Chapter 5
Quantum Decision Theory:
Analysis and Optimization

5.1 Introduction

We consider the transmission of classical information through a quantum
channel, where the information carrier is given by quantum states. A system that
achieves this target is called Quantum Communications system. Like in classical
communications, in quantum communications the usual configuration applies: trans-
mitter, channel, and receiver. Analog quantum transmission systems have been con-
sidered too [1], but, as seen in the previous chapter, according to the current trend,
we limit ourselves exclusively to digital systems. So Fig.5.1 illustrates a quantum
digital system, emphasizing its essential components.

In this chapter we will develop the theory of decision applied to the combination
of the quantum measure and the decision element, without any specification on the
nature of the quantum states. In the following chapters the quantum decision theory
will be applied to the systems in which the states are physically produced by a
coherent monochromatic radiation (coherent or Glauber states).

5.1.1 General Description of a Digital Transmission System

We consider the transmission of a single! classical symbol A € A. Thus, a classical
source emits a symbol among K possible symbols, A € A ={0, 1,..., K — 1}, with
assigned a priori probabilities

gi :=P[A=il, iecdA. (5.1)

! In Sect.4.2 we justified the advantage of dealing with a single symbol instead of a sequence of
symbols.

© Springer International Publishing Switzerland 2015 183
G. Cariolaro, Quantum Communications, Signals and Communication Technology,
DOI 10.1007/978-3-319-15600-2_5


http://dx.doi.org/10.1007/978-3-319-15600-2_4

184 5 Quantum Decision Theory: Analysis and Optimization

Alice
quantum. | | quantum |7 quantum decision A
encoder channel 5 easuremen element

Fig. 5.1 Quantum communication system for the transmission of classical information through a
quantum channel. The transmission of a single digital symbol A € A is considered. In transmission
a pure state |y4) is assumed, while in reception the quantum state may be a pure state, [74), or a
mixed state, 0

classical
source

The transmitter (Alice) encodes the symbol A into a quantum state |y4) of a Hilbert
space Hr, thus realizing the classical-to-quantum mapping A — |y4). This implies
that Alice is capable of preparing the quantum system H7 in K distinct quantum
states

7o), [v1)s -« lvk—1) (5.2)

which must be considered as pure, since they are known to Alice, because she prepares
the specific state |y;) when the source emits the symbol A = i. The pure state (ket)
prepared by Alice is alternatively described by the density operator p; = |y;)(¥il.
The channel, be it an optical fiber or the free space, modifies the density operators,
introducing noise and distortion, so that the received state is in general a mixed state
described by a density operator p4. Then the channel performs the quantum-to-
quantum mapping p4 —> pa. As we shall see in Chap. 12, a quite general model to
represent explicitly this mapping is given by the the Kraus representation [2]

pa=D Vi pa Vi (5.3)
k

where {V;} is a class of operators.

The receiver (Bob) performs a quantum measurement on the received state 04,
and, to this end, he must choose a system of measurement operators { Py, k € M},
whichin general are POVM, and, in particular, projectors (see Sect. 3.8). The outcome
of the measurement m is a new discrete random variable with alphabet M, which can
be seen as the received signal, or better, in the language of telecommunications, the
signal at the decision point. Finally, according to the outcome m of the measurement,
a decision must be made, based on a decision criterion, to select the symbol AcA
that was presumably transmitted. Globally, the quantum measurement combined with
the decision element provides the quantum-to-classical mapping p4 — A

Note on symbolism. The alphabet A of the symbols is indicated in the form
={0,1,...,K — 1}

but it can take other forms (also with complex symbols) related to the modulation
format. The alphabet of the measurements M can be different, even in cardinality,
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from the alphabet of the source, but as will be seen in the next section, it is not
restrictive to assume that the two alphabets coincide, then, in the analysis of specific
systems, we will assume M = A.

Guidelines and Preview of the Chapter

As we want to adopt a very general and complete approach, the chapter may appear
long and complex. We encourage the reader to tackle it gradually, restricting the first
reading to the concepts related to decision with pure states, and skipping decision
based on mixed states. So the study of Chap.7 is quite feasible, as, for its compre-
hension, the decision theory based on pure states is sufficient. Later on, the study
can be resumed and completed, going through the decision with mixed states, a
subject necessary for a full understanding of Chap. 8. Another suggestion is to read
this chapter again after viewing the applications of quantum decision to quantum
communications systems, developed in Chaps.7 and 8.

We now detail the line followed in this chapter for the Quantum Decision
Theory, but before we remark that this theory, here presented in the language of
Telecommunications, is an important and autonomous field of Quantum Mechan-
ics, which could be presented independently of quantum communications systems
(and, in fact, in Quantum Mechanics the quantum communications systems are often
ignored).

The chapter is organized in four topics.

Analysis of Quantum Decision (Sects.5.2 to 5.7)

We begin with the Analysis of a general quantum communications system, where the
target is the evaluation of the system’s performance in terms of probabilities. Then,
we deal with a specific case to let the reader become familiar with the main concepts
introduced: the optimization of a binary system following Helstrom’s theory.

Optimization of Quantum Decision (Sects.5.8 to 5.11)

We give a general formulation of Quantum Optimization, which has the target of
finding the measurement operators that ensure the “best performance,” that is, the
maximum correct decision probability. Optimization may be viewed in the framework
of convex linear programming and appears to be a formidable problem because the
unknowns are the measurement operators, which have severe constraints. Two main
results are Holevo’s and Kennedy’s theorems, which provide conditions that the
measurement operators must meet to be optimal.

Geometrically Uniform Symmetry (GUS) (Sects.5.13 and 5.14)

The GUS is verified in several quantum communications systems and facilitates, in
general, analysis and performance evaluation, in particular, optimization and subop-
timization. We first consider the GUS for pure states and then for mixed states.

State Compression in Quantum Detection (Sect.5.15)

In general, quantum states and measurement operators are “redundant,” but it is
possible and convenient to perform a compression onto a “compressed” space, where
redundancy is removed. Quantum detection can be reformulated in the “compressed”
space, getting properties simpler than in the original Hilbert space.
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5.2 Analysis of a Quantum Communications System

In the Analysis of a general quantum communications system, it is assumed that both
the transmitter (Alice) and the receiver (Bob) are assigned and the target consists in
finding the statistical description of the system’s behavior in terms of probabilities,
exactly as in a classical communications system.

In a quantum system, probabilities come into play in two ways, and, in fact we
have two sources of randomness. One is related to the source of information, which
emits a symbol A = i € A with a given probability ¢g; = P[A = i], which is
called a priori probabilities. Therefore, we have a probability distribution g;, i € A
of the random variable A. The other form of randomness is related to the quantum
measurement, which produces another random variable m € M, whose statistical
description is provided by Postulate 3 of Quantum Mechanics seen in Sect.3.5. Then
the Analysis of the system will be necessarily based on Probability Theory.

Next, we have to study the viewpoint of Bob, who receives a “signal” and performs
the measurement. About this we can make two different hypotheses:

(1) The signal has not been contaminated, so that Bob receives the state |y4) that
Alice associated to the symbol A.

(2) The signal has been contaminated by the channel and by thermal noise (also
called background noise), and therefore Bob does not see the pure state |y4) any
more, but instead a mixed state represented by a density operator p4.

The two cases are illustrated in Fig.5.2.

Case (1) corresponds to a transmission with an ideal noiseless channel, whereas
case (2) accounts for the fact that the channel can fail to be ideal and noiseless. It is
important to observe that also in case (1) Bob will not be able to make with certainty
a correct decision, because it would be based on quantum measurements, which, as
already seen, do not give error-free results; in the classical case, the randomness of
the measurement with pure states corresponds to shot noise.

{P , ke M}
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A ideal quantum decision
h | measurement 1 ¢
I7a) ElLTE ) (Bob) clemen
e >
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— S

Fig. 5.2 Transmission of a classical symbol A through a quantum channel. At reception Bob
performs the measurement in a quantum system in a pure state |y4) (ideal channel) or in a quantum
system in a mixed state p4 (noisy channel)
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The two cases can be unified considering that also in case (1), to the pure state
|ya) one can associate the degenerate density operator p4 = |ya)(val.

5.2.1 Quantum Measurement

To perform a quantum measurement, Bob chooses a measurement operator system
{Pr, k € M}.
From Postulate 3, if we know that the system under measurement is in the state |y4),

the probability that the result of the measurement be m = k, is given by (see (3.26)
and (3.50))

Plm = k| yal = (valPclya), keM (5.4

Clearly, this result holds if the state |y4) is known with certainty (pure state). If,
instead, the system state is only statistically known through the density operator
pa (mixed state), the probability that the result of the measurement be m = k is
calculated according to (see (3.32) and (3.51))

Plm = k| pal = TrlpaPil, ke M. (5.5)

Relation (5.5) includes relation (5.4), because it holds even when the system state
is known, thus p4 = |y4)(yal| and then it suffices to recall the identity on the trace
(2.37), to obtain (5.4) from (5.5).

In quantum communications systems, we must apply (5.4) when we neglect ther-
mal noise, and (5.5) when we take it into account.

5.2.2 The Digital Channel from the Source
to the Measurement

The steps that go from the transmitted symbol A € A to the outcome of the mea-
surement m € M identify a digital channel, as shown in Fig.5.3. The alphabet at the
input of this channel is that of the possible symbols of the source

A=1{0,1,....K — 1}, (5.6)

whereas at the output we have the alphabet M, which gives the possible outcomes
of the measurements and can be indicated in the form
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Fig. 5.3 Source-to-measurement digital channel with transition probabilities p(k|i) = P[m =
k|A = i]. In the graph, the source alphabet is A = {0, 1} and the measurement alphabet is M =
{1,2,3,4}

M={1,2,...,K"} (5.7)

where the cardinality K’ may be different from K.

The transition probabilities of this channel are given by (5.4) or by (5.5). In fact,
in the former case, thinking in terms of Probability Theory, the event {|y4) = |y;)}
coincides with the event {A = i}, because Alice has “prepared” the quantum system
in the state |y;), having observed that A = i. Therefore, P[m = k| A =i] =P[m =
k| |y) = |yi)] and the transition probabilities of the channel become

p(kli) :=Plm =k| A =il = (| Pely:), keM,icA. (5.82)

Even in the latter case, Alice has prepared the system in the state |y4). However,
because of the presence of noise, the state is not pure any more, but it is described by
the density operator p4. However, at the level of events, we still have that to {A = i}
it uniquely corresponds {p4 = p;}, thus

p(kli) :=Plm =k| A =il =Tr[p; Pc], keM,icA. (5.8b)

Asusual, (5.8b) represents the general case, as it yields (5.8a) assuming p; = |y;) (il

It remains to observe that, for the sake of generality, we have chosen a measure-
ment alphabet M, in general different from the source alphabet A of the symbols.
For example, in Fig.5.3 we have A = {0, 1} and M = {1, 2, 3, 4}. The important
constraint is that the cardinality of M must not be smaller than that of A

M| > |A| — K'> K.

As we will see, the two alphabets are often chosen coincident.
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5.2.3 Post-measurement Decision. Correct
Decision Probability

Remaining in the general case, the decision criterion after the measurement must
be expressed by partitioning the measurement alphabet in correspondence with the
symbol alphabet, i.e., by finding a partition of M of the type

Mo, My, ..., Mg—1. (5.9)
Then the decision criterion becomes

meM;, < A=i. (5.10)
For example, in Fig.5.4, where A = {0, 1} and M = {1, 2, 3, 4}, we have chosen

the partitions Mo = {1, 2} and M| = {3, 4}.
Once chosen the decision criterion, we complete the global digital channel of
the quantum system, whose input is the symbol A € A, and output the symbol
A € A obtained after the decision (Fig.5.4). The transition probabilities of this

global channel become

pe(jli) =P[A=jl A=i]=PlmeM;| A=i]

= Z Plm =kl A =1i]. (5.11)
ke

Therefore, using (5.8b), we have

global channel

AcA me M o AcA A AcA
p(]) decision = Pe(])
m
A p(110) 1 >4
A pe(0]0)
0 0 0 N 0
2 ><

4

)

Fig. 5.4 Global digital channel with transition probability p.(j|i) = P[A = j|A = i]
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pe(iliy= > TrlpiPil.  i.jeA. (5.12)
kEMj

From the global transition probabilities, being also known the a priori probabilities
gi = P[A = i], we can calculate the correct decision probability as

Pe=P[A=Al= g pelili)
ieA

=> > q Trlpi P (5.13)

icAkeM;

from which we obtain the error probability* as P, = 1 — P,.

5.2.4 Combination of Measurement and Post-measurement
Decision

To the purpose of optimization, the decision criterion can be combined with the
system of the measurement operators.

Then, given the system of the measurement operators {Px, k € M}, and the
decision criterion determined by the partition (5.9), a set of new operators is defined
as follows:

0; = z P, €A (5.14)
kEM,'

The set of the operators {Q;,i € A} forms a system of POVMs, that is, with the
properties (see Sect. 3.7):

(1) they are Hermitian operators, Q7 = Q;,
(2) they are PSD, Q; > 0,
(3) they resolve the identity, >";_ 4 Q; = 5.

