a w-base of X at x if, for any U € t(x, X),
there is V' € B such that V' C U. Note that the elements of a w-base at x need
not contain the point x. Now, 7y (x, X) = min{|B| : B is a w-base of X at x} and
wx(X) = sup{my(x,X): x € X}. Letiw(X) = min{|«]| : there is a condensation
of X onto a space of weight < k}. The cardinal iw(X) is called the i -weight of X.

A subspace Y of a space X is C-embedded in X if, for any function f € C(Y),
there is g € C(X) such that g|Y = f. If any bounded continuous function on Y
can be extended to a continuous function on X, we say that Y is C*-embedded in
X.

If X isaspace,Y C X and E C Cp(Y),say thatamap ¢ : E — C,(X) is
an extender if o(f)|Y = f forany f € E. AsetY C X is t-embedded in X, if
there exists a continuous extender ¢ : C,(Y) — C,(X). Note that any 7-embedded
subspace of X is C-embedded in X. It is said that Y is [-embedded in X if there
exists a linear continuous extender ¢ : C,(Y) — C,(X). Note that any /-embedded
subspace of X is t-embedded in X .

A space X is called extendial or [-extendial if every closed subspace of X is
/-embedded in X. If every closed subspace of X is f-embedded in X, then X is
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t-extendial. A space X is extral or [-extral if, for any space Y which contains X
as a closed subspace, X is /-embedded in Y. Analogously, X is t-extral if, for any
space Y which contains X as a closed subspace, X is r-embedded in Y. Given a
space X and a subspace F C X, we say that F is a retract of X if there exists a
continuous map f : X — F such that f(x) = x for any x € F. The map f is
called retraction of X onto F. A compact space is called dyadic if it is a continuous
image of the Cantor cube D* for some x. A compact space X is [-dyadic if it is
[-embedded in some dyadic space. If X can be ¢-embedded in some dyadic space,
it is called #-dyadic.

Recall that a space X is radial if, for every A C X and every x € A, there exists a
transfinite sequence s = {x, : @ < k} C A such thats — x. A space is k-separable
if it has a dense o-compact subspace. The symbol ¢ denotes the cardinality of the
continuum. A space X is Baire if any countable intersection of open dense subsets of
X is dense in X. The space X is Cech-complete if X is a Gs-setin BX. A sequence
{U, : n € w} of covers of X is called complete if, for any filter F on the set X such
that F N U, # @ foralln € w, we have (\{F : F € F} # 0.

A family U of subsets of a space X is weakly o-point-finite if there exists a
sequence {Uf, : n € w} of subfamilies of I/ such that, for every x € X, we have
U= U :ne M} where M, = {n € w : U, is point-finite at x}.
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Prove that every subspace of a splittable space is splittable.

Prove that every second countable space is splittable.

Prove that ¥ (X) < w for every splittable space X .

Prove that, if X condenses onto a splittable space, then X is splittable. In
particular, any space of countable i -weight is splittable.

Give an example of a splittable space which does not condense onto a second
countable space.

Give an example of a metrizable space which is not splittable.

Give an example of a splittable space whose square is not splittable.

Prove that a space X with a unique non-isolated point is splittable if and only
ify(X) <o.

Let X be a non-discrete space. Prove that, for any f € R¥, there exists a
countable 4 C R¥\C,(X) such that f € A (the closure is taken in RY).

Let X be a splittable space. Prove that every regular uncountable cardinal is a
caliber of C,,(X).

Prove that every splittable space has a small diagonal.

Prove that C,(X) is splittable if and only if it condenses onto a second
countable space.

Show that an open continuous image of a splittable space can fail to be
splittable.

Let X be a space of cardinality < c. Prove that X is splittable if and only if
the i-weight of X is countable.

Prove that a space X is splittable if and only if, for every f € DX, there is a
countable A C C,(X) such that f € A (the closure is taken in RY).

Prove that a space X is splittable if and only if, for any A C X, there exists a
continuous map ¢ : X — R? such that A = ¢~ '¢(A4).

Prove that any pseudocompact splittable space must be compact and
metrizable.

Prove that a Lindeldf space X is splittable if and only if iw(X) < w.

Prove that a Lindelof X'-space is splittable if and only if it has a countable
network.

