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      Educational Paths to Mathematics: Which 
Paths Forward to What Mathematics? 

             Uwe     Gellert      and     Corinne     Hahn    

    Abstract     Most people involved in mathematics education agree that it is complex, 
multi-layered, dynamic, multi- and interdisciplinary. To study and to improve 
mathematics education on the various levels of its curricula and its practices has 
been a goal of the Commission Internationale pour l’Etude et l’Amélioration de 
l’Enseignement des Mathématiques (CIEAEM, the International Commission for 
Study and Improvement of Teaching Mathematics) since it was created and estab-
lished in the 1950s. CIEAEM continues to investigate the actual conditions and the 
possibilities for the development of mathematics education. This introductory 
chapter provides the rational for the book by looking at historical developments 
in school mathematics. The structure of the sourcebook is explained at the end of 
the introduction.  

      Mathematics education is a multi-facetted endeavour that has been regarded from 
many theoretical points of view. Some believe that it has to do with the transmission 
and the acquisition of mathematical knowledge, while others emphasise the learn-
ers’ mathematical constructions and the teachers’ role in providing appropriate 
mathematical environments. Mathematics education is concerned with the forma-
tion of the learners’ identities, but also with the institutional (re-)production of a 
mathematically-educated workforce. It is about the transposition, or recontextuali-
sation, of academically produced mathematics into a mathematics curriculum, and 
it is also about how people activate and integrate mathematical skills and knowledge 
in everyday contexts. Mathematics education has been regarded as a process, a 
product, a discourse, a practice, an activity system, a material reality, a research 
domain, a fi eld of academic research and an area of study. Most people involved in 
mathematics education agree that it is complex, multi-layered, dynamic, multi- and 
interdisciplinary. Some argue that mathematics education is the key to the 

        U.   Gellert      (*) 
  Fachbereich Erziehungswissenschaft und Psychologie , 
 Freie Universität ,   Berlin ,  Germany   
 e-mail: ugellert@zedat.fu-berlin.de   

    C.   Hahn      
  Management de l’Information et des Opérations ,  ESCP Europe ,   Paris ,  France   
 e-mail: hahn@escpeurope.eu  

mailto:ugellert@zedat.fu-berlin.de
mailto:hahn@escpeurope.eu


2

development of individual, national and global prosperity. But, is this all true, and if 
so, in which sense? 

    Looking Back: Developments in School Mathematics 

 Mathematics education is political, as can be seen in disputes over the question: 
“What is school mathematics?” 300 years ago, this question would have been quite 
diffi cult to pose, let alone to answer. The mathematics that was taught varied heavily 
across countries and the different institutions of learning according to their educa-
tion and formation purposes. But then, a process of international modernisation 
started, and, according to Gispert and Schubring ( 2011 ), two countries were leading 
this process: France and Germany. 

    The Construction of School Mathematics 

 In France, an important and infl uential development was realised in the early eigh-
teenth century: The idea of a generalised science education, including mathematics, 
was propagated. Until then, mathematics as such was taught mostly in military 
schools and only to a very small extent at the university within philosophical stud-
ies. The publication and distribution of textbooks in mathematics promoted the 
development of the discipline. The authors, who have been teachers in different 
types of schools, advocated for it, emphasising the moral and cultural value of 
mathematics. 

 The development reached a new level when schooling shifted from being a privi-
lege for a social elite to being a part of an overall system of education, organized by 
state authorities, with formalized teacher education programmes and compulsory 
for all children. From this moment on, various stakeholders were, and still are, 
involved in contesting the very nature of school mathematics. As Gispert ( 2011 ) 
claims, these stakeholders can be grouped as follows: experts (mathematicians), 
fi eld professionals (high school mathematics teachers), political and economic 
actors. She further argues that these three spheres of actors are associated with three 
registers of modernity: a mathematical, an educational, and a socio-economic 
register. 

 During the nineteenth century, the status and importance of mathematics in sec-
ondary education in France remained marginal within the “classical canon” of a 
humanistic secondary education which, at that time, formed the country’s elite. In 
contrast to the elite’s education, the school curriculum for the children of the middle 
classes (called the “upper primary”) included a strong emphasis in science educa-
tion, in which “practical” mathematics played a signifi cant role. A very important 
reform took place in 1902. It unifi ed secondary education. It implemented, in 
 parallel with the prestigious traditional pathway focused on teaching classical 
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humanities, a “modern” sector based on language and science education. This sec-
tor combined two visions of mathematics, cultural and practical, and incorporated 
new contents: among others, breaking with Euclidean geometry, and introducing 
the quasi-experimental study of functions in connection with physics. The reform 
was mainly driven by mathematicians; high school teachers seized it a little later. 

 This reform challenged the theoretical and disinterested view of the formation of 
the elite conveyed by the classical secondary education. After World War I, the 
reform was accused of being inspired too much by the German model, that had been 
developed during the nineteenth century in Prussia, and betraying the spirit of the 
French classical humanities. These developments in Prussia are an interesting his-
torical case in which the controversies about the nature of school mathematics came 
to a certain end. 

 Jahnke ( 1986 ) discusses the origins of the dispute over what school mathematics 
should be in early nineteenth-century Prussia—a quite decisive moment in the 
development of mathematics curricula. He shows how, during a short period after a 
military defeat against the French revolutionary troops in 1806, the debate about the 
constitution and form of school mathematics affected a radical change in the per-
ception of what the difference between school mathematics and academic mathe-
matics should be. During the dispute it became clear that it would no longer be 
possible to simply defi ne school mathematics as academic mathematics on a lower 
level and a lower degree of diffi culty. There is more to do than merely to simplify 
academic mathematical knowledge in order to build up a school mathematics cur-
riculum. Jahnke reconstructs the historical process of the development of what he 
calls “the ‘deep structure’ of school mathematics” (p. 86), a structure that “has 
remained essentially the same since the early nineteenth century” (ibid.). He shows 
how mathematicians were extremely active in promoting the view that school math-
ematics should be uniform in all schools and free from any practical concerns. 
However, their insistence was not successful. State administration, particularly 
school inspectors and headmasters of prestigious secondary (Gymnasium) schools 
in Berlin, argued that it is not “appropriate to exclude ‘common arithmetic’ from the 
curriculum” (p. 91) and that “it is necessary to fi nd ways and means of linking 
‘common arithmetic’ and higher mathematics, everyday knowledge and scientifi c 
knowledge” (ibid.). Ultimately, the structure of the school mathematics curriculum 
was based on the concept of ‘mathematical operation’ thus founding higher school 
mathematics on elementary arithmetic: School algebra was constructed as the study 
of the formal properties of the arithmetical operations; infi nitesimal calculus was 
constructed as formal school algebraic theory. The extension of the number con-
cept, the ‘principle of permanence’, defi ned the macro-structure of the school math-
ematics curriculum from the early nineteenth century to the present.  
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    Towards the Problem-Centred Curriculum 

 Much later, in the mid- to late-twentieth century, new initiatives of curriculum 
development in mathematics have brought about an orientation towards ‘problem- 
solving’ and ‘mathematical modelling’. Pólya’s conception of mathematics as an 
essential problem solving activity has often been quoted as the main root for the fi rst 
of the two orientations (e.g.,  1962 ). It was his idea to convert the ontological con-
cept of mathematics as problem solving into an epistemological programme. The 
student should learn mathematics in a way that is analogous to the way mathemati-
cians work. Less related to ‘pure mathematics’ than the fi rst, mathematical model-
ling is often taken as an idealisation of the developmental activities within applied 
mathematics. In contrast to the fi eld of applied mathematics, a mathematical model-
ling approach to school mathematics only rarely aims at the development of new 
mathematical algorithms and technology that can be used to solve real problems or 
to engage mathematically in real situations. Instead, as English and Sriraman ( 2010 ) 
adhere to, mathematical modelling can be conceptualised as an advance on existing 
classroom word problem solving. Arguably, the “problems” in mathematical mod-
elling differ from the “problems” in mathematics as problem solving. 

 Both orientations only tacitly challenge the macro-structure of the school math-
ematics curriculum. They are not meant to re-evaluate the importance of mathemati-
cal operations and the principle of permanence. The recontextualisation of problem 
solving and mathematical modelling within the institutional frame of schooling 
brings about a transformation of ontological statements into didactic principles and 
pedagogic strategies. By this mechanism, problem solving and mathematical mod-
elling, as didactic principles and pedagogic strategies, appear as offi cial curricular 
paths to mathematics (cf. Jablonka and Gellert  2012 ). It is part of the self-concept 
of the mathematics research community to regard the resulting modifi cations of cur-
riculum material, classroom activities, attainment descriptions, etc. as topics for 
empirical research and as impulses for design activities.  

    Fit to and Fit for the Data-Driven Society 

 A seemingly different kind of curricular renovation occurred during the last decades 
in numerous countries with the introduction (or expansion) of statistics, of chance 
and probability in the primary and secondary mathematics curriculum. This math-
ematical area has been integrated into offi cial curriculum descriptions and attain-
ment standards, thus actually bearing the potential to shift or diversify the 
macro-structure of the school mathematics curriculum. Why did the shift occur, or: 
in which way is it a shift of the macro-structure? Note that the introduction of sto-
chastics in mathematics education fi ts well to the three dimensions of “modernity” 
defi ned by Gispert above: mathematical “modernity” as it takes into account recent 
developments in academic mathematics, pedagogical “modernity” through the use 
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of “real problems” to motivate students and build interdisciplinary links, and the 
socio-political importance of statistics and data analysis in “modern” societies. 
Indeed, it can be argued that the focus of the traditional school mathematics curricu-
lum on mathematical operations (during the primary grades) and school algebra 
(during the secondary grades) is in a critical relation to the concept of the Western 
democracy or, more precisely: of technocracy. In a technocracy, political decisions 
based on calculations require a populace that is used to trust the legitimacy of cal-
culations—and not necessarily a populace that is able to critically evaluate the 
mechanism by which political decisions are made legitimate. A curriculum focussed 
on mathematical operations and school algebra may perfectly contribute to custom-
ise and familiarise the student population with the imposed legitimacy of calcula-
tions. In the second half of the twentieth century, partly due to the advancement of 
computer technology, more and more of the calculations, that inform political deci-
sions and by which political decisions are communicated, became of probabilistic 
and statistic character. Introducing statistics, chance and probability in the school 
mathematics curriculum might then be regarded less a challenge to its macro- 
structure than an attempt to repair the familiarisation with the mathematical opera-
tions and representations mentioned in legitimacy claims in political decisions. 
However, some scepticism seems appropriate here about the way stochastic is intro-
duced in the school mathematics curriculum and the claim that it can offer new 
paths to mathematics. As Fabre ( 2010 ) holds, knowledge is multi-dimensional. 
These dimensions can be classifi ed as historical, systematic and operational. School 
curricula mostly emphasise the last one. Consequently, statistics is often reduced to 
a set of techniques that students need to master, at worst to mathematics-in-contexts 
that are supposed to motivate students. School statistics, chance and probability 
seems to be a recontextualisation of stochastics that does not take into account its 
complex epistemology, in particular the tension between a data analysis approach 
and a modelling approach. Apparently, there is a constant threat that the new and the 
different is systematically recontextualised and, thus, subordinated to the traditional 
foci of the mathematics curriculum. In any case, research in mathematics education 
is concerned with scrutinising the impact of the curricular change on mathematics 
classroom practice and beyond.  

    ICT Challenging the Mathematics Curriculum 

 The technological development of the last decades is a factor that might alter the 
forms of mathematics education practices both on the curricular and the non- 
curricular level. Research in mathematics education has extensively focussed on the 
curricular potential of ICT, perhaps best illustrated by the attempts to render school 
geometry more dynamically. Although an initial period in which ICT had been pro-
moted like the silver bullet for a mathematics education for the twenty-fi rst century 
has faded away, ICT still seems to have the potential of rendering some mathematics 
classroom traditions obsolete. This is another area for research and design 
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activities—and this volume is further exploring the topic. From a political perspec-
tive, we might ask whether the turn to ICT is related to new mechanisms by which 
political decisions are generated, communicated and made legitimate—and the 
respective ethics involved—or if the broad availability of ICT is related in some way 
or another to a form of democracy that considers technocracy a risk. Anyway, even 
if schools are simply taking up technological standards, the potential of ICT for new 
educational paths to mathematics seems to be beyond doubt.   

    Looking Forward: Why and Where? 

 A profound criticism has arisen recently. What are we actually doing when always 
looking for new educational paths to mathematics? Are we uncritically bound to the 
ideology that we have to continuously reform mathematics education, because the 
whole enterprise of mathematics education is not running as we wish it would? But, 
could it ever? Can the reasons for mathematics education not being a fully devel-
oped success story be suppressed by an improved mathematics education? Or are 
we to face eternal frustration—education cannot compensate for society (Bernstein 
 1970 )—but cannot stop producing new ideas, new strategies, new theories and para-
digms, because … because of what? Because mathematics educators and others 
have indeed been successful in constituting mathematics education as an ethical 
system in which mathematical knowledge is “good” (Lundin  2012 ), “mathematics 
for all” even a Lacanian “supreme good” (Pais  2012 ) and, at the same time, estab-
lishing the mathematics educators as the key producers of knowledge in mathemat-
ics education? This is, of course, a refl ection from a cynical point of view. From this 
perspective, mathematics education appears as an ingenious self-reproducing 
machinery. However, the metaphor of the machinery is essentially modern and sup-
presses all personal motives, uninterested commitment and illogical behaviour of 
those who like to improve mathematics education. There are many mathematics 
educators who do not wish to make a better world by means of mathematics, many 
who do not believe more fair and just mathematics education would cause a more 
fair and just world, many who do not see our economical and ecological problems 
resolved once the students achieve a better understanding of mathematics. In lieu 
thereof, many mathematics educators do not stop producing new ideas because they 
simply seek to make the learning of mathematics, under the conditions of institu-
tionalised schooling, more meaningful to students. As the students of the twenty- 
fi rst century seem to be different from those of e.g. the nineteenth century, and 
because the students are exactly the ones who decide about the meaningfulness of 
mathematics education activities, there indeed is a never-ending necessity to study 
and improve mathematics education. Stopping this endeavour can hardly be an 
alternative. 

 In a similar spirit, to study and to improve mathematics education on the various 
levels of its curricula and its practices has been a goal of the  Commission 
Internationale pour l ’ Etude et l ’ Amélioration de l ’ Enseignement des Mathématiques  
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(CIEAEM, the International Commission for the Study and Improvement of 
Mathematics Education) since it was created and established in the 1950s. CIEAEM 
continues to investigate the actual conditions and the possibilities for the develop-
ment of mathematics education. The commission regularly organises conferences 
characterised by exchange and discussion of research work and of experiences 
based on the craft knowledge of teaching at all levels. It fosters the dialogue between 
researchers and educators in all domains of practice. Whereas the founding mem-
bers of CIEAEM—mathematicians, mathematics educators, psychologists and 
philosophers—had focused on interrelating an academic mathematical perspective 
with a modern pedagogy based on psychological models of cognitive development. 
They missed recognising the social dimension of mathematics education, this missing 
dimension has since been largely integrated into the work of the commission—as 
you will immediately notice when reading this sourcebook.  

    The Structure of the Sourcebook 

 The volume begins with three chapters that exemplarily illustrate the obstacles that 
any attempt to promote mathematics education might face. These obstacles are no 
minor ones. They are written in the social fabric of mathematics education. The fi rst 
chapter raises a fundamental concern: Why should the students be interested in 
learning mathematics at all? Paola Valero argues that there is “a cultural gap between 
the forms of subjectivity promoted by mathematics as areas of schooling, and the 
forms of subjectivity experienced by students in their everyday life”. In order to 
counter the referred students’ lack of interest in mathematics, it seems necessary not 
to restrict the remedial activities to the pedagogic and the didactic but to consider 
the students’ identity constructions as closely connected to the cultural politics of 
schooling. The second chapter investigates how the cultural politics of mathematics 
education play out in rural areas. The study, reported by Robert Klein, is based on 
the expectation that these places “would be engaged in meaningful efforts to con-
nect mathematics instruction to local places and communities”. Although the study 
found a variety of support for making local connections between mathematics edu-
cation and locally relevant issues, it concludes that the support remained mainly on 
the level of rhetoric. Instead, mathematics education interacts in a rather alienating 
way on the students’ developing identities: mathematics “inhabits nowhere rather 
than round here”. The third chapter exposes a kind of cultural micro-politics of 
schooling. Christine Knipping, David Reid and Hauke Straehler-Pohl adjust their 
analytical lenses on the micro-dynamics of the mathematics classroom. By drawing 
on mathematics instruction practices in ‘offi cially selective’ and ‘offi cially inclu-
sive’ school systems, they trace how the basic political principle of meritocracy 
translates into disparity producing interactional mechanisms in the classroom. A 
classroom culture is generated in which the confl icting nature of the distribution of 
access to mathematical knowledge, and thus to mathematical identities, is 
naturalised. 
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 The three chapters constitute the fi rst part of the volume and serve as a horizon 
for the following seventeen chapters. These seventeen educational paths to mathe-
matics try—not to attack but—to understand, to redefi ne and to engage with the 
reported, and other, obstacles. What they essentially do is look for resources. 

 We grouped the seventeen paths to mathematics in seven parts of two to three 
chapters each. All parts end with a commentary. The intention behind this second 
part of the volume is to offer new ideas of educational paths to mathematics. The 
chapters differ from standard research articles in mathematics education that aim at 
the development of methodologies or theories. Although many of the chapters are 
indeed outcomes of systematically controlled research projects (and reference to 
research papers in this respect is given in the chapters), the focus here is not on the 
details of data construction and analysis etc., but on new mathematical activities and 
conceptions enriching the repertoire of educational paths to mathematics. 

 The volume is remarkably international. Teachers and researchers from 14 coun-
tries authored 20 chapters and 7 commentaries. The reader is invited to refl ect on the 
particular effect of presenting avenues to mathematics contrived in diverse national 
settings in which the praxis of mathematics education might look different com-
pared to what happens in the reader’s place. 

 ‘Working with adults’ is the heading of the second part. Gail FitzSimons refl ects 
on her experience with pharmaceutical operators engaged in vocational education 
courses on ‘Calculations’ and ‘Basic Computer Skills’. She shows that, if the work-
ers’ knowledge and experience, their artefacts and practices, their voices and stories 
are taken into account and incorporated in the course material, then a path to the up 
to now unthinkable is offered. In contrast, Vera Helena Giusti de Souza, Rosana 
Nogueira de Lima, Tânia Maria Mendonça Campos and Leonardo Gerardini face a 
situation of young adults returning to school in order to catch up on their school- 
leaving certifi cate. As these learners do not dispose of a shared work experience, the 
authors design a mathematical modelling activity with bank loan systems that might 
be important for the young adults in their near future. In his commentary on both 
chapters, Javier Díez-Palomar emphasises the importance of using, and further 
developing, strategies to bridge the gap between academic knowledge and common 
sense based on experience in order to generate more democratic mathematical 
activities. 

 ‘Working with pre-schoolers’ is the focus of the third part. Anna Chronaki, 
Georgia Moutzouri and Kostas Magos open this part with an outdoor activity for 
Roma and non-Roma children. They designed ‘Number in Cultures’ as a counter 
event in which the correspondence amongst number words and symbols was 
explored in three languages: Greek, Romany, and Arabic. Their study concludes 
that such a counter event can open a space for marginalised children, mathematical 
knowledge and silenced identities. The following two chapters are about the issue 
of fairness and fair sharing in children aged 3–6. Zoi Nikiforidou and Jenny Pange 
discuss how logico-mathematical activities in pre-schoolers’ classrooms may con-
tribute to the children’s developing understanding of fairness as an intersection of 
their cognitive, social and moral development. Julie Cwikla and Jennifer Vonk 
investigate if, and how, fair sharing tasks facilitate pre-schoolers’ access to  fractional 
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concepts. They fi nd evidence that children can comprehend or acquire fractional 
concepts before whole numbers are consolidated. In their commentary on the three 
chapters, Michaela Kaslová and Sixto Romero Sánchez expose the historical back-
ground to recent work with pre-schoolers. Particular attention is paid to the infl u-
ence of Comenius’ principles and to the developments in many European countries 
at the turn from the nineteenth to the twentieth century. 

 ‘Taking spaces and modalities into account’ is the heading of the fourth part in 
which different ‘spaces’ and their relation to ‘participation’ are conceptualised. 
Susan Gerofsky commences with examples of digital mathematical performances, 
which may pave ways to complement, or antagonise, the “disembodied, antiperfor-
mative traditions in school mathematics pedagogy”. An expansion of ‘liminal 
spaces’, i.e. “play in the spaces of paradox and contradiction, ambiguity and transi-
tion”, may lead to deeper levels of mathematical understanding. Liminal performa-
tive spaces may offer ample opportunities for students’ participation. Luciana 
Bazzini and Cristina Sabena use a teaching experiment to illustrate how space for 
interaction is often fi lled with gestures and narration. They expose the multimodal 
nature of teaching and learning of mathematics. Awareness of the multimodality of 
“the ‘semiotic game’ between the teacher and students” proves to be important for 
the teacher in order to understand, and facilitate, the students’ participation in class-
room interaction. Eleni Gana, Charoula Stathopoulou and Petros Chaviaris focus on 
the space as the material space, in which a classroom teacher and her/his students 
are spatially related. The authors argue from a social semiotic perspective that the 
teachers’ use of classroom space is involved in enabling “students’ social experi-
ence in the specifi c teaching and learning environment”. Classroom space is consid-
ered as one of the teacher’s resources for the delineation of semantically coherent 
learning activities. In his spirited commentary to the three chapters, Peter Appelbaum 
distinguishes the part as a revolutionary moment in mathematics education. The 
attentiveness towards performance, towards gestures and narration, and towards 
spaces allow for new ways “of collaboration, experimentation, aesthetic participa-
tion, and playful creation of new worlds to be in”. 

 ‘Criticising public discourse’ is the core of the mathematical activities depicted 
in Part V. Lluís Albarracín and Núria Gorgorió analyse a teaching experiment in 
which the school mathematical topic of inconceivable magnitude estimation is 
related to a critical understanding of media reports about political events. In the 
teaching experiment, the students disclose the political bias of numbers devised by 
political parties and other stakeholders, and published by the media. Their critical 
competence is fostered through their mathematical investigations. Dimitris 
Chassapis and Eleni Giannakopoulou draw on the role of public media in the legiti-
mation of the recent austerity policies in Greece. They show how mathematical 
concepts are used in the media to convey policies and political views. From a criti-
cal mathematics education perspective, mathematics being used as a discursive 
instrument within the ‘apparatus of truth’ can be regarded as the linchpin of the 
school mathematics curriculum. In her commentary on both chapters, Charoula 
Stathopoulou puts emphasis on the educational potential of public discourse as a 
focal point for a critical mathematics curriculum by which the relationship of 
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 mathematics with issues of social justice, with manipulation of the public sphere, 
and with critical citizenship can be made explicit. 

 ‘Organising dialogue and enquiry’ is the aim of the chapters in Part VI. Ana 
Serradó, Yuly Vanegas and Joaquin Giménez analyse an example of blended learn-
ing in which the students exchange strategies to solve open-ended tasks in on-line 
forums. They show how the distance produced by the internet can be both benefi cial 
and obstructive to processes in which the students negotiate meaning. The role of 
the teacher in blended learning settings is particularly highlighted. Luís Menezes, 
Ana Paula Canavarro and Hélia Oliveira follow a teacher and her fourth-graders 
through collective mathematical discussions and syntheses of emerging mathemati-
cal ideas. They document the teacher’s intentions and actions in order to understand 
educational practice in inquiry-based mathematics classrooms better. In a teaching 
experiment with eleventh-graders titled “Is our world Euclidean?”, Panayota 
Kotarinou and Charoula Stathopoulou engage the students in discussions about 
axiomatic defi nition in Euclidean and non-Euclidean geometries. Their pedagogic 
technique is ‘drama in education’. They show how this technique offers a viable 
way to foster students’ active participation in mathematical enquiry and critical 
thinking. In their commentary on the three chapters, Lambrecht Spijkerboer and 
Leonor Santos distinguish between surface and deep approaches for learning and 
ask whether drama, open-ended tasks and collective mathematical discussions 
might contribute to deep learning, to dealing with differences in the classroom and 
to the formation of democratic citizens. 

 ‘Providing information technology’ is the focus of the seventh part. In the fi rst 
chapter of this part, Maria Elisabete Brisola Brito Pardo and Nielce Meneguelo 
Lobo da Costa analyse the challenge to teachers of the introduction of laptop com-
puters in the mathematics classroom. They document that, although the teachers see 
the potential that technology offers for exploration and articulation with other areas 
of knowledge, they still fi nd it diffi cult to deviate from a traditional teaching pattern 
in which the teacher explains and the students practice. In the second chapter of the 
part, Gilles Aldon argues for the development of a suffi ciently complex theoretical 
framework necessary to understand better the dynamics and the complexity of using 
computer technology as a standard in the mathematics classroom. From his per-
spective, the new standard that technology offers to the teaching and learning of 
mathematics is crucially related to the ways in which teachers and students docu-
ment their mathematical activities. Such a new documentary system is related to the 
processes of memorisation, of organisation of ideas, of creativity and of communi-
cation and has thus the potential to re-orientate the dynamics of knowledge con-
struction. In his commentary on both chapters, Fernando Hitt points to the 
well-documented low impact that the development of ICT has until now on class-
room practice. He stresses that empirical research is urgently needed for a system-
atic and substantial integration of technology into classroom practice. 

 ‘Transcending boundaries’ completes the educational paths to mathematics. As 
in the other parts, the two chapters invite the reader to think about the teaching and 
learning of mathematics beyond the usual patterns of transmission and acquisition 
of knowledge in school. Javier Díez-Palomar opens the part with a call for family 
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involvement in order to increase democratic participation. On one hand, “parental 
involvement is recognised as a crucial outside-school aspect in children’s mathe-
matics achievement”. On the other hand, a broader involvement of the public in the 
mathematics education enterprise seems to go hand in hand with more participative 
and democratic practices. In the fi nal chapter, Peter Appelbaum puts forward the 
idea of “service-learning as teacher education”. In the form of ‘intergenerational 
math circles’ of secondary students, mathematics teachers and future teachers, the 
participants experienced radically different forms of teaching and learning. Their 
experience encourages refl ection on “dominant educational structures grounded in 
competitive individualism”. For the future teachers, a redefi nition of ‘teaching’ and 
‘learning’ relates to the possibility of active invention of pedagogical practices, 
“rather than being a passive implementer of prepackaged curriculum.” In their com-
mentary on both chapters, Fragiskos Kalavasis and Corneille Kazadi present a 
model of the complex structures in education, exemplifi ed by considering parental 
involvement and service learning. They call for a “new epistemology […], which 
valorizes the particular and the involvement of all partners in mathematics 
education.” 

 The end of the volume provides information about the topics of past conferences 
of CIEAEM.     
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      Re-interpreting Students’ Interest 
in Mathematics: Youth Culture 
and Subjectivity 

             Paola     Valero    

    Abstract     This chapter argues that in Western, developed societies, young people’s 
decreasing engagement in mathematics has to do fundamentally with a cultural gap 
between the forms of subjectivity promoted by mathematics as areas of schooling, 
and the forms of subjectivity experienced by students in their everyday life. While 
the organization of mathematics in schooling is deeply rooted in Modernity and 
requires students to embody its core values in order to be successful, current culture 
offers a myriad of projects of becoming that compete effectively with school forms 
of subjectivity. An understanding of the youth’s lack of interest in terms of the cul-
tural gap places mathematics education as a fi eld of practice in the realm of the 
cultural politics of our time. Such displacement may offer alternative ways of think-
ing and acting with respect to youth’s engagement with mathematics.  

         Introduction 

 Since the second industrial revolution at the end of the nineteenth century, mathe-
matics and science education have become central components of national educa-
tional systems in the Western developed world (Aronowitz and De Fazio  1997 ). The 
need for more qualifi ed labor in all fi elds of science, technology, engineering and 
mathematics (STEM) has been a constant concern for national governments, which 
have the responsibility to provide education for their population and, thereby, secure 
the necessary human resources for economic development (Ashton and Sung  1997 ). 
Professional organizations of scientists state for more than a century that high quali-
fi cations in mathematics and science are central for the development of a society. 
This notion was transformed according to the dominant political agenda at different 
moments during the last century. In 1899, on the introductory pages of the fi rst issue 
of the journal L’Enseignement Mathématique, the offi cial communication organ of 
the International Commission on Mathematical Instruction (ICMI; part of IMU, the 
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International Mathematical Union), Laisant and Fehr ( 1899 ) envisioned the impor-
tant mission of mathematics and science for the generations and the world to come:

  L’avenir de la civilisation dépend en grande partie de la direction d’esprit que recevront les 
jeunes générations en matière scientifi que; et dans cette éducation scientifi que l’élément 
mathématique occupe une place prépondérante. Soit au point de vue de la science pure, soit 
à celui des applications, le xx e  siècle, qui va s’ouvrir, manifestera des exigences auxquelles 
personne ne doit ni ne peut se dérober. (p. 5) 

 In the times of the Cold War, a similar argument emerged, however the justifi ca-
tion was related to, on the one hand, keeping the supremacy of the Capitalist West 
in front of the growing menace of the expansion of the Communist Soviet Union 
(Kilpatrick  1997 ). And on the other hand, the argument also had to do with eco-
nomic and technological development, and the increase in numerical-based 
decision-making:

  Tout d’abord, d’une manière générale, la société actuelle exige de plus en plus de tous les 
citoyens la connaissance de notions élémentaires de mathématiques et l’appréciation de 
l’importance du point de vue numérique. Les dirigeants des grandes organisations sont 
appelés de nos jours à prendre de plus en plus souvent des décisions dans lesquelles les 
jugements quantitatifs jouent un rôle essentiel. (Fehr et al.  1961 , p. 11) 

 Nowadays, professional associations all around the globe argue that the low 
numbers of people in STEM fi elds can severely damage the competitiveness of 
developed nations in international, globalized markets (e.g., National Academies 
 2007 ). These voices resonate with political agendas that clearly connect these fi elds 
and social and economic welfare:

  Two weeks ago Infomedia presented the following message: “The decline for the natural 
science programs continues.” Denmark needs more young people who want to be engi-
neers, biotechnologists and teachers of science. We need that many choose a career in the 
scientifi c and technologic areas. A great part of Denmark’s welfare and competitiveness in 
technology build on these areas. Therefore public as well as private companies are com-
pletely dependent, now and in the future, of the suffi cient availability of qualifi ed workforce 
with education in science and technology. (Haarder  2009 , p. 8) 

 For this reason, national governments have invested signifi cant resources in the 
development of school reforms and the improvement of teacher qualifi cations in 
general, and particularly in mathematics (Wood et al.  2008 ) and science (Keeves 
and Darmawan  2009 ). However, it has been documented that since the 1990s the 
recruitment of students at North American and European universities in STEM 
fi elds decreased relatively in relation to the growing amount of the population enter-
ing tertiary education. Therefore, it is expected that a shortage of people with STEM 
qualifi cations at high levels will soon occur. Even if the serious concerns of the end 
of the 1980s for the situation in the 1990s were not completely proven right (Pearson 
 2008 ), shortages are likely to happen, and this is a risk that highly technological 
societies cannot afford to take. In this historical time of globalization and knowledge- 
based economy, a relative decrease in the numbers of people majoring in STEM or 
a defi nitely not growing number of qualifi ed people in these areas is worrying, 
whether they result in a real shortage or not. This potential problem has been treated 
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by professional associations, national governments and international organizations 
as a serious threat to the competitiveness, economic stability, and supremacy of 
Western industrialized nations (European Commission  2004 ; Fox  2001 ) in the face 
of the rapid growth of the so-called “rising economies” such as China, India and 
Brazil. 

 Critical readings of the sustained discourse on the centrality of STEM fi elds dur-
ing the twentieth and now the twenty-fi rst century argue that there is no solid evi-
dence to actually expect a shortage of STEM graduates (Smith and Gorard  2011 ). 
Actually, critics argue that STEM recruitment has been relatively stable since the 
1970s when these fi elds boomed in developed countries. A closer look at the num-
bers shows that the decrease is present when the actual numbers are compared to the 
prognoses of governments, professional organizations, economic organizations and 
industry for the amount of qualifi ed population that would be  desirable  to have in 
order to meet certain expectations of knowledge-intensive production and techno-
logical development (Pearson  2008 ). 

 In other words, whether the problem of decrease in STEM areas is a “real” or 
only an “expected” problem, there seems to be an agreement between both critics 
and proponents of the problem on the fact that, in the context of informational, capi-
talist societies and economies, where manufacturing is no longer the broad basis for 
economic activity because basic production has been transferred to developing and 
emerging countries, the demands on knowledge production justify the concern for a 
relative decrease or a constant number of people entering these fi elds. That more 
people have to be attracted to pursue careers in STEM fi elds is the overall conclu-
sion to which there seems to be a general adherence. 

 Mathematics education research and practice have certainly taken this concern 
up. Recommendations as well as evidence-based proposals for increasing young 
people’s interest in mathematics, from small to large scale programs (e.g., PRIMAS 
 2013 ), have been provided. But this “problem” of the lack of interest for the STEM 
fi elds––and within that the interest in learning more mathematics––is not new, as 
argued above. Why is it persistent? In this paper I will take a critical stance towards 
the dominant discourses on this matter and offer an alternative reading of the prob-
lem. I will argue that an understanding of this “problem” requires the displacement 
of our thinking from the fi eld of didactics to the fi eld of the cultural politics of 
schooling and education of which mathematics––and the other fi elds in the STEM 
cluster––are a part. The strategy for unfolding my argument is to look at existing 
trends in mathematics education research and examine their assumptions about the 
learners. Then I will bring the learners to the fore by thinking about how youth cul-
ture meets the culture of school mathematics. I propose the thesis of the cultural gap 
between the forms of subjectivity that these two cultures invite young people to 
develop as a plausible way of grasping the problem. I conclude by drawing attention 
to forms of researching mathematics education practices that may advance our ways 
of thinking about the cultural clashes and tensions in the projects of subjectivity 
formation in the educational cultures of school mathematics.  
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    What Existing Research Has to Offer 

 Research in mathematics and science education developed in the fi elds of scholarly 
research with the intention of understanding teaching and learning in these areas in 
all levels of schooling, but mainly with the central aim of providing evidence-based 
solutions to the problems of practicing teachers (Bishop et al.  1996 ,  2003 ; Fraser 
and Tobin  1998 ; Grouws  1992 ; Roth and Tobin  2009 ; Tobin  2006 ). In mathematics 
education research, the overall assumption is that an improved understanding of 
teaching and learning, and a research-based effort to support teachers’ practice lead 
to the improvement of students’ understanding, performance, interest and engage-
ment in learning this school subject. In this way, research in mathematics education 
helps securing an adequate number of young people who would like to pursue fur-
ther studies in STEM areas, and who will constitute a highly qualifi ed work force in 
these fi elds. Besides diagnosing the systematic lack of success of many students and 
explaining why this is the case, mathematics and science education research have 
also devised methods for cognitive development, suggested and implemented cur-
ricular adjustments, developed and tested better teacher qualifi cation programs, and 
even initiated broader different popularization campaigns for making science and 
mathematics part of the everyday life of people. 

 Mathematics education research has helped identifying causes for the “leakage” 
in the educational pipeline. Drawing on the image of a pipeline whose purpose is to 
channel as many of the intakes––children entering education––as an output––adults 
educated in STEM fi elds––, this type of research has emphasized the defi ciencies in 
the processes of teaching and learning of mathematics and science, leading to sys-
tematic low performance and disengagement with the subjects. In existing research 
in mathematics and science education, three types of dominant explanations have 
been offered to the failures in the “pipeline”. Firstly, research points to the cognitive 
challenge that acquiring mathematical and scientifi c knowledge represents for stu-
dents. It is diffi cult for many to reach the deep understanding needed to attain the 
expected achievement levels that the school curriculum demands (e.g., Sierpinska 
 1994 ). Secondly, teachers’ effectiveness for generating adequate learning is also 
highlighted. In primary schooling, teachers’ lack of subject-matter knowledge 
accounts for poor teaching. In high schools, teachers’ lack of pedagogical and 
didactical training is associated with a highly de-contextualized and formalized 
teaching form that fails to develop students’ learning. The qualifi cation of teachers 
and what teachers should know in order to improve their practice have been central 
topics of research associated with students’ engagement in the subjects (e.g., Cobb 
et al.  2003 ; Ostermeier et al.  2010 ). Thirdly, the public views of science and math-
ematics (e.g., Moreau et al.  2010 ), the support of the family (e.g., Winbourne  2009 ) 
as well as of the authorities to both students and teachers (e.g., Goos et al.  2004 ), 
and even defi ciencies in national curricula (e.g., Morgan  2009 ) are also highlighted 
as contributing factors to the many lacks and failures in the effectiveness of mathe-
matics and science in schooling children and youth in a way that will lead them to 
successful STEM university studies. 
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 More recently, a fourth plausible explanation has been set forward. Building on 
existing international comparative data of both quantitative (such as TIMSS and 
PISA) and qualitative (such as the ROSE study in Sjøberg and Schreiner  2010 ) stud-
ies, students’  interest  in mathematics and science in affl uent Western countries has 
been identifi ed as an important factor impacting on further study choice (e.g., OECD 
 2006 ; Troelsen  2005 ). Together with other notions such as motivation and affection, 
research has attributed the problem to a lack of emotional and personal attachment 
and engagement with school mathematics and science. Research on the affective 
dimensions of students’ engagement is not new (e.g., Carr  1996 ). The limitation of 
these types of studies on people’s engagement with mathematics and science is that, 
more often than not, the constructs, borrowed from psychology (Krapp  1999 ) and 
recontextualized into mathematics and science education research, posit the prob-
lem of interest, motivation or affection at the level of individual traits and inter- 
personal communication. The assumption is made that there is an intrinsic 
mechanism of personality that triggers engagement and thereby learning. Therefore, 
at the end, if teachers or students themselves are not capable of “turning on that 
mechanism”, nothing can be done. Similar examples and critical research on these 
shortcomings can be found when engagement in learning in the sciences is related 
to gender or social class (e.g., Boaler  1998 ). 

 That people’s engagement with learning mathematics is more than an individual 
matter, but a matter of the constitutive relationship between the person and the 
social, cultural and political context which s/he is a part of is a proposition explored 
by research which adopts a socio-cultural and political perspective to study mathe-
matics and science learning and education (Alrø et al.  2008 ). From this point of 
view, interest and engagement are relative to social practice. This viewpoint is evi-
denced by the results of international comparative studies such as TIMSS and 
ROSE. The studies show that there seems to be a connection between students’ 
expression of like and desire to engage in the subjects, and the type of society where 
they are in. Students from developing countries, despite the fact of not performing 
highly, express their like for the subjects and their desire of pursuing the fi elds in 
further studies. For many of them, the possibility of pursuing a university career in 
these fi elds represents a means for social mobility (e.g., García et al.  2010 ; 
Skovsmose et al.  2008 ). In contrast, students from Western developed countries in 
general score higher in the tests and have a tendency to express that they are aware 
of the importance of the subjects but defi nitely do not want to engage in further 
studies in the fi eld, except in the case of life-sciences where many students see the 
possibility to make a contribution to the betterment of human life (Sjøberg and 
Schreiner  2010 ). In the case of East Asian students, the ones who systematically 
score highest in the international comparisons, they express the most negative feel-
ings towards the subjects when asked about their like and interest in science and 
mathematics. They are good at the subjects, they will study them, but they do not 
like them (Leung  2006 ). As part of the Confucian culture, study, dedication and 
practice are values that in families and schools guide the engagement with school-
ing. The sense of “duty” that is part of this culture contrasts sharply with the culture 
of individual choice that has evolved in Western developed countries. In the light of 
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this discussion, it becomes clear that grounding the analysis of mathematics educa-
tion practices in the broader realm of education, culture and society is necessary. 

 This general overview of the way mathematics and science education research 
have dominantly addressed the problem of youths’ interest in STEM fi elds reveals 
the shortcomings of mathematics and science education research, as well as their 
disciplinary boundaries. With a tradition of defi ning objects of study inside the 
didactic triad of teacher—student—content (mathematics or science) and together 
with the predominance of theories of learning and teaching to address the relation-
ship in the didactic triad, the fi elds of mathematics and science education have 
tended to internalism (Skovsmose and Valero  2001 ; Valero  2010 ). Together with 
this, the restricted focus on the “utility” of research to engineer learning that has 
dominated educational research in the last decades (e.g., Biesta  2005 ; Popkewitz 
 2009 ) as well as educational research in science and mathematics has a strong 
impact on the direction of research towards solving the problems of practice. The 
result of this tendency is that fundamental problems such as the one under examina-
tion here—as well as many others such as the differential access of different types 
of students to success and high achievement in mathematics and science—are 
treated as problems of subject-matter pedagogy that need to be solved by subject- 
matter pedagogy. This focus has been productive in providing important under-
standings about the micro-pedagogical and interactional aspects of mathematics 
teaching and learning. However, it has prevented mathematics education from being 
placed within the larger realm of economic and cultural politics (Pais and Valero 
 2012 ; Valero et al.  2012 ). 

 Let me clarify my claim so far. I am not claiming that pedagogical practices are 
not an important contributor to the problem of young people’s apparent lack of 
interest in mathematics and science, particularly when dedicating professional lives 
to these subjects is at stake. I do not want to diminish either the many contributions 
from decades of research to providing a better understanding of the micro- 
pedagogical aspects involved in the teaching and learning of mathematics. My 
claim is rather that it is necessary to go beyond the limits imposed by the very same 
development of the scientifi c endeavor in order to build disciplinary fi elds that can 
have a grasp of the full functioning of mathematics and science as school subjects 
in society. Such an attempt demands generating a strong rooting of the fi elds in 
sociological, historical, cultural and political studies.  

    Beyond Disciplinary Boundaries in Mathematics 
Education Research 

 When placing mathematics and science in the realm of culture, politics and society, 
it is important to mention existing research that offers a stepping-stone for this proj-
ect. There are different types of research both inside the fi eld and in other fi elds that 
need to be brought together. 
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 Inside mathematics and science education research, there has been a “social 
turn” in the types of theories adopted to see learning during the previous two decades 
(Lerman  2006 ). A “political turn” has also been identifi ed (Gutierrez  2013 ; Valero 
 2004b ). A growing number of studies start showing a move from individualistic, 
cognitive theories of learning towards socio-cultural theories of human thinking 
(e.g., Radford  2008 ; Sfard  2008 ). There is also a growing adoption of sociological 
and discursive approaches that explore the intersections between school mathemati-
cal and scientifi c practices and larger processes of socialization, enculturation and 
subjectifi cation (e.g., Black et al.  2009 ; Skovsmose  1994 ). In the sociopolitical 
trend, the adoption of post-modern and post-structural ideas to view learning, 
education, society and the role of knowledge in society has opened new possibilities 
of thinking the connection between educational practices, mathematics and science 
as areas of knowledge also in schooling and society (e.g., Appelbaum  1995 ; 
Walshaw  2004 ). 

 Latest conceptualizations of identity and identifi cation offer interpretations of 
the connection between the individual and the social, which seem to be productive 
for understanding how learners relate to and experience school mathematics (e.g., 
Sfard and Prusak  2006 ; Stentoft and Valero  2009 ). However, within the prolifi c use 
of the notion of identity, few existing studies have pointed to how processes of iden-
tity formation and subjectifi cation in current forms of social organization can be 
related to students’ disengagement in pursuing science at higher levels. In science 
education, Schreiner ( 2006 ), Schreiner and Sjøberg ( 2007 ) interpreted the results of 
the ROSE study for Norwegian students in relation to the advance of “post-modern” 
trends in Norwegian society. While Norwegian students express their understanding 
of the relevance of science and indicate they like science, they reject the possibility 
of pursuing science studies in further education. Youth culture in countries such as 
Norway comprises many of the characteristics of late modern societies, such as self- 
directedness, individualization of choice and a break with family patterns of occu-
pation. These characteristics collide with the images that science as a school subject 
offers as a possible project of identity formation for youths in their future. In math-
ematics education, few studies of students’ choice of mathematics in the transition 
into high-school or senior secondary school (+16 years old) point out students’ rela-
tionships and identifi cation (or lack of it) with their teachers, the public images of 
mathematics and the gendering that is socially and culturally associated to the fi eld 
(e.g., Mendick  2005 ). Instead of using theoretical tools that allow a reading of iden-
tity construction in science and mathematics in relation to the socio-cultural- 
historical context of schooling, these studies restrict themselves to an analysis 
within the boundaries of pedagogy suggesting that if the school subjects do not 
succeed in attracting people, new forms of more open and progressive pedagogy 
should be adopted. The studies point towards an interesting direction but remain 
within the notion that identifi cations can be modifi ed with appropriate pedagogical 
change in science and mathematics classrooms. In this sense, they do not take the 
radical step of placing identity construction and subjectifi cation in school mathe-
matics and science in the broad realm of cultural dynamics. 
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 Outside mathematics and science education, other areas of study deploying 
 analytical strategies offer some possibilities of seeing identifi cation in different 
terms (Stentoft and Valero  2009 ,  2010 ). In general educational research, critical 
post- structural as well as cultural-historical studies provide tools for entering the 
discussion of the constitution of subjectivities in the discursive spaces of education 
(e.g., Biesta and Egéa-Kuehne  2001 ; Popkewitz  2008 ). Youth culture studies from 
a postmodern perspective offer a way of interpreting the experience of young people 
in late-modern societies (Blackman  2005 ; Kahane and Rapoport  1997 ). Different 
studies in the area of technology, science and society, carrying out post-structural 
feminist analysis, are also sources of inspiration for studying the impact of the 
mathematical and scientifi c rationality in the construction of modern subjectivities 
(e.g., Bauchspies  2009 ; Harding  1998 ). 

 Instead of explaining the decrease of engagement with the subjects as a problem 
that is caused and needs to be solved inside the realm of good pedagogy, I consider 
the problem as a central cultural, social and political one. There is a gap between the 
forms of knowledge and associated ways of being that school mathematics as a 
subject in the curriculum puts in operation for young people in schooling, and the 
forms of knowing and being that young people experience outside schools in cur-
rent practices. In Western developed societies, the fact that few young people show 
interest and choose to study STEM related fi elds in higher education is not (exclu-
sively and mainly) a matter of defi cient learning and interest or pedagogy and public 
images of science. Economic, demographic and in particular cognitive and instruc-
tional reasons associated with the pedagogy of the subjects are unsatisfactory expla-
nations for this phenomenon. Rather, the phenomenon is fundamentally a cultural, 
social and political one that evidences the contradictions and ruptures of the cultural 
project of the modernity, in face of young people’s experiences of knowing and 
becoming in current highly developed Western societies. More concretely, the phe-
nomenon evidences a cultural gap between the forms of subjectivity promoted by 
mathematics and science as subjects of study in the educational system, and the 
forms of subjectivity experienced by students in other social and cultural spaces 
outside schooling. 

 Exploring the thesis of the cultural gap as a plausible and productive way of 
addressing young people’s lack of interest in pursuing further studies in STEM 
areas demands paying attention to a series of interconnected refl ections. I will 
explore some of these refl ections, which challenge dominant assumptions con-
structed in the fi eld of mathematics education research.  

    School Mathematics as a Social, Cultural, Political 
and Historical Battlefi eld 

 Mathematics teaching and learning became part of massive educational systems in 
the turn from the nineteenth to the twentieth century. As documented in studies 
about some of the fi rst organizations of mathematics education––namely the journal 
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 L ’ Enseignement Mathématique  (Coray et al.  2003 ) and ICMI (Menghini et al. 
 2008 )––refl ections about the teaching and learning of mathematics emerged out of 
the interest of mathematicians and their concern for the passing on of mathematical 
knowledge. Even though different social sciences and humanistic fi elds had contrib-
uted to the endeavor through the twentieth century, the core of the interest in the 
fi eld revolved around the idea of the specifi city of mathematics in teaching and 
learning practices (Pais and Valero  2012 ). 

 This historical constitution built strongly on the assumption that the mathemati-
cal content of schooling, being the core element of instructional relationships and of 
students’ thinking processes, needs to be strongly related to the discipline of math-
ematics. Examples of such an assumption are Chevallard’s ( 1985 ) notion of the 
didactic transposition. Such theory views school mathematics as a transposed and 
recontextualized form of mathematical knowledge to be adjusted to the purposes of 
schooling. Ernest’s ( 1991 , p. 85) model for the relationship between objective and 
subjective knowledge of mathematics supposes that the objective knowledge of 
mathematics is being represented in order to enter a personal reformulation in the 
learners’ process of mathematical enculturation, which will lead to new knowledge 
in a private realm of subjective knowledge of mathematics. In many other theories 
of mathematical learning the referent to the disciplinary body of knowledge of 
mathematics––Bishop’s Mathematics with capital M (Bishop  1988 )––seems to be a 
common element and assumption. From such a perspective, the task of mathematics 
education research is to fi nd understandings and solutions to the practical problems 
of teachers to transmit, re-construct or enculturate children into the contents and 
ways of thinking of mathematicians. 

 It is possible, however, to adopt a different basic assumption: What difference 
would it make in the approach and the investigation of mathematics teaching and 
learning if the strong relationship with the discipline of mathematics was not seen 
as a fundamental condition for the study of mathematics education but as one among 
the many constitutive elements of school mathematics? Let us play with this idea. 
In a new attempt to reconceptualize ethnomathematics, Knijnik and collaborators 
(Knijnik  2008 ; Knijnik and Wanderer  2010 ) formulated a different thesis about eth-
nomathematics. When “mathematical practices” are researched in different social 
and cultural contexts and are seen as immersed and built in intricate relationship 
within people’s activity, it becomes evident that the artifacts and resources of knowl-
edge deployed are bound to the characteristics of the social practices. Using the 
second Wittgenstein, Knijnik argues that each “mathematical” practice in a particu-
lar context can be seen as a “language game” with its rules and functions. Language 
games are distinct but keep a family resemblance. The family resemblance allows 
the observer to identify distinct language games as being “mathematical”. For the 
case of school mathematics such a view implies that school mathematics, as consti-
tuted in the realm of schooling, is a particular construction that has a family resem-
blance with the practices of academic mathematics––and that is why a mathematical 
view can identify it as “mathematics”. However, school mathematics is governed by 
a different series of rules, uses, and technologies than those of the language game 
that we call “mathematics”. 
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 Such a view supposes that there is a much weaker connection between school 
mathematics and academic mathematics than what the majority of research in the 
fi eld seems to assume. Yet, if one assumes that there is no strong connection between 
the two “language games”, then what else does constitute the language game of 
“school mathematics”? I have argued elsewhere that seeing school mathematics as 
a network of social practices (Valero  2010 ) allows understanding that school 
mathematics is neither only a fi eld of knowledge that is part of the school curriculum, 
nor a simplifi ed and adjusted version of (old and fundamental) mathematics. Rather 
it is a sustained, collective activity that acquires meaning and is shaped by multiple 
participants, institutions and interests. School mathematics, therefore, is a fi eld of 
practice bound to schooling as an important social institution, being also formed 
by politicians and policy makers, textbook writers, economic interest groups, 
international agencies, etc. Consequently, school mathematics is a place for the 
construction of culture and of politics, where students sometimes meet contradictory 
agendas on what to think and know and how to “become”. School mathematics 
education is a cultural battlefi eld, and not a clean space for the transmission of 
mathematical culture. 

 One very strong implication of this alternative assumption is that the fi eld of 
mathematics education becomes open to be studied as a fi eld of interest for the con-
struction of culture, in a historical context where the mathematical rationality has 
been highly valued and promoted. Out of this, the question arises: Why students do 
not seem to want to engage more with further mathematics, although they face 
strong voices––of teachers, parents, experts, labor organizations––arguing for the 
importance of mathematics for their lives and for society?  

    School Mathematics as a Field of Modern Subjectivity 

 Schools are not only institutions for the learning of concepts and ideas, skills and 
qualifi cations. Schools are also spaces where children are made  governable  
(Foucault  1982 ). That is, children are inscribed in the dominant systems of reason 
that support social practices, institutions and discourses (Popkewitz  2009 ). In 
schools, children are formed as subjects: they form views of themselves as they 
relate to the norms and values of schooling as well as to objectifi ed forms of know-
ing present in schooling. 

 Mathematics education is a fi eld of practice that, within schooling, inserts chil-
dren into particular forms of knowing and being. As an example, Walkerdine ( 1988 ) 
shows how school mathematics education and its practices of teaching and learning 
of arithmetic inscribe in the child the norms of what it means to be rational and 
reasonable. Radford ( 2008 , p. 229) argues that the mathematics classroom is an 
“ethicopolitical space of the continuous renewing of being and knowing”. In math-
ematics classrooms learners not only meet with the culturally created objectifi ca-
tions of school mathematics, that is, with “fi xed patterns of refl exive activity 
incrusted in the ever-changing world of social practice mediated by artifacts”, as 
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they are created and recreated in the networks of practices of mathematics educa-
tion. Students also become subjects as they meet others and the objects of the school 
mathematical culture. The important issue here is, which kinds of processes of sub-
jectifi cation do school mathematics set in operation? 

 Bishop ( 1988 ) formulated the thesis that mathematics education is in charge of 
educating children in, with and through the values of mathematics, in creating a 
relationship between children and their mathematical culture. Bishop identifi ed six 
core values in mathematics education:  Rationalism  is the trust on the logico- 
deductive functioning of the human mind to address humans’ own existence and 
their relationship with the environment.  Objectism  is a world-view “dominated by 
images of material objects”, which makes possible for human beings to get detached 
from the creations of their thinking and see them as independent entities with an 
existence of their own.  Control  is a value associated to the value of  progress , both 
of which relate to the view that the rational, objective way of thinking of the human 
mind can organize and tame nature and even itself. A form of knowledge that allows 
operating and manipulating the objects of the world leads to the advancement of 
human kind.  Openness  refers to the view that mathematics is open to the examina-
tion of anybody since it relies on well-defi ned, rational mechanisms of proof. 
Contrary to assertions provided by authoritative ideologies and opinions, the math-
ematical truth can be deduced from transparent systems. Finally,  mystery  is the 
value that, opposing openness, places mathematical knowledge as a special creation 
of a highly specialized group of people, whose work is quite unknown to the layper-
son (Bishop  1988 , pp. 60–81). 

 Seen from a different theoretical perspective, the values that mathematical encul-
turation “brings” to school children are inscribing in children particular ideas of 
what it means to be the rational, desired child who can competently align his/her 
thoughts and actions to the norms of a highly valued form of being in society. These 
values embed some of the central values of Modernity (Popkewitz  2004a ,  b ). Being 
successful in school mathematics requires students to develop a strong mathemati-
cal identity and demands students to be conversant in these forms of knowledge and 
all its values. It is in this sense that school mathematics make students become a 
subject within the project of Modernity. Such type of subjects are desirable to sus-
tain the progress and advancement of Western developed societies. Indeed, mathe-
matics educators and mathematics education researchers have formulated their 
mission to contribute to society through the mathematical empowerment of younger 
generations. Such expressions of a mission are present not only in textbooks and 
research documents, but also in policy documents promoted by professional organi-
zations and also governments. 

 What is the problem then if there is a school subject that more than any other can 
help fabricate the people who are functional in a desired form of society and who 
can offer to realize the promises of the enlightenment and of modernity? The prob-
lem is that the form of becoming that mathematics education offers and effects in 
classrooms is only  one  particular form of becoming subject––in competition with 
many other alternative projects of being. It is one way of becoming and being in the 
world that younger generations do not necessarily fi nd appealing and to which they 
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do not want to surrender anymore. In the cultural confi guration of late modernity or 
even post-modernity, young people may want to invest themselves in forms of 
knowing and being––and their related practices––that resonate with their experi-
ence in the world. Better pedagogy could help to make school mathematics more 
appealing––as suggested by the results of many recent research projects. But that 
will only be a palliative to a more fundamental rejection of the types of subjects that 
school mathematics fabricates.  

    Youth in a Postmodern Cultural Field of Becoming 

 The “postmodern” has been widely discussed as a variety of recent cultural forms 
and epistemologies confi guring since the 1960s (Lyotard  1984 ). In the area of youth 
studies, it is argued that the characteristics of current forms of social, cultural, politi-
cal and economic organization place youth in a quite unique confi guration in which 
to conform their projects of identity. Best and Kellner ( 2003 , p. 76) argue that:

  Today’s youth are privileged subjects of the postmodern adventure because they are the fi rst 
generation to live intensely in the transformative realms of cyberspace and hyperreality 
where media culture, computers, genetic engineering, and other emerging technologies are 
dramatically transforming all aspects of life […] It is a world where multimedia technolo-
gies are changing the very nature of work, education, and the textures of everyday life, but 
also where previous boundaries are imploding, global capital is restructuring and entering 
an era of crisis, war, and terrorism, while uncertainty, ambiguity, and pessimism become 
dominant moods. 

 Consequently, the youth of the new millennium are the fi rst generation to live the themes 
of postmodern theory. Entropy, chaos, indeterminacy, contingency, simulation, and hyper-
reality are not just concepts they might encounter in a seminar, but forces that constitute the 
very texture of their experience, as they deal with corporate downsizing and the disappear-
ance of good jobs, economic recession, information and media overload, the demands of a 
high-tech computer society, crime and violence, identity crises, terrorism, war, and increas-
ingly unpredictable future. For youth, the postmodern adventure is a wild and dangerous 
ride, a rapid rollercoaster of thrills and spills plunging into the unknown. 

 Such dramatic formulations highlight that not only the fast-changing entangle-
ments of digital technologies in the lives of young people are associated with emerg-
ing forms of knowing and being––as discussed by scholars tracing new cognitive 
abilities of the “Millennials” (Oblinger  2003 ). They also point to the political and 
economic changes that critical scholars have long ago identifi ed to be shaping 
youth’s current cultural experiences as much as future life opportunities (Aronowitz 
and Giroux  1991 ). All these conditions shape the way young people become sub-
jects in culture and society (Kahane and Rapoport  1997 ), and challenge what the 
historical institution of schooling has to offer to this new generation and its forms of 
life. 

 At this stage in my argument the following question emerges: What is the signifi -
cance of these studies for mathematics education? In my previous research I have 
argued that mathematics education practices and research have built quite restricted 
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views on the mathematics learner as a cognitive subject, a  schizomathematicslearner  
(Valero  2004a ) who looks like:

  [A]n outerspace visitor, with a big head, probably a little heart, and a tiny chunk of body. 
That being would be mainly alone and mostly talk about mathematics learning, and would 
see the world through his school mathematical experience. That would be a ‘schizo-being’ 
since she has a clearly divided self––one that has to do with mathematics and the other that 
has to do with other unrelated things. (pp. 40–41) 

 The discursive reduction of the learner to a cognitive subject in fact is consistent 
with particular views of mathematics education as the set of practices of the teach-
ing and learning of mathematics. It seems problematic that the disciplinary under-
standings provided by mathematics education research limit the issue of who is the 
learner and which of his/her “dimensions” are of relevance for the discipline result 
in the construction of a very narrow way of thinking about children and youth in 
mathematics classrooms. 

 What could then offer to our understanding the unlocking of youth from the cage 
of cognition and placing youth in the fi eld of cultural politics of the “postmodern 
adventure”––as Best and Kellner suggest in the citation above? It is my contention 
that the limitations to the way of reasoning about the intrinsic need of interest for 
learning as a requisite for success in school mathematics and later on in choosing a 
study and career into the STEM fi elds would simply be opened. The constitution of 
students’ motives to engage in the forms of subjectivity offered by school mathe-
matics takes place as an entanglement between themselves, their cognitive possi-
bilities and a cultural fi eld plagued with multiple possibilities to form their identity 
and subjectivity. Thus, students’ engagement with or rejection of the forms of sub-
jectivity offered by school mathematics are not the result of a trait of personality––
as for example Krapp ( 1999 ) argued to be the case of interest as an explanatory 
factor of learning. In systematic studies of patterns of study choice of young Danish 
high school students, Ulriksen ( 2003 ) has found that processes of individualization, 
the loss of orientation in family structures and tradition, and the autonomous and 
complex organization of everyday life are trends that impact the way youngsters 
identify in society. Changes in identifi cation patterns open new confi gurations for 
what young people attribute as key reasons for their choice or lack of choice of 
mathematics and science. Illeris and collaborators (Illeris et al.  2002 ) provide an 
illustration of such changes with the transformation of the question asked of youth 
about their considerations about education. The question of “What do you want to 
become when you grow up?” now has been replaced by the question “Who do you 
want to be when you grow up?” Furthermore, some studies also point to the signifi -
cance of ICT in bringing new possibilities of communication, identifi cation, think-
ing and, thereby, new forms of subjectivity (Pickering  2011 ). 