The proof of these properties is based on the fact that the initial operators Py also
have such properties; in particular, (3) is obtained according to

0= > A=) P=Iy

icA icAkeM; keM

Substituting the new operators (5.14) in (5.12) for the transition probabilities, we
obtain simply

2 In practice, the performance of a telecommunication system (classical or quantum) is often
expressed in terms of the error probability, but in theoretical formulation it is more convenient
to refer to the correct decision probability.
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pe(jl ) =Trlp; Q51 Jj.i € A (5.15)

Analogously, the correct decision probability becomes

Pe = qiTrlp; Qil. (5.16)
ieA

In particular, when the system in reception is in a pure state (absence of thermal
noise), letting p; = |y;)(y;| we obtain

Pe =" qi(vilQilvi). (5.16a)
ieA

At this point, conceptually, the quantum measurement can be performed directly
with the new measurement operators Q; (global measurement operators), and we
obtain directly, as its result, the decided symbol K, as illustrated in Fig.5.5.

In conclusion, we have seen that in principle, in reception, we perform a quantum
measurement, followed by a decision, but it is not restrictive to include in the
measurement also the final post-measurement decision, therefore the choice to make
for a good performance affects only the global measurement operators.

We finally remark the following statement:

Proposition 5.1 Ifthe measurement operators { Py, k € M} form a projector system,
also the global operators {Q;, i € A} form a projector system.

Problem 5.1 xx Prove Proposition5.1. Hint: see Sect.3.6.4.

Problem 5.2 xx Optimization of decision element. In a post-measurement decision
the decision element is a mapping: M — A, where |[M| > |A|[, in which every
point k € M must be associated to a symbol a € A, thus creating a partition
of M into K sets M,,a € A. For given a priori probabilities {g;} and transition
probabilities {p.(j|i)}, one can optimize the decision element with the criterion to

{P , ke M } {M;,iec A} {Q;,ic A}
.. n ivalen
) quantum " decision A _ equivalent
= quantum
ps | measurement element

measurement

Fig. 5.5 The quantum measurement with the system of measurement operators { Py, k € M},
followed by the decision element, is equivalent to the measurement with the system of global
measurement operators {Q;,7 € A}
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get the maximum correct decision probability. Prove the following statement: Define
the K decision functions as

falk) :== qq pe(kla), a €A keM.
Then, for each k € M, find the decision function f,(k) such that
fak) = fp(k), Vb #a. (5.17)

The value of a that verifies (5.17) is placed in M. This defines the sets M, that
determine the optimum decision element.

Problem 5.3 xx In a binary system {0, 1}, where the a priori probabilities are
q(0) = 1/3 and g(1) = 2/3, the quantum measurement, obtained with a photon
counting, gives two Poisson variables with averages A9 = E[m|A = 0] = 5 and
Ay =E[m|A = 1] = 20.

Apply the statement of the previous problem to find the optimum decision element.

Problem 5.4 x As in the previous problem but with A9 = 0 and A; = 20 and
equally likely symbols.

5.3 Analysis and Optimization of Quantum Binary Systems

To become familiar with the problem, before proceeding with the general theory, it
seems useful to develop explicitly the decision theory in a binary quantum communi-
cations system, following the well-known Helstrom theory [1]. This theory represents
one of the few cases in which explicit closed-form results are obtained.

In a quantum binary system with symbols A € {0, 1} the modulator (Alice) puts
the system in one of the two states |yp) and |y1). We assume that the measurement
alphabet M is still binary and coincident with the source alphabet, A = M =
{0, 1}, and therefore we omit the post-measurement decision element. Then, for the
measurement, we need two measurement operators (Hermitian and PSD) Q¢ and
Q) that maximize the correct decision probability (optimal decision). Given that
Qo + 01 = 1, we can restrict our search to a single operator, for example, to Q1.

5.3.1 Optimization with Mixed States (General Case)

We now proceed with the case in which the system is specified by two density
operators pg and p;. To calculate the probability of correct decision we use (5.16),
which, as Qg = I — Qjy, yields
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Pe = qo Tr[poQol + q1 Tr[p1 Q1]
= qo Trlpo 11+ Trl(g1p1 — gopo) Q1] (5.18)
= go + Tr[(g1p1 — qop0) Q1]

where we have taken into account the fact that the trace of a density operator is
always unitary (see Sect. 3.3.2). The correct decision probability becomes

P, :q0+Tl"[D Ql]

where
D :=q1p1 — q0p0 = P1 — Po (5.19)

is called for convenience decision operator (0; = q; p; are weighted density opera-
tors).

Then, to maximize the correct decision probability, we must find the measurement
operator Q1 such that

man Tr[(q101 — qop0) Q1] = rréax Tr[D Q1] qo+q1 =1
1 1

To this end, let us consider the eigendecomposition (EID) of the decision operator

D =qip1 —qopo = D nklmi) (il (5.20)
k

where 7y is the generic eigenvalue, and |7x) the corresponding eigenvector (the 1y
are assumed as distinct, so the corresponding vectors |n) are orthonormal). Note
that D is Hermitian but not PSD, so that the 1 are real, but may be either positive
or negative. We then have

Te[D Q1] = D miTrlln) (k] Q1]
k

= > mlml Q1lme), (5.21)
k

where we have used the notable identity (2.37).
Now the crucial point for optimization is to observe that the quantity

ek = (Ml Q1lne)

represents the probability of a measurement obtained through the measurement
operator Q1 when the system is in the state |7, ), and therefore 0 < ¢; < 1. Then the
maximum of the expression (5.21) is obtained by choosing, if possible, the terms with
nx > 0 and g = 1. This choice is actually possible if we define the measurement
operator Q1 in the following way
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Q1= D Imk)(mil- (5.22)

Nk >0

In fact, with this operator we obtain e = (nx|Q1|nx) = | and the required maxi-
mum is

Trl(q101 — gop0) Q11 = D mi.

k>0

i.e., itis given by the sum of the positive eigenvalues. With this choice, the maximum
correct decision probability becomes

Pe=qo+ > m. (5.23)
nk>0

It remains to verify that the two operators obtained through the optimization

Q1= > Indml,  Qo=1-01= > |m)ml (5.24)

k>0 Nk <0

really form a measurement operator system. What is more, it can be shown that O
and Q¢ form a projector system (see Problem5.5).

In conclusion, to obtain the maximum correct decision probability in a binary
system, we must perform a projective measurement with projectors given by (5.24).

Summary of the Optimization Procedure

We summarize the steps required to find the optimal measurement operators in a
quantum binary system:

(1) we start from the EID (5.20) of the decision operator

D =qip1 — qopo = D milne) (nil: (5.25)
I

(2) the optimal measurement operators (projectors) Qo and Q; are calculated
from (5.24);

(3) the maximum probability of a correct decision is simply given by go plus the
sum of the positive eigenvalues of the operator D.

It is important to observe that this result is fotally general, in the sense that no
hypothesis has been made on the density operators pg and p;, which can describe
even mixed states. This general result will be applied in Chap. 8 to binary quantum
communications systems in the presence of thermal noise.
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Problem 5.5 xx Prove that the operators Q1 and Qy, defined by (5.24), form a
projector system.

Problem 5.6 »x Consider the following density operators:

[ 46 13—371 =16 13+37i]
1 | 13437 58 13-37i  -32
P=5081 —16 13437 46 13-37
13-37 —32 13437 S8 |
T 58 29-290 8  21+29i]
1 29429 58 29-21i -8
PI= 508 8  204+21i 46  21—2li
[ 21-20i -8 201421i 46

First verify that they are “true” density operators. Then, assuming that they are the
states in a binary transmission with a priori probabilities go = 1/5 and g1 = 4/5,
find the correct decision probability P,.

5.4 Binary Optimization with Pure States

The general theory of the previous section is now applied to a binary quantum system
prepared in one of the two pure states |yp) and |y ), therefore described by the density
operators

po = |v0)(»ol p1 = lyi){rl. (5.26)

We will find explicit and very important results, which be applied in Chap.7 to
quantum binary communications systems in the absence of thermal noise.

5.4.1 Helstrom’s Bound

To find the optimal measurement operators, we must evaluate the EID of the decision
operator, which with pure state is given by

D = q1p1 — qopo = q1ly1){v1l — qolvo){vol. (5.27)
To comprehend the nature of this operator, consider its image

D=imD=DX
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which is a subspace generated by the linear combination of the two kets |yp) and
|y1), assumed (geometrically) independent, and whose dimension is dim D = 2.
Then the EID of D is limited to two terms (only two eigenvalues are different from
zero) and the two eigenvectors |1)) and |n;) of D must belong to the subspace D and
therefore are linear combinations of two states®

[n0) = agolyo) +ao1ly1),  Im) = awolv) + aily). (5.28)

Now, the coefficients g;; are obtained by applying the definition of eigenvector,
that is,
Dno) =nolno),  Dlni) =n1ln) (5.29)

where 1o and 11 are the eigenvalues. Substituting (5.27) and (5.28) in (5.29), recalling
that (y1|y1) = (yolyo) = 1 and letting X = (yo|y1), we obtain

q1(aoi X + a11)|y1) — qo(aoi + a1i X*)yo) = noi(aoilyo) + arily1)), i =0,1.

(5.30)
But, because of the assumed independence, in (5.30) the coefficients of |y1) and |yo)
must be equal to zeo. Hence

qi(aioX* +ai1) =niair,  —qolaio+ai1X)=mniao, i=01. (531)
Solving with respect to n; we get the equation
n; = ni(@1 = qo) — qoq1(1 = 1X[) =0
from which

no1 =131 —qoFR). R:=/1—4q0q11X|? (5.32)

where n; > 0 and ng < 0.
We have only one positive eigenvalue, and (5.23) gives

Pe=4 (14 V1= 4q0011XP)

(5.33)
Pe =14 (1= V1= 49001 1XP)
where the parameter
1X1% = [(wolyn) ? (5.33a)

3 This point will be clarified in Sect.5.11, Proposition5.4. The eigenvectors |n;) are called mea-
surement vectors because they form the measurement operators as Q; = [1;)(n;|.
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represents the (quadratic) superposition degree between the two states. In the liter-
ature expressions (5.33) are universally known as Helstrom’s bound.
The optimal projectors derive from (5.24) and become

Qo = [no)(nol, Q1= |m)(ml (5.34)

and therefore they are of the elementary type, with measurement vectors given by
the eigenvectors |no) and |n1) of the decision operator D.

It remains to complete the computation of these two eigenvectors, identified by
the linear combinations (5.28). Considering (5.31) we find

aX* qoX
[no) = aco { lvo) + ————1Iv1) ). m) =an | —————Iyo) +ly1)) (5.35)
1Mo — 41 N1+ qo

where agg and a1 are calculated by imposing the normalization (n;|7;) = 1. In the
general case, the calculation of the eigenvectors is very complicated* and we prefer
to carry out the evaluation with the geometric approach developed below.

To consolidate the ideas on quantum detection we anticipate a few definitions and
properties on quantum detection and optimization. The linear combination (5.28)
can be written in the matrix form?

1 a, a,
M =TA with F:[h/o)’h/l)]’ M=[|M0>a|u«l>, A= |: 00 01i|
ajo arn

where I is called state matrix and M is called measurement matrix (see Sect.5.6).
The target of optimization is to find the (optimal) measurement matrix Mop that
maximizes the correct decision probability. In Sect. 5.11 we shall see that the optimal
measurement vectors are always orthogonal. This property can be written in the form
M(’)"pt Mope = I, where I is the 2 x 2 identity matrix.

Finally, we note that a quantum system with pure states, say 8(g, I"), is completely
specified by the vector of the a priori probabilities ¢ and by the state matrix I". The
optimization is specified by the measurement matrix My, which allows us to find
the maximum correct decision probability as

K—-1 K—-1
Pemax = D Wpilyi) P = D [{Mope ()| T () (5.36)
i=0 i=0

where |1;) = Mopt (i) is the ith element of Mp.

4 To the author’s knowledge the general expression of the eigenvectors (with X complex and not
equally likely symbols) does not seem to be available in the literature.

5 The measurement vectors, previously obtained as eigenvectors and denoted by |; ), are hereafter
denoted by |u;).



198 5 Quantum Decision Theory: Analysis and Optimization

5.4.2 Optimization by Geometric Method

The binary optimization with pure states can be conveniently developed by a geo-
metric approach with several advantages. We first assume that the inner product
Y := (yoly1) is real and then we generalize the approach to the complex case.

The geometry of decision with two pure states |yg) and |y;) is developed in the
subspace D generated by two states. In this hyperplane, the states are written in terms
of an appropriate orthonormal basis {|ug), |u1)} as (Fig.5.6)

|Y0) = cos@lug) + sinf|uy)
[11) = cos Olug) — sin Oluy) (.37)
where

cos 260 = (yly1) =Y. (5.38)

In (5.37) we have assumed that the basis vector |ug) lies in the bisection determined
by the state vectors, which does not represent a restriction. For now we assume the
two measurement vectors i) and |@1) not necessarily optimal, but satisfying the
conditions of being orthonormal, in addition to belonging to the Hilbert subspace D.
Then they can be written as

lo) = cos @lug) + sin @luy)
[i1) = sin@lug) — cos@luy). (5.39)

Fig. 5.6 Binary decision
with generic state vectors
and measurement vectors
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Note that trigonometric functions take automatically into account the ket normaliza-
tion and allow us to express the ket geometry of the four vectors involved by only
two angles.

