Chapter 19
A Particular Case of Evans-Hudson Diffusion

Cristina Serbanescu

Abstract We know that the Markov processes are the solutions of certain stochastic
equations. In this article we will construct a noncommutative Markov process by
noncommutative stochastic calculus. We will also show that these are particular
cases of Evans-Hudson diffusions. At the end we will present two examples starting
from the classical theory of probabilities (the Brownian motion and the Poisson
process) which lead to particular cases of the noncommutative Markov processes.

Keywords Noncommutative Markov process ¢ C*-algebra ¢ Brownian motion
* Poisson process ¢ Stochastic equation

19.1 Introduction

Studies in Quantum mechanics have posed the problem of completely positive
applications on C*-algebra of continuous linear operators on a Hilbert space. We
consider completely positive applications because they describe the evolution of a
quantum system, a high-physics energy system and we assume that this evolution
is not affected by the existence of other systems that do not interact with the given
one. Details concerning the way that the high-physics energy has come to pose this
problem may be found in [2] and [3]. Starting from a semigroup of positive operators
or from its infinitesimal operator, we can construct a homogenous Markov process.
The construction of these processes is done through different methods of which
we emphasize on solving stochastic integral equations [16]. Hence the theory of
quantum probabilities has developed as a noncommutative theory of probabilities
in [1] with motivations in high-physics energy [10]. The corresponding stochastic
processes were constructed only in the case of infinitesimal operators and are
expressed as finite sums. These are called Evans-Hudson diffusions [5]. This article
builds these processes on the antisymmetric Fock space (called fermionic) in which
the infinitesimal operator is an infinite sum. The case of the symmetric Fock space

C. Serbinescu (<)

Department of Mathematics, University ‘“Politehnica” Bucharest, Splaiul
Independentei nr. 313, Sector 6, Bucharest, Romania

e-mail: serbanescuc @hotmail.com

© Springer International Publishing Switzerland 2015 341
N. Mastorakis et al. (eds.), Computational Problems in Science and Engineering,
Lecture Notes in Electrical Engineering 343, DOI 10.1007/978-3-319-15765-8_19


mailto:serbanescuc@hotmail.com

342 C. Serbanescu

(called bosonic) was treated in [12]. This article shows how the obtained processes
as solutions of certain stochastic integral equations are noncommutative Markov
processes and appear as a particular case of certain Evans-Hudson diffusions [14]
with an infinite number of components, a notion yet to be defined.

This paper shows how noncommutative Markov processes are obtained as
solutions of certain stochastic equations, being particular cases of Evans-Hudson
Diffusions with an infinity of components.

The case of Markov processes on symmetric Fock spaces for infinitesimal
operator as an infinite sum was studied by Hudson and Parthasarathy [10]. This
paper aims to build noncommutative Markov processes on antisymmetric Fock
spaces where we do not have exponential commutative vectors and where the
commutative property does not occur between operators describing disjoint time
intervals. Unlike the symmetric Fock space, the defined operators are continuous
and the integral is a particular case of Bochner integral [8].

The Brownian Motion and the Poisson Process were given as examples.

19.2 Fermion Stochastic Integrals of Simple Processes

First we construct a stochastic integral on Fermion Fock space [9, 13] by analogy
with the same kind of integral on Boson Fock space [4], first of simple processes. We
define the Fermion stochastic integral for square-integrable integrands. We present
the infinitesimal operators like infinite sums, but we assume they are continuous.
Because of the canonical anticommutation relation we have left, right and mixed
stochastic integrals.

The noncommutative stochastic calculus was developed on Fermion Fock space.

Definition 2.1. Ler H be a Hilbert space. We define the antisymmetric Fock space
T'w(H) over H as the linear hull of all xy Axa A--- A Xy, n >0, x; € H (where for
n = 0, we have the unit element, namely 1) with the following inner product:

seeey

for n = k = 0 the determinant is considered to be 1.
About this space we mention the following:

(1) Tu(H) = @ HJ, where H) is the closed linear hull of all x\ A xa A -+ A
n>0

Xn, Xi € H
(i) xym) A AXymy = e(¥) Xyay) A A Xy where e(y) is 1 or —1 if y is even
orodd.
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If two x; with different indexes i are equal this product is null.

