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Abstract. The descriptor fractional continuous-time linear systems with two 
different fractional orders are considered. The Drazin inverse of matrices is 
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1 Introduction 

Descriptor (singular) linear systems have been considered in many papers and books 
[1‒3, 5, 6, 8, 10, 15, 16, 20, 28, 29]. The first definition of the fractional derivative 
was introduced by Liouville and Riemann at the end of the 19th century [22, 23] and 
another on was proposed in 20th century by Caputo [24]. This idea has been used by 
engineers for modeling different processes [7, 9]. Mathematical fundamentals of 
fractional calculus are given in the monographs [19, 21‒24]. The positive fractional 
linear systems have been investigated in [13, 14, 19].  

The positive linear systems with different fractional orders have been addressed in 
[17, 18]. 

Stability of fractional continuous-time linear systems consisting of n subsystem 
with different fractional orders [3]. The reachability and minimum energy control 
problem for systems with two different fractional orders in [25‒27]. 

Drazin inverse matrix method for fractional descriptor continuous-time and 
discrete-time linear systems have been proposed in [11, 12]. 

In this paper solution to the state equation of descriptor fractional positive 
continuous-time linear systems with two different fractional orders will be formulated 
and solved.  

The paper is organized as follows. In section 2 the basic definitions and theorems of 
the descriptor fractional continuous-time linear systems are recalled. Section 3 gives the 
problem formulation for systems with two different fractional orders. Solution to the state 
equation is given in section 4. Concluding remarks are given in section 5. 
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The following notation will be used: ℜ  ‒ the set of real numbers, mn×ℜ  ‒ the set 

of mn ×  real matrices, nI  ‒ the nn ×  identity matrix.  

2 Descriptor Fractional System 

Consider the fractional descriptor continuous-time linear system 

)()()(0 tButAxtxDE t +=α , nn <<− α1 , Wn ∈ ,                     (2.1) 

where α is fractional order, ntx ℜ∈)(  is the state vector mtu ℜ∈)(  is the input 

vector, nnAE ×ℜ∈, , mnB ×ℜ∈  and 
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where nn <<− α1 , ,...}2,1{=∈Wn  is the Caputo definition of ℜ∈α  order 

derivative of )(tx  and  
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is the Euler gamma function. 
It is well known [19] that the Laplace transform (L ) of (2.1) is given by the 

formula 
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where )]([)( tfsF L=  and nn <<− α1 , Wn∈ .   

It is assumed that det E = 0 but the pencil (E, A) of (2.1) is regular, i.e. 

0]det[ ≠− AEs  for some C∈s  (the field of complex numbers).                 (2.5) 

Assuming that for some chosen C∈c , 0]det[ ≠− AEc  and premultiplying (2.1) by 
1][ −− AEc  we obtain 

)()()(0 tuBtxAtxDE t +=α ,                                            (2.6a) 

where  

EAEcE 1][ −−= , AAEcA 1][ −−= , BAEcB 1][ −−= .                  (2.6b) 
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Note that the equations (2.1) and (2.6a) have the same solution )(tx . 

Definition 2.1. The smallest nonnegative integer q is called the index of the matrix 
nnE ×ℜ∈  if [4, 16] 

1rank rank += qq EE .                                                      (2.7) 

Definition 2.1. [4, 16] A matrix DE  is called the Drazin inverse of nnE ×ℜ∈  if it 
satisfies the conditions 

EEEE DD = ,                                                           (2.8a) 

DDD EEEE = ,                                                         (2.8b) 

qqD EEE =+1 ,                                                           (2.8c) 

where q is the index of E  defined by (2.6). 

The Drazin inverse DE  of a square matrix E  always exists and is unique [4, 16]. 

If 0det ≠E  then 1−= EE D . 