Considering that (1o|yp) = cos(¢ — 6) and (u1]y1) = sin(¢ + 6), the transition

A

probabilities p(j|i) := P[Ag = j|Ap = i] are given by

p(0]0) = cos?(¢ — 0) = 1 [1 + sin 20 sin 2¢ + cos 26 cos 2¢]

| (5.40)
p(111) =sin*(p +0) = 5 [1 + sin 20 sin 2¢p — cos 20 cos 2¢]
and the correct detection probability turns out to be
P = qo cos*(¢ — 0) + g1 sin*(§ +6)
= % [1 4+ (go — q1)(cos20 cos2¢ + sin 20 sin2¢)]. 5.41)

Here the angle 6 is given through the inner product Y (see (5.38)), while the angle ¢
is unknown and is evaluated by optimization. It is immediate to see that the angle ¢
giving the maximum of P, is given by

1 V1 =712
tan 20 = —_—

tan 2¢p =
q0 — q1 q0 — q1 Y

, (5.42)

which gives

1 —
sin2¢ = —sin20, cos2¢ = qO—R‘“ cos 26 (5.43)

where R = /1 — 4qoq1Y?. The corresponding optimal correct decision probabil-

ity is
P.=3(1+R) =3 (1 +y/1- 4qoq1Y2) : (5:44)

i.e., the Helstrom bound.
The transition probabilities (5.40), with the optimal decision, become

p010) =5 [1+ (1 =Y*+ (90— q)Y?/R]

1
. 5.45
pI) =5[1+ (1 =Y>=(q—q)Y*/R]. 04
Finally, we consider the explicit evaluation of the optimal measurement vectors.
The first step is finding in (5.39) the expression of the basis vectors |ug) and |u1) in
terms of the given quantum states. For the particular choice made for these vectors
we have that |ug) is proportional to |y9) + |y1) and |uq) is proportional to |yp) —
ly1) (see Fig.5.6), that is, [ug) = Ho(lyo) + |y1)) and [u1) = Hi(lyo) — [71))-
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The normalization gives Hy = 1/4/2 4+ 2Y and H; = 1/4/2 — 2Y. Next, in (5.39)
the optimal angle is given by (5.42) and then we find the optimal measurement
matrix as

x/l—L+«/1+L VI-L J1+L

1 1—Y J14+Y J1+7Y I—
Moy =T'A with A= v v

2 VIFL V-1 «/1—L+\/1+L
JI+Y J1=-Y J1+Y J1-

(5.46)

where L = (qo—q1) Y/R. This completes the optimization with a real inner product.
In the general case of a complex inner product

X = |X|ef
we introduce the new quantum states

170) = lw), 7)) =ePly)

which give the matrix relation

~ . e 1P 0
I' =TIB, with B = o 1l (5.47)

Now we have two binary systems, S(g, I') and 8(g, '), with the same a priori prob-
abilities, but different inner products, respectively X = |X|e'# and X = Hln) =
e 1A (yoly1) = 1X|. It is immediate to verify (see (5.36)) that if Mo is the optlmal
measurement matrix for 8(g, I"), the optimal measurement matrix for S(g, F) is
given by B B
Moy = Mopt B = Moy = Mo B~ (5.48)

But the system 8(g, I’) has a real inner product and, with the replacement ¥ —
| X|, we can use the previous theory to find: (1) the Helstrom bound from (5.44),
(2) the transmon probabilities from (5. 45) and (3) the optimal measurement matrix
Mopt = I' A from (5.46). Hence, from Mopt we can obtain the measurement matrix
for the system 8(g, I'). In fact, by combination of (5.47) and (5.48) we find

Moy =T'A with A= BAB™!

6 To express cos ¢ and sin ¢ from tan 2¢ we use the trigonometric identities

sing =272, /1 —1/\/1 +tan22¢,  cos¢p =2"Y2/1+1/,/1 + tan? 2¢

which hold for 0 < ¢ < 7 /4. This range of ¢ covers the cases of interest.
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which gives
A — |@00aor| _ doo el Pao
aio aii e Payy ay
We summarize the general results as follows:

Proposition 5.2 The optimization of the quantum decision in a binary system pre-
pared in the pure states |yo) and |y1), having inner product (yo|y1) = X = | X|e'?
and a priori probabilities qo and q1, gives the transition probabilities

p0[0) = 3 [1+ (1 —[XI>+ (g0 — q1)|X*)/R]

(5.49)
pAID) = 5[1+ (1 =X = (g0 — qDIXI)/R].

and the correct decision probability

P=3 (1 +.,/1— 4q0q1|X|2) . (5.50)

The optimal measurement matrix is obtained as Moy, = I" A, where

VIZL  VIFL g VIZL  VTHL
1 VI-IXT VTHIX] VIHIXT VT-IX]

=3 eiﬂ(‘/H—L m) VI-L  JT+L

VIFIX] JT=[X] VIFIX]  JT=-IX]

with

R =./1—-4q90q1, L =1(go—q1)XI|/R.

5.4.3 Pure States with Equally Likely Symbols

With equally likely symbols (g0 = g1 = %) we find several simplifications. In the
trigonometric approach the optimization is obtained by rotating the measurement
vectors until they form the same angle with the corresponding state vectors, specif-
ically, we have 6 = 7 /4, as shown in Fig.5.7. The expressions of correct decision
probabilities and of the error probability are simplified as

Po=t(1+VI=IXE),  Pe=4(1-VI-XP). 65D
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Fig. 5.7 Optimal binary
decision with equally
probable symbols

(g0 = q1 = 1). The IHo)
optimization is obtained by
rotating the measurement [70)
vectors until they form the
same angle with the
corresponding state vectors

uih

=r/4
o \é o=n/
/2 >
uo
9 Jo
In)
1)
The transition probabilities become equal
p0I0) = p(111) = 4 (1+ V1= [XP) = P.
and hence we get a binary symmetric channel.
The measurement vectors become
o) = alyo) +beP ly), Iy =be P ly) +aly) (5.52)

where 8 = arg X and

a—l[ L } b—l[ SR ] (5.53)
2 LJVT=IXT JTEIXT) 2 LJVTHIXT JTI=IXT] T

Problem 5.7 xx Find the coefficients ag; and aj; in the expression of the mea-
surement vectors (5.35), assuming equally likely symbols and X real.

Problem 5.8 xx Write the fundamental relations of the geometrical approach in
matrix form, using the matrices

' =Tlyo), ly1)l, U =Tlluo), lu1)l, M =[lro), lu1)l.
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5.5 System Specification in Quantum Decision Theory

After a thorough examination of decision in a binary system, we return to the general
considerations, assuming a K -ary system.

From the general analysis of Sect.5.2 and from the choice of proceeding with
global measurements, we realize that the system specification in quantum decision
can be limited to the following few parameters (“players”).

On the transmitter side (Alice), the players are:

(a) the a priori probabilities g;, i € A,
(b) the states |y;), i € A, or the density operator p;, i € A.

The sets {|y;)|i € A} and {p;|i € A} will be called constellations of states.

At the receiver side (Bob) the players are the (global) measurement operators,
which must form a measurement operator system {Q;,i € A} in the sense already
underlined, but worthwhile recalling:

(1) they are Hermitian operators, Q% = Q;,
(2) they are PSD, Q; > 0,
(3) they give a resolution of the identity, > ;. 4 Qi = I5¢.

There are several ways to specify the above parameters, as we shall see in the next
sections, making the usual distinction between pure and mixed states.

5.5.1 Weighted States and Weighted Density Operators

In the above, the transmitter specification is composed by two players, however,
the same specification can be obtained by a single player with the introduction of
weighted states (already used in Sect.3.11).

The weighted states are defined by

7)) = Vailyi), ieA (5.54)

and contain the information of both the probabilities ¢; and the states |y;). In fact,
considering that the states are normalized, (y;|y;) = 1, one gets

qi = Wilvi),  lvi) = 1/ %) (5.55)
The weighted density operators are defined by
Di = qi Pi, ieA. (5.56)
Then, considering that Tr[p;] = 1, one gets

gi =Trlpil,  pi = /q) pi- (5.57)


http://dx.doi.org/10.1007/978-3-319-15600-2_3

204 5 Quantum Decision Theory: Analysis and Optimization

5.6 State and Measurement Matrices with Pure States

If the decision is taken from pure states, that is, from rank-one density operators, also
the measurement operators may be chosen with rank-one, and therefore expressed
by measurement vectors in the form Q; = |u;)(u;|. This was seen in Sect. 5.3 with
a binary system, but it holds in general (see Kennedy’s theorem in Sect.5.11). Then,
referring to an n-dimensional Hilbert space J{, the players become vectors (kets) of
JH, which can be conveniently represented in the matrix form.

Now, K pure states |y;), interpreted as column vectors of dimension n x 1, form
the state matrix

I =1yl y1) s lyk -1 (5.58)
nxK

Analogously, the measurement vectors |u;) form the measurement matrix

M =T[lno), 1), -\ Ik —1)] (5.59)
nx K

In particular, the measurement matrix allows us to express the resolution of the
identity >°;_ 4 I1i) (ii| = Ig¢, in the compact form

M M* = Iq. (5.60)

The specification of the source by the state matrix I is sufficient in the case of
equally likely symbols. With generic a priori probabilities ¢; we can introduce the
matrix of weighted states [3]

~

r=[1), 17010, 7xk-1], (5.61)

where |Vi) = /qilvi)-

5.7 State and Measurement Matrices with Mixed States |

The state and the measurement matrices can be extended to mixed states but their
introduction is less natural because the density and the measurement operators are
not presented in a factorized form as in the case of pure states.

With pure states, the density operators have the factorized form p; = |y;)(y;| and,
with standard notation, p; = y;y;*, where the states y; = |y;) must be considered as
column vectors. In the general case, the density operators do not appear as a product
of two factors, but can be equally factorized in the form

pi=viy, i=01,...,K—1 (5.62)
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where the y; become matrices of appropriate dimensions (and not simply column
vectors). As we will see soon, if 7 is the dimension of the Hilbert space and 4; is the
rank of p;, the matrix y; can be chosen of dimensions n x ;. It must be observed that
such factorization is not unique, and also the dimensions n x h; are to some extent
arbitrary, because h; has the constraint rank(p;) < h; < n. However, the minimal
choice h; = rank(p;) is the most convenient (and in the following we will comply
with this choice).

Similar considerations hold for the measurement operators Q;, which, with unitary
rank, have the factored form Q; = |u;){u;|, butalso withrank #; > 1 canbe factored
in the form

Qi = pip} (5.63)

where the factors u; are n x h; matrices. Further on, we will realize (see Kennedy’s
theorem and its generalization in Sect.5.11) that in the choice of the measurement
operators it is not restrictive to assume that /; be given by the same rank of the
corresponding density operators.

By analogy with the pure states and with the measurement vectors, the factors y;
will be called state factors and the factors ;; measurement factors (this terminology
is not standard and is introduced for the sake of simplicity). The factorization will
be useful in various ways; first of all because, if the rank #; is not full (h; < n), it
removes the redundancy of the operators, by gathering the information in an n x h;
rectangular matrix, instead of an n X n square matrix, and also because it often
makes it possible to extend to the general case some results that are obtained with
pure states.

5.7.1 How to Obtain a Factorization

The factorization of a density operator was developed in Sect.3.11 in the context of
the multiplicity of an ensemble of probabilities/states. Here the factorization is seen
in a different context and, for clarity, some considerations will be repeated.

Consider a generic density operator p of dimensions n x n and rank &, which is
always a PSD Hermitian operator. Then a factorization yy* can be obtained using
its reduced EID (see Sect.2.11 and Proposition 3.5)

h
p=2ZyD}Z;="> d? |zl (5.64)
i=1
where Di = diag[d?, ..., di] is an & x h diagonal matrix containing the A pos-

itive eigenvalues of p and Z, = [|z1)---|zp)] is n x h. Letting D, = /Dﬁ =
diag[dy, ..., dj], we see immediately that


http://dx.doi.org/10.1007/978-3-319-15600-2_3
http://dx.doi.org/10.1007/978-3-319-15600-2_2
http://dx.doi.org/10.1007/978-3-319-15600-2_3
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Y =Zp Dy (5.65)

is a factor of p.

From the EID (5.64) it results that the density operator is decomposed into the sum
of the elementary operators diz |zi)(zi|, where dl-2 has the meaning of the probability
that the quantum system described by the operator p be in the state |z;), exactly in the
form in which the density operator has been introduced (see (3.7)). Then the factor
y turns out to be a collection of & vectors

y =ldilz1), ..., dnlzn)] (5.66)

where the |z;) are orthonormal (as taken from a unitary matrix Z of an EID).”
Reconsidering the theory developed in Sect.3.11, we find that y is a minimum
factor of p and, more specifically, a minimum orthogonal factor.