Gii) T'y(H) = Zx,, ix, € HY, {n:x, #0} finite, is an associative
n>0
algebra, with unit element 1 and x| \--- A X, is the product of X1,...,X,, X; €

H=H Al, in established order.
Gv) If H C K, thenT,(H) C T',(K).

Definition 2.2. Let H be a Hilbert space
(a) By a filtration in H we mean a family (H;), | o) 0f closed subspaces of H such
that

H, C H, Vs<t.

(b) We say that it is a right continuous filtration if H;, = th”
u>
(c) We say that it is a left continuous filtration if H, is the closure of U H
u>s
(d) We say that (H,),. is continuous if the filtration is right and left continuous.

The idea of defining these processes may be found in [6].

Definition 2.3. An adapted process is a family of operators F = (F(t);t > 0) on
h such that for each t > 0:

(@ D(F(@)=ho®e Qh'.
(b) There is an operator F*(t) : hg ® & ® h' — hg such that
(F)¢n) = (& F@) n)for ¥Von € ho ® & ® h'
(¢) There are operators F\(t) and F1+ (t) on hy ® & such that:
FO)=F(H)®1
Ffri)=F ) ®1

(d) For each ty and x € & we have:

h—>0
sup [|(F (to + ) = F(0)) (4 ® )| "= 0
lull <1
hence Vx € eand t € [0, 00) lin}||F(t) —F@®)|,=0
S—>
where ||T||, = sup [|T (u® x)||

lull<t
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Definition 2.4. A simple process is an adapted process of the form:

oo
F@t) = Z F”X[tn.t”+1)(t);t > 0 for some sequence 0 = 1y < t; < -+ <
=0
t, — 00 !
We denote by Ay and A, respectively, the sets of simple and adapted processes.

Definition 2.5. Let F,G, H € Ay and write

oo oo oo
F = ZE1X[II1J”+I) ’ G = ZG"X[Izutn-i-l) ’ H = ZH”X[[”J"_H)
n=0

n=0 n=0

O=t<ti <<t >

The family of operators M = (M(t),t > 0) with D (M(t)) = ho ® &; @ h' defined

by M(0) =0
M(t) = M (tx) + (AF (1) = A} (tn)) Fa + Gu (AL(t) — AL (1)) + (1 — 1) H,,
fort, <t <ty is called stochastic integral of (F,G, H) and are denoted by:

13
M(t) = /dAjF + GdAL + Hds
0

19.3 Stochastic Integrals of Continuous Processes

Now we want to estimate the norm of M (¢) (1 ® x), in order to define the stochastic
integrals [11].
We consider three possibilities, where the first is:

b
M) = Z(Azr (Snt1) — AL (sp)) Fy for 1y < t < tpgy, 8 = 1; fori =
n=0
0,---,band 554+, =t.
We denote F(t) = Z X[ tni] (¢) F, and we write briefly
n=0

dM = (dAf) F or M(t) = / (dA}) F.

0
We write as follows:

1M (@) (@ x)|* <

21t t
/||F<u®x>||2da + /||F(eu®x)||2da
0 0

ZL,,*L,,
14

+ D supl| M(@) (4 ® x| e
P a<t
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Now we deduce that if F, = 1,2,... are “simple integrands” like before and if
t
2
every u € hy, x € eand t > 0,/||Fc(u®x)—FC’ (u®x)“ da — 0 for
0

c,c¢’ — oo, thenforevery t > 0,u € hpand x € ¢,
sup| M. (u ® x) = M» (u® x)|* — 0, where dM, = (dA}) F..
a<t

We consider x = x; A -+ A x, and by induction on r, the term
Z sup||M(a) (u ® x.i)||*||xx ||* vanishes for r = 0.
& a<t
t

This is the way we define / (dAzr) F for those F for which it is a sequence F,
0

t
of simple integrands with /” Fo(u®x)—F,u®x) ||2da — 0 for ¢/ — oo for

0

everyt > 0,u € hgpand x € ¢.
We remark that if F(t) = Fi(t) ® 1 with respect to h = h, ® h' and if
F(¢) (u ® x) is continuous in ¢ for every u € hy, x € ¢, then there exists a sequence

k
F,.namely F.(t) = Z X[%."Jﬁ‘]F (2_")
>0 27573
We also mention that:

IM@)|2 <

Y L,xL,
p

+ > supl|M(@)|l} x>
X a<t

21 t
/ |F(@)|Pda + [ |F(@)2da
0 0

Writing the formulas || M (¢) (u ® x)||* for M(t) — M(s), we shall obtain:

ZL,,*L,,
p

+ > " supl|M(a) — M(s)]3, llx])?
X a<t

IM(t) — M(s)|% <

21 t
/ |F(@)|Pda + r / |F(@)]2da

and by induction we show that F is continuous hence }1_I>I}||F (s) — F@®)|l, = 0for
every x, then M(t) follows continuous similarly.
Definition 3.1. The integrals can be defined separately and we have:
13 t t t
M) = / (dAfF + GdA, + Hds) = /dAz“F + /GdAL + /Hds.
0 0

0 0
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19.4 Stochastic Equations

Theorem 4.1. Let be the operators X(0), B and D in L(h).
We show that the stochastic differential equation:

X(t) = X(0) + f dA (BrXDy) + / (BoXDg)dA, + / (ByXDy) ds
0 0 0

has a unique solution which is a continuous process.

Proof. We remark that the integrands are “allowable”, hence the stochastic integrals
are well defined.

Unicity: if X and Y are two solutions, with X(0) = Y(0), then Z = X — Y will
be a solution of the equation with Z(0) = 0.

Since |BFD|, < |B|| |F|, ID| for B, D € L (hy), we have fort < T':

t a
1Z@)|: < e / 1Z(@)|3da + ) sup / IBFZ(a)Dr |’ XC|xk|*da
a<t
0 k"=

0
2
P

t
+ / 3" I(Bo Z(@) Do) PX Cuda | & F
0 k

We give the proof by induction on r, if x = x| A Xy A--+ A X,
Knowing that
Z(@a)(u® (xy Axy A+ Axp—1)) = 0for all u and x;, we deduce:
t

||Z(t)||)26 < c/ ||Z(a)||)2(da + 0 (for k = 0 this is obvious) and using Gronwall’s
0

lemma, we obtain ||Z(t)||§ < 0e“’, hence Z(a) u® (x; Axa A+ AXx—1)) =0
for all u and x;.

Existence: We establish the existence iteratively.

We fix T>0 and we consider X(0)(r) = X(0) for every + < T and then
inductively:

t t t
X1 () = X(0) + / AT (BrX,Dr) + / (Bo X, Do) dAL + / (B X, Dy) ds
0 0 0
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We have:

[ Xnt1(t) = Xn(0)],

f dA? (Br (X — Xoor) D)+ f (B (Xo — Xo_1) Do) d AL

+ /(BH (Xn_Xn—l)DH)dS
y

=d gt "7 4 d g2 VT 4 d g7V (1) (= 1Y)
e (c"T"/n')

If we denote with g, the last expression which doesn’t depend on ¢, we have, if k
and n — k converge to co with n:

k—1

gn=d"Yy_qn; 7T/ (G = D!

Jj=1

+d' (0t PV e = D!+ gk PO T 1)

+ 2 4 DT (G = D (T )
j=k+2

Now we use (Z ak) / (Z bk) < max (ax /by), and we have:
k k

Max42<;<n ((CT)/ (-1, cT/n) =

-1
max (maxj>n k (qj-H /q ) (qn k )/qn 1- k) +cT/k, maxyyi<; (CT/]))
which converges to 0.

Hence X, — X,—1) (¢)) is the solution of the equation.
q

Theorem 4.2. We consider the stochastic integral equation: U(t) = 1 +
t

/ (U6 (dAT) + U6 (dAL) + UXds),
0

where X =—(ZLP+LP) /2.
P

Then there exists a unique unitary process satisfying this equation.
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!
Proof. Wehave UT(t) =1+ / ((dAZ') QU™ + (dA) U™ + XU+ds) (since

0
X = X*).

19.5 Noncommutative Markov Processes as Stochastic
Equation Solutions

Definition 5.1. A noncommutative Markov process is a system which includes:

(i) A Hilbert space hy.