Prove that a Lindel6f p-space is splittable if and only if it is second countable.
Prove that any Cech-complete splittable paracompact space is metrizable.

Let X be a complete metrizable dense-in-itself space. Prove that X is splittable
if and only if | X| < c.

Suppose that X = (J{X, : n € o}, where X, C X+ for each n € w, the
subspace X, is splittable and C *-embedded in X for every n. Prove that X is
splittable.

Prove that any normal strongly o-discrete space is strongly splittable.

Give an example of a strongly o-discrete space which is not splittable.

Show that, for any cardinal «, there exists a normal strongly o-discrete (and
hence splittable) space X with c(X) = w and | X| > «.

Show that there exists a splittable space which cannot be condensed onto a
first countable space.
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1 Behavior of Compactness in Function Spaces

Assuming the Generalized Continuum Hypothesis prove that, if X is a
splittable space and A C X, |A| < cthen |[A]| <.
Prove that any Cech-complete splittable space has a dense metrizable sub-

space.
Prove that every subspace of a weakly splittable space must be weakly
splittable.
Prove that, if X condenses onto a weakly splittable space then X is weakly
splittable.

Give an example of a weakly splittable non-splittable space.

Prove that a separable weakly splittable space is splittable.

Let X be a space with w; caliber of X. Prove that, under CH, X is splittable
if and only if it is weakly splittable.

Show that every functionally perfect space is weakly splittable. In particular,
every Eberlein compact space is weakly splittable.

Prove that every metrizable space is weakly splittable.

Let X be a weakly splittable space of cardinality < c¢. Prove that C,(X) is
k-separable.

Prove that if X is a weak Eberlein compact space and |X| < ¢ then X is
Eberlein compact.

Let X be a weak Eberlein compact space. Prove that w(X) = c¢(X). In
particular, a weak Eberlein compact space is metrizable whenever it has the
Souslin property.

Prove that any weak Eberlein compact space X is w-monolithic, Fréchet—
Urysohn and C,(X) is Lindelof.

Give an example of a Gul’ko compact space which fails to be weakly
splittable.

Prove that any subspace of a strongly splittable space must be strongly
splittable.

Prove that, if X condenses onto a strongly splittable space then X is strongly
splittable.

Prove that, under MA+—CH, there is a strongly splittable space which is not
o-discrete.

Prove that every subset of a strongly splittable space is a Gs-set.

Show that there exists a space X in which every subset is a Gs-set while X is
not splittable.

Let X be a normal space in which every subset is Gs. Prove that X is strongly
splittable.

Suppose that ¥ C X and ¢ : C,(Y) — C,(X) is a continuous (linear)
extender. For I = {f € C,(X) : f(¥Y) C {0}},defineamap& : C,(Y)xI —
C,(X)by £(f.8) = ¢(f) + g forany (f.g) € Cp(Y) x I. Prove that £ is
a (linear) embedding and hence C,(Y') embeds in C,(X) as a closed (linear)
subspace.

Given a space X defineamape : X — C,(Cp(X)) by e(x)(f) = f(x)
forany x € X and f € C,(X). If X is a subspace of a space Y prove
that X is r-embedded in Y if and only if there exists a continuous map ¢ :
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Y — C,(Cp(X)) such that | X = e. Deduce from this fact that e(X) is
t-embedded in C,(C,(X)) and hence X is homeomorphic to a f-embedded
subspace of C,(C,(X)).

Prove that, for any space X every ¢-embedded subspace of X is closed in X.
Prove that fw\w is not t-embedded in fw.

Suppose that Y is t-embedded in a space X. Prove that p(Y) < p(X) and
dY) <d(X).

Suppose that Y is f-embedded in X and a regular cardinal « is a caliber of X.
Prove that « is a caliber of Y.

Prove that any closed subspace of a ¢-extendial space is ¢-extendial.

Let X be a t-extendial space. Prove that s(X) = p(X).

Let X be a ¢-extendial Baire space. Prove that s(X) = ¢(X). In particular, if
X is a pseudocompact ¢-extendial space, then c(X) = s(X).

Prove that, for any compact 7-extendial space X, we have 1(X) < c(X).
Prove that, under MA+—CH, if X x X is a t-extendial compact space and
¢(X) < w then X is metrizable.