Example 5.1 Consider the Hilbert space H = (C4, where we assume as basis

1 1 1 1
2 2 2 2
1 _i _1 i
2 2 2 2
1b1) = 11> |b2) = 1| |b3) = 1 > |ba) = 1
2 2 2 2
1 i _1 _i
2 2 2

From this basis we build the density operator
1
1
1 i 1 1 i
! 2 Lyi L1 i
p = =|bi1)(bi| + =|b2) (ba| = | 16 i e 12
3 3 1

which has eigenvalues {%, %, 0, O} and therefore has rank & = 2. Its reduced EID
p=127Z D% Z} is specified by the matrices

oI

1

2
11 0 _i_Lil
- 22 2_ |3 x _ 727222
2 _il Dh_[ol] Zy=1 41 1 11
22 3 2 2 272

11

2 2

Now, to obtain a factor y of p we use (5.65), which gives the 4 x 2 matrix

7 Another way to obtain a factorization is given by Choleski’s decomposition (see Sect.2.12.5).
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. q 1
53 V6 23

11 \/Zo S

11 1 _1

22 V6 23"

As regards the factorization of the measurement operator, say Q = pp*, similar
considerations hold, provided that the operator Q is known. However, in quantum
detection Q is not known and it should be determined by optimization. In this context
the unknown may become p, then giving Q as up™* and the factorization is no more
required.

5.7.2 State and Measurement Matrices

The definition of these matrices can be extended to mixed states by expressing the
density operators and the corresponding measurement operators through their factors.
The state matrix I” is obtained by juxtaposing the factors y;, intended as blocks of
columns of dimensions n x h;

r = [y(), Vise-os nyl] (567)
nxH

where the number of columns H is given by the global number of the columns of
the factors y;
H=hy+h +- - 4+hg_1.

We can make explicit I” bearing in mind that each factor y; is a collection of &; kets
(see (5.66)). For example, for K = 2, hg = 2, h1 = 3 we have

I' = [yo, v1il = llvo1), lvo2), lvi1)s 1v12), [v13)] (5.68)

where |yo;) are the Kets of 9 and |yy;) are the kets of y;.
Analogously, the measurement matrix M is obtained by juxtaposing the factors
Wi, intended as blocks of columns

M = [0, i, - k1] (5.69)
nxH

Even the resolution of the identity (5.60) is extended to mixed states. In fact,

MM* =3 pipf =2 0i = Iac (5.70)

ieA ieA
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Clearly, these last definitions are the most general and include the previous ones
when the ranks are unitary (h; = 1 and H = K).

Also the definition of the matrix of weighted states, given by (5.61) for pure states,
can be extended to mixed states [3], namely

I’:: [%7 j/\l’ "'7],7[(71] = [«/%VO, \/al/l, ~-w«/51K71)/K71] P (571)

where the weighted states can be obtained as a factorization of weighted density
operators, namely p; = q;p; = /qiVi/Ai V] = ViV}-

5.7.3 Probabilities Expressed Through Factors

In quantum decision, probabilities can be computed from the factors y; and p; of the
density operators and of the measurement operators. Recalling the expression of the
transition probabilities, given by (5.15), we obtain explicitly

pe(jli) = Tr[Q; pil = Trlp ;15 vivi']. (5.72)

Analogously, from (5.16) we obtain the correct decision probability

Pe="qi Tt[Qi pil = D qi Trlpin] vivi'l. (5.73)
ieA ieA

In the evaluation of these probabilities it is convenient to introduce the matrix
of mixed products

boo - bok-1
B =M"T"'=| : - = . b=y (5.74)

br—1,0 -+ bx—1,Kk-1

where dim b;; = h; x h;. Then, using the cyclic property of the trace, we find

pe(jli) = Telb% bjil.  Pe= D qiTe[b}; biil. (5.75)
icA

Finally, it must be observed that state and measurement factors are not uniquely
determined by the corresponding operators. In fact, if y; is a factor of p;, also y; =
vi Z, where Z is any matrix with the property ZZ* = I, , is a factor of p;, as follows
from y;p* = yi ZZ*y}? = yi vy = pi. However, the multiplicity of the factors
has no influence on the computation of the probabilities, as can be verified from the
above expressions.
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Problem 5.9 +x From the following normalized states of H = C*

2 2 1
o : . 5 'y
= 1 i ) ) S
1 2 ) 1 1
= =[5 =] 3| = VP = P
V13 2 2 V13 V13
1 3 5 20 20
V13 V13 V13

form the density operators

3 1 3 1 1
p1 = Z|Vl)()/1| + ZIVz)(VzI, P2 = Z|V3)(V3| + §|V4><V4|§|V5)(V5|

and find their minimum factors y; and y,. Find also factorizations in which the
matrices ¥ and y; have the same dimensions.

Problem 5.10 x Consider the transition probabilities given by (5.72). Prove that,
if y; is replaced by y; Z, with ZZ* = Ij,, and pu; by p; W, with WW* = I, the
transition probabilities do not change.

Problem 5.11 xx Prove that the measurement matrix M defined by (5.59) and
its generalization to mixed states (5.69), allows us to express the resolution of the
identity in the form MM* = Iq.

5.8 Formulation of Optimal Quantum Decision

The viewpoint for the Optimal Quantum Decision is the following: the a priori proba-
bilities and the constellation (of pure states or of mixed stated) are assumed as given,
whereas the measurement operator system is unknown and should be determined
to meet the decision criterion, given by the maximization of the correct decision
probability.

Then, considering the general expression of the correct decision probability, given
by (see (5.16))

Pe =" qiTrlp; Qi
ieA
the optimal measurement operators Q; must be determined from

K-1

max > ¢; Trlpi Ol (5.76)
=0

If the operators are expressed through their factors (see (5.62) and (5.63)), (5.76)
becomes
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K—1
max > gi Tl i (5.77)
Yi=0

Finally, if the states are pure, we have the simplification

K—1

—1
max > q; Te[ly:) (vilwi) (uill = max > gi [(vilwi)l>. (5.78)
{lmi)} s {lmi)} s

In the last relation we have used the identity (2.37) over the trace, Tr[A|u)(u|] =
(u|Alu), with A = |y;)(yi| and |u) = |u;).

5.8.1 Optimization as Convex Semidefinite
Programming (CSP)

Starting from the Hilbert space J{ on which the quantum decision is defined, it is
convenient to introduce the following classes (Fig. 5.8):

the class B of the Hermitian operators defined on JH,

the subclass B of the PSD Hermitian operators,

the class M of the K-tuples Q = [ Qq, ..., Ox—1], Q; € B of Hermitian opera-
tors,

e the subclass My of M consisting of the K -tuples Q, whose elements Q; are PSD
Hermitian, Q; € By, and, globally, resolve the identity on 3, that is, Zi Qi = I

Hermitian operators o K—tuples of Hermitian operators

o

Jmax

Fig. 5.8 Classes in the quantum decision for the determination of optimal measurement operators.
On the right, the class M formed by the K-tuples of Hermitian operators and the subclass My
constituted by systems of measurement operators Q; in Mj the functional J(Q) is defined, which
has a maximum Jmax When Q becomes optimal. On the /eft, the class B of the Hermitian operators
X and the subclass By of the positive semidefinite X; in general Tr(X) > Jnax, but for particular
X = Xopt it results Tr(Xopt) = Jmax
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In other words, each K-tuple Q € My identifies a valid measurement operator
system.

With these premises, the problem of the optimal decision can be treated in the frame-
work of convex programming. Starting from the data specified by the weighted density
operators

Di = qipi, i=0,...,K—1, (5.79)

we must determine a measurement operator system Q € Ko that maximizes the
quantity

K—1
JQ =D Tp0il,  QeMo. (5.80)
i=0

We are dealing with a problem of convex semidefinite optimization because the K -
tuple Q must be found on a convex set: in fact, given two K -tuples P and Q of M and
givenany A withO < A < 1, it can be easily shown that the convex linear combination
AP + (1 — 1)Q is still formed by a K -tuple of M. Therefore, by definition, My is a
convex set. Within such set, it results:

Proposition 5.3 The functional J(Q), which gives the correct decision probability
P., in My admits the maximum

Jmax = 52% J(Q) = J(Qopt)~

This maximum gives the maximum of the correct decision probability, P, max =
Jmax = J(Qopt), and Qqpy is by definition an optimal system of measurement oper-
ators.

This proposition will be proved in Appendix section “Proof of Holevo’s Theorem”.

5.9 Holevo’s Theorem

The following theorem, stated by Holevo in (1972) [4], completely characterizes the
optimal solution, and is probably one of the most important results of the theory of
quantum decision in the last decades.

Theorem 5.1 (Holevo’s Theorem) In a K -ary system characterized by the weighted
density operators p; = q; p;, the measurement operators Q; are optimal if and only
if, having defined the operator

K—1
L=72 0ifi. (5.81)
i=0
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it follows that the operators L — p; are PSD, that is,
L—pi € By (5.82)
and, foreachi =0, ..., K — 1,
(L —pi)Qi = 0g¢. (5.83)

Holevo’s theorem, which will be proved in Appendix section ‘“Proof of Holevo’s
Theorem”, determines the conditions that must be verified by an optimal system of
measurement operators Qop¢, but does not provide any clue on how to identify it.

An equivalent form of Holevo’s theorem, but, as we will see, more appropriate for
numerical computation, has been proved by Yuen et al. [5] and, recently, in a detailed
form, by Eldar et al. [3]. The result is obtained by transforming the original problem
into a dual problem, according to a well-known technique of linear programming.

Theorem 5.2 (Dual theorem) In a K-ary system characterized by the weighted
density operators p; = q; p;, the measurement operators Q; are optimal if and only
if there exists a PSD operator, X € By, such that Tr[X] is minimal,

Tmin = min Tr[X] (5.84)
XeBy

and for every j =0, ..., K — 1 the operators X — p; are PSD, X — p; € Bo. The
optimal operators Q; satisfy the conditions

(X —pi)Qi = 0g¢. (5.85)
The minimum obtained for Tr[X] coincides with the requested maximum of J (Q)
Tmin = Jmax = Pc,max- (586)

Notice that the conditions imposed on the operators for optimality X — p; are
the same as those indicated in Holevo’s theorem, imposed on operators X — p;. To
understand why the dual theorem leads to a lower computational complexity, suppose
that the Hilbert space be of finite dimensions #. In Holevo’s theorem we must look
for a K -tuple of Hermitian operators Q;, for a total of K n? unknowns; instead, in the
dual theorem we must look for the Hermitian matrix X, for a total of n2 unknowns.

Example 5.2 'We want to check that the projectors Q¢ and Q1, evaluated in Sect. 5.3
with Helstrom’s theory, satisfy the conditions of Holevo’s theorem. For K = 2, the
operator (5.81) becomes, bearing in mind the resolution constraint of the identity

Qo+ 01=1,

L= Qopo+ Qip1=U—Q1po+ Q1p1 = po+ Q1D
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where D = p; — pp is the decision operator introduced in Helstrom’s theory (see
(5.20)). The conditions (5.83) give

01DQp =0, QoDQ; =0

which are mutually equivalent. We can verify them using the expressions (5.25) and
(5.24), and the orthonormality. We obtain

Q1DQo= D Im){ nk|2nm|nm> (| D 1) (] = 0.

>0 <0
The conditions (5.83) become
L—po=01D>0, L—pi=—-0Q¢D>0.

We have

01D = Zlnh nhIanInm M| Znhlnh) i

np>0 np>0

which is PSD because n;, > 0 and |n;,) (1| are elementary projectors. Analogously,
it can be proved that — QgD > 0.

5.10 Numerical Methods for the Search
for Optimal Operators

As already said, only in some particular cases the problem of the determination of
the optimal measurement operators and of the maximum correct decision probability
has closed-form solutions. In the other cases, we either restrict ourselves to search for
near-optimal solutions, with the SRM measurements, or we must resort to numerical
computation. As we are dealing with problems of convex programming, which fall
under a very general class of problems, we can use existing very sophisticated soft-
ware packages, like LMI (linear matrix inequalities) and CSP (convex semidefinite
programming), both operating in the MatLab® environment [6, 7].

5.10.1 The MatLab Procedure Cvx

The use of this procedure is conceptually very simple. For the application of Holevo’s
theorem, in the general case, all it takes is to provide, as input data, the K weighted
density operators p;, with the constraints
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-1
0;>0, i=0,....,K—1, §:Q=1
i=0

and to request as output the K measurement operators Q; that maximize

K-1

JQ = D Trlp; Qil.

i=0

Resorting to the dual theorem reduces the computational complexity. Inputting
the p;, with the constraints

X-7%>0, i=0,..K—1

the user asks for the operator X of minimal trace. From X we obtain the optimal
measurement operators as solutions of the equations (X — p;)Q; = 0. Clearly, the
computation is simplified because the search is limited to the single operator X.