 Young students in their everyday life and also in other spaces within schools are 
learning to become a type of self whose forms of being and expression simply can-
not resonate with the modern project that school mathematics seem to make avail-
able for them. The sharp contrast between these forms of being can be seen as a gap, 
a rupture between a series of values and worldviews that mathematics as school 
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subject has historically constructed, and a series of different values rooted in the 
development of postmodern youth cultures in technology intensive, highly devel-
oped, rich Western societies. If the disengagement and rejection of young people 
with the study of STEM areas is not simply a matter of lack of “interest” but rather 
a manifestation of a rupture in forms of subjectivity made evident in the gap between 
school practices and life experiences, then pedagogical improvements and changes 
in forms of teaching the same school subjects are not enough as a “remedy” to bring 
closer these forms of subjectivity. In other words, the traditional disciplinary inter-
est of fi elds of study such as mathematics education has little to offer to this situa-
tion. The question of what to do then remains open.  

    Conclusion 

 So far I have argued that the perceived problem of the lack of interest of the youth 
in STEM areas may be understood in terms of a gap between the forms of subjectiv-
ity made available by school (science and) mathematics and the forms of subjectiv-
ity young people meet in their life in current late modern societies. I have suggested 
that generating such an understanding requires moving the study of mathematics 
(and science) education from the realm of pedagogical and didactical studies to the 
realm of the cultural politics studies of schooling. While in the last decade the politi-
cal concerns with the modest numbers of STEM graduates have directed attention 
and funding to an avalanche of developmental initiatives and research programs to 
fi nd the magic solution for raising “interest” in youth for the STEM fi elds, little has 
been done in analyzing the “problem” from a perspective that does not reproduce 
the same logic which creates it. Few existing studies using notions of identity con-
struction and identifi cation (e.g., Schreiner and Sjøberg  2007 ) have shown that the 
postmodern identities of junior secondary school students can be related to the lack 
of interest of students in pursuing science at higher levels. In mathematics educa-
tion, few studies of students’ choice of mathematics in the transition into high- 
school or senior secondary school (+16 years old) point to students’ relationships 
and identifi cation (or lack of it) with their teachers, the public images of mathemat-
ics and the gendering that is socially and culturally associated to the fi eld (e.g., 
Mendick  2005 ). In spite of taking theoretical tools that could allow a reading of 
identity construction in science and mathematics in relation to the cultural politics 
of schooling, these studies stay in an analysis within the boundaries of pedagogy 
suggesting that if the school subjects do not succeed in attracting people, new forms 
of more open and progressive pedagogy should be adopted. The studies point 
towards an interesting direction, but do not go beyond a pedagogical advice. 

 In this sense, they do not take the radical step of placing identity construction and 
subjectivity in the dynamics of the cultural politics of schooling. However, only tak-
ing this step may allow us to understand how school mathematics has become an 
important fi eld connected to culture and society. It is also in this way that we may 
face the challenges of teaching and learning school mathematics in a changing 
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 society. How the educational practices in the mathematics and science school cur-
riculum are important elements in the constitution of modern subjectivities is a 
question that remains largely unexplored, but that deserves attention from scholars 
and practitioners as well.     
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      Connecting Place and Community 
to Mathematics Instruction in Rural Schools 

             Robert     Klein    

    Abstract     This chapter uses a mixed-method approach to address practices of math-
ematics education in the context of various rural schools in the US. It reports on 
connections of mathematics instruction to place and community by developing issues 
of relevance, sustainability and social-class interaction. Special attention is paid to 
place-based education and the university-intending students, to rural insuffi ciency 
and rural affordance and to the egalitarian local/elite cosmopolitan continuum.  

      This chapter 1  addresses two questions: (a) How do rural schools connect mathemat-
ics education to local communities and places? and (b) What conditions enable and 
constrain their efforts? It draws from work by rural sociologists, mathematics edu-
cators, and rural educators in formal and informal educational settings. A mixed- 
methods approach began with a seven-site comparative case study model (Phase 
One) to cast as broad a net as possible to facilitate the identifi cation of emergent 
patterns and themes, validated by triangulation techniques. Subsequently (Phase 
Two), a random sample of N = 237 rural mathematics teachers in grades 6–12 
(teaching ages ~12–18) completed a questionnaire probing the generality of the 
Phase One themes. Results suggest three primary themes that characterize how rural 
schools connect mathematics instruction to local communities and places and things 
that enable and constrain their efforts. These were coded  Relevance ,  Sustainability , 
and  Social-class Interactions . Analysis of the survey data confi rmed the stability of 
these categories across the sample. The social, economic, political, and cultural 
contexts of rural schools and the communities they serve are suffi ciently complex to 
suggest that efforts to connect mathematics instruction to place and community are 
acts of resistance and reinhabitation (Gruenewald  2003 ,  2006 ), even if the teachers, 
students, and community members doing the work do not view it explicitly as such. 
This chapter further responds to a need for increased focus on research in/for/by 

1   This work draws on the efforts of a talented team of colleagues including Aimee Howley, Craig 
Howley, Daniel Showalter, John Hitchcock, and Jerry Johnson. This paper makes use of Howley 
et al. ( 2010 ,  2011 ), and Klein et al. ( 2013 ) but focuses more acutely on mixed-methods results than 
do those papers. 

        R.   Klein      (*) 
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rural communities and those who dwell therein. So rare is the attention to rural 
contexts and mathematics education in prominent journals, that Edward Silver, 
while editor of one such prominent journal, scolded the research community for a 
“rural attention defi cit disorder” ( 2003 , p. 2). Harmon et al. ( 2003 ) reported the 
outcomes of a conference held to defi ne a research agenda for studying rural math-
ematics and science education. They found that “Scholarship on rural education in 
the United States is relatively sparse (DeYoung  1987 ). Rural education issues rarely 
attract the attention of education professors at prestigious universities (DeYoung 
 1991 )” (p. 52). They further found that, “Most of the usual solutions provided by 
educational policymakers fail to recognize the uniqueness of rural settings (Harmon 
 2003 ; Larsen  1993 )” (p. 53). Rural schools are no less responsible to state account-
ability measures and must adhere to the same mandate for evidence-based strate-
gies, yet with so little research on the contextual factors unique to rural areas, 
teachers and school districts may not fi nd the same support that their colleagues in 
urban and suburban school districts enjoy. 

 Hence, the research team that undertook this work could similarly be character-
ized as engaging in the work of resistance and reinhabitation. There is an underlying 
activism here that seeks to support rural schools and communities by listening to 
their community members and focusing on opportunities to construct strategies that 
celebrate rural factors as assets rather than challenges. 

    Motivating Assumptions and Their Basis in Extant Literature 

 Despite signifi cant social, cultural, geographic, and economic differences, rural 
communities around the globe face many of the same challenges: rural-to-urban 
migration, economic viability, sustainability of “rural lifeways” that value attach-
ments to community and land, and community members seeing formal education as 
a mechanism for training their sons and daughters to leave the community, often 
never to return (“brain drain”) (Carr and Kefalas  2009 ; Corbett  2007 ). 

 This study proceeded from fi ve assumptions rooted in research from rural sociol-
ogy, mathematics education, and critical pedagogy. First,  rural communities are 
important to the future of every region . The world’s food, energy, and material 
resources will continue to be focal points of policy discussion at regional, national, 
and global levels (International Fund for Agricultural Development  2010 ). Solutions 
to managing these resources effectively, including alternative energy development, 
likely will be found  in  rural places (Berry  1977 ). I contend that the development of 
local talent in math-intensive subjects supports solutions that respect and draw from 
the affordances of rural places  by those who know them best.  Rural communities in 
the United States (and elsewhere) possess cultural resources refl ecting a “national 
character” rooted in rural ways of living and ‘reckoning’ (Berry  1977 ; Carr and 
Kefalas  2009 ). 

 Second, “ place ”  and  “ place-based education ” ( PBE )  are conceived loosely so as 
to be open to different interpretations of it arising in the study . Nevertheless, others 
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have defi ned these terms, including David Sobel of the place-based “Community- 
Based School Environmental Education” (CO-SEED) program: “the process of 
using local community and environment as a starting point to teach concepts” 
(Sobel  2004 ). Yet the potential scope of impacts of PBE is wide, as Paul Theobald 
suggests:

  Allow teachers to mine the curricular and instructional potential of the local community… 
and you have taken a major step toward raising the consciousness of the next generation 
with respect to the full range of circumstances—political, economic, social—affecting 
one’s home, family, neighbors, and neighborhood. ( 2009 , p. 130) 

 Following Kunstler ( 1993 ), this study proceeded from the idea that “place” is a 
distinctly rural affordance and is  not  a feature of urban and suburban locales where 
“land” becomes “real estate.” Though something like a place-based approach seems 
possible in urban and suburban locales, the authors sought exemplars of approaches 
that were inspired and motivated by (perhaps “rooted in”) place rather than just 
conscious of it. Rural locales seemed the ideal place to inquire about place- and 
community-connections in mathematics instruction given the centrality of place, 
community, and kin/family to rural places. 

 Third,  mathematics is important to sustaining rural communities  as it underlies 
all sciences and therefore fi gures greatly to the success and sustainability of rural 
communities (Klein  2007 ). Nevertheless, connecting place and mathematics instruc-
tion is fraught with a number of implicit and explicit challenges (Klein  2008 ). 
Among these is the American rejection of an “integrated” curriculum (Math 1, 2, 3, 
etc.) so prevalent in other parts of the world in favor of “compartmentalized” 
approaches that treat subdisciplines as isolated (Algebra I ⇨ Geometry ⇨ Algebra 
II ⇨ Calculus). The kinds of problems that arise naturally in the world outside of the 
classroom usually demand more integrated approaches. Also, rooting good mathe-
matics instruction in place demands that the educator is well prepared in both math-
ematics and mathematics instruction, and elementary educators (ages 5–11 
typically) in the United States often have minimal preparation in those areas (Ma 
 1999 ). Moreover, teachers of advanced secondary mathematics courses generally 
celebrate the placelessness of mathematics, exhibiting Platonic or formalist lean-
ings that result in enacted curricula largely devoid of, if not completely hostile to, 
connections to place (Hersh  1997 ). Hence the work of sustaining rural communities 
involves not only  resistance  to defi cit discourses and cosmopolitan value structures 
that prize mobility over provincialism—discourses that have fostered associations 
of mathematics success with leaving rural communities, but also to  reinhabitation  
of mathematics education discourse in rural areas (Gruenewald  2003 ). When math-
ematics instruction connects to place, it proclaims the value of both, together. Peter 
Berg and Raymond Dasmann have cast reinhabitation aptly as “learning to live-in- 
place in an area that has been disrupted and injured through past exploitation” (Berg 
and Dasmann  1990 , quoted in Gruenewald  2003 , p. 10). 

 Fourth,  place can motivate mathematics learning as important to modern rural 
life . Attachments to place are a central feature of rural communities (Theobald 
 1997 ) and represent an affordance for instruction (Klein  2007 ,  2008 ). Bauman 

Connecting Place and Community to Mathematics Instruction in Rural Schools



36

describes how, as a result of globalization, “localities are losing their meaning- 
generating and meaning-negotiating capacity and are increasingly dependent on 
sense-giving and interpreting actions which they do not control” ( 1998 , p. 3). Issues 
of access and participation matter on geographic and community scales. Rural com-
munities must be “spaces of resistance” (Castells  2004 ) instead of nostalgic fi ction-
alizing. The research team for this study harbored biases not toward white picket 
fences and pastoral longing, but rather toward supporting the right of rural citizenry 
to defi ne modern rural lifeways that can use high-level mathematics knowledge 
without having to adopt values and assumptions attached to that knowledge that 
may operate contrary to those lifeways. In Corbett’s words,

  Place-based education is not nostalgic or constructed in terms of immersion in a ‘tradi-
tional’ way of life that sits outside in modernity and in which young people learn to stay. 
Rather, [it is] an immersion in the contemporary transformations of rural places. ( 2007 , 
p. 269) 

 Mathematics should not be defi ned as a distinctly urban affordance just as attach-
ments to rural living should not be defi ned as a barrier to success in school mathe-
matics or its use outside of school. 

 Fifth,  social class tensions arise between rural schools and communities , espe-
cially where schools become “travel agencies for those who can afford tickets” 
(Corbett  2007 , p. 271). Corbett’s generational study of a rural fi shing community 
evidences perceptions of rural community members that education is about “learn-
ing to leave” (Corbett  2007 ). Carr and Kefalas document a class-driven, rural 
American “brain drain” arising from a school sorting of students into  stayers  
(receiving few community resources) and  leavers  (receiving signifi cant community 
resources). Schools are central to a social sorting: “individuals acquire and deploy 
their cultural assets to manage their position in the social order. One of the most 
important marketplaces for spending and earning this special sort of wealth is in the 
setting of a school” ( 2009 , p. 33). 

 When rural communities are categorized by “durable agrarian,” “resource extrac-
tion,” or “suburbanizing rural,” different patterns emerge for how social class is 
negotiated within and between those categories. Durable agrarian communities 
exhibit relative income equality, leading to a more egalitarian mindset. In contrast, 
resource-extraction communities and suburbanizing rural communities exhibit sig-
nifi cant income disparity and attendant class distinctions in schooling and the com-
munity (Howley and Howley  2010 ). Schools and schooling have a role in maintaining 
or changing those patterns and, as such, the roles of schools and the values that drive 
curriculum (hidden or exposed) are of incredible importance to the future of rural 
communities of all kinds. When educational institutions promote, intentionally or 
not, the out-migration of talented youth, they become agents supporting resource 
extraction. It is also conceivable that the out-migration of rural youth may refl ect the 
educational institution’s underlying values coming not from within the local com-
munity’s values, but rather from “elsewhere,” including corporatized curriculum 
and testing, state mandates, and perhaps even popular culture, which is often tied to 
cosmopolitan values. The present study, therefore cannot ignore the assumed value 
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systems that educational institutions inherit, and the ways that these values impact 
the construction of social class, (re)location, and the form of mathematics instruc-
tion engaged. 

 Contrary to the popular association of “rural” with “defi cient,” (Howley and 
Gunn  2003 ) mathematics test scores in rural schools, in the aggregate, show no 
signifi cant difference from national averages and in some cases exceed the national 
average (Fan and Chen  1999 ) though regional variation is signifi cant (Lee and 
McIntyre  2000 ). Such broad snapshots often overlook the complexities that play out 
in more regional or local contexts. Recently, Klein and Johnson ( 2010 ) compared 
ninth-grade state mathematics test scores between rural and non-rural schools and 
found that rural schools erased the infl uence of poverty on mathematics achieve-
ment for females and minorities. 

 Rural schools use the same textbooks and must adhere to the same state-level 
standards as urban and suburban schools. Teachers (in all locales) rely heavily on 
textbooks and attend to “meeting” the standards (often in checklist style) so the 
infl uence of these on the educational mission and the communicated values are 
often those of population centers generally, and more particularly, populous states 
that wield political infl uence nationally (such as Texas and California). The current 
U.S. environment of national accountability resulting from No Child Left Behind 
legislation makes the creation of a more “local” curriculum a radical one. Teachers 
who create place-based curriculum may risk signifi cant investment of human and 
political capital (Klein  2008 ). Hence, the relative absence of research on place- 
connected approaches to mathematics instruction seems understandable though 
lamentable.  

    Methods 

 This study addressed two primary research questions: (a) How do rural American 
schools connect mathematics education to local communities and places? and (b) 
What conditions enable and constrain their efforts? The breadth of such questions 
suggested a mixed-methods design involving two overlapping phases: a cross-case 
comparative study and a broader survey to probe the generalizability of themes in 
the fi rst phase. The Phase One data set was considerably large (>1,500 pages of 
transcribed interviews and focus groups) and involved a multiple-case study design 
with a two-stage analysis consisting of an inductive coding for emergent themes at 
each site followed by a cross-case analysis using multiple readers, a cross-site 
matrix, and detailed audit trails (Miles and Huberman  1994 ). For Phase Two, the 
research team used Phase One themes to design and construct a survey instrument 
that was administered to N = 237 rural mathematics educators. Exploratory factor 
analysis (EFA) indicated four latent factors consistent with themes derived from 
Phase One themes. The two phases are outlined below, followed by analysis of the 
results and implications.  
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    Data Collection 

    Phase One: Cross-Case Comparison 

    The Sample 

 A number of ongoing projects formed the bases for a network of nominators for 
research sites though this involved others besides mathematics educators. Work in 
place-based  science  education is more present in the literature and is often tied to 
environmental education more specifi cally. The COmmunity-based School 
Environmental EDucation (CO-SEED) project at Antioch University has engaged 
pre- and in-service teachers in place-based education development resulting in sev-
eral schools active in engaging place in the service of science education. A group of 
Alaskan educators has worked with pre- and in-service teachers to engage the 
Yup’ik cultural resources actively in mathematics instruction. The Appalachian 
Collaborative Center for Learning and Instruction in Mathematics (ACCLAIM) 
worked with multiple cohorts of PhD students in mathematics education and devel-
oped a network of scholars interested in improving mathematics instruction in rural 
Appalachia. The present study was funded by a grant from the National Science 
Foundation to ACCLAIM. 

 Together, the network of 58 active place-based educators in science and mathe-
matics education constituted a rich source of nominations for the present study. 
Scholars and educators from this network nominated sites they thought might evi-
dence place-based approaches to mathematics instruction across a variety of grades 
and in a variety of locations across the United States. Sixty-one sites were proposed 
for investigation, from which the research team selected a smaller subset to refl ect 
variety in geographic locations, and grade range. These sites were contacted by 
phone to determine their willingness to participate and to get a preliminary sense of 
the extensiveness of engagement with place-based pedagogies. This resulted in 
identifi cation of the fi nal seven sites studied here. 

 Capturing the variety represented in the seven sites is not possible in the space 
provided, so the research team has constructed a monograph that compiles individ-
ual site case studies that detail site-specifi c data and fi ndings (Howley et al.  2010 ). 
A snapshot of each site is presented below to contextualize the data and the fi ndings. 
State names are accurate but all other names have been changed consistent with 
ethical practices appropriate to this type of research. 2   

    Underwood, Ohio 

 Underwood Local School District, located in rural Appalachian Ohio, has just one 
campus containing an elementary school and a high school and serving ~900 stu-
dents in grades K–12 (typical ages: 5–18). Approximately 60 % qualify for 

2   Descriptions are modifi ed from those given in Howley et al. ( 2010 ). 
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subsidized meals (as a result of relatively low family income) and the median house-
hold income for the district in 2000 was ~30,000 USD. Middle school students 
(typical ages: 11–14) have consistently performed close to the Ohio average and 
have met Ohio standardized profi ciency requirements for many years. The teacher, 
Ms. Miller graduated from Underwood High School and now teaches sixth-grade 
mathematics at Underwood Elementary. Ms. Miller’s students engage in commu-
nity-inspired mathematics projects throughout the year, including Relay for Life 
(students collect and track money and graph lap speeds for the cancer charity run/
walk), Pi Day, and a stained-glass project that focuses on geometry and measure-
ment in creating artwork.  

    Gladbrook, Alabama 

 Gladbrook City School District is located in a rural county of southern Alabama. 
The city of Gladbrook has a population of ~2,000. As of 1999, 40.7 % of families 
with related children of 18 years or younger live in poverty, and 55.65 % of students 
in the county receive free or reduced-price lunches. Gladbrook City School District 
enrolls 162 students in the high school and 84 students in the middle school. 
Gladbrook High School received a bronze medal rating from  U.S. News and World 
Report ’s list of America’s Best High Schools. The average ACT composite score for 
2006 was 19.7 (nationally in 2006, 1.2 million students, or 38 % of high school 
graduates took the test for a composite score mean = 21.1, sd = 4.8). 3  Students par-
ticipate in an aquaculture program, actively maintaining fi sh environments (moni-
toring pH, population size, health), tracking and fostering fi sh growth, and eventually 
selling the fi sh at a community fi sh fry that generates funds to sustain the program. 
A turf management program at the school similarly responds to local economic 
strengths (Fig   .  1 ).   

    Hanover, Kentucky 

 Hanover High School enrolled 1,091 students in 2007–2008, with approximately 
half of the student population participating in subsidized meals. The school is situ-
ated on the edge of a city of more than 11,000 residents but is far from an urban 
area. On the Kentucky-mandated assessment, Hanover’s mathematics scores were 
below both district and state averages in core content measures of 11th grade 

3   The ACT is a college readiness assessment administered in the United States to students in sec-
ondary school wishing to enter post-secondary education. It is used by many institutions of higher 
education in the United States, along with the similar SAT, as part of college admissions decisions 
and sometimes placement into mathematics and English courses. The ACT reports an overall com-
posite score (1–36), with 36 being the highest score, as well as subject-specifi c composite scores 
(also 1–36) for English, Mathematics, Reading, Science Reading, and Writing. 
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mathematics, and below the college 4  readiness (ACT-PLAN) scores of the district 
and state in mathematics. However, in 2007–2008, the school had a 91.5 % gradua-
tion rate and a 57.3 % college attendance rate, both signifi cantly above district and 
state averages. Agriculture programs are popular at the school, and a collaboration 
between a mathematics teacher with musical interests and the agriculture “shop” 
teacher led to a foundation- and community-supported “lutherie” program where 
students built stringed instruments from raw lumber (not kits). The program is 
unique among American high schools and brings together university-intending stu-
dents with agriculture program students—groups that would otherwise likely not 
take a class together in their junior and senior years.  

    Hamilton Collaborative, Nebraska 

 The Hamilton District Collaborative is now a consortium of four independent school 
districts led by a single superintendent, through a unique arrangement among the 
local boards. Nine schools are involved, and each district operates its own high 
school, with high school (grades 7–12) enrollment ranging from 45 to 197 students. 

4   The word “college” used throughout this chapter, refers to post-compulsory graduation. It may be 
used synonymously with “university” as is the practice in the United States. 

  Fig. 1    A Hanover student 
holds the ukulele he built       
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The subsidized meal rate for all elementary schools combined was about 31 % in 
2007–2008, and family incomes in the four communities vary from about 35,000 to 
46,000 USD while poverty rates for families with children under 18 range 0–12 %. 
ACT composite scores in the two longest associated districts were ~22. The study 
conducted interviews at all high school locations. This site is the most complex 
“case” in the study—in many ways a counter-example, or perhaps representing 
place-based practices in decline. Most teachers in the study viewed place-based 
approaches as ill-suited to the distance-learning technologies being used to address 
concerns about itinerant teaching across the districts. Hence, the site offered few 
examples of specifi c place-based approaches but a rich set of reactions to them.  

   Twin Oaks, Vermont 

 A number of small town New England districts operate only a single K–6 school. In 
such circumstances, these very small town districts pay public funds to nearby pri-
vate institutions to school their children. Twin Oaks, a K–8 school, accepts such 
tuition students from neighboring towns. Hence, unlike the other schools in this 
study, Twin Oaks (founded in the 1960s) is a non-profi t private school. In 2007–
2008, the school enrolled a total of 127 students, about 35 % of whom receive 
scholarships (school reported data). Median household income in the area was 
about 5 % below the national average (for 1999) of 42,000 USD, whereas just 8.2 % 
of families with children under the age of 18 existed on incomes below the offi cial 
poverty line (as of 1999). Twin Oaks students engaged in “tree plot math,” a 6-week 
project related to the local industry of timbering. They were assigned plots of land—
often triangles, circles, or quadrilaterals—from which they gathered data about the 
trees in their plots, graphed the results, calculated the worth of their trees, visited the 
sawmills, and occasionally presented their fi ndings to the school’s board of trustees 
(e.g., to help the trustees decide whether or not to log the entire tract owned by the 
school).  

   Edgewater, Maine 

 Edgewater Community School is on an island more than 10 miles from the coast of 
Maine. Though not affl uent, Edgewater is not a classically impoverished rural com-
munity—family incomes were just 5 % lower than the state average (U.S. Census 
Bureau  2000 ). The poverty rate for residents under the age of 18 was just 2.8 %. 
These fi gures may refl ect the relative equality of income distribution among the 
island’s year-round residents: 29 % of the families subsist on incomes of less than 
35,000 USD; 58 % have incomes from 35,000 to 75,000 USD; and just 13 % of 
families have incomes of 75,000 USD or greater. The upper grades outperform the 
state on mathematics profi ciency by a substantial margin. Clamming is a signifi cant 
economic activity for the island though tourism is the primary one. While place- 
based approaches were seen across the grades, and largely due to staff affi liations 
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with the aforementioned CO-SEED program, the upper grades implemented a more 
extensive place-based effort than the lower grades. These included the design and 
construction of pea-pod boats and an all-electric vehicle that was demonstrated in 
Washington, D.C. (Fig.  2 ).   

   Grover, Washington 

 Grover Junior Senior High School is located between two Pine Valley towns along 
the valley’s primary highway (2002 populations were around 1,000 and 400 respec-
tively). In 2007–2008 the school enrolled about 250 students in grades 7–12, with 
~31 % of students eligible for subsidized meals (vs. 38 % statewide). Grover gradu-
ated 92.1 % (vs. state average of 72.4 %). Grover and the Pine Valley Elementary 
School share a campus and are the only schools in the district. Teachers come to 
know students in the district and their families well over the 6 years students spend 

  Fig. 2    Sea-life, pea-pod boats, and an electric car from Edgewater       
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at Grover and students do well on standardized state tests. Ms. Engels, the only 
middle-school mathematics teacher, invites community members to her classes to 
describe the mathematics they use in their daily work. She has received local foun-
dation support to subsidize parental and community member visits and her “Careers 
in Math” presenters have included a local fi ber artist, a bicycle shop owner, and a 
video game designer who is also an alumnus. A second initiative, “Math 
Communities,” brings parents to school every 2–3 weeks to lead small groups of 
students through multi-step word problems. Parents are given educational “primers” 
on the problem in advance, and these primers include pedagogical hints, assessment 
details, and various examples of student work showing different correct and incor-
rect responses.  

   Protocols and Procedures 

 The research team developed semi-structured interview protocols derived from 
prominent  a priori  themes emerging from the research literature and from experi-
ence working with rural mathematics teachers, students, parents, and administra-
tors. Interview protocols were developed for administrators, teachers, and other 
community members; and focus group protocols were generated for parents and 
students. Items were stated generally and akin to “Our study focuses on mathemat-
ics instruction that draws on or makes use of local places and communities. How 
does what you do with your students fi t in with this way of thinking about instruc-
tion?” An observation template was also used across the sites to standardize format-
ting of fi eld notes and observations of classes. The scope of data collection from 
1-week site visits in 2007–2008 included 85 interviews, 27 observations, and 30 
collections of fi eldnotes. At the Twin Oaks Vermont site, the fi eld researcher arrived 
to fi nd the school shut down because of an outbreak of  pediculosis capitis  (head 
lice) that closed the school for 3 days of the week-long visit, limiting the data avail-
able at that site to just three interviews. 

 Interviews and focus groups were transcribed verbatim (~1,500 pages) and rele-
vant artifacts including fi eld notes and collected documents were scanned and orga-
nized. Transcripts were analyzed using fi rst, an inductive generation of codes and 
the cataloging of emergent themes from each case, then comparing codes and 
themes across cases. Three members of the research team organized the data into 27 
categories and identifi ed emergent themes through discussion wherein a proposed 
theme was then tested against the data for possible support using a cross-site matrix 
that charted the prevalence of a theme across the different sites and data sources 
within that site. Eventually, three themes emerged as salient— Relevance, 
Sustainability,  and  Social-class Interactions  (with attendant subthemes). These 
were used to guide item development in Phase Two.   
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    Phase Two: The National Survey 

   The Sample and Questionnaire Development 

 Beginning in Fall 2010, the research team developed a questionnaire based on the 
three Phase One themes (Relevance, Sustainability, Social Class Interaction, dis-
cussed in the results section below). The team used a “cognitive lab” (or “think- 
aloud”) protocol to observe two participants complete the instrument (Willis et al. 
 1991 ). This provided insight into how participants might read and think about each 
item, if the item was clear, and if participants had relevant thoughts or perspectives 
not captured by items in the survey. One change made as a result of the cognitive lab 
was that the research team added Item 1: “To what extent do you agree with the 
statement ‘Math is everywhere.’?” This decision arose from Phase One fi ndings that 
nearly all informants accepted the math educator’s war cry “Math is everywhere” 
yet struggled to identify  which  math was  where  and being used  by whom . In total, 
the survey totaled 41 items comprising 30, fi ve-point Likert-type (“Strongly Agree” 
to “Strongly Disagree”) items focusing on the three Phase One themes; 10 demo-
graphic items, and one open response items to capture miscellaneous comments. 

 After 30 participants piloted the revised questionnaire, the research team used 
National Center for Education Statistics (NCES) data sources to list all grade 6–12 
public schools with Locale Codes of 41, 42, or 43 (Rural-Fringe, Rural-Distant, or 
Rural-Remote). The sample from this frame was 3,000 participant schools chosen 
randomly using SPSS statistical software package (IBM Corp. 2012). This set was 
further reduced by removing charter schools and schools with zero enrollments, 
leaving 2,923 schools. Respondents provided data via an online survey tool. 
Response rates were poor (4 %) initially so the research team used school websites 
to identify teacher names and emails corresponding to a sub-sample of the schools 
listed in the original sample and incentivized teachers’ participation with a chance 
to win a prize valued at 100 USD. Complete responses rose to n = 237 using this 
approach and data collection was subsequently halted once this phase ran its course. 
As is true of most surveys of this type, sample bias is a concern though demographic 
results suggest geographic representativeness of the data (Klein et al.  2013 ).    

    Results 

 In addressing the research questions of how rural American schools connect math-
ematics instruction to community and places and the conditions that sustain or con-
strain their efforts, analysis of the qualitative Phase One data identifi ed three sets of 
dynamics explaining place- and community-based initiatives at all sites: (a) how 
 relevance  justifi ed PBE initiatives, (b) which conditions  sustained  certain initiatives 
while jeopardizing others and (c) how initiatives embedded opposing perspectives 
on the ways each site responded to  social class interactions  (Howley et al.  2011 ). 
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Exploratory factor analysis (EFA) of Phase Two survey data suggested four factors 
(labeled A-D, Appendix  A ) should be extracted. Bartlett’s test of sphericity was not 
signifi cant and Kaiser-Meyer-Olkin measures did not change. A parallel analysis 
using polychoric factor analysis served as a further sensitivity check since the sur-
vey did not yield continuous items. The difference between the two approaches was 
trivial so EFA results are given in Appendix  A  with polychoric factor analyses 
reported in parentheses. 

 At fi rst glance, Factor A confi rms the theme of  Relevance to Students  ( their lives, 
their futures, their talents ). Factor B comprises only three items, all of which relate 
to  Higher Level Mathematics and College . Factors C and D both relate to 
 Sustainability  though Factor C has more to do with  Community Support and 
Resources , whereas Factor D items probe the ease of connecting instruction to place 
and community, and the barriers and  teacher -perceived challenges to sustainability. 
As such, the items in Factor D cohere rather well around a theme of  Barriers and 
Challenges to Sustainability . That is:

   Factor A:  Relevance to Students   
  Factor B:  Higher Level Mathematics and College   
  Factor C:  Sustainability: Community Support and Resources   
  Factor D:  Sustainability: Barriers and Challenges    

Reliability of the factors was calculated as

   Factor A: Alpha = .859 (increases to .863 if A10 dropped)  
  Factor B: Alpha = .702  
  Factor C: Alpha = .777 (increases to .790 if C7 dropped)  
  Factor D: Alpha = .543 (increases to .548 if D7 dropped).   

Hence the fi rst three factors have moderate to high reliability while Factor D has 
relatively low reliability. Correlation between the factors was relatively low, as indi-
cated in Appendix  B . The results confi rm the relative stability of Phase One themes, 
each of which is further discussed below. 

    Theme-by-Theme Analysis 

   Relevance 

 Relevance was cited as a rationale for place-based mathematics many times at all 
sites in the Phase One study. Phase Two survey work confi rmed the salience of the 
theme, with 99.2 % of the respondents indicating some agreement (or strong agree-
ment) with the statement “Mathematics is everywhere” (M = 1.11, s = .342, n = 246). 
Participants also indicated high levels of agreement with the statement A6: “Students 
are more motivated to learn mathematics when they see it as being relevant to their 
daily lives” (Table  1 ). Phase One informants generally characterized this kind of 
connected mathematics as “concrete” (instead of abstract) and examples they gave 
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for “relevant mathematics” almost always involved arithmetic and/or measurement 
and never anything beyond very basic algebra. More abstract mathematics was seen 
as less relevant to “real life.” One high school mathematics teacher in the study 
commented:

  We don’t really do anything in places … I would say, maybe in the shop class is where 
you’re going to fi nd that. The closest we’re going to come to that is just story problems, and 
we do an awful lot of application [in story problems]. 

 Despite this, items A8 and A9 of the survey probed teachers’ beliefs about reme-
dial and advanced students’ appreciation of place-connected approaches. Teachers 
had high levels of agreement that both groups “liked” such connections.

   The Edgewater site was the only exception to this belief among mathematics 
teachers in Phase One—at Edgewater, higher-level mathematics courses used place 
in mathematics instruction routinely. Evident in the quotation above is another com-
mon feature of the data—without exception, vocational teachers (shop, agriculture) 
engaged place and community in instruction extensively. Still, the underlying 
assumption among those teachers was that their students were not likely to attend 
college and that place- and community-connected instruction was essential prepara-
tion for “staying” (cf. Carr and Kefalas  2009 ). Items C4, C5, and C7 directly 
addressed “stayers” and “leavers” relative to mathematics performance and use and, 
though read as loading onto a sustainability factor, are relevant here. Results for 
these items suggest neither fi rm agreement or disagreement regarding the opportu-
nities for students to apply mathematics in local communities or for students who 
do well to leave, though item C7 did register the second-highest level of disagree-
ment of any item, thus lending some credibility to claims from the literature of the 
effects of brain drain in rural areas and mathematics success as a particularly keen 
marker for leaving. 

 Data from all sites similarly suggested that  perceptions of relevance  motivated 
students to do mathematics. The middle school mathematics teacher at Grover 
commented:

  The number one thing would be that they see relevance in what they’re learning and that it’s 
sort of a motivational factor to stay engaged in math and to learn math. Of course … maybe 
[it’s] not the best instruction or whatever, but that’s defi nitely secondary. 

 The “math as secondary” concern arose in the Hanover “lutherie” program as 
well where time pressures forced a choice between teaching the mathematics 
(logarithms, symmetry and measurement mathematics) that underlay instrument 
design and completing the instruments by the end of the year. The math was sac-
rifi ced. In the year the research team visited, the mathematics teacher (who part-
nered with the agriculture teacher) became the assistant principal for the school 
and had less of a role in the class, likely contributing to the de-emphasis of the 
mathematics. 

 The grandparent of a Gladbrook student involved in the aquaculture program 
thought that place-based mathematics lessons could motivate students to do math 
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without their knowledge of doing math. He described this “covert motivation” in 
terms of:

  My grandson … says he can’t do math … but he gave those fi sh one tenth of a milligram of 
… pituitary hormone, but  he can’t do math!  … If you were showing him that he was doing 
math, he’d probably twitch. But if you don’t tell him … he just goes on and does it. 

 Phase Two data confi rmed the generalizability of perceptions of relevance as 
motivational, with item A6, “Students are more motivated to learn mathematics 
when they see it as being relevant to their daily lives,” receiving strong levels of 
support. Item A10 results suggest that most teachers (67.2 %) in the sample view the 
mathematics they teach as applicable to students’ everyday lives. The Phase Two 
survey did not probe further for the reasons for this though Factor D barriers such as 
state standards coverage (item D5) or the amount of time it takes to create such les-
sons challenge item A10 fi ndings.  

   Sustainability of Place-Based Approaches 

 In Phase One, three interrelated conditions were deemed most relevant to supporting 
sustainability of place-based approaches. These included: the presence of a “cham-
pion educator,” the relative balance of obstacles and affordances, and participants’ 
beliefs in the future of the local place and community. Phase Two fi ndings found sup-
port for the theme of sustainability, divided into Factor C: Community Support and 
Resources (Alpha = .777), and Factor D: Barriers and Obstacles (Alpha = .543). 

 Some educators were willing to devote signifi cant energy and time to sustaining 
the approaches. These  champion educators  were important to sustaining place- based 
approaches for many reasons. Place-based curriculum is inherently local and ill-fi tting 
textbook teaching, so designing and implementing lessons involved signifi cant effort. 
The Edgewater principal was far and away the strongest champion in the study. In 
fact, his support of place-and community-based education briefl y cost him his job as 
principal when he disagreed with a powerful school board member who wanted more 
traditional approaches. Students and parents rallied and he was reinstated. 

 At Gladbrook, the founder of the aquaculture program returned to the school 
from retirement when he determined that the program was dying absent his steward-
ship. At Grover Middle School, Ms. Engels understood the balance that a champion 
must maintain between competing pressures:

  When you’re in a small school, that’s what happens: you teach every class and so you’re 
scrambling, and then the state’s asking you to teach all these things, and, then you’re giving 
up [classroom] time for community members. 

 The  ease of implementation  is informed by these and other pressures that may 
deter would-be champions from pursuing place-based approaches. Still other  factors 
contribute to the ease of implementation of place-based approaches including fi nan-
cial resources given the costs of fi eld trips and consumable materials. Edgewater 
was the site most engaged in place-based approaches and this was facilitated by the 
nearly 23,000 USD spent per student per year by the school. In contrast, other 
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schools, such as Hanover, spent under 8,000 USD per student. In the case of 
Hanover, the lutherie program resulted from several grants won by the two teachers 
and sustained by yearly community auctions of ukuleles built during the project. 

 Though money and administrative support were important factors,  time  was cited 
as the more critical resource determining ease of implementation. In the United 
States, a middle- or high-school teacher might have, on average, 1 h per day (during 
school hours) for planning, and this is often spent grading or tutoring students—
offering little time to use for creative activity. But student time was also signifi cant: 
students in Hanover’s lutherie class met 2 h per day, 5 days per week for the class 
and, for university-intending students, this often meant choosing between the luthe-
rie class and a university-preparatory class. Administrative support was a key factor 
in ease of implementation and it presented issues for teachers in the study, but also 
for the administrators (see Howley et al. ( 2010 ) and ( 2011 ) for further discussion). 

 In Phase Two, participants were divided about support from colleagues and 
administrators (C1–C2), and only 31.7 % of respondents saw parents as supportive 
of community-connected mathematics (C3). 

  Seeing value in local places  precedes seeing them as valuable resources for 
instruction. A frequent theme in the data from all sites was how the informants per-
ceived their local area and community, but also small towns and rural locales more 
broadly. One Hamilton Collaborative informant connected the declining popula-
tions of many small towns and rural areas to the inevitability of consolidated school 
districts, thus reorganizing the social landscape. His was a vision of a disappearing 
way of life. 

 Other communities, such as Grover, experienced an increase in population that 
brought about shifts in demographics and in values. Grover is located in a moun-
tainous recreation area and was primarily a rural-recreation zone supported season-
ally by cross-country skiers in the winter and hikers in the summer. The arrival of 
high-speed Internet in the valley brought with it wealthy telecommuters from sub-
urbs of a nearby major city. The social and economic impacts of this in-migration 
were signifi cant and played out in the schools. A school parent new to the valley saw 
peaceful cohabitation and described a “vibrant, open community,” whereas others, 
including Ms. Engels, discussed the rising property values and cost of living and 
how it resulted in the rearrangement of families in the valley with wealthy families 
and expensive real estate to the north and less wealthy families to the south. 
Therefore many native residents and newcomers saw the future of the valley differ-
ently from each other, with newcomers talking about the new opportunities that 
were present in the valley and native residents worrying about the redistribution of 
resources and land. 

 Year-round Edgewater residents believed strongly in the future of their island 
and its continued way of life and, not surprisingly, offered a lot of support for place- 
based approaches that communicated value to both learning and rural lifeways 
simultaneously. They were most optimistic about the future of the island though 
they understood that the future of the island depended on the money from wealthy 
summer residents though that brought with it increasing property prices and differ-
ent educational values. 
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 Perspectives on the future of different communities interact strongly with social 
class interactions. In fact, one could characterize this in terms of “seeing one’s 
place” which reads, in English, on a material level (perceptions of my physical 
locale, its organization and resources, and the people therein) but also on a social 
level (perceptions of my role in society, my economic or social limitations, and the 
interactions of people and their institutions). 

 Phase Two data were revealing. Only 15.9 % of respondents indicated some level 
of agreement that their community offered opportunities for applying mathematics 
topics (C4) and this was echoed in item C7 where only 6.9 % of respondents agreed 
that students with strong math skills would be likely to settle in their community. 

 Factor D, relating to barriers to sustaining place-connected approaches, regis-
tered two-thirds of participants agreeing that lower-level mathematics was easier to 
connect to daily life than higher-level mathematics (D1), and 74.1 % of respondents 
fi nding that the mathematics of daily life mattered more to the futures of some stu-
dents than others (D3), despite low agreement (37.4 %) with the belief that their 
typical student would only need basic mathematics in his or her daily life. This fac-
tor had the lowest reliability (Alpha = .543) but this may have arisen from the broad 
range of grades surveyed. Future research will explore the distinction in these 
beliefs according to grades taught.  

   Social- Class Interactions 

 After fi nding 50+ pages of transcript data concerning perceptions of the disposition 
of resources, power, and institutional(ized) behavior, the research team concluded 
that the social and economic conditions described by the informants could be clas-
sifi ed broadly as “social-class interactions” with equal emphasis on all three words. 
The web of relations constituting these interactions makes this the most complex 
dynamic and the team did not engage the data to specify distinct, cross-case 
“classes.” Indeed, the organization (and reproduction) of “the social” emerged as a 
construct defi ned locally yet according to more global and cosmopolitan infl uences 
(cf. Bauman  1998 ; Theobald  2009 ). In the case of Grover and Edgewater, classes 
seemed to be defi ned according to “native” versus “newcomer” (“year-round resi-
dent” versus “summer resident” in Edgewater) though this was tied to measure of 
wealth. In the case of Hanover, there was a class distinction, not always tied to 
wealth, between “college-preparatory” and “agricultural/vocational” students. 
Hamilton Collaborative, like Grover, had income distinctions that mapped them-
selves geographically (wealthier residents to the south and less affl uent residents to 
the north at Hamilton and the reverse at Grover). 

 Four overlapping subthemes structured the research team’s Phase One fi ndings 
within this theme: (A) Participation in place-based education as a barrier to the suc-
cess of certain students wishing to enter university, (B) Rural insuffi ciency and rural 
affordances, (C) Egalitarian localism and (D) Elitist cosmopolitanism. This theme 
was not separate from the previous two, but infused throughout them. Indeed, the 
results of the exploratory factor analysis found only three items loading on this 
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theme, with obvious social-class themes throughout many other items loading on 
the other factors. In both phases, “relevance” was defi ned differentially according to 
social class interactions at the various sites (relevance to whom, for what purposes). 
Similarly, “sustainability” involved political negotiation and the distribution of 
resources including time, money, and sanctioning of curriculum.  

   Subtheme A: Place-Based Education and the University-Intending 
Students 

 Parents and students at all high schools except Edgewater saw participation in 
place-based mathematics as an obstacle to or distraction from coursework necessary 
for admittance into a good university with a good placement into mathematics 
courses. Phase One Item C3, already mentioned, confi rms this somewhat, with only 
31.7 % of rural educators surveyed agreeing that parents support community- 
connected mathematics instruction. At the same time, the data from both phases 
evidenced perceptions that a place-based education was either appropriate to or 
important for the non-college bound. The concerns centered partially on the time 
that place-based activities “took away” from (traditional) classroom instruction, but 
also on the devaluation of some kinds of knowledge (including concrete and applied 
knowledge) and pedagogies (hands-on) in favor of other kinds of knowledge 
(abstract and pointed toward calculus) and pedagogies (individual learning, direct 
instruction). 

 The time commitment involved in place-based approaches was a common con-
cern as refl ected by a parent response: “a lot of people aren’t going to be able to 
benefi t from it because if they do they’re not going to be able to fi t in everything else 
that they need to have in order to go for that [university] degree.” The assistant prin-
cipal at Hanover described the stakes involved in the choice between participating 
in the lutherie class or not:

  One of our very, very bright students opted not to [take an Advanced Placement class] 
because he would have to have given up a lutherie class to take an Advanced Placement 
class in order to earn a Commonwealth Diploma [an advanced diploma]. And he said, 
“While I’m in high school this is something I want to do.” And he gave up the opportunity 
for a Commonwealth Diploma just to participate in the lutherie program. 

 In Phase Two, 80.2 % of respondents agreed that “connecting mathematics to 
students’ everyday lives can help prepare them for coursework in a four-year univer-
sity.” Hence survey respondents saw the choice above (place-connected approaches 
versus preparing for university) as a false choice even though most Phase One infor-
mants (educators, parents, and administrators alike) saw this as a very real tradeoff. 
For instance, an Edgewater school board member said,

  Some people were really worried that we were doing  integrated math type stuff . That the 
kids were going to miss out and not do as well on tests or in getting into [universities] where 
they had to have—if they were going to do math. [emphasis added] 
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 This could be read in a number of different ways according to pedagogy or math-
ematical content. In one reading, there is a negative association with “integrated” in 
which the perception that the  organization  of mathematical topics, independent of 
either the  pedagogy  or the mathematical (topical)  content , defi nes the value of the 
mathematics preparation. Yet another reading centers the  content  as most valuable, 
with the “stuff” being the important feature of the sentiment. In this reading, the 
topics that a student sees are what determine the worth of the preparation for col-
lege. A (perhaps not) fi nal reading would highlight the association of “integrated” 
with a  pedagogical  approach that handicaps a university-bound student who might 
see the same content as students in “traditional courses” but in ways that negatively 
impact his post-compulsory educational opportunities. Contextual clues in the sur-
rounding dialogue did not offer insight into which of these (or other) intentions the 
speaker had. Given the second-hand nature of the comment, it perhaps excites less 
of an evidentiary note and more of a theoretical appreciation of the complicated 
nature of defi ning what is valuable and to/by whom. 

 The differentiated treatment toward the university-bound and the non-university- 
bound students, as well as the prejudicial sorting of students established a docu-
mented social-class structure (arguably one of many). Factor B items evidenced 
only one quarter of those surveyed agreeing that all students can do higher-level 
mathematics, and only a third suggesting that schools should prepare all students to 
go to college (not the same as “all students will go to college”). In strange contrast, 
only 13.5 % of teachers surveyed agreed that “some students will never be ready for 
college-level mathematics.” This seeming contradiction is diffi cult to explain using 
the extant data and merits further study.  

   Subtheme B: Rural Insuffi ciency and Rural Affordance 

 This category bears obvious similarities to Factors C and D above but is worth not-
ing here as a subtheme because it was not simply informants’ perceptions of the 
future prospects of their community that mattered, but how they understood, lived, 
and evaluated “rural.” In this way “ rural ”  is itself a class distinction  defi ned in con-
trast to and measured against “non-rural” urban and suburban or metropolitan. This 
distinction was seen in many cases in economic terms—between not having and 
having—and social terms—between progressive and backward. Though the team 
catalogued a number of reactions and perceptions in Phase One about rural/urban 
(people/places) and small-/big-town (people/places) generally, the focus here is in 
terms of the extent to which it informs education. The research team constrained 
Greeno’s (actually Gibson’s) concept of “affordance” as “whatever it is about the 
environment that contributes to the kind of interaction that occurs” (between agent 
and situation) to contributions to successful implementation of place-based 
approaches (Greeno  1994 ). “Insuffi ciency” here refers to a sense or perception of 
“not enough” or “lacking” relative to some minimum standard (“suffi cient”). 
Moreover it reifi es extant stereotypes of “rural” as synonymous to “defi cient,” 
“backwards,” and “stupid.” 
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 A high school science teacher at Hamilton Collaborative described rural insuffi -
ciency in terms of “big” and “small”: “when you live in a rural community, your 
sphere of what you see and know is small, until you can somehow reach out and 
maybe come back in. And then you can see that there’s a lot more application that 
you can do if your vision was bigger.” In this view (“until you can somehow reach 
out”) education seeks the “big” picture and this involves leaving (Carr and Kefalas 
 2009 ; Corbett  2007 ). Her colleague, a high school mathematics teacher, further 
indicated, “I imagine there isn’t the experiences of a variety of things available in 
your smaller community, as there is in your larger communities. You have more 
access to a larger … things.” 

 A middle school science teacher in Gladbrook associated “small” with “insuffi -
cient” and lamented that education prepared people to be successful “somewhere 
else”:

  Gladbrook is really small as you’ve seen I’m sure. There’s not a lot of industry or business 
here. So with Gladbrook being so small and the community being as it is, a lot of kids are 
not going to stay in the community. They’re going to leave and go somewhere else because 
there’s no jobs. So as applying it back to this community it’s not very much but when they 
go out to other communities, that’s when they’re going to apply it. Which is sad. 

 Such perspectives inevitably hold little hope for place-based instruction in those 
areas given that educators are not likely to use an “insuffi cient” resource as the 
motivation for and site of instruction. A Hamilton Collaborative student saw a rural 
insuffi ciency directly in terms of mathematics learning:

  To get more advanced math, you would have to probably go somewhere other than [here] to 
get more, like, trigonometry or geometry, because sometimes people locally might not use 
that kind of math so you might have to go to a bigger community to fi nd it. 

 For this student, his route through the mathematics curriculum was a route head-
ing away from his home. Researchers at Underwood (Ohio) heard about local eco-
nomic downturns and low prospects for jobs in the area motivating a more outward 
focus for applications. Opportunity was created by education and opportunities 
resided elsewhere. The lessons used by the elementary school instructor there were 
much more about a generic community “Race-for-a-Cure,” “pi day” involvement 
than about involvement in activities central to Underwood. 

 Items C4, C5, and C7, in particular, evidenced more general equation of “rural” 
with “insuffi cient.” It is perhaps the insuffi ciency of resources (to apply mathemat-
ics to, to draw from, to fi nd employment with) that serves more than anything else 
to defi ne class structures of any type. Sherman studied a small town that went from 
economically diverse with the presence of a logging industry, to economically equal 
(and poor) when that industry left. In the absence of economic distinctions to defi ne 
class, the community engaged in a moral calculus to differentiate social classes 
within the community (Sherman  2009 ). The fi ndings here add evidence to Sherman’s 
work and to the importance of seeing latent community resources and an optimistic 
vision for one’s community, but also for seeing how latent resources and their dis-
tribution (social, economic, or otherwise) are tied to the creation and maintenance 
of class structures. 
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 In Grover, Edgewater, Twin Oaks, and Hanover, researchers found more instances 
of perceptions of how local places and communities were an affordance for good 
instruction. Twin Oaks had a large plot of land on which the school was situated and 
this allowed for a number of “tree-plot” investigations on site. Hanover students 
made two ukuleles during the year, one to keep and one to contribute to the end-of- 
year auction. The ukuleles sell out each year and fund another year of the program. 
Interest in the lutherie programs was sustained somewhat by the prevalence of boat- 
building and some lumbering in the area. 

 In contrast, at Grover, Ms. Engel equated “rural” with “small” but saw smallness 
as an affordance:

  I know a lot of people because I’ve lived here a long, long time and I know a lot of the com-
munity members, so that’s one way, and I think, ‘Oh yeah, that job’, you know. For exam-
ple, I bought a new bike a couple of years ago, and John Guy, who runs the bike shop, you 
know, he did all this math to fi t my bike, and all this geometry and stuff, and I thought, 
‘What a great opportunity for him, and he’s actually coming this week.’ 

 Her connections to local business owners, fi ber artists, and smoke-jumpers, arose 
from her connections to them as community members, and the smallness of the 
community afforded a diverse network from which she could recruit volunteers to 
present to her classes. 

 The data also evidenced some tension regarding what qualifi es as an affordance. 
In Edgewater, during a student focus group, while one student praised a lesson tied 
to fi shing and lobstering for how it allowed him to connect to older residents of the 
island, another student disagreed, seeing this in terms of his grade and his future:

  I kind of have the opposite from her. I am not from here. I moved here when I was, like, a 
baby, but … it’s still like, the family that I have that lives here … is not … like, fi shing and 
all that. It’s more of my less immediate family that does that, and so when we’re focusing 
on fi shing or nature or that stuff, it’s totally irrelevant at home, and … it’s uninteresting and 
it has an effect on, like, my grades, because I’m less interested, so I … and I feel like it’s 
less important because it’s not, like, what I want to pursue later on. 

 The importance of fi shing to the island was an important instructional resource 
for one student but represented a form of cultural hegemony in which the school 
defi nes fi shing as part of island identity even though it might not be part of the stu-
dent’s identity. Engaging context will inevitably confront questions of “whose con-
text” and “whose values,” emphasizing the need for sensitivity to contested contexts 
and values. It is not clear if students in non-place-based classes would cite more or 
less the irrelevance of mathematics to their lives though, anecdotally, this seems to 
be a common concern of students. The difference may be that the non-traditional 
(place-based) approach is unexpected or “different” from traditional approaches so 
the student’s concern above may be anchored in a more widely accepted “norm.”  
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   Subthemes C and D: The Egalitarian Local/Elite 
Cosmopolitan Continuum 

 The use of “egalitarian localism” and “elite cosmopolitanism” calls on an ideologi-
cal distinction that contrasts very different perspectives on schooling and life. The 
elitist side of the continuum “embeds the view that educational attainment, profes-
sional accomplishment, and wealth necessarily elevate their possessors above oth-
ers” (Howley et al.  2011 , p. 114). The idea of cosmopolitanism is relevant in that the 
ideology is not only pervasive (and urban-centric) but it is purported to apply to 
everyone as a modern world citizen. The egalitarian localist perspective instead 
embodies a “liberatory perspective on education, position[ing] critical thinking 
about cultural products (including ideas, knowledge, and artistic works) as central 
to the cultivation of informed citizens” (p. 114) but also a localist-vocationalist view 
that supports educating residents for roles in the local community with an eye 
toward the health of that community. The data can be read as evidence for a contest 
between egalitarian localism and elitist cosmopolitanism, but also as evidence that 
this contest shapes perspectives on the purpose of mathematics education, the roles 
of schools generally, and the importance of rural communities nationally and glob-
ally. Admittedly, this is not a clean categorization of a complex expression of values 
onto the proposed continuum. Indeed, it is a pragmatic attempt to sort and under-
stand frequent references to social class tensions seen throughout the data, and 
understood within the other Phase One themes and across the Phase Two factors that 
emerged from the data. 

 Three Phase-One sites make the comparison of perspectives on this subtheme 
particularly evident. Hanover had a large number of respondents evidencing egali-
tarian localism perspectives. Edgewater data displayed the liberatory goals of egali-
tarianism but had elements of both localism and cosmopolitanism. Finally, data 
from Grover suggested the ways in which newcomers, armed with wealth and edu-
cational attainment, could replace the localist-vocationalist perspectives with elitist- 
cosmopolitanist views. Other sites such as Hamilton Collaborative evidenced strong 
perspectives on both sides depending on the informants. Twin Oaks had insuffi cient 
data for use here though its dual role as a private school enrolling public tuition 
students would make for an interesting investigation of this subtheme. 

 The Hanover “lutherie” program brought together students with different goals 
and backgrounds who ordinarily might not associate in their junior and senior years. 
Admittedly, this represents ~20 students from a much larger junior-senior class. The 
“social mixing” feature of the class arose in a focus group of students:

     Student 1: This class is really diverse and even outside of the classroom now, you know, 
different groups of students get together and talk and are friends because of this diverse 
class.  

  Student 2: Yea, I never would have talked to “Belt buckle” here if it hadn’t been for this 
class. I’ll just be honest. So it helps like that.    

 “Belt Buckle” was an “ag student” who rode rodeo broncos and wore a large belt 
buckle. Student 2 identifi ed as a “university prep student.” The class, then, served as 
an equalizer where, according to the teacher, the ag students who might not 
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otherwise be interested in music and math but knew how to use the tools well would 
mix with music and math students who might otherwise not know how to use a tape 
measure well. Despite the “lutherie” class being a site of egalitarian localism, the 
data still showed a number of instances of informants associating “rural” and “work-
ing class” with “redneck” and other derogatory terms. 

 This contrasts with Edgewater, where interviewees rarely made negative 
 associations with “rural,” but where economic and power relations told a different 
story. Island life in Edgewater is marked by year-round (often working class) resi-
dents and seasonal (generally wealthy summer recreationalist) residents. The 
wealthy summer residents have contributed fi nancially to the Edgewater Community 
School, allowing the school to spend around 23,000 USD per student per year. Yet 
this wealth has also caused local property values to rise to the point where many 
year- round residents struggle to sustain households, thus threatening generational 
continuity. More elitist-cosmopolitan values came with the money and the principal 
admitted to having to attend to both localist and cosmopolitan values, as evident in 
his comment concerning a teacher (John) who was seen as too demanding by some 
year-round residents:

  You know, we started doing these programs, and eventually, that also angered people. They 
didn’t like John. They felt that he was too demanding. They said, one person in the com-
munity said, um, “it doesn’t have to be that good in Edgewater.” You know. 

 “That good” indicates that it isn’t simply about  what  or  how  things were taught, 
but to  what standards . Factor B fi ndings, and those of Item B1, in particular support 
this perspective broadly, with only one quarter of teachers surveyed agreeing that 
“all students can do higher-level mathematics.” Relatedly, 74.1 % of teachers agreed 
that “the mathematics of daily life matters more to the future of some of [their] 
students than it does to others” (Item D3). Results from these items suggest a wider 
belief among rural educators that “it doesn’t have to be that good” in many rural 
places. 

 The Edgewater principal further characterized some of the social class clashes in 
playful terms:

  It’s hard to look at Edgewater and get a real picture of it. Because, when you’re here now, 
it’s a working class community. They’re craftsmen, they’re tradesmen … and then, in the 
summer, there are people from all over the world, and pretty wealthy and, in many cases, 
pretty infl uential and important people … I love it. I love it. I love the two, sort of, 
Edgewaters. I’m happy when the summer people leave and we can be our own little com-
munity. But, I’m happy when they arrive in the summer, because it’s just, just a different 
place … 

 You know, there’s one song about the summer people. And … one of the lines is, “we 
can’t live with them, and we can’t live without them.” … But, it’s a very affectionate song. 
It’s not disrespectful. I mean, you know, there are lines like, “Why are they always standing 
in the middle of the road?” 

 Island educators viewed the island as having important raw material for learning, 
but they also knew that students who left for further education and work were mak-
ing a reasonable choice that they supported. They sought to balance respect for 
sustaining and valuing the local community with respect for students’ right and 
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need to make decisions about their future that may not involve living or working on 
the island. The Edgewater principal’s comments illustrate this concern:

  … that’s also a big issue for our school because the state, like schools all over the country, 
are really being forced to sort of conform to a curriculum and to a view of the world that 
isn’t about this place … The focus, here, is preserving this community that has been in 
existence, you know, since before the, you know, establishment of the United States. And, 
these islands were the fi shing outposts of Europe long before they were considered part of 
Maine. And, uh, you know, we’re worried about whether the school can continue, and we’re 
worried about whether the year-round community in Edgewater can continue. And, so, our 
focus is very different from what the state wants us to be focusing on. And, at the same time, 
we understand we have to prepare kids here to be able to go off to college or university … 
And, in part, it is why we do things the way that we do, because this school can’t be separate 
from the community. 

 Grover, in Washington State, sits in a river valley and the economic wealth of its 
residents maps itself onto the terrain from the upriver elite to the downriver poor, 
and students from across this span attend Grover Junior Senior High School. Prior 
to the arrival of wealthy telecommuters, the valley embodied a more egalitarian- 
localist perspective that has been supplanted by the elitist-cosmopolitan perspec-
tives of the newcomers. This reinhabitation of the social and political space centered 
on the school. One newcomer parent formed an educational foundation that has 
raised money to support proposals by teachers for educational projects, including 
Ms. Engel’s Math at Work program. But the foundation provides a mechanism of 
infl uence for a group of wealthy contributors and community members over educa-
tional decisions, programs, and initiatives. The parent-founder of the foundation 
evidenced the tension between egalitarian localism and elitist cosmopolitanism:

  There are kids here that have never left the valley; the parents have never left the valley. And 
there are kids that go to Europe every summer, and sort of everything in between … There’s 
a lot more in part because of the technological advances and the ease of … working from 
here, in a remote way … People who’ve lived here for generations [are] … really open to 
new ideas and new things happening for their kids. 