Suppose that X is a z-extendial Cech-complete space such that w; is a caliber
of X. Prove that X is hereditary separable.

Assuming MA+—CH prove that any #-extendial éech-complete space with
the Souslin property is hereditarily separable.

Prove that a ¢-extendial compact space cannot be mapped onto I*!.

Prove that the set {x € X : my(x,X) < w} is dense in any f-extendial
compact space X.

Give an example of a countable space which is not ¢-extendial.

Prove that any strongly discrete subspace A C X is /-embedded in X.

Prove that, if Y is a retract of X, then Y is /-embedded in X .

Given a space X defineamape : X — C,(Cp(X)) by e(x)(f) = f(x)
forany x € X and f € C,(X). Observe that e(X) C L,(X); prove that
e(X) is /-embedded in L ,(X) and hence any space X is homeomorphic to an
[-embedded subspace of L ,(X).

Given a space X defineamape : X — C,(C,(X)) by e(x)(f) = f(x)
forany x € X and f € C,(X). Observe that e(X) C L,(X) so we can
consider thate : X — L,(X).If X is a subspace of a space Y prove that X is
[-embedded in Y if and only if there exists a continuous map ¢ : ¥ — L ,(X)
such that p| X = e.

Prove that any closed subspace of an extendial space is extendial.

Prove that every metrizable space is extendial.

Prove that, for any zero-dimensional linearly ordered compact space X any
closed F C X is aretract of X; in particular, the space X is extendial.

Give an example of a perfectly normal, hereditarily separable non-metrizable
extendial compact space.

Give an example of an extendial compact space X such that X x X is not
t-extendial.

Show that there exist extendial compact spaces of uncountable tightness.
Give an example of a non-linearly orderable extendial compact space.
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Prove that every 7-extral (and hence every extral) space X is compact and
every uncountable regular cardinal is a caliber of X.

Prove that X is ¢-extral if and only if it can be 7-embedded in I“ for some
cardinal k.

Prove that any retract of a 7-extral space is a 7-extral space.

Let X be a ¢-extral space such that w(X) < c. Prove that X is separable.
Suppose that an w-monolithic space X is ¢-extral and has countable tightness.
Prove that X is metrizable.

Prove that a f-extral space X is metrizable whenever C,(X) is Lindelof.
Give an example of a 7-extral space which is not extral.

Prove that every metrizable compact space is extral.

Prove that X is extral if and only if it can be /-embedded in I for some
cardinal k.

Prove that any retract of an extral space is an extral space.

Given an extral space X and an infinite cardinal k prove that w(X) > « implies
that D" embeds in X.

Let X be an extral space. Prove that w(X) = t(X) = y(X).

Assuming that ¢ < 2% prove that any extral space X with |X| < cis
metrizable.

Prove that every extral -extendial space is metrizable.

Suppose that every closed subspace of X is extral. Prove that X is metrizable.
Prove that any extral linearly orderable space is metrizable.

Give an example of an extral space which is not dyadic.

Give an example of an extral space X such that some continuous image of X
is not extral.

Prove that any zero-dimensional extral space is metrizable.

Prove that any continuous image of a #-dyadic space is a ¢-dyadic space.
Prove that any continuous image of an /-dyadic space is an /-dyadic space.
Given an [-dyadic space X prove that, for any infinite cardinal « such that
k < w(X), the space D" embeds in X.

Prove that, if 8X is an /-dyadic space then X is pseudocompact.

Prove that any hereditarily normal /-dyadic space is metrizable.

Prove that any radial /-dyadic space is metrizable.

Give an example of an /-dyadic space which is not extral.
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Bibliographic Notes to Chapter 1

The material of Chapter 1 consists of problems of the following types:

(1) textbook statements which give a gradual development of some topic;

(2) folkloric statements that might not be published but are known by specialists;
(3) famous theorems cited in textbooks and well-known surveys;

(4) comparatively recent results which have practically no presence in textbooks.