We write the MatLab procedure in the binary case, which is easily extended to
an arbitrary K.

cvx_begin SDP

variable Q0 (dim, dim) hermitian
variable Q1 (dim, dim) hermitian
maximize (trace (QO*RO+Q1*R1))
subject to

Q0>0;

Q1>0;

Q0==eye (dim) -Q1;

cvx_end

Pc_Holevo=trace (Q0*RO+Q1*R1) ;

cvx_begin SDP
variable Q(dim, dim) hermitian
minimize (trace(Q))
subject to
O>RO0O;
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QO>R1;

cvx_end

Pc_dual=trace (Q) ;

5.10.2 Example

We input the weighted density operators

0.29327 0.29327 0.29327 0.17788
. 110.29327 0.29327 0.29327 0.17788
PO=7510.29327 0.29327 0.29327 0.17788
0.17788 0.17788 0.17788 0.12019

0.23558  0.245191 —0.22596 —0.245191
1] —024519i 0.26442  0.245191 —0.26442
PL=751 —0.22596 —0.245191 0.23558  0.24519i
0.245191 —0.26442 —0.245191 0.26442

the “Holevo” procedure gives as output

P, =0.009316144.

0.502788 0.259735 0.247032 —0.0141425
_ 0.259735 0.278855 0.259735  0.256145
Qo = 0.247032 0.259735 0.502788 —0.0141425
—0.0141425 0.256145 —0.0141425 0.715569

0.497212 —0.259735 —0.247032 0.0141425

| —0.259735 0.721145 —0.259735 —0.256145
01 = —0.247032 —0.259735 0.497212 0.0141425
0.0141425 —0.256145 0.0141425 0.284431

The “dual” procedure gives as the output

P, = 0.009316139

0.263349  0.138595 0.0314089 0.0971245
X — 0.138595 0.264951 0.138595 —0.0387083
~ | 0.0314089 0.138595 0.263349 0.0971245

0.0971245 —0.0387083 0.0971245 0.199034
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Hence we find the same minimum error probability, as expected (the Helstrom
procedure gives P, = 0.00936141). The negligible differences are due to the different
way of numerical computations.

5.11 Kennedy’s Theorem

Holevo’s theorem has general validity, because it is concerned with optimal decision
in a system specified through density operators, which does not rule out the possibility
that the states may be pure. Instead, Kennedy’s theorem [8] is about a system in which
there is a constellation of K pure states

lvo)s lyi)s - lvk—1)- (5.87)

Theorem 5.3 (Kennedy’s theorem) In a K -ary system specified by K pure states
1Y0), - - -, |VYK—1), the optimal projectors (which maximize the correct decision prob-
ability) are always elementary, that is, they have the form

Qi = |uiY{pil, i=0,1,...,K—1 (5.88)

where the measurement vectors |[u;) must be orthonormal.

The theorem is proved in Appendix section “Proof of Kennedy’s Theorem”.

5.11.1 Consequences of Kennedy’s Theorem

With Kennedy’s Theorem the search for the optimal decision is substantially simpli-
fied, as it is restricted to the search for K orthonormal measurement vectors

[wo)s 1), oy [k —1)

from which the optimal projectors are built, using (5.88). The simplification lies in
the fact that, instead of searching for K matrices, it suffices to search for K vectors.

Example 5.3 In the binary case, we have seen that the optimal projectors are given
by (5.34), where both Q¢ and Q are elementary projectors. In addition, |p) and
|p1) are orthonormal.

From now on, the Hilbert space 3 will be assumed of finite dimension n, even
though, in the applications to quantum communications systems, the dimensions
become infinite (n = 00). When the decision is made starting from K pure states, a
fundamental role is played by the subspace generated from the states
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U = span(|yo), [¥1), ..., lyk—-1)) S H. (5.89)

The dimension of this space, r = dim U, is equal to K if the states |y;) are linearly
independent (not necessarily orthonormal), and lower than K if the states are linearly
independent; so, in general

r=dmU < K <dim¥H =n.

In any case, it is very important to observe that:

Proposition 5.4 It is not restrictive to suppose that the measurement vectors |i;)
belong to the space generated by the states

lni) €U (5.90)

because any component of the |w;) belonging to the complementary U+ has no
influence on the decision probabilities.

In fact, if we decompose | ;) into the sum
) =) + i) Iuh) el ) e Ut
the transition probabilities become
pe(ili) = [ jlyi) P = (1) I?

where (/L/j{h/i) =0as |;L’]f) € Ut is orthogonal to |y;) € U.

Proposition 5.4 is illustrated in Fig.5.9, where it is evidenced that the states and
the measurement vectors belong to the common subspace U. In harmony with Propo-
sition 5.4, we have:

Proposition 5.5 For the measurement operators, the resolution of the identity can
be substituted by the resolution of the generalized identity

Fig. 5.9 The measurement I
vectors | ;) belong to the

subspace U generated by the wL U
constellation of the states

lvi)
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K—1
D lmi)iuil = Py (5.91)
A

where Py is the projector of H onto U.

For the proof of this proposition see Sect.3.7.2. A consequence of the (5.90) is
the following:

Proposition 5.6 The measurement vectors are given by a linear combination of the
states

K—1
iy = D aijly;), (5.92)
—

where the coefficients a;; are in general complex.

Proposition 5.7 With decision from pure states, the transition probabilities become

pe(ilD) = [pily)1? (5.93)
and the correct decision probability is given by

K-1

Pe= " qi l(uilyj)I*. (5.94)
i=0

5.11.2 Applications of Kennedy’s Theorem to Holevo’s
Theorem

In a decision starting from pure states, the optimal measurement vectors must satisfy
Holevo’s theorem with Q; = |u;){(1;| and p; = g; |y;)(yi|. Then, assuming that the
|i) belong to the same subspace U of the states, the geometry relative to the two
vector systems is determined by the inner products

b,‘jZ(,bL,‘h/j), i,j=0,1,...,K—1. (5.95)
Assuming that the |u;) form an orthonormal basis of U (Fig. 5.10), the inner product

b;; can be seen as the projection of |y;) along the axis |u ;). We observe also that the
b;j have the important probabilistic meaning

pe(jli) = |bijI*.

Using the mixed inner products b;;, from Holevo’s theorem we obtain:


http://dx.doi.org/10.1007/978-3-319-15600-2_3
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Fig. 5.10 Coordinate systems of U done by the measurement vectors |u;) and meaning of the
mixed inner product b;; = (y;|u;)

Corollary 5.1 Ina K-arysystemwitha constellation of pure states |yo), - .., |Vk—1),
the optimal measurement vectors ||L;) must verify the conditions

(qj bijb; — qi biibj) i) (il =0, Vi, Vj (5.96a)

K—1
> aibjjlui)yil = qilvi)(vil =0, Vi, (5.96b)
i=0

Relation (5.96a) allows us to write the following conditions on the inner products
qj bl‘jb;fj — g biib;‘,’ =0 (5.97)
which can be seen as a nonlinear system of (K —1) K /2 equations in the K> unknowns

bij. We can add to this other equations derived from the Fourier expansion of the
states |y;) with basis |1 ;) (see (2.51)), which assumes the form

K—-1 K—1
i) = D (ujlviDluy = D bjilu;).
j=0 j=0

Then, expressing the inner products (y;|y;), which we assumed as known, we obtain
the relations

K—1
> biibij = (vily;) (5.98)
k=0

which constitute the (K + 1)K /2 equations.

In principle, we can try to solve this nonlinear system, which admits solutions if
the states are linearly independent, and eventually we can verify whether, with these
solutions, even the conditions (5.96b) are verified. However, we can see that even in
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the binary case the search for an exact solution turns out to be rather complicated.
We could proceed in numerical form, but in this case it is more convenient to adopt
the method derived from the geometric interpretation, as we are going to illustrate.

5.11.3 Geometric Interpretation of Optimization

We consider the subspace U generated by the states |y;) in which an orthogonal
system of coordinate has been introduced, made of the measurement vectors | ;).
The correct decision probability can be expressed in the forms

K—1 K—1
Pe= " qipe(ili) =D qibiil’
i=0 i=0

where b;; are the inner products (5.95). If such products are real numbers, we can
define the angle 6; between |y;) and |u;) from

sin®0; = 1 — b’
and then the error probability can be written as

K—1
P,=1—-P = Zqi sin’ 6;.
i=0

The angles 6; are illustrated in Fig.5.11 for K = 2.

Fig. 5.11 Angles between I71)
measurement vectors and |y A
states

o)
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To minimize P, we must rotate the constellation of the vectors |y;) around the
respective axes |u;) until a minimum is reached.

This optimization technique has recently been used by the scientists of JPL
because it makes it possible to obtain useful results even in the presence of ther-
mal noise [9-11].

5.11.4 Generalization of Kennedy’s Theorem

Recently [3], Kennedy’s theorem has been partially extended to mixed states and
precisely:

Theorem 5.4 In a system specified by K density operators po, ..., pk—1, the opti-
mal measurement operators Q; (maximizing the correct decision probability) have
rank not higher than that of the corresponding density operators

rank(Q;) <rank(p;), i=0,1,...,K —1. (5.99)

The connection with the original theorem can be understood considering the
consequences on the factors of the operators. If 4; = rank(p;), the corresponding
factor y; is an n x h; matrix and the measurement factor u; has dimensions n x fzi,
with #; < h; = rank(p;), but it is not restrictive to suppose that it has the same
dimensions n x h; as y; (and so we will suppose in the following). In particular, if
the ranks are unitary, the factors become kets, y; = |y;) and u; = |;), as established
by Kennedy’s theorem.

Also the considerations made on the subspace U generated by the states (see
(5.89) and Proposition 5.4) can be generalized. It must be remembered that the state
factors are a collection of kets of J{ and the state matrix I” collects these kets. Then
the subspace U is generated according to

U = span {ketsof "} = Im I"

and Proposition 5.4 is extended by saying that it is not restrictive to suppose that the
kets of the measurement vectors |u;) belong to the space generated by the states

Im; < U (5.100)

5.12 The Geometry of a Constellation of States

We continue with the study of decision, investigating the geometry generated by the
states in the Hilbert space. The basic tools used herein are the eigendecomposition
(EID) and the singular value decomposition (SVD). We will refer to pure states, and
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only at the end of this section the concepts will be extended to mixed states. Also,
we refer to equal a priori probabilities, which imply that g; = 1/K; to get general
results the states should be replaced by weighted states.

5.12.1 State Matrix and Measurement Matrix

In Sect.5.7.2 we introduced the state matrix I" and the measurement matrix M,
which, with pure states, result in

r = [|VO>’|V]>7“"|VK71>]7 M =[|H’O>’|M1>""7|MK71>]'

nxK nxK

With these matrices, the problem of decision becomes: given the state matrix I”, find
the measurement matrix M. We have seen that the measurement vectors are given
by a linear combination of the states (see (5.92)), that is,

K—1
[i) = Z aij lyj); (5.101)
=0

this combination in matrix terms can be written as

M =T A, A =[ajl. (5.102)
nxK KxK

At this point, the problem is already simplified, because it is sufficient to search for
the coefficient matrix A, which is K x K and therefore of smaller dimensions than
the dimensions n x K of the measurement matrix (where n can become infinite).

It will be useful to compare the matrix expression (5.102) with the following:

M=C I, C =l (5.103)

nxK nxn nxK nxn

which, differently from the linear combination (5.102), gives the relation
lwi) = C |yi), (5.103a)

in which the single vector |y;) is transformed to the vector |u;), with same index i.

Example 5.4 We write explicitly relations (5.102) and (5.103) in the binary case
with the purpose of showing how to deal with composite matrices, whose entries are
vectors instead of scalar elements.
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The matrices I" and M in an n-dimensional Hilbert space, where the kets must
be considered as column vectors of size n, are

Y11 Y12 Mi1 H12
=y, ly21=1{ - |, M=[lpu), lu]l= :
Ynl Vn2 Mnl Hn2

For K = 2 relation (5.102) becomes

a a
M=T A — [ lu)l=0n) ) [a“ a‘z] (5.104a)
1x2 1x2 2x2 21 422
and more explicitly
M1l M12 Vi1 Y12
M=T A=|: :|=|:": [Z“Z”}. (5.104b)
. . : : 21 d22
nx2 nx2 2x2 Unl [n2 Yol Va2

The different dimensions, as appearing in the two writings above, are justified as
follows: in (5.104a) the kets are regarded a single objects of dimensions 1 x 1,
whereas in (5.104b) they become 1 x n column vectors.

For K = 2 relation (5.103) becomes

M=C I' — [ln) )] =Clyn) )l (5.105a)
1x2 1x1 1x2

and more explicitly

K11 K12 Cll - Cln | | Y11 712
M=C I — S Do (5.105b)

nx2 nxn nx2

Mnl Mn2 Cnl *** Cnn VYnl Vn2

Now in (5.105a) the matrix C must be regarded as a single object of dimension 1 x 1,
and in fact, using this interpretation, it gives explicitly the relation

1) = Clyi),  lw2) = Cly2)
in agreement with (5.103a).

Problem 5.12 x« Write the relations of Example 5.4 using the results of Helstrom’s
theory.
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5.12.2 Matrices of the Inner Products and of the Outer

Products
From the state matrix I" = [|y), |¥1), .- -, |Yk—1)] two matrices can be formed
G =TI*T, T =I'T*. (5.106)
KxK nxn

The matrix G, called Gram’s matrix, is the matrix of inner products with elements
Gij = (vilyj) (5.107)

while the matrix 7' gives the sum of the K outer products

K—1
=" Iyl (5.108)
i=0

These statements can be verified indicating with y,; the rth element of the column
vector |y;), and performing the operations indicated in (5.106). As T is the sum of
elementary operators in the Hilbert space J, also T can be considered an operator
of H, which is sometimes called Gram’s operator (see [12]).