 While well intended, the comment belies an ignorance of the shifting demo-
graphics in the valley or, perhaps, of their effects. Despite evidence to the contrary, 
informants seemed ready to characterize the valley as mostly made up of wealthy 
telecommuters. The shifting demographics brought a shift of values defi ned in 
terms of education and reproduced through infl uence and wealth. Though the 
research team focused on place-based mathematics in the middle school, interviews 
with the high school mathematics teacher indicated that there was little time for 
such place-connected mathematics in the high school curriculum. Citing the “high 
expectations” of parents and the need to do well on state tests and university entrance 
exams, the teacher said that he had dabbled with the idea but decided that it could 
not be a priority for him. 

 Perhaps the strongest elitist language came from the Hamilton Collaborative 
where administrators mandated place-based approaches that were losing traction 
and generating resentment from the teachers. One high school mathematics teacher 
cited global competitiveness in his defense against place-based approaches:
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  You have to look at the competition that we have, global competition. The United States is 
falling so far behind in the mathematics, and it’s not because Japan is out there doing 
community-based. They’re in the classroom, and they’re doing regular … Every foreign 
exchange student that I have is two or three years faster than our kids. And, so, for us to 
slow down or take more time to apply it, I’m not sure is going to keep us competing at the 
world level. 

 This subtheme highlighted the sharp sorting of students at the sites into the 
“university- bound elite” and the “rest.” It is tied to national and global, rather than 
local interests and sustainability. Phase Two Item A11 saw nearly three-quarters of 
respondents agreeing that “Twenty-fi rst century jobs will demand high-level math-
ematical skills of all students.” Teachers’ perceptions of the importance of global 
competitiveness and the role of mathematics to national economic and political 
prominence are translated into action by sorting students and selecting curriculum 
and pedagogy. In the case of the university-bound, results suggest that teachers felt 
that math should be abstract (universal?) and therefore connections to community 
and place would be concrete and local, hence taboo. This mirrors fi ndings of Carr 
and Kefalas ( 2009 ) who paint a detailed picture of how one small town engaged in 
sorting students into achievers, stayers, and leavers by the community and through 
the schools. A high school teacher in Hamilton’s (this study) most affl uent high 
school expressed this sorting in even stronger terms:

  I teach upper math, so I don’t know. I teach trig and calculus. So I doubt if we do any cal-
culus in local places around here. I don’t know how we have time to do that. I am not sure 
that the upper math classes—maybe a lower income average are going to need that—but not 
my upper math class … Because my kids that I teach now are interested ‘in the math,’ I 
don’t have to make it fl owery, I don’t have to make it enjoyable, I don’t have to make it fun, 
they just want to know, what’s the math, the theory behind it. 

 The Hamilton Collaborative’s commitment to prepare students for college and 
jobs elsewhere meant few resources dedicated to place-based approaches except in 
the lower grades and the business and vocational classes. The sentiment from upper- 
level mathematics teachers in the collaborative followed this elitist-cosmopolitan 
perspective without exception. 

 In fact, at no point in any of the sites did research team members witness place- 
based approaches involving mathematics beyond the level of basic geometry or 
basic trigonometry. Even at Gladbrook and Edgewater, where all students were 
exposed to some place-based approaches, the upper level mathematics courses did 
not engage these approaches. Several reasons are posited for this. 

 First, elitist-cosmopolitan ideologies trump egalitarian-localist ones in upper- 
level mathematics and thereby defi ne what is important in mathematics instruction. 
It is hard to fi nd logical justifi cation for this given that a wide range of majors and 
careers require college algebra or statistics for application in their major fi eld. 
Moreover, some jobs in rural areas demand university degrees and this level of 
mathematics. Either the requirements are being used as a fi lter or the reality of 
higher-level mathematics use in a wide range of careers and locales is underre-
ported. Wong points out that the perception of “mathematics for all” is usually 
accompanied by “those with special talent” (Gates and Vistro-Yu  2003 ). Further, 
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memorable experiences such as those that engage project-based or place-based 
learning often serve as important mental anchors for new knowledge (Conley  2010 ) 
regardless of ability, aspiration, or grade level. 

 Second, the Platonic view of abstract mathematics as “pure” and therefore more 
valuable is widely held by secondary and post-secondary instructors of mathemat-
ics, including teachers and those who prepare them (Hersh  1997 ). Anchoring 
instruction in place-connected activities could be devalued simply because the 
dominant philosophical paradigm in mathematics is a Platonic one (Ernest  1997 ). 
High-school teachers are prepared as discipline specialists, so there may also be 
less fl uency with interdisciplinary pedagogical approaches (hence place-based 
approaches). Elementary and middle grades teachers are often licensed to teach in 
multiple areas, which may afford thinking in more interdisciplinary or cross-curricular 
terms, explaining the team’s fi ndings of no place-based approaches beyond basic 
algebra and geometry. 

 Third, it may be that  school mathematics  in particular, and at that level, is simply 
too diffi cult to connect to (or from) problems arising in (and from) place and 
community. In other words, the content itself may present the greatest obstacle to 
employing place-rooted approaches. If this is the case, then mathematics educators 
must commit to reexamining school mathematics, open to Abreu et al.’s admonition 
that, “Mathematics education curricula do not contain all the mathematics knowl-
edge that exists. They contain the ‘knowledge that should be taught’ and they 
exclude other forms of mathematics” (de Abreu    et al.  2002a , p. 12). Critical math-
ematics education perspectives may offer a starting point for structuring that inquiry 
and for reinhabiting the mathematics curriculum in schools.    

    Discussion 

 Data suggest that while place-based approaches are possible and might even 
improve mathematics instruction at some levels while aiding rural sustainability, a 
number of obstacles make the task daunting. Social class divisions and especially a 
confl ict between egalitarian localist and elitist cosmopolitan perspectives were 
symptomatic of disagreement regarding what should be valued in mathematics 
education. All saw mathematics as important though many viewed abstract mathe-
matics as important for the university-bound elite (and more valuable generally) 
and applied (or “integrated”) mathematics as important for vocational-agriculture 
students (and less valuable generally). In some instances, class was defi ned according 
to abstract or concrete mathematics and this structured the set of opportunities 
available to the students. In other cases, socio-economic and political discourses 
shaped the purported values driving mathematics instruction and education more 
generally. 

 The research team began the study with the expectation that many sites around 
the United States would be engaged in meaningful efforts to connect mathematics 
instruction to local places and communities across the span of grades and 
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 mathematical topics. Moreover, given the team’s perception that math teachers 
believed unquestioningly that “math is everywhere,” later confi rmed by 99.1 % 
agreement to the statement in Phase Two, it was therefore surprising that, even 
among the set of sites nominated by a trusted network of nominators knowledgeable 
about rural schooling, so few examples of well-established and meaningful place-
based approaches existed. Among our sites, Edgewater represented the most 
advanced site regarding place-based education and it presented a number of salient 
issues that attend the use of place-based approaches. All of the sites demonstrated 
the importance of the community’s belief(s) in the purpose of education generally 
and the purpose of mathematics education in particular. These beliefs seemed to be 
shaped primarily through global and national messages related to competitiveness 
and the value of professional jobs located primarily in urban centers. The data 
showed that communities were important arenas for negotiating those messages and 
shaping education. As such, this study should not be read as forcing a choice 
between (a) preparing students for and according to local values, or (b) global ones. 
There is no reason that education cannot attend to both. The data and the literature 
that preceded and informed this study show that, except in a few isolated cases, 
local values and perspectives are not attended to in mathematics instruction. The 
Phase Two survey results found rhetorical support for making local connections to 
instruction and the motivating power of such connections, but the importance of the 
Phase One case studies underscores the reality that rhetoric and action do not always 
coincide. 

 Guida de Abreu remarked that, “understanding of how particular social groups 
learn, use and transmit knowledge requires consideration of the link between knowl-
edge and values” (de Abreu  1993 , quoted in de Abreu et al.  2002b , p. 124). The 
present study demonstrates the importance of how social groups establish and sus-
tain beliefs in the purpose of education generally and in mathematics in particular 
according to contests in values about the distribution and shape of educational 
resources and approaches. This study further points out that, despite some promise 
in the idea of place-based approaches to mathematics instruction, Skovsmose may 
be right that “Elitism might be a functional part of mathematics education” 
(Skovsmose  2005 , p. 164) in its sorting mechanisms. The data presented here show 
that it functions variously at different levels of mathematics and different levels of 
connection to local versus global values. Moreover, mathematics sorts not just peo-
ple, but places. In upper-level mathematics, in particular, mathematics inhabits 
 nowhere  rather than  ‘round here ’ As Gruenewald ( 2003 ) suggests, reinhabitation 
may be in order. The results of this study suggest that doing so might promote more 
egalitarian, community-sustaining, and relevant education.      
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    Appendices 

      Appendix A 

     Factor loadings A–D for exploratory factor analysis with polychoric factor analyses reported in 
parentheses   

 Item  Factor 1  Factor 2  Factor 3  Factor 4 

 A1.  Connecting mathematics to students’ 
everyday lives can help prepare them 
for study at 4-year colleges. 

  .782 (.69)   −.019  −.014  −.178 

 A2.  Connecting mathematics to students’ 
everyday lives can help prepare 
them for study at 2-year colleges 

  .769 (.82)   −.072  −.074  −.112 

 A3.  Using students’ daily life experiences 
as part of instruction improves the 
learning of lower-level mathematics. 

  .698 (.84)   −.020  −.037  .109 

 A4.  Using students’ daily life experiences 
as part of instruction improves the 
learning of higher-level mathematics. 

  .652 (.78)   −.038  .021  −.103 

 A5.  Connecting mathematics to students’ 
everyday lives can help prepare them 
for coursework in a 4-year university 
or college. 

  .639 (.69)   −.044  .096  −.096 

 A6.  Students are more motivated to learn 
mathematics when they see it as being 
relevant to their daily lives. 

  .581 (.74)   .007  −.028  .018 

 A7.  Connecting mathematics to the local 
community will improve instruction 
for all students. 

  .558 (.63)   .022  .159  .078 

 A8.  My remedial students like it when 
mathematics instruction is tied to 
their daily lives. 

  .546 (.63)   .089  .077  .259 

 A9.  My advanced students like it when 
mathematics instruction is tied 
to their daily lives. 

  .517 (.59)   .086  .022  .091 

 A10.  The mathematics I teach is directly 
applicable to my students’ everyday 
lives. 

  .366 (.37)   .074  .189  −.164 

 A11.  Twenty-fi rst century jobs will demand 
high level mathematical skills of all 
students. 

  .321 (.35)   .275  .068  .034 

 B1.  All students can do higher-level 
mathematics. 

 .057   .725 (.76)   −.007  −.093 

 B2.  Some students will never be ready for 
college-level mathematics. 

 −.014   .665 (.75)   −.134  −.167 

 B3.  Schools should prepare all students 
to go to college. 

 .001   .621 (.68)   .188  .135 

 C1.  My colleagues support efforts to 
connect mathematics instruction to the 
local community. 

 .075  −.091   .710 (.77)   .031 

(continued)
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 Item  Factor 1  Factor 2  Factor 3  Factor 4 

 C2.  My administration supports community- 
connected mathematics instruction. 

 .056  .048   .683 (.722)   .107 

 C3.  Parents of my students support 
community- connected mathematics 
instruction. 

 .137  .007   .675 (.698)   .094 

 C4.  My community offers opportunities 
for applying mathematics topics. 

 −.061  .066   .539 (.701)   −.121 

 C5.  Students who stay in the area will apply 
their math skills to address local needs. 

 .157  .031   .418 (.54)   −.088 

 C6.  My students are accustomed to the sorts 
of projects that connect mathematics to 
everyday life. 

 .199  −.074   .389 (.498)   −.141 

 C7.  Students with strong math skills are 
likely to settle in this area. 

 −.085  .154   .258 (.34)   −.066 

 D1.  It’s easier to connect lower-level 
mathematics content to daily life than 
higher-level mathematics content. 

 .082  .023  .079   .530 (.61)  

 D2.  There are barriers that make it diffi cult 
to connect mathematics to students’ 
everyday lives. 

 −.037  .033  −.147   .463 (.59)  

 D3.  The mathematics of daily life matters 
more to the future of some of my 
students than it does to others. 

 −.007  −.067  .024   .416 (.55)  

 D4.  My typical student will need only basic 
mathematics in his/her daily life. 

 −.169  .007  −.066   .310 (.366)  

 D5.  Activities that connect math to the local 
community take up instructional time 
needed to address standards. 

 .009  .008  −.099   .305 (.32)  

 D6.  Algebra I (or the equivalent) is where 
you start to notice which students 
will be ready for college. 

 −.003  −.103  .099   .303 (.38)  

 D7.  Some students receive better academic 
opportunities because of his/her family’s 
local prominence. 

 .001  −.032  −.085   .132 (.22)  

  Note: Extraction method: Maximum likelihood. Rotation method: Oblimin with Kaiser 
normalization 
 a. Rotation converged in seven iterations 

         Appendix B 

     Factor correlation matrix   

 Factor  A  B  C  D 

 A  1.000  .120  .463  −.055 
 B  .120  1.000  .267  −.245 
 C  .463  .267  1.000  −.201 
 D  −.055  −.245  −.201  1.000 
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      Establishing Mathematics Classroom Culture: 
Concealing and Revealing the Rules 
of the Game 

             Christine     Knipping     ,     David     Reid     , and     Hauke     Straehler-Pohl    

    Abstract     In this chapter we will propose several mechanisms in classroom 
 interactions that give rise to disparity in learning opportunities. We will use termi-
nology derived from the work of Basil Bernstein to describe these mechanisms in 
four episodes of classroom discourse. We conclude that efforts to enable “less able” 
students by incorporating elements of everyday “horizontal” discourse into school 
mathematics, which is oriented towards “vertical” academic discourse, can instead 
deny these students learning opportunities that are available to more privileged 
peers.  

         Introduction 

 In the fi rst weeks of a school year, teachers and students establish the basic rules for 
classroom interactions in that classroom, for those students, in that year. These rules 
can be more or less fl exible, more or less tacit, and more or less negotiable, but in 
every classroom there are rules that govern what is appropriate teacher behaviour, 
student behaviour, and mathematical behaviour. These rules taken together  constitute 
the culture of the classroom. The rules apply differently to each person in the room. 
Most clearly the rules for the teacher are different from the rules for the students. 
For example, the teacher has much more infl uence in the establishing of the rules. 
Individual students also are assigned specifi c roles through the interactions in the 
fi rst weeks. Among these are the roles of being “good at math” or “bad at math”. 
Because these roles are associated with different rules, opportunities, and status, the 
assigning of these roles amounts to a stratifi cation of the students according to 
 perceived ability in mathematics, and a disparity in learning opportunities. 
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 In this chapter we will make use of terminology derived from the work of Basil 
Bernstein ( 2000 ) to describe several mechanisms in classroom interactions that give 
rise to stratifi cation of students and hence to disparity in learning opportunities. 
We will discuss how these mechanisms can arise out of efforts to enable “less able” 
students by incorporating elements of everyday discourse into school mathematics, 
but which instead deny these students learning opportunities that are available to 
more privileged peers. In other words, attempts to establish supportive classroom 
culture for all students instead result in a classroom culture that, like the wider 
 culture outside the school, assigns individuals specifi c roles that come with different 
opportunities and status.  

    Mathematics Classroom Culture 

 Mathematics classroom culture became a topic of discussion in the 1990s,  indicating 
a change of perspective in education generally and in mathematics education more 
specifi cally (see for example Cobb and Yackel  1998 ; Nickson  1994 ; Seeger et al. 
 1998 ). Researchers coming from socioconstructivist and sociocultural perspectives 
considered recognising and acknowledging the social enterprise of teaching and 
learning mathematics to be both essential and under-researched. While the 
 socioconstructivists emphasised the crucial function of human interaction and 
 cooperation and the idea of “colearning” (Bateson  1975 ), the sociocultural perspec-
tive called for consideration of the cultural-historical dimension, relying on 
Vygotsky’s work and thought. 

 As Lerman ( 2000 ) points out, the inclusion of the social in mathematics educa-
tion progressed from research on interactions of individuals in social contexts to 
research on the social contexts themselves, including classroom cultures. Valero 
( 2004 ) adds consideration of the sociology of mathematics to this mix, so that the 
social origins of mathematics are recognised as signifi cant for what is going on in 
classrooms. Just as it is important to consider the origins of mathematics in examin-
ing classroom cultures, we feel it is also important to consider the origins of the 
students and the developmental trajectories that are made available for them through 
mathematics education. Who gets access to what? And with which outcomes? 
Addressing these questions calls for using a sociological framework. This implies 
approaching classroom culture not just as a “culture of the classroom”, but to incor-
porate how this culture is embedded within a realm of culture that exceeds the walls 
of the classroom and includes broader social and political discourses that shape the 
school system. That is, in looking at the social process that produce and reproduce 
classroom cultures we consider also the social context outside that classroom. In 
order to do so, we will compare concrete instances of classroom culture in Germany, 
where the secondary school system is traditionally oriented towards selection and 
allocation of students for different segments of the labour-market, and Canada, 
where the secondary school system is oriented towards the ideal of inclusion and 
diversity. 

C. Knipping et al.



69

 Paul Dowling’s ( 1998 ) seminal work “The Sociology of Mathematics Education” 
suggests that, in schools, different forms of mathematics are made available to 
 different social groups of students. Analysing common British textbooks for differ-
ent ability-groups, he concludes that an abstract form of mathematics is imbued 
with status, while a contextualised form of mathematics is subordinated. He reveals 
how these two different forms of mathematics are connected and oriented towards 
two different forms of labour, intellectual and manual, and how a stratifi cation and 
hierarchisation of students is socially constructed along these lines. 

 These fi ndings have been reproduced by several studies that investigated 
 classroom interactions instead of textbooks and hence showed how this stratifi ca-
tion is manifested in what we have referred to above as classroom culture (see 
Atweh et al.  1998 ; Hoadley  2007 ; Straehler-Pohl et al.  2014 ). All these studies 
 compare mathematics classrooms in different—but in each case relatively homoge-
neous—contexts that have already been stratifi ed socio-economically. They suggest 
that the stratifi cation of students that precedes the teaching and learning of 
 mathematics—be it in the form of ability-streaming, single-sex schooling, or 
 geographical segregation—is refl ected in the micro-interactions of the classroom 
culture and hence all these studies identify a tendency towards the reproduction of 
the given social division of labour, including its stratifi cations and hierarchies. 

 Such fi ndings are not surprising in a selective school system that is aligned to 
allocating students to segments of the labour-market. However, can such  mechanisms 
also be found in an inclusive school system, where signifi cant efforts are made to 
provide the same form of mathematics to everyone? 

 Lubienski ( 2000 ), who was involved in the reform of NCTM standards at the end 
of the twentieth century, describes how efforts to improve the teaching of problem 
solving in ways that were expected to help students with lower socio-economic 
status (SES) in particular have exactly the opposite effect. She notes that the initial 
assumption was that “instruction centered around open, contextualized problems 
might seem particularly promising for lower SES students” (p. 456), because 
research has shown that such students have less exposure to open problems and their 
“families tend to be more oriented towards contextualized language” (p. 456). In her 
research she found that a focus on teaching through open, contextualised problems 
had the potential to “improve both lower SES and higher SES students’  understanding 
of mathematics”, however this potential went along with a tendency of “increasing 
the gap in their mathematics performance” (p. 478). Using Bernstein’s sociological 
theory to reanalyse her data, she concludes:

  Lower SES students seemed to be more fearful of saying or believing the wrong thing; they 
desired more specifi c direction from the teacher and texts. Higher SES students were more 
comfortable with the open pedagogy, feeling confi dent to make sense of ideas being debated 
in discussions. Higher SES students moved more often from a focus on specifi c contextual-
ized situations towards the intended generalizable, mathematical principles. (Lubienski 
 2004 , p. 119) 

 Lubienski identifi es her own classroom culture as characterised by an  invisible 
pedagogy . Despite her own efforts as a teacher to empower students from lower 
socio-economic backgrounds in particular, the limited visibility of her  mathematical 
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intentions—that is, a lack of clarity about the desired form of mathematical 
 activity—further marginalised the already underprivileged students. 

 As mathematics serves as a gatekeeper for access to university studies leading to 
high status professions (Martin et al.  2010 ; Stinson  2004 ), we see understanding the 
mechanisms that are involved in the production of differential access to high status 
mathematical knowledge as an issue of social justice. In our research, we study how 
this stratifi cation occurs within the fi rst weeks of school in contexts where the 
 students are together for the fi rst time. Specifi cally, we observe interactions in 
 mathematics classrooms at the beginning of secondary schooling, and the process of 
establishing rules and roles in those classrooms. We attempt to analyse those 
 interactions in order to identify mechanisms that give rise to disparity in learning 
opportunities. In this chapter we will propose several mechanisms, and illustrate 
them through two episodes of classroom activity. 

 We have found Basil Bernstein’s ( 2000 ) concepts of  classifi cation ,  framing,  and 
 implicit pedagogy  as especially useful in describing these mechanisms in classroom 
discourse. In our analysis of the episodes we will both describe and apply these 
concepts. Bernstein’s work will also be used to deepen our discussion of the  episodes 
and to show how the different mechanisms that we have found in the different 
 contexts are embedded in the broader socio-cultural and socio-political context, in 
which schooling takes place.  

    The Episodes 

 The two episodes we will describe and compare below come from a research 
 programme focussing on the emergence of disparity and the stratifi cation of achieve-
ment in mathematics classrooms. This research is collaborative and comparative, 
involving researchers from Canada, Germany and Sweden. The classroom 
 interactions were observed at the beginning of the fi rst year of secondary school, in 
classrooms chosen for their variety. The episodes used here come from an urban 
selective, upper stream school ( Gymnasium ) in Germany, and a nominally inclusive 
rural public school in Canada. Links to further analysis of data from these  classrooms 
and other aspects of the research project can be found at   http://www.math.uni-
bremen.de/~knipping/sd    . 

 Our descriptions below will focus on how aspects of the classroom discourse 
contributed to the emergence of disparity in learning opportunities in the  classrooms. 
We are interested in exposing the problems inherent in certain teaching practices, 
not in teacher knowledge or competencies. Therefore, we would like to emphasise 
that we do not consider the teachers involved to be negligent. In fact, as we have 
discussed elsewhere (Knipping et al.  2011 ), their concern for the educational suc-
cess of the students and their embeddedness in a broader socio-cultural context may 
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account for some of the choices they make. The actions of these teachers may 
 contribute to the emergence of disparities in their classrooms and reproduce socio-
cultural differences from outside the classroom, but this is not the teachers’ intent. 
We maintain that teachers do not do this with the intention of limiting learning for 
some, but rather in the hope of promoting all their students’ learning (cf. Morgan 
 2012 , p. 188). As Bourne points out, teachers are produced by the institutions and 
practices they are embedded in.

  It is important to be clear that I am not here ascribing conscious intent to teachers as agents 
in some vast conspiracy to maintain the status quo insofar as power relations are concerned. 
… As Sheridan ( 1980 ) explains with respect to Foucault’s theories of power, through the 
numerous institutions and practices of socialization ‘the forces of the body are trained and 
developed with a view to making them productive’ (p. 219). Power produces, rather than 
simply reproduces. (Bourne  1992 , p. 233) 

 In the following, we discuss two classroom episodes in which we identifi ed 
mechanisms that provoke a stratifi cation of students. In our conclusion, we will 
discuss the differences in relation to the broader institutional cultures in which the 
episodes are embedded. The fi rst episode we discuss below, from Germany, depicts 
a well-known didactic situation: the Race to Twenty. Later we will make use of a 
didactical description of the situation (Brousseau  1978 ,  1997 ) in order to reveal 
signifi cant aspects of the actual classroom episode. We will then report and analyse 
a second classroom episode from Canada, in order to make cross-cultural and cross- 
contextual comparisons. Throughout the discussion of the episodes, we will 
 introduce our analytical tools step by step in order to gradually deepen and refi ne 
our analytical gaze. 

    Episode 1: The Race to Twenty and Classifi cation 

 This episode is from an inner-city 5th grade (age 10 years) mathematics classroom 
in Germany (see Gellert  2010 ,  2012 ; Gellert and Hümmer  2008  for other analyses). 
It is the very fi rst lesson after the summer holidays and it is the students’ fi rst day at 
a  Gymnasium  (upper stream secondary school). Mr. Black is a specialist mathemat-
ics teacher and his 5th graders come from different primary schools. The teacher and 
the students do not know each other and in fact Mr. Black was assigned to the class 
at the last minute and so had no opportunity to research the students’ backgrounds. 
However, when he addresses the class, he talks about the “infamous class 5d, that I 
have already heard about”. Rubbing his hands, Mr. Black starts the lesson by 
announcing that he wants to test if the students know how to count to 20, as this is 
supposedly a “basic condition” (his words) for being accepted at that school. 
Mr. Black asks “Who dares to count to twenty?” Some students giggle. Transcript 1 
begins at this point. 
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 3.1  Mr. Black:  Nicole, okay. So you think you can count till 20. Then I would like 

 3.2  to hear that. 

 4>  Nicole:  Okay, one two thr- 

 5.1>  Mr. Black:  -Two, oh sorry, I forgot to say that we alternate, 

 5.2  okay? 

 6  Nicole:  Okay. 

 7  Mr. Black:  Yes? Do we start again? 

 8  Nicole:  Yes. One. 

 9  Mr. Black:  Two. 

 10  Nicole:  Three. 

 11.1  Mr. Black:  Five, [ short silence ] oops, I also forgot another thing. [ students’  

 11.2   laughter ] You are allowed to skip one number. If you say three, then I 

 11.3  can skip four and directly say fi ve. 

 12  Nicole:  Okay. 

 13  Mr. Black:  Uhm, do we start again? 

 14  Nicole:  Yeah, one. 

 15  Mr. Black:  Two. 

 Transcript 1: Is it counting or is it a game? 

   Both continue ‘counting’ according to the teacher’s rules. In the end Mr. Black states 
“20” and Nicole loses. In a joking way he declares “Nicole, you still have to try a little bit, 
you did not make it to 20”. While her peers giggle, Nicole appears a bit puzzled: “okaaay”.  

    Classifi cation and Recognition Rules 

 The students are in a mathematics classroom and the fi rst task set by the teacher is to 
count to twenty. In this kind of situation, students are probably prepared to engage in 
a mathematical activity, but they most defi nitely do not expect to be asked to count to 
twenty, as that is something that they know how to do since fi rst grade. However, it 
turns out pretty quickly that the apparent “test” of the ability to count to twenty was 
meant as a joke, while  actually  what students were supposed to do is to compete in a 
game with the teacher, which involves saying a sequence of numbers leading to the 
goal of saying “twenty”. The nature and the context of the activity are at fi rst unclear: 
Are the students meant to be counting, which is clearly a mathematical activity but 
inappropriate for their grade level, or are they playing a game, which may be appro-
priate on the fi rst day of school but not necessarily mathematical? The context of Mr. 
Black’s class is a fi fth grade mathematics class, but neither counting to twenty nor 
playing a game are normally part of the grade fi ve mathematics context. 
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 As  classifi cation,  Bernstein ( 2000 ) refers to the principle regulating the 
 boundaries between contexts: “Classifi cation [refers] to the relations between 
 categories, these relations being given by their degree of insulation from each other” 
(p. 99). In the context of schooling, classifi cation can refer to the categorising of 
areas of knowledge within the curriculum or what is taught (p. 6). Here we are spe-
cifi cally interested in the classifi cation of discourses, including everyday discourse, 
the  discourse of school mathematics, and the discourse of academic mathematics. 

 Strong classifi cation means that strong boundaries between topics and subject 
areas are maintained or that strong boundaries between a subject and the everyday 
are maintained. For example, a traditional mathematics curriculum has strong 
 classifi cation as few connections are made to other disciplines or to everyday 
 contexts. A project-based mathematics curriculum, on the other hand, has weaker 
classifi cation, as mathematics teaching is integrated with other subject areas inside 
or outside school. This means that everyday knowledge and subject knowledge are 
less insulated from each other. 

 In Mr. Black’s classroom the classifi cation seems to be weak. While there is 
some mathematics involved (dealing with numbers), this mathematics is blended 
with an everyday context (playing a game). After the initial confusion, however, the 
students do become aware that they are playing a game. This indicates that they 
have what Bernstein calls a  recognition rule  that allows them to identify the seem-
ingly weak classifi cation and participate in the game context. 

 Subsequently, eight other students play the game but lose against the teacher 
whilst an atmosphere of students-against-the-teacher competition develops. Finally, 
the tenth student, Hannes, manages to win. Hannes reads his numbers from his 
notebook. 

 226.1  Mr. Black:  Yeah, well done. [ students applaud ] Did you just write this up 

 226.2  or did you bring it to the lesson? Did you know that today you would- 

 227  Hannes:  I observed the numbers you always take. 

 228.1  Mr. Black:  Uhm. You have recorded it, yeah. [ silence ] Did you [ directing  

 228.2   his voice to the class ] notice, or, what was his trick now? 

 229  Torsten:  Yes, your trick. 

 230  Mr. Black:  But what is exactly the trick? 

 231  Cecilia:  You have to say certain numbers 

 Transcript 2: Explaining the trick 

   Hannes wins the game and his peers applaud, which is appropriate in the context 
of game playing. Mr. Black reacts rather differently. He asks whether Hannes has 
written the numbers in his notebook in advance. This seems to be an odd assump-
tion. It turns out that Hannes did not bring his notes from home. Instead he observed 
what Mr. Black was doing to win the game and copied it. This is a good strategy in 
unfamiliar game playing contexts, but Mr. Black calls it a “trick” which is another 
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indication that the context might not be game playing after all. In fact, the context 
derives from a well-known didactical situation, the Race to Twenty. But Mr. Black’s 
students do not know this, and so continue to struggle to recognise the context, due 
to the weak classifi cation.  

    Dual Recontextualisation 

 In order to be able to describe this ambiguity of the activity, being at the same time 
oriented towards game playing and mathematics, we have to elaborate our concept 
of classifi cation. In order to do this, we have to take a step back and make some 
general refl ections on what school mathematics actually is. According to Bernstein, 
any school subject comes into being through a process of recontextualisation.

  As a principle, pedagogic discourse is the process of moving a practice from its original 
site, where it is effective in one sense, to the pedagogic site where it is used for other 
 reasons; what [Bernstein] calls the principle of recontextualization. In relation to work 
practices he offers the example of carpentry which was transformed into woodwork (in UK 
schools), and now forms an element of design and technology. School woodwork is not 
carpentry as it is inevitably separated from all the social elements, needs, goals, and so on, 
which are part of the work practice of carpentry and cannot be part of the school practice of 
woodwork. Similarly, school physics is not physics, and school mathematics is not 
 mathematics. (Lerman  2001 , p. 100) 

 In this process “other discourses are appropriated and brought into a special 
 relationship with each other, for the purpose of their selective transmission and 
acquisition” (Bernstein  2000 , p. 32). For the purpose of making the highly abstract 
meanings of academic mathematics learnable and teachable for novices, school 
mathematics draws heavily on everyday discourses. Thus, school mathematics is 
not only to be understood as a recontextualisation of academic mathematical knowl-
edge and discourse, but further as a recontextualisation of everyday knowledge 
and discourse. Jablonka and Gellert ( 2010 ) have therefore coined the term  dual 
recontextualisation . 

 The recontextualisation that occurs from academic mathematics can be described 
as a  transposition didactique  (Chevallard  1985 ), in which mathematics is trans-
formed in order to adapt it to the school context. In particular, school mathematics 
must be both teachable and testable, which means that some kinds of mathematical 
knowledge that are emphasised in academic mathematics are not emphasised in 
school mathematics, and vice versa. In school mathematics, theoretical concepts 
and techniques may be related differently than they had been originally. The domi-
nant principle for structuring meanings in school mathematics is the effective trans-
mission and acquisition. School mathematics is structured in order to make learning 
and teaching effective and  not  in order to make mathematics itself (as a knowledge- 
producing science) effective. 

 The second dimension of recontextualisation occurs from everyday discourses. 
The game-playing in Mr. Black’s classroom can be seen as such a recontextualisation 
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of an everyday discourse, just like the references to everyday contexts in typical school 
mathematics word-problems. However, again the dominant principle for structuring 
meanings is the effective transmission and acquisition  of mathematics.  Thus, 
 considerations that would be privileged in the original cultural segments of everyday 
discourses  are subordinated  to considerations deriving from the effectiveness of 
learning and teaching mathematics (e.g., Dowling  1998 ; Gellert and Jablonka  2009 ).  

    From Dual Recontextualisation to Dual Classifi cation 

 Each recontextualisation implies a re-ordering of meanings that determines what 
counts as school mathematics and what does not. This means that each recontextu-
alisation gives rise to a classifi cation principle. Because these classifi cation princi-
ples are specifi c to the institutional frame of school mathematics, Bernstein’s 
general principle regulating the boundaries between contexts becomes more  specifi c 
in these principles, referring to the boundaries of school mathematics. 

 In order to describe the classifi cation that derives from the recontextualisation of 
everyday discourses, we will use the concept of:

   Classifi cation of content : the insulation between school mathematics and the everyday that 
results from the degree to which a school mathematical activity makes sense outside of 
school mathematics, e.g. in the students’ everyday-lives (cf. Straehler-Pohl and Gellert 
 2013 ). 

 The nature of strength of classifi cation changes as the frame of reference of this 
principle is school mathematics. The more sense an activity makes in an everyday 
context (e.g. shopping, game-playing), the weaker the classifi cation of content; the 
less sense it makes in an everyday context (adding fractions, calculating modulo 3), 
the stronger the classifi cation of content. 

 We will refer to the principle of classifi cation that derives from the recontextuali-
sation of academic mathematics (in the form of a  transposition didactique ) as:

   Classifi cation of praxeological organisation : the degree of the insulation of school 
 mathematics that results from the extent to which school mathematical activities develop a 
specialised internal structure by integrating new knowledge in higher order principles (cf. 
Straehler-Pohl and Gellert  2013 ). 

 The more an activity makes use of the specialised structures and higher order 
principles of academic mathematics, the stronger the classifi cation of praxeology. 
An activity that makes less use of such structures and principles, e.g. through 
remaining on the level of computation routines, is weakly classifi ed in terms of 
praxeology. 

 The defi nition of this second dimension of classifi cation requires us to expand 
the concept of  praxeology , which we borrow from the Anthropological Theory of 
Didactics (Chevallard  1999 ). The word praxeology binds together the two words  
 praxis  and  logos  within one concept and thereby stresses the inseparability of a 
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practice and its refl ection and discursive legitimation. Chevallard ( 1999 ) considers 
any school mathematical activity as the study of a type of problem. In order to solve 
a problem, a  technique  must be developed, so that the problem can be solved through 
practice (praxis). Each technique can at least potentially be described, justifi ed or 
explained. There are two fundamentally different forms of such justifi cation. 
Chevallard calls the fi rst form the  know-how  ( savoir-faire ) in which a technique 
may be simply legitimated by the correctness of a solution (e.g. through situational 
adequacy or teacher authority). However, each activity can further be considered as 
a part of a discursive environment, the  know-why  ( savoir ). When activities contain 
this second dimension, this implies the theorisation of techniques, which Chevallard 
refers to as  technology  (technique + logos). An activity which systematically 
 develops technologies determines a coherent, explicit, and principled knowledge 
structure and therefore separates a discourse from other discourses by producing a 
specialised form of legitimating knowledge. In other words, activities that involve 
the systematic development of technologies are strongly classifi ed in terms of 
 praxeology. Without systematically developed technologies an activity is weakly 
classifi ed in terms of praxeology. 

 From these two classifi cation principles, classifi cation of content and classifi ca-
tion of praxeology, we can derive two recognition rules that students have to possess 
in order to be able to effectively follow classroom discourse. Students have to 
 recognise the legitimate relationship between the everyday and mathematics, that is 
the extent to which they have to subordinate the former to the latter (recall that sub-
ordination is postulated as a necessity deriving from recontextualisation). 
Furthermore, students have to recognise the extent to which they are required to 
refl ect techniques on the level of technology. 

 With this differentiation in mind, we want to return to the classroom, where we 
have already observed a weak classifi cation of content, as the border between game 
playing and school mathematics is unclear. What can be observed about the classi-
fi cation of praxeology? 

 Mr Black says, “Cecilia says that you have to say certain numbers. But tell me, 
which are the important ones?” Cecilia calls out the numbers Hannes used, 2, 5, 8, 
11, 14, 17, and Mr. Black writes them on the blackboard. One student shouts out that 
“seventeen is actually the most important number,” but Mr. Black’s only response is 
to remind her that she should raise her hand before commenting. He then asks 
whether eighteen is important, and Dana replies that eighteen is not important as say-
ing eighteen allows the other player to say twenty. She goes on to say that if the other 
player says seventeen, then you have already lost, and this is true also for fourteen. 

 255.1  Mr. Black:  So, fourteen is impo- is ‘the most important number,’ she says; 

 255.2  you have already lost at fourteen 

 256  Students:  Yes, yes 

 257.1>  Dana:  When you say fi fteen then the other says seventeen and 

 257.2  when you say, uh seve-, no uh sixteen, then the 
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 257.3  other also says seventeen and then you have actually already lost 

 258.1>  Mr. Black:  So, you must in any event, the fourteen 

 258.2  is the most important number of all these on the board 

   The discussion goes on and eleven is suggested (by Lena) as the most important 
number with an explanation similar to that of Dana. A student proposes “eight” 
when Jan shouts out that he has something “completely different.” 

 286>  Mr. Black:  You mean something  completely  different from that 

 287>  Jan:  Yes, yes you have actually already won when you say  two  

 288  Mr. Black:  Yes, why 

 289.1  Jan:  Because, when you say two, then the other has to say, 

 289.2  the other can only say three or four, then 

 289.3  you can immediately say fi ve, then the other again has to 

 289.4  say six or seven, then you can say eight, 

 289.5  the other has to say nine or ten, then it comes to the eleven 

 289.6  and it goes on like that 

 290.1  Mr. Black:  Yes, perfect [ students giggle ] but that is not something completely 

 290.2  different but, okay, the complete explanation. 

 Transcript 3: What actually matters in the game, fi nally. 

   Here it becomes clearer that what is  actually  expected from the students is  neither 
to count to twenty nor to win against the teacher but rather to analyse the game from 
a mathematical point of view. The teacher’s idea of “the complete explanation” 
seems to be oriented towards developing a  know-why  of the Race to Twenty. There 
is a strong classifi cation of praxeology, but up to now it has been hidden. It is 
revealed through Mr. Black’s evaluation of the students’ answers. 

 Hannes was the fi rst to develop a technique to win the game, which his peers, 
who shared his recognition of the context as game playing, applauded. Within the 
weak classifi cation of content, this recognition of the context made sense. 
However, Mr. Black’s dismissive reaction to Hannes “trick” is indicative of the 
strong classifi cation of praxeology that becomes clear in the interaction with 
Dana, Lena and Jan. 

 We see here two different classifi cation principles at work: one of weak classifi -
cation concerning content and one of strong classifi cation concerning praxeology. It 
appears that it is the latter that is the dominant of these two principles. Thus, the 
students need to not only recognise the weak separation between the everyday 
 activity of game playing and this mathematics class, but also recognise the strong 
importance of  knowing-why  (derived from academic mathematics) in Mr. Black’s 
classroom. Furthermore, they need to recognise the hierarchy between these two 
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classifi cation principles. Those who recognise the two principles and their relation 
to each other early have an advantage, both because they recognise the purpose of 
the activity and have the opportunity to engage in it appropriately, and because they 
receive positive feedback from the teacher, giving them status.  

    Framing and Implicit vs. Explicit Pedagogy 

 As we noted above, the strong classifi cation of praxeology in Mr. Black’s lesson is 
revealed (for the observer) through his evaluation of students’ answers. Even though 
it provides a window into the  structural  characteristics of the discourse (classifi ca-
tion), in classroom practice, evaluation is an  interactive  feature. What becomes 
 visible for the observer, whose distance allows a sensitivity for structure, may 
remain invisible for the participants, whose attention is bound to the fl ow of  ongoing 
interaction. Bernstein therefore assigns evaluation to  framing . Framing regulates—
in the interactional dynamics—what kinds of communication and action are 
 considered legitimate.

  The principle of classifi cation provides us with the limits of any discourse, whereas framing 
provides us with the form of realisation of that discourse; … Classifi cation refers to  what , 
framing is concerned with  how  meanings are to be put together, the forms by which they are 
to be made public, and the nature of the social relationships that go with it. (Bernstein  2000 , 
p. 12) 

 Like classifi cation, framing can be strong or weak.

  Where framing is strong, the transmitter has explicit control over selection, sequence, 
 pacing, criteria … Where framing is weak, the acquirer has more  apparent  control (I want 
to stress apparent) over the communication. Note that it is possible for framing values—be 
they strong or weak—to vary with respect to the elements of the practice, so that, for exam-
ple, you could have weak framing over pacing but strong framing over other aspects of the 
discourse. (Bernstein  2000 , p. 13) 

 Selection, sequence, pacing and evaluation criteria for knowledge are four 
instructional aspects of discourse considered by Bernstein when analysing framing .  
In Mr. Black’s lesson the framing of  selection  is strong; Mr. Black selects what is 
studied. He also controls the order in which topics are studied; the  sequence  is 
strongly framed. The  pacing  is framed ambiguously. Mr. Black waits for the 
 students’ contributions, thus gives them some control of the pacing, but he also 
moves on to the next topic as soon as one or two students have responded appropri-
ately. The contributions of these students are taken as an indication that the whole 
class is ready to move on, and the students have no option to return to earlier topics. 
This means that overall Mr. Black controls the pacing, which becomes very quick as 
the students can accelerate it (by answering quickly or correctly) but not decelerate 
it. And Mr. Black controls the evaluative criteria for a legitimate contribution, so 
framing over this aspect is also strong. However, as we have seen, this does not 
imply that it is clear to all students exactly what is expected from them. We will 
discuss this apparent opposition further below. 
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 Additional to the four instructional aspects of framing, framing also includes 
regulative aspects, namely “expectations about conduct, character and manner” 
(Bernstein  2000 , p. 13). Bernstein calls this the framing of the  social order . However, 
Bernstein makes us aware that any instructional moment always includes a certain 
degree of social regulation. 

 In Mr. Black’s lesson the social order is strongly framed. For example, Mr. Black 
is quite clear about who should speak when, that the students should introduce 
themselves the fi rst time they speak, and should raise their hands when they wish to 
speak. So in general, the framing is strong and it appears to be clear to the students 
how they are meant to act. Theoretically, under these conditions students should be 
able to recognise what it means to act appropriately and be able to align their 
 behaviour accordingly. In Bernstein’s terminology, students should be set in a posi-
tion to acquire the  realisation rule  that allows them to act in a legitimate way. Just 
as recognition rules allow students to correctly read the classifi cation of a context, 
realisation rules allow students to conform to the framing. 

 However, just  some  students seem to have acquired such a realisation rule with 
regard to the evaluation criteria. In spite of the strong framing the evaluation criteria 
appear to remain hidden for the others. To describe such a situation, where the 
actual criteria for producing and evaluating a legitimate text are not made evident to 
all students, Bernstein uses the concept  implicit pedagogy  in contrast to  explicit 
pedagogy .

  Explicit or implicit refers to the visibility of the transmitter’s intention as to what is to be 
acquired from the point of view of the acquirer. In the case of explicit pedagogy the inten-
tion is highly visible, whereas in the case of implicit pedagogy the intention from the point 
of view of the acquirer is invisible. (Bernstein  2000 , p. 200) 

 Explicit and visible pedagogy, on the one hand, and implicit and invisible 
 pedagogy (see Lubienski  2004 , as quoted above), on the other hand, are used syn-
onymously throughout the literature. When the framing is strong and the pedagogy 
is explicit, all students are given the opportunity to conform to the requirements. 
When the pedagogy is implicit, at least some students will not be given this oppor-
tunity. Strong framing in a context of an implicit pedagogy becomes observable 
when a teacher explicitly communicates what she demands from the students, but 
her evaluation behaviour, however, does not match her explicit communications. 
This can be the case, for example, when a teacher is not really conscious of her own 
intentions, or when the sequencing of a lesson requires a dynamic development, 
where the intentions of the teacher are continuously changing. The  problématique  
of this combination is that the teacher sends out the message that students can rely 
on the criteria that she communicates, while  actually  students have to be aware that 
they continuously need to look for the teacher’s real intention autonomously. 

 The initial game between Nicole and the teacher (transcript 1) is paradigmatic of 
an implicit pedagogy combined with strong framing. The teacher fi rst initiates the 
interaction and in the course of it, he states the criteria  retrospectively . In such a 
situation the students have to be aware that they will not be given a full set of criteria 
from the beginning, but that they will have to be attentive for explications. However, 
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the relatively strong framing over all aspects of discourse suggests that the students 
can (and must) heed the teacher’s words, as he is in control. 

 The case of Hannes makes us aware that it is still not enough to just meet the 
criteria. When he pursued a strategy that was aligned to the  hitherto  available crite-
ria, and furthermore appropriate to everyday game playing, Mr. Black deprecatingly 
labelled it “a trick”. In contrast, the contributions of Dana, Lena and Jan were fully 
acknowledged. 

 There appears to be a mismatch between the communicated criteria and the 
teacher’s intentions, as Dana, Lena and Jan violate the framing, but still appear to 
match the teacher’s intentions. Instead of answering the teacher’s question of why 
 eighteen  is important, Dana responds by giving the reasons for why it is  not  impor-
tant and fi nally describes why  seventeen  is important (she ignores the teacher’s 
framing of sequencing). The same applies for Lena, who instead of providing the 
requested explanation for the importance of fourteen, explains the importance of the 
number eleven. Jan is even allowed to take turns without raising his hand and to 
interrupt Mr. Black (line 287). While Hannes’s behaviour is consistent with the 
framing, it received a less positive evaluation than that of Dana, Lena and Jan, who 
violated the framing. However, Dana, Lena and Jan answer in ways that are 
 appropriate to the strong classifi cation of praxeology, while Hannes does not. Here 
it seems that the classifi cation principle is more important than the framing. 

 To summarise, it appears that there is a discrepancy between what the teacher 
openly communicates as criteria for a legitimate contribution (framing) and the 
more subtle structural demands of the discourse (classifi cation). While the former 
provides a clear frame to act within, this frame can be undermined by structural 
principles that remain hidden. A valued contribution seems to require an alignment 
to the teacher’s invisible intentions derived from the classification principles 
(a strong classifi cation of praxeology that dominates a weak classifi cation of 
 content) rather than an alignment to the overt criteria provided by the teacher (strong 
framing). 

 This example makes us aware that strong framing may well be a basis for prepar-
ing all students to make  a  contribution. However, in order to prepare all students to 
make  an entirely valued  contribution, it requires an explicit pedagogy, where fram-
ing is in harmony with the classifi cation principles. Otherwise, it is not only that 
 some text is privileged  in the mathematics classroom, but that an unequal access to 
the principles for the privileging of such text translates into a  privileging of some 
students  and a  marginalisation of others . This is particularly the case for an implicit 
pedagogy in the context of strong framing, as strong framing suggests that students 
 can rely  on the rules that seem apparent to them, while the actual rules remain 
implicit. Under these conditions the mathematics classroom will favour those who 
already possess the recognition rules and further discriminate against those who 
need the teacher’s help to acquire them. 

 In such a case, the combination of implicit pedagogy and strong framing becomes 
the mechanism which can mislead students; the knowledge they are meant to acquire 
is not in harmony with the teacher’s interactions.  
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    Classifi cation and Framing in the Race to Twenty: Brousseau 

 The Race to Twenty is well known in mathematics education and it is interesting to 
use the concepts of classification and framing to compare what happened in 
Mr. Black’s classroom with the canonical description by Brousseau ( 1978 ,  1997 ). 
Recall that we have described Mr. Black’s lesson as showing weak classifi cation of 
content but strong classifi cation of praxeology, and showing a generally strong 
framing which, however, is misleading concerning the structure of knowledge. In 
contrast, we would claim that Brousseau describes the Race to Twenty in a way that 
shows strong classifi cation of both content and praxeology, but weaker framing of 
sequencing and pacing than in Mr. Black’s class. 

 In Brousseau’s description, the Race to Twenty is played in several phases. We 
will briefl y describe them before analysing them in terms of classifi cation and fram-
ing. In the fi rst phase, the teacher explains the rules and plays the game with one 
student in front of the whole class, until it is clear that the rules are understood, at 
which point she has a second child take her place. In the second phase, students play 
in pairs, keeping an open record of the numbers they have chosen. In the third phase, 
the class is divided into two teams, which play against each other, discussing each 
move and their overall strategy within their team. In the fourth phase the focus shifts 
to identifying propositions that help in winning the game. 

 In the fi rst phase the teacher introduces the students into how to play the game.

  The teacher talked about the game; she communicated a message which contained the rules 
of the game so that the students could internalize and apply them. This message did not 
contain any new words; it is assumed that the children understand the terms and their 
 organization (that is to say, the phases). The statement of the whole set of rules might have 
been too long for some children. So the communication of the message is accompanied by 
an action of the child (by making her play). (Brousseau  1997 , p. 6) 

 Here we see strong framing. The goal is to communicate the rules of the game as 
clearly as possible, and the teacher controls the selection, sequence, pacing and 
criteria of the knowledge in order to do so. It is very important that the rules for the 
game are understood for the next phase, and the teacher does not rely only on a 
verbal communication of the rules, but also plays the game with the child as a way 
of checking understanding. “At the same time and while she is playing, the teacher 
comments on the decisions and illustrates the rules of the argument. She talks about 
these rules by matching them with the circumstances of the situation” (p. 7). 
Evaluation is directed towards the situation, not towards the student who is playing. 
Hence, it has solely the function of explication, not of assessment. 

 In the second phase, the children play the game against each other in pairs. Here 
the framing of pacing is much weaker. As the children play with their peers and not 
against the teacher, they themselves can choose how quickly to play. In this phase the 
classifi cation of content becomes stronger; the game is presented as a mathematical 
activity, not as way of having fun. However, the classifi cation of praxeology is, for 
the moment, still relatively weak. Brousseau explicitly allows that the student’s strat-
egies in this phase may be far from mathematical, for example, choosing a number 
because it is lucky, or worked previously (p. 9). Students evaluate their own actions 
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by playing, hence the framing of criteria is weak. However, Brousseau makes clear 
that the purpose of the phase is to create a shared situation that can be collectively 
referred to later and not so much the transmission of mathematical criteria. 

 In the third phase (group playing against group), the group discussion creates a 
new context, in which the framing is generally weaker. The group members decide 
among themselves the pacing while making their decisions, its structure (taking 
turns, all speaking at once), and the criteria for deciding on a move. Brousseau 
describes the criteria as “feedback” derived from the situation and describes two 
forms:

  an immediate feedback (at the time of formulation) from the people with whom she has had 
the discussion, who show her that they do or do not understand her suggestion … a feed-
back from the milieu at the time of the next round played, if the formulated, applied strategy 
is a winning one or not. (p. 11) 

 The classifi cation of praxeology in this phase becomes stronger. Although 
 strategies may remain non-mathematical, they must be articulated, and so become 
objects to be theorised rather than remaining implicit. Implementing this obligation 
of articulating strategies leads to an explication of criteria. Learning to articulate 
strategies occurs through what Brousseau called the “dialectic of formulation”. He 
expects that children who are not able to articulate their strategies will learn to do so 
in this context.

  If some of the children whom we are addressing haven’t suffi cient mastery of this language 
(perhaps because they are too young), the dialectic of formulation will function for them; 
they will have to construct an effi cient vocabulary (this will therefore be a learning exercise 
only for those who need it). (p. 12) 

 The fourth phase is quite different from the fi rst three. Rather than playing the 
Race to Twenty game, the students are engaged in a “theorem competition” in which 
the goal is to propose conjectures about the Race to Twenty. Points are awarded 
when a conjecture is accepted or refuted, but the number of points depends on how 
exactly the two teams agree to accept the conjecture (without argument, by an 
empirical test of playing the game, through a mathematical argument). Brousseau’s 
explicit intent is to shift the praxeology to the theoretical. In our terms, the “theorem 
competition” is focussed on a strong classifi cation of praxeology. The name visibly 
announces the game as of mathematical and not of leisure nature: this determines a 
strong classifi cation of content. 

 Summarising, the Race to Twenty, as intended by Brousseau, is characterised by 
a gradual progression towards strong classifi cation of both content and praxeology, 
but relatively weak framing of sequencing and pacing. While criteria are not explicit 
from the beginning, they become more and more explicit along the gradual progres-
sion of classifi cation as the students are given time (weaker framing of sequencing 
and pacing) to develop an understanding of the criteria. In the literature, a pedagogy 
as intended by Brousseau that contains elements of explicit and implicit pedagogy 
can be described as a  mixed pedagogy  (e.g., Lubienski  2004 ; Morais  2002 ).  
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    The Race to Twenty: Mr. Black and Brousseau 

 Let us now compare in more detail the classifi cation and framing in Mr. Black’s 
lesson with Brousseau’s description. In Mr. Black’s classroom we observe a mecha-
nism in the classroom interaction that gives rise to disparity in learning opportuni-
ties. Some students, like Dana, Lena and Jan, are able to engage in the intended 
mathematical activity because they arrive with the necessary recognition and reali-
sation rules. Others, like Hannes, cannot participate legitimately until they acquire 
these rules. This mechanism involves the combination of:

•    weak classifi cation of content,  
•   strong classifi cation of praxeology,  
•   strong framing,  
•   implicit pedagogy.    

 As the strong classifi cation of praxeology dominates the weak classifi cation of 
content, this privileges students who already have the right recognition rules to 
identify this hierarchy from the beginning. These students can concentrate on theo-
rising about what is going on, instead of putting their efforts into playing against the 
teacher. 

 We can now compare Mr. Black’s pedagogy with the ideal pedagogy as described 
by Brousseau:

 Mr. Black (interaction)  Brousseau (canonical description) 

 Weak classifi cation of content  Progression towards strong classifi cation of content 

 Strong classifi cation of praxeology  Progression towards strong classifi cation of praxeology 

 Strong framing  Mixed framing 

 Implicit pedagogy  Mixed pedagogy 

   The Race to Twenty in Brousseau is dynamic. It appears that the situation is 
designed to gradually become more and more complex with the students’ growing 
awareness of the situation. In the case of Mr. Black, the pedagogy appears quite 
stable; classifi cation and framing values do not change throughout the lesson. The 
criteria for evaluation, however, change continuously. While the aim of Brousseau’s 
Race appears to be the  transmission of criteria , so that the students can autono-
mously apply them, the aim of Mr. Black’s Race rather appears to be checking who 
is  already  in possession of the criteria. While it appears that Brousseau systemati-
cally conceptualises the Race to Twenty as the means to the goal of learning, in 
Mr. Black’s case it appears more that the Race is an end in itself: Within a very short 
time, the “good students” are distinguished from the average; they are literally the 
winners of the Race to Twenty.  
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    Episode 2: T-Tables 

 We now want to shift our attention to an episode that comes from the classroom of 
Mr. White, a Canadian Grade 6 teacher in a rural,  inclusive  secondary school. The 
school is inclusive in the sense that all children from the region attend the same 
school and are placed in heterogeneous classes. The students are in their fi rst year 
in secondary school and they have attended several different elementary schools in 
the area. Some of them have been in the same elementary class, but not many. 
Others might know each other as they have gone to the same elementary school, but 
for many their new peers are not familiar. Mr. White is the home room teacher for 
this class. This means he is teaching them not only mathematics but most other 
subjects, for example, language arts, science and art. Mr. White is with his home 
class for more than 70 % of his weekly teaching. Mr. White may have met some of 
the students at an orientation day and he had the opportunity to examine their 
records, but his personal “philosophy” is that he prefers not to have “preconceived 
ideas” of his students. However, he spent the fi rst few classes testing the students on 
basic arithmetic skills, which might have provided him with some expectations 
before the fi rst lesson. 

 In the fi rst mathematics lesson of this school year, Mr. White starts a unit on 
T-tables. When textbooks are handed out to the students, Mr. White shows a T-table 
in the textbook to them (see Fig.  1 ) and asks them to copy this table into their 
 notebooks. They are to try to “fi ll in the blanks” for homework and Mr. White 
 comments, “If you can fi ll those in you’re well on your way to understanding 
T-tables. How many of you will be able to fi ll this in I wonder?” He makes no men-
tion of the context given in the textbook relating Kevin’s age to Alice’s grade.  

 This is a “real-world” context found in school mathematics textbooks, relating to 
an unlikely question (Kevin wondering how old his sister will be when he is in grade  n ) 
and an unlikely method of addressing it (using a table of values). But in recontextu-
alisation this is typical, as the presentation of the “real” context is subordinate to the 
requirements of the school mathematics context. While the textbook task mixes 

  Fig. 1    Task from the textbook (Mathquest 2000, p. 8)       
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elements of school mathematics: a table, blanks to be fi lled in and the word  “pattern”, 
with everyday elements like the names Kevin and Alice, their ages and school grades, 
it is clear that this content belongs to school mathematics. No real child would make 
such a table and look for patterns in it as part of their everyday activity. 

 At the start of the lesson Mr. White organises the students into groups of four and 
tells them to share the results of their homework with their group members. He asks 
them: “What are your three answers? How did you get them?” While they are 
 working he sketches a T-table on the board (see Fig.  2 ). Note that in his table, almost 
all the context information has disappeared. Kevin and Alice remain as headers, but 
their meaning as grades and ages, or their connection as two siblings, is not 
mentioned.  

 After the students have worked in their groups for a few minutes, Mr. White asks 
for the attention of the class. He calls for a volunteer to fi ll in the blanks of the 
T-table he has sketched on the board. Alicia volunteers to go to the board and fi lls in 
the left column down to 12 and the right column to 10. While Alicia is writing on 
the board the other students in the class are attentive; they watch what Alicia is 
 writing. Transcript 4 begins when Alicia fi nishes. 

 58.1  Mr. White:  Is there anybody from her group, as well as Alicia, who can tell us how 

 58.2  those numbers fi t in the way they do? What did you do? [ waits ] 

 59  [ Max raises his hand ] 

 60  Mr. White:  OK. 

 61  Max:  Added one on each time. 

 62  Mr. White:  Which side are we talking about? The left side or the right side? 

 63  Nick:  Both sides. 

 64.1  Max:  Either or both of them. Because Kevin, in one year he’s in grade six and 

 64.2  Alice is four years old. So the next year, he’s going to be in grade seven 

 64.3  and she is going to be fi ve years old. So you add one on both groups. 

 65.1  Mr. White:  So in other words, you’re adding down, adding one. Is this what you 

 65.2  mean? If you started, if you started here you just add one to get to ten. 

 66  Max:  Yeah. 

Kevin Alice
6 4
7 5
8 6
9 7

  Fig. 2    The T-table as copied 
by the teacher on the 
blackboard       
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 67.1  Mr. White:  You just add one to get eleven. You just add one to get to twelve? 

 67.2  Is that what you did? 

 68  Max:  Yes. 

 69  Mr. White:  So what did you did, what did you do over here? 

 70  Max:  The same thing. I had the number seven because I knew she was two- 

 71  Mr. White:  This one here? 

 72  Max:  Yeah. 

 73  Mr. White:  Yes. 

 Transcript 4: How those numbers fi t in the way they do. 

       Classifi cation of Communication 

 In the video it is evident that most students lose interest once Alicia has completed 
the table on the board. For them the “fi lling in the blanks” task is complete. They do 
not recognise that something more is expected in Mr. White’s question in line 58. 

 What can we say about the classifi cation and framing here? As we have already 
noted, the classifi cation of content is strong; fi lling in T-tables and looking for 
 patterns in them is far from an everyday activity. The classifi cation of praxeology is 
harder to gauge at this point, and we will postpone our discussion of it. The framing 
is also generally strong; Mr. White clearly controls the dialogue with Max. However, 
in two respects the framing is weaker: Mr. White does not require the other students 
to pay attention to what he and Max are saying, and his questions “Who can tell us 
how those numbers fi t in the way they do? What did you do?” (line 58) are very 
open. The criteria for acceptable answers are invisible. At this point, Mr. White 
appears to apply an implicit pedagogy. 

 There is an interesting difference in the way Max talks about the numbers and the 
table and the way Mr. White does. Max refers to the context for the T-table given in 
the textbook: Kevin’s grade and Alice’s age. He uses his knowledge of the everyday 
in line 64 to say why both sides increase by one: “Because Kevin, in one year he’s 
in grade six and Alice is four years old. So the next year, he’s going to be in grade 
seven and she is going to be fi ve years old. So you add one on both groups.” He also 
begins to provide a context-based explanation in line 70, “because I knew she was 
two-” but Mr. White interrupts him. Mr. White, however, makes no references to the 
context. He refers to the columns as “the left side or the right side” and the numbers 
in the table as numbers, not grades or ages. Even when he copied the table from the 
textbook, he changed the column labels from the meaningful (in context) numerical 
labels “Kevin’s Grade” and “Alice’s Age” to the non-numerical labels “Kevin” and 
“Alice”. 
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 We describe this difference in Max’s way of talking and Mr. White’s in terms of 
a third principle of classifi cation:

   Classifi cation of communication : the insulation between contextualised and decontextual-
ised language use that results from the degree to which the discourse refers to contexts that 
are at least potentially perceptible (cf. Straehler-Pohl and Gellert  2013 ). 