Lemma 2.1. [4, 16] The matrices E  and A  defined by (2.5b) satisfy the following 
equalities 

1. AEEA =  and DD AEEA = , DD EAAE = , DDDD AEEA = ,                   (2.9a) 

2. }0{kerker =∩ EA ,                                                                                          (2.9b) 

3. 1

0

0 −
⎥
⎦

⎤
⎢
⎣

⎡
= T

N

J
TE , 1

1

00

0 −
−

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
= T

J
TE D , 1

2

1

0

0 −
⎥
⎦

⎤
⎢
⎣

⎡
= T

A

A
TA                       (2.9c) 

0det ≠T , 11 nnJ ×ℜ∈ , is nonsingular, 22 nnN ×ℜ∈  is nilpotent, nnn =+ 21 , 

4. D
n

DD
n EEIAAEEI −=− )(  and 0))(( =− qDD

n AEEEI .                         (2.9d) 

The solution to the equation (2.1) is given by 
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and the vector nv ℜ∈ is arbitrary [12]. 
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3 Systems with Two Different Fractional Orders 

Consider a fractional linear system with two different fractional orders βα ≠  

described by the equation [18, 26] 
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and Wqpqqpp ∈<<−<<− ,;1;1 βα  where 1)(1
ntx ℜ∈ , 2)(2

ntx ℜ∈ , 
mtu ℜ∈)(  and pty ℜ∈)(  are the state, input and output vectors respectively, 

ji nn
ijA ×ℜ∈ , mn

i
iB ×ℜ∈ ; i, j = 1,2. 

Initial conditions for (3.1) have the form 
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It is well-known [17, 18] that the solution of the equation (3.1) for 
10;10 <<<< βα  with initial conditions (3.2) has the form 
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Now let consider the fractional descriptor continuous-time linear system with 
different fractional orders 

)(
)(

)(

)(

)(

2

1

2

1

tBu
tx

tx
A

dt

txd
dt

txd

E +⎥
⎦

⎤
⎢
⎣

⎡
=

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

β

β
α

α

,                                             (3.4) 

and Wqpqqpp ∈<<−<<− ,;1;1 βα , where )()(

2

1
2121

0

0 nnnn

E

E
E +×+ℜ∈⎥

⎦

⎤
⎢
⎣

⎡
= , 

)()(

2221

1211
2121 nnnn

AA

AA
A +×+ℜ∈⎥

⎦

⎤
⎢
⎣

⎡
= , mnn

B

B
B ×+ℜ∈⎥

⎦

⎤
⎢
⎣

⎡
= )(

2

1
21 . 

It is assumed that det E = 0 but the pencil (E, A) of (3.4) is regular, i.e. 

0
0

0
0

0
det

2221

1211

2

1 ≠
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎥
⎦

⎤
⎢
⎣

⎡
−
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎥
⎦

⎤
⎢
⎣

⎡
AA

AA

s

s
E

E
β

α
 for some C, ∈βα ss               (3.5) 

where C is the field of complex numbers. 

Similar as for (2.1) assuming that for some chosen C, 21 ∈cc ,  
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Note that the equations (3.4) and (3.6a) have the same solution )(tx . 

In case of system with two different fractional order the Definition 2.1 takes the form: 
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Definition 3.1. The smallest nonnegative integer iq , 2,1=i  is called the index of the 

matrix ii nn
iiE ×ℜ∈  if  

1rank rank += ii q
ii

q
ii EE                                                           (3.7) 

and 21 qqq +=  is the index of E . 

Remark 3.1. According to system (3.6), condition βα ≠  and formulation of solution 
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and (2.9d) holds. 
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In general, substituting (4.1a) in the left side of the equation (3.6a), using (4.1b), 
(4.1c), Definition 2.2 and Assumption 4.1 we obtain 
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Therefore, the solution (4.1a) satisfies the equation (3.6a). □ 
From (4.1a) for t = 0 we have 
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DD uBATEIEEvEEx βα .              (4.6) 

Therefore, for given admissible )(tu  the consistent initial conditions should satisfy 

the equality (4.6). In particular case for 0)( =tu  we have vEEx D=0  and 

)Im(0
DEEx ∈  where Im denotes the image of DEE . 

5 Concluding Remarks 

The descriptor fractional continuous-time linear systems with two different fractional 
orders has been considered. The Drazin inverse of matrices has been applied to find 
the solutions of the state equations of the considered system. Some additional changes 
to classical Drazin approach for finding the solution of the state equation of descriptor 
systems is proposed. An equality defining the set of admissible initial conditions for 
given inputs has been derived. 
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