The matrices (5.106) have the following properties:

(1) they are Hermitian semidefinite positive,
(2) both have the same rank as the matrix I,
(3) they have the same eigenvalues different from zero (and positive).

Let us prove (3). If A is an eigenvalue of G, it follows that G|v) = A|v), where |v) is
the eigenvector. Then, multiplying this relation by I" we have

I'Gl) =T T*T) =TT =Al|)

hence T|u) = Alu) with |[u) = I'|v). Then A is also an eigenvalue of T with
eigenvector I'|v). Analogously, we can see that if A # 0 is an eigenvalue of 7 with
eigenvector |u), we have that A is also an eigenvalue of G with eigenvector I"*|u).

The properties (1), (2), and (3) have obvious consequences on the EID of G and
of T. Indicating with » the rank and with 012, R 0,2 the positive eigenvalues, we
obtain

,
T =UArU* =) o} lui)ui| = U, 5} U} (5.109a)
i=1

G=VAcV* =D o i)l =V, Z}V} (5.109b)
i=l1
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where

e U is an X n unitary matrix,

e {|u;)} is an orthonormal basis of J{ formed by the columns of the matrix U,

e A7 is an n x n diagonal matrix whose first » diagonal elements are the positive
eigenvalues oiz, and the other n — r diagonal elements are null,

Visan K x K unitary matrix,

{|vi)} is an orthonormal basis of CX formed by the columns of V,

Ag is an K x K diagonal matrix whose first r diagonal elements are the positive
eigenvalues al.z and the other n — r diagonal elements are null,

e U, and V, are formed by the first » columns of U and V, respectively,

o X2 =diaglo},...,02].

In (5.109) appear both the full form and the reduced form of the EIDs (see Sect.2.11).

5.12.3 Singular Value Decomposition of I’

Combining the EIDs of Gram’s operator 7 and of Gram’s matrix G we obtain the
SVD of the state matrix I". The result is (see [13])

,
r=uzv:=>Y oilu) vl =U5V} (5.110)
i=1

where U, V, U,, V,, and X, are the matrices that appear in the previous EIDs, X' is
an n x K diagonal matrix whose first » diagonal elements are given by the square
root o; of the positive eigenvalues oiz of T and G and the other diagonal elements
are null.

Before discussing and applying the above decompositions, let us develop a couple
of examples.

Example 5.5 Consider a binary system (K = 2) on H{ = C*, where the two states
are specified by the matrix

2 —1—-i 1+4i 0
—14+i 2 -2 14i
41 1—-1 =2 2 —1-i

0 I—i =141 2
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The eigenvalues of G are 012 =3/2 and 022 = 1/2 and the corresponding EID is

3
. . _l —-11 o 50
G=VAgV® with V = , Ag =X =

2111 0%

which coincides with the reduced EID, because r = K = 2. The eigenvalues of T
are 012 =3/2, 022 = 1/2, 03 = 04 = 0 and the corresponding reduced EID is

-0 1
1
40 oL 1 1L
T=U5U; with U=| Y1 |, Ur=| VF VAVA

7 10 0 0
v
3

»2 50:|

r = 11
03

The reduced SVD of I' is: I' = U, X, V*, where the factors are specified above.

Example 5.6 Consider a constellation composed by two coherent states with real
parameters o (see Sect.3.2.2)

ly1) =1 —a), [y2) = ), lyi),ly1) € G, eR

which, as well known, must be defined on an infinite-dimensional Hilbert space.
The purpose of the example is to show that, in spite of the infinite dimensions,
eigenvalues and eigenvectors can be developed in finite terms (at least for the parts
that are connected to the following applications).

The expressions of the two states are (see (3.4))

_ N 2@ LN et (00"
|m>—n§e mln% |V2)—r§)e — In) (5.111)

an so the corresponding matrix becomes

0 —Ot

= [In). )] =Z

[Ot” (—)"]In) (5.112)

and has dimensions oo x 2. We can easily see that these two vectors are linearly
independent and therefore the rank of I" isr = K = 2.
Gram’s matrix is 2 x 2 and becomes

_ vy iy | _ [ 1 v
B [(Vzl)ﬂ) (J/zl)/z)} N |:y]2 1 } (5.113)
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2 e e .
where (see (7.10)) 1o = e 2", whereas Gram’s operator T is infinite dimensional

and has arather complicated expression, that can be obtained from (5.111) developing
the outer products as follows:

T =1y {vil + Ir2)(ral-
The eigenvalues of G are given by the solution of the equation
— 2 2 _
det(G-—AD)=(10-1)"—-y>=0
and therefore we have, with the notation of (5.113)
2 _ 2 _
of =l+yn, o3=1-yn (5.114)

and the normalized eigenvectors are

1 L
Ivi) = [f} Iv2) = {_fi}
V2 V2

In this way, we have performed the spectral decomposition of G in the form (5.109b)

with . 5
_ 11 _lof O
v=plih) =T

The spectral decomposition of 7', given by (5.109a), requires the computation of the
eigenvectors |u1), |uz) which are of infinite dimension. In principle, such computation
can be done, but it is very complicated, and so the vectors, for now, are left indicated
in a nonexplicit form.

The singular value decomposition of I” results in

I' =orluy)(vi] + o2|uz){v2|

where the singular values are 012 = /1 £ y12.

5.12.4 Spaces, Subspaces, Bases, and Operators

In the above decompositions several spaces and subspaces come into play. The ref-
erence environment is the Hilbert space JH, which is assumed of dimension n. We
then have the subspace generated by the states

W = span(|yo), [y1), - - - [vk—-1))
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of dimension r, which is also the subspace where the measurement vectors |u;)
operate (see Fig.5.9). The unitary operator

U =1[lut),...,|lup)] : H > H

nxn

provides with its n columns an orthonormal basis for JH, while its first r columns,
corresponding to the non-null eigenvalues Jl-z, form a basis for the subspace U

U = span(jui), ..., |u,)) S H.

These r eigenvectors were collected in the matrix U, that appears in the reduced EID
of T (see (5.109a)); the remaining n — r eigenvectors |u,4+1), ..., |u,) generate the
complementary space U~. Then the following resolutions are found

n r
D) =UU =13 D )l =U,Uf =Py (5.115)
k=1 k=1
where Py is the projector on U. Analogously, the unitary operator (K x K matrix)
V=1[v),....lvg)l : CX - C*

provides with its K columns a basis for CX, while its first 7 columns provide a basis
for an r-dimensional subspace V of CX.

span([vy), ..., [v)) =V € CK.

We obtain the resolutions

K r
Dol =V Vi=1Ig, D lwdwl =V, V= Py. (5.116)
k=1 k=1

The state matrix defines a linear transformation®
r :ck-x
because it “accepts” at the input a ket |[v) € CX and produces the ket I' |v) € K.

The image of I" is
imI"=1U.

8 The term operator, in practice represented by a square matrix, is reserved to linear transformations
from one space to the same space.
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H

Fig. 5.12 Spaces and subspaces generated by a constellation of states. In red and green the tran-
jectors

Analogously, the adjoint matrix I'* : H{ — CK operates onaket [u) € I and returns
the ket I"*|u) € CX. The image of I'* is: im I'* = V. The connection between CX
and J{ is made by the elementary operators |u;)(v;| appearing in the SVD (5.110).
These operators transform a ket |v) of CX to the ket

|ui}(vilv) = kilui) € I, with ki = (vi|v)

and, because they provide a transfer (from CX to 3 and from I to CK), they are
named “transjectors” in [14] (Fig.5.12).

Analogously, the connection between H and CX is done by the elementary oper-
ators |v;){u;| of the SVD (5.110).

5.12.5 The Geometry with Mixed States

All the above considerations, referring to pure states, can be extended in a rather
obvious way to mixed states with some dimensional changes. The starting point is
the matrix of the states, which now collects the factors y; of the density operators p;

r =y vk-1] (5.117)
nxH

where the number of the columns H = ho + hy + -- - hg_1 is given by the total
number of columns of the state factors y;. As we have seen in (5.68), this matrix can
be considered as a collection of H kets of J{, which generate the subspace U, whose
dimension r is always given by the rank of I".

Gram’s operator has the expressions

K—1 K—1
T =TT = yy'=> p (5.118)
i=0 i =0

nxn
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and therefore can be directly evaluated from the p;, without finding their factoriza-
tions. Its dimensions remain n X n. Instead, Gram’s matrix becomes H x H and has
the structure
Yo Yo oo Vo VE-1
G =I'"T = : : (5.119)

HxH
YE_1Y0 -+ YE_1 YK—1

where the y* y; are not ordinary inner products, but matrices of dimensions i; x h .
Finally, the subspace V becomes of dimensions H > K. This part concerning
mixed states will be further developed in Chap. 8.

5.12.6 Conclusions

We have seen that a constellation of states (or of state factors) gathered in the matrix
I', can be defined on the Hilbert space H and, more precisely, on its subspace U,
generating several operators.

It remains to evaluate the measurement matrix M identifying the measurement
operators. To get specific results we must state the objective, which, in the context of
quantum communications, is the maximization of the correct decision probability.
An alternative objective, which brings to a suboptimal solution, is to minimize the
quadratic error between the states and the corresponding measurement vectors. This
technique, called square root measurement (SRM), will be seen in the next chapter.

5.13 The Geometrically Uniform Symmetry (GUS)

The set of the states (constellation) can have a symmetry that facilitates its study and
its performance evaluation. The kind of symmetry that allows for these simplifications
is called geometrically uniform symmetry (GUS) and is verified in several quantum
communications systems, like the quantum systems obtained with the modulations
PSK and PPM and all the binary systems.’

5.13.1 The Geometrically Uniform Symmetry with Pure States

A constellation of K pure states

{lvo), ly1), -+ lvk—1)}

9 The interest of the GUS is confined to the case in which the a priori probabilities are equal
(qi = 1/K).
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Fig. 5.13 Constellation of A
states with the geometrically \'\\\
uniform symmetry in the
complex plane C. The
reference state is |yp) = 1
(the complex number 1) and

the symmetry operator is
S = eir{/4

A

> [v0)

has the geometrically uniform symmetry when the two properties are verified:

(1) the K states |y;) are obtained from a single reference state |yp) in the following
way ‘
i) = S'1vo), i=01,...,K—-1 (5.120a)

where S is a unitary operator, called symmetry operator;
(2) the operator S is a Kth root of the identity operator in the sense that

K = I (5.120b)

An elementary example of constellation that verifies the GUS is given by the K roots
of unity in the complex plane, as shown in Fig.5.13 for K = 8.

In the presence of the GUS, the specification of the constellation is limited to
the reference state |yp) and to the symmetry operator S. In addition, it simplifies
the decision, because, as we shall see for the optimal decision, we can choose the
measurement vectors with the same symmetry as the states, that is,

lwi) = S'lwo),  i=0,1,....,K —1. (5.121)

In the next chapter we will verify that the PSK and PPM systems have the GUS.
Here we limit ourselves to the binary case.

5.13.2 All Binary Constellations Have the GUS

A constellation of two arbitrary states, |y) and |y1), is always geometrically uniform,
with symmetry operator S defined by [14]
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[w) (w]

S =1Ig—2 (5.122)

(wlw)

where |w) = |y1) — |yo) if the two states have inner product X := (pp|y1) real.
In this case S is a “reflector,” which reflects a state with respect to the hyperplane
(bisector) determined by the vectors |yp) and |y1). It can be verified from definition
(5.122) that S is unitary and §2 = 15¢ (see problems).

If the inner product X is complex, X = |X le'?, we modify |y;) as |y1) = e ®|y)
and apply (5.122) to the states |yp) and |y1), which have a real inner product. This
does not represent any restriction because |y;) and |y;) differ by a phase factor and
therefore represent the same physical state.

5.13.3 The GUS with Mixed States

The definition of GUS is now extended to mixed states. A constellation of K density
operators

{po, p1, ..., PK—1}

has the geometrically uniform symmetry when the following two properties are ver-
ified:

(1) the K operators p; are obtained from a single reference operator pg as

pi =S8po(SH*, i=0,1,....K—1 (5.123)

where S is a unitary operator called symmetry operator;
(2) the operator S is a K'th root of the identity operator

sK = I4.. (5.123b)

This extension is in harmony with the fact that with pure states the density operators

become p; = |y;)(yi|. In addition, with the factorization of the density operators,
pi = yiy;, relation (5.123) gives

vi=Sw, i=01...K-1 (5.124)

which generalizes (5.120a). In the context of optimal decision [3] we will prove

that the same symmetry is transferred to the measurement operators, and also to the

measurement factors, namely,

wi=Smwu, i=01,... K-1. (5.125)
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5.13.4 Generalizations of the GUS

The GUS can be generalized in two ways. We limit ourselves to introducing the two
generalizations in the case of pure states. In the first generalization [3], we have L
reference states |yp1), .. ., [YoL), instead of a single state |yy), and the constellation
is subdivided into L subconstellations generated by a single symmetry operator S in
the form |y;x) = S'|yor). An example of modulation that has this kind of composite
GUS is the Quadrature Amplitude Modulation (QAM), which will be seen in Chap. 7.