 The distinction between contextualised and decontextualised language refers to 
 actual  and  virtual  contexts and their linguistic role of meaning orientation as 
 discussed by the linguist Ruqaiya Hasan ( 2001 ). While actual contexts, either in the 
here-and-now or anytime-anywhere, are at least hypothetically accessible via the 
senses, virtual contexts are exclusively constituted by the means of language. They 
would not exist without language. 

 If an utterance refers to a virtual context, then its meaning has to be derived from 
specialised registers as the meaning can not be manifested by sensation or experi-
ence. For example, the word relation has a completely different meaning when used 
in a “family register” or in a “mathematics register”. Decontextualised use of 
 language thus implies strong classifi cation of communication. If the discourse refers 
to potentially perceptible contexts, that is, it mainly makes use of contextualised 
language, then it is weakly classifi ed in terms of communication. 

 In Transcript 4, the classifi cation of communication is strong. Mr. White expects 
the way the numbers “fi t” to be communicated using language that is decontextual-
ised. Max has not recognised this, however, and while actually not meaning any 
perceivable persons, he expresses his arguments in contextualised language, refer-
ring to Kevin’s grade and Alice’s age. This is consistent with the references to the 
everyday in the original task. However, such contextualised language was dismissed 
by Mr. White and immediately replaced by more decontextualised formulations 
(line 65). 

 In the next transcript Mr. White’s practice turns more and more towards an explicit 
pedagogy, and Max recognises this strong classifi cation of communication. 

 74.1  Max:  Because I knew she was two years younger than the grade he was in. 

 74.2  So then I just added one on [the numbers?] from there. 

 75.1  Mr. White:  I have a question. This can come, the answer may come from any 

 75.2  group. You may look at the T-table here or you may look at the one 

 75.3  you’ve created in your notebook. Can anybody fi gure out or tell me the 

 75.4  relationship between the left side of this T-table and the right side 

 75.5  of the T-table. 

 76  [ Max is the only student who raises his hand. ] 

 77  Mr. White:  Okay. 

 78.1  Max:  The difference between the numbers, there’s a difference of two on 

 78.2  each number. 
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 79  Mr. White:  A difference of two. How do you mean difference? 

 80  Max:  There is, one is two higher. 

 81  Mr. White:  So in other words, this one is two higher. 

 82  Max:  Yes. 

 Transcript 5: In other words. 

       Recognition and Realisation Rules: Finding the Correct 
‘Other Words’ 

 In line 74.1 Max completes his thought from line 70 and describes the relationship 
between the two columns, again making reference to the everyday context: “she was 
two years younger than the grade he was in”. Mr. White’s response (line 75) is inter-
esting: He asks the class if anyone can tell him the relationship between the two 
columns. As this is what Max has just done, one might expect Max to interpret this 
as a signal that there was something wrong with what he said. In line 78 Max tries 
again “there’s a difference of two on each number”. He reformulates the relation-
ship he stated in line 74 in a way that leaves out anything perceptible completely, 
expressing the relationship in the language of an entirely virtual context. He has 
now recognised the strong classifi cation of the communication. 

 Let us now return to the question of the classifi cation of praxeology. Mr. White’s 
question “Can anybody fi gure out or tell me the relationship between the left side of 
this T-Table and the right side of the T-Table.” (line 75) refers to the concept of a 
functional relationship between two sets. This suggests a strong classifi cation of 
praxeology. Max’s answers, especially in line 74.1, refer to the functional relation-
ship, but as we have seen, they fail to do so in a decontextualised way. His decon-
textualised answer “there’s a difference of two on each number” (line 78) also refers 
to the functional relationship, but less clearly. When Mr. White asks him to clarify, 
Max adjusts his description, replacing the static description “there’s a difference of 
two” with one that gives priority to one column over the other “one is two higher”. 
Mr. White replies “So in other words, this one is two higher” making sure that the 
target of the functional relationship is clear (it is the left hand column in this case). 

 Max is the only student who attempts to engage in this interaction with 
Mr. White. As we mentioned above, some students seem to not recognise that this 
interaction is important. Others may recognise the importance of Mr. White’s 
 questions, but might be unable to respond as they lack the necessary realisation 
rules. Still others may be as able to participate as Max is but choose not to until the 
framing of the criteria becomes stronger (Knipping and Reid  2013 ). By observing 
Max they may be able to copy the way he has learned to describe relationships, 
using formulations like “this one is two higher”. However, as his earlier  explanations 
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failed to recognise the strong classifi cation of communication, they were marked as 
 inappropriate, and it is unlikely that anyone will copy that discourse. 

 83  Mr. White:  I have a question. How do you go from this number to this one? 

 Remember you said that we added down or you folks added down. How 

 do we get from this side if you were looking at these numbers and if you 

 say they sort of, they sort of seem to match up in a way? How do we get 

 from this side to this side? 

 …  [ Mr. White erases the numbers 8, 9 and 10 on the right side of the table and asks 
explicitly for a relationship between 6 and 4, 7 and 5, 8 and 6, 9 and 7. More students 
now volunteer to provide an answer. ] 

 104  Eric:  You subtracted two each time. 

 105.1  Mr. White:  We have a response here that says you subtract two each time. 

 105.2  Let’s assume that we are going to give a letter to each of these numbers. 

 105.3  Let’s assume we say each of these numbers represents X so any time we 

 105.4  want to put a number in we replace X with the number. And if we say 

 105.5  equals a number, [ bell ] whoops. 

 106  Larry:  That’s the ten fi fteen senior high bell. 

 107.1  Mr. White:  Can anybody else, can anybody fi gure what we would put in here 

 107.2  for a little tiny equation? To help fi ll this out? [ Mr. White points to Eric ] 

 107.3  What did he just say, what did he say we do? 

 108  Multiple Students: Subtract two. 

 109  Mr. White:  Let’s put it in. Subtract two equals the number. 

 110  [ Mr. White writes X - 2 = N on the blackboard. ] 

 […] 

 112.1  Mr. White:  Now, let’s see if we can make it work. Because guess what, a lot 

 112.2  of T-tables work in a pattern something like this where you can fi ll in a 

 112.3  little tiny equation. If you understand that with this one you’ll understand 

 112.4  most of what happens in most of the rest of the T-tables. See this little 

 112.5  equation here? It gets a little bit harder but they work basically the same 

 112.6  way. Now, let’s see if we can—show you how this works. If we say X 

 112.7  minus two equals the number that we want, which is over here. 

 112.8  If we say six minus two equals 

 113  Student:  Four. 

 114.1  Mr. White:  Four. Now all of a sudden you are into real simple arithmetic. 
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 114.2  You did this ages ago so guess what? We made the math look a little bit 

 114.3  hard, now we’re trying to make it look easy. What would we do now if 

 114.4  we are down at ten, using the same pattern? Ten, minus, what are we 

 114.5  going to put in here?—Anybody? Yes sir. 

 [ Emily, Ben and Larry raise their hands ] 

 115  Ben:  Two. 

 116.1  Mr. White:  Right. Because we are always going to use the same one, 

 116.2  the same pattern that is. Ten minus two equals— 

 116.3  Wayne, are you with us son? What’s ten minus two buddy? 

 117  Wayne:  Eight 

 [ Taking turns, Mr. White and several students go through more examples 
some of which he writes on the blackboard. ] 

 Transcript 6: How do you go from this number to this one? 

       Classifi cation of Praxeology: A Little Tiny Equation 

 Mr. White’s next question reveals something interesting about the classifi cation of 
praxeology, which we had tentatively identifi ed as strong, based on Transcript 5. 
Max’s answer “one is two higher” (line 80) describes a relationship between the two 
columns, which is what Mr. White asked for in line 75, but it does not satisfy two 
criteria that become clear in Mr. White’s next question, “How do you go from this 
number to this one?”. With each question the framing of the criteria for answers has 
become stronger, and now it is clear that Mr. White wants a  procedure  that will 
change the numbers in the left hand column into the numbers in the right hand 
 column. Max’s answers were all expressed as relationships, not as procedures and 
either worked in both directions (difference of two) or went from right to left (one 
is two higher). Eric’s response “You subtracted two each time” is positively evalu-
ated. He has recognised that the classifi cation of communication is decontextual-
ised, and that the classifi cation of praxeology is not as strong as Mr. White’s mention 
of “relationship” suggested. 

 An interesting shift occurs here. The framing of the social order becomes stron-
ger in that Mr. White now expects other students to become involved, and even calls 
on Wayne by name (line 116). Mr. White also controls more of the discourse, only 
allowing students to respond to simple arithmetic questions. At the same time the 
classifi cation of praxeology becomes weaker. The mathematics of T-tables is 
reduced to writing the equation and plugging in values. The process of identifying 
the relationship between the numbers, which mathematically is the basis of the 
equation, was done entirely by Max and Eric with Mr. White’s guidance. There was 
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no sign that the rest of the class should be involved. Mr. White appeared to be 
 satisfi ed with the rest of the class being able to answer his procedural questions.  

    Does Everyone in Mr. White’s Class Have the Same Access? 

 What most clearly distinguishes Mr. White’s class both from Mr. Black’s and from 
the description of Brousseau is that it ends with a weak classifi cation of praxeology. 
This difference of classifi cation appears to happen for the sake of inclusiveness: 
“We made the math look a little bit hard, now we’re trying to make it look easy.” In 
this fi rst lesson the emphasis is on adding more values to the table, and plugging 
numbers into the equation. It appears that this is suffi cient for a legitimate contribu-
tion and Mr. White’s fi nal strengthening of framing guarantees that his students—in 
contrast to Mr. Black’s—can rely on the criteria he communicates. These are appar-
ently the fi nal criteria. In the end Mr. White seems to apply an explicit pedagogy. 

 However, the generation of the equation has been done entirely by Mr. White, 
Eric and Max. And crucially, the combination of weak classifi cation of praxeology 
and strong classifi cation of communication implies that it is impossible for others to 
question and discuss this process. In particular, Max’s use of the context to identify 
the relationship that underlies the equation becomes invisible for the other students. 
In the process of generating a meaningful mathematisation for a contextualised 
table, it is a crucial fi rst step to verbalise relations in a way that is accessible to all. 
This allows students to gradually increase the strength of classifi cation (of content, 
communication or praxeology), but without an abrupt change. However, as Max 
appears to be able to make such an abrupt change on his own, the process that 
underlies this change completely disappears from the classroom discourse and 
hence remains completely implicit for the other students, who still need to acquire 
the recognition and realisation rules in order to make such changes themselves. In 
later lessons Max continues to be able to identify relationships and fi nd equations, 
but he never again describes what he is doing in terms of the contexts provided in 
the textbook. Max seems to have recognised that the contexts provided in the text-
book are useful, at the same time he has learned in this fi rst lesson that mentioning 
those contexts aloud is not useful. As Bernstein ( 2000 , p. 17) notes:

  Certain distributions of power give rise to different social distributions of recognition rules 
and, without the recognition rule, contextually legitimate communication is not possible. It 
may well be, at the more concrete level, that some children from the marginal classes are 
silent in school because of the unequal distribution of recognition rules. 

 Max has learned to be silent about context as he has learned to recognise the 
strong classifi cation of content and communication in Mr. White’s classroom. 
However, he still has (from some prior experience at home or in primary school) the 
recognition rule that allows him to use contexts to fi nd equations. Because of the 
strong classifi cation of communication those students who do not already have this 
recognition rule are unlikely to acquire it in Mr. White’s classroom. Similarly, Max 
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has recognition rules related to a strong classifi cation of praxeology, but as the 
 classifi cation of praxeology in Mr. White’s classroom is weak, Max is unlikely to 
make explicit use of those recognition rules, and so other students will not observe 
them. 

 Our discussion shows how Mr. White did more than making “the math look a 
little bit hard” and then “making it look easy” again. There also appear to be two 
different kinds of mathematics going on. Both kinds of mathematics are  characterised 
by a strong classifi cation of content and communication. However, what remains 
invisible behind these strong classifi cations is that the two kinds of mathematics 
differ fundamentally concerning the strength of classifi cation of praxeology. 

 In Mr. Black’s class (Episode 1) everyone is measured on the same but implicit 
criteria. The ones who meet them are exposed as winners, the ones who fail against 
them are left feeling like losers. In Mr. White’s class on the contrary, everyone is 
abled to feel that they have succeeded according to the given criteria. Mr. White sets 
out criteria that are attainable by everyone. However, what is concealed from most 
of the students is that there is a whole set of alternative criteria that are only applied 
to those who can autonomously qualify themselves as being able to match them. 
This is the other face of differentiation of criteria: it is not that the criteria are 
implicit, but the very fact that there is a differentiation going on. 

 In Mr. White’s class, the mechanism that leads to a stratifi cation of access for 
different students is much less characterised by an implicit pedagogy than in the 
case of Mr. Black. Instead we describe this mechanism as an  implicit differentiation , 
that is covered by an apparently explicit pedagogy.   

    Conclusion 

 What we have seen in the episodes above are different classroom cultures evolving 
in the fi rst weeks of a school year. Terminology developed from the work of 
Bernstein allowed us to identify mechanisms in classroom interactions that gave 
rise to these different classroom cultures and to disparity in mathematical learning 
opportunities. We also showed how this culture was embedded in a context that 
went beyond the walls of the classroom: a selective culture of the German 
Gymnasium where students are traditionally oriented to allocation of students for 
higher segments of the labour-market, and a Canadian secondary classroom where 
the system is oriented towards inclusion and diversity. 

 What both episodes have in common is a recontextualisation from everyday 
 discourse to school mathematics. This recontextualisation of what Bernstein calls 
“horizontal” discourse is a typical feature of school mathematics and other school 
subjects. “As part of the move to make specialised knowledges more accessible to 
the young, segments of  Horizontal discourse  are recontextualised and inserted in 
the contents of school subjects” (Bernstein  2000 , p. 169). But as we have seen 
above, inserting segments of the everyday into school mathematics does not 
 necessarily make the subject more accessible, at least not for everyone. 
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 In Mr. Black’s lesson the weak classifi cation of content and the implicit peda-
gogy related to the strength of classifi cation of praxeology (and communication) 
seemed to allow the students to engage in the everyday discourse of game playing. 
It was only when a student’s answer, corresponding to the strong classifi cation of 
praxeology, was positively evaluated that the legitimate orientation in the discourse 
became gradually clearer. While some students were able to recognise the strong 
classifi cation of praxeology early and became the true winners of the game, others 
might be left wondering why exactly these contributions were valorised, and in the 
end they are left out of the real “race”. 

 In Mr. White’s classroom, the classifi cation of content and communication was 
strong, but the classifi cation of praxeology was weak, and the former appears to 
dominate the classifi cation of praxeology, so that contextual explanations are 
ignored even when oriented toward theorising the problem. Despite the weak clas-
sifi cation of praxeology, theorising is yet not absent in Mr. White’s class. However, 
it appears that not everyone is expected to take part in it. Although the framing is 
generally strong, during Mr. White’s exchange with Max and Eric the rest of the 
class is not expected to participate. At that moment, when Max is able to engage 
with the task more theoretically, the framing also weakens, so that not everyone has 
to attend, and there is no indication that what is happening is important. Instead, the 
activity closes with an emphasis that everyone has successfully acquired the 
 necessary means to legitimately participate in Mr. White’s class. 

 In interviews Mr. White stated clearly that he was deeply concerned for his “less 
able” students to be successful in his class. This was visible also in his comments to 
the class. To do this he weakens the classifi cation of praxeology and reduces 
 mathematics to a procedural or technical level. In attempting to enable his “weak” 
students he denies them access to important features of high status mathematical 
knowledge. 

 Recontextualisation comes with a danger of reducing what Bernstein calls “vertical” 
discourse, the discourse of a subject like mathematics, to a set of procedures.

  Recontextualising of segments [of horizontal discourse] is confi ned to particular social 
groups, usually the ‘less able’. This move to use segments of  Horizontal discourse  as 
resources to facilitate access, usually limited to the procedural or operational level of a 
subject, may also be linked to ‘improving’ the student’s ability to deal with issues arising 
(or likely to arise) in the students’ everyday world …  Vertical discourses  are reduced to a 
set of strategies to become resources for allegedly improving the effectiveness of the reper-
toires made available in  Horizontal discourse . (Bernstein  2000 , p. 169) 

 What Bernstein describes here and what we have identifi ed in Mr. White’s class 
can be seen in relation to an inclusive school system that opts for a differentiation of 
learning opportunities, trying to meet the students, “where they are”. This intention-
ally inclusive gesture always bears the danger of nobly (but nevertheless falsely) 
aligning pedagogy to lowered expectations and hence producing self fulfi lling 
prophecies (Straehler-Pohl et al.  2014 ). As suggested by the Bourne quote in the 
introduction, the institution of education produces the teachers who participate in it, 
and Mr. White’s teaching is not (only) a refl ection of his own choices as a teacher, 
but also (and perhaps mainly) a refl ection of the institution of education. 
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 The way that Mr. Black has employed an everyday context—or in Bernstein’s 
words, segments of horizontal discourse—is very different. He is not limited “to the 
procedural or operational level” and not making mathematics a “resource for alleg-
edly improving the effectiveness” of the everyday. Quite the opposite, he employs 
the game for theorising and for introducing the students into the values of the 
 Gymnasium  in the selective German secondary school system: The  Gymnasium  is 
oriented to intellectual forms of labour, hence the orientation to theorising and the 
privileging of abstract thought. It is oriented towards a strong specialisation of 
 students, hence the selectivity. Finally, the  Gymnasium  is supposed to identify and 
categorise the emerging member of the elite. The implicit pedagogy, that resembles 
a race rather than a learning opportunity, makes sense within this realm. However, 
despite the striking selectivity and competitiveness, one also has to acknowledge 
how rapidly Mr. Black’s pedagogy brings  some  students to produce quite 
 sophisticated theoretical insights in the structure of the Race to Twenty. As with Mr. 
White, we want to emphasise that Mr. Black’s teaching is a refl ection of the institu-
tion he is embedded in, the German  Gymnasium . 

 Hence we see, in two quite distinct contexts, mechanisms that produce disparity 
in learning opportunities arising out of both sides of the dual recontextualisation 
that produces school mathematics. Classroom interactions mirror outside social and 
structural characteristics in ways that make the classroom culture in a German 
 Gymnasium  very different from the classroom culture in a Canadian school. 
However, there are also commonalities, one of which is the emergence of disparity. 
This is to be expected in a selective school like the  Gymnasium  but it occurs also in 
inclusive schools, and, as we have seen here, can be produced out of an attempt to 
ensure success for all. By understanding better such disparity producing  mechanisms, 
and how they operate in different contexts, we establish a basis for teaching that can 
reduce or avoid them, so that inclusive schools can be more truly inclusive.     
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      Learning Mathematics In and Out of School: 
A Workplace Education Perspective 

             Gail     E.     FitzSimons    

    Abstract     This chapter reports on the mathematical training of operators in the 
pharmaceutical manufacturing industry in Australia. Based on an analysis of work-
place observations, the pedagogic design of the training addresses tensions and con-
tradictions between the mathematically informed workplace practices of the 
operators and their formal mathematical competences. A Bernsteinian approach is 
used in this chapter to discuss issues of enhancement at the individual level and of 
social, intellectual, cultural, and personal inclusion.  

         Democracy and Pedagogic Rights 

 Basil Bernstein ( 2000 ) uses the concept of boundary as a metaphor to signify the 
realisation of distributions of power through various and often invisible means. 
Equally important is the way these boundaries are relayed by various pedagogic 
processes. Utilising the training of operators in the pharmaceutical manufacturing 
industry in Australia as a case study, this chapter will demonstrate how low-level 
manufacturing workers, who might have been excluded from democratic participa-
tion by invisible boundaries relayed through the offi cial vocational curriculum, can 
overcome this exclusion. Through pedagogic processes informed by socio-cultural 
research—which acknowledges the value of human activity, including critical 
workplace interactions—workers may be empowered mathematically. In fact, all 
stakeholders have the potential to gain something from the process. 

 Bernstein ( 2000 ) advocates three pedagogic rights which enable democracy to 
function: enhancement, inclusion, and participation. At an individual level, the right 
to enhancement—experiencing boundaries as tension points between past and 
future options—“is the right to the means of critical understanding and to new pos-
sibilities” (p. xx) and a condition for confi dence. At the social level, the right “to be 
included, socially, intellectually, culturally, and personally” (p. xx), possibly also 
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requiring the right to be separate or autonomous, is a condition for  communitas . At 
the political level, the right to participate is more than a discourse and must be about 
practice which has outcomes; it is the condition for civic practice or discourse. Two 
of Bernstein’s main themes are that (a) the distribution of knowledge carries unequal 
value, power, and potential; and (b) the visual and temporal features of images and 
voice in the learning situation project a hierarchy of values. In other words, educa-
tion is necessarily a value-laden activity; curriculum and pedagogy cannot be sepa-
rated from values. 

 In formal pedagogic situations, such as vocational mathematics or workplace 
numeracy education, arbitrary selections are made from the discipline of mathemat-
ics according to distributive rules which provide different forms of consciousness to 
different social groups, and differential access to unthinkable knowledge in the pos-
sibility of new knowledge, as distinct from thinkable knowledge which takes the 
form of offi cial knowledge. However, in the workplace, as elsewhere in society, 
problems are ever-evolving and the development of new knowledge—locally new if 
not always universally new—is an essential requirement for completing the task at 
hand within constraints of time and/or money, so that workers often fi nd themselves 
in “unthinkable” territory, creating new knowledge.  

    The Economic Realities of Pharmaceutical Manufacturing 

 This industry is highly regulated. The Pharmaceutical Manufacturing Licence 
depends on adequate  Good Manufacturing Practice  (GMP) standards: there is a 
requirement to demonstrate control over equipment, personnel, and processes. 
Formal training records are also required, and both are reviewed in regular and ran-
dom GMP and  Quality Assurance  (QA) audits. The pharmaceutical industry 
requires that all activities are documented: Records of production, equipment main-
tenance, and laboratory testing are considered as legally-binding documents. Failure 
to comply with government regulations can mean loss of operating licence. 

 Production has to be streamlined, attuned to considerations such as meeting sea-
sonal demands while remaining cognisant of the limited shelf lives of various products. 
Underlying every action in the pharmaceuticals production process is the mandatory 
requirement for accountability and traceability: Everything has to meet exact specifi ca-
tions as detailed in continuously updated  Standard Operating Procedures  (SOPs), and 
to be checked and rechecked. All operators (warehouse, production, and packaging 
workers) are acutely aware of the importance of this to their jobs. 

 Beyond initiation into routine procedures, the need for training is predicated on 
the ability to respond to unexpected or unforeseen situations which may be encoun-
tered in the workplace. Production delays can be caused by something as serious as 
equipment malfunction, or as simple as failure to access the specifi ed quantities of 
raw or packaging materials. More serious losses are incurred through reworking, 
necessary as a result of error detection. Public recall of products can result in loss of 
sales as the company reputation is damaged. A lag in innovation, in product 
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 development or work organisation, can reduce market edge. As with industry in 
general, workplace structures are continually changing in this enterprise as a result 
of local or head offi ce decisions. Training beyond day-to-day requirements is essen-
tial to work organisation predicated on new techniques, both in the engineering 
sense of tools and machinery, and in the socio-cultural sense of communication and 
participation in workplace decision-making. 

 Although there was a strong training ethos emanating from company headquar-
ters in Germany, the decision by the Melbourne manager to participate in a formal, 
externally provided and accredited course was not taken lightly. Whereas in 
Germany all new operatives are assessed at recruitment and offered mainly in-house 
training, in Australia qualifi cations frameworks and recognition of skills for so- 
called unskilled and semi-skilled workers are a relatively recent development dating 
back to the 1990s. On the basis of the availability of the new vocational education 
credentials, and looking to increase productivity, management decided to offer a 
base-level program (Certifi cate I) to selected and volunteer workers already 
employed as operators. Although these workers were highly experienced, they 
lacked formal certifi cation in this area, and it was intended that formal academic 
recognition and development of their skills would enhance the workplace culture. 

 I was employed to “deliver” in 20 h the competency-based education and train-
ing (CBT) modules of  Calculations A  and  Basic Computer Skills  to about 12 phar-
maceutical operators, both on-site and in my institution. After negotiations were 
completed, production workers were informed of the availability of training and 
offered encouragement through a combination of paid and unpaid study schedules. 
Organising these schedules to fi t in with production runs and rostered-days-off 
proved quite a demanding task for the company. Showing an insightful empathy for 
the workers’ broader educational horizons, the manager requested that, while many 
classes were to take place on-site, others were to be held in the institutional setting 
of my vocational university, in order to provide familiarity and agency within this 
educational context (e.g., organising ID cards, using the library, locating classrooms 
in complex buildings). Unlike many others in Australia, this company showed its 
workers respect and encouraged a sense of belonging: It valued and celebrated out-
standing contributions, recognising that diffi cult working conditions are sometimes 
unavoidable (e.g., building refurbishments, or economic downturns elsewhere). 

 The offi cial mathematical knowledge took the form of a  Calculations A  curricu-
lum. This was comprised of selections from the vertical discourse of mathematics 
(i.e., systematic, explicit theoretical knowledge found in general education curri-
cula), which offers conceptual understanding and integration of meanings. This is in 
contrast to knowledge which is developed through experience via a collection of 
specifi c, unrelated contexts, described by Bernstein ( 2000 ) as horizontal discourse 
(see FitzSimons  2008 ; FitzSimons and Wedege  2007 , for further discussion of verti-
cal and horizontal discourses in mathematics). However, as illustrated below, the 
curriculum mostly resembled the content knowledge expected of children before 
they reach secondary education, but without offering the workers opportunities for 
higher level thinking and access to democratic participation.  
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    Calculations and Computing in the Pharmaceutical 
Manufacturing Industry 

 The accredited curricula for pharmaceutical operators specifi ed generic core mod-
ules (e.g., calculations, quality assurance, and industrial communication), together 
with a range of pharmaceutical core modules (e.g., good management practice, 
basic computer skills) and, fi nally, specialised electives in production, packaging, 
and materials handling. Operators found these groupings to be of ascending rele-
vance to their everyday work. The following are examples of  Learning Outcomes  
from Certifi cate I. Of the three Calculations modules, only Calculations A was core. 
Typically, workers were extremely unlikely to progress voluntarily along this math-
ematical path of study—discussed further below. Consistent with vocational educa-
tion policy of the time, and since, all curricula had to be seen as relevant to work, so 
that this framed the pedagogical discourse. 

    Calculations A: Estimate, Calculate, and Record Workplace Data 

 Within the context of this calculations module,  estimate  refers to the ability to form 
an approximate judgement which is closely related to the formally calculated result.

•    Estimate results from basic information used in typical workplace situations  
•   Calculate results involving whole numbers, simple fractions, & decimals used in 

typical workplace situations  
•   Record estimates and calculations on standard workplace forms/documents 

accurately and legibly     

    Calculations B: Use Routine Measuring Instruments. 
Complete Routine Arithmetic Calculations. Chart Data 

•     Explain SI measurements for mass, volume, temperature, length  
•   Measure product weight, volume, temperature, length, and associated variations  
•   Record data on standard charts     

    Calculations C 

•     Calculate performance measures  
•   Convert imperial to SI measures  
•   Calculate percentages, ratios, and proportions  
•   Use imperial and SI measures to calculate performance  
•   Record data on standard charts     
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    Basic Computer Skills 

 This module provides the learner with a basic understanding of computers and com-
puting systems used in the pharmaceutical manufacturing process. The emphasis is 
on the ability of the person to manipulate the keyboard, respond to simple com-
mands, and input data in their immediate work area.

•    Explain the purpose of computers and their components and the impact of com-
puters on society  

•   Describe the different computer and computerised control systems used in the 
pharmaceutical manufacturing/production industry and the differences between 
the systems  

•   Input, store, and retrieve data following computer menus and commands, using 
a range of input/output devices.     

    Quality Assurance A 

•     Identify and monitor critical control points at the work station  
•   Sample product for off-line testing  
•   Perform inspections and tests of own work     

    Industrial Communication A 

•     Express views verbally  
•   Read non-routine text  
•   Prepare written information to support groups and teams    

 It is diffi cult to justify the curriculum for Calculations A—where the arithmetic 
processes have been isolated and artifi cially separated from their historical genesis 
in the measuring activities of people—in terms of how it might contribute to the 
survival of the enterprise (or the industry for that matter) in times of rapid economic 
change. Except for recording of estimates and calculations, it is certainly not a 
refl ection of the work I observed, as described below in the handling of raw materi-
als and fi nished goods, or in production processes. In fact, the workers were rou-
tinely involved in a wide range of measuring activities, such as those listed in 
Calculations B & C, as well as planning and locating activities in 3-dimensions. 
Importantly, nobody actually performed these mathematical activities in the manner 
that would be expected and assessed in the situational context of formal schooling. 
Notably, the pedagogy implied by the Calculations A curriculum, and recommended 
in the teacher support materials, was restricted to lower level procedural activities of 
symbolic representation and manipulation, ignoring or deliberately avoiding math-
ematically higher level activities (or competences) of problem solving, reasoning, 
justifi cation (EACEA  2011 ). Neither was there any refl ection on, or evaluation of, 
the solution process—nor even of the discipline itself. Accordingly, it cannot be 
remotely considered as setting the foundation for advanced mathematical thinking. 
By contrast,  Basic Computer Skills  is noteworthy for its inclusion of the social 
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dimension and its practical orientation to actual work processes. Yet, somewhat sur-
prisingly,  Quality Assurance  appears to be completely dissociated from mathemat-
ics, even though the concept of representative samples is mathematically complex: 
It is likely to be reduced to a set of rules and procedures, restricting the possibility 
of meaningful communication between operators and technical staff in case of 
errors or breakdowns in understanding (cf. Kent et al.  2011 ). 

 One unintended effect of the Calculations A curriculum is that it actually acts as 
a barrier to pharmaceutical workers at the operator level, because they are forced to 
revisit the school mathematics that was so alien in years gone by. Fractions and 
decimals have suddenly reappeared, even though vulgar fractions are seldom used, 
if at all, in this workplace. In fact, these workers are likely to be using and under-
standing different, broader, even more sophisticated mathematical and statistical 
ideas, simply because they are contextually signifi cant. Yet, they may be unable to 
satisfy competency requirements on a decontextualised basic skills test without the 
use of a calculator. Adults are positioned as incompetent in an educational system 
based on abstraction—as educational infants, recalling personal images of prior 
dependency on the teacher. Lack of agency was noteworthy among the workers on 
fi rst viewing the Calculations A curriculum: burly, highly competent men were 
almost reduced to tears. In order to participate meaningfully in workplace decision- 
making, a sense of mathematical empowerment needs to be engendered, including 
higher order thinking as well as basic skills. However, it is questionable whether the 
accredited Calculations A curriculum could have made any contribution to the 
higher order thinking skills, to say nothing of day-to-day work practices. 

 The workers, many of whom had been out of formal education for many years, 
needed to be convinced of the value of further study and that it would not replicate 
their negative experiences of school mathematics education. For some, the inclusion 
of technology that they had not previously encountered in formal education was of 
initial concern. For others, the opportunity to gain recognition of their (plentiful) 
skills and to learn more through an offi cially accredited course provided a real 
morale booster. In the following section I illustrate some of the complexities of 
operators’ daily practices as a stark contrast to the Calculations A curriculum.   

    Workplace Observations 

 With permission from the manager, in my own time I observed and discussed the 
activities taking place on a daily basis with the operators and other workers employed 
at all stages of the production process, from entry to exit. It was possible to frame 
the mathematical activities within the set of six universals that Bishop ( 1988 ) char-
acterised as being an essential part of all cultures (including the workplace culture): 
counting, locating, measuring, designing, explaining, and playing. Each was found 
to be an integral part of the workplace taken in its entirety of space and time over the 
range of workers’ shifts. In this way, my discussions with, and observations of, the 
operators and their colleagues enabled me to particularise and concretise the abstract 
offi cial curriculum. I now outline and discuss relevant aspects of the work done by 
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operators at each of the six major stages of production, namely: (a) inwards goods, 
(b) raw materials store/warehouse, (c) production: compounding, (d) production: 
packaging, (e) distribution: fi nished goods warehouse, and (f) outwards goods: 
packing/stock control. 

  Inwards Goods     The operator’s tasks were to record deliveries (raw materials, 
packaging, offi ce supplies, etc.), unload the deliveries, check them, and sign them 
off. Where necessary, he had to redirect incorrect deliveries to a nearby plant in the 
same company which manufactured fertilisers and other agro-chemicals. Unloading 
could involve pallets of numerous boxes which he counted and labelled, on the spot 
if possible, processing his own labels using a computer and waiting overnight for 
unloading of the pallet to complete the labelling of those boxes not initially visible. 
Keeping a mental note of boxes hidden in the interior of a large delivery is certainly 
not a trivial mathematical skill. 

 Counting boxes required fi nding a part-box delivery notice in the case of a box 
not completely full. For example, the operator might receive 54 boxes, comprised of 
53 with 1,925 plastic bottles in each and 1 with 1,375. The total number of bottles 
was then calculated using a calculator, which also required an estimation to ensure 
the reasonableness of the answer. The operator then had to photocopy the paper-
work for stock control. After checking that the labels were correct he would forward 
the certifi cate of analysis to the QA department. At the end of each day he had to 
complete the daily goods manifest on all deliveries, accurately for traceability 
purposes. 

 After accepting the delivery of a pallet, this operator had to allocate a suitable 
place for immediate storage prior to transporting it to the next destination, the Raw 
Materials Store or the Warehouse. This required communication with the driver 
about the correctness of the order and where to offl oad the pallet. Large pallets 
require transport by forklift, and this is another skill requiring a range of mathemati-
cal competences such as reasoning, problem posing and solving, logical and spatial 
thinking (EACEA  2011 ), as well as effective verbal and non-verbal communication 
skills, in order to avoid mishaps which could damage products and even endanger 
human life. This is demonstrated in forklift sales and training websites which highlight 
the importance of inter-related contextualised mathematical measurement  concepts, 
such as: (a) the weight and size of typical loads, (b) the height required to lift the 
loads, (c) interior or exterior uses infl uenced by the quality of the driving surface 
and the kinds of fuel types legally permitted, and (d) the average number of hours 
used per day. Any mathematical (or other) error has potentially fatal consequences, 
as shown on videos of “funny forklift accidents” found through web-based search 
engines. The mandatory possession of a valid forklift driver’s licence for such 
operators highlights the generally unacknowledged range of workers’ tacit 
mathematical knowledges.  

  Raw Materials Store/Warehouse     The duties here were to record incoming stock, 
allocate appropriate locations, transfer stock as required to the next destination, and 
condense the remaining stock. In the store, in order to accommodate production 
process needs, operators were required to make conversions, using a chart to convert 
pre-made tablets from kilograms (as they were received) into actual numbers, and 
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to convert huge rolls of foil from their length in metres into their weight. In the 
warehouse, the operators had to plan strategies for location and sub-location of 
goods other than raw materials. They had to allow for a small tolerance (or margin 
of error) in the quantities transferred. To allocate the locations, including sub- 
locations, they had to follow the ‘fi rst-in, fi rst-out’ or FIFO rule which requires 
meticulous attention to data on the labels as well as logical planning skills. The 
transferred stock was recorded using a special transfer screen on one of the in-house 
computer systems. SOPs provided explicit instructions for all transfer processes.  

  Production: Compounding     This area of the plant is where tablets, creams, medi-
cines, testing kits, etc. are manufactured. Because it is a restricted area I was not 
granted access to the actual site. In terms of mathematics, the operators were 
required to complete production and packaging order sheets, and to calculate the 
actual yield (usable quantity divided by total quantity, expressed as a percentage) at 
the completion of each process.  

  Production: Packaging     Tubes of cream were packaged by hand, while small bot-
tles of liquid used in testing kits and tablets embedded in foil blister packs were 
machine-packaged. The operators were required to complete production and pack-
aging order sheets, and to calculate the yield, read data from the instrument used for 
torque testing of bottle caps (to ensure that they were not too tight or too loose), 
count the reject items, check the codes, and estimate the amount of glue needed on 
the day for the labels. They were also required to generate the labels using a com-
puter. Every half hour, data was recorded for the tubes of cream and tablets: the 
codes, the number of leafl ets used and the number still available; the number of 
boxes likewise, in order to ensure that they were 100 % accurate. If not, production 
was halted while the discrepancy was investigated. For the bottles of testing kits, 
samples were taken at the beginning, the middle, and the end of the process; the 
torque tests for caps (12 – 20 lb) were completed every 15 min. After production was 
completed, products were transferred to the Finished Goods Warehouse.  

  Distribution: Finished Goods Warehouse     Here the operators were required to 
check that the company paperwork corresponded with their records. They would 
then store the fi nished goods, locating them according to turnover rates, and later 
pick the goods required for despatch. Picking goods on order required that the oper-
ators check the quantities. This meant calculating the total number of items by mul-
tiplying the contents of each box by the total number of items per box, again taking 
into account the part-boxes. For each individual order, there was to be one tray. For 
supermarkets, there was to be one pallet per product. The operators needed to check 
that the paperwork on the stock location sheet corresponded with the quantity, 
batch, and expiry date; they also needed to check the FIFO date. For chilled prod-
ucts they needed to check the temperatures on refrigerators by monitoring a 24-h 
graph, and a logarithmic graph on the deep freeze unit for storing goods.  

  Outwards Goods: Packing/Stock Control     After the orders of picked goods 
arrived, they were packed up for despatch; chilled and frozen goods were always to 
be packed at the last minute. This section also dealt with the organisation and 
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recording of transport arrangements. Here, operators were required to check that the 
pick slip data corresponded with what they received, do the packing (machine 
assisted where appropriate), and weigh the package to the nearest kilogram. Based 
on the length and weight of the order, they had to organise transport according to the 
need: they used a pictorial guide of different forms of delivery vans according to 
these weights and lengths, ranging from small taxi trucks to very large heavy vehi-
cles used for supermarkets and shipping containers. Especially in the case of chilled 
or frozen goods, the transport services had to be phoned in order to confi rm that they 
would meet purchaser deadlines. In terms of record keeping, all the data or codes, 
locations, pick slips and job numbers, and carrier information had to be entered onto 
the computer. Records of packing included entering the con-note [consignment 
note] number for proof of delivery and to follow up any subsequent queries. Finally, 
the company would expect to receive a fax to confi rm delivery. 

 An additional observation was of a whole-staff meeting where management 
reported on the previous 12 months’ results, using tables including percentages, 
charts, and graphs, comparatively, to elaborate on their claims, both positive and 
negative, about the year’s productivity. Following Bernstein ( 2000 ), I believe that 
workers have the democratic right to understand and evaluate claims based on math-
ematical objects such as these. 

 At fi rst glance the operators’ work might appear fairly banal, focusing on count-
ing, estimating, completing and checking forms, reading of measurements, storing 
and locating materials and fi nished goods, and using technology as a form of shared 
record keeping. This kind of work was typical of many work sites I have visited 
across a range of industries (e.g., FitzSimons  2005 ; FitzSimons et al.  2005 ). 
However, here there was an even more acute emphasis on avoidance of errors, and 
the workers had not only internalised this but took great pride in their work, encour-
aged and supported by management in forms of personal recognition at the annual 
Christmas function. Their levels of functioning were far more sophisticated than the 
curriculum of Calculations A would suggest. Many of the operators were new 
immigrants to Australia and, to my surprise, I learned that their educational back-
grounds were quite varied, ranging from early school leavers to university  graduates. 
Cohorts of students as varied as this are commonplace in adult education, and the 
challenge for teachers committed to maximising learning opportunities for each 
person is to make them feel respected and valued for what they bring to the learning- 
teaching situation.   

    Pedagogic Design: Addressing the Tensions 
and Contradictions 

 In order to overcome what I perceived to be the manifest weaknesses of the accred-
ited curricula, I took the opportunity to combine Calculations A and Basic Computer 
Skills, and integrated, where possible, important aspects of other modules listed 
above. This offered a way around the constraints of teaching the decontextualised or 
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pseudo-contextualised skills which would follow from a strict interpretation of the 
Calculations A module. It also enabled me to build on and share my observations of 
the whole process, from start to fi nish, enabling the workers to feel valued for their 
personal contribution, and to appreciate the needs of others, upstream and 
downstream. 

 As with the impoverished curriculum, I found the published student support 
materials to be unlikely to refl ect the complex realities of production. For example, 
when a breakdown in production occurs for a given length of time, there needs to be 
line clearance, where the machinery must be cleaned out, as is normal at the end of 
any production run, and then the process started anew. However, the learners’ guide 
ignored all of these important characteristics of actual work practice. In one work-
sheet, after conveniently choosing the breakdown time as 12 noon, it assumed that 
production could immediately resume at the point of stoppage once the breakdown 
had been fi xed. Depending on the circumstances, this could be quite illegal! Another 
worksheet encouraged rote learning without any conceptual foundation: 
Multiplication and division by powers of 10 is “simply” accomplished by moving 
decimal points so many places to the left or right! But which way? 

 On the other hand, posing the question: “What can go wrong in your work that 
might be related to numbers or measurement?” provided operators with rich oppor-
tunities to demonstrate their depth of knowledge about the work processes they 
were involved in and to make their own connections with the offi cial curriculum. In 
reality, workers everywhere may be confronted with problems arising from the lack 
of appropriateness, quality, and maintenance of tools and equipment of production 
for the specifi c task(s) at hand, not to mention other social, environmental, and com-
munication problems. However, these are not generally the focus of training pro-
grams; many of my other vocational students have reported a general lack of interest 
by supervisory staff to the reporting of such problems in their workplaces, including 
air traffi c controllers! Fortunately, the pharmaceuticals manufacturing industry is 
highly regulated, precisely because of the social, health, and environmental risks to 
workers and to the general public as end-users. 

 Technology was a major focus of the pedagogy. This meant both learning about 
the electronic and other technologies utilised at the site (e.g., various computer net-
works; processing, packaging, and weighing machines; storage and refrigeration 
facilities), and learning through these technologies as well as scientifi c calculators. 
It was possible for the operators to practise computer skills on various types of low- 
tech computerised machinery used for printing labels, for example; or to learn about 
the different internal and external communication systems and databases in use at 
this site. However, meeting the assessment requirements for both calculations and 
computing meant designing further learning activities. 

 The school-mathematical activity of calculating statistical means after physically 
rolling three dice at a time was a starting point, which eventually led to discussion 
of probability and the concepts of randomness and variability. Using a professional 
statistics package,  Minitab , we reproduced the individual and combined data on the 
computer, and then conducted simulations of this work on a large scale. Plotting the 
results as bar charts and then as a quality control [QC] chart, with n = 3, elicited 
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the surprising information that these were the kinds of charts with which the opera-
tors were regularly confronted in production meetings. These charts were produced 
from data based on each area’s work which operators were expected to understand 
in a general sense, and for which they were held accountable. Now, for the fi rst time, 
the operators had some understanding of where these charts came from, and began 
to appreciate what happened to the values they had entered personally or which had 
been entered automatically. Even at the relatively unsophisticated level of statistical 
understanding made possible by our activity, operators were more likely to partici-
pate in discussions about the causes of defective production, without fear of show-
ing their ignorance. 

 Throughout the pedagogic activity, calculations were performed in a natural 
manner, embedded in contexts meaningful to the workers, who were then able to 
locate themselves personally in the activity and to see the vital importance of accu-
racy in meeting offi cial standards. Discussions refl ecting on social issues such as 
gambling, uses and abuses of computer technology, together with industrial issues 
of quality management, took place. (Sadly, no discussions refl ected on the uses and 
abuses of mathematics.) Formal computer activities took place in the university—
familiarising the workers with educational institutions, including using the comput-
erised catalogue system in the library, and locating books, magazines, etc. through 
putting the Dewey decimal system of cataloguing to practical use. Our guided tours 
of the plant, which integrated workplace calculations and computer usage, enabled 
the workers to learn about sections upstream and downstream that they had never 
previously visited, highlighting their interdependence. It also enabled the remaining 
staff to learn about the work of these colleagues, as well as the nature of the training 
program itself. 

 Assessment was integrated within learning activities and workers were given the 
opportunity to share their mathematical knowledge with others. Utilising the con-
cepts of measurement and unit conversion from the non-core units of Calculations 
B & C—which were extremely unlikely to be taken up voluntarily—enabled the 
workers to locate these tasks within contexts with which they were familiar,  allowing 
them to judge the reasonableness of their answers. For some, this meant entering 
new territory allowing them to develop more confi dence should they take on these 
tasks in the future. 

 The  Calculations A Assessment Task  was designed using actual activities, actual 
product names, and the workers’ own names, drawn from each of the six major 
production stages discussed above. It also included an open-ended question: 
“Sometimes things go wrong in the workplace. Think about one thing that can go 
wrong in your area, such as counting, measuring, or locating (fi nding something). 
Use your knowledge of mathematics to explain what went wrong and how it could 
be fi xed.” The  Basic Computer Skills Assessment Task  asked workers to show how 
much they knew about workplace processes which were related to computers. It 
included describing, explaining, and using computer technology; also discussing 
the purpose of computers and their impact on society. In the following section I 
discuss some of the workplace competencies needed in modern industrial econo-
mies and that are integral to the activities performed by workers.  
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    Workplace Competencies 

    Techno-mathematical Literacies (TmL) 

 Noss ( 1997 ) claimed that sophisticated mathematical skills are required for inter-
pretation of results as well as error detection or retrieval from catastrophic techno-
logical breakdown situations. He argued that in many work situations there is less 
reliance on traditional school mathematics skills which can be carried out more 
effi ciently by computers, and greater reliance on an ability to think in a mathemati-
cal way. Workplace decisions are based on an interplay of complex relations 
between professional, vocational, and mathematical knowledge. When these 
become contested or problematic, a workplace mathematics far broader than basic 
numeracy is required. According to Hoyles et al. ( 2010 ), changes arising from the 
introduction of information technology (IT) into the workplace have resulted in a 
shift “from fl uency in doing explicit pen and paper calculations, to fl uency with 
using and interpreting output from IT systems in order to inform workplace judge-
ments and decision-making” (p. 7). 

 Hoyles et al. ( 2010 ) also elaborated on the notion of boundary objects (see, e.g., 
Star  2010 ), such as paperwork commonly shared between managers and operators, 
where breakdowns in communication may occur due to misunderstandings. (Hoyles 
et al. added the term  symbolic  to indicate the link with TmL.) As discussed above, 
paperwork plays a crucial part in the pharmaceutical manufacturing industry in 
terms of records for accountability purposes. Not only do all the records of serial 
numbers, quantities, and locations of materials used in the warehouse, production, 
and packaging have to be scrupulously correct, but it is likely that at least some 
operators will be faced with complex tables, charts, and graphs. As explained above, 
QC charts were commonly used by managers at production meetings, and offer an 
example of a boundary object which, prior to our computer workshop, was virtually 
meaningless and in the realm of unthinkable knowledge (Bernstein  2000 ) for opera-
tors. Even though it was impossible for them to fully comprehend the high level 
statistical detail in our limited time frame, the operators at least began to have some 
appreciation of their meaning and use. 

 It may be argued that the case study described above is relatively low-tech and 
possibly dated in comparison to the very high-tech pharmaceutical manufacturing 
company researched by Hoyles et al. ( 2010 ). That company had a phenomenal out-
put of generic drugs, utilising the cutting edge technology of automated packing 
machinery, supported by minimal technical staffi ng; all extensively electronically 
monitored by a system of  Overall Equipment Effectiveness  (OEE). However, 
because of their lack of appreciation of the system’s complexity and how each vari-
able worked, together with possible resistance to workplace surveillance and 
control, technicians were reluctant to engage with this information. Hoyles et al. 
recommended that, in order for this system to act as a symbolic boundary object, 
facilitating communication between workers and management, the technicians be 
given access to the whole production process—a critical feature of our case study. 
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 Even though the mathematics needed in the pharmaceutical manufacturing plant 
in this case study appears, at fi rst glance, relatively low level, a deep conceptual 
understanding of skills such as accurate counting, reading, and recording of num-
bers and codes is absolutely essential. In addition, understanding the implications of 
errors and how to redress them is fundamental. According to Lindenskov and 
Wedege ( 2001 , p. 12):

  One does not simply count. There is a work-related aim in counting, and a certain precision 
is demanded. There are certain limits to the time consumption. Often one already knows the 
items that are to be counted. Often the shape of the items and the arrangement of the work-
place will call for a special way of counting. Finally it is the organisation of work that 
determines who counts, controls and documents, whether it takes place individually or in 
co-operation, and who can suggest changes. Counting in a work context is not only 
counting. 

 As noted previously, any error can result in tragedy for end-users and/or with-
drawal of the company’s right to operate—apart from disastrous public relations.  

    Work Process Knowledge 

 Boreham ( 2004 ) describes work process knowledge as “a systems-level understand-
ing of the work process in the organization as a whole, enabling employees to 
understand how their own actions interconnect with actions being taken elsewhere 
in the system” (p. 209). Boreham adds that:

  Work process knowledge is a synthesis of theoretical and experiential knowledge. While 
codifi ed knowledge in the form of theory or written procedures might not be suffi cient to 
guide action by itself, when it is synthesized with personal knowledge of the work situation 
the resulting construction—work process knowledge—allows people to make suffi cient 
sense of the situation to enable them to act. (pp. 214–215) 

 Holistic conceptions of workplace learning, such as work process knowledge, do 
not appear to have any place in any atomistic curricula such as those described 
above. Work process knowledge is an essential part of a successful and safe work-
place, and the teaching/learning program described here contributed to developing 
such knowledge in an informal and enjoyable way, as the worker-students learned 
with and from their workplace colleagues around the work site. 

 The study by FitzSimons et al. ( 2005 ) into the highly regulated chemical spray-
ing and handling industry identifi ed several components of numeracy learning. 
These include:

•    having an awareness and understanding of the problems and risks  
•   having the confi dence and knowing when to seek and gain information and con-

fi rmation from other workers, manuals, package labels, historical records; also 
the internet  

•   being able to cope with the complexity of information potentially available  
•   having the ability to learn from experience  
•   developing the teamwork skills of joint planning and problem solving.   
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In small-scale workplaces, such as plant nurseries or wine grape production, super-
visors allowed novices restricted parameters for decision making, always under 
guidance, until they had a proven record of safe practice. In this way serious mis-
takes could be avoided, yet opportunities for refl ection on errors could be provided 
as an explicit learning experience, in addition to the implicit learning taking place. 
This kind of learning experience is in direct contrast to the narrow focus of the 
learning outcomes described above.  

    Communication 

 The ICMI Study on  Educational Interfaces between Mathematics and Industry  
(Damlamian et al.  2013 ) highlights on a broader scale the vital importance of accu-
rate communication in sending and receiving information, online or offl ine, whether 
orally, in textual form, through gesture, etc. Not only do workers need to communi-
cate about mathematically relevant issues with people in the workplace hierarchy 
who are above them, below them, or on their own level; they also need to have the 
confi dence to question the mathematical assertions and assumptions of others in 
their workplace contexts. In addition, they may have to answer questions from con-
sumers, and even to educate them. When people such as team leaders or supervi-
sors, become responsible for the on-the-job training of apprentices and other 
newcomers, high level communication skills are vital, especially in science and 
technology.   

    What Are the Implications for Institutionalised 
Mathematics Education? 

 Even with year 12 or higher qualifi cations, many school leavers of today are likely 
to enter similar kinds of industrial workplaces. Their possible employment fore-
grounds could include paid full-time, part-time, or casual work; they could be 
employed by others, self-employed, or unemployed, or unpaid volunteers. They 
may wish to join or return to the paid workforce, get a promotion, reduce their 
workload, change jobs, become multi-skilled, return to study, and so forth. They 
will have important roles as citizens, partners, parents, carers of relatives or other 
signifi cant people as members, even offi cials, in social, sporting, or other special 
interest groups, where mathematically-based decision making is required, possibly 
involving legal and moral responsibilities. They will also have domestic tasks, 
including home maintenance, budgeting, caring, and so forth. Notice that these fore-
grounds include aspects of life well beyond the normal assumptions of ongoing 
full-time paid employment. Many young people still in education are, or have been, 
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already employed, paid or unpaid, and bring these experiences to learning situa-
tions; some they may wish to share and some not. 

 For me, the most important aspects of the pharmaceutical manufacturing work-
place study included contextualised learning which valued learners’ knowledges 
and their workplace experiences, treating them as respected partners on our mathe-
matical and technological journey. This journey was made as holistic as possible, 
developing work process knowledge encompassing the whole plant, with contribu-
tions from other workers along the way, thereby enabling the operators to link their 
everyday knowledge with scientifi c knowledge, and integrating their assessment 
with their learning experiences. The inspired request from the manager led to an 
expansion of their learning horizons into, for many, the unthinkable territory of a 
large university where they could begin to feel at home; for some this was the fi rst 
library that they had ever entered. How might school students be supported to 
broaden their learning horizons beyond the classroom? 

 In formal educational settings, it may be possible to identify and incorporate 
knowledge gained from formal and informal workplace or other out-of school expe-
riences into mathematics activities (Bonotto  2013 ). It may be possible to give stu-
dents practical experience and to develop confi dence in using context-specifi c 
language to clarify understanding and resolve mathematical problems across differ-
ent communities of practice (i.e., across boundaries). It may be possible to use their 
work or life experience to understand and see the potential of mathematics as a 
conceptual tool for critically appraising existing work or social practices, and to 
take responsibility for working with others to conceive and implement alternatives 
(see, e.g., FitzSimons  2011 ,  2012 ).  

    Revisiting Democracy 

 I now return to the earlier discussion of democracy and pedagogic rights. The 
implied assumption of failure in school mathematics achievement, together with the 
restricted levels of mathematical thinking apparent in the Calculations A curricu-
lum, are consistent with Bernstein’s ( 2000 ) theorisation that the workers will be 
“positioned in a factual world tied to simple operations” (p. 11). Socialisation into 
this kind of pedagogic code is likely to deny workers their pedagogic rights to dem-
ocratic participation. 

 In relation to Bernstein’s ( 2000 ) concept of boundary, I have tried to show how 
the boundaries seemingly established through what appeared as a very limiting and 
limited core curriculum could be overcome: First, by recognising that (often invis-
ible) mathematical skills actually constitute critical components in a highly regu-
lated workplace that can affect human lives and livelihoods, and where errors can be 
fatal; and second, by respecting the full integrity of the work actually done by oper-
ators on a daily basis to show that it has far more depth than a superfi cial reading of 
the offi cial curriculum would suggest. Every single code or number carries a great 
depth of meaning, and all discrepancies between expected and actual values must be 
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accounted for. Simplistic pedagogical practices such as instructions based on rote 
learning to move decimal places to the left or right, or “convenient” breakdowns do 
not do justice to the responsibilities, and the codifi ed as well as tacit knowledges of 
the workers. 

 Bernstein’s ( 2000 ) fi rst pedagogic right is that of enhancement at the individual 
level—experiencing boundaries as tension points between past and future options, 
thereby developing the means of critical understanding and awareness of new pos-
sibilities, which he described as a condition for confi dence. This chapter has argued 
that physical and intellectual boundaries can be transgressed, both in the workplace 
where workers were able to appreciate the contribution of their own role in the 
greater scheme of production, and through the dual location of studies in the com-
fort zone of their own plant, and at the university where they could gradually develop 
a new confi dence and agency. In addition, by drawing on the applications of the 
non-core units of Calculations B & C as offering meaningful contexts for the math-
ematical work they were already doing, or might be expected to do, operators trans-
gressed the boundaries of the offi cial curriculum. No doubt they would have been 
more confi dent to attempt mathematical further study had these units been offered—
or perhaps even to contemplate a different academic pathway. 

 Pedagogic activities such as those described above contributed to Bernstein’s 
( 2000 ) second right, that of social, intellectual, cultural, and personal inclusion. As a 
refl ection of the importance of this principle, the workers’ knowledge and experi-
ence, as well as their artefacts and work practices, were acknowledged and valued as 
their voices and stories in the activities were incorporated into our texts. Knowledge 
was distributed among us all: I had more experience and expertise in the mathemat-
ics/statistics fi eld, whereas the workers had years of practical experience and know-
how. Utilising teaching and learning places and spaces within and around the plant, 
including the canteen, was where the workers felt comfortable; whereas, initially, the 
university was where I felt more comfortable. But we each crossed our own boundar-
ies to learn new ways of thinking and to appreciate and value the differences. 

 The right to democratic participation, as a condition for civic practice or dis-
course, must be about practice which has outcomes, according to Bernstein ( 2000 ). 
Access to unthinkable knowledge, going far beyond the offi cial knowledge, was 
enhanced through the activities which removed the veil of secrecy, however unin-
tentional, surrounding artefacts such as the production and printouts of QC charts 
and other offi cial documents, tables, and graphs which had acted as boundary 
objects between workers and supervisors. The operators were also invited to 
critique the uses of computers and the social issues surrounding gambling. As it 
happened, one of the manager’s fi nal comments to me was to remark on his delight 
that the workers were actually beginning to pose questions about their daily work, 
rather than merely accepting outputs without question. From my perspective, the 
increased knowledge and awareness of previously opaque artefacts at least gave the 
workers a chance to challenge or “answer back” to criticisms, direct or implied—
and to have the confi dence to do so. For some operators, even setting foot inside a 
modern day education institution—let alone a university—or library had also 
previously been unthinkable. As Bernstein ( 2000 ) noted, education is necessarily a 
value-laden activity; curriculum and pedagogy cannot be separated from values.     
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      Mathematical Modelling and Bank Loan 
Systems: An Experience with Adults 
Returning to School 
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    Abstract     We chose two Brazilian bank loan systems to discuss with a class of 
20–38 year-old students from a last year in Brazilian “Education of Youth and 
Adults”, aiming to verify which kind of discussion—mathematical, technical or 
refl exive—emerges in a mathematical modelling environment. We divided the class 
in seven groups of three students, and organized four 90-min meetings during their 
mathematics classes, all of them in the evening. In each of the fi rst three sessions, 
we presented three guiding questions to be discussed in the small groups. In the 
fourth, the teacher-researcher promoted a whole class discussion. In this article, we 
present some of the discussions raised during the sessions in one of the groups, 
which has shown interaction among them. We realised mathematical discussions 
were almost absent in their discourse and they were concerned with solving the 
questions as mathematical exercises.  

         Introduction 

 Education of Youths and Adults (EYA) in Brazil aims to provide education to those 
who did not fi nish basic school at the foreseen age and return to school later, most 
of the times coerced by working conditions. In EYA, each semester is equivalent to 
1 year of the regular education, and this means that EYA High School in Brazil can 
be completed in 18 months instead of the three regular years. Students in EYA 
courses are adults and do not return to school to learn what they have missed from 
school when they were young, but to learn abilities they currently need in their 
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 professional lives, as suggested by Kooro and Lopes ( 2007 , p. 2), when they state 
that “… the adult is not a child. The learner brings a life experience and an appren-
ticeship that is not usually considered in learning experiences”. Hence, we chose a 
mathematical modelling approach with two bank loan systems to work with an EYA 
group of students, taking into account the words of Fonseca ( 2005 ) that this kind of 
education prioritises “the possibility to a more democratic access to literate culture, 
and mathematics teaching must engage in this task, considering its proper resources 
and opportunities” (p. 26). 

 Freire ( 2005 ) calls “banking education” not the study of fi nancial mathematics, 
which is our aim in this research study, but the model in which a student is consid-
ered as a depository of information and contents (either mathematical knowledge or 
the knowledge concerning any other subject). This concept is meant as a criticism 
against the Brazilian educational system as a whole, in the same way that Moretto 
( 2003 ) calls students who are faced with this kind of teaching “information accumu-
lators”. In our study, we aim at educating citizens and not information accumula-
tors, meaning that these students should be able to critically participate in their 
social environment. With EYA, this characteristic is even stronger, since the stu-
dents are older than the students from regular schools, have a broader experience in 
life and are already engaged in their workplaces. 