(i1) A C*-algebra A C L (hy) with 1.

(iii) A family of completely positive mappings: T) : A — A, t > 0with T;1 = 1,
To = 1 and T;+5; = T, T; (briefly a semigroup of completely positive mappings
on Awith T;1 = 1).

(iv) Another Hilbert space h, in which hy is a closed subspace.

(V) A family (j;);~q of *-homomorphisms j, : A — L(h), such that:

1. jo(x) = x @ O relatively to h = ho @ hit.
2. ]x(l)]\+t(x)]x(l) = Js (Tyx).
Remark.
(a) js(1)is a projector.
(b) js(1) < js+:(1) for t > 0, hence denoting h, = Im,(1), notation which is not

incompatible with &y, we obtain a filtration (%,).
(c) There results that 7} is completely positive:

Js(Tix) = js(D)js+:(x)js(1) for s = 0 we have jo(T;x) =
Jo)ji(x)jo(1) and {(jo (Tix)u.v) = (jo(1)ji(x)jo(Du,v) and jo is a
projector.

‘We also have:

(Trx)u,v) = (ji(x) @@ 1),(v®1)).
Letbe S; € A, V; € A, then we have:
(3, S« T () Sjuv) = 30 (T (V1Y) Sy Sio)
= L (V) (Sue ). (Sve D)
=, Ui ), (S;u@1).sv @)

- Z,»,j (i (V) (Sju®1),j (V) Siv®1)= HZJ (Je (Vi) Siv® 1)H2 >0
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(d) If S : A — A is continuous and linear, then 7, = ¢S defines a semigroup, but
generally T, are not completely positive. If S1 = 0 then 7;1 = 1.
(e) If U € L(h) is unitary, then T — UT U* is a *-homomorphism:

L(h) — L(h).

We shall use the following formulas:

t
I If M(t) = M(0) + /dAjF + (dA),; G + (ds)H then
0

(M) (u®x). M) (v® y) = (MO) ®x), MO) (v y))

t

+f(2p (L,F(a)®x),L,F(a)(v®y))

0
+ ZM (=17 (x;(a) (M(a) (u ® xj) . LyIF@)] (v® y))
+ V@) (L, IF(@)I (u®x), M(a) (v® y))
+ (=17 (7j,(@) (M(a) u® x). L,IG(@) (v® y))
+ xp(a) (LyIG(a)] (u® x;), M(a) (v® y)))
+ (H@) u®x).M(a)(v®y))) da

t
II. For S € L (hy), we have (S® 1) = /dA,fF+ (dA;)G + Hds =
0

t

/ (dA'S"L) F + (dA;s+)G + SHds as we know from the definition of the

0
stochastic integral.
t

III. From U*(t) = 1+/ ((dAf)6U* + (dAL) OU* + XU*ds) we deduce that
0

SRDHU*t)=(S®1)+ / ((dA}) OU* + (dALs<) OU* + XU*ds)
0
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‘We consider
t
U)y=1+ / (U6 (dA]) + Ub (dAL) + UXds)
0

we write it as follows:

s+t
U(t+s)=U(s)+ / (U6 (dA}) + Ub (dAL) + UXds)
0

The integral can be considered as / of the same integrant with A instead of hg

0

and /° instead of h°. Using “IIL.”, the equation can be written: U ) 'U @ +s) =
s+t

1+ f (U(s)—‘Ue (dAF) + U(s)"'UB (dAL) +U(s)_1Ude) and then U (5)~"
U (. —(I)—s) appears as U(.).

Lemma 5.2. We consider the equation
t

uir) = 1+ /(Ue (dA]) + U6 (dAL) + UXds) where X* = X =

~(Xrp+1y) /;.

If we define:

A=1{S;€ L(hy),S0 =068}, T, (S)=e"(S)

where Y(S) = (ZpL,,*SL,,) + XS + SX.
Then we have (T;(S)u,v) = (U@) (S @ DU() u® 1), (v ® 1)).