In the second type of generalization [14], we have K distinct symmetry operators
Si, made up of K unitary matrices forming a multiplicative group, and each state of
the constellation is generated in the form |y;) = S;|yp) from a single reference state
170).1°

5.13.5 Eigendecomposition of the Symmetry Operator

The EID of the symmetry operator S plays an important role in the analysis of
Communications Systems having the GUS. We give the two equivalent forms of
EIDs of S (see Sects.2.10 and 2.11)

k n—1
S=D kP, S=YAY = Wiyl (5.126)

i=1 =0
where {A;,i = 1, ..., k} are the distinct eigenvalues of S, {P;,i = 1, ..., k} form
a projector system, that is, with P; P; = §;jF;, Y is an n x n unitary matrix, and
A = diag[Aq, ..., A,] contains the nondistinct eigenvalues. In general, the distinct

eigenvalues A; have a multiplicity ¢; > 1.
Considering that S is a unitary operator, the A; have unitary amplitude and, because
SK = I4¢, the eigenvalues have the form

N=WE,  0<rn <K (5.127)

where Wi := e'27/K and r; are integers. Now, in the second EID, collecting the

elementary projectors |y;)(y;| with a common eigenvalue, we arrive at the form

K—1
S=> Wiy (5.128)
i=0

10 In the literature [3] the set of the states that satisfy (5.120) is called cyclic state set, whereas
the term geometrically uniform symmetry indicates the general case, which is obtained with a
multiplicative group of unitary matrices.
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where Y; are n x ¢; matrices, with ¢; the multiplicity of A; = W};. Note that the
projectors are given by P; = Y; Y.

Example 5.7 In the PSK the symmetry operator is given by
S:diag[WIk(,kzo,l,...,K—1]. (5.129)

As § is diagonal, its EID is immediately found as S = I,, S I}, with I, the identity
matrix. For example, for K = 3 and n = 6, we have tree distinct eigenvalues

A = diag[1, W3, W2, 1, W3, W3]

and the EID results in

100000][1 0 000 07[100000
010000|[0OW; 000 0 |[[010000
g_|001000|]00 W00 0 ||001000
000100{(00 010 0000100
000010[(00 0 O0OWs 0 [[000010
00000100 000 W7][000001

Now, to obtain the form (5.128), we must collect in the matrices Y; the eigenvectors
corresponding to the eigenvalues W3. Thus

10 00 00
00 10 00
00 00 10
Yo=1o11> ""=loo|> =00
00 01 00
00 00 01

5.13.6 Commutativity of S with T

An important property with GUS, proved in Appendix section “Commutativity of
the Operators 7 and S, is given by:

Proposition 5.8 Gram’s operator and the symmetry operator of the GUS commute
TS =ST. (5.130)
This leads to the simultaneous diagonalization (see Theorem2.4) of T and S, stated by

T=UZX>U* S=UAU". (5.131)
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Note that, in general, the eigenvalues of the symmetry operator are multiple and
then the diagonalization of S is not unique (see Theorem?2.3 of Sect.2.11). This
multiplicity will be used to find useful simultaneous decompositions, as will be seen
at the end of Chap. 8.

Problem 5.13 *x Prove that the quantum states of 3 = C*

1 1
=—[1,—1,1,—1]T, =—[1,1,—1,1]F
[v0) 2[ ] ly1) 2[ ]

verify the GUS for a binary transmission. Find the symmetry operator S, verify that
S has the properties of a symmetry operator and that |y;) is obtained from |yp) as
ly1) = Slyo).

Problem 5.14 x Find the EID of the symmetry operator S of the previous problem.

Problem 5.15 *x Prove that the two quantum states of 3{ = C*

1 1
= —[1,-1,1,—1]T = —[1,1,—i, 11T
|VO> 2[’ 9 9 ]7 |y1> 2[7 9 17 ]

verify the GUS for a binary transmission, and find the corresponding symmetry
operator S. Note that in this case the inner product X := (yp|y1) is complex.

5.14 Optimization with Geometrically Uniform Symmetry

In the general case of weighted density operators the geometrically uniform symmetry
(GUS) is established by the condition

p=Sp(SH,  i=01,....K—1. (5.132)

In such case, the search for the optimal measurement operators is simplified because
the data are restricted to the reference operator py and to the symmetry operator S,
and in addition the search can be restricted to the measurement operator Q¢ only.

5.14.1 Symmetry of the Measurement Operators

The GUS is transferred also to the measurement operators, according to

Proposition 5.9 If the weighted density operators have the GUS, established by
(5.132), it is not restrictive to suppose that also the optimal measurement operators
have the GUS, with the same symmetry operator, namely
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0i=S 0081 i=01,....,K—1. (5.133)
Proof Holevo’s theorem ensures that there exists a system of optimal measurement
operators Q = Qopt € My that maximizes the functional J(Q) defined by (5.80).
The point here is to prove that from this system, which does not necessarily enjoy

the GUS, another system can be obtained Q € My that enjoys the GUS and has the
same properties as the original system. To this end, we define

1 ~— . . - .~ .
:EZS_IQ,-SQ 0;=800S" , i=1,....,K—1.
=0

We soon verify that the new operators are PSD. In addition

>
L

K—-1K- ' o 1 K-1K-1
£930 WETIEEEETS 3 I
i=0 j=0 j=0 k=0

Il
=}

i

where the periodicity of the symmetry operator S is used. Then

K—-1 — K—-1 » 1 K—-1 ] .
— =— S*ST = Ig¢
l=0 K go ]go K g

We conclude that the new operators Q; are legitimate measurement operators. We
have also

K-1 K-1
JQ =D Trpi0il= D TrlS' 50005 ™']
i=0 i=0
K-1
= D TrlpoQol = KTr[70) Qo]
i=0
K1 K1
=Tr [ﬁo .5 QiSl:| =D TS S Qi1 = J(Q)
i=0 i=0
so that even the new measurement operators are optimal. O

We must observe also that, choosing measurement operators that enjoy the GUS,
for the maximum correct decision probability we simply have

Pemax = ](Qopt) = KTr[po Q0,0pt] (5.134)

where Qg opt (to be found) identifies the optimal measurement operator system.
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5.14.2 Holevo’s Theorem with GUS

From the previous results, Holevo’s theorem becomes:

Theorem 5.5 (Holevo’s theorem with GUS) In a K -ary system characterized by the
weighted density operators p; = q; p;, that enjoy the GUS according to (5.132), the
optimal measurement operators Q; can be chosen with the same GUS, according to
(5.133). Then the reference operator Q¢ produces a system of optimal operators if
and only if, having defined the operator

K-1

L=> S0opS™" (5.135)
i=0

we have that the operator L — py is PSD and verifies the condition (L — po) Qo = 0.
We also have that S commutes with L.

In fact, the operator L is obtained by (5.83) substituting the symmetry expressions
(5.132) and (5.133). We can also verify that

L=SLS™ foreveryinteger i (5.136)

from which we obtain, in particular, that S and L commute. From (5.136) we can

prove that, if L — py is PSD, so are L — p;, and that, if (L — pp) Q¢ = 04, also

(L — pi) Qi = 04, so that all the conditions of Holevo’s theorem are verified.
Even the dual theorem is simplified taking the following form [15]:

Theorem 5.6 (Dual theorem with GUS) In a K-ary system characterized by the
weighted density operators p; = q; p; that enjoy the GUS with symmetry operators
S, a measurement operator system { Q;} that enjoy the GUS is optimal if there exists
a PSD operator X with the properties: (1) X > po, (2) X S = S X, and (3) Tr[X] is
minimal. The operator Q that generates the optimal operators satisfies the condition
(X —p0) Qo = 0q¢ and the minimum obtained for Tr[ X] coincides with the requested
maximum of J (Q).

In the assumed conditions we have in fact that X = S’ XS~/ for every i. Thus
X —pi = SU(X —po)S~HisPSD and (X — p;) Qi = S(X — po)S™" = 04y, in such
a way that the conditions of the theorem dual to Holevo’s theorem are satisfied.

Note that, in the presence of GUS, the quantum source and the optimal decision
become completely specified by the symmetry operator S and by the reference oper-
ators pg and Qg (or by their factors yp and p). This has a consequence also in the
simplification of convex linear programming (CSP).
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5.14.3 Numerical Optimization with MatLab®

In the presence of GUS, referring to Theorem 5.6, the input data are reduced to the
weighted density po and to the symmetry operator S. The constraints to be applied
are

X —po >0, XS =S8X

and the requested output is the operator X of minimal trace.
In MatLab the use of the cvx procedure seen in Sect.5.10 becomes

oe
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oe
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o0
o
o
oe
o0
o0
o
o
oe
o0
o0
oe
o
oe
oo
o0
o0
o
o
oe
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o0
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o
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oo
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o0
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ed to the dual proble
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cvx_begin
variables X (dim)
minimize (trace (X))
subject to

X>rhoO;

X*3==S*X;

cvx_end

Applications of this simplified procedure to Quantum Communications systems will
be seen in Chaps.7 and 8.

5.15 State Compression in Quantum Detection

Quantum detection is formulated in an n-dimensional (possibly infinite) Hilbert space
I, but in general, the quantum states and the corresponding measurement operators
span an r-dimensional subspace U of H, with r < n. Quantum detection could be
restricted to this subspace, but the operations involved are redundant for r < n, since
the kets in U have n components, as the other kets of J{. It is possible and convenient
to perform a compression from the subspace U onto a “compressed” space U, where
the redundancy is removed (kets are represented by  components). We will show
that in the “compressed” space the quantum detection can be perfectly reformulated
without loss of information, and some properties become simpler than in the original
(uncompressed) Hilbert space H [16].

State compression has some similarity with quantum compression, which will
be developed in Chap. 12 in the framework of Quantum Information Theory. Both
techniques have the target of representing quantum states more efficiently, but state
compression does not consider the information content (entropy) of the states and is
based only on geometrical properties.
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Before proceeding it is convenient to recall the dimensions, which have a funda-
mental role in this topic:

e n: dimension of the Hilbert space I,
e K: size of the alphabet, .
e r: common rank of I, G, and T and dimension of the compressed space H.

e pure states I, G, T, (5.137a)
nx K KxK nxn

e mixed states I, G , T, (5.137b)
HxK HxH nxn

where H = hg + - - - hg—1 with h; the number of columns of the factors y; and w;.
We will refer to mixed states since they represent the general case and the most
interesting one with compression.

5.15.1 State Compression and Expansion

To find the compression operation (and also the expansion) we rewrite the SVD of
the state matrix I”, given by (5.110)

,
r =UsVi=U %V} =) oilui) vl (5.138)
nxH i=1

where U = [|uy), ..., |un)] is an n X n unitary matrix, V,, = [|v1), ..., [v.)] is an

r X r unitary matrix, X' is an n x r diagonal matrix whose first r diagonal entries
o1, ...o0, are the (positive) singular values, and the other diagonal entries are zero,
Y, = diag{oy, ...0.}isr x r diagonal, U, = [|u1), ..., |u,)] is formed by the first
r columns of U. We also recall that U, gives the projector operator onto U as (see
(5.115))

,
> lui)uil = U UF = Py (5.139)
i=1

In the r-dimensional subspace U the kets |u) have n components, as in the rest of
3, but it is possible to compress each |u) € U into a ket |u), with r < n components,
without loss of information. The key remark is that for a ket |u) of U the projection
coincides with the ket |u) itself

Pulu) = lu),  Vu) e W (5.140)

Considering (5.139) we can split the identity (5.140) into the pair
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) =U/ |u), |u)=Urlw) Viu)el

where the first relation represents a compression, with compressor U}, and the
second an expansion, with expander U,. The compressor U generates the r-
dimensional subspace

U:=U*U = {ju) = Urlu), |u) € U}

and the expander U, restores the original subspace as U = U, U. In particular the
compressed Hilbert space is given by

H:=U=U"U. (5.141)

r

Compression and expansion are schematically depicted in Fig.5.14.

Now, all the detection operations in the original Hilbert space H can be transferred
into the compressed space U (here we mark compressed objects with an overline, as
U). In the transition from U onto U the geometry of kets is preserved (isometry). In
fact, if |u), |v) € U and [u), |[v) € U are the corresponding compressed kets, we find
for the inner products: (u|v) = (u|Py|v) = (u|v). In U the state matrix becomes

T =u'r (5.142)

rxr rxn nXxr

and collects the compressed states y; = U.*y;. From T we can restore I" by expan-
sion, as I" = U, I". Analogously, for the measurement matrix we find M = UM

JH: original Hilbert space

U: subspace spanned by state constellation
Py = U, U;: projector onto U

Uy compressor

U,: expander

H:=U= U;U: compressed Hilbert space

Fig. 5.14 The geometry for quantum compression: passage from the subspace U to the “com-
pressed” space U = U;*U, where U;* is the compressor. U gives the compressed Hilbert space
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and M = U, M. For the density operators p; = y; y;* and the measurement operators
IT; = p;ju} the compression/expansion give

pi =Ul pi Uy, pi =U-p; U}

rxr nxn

I, =U*IT; Uy, I, =U,I,; U". (5.143)
rXr nxn

Note that, while U, U gives the projector Py, U} U, gives the identities

r

U, U = Py, Uru, = 1I,. (5.144)

r

In fact UF U, = >°_, |ui)(ui|, where |u;) are orthonormal.