 We chose to discuss two Brazilian bank loan systems with distinct premises with 
a group of last semester EYA students, aiming at analysing what kind of discus-
sions—mathematical, technical or refl exive (Barbosa  2001 )—are raised in a math-
ematical modelling environment using activities involving two bank loan systems 
and the advantages and disadvantages for the ones in need of fi nancial help. In this 
article, we briefl y describe the EYA groups’ discussions regarding their work to 
understand two Brazilian most used bank loan systems: Price System (PS) and 
Constant Amortisation System (CAS).  

     Adult Mathematics Education 

 Considering research studies outside Brazilian EYA, the main concern presented in 
various research studies regarding formal adult mathematics education is numeracy 
(Wedege  2009 ), especially related to developing personal empowerment (Hassi 
et al.  2010 ) and basic skills in mathematics at work (Wedege  2009 ). In our research, 
we are not directly discussing numeracy nor the kind of personal empowerment 
mentioned in those research studies, but we chose a content that is taught in formal 
adult mathematics education in Brazil: simple and compound interests, that we 
chose to discuss by the use of bank loan systems in a mathematical modelling envi-
ronment. In this way, we believe, such subject can provide basic skills useful for 
work as well as for the personal empowerment to deal with situations in real life, as, 
according to Niss ( 1996 , p. 13), one reason why it is necessary to teach mathematics 
is “providing  individuals with prerequisites which may help them to cope with life  
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in the various spheres in which they live: education or occupation; private life; 
social life; life as a citizen” (italics original). 

 FitzSimons ( 2008 ) argues that “In order to develop adults who are considered 
numerate in contemporary society, there needs to be a convergence between  teaching 
of the vertical discourse of mathematics and the horizontal discourse of numeracy” 
(p. 10). In the way they were dealt with in our study, we consider bank loan systems 
as a horizontal discourse inserted in the vertical discourse (Bernstein  2000 ) of 
school mathematics. We are convinced that Brazilian EYA courses are restricted to 
vertical discourse of mathematical contents, which are extracted from the regular 
curriculum although taught in different rhythm, since the length of the courses is 
half the length of regular ones. Also, in these courses, the teacher usually plays a 
central role in the process. In our research study, we decided to use a mathematical 
modelling environment in order to give voice to the adult learners, as we believe 
their lifelong learning should be considered when they are in a learning situation 
(Hassi et al.  2010 ). 

 Considering research studies in Brazilian EYA, Araújo ( 2007 ) conducted semi- 
structured interviews with EYA students from secondary and high schools, solving 
problems involving elementary mathematical contents. Through these interviews, 
the author realised that those students had gaps in their reading abilities and trouble 
in interpreting the information presented in the problems. In addition, they lacked 
knowledge in elementary mathematics. The students who were able to solve the 
proposed problems applied mathematical knowledge they regularly used in their 
own lives. Fonseca ( 2005 ) also emphasised this, claiming that in EYA classrooms 
mathematical contents that are intimately related to students’ needs should be taught 
by using resources that the students themselves bring to the classroom and which 
they have acquired through their social and/or professional experience. 

 Furtado ( 2008 ) describes Brazilian high scores of school failure, and most 
 students that look for EYA courses have not been successful in their regular school 
lives. In the light of such a conclusion, he suggests the need to use special teaching 
strategies for EYA courses regarding students’ interests and expectations in this 
modality of learning. This is what Corôa ( 2006 ) evidenced in his research study. He 
interviewed teachers who work in EYA in order to understand how they introduce 
mathematical contents that need to be developed according to EYA’s program. He 
found that those teachers adapt contents to bring them closer to students’ daily lives. 

 Considering these fi ndings, we used mathematical modelling as a special teach-
ing strategy for EYA and bank loan systems, as they stand in close relation to real 
life situations.  

    Students’ Profi le 

 This research study was carried out in a public school in a “favela” of São Paulo’s 
outskirts, with four classes of EYA students in the last stage of the course. The stu-
dents attend school in the evening. Our focus was on the students of one of those 
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classes who agreed to participate in this research study. In order to build their pro-
fi le, we administered a questionnaire with nine questions regarding gender, age, 
birthplace, profession, previous education, period of time out of school and reasons 
for that, as well as their feelings about mathematics. We assumed that these charac-
teristics might interfere with the group’s motivation to work with a  mathematical 
modelling approach and with bank loan systems. 

 Analysing the questionnaire, we observed that the group had 21 students, 17 
female and 4 male, with ages varying from 20 to 38 years old, most of them coming 
to São Paulo from the Northeast States of the country without having graduated 
from High School at the expected age (in Brazil, 17 years old). They have been 
away from school for 6 years or more and expect from EYA to prepare them ade-
quately for working demands in Brazilian States different from that of their birth. 
Most of them work in commerce and fi nishing school is essential and necessary, 
since they are already working, and they cannot take the risk to be replaced by more 
qualifi ed workers. They generally fi nd it diffi cult to understand mathematics but 
consider mathematics a necessity for and in their lives. 

 In conclusion, we considered that students with such a profi le are more mature 
and experienced than regular high school students, and that they work with interest. 
Furthermore we assume that the topic of bank loan systems might be important and 
motivational for them, for example with regard to the acquisition of their own house.  

    Methodological Choices 

 We decided to do a research study with a qualitative analysis of data. Therefore, we 
divided the class into seven groups of three students and organized four 90 min 
meetings during their mathematics classes. During the fi rst three meetings, we pre-
sented PS and CAS tables of values and three guiding questions to be discussed in 
the small groups. In the fourth meeting, the teacher-researcher promoted a whole 
class discussion. Meetings were tape-recorded in agreement with all the participants 
and records were analysed. 

 In order to organize the activities, we chose Mathematical Modelling Case 1 
(Barbosa  2001 ), in which the teacher presents a problem, gives data to solve it, and 
the students have to solve the problem using the given data. To work with the tables 
(PS and CAS), we chose a R$ 100,000.00 loan to be paid in 120 months, consider-
ing these data viable for the research study participants, since there was a govern-
ment incentive program to make it easy for the population to borrow money to buy 
their own house up to R$ 100,000.00. 

 These students were not used to work autonomously with mathematics questions 
nor were they familiar with reading and analysing amortisation systems’ tables. To 
help them to work in those ways, we thought it was necessary to give them some 
guiding questions to analyse the given tables. In each of the group meetings, we 
provided three guiding questions and the amortisation tables. In the whole class 
discussion meeting, one question for discussion was given. 
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 For the fi rst meeting, the guiding questions were intended to help students with 
the reading of the table:

     In each table, locate the value of the loan and the number of instalments.  
  Observe if there is a column or line with constant values in each table. Does it happen in the 

CAS table? In PS? What does that mean?  
  Observing the instalment columns, what can you grasp from each table? Discuss your point 

of view with your group.    

 On the second day, the questions incited a more critical reading, aiming to compare 
the nature of the two systems:

     Choose three random lines in each table and analyse what information you can get from 
them.  

  Observing amortisation and interest columns and their relation to the instalments, what can 
you make from the CAS table? The PS table? What does that mean?  

  Is the interest value to calculate the fi rst instalment the same in both amortisation systems? 
Explain.    

 In the third meeting, the questions were designed to raise the mathematical content 
with which the tables were constructed:

     If you have already understood both amortisation systems, can you tell how much the total 
value of the amortisation column is without calculating it?  

  Discuss with your group members whether you can explain how the instalments are calcu-
lated in each system.  

  How do you calculate amortisation values using the CAS system?    

 Finally, for the discussion meeting, the question was mainly to incentivize the 
discussions:

  Give reasons for choosing one of the amortisation systems to get a loan to buy a house, 
depending on the social, economical and political scenario of the country. 

 For this article, we chose to present two kinds of data: dialogues from one small 
group, with the kind of discussions (mathematical, technical and refl exive) they 
presented; and some of the arguments given in the fourth meeting regarding the 
choices of an amortisation systems. For many reasons, only three of the seven 
groups participated in all meetings. The small group A was chosen for closer analy-
sis, because they have participated in all meetings, have shown more interaction 
among them than the other two groups, and their interactions presented more char-
acteristics of the three kinds of discussion we intended to look for. In addition, they 
were also chosen due to the kind of doubts they raised in the fi rst meeting, when 
they showed less knowledge than the other groups about the tables, and even so, 
their development on the subject was higher than that of all other groups. 

 For the analysis of the discussions, we used Barbosa’s ( 2006 ) ideas that in a 
mathematical modelling environment three kinds of discussion may occur: mathe-
matical, technical and refl exive. Mathematical discussions are connected to mathe-
matical content; technical, to the translation of the situation in mathematical 
language; and refl exive ones, to characteristics of the studied model and its 
consequences. 
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    Mathematical Modelling 

 We chose to work in a mathematical modelling environment because we agree that 
it is benefi cial to discuss theoretical concepts connected to real problems and to 
bring the mathematics classroom closer to students’ real lives. Mathematical 
 modelling environments also make possible a change in the teacher’s role, since 
s/he is no longer considered the only one who holds the knowledge (Barbosa  2001 ), 
and the pedagogical process can be based in a dialogical relationship between 
teacher and student (Skovsmose  2004 ), allowing the teacher to respect the  knowledge 
those students bring to school. 

 Among the possible mathematical modelling perspectives described by Barbosa 
( 2006 ), we focused on the “socio-critical”, as it seemed to be the most adequate for 
the students we worked with. We believe that social aspects are relevant because, in 
this environment, students may discuss the concepts involved in the model at hand 
in a way to understand such a model and use it appropriately in their real lives. 
Regarding the critical aspect, knowing the model and how to use it makes the 
 students capable of criticizing its premises, and we believe that this is a way to 
 foster critical citizenship. 

 According to Barbosa ( 2001 ), there are three cases to be considered in a 
 mathematical modelling perspective taking into account the length in time in which 
the activities will be developed and the kind of tasks due to teacher and to students. 
In Case 1, the teacher presents a problem with all information needed to solve it, and 
students must solve it. In Case 2, the teacher presents a real problem, and the 
 students must collect information needed to solve it. In Case 3, the students choose 
a non-mathematical theme, formulate a problem and are responsible for fi nding all 
information needed to solve it. For this research study we used Case 1, since  students 
were not used to such an approach in mathematics classrooms, especially not to 
fi nding useful information to solve a problem.  

    The Price System and the Constant Amortisation System 

 In the PS, the monthly instalments are constant for the whole period of payment, 
and each instalment is composed of two parts: the interest and the amortisation. The 
interest is calculated according to a fi xed rate over the amount due, and the 
 amortisation is the amount subtracted from the amount due. 

 In the CAS, the monthly amortisation is constant and obtained by dividing the 
amount due at the beginning by the number of months of the loan. The instalment is 
also composed by interest and amortisation, interest calculated according to a fi xed 
rate over the amount due. 

 By using these two kinds of systems, our goal was that students would under-
stand and be aware of the differences between them, and be able to decide which 
system would be best for him/her in real-life situations. 
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 In Tables  1  and  2  we present an excerpt from the tables of both systems, PS and 
CAS, given to the students, in an attempt to clarify the description of data. In each 
table we chose to depict the fi rst few lines of the tables and also three lines in which 
the interest is smaller than the amortisation.

        Kinds of Discussions 

 According to Barbosa ( 2006 ), neither mathematics nor modelling are ends, but 
ways to question daily life situations intrinsically related to the society wherein the 
individual lives. This means that it is not expected that the students come out with 
explicit mathematical contents at play in the proposed situations, but that they 
 discuss and criticize such contents. 

    Table 1    Excerpt of the PS table used by students   

 Price system (PS), interest rate per year: 12.79 % 

 Instalment 
number 

 Value of instalments 
(R$) 

 Interest 
(R$) 

 Amortisation 
(R$)  Amount due (R$) 

 0  100,000.00 
 1  1,480.68  1,065.80  414.88  99,585.12 
 2  1,480.68  1,061.38  419.30  99,165.82 
 3  1,480.68  1,056.91  423.77  98,742.05 
 4  1,480.68  1,052.39  428.29  98,313.76 
 5  1,480.68  1,047.83  432.85  97,880.91 
 …  …  …  …  … 
 55  1,480.68  745.23  735.45  69,187.14 
 56  1,480.68  737.40  743.28  68,443.85 
 57  1,480.68  729.47  751.21  67,692.65 
 …  …  …  …  … 

    Table 2    Excerpt of the CAS table used by students   

 Constant amortisation system (CAS), interest rate per year: 12.79 % 

 Instalment 
number 

 Value of instalments 
(R$) 

 Interest 
(R$) 

 Amortisation 
(R$)  Amount due (R$) 

 0  100,000.00 
 1  1,899.13  1,065.80  833.33  99,166.67 
 2  1,890.25  1,056.92  833.33  98,333.34 
 3  1,881.37  1,048.04  833.33  97,500.01 
 4  1,872.49  1,039.16  833.33  96,666.68 
 5  1,863.60  1,030.27  833.33  95,833.35 
 …  …  …  …  … 
 27  1,668.21  834.88  833.33  77,500.09 
 28  1,659.33  826.00  833.33  76,666.76 
 29  1,650.44  817.11  833.33  75,833.43 
 …  …  …  …  … 
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 Discussions emerging from an activity with mathematical modelling approaches 
can be categorized, according to Barbosa ( 2006 ), as mathematical, technical and/or 
refl exive. The mathematical discussions refer to concepts and ideas solely related to 
mathematics. This kind of discussion is raised in a mathematical modelling environ-
ment when the proposed problem demands the use of mathematical concepts or 
ideas either known to the students or new to them. Students discuss about the 
 suitability of the concept in the situation, agree to use it, and solve the problem. If 
they do not know the mathematical content that seems to be necessary for solving 
the situation, they have to discuss how to search for ways to learn, understand and 
apply it. For instance, Oliveira ( 2009 ) presented two graphs to students, one repre-
senting the number of retired workers in time, and the other the number of active 
workers in time. When trying to fi nd out when the number of retired workers would 
be smaller than the number of active ones, one student said “This is a fi rst degree 
polynomial function. We can work with simultaneous equations in order to fi nd out 
the values”. He discussed with peers which mathematical idea would be the best to 
solve the problem, and this characterises a mathematical discussion. 

 Technical discussions are about strategies, procedures and techniques, related to 
the mathematical concept students have agreed to use in a situation and that can be 
applied to solve it. Again, if they do not know those strategies, procedures and 
 techniques, they need to discuss how to achieve them. For example, we believe that 
a possible technical discussion that can be raised in the situation of Oliveira’s ( 2009 ) 
study would be students attempting to fi nd out how to solve simultaneous equations 
and actually solving them. 

 Refl exive discussions regard the understanding of the mathematical model, such 
as the premises used in building it, the results proposed by it and the usefulness of 
these results for the society. It may appear when students try to analyse the nature of 
mathematical models. In the same context of Oliveira’s ( 2009 ) study, we believe 
that a possible refl exive discussion would be twofold: the discussion about the 
meaning of linear models, from the mathematical point of view; and the discussion 
about what more retired workers than active workers or vice versa implies for the 
society, from a socio-economical, critical point of view. 

 In the data analysis obtained from records of the seven groups, we searched for 
mathematical, technical and refl exive moments in the discussions in order to fi nd 
out whether the study of PS and CAS with this group of students allowed the 
 development of all three categories expected in the proposed approach.   

    Results 

 Considering fi rst the dialogues of all seven small groups, we observed that students 
were not familiar with the idea of discussing a given situation to learn mathematics. 
For them, our questions represented exercises that needed to be solved and pre-
sented to the teacher. Consequently, students divided the tasks between them, and 
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wrote their answers without much discussion. For instance, one student of Group F, 
in the fi rst meeting, said:

   F1: Do not worry, I will do it. If I have doubts, you help me, okay?   

In the second meeting, the initial dialogue between students of Group F was:

   F1: Let’s do the following: you answer the questions about the CAS table, and I do 
it for the PS. Afterwards, we organize the solutions in order to give them to the 
teacher.  

  F2: No problem!  
  F1: In this way we do not waste time.   

There was no further dialogue on the record of this group. In addition, Group E 
turned the tape recorder off before starting their discussions, so we do not know 
what their dialogues and conclusions were. We believe that this happened for some 
reasons. First, most of the students were women, and, in lower economical classes, 
many women are not used to making decisions about employment of family money 
in situations in which a large account of money is involved, such as a loan to buy a 
house. Hence, they may lack interest in the topic of our didactic activities. Of course 
further research would be necessary to prove this conjecture. Second, considering 
the kind of activity we proposed, involving discussion and analysis of the situation 
which the students are not used to, they may have been shy to let the teacher listen 
to their doubts and weaknesses regarding the subject. 

 Group A was one of the few that showed some argumentation among them and 
where there were reasons for their answers to the guiding questions provided by the 
teacher. Taking a closer look at the dialogues, we realised, however, that even 
while discussing among them students mainly clarify what is asked in the questions. 
They do not go further into the analysis of the systems. On the basis of the following 
dialogues, we present some categories of discussions this group realized in the 
meetings. 

 During the fi rst meeting, students made an effort to understand both tables. For 
that, they engaged in technical discussions:

   A3: The value of the loan is the same as the amount due, because we owe a hundred 
thousand Reais to the bank, which will be used to pay the house.  

  A2: Did you understand? If you borrow money, you will be owing to whom you 
asked it from, okay?  

  A1: Okay, I understand. But why didn’t he [ the teacher ] ask us to locate the value 
of the amount due, since it was already written?   

We interpret this segment as a technical discussion because the students describe 
how the table is presented, the content of each column and the relations between 
columns and lines. 

 After that, the students observed some characteristics of each system. We catego-
rised this as a refl exive discussion, given that they analyse the assumptions of the 
bank loan systems.
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   A1: I understood that the amortisation column is constant and the instalments are 
decreasing in CAS table.  

  A3: In mine [ PS table ], I saw that amortisation is increasing and the instalments are 
constant.  

  A2: Good! The difference between them is that, in one of them, the amortisation 
column is constant [ CAS ] while in the other [ PS ] it is increasing; in one of them, 
the instalments are decreasing and in the other they are constant.   

Another example of a refl exive moment is when a student associated the name of 
the system with what he saw in the amortisation column:

   A1: Dude, this column is the amortisation, that’s why it says “Constant System of 
Amortisation” on the top.   

We did not notice the presence of any mathematical discussion in the fi rst 
 meeting, just technical and refl exive ones. It is possible that our questions did not 
stimulate students to raise them. In fact, the only mathematical discussion we found 
in the discourse of Group A occurred at the second meeting:

   A1: I think we need to write down that the second column is equal to the third plus 
the fourth, in both tables.  

  A2: How did you notice this?  
  A1: Look, the value is R$ 1,480.68; the interest is R$ 1,029.08 and the amortisation 

is R$ 451.68, if you add the interest and the amortisation you have R$ 1,480.68, 
take the calculator.  

  A3: It is true, and also in lines 50 and 100, it is the same, and in the other table too.  
  A2: Dude, it is the same, the line doesn’t matter.   

We consider this a mathematical discussion because it entails a mathematical 
 understanding: the amount you pay monthly is amortisation plus interest. 

 After this dialogue, the group members realised that the interest rate is 12.79 % 
per year in both systems, which we considered a technical discussion, because, 
although they realised the rate is the same, they did not show that they know how to 
apply such rate, as we can see in the following dialogue.

   A1: In the interest column both values are R$ 1,065.80, but the instalment values are 
not the same.  

  A3: But he [ the teacher ] does not want to know the instalment value.  
  A2: We must explain why this occurs.  
  A1: I know! Here in the beginning a interest rate is the same for both tables, and it 

is 12.79 % per year.  
  A2: Okay, just write it down.   

For the second meeting students in Group A had mathematical and technical 
 discussions, with no evidence of refl exive discussion. 

 In the third meeting, when students were asked to give the total value of the 
amortisation column without any calculation, their utterances were as follows:
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   A1: We are supposed to give the total value of the amortisation column.  
  A2: Look! The amount due decreases according to the amortisation, hence the total 

value must be the same as the initial amount due.  
  A3: I agree, that’s the reason why yesterday he [ the teacher ] asked us to analyse the 

amortisation column.   

This is a technical discussion, as the students understood that the amortisation is 
how much the debt decreases, and therefore, the total of amortisation column must 
be the initial amount due. Although they realised this fact, they did not go much 
further in their analysis of both tables. Their dialogues show that they were 
 concerned with solving the questions as mathematical exercises, and that they were 
hardly thinking refl exively about the premises that rule the systems.

   A1: How is the amortisation calculated in the CAS system?  
  A2: I have no idea.  
  A3: If the value is the same, there must be a formula.  
  A2: How can we make the calculation if we don’t know the formula?  
  A1: If we needed a formula, he [ the teacher ] wouldn’t ask.  
  A2: It must be some kind of division, because the answer is not an exact number.  
  A1: It is true, but it may not be something about the interest or the instalments.   

In these last utterances, we see that the students believe that if there is a calculation 
to be made, there must be a formula for that, and the teacher is responsible for giv-
ing it to the students; if a number is not an “exact number”, meaning a non-integer 
number, student A2 believes that it must come from divisions and the remainder of 
the group agree with him. This illustrates that although the students were immerged 
in a mathematical modelling environment, they do not show autonomous behaviour. 
They expect the teacher to give them all the information they need to do the task. 

 In the fourth meeting, the whole group discussed the guiding question with the 
teacher-researcher: “Give reasons for choosing one of the amortisation systems to 
get a loan to buy a house, depending on the social, economical and political scenario 
of the country.” The whole-group utterances are interesting as they show that, 
although there are no mathematical discussions, students’ critical senses were 
 activated. In the future, if they need a bank loan, they will be aware of the existence 
of at least two kinds of systems, and the fact that they will have to decide which one 
is more appropriate for them. In the dialogue below, we present students utterances 
without connecting them to members of the previous groups.

   K1: Teacher, the main difference of the tables is that in one of them the amount to 
be paid monthly is constant, and in the other, it decreases, so we must have 
different scenarios  

  K2: I believe that in our present scenario the ideal would be CAS, because here the 
amount to be paid monthly decreases, which would make our lives easier each month  

  K3: What is the problem with the amount being constant, in our current political 
scenario?  

  K4: Because I know every month what I must pay and if anything happens to the 
fi nancial banking system, nothing changes to me  
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  K5: So, Teacher, what is the best?  
  K6: But interest is higher in the price table  
  K7: But the amount to be paid in CAS is higher  
  K9: I believe that it depends on what kind of job you have  
  T: How do you explain that to us?  
  K9: Teacher, the job is a main factor, because if you have a regular job, the CAS 

table is better because I know that the amount will decrease and my wage won’t. 
If you work on your own, Price is better, because you know that you have to run 
for that amount of money  

  K10: I agree with K9, but the best choice is when you have money!  
  K11: That’s it!  

 During the study of these activities, students’ refl exive discussions showed that 
they realised that the premises of each system are different. In PS, the instalments 
are a fi xed value to be paid monthly, while in CAS, it is the amortisation that is a 
constant value. In addition, refl exive discussions in the fourth meeting evidenced 
that they realised that there is a better system to be chosen depending on their 
fi nancial situation and what kind of job they are in—a regular job or an “autono-
mous” one. On the other hand, they did not discuss any of the other features of 
both systems. For example, in 120 instalments, the interest paid is higher than 
the amortisation up to the 55th instalment in PS (see Table  1 ), and up to the 27th in 
CAS (see Table  2 ); in PS, instalments are constant, and smaller than the fi rst 48 
instalments of CAS, which means 4 years of a higher monthly instalment if one 
chooses CAS. In our view, this means lack of mathematical and refl exive discussions 
during the work with these activities.  

    Conclusions 

 Literature regarding formal adult mathematics education has numeracy as its main 
subject of research as we discussed in section “ Adult Mathematics Education ”. In 
this chapter, we presented a study with EYA students, analysing what kind of 
 discussion—mathematical, technical or refl exive—is raised in a mathematical 
 modelling environment. Therefore we used activities involving two bank loan 
 systems, which we do not consider to be strictly related to numeracy as defi ned by 
Lindenskov and Wedege ( 2001 , p. 5, displayed in Evans et al.  2013 , p. 206), because 
we do not believe that bank loan systems can directly be related to “functional 
 mathematical skills and understanding that in principle all people need to have”. 
However, the mathematical content and interests are of course a topic here. Like 
Hassi et al. ( 2010 ), we also believe that curriculum items for EYA should consider 
students’ environments, social and professional lives, and their needs. Accordingly, 
we chose to work with bank loan systems in order to discuss interests and to develop 
a horizontal discourse within the vertical one of school mathematics (Bernstein 
 2000 ). For that, we selected a mathematical modelling environment as a different 
teaching strategy, as Furtado ( 2008 ) suggests. We designed some guiding questions 
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for students to work in groups during three meetings and to discuss with the whole 
class and the teacher in one last meeting. We used data from one of these groups—
Group A—to exemplify the kinds of mathematical, technical and refl exive discus-
sions they had when dealing with this theme. 

 As a result we found that technical discussions dominated. We assume that this 
is so because the students are more used to solve mathematical exercises than to 
refl ecting about a situation presented to be discussed. Consequently, they rarely 
engage in mathematical discussions and do not verbally express their analysis of 
patterns that can be raised in the situation at hand. When asked about these patterns, 
students do not attempt to answer the guiding questions, which could guide them to 
mathematical, and hence, to refl exive discussions, relating the mathematical 
 concepts in the activities to their own lives. 

 Such a behaviour may be due to the students’ profi le. Being in EYA and having 
a memory of an old school, in which the students were not encouraged to give their 
own opinion and where the teacher was the central holder of knowledge, may be an 
explanation to that. Even using a different strategy, that proved to be useful in Corôa 
( 2006 ), was not completely successful in our study, since most students did not fully 
engage in the activity. 

 In a mathematical modelling environment, the teacher is not the central holder of 
knowledge, but the one who mediates students’ interactions in small groups or in 
the whole group. This environment can raise positive aspects in an innovative way 
to apply mathematics in contextualized situations, which can be useful for these 
students’ lives. Among these positive aspects there are: interaction between group 
members, which is not usual in mathematics classrooms; discussions about mathe-
matics contents related to real life; and the need to take decisions in order to solve 
different activities in the classroom (the students’ role might change from passive to 
more active). 

 In the particular case of this research study, with Constant Amortisation System 
and Price System, we point out as a positive aspect the arousal of conscience about 
different bank loan systems with different properties. Students should be aware of 
those differences in order to choose the system that is more suitable for his or her 
fi nancial situation. However, as Araújo ( 2007 ) pointed out, the observed students 
lack basic mathematical skills to read the tables provided by us in order to under-
stand the bank loan systems and raise refl exive discussions about their premises. 

 For future research, we suggest studies that consider more horizontal discourses 
to EYA students such as interests, both simple and compound, and even percent-
ages. In addition, a stronger development of a mathematical modelling environment 
should be taken into practice with EYA students, in an attempt to help them to be 
more autonomous and more aware of mathematical patterns in contextualized 
 situations. Type 3 of mathematical modelling, which uses contents chosen by the 
students themselves, should play a bigger role, as this might be a way to make them 
even more active during activities. Regardless of which case is being used, our 
conviction is that mathematical modelling environments are the most suitable way 
to work with EYA students in mathematics classrooms.     
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      Working with Adults: A Commentary 

             Javier     Díez-Palomar    

    Abstract     The commentary on the chapters of FitzSimons and of Giusti de Souza 
et al. reconsiders the distinction between ‘horizontal discourse’ and ‘vertical dis-
course’ to refl ect on possible relationships between mathematics and meaningful 
contexts. By drawing on various sociological traditions the importance of these 
relationships for the design of ‘democratic mathematical activities’ is emphasized.  

      I want to start my commentary on the chapters authored by FitzSimons and by de 
Souza, Lima, Mendonça and Gerardini acknowledging my pleasure to discuss the 
signifi cant contributions of their work to the fi eld of adults learning mathematics. 

 Many years ago I met Dr. FitzSimons for the fi rst time. She has a long profes-
sional career marked by her research in the fi eld of numeracy, adult learning and 
mathematics in the workplace. Fourteen years ago, she edited one of the fi rst reviews 
in adults learning mathematics research that I remember reading, with Diana Coben 
and John O’Donoghue ( 2000 ):  Perspectives on Adults Learning Mathematics, 
Research and Practice . On that occasion, FitzSimons ( 2000 ) introduced the section 
on ‘Adults, Mathematics and Work’, contributing with a seminal work in which she 
compiled the main inputs made up to that time on the discussion about the relation-
ship between teaching mathematics to adult learners and the analysis of how math-
ematics is present in a large range of tasks that workers face at their workplace. 
Fourteen years later, FitzSimons has just co-edited a special issue of the journal 
 Educational Studies in Mathematics  (Bakker  2014 ) about ‘vocational mathematics 
education’. This special issue draws on discussions at the ICMI study on mathemat-
ics education and industry (Damlamian et al.  2013 ). 

 Throughout these years, the research in adults learning mathematics (ALM) has 
greatly evolved, thanks mainly to the emergence of socio-cultural and dialogical theo-
ries, whose theoretical concepts and epistemological basis opened new  horizons of 
analysis previously unthinkable. Current research seems to indicate a move towards 
consolidating the use of concepts such as ‘situated learning’ (Greeno  1997 ; Lave and 
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Wenger  1991 ), ‘contextualized mathematics’ (Jablonka  2010 ) in local—vocational 
and non-vocational—settings. The proceedings of previous ALM annual conferences 
put on the table topics such as (professional) development of adult numeracy in nurs-
ing (Coben and Weeks  2012 ), recycling (Kane  2012 ), toolmakers (Mills  2012 ), using 
fl yers to teach and learn reasoning about proportions (Abbott  2012 ), fi nancial literacy 
(Beeli-Zimmermann and Hollenstein  2011 ), image of mathematics in advertising 
(Evans  2011 ), mathematics in engineering (Goold and Devitt  2011 ), etc. FitzSimons 
( 2013 ) provides an updated picture of the state of the art in this fi eld, acknowledging 
the irruption of the sociocultural theories (in particular sociocultural activity theory) 
to push forward the research fi eld. The chapter written by de Souza and colleagues in 
this book is another example of that evolution. Their large experience working in the 
context of mathematics modelling and teacher training brings a fresh standpoint to the 
discipline, introducing new arguments to discuss a, perhaps, ‘old’ question in ALM: 
the problem of ‘transferability’ of knowledge in mathematics into everyday practice 
(Evans  1999 ; Kelly  2011 ; Keogh et al.  2012 ). Can concepts such as ‘mathematiza-
tion’ open up the fi eld to develop further the analyses on the links between mathemat-
ics and numeracy? Does starting from ‘mathematics modelling’ inspire innovative 
methodologies to improve adults’ mathematics learning curricula? Can we re-read 
previous work in ALM drawing on this starting point? Is there any chance to democ-
ratise mathematics learning in adult education? 

 In their chapters, both FitzSimons and de Souza and colleagues use theoretical 
notions developed by Bernstein ( 1996 ) in order to explore the boundaries between 
everyday practices (manufacturing and loan calculations) and mathematics, particu-
larly ‘vertical and horizontal discourse’. These concepts are a more sophisticated 
extension of Bernstein’s theory on elaborated and restricted codes, which Bernstein 
developed in the four volumes of  Class, Codes and Control . FitzSimons and de 
Souza et al. elaborate the argument that mathematics (as a vertical discourse) may 
be ‘invisible’ in everyday practices, although those practices may content ‘heavy’ 
and ‘sophisticated’ mathematics (Wedege  2010 ). In the next paragraphs, I comment 
on this reading of FitzSimons’s and de Souza et al.’s chapters. 

    A Sociological Look at the Mathematics 
Skills Used in the Workplace 

 In the decade of the 1990s, Mogen Niss popularized the idea of invisibility of math-
ematics in society (Niss  1994 ,  1995 ). Despite the (objective) social importance of 
mathematics, Niss discussed that, actually, its presence goes unnoticed for most 
people. He called the discrepancy between the objective transcendence of mathe-
matics and its subjective invisibility the ‘relevance paradox’. According to Niss, 
mathematics is a meaningful part of the world around us. We fi nd it in virtually 
every single human action. However, despite being embedded in human actions, 
often mathematics goes unnoticed and actions are not identifi ed as being 
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mathematical. This poses three major problems for educators: the problems of jus-
tifi cation, of possibility and of implementation (Niss  1995 ). 

 The ‘invisibility’ of mathematics has been a recurring theme in the literature 
about the connection between mathematics and adults’ literacy skills, particularly in 
all that relates to the skills developed in the workplace. Harris ( 1994 ) draws on inter-
views with young and unskilled workers in the inner London area during the late 
1980s, for instance with hairdressers who denied using ratio and proportion in their 
workplace. However, when Harris asked them to describe the mixtures they used to 
dye hair, often they used the word ‘proportion.’ According to her analysis, “the 
research responses also seemed to suggest that when mathematical skills caused 
the workers no problem, then they were regarded as common sense. They only 
became ‘mathematics’ when the worker could not do them” (Harris  1994 , p. 19). 

 This type of evidence (Díez-Palomar  2004 ; Harris  1994 ) seems to suggest that 
there is a social representation (Moscovici  1988 ) of mathematics as an “elaborated 
code” (Bernstein  1971 ). Bernstein introduced the concepts of elaborated and 
restricted codes, and the classifi cation and framing principles, to create a theoretical 
model for what happens in the classroom. He argued that the principles of classifi ca-
tion and framing of instructional practice explain the difference between the aca-
demic performances of children of different social class background: children from 
privileged social classes do better in school because they master the elaborated code 
legitimated by the school, while children from working-class contexts use restricted 
codes with limiting effects on gaining access to academic knowledge. 

 Years later, Bernstein developed his theory drawing on the notions of “vertical 
and horizontal discourse”. In an attempt to distance himself from Bourdieu’s per-
spective on the sociology of education (who was criticized as reproductionist 
because his approach had a low value to improve children’s learning), Bernstein in 
 1996  published for the fi rst time the idea of “vertical and horizontal discourse”, 1  
developed further in 1999. Until that time Bernstein had analysed the different prin-
ciples of pedagogic transmission and acquisition as code modalities, over a social 
basis. However, as he says: “the  forms  of the discourses, i.e. the internal principles 
of their construction and their social base, were taken for granted and not analysed” 
(Bernstein  1999 , p. 157). It seems that Bernstein was aware of the international 
discussion around ‘expert’ and common-sense types of knowledge. He quotes 
Bourdieu’s work, who distinguishes between symbolic and practical discourse, 
according to the functions the discourse plays. He also refers to Habermas’s distinc-
tion between the ‘life world’ of the individual and the other as the source of instru-
mental rationality (Habermas  1984 ,  1987 ). And he cites the concept of ‘expert 

1   Bernstein ( 1999 ) defi nes ‘horizontal discourse’ as “everyday or ‘common-sense’ knowledge. 
Common because all, potentially or actually, have access to it, common because it applies to all, 
and common because it has a common history in the sense or arising out of common problems or 
living and dying” (p. 159). In contrast, “vertical discourse takes the form of a coherent, explicit, 
and systematically principled structure, hierarchically organised, as in the sciences, or it takes the 
form of a series of specialised languages with specialised modes of interrogation and specialised 
criteria for the production and circulation of texts, as in the social sciences and humanities” 
(p. 159). 
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systems’ proposed by Giddens, following Habermas’s thinking (Giddens  1991 ). 
According to Bernstein, these authors were not able to differentiate between 
school(ed) knowledge and everyday common-sense knowledge, which is what 
Bernstein does with ‘vertical and horizontal discourse’. 

 In her chapter, FitzSimons uses these notions to analyse her observations of 
workers’ mathematical skills in a pharmaceutical manufactory where she was 
responsible for facilitating a course about competency-based education and training 
modules of  Calculations A  and  Basic Computer Skills.  She starts from Bernstein’s 
approach to defi ne mathematics as a vertical discourse because it is a discourse with 
a structure that is “coherent, explicit, and systematically principled” (FitzSimons 
and Wedege  2007 , p. 51). In contrast, numeracy is an example of horizontal dis-
course (FitzSimons  2004 ; FitzSimons and Wedege  2007 ), because it is “embedded 
in on-going practices, usually with strong affective loading, and directed towards 
specifi c, immediate goals, highly relevant to the acquirer in the context of his/her 
life” (Bernstein  1999 , p. 161; quoted in FitzSimons and Wedege  2007 , p. 51). 

 The mathematics found in the curriculum of the courses does not correspond to the 
mathematical knowledge workers have after many years of experience working in the 
factory. FitzSimons talks about ‘lack of agency’ to describe the process of alienation 
that such type of courses mean. From a sociological point of view, we can understand 
the ‘lack of agency’ as a consequence of a process of bureaucratization (in Weber’s 
terms), that converts the teaching of mathematics into a set of rules and procedures 
isolated from their (historical) meaning. FitzSimons’s proposal of integrating contex-
tualized elements, when possible, in the curriculum of the  Calculations A  module is a 
way to transform this process of anomie and lack of meaning. To do this, FitzSimons 
draws on her observations and the discussions with the workers, to design  contexts 
meaningful to the workers, who were able to locate themselves personally in the 
activity and to see the vital importance of accuracy in meeting offi cial standards . 

 De Souza and her colleagues decided to use another strategy: start from a ‘real’ 
problem and use mathematics modelling to recover the ‘agency’ in the learning 
process. Let us see.  

    Mathematics Modelling Within Adult Education 

 The fi rst time I read the concept of ‘horizontal mathematization’ was in Treffers and 
Vonk ( 1987 ), who gathered results of the  Wiskobas  project at IOWO (Institute for the 
Development of Mathematics Education). In the late 1970s, Adri Treffers created the 
notion ‘horizontal mathematization’ to talk about the transformation of a problem 
fi eld into a mathematical problem. Treffers was infl uenced by Freudenthal, who had 
published in 1973  Mathematics as an Educational Task , criticizing ‘New Math’ with 
its idea of set theory and the abstract deductive structures of mathematics as the basis 
for school mathematics. In that book, Freudenthal claimed that teachers should 
encourage children to use ‘mathematical tools’ to model real situations in order to 
solve the problems embedded within them. Using observation, experimentation, 
inductive reasoning, etc., students should transform an initial problem (situation) 
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into a mathematical problem. Freudenthal, using Treffers’ ( 1978 ,  1987 ) concepts, 
wrote in  1991 :

  Horizontal mathematisation leads from the world of  life  to the world of  symbol s. In the 
world of life one lives, acts (and suffers); in the other one symbols are shaped, reshaped, 
and manipulated, mechanically, comprehendingly, refl ectingly: this is vertical mathemati-
sation. (pp. 41–42). 

 In the example that de Souza et al. introduce, adult learners face a situation of 
contracting a loan (which could be potentially a real situation) to buy a house. 
Learners have to decide what type of plan they would chose: one based on a con-
stant amortisation system, or another one based on a price system in which instal-
ments are fi xed. Students struggle to understand the problem and to take the right 
decision based on their mathematical analysis. In order to do so, they need to use the 
elaborated code of mathematics. 

 Here is where the authors of the chapter propose an innovative approach using 
Bernstein’s notion of ‘horizontal discourse’ to reconceptualise the ‘traditional’ 
mathematics modelling approach based on Freudenthal ( 1973 ) and Treffers ( 1978 , 
 1987 ). I have rarely seen the use of Bernstein’s ideas to analyse the discourse that 
emerges from mathematics modelling. Jablonka and Gellert ( 2007 ) did something 
similar when they explained that “horizontal mathematisation as used by Treffers 
( 1987 ) can be described, within Bernstein’s theoretical framework, as a transfer 
between horizontal and vertical discourse” (p. 3). 

 In that book, Jablonka and Gellert address an interesting point, which has been 
controversially discussed (specially among authors working about numeracy): the 
transferability of mathematics knowledge across contexts. In the 1980s, many studies 
somehow questioned the possibility to have ‘direct’ transfer between academic (for-
mal) knowledge of mathematics and knowledge linked to everyday situations (Carraher 
et al.  1985 ; Lave  1988 ; Vithal  2003 ). Lave ( 1988 ) claimed that it is not evident that we 
can transfer the mathematics learnt in school to everyday life situations outside school. 
Later, Evans ( 1999 ) and Noss and Hoyles ( 1996 ) were still questioning if we can make 
a link between academic mathematics and everyday life situations. It is not clear that 
we can generalize mathematics skills, even the more basic ones. 

 However, studies like these draw our attention to the fact that school needs to 
recognize (and include) other types of mathematical discourses, admitting that there 
are discourses (codes, arguments) with the same validity as the formal ones (vertical 
discourse, in Bernstein’s terms), because these non-academic discourses contain 
valid, true and consistent explanations, too. Hence school must recognize (and legit-
imate) them. This statement coincides with contributions from contemporary 
 sociological theories such as the dialogic learning theory (Flecha  2000 ) or the theory 
of communicative action (Habermas  1984 ,  1987 ). What matters is not the type of 
code used by learners (elaborated, restricted), as long as this code is used in order to 
achieve valid knowledge underpinned in a task; what matters is the type of argument 
they use. When learners explain a task using arguments based on validity claims, 
then (no matter which code they use) they are making an effort to understand the 
mathematics embedded in the task (and they use those arguments to navigate from 
horizontal to vertical mathematics).  
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    Further Comments: Mathematics and Democracy 

 I am going to end this brief comment going back to FitzSimons’s fi nal words about 
mathematics and democracy. Understanding mathematics as a form of liberation, 
inclusion, and struggle for democracy, inevitably pushes me to think of the efforts 
of authors such as Paulo Freire ( 1996 ,  1998 ), Ramon Flecha ( 2000 ), Jesús Gómez 
( 2004 ), and many others, who have devoted and dedicated their lives to overcome 
the social and educational exclusion of those people who never had the same learn-
ing opportunities as us. All of them struggle(d) to legitimate the knowledge that 
people without a university degree have, because it is as valuable as the one that 
‘experts’ (in Giddens’s terms) hold. Having lived my last 17 years working in 
‘CREA-Centre of Research in Theories and Practices that Overcome Inequalities’ 
(founded by Flecha and colleagues in 1991) has given to me the opportunity to 
understand why what Gramsci called ‘common-sense’ and ‘popular culture’ is 
really valuable (Díez-Palomar  2011 ); because it comes from the accumulation of 
knowledge from hundreds of people observing and experimenting the world that 
surrounds us along the history. Concepts like ‘horizontal discourse’ are theoretical 
tools that try to account for what other people already realized long time ago. García 
Lorca organized ‘La Barraca’, a theatre company aiming to bring the knowledge of 
the classics of universal literature to people living in rural areas, to the families who 
never had the opportunity to attend a play in a theatre to see those classics that 
should be available for free to everybody. Having the chance to work at CREA has 
taught me to appreciate the tremendous democratic value of knowledge, not only 
regarding mathematics; all knowledge that we as human beings have accumulated 
over centuries of civilizations. 

 Both FitzSimons and de Sousa et al. draw on Bernstein’s ( 1999 ) theoretical 
approach to support a democratized view of adults learning mathematics. Using 
those concepts, they move from the realm of mathematics (vertical discourse) to 
mathematics ‘within the real world’ (horizontal discourse). In order to learn math-
ematics, we must be able to solve problems in everyday life situations, and we also 
need to learn how to use abstract and sophisticated mathematical tools. Otherwise, 
we do not have the required repertory of ‘savoirs’ to give valid answers to such situ-
ations (in dialogical terms). As Greeno wrote in 1997:

  In the situative perspective, use of abstract representations is an aspect of social practice, 
and abstract representations can contribute to meaningful learning only if their meanings 
are understood. To the extent that instruction presents abstract representations in isolation 
from their meanings, the outcome can be that students learn a set of mechanical rules that 
can support their successful performance on tests requiring only manipulation of the nota-
tions, not meaningful use of the representations. 

 On the other hand, it is perfectly consistent with the situative perspective that abstract 
representations can facilitate learning when students share the interpretative conventions 
that are intended in their use. (p. 13) 

 It seems that to learn mathematics we need teachers using both real and contex-
tualized tasks (better if they do that with authentic situations) as well as artifi cial 
and abstract tasks (Sierpinska and Kilpatrick  1998 ) based on the vertical discourse 
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of mathematics. But if those are different codes according to what we have learnt 
from the comments to FitzSimons’s and de Souza et al.’s chapters, then how can we 
mix them? Is there a way to promote democratic teaching in mathematics including 
both elaborated and restricted codes in the pedagogic discourse of mathematics? 
Habermas’s ( 1984 ,  1987 ) and Flecha’s ( 2000 ) theoretical approaches may give us 
some hints to answer these questions satisfactorily. 

 Habermas ( 1984 ) introduces the principles of a theory of argumentation. Arguing, 
as Habermas says, can be done using two different types of arguments, which are 
based on very different kind of claims: we can use arguments drawing on power 
claims to impose our point of view (using language with a clear perlocutionary 
effect, in Austin’s ( 1971 ) words). Or we can use arguments based in validity claims 
to reach consensus and agreement on true knowledge. That is when we use language 
in an illocutionary way, as a means to reach knowledge, to understand, etc. 
Trustworthiness does not depend on the power position occupied by the speaker, nor 
on the kind of code s/he uses. Trustworthiness depends on how a statement fi ts in 
with reality—the truth. What is important here is the use of validity claims. 

 This kind of language use requires the creation of dialogic spaces (as mentioned 
by de Souza et al.). However, these dialogic spaces, in order to be truly ‘dialogic’, 
must be based on what Flecha ( 2000 ) calls the principle of egalitarian dialogue. 
With this notion, Flecha is recognizing the value of the arguments of all people 
(both academic and not academic), according to the validity of their claims and not 
to the status that the person holds who is using them. 

 Pointing out that there are different types of codes (as Bernstein claims), does not 
imply that this difference cannot be overcome. Instead, drawing on Habermas’s and 
Flecha’s contributions, it is obvious that we have strategies available to break the 
gap between ‘expert knowledge’ and ‘common-sense’, which allow us to design 
more democratic mathematical activities and open up the universe of mathematics 
knowledge to a broader range of people. We need both activities extracted from 
everyday situations, to model them (as suggested by Barbosa  2006 , and by de Souza 
et al.), as well as learning situations to lead learners (either adults or children) to 
also engage in decontextualized mathematical activities, interacting with other peo-
ple (teachers, peers, volunteers, etc.) who must know how to solve them, using 
egalitarian dialogue. To me, this is what means democratizing the access to the 
mathematics knowledge. 

 FitzSimons’s chapter provides us with an example of that. I cannot stop having 
the feeling that behind her statements there is a hint that makes me think of her work 
as a clear contribution to struggle against the negative consequences of what Weber 
called ‘the iron cage’, that is: the process of losing meaning in modern societies. 
The references used by FitzSimons make me think in the process of reifi cation 
developed by Marx when he described the loss of meaning (‘anomie’ in Durkheim’s 
terms) that workers experience when they are no longer the ‘owners’ of their own 
work; when the workers become simple ‘pieces’ in the production chain. With her 
proposal of democratizing mathematics teaching and learning by designing a mean-
ingful curriculum, situated in context, open to dialogue, FitzSimons has found a 
way to break the ‘iron cage’; and this is profoundly democratic. We need more 
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contributions like this, more efforts like the one she and de Souza et al. make in this 
book, to really achieve a fairer and more responsible education for everybody. We 
need an education with more sense and provided in a more democratic way, think-
ing that learning opportunities should be available for everyone, not only for those 
people who are lucky because they were born with them.     
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      ‘Number in Cultures’ as a Playful Outdoor 
Activity: Making Space for Critical 
Mathematics Education in the Early Years 

             Anna     Chronaki     ,     Georgia     Moutzouri     , and     Kostas     Magos    

    Abstract     The chapter discusses an attempt to design and implement a playful out-
door activity for a culturally diverse group of young children that emphasizes a criti-
cal perspective on mathematical learning. Critical mathematics education is taken 
here to embrace identity and learning as interrelated processes that are not simply 
analytical categories but deeply rooted in collective action and human subjectivity. 
Based on this premise, “Number in Cultures” can be conceived as a counter event 
that constitutes an open space for young children and adults to play, explore and 
question issues concerning the cultural underpinnings of number and its relatedness 
to their lives. Specifi cally, it has aimed to create awareness around diversity in 
number- words and number-symbols rooted in the context of Greek, Arabic and 
Romany languages and cultures. Number in cultures has been implemented as part 
of a playground workshop where Roma children could potentially become active 
participants along with adults and children of a non-Roma background.  

         Introduction 

 During the last three decades, varied efforts have been placed over raising a socio-
political agenda for mathematics education. The importance of reforming curricula, 
creating counter pedagogic practices, and establishing educational policy and prac-
tice for social justice and critical citizenship has been stressed. Such efforts are 
often rooted within theoretical and empirical research that helps to sensitize public 
audiences on issues concerning the political, cultural and social dimensions of 
mathematics, mathematical learning and mathematical knowledge transmission/
communication. Towards this direction, the perspective of critical mathematics edu-
cation as epistemology and pedagogical praxis could pave the ground that allows us 
to imagine and weave alternative acts to what one might call established or domi-
nant formal and/or informal practices. The interest towards embracing such an 
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endeavor at the levels of theory, policy and pedagogy is rooted through an expressed 
impetus for battling and resisting social injustice, racism and stereotyping that still 
exists and thrives in modern multicultural and technological societies and for con-
sidering the complexity of cultural diversity as it is embedded in particular contexts, 
where mathematics education becomes implemented from the early nursery years 
through tertiary education (Apple  2004 ; Atweh et al.  2011 ; Brown  2011 ; Stinson 
and Bullock  2012 ; Valero and Zevenbergen  2004 ; Walshaw  2011 ). 

 Although over the years the re-organization of curricular practices either in terms 
of policy or classroom practice has become the center of attention (e.g., Gutstein 
 2006 ), the actual re-contextualisation of a sociopolitical agenda concerning mathe-
matical content (what to teach) and process (how to teach) is almost at its birth. 
Using Michael Apple’s distinction amongst functional (i.e. developing competen-
cies and skills) and critical mathematical literacy (i.e. encouraging refl ection, cri-
tique and dialogue over knowledge production and learning) it could be easy to 
claim that most national or local curricula for mathematics, from early childhood up 
to secondary and tertiary education, follow mainly a functional paradigm (Apple 
 2004 ). The above is true not only for semi-peripheral countries such as Greece but 
also for metropolitan states in both Europe and USA. Despite the odds, a recent 
reform of the mathematics curriculum in Greece has placed attention on the integra-
tion amongst issues concerning child development, society and learning. Especially 
for the early years, there are claims for the need to pursue a holistic approach of 
children’s academic competencies along with skills that support a double process of 
self and social development, or, in other words, children’s identities as learners and 
their socialization as citizens (see the new national curriculum in Greece:   http://
ebooks.edu.gr/    ). Although such claims are not carefully analyzed in terms of the 
potential (and confl icting) discourses that they might serve, one needs to appreciate 
that such an emphasis encourages the pursuing of children’s learning as learning 
interrelated with re-constructing identity and weaving subject positions. 

 In our earlier work, the issue of ‘learning identity’ was interwoven with chil-
dren’s spaces of learning—where children learn not only to perform but also to 
value mathematical activity (Chronaki  2005 ). Roma children, their families and 
communities, by and large, resist formal schooling, and remain marginalized or 
‘voiceless’ (Chronaki  2009 ). Bertau ( 2007 ) argues that ‘voice’ is related to chang-
ing and positioning self simultaneously in diverse positions. Identity was, thus, dis-
cussed as a complex, fl uid and hybrid process that does not develop in isolation but 
in direct interaction and participation within open communities and practices. Such 
openness might foster dialogicality through troubling essentialist conceptions of 
identity (Chronaki  2009 ,  2011 ). 

 Critical mathematics education is taken here to embrace identity and learning as 
closely interrelated processes that are not simply analytical categories but deeply 
rooted in collective action and human subjectivity. Based on the above, ‘number in 
cultures’ was designed as an activity focused on numbers valued in different cul-
tures. The event constitutes an open space—a ‘space of appearance’—for young 
children and adults to play and explore issues concerning the cultural underpinnings 
of ‘number’ and its relatedness to their own lives. Specifi cally, it has aimed to create 
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awareness through memory work around cultural diversity of number-words and 
number-symbols in the context of Greek, Arabic and Romany languages. ‘Number 
in cultures’ was implemented as part of a playground workshop, where Roma chil-
dren became active participants (as they took a leading role in the activity) along 
with adults and children of a non-Roma background. 

 We created a pedagogical space where children (and adults) can both play with 
numbers and begin to explore some complex and silenced stories about numerals as 
an integral part of their culture. In the following sections, we fi rst account on what 
might mean a critical perspective for the learning of mathematics, second we move 
towards analyzing the design for a critical perspective on number, third, the playful 
activity is described in detail, fourth, the implementation of the activity is outlined 
and fi nally, the whole experience is discussed.  

    A Critical Perspective for the Learning of Mathematics 

 Gert Biesta ( 1998 ) argues about the impossibility of critical pedagogy as a political 
project in the context of education from an instrumental modernist point of view. As 
he claims, “critical pedagogies are in one way or another committed to the impera-
tive of transforming the larger social order in the interest of justice, equality, democ-
racy, and human freedom” (p. 499) and he interrogates the extent to which this 
humanitarian mission can be really fulfi lled within the complexities, uncertainties 
and risks embedded within our globalized post-modern societies. Critical pedagogy 
has been, by and large, considered as a democratic and emancipatory educational 
practice that often becomes the main means and laboratory in the human struggle 
for liberation, justice and democracy. It is based on the assumption that such virtues 
can only be cultivated, developed and sustained when people develop the capacity 
for critical refl exivity that enables them to create an adequate understanding of their 
situation, to imagine alternatives and to become agents for social transformation. 
Yet, he claims that this very ‘impossibility’ is what makes critical pedagogy itself 
possible. 

 In Europe, Ole Skovsmose and his colleagues have emphasized a philosophical 
perspective on critical mathematics education that engages us with an alternative 
epistemology of mathematics and its role in society and education (Skovsmose 
 2011 ). Their theoretical endeavors are rooted in critical pedagogy as proposed by 
Paulo Freire, in critical theory with strong infl uences from the Frankfurt school and 
more recently in contemporary post-modern accounts of critique, ethics and knowl-
edge. They try to emphasize mathematics education as an open, complex and yet 
uncertain space of critical activity. This perspective has been embraced by col-
leagues in Latin America and South Africa who have invested towards the creation 
of interventionist programs in communities that encounter problems of poverty, 
injustice and illiteracy (Κnijnik and Wanderer  2010 , Vithal  2003 ). In the USA, the 
devoted work of Marilyn Frankenstein and more recently Rico Gutstein, based on 
Freire’s work has developed with a clear interest towards the conception of a 
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 curriculum that encourages critical mathematics education as praxis (Frankenstein 
 1989 ; Gutstein  2006 ). Given the particular context of the USA multicultural society, 
their emphasis has been on battling injustice and exclusion due to class, gender and 
race difference by means of promoting critical literacy. 

 Skovsmose ( 1994 ) has argued about ‘mathemacy’ as a way to turn our attention 
to critical mathematical literacy as a process that involves not merely the develop-
ment of skills and competencies but also a critique of a naive dependence on math-
ematics as ‘ideology of certainty’ and as a ‘formatting power’ in society at large. 
This ideology serves to operate as a gatekeeper of social order, rationality and regu-
lation through a passionate and unquestionable trust in political arithmetic as the 
ultimate tool for safeguarding democracy. Mathematics education can mean both 
empowerment and disempowerment and thus serves as a double role over history. 
On the one hand, it has served colonizers and modernists to conquer the world by 
enculturating people into a western sense of logic and rationality by means of math-
ematical literacy. On the other hand, it has also contributed as a means towards the 
creation of critical citizenship and democratic ideals (Skovsmose et al.  2013 ). 
Taking this dual role into account, one realizes that the sociopolitical positions and 
potentialities of mathematics and mathematics education are neither fi xed nor deter-
mined. Skovsmose et al. ( 2013 ) encourage us to consider its relevance and connec-
tivity to a number of concerns. (1) Globalization and ghettoizing. (2) Basic 
assumptions of modernity where scientifi c and epistemic transparency are con-
structed as the mere path to social progress and democratic order, arguing that a 
critical perspective on mathematical knowledge production needs to question (and 
create alternative) trajectories to this utopia. (3) Application of knowledge in spe-
cifi c contexts (e.g., problem solving, modelling) but also as closely related to knowl-
edge, power and ethics. (4) Disempowerment potential through mathematics 
education and in particular through imposition or appropriation of stereotypes con-
cerning race, gender, ability and language use. (5) Empowerment by means of cul-
tivating ethics of responsibility as integral components of mathematics education 
(i.e. programs where mathematical literacy is closely related to issues of social jus-
tice and critical citizenship). 

 Taking the above into consideration, we might be able to revisit discussions in 
the fi eld of mathematics education related to whose knowledge counts as ‘offi cial’ 
and whose knowledge and culture gets labeled as being merely ‘popular’, ‘exotic’ 
or ‘weak’ in status and, hence, not seen as legitimate for formal schooling. According 
to Gutstein et al. ( 1997 ), a critical mathematics education needs to encounter an 
intercultural perspective on mathematical learning that relies and builds on chil-
dren’s informal knowledge. A critical perspective cannot develop without espousing 
children’s social and cultural backgrounds as well as their personal ways of know-
ing and learning as they develop and grow through experiencing the particular polit-
ical contexts of living and work. However, at the same time it needs to ‘resist’ an 
‘ideology of certainty’ that permeates ‘formal’ mathematical knowledge (Skovsmose 
 2011 ; Skovsmose et al.  2013 ). In our view, there is an additional challenge that can 
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be captured around identifying ways for ‘troubling’ essentialist discourses and 
 identities as they are related to mathematics education (Chronaki  2011 ). 

 Nowadays, it is by and large recognized that mathematics can be considered both 
as a tool and space for analyzing and interpreting social activity as an integral part of 
diverse social and cultural experiences. An example of this might be to undertake 
memory work concerning ‘number’ in varied cultures and to embrace the possibility 
of a co-existence amongst multiple ways in talking and symbolizing number. In this 
way, mathematics and mathematical activity can work out as a means for intercul-
tural interaction and as a potential tool for developing awareness of mathematics as 
embedded in culture, everyday life and potential mutual exploration of ‘difference’ 
and acceptance of cultural codes and resources. On the one hand, mathematical 
learning needs to be connected, with children’s cultural roots including their linguis-
tic affordances and, on the other hand, with their potential to develop critical aware-
ness about mathematics and its role in society as a genre of knowing. Both of these 
two dimensions are closely connected to their potential to develop a sense of hybrid 
identity and in particular a sense of ‘who they are’, ‘who they want to become’ and 
‘how they position themselves’ as non-fi xed but fl uid in the midst of multiple knowl-
edge hierarchies. This critical dimension of mathematics education can work towards 
supporting an entry to dialogicality. As it has been argued elsewhere, “Dialogicality 
is a basic Bakhtinian concept that serves to critique formalism in language and 
 particularly in literary texts … [It] is embedded in all cultural products, of which 
 educational practices and curricula are examples” (Chronaki  2009 , pp. 127–128). 

 Although, there are currently efforts to design (and implement) formal and infor-
mal curricular activities that support critical practices, such attempts address mostly 
the needs of older learners. We focus on the very young learners in order to promote 
and develop their self-image and views of their potential participation. Views, 
images and ways of acting become mediated to younger ones through varied levels 
of informal education and contact as part of their family, school and community. 
There is evidence that young children -even at the age of three- adopt appropriate 
stereotypical views of the ‘other’ as ethnic, cultural, race and gender identities 
(Derman-Sparks and Ramsey  2006 ; Nieto  2004 ). 

 At the level of educational policy, the structure and content of curricula, teaching 
methods, textbooks and educational materials become the backbone that mediates 
the reproduction of stereotyping and the diversity amongst self and other. Discourse 
can be communicated subtly and through collective practices not only with eldest 
students via school-based and formally-structured curricula activity but also with 
younger ones through everyday talk and playful experiences. As such, adults medi-
ate an unjustifi ed ‘trust in numbers’ (Porter  1953 /1996) through both curricula and 
playful materials and stories that serve to represent ‘mathematics’ as a certain and 
universal body of knowledge. We now turn to the following two sections towards 
outlining our design for a critical perspective on number as a playful outdoor activ-
ity for young children and its implementation as part of an intercultural festival co- 
organized with our undergraduate students in the city of Volos.  
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    Designing for a Critical Perspective on Number 

 Over the centuries, number symbols and number operations have had a long and 
turbulent history of development accompanying the social, cultural and political 
circumstances in the respective communities where mathematical knowledge 
emerges, grows and transforms (Bartolini-Bussi and Boni  2009 ; Radford  2001 ). 
Specifi cally, it is a fact that the ten ‘Western’ digits (0, 1, 2, 3, 4, 5, 6, 7, 8, 9) are 
also known as Arabic, Hindu or Hindu-Arabic numerals. Although mentioned in 
formal curricula, it does not often become a theme for investigative teaching. 