Proposition 5.3. We consider the equation

Uit) =1+ / (U6 (dAT) + Ub (dAL) + UXds)

0

where X = — (Z L,+ Lp) /2.
Then, if we define

A={S;e L(hy),S0=0S}, T,(S)=e”(S)
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where
Y(S) = (Z LP*SLP) XS + SX and j/(S) = (U, (S @ 1) U,*) P, where
I
P, is the projector on hy, the system hy, L(hy), T; and j, is a noncommutative Markov
process.

Proof. Writing the equation
t

Ut@t) = 1+ /((dAj)aU+ + (dAL)OUT + XU™ds) and since U*(t)

0
appears as ®1 relatively to h = h, ® h' and Pyy, = 1® our relation becomes

(S®DUG+)* @w®x), U+ (v®y)) =
(MS)® DU w®x),U)* (v® y))

We have U(s)* (u® x),U(s)* (v®y) € hy and it suffices to show that

(S®DUGE+D)" w®x), U+ (v®y) = (T:(S) ® 1) u,v).
Hence we obtain the formula from Lemma 5.2, that is

(T,(Su,v) =({UOESDUD)* ®1), (v 1)).

Then T — UT U™ is a *-homomorphism: L(h) — L(h).

19.5.1 The Brownian Motion as Noncommutative
Markov Process

We consider H a Hilbert space, a Brownian x, on a probability space (E, K, P), A =
A* € L(H) and U (t,w) = ™4 Hence U(t,w) is a unitary operator of L(H).

Letbe T; : L(H) — L(H) defined as T (x) = / UXU@)*dP.
We have U(t) = Z >Oi"(xt)”A"/n!, hence

Um* =3 (") a"/nUOXOU 0
= Zﬂk(—l)"_k(x,)”+kA”XAk/n!k!
=D ) T A XA k)
= Zu(ixt)“zn (=D kA" XA /ntk! = Z (ix:)"D"(X)/u!
where D(X) = AX — XA.

Indeed D = P — Q.
P(X)=AX, O(X) = XA, hence
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DYX) = (P-Q)(X) = > _CH-D'P"QFX, since P and Q
commute. k=
Hence 7;(X) = Zui”E ((x)") D"(X)/u!.

From E (e'*') = e~ 2 E (eih’) = ¢~'**/2 we deduce that

> E () ATt =Y (=A%/2)" /n!

and replacing A = D we obtain 7;(X) = e~'P*/2(X), thatis T, = e~'D*/2.

We have

—(D?/2) (X) = — (A>X — XA?) /2+ AXA, hence it s of the considerate form
with only one term L = L* = A.

19.5.2 The Poisson Process as Noncommutative
Markov Process

We consider H a Hilbert space, a sequence U, of unitary operators, a convergent

sum with positive terms Z An = A, pn = Ay/A, a probability space (E, K, P)

and a particular composite P’Z)isson process on it, that is x, = y,, where (z;) is a

Poisson process of parameter A and (y,),~, is a sequence of independent variables,

independent of (z;), all having the repartiti_on A = X p,&,. We consider Y = 1.
For every t we consider U, (w) = U, ... U, and we define for X € L(H),

T:(X) :/U(I)XU(I)*dP.
We have

100 =Y, [ xe—oUOXU@ ar

= Zk <(At)k€_)tt/k!) / Xa=kUy, . UyOXU*yOdP =

,,,,,

- (o) (S o) o0 = R

hence 7T, = et(_HZnAn Ln).
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We remark now that
(—A + Z,,A"L”) (X) = Zn (knl/zU*,,)*X (Anl/zU*n) L ZX + XZ.

where Z = —1/2 = —Z (—A,IL/ZU*H)* (AY2U*,) /2, hence T, is a particular
case of the considerate semigroups.

19.6 Conclusions

The need to build the non-commutative Markov processes was given by the evolu-
tion of probabilities in quantum mechanics. This paper aims to build these processes
on antisymmetric Fock space where we do not have exponential commutative
vectors and where the commutative property does not occur between operators
describing disjoint time intervals. For this reason the processes are obtained as
solutions of stochastic integral equations. This mathematical model creates the
possibility to construct physical processes as stochastic integral equations solutions,
being at the same time a new method of proving that certain processes are
noncommutative. The model may be used in diffusion processes.
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