5.15.2 Properties in the Compressed Space

We review some properties in the compressed space, starting from the corresponding
properties in the original Hilbert space.

Gram operator. The Gram operator T := I"["* acting on the original Hilbert space
H has dimension n x n. In the compressed Hilbert space I it becomes

T =UU, S?U U, = 272, (5.145)

rXr

and therefore the compressed Gram operator is always diagonal. On the other hand,
the Gram matrix G := I'’* I" does notchange: G = G.Infact, compression preserves
inner products (see Property (1) in the next subsection).

Probabilities. The relation giving the transition probabilities is exactly preserved
in the transition to the compressed space, namely (see Problem 5.16)

p(ili) = TelIT; pi] = T[T ;1. (5.146)

Hence the relation for the probability of a correct detection

K—1 K—1
Pe= " q/Te[IT; pi] = > qiTr[TT; ;1. (5.147)
i=0 i=0

This result is very important: it states that, once obtained the compressed operators,
for the evaluation of the system performance, it is not required to return back
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to the original uncompressed space. This conclusion is particularly important in
the optimization with convex semidefinite programming (CSP), where the numerical
evaluations can be completely carried out in the compressed space.

5.15.3 Compression as a Linear Mapping

Relation (5.144) defines a linear mapping connecting the subspace U to the com-
pressed space H o
Uf: pell - peH. (5.148)

r

This mapping has several interesting properties:

(1) the compressor U preserves inner products'': (X|y) = (x]y), |x), |y) € U,
(2) the compression preserves the PSD condition: p >0 — p > 0,

(3) the compression is trace preserving: Tr[p] = Tr[p].

(4) the compression preserves the quantum entropy: S(p) = S(p) (see Chap. 12).

We prove statement (1). If |x), |y) € U, we get (X|y) = (x|U,.U}ly) = (x| Pyly),
where Py|y) = |y) by the fundamental property (5.140). Hence (x|y) = (x]|y).
Similar is the proof of statement (2). The proof of (3) and (4) will be seen in Sect. 12.6.
A final comment. In the context of quantum channels, which will be seen in
Sect. 12.8, a compression mapping may be classified as a noiseless quantum channel.
This is essentially due to the fact that compression is a reversible transformation.

5.15.4 State Compression with GUS

The GUS is preserved in the compressed space (see Problem 5.17 for the proof).

Proposition 5.10 [f the states y; have the GUS with generating state yy and sym-
metry operator S, then the compressed states'y; have the GUS with generating state
Yo = U}yo and symmetry operator S = U} S U,.

The simultaneous diagonalization of 7 and S seen in Proposition 5.10 is also useful
to establish other properties related to the GUS. In fact, by choosing the compressor
U} from the common eigenvector matrices U as in Eq. (5.131), we find the further
properties:

Proposition 5.11 With the simultaneous diagonalization the compressed symmetry
operator becomes diagonal, with diagonal entries formed by the first r diagonal
entries of the matrix A.

T An operator from one space to another space is called isometric if it preserves norms and inner
products [17].
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In fact, decomposing A in the form diag[A,, A.], where A, is r x r and A, is
(n—r)x(m—r), weget

~ A 071
S=U'UAU*U, =[1,01| ") | =4,

Proposition 5.12 With the simultaneous diagonalization the compressed Gram
operator is simply given by

T = diag[K py(i,i),i=1,...,7]

where py (i, i) are the diagonal entries of the compressed generating density operator
0o

In fact, T = Z,K: 61 Ei Do E_i, where S is diagonal. Then, the i, j entry is given by
K—-1 . .
TG, j)= > S )Pl )HS " (. J)
k=0

In particular, considering that S is unitary diagonal, the diagonal entries are

TG,i)=> S )56 )S " i) =K Boli, i)

>

~
Il
=}

and the evaluation can be limited to these diagonal entries, since T is diagonal (see
(5.145)) (in general p, is not diagonal).

5.15.5 Compressor Evaluation

The leading parameter in compression is the dimension of the compressed space
r, which is given by the rank of the state matrix I”, but also by the rank of the Gram
matrix G and of the Gram operator 7. For the evaluation of the compressor we can
use the reduced SVD of I', or the reduced EID of G and of T'. In any case, for the
choice, it is important to have in mind the dimensions of these matrices shown in
(5.27).

With pure states, where often the dimension n of the Hilbert space is greater than
the alphabet size K and the kets of I" are linearly independent, r is determined by
the alphabet size K and the EID of the Gram matrix, of dimension K x K, becomes
the natural choice.

With mixed states the choice depends on the specific application. In several cases
of practical interest, n may be very large, so that the decompositions represent a very
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hard numerical task. But, in the presence of GUS, the computational complexity
can be reduced, using the commutativity of the Gram operator 7" with the symmetry
operator S. This will be seen in detail in the next chapters in correspondence with
the specific applications (see the last two sections of Chap. 8).

Problem 5.16 xx Prove that the evaluation of the transition probabilities in the
compressed space is based on the same formula as in the uncompressed space, that is,

p(jli) = Trld; p;] = Te[IT ; 5;].

Hint: Use orthonormality relationship U} U, = I, where I, is the r x r identity
matrix.

Problem 5.17 xxx Prove Proposition 5.10, which states that the GUS is preserved
after a compression. Hint: Use orthonormality relationship U} U, = I,, where I, is
the r x r identity matrix.

Problem 5.18 *x Consider the state matrix of 3 = C*

11

1| =11
F‘E 1 —1
-1 1

Find the compressor U and the compressed versions of the state matrix I” and of
the Gram operator 7.

Problem 5.19 xx Consider a binary transmission where the quantum states are
specified by the state matrix of the previous problem. Apply Helstrom’s theory with
qo = 1/3to find the probability of a correct decision P.. Then apply the compression
and evaluate P, from the compressed states.

Problem 5.20 xx Consider the binary constellation of Problem5.13, where we
determined the symmetry operator S. Find the compressor U;" showing, in particular,
that the compressed symmetry operator S is diagonal.

Appendix

Proof of Holevo’s Theorem

We refer to the classes introduced at the beginning of Sect.5.8 and illustrated in
Fig.5.8. We start by proving Proposition 5.3. The set M of the K -tuples of Hermitian
operators is closed with respect to addition and multiplication by a real number (the
sum of two Hermitian operators and the product of a Hermitian operator by a real
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scalar are Hermitian operators), so it is in fact a real (Kn?)-dimensional vector space.
In such a space, the operation

K—1
(P,Q = > Tr[PQil, P,Qel,
=0

enjoys the property (P, Q) = (Q, P), a consequence of the cyclic property of the
trace, as well as of the property (P, P) > 0 with (P, P) = 0, only if P is formed by
null operators. Therefore, we are dealing with an operation of inner product and so
M is a Hilbert space. In this space, the subset My, formed by the K-tuples of PSD
operators and resolving the identity, is closed and bounded, and therefore compact.
From the classical Weierstrass theorem, in such a set, the continuous functional J (Q)
admits a maximum.

We now move on to Holevo’s theorem, proving that the conditions indicated are
sufficient conditions for maximization. Let Q = [Qq, ..., OQk_1] € My, where
the Q; satisfy the conditions (5.83) and (5.82), and let P = [Py, ..., Px—1] be an
arbitrary K-tuple of M. Then, recalling the definition of L given by (5.81)

K—1 K—1
2 TilPipi] =TelL] + D TilPi(i — L)]
i=0 i=0
K—1 K—1
= D> TrlQipi] — D Tr[Pi(L — o).
i=0 i=0

On the other hand, because the trace of the product of PSD operators is nonnegative,
for every i we have Tr[P; (L — p;)] > 0 and J (P) < J(Q). Therefore, the system Q
is optimal and the sufficiency of the hypothesis of Holevo’s theorem is proved.

We can also prove that the definition of L and the condition (5.82) imply the
condition (5.83). In fact, we can write

K—1 K—1
0=Tr[L]— > TrlQipil = D TrlQi(L — pi)l.

i=0 i=0

As all the terms of the last sum are nonnegative, it must be Tr[(L — p;) Q;] = 0 for
every i, then (L — 0;) Q; = Oqq.

The necessity of the conditions of Holevo’s theorem is based on continuity con-
siderations. Let Q € My be an optimal system and let U, j, k =0,..., K —1be
operators such that

>

U;ﬁman = Smnlgc.

~
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Then, having defined the operators P; = S}‘ S;, with

K—1
1/2
Sj=> U0,
k=0
it is easy to verify that P = [Py, ..., Px—_1] € My and, from the optimality of Q, it
must be J(P) < J(Q).
We now appropriately particularize the operators Uji, j,k = 0,..., K — 1,

imposing that U;; = Igcfor j =2,..., K — 1, and

Uoo Uo1 | _ Og¢ —A*
[Um Un} - o (8[ A Og¢
with ¢ > 0 arbitrarily small and A arbitrary linear operator. Finally, we suppose that
all the other operators U j; be null. We then verify that

Uoo Ut | [Uoo Uoi _ | 13¢ 03¢
Uio Ui | U0 Un 0g¢ I3¢
so that the operators Ui satisfy the above conditions. The operators Pj, j =

2, ..., K —1 coincide with the operators Q ;, while, neglecting the infinitesimals &2
and those of higher order, we obtain

Uop = U = I, Up) = —eA™, Ujp=¢€A

1/2 1/2

So= 0, —eA*Q, 2

1/2
S1 =0, +s40)
and eventually

12 , 172 172 2

Po= Qo — (0240 + 0l 4@l

)
1/2 1/2 1/2 1/2
P =01 +5(0)7A* 0> + 0,7 A0,).

It follows that

K—1
J(®) = J(Q = > Te[p;(P; — Q]
j=0
= Tr[po(Py — Qo)1 + Tr[p1 (P — O1)]
= e Tr[(B1 — po) (Q)° A0y + 032 A* 0]

1/2 ,~ ~ 1/2 1/2 ,~ ~ 1/2
= eTr[Qy* (51 — 70) 0> A+ 012 (51 — 7o) Q> A™].
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As the coefficient of ¢ must be null to ensure that the difference be non positive for
every value of the arbitrary operator A, it must be Q(l)/ 2 (p1 — ,/O\o)Q}/ S Oq¢ or,
equivalently, Qo(p1 — p0)Q1 = 04¢. As the reasoning can be repeated for every
couple of indexes i and j, it follows that it must be Q; (p; — ;) Q; = O, that is,
Qip;jQ; = Qipi Q. Summing both sides with respect to i, we obtain for every j,
p;Q; = LQj, coinciding with (5.83). At this point, it should be proved that the
operators L — p; are PSD. For a rigorous (and very technical) proof of the result,
please refer to [3].

Proof of Kennedy’s Theorem

Kennedy’s theorem (Theorem5.3) can be derived in a generalized form from
Holevo’s theorem. We recall that this requires in the first place that the operators
L — p; be PSD for every i. If we assume that the eigenvalues of the operators p; span
over the entire Hilbert space J, the operator L is positive definite and has rank .
From the optimality conditions of Holevo’s theorem

(L —pi)Qi = Ogq.

we have first of all that, if | y) belongs to the image of the operator Q;, that is, if there
exists |x) € H such that |y) = Q;|x), then (L — p;)|y) = 0, and |y) belongs to the
null space of the operator L — p;. We then have that the image of Q; is a subspace
contained in the null space N(L — ;) of L — p;, therefore its dimension, coinciding
with the rank of Q;, is not greater than the dimension of the null space N(L — p;)
and this yields the inequality

rank(Q;) < dim(N(L — p;)) = n — rank(L — ;).

From the subadditivity of the rank, i.e., from rank(A + B) < rank(A) + rank(B),
letting A = L — p; and B = p;, we obtain n = rank(L) < rank(L — p;) +rank(p;),
which, substituted in the above inequality, yields rank(Q;) < rank(p;).

Let us now consider the special case in which we have n pure states |y;), linearly
independent, generating the n-dimensional space 3, so that the operators p; have
rank 1. Then the optimal measurement operators Q; must have rank not greater than
1, and therefore either be null, or have the form Q; = |u;){(w;|. As it must be

n—1 n—1
D00 =>" lwi) il = I,
i=0 i=0

the vectors |u;) cannot be null and must be linearly independent. Furthermore, as,
for every j,
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—1
) = D i) il i)
i=0

from the comparison of the two sides, we obtain (u;|u j) = J;; and the measurement
vectors are orthonormal.

Commutativity of the Operators T and S

Let us prove Proposition5.10. Using (5.120a) in the definition of Gram’s operator
(5.108) and remembering that S is a unitary operator, so that S* = S~!, we obtain

K—1 K—1 . )
T=> ly)vil= D Sv)wls™
i=0 i=0

hence
K—-1 ' ] K—-1 ' ]
TS=> Sh)nlS™ =551 S y)(wls !
i=0 i=0
K—-1 ) ] K—1
=S S ) nlSTH =85 D" Sy nlsF = ST
i=0 k=0

where in the last step we exploited the periodicity of S’ with respect to i.
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