 Anthropological studies in remote communities of Oksapmin in Papua New 
Guinea have revealed how people up until now resort to an embodied way of num-
bering where numbers are indicative of certain parts of the body, specifi cally hands, 
arms and the head. This genre of numbering makes use of 27 points of the upper part 
of the human body and seems to be effi cient for the everyday exchanges amongst 
people within the community. Geoffrey Saxe ( 1981 ) and his colleagues have studied 
the importance of bilingual education of number use in this community, where 
Western number symbols and number words are used next to body related numerals. 
Other studies of a similar focus have revealed that illiterate people use personal 
strategies for undertaking complex operations necessitated for solving particular 
problems in street commerce (Crump  1990 ; Saxe  1981 ). 

 Mathematical knowledge situated in ‘other’ cultures (often non-Western ones) has 
become marginalized as certain voices and bodies in multicultural classrooms have 
become silenced, marginalized and, even worse, ignored. Children, at large, learn to 
naturalize ‘number’ as universal and static, and to appreciate the numerals of 0, 1, 2, 
3, 4 … 9 as universally and uniformly used everywhere all over the world—a ‘com-
mon sense’ view of ‘what is number’. This has enormous consequences on children’s 
learning identities, particularly for those children who feel they cannot identify them-
selves with the dominant ‘Western’ culture and realize a huge gap amongst their own 
cultural resources and the formal culture of numbering. An example of the above is 
the case of Roma children (Chronaki  2005 ,  2009 ,  2011 ) who resort on oral practices 
for transmitting knowledge from generation to generation. For them, number sense 
and the practice of number operations is based more on using number words than on 
symbols in a written genre, and also more on mental strategies for identifying ways 
to enact number operation and problem solving than on algorithm use. 

 School experiences for number and numbering can closely be related to a func-
tional literacy perspective through which children’s learning is strongly equated 
with developing certain abilities and skills. Functional literacy refers, by and large, 
to the fulfi llment of a variety of competencies needed to function appropriately 
within a given society. A curriculum based on such values serves the reproductive 
purposes (i.e. maintaining the status quo) of the dominant interests in society which 
is often stressed by ensuring a close interaction amongst education, market and 
workplace. 

 From a functional literacy perspective, children have the opportunity to develop 
the necessary competences (i.e. handling number, symbolizing number, arithmetic 
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problem solving, reasoning) needed to function appropriately within society as 
 literate or numerate citizens. This optic seems the only alternative and promotes the 
view that the learning of ‘number’ happens as if number words and symbols are 
universally similar and uniformly used in every part of the world, in every culture 
and in every language. This viewpoint becomes hegemonic since adults including 
teachers, educators and parents are neither aware nor sensitized towards number 
diversity and its relative connection to promoting cultural diversity and exclusion. 
Specifi cally, children from an early age and particularly those who belong in the 
Roma community resort mainly to oral genres of communicating. They have culti-
vated a sense of number that is deeply situated in their confi dence to use number- 
words and to perform in-situ strategies for number operations. However, current 
mathematics curricula practices ignore the importance of sensitizing young stu-
dents, educators and parents in such an issue. Being sensitive about knowledge, 
diversity means accepting knowledge (and mathematical knowledge) as fallible and 
deeply situated within local cultural contexts and knowledge politics. This, conse-
quently, may mark an important gesture towards respecting the tacit links amongst 
knowledge, cultural diversity and identity work, which is particularly pertinent in 
multicultural classroom settings (Chronaki  2005 ,  2011 ).  

    Number in Cultures: Imagining a Critical Counter Practice 

 The notion  ‘numbers are the same everywhere’  hides certain concerns; fi rst that 
numbers, as we currently know them in the West, are based on the convention of 
using the so-called Arabic symbols; second that Arabic symbols are not currently 
used universally (e.g., in a number of Arabic countries they are not formally used); 
and third the convention of using the Arabic symbols today is historically and 
semantically situated. If we ignore the above, we tend to teach mathematics within 
a restricted focus on developing merely functional literacy (i.e. learning how to 
name numbers, how to operate with numbers and how to use current numerals in 
realistic contexts). In this case, the chances of developing critical literacy skills 
become rather slim. Emphasizing a critical literacy perspective on number might 
also mean providing opportunities towards expanding children’s learning to include 
awareness of number as non-static and fi xed and to consider number as multicul-
tural and diverse in essence. Such awareness can only develop in a pedagogic con-
text that allows children to engage simultaneously in two interrelated dimensions; 
 fi rst  engagement with relevant information about number in cultures and  second  
engagement with opportunities that support critical engagement and refl ection over 
the possible connections amongst number and language and amongst self and other. 
The fulfi llment of this double aim is not a straightforward and easy task. On the 
contrary, developing awareness and critical refl ection demands focused design and 
sensitized implementation. We will now turn towards describing the particular steps 
undertaken to meet these demands in terms of the design and the implementation of 
the playful activity ‘Number in Cultures’. 

Number in Cultures



150

 ‘Number in Cultures’, as was outlined above, has been organized around three 
parts in our design; (a) a narrative about numbers and their role in our lives, (b) 
exploring and discussing the number-symbols used today in three cultures in a pre- 
prepared ‘Magic-Board’ where contemporary Arabic, Romany and Greek symbols 
and number-words were somehow interrelated, and (c) introducing the game ‘my 
name-my number’. In this chapter, we discuss the above design experience as a 
critical counter-practice. A critical counter practice is, according to Ilan Gur-Ze’ev 
( 1998 ), a perspective of critical pedagogy that emphasizes the need to educate par-
ticipants’ “decipher reality” and aims to engage them in the struggle of developing 
the “refl ective potential of human beings and their ability to articulate their worlds 
as a realization of their reason” (Gur-Ze’ev  1998 , p. 485). In addition, it strives for 
conditions under which everyone will be able to become part of the human dialogue 
in order to work towards the possibility that the human subject will be able to stand 
up and confront Heidegger’s ‘forgetfulness of being’. 

 Based on the rational outline in the preceding sections and especially on the 
ideas that (a) the curriculum is not a ‘neutral’ space, and (b) a counter or non- 
majority practice that strives for human dialogue potentially might be a space for 
critical education, we have moved towards designing an alternative approach of 
teaching number. As such, the ‘Number in Cultures’ event is deeply related to a core 
urge for supporting children to become part of a dialogue about diverse social and 
personal ways of thinking and talking about number. Through this, they may become 
able to get involved in memory-work about number as fallible and culturally situ-
ated. They can also become part of a context where the demands for ‘forgetting’ 
number as a fl uid entity that develops over time can be opposed and confronted. 
Memory-work about number is a way of sensitizing children about cultural diver-
sity and fallibility embedded within mathematical knowledge and it supports the 
aim to approach number as non-static and culturally situated entity. 

 The activity design was undertaken by the fi rst two authors, Anna and Georgia, 
and its implementation took place in an outdoor workshop as part of an intercultural 
festival organized by Kostas. The intercultural outdoor festival called  ‘One Volos—
One Color’  is a yearly event that takes place in a playground nearby the university. 
It aims to bring students and teachers, children and adults together in a playful and 
relaxing atmosphere, where they can all interact by developing relations and by 
exchanging ideas, views and perspectives. Although the word ‘color’ is used meta-
phorically to denote an anti-racist political agenda geared towards inclusion of eth-
nic minorities, it indicates the importance of this very basic feature (i.e. color) on 
which exclusion practices produce diversity at the same time. The aims of the festi-
val and workshops were: (a) to co-create a temporary open ‘space’ for children and 
adults to interact and communicate by means of playing in varied organized ‘games’ 
in order to realize that diversity, at varied levels, is a creative part of our lives, (b) to 
engage student-teachers to design such processes as part of their participation in 
specifi c courses, where they can problematize the complexities involved, and (c) to 
provide opportunities for human dialogue as an entry to dialogicality. During these 
workshops a variety of games were organized and they were related to literature, 
visual arts, puppet shows, music, and geography.  
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    A Story, a ‘Magic Board’, and the Game ‘My Name: 
My Number’ 

 The playful outdoor activity ‘Number in Cultures’ comprised a story, a ‘Magic 
Board’ and a game. Initially, children and adults were gathered together in a circle 
and participated in a story narrative. The story was about the presence of numbers 
in our life and the values associated to each one of the single digits from 0 to 9. The 
presence of numbers was discussed in other cultures and languages such as Greek, 
Arabic and Romany focusing on questions such as; ‘Do you think that all cultures 
use the same words and the same symbols for numbers?’ ‘Would you like to know 
more? Based on these questions, an open discussion was held with the participants 
(children and adults), where they could express ideas and questions but also could 
talk about any possible emotional investment on number (e.g., Do you have a favor-
ite number? What does a number might mean to you?). 

 Participants were then introduced to the ‘Magic Board’ -a board made out of paper 
that represented the number words and symbols of the 10 digits (0, 1, 2 till up 9) in 
three languages -Greek, Arabic and Romany. It served the needs of a visual display or 
a graphic organizer for them to explore and come in contact with differences and simi-
larities amongst number words and symbols in these three languages. The ‘Magic 
Board’ was accompanied by a game entitled ‘My name: my culture’, which was 
focused on transforming one’s own name into a number and then the number into num-
ber symbols across languages (see Fig.  1 ). The rules for the game were as following;

•    write down your name  
•   count the number of letters in your name and write it down  
•   identify the number-word and number symbol in Arabic or in Romany  
•   create a head ribbon with that number symbol and wear it!  
•   walk around and introduce yourself by using your own symbol   

For all their trials, children (and adults who accompanied them) could use the ‘Magic 
Board’ for assistance in order to identify exact number words and symbols across 
languages. The fi nal tasks of constructing the ribbon and introducing themselves as 
number-word were opportunities for active interaction amongst members of the 
workshop and for getting to know each other in an informal and playful way. Both 
also meant to provide a relaxing closure to the game. As such, the game became a 
means to use and investigate the ‘Magic-Board’ deeper and more extensively. This 
was their fi rst game and introduction to connections across various symbols.  

    ‘Number in Cultures’: Experiencing a Counter Event 

 As explained above, ‘Number in Cultures’ was designed as a way to imagine and 
materialize a critical counter practice based on a playful activity aimed to address a 
diverse audience including young children and adults who did not necessarily 
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possess a mathematical background and who happen to meet at a public space such 
as the playground. The activity was implemented at the intercultural festival 
described above in year 2009. The audience, who participated in this outdoor work-
shop, was a mixed group of people in terms of age (young children and adults who 
accompany them) and of ethnic backgrounds. Most of the children were of Romany 
origin but there were also a few immigrants from Albania or Bulgaria. Along with 
them, a number of non-Romany Greek children came to join together with their 
parents, thus creating a multicultural and multi-age audience. The age of children 
varied from 2 to 12 year olds and the age of the adults who accompanied them and 
participated varied from 20 to 80 year olds. 

 Taking into account that the workshop took place outdoors in a playground situa-
tion, and that certain features concerning the profi le of the participants such as their 
age, gender and ethnicity were not known till the last minute, our design had to con-
sider an emphasis on the creation of short span and playful activities. Doing outdoor 
activities in large groups, children and adults have diffi culties keeping their attention 
on the meticulous completion of tasks that demand complex problem solving skills 
or investigational work. The work we described above was organized as an outdoor 
creative workshop that could take place in a public space. It was  experimental as well 

DIMITRIS 
(Male name)

DANAI
(Female name)

Write your name

Count the letters

Find symbols and 
words

MALEVI
(Roma female name)

Okto (=Greek)

Okto (=Romany)

Tamania (=Arabic)

8 5 Pente (=Greek)

Pants (=Romany)

Hamsa (=Arabic)

6 Exi (=Greek)

Esov (=Romany)

Sita (=Arabic)

  Fig. 1    Anchoring the game ‘My name: my number’       
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as explorative and ethnographic in nature and came close to a ‘teaching experiment’ 
methodology (Hedegaard and Chaiklin  2005 ) that emphasized a systematic ethno-
graphic observation of how an experimental activity becomes implemented with 
humans and facilitates qualitative data collection (Chronaki  2011 ). In the following 
sections we will describe some indicative events of experiencing ‘Number in 
Cultures’ as a critical counter-practice as part of its implementation process.  

    Narrating a Story: Opening up ‘a Space of Appearance’ 

     During the fi rst phase of implementing ‘Number in Cultures’, our attempts were 
geared towards involving participants to sit around a circle and to participate around 
the oral narration of a story concerning ‘The King of Numbers’ (see Fig.  2 ). The 
story evolved in an imagined school classroom, where all children were called to 
discuss about their beloved number by accounting its value and importance in life. 
Apparently, although all numbers seemed to be assigned a distinct value in chil-
dren’s eyes, number zero (0) was left outside as if it was completely insignifi cant. 
Zero needed to defend itself by explaining what might be its own distinct potentiali-
ties and affordances (e.g. zero can be added at the end of every number and can 
create a different number as in 10, 100, 1,000 etc.) (Fig.  3 ). 

 Participants, children and adults had the opportunity to talk about number in 
their life and to fi nd simple ways of identifying themselves with number (e.g., what 
is my favorite number). This discussion was followed by questions trying to inves-
tigate how competent the small children were with number through questions such 
as, ‘Do you know how to read and write symbols for all numbers? Can you write 
them down?’ It became obvious that children in early primary and late nursery knew 

  Fig. 2    Narrating a story about number       
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how to recognize and write Western number symbols well. Younger children knew 
how to handle the use of number words in oral speech and expressed confi dence 
with counting a small number of objects (see Figs.  4  and  5 ).   

    Introducing Number in Cultures: 
Expanding Possibilities for Memory-Work 

 In consequence, the idea that numbers are not the same in all cultures was intro-
duced by posing a critical question such as: ‘Do you think that everybody in this 
world has the same way to symbolize number?’ Here, the response of the vast 
majority was a unanimous  ‘yes!’  This exemplifi es the dominance of the discourse 

  Fig. 3    Introducing the ‘Magic Board’       

  Figs. 4 and 5    Playing the game & investigating number words and symbols       
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that mathematics is culturally uniform and unchangeable in terms of a public under-
standing of number. Such a simple response refl ected how number has become ste-
reotypically fi xed as a common language for public communication and Western 
symbols as the norm to the extent that its sociocultural roots have become forgotten 
and lost. The fact that different number symbols are currently used in some coun-
tries (e.g., Egypt) came as a huge surprise to all participants and provided a terrain 
for discussion and refl ection. It is essential to emphasize that this ‘surprise’ element 
was instrumental towards shifting participants’ attention (both children and adults) 
from an essentialist view of number as a universal signifi er towards the idea 
of exploring number symbols’ development and use across Western and Arabic 
cultures. 

 At this point, the ‘Magic Board’ was introduced as a way of introducing them 
systematically towards the related differences and similarities amongst Arabic and 
Western symbols and for providing a resource to undertake their coherent reading. 
To begin with, all numbers and their symbols were read aloud and children were 
given the chance to point out specifi c number symbols and to check out the related-
ness with number-words or vice versa. Several questions arouse concerning same-
ness and diversity across number symbols and number words. At the same time, 
children were seriously engaged into checking the correspondence amongst number 
words and symbols in three languages: Greek, Romany and Arabic. Using the 
‘Magic Board’ was an important affordance to their efforts. A few ‘Magic Boards’ 
were left around to facilitate children’s attempts to search corresponding words and 
symbols as they were investigating what might be their own secret number. In all, 
the ‘Magic Board’ served to substantiate the questions around ‘Number in Cultures’ 
and also provided a source for information to be taken further (see Figs.  4  and  5 ).  

    Playing the Game: Creating a Space 
to Meet and Act with the ‘Other’ 

 As described before, the game  ‘my name: my number’  created the opportunity to 
explore the information provided through the ‘Magic Board’ more deeply. Children 
turned towards playing the game with great interest. At fi rst, they enjoyed telling 
and repeating their own names, spelling it out and counting its letters. This was an 
additional and wonderful opportunity to introduce themselves to children sitting 
next to them in the same group who had met at the playground for the fi rst time. 
Performing little acts such as telling their names, counting the number of letters in 
their names, and identifying that particular number in a language different to their 
own became steps of a magic process that released excitement and enthusiasm. This 
number became a secret ‘code’ that enabled them to disclose themselves, to become 
present, recognized and valued. 

 This game created curiosity, surprise and engagement—qualities found in pro-
cesses that can capture children’s attention and motivation. The game  ‘my name: my 
number’  also created affordances for children towards making further explorations 
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into number symbolization and developing awareness of number words and  diversity 
of symbols. Children observed that numbers could be written in different sym-
bols—an idea that they did not have before. In parallel, they expressed their 
admiration of Arabic symbols commenting that number symbols are like calligra-
phy. Via the ‘Magic Board’ they could systematically perceive that some numbers 
may have similar symbols or number words and some others do not. Such observa-
tions created the impetus to ask more questions and the motivation to learn more 
about number and the history of symbol transformation. Moreover, this event pro-
vided the chance for the Roma children to identify themselves with the roots of a 
disciplinary form of literacy that was mostly denied. Their eager participation and 
happy faces showed evidence of how proud they felt about being able to use Romany 
number words next to Western and Arabic ones. To give one example, a gypsy girl 
called Malevi counted the number of letters in her name and observed (i.e. by 
searching in the ‘Magic Board’) that the number word ‘esov’ meaning 6 in Romany 
echoes the number word ‘sita’ meaning 6 in Arabic. Malevi invested emotionally in 
this as it provided her the opportunity to experience presence and recognition by 
means of having her own cultural heritage becoming recognized and present 
(see also Chronaki  2011 ). 

 As an ending of the game, the children were asked to create head ribbons using 
their own beloved color in both paper and pens. They were excited about the idea 
that their name could transform into a number and said that they now have a secret 
code to accompany them for life. Moreover, this excitement was communicated 
with the other participants and as they were walking around wearing the head rib-
bons, everybody was involved in a social sharing of names that were transformed 
into number words and number symbols. This event created surprise, curiosity, 
interest and emotion. The use of the three languages (via number words and sym-
bols) had embedded both a functional aspect (i.e. learning to read aloud the number 
word and symbol) and a critical aspect (i.e. becoming aware of epistemic and cul-
tural diversity and of positioning as potential learners and active participants of 
epistemic history). Experiencing both within the context of such a playful activity 
meant safeguarding the possibility of creating a space for dialogue as they do and 
share things and ideas collectively in the context of playing together (Figs.  6  and  7 ).    

    Concluding Remarks 

 The present study is rooted within the belief that political, cultural and historical 
circumstances where we all live and construct notions of ‘self’ and ‘other’ simulta-
neously provide the context and the motivation for our learning. They frame and 
reframe our will and potential to participate in formal educational practices. Thus, 
identity work and learning practices are interrelated. ‘Number in Cultures’ has here 
been approached as a counter event that has provided us with the potential to make 
space for critical mathematics education for young children. The urge to act within 
a perspective that sensitizes children (and adults) towards troubling essentialist 
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views of mathematical knowledge is a political act. It recognizes the need to pave 
the way for encountering alternative discourses of mathematics knowledge use and 
of mathematics education. The enactment of experiences with mathematics as for-
mal or informal activity in Greece, but also worldwide, represents knowledge, by 
and large, as a universal, unchangeable and static set of abstract entities addressing 
number and geometry as ideal structures. At their best, current curricula try to 
model real-life activity through word-problems or ‘thematic contexts’ where math-
ematics can be applied as a set of tools that instrumentally facilitate problem solv-
ing. By and large such practices dominate the available learning and educational 
experiences for children. The present study encourages us to consider how the 
design of counter events that promote human dialogue can pave trajectories for re- 
articulating discourse(s) and encourage new power constellations to appear as pos-
sibilities. As seen above, experiencing a counter event can: (a) open a space of 
appearance for marginalized children, (b) expand possibilities for memory-work 
related to mathematical knowledge and silenced identities, and (c) create a space to 
meet and act with the other as entry to dialogicality. 

 Such educative experiences have been, by and large, discussed as potentialities 
with older children and adults. The present study has indicated that purposefully 
designed mathematical activity that makes space for critical education has the 
potential to also address the needs for younger children who belong in marginalized 
and dominant groups alike. The counter event of ‘Number in Cultures’ presented 
here can be considered as an opportunity for memory-work around number that 
strives to create an open space for individual children to enact alternative learning 
identities. Specifi cally, Roma children from being undervalued as marginalized stu-
dents, come to appear as potential owners (and ancestors) of a past in the history of 
number development. In parallel, non-Romany Greek children can engage in a criti-
cal dialogue with the ‘other’. For both of them, appreciation of number diversity 
(i.e. number words and symbols are not written and uttered similarly in every cul-
ture), encourages them to realize the multiplicity of mathematical knowledge itself 
and to re-consider how they identify and position themselves. 

 According to Maaluf ( 1998 ), a static and monolithic view of identity that focuses 
merely on color, religion, race or gender can be considered as ‘murderous’. 

  Figs. 6 and 7    Children playing the game: creating their head ribbons       
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He argues how a monolithic and static view on identity leads to ‘murderous 
 identities’ that becomes disastrous and catastrophic for both self and community. 
The complexity, uncertainty and precariousness of everyday life in today’s world 
should sensitize us towards addressing ways that encourage and support the indi-
vidual subject to identify his/her own ways of positioning himself/herself in the 
plurality and multiplicity offered in educational practices. Having children, even at 
such early years, become introduced to a perspective of learning identities as fl uid, 
multiple and hybrid becomes a crucial element for embracing diversity as a resource 
and not as a hazard.     
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      Fairness Through Mathematical Problem 
Solving in Preschool Education 

             Zoi     Nikiforidou      and     Jenny     Pange    

    Abstract     This chapter reports on a study of fairness in young children. Its aim is to 
examine how preschoolers respond to mathematical problem-solving contexts that 
imply fairness and the claim of sharing and distributing. The results suggest that by 
the age of four, children are cognitively and socially capable, at a certain level, to 
transmit from their own state of mind to that of the others, overcome self-interest 
and understand, expect and prefer fairness, while distributing justice.  

      Democracy learning in the preschool context appears, directly or indirectly, through 
many levels and forms. Fairness and the notions of sharing, owing and giving 
 characterize children’s cognitive, social and moral development during the pre-
school ages. The aim of this study is to investigate whether young children ( N  = 40), 
aged 4–6, express fairness through problem-solving situations. Scenarios were used 
in two conditions with three identical mathematical problems engaging processes of 
correspondence of uneven sets, equal distribution and fair open-ended switching; in 
the 1st Condition children were addressed in the 1st person, whereas in the 2nd 
Condition they were asked to assist a neutral hero. Results imply that while children 
at this age develop their Theory of Mind (ToM), they may accomplish division and 
correspondence in a fair way independent of the person who is directly affected. 
Concerning the swapping process, children would propose an ‘identical other’ item 
to be considered as a fair solution in the process of giving and taking, mainly when 
they were the direct recipients. Such fi ndings indicate educational and methodologi-
cal aspects in encouraging fairness-related activities through mathematical problem 
solving in preschool education. 
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    Theoretical Background 

    Fairness and Early Years 

 Values, norms and concepts of democracy and justice underlie everyday activities 
and engagements formally and informally at an individual and collective level. 
From a philosophical approach, Rawls’s theory of justice ( 1971 ) attempts to unify 
all the principles and ethical criteria in a coherent system, through reasonable 
 ordering and scoping. Under ‘justice as fairness’ there are two principles to be met 
in a just and fair society: the principle that everyone has the same basic liberties and 
the principle of fair equality of opportunity (Rawls  2001 ). “A decision process is 
fair to the extent to which all those concerned are well informed and have their 
interests and perspectives expressed with equal force and effectiveness” (Barry 
 1995 , p. 110). Even if there is no ‘perfect’ justice, being fair implies a ‘comparative 
exercise’ (Sen  2009 ) in the sense that in order to identify justice we need to compare 
different social states. 

 However, from a developmental point of view, fairness is mainly addressed not 
only as a value, attitude, virtue or social norm, but also as a skill, a perception or a 
cognitive process that emerges through age and growth. Notions like the allocation 
of resources, sharing, taking into account the welfare of others, proportional in/
equality, equitable resource distributions, egalitarianism, reward-dispensation 
 contexts (i.e. Sloane et al.  2012 ; Takagishi et al.  2010 ) are examined through child- 
friendly problem-solving situations or dilemmas. Children, and even infants, get 
exposed to problems that imply their understanding of fairness; either in relation to 
the other, the experimenter, another player, a neutral hero, a hypothetical actor and/
or in relation to themselves and their personal interests. Is what is fair for me, fair 
for the other/s too? 

 Fairness in Early Years contexts can be linked with cognitive, logico- mathematical 
processes on one hand (developmental approach), and on the other hand, with issues 
of moral, personal and social aspects (philosophical approach). Thus, in every case 
there is a common point: Fairness is not only about oneself. Am I fair? Fair towards 
what or towards whom? Fairness always involves someone else and/or others as 
well as a specifi c context and a particular situation. So, in order to be fair someone 
needs to be able to manipulate the given information and to take the perspective of 
the other and understand their intentions, desires, true beliefs, hidden emotions and 
perceptions through the development of one’s Theory of Mind (i.e. Wellman and 
Liu  2004 ; Wu and Su  2013 ). 

 In the classroom, children participate in a shared reality, while developing proso-
cial behaviors and moral reasoning (Miller  2006 ) and while ‘being’ and ‘doing’ 
democracy. Fairness and the ideas of sharing, distributing, turn taking, giving and 
owing undergo multiple activities and realities. Some examples include free play or 
thematic learning activities, digital games or group games, peer interactions or 
 individual tasks, scenario-based and inquiry-based learning, where children face 
uncertainties, confl ict situations, novel circumstances and have to negotiate, debate, 
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make decisions, consider what is just and right for themselves and for the others. 
Through these everyday interactions children learn to make their own choices, take 
initiatives, solve problems, take the perspective of others, cooperate, take risks and 
above all develop democratic attitudes, skills and strategies (Emilson  2011 ).  

    The Origins of Fairness in Young Children 

 From a classical piagetian approach, children undergoing the pre-operational stage, 
at the ages of 2–7, have diffi culty in viewing the world and diverse situations through 
the point of view or the feelings of others, as their thinking is characterized by 
 egocentrism and centration (Damon  1975 ; Piaget  1972 ). Under these lines, preop-
erational children primarily focus on their own needs and consider objects and cau-
sality to be analogical to their own actions or activities and “everything is judged 
from the individual’s point of view” (Piaget  1972 , p. 215). Accordingly, at this stage 
they reveal self-interest, they view the world through their own lenses and are about 
to gradually mediate between the awareness of their own mental states and that of 
the others, under their Theory of Mind (ToM) (Hale and Tager-Flusberg  2003 ). 

 More recent research argues that the Piagetian tasks to explore children’s 
 egocentrism (i.e. the three-mountain task, Piaget and Inhelder  1956 ) were highly 
verbal, closely linked to advanced cognitive mechanisms such as memory, 3-D rep-
resentations and language acquisition, and not very child-friendly in the sense of not 
being meaningful and purposeful for young children (Flavell  1988 ; McCrink et al. 
 2010 ; Yost et al.  1962 ). Furthermore, in the last 35 years there is an ongoing interest 
in how egocentrism and selfi shness are linked with the ToM, fi rst introduced by 
Premack and Woodruff ( 1978 ), who, through their studies with chimpanzees, 
defi ned ToM as the ability to impute mental states to oneself and others. 

 ToM enables “children to predict and explain actions by ascribing mental states, 
such as beliefs, desires, and intentions, to themselves and other people” (Astington 
 1991 , p. 158). Depending on the situation, young children and even infants can take 
into account the perspective of the other and reason as ‘the other’ by showing empa-
thy, altruism, compassion and other key pro-social characteristics (i.e. Callaghan 
et al.  2005 ; Sally and Hill  2006 ; Sloane et al.  2012 ; Wellman et al.  2001 ). While 
developing their ToM children start to differentiate their thinking from the others’ 
in order to split the fi rst-person and the third-person angle (Rochat et al.  2009 ). 

 Other-regarding preferences and the mental concepts of false-belief, perspective- 
taking, sharing and inequity aversion are mainly studied through fairness-related 
behavior games (Fehr et al.  2008 ; Sloane et al.  2012 ; Takagishi et al.  2010 ; Wu and 
Su  2013 ), implying mathematical concepts like division, fractions or probabilities 
(Watson and Moritz  2003 ). So, an important factor in the development of children’s 
understanding of fairness is their ability to infer the mental states of others. How can 
I be fair to myself and to others if I don’t conceptualize what others want, feel, 
believe, see, expect, desire? How can I understand if a game is fair if I don’t relate 
to particular information? 
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 Precisely, the fairness-related behavior can be facilitated by ToM, according to 
Sally and Hill ( 2006 ), and the perspective-taking abilities play a signifi cant role in 
normative behavior like fair distribution (Fehr et al.  2008 ). If a child can take into 
consideration the views, beliefs, desires and intentions of the others, then, in his/her 
allocation of resources or distribution of goods, s/he might be more equal, more just, 
more fair and less egocentric or self-centered. Takagishi et al. ( 2010 ) found in their 
study that preschoolers who had more advanced ToM would make less selfi sh offers 
and would propose a fairer division of candies, whereas preschoolers who had not 
yet developed their perspective-taking abilities made offers on a more selfi sh basis.  

    Signifi cant Factors in Studying Fairness in Young Children 

 One important aspect in examining young children’s development of fairness is 
whether they are direct or indirect recipients of the problem-solving situation. A 
claim for subjective and objective fairness has to do with whether it relates or does not 
relate to one’s personal interests, experiences and needs. Participants might show 
different preferences if they are personally affected by the result of their participa-
tion or if they call for decisions that involve other actors and protagonists. This is a 
reason why methodologically third-party and fi rst-party tasks are used (Gummerum 
et al.  2010 ; Moore  2009 ; Sloane et al.  2012 ; Sommerville et al.  2013 ). 

 Along these lines, research on fairness has shown that children starting at the age 
of 3.5 demonstrate sensitivity towards fairness at least under some conditions when 
the recipients are others and not themselves, namely in situations where self-interest 
cannot intrude (e.g., Fehr et al.  2008 , Olson and Spekle  2008 ). Harbaugh et al. 
( 2003 ) underlined that with age, bargaining behaviors change towards greater 
 fairness in distributive justice and participants overcome self-interest after the age 
of 7. In a cross-cultural study carried out by Rochat et al. ( 2009 ) 202 children 
 demonstrated fairness in sharing even at the age of 3, through both differentiation 
and strategic coordination of fi rst-person and third-person perspectives. In the same 
direction, Moore ( 2009 ) found that, among 66 preschoolers, the resource-allocation 
decisions depend on the recipient with a strong preference fi rstly to themselves, 
after to their friends and fi nally to the non-friends. Around the age of 5 children can 
show sensitivity to fairness in both cases where they are direct recipients (fi rst-party 
tasks) or external players (third-party tasks) (e.g., Gummerum et al.  2010 ; Takagishi 
et al.  2010 ) 

 Many times, young children are aware of fairness standards, but when they are 
personally involved they might discard the hypothetical distributive justice and seek 
to favor themselves by allocating resources unfairly. As Smith et al. ( 2013 )  underline 
there is a judgment-behavior gap in children, in the sense that even though young 
children endorse fairness norms related to sharing, when given a chance to share 
they often act in contradiction to those norms. Smith et al. propose that a possible 
reason for this gap between fairness norms and actual resource allocation is 
 connected to the tensions between desires (what I want to do) and norms (what 
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I have to do). Children at younger ages want to keep more for themselves despite 
the fact that they have a sophisticated understanding of fairness (Sommerville et al. 
 2013 ). They might know and be able to judge which is the fair choice or solution to 
a problem but instead prefer what is more advantageous for them and in turn ‘unfair’ 
in that particular case. 

 Language is one more factor linked with children’s perception and understand-
ing of fairness. The linguistic articulation of a particular mathematical or conceptual 
notion, like fairness, is crucial in children’s judgment and reasoning in the context 
of what is fair and what is not fair. LoBue et al. ( 2009 ) found that the ability to talk 
about fairness has a developmental trend between the ages of 3–5. They support that 
children are sensitive to unequal distributions before they can explain why and 
before they can articulate their opinions; although they recognize and dislike 
inequalities, they gain the capacity to express so only gradually. 

 The aim of this study is to examine how preschoolers respond to mathematical 
problem-solving contexts that imply fairness and the claim of sharing and 
distributing.

    (a)    Do they express this democratic value orally and graphically while participating 
in scenario-based problem-solving situations?   

   (b)    Do they link fairness to the mathematical procedures of correspondence 
 (problem 1), equal distribution (problem 2) and open-ended fair exchanges 
(problem 3)? In this last problem, what happens when children have the option 
to choose as an incentive whatever they wish (problem 3), as there are no speci-
fi ed resources to choose from?   

   (c)    Do they show the same strategy when they are personally involved as when they 
participate through the perspective of another person; in this study that of a 
young hero?       

    Materials and Methods 

 The research was conducted at the university kindergarten linked to the University 
of Ioannina. Forty children from two classrooms, aged 4–6 years old ( M  = 5.1), 
participated in this within-subject study. 

 Children participated in groups of fi ve, randomly selected from the cohort of 
their classrooms, in a separate classroom within their school. Children sat around a 
small table with the researcher, who after introducing herself moved on to explain 
the task to them. Children were assigned to one of the two Conditions (1st person vs 
3rd person) and completed the three problems at once. Storytelling and problem- 
solving situations were used in order to engage the children in reasoning and 
 thinking practices concerning fairness. Children could collaborate and exchange 
ideas while giving and recording individually their ‘fair’ answers to the tests. 

 In the beginning children were tested on their prior knowledge of the meaning of 
‘fairness’. They were asked to give, according to their opinion, a ‘fair’ or an ‘unfair’ 
example. Subsequently, participants listened to a narrative, funny rhyme produced 
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by the researchers, where the hero, a young boy named Takis, experienced three 
adventures and dilemmas (Table  1 ).

   In the 1st problem children were asked to distribute fairly four items between 
two characters (correspondence among two uneven sets; corns and chicken). In the 
2nd problem they were asked to divide fairly one object in four parts (equal distribu-
tion; a pie in four equal parts). In the 3rd problem they were asked to swap fairly an 
item (a bicycle) with another item of their own preference considered as ‘fair’ 
(exchange). In the fi rst two problems children were given the available data to be 
used fairly or unfairly, whereas, in the last problem, children had to complete the 
image of justice by proposing what they subjectively considered to be fair. 

 There were two conditions differing in the perspective. In Condition 1 the 
 questions and dilemmas were personally addressed to the participants as if they 
were the protagonists (1st person); in this case the question was: ‘ What would you 
do to be fair? ’ In Condition 2 the respective dilemmas and questions were referred 
to the neutral hero (3rd person); ‘ What do you think Takis should do to be fair? ’ In 
both conditions identical colored pictures, sized 10 × 10 cm, were used to illustrate 
the key information of the problem solving situations. 

 Children had the opportunity to discuss and exchange ideas in order to contribute 
a fair solution to the three diverse situations, and in the end they recorded their 
answers individually on specially designed A4 sheets. Then the researcher would 
discuss with each participant ‘why’ they selected the precise response and keep 
notes on children’s justifi cations. Children’s personal recordings and explanations 
were used for further analysis.  

    Results 

 Concerning their prior knowledge on fairness, all children stated having heard and 
knowing the meaning of the term. However, only 60 % of the children could express 
their ideas semantically and link fairness to a precise example or a situation. 
Indicatively some responses were:

   Table 1    The methodology of the study   

 Condition 1 (1st person)  Condition 2 (3rd person) 

 1st problem (correspondence) 

      

 2nd problem (distribution) 

      

 3rd problem (exchange) 
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   Child A: Fairness is when we don’t cheat.  
  Child D: Fairness is when you can’t draw something and the others help you.  
  Child K: It is not fair to play a game with cards and get few cards.   

In the 1st problem 85 % of the children achieved equivalence among two uneven 
sets of objects correctly (i.e. two corns per chicken). In order to examine whether 
there was a difference in children’s fair responses based on the 1st person or 3rd 
person perspective, a t-test was used. It was found that the perspective did not infl u-
ence the fair attribution of items to recipients; t(38) = 0.618,  p  > 0.05. It is worth 
mentioning that there was one case where a group, in total fi ve participants, argued 
and proposed to give one corn per chicken on that day and keep the remaining two 
corns for the following day. This response, apart from being a good example of 
 collaborative learning, was scored as a ‘fair’ solution. 

 In the 2nd problem 70 % of the children recorded and explained how the distribu-
tion of a pie in four pieces would be fair. In this case, there were also some children 
who were able to explain orally the procedure but had diffi culty in expressing such 
procedures graphically. In these cases, if children reasoned and explained orally the 
division ‘correctly’, they were recorded as fair. Again, the perspective, Condition 1 
(1st person) vs Condition 2 (3rd person), did not play a signifi cant role; t(33) = –1.08, 
 p  > 0.05 and the null hypothesis of fi nding a difference in the two Conditions was 
rejected (Fig.  1 ).  

 In the 3rd problem, the answers were more subjective as the option of swapping 
one item with a non-presupposed item was open-ended and based on personal 
beliefs and estimations. In this test, item A (a bicycle) was taken away from the hero 
(in Condition 2) or from each participant (in Condition 1) while they were offered 
to get anything else in exchange: item B. 60 % of the responses indicated an 
 ‘identical other’ item as a fair solution to the exchange; so, this would be a bicycle. 
Other responses were random and subjective like, ‘a ball’, ‘a cat’, ‘a balloon’, ‘a 
doll house’. However, participants in Condition 1 showed a signifi cant preference 
for the ‘identical other’ as a fair answer, compared to participants in Condition 2; 
t(33) = –2.56,  p  < 0.05. This implies that when children were directly affected, they 
were more cautious with what they suggested as fair based on their personal  interest. 
In this case, the majority strongly believed that the same item, a bicycle, was a fair 
solution.  

  Fig. 1    Examples of the ‘fair’ responses       
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    Discussion and Conclusions 

 Findings demonstrated that preschoolers can identify fairness in problem-solving 
situations involving mathematical procedures and fairness norms. They gave fair 
responses in the test of correspondence of uneven sets of items (problem 1) and in 
the test of equal distribution (problem 2), independent of the perspective of the 
actor. These responses support previous research (Callaghan et al.  2005 ; Fehr et al. 
 2008 ; Gummerum et al.  2010 ; McCrink et al.  2010 ; Moore  2009 ; Rochat et al. 
 2009 ; Sommerville et al.  2013 ) implying that no matter who was the recipient 
(themselves or the hero) they would pursue the most ‘fair’ solution. This suggests 
that by the age of 4, children are cognitively and socially capable, at a certain level, 
to transmit from their own state of mind to that of the others, overcome self-interest 
and understand, expect and prefer fairness, while distributing justice. 

 In the fi rst two tests, preschoolers managed to make mathematically sound judg-
ments in order to establish fairness norms. They were able to distribute two uneven 
sets of items fairly (4:2) and to divide an object in equal parts (1:4), no matter if they 
were personally addressed or if they had to assist the hero of the scenario. In both 
problems they knew what was normatively fair in the sense of ‘what is expected to 
be done to be fair’ (Fehr et al.  2008 ) and, in most cases, made mathematical and 
graphical connections. These results entail that, within the ages of 4–6, children can 
relate fairness to other mathematical notions (like probabilities; Watson and Moritz 
 2003 ), can take into account the perspective of the other and can advise another 
person on what to do in order to select a fair solution in a problem; they acquire 
these skills with the development of their ToM (Wellman et al.  2001 ; Wellman and 
Liu  2004 ). 

 Fairness is one of the attributes linked with the ToM and vice versa ToM encour-
ages fairness-related behaviors (Sally and Hill  2006 ; Takagishi et al.  2010 ;    Wu and 
Su  2013 ). Both statements were evident in the current study as children showed that 
they can take into account the hero’s views and intentions while recommending to 
him fair solutions that would make everyone happy (Condition 2) in the same way 
they gave solutions to the problems when asked personally (Condition 1). The 
 proposed distribution of goods in both tests, 1 and 2, were similarly independent of 
whether the children were helping the hero or not. Being able to see the same prob-
lem from a personal and an ‘other’ stance implies that children at this age within this 
meaningful context responded for justice allocation in a similar manner (Gummerum 
et al.  2010 ; Rochat et al.  2009 ). 

 However, this was not the case in the last problem of item exchange (problem 3). 
The nature of the design of this task is quite rare in the sense that it is open-ended 
with no predetermined payoffs. Participants in this test suggested as fair the 
 ‘identical other’ signifi cantly more often when they were directly affected rather 
than when the neutral hero was the recipient of their proposed solution, demonstrat-
ing a distinction between what is fair to them and what is fair to the other. In 
Condition 1, under the 1st person perspective, children were more cautious in 
selecting a ‘fair’ answer and agreed on the ‘identical other’ item as a fair exchange. 

Z. Nikiforidou and J. Pange



169

Here, they responded in a rather selfi sh manner, although this idea of selfi shness 
may be discussed. In this last test, where the attributed value to be considered as fair 
was subjective and open to selection, most children chose to keep the ‘identical 
other’ item. They considered the exchange of a bicycle with a bicycle as fair, even 
though they were free to pick anything else. Despite this freedom of selecting 
 anything, children gave responses with a normative and egalitarian basis (Fehr et al. 
 2008 ); they suggested in most cases the exact same-equal item. However, if they 
had been egocentric and had only sought to stimulate their own interest as the 
 pre-operational characteristics (Piaget  1972 ) suggest, they could have asked for 
something more valuable than a bicycle, as they had this option. Someone might 
dispute that a bicycle is really valuable for preschoolers, thus again, if they were 
driven by their own desires and needs only, they could have asked for something 
different or bigger or more individualistic. 

 Some children, while dealing with dilemmas, depicted a judgment-behavior gap 
(Smith et al.  2013 ). This can be due to confronting a source of confl ict or imbalance 
between their individual desires and the broader norms or expectations, between 
subjective and objective fairness; what I want to choose and what I have to choose. 
Thus, this gap could apply to all ages, not only children, and is not an indicator of 
limited perception or appreciation of fairness. Everyone, at any age, might choose 
an option which is not fair but rather more benefi cial per se at a personal level. 
Further research in this direction could highlight the precise factors that interfere 
with this gap and how education can play an important role in supporting children 
from early ages to make wise and fair decisions within the wider context of  judgment 
and decision-making. 

 In the current study, the problem solving scenarios were presented in a child- 
friendly participatory way; funny rhymes within a context that combined a semantic 
framework, real life data, useful visual input, a motive to engage (by asking them to 
help the hero to overcome his dilemmas or by asking them what they would do if 
they were in his place) with children’s personal active participation, collaboration 
and reasoning. Children also had the opportunity to represent their ideas graphically 
and construct solutions through group discussions with the others. They could 
exchange ideas and discover problem-solving techniques instead of participating in 
a task that would make no sense to them, taking into consideration some of the 
 criticisms on the methodology of Piaget’s experiments (Yost et al.  1962 ). 

 Children revealed diffi culty to verbally use the words ‘fair’ or ‘unfair’ in a 
 sentence. This semantic diffi culty complies with the study of LoBue et al. ( 2009 ) 
who supported that the ability for verbal articulation of unfairness and inequity is 
age related. Children admitted knowing what the word ‘fair’ means but not all of 
them could include it in an example or a situation. Or children were able to explain 
how to divide one pie in four pieces but had diffi culties in representing it graphi-
cally. Such fi ndings imply that children might be aware of unfair or fair conditions 
but might not be able to express the relevant linguistic connotations. This aspect of 
the role of language, oral and written, should be taken into account when designing 
teaching-learning activities. 
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 In further research more factors, like the use of new technologies or the use of 
more scenarios linked to other mathematical notions, could be studied on the 
grounds of educational practice, as children’s emergent democracy learning can be 
enabled and supported in the preschool context (Emilson  2011 ). Some  methodological 
alterations could arise issues of individual participation or/and collaborative  learning 
in problem solving. Scenarios more directly connected to children’s personal inter-
ests or with real tokens or gifts or incentives could be taken into account, as this was 
not the case in the current study. Another limitation of the study was the small 
sample and the fact that there could be a developmental trend between the age 
ranges of 4–5 and 5–6. 

 Overall, the implications of this study may be constructive in an educational, 
didactic direction since fairness can be supported in the preschool classroom. Based 
on their cognitive, personal, emotional, moral and social development, preschoolers 
at the age of 4 may be inserted to the meaning of fairness through logico- 
mathematical meaningful activities. At this early age, children developmentally 
start to overcome their sense of ownership and self-interest, they start to develop a 
normative and egalitarian thinking, they build up their ToM, and mediate between 
their own and others’ views, desires, intentions, beliefs. Through their formal 
 education, children begin to develop reasoning and understanding of the world in a 
more organized, shared and goal-oriented way. Therefore, preschoolers should be 
given the opportunities to share, give, distribute, interpret, decide, assert, negotiate 
and last but not least be fair and just; fair to themselves and to others.     
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      How Do Fair Sharing Tasks Facilitate Young 
Children’s Access to Fractional Concepts? 

             Julie     Cwikla      and     Jennifer     Vonk    

    Abstract     The National Science Foundation funded a 2-year program in the US to 
investigate the cognitive and mathematics development of children aged 3–6. 
Interview and assessment data of children’s strategies to solve fair sharing tasks 
involving fractional quantities are reviewed. Children were asked how snacks could 
be shared among differing numbers of friends (social condition) or to distribute 
items into containers (physical condition). Some children demonstrated a  qualitative 
understanding of fractional unit and with increasing grade level we observed an 
increased quantitative understanding. In addition, we documented signifi cant 
 relationships between children’s emerging causal reasoning, verbal IQ, and mathe-
matics performance.  

         Introduction 

 The fi eld of mathematics education research has well documented elementary stu-
dents’ and teachers’ diffi culty with rational numbers and fractions (e.g., Armstrong 
and Bezuk  1995 ; Bezuk and Bieck  1993 ; Gonzales et al.  2009 ; Hiebert and Wearne 
 1986 ; Mack  1998 ; Meagher  2002 ; Moss and Cass  1999 ; Tirosh  2000 ). It is possible 
that students and teachers develop and maintain a “whole number bias” because 
fractions and rational numbers are introduced too late in the curriculum (Mack 
 1990 ; Ni and Zhou  2005 ). There is limited evidence regarding the ability of pre- 
school and kindergarten children to understand fractional quantities (Cwikla  2014 ). 
Even less work has focused on examining the manner in which fractions should be 
introduced to help facilitate early learning. Some have suggested that fractions are 
best presented in the context of fair sharing problems (Baroody and Hume  1991 ) 
and with the explicit use of metacognitive strategies (Pennequin et al.  2010 ). This 
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area of early human development has been explored to a limited degree and by very 
few researchers over the past several decades (Empson  1999 ,  2001 ,  2003 ; Empson 
and Levi  2011 ; Hunting and Davis  1991 ; Miller  1984 ; Pothier and Sawada  1983 ). 
Given the larger context and diffi culty that children, pre-service, and in-service 
teachers exhibit in understanding fractions, it is clear that exploring young  children’s 
abilities and understanding prior to formal in-school curricular introduction, as well 
as predictive factors, could inform our understanding of childhood development and 
shape mathematics curricular improvements. 

 We were interested in investigating whether a social context (e.g., sharing with 
friends) that children might be more familiar with would facilitate their fraction 
manipulation compared to a nonsocial context (e.g., placing items in containers). 

 In addition we were interested in how solutions of fair sharing problems might 
be related to fair sharing preferences in a pro-social task where they could put their 
ideas about equity into action. Over the past 2 years (2011–2012), we have embarked 
on a program of research (funded by NSF FIRE Award #1043020) to investigate 
young children’s understanding of fractional tasks prior to formal classroom instruc-
tion. They were between the ages of 3 and 6. We have interviewed and tested 
approximately 60 young children in each of three age groups. We have collected 
data on fraction problem solving when problems were framed both socially and 
physically, as well as measures of causal reasoning (including theory of mind), 
 prosocial behavior, and intellectual ability.  

    Background 

 It has been posited that separate core domains of knowledge exist for reasoning 
within psychological and physical domains (Goswami  2008 ; Kinzler and Spelke 
 2007 ; Spelke  2000 ,  2008 ; Wellman et al.  1997 ; Wellman and Gelman  1998 ), with 
mathematical reasoning being subsumed within the physical domain (Feigenson 
et al.  2004 ). Thus, reasoning within a social or psychological domain might have 
facilitative effects that are limited to social problems. Alternatively, the benefi ts of 
such reasoning processes (i.e. theory of mind or ToM, metacognition) might be 
domain general and might enhance cognitive reasoning and problem solving even 
within the physical domains, such as mathematical reasoning. Therefore, we are 
curious if children’s ability to solve fraction and fair sharing tasks are correlated 
with ToM, general intellectual abilities, verbal ability, executive function, and 
 prosocial tendencies. 

    Core Domains 

 There has been extensive theoretical discussion about whether there are areas of 
core knowledge (see above) and Cosmides ( 1989 ) demonstrated that adults more 
readily solve problems when framed in a social context. Mack ( 1990 ) noted that 
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children have diffi culty solving math problems symbolically, even when they can do 
so when problems are framed within the context of their everyday lives. This work 
suggests that children will fi nd social problems easier to comprehend. Once  typically 
developing children achieve the developmental milestone of theory of mind around 
the age of four, they consistently pass false belief tests. However, when, queried 
with regards to changing physical states such as moving photographs, they fi nd 
these problems slightly more diffi cult. However, researchers have since challenged 
the comparability of such tasks and pointed out that the executive processing and 
language demands may not be well equated in such comparisons (Apperly et al. 
 2005 ,  2007 ; Iao et al.  2011 ). These concerns highlight the importance of executive 
processing and verbal ability in problems of social and physical reasoning. It 
remains an open question whether placing problems in a social context provides a 
facilitative effect across all domains, and for all children, or only for those skilled in 
ToM. Will these facilitative effects transfer to mathematical problems? Will verbal 
ability, uniquely predict performance on fraction problems, or will performance be 
predicted by general intellectual ability alone? Lastly, will changes over time in 
social cognition, verbal ability and general intellectual function parallel changes 
in mathematical understanding? Addressing such questions will be informative in 
terms of understanding the nature of cognition and intelligence. Little empirical 
research has addressed the idea of domain general versus specifi c intelligence, 
despite common folklore about ‘well-rounded’ individuals versus those with spe-
cialized knowledge. 

 Mathematical knowledge is considered to be contained within the physical 
domain, separate from the domain of psychological reasoning (Feigenson et al. 
 2004 ), and is often taught only with reference to other mathematical constructs 
(Kreienkamp  2009 ). Brigham et al. ( 1996 ) suggest that fractions are best taught to 
those with learning disabilities by showing how problems of fractions, decimals and 
proportions are all related to a central mathematical concept—in this case, the idea 
of division of wholes. Their approach of integrating various mathematical concepts 
around organizing principles within a single domain runs counter to the strategy of 
integrating ideas across domains of learning. Others (Empson  1999 ,  2003 ) have 
focused on integrating mathematical concepts more fi rmly in the context of familiar 
life events. Given the intuitive connection between fraction problems and the prac-
tice of sharing and division of resources, it seems an ideal place for the intersection 
of two domains of knowledge to scaffold the developmental process and provide 
input that could enhance learning (see also Watson et al.  1999 ). Teachers who take 
advantage of how learning in one domain promotes learning in another could greatly 
enhance their students’ understanding (see also Empson  1999 ). Here we focus on 
the framing of fraction problems in a social context and examine the contributions 
of social and physical cognitive processes.  
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    Early Fraction Knowledge 

 Young children’s knowledge of fractions will be explored in the context of their 
prosociality with both close friends and strangers. This study will allow us to explore 
the relationship among variables that we think can scaffold the learning process. 
The existing work on fraction learning in elementary school children, older than our 
population has tended to focus more strongly on proper versus improper fractions. 
We examine: (a) children’s naïve understanding of division of quantities, and differ-
ences in strategies for solving fraction problems between 4 and 6 years prior to 
formal instruction and (b) what intrinsic capacities correlate with their abilities to 
solve these problems with (c) both proper and improper fraction problems. The 
fi ndings could yield implications for how to best bolster students’ learning, which 
will be highly informative both within the fi elds of mathematics education and 
developmental and cognitive psychology. 

 Wing and Beal ( 2004 ) suggest that children enter school with some knowledge 
about partitioning objects. They based this conclusion on the results of an experi-
ment in which 5–7 year olds answered questions about the division of concrete or 
continuous quantities among friends, involving halves or thirds. Children performed 
better with concrete amounts, and their strategies did not appear to rely on counting. 
Although previous studies have attempted to understand individual students’ 
 processes in learning to comprehend fraction problems, these studies have tended to 
involve small numbers of students and approach the problem from a nonsystematic 
framework (Empson  1999 ,  2003 ; Hunting and Davis  1991 ; Pothier and Sawada 
 1983 ). There have been no longitudinal studies systematically controlling and 
 comparing large groups of preschool aged children with varying abilities across the 
dimensions we have assessed. In addition, prior studies focus on proper fractions 
with little emphasis on ability to solve problems relating to improper fractions and 
mixed numbers in preschool children. Keijzer and Terwel ( 2003 ) demonstrated that 
children learned fractions better when placed within the framework of the number 
line than when given fair sharing problems, but these were older children (9–10 year 
olds), and the former group was invited to discuss their thinking and the latter 
group was not. Thus, this study compounded social context and its absence with 
opportunities for metacognitive refl ection. Clearly, there is a demonstrated need for 
a systematic and scientifi c approach to the study of young children’s learning of 
fractional concepts. 

 Young children might naturally vary in their propensity to solve fraction and fair 
sharing problems, based on innate and learned attributes such as prosociality, given 
that the division of resources relates to an appreciation of morality, equity, fairness. 
These traits are all foundations of distinctly cooperative human societies (Boyd 
 2006 ; Boyd and Richerson  2009 ). Furthermore, when such problems are framed in 
terms of giving to others (fair-sharing, Baroody and Hume  1991 ), it might be 
expected that children with greater abilities to take the perspective of others (ToM) 
will solve the problems more readily, or divide more equitably relative to those with 
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lesser capacities. Therefore, our program of work tests children between the ages of 
4–6 years of age on measures of ToM, and PSB and their ability to solve fraction 
problems varying in diffi culty.  

    Perspective-Taking and Mathematics 

 Several studies lend at least some indirect support for the idea that metacognitive 
and ToM capacities may construe broad advantages across a wide variety of 
 academic tasks, including those within the physical domain. Blair and Razza ( 2007 ) 
demonstrated a link between self-regulation and math and verbal abilities in 
kindergarten. In their study, false belief understanding measured in preschool was 
moderately related to math ability.  

    Prosociality and Fair Sharing 

 Because the fraction tasks involve the sharing of resources when framed socially, it 
is also of interest to determine whether children who are more prosocial than others 
fi nd it easier to perform the divisions more effi ciently and equitably. In addition, 
children before the age of 6 years tend to use strict equity as a principle for sharing, 
although initially, prior to 5 years, they are primarily concerned only with benefi ts 
to themselves (Larsen and Kellogg  1974 ; Lerner  1984 ). Slightly older children use 
principles such as merit and benevolence, but do not do so accurately until 
 adolescence (Coon et al.  1974 ; Damon  1977 ; Hook and Cook  1979 ; Streater and 
Chertkoff  1976 ). Researchers have typically examined these changes in cross- 
sectional, rather than longitudinal designs, so it will be interesting to document 
changes in prosocial behavior in concert with changes in other aspects of social and 
mathematical cognition. 

 It has been posited that children younger than 5 years are unable to share 
 equitably because they do not yet comprehend proportions (Damon  1975 ; Hook 
 1978 ; Hook and Cook  1979 ). Put another way, children may have diffi culty compre-
hending proportions and divisions and, as a result, fail to engage in fair sharing. 
Alternatively, as with many of Piaget’s foundational tasks, the seminal methods for 
studying early childhood concepts of proportions relied on verbal instruction 
(McCrink et al.  2010 ). McCrink et al. ( 2010 ) designed an elegant paradigm in which 
children engaged in a social game, evaluating the ‘niceness’ of clown characters 
who distributed desirable items. The researchers controlled either the absolute or 
proportional amounts of items shared. They found that 4 year olds focused exclu-
sively on absolute amounts, while 5 year olds showed some sensitivity to propor-
tions. Adults relied solely on proportions given. This recent study is one example of 
how framing a problem in a fun and social context might promote young children’s 
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ability to reason about proportions. Others (Goswami  1992 ; Mix et al.  1999 ; Singer- 
Freeman and Goswami  2001 ; Spinillo and Bryant  1991 ; Yost et al.  1962 ) have also 
observed early-childhood competence with respect to understanding proportion, 
and a rudimentary understanding of proportion has even been observed in infants, 
using a looking time procedure (McCrink and Wynn  2007 ). All of these fi ndings 
lend credence to the idea that fractions can be taught as early as kindergarten, if not 
pre-school. 

 One might suspect that the use of fair sharing principles might vary as a function 
of prosocial tendencies. The children in McCrink et al.’s ( 2010 ) study reasoned 
about the ‘niceness’ of the character that did the sharing. Those who were more 
sensitive to the principles of fairness and kindness might have been more likely to 
attend to the distribution of resources, even when it involved diffi cult concepts, such 
as fractional divisions, but McCrink et al. did not test these relationships. The effects 
of prosocial characteristics, as well as the number of siblings and birth order, on 
children’s strategies and comprehension of sharing are examined in our work. 
McCrink et al. demonstrated a developmental shift from focusing on what was 
given to self, towards what was being given to others. Their work refl ects a child’s 
transition from self to other-perspective taking, which occurs between the ages of 4 
and 5. 

 In the comparative literature, more extensive work has been conducted on 
 prosocial behavior (PSB), tolerated theft and inequity aversion. Chimpanzees, our 
closest living relatives, tolerate inequity better among cagemates than among less 
close associates (Brosnan et al.  2005 ). It is of interest to compare children’s proso-
cial tendencies and division of resources in fraction problems when the problems 
are framed as giving to strangers versus family members and close friends. Using 
close relationships may help enhance their understanding of fraction concepts even 
further if they are relying on ToM and building the blocks for co-operative relation-
ships—a fundamental aspect of human society (Boyd  2006 ). Moore ( 2009 ) found 
that children between 4 and 6.5 shared equally with friends and strangers when 
there was no cost to themselves, but treated strangers like non-friends when there 
was a cost. Even at this young age, children preferred equitable distributions with 
friends and behaved accordingly, but were sensitive to the identity of the recipient. 
Likewise, we initially detected different patterns of sharing in this study to the 
 different potential recipients between 3, 4 and 5 year olds. As with ToM, prosocial 
tendencies might be expected to increase with age (Blake and Rand  2010  (ages 
3–6); Lipscomb et al.  1983  (ages 5 and 6); Lourenco  1993  (ages 5, 7, 10)). Therefore, 
we should expect age related differences on this measure in our sample as well. We 
have also manipulated the relationship between the donor and potential recipient in 
our study as with Moore ( 2009 ). 

 To summarize, we have uncovered some evidence that children as young as fi ve 
have demonstrated some rudimentary understanding of fractions and proportions. 
We have also indicated that a systematic investigation of the relevant variables that 
could inform early mathematics education is lacking.   
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    Method 

    Participants 

 Pre-school and kindergarten children (N = 158) ranging from 3 years 6 months to 
6 years 6 months participated in this study. The students were drawn from six 
 different learning centers and schools along the Mississippi coast. None of the 
 children had formal curriculum or activities that involved fractions or fair sharing 
concepts specifi cally. The PreK–3 students are required to be 3 years of age by 
September 1st of the academic year. PreK–4 students are aged 4 by September 1st 
and the Kindergarten students are 5 years of age by September 1st. Data were 
 collected over one and a half years in a sequential design from March 2011 to 
November 2012. Each student was interviewed and assessed in three different 
 sessions at two different time points approximately 1 year apart. The sessions 
 consisted of (1) eight fraction and fair sharing tasks framed socially, and prosocial 
sharing tasks (2) eight fraction problems framed non-socially and theory of mind 
sequencing tasks, and (3) the WPPSI—111 IQ test (only in Year 1). Each session 
was 30–40 min in length depending on the student and was video recorded. Children 
completed the sessions in counterbalanced orders within each age group (3, 4, and 
5 years). Participants’ responses to each task were later coded from video by 
research assistants that were ignorant of the main hypotheses of the study.  

    Demographic Survey 

 A brief survey was sent home, along with the consent form to the child’s primary 
caregiver to collect data on household income, number of siblings and their ages 
(birth order), whether the child was a product of a single or two-parent home, 
language(s) spoken in the home, and ethnicity.  