We will almost never cite the original papers for statements of the first three
types. We are going to cite them for a very small sample of results of the fourth type.
The selection of theorems to cite is made according to the preferences of the author
and does not mean that all statements of the fourth type are mentioned. 1 bring my
apologies to readers who might think that I did not cite something more important
than what is cited. The point is that a selection like that has to be biased because
it is impossible to mention all contributors. As a consequence, there are quite a
few statements of the main text, published as results in papers, which are never
mentioned in our bibliographic notes. A number of problems of the main text cite
published or unpublished results of the author. However, those are treated exactly
like the results of others: some are mentioned and some aren’t. On the other hand,
the Bibliography contains (to the best knowledge of the author) the papers and books
of all contributors to the material of this book.

Section 1.1 introduces the technique for representing the whole C,(X) by means
of subspaces which separate the points of a compact space X . A considerable part of
the material of this section is covered in Arhangel’skii’s book [1992a]. The theorem
on equivalence of countability of fan tightness of C,(X) and Hurewicz property
of all finite powers of X (Problem 057) was proved in Arhangel’skii (1986). The
result on w-monolithity of a compact X when C,(X) is normal (Problem 080)
was proved under MA+—CH by Reznichenko (see Arhangel’skii (1992a)). The
fact that PFA implies countable tightness of all compact subspaces of C,(X), for a
Lindelof X (Problem 089), was established in Arhangel’skii (1992a). A very non-
trivial example of a “big” separable o-compact space X with (C,(X))® Lindel6f
(Problem 094) was constructed by Okunev and Tamano (1996).

Section 1.2 brings in the most important results on Corson compact spaces.
Again, the book of Arhangel’skii (1992a) covers a significant part of this section.
The invariance of the class of Corson compact spaces under continuous mappings
(Problem 151) was proved in Michael and Rudin (1977) and Gul’ko (1977). The
Lindelof property in all iterated C,,’s of any Corson compact space (Problem 167)
was proved in Sokolov (1986). The example of a Corson compact space which is not
Gul’ko compact (Problem 175) was constructed in Leiderman and Sokolov (1984).
A very deep result stating that all iterated function spaces of a Corson compact space
can be condensed into a X -product of real lines (Problem 200) was established in
Gul’ko (1981).

Section 1.3 shows that the class of Lindelof X-spaces is of great importance
in C,-theory. A good coverage of the topic is done in the book of Arhangel’skii
(1992a) and his survey [1992b]. Okunev’s theorem on Lindelof X'-property in
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iterated function spaces (Problems 218 and 219) was a crucial breakthrough. It
was published in Okunev (1993a). A complete classification of the distributions
of the Lindelof X -property in iterated function spaces (Problem 243) was given
in Tkachuk (2000). A very subtle example of a Gul’ko compact space which is
not Preiss—Simon (Problem 222) was constructed by Reznichenko]. It is a famous
theorem of Gul’ko (1979) that every Gul’ko compact space is Corson compact
(Problem 285). Finally, it was proved in Leiderman (1985) that every Gul’ko
compact space has a dense metrizable subspace (Problem 293).

Section 1.4 presents the present-day state of knowledge about Eberlein compact
spaces. They were originally defined as weakly compact subsets of Banach spaces.
Amir and Lindenstrauss (1968) proved that a compact X is an Eberlein compact iff it
embeds into X (A) (Problem 322). Rosenthal gave in [1974] a topological criterion
in terms of Tj-separating families (Problem 324). The theorem on invariance of
the class of Eberlein compact spaces under continuous maps (Problem 337) was
proved in Benyamini et al. (1977) and Gul’ko [1977]. The characterization of
Eberlein compacta in terms of the topology of X2 (Problem 364) was established
in Gruenhage (1984a). Talagrand constructed in [1979a] an example of a Gul’ko
compact space which is not Eberlein compact (Problem 387). A theorem of
Namioka (1974) on joint continuity and separate continuity has a great number of
applications in functional analysis, topology and topological algebra; an important
consequence of this theorem is formulated in Problem 347. The equivalence of the
original definition of Eberlein compact spaces to the topological one (Problem 400)
was proved by Grothendieck in [1952].

In Section 1.5 we study approximations of arbitrary functions by continuous
ones and the classes of spaces with nice properties for extensions of continuous
functions. Arhangel’skii and Shakhmatov proved in [1988] that any pseudocompact
splittable space is compact and metrizable (Problem 417). Arhangel’skii and
Choban introduced and studied in [1988] the classes of extral spaces and extendial
spaces which could be considered far-reaching generalizations of absolute retracts
and metrizable spaces, respectively.
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