    Fraction Items 

 Fraction items were framed both socially and non-socially (see Table  1 ). In addition 
to their context, items were designed to allow us to examine both proper and 
improper fractional solutions. For example, one item was, “Jade wanted to share 6 
carrot sticks with her 4 friends. How can she do this fairly?” This is a socially 
framed item in which the number of items was greater than the number of friends. 
Thus, this problem results in a mixed number of improper fractional solution. An 
example of a non-social task is, “There are 5 apples and 3 bags. The same amount 
of apple must be placed into each bag. How should the apples be placed into the 
bags?” Each child received the same items in the same order for each context, and 
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they were presented orally by the investigator. The order in which the fraction items 
from different contexts (social, non-social) was presented was counterbalanced 
within the age groups.

       Prosocial Tasks 

 The following materials were used in this study. Four Ziploc bags were used to hold 
the stickers for each child, friend, non-friend, and stranger for each participant. 
Sharpie markers were used to write names onto the plastic bags. Four plastic plates, two 
orange and two blue, were used to place the stickers during the game (see Fig.  1 ). 
Sets of identical stickers were used. A video camera was used to record the sessions. 
The trial orders were randomized for each child so that the experimenter followed 

   Table 1    Core of oral assessment protocol   

 Social task  Physical task  Concept 

 1  Amanda wanted to share 3 
muffi ns with her 3 friends. 
How can she do this fairly? 

 There are 3 oranges and 3 boxes. 
How should the oranges be evenly 
placed into the boxes? 

 1-to-1 correspondence 

 2  Chris wanted to share 3 
crackers with his 3 friends. 
How can he do this fairly? 

 There are 6 sheets of paper and 3 
notebooks. How should the papers 
be placed evenly into the 
notebooks? 

 Distributing 2 wholes 
   Count by 2s 
   Count by 1 

 3  Jade wanted to share 6 
carrot sticks with her 4 
fi ends. How can she do this 
fairly? 

 There are 6 pretzels and 4 snack 
packs. How should the pretzels be 
put into the packs evenly? 

 Distribution of wholes 
   Dividing into half 
   Dividing into fourths 

 4  Sam wanted to share 5 
oranges with his 3 friends. 
How can he do this fairly? 

 There are 5 apples and 3 bags. 
How should the apples be placed 
evenly into the bags? 

 Distribution of wholes 
   2 remain 
   Dividing into half 
   Dividing into thirds 

 5  Matthew wanted to share 7 
pretzel rods with his 4 
friends. How can he do this 
fairly? 

 There are 7 sticks and 4 fi res. 
How should the sticks be put 
evenly into the fi res? 

 Distribution of wholes 
   3 remain 
   Dividing half, fourths 
   Dividing into fourths 
   Dividing into ¾ 

 6  Tim wanted to share 3 
grapes with his 6 friends. 
How can he do this fairly? 

 There are 3 cookies and 6 plates. 
How should the cookies be placed 
on the plates? 

 Less items than 
recipients 
   Dividing into halves 

 7  Emily wanted to share 2 
granola bars with her 6 
friends. How can she do 
this fairly? 

 There are 3 cakes and 6 plates. 
How should the cake be placed 
evenly on the plates? 

 Less items than 
recipients 
   Dividing into thirds 
   Dividing into sixths 

 8  Tina wanted to share 2 
cheese sticks with 8 friends. 
How can she do this fairly? 

 There are 2 loaves of bread and 8 
baskets. How should the bread be 
placed evenly in the baskets? 

 Less items than 
recipients 
   Dividing into fourths 
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the order presented on a data sheet, where they indicated whether the child chose the 
prosocial option on each trial.  

 The children were tested individually by the researcher and a graduate student in 
either their school or day care center. The camera was positioned to not distract the 
student. 

 When the child was welcomed into the room, the researcher turned on the video 
camera, and recited the participant’s identifi cation number. The child was placed in 
front of a Ziploc bag labeled with their name. The researcher sat beside the child 
holding three other Ziploc bags. In the middle of the table, there were four plates. 
The child had one blue plate and one orange plate directly in front of them, and plates 
of the same colors directly behind these plates. In this way, the two plates on the left 
were of the same color and indicated one option (prosocial or non-prosocial option). 
The two plates on the right were of the same color (but differed from the plates on the 
left) and indicated the opposite option. Children were told that they could keep the 
sticker on the side that they chose that was closest to them, but the sticker on the same 
side as their choice, but farther away, would go to either a friend, non-friend, stranger, 
or no-one, depending on the trial. Identical stickers were placed on the plastic col-
ored plates at the beginning of each trial. One of the far plates was always empty. 

 Each child was given two practice trials to explain the object of the task. In 
Practice Trial one, the child was given the option of choosing no stickers for them-
selves and one for the experimenter, or one for themselves and one for the experi-
menter. In Practice Trial two, the child was offered no stickers for themselves and 
one for the experimenter, or one for themselves and none for the experimenter. 
Children were allowed to keep the stickers exchanged. 

 After these initial trials, the experimenter asked the child to name a friend that 
they played with. Then the experimenter wrote the playmate’s name onto one of the 
Ziploc bags. Then the child was asked for the name of a classmate (non-friend) with 
whom s/he did  not  play. Again, the experimenter wrote the name of the non-friend 
onto a Ziploc bag. The child was reminded that these bags belonged to them. The 
experimenter then labeled a third bag for an unknown child of the same sex as 

  Fig. 1    Prosocial task        
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 themselves, who they were told attended another school. The experimenter placed 
the child’s own bag in front of them and the other bags that were not in play, off to 
the side. The appropriate bag was placed across the table for each trial. The counter-
balancing schedule of each trial determined who the recipient would be, and thus 
which bag would be presented. 

 A total of 16 test trials were completed with each child. The counterbalancing 
schedule consisted of four trials of each of four types (friend, non-friend, stranger 
and no recipient, as recipients). Within those four trials of each type the prosocial 
option appeared twice on the right and twice on the left. 

 The experimenter did not infl uence the child’s response. If the child asked  questions 
or attempted to engage the experimenter, their response was to say “Do whatever you 
would like to do” or “Do what you think is best.” At the end of the session the experi-
menter indicated that they will distribute the bags to each recipient accordingly.  

    Theory of Mind Tasks 

 We modifi ed Baron-Cohen et al.’s ( 1985 ) sequencing tasks—a sample of which is 
reproduced in Fig.  2 , for use in the current study. There were six sets of four images 
belonging to mechanical and behavioral categories, which assessed the child’s ability 
to reason about the actions of objects alone (mechanical) or interacting with humans 
(behavioral). There were three sets of four images, labeled as “intentional” designed 
to assess the child’s ability to reason about the intentions of others. There was also a 
practice set of four images depicting a boy washing his hands at the sink, used to 

  Fig. 2    Theory of mind sequencing tasks       
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orient the child to the task. The experimenter scrambled the pictures belonging to 
each series and handed the child the mixed up pictures one sequence at a time, asking 
the child to look at each of the images and then laying them out in a line to express 
the proper order to “tell a story”. The child was asked to indicate when they had fi n-
ished creating their story and then the experimenter asked “can you tell me about 
your story”. The child’s verbal response was also coded to indicate whether they used 
descriptive or causal terms to describe the actions of objects and individuals depicted 
in the images. In addition, the child’s sequence was scored as follows. They received 
2 points for placing each of the fi rst and last cards of the sequence in the correct order 
(there was only one plausible sequence of events for each set of images). They 
received one point each for placing the second and third cards in the correct sequence. 
The experimenter recorded their scores as they described their stories, before taking 
back the cards and shuffl ing the next set. Each child received the sequences in a ran-
domized order, with the Intentional sequences always presented in the middle of the 
sets. Randomization orders were balanced within each age group.  

 We also administered the WPPSI: Wechsler Preschool and Primary Scale of 
Intelligence, 3rd Edition, which produces separate verbal, performance and overall 
IQ scores.   

    Results 

 Using grounded theory (Glaser and Strauss  1967 ), we examined students’ solution 
strategies on both sets of fraction items (socially and non-socially oriented). Both 
students’ verbal and written responses were considered together when coding each 
response. Each item was coded as correct or incorrect and the type of strategy the 
student used was also described. 

 The Incorrect/Unfair Strategies were categorized into fi ve subcategories: (1) 
Distribute all the wholes but not fairly, (2) Distribute the wholes fairly but then parti-
tion the remaining items incorrectly, (3) Distribute pieces of the items only, (4) 
Distribute some of the wholes only (typically those for which one to one correspon-
dence with the friends could be achieved), leaving the remaining unassigned, and (5) 
Change the task, in which students might add more friends or items, typically to 
make the ratio of friends to items one-to-one, or giving extras away or to the “hun-
gry” or biggest friend drawn on their sheet, or keeping some for themselves. The 
Correct/Fair Strategies were categorized into (1) Distribution of the wholes then eco-
nomical partitioning of the remaining; that is, partitioning into the fewest and largest 
necessary pieces in order to distribute fairly and (2) Distribution of the wholes and 
then non-economical partitioning of the remaining. For instance, instead of dividing 
into thirds, dividing into sixths, or instead of dividing two pretzels into halves and 
one into quarters—dividing all three remaining pretzels into fourths/quarters. (3) All 
items could be partitioned properly to allow for fair distribution, without any alloca-
tion of wholes. Examples of students’ written work and the accompanying transcript 
that exemplifi es how they solved the following task are provided in Table  2 . Their 
work is organized by age from youngest to oldest, left to right. “Jade wanted to share 
six carrots with her four friends. How can she do this fairly?”
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   Students’ performance on the ToM sequencing, prosocial behavior sharing tasks, 
IQ, and mathematics performance were all analyzed with hierarchical linear regres-
sions. In this limited space we share just a brief discussion and example of students.  

    Discussion 

 Children can reason about fractions at even an early age, before fi rst grade (Cwikla 
 2014 ) and formal introduction of such concepts. We documented differences in the 
strategies used by 3, 4, 5, and 6 year old children. This work addresses an important 
realm of cognition that sits at the intersection of mathematics education and psy-
chology. The strategies and abilities documented here begin to imply that pre-school 
and kindergarten children might be capable of understanding and illustrating pre-
liminary fractional concepts and fair sharing better than previously thought. And—
equally important—this knowledge has developed informally, likely through play 
and life experiences, prior to curricular introduction. 

 Given the diffi culties that students have with rational number concepts, is it pos-
sible that students  and  teachers might develop and maintain a “whole number bias” 
because fractions and rational numbers are introduced  after  whole numbers (Mack 
 1990 ; Ni and Zhou  2005 )? There is little empirical evidence as to whether children 
can comprehend or acquire such fractional concepts before the whole number bias 
is ensconced (Ni and Zhou  2005 ); yet this study offers some evidence for that com-
prehension in these young learners’ minds. 

 However, this is a testable hypothesis that, although it is beyond the scope of the 
current project, could build upon this work. Other limitations of the current study 
preclude these results from beginning to inform curricular decisions, but at the very 
least it does beg further investigation into the young child’s intuitive and socially 
infl uenced development the understanding of fractions. Our ongoing data collection 
will expand these results and likely illuminate more areas requiring investigation 
into the young child’s mathematical understandings and ability to problem solve 
with fractional quantities.     
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      Working with Pre-schoolers: 
A Dual Commentary 

             Michaela     Kaslová      and     Sixto     Romero    

    Abstract     The commentary on the chapters of Chronaki et al., of Nikiforidou and 
Pange and of Cwikla and Vonk sets the topic of working with pre-schoolers in a 
historical context. It draws on contributions of Comenius, Froebel, Pestalozzi and 
others and traces the key developments in developmental psychology. Finally, it 
points to the importance of research on pre-school mathematics as a condition for 
well-thought conceptualisations of pre-school education practice.  

        Sixto Romero Sánchez: A Brief Historical Sketch 
on the Teaching and Learning of Mathematics in Preschool 

 The history of education is not made of violent revolutions, such as Copernicus’s 
revelations caused in astronomy for example, but has developed in a logical sequence 
of phases. From Greco-Roman times to the sixteenth century, no concern for con-
sciously teaching a “child” can be detected, whereas teaching “children” had been 
a custom. How did the concern for “the child” arise? In my view, it was a sign of a 
pedagogical necessity, even in adverse situations, that has never ceased to encour-
age the process of the secular education of humanity. It is in this sense that one 
needed to create new concerns in and new forms of education. 

 The concerns for “the child” and for education in general, and mathematics edu-
cation in particular, gained in importance in the late nineteenth century. These con-
cerns were, at the time, traced back to Socrates and Plato, pointing at their dialogic 

 Editors’ note: The commentary collects historical and theoretical refl ections on early childhood 
(mathematics) education, made separately by the two authors of the commentary before discussing 
the three chapters of the section briefl y. 

        M.   Kaslová      (*) 
  Faculty of Education ,  Charles University ,   Prague ,  Czech Republic   
 e-mail: michaela.kaslova@pedf.cuni.cz   

    S.   Romero      
  Escuela Técnica Superior de Ingeniería ,  Universidad de Huelva ,   Huelva ,  Spain   
 e-mail: sixto@uhu.es  

mailto:michaela.kaslova@pedf.cuni.cz
mailto:sixto@uhu.es


192

heuristic techniques. By drawing on these ‘classics’, Montaigne, Rabelais, Comenius, 
Locke, and others emphasized the realistic experience of each single student. 
Unquestionably, Rousseau was signifi cant: for his naturalistic philosophy, for his 
insights about evolutionary psychology, for the perception of a qualitative difference 
between an adult and a child. As precursors of primary education in the late eigh-
teenth century and early nineteenth century, Condillac and Itard should be cited. 

 In the nineteenth century¸ Froebel and Pestalozzi have been infl uential and can 
truly be referred to as educators, innovators and reformers of traditional teaching. 
Froebel created kindergartens in 1837 and made signifi cant contributions to 
pedagogy for improvements in teaching, with the aim of providing students with a 
good education, and Pestalozzi, already in 1810, indicated that education should 
adhere to a harmonic law of nature, from which the need for freedom in the child’s 
education was derived. 

 As Beales ( 1956 ) suggests, a particular point in the historical development of 
education is the development of educational institutions, in which the principles of 
theoretical knowledge on education were systematically exposed and discussed. It 
is important to note that in the late nineteenth century schools in Switzerland, 
France, England, Germany, Belgium, Spain, Portugal, United States, Italy and else-
where implemented what has been called ‘active education’. As a summary, the 
following points characterized the new proposal:

•    Education should respect each child’s individuality.  
•   Academic studies and, more generally, life skills should open the way for the 

child to pursue his/her innate interests.  
•   Each age has its own physiognomy. There is a necessity of both individual and 

collective discipline leading to reinforcing the concept of responsibility.  
•   Cooperation versus selfi sh competition.  
•   Co-education as an instructional tool.  
•   Education should prepare children for the future, to be good citizens and compe-

tent, which is conducive to living as active members of society (cf. Ernest  1994 ).   

It needs to be remembered that a fundamental principle, on which many theoretical 
conclusions are based and upon which many practical applications have been 
designed and realized, is that the central pedagogical value lies irreplaceably in the 
child as the focus of the teaching-learning process. Hence, the proposal translates 
into a plan for action:

•    A need to know the child deeply, on a scientifi c and humane basis, with affection.  
•   To determine the individual potential and the development of particularly deep 

interests of each child, and to guide him/her to the full actualization of its 
personality.  

•   To generically teach all disciplines, and particularly mathematics, according to 
an individualized program in which each student is to progress according to her/
his abilities, by using appropriate teaching techniques (Tyminski et al.  2014 ).  

•   The teacher is subordinate to the activity, to the true interests, and ultimately to 
the true freedom of the child.   
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In most countries mentioned above, during the last few decades, educational reforms 
have urged governments to establish curriculum design bases. The sources of the 
curriculum based on active learning considerations are important here. Any curricu-
lum attempts to answer the following fundamental questions: What to teach? When 
to teach? How to teach? and also Why, when and how to evaluate? Responses are 
generated from sources of different types and origins. Usually four types of sources 
are mentioned (Blömeke et al.  2013 ) while each of them makes a specifi c contribu-
tion and provides specifi c information:

•    A sociological source refers to the social and cultural demands on the education 
system, the content of knowledge, procedures, attitudes and values that contrib-
ute to the socialization process of students, the assimilation of social knowledge 
and cultural heritage of society. The curriculum must include the purpose and 
social functions of education, trying to ensure that students become active and 
responsible members of the society to which they belong (Liman et al.  2013 ).  

•   A psychological source relates to the processes of development and student 
learning (Tuckman and Monetti  2010 ). Knowledge of the regularities of the evo-
lutionary development at different ages and the laws that govern learning and 
cognitive processes in humans provides an indispensable framework curriculum 
about opportunities and ways of teaching, when learning what is possible to 
learn at all times, and how to learn it (Rico et al.  2014 ).  

•   A pedagogical source collects both the existing theoretical foundation and the 
educational experience of teaching. The experience accumulated over the years 
is an irreplaceable source of curricular knowledge. Specifi cally, curriculum 
development in the classroom, in the actual teaching of teachers, proves indis-
pensable to the development of the curriculum in its design phases and further 
development elements (Appleton  2003 ).  

•   An epistemological source refers to scientifi c knowledge that makes up the 
 corresponding areas or curricular materials. The methodology, internal structure 
and current state of knowledge in the various scientifi c disciplines and interdis-
ciplinary links between them, also make a decisive contribution to the confi gura-
tion and contents of the curriculum (Natthapoj  2012 , Schoenfeld  1983 ; Schommer 
 1990 ).   

These four sources play a role in all phases of development and implementation of 
the curriculum (Barnett et al.  2014 ) at different times: (a) base design curriculum, 
curricular projects and programs; (b) in the development of the curriculum in the 
classroom. Thus, both the education authorities, which establish a normative cur-
riculum, and the teachers in their projects, programming and educational practice 
should refer to these sources, which display both the curriculum content and their 
legitimation. 

 The historical perspective, briefl y outlined above, clearly shows that mathemat-
ics is a body of knowledge evolving, and that such an evolution often plays a major 
role with respect to its interrelationship with other knowledge domains and the need 
to solve certain practical problems. For example, consider the historical origins of 
geometry: part of it developed by responding to problems of agriculture and 
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 architecture. Statistics has its origin in the organization of the fi rst population cen-
sus. Different number systems evolved with the need to handle elementary calcula-
tions in different contexts. Probability theory developed in response to gambling 
problems. In more recent times, research in discrete mathematics and numerical 
calculus experiences a considerable rise as a result of the increasingly widespread 
use of new technologies. Moreover, to some extent mathematics is the frame in 
which scientifi c models are constructed, taking part in the process of modeling real-
ity itself, and often have served as a means of validating these models. However, the 
evolution of mathematics has not only proceeded by accumulation of knowledge or 
application to other fi elds. Mathematical concepts themselves have been changing 
their meaning over time, extending or revising, acquiring relevance or, conversely, 
being relegated to the background. 

 Taking all these considerations into account, the child’s development of logical- 
mathematical knowledge should be placed in the following frame:

•    Emphasis on the child’s performance on objects and on the relationships that 
through operation are established between them. By means of manipulations the 
child discovers what is hard and soft, which movements are possible, etc. He or 
she also learns about relationships between objects (e.g., it discovers that a ball 
rolls faster than a truck, the dummy is larger than a ball which is heavier than … 
etc.). These relationships allow organizing, grouping, comparing, etc. They are 
not objects as such but they are constructs of the child on the basis of the relation-
ships found and detected.  

•   The relationships between a newly-discovered object and other objects: relation-
ships develop from sensory-motor to progressively logical and intuitive (in ele-
mentary education). These relationships are fi nding expression through and in 
language. The child not only learns how to refer to objects, but also how to 
express relations between them.  

•   Expressions of these relationships will be fi rst through the action, then through 
oral language and then through the mathematical language by making use of 
iconic representations and fi nally numbers.  

•   The development of the child’s mathematical representations requires teachers 
who, from time to time, intervene by pushing the child’s curiosity forward; by 
supporting the child’s actions; by scaffolding the child’s manipulation of repre-
sentations, raising levels; and by guiding him/her to appropriate expressions of 
mathematical language.  

•   Thanks to the intervention of the teacher, the child will be able to learn to:   

   (a)    discover the features of the objects,   
  (b)    set different order relations,   
  (c)    perform collections of objects based on certain attributes,   
  (d)     use simple counting strategies properly and graph icons and fi gures. The 

child will also be able to learn about the convenience of measurements, to 
solve measurement problems and become familiar with measuring units of 
space and time. The child will learn to distinguish various geometrical shapes 
and to establish relationships between them, and between the shapes and the 
child him/herself.    
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The implemented curriculum should give priority to the practical activity of the 
child—the discovery of the properties and relationships between objects through 
active experimentation.  

    Michaela Kaslová: From Comenius 
to Developmental Psychology 

 Through human history, changes in the approaches to education, its philosophy, 
system, concept etc. have abounded. The history of early-childhood education, ped-
agogy focussing on the development of children up to the age of 7 years, is however 
not long. In the majority of cases it addresses the issue of equality of access to edu-
cation. First discussions were about the question “What stimulates and in which 
domain?” Later debates focussed on the issue of “Who can be/should be systemati-
cally educated?” This second question is related to what we might call ‘the democ-
ratisation of the educational system’, and it emerged from developments within the 
socio-political system. One of the fi rst movements, born in Europe in the fi fteenth 
century, enforced and partially realised an education for all, independent of gender 
and social position. This movement addressed the problem of a basic education for 
all in a context that, in contemporary terminology, is called ‘primary schooling’. 
During the next centuries this idea had been developed and enriched. There were 
different attempts to answer the upcoming questions of ‘Why, how and under what 
conditions?’ as well as whether education should be organised as compulsory. 

 School and pre-school education was presented systematically in the theoretical 
work of Comenius in the fi rst part of the seventeenth century. The democratic princi-
ples of why and how to stimulate the pre-school child are described in detail in his 
book  Informatorium scholae maternae  (1632) (German version of 1633:  Informatorium 
der Mutterschul ; English translation of 1663:  School of Infancy ). Other ideas can be 
found in  Didactica magna ,  Orbis sensualis pictus  and  Pansofi a . Comenius wrote, 
among other things, that a new knowledge and a new recognition must be discovered 
by a child in the child’s real world; that we have to stimulate cognitive abilities; that 
this process must respect the needs of the child, which means that we must offer dif-
ferent stimuli which are perceived by different senses; and that we discuss this with 
the child in his/her native language if we desire the child to understand the lessons 
well; that the adults must start child activities at that stage of a child’s life in which 
they are crucial for her/his successful development. His  avant- garde principles were 
seized by many pedagogues, teachers and didacticians. For example, Maria Montessori 
referred to Comenius in her conception of didactics of mathematics. Later construc-
tivist approaches correspond with Comenius’s  principles, too. 

 When analysing different philosophies (especially European) of conceptions of 
pre-school education, we can see that there are mainly three different approaches: 
(1) children are similar to ‘small adults’, thus we should use similar methods as at 
school with similar types of communication; (2) children have specifi c characteris-
tics, thus we stimulate them respecting their stages of development (with tailored 
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approaches); (3) it is not necessary to stimulate the children because their instinctive 
interests help them automatically in their development. If we evaluate these 
approaches from the point of view of economic resources required, we contend that 
(1) and (3) are more economical for the suppliers of the resources (such as state, 
region, village, institution, association) than the approach (2). (2) needs research 
and professional teachers (including studies at specifi c universities focussed on 
respective teaching skills). However, we argue in favour of approach (2) and would 
like to add further that it is necessary to accept that the child’s characteristics can 
change over the years, in the context of a changing society, and that education must 
respect specifi cities of the child’s family, region, language etc. Research in the 
domain of pre-mathematical literacy is not focused only on mathematics and pre- 
mathematics, but also recognises that a child’s development can be understood from 
the perspectives of pedagogy, special-needs pedagogy, cognitive and evolutional 
psychology, sociology and other disciplines. Economic constraints sometimes force 
the institutions to unify and simplify the pre-school system and its conditions, cur-
ricula and educational methods. For this reason it is necessary to identify what can 
count as crucial elements of pre-school literacy. Therefore, let us concentrate here 
on the subject matter: pre-mathematics. 

 Pre-mathematics is a special domain: we cannot speak of mathematics yet, 
because the developmental stage of the pre-school child, in a Piagetian sense, is 
characterised as a pre-operational stage, as a stage of concrete images and pre- 
logical thinking, while mathematics is characterised by operations with abstract 
notions that lean on logical thinking. The step from pre-mathematics to school- 
mathematics is not easy for a lot of reasons—so called specifi c pre-school phenom-
ena: (a) the  egocentrism  typical for pre-school age colours the perception, 
imagination and evaluation of experiences: a pre-school child evaluates the infor-
mation according to his/her needs and desires, and for this reason it is diffi cult to say 
that the child can be objective; the child’s tendency to personify objects or identify 
them with other objects changes the character of the perception of this object; (b) in 
the majority of cases children  learn in plays/games : the play is characterized as a 
process accompanied by a wealth of emotions, and we must accept that these emo-
tions can block or distort rational thinking (these arguments are confi rmed by neu-
rological studies looking at the functions of specifi c parts of the brain); (c) the 
 presentism  and the  topism  determinate the condition of the process of generalisa-
tion: pre-school children live intensively ‘now and here’—in present time and pres-
ent space; they have diffi culties to orient themselves well in time and in plane space; 
(d)  syncretism:  a dominant perception prevents the proper use of an analytico- 
synthetic approach; (e) the  vocabulary  is not yet well developed and the children 
have problems with recalling words in new contexts: we mark this stage as a period 
of “ mixed-communication ”, because the pre-school children show a restricted abil-
ity to communicate in one special code, including oral communication; the pre- 
school children communicate alternatively by oral, manipulative, gestural, 
kinaesthetic, pantomimic or drawn and other codes of communication; (f)  fi ne 
motor skills  and  muscle coordination  are not yet suffi ciently developed and the 
 children need to concentrate more on the movement than on the object/base of their 
activity: they are more focussed on why rather than on what they are doing. 
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 The three chapters of this section correspond, in certain aspects, to Comenius’s 
general principles and especially to the strategy (2), particularly with regard to cur-
rent work in the cognitive psychology of pre-school age. It is important to empha-
size that it is not a simple undertaking to prepare a child for school mathematics. 

 Julie Cwikla and Jennifer Vonk underline in their article the need of continuity in 
education. The principal idea is to demonstrate how the concept of fractions starts 
to develop within a group of pre-school children. Table   2     of their chapter shows the 
important role of language in the communication of ideas about fractions. This topic 
is key in that it permits us to complete a mosaic of research in this domain and in 
that it facilitates us to distinguish the common characteristics of the developmental 
process. A second important aspect is related to the work of primary-school teach-
ers. Insights into the obstacles at the level of the fi rst encounters with the concept of 
fractions can be informative for the instructional design of subsequent mathematical 
lessons on the topic. For researchers, in addition, there is the possibility to repeat 
this experiment in a new context and to compare the new data with presented data. 

 Zoi Nikiforidou and Jenny Pange report in their research about the importance of 
codes of communication. The child’s capability to “read drawn information” or to 
“transform the drawn code to the oral code of communication” infl uences the suc-
cess in problem-solving activities at pre-school age. This outcome harmonizes with 
other research outcomes, and it points to the importance of professional develop-
ment in the context of communication in kindergartens and with respect to the 
media used. The communication diffi culties that some children experience are 
related to differently developed analytico-synthetic thinking abilities. 

 Anna Chronaki, Georgia Moutzouri and Kostas Magos introduce their research 
in activities with respect to the specifi c characteristics of pre-school age. The set of 
described activities in age-heterogeneous groups can serve as good examples of 
global/comprehensive activities suitable for practice at kindergarten, clubs or fami-
lies. Each of the activities described serves a number of goals: development of com-
munication, imagination, notion, orientation in space etc. The conception of each of 
the activities is based on a development of culture, or better still, on each pre- 
mathematical concept and pre-mathematical ability, as well as on part of the culture. 
Their strategy shows that the level of progress depends on the existence of a good 
social atmosphere as well. 

 All three articles indicate the necessary complexity of research of pre-school 
mathematics. The contributions offer substantial arguments for the continuance and 
enlargement of research in pre-school age and in pre-mathematics. They insist on a 
protection of pre-school children from overhasty and ill-thought conceptualisations 
of pre-school education practice.     
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      Digital Mathematical Performances: Creating 
a Liminal Space for Participation 

             Susan     Gerofsky    

    Abstract     This chapter introduces performative mathematical modes of  expression 
for students. Performance engages with aesthetic, spiritual, ethical and contextual 
facets of life. The chapter argues in favour of ‘liminal spaces’, of liminality and 
play, that allow for fuller participation in mathematical thinking and expression. 
Examples of digital mathematical performance spaces are presented and discussed.  

         Introduction: Disembodied, Antiperformative Traditions 
in School Mathematics Pedagogy 

 Even after more than 25 years of reform movements in school mathematics, it has 
been noted in many places (e.g., Boaler  2002 ; Taylor  1996 ) that ‘traditional’ 
 mathematics classes are still prevalent in many schools worldwide. These classes 
offer little space for learners to participate and interact as they are introduced to 
mathematical patterns and ideas. The stereotypical ‘traditional-style’ mathematics 
class, particularly at the secondary school level, encourages learners to sit quietly, 
work individually with pen and paper, and copy notes obediently from the teacher’s 
lecture. There is little opportunity to engage in discussion, to voice basic questions, 
to express surprise or wonder, doubt or fear. Students are generally required to remain 
physically still and quiet and to keep their thoughts and emotions to themselves. 

 The philosophical and pedagogical assumptions underpinning this kind of tradi-
tional mathematics instruction and students’ role in this kind of class are antithetical 
in a number of ways to notions like ‘performance’ and ‘participation’, at least as so 
far as these describe the actions of students.

•    Firstly, such traditional classes are based fi rmly on a  transmission model  of peda-
gogy, where teachers (and textbooks, and exams) hold knowledge, and students 
do not. In this model it is the responsibility of teachers to transmit knowledge to 
students, through verbal explanations and demonstrations, followed by student 
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exercises that (on the analogy of physical exercises in a gym, as elaborated in 
Thorndike’s ‘faculty psychology’) are meant to ‘build mathematical muscles’ 
through repeated practice of particular mathematical skills thought to have been 
transmitted through the teacher’s lecture-based lesson (Gamon and Bragdon 
 1998 ; Thorndike  1924 ).  

•   Secondly, these classes make the pedagogical assumption that knowledge is 
most effi ciently transmitted by packaging it in  small, logically-sequenced pack-
ages  and doled out to learners a bit at a time. These bits of knowledge and their 
sequence are known, named and discussed by teachers, but for students, they are 
often ‘given out’ as just the next lesson, and the next lesson after that, without 
establishing any sense of the big picture or context (within mathematics or 
beyond it). There is no space and no encouragement for students to ask big or 
contextual questions, and no stopping the forging of the inexorable chain of logic 
comprised of these daily small links (Herbel-Eisenmann et al.  2006 ; Noss  1994 ; 
Schmidt et al.  1997 ).  

•   Thirdly, traditional mathematics classes are based on the philosophical premise 
of a  Platonic/Cartesian mind-body split . The physical world, physical objects 
and the students’ and teachers’ own bodies are treated as an (unfortunately) 
 necessary but base, coarse and primitive element in the learning situation. The 
disembodied minds of teachers and students are, in contrast, treated as fi ne, 
exalted, transcendent. Mathematics, following the Platonic doctrine of perfect, 
immaterial forms, is taken to be an entirely mental and symbolic activity, search-
ing for eternal perfection and absolute truth (Borasi  1984 ; Plato  1961 ; Radford 
et al.  2009 ).   

Based on this third assumption, students in mathematics class are required to sit 
very still and quiet at their desks, listening to the teacher and thus entering the 
 disembodied realm of abstract thought. Note-taking may be encouraged, but these 
notes are prescribed to take the form of symbolic (numerical and algebraic) state-
ments, with the occasional geometric diagram allowed into the mix. Any action that 
asserts the physicality and material presence of the full-fl edged human beings in the 
classroom is discouraged; conversation, locomotion, gesture, the use of material 
manipulatives and physical model-building, or even the presence of colour, move-
ment and references to human personalities and the world beyond the classroom are 
sternly discouraged, particularly as students approach adult age. Philosophical and 
contextual questions, discussion, physical animation, connections of mathematics 
with human nature and the more-than-human world, the use of objects to model 
mathematical structures are all typically derided as babyish and extraneous to 
 secondary and sometimes post-secondary mathematics classrooms, where students 
and teachers are supposed to be involved in work of pure and immaterial abstrac-
tion, of mind divorced from body. 

 The resulting pedagogical situations are all too familiar to everyone who has 
 suffered and/or thrived in secondary-school mathematics class: a plain, grey, 
unadorned room, students sitting still and silent in desks arranged in a grid pattern 
of rows, perhaps taking notes quietly, as the teacher stands at a chalkboard or 
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 overhead projector delivering an extended lecture, all followed by a stretch of time 
when students work on exercises to practice the small bundle of knowledge or skills 
presented by the teacher. 

 If this were a pedagogical strategy used occasionally or once in a while as a 
moment of calm refl ection or a gathering of energies in math class, amongst other 
more engaging and engaged learning activities, it might be justifi able as a change of 
pace and a chance to revisit, regroup and summarize one’s learning before moving 
on. As one pedagogical approach in a rich repertoire, this could have merit in offer-
ing a meditative pause. Unfortunately, though, this lecture-based teaching to 
minimally- participating students is the everyday norm in most secondary (and many 
elementary and post-secondary) mathematics classes and often the sole teaching 
method, day in, day out, for about 100 classes a year and for many years on end. 

 Gadanidis and Borba ( 2008 ) have noted that, while kids often come home and 
tell their families what they learned in literature, history, science or art classes, they 
often have a very diffi cult time saying (or even knowing) what they learned in 
 mathematics class. When classes consist of the introduction of small increments of 
technical, algorithmic knowledge and then drills of the same, it becomes diffi cult 
even to name the topic that was raised, never mind have a conversation about it. 
I remember my own children answering my question, “What did you learn about in 
math class today?” with an exasperated, “We just DID MATH, Mom!” Mathematics 
becomes something that learners  just do , without space for interrogating what that 
thing is, why it might or might not be important, or fascinating, or ethical, or beautiful. 
Without space for student voices, actions, questions and stories, mathematics 
becomes an esoteric study available only to those who can cope with demands for 
obedience in a sensorily-impoverished learning environment.  

    Performative Pedagogy 

  Performance  as pedagogy is a very different, almost opposite approach to teaching 
and learning mathematics. Performance in the sense of an artistic, theatrical,  musical 
and/or dance performance always involves embodied ways of being, interaction and 
expression. The performer ideally engages the whole self in the moment of perfor-
mance, bringing all the resources of mind-body-spirit together to sing soulfully, act 
mindfully, dance intellectually and so on. There is no separation of aspects or levels 
of being in an engaged performative moment, even as technical skills and intellect 
are brought into play (Berliner  1994 ; Sawyer  2003 ). The material world and embod-
ied ways of being are celebrated as facets of an integrated whole performer, rather 
than being ridiculed, devalued and shunned. 

 Note the special case of a High Modernist Western take on performance, in 
which a distinct separation is made between performer and audience. In this 
 paradigm, while the performer is fully engaged, audiences are expected to sit  quietly 
and still, and to show appreciation appropriately at the correct points, and in very 
 physically constrained ways (through polite applause, for example). In fact, in the 

Digital Mathematical Performance: Creating a Liminal Space for Participation



204

Modernist model, the audience at a symphony concert, ballet or recital is expected 
to behave as if they were students in a secondary-school mathematics class. Even 
performers in minor roles in such performances are expected to restrain their 
 movements and emotions; for example, instrumental players in a symphony orches-
tra are taught never to tap their feet, sway their heads or show emotion when per-
forming. Only featured stars, soloists, principal dancers and superstar conductors 
are encouraged to express emotion through less-constrained bodily movement. 

 However, apart from the very short historical time period of High Modernism in 
the West in the mid-to-late twentieth century, human performance has been consid-
erably more participatory and audiences less silent and still. The boundary between 
performers and audience has more typically been a porous one, in which everyone 
is an active participant at some level, although some may have prepared beforehand 
and be ready to take on special roles. The fi eld of Performance Studies considers the 
performative in human cultures in this broader context, bringing together cultural 
examples from theatre and dance but also from the anthropology of religion and 
from performative rituals and community practices. In considering pre-Modern, 
non-Modern and our contemporary post-Modern societies, it becomes clear that 
most or all cultures include participatory ritual, playful, fully-participatory embod-
ied practices that are involved in the community’s education and entertainment, and 
in repairing rifts in the human-and-more-than-human world. Leading theorists in 
the fi eld of Performance Studies include Schechner ( 2003 ), Turner ( 1986 ) and 
Conquergood ( 2002 ), and the New York University (NYU) Department of 
Performance Studies is a key international centre for studies in this fi eld. 

 Performance necessarily engages with aesthetic, spiritual, ethical and contextual 
facets of life. Even the most abstract kinds of performances elicit emotion and 
thought, physical responses and empathy. Since performance engages people on 
multiple levels, the most integrative performances speak to people in many ways at 
once, and raise many kinds of further questions and speculations when the perfor-
mance is fi nished. 

 In contrast, the very limited participation allowable in so-called ‘traditional’ 
mathematics classes discourages the integration of multiple aspects of the learner as 
a whole person, emphasizing instead a solitary emphasis on rationality, logic and/or 
the obedient following of algorithmic steps in solving set problems. Mathematics 
taught in this way is an impoverished mathematics, one in which learners are so 
severely restrained from active participation that very few can muster a sense of 
curiosity, in-depth questions or a sense that the subject could ever have meaning to 
oneself as a person. 

 Given the rather stultifying, anti-performative traditions of school mathematics, 
how might we try to open up mathematics education and pedagogy to performative 
ways of being? Is it even possible to bring performance into mathematics teaching 
and learning—apart from the very reduced sense of students’ ‘performance’ on a 
test, or a teacher’s ‘performance’ in front of a silent, passive audience? 

 In the contemporary world, digital means of expression and communication are 
transforming human life and society. Aspects of digital performance have had a 
profound effect on many of the performing arts, including theatre, music and dance 
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(see, e.g., Auslander  1999 ; Dixon  2009 ; Farley  2002 ). Education too has begun to 
work closely with a variety of digital tools and media, although school systems have 
been slower to adapt to digital technologies than many other areas of society and 
culture. With these contemporary developments in mind, we may ask the following 
 question: Beyond actual physical performative pedagogies, how might we also 
engage digital and online resources to open up a space for exploration in  digital  
mathematical performances in our era, where so much of our lives takes place on the 
internet via digital media and text? 

 I claim that digital, performative mathematical modes of expressions for students 
can create a new liminal space that allows for fuller participation in mathematical 
thinking and expression. I will fi rst discuss the concept of liminal spaces, then 
 outline some of the ways that online performative sites for student mathematical 
expression might afford liminal spaces that invite participation by those who might 
not otherwise have access to mathematical questioning and meaning-making.  

    Liminality and Play in Liminal Spaces 

 The concept of liminal space comes from the fi eld of performance theory, the 
 contemporary inter-discipline mentioned earlier which draws from theatre studies, 
art theory and the anthropology of religion. The idea of performance is expanded 
beyond the conventions of mainstream theatre to include the performance of rituals, 
theatrical ‘happenings’, and participatory community events. In this conception of 
the performative, there is not necessarily a boundary line drawn between performer 
and audience. Rather than expecting to see expert, professional actors performing 
on a proscenium arch stage, with the audience seated quietly and appreciatively in 
darkened banks of seats, performance theory blurs categorical boundaries, so that 
everyone is a participant and potential contributor to the action. We are all rapidly 
becoming used to this way of thinking about participation through our experiences 
of the internet, where everyone is a participant in community actions. The metaphor 
of a net or web is particularly apt; movement by anyone anywhere in the web or net 
shakes everyone else, as we are all involved in intertwined action. 

 In this context, performance theorists have developed the idea of liminal space 
(Schechner  2003 ; Turner  1986 ; cf. Gerofsky  2006 ). A limen is a threshold, the 
boundary line between two places or (metaphorically) two states of being. For 
example, a limen may refer to the threshold of a house, the boundary line between 
‘inside’ and ‘outside’, or it may refer to the boundary between two states of con-
sciousness (for example, sleeping and waking), or to chronological boundaries 
(between past and present, summer and winter, etc.), or to the boundaries between 
people or peoples. 

 In performance, this liminal space is expanded and opened up, to become a 
living- space. In other words, performance pries open a much larger space on the 
boundaries or the margins. These kinds of liminal spaces allow for exploration of 
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the contradictions, paradoxes, transitions and transformations that take place as we 
pass boundaries or live in the spaces on the thresholds of our experienced worlds. 

 I have written elsewhere (Gerofsky  2011 ) about such boundary or threshold 
limens as powerful transitional spaces in the history of human culture and thought. 
There is a sense in which a boundary between two opposites functions as a kind of 
portal between what we perceive as different universes: between the worlds of wak-
ing consciousness and the altered consciousness of our sleeping states; between our 
experiences of indoor and outdoor worlds; between one society and another on a 
national borderline; and the potent boundary between the world of the living and the 
dead. In world religious practices, these kinds of powerful liminal spaces of transi-
tion are the realm of priests, shamans, saints and other mediators who, through 
training and natural abilities, are seen to be able to safely negotiate these dangerous 
boundaries on behalf of others, linking spiritual realms with our quotidian material 
world, and facilitating communication between deities and spirits and the living. 

 Even in the secular and abstract world of mathematics, one can fi nd traces of 
sacred liminal spaces and their bodily engagements that can never be erased com-
pletely from human presence in the world. As developed in Gerofsky ( 2011 ), even 
the axes of the Cartesian coordinate plane have bodily correlations, and connect 
with the symbolism of the Christian cross, the orthogonal patterns on traditional 
shamans’ drums and the geometry of the World Tree and middle earth in Nordic and 
other cosmologies. As much as we might like to remove all extraneous references to 
bodily and spiritual ways of being to create a neutral mathematical symbolism, it is 
not really possible to do so; the power of these transitional spaces persists. I suggest 
a different approach: one in which we embrace, expand and explore liminal spaces 
as part of a performative (and potentially, digital performative) aspect of a 
 mathematics pedagogy repertoire. 

 Liminal performative spaces allow for  play  in in-between spaces, in the sense of 
the ‘play’ between a wheel and its axle (McLuhan  2003 ), without which the mecha-
nism would freeze up and become immobile. A space of play is a necessity for any 
movement, and in order for any new understandings to develop. The idea of a space 
for play might seem strange to those steeped in the traditions of the stereotypical 
school mathematics class described above, where effi ciency, seriousness and a strict 
adherence to logical exposition might seem inimical to a playful attitude. Yet chil-
dren’s play, artists’ playful explorations and the imaginative play that is part of 
intellectual and creative work have an aspect of seriousness and an affi nity for logic. 
To treat play as something foolish or trivial is to misunderstand the importance of 
play in all its senses. A system without play is frozen and locked, lacking a key 
requisite for development and renewal. 

 Performance theorists conceive of a theatrical stage, or a religious altar, or any 
performance space as an expansion of a liminal or boundary space. For example, the 
site for performance of a religious rite is an expansion of the boundary between the 
material and spiritual worlds. A stage creates a kind of sacred space as well, whether 
the stage is an elaborately-lit raised platform in an architecturally-designed theatre, 
or a chalk circle drawn on the pavement in street performances. Similarly, a class-
room (or schoolyard, or garden, or library) has the potential to function as a liminal 
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space—a space between not-knowing and knowing, between childhood and 
 adulthood, between the community of the classroom and the outside world, for 
example. When conceived of as a kind of liminal space (as a stage, altar, or more 
simply as a potent space of multiple possibilities), a school classroom is suddenly 
opened to reconfi guration and repurposing as a mutable, fl exible space susceptible 
to new geometries, new rules, new dreams and potentiality. Immediately, teachers 
and students are invited to participate in making spaces of possibility together in 
this unexplored and signifi cant boundary region, where past converses with future 
in the enculturation of young people. 

 Actions taking place in this special, liminal space do not necessarily follow the 
rules and conventions of everyday life. Performers can explore personas that are not 
their quotidian selves; actors can convincingly play in role, because the story space 
of the stage lies in the expanded limen between truth and falsehood, where fi ctional 
truths can be told through that which is not literally true. (Are there ways that math-
ematics education can explore the spaces between fi ction and literal truth? Do we 
already do so at some level through mathematical conjecture, proof by contradic-
tion/reductio ab absurdum, as Pimm ( 1993 ) suggests, and imaginative work with 
physically impossible or logically paradoxical spaces?) 

 Play in the spaces of paradox and contradiction, ambiguity and transition—the 
space of the limen—is vitally important for learners who are novices to a fi eld like 
mathematics, and just as vitally important for experts who aim to discover fresh 
approaches by seeking to regain ‘beginners’ mind’, to get beyond the habituation 
born of experience. Mathematics is woven through and through with ambiguities 
that can be very confusing for novices; for just a few examples, consider the deliber-
ate ambiguities of elementary concepts like ‘multiplication’, ‘the equal sign’, ‘zero’, 
and ‘infi nity’ as one applies them in different areas of mathematics (Davis and 
Simmt  2006 ; Thurston  1995 ). To discuss one of these examples in more detail, con-
sider the concept of multiplication which brings together models as diverse as 
repeated addition, equal groupings of objects, number line hopping, multiple folds 
in a sheet of paper or cloth (literally, ‘multi- ply’), the area of a rectangle or other 
fi gure, an array of rows and columns, etc. (see Davis and Simmt  2006 ). What these 
very diverse models and representation have in common is a shared structure that 
we have named ‘multiplicative’, and which we can symbolize as  a  ×  b . Apart from 
that mathematical structure, these phenomena or representations have little in com-
mon with one another, and yet, to understand the concept of multiplication as fully 
as possible, we have to hold a number of these multiple meanings or models all at 
the same time. This simultaneous holding of multiple, in some senses contradictory, 
meanings is what I mean when referring to deliberate ambiguity in mathematics. 

 In the stereotypical, ‘traditional’ mathematics classroom, there is no space for 
the expression of confusion or wonder at the multiple meanings of mathematical 
terms, objects and operations, no place to play with the rich and complex, seemingly 
contradictory and paradoxical concepts that are central to mathematical understand-
ing. In a performative space, these liminal places can be opened up to allow for play, 
and for engagement of full-bodied, emotional, mindful exploration, which may lead 
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to deeper levels of understanding and appreciation for the aesthetic and intellectual 
aspects of mathematics. 

 Gee ( 2003 ) has written extensively about the affordances of online spaces, espe-
cially massively multiplayer online roleplaying games, as potentially liberatory 
educational spaces. Gee gives numerous examples of children from disadvantaged 
families and neighbourhoods who go online to fi nd a congenial place for learning, 
creating, gaining status and respect, and even making money. In Gee’s home in the 
USA, and increasingly around the world, more and more people have access to the 
internet and to computers or hand-held internet access devices. We have begun to 
live our lives more and more in the virtual (and liminal) spaces of the internet, so 
that the boundaries between actual and virtual worlds become blurred, and the two 
worlds affect one another in a seamless way. In this, our new reality, digital perfor-
mative spaces become some of our primary spaces for play, where we can interact 
with one another, explore and learn. 

 Some mathematics educators have been thinking about digital mathematical 
 performances as a liminal space for exploration, learning and asking big questions. 
I will introduce three examples of online digital mathematical performances I have 
been involved with or am familiar with: Mathfest.ca, Vi Hart’s mathematics educa-
tion videos, and my own and others’ mathematics/dance videos. These are all inter-
esting and laudable projects that bring together online video and performative 
expressions of big mathematical ideas for the sake of stimulating curiosity, inquiry 
and learning. But these are still early steps in work on digital mathematical perfor-
mances as pedagogy. They can all be critiqued as still being ‘shows’ that present 
mathematics to an audience that may be quite passive. My question to readers is 
about interactivity: how to make digital performances of mathematics that blur the 
boundary between performer and audience, and that encourage active participation 
and learning?  

    Some Examples of Digital Mathematical Performance Spaces 

    Digital Math Performance 

 This is a Canadian/Brazilian project that offers space for an alternative way of 
 learning and expressing mathematical queries, wonderment, questions, aesthetics 
and humour through digital mathematical performances. I will begin by describing 
this project, which has been underway since 2008. I will discuss the project’s results 
in terms of the creation of liminal spaces, and make suggestions for further develop-
ment of liminal spaces for mathematical participation using digital performances 
and the affordances of online cultures. 

 The Digital Math Performance project, and its website at   www.mathfest.ca    , were 
developed by a Canadian/Brazilian team of mathematics educators: George 
Gadanidis (University of Western Ontario), Marcelo Borba (Universidade Estadual 
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de São Paulo) and Susan Gerofsky (University of British Columbia). This project 
grew out of the collaborators’ interest in making a space for school mathematics as 
something that could be talked and wondered about, told as a story or poem, danced, 
acted, sung, sculpted—in a word, performed. By opening up such a space, we 
wanted to stimulate conversations about ‘what we learned in math class today’, 
among students, teachers and families. 

 The project centres around an online mathematics performance space, character-
ized as both a contest and a festival. Each year, school students, teachers and pre- 
service teachers submit videotapes of up to 3 min in length as contest/festival 
entries. Dozens of performances are uploaded to the website each year, including 
mathematical skits, poems, songs, animated fi lms, video stories, pick-a-path stories, 
comics and music videos. Eight celebrity judges (including well-known writers, 
musicians, a fi lmmaker, broadcaster and mathematics educator Ubiratan 
D’Ambrosio) and a panel of mathematicians and mathematics educators pick their 
top choices based on criteria of richness of mathematical ideas, creativity and imag-
ination, and quality of performance. Prizes are awarded, but more importantly, the 
performances are shared online, with the aim of creating a community of learners 
and teachers sharing their questions, musings and artistic work around mathemati-
cal ideas. In recent years, the project has expanded the online performance festival 
to include science performances as well. 

 The Math Performance Contest was conceived in part as supplementing the com-
petitive mathematics problem-solving contests that are a well-established feature of 
Canadian school mathematics. Where the problem-solving contests reward students 
for  doing  mathematics (through solving challenging, non-standard problems in a 
timed individual written test), the performance contest rewards students for working 
collaboratively to express their understandings and queries about mathematical 
 concepts, or meta-mathematical musings about the nature of mathematics itself.  

    Vi Hart’s Mathematics Videos 

 Vi (Victoria) Hart is a young ‘mathemusician’ whose YouTube mathematical videos 
have gone viral and made her famous over the past 2 years. Vi, the daughter of 
mathematician/computer scientist and sculpture George Hart, has a background in 
music as well as mathematics, and a strong curiosity about the areas of mathematics 
that inspire passionate interest in their practitioners. 

 In 2012, Hart began making a series of videos called ‘Doodling in Math Class’, 
and posting them online on her own YouTube channel   www.youtube.com/user/
Vihart     linked to her blog   www.vihart.com    . These fast-paced videos with a speeded-
 up voice-over begin with Vi doodling, folding paper or making glitter-glue lines on 
pinecones, and advance quickly to sophisticated ideas and speculations about inter-
esting mathematical topics (infi nite series, Fibonacci sequences in nature, fractals 
and geometric conundrums, just to name a few). The videos are framed with a story 
of being bored and doodling in math class, a conceit which soon leads to a lively 
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discussion of exactly the topic the teacher was explaining in such a boring way 
through a standard lecture and exercise drills. 

 Vi’s videos were immediately a great success, and some of her videos have now 
had millions of views on YouTube. (‘Hexafl exagons’ is the top with 5,703,604 
views to date, May 8, 2014, but others number in the millions as well.) Vi quickly 
gained a world-wide following, and her work is well-known to many mathematics 
teachers (and is used in many of those same math courses she paints as boring!) She 
was soon hired by the Khan Academy to “sit in a cubicle all day and make random 
doodles” (as cited on her Wikipedia page)—actually, she was hired to create more 
of her mathematics videos as part of the Khan Academy’s huge, free, online curricu-
lum resource. Unlike most of the Khan Academy’s recorded lessons that explain 
mathematical concepts in a personal but typical tutoring lecture format, Vi Hart’s 
videos have a quirky, fast-paced performative quality, and are full of generation- 
specifi c contemporary references to zombies and cute cats, work with mathematical 
foods like Fibonachos and hexafl examexagons (hexafl exagons made of tortillas), 
and a Moebius strip music box. 

 The phenomenal popularity of her work has meant that Vi has been written up in 
Salon and the New York Times, is invited to speak at countless events (and has 
already retired from the lecture circuit), and has a huge online following. Her videos 
merit re-viewing, especially since they move at such a rapid pace, and are offering 
mathematics educators and students a repertoire of digital math performance 
resources full of energy, curiosity and lively interest about mathematical ideas.  

    ‘Mathematics Through Dance’ Videos 

 In contrast to Vi’s wildly popular videos, the small collection of mathematics-
through- dance online videos is still a small, underground phenomenon. However, 
I want to mention these in terms of their potential for stimulating whole-body 
participatory embodied learning of a large number of mathematical ideas (see also 
Gerofsky ( 2013 ) for further discussion of dance as a learning modality for 
mathematics.) 

 The most active proponents of dance as a modality for mathematics learning are 
California dancers Dr. Schaffer and Mr. Stern and their dance company (at   www.
mathdance.org     and   www.schafferstern.org    ). Schaffer and Stern have a limited 
online presence in terms of showing videos of their mathematical dances since their 
focus is live, professional dance performances. However, they do offer a rich set of 
online resources to support teachers in using dance and movement as a modality for 
teaching a wide range of mathematical ideas in school classes. 

 Other examples of representing and exploring mathematical concepts through 
dance and bodily movement include Diana Davis’ 2012 award-winning ‘Dance Your 
PhD’ video representing her doctoral research results in mathematics through dance 
  www.news.brown.edu/pressreleases/2012/10/phddance    , ‘Dimensional Yearnings’ on 
  www.mathfest.ca     (  www.edu.uwo.ca/mathscene/mathfest2009/mathfest244.html    ), 
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and my own videos on exploring mathematical patterns in traditional longsword 
dance (  https://vimeo.com/66303546    ) and in Sarah Chase’s modern dance (  https://
vimeo.com/68811119    , password-protected site). These early works in mathematic 
education through dance are noteworthy in that they not only  show  fi nished works, 
but can also be viewed as  invitations  for teachers and learners to participate in simi-
lar activities to explore mathematical patterns in embodied, movement based kin-
aesthetic modes.   

    Discussion: Making Digital Mathematical Performance Spaces 
More Participatory 

 The liminal spaces for digital mathematical performances have only begun to be 
explored through pilot projects like those described above. It is up to us to take these 
ideas further, to make them more fl exible, more broadly accessible and democratic, 
more international and more interactive. 

 The present Digital Math Performance site is run by adults in positions of author-
ity (teachers, university researchers)—could it be opened up to be more self- 
organizing? Could there be more dialogue, more call-and-response among 
performers and viewers? How could digital mathematical performances potentially 
function as a student-generated, peer-mediated activity? Would learners be moti-
vated to collaborate with teachers and mathematicians to create such activity? Do 
students have deep mathematical questions they want to address through mathemat-
ical online performative modes? 

 Sites like Vi Hart’s YouTube channel and the math/dance sites are presently 
geared towards spectators who are not necessarily participants in mathematical 
inquiry, although skilled teachers could potentially use these videos as catalysts for 
more participatory activities with their students. Are there ways that these kinds of 
performances could engage participants with mathematical ideas in depth, using 
digital media? 

 Would it be better to host mathematical performances on more widely available 
social networking sites (like Facebook, YouTube or Twitter)? Would immersive 
gaming sites or online worlds like Second Life or World of Warcraft (or more pro-
tected educational versions of these worlds) offer better opportunities for participa-
tory digital mathematical performances using avatars in a sophisticated sim 
environment? Could the idea of learner digital mathematical performances become 
more truly cosmopolitan, crossing boundaries of nationality, race, class and gender? 
I believe that the possibilities are already in our reach, and I encourage people to 
work collaboratively to develop these new, liminal learning spaces for 
participation.     
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      Participation in Mathematics Problem-Solving 
Through Gestures and Narration 

             Luciana     Bazzini      and     Cristina     Sabena    

    Abstract     On the one hand, recent results in neuroscience and communication 
bring the role of multimodal resources in cognitive and communicative processes to 
the fore. On the other hand, Bruner highlights the different role of narrative and 
logical thinking in human understanding. Before this background, we investigate 
the teaching and learning processes when children are introduced to the mathemati-
cal meanings by the use of narrative context and multimodality. We focus on a 
narratively- based problem-solving activity in the fi rst year of primary school. We 
analyse the teacher-students multimodal interaction and discuss the potential and 
limits of what we call the “semiotic game” between teacher and students. The 
importance of the teacher being conscious of the multimodal aspects of teaching 
and learning mathematics, and of the complexity of narratively-based contexts 
comes to the fore.  

         Introduction 

 Problem-solving is the core of mathematical discovery and plays a crucial role in 
the processes of teaching and learning. However, there is evidence that students 
experience diffi culties when trying to solve problems. Moreover, they often lack 
interest and their approach to problems is only determined by school obligations. 
They solve problems for duty, not for beauty. The dynamics that occur in the 
 mathematics classroom are of great interest for mathematics education research. In 
particular means for promoting participation and inclusion are worth considering 
and discussing. Thus, the necessity of fi nding ways to improve students’ interest in 
doing mathematics arises. 

 We will discuss here two boundary conditions that, among many others, we 
believe to be of great help in stimulating students to solve problems and check 
 solutions. The fi rst condition is the creation of meaningful contexts for problems; 
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the second is the adoption of suitable working methods in the classroom, based on 
the use of linguistic and embodied resources as semiotic means for thinking and 
communication. In this perspective, we focus on two specifi c issues, i.e. the role of 
narration and the use of multimodality, which we consider relevant tools also for 
promoting interest and participation in mathematical problem-solving. 

 Our research hypotheses are grounded on Bruner’s ideas on the role of  narrative 
thinking  in human cognition (Bruner  1986 ), and the  multimodal perspective  in 
mathematics education (Arzarello et al.  2009 ). In the following, we will briefl y 
 outline the theoretical premises of the research, and we will present a case study. 
The case study comprises a narratively-based problem-solving activity set in the 
fi rst year of primary school. We will analyse the problem-solving processes, focus-
ing on the role of the teacher, in a multimodal perspective. The use of gestures and 
of narrative contexts for problem-solving are afterwards discussed in the light of the 
results presented.  

    Theoretical Background 

 With respect to the complex relationship between thinking and speaking, Bruner 
( 1986 ) identifi es two different cognitive styles:  narrative  thinking and  logical (or 
paradigmatic)  thinking. Narrative thinking focuses on intentions and actions, and is 
strongly anchored in experience in context as the subjects perceive them. It consti-
tutes the ordinary way through which human beings make sense of their experiences 
and of the world. In fact, Bruner argues that we show a natural attitude to organize 
experiences by giving them the form of the narratives we use when talking about 
them. In contrast, logical thinking is based on cause-effect reasoning and is guided 
by principles of coherence and non-contradiction. Thus it is in consonance with the 
typical character of mathematical argumentations and proofs. 

 Though irreducible, since based on different principles and procedures, narrative 
and logical thinking are to be conceived as complementary, rather than juxtaposed 
modes of thought. Indeed, Bruner claims that the human condition can only be 
understood by focussing on how human beings create their “possible worlds” 
through the inclusion of both kinds of thinking ( ibid .). This claim is very relevant to 
mathematics educators, who face the double challenge of introducing students to 
deductive ways of arguing, and of including all of them in such a process (lower 
achievers not being excluded). In our view, the route leading to theoretical thinking 
in mathematics, which makes intense use of logical-scientifi c thinking, starts in and 
is deeply intertwined with the use of the narrative dimension. It is our conviction 
that this intertwining can be a fruitful premise for an inclusive teaching of mathe-
matics at all levels. 

 With the aim of realising a synergy between narrative and logical thinking in 
mathematics activities, we think that it is fundamental to go beyond the purely 
 linguistic plane and to include gestures and extra-linguistic modes of communica-
tion. This claim is in line with recent results in psychology and cognitive science 
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about the role of the body for communication and cognition. In particular, our 
research is informed by the so-called  embodied cognition  perspective, which assigns 
the body a crucial role in the constitution of mathematical ideas (Lakoff and Núñez 
 2000 ). We also draw on studies on the role of  gestures  in communication and in 
thinking (Goldin-Meadow  2003 ; McNeill  1992 ,  2005 ). 

 The perspective of embodiment, criticizing the Platonic idealism and the 
Cartesian mind-body dualism, advocates that mathematical ideas are founded on 
our bodily experiences and developed through metaphorical mechanisms. Many 
limits have been recognized in this theory, in particular concerning the lack of 
social, historical, and cultural dimensions in the formation of mathematical con-
cepts (for a discussion, see Sabena et al.  2012 ). However, the embodied cognition 
studies have the great merit of having directed the attention towards the role of the 
body in the process of knowledge formation, including mathematical knowledge. In 
accordance with historical-cultural perspectives, we assume that the embodied 
nature of thinking has to be related to the historically constituted cultural systems. 
In short, the two aspects (i.e. embodied and individual on the one side, and historic- 
cultural and social on the other) must be considered together. 

 Furthermore, recent results on  multimodality  in neuroscience and communication 
give us new suggestions when analysing classroom dynamics. Gallese and Lakoff 
( 2005 ) use the notion of “multimodality” to highlight the role of the brain’s sensory-
motor system in conceptual knowledge. Their claim is in particular based on the 
recent discovery of multimodal mirror neurons, which fi re both when the subject, 
fi rst, performs and directly observes an action but also, second, when it imagines an 
action. This model entails that there is not a central “brain engine” responsible for 
sense making which controls the different brain areas devoted to different sensorial 
modalities (what would occur if the brain behaved in a modular manner). Instead, 
there are multiple modalities that work together in an integrated way, up to the point 
that they overlap with each other, like vision, touch, hearing, but also motor control 
and planning. On the other hand, in the fi eld of communication design the term “mul-
timodality” is used to refer to the multiple modes we have to communicate and 
express meanings to our interlocutors: e.g. words, sounds,  fi gures, etc. 

 If we look at the mathematics teaching-learning processes from the multimodal 
perspective, we have implications at both, didactic and research levels. We are con-
vinced that increasing participation and deeper learning will be obtained if children 
are left free to express their thinking through their body and non-verbal languages 
like gestures. 

 At a didactic level, keeping in mind the theory-practice dialectics (Bazzini  2007 ), 
this approach suggests that classroom mathematical activities are to be planned and 
managed in order to foster the students’ multimodal participation in mathematical 
activities. As it is well known, students’ participation is highly sensitive to the teach-
er’s prompts and choices. The role of the teacher in the classroom becomes hence 
crucial. This applies for both domains: choosing the tasks for the students and estab-
lishing a didactical contract (Brousseau  1997 ) that allows and encourages the use and 
intertwining of gestures with words and written signs, in order to support the students 
to evolve from their personal meanings to the scientifi c ones (Vygotsky  1978 ). 
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 At the research level, our approach calls for the enlargement of the focus of 
attention and for the consideration of variables that are usually neglected, especially 
those of extra-linguistic or extra-symbolic origins. We mainly refer to gestures, 
gazes, and inscriptions (drawings and sketches). These variables can be considered 
important semiotic resources in the mathematics classroom (for further theoretical 
analysis and analysis with a semiotic lens, see Arzarello et al.  2009 ). 

 These hypotheses are at the base of our on-going research study aiming at (i) the 
introduction of children to mathematical meanings by the use of narrative context 
and multimodality, and (ii) the study of teaching and learning processes therein. In 
this paper, we focus on the role of multimodal resources in a narratively-based 
problem- solving activity in a primary school. In particular, we highlight the role of 
the teacher against the outlined background.  

    Teaching Experiment 

 We will analyse a problem-solving activity carried out in a class of 6-year-old pupils 
(fi rst grade of Italian primary school). The teacher is a member of our research 
group and shares the theoretical background of the study. In order to be able to 
 capture the dynamics of the interaction, the research methodology includes audio 
and videotaped recordings, additional to the collection of written products by the 
students; the analysis of the processes is mainly based on the semiotic productions 
of students and teachers in a multimodal perspective (Arzarello et al.  2009 ). 

 The activity is based on a story taken from the adventures of Iride, a fanciful 
character that accompanies the children during their mathematics lesson. It is also 
linked to previous experiences of the children, i.e. the growth of small tomato plants 
in the school garden. The story is delivered to the children by the teacher. Here 
the text:

  Iride likes our idea of having a vegetable    garden. She plants tomato plants like we did and 
observes their growth. Close to a small tomato plant she puts a “Lego” tower (tower com-
posed of small cubes). As soon as the plant grows, she adds cubes. From the beginning of 
the month, Iride has added 18 cubes. Today the plant has the height of a 26-cube tower. How 
tall was the plant at the beginning of the month? 

 The story presents a subtraction problem where the initial data is unknown. It is 
the fi rst time that the children face this type of problem. Under these conditions, the 
pupils cannot transform the initial data, as they usually did in previously encoun-
tered problems. Furthermore, the problem requires a temporal inversion in order to 
be fully understood. On the base of this analysis, the teacher recognizes that the 
problem could be diffi cult for the children and decides to organize the work in 
groups that work under her supervision. Each group is formed of students with the 
same level of mathematical abilities, according to the teacher’s evaluation. 
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 This setting allows us to closely observe the teacher-students interaction, in a 
narrative and multimodal context. In the following, we focus on a group of low- 
medium achieving students, with members Marco, Zoe, Matteo, and Alessandro.  

    Data Analysis 

 Children are around a table, where paper, coloured pencils and little cubes are at 
their disposal to solve the problem. 

 All children become soon engaged in the narrative side of the story, and Matteo 
provides immediately a hypothesis:  “In my view, the plant is high like this” , while 
showing the height by means of his hands, one over the other (Fig.  1 ).  

 Matteo appears not to consider the information about measures provided by the 
story; he imagines a plant, probably referring to his experience and real data, i.e. the 
height of the tomato plants which are actually present in the garden of the school. 
All the children declare to agree with Matteo, even if they are not able to justify 
their hypothesis, and the solution process seems blocked up. 

 However, the teacher decides to profi t from Matteo’s proposal and makes an 
intervention using words and a gesture:

   Teacher:  When we planted them in the garden, the plants were higher than zero (per-
forming a gesture with two open hands one over the other, as shown in Fig.     2).    

The teacher’s words and gesture highlight an important mathematical feature of 
the problem, i.e. the initial non nul height of the plant. After the experiment, the 
teacher disclosed to us the purpose of her intervention: she feared that the children 
did not consider that the initial height of the plant could be different from zero, and 
wanted to make it clear for them. We recall that for the fi rst time, the children are 
facing a variation problem in which the unknown data is the initial step of the 
 process, and not its fi nal result (as in previous problems). Therefore the teacher is 
anxious to support the children in focusing on this unknown data.  

 To reach her goal, the teacher reproduces the same gesture as Matteo. She 
 accompanies the gesture with words that point to and refi ne a specifi c mathematical 

  Fig. 1    Matteo shows with a 
gesture (one open hand over 
the other) the initial height of 
the plant       
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property. This particular use of gesture and speech is quite frequent in the teaching 
experiments that we observed during our research: we have called it the  “semiotic 
game”  of the teacher (Arzarello et al.  2009 ). The semiotic game is a didactic phe-
nomenon that can be grasped only if we consider the teaching-learning processes in 
a multimodal perspective. In fact, it typically involves embodied resources, such as 
gestures, and speech. A semiotic game may occur when the teacher interacts with 
the students, for example in classroom discussions or during group work. In a semi-
otic game, the teacher adapts to the students’ semiotic resources (e.g. their words 
and their gestures), and uses them to develop the mathematical knowledge towards 
scientifi cally shared meanings. More specifi cally, the teacher uses one kind of sign 
in tune with the students’ productions (usually gestures), and another one to support 
the evolution of meanings (usually language). For instance, the teacher repeats a 
gesture that one student just did, and accompanies it with appropriate linguistic 
expressions and explanations. 

 From our overall research, we observe that the students often appear to benefi t 
from the semiotic game. In this particular case, however, this does not apply to all 
children. In fact, after the teacher’s semiotic game, the children face a serious dif-
fi culty caused by the linguistic ambiguity between the two sentences: “the plant 
grows another 26 cubes” and “the plant grows up to 26 cubes”. Some children even 
say:  “the plant grows 26 cubes” , and do not clarify further what they exactly mean. 
To help the children distinguish these two usages, the teacher proposes to simulate 
the plant’s growing with the cubic Lego blocks. By building the Lego model, she 
persuades the children that the number 26 refers to the fi nal height of the plant (and 
not to its growth). However, there is still no agreement about the initial height of the 
plant: Alessandro is still convinced that the initial height is zero. 

 This analysis shows that not all children grasped the previous semiotic game 
performed by the teacher. Yet we cannot be surprised about this result if we consider 
the teaching-learning processes as a complex phenomenon, not reducible to simple 
cause-effect schemas. In the next section, we will deepen the discussion about the 
limits of the semiotic game. 

 Considering the following interaction, it is interesting to notice that the teacher 
does not continue along the same line (i.e. with another semiotic game, or recalling 
the previous one), but changes the strategy to tackle the problem. She guides the 

  Fig. 2    The teacher’ gesture, 
reproducing Matteo’s 
previous gesture       
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children in checking the proposal of Alessandro, by building a tower: 18 cubes are 
used (and added to zero) and eventually all children agree that, in this last case, the 
plant’s height would be of 18 cubes and not 26. 

 In order to support the children in getting a visual image of the situation, the 
teacher resorts to the Lego tower: she lifts the tower of 18 cubes up from the table 
(Fig.  3 ) asking:

   Teacher: “ What do the 18 cubes represent? ”   

In this way, she guides the children towards the realization that the 18 cubes have 
to be put on a pre-existing tower, which measures the initial height of the plant. 
Then, she points to the space at the top of the tower to stimulate the children to 
visualize the cubes that are needed to pass from 18 to 26 (Fig.  4 ).   

 Alessandro, who is attentive to the teacher’s gesture, asks: “ How many cubes did 
we add to reach 26?”  

 The children add cubes to the tower until it reaches 26 while Alessandro looks at 
them and checks the counting in his mind. At the end he claims: “8!”. At this point, 

  Fig. 3    The teacher lifts the 
tower of 18 cubes       

  Fig. 4    The teacher points to 
the space above the tower       
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the teacher focuses the children’s attention on what the numbers 18, 26 and 8 repre-
sent with respect to the height of the plant. 

 Finally, the solution procedure is clear for all and the situation is graphically 
represented with a drawing (Fig.  5 ).  

 The Lego tower is used as a concrete model for the growing of the plant, which 
was one of the didactical goals of the teaching experiment. Let us observe that in 
Fig.  5  the blocks corresponding to the number 8 are placed at the  top  and not at the 
 bottom  of the tower, as it would be coherent with Iride’s story. On the contrary, the 
representation is coherent with the teacher’s gestures reported in Fig.  4 , where a 
18-block tower is on the desk, and the teacher points on the space above it, asking 
how many cubes are needed to go from 18 to 26. This result is a confi rmation of the 
importance of the non-verbal communication of the teacher with the students: not 
only do the children pay attention to the teacher’s gestures, but also they rely on 
them in solving the problem.  

    Discussion 

 The analysis of the teaching experiment gives evidence of what we called the  mul-
timodal  nature of the processes of teaching and learning. In order to tackle a math-
ematical problem, the children and the teacher used words, embodied signs 
(gestures), tools (the Lego blocks), and diagrams in synergic ways, confi rming our 
hypothesis that teaching-learning processes develop in a multimodal way. This syn-
ergy was exploited in particular by the teacher when students met diffi culties in 
modeling the situation, as in the case we have just described. 

  Fig. 5    The drawing made 
by one child to represent the 
solution       
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 In the last decade, the studies on students’ gestures and embodied communica-
tion in mathematics learning has gained a certain attention in mathematics  education 
literature (see for instance Edwards et al.  2014 ). So far, little attention, however, has 
been dedicated to the teacher. The semiotic game notion goes into such a direction 
and intends to model a specifi c kind of teacher-students interaction. 

 The semiotic game can develop if the students produce something meaningful 
with respect to the problem at hand, using some signs (words, gestures, drawings, 
etc.). The teacher, monitoring the students’ productions, can then seize the opportu-
nity and enact her/his semiotic game. Even a vague gesture can indicate the level of 
comprehension of the student, who has not yet found the words to express it. In a 
Vygotskian perspective, the gesture documents that the student is in the Zone of 
Proximal Development for a certain concept (Vygotsky  1978 ). As a consequence, 
the teacher has the chance to intervene and to encourage the student to develop his/
her intuition. In the case study analysed in this paper, we showed an example of an 
unsuccessful semiotic game, i.e. we showed evidence that not all students could 
benefi t from the teacher’s gesture-speech intervention. 

 This sort of “failure” of the semiotic game can be framed in a wider perspective 
that considers the teaching-learning processes as a complex phenomenon, not 
reducible to simple cause-effect schemas. Another example of a not-successful 
semiotic game is presented in Arzarello et al. ( 2010 ) and discussed in the light of the 
epistemological dimension of the teacher-students interaction. Here, we want to 
underline that the study of the potential and, above all, of the limits of the theoretical 
constructs of our research is of paramount importance both on theoretical and on 
practical planes. 

 The reasons for the limited success of the semiotic game in the given example are 
possibly to be found also in the complexity of the context proposed by the didactic 
situation. The mathematical problem is proposed to the students by means of a story 
(the story of Iride), which refers to the students’ real experience of gardening. The 
narrative dimension was important to provoke the students’ active involvement in 
the problem-solving activity and to enhance their participation in the mathematical 
work. However, differently from other cases we have previously analysed (Bazzini 
et al.  2009 ), it did not provide an essential support for the solution of the problem. 
Probably, the reference to the actual experience of the tomato plants in the school 
garden prevented the children from properly imagining Iride’s situation and from 
activating the narrative thinking to deal with it. Furthermore, during the solving 
process, the teacher introduced the cube blocks to model the growth of the plant. We 
can therefore list three different contexts that the children had to make sense of and 
coordinate in their activity: Iride’s story, the real plants in the school garden, and the 
cube tower. The resulting multi-layered context was probably too cognitively 
demanding for some children. At an older age, explicit discussions on the differ-
ences and relationships between mathematical and non-mathematical contexts (and 
mathematical and non-mathematical solutions) can promote authentic mathemati-
cal learning based on problem solving and modeling (Gellert and Jablonka  2009 ). 

 From a methodological point of view, it is worth noticing the synergy between 
teacher and researchers in analysing classroom episodes. Such synergy resulted 
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very fruitful for both the teacher and the researchers: on the one hand, such an 
opportunity allowed the researchers a deeper insight and a more comprehensive 
analysis of the experiment. On the other hand, discussing the analysis of her own 
teaching activity, the teacher gained a great consciousness of many phenomena that 
did happen in her interaction with the pupils, but that she could not notice in the 
fl ow of the activity. For instance, the teacher herself highlighted some missed oppor-
tunities. As a result, the analysis methodology allowed the teacher to become more 
conscious of her own actions during her interactions with the children. 

 Finally, an important result concerns the possibility of widening the teacher’s 
horizon with regard to the multimodal aspects of the classroom processes by means 
of an attentive analysis of the classroom processes. With a changed perspective, the 
teacher acquires new possibilities of intervention (e.g. by means of the semiotic 
game) to guide the students in their construction of mathematical meanings. To do 
so, the teacher has to learn how  to look  at the processes according to a multimodal 
perspective; that is, considering not only words and mathematical symbols but also 
other kinds of signs, such as gestures, gazes, and so on. Furthermore she also has to 
be sensitive to the relationships existing between the different signs and the  different 
contexts involved in the activity. We are aware that acquiring such abilities may be 
a long and hard process. However, we are convinced that their impact on the educa-
tional practice may signifi cantly improve school mathematics. This will be our con-
cern in future research, and our challenge as well.     
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      Considering the Classroom Space: 
Towards a Multimodal Analysis 
of the Pedagogical Discourse 

             Eleni     Gana     ,     Charoula     Stathopoulou     , and     Petros     Chaviaris    

    Abstract     In an attempt to contribute to the discussion about the semantic potential 
of classroom space design in the teaching and learning of mathematics, this chapter 
reconstructs relationships and meanings from the use of space by teachers in two 
primary mathematical classes. Adopting a social semiotic perspective, our study 
reveals that semantic spatial confi gurations are functioning as the material forces, 
which are subject to and refl ective of teacher’s pedagogical conceptions, and are 
actively involved in constructing students’ social experience in the specifi c teaching 
and learning environment.  

         Introduction 

 The physical setting, such as the arrangement of rooms and the way we use them 
along with the objects within them, conveys subtle and more overt socialization 
messages of which most people are typically unaware. Solomon ( 1992 ) and, more 
recently, McGregor ( 2004a ) state that the spatial layout of schools, such as the 
 organization into classrooms or desks in rows within them, is until today almost 
universally taken for granted so that the fundamental ways in which these spatial 
arrangements sustain ideologies about knowledge and power remain unseen. Several 
empirical studies from different fi elds of educational research demonstrated that 
classroom space is more than a neutral container for practices. In contrast, the 
 studies suggest that classroom arrangements constitute pedagogical resources 
 serving to transmit the pedagogical practices and the fundamental regulatory 
 principles that govern the school. McGregor ( 2004b , p. 17) even claims that the 
classroom space itself represents “a hidden form of the curriculum”. 

        E.   Gana      (*) •    C.   Stathopoulou      
  Department of Special Education ,  University of Thessaly ,   Volos ,  Greece   
 e-mail: egana@uth.gr; hastath@uth.gr   

    P.   Chaviaris      
  University of the Aegean ,   Mytilene ,  Greece   
 e-mail: chaviaris@rhodes.aegean.gr  

mailto:egana@uth.gr
mailto:hastath@uth.gr
mailto:chaviaris@rhodes.aegean.gr


226

 Different forms of classroom arrangement facilitate or inhibit different forms of 
learning (Bissel  2002 ; Higgins et al.  2005 ). They construct, maintain or impede 
relationships between students and between students and teachers (Pierce  2009 ). 
Furthermore, they indirectly inform pupils about the teacher’s expectations and 
prevalent power structures as teachers draw on space to assert their authority, of 
physical space per se that is crucial to the experience, but instead the ways in which 
the physical space is used by the participants. Specifi c arrangements support certain 
kinds of practices and power relations and consequently affect the distribution of 
knowledge. The metaphorical relationships established through the experience of 
such arrangements defi ne, in practice, the space of the classroom as a specifi c place 
which supports expectations and assumptions about certain kinds of practices and 
relationships of knowledge and power. 

 In a similar line of thought, Massey, working in the fi eld of geography, argues for 
conceptualizing space as “the product of interrelations” ( 2005 , p. 9). She describes 
space as a sphere ranging from the global to the tiny, where many different bits and 
trajectories—physical, social, political or cultural—coexist and interact with each 
other and which is always open to transformation. In recognizing the social protago-
nist’s agency, Massey allows for classroom space to be understood as a dynamic and 
multifocal construction, which can be constantly re-arranged and modifi ed to meet 
different social or political requirements as well as particular discourse practices .  

 In an attempt to contribute to the discussion about the semantic potential of 
classroom space, this study explores the relationships and meanings which are 
 generated by teachers’ use of space in two mathematical classes of primary school 
(in Athens, Greece). The study draws on theories from the fi eld of social semiotics 
and especially on multimodality for conceptualizing and analyzing communication 
in learning environments (Bezemer  2008 ; Flewitt  2006 ; Lim et al.  2012 ; O’Halloran 
 2005 ). 

 The basic assumption underlying this study is that space is signifi cant as the 
material site where various semiotic resources of the teacher (language, movement 
etc.) are realised, and as such it is related to different conceptions and attitudes of 
his/her pedagogical attitude. The study addresses two key questions:

•    How does classrooms space organize the interpersonal relations of the 
 participants, that is amongst the students themselves and between the teacher and 
the students?  

•   Does the semiotic space confi guration correspond with the semantic landscape 
established by the teacher’s use of other communicative means (e.g. his/her 
 discourse, movement) during the teaching-learning processes? In other words, 
do the semiotics of specifi c classrooms contribute to a coherent pedagogical 
discourse?   

The analysis is performed through two main axes of focus: fi rst, we consider the 
“perceptual spaces” (Scollon and Scollon  2003 ) established by the teacher’s and the 
students’ stationary position in the classroom. In a second step, we look for the 
potential reconfi gurations of their semantics due to their interaction and integration 
with other semiotic resources used by the teacher during his/her teaching. 
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 The analysis reveals that the observed mathematics teachers seem to understand 
that classroom space arrangement realizes pedagogies. They endeavor to modify 
and reconstruct the space layout of their classrooms in order to express discourses 
of progressive pedagogy. However, when overlapped with other semiotic resources 
used by the teachers, such as their movement in the classroom or their discursive 
choices when addressing the pupils, the meaning potential of such spatial confi gura-
tions becomes subject to transformation and often refl ects “authoritative” mindsets 
and methodologies. Overall, the multimodal experience of classroom space refl ects 
an “interdiscursive dialogicality” (Scollon and Scollon  2003 ) between the different 
semiotic resources used by the teacher and an inherent heterogeneity in terms of 
pedagogical discourses. 

 The following section of this chapter considers classroom-space semiotics based 
on the research on multimodality of the pedagogical discourse. Thereafter, the focus 
is on the methodology of this study (the research questions, the collection and 
 analysis of the data). Finally we discuss the results of the analysis and the implica-
tions of a multimodal approach to classroom studies and teachers’ education.  

    The Semiotic Potential of the Classroom Space 

 Social semiotic theorizing (Blommaert and Huang  2010 ; Scollon and Scollon  2003 ) 
and research on multimodality acknowledge that space is integral to all acts of 
meaning-making (Bezemer  2008 ; Lim et al.  2012 ; Norris  2004 ; O’Halloran  2010 ). 
Scollon and Scollon ( 2003 ) developed a theory about the spatial scope of semiotic 
processes (“geosemiotics”) revolving around notions such as “emplacement”, 
which means the actual semiotic processes resulting from the specifi c location of 
signs in the specifi c material site. Furthermore, Blommaert and Huang ( 2010 ) state 
that the spatial arena always imposes its own rules, possibilities and restriction on 
(verbal) communication, and in that sense, space constitutes a real actor in socio- 
linguistic processes. Space is consequently understood as a sign of the social—with 
special attention to the meaning affordance of the particular structuring 
 environment—and as a dynamic instance of the embodied experience of the social 
communication which takes place in that material site. 

 With regard to the classroom, Kress et al. ( 2005 ), in an ethnographic study con-
ducted in three inner London schools, show that classroom space arrangements and 
displays are designed by teachers, on the one hand, in order to distribute a specifi c 
content such as a school subject (e.g. English, Science). On the other hand, however, 
the authors showed that classroom space arrangements also contribute to the imple-
mentation of fundamental regulatory principles of school discourse. In more detail, 
Kress et al. propose that the ideational meanings in classroom are actually realized 
through the interaction of three factors: (a) the teacher’s movements, (b) the mean-
ing of the space in which the teacher moves and (c) the students’ position and how 
and where they eventually move. To give an example, the researchers describe a 
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teacher’s slow and deliberate movements in the classroom as “invigilating”, which 
they term “a patrol”. 

 Matthiessen ( 2010 ) states that the teacher’s positioning in the different material 
sites in the classroom can realize “semiotic distance”. In this way, social interper-
sonal relations between the students and the teacher are established due to the 
 teacher’s spatial position. In terms of social distance, Hall ( 1966 ) suggests four 
general categories of space, according to the typical distance in which they occur 
and the degree of physical contact experienced by the participants during the 
 communication: (a)  the public space,  (b)  the social-consultative space,  (c) the 
 casual-personal space  and (d)  the intimate space  (Fig.  1 ).  

 Lim et al. ( 2012 ), referring to Hall’s taxonomy, claim that in the context of the 
classroom most communication takes place in the social-consultative space, which 
creates a formal relationship between teacher and students. Therefore, in order to 
further investigate the semiotic potential of the social-consultative space, they 
develop a sub-division within this category, namely they propose to distinguish: 
(a)  the authoritative space , (b)  the personal space , (c)  the supervisory space  and 
(d)  the interactional space . Their coding is based on the characteristics of the material 
site and the degree of distance between the teacher and the students as well as on the 
type of activities that are typically taking place there. 

 The authoritative space is located at the outer limit of the social-consultative 
space. It corresponds with the space in the front center of the classroom which is 
usually the furthest away from the students. The authoritative space is the space 
where the teacher’s desk is typically located and where the teacher positions  himself/
herself to provide instructions. In accordance with Hall’s ( 1966 ) hypothesis of 
social distance, Lim et al. specify that “the material distance in the Authoritative 
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Space constructs a formal tenor in the relationship between teacher and students” 
(Lim et al.  2012 , pp. 237–238). 

 The space behind the teacher’s desk is described as the personal space where the 
teacher packs his/her items and prepares for the next stage of the lesson. However, 
the same classroom space can be transformed into an authoritative space when the 
teacher points or teaches from behind his/her desk. Lim et al. ( 2012 , p. 238) explain: 
“physical spaces in the classroom may not only serve a single function”. When the 
teacher moves up and down the classroom, or even alongside or between the rows 
of student’s desks for the purpose of supervision, he is “transforming these sites into 
the supervisory space” (p. 238). 

 Finally, the location of the interactional space is defi ned “along the cline of 
Social-Consultative Space but inclined towards the Casual-Personal Space” where 
the “closer proximity between the teacher and the student(s) facilitates interaction 
and reduces interpersonal distance” (p. 238). Lim et al. call this patterning of 
 movement and positioning as well as the intersemiotic correspondence between the 
use of space and the other resources used in the development of the teaching “spatial 
pedagogy” (p. 248).  

    The Study 

    The Setting of the Research: Place—Time—Participants 

 The data for this study include two one hour-long, video-recorded lessons from two 
different classes. The two lessons have several similarities, which make them 
 comparable in terms of the data analysis. Both lessons take place in a 6th grade of a 
primary school, are on the same topic, comprise the same number of students 
(19 students per class), are conducted in classrooms of similar spatial capacity and 
are addressed to students with the similar mixed linguistic and mathematical ability. 
Looking at the teachers’ profi les, there is a difference in gender but not in their 
teaching experience. Both teachers have 5 years of experience in teaching.  

    The Research Questions 

 The research questions underlying the study are the following:

•    Which semantic confi gurations of space are established through the teachers’ 
space management (students’ desks arrangement/teacher’s position in the 
 classroom space)? What types of interpersonal relationships are established?  

•   In which way do the semantic confi gurations of space correspond with other 
semiotic resources used during the teaching-learning process? What kind of 
 pedagogical discourse is thus sustained?     
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    The Methodology 

 In exploring the use of classroom space as a semiotic resource, it is attempted to 
carry out:

•    a statically-based analysis which considers the semantic relationships between 
the students’ and the teachers’ stationary positions in the specifi c locations of the 
classroom;  

•   a more dynamic analysis which, through the different stages of the lesson, is 
looking for the potential reconfi gurations of spaces’ semantics due to their inter-
action and integration with other semiotic resources used by the teacher during 
his/her teaching.   

Therefore we fi rst identify the “perceptual spaces” (Scollon and Scollon  2003 ) 
established through desk arrangements as well as the semantics of the different 
locations where the two teachers choose to position themselves based on the seman-
tic categories for classroom space proposed by Lim et al. ( 2012 ). Then we map each 
teacher’s functional use of different classroom sites during his/her teaching. In this 
part of the analysis, we make use of the methodological notion of  “lesson- microgenre” 
as developed by the Curriculum Genre Theory (Christie  2005 ; O’Holloran  2004 ) in 
the context of social semiotics. O’Halloran ( 2004 ) has described lesson-microgenres 
in mathematics secondary classes as follows: “pre- lesson”, “preliminary”, “main 
lesson”, “end of the lesson” and “interpolated disruptive microgenres”. According 
to the Genre Curriculum Theory, the lesson-microgenres are realised through 
 particular selections in the co-deployment of semiotic resources (e.g. discursive 
choices, positioning and movements, functional uses of pedagogical media resources 
like the whiteboard, the textbook, the digital media etc.). Consequently, the spatial 
semiotics of the classroom could be strongly infl uenced by such different realiza-
tions of the pedagogical discourse; in that case the meaning potential of a physical 
place is often changed and the specifi c location is reconfi gured into “a new semiotic 
place” according to the different activities and interactions that occur in that space. 
In this study, we make use of Chaviaris et al.’s ( 2011 ) indicative description of 
mathematical lessons’ microgenres in a primary school. Based on an ethnographic 
study it was found that the following lesson-microgenres sequence: “initial  activity”, 
“establishing relations”, “establishing the new knowledge”, “exploration-assessment 
of the new knowledge”, and optional, “assessment of the previous knowledge”. The 
use that the teachers make of each particular classroom location during the specifi c 
lesson-microgenre is coded in protocols in a table in 1 min intervals and along the 
following parameters :  type of the proceeding task, specifi c language choices, 
conversational turns, paralinguistic markers, gaze, use of the pedagogic media 
which is used by both teachers, that is the whiteboard and the textbook (see Table  1  
for an abbreviated protocol). The coding of the above parameters is followed by 
descriptions of the specifi c realizations and of their textual relationship with the 
spatial and the other modal confi gurations. The researchers viewed the lessons’ 
videotapes many times, individually and collectively, and they discussed the 
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multimodal analysis of the protocols in detail in order to establish the relational 
semantics provided by each lesson-microgenre experience as well as by the entire 
lesson.

       Discussing the Results 

 In the class C1 the students’ desks are united in pairs with four students sitting 
around them. In this way the potential collaboration between the students is 
 facilitated. The teacher’s desk is at the left side of the authoritative space. There is 
suffi cient space for the students or the teacher to move between the group tables. 
The students, sitting around the united pairs of desks, are in personal social distance 
and direct visual contact with a group of peers. The vision towards the front of the 
class, where the teacher’s desk and the whiteboard are located, requires the students 
to make the additional and perhaps more conscious movement of turning their 
heads. All in all, the semantics of the “perceptual spaces” created by the specifi c 
arrangement of the desks in the C1 classroom clearly support the methodological 
approach and hence the mindset of learning through participation in small groups. 

   Table 1    Lesson-microgenre (initial activity)   

 Time 

 Teacher’s 
position/
movement  Task proceeded 

 Linguistic/
paralinguistic 
markers 

 Artifact-
tool  Gaze 

 13:25  Authoritative–
front center of 
the classroom 

 Invitation to 
the whole class 
to notice a 
mathematical 
relation 

 Use of 2nd person 
plural  “What do 
you see?”  

 To the students 
and for seconds 
to the 
whiteboard 
where a student 
is writing 

 14:10  Authoritative–a 
step towards 
students–left 
center of the 
classroom 

 Legitimizes 
talk between 
students 

 “ You can speak to 
each other 
about… ” 

 To the students 

 15:05  Authoritative–in 
front of the 
whiteboard 

 Asks for 
students’ 
responses 

 Imperative/
personal pronoun 
indexing himself 
 “Tell me what you 
noticed?”  

 To the students 

 16:05  Authoritative–
front center–step 
towards students 

 Gives some 
hints- rephrases 
the invitation 

 “ Could you tell me 
what …”  

 White-
board 

 To students and 
to whiteboard 

 16:19  Authoritative–in 
front of 
whiteboard 

 Utilizing a 
reply-presents 
a mathematical 
procedure 

  “I see/I take this 
and then I 
calculate …”  

 White-
board 

 To whiteboard, 
occasionally to 
students 
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The discreet location of the teacher’s desk combined with the suffi cient space left 
for him to move between the student’s desks raises the expectation of a teacher 
functioning as a supporter for students’ work as opposed to a teacher in control of 
knowledge. However, the teacher’s (C1) stationary positions in the classroom  during 
the teaching- learning process as well as the use of other semiotic resources he 
makes during the teaching-learning process does not correspond to the pedagogical 
discourses suggested by the design of the students’ desk arrangement. In terms of 
the semiotic distance, teacher C1 positions himself mainly in the front space of the 
classroom where he conducts a lecture-type teaching. Although the design of the 
students’ stationary positions provides adequate space between the students’ desks, 
the teacher never uses this physical site for personal involvement and interaction 
with his students. Even when he moves into or close to the personal space, he uses 
this position to supervise the entire class. In fact, during the entire lesson the teacher 
C1 is standing: (a) in the front center of the classroom and in front of the whiteboard 
(authoritative space), (b) in front of his desk or the right of his desk (authoritative 
space/supervisory function), (c) behind his desk (personal space). 

 The teacher C1 starts the lesson by using the authoritative space for giving a 
formal type of teaching; he initiates and solves a problem by himself in order to 
show the students the new mathematical relation, which they have to learn. While 
he is modeling the solving procedures of this type of problem, his discourse is 
mainly monological as far as he answers by himself most of the rhetorical type of 
questions he poses during his writing in the whiteboard. Students, mostly silent, 
copy the proposed solution; some of them lose interest or become frustrated in 
 trying to understand the modeled mathematical procedures, they drop the task and 
start looking around. When fi nishing the writing on the whiteboard, teacher C1 
moves behind his desk, which is the personal space but functions as such only for 
2 s, that is the time he needs to take and fi nd the appropriate page in the textbook. 
After this very short time, the personal space turns into an authoritative space as the 
teacher stands up behind his desk, holding the textbook (motion as semiotic 
resource) and reading the guidelines for a typical procedural solution of the type of 
problems he has just taught (mediation resources). By his intonation, he emphasizes 
the attention the students should give to the “authority” of the book (paralinguistic 
resource). In addition, he keeps complete control over the conversation by initiating 
every communicative turn, and when questioning, his discourse is very regulative. 
The third lesson-microgenre observed in this class is the exploration-assessment of 
the new knowledge. Here, the teacher provides the students with a problem to solve, 
moves to the right of the desk and stands there, supervising the students work from 
the distance. While his posture may at some point suggest a sense of casualty, the 
phrasing of his discourse supports an authoritative teaching profi le (“I want you to 
solve a problem for me”, “I want to see who feels strong enough and certain of 
himself to be on the whiteboard”, “don’t forget to adopt the typical procedure I just 
spoke of”). 

 In the class C2 the desks are arranged in the shape of a rectangle with the  students 
sitting around all sides, so as to have direct visual access to the whiteboard without 

E. Gana et al.



233

any other body movement being necessary. Those who sit at the two larger sides 
never have direct eye contact with each other. In terms of “perceptual spaces”, the 
prominent role of the whiteboard within the design of students’ positioning indi-
cates that the social performance valued is the individual access to the content 
knowledge as it is presented in and elaborated through the whiteboard. Around the 
rectangle of the students’ desks, there is enough space for circulation, but the pupils’ 
positions seem to complicate their eventual movement. The teacher’s desk is not 
placed at the front looking towards the students, but instead it is positioned as an 
extension to the short side of the rectangular. The teacher’s desk touches also the 
students’ desks, which creates a sense of informality. Another factor which contrib-
utes to the reduction of semiotic distance between the teacher and her students is the 
fact that the teacher positions herself in the interactional space for approximately 
half the time of the lesson. From the total of 42.46 min of the videotaped lesson’s 
duration, she positions herself close to the students for 28.08 min. For 18.02 min 
teacher C2 is in the front space of the classroom (authoritative space), where she is 
teaching the new mathematical knowledge. 

 The teacher of C2 begins the lesson with the microgenre of “assessment of the 
previous knowledge” which, in the process of teaching practice, functions also as a 
“bridge” to the new information. During this lesson-microgenre she stands along-
side the students’ desks. This material site is typically recognized as the interac-
tional space which, however in this scene, functions as a supervisory space: She 
often looks at the whiteboard making comments about a pupil’s writing there (gaze/
linguistic resources). At the same time she is regulating the recollection of mathe-
matical concepts of the whole class and the establishment of relational connections 
between them by an inquiry-response cycle (linguistic resources: relational clauses 
for the scaffolding of understanding). In this case the spatial proximity between 
teacher and students reduces the dominance of power and authority asserted by the 
action of supervision and establishes a “structured informality” (Lim et al.  2012 ) 
which evidently encourages the observed students to participate actively in the con-
struction of knowledge. In the next lesson-microgenres there is an alteration in the 
use of space, with the authoritative space being used only for the establishment of 
new knowledge. The teacher uses the whiteboard to illustrate a particular 
 mathematical method that she brings across to the students using the textbook for 
guidance. This latter instructional activity expands its semiotic meaning when the 
teacher moves towards the students and gives personal advice to some teaching 
points (interactional space). To summarize, the interpersonal relationship installed 
by teacher C2’s positions in the different material sites, her minimal distracting 
movements, her linguistic choices (e.g. the frequent use of modality and adjuncts 
which display solidarity with her students) and her challenging of the textbook’s 
authority (she points to a misstatement in the book and therefore builds the students’ 
confi dence in mathematic solutions as they are handled by the class as a team) 
 construct a non-threatening learning environment where students feel comfortable 
enough to respond and speak up.   
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    Conclusion 

 The study focused on the classroom space semiotics and particularly on the rela-
tionships and meanings generated by two primary teachers’ use of classroom space 
during their teaching. By exploring the semantics of students’ and teachers’ posi-
tioning as well as how these meanings are contextualized in their co-deployment 
and interplay with other semiotic resources, the study argues that teachers’ use of 
classroom space is an integral part of their pedagogy. Although applying the same 
curriculum standards, the intentional or unconscious use of the classroom space of 
the observed teachers as well as their use of other semiotic resources (discursive 
choices, gaze, use of media) constructed different learning experiences and there-
fore different representations of notions such as authority, power and participation. 
In fact, in the present study neither of the two primary classrooms had the “tradi-
tional” box-like structure with the teacher zone at the front of the classroom and the 
students’ seating arranged in rows facing in one direction—an arrangement associ-
ated with a teacher-centered teaching. In both classes the teachers endeavored to 
recontextualize the semiotic potential of their classrooms’ space and re-shape the 
spatial display according to the rhetoric of progressive pedagogy: the arrangement 
of the students’ desks refl ect teaching methodologies which suggest pedagogical 
notions and processes such as students’ engagement and active participation, group 
collaboration, the teacher’s movement into the students’ placement for personal or 
group scaffolding, etc. However, in their co-deployment and interplay with the other 
semiotic resources used by the teachers during their teaching, like the teachers’ 
positions and movements in the classroom, their discursive choices etc., the initial 
semantics of such space display often have to be reconfi gured. The complex peda-
gogical discourses realized by the different semiotic resources delineate an “inter-
discursive dialogicality” (Scollon and Scollon  2003 ) and refl ect a hybridization in 
terms of pedagogical discourses employed by the teachers. The “classroom space 
experience” (Appelbaum  2008 ) emerging from the interplay of the varied semiotic 
resources appears to be constructed and reconstructed even during a one-hour 
lesson, refl ecting very often confl icting and eventually confusing pedagogical 
meanings. 

 This study argues that the social semiotics and in particular the multimodal 
approach offers a lot for classroom studies and teachers’ education. While many 
former approaches and methods in classroom research remain informative, the 
multimodal perspective broadens the defi nition of classroom discourse to include 
multimodal resources such as the use of space as part of the teachers’ pedagogical 
practice. A classroom analysis, thus, which focuses on the meaning-making poten-
tial provided by the space as well as by each particular mode in use and which 
explores the semiotic landscape emerging from their constant interplay during 
learning-teaching processes will advance teachers’ understanding of the dynamics 
and the complexity of the pedagogical semiosis (Lim et al.  2012 ). It would be pro-
ductive for teachers to be able to refl ect on their use of classroom resources and the 
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way these contextualize pedagogical discourse. Such awareness would help them to 
design a more congruent co-deployment of the classroom resources which would 
reduce the semantic divergence and the confl icting and eventually confusing 
 meanings arising through the use of different semiotic modes during their teaching. 
Lim ( 2011 ) proposes that a reconstruction of what actually goes on in the  classroom, 
through video recording of classes and time-based transcription of the semiotic 
resources used by the teachers, would be productive for teachers’ understanding of 
the semiotic complexity required by the pedagogical implementation.     

   References 

    Appelbaum, P. (2008).  Embracing mathematics . London: RoutledgeFalmer.  
     Bezemer, J. (2008). Displaying orientation in the classroom: Students’ multimodal responses to 

teacher instructions.  Linguistics and Education, 19 (2), 166–178.  
    Bissel, J. (2002). Teachers’ construction of space and place: A study of school architectural design 

as a context of secondary school teachers’ work.  Dissertation Abstracts International, 64 (02), 
311A. (UMI No. 3082110).  

    Blommaert, J., & Huang, A. (2010). Semiotic and spatial scope: Towards a materialist semiotics. 
 Working Papers in Urban Languages and Linguistics,  62. London: King’s College.  

    Chaviaris, P., Stathopoulou, C., & Gana, E. (2011). A socio-political analysis of mathematics 
teaching in the classroom.  Quaderni di Ricerca in Didattica, 22 (Supplemento 1), 233–237.  

    Christie, F. (2005).  Classroom discourse analysis . London: Continuum.  
    Flewitt, R. (2006). Using video to investigate preschool classroom interaction: Education research 

assumptions and methodological practices.  Visual Communication, 5 (1), 25–50.  
      Hall, E. (1966).  The hidden dimension . New York: Doubleday.  
   Higgins, S., Hall, E., Wall, K., Woolner, P., & McCaughey, C. (2005).  The impact of school envi-

ronments: A literature review.    http://www.ncl.ac.uk/cfl at/news/DCReport.pdf    .  
    Kress, G., Jewitt, C., Bourne, J., Franks, A., Hardcastle, J., Jones, K., & Reid, E. (2005).  English 

in urban classrooms: A multimodal perspective on teaching and learning . London: 
RoutledgeFalmer.  

   Lim, F. V. (2011).  A systemic functional multimodal discourse analysis approach to pedagogical . 
Unpublished PhD thesis, National University of Singapore.  

            Lim, F. V., O’Halloran, K. L., & Podlasov, A. (2012). Spatial pedagogy: Mapping meanings in the 
use of classroom space.  Cambridge Journal of Education, 42 (2), 235–251.  

    Massey, D. (2005).  For space . London: Sage.  
    Matthiessen, C. I. M. (2010). Multisemiosis and context-based register typology: Registeral varia-

tion in the complementarity of semiotic systems. In E. Ventola & J. Moya (Eds.),  The world 
told and the world shown: Multisemiotic issues  (pp. 11–38). Basingstoke: Palgrave Macmillan.  

    McGregor, J. (2004a). Editorial.  Forum, 46 (1), 2.  
    McGregor, J. (2004b). Space, power and the classroom.  Forum, 46 (1), 13–18.  
    Norris, S. (2004).  Analyzing multimodal interaction: A methodological framework . London: 

Routledge.  
     O’Halloran, K. L. (2004). Discourse in secondary school mathematics classrooms according to 

social class and gender. In J. A. Foley (Ed.),  Language, education and discourse: Functional 
approaches  (pp. 191–225). London: Continuum.  

    O’Halloran, K. L. (2005).  Mathematical discourse: Language, symbolism and visual images . 
London: Continuum.  

Multimodal Analysis of the Pedagogical Discourse

http://www.ncl.ac.uk/cflat/news/DCReport.pdf


236

    O’Holloran, K. L. (2010). The semantic hyperspace: Accumulating mathematical knowledge 
across semiotic resources and modalities. In F. Christie & K. Marton (Eds.),  Disciplinarily: 
Functional linguistics and sociological perspectives  (pp. 217–236). London: Continuum.  

   Pierce, J. L. (2009).  A co-construction of space trilogy: Examining how ESL teachers, English 
learners and classrooms interact . Unpublished PhD thesis, Indiana University of Pennsylvania.  

         Scollon, R., & Scollon, S. W. (2003).  Discourses in place: Language in the material world . 
London: Routledge.  

   Solomon, I. (1992).  Power and class in modern Greek school  (in Greek). Athens: Alexandria.    

E. Gana et al.



237© Springer International Publishing Switzerland 2015 
U. Gellert et al. (eds.), Educational Paths to Mathematics, 
Advances in Mathematics Education, DOI 10.1007/978-3-319-15410-7_15

      Commentary: Semiotic Game, Semiotic 
Resources, Liminal Space—A Revolutionary 
Moment in Mathematics Education! 

             Peter     Appelbaum    

    Abstract     The commentary on the chapters of Gerofsky, of Bazzini and Sabena and 
of Gana and Stathopoulou emphasises the importance of transforming the 
 relationship between people and mathematics education. It synthesises the three 
chapters by pointing to semiotic perspectives as crucial to our understanding of 
mathematics education practices and research.   

     With the advent of the three chapters in this section, we are witnessing a truly revolu-
tionary moment in mathematics education, a paradigm shift that cannot be ignored or 
denied, the dawn of a new era that will forever change the terrain of mathematics 
teacher education, mathematics teaching and learning, assessment of mathematics 
learning spaces, and the nature of research in and around mathematics education. I 
write this not because the chapters here are bizarrely new and provocative, but because 
I use these chapters as evidence that mathematics educators on different continents, in 
very different cultures and national contexts, trained themselves in incommensurate 
traditions of pedagogy, research, and the philosophy of mathematics, all share a com-
mon sense of semiotics as crucial both to our understanding of mathematics teaching 
and learning, and to the practices of teaching, assessment, and research. 

 The chapter on Narration and Gesture as characteristic of participation in 
 mathematical problem-solving establishes the signifi cant ways that embodied 
 communication, story-telling contexts, models of mathematical concepts, and real-
life experiences all come together in complex webs of meaning that are not evident 
in a surface description, but which contribute to our understanding of a particular 
moment. This is the classic idea of “thick description” referred to by the anthropolo-
gist Clifford Geertz ( 1973 ). His canonical example is the symbolic meaning of a 
person’s wink that is only understood in an ethnographic encounter through 
 familiarity with the possible interpretations in a particular culture, the relationships 
among the people involved in doing or witnessing the wink, place and time of the 
wink, and the event in which the wink transpires. Similarly, in this chapter, Bazzini 
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and Sabena describe the ways that a seemingly simple gesture, a student moving his 
hands in a particular way, takes on a multi-layered set of meanings when brought in 
complex relation with a fantasy story, experience with gardening, and with Lego 
cubes used as a model of the growth of a plant in a garden. What we see is not that 
this is too complex to comprehend, but rather, that the teacher-researcher, who has 
been collaborating with the observer-researchers, is thinking about the semiotic 
meaning of the gesture, and thus uses the same gesture, informed by her Vygotskyian 
knowledge of scaffolding, to gently bring the student toward her own, possibly 
more mathematically sophisticated, thinking about the way that the gesture could be 
related to the mathematics question embedded in the fantasy story, and perhaps 
produce an “answer” to the question in the story. 

 Here is a term, coined by Bazzini and Sabena, which you will use routinely in a 
few years: “Semiotic Game.” You saw it here fi rst, folks! The teacher is skilled at 
playing this semiotic game, and also skilled at methods of enculturation and 
 acculturation into the game that is part of the culture of her mathematics classroom. 
The students are getting better and better at this game if they are exhibiting evidence 
of success in this classroom, as determined by their mutually-negotiated didactic 
contract, which is simultaneously made clear as classroom events unfold. 

 The authors come to the conclusion that the semiotic practices of the teacher are 
crucial, yet not a simple instructional panacea. I will come back to my own interpre-
tation later in my commentary. For now, note as well that their attention to gesture 
and narration brings to the foreground new ways to think about mathematics 
 education as signifi cantly about participation and interaction, as well as about the 
creation of a particular kind of place, the mathematics classroom, or the space of the 
mathematics lesson/unit, in which semiotics and symbolic meaning are or are not 
recognized—that is, where symbolic meaning is or is not seen, and thus, is or is not 
present for the participants. 

 We can layer on top of Bazzini and Sabena the interesting discussion contributed 
by Gana, Stathopoulou and Chaviaris, of the “space” in which mathematics  teaching/
learning encounters take place. On the one hand, they nicely describe the ways that 
the physical properties of the space—the chairs, tables, desks, windows, light, 
arrangement of the furniture, the placement and/or movement of the teacher and 
students—are all items that we need to seriously return to in our thinking about 
mathematics teaching and learning. In our rush to innovation and in our attention to 
curriculum development that will effi ciently produce indicators of success on such 
things as international comparisons of standardized test performance, we some-
times forget the simple things, like whether or not the children in a primary class-
room have a chair to sit in, or the kinds of authority that a teacher can communicate 
by standing or sitting in various physical arrangements of the classroom. 

 More importantly, though, is the way that these three authors help us to compre-
hend the space of teaching and learning: they describe the open space and the 
 materials of that space as “semiotic resources,” much in the same way that Bazzini 
and Sabena write of narration, gesture, manipulative materials used as models, and 
connections to real-life experiences. That is our second keyword of future mathemat-
ics education discussion: Semiotic Resources. You heard it here fi rst, everyone! As 
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Gana, Stathopoulou and Chaviaris describe semiotic resources, their availability—bear 
with me here while I create a convoluted, seemingly self-referential sentence!—the 
availability of semiotic resources structures the possible ways that choices by the 
teacher structure the possibility of classroom structure to emerge. That is, semiotic 
resources are excellent examples of what the Sociologist Anthony Giddens ( 1993 ) 
termed materials of “structuration”. Structuration theory prioritizes ontology over 
epistemology, so that production and reproduction of social practices—that is, the 
things and situations that we take for granted as the way things are and the way things 
unfold in social interactions, including the possibilities for what might take place—
are, in a sort of behind the scenes way, deep behind multiple layers of curtains that 
obfuscate the sources of those beliefs, critical refl ections of stasis and change, expec-
tations by those agents who effect change in those situations, behaviors,  creative, 
skillful and knowledgeable agents and solutions, and strategic thought that exists in 
those places in general. Like Giddens, these authors examine the beliefs that teachers 
hold, both implicitly and explicitly, as indicators of structuration—those things that 
structure the possibilities of structures and structural changes—including spatial 
arrangements, actions by individuals in the spaces, and so on. 

 When we consider semiotic meanings as crucial to the choices of the teacher in 
the room, as Bazzini and Sabena do, a teacher who is refl ecting on the dynamic 
interplay of gesture, speech, narration, associations that people in the room are mak-
ing with real-life experiences, and models of mathematical concepts, and, when we 
look at such a teacher in the context of structuration, informed by the notion that 
space is a critical dynamic infl uence on the structuration processes in that room, we 
might also think, as do Gana, Stathopoulou and Chaviaris, that the people in the 
room are also, in these moments, creating the symbolic meaning of the space in 
which they interact. That is, the ways that people behave, move about, when they 
speak and do not speak, the power relations supported or discouraged by the 
arrangement of the space, all contribute to the possible ways in which those present 
continue to interact and whether or not they might be able to sustain those ways of 
behaving, whether or not they might introduce new structural possibilities and so 
on. In other words, the people in the room are co-constructing by their behaviors 
and beliefs about what is possible in that space a particular  place  that they then refer 
to implicitly as their “mathematics classroom,” or as “this mathematics lesson” or 
“unit” (Appelbaum  2008 ). I would go further to say that, in the micro-moments of 
a classroom event, the place is constantly recreated, over and over and over again, 
so that it appears to be the same place in that space, but in fact is always ever- 
renewed. The place in that space thus appears to be a powerfully stable place to 
those present, since with each micro-moment initiated by agents in that space, a 
seemingly unchanged place is made even more evident as there “for them to be in.” 

 I note two signifi cant ways in which my own thinking is slightly different from 
that of the authors of these two chapters. First of all, I am not so focused on the 
teacher’s choices. I see the choices made by the teacher as traditionally more evi-
dent than the choices made by the students—after all, in the typical place con-
structed by those present in mathematics education encounters, students do not 
make the choices that determine the nature of the place in which they fi nd themselves. 
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Nevertheless, such a view erases the potential agency of the students, who in fact, in 
many school and out-of-school learning situations, do have a powerful role in the 
negotiation of that place in which they exist, and how successfully that place 
 supports their learning of mathematics, their social interactions with each other, 
their opportunities to physically move in and out of that place, and so on. 

 Second, I fi nd the concern about traditional defi nitions of “success” to be 
 structuring the potential structures of research and thus structuring the potential 
structures of change in mathematics education in these chapters to be limiting our 
ability to open up some new ways to use the powerful concepts that are explicated 
through their examples of exciting research. For example, I disagree with the 
 characterization of the teacher using gesture as having “limited success.” For me, 
confl ict, confusion and paradox are at the heart of the learning. The semiotic game 
worked perfectly, I say, in the sense that it allowed for the confusion to emerge, for 
the stop-making-sense aspect of the experience to bubble up to the surface so that it 
could become part of the experience. This taking of the experience of the problem- 
solving effort as something outside of oneself that can be examined in and of itself 
might also be identifi ed as an important element of mathematics teaching and 
 learning, i.e., as something also at the heart of a common, Hegelian and Piagetian 
notion, of the “cause” of learning. 

 The idea is that the confl ict across at least four contexts of narrative story, the 
story problem, the school garden, the cube tower creates a cognitively demanding 
situation. But I maintain, instead, that it is the richness of interweaving these 
 multiple stories, and thinking across them as comparative models for each other, 
that creates the exciting opportunity for engagement and learning. Why do the 
authors propose that Gellert and Jablonka’s ( 2009 ) notion of relationships between 
mathematical and non-mathematical contexts is better experienced at an older age? 
Maybe it is classroom experiences such as this one that make the vibrant possibili-
ties at the older age seem more successful, because of this enculturation/acculturation 
that begins in grade 1 and prior. 

 I agree that a teacher using the semiotic game concept to refl ect on her and her 
students’ experiences is surely able to approach her work in these terms, and to 
 create a new way of thinking about teaching and learning, and a new way of  thinking 
about the didactic contract!—that the children with the teacher are agreeing to this 
semiotic game, constantly challenging each other to fi gure out how to interpret their 
next move, then to discuss their strategies not only for obtaining answers to prob-
lems posed, but also to discuss their ways of making sense or coping with the as-yet 
non-sense of each others’ gestures, drawings, words, and other representations. 

 I also agree that a teacher can make important applications of the types of social 
spaces that are described in the chapter by Gana, Stathopoulou and Chiavaris. A 
researcher, a curriculum designer, a teacher, a team of visitors, probably should 
describe for themselves a classroom along each dimension: fi rst, Hall’s categories, 
the public space, the socio-consultative space, the casual-personal space, and the 
intimate space; and then the subdivisions of the social-consultative space from Lim 
et al.: the authoritative space, the personal space, the supervisory space, and the 
interactional space. More important for refl ection on teaching, for interpretation of 

P. Appelbaum



241

success or effi cacy in the space, and for understanding the co-created place, is the 
notion that these are all social spaces, and not necessarily about the physical struc-
turation, which our authors here bring into play. Yes, the literally physical materials 
and characteristics of the space are important—any teacher who has been frustrated 
by the lighting, the overly warm room, the dream of air conditioning, the break- 
down of technology, or the lack of open space for running around, surely knows the 
importance of the physical attributes of their classroom. What the authors point to 
for future research, I contend, is the symbolic meaning of the materials and particu-
lar choices made in the space, which determine the semiotic character of the place 
and thus the semiotic processes of structuration taking place; this will also enable us 
to think about all human beings in the place as potential agents of change, that is, as 
the initiators and makers of changes in structuration processes, and how these come 
about. 

 I see the two chapters discussed so far as helping us see how we can understand 
contemporary practices in mathematics education in new ways that lead to 
 signifi cantly new and insightful interpretations of those practices. They also cry out 
for further research into the ways that agents can be change agents, and not merely 
co- creators of social reproduction in mathematics education practices. How might 
we move beyond the status quo in mathematics education? How might we leap into 
new “ways into mathematics,” and initiate important discourses into mathematics 
education practice, research, collaboration, and sharing? Gesture and Narrative 
offer us truly new conceptions of pedagogy which also highlight the notion of par-
ticipation as critical for mathematics educators to consider and to explicitly apply in 
their work. Semiotic Space and, in general, Semiotic Resources, transform the rela-
tionship between people and mathematics education broadly conceived; these ideas 
make it clear that participants are caught up in processes of structuration, yet might 
also at the same time be the agents of transformation in mathematics education 
practice and research. Yet we seem, in the words of the third chapter, Gerofsky’s 
“Digital Mathematics Performances,” to live in “disembodied, antiperformative 
spaces,” with little interactive, dialogic opportunity in this “place” we call a 
 “mathematics lesson.” Gerofsky’s use of the term “Performative Pedagogy”—in the 
sense of an artistic, theatrical, and/or dance performance that always involves 
embodied ways of being, interaction and expression—echoes the previous two 
chapters’ emphasis on “participation” in the space, which, in turn, constructs a par-
ticular kind of “place” (Appelbaum  2008 ). As Gerofsky describes it, there is no 
separation of aspects or levels of being in an engaged performative moment, even as 
technical skills and intellect are brought into play. The material world and embodied 
ways of being are celebrated as facets of an integrated whole performer, rather than 
being ridiculed, devalued or shunned. 

 Gerofsky’s appreciation of participatory arts as the model for “Participatory 
Performance in Mathematics Education” is useful, given the attention given to ideas 
about participation in the various plastic and performative arts in the twentieth and 
twenty-fi rst centuries. Once we conceive of mathematical activity as creative 
 production of ideas and of the communication of those ideas, we can ask, “What 
does it mean for any or all of teachers, students, family members, and members of 
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the broader community to collaborate on creative production?” (Appelbaum  2012 ) 
All forms of the arts involve participation in some sense—after all, experiencing art 
(observing, listening, watching, and so on) is a kind of participation in and of itself, 
and artworks have only rarely been created without the intention of connection in 
some way to a public or an audience. An important distinction when we translate the 
analogy from the creative arts to creative mathematics, however, is that between the 
participation of an audience, and the co-creation of the art with the audience. That 
is, there is a distinction between an artist who uses participation as part of the pro-
cess of creating the art, and an art in which the participation itself  is  the art. Similar 
to participative democracy or participation management, it is not so much the fact 
that people participate that matters, but rather the fact that participation might be the 
main principle governing human interactions which makes the difference. A teacher, 
in other words, might focus on his or her work in a classroom as creative expression, 
and/or that same teacher might focus on facilitating the participation of the students 
as co-collaborators in artistic production. 

 Attention to Gesture and Narrative raises the specter of the teacher and students 
together as embodied performers of the “problem solver.” A careful analysis of the 
Space and Place heightens our awareness of those spaces in which the place is one 
of integrative, holistic presence, and thus a contributor to the structuration of the 
possible events that might take place in this place at this time with these  participants, 
in ways that are drastically different from traditional mathematics classrooms. Now, 
as Gerofsky notes, performance further transforms our understanding of the partici-
pants, the place(s) in which they may be simultaneously coexisting, and thus our 
understanding of performance itself:  Since performance engages  people on multiple 
levels, the most integrative performances speak to people in many ways at once, and 
raise many kinds of further questions and speculations when the performance is 
fi nished . This is a new thought about pedagogy as opening up speculation and ques-
tions rather than ending with answers! Is this, then, the playing out of this section of 
the book? Have we come to a signifi cant understanding of how embodiment, multi-
modality, space, gesture, place, that is, semiotics and  semiotic resources, become an 
abstract “structuration of mathematics education practice and research”? It may be 
the case that the implication of semiotic theories for mathematics education, if they 
are taken seriously, is that we are moving away from closure in teaching/learning 
events, toward openings, ambiguity, questions and provocations! 

 Gerofsky claims the digital provides some new possibilities and insights: It helps 
us focus on “Liminal spaces,” those places where people are on the edge or border 
or simultaneously in more than one place at the same time. She posits that a liminal 
space is a “living-space”—the boundaries are portals between what we perceive as 
different universes, different places in which we simultaneously exist. Students and 
teachers are both learners and teachers in the best places of learning. They are at 
home in their classroom, and debating a mathematical conclusion across the globe 
via the Internet at the same time. They are members of their family, and at once 
members of other social groups, racial or ethnic groups, religious or gender groups, 
and so on. Now, I would add that existence in multiple worlds at once sometimes 
seems, at fi rst, to be too complex, to be avoided, to make things so ambiguous as to 
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make interpretation and decision-making impossible. This has been the case in 
mathematics education since it fi rst became dominated by cognitive psychology in 
the nineteenth century: if we eliminate confounding variables, the thinking might 
suggest, we can draw conclusions and then act upon them. This is what I would 
describe as existing in the “uncanny valley” (Appelbaum  2011 )—the uncanny val-
ley is a term from robotics to explain why people are revolted in response to robots 
that are too much like humans (the Polar Express syndrome, referring to the failed 
animated fi lm that people believe went awry when it made the animated characters 
“too human”). When we are living in living spaces that are liminal spaces, we are 
 not  in the uncanny valley: we might feel like we are mathematicians and not math-
ematicians at the same time, because we know a lot, yet at the same time we are 
having trouble fi guring out what a question is asking of us. In a liminal space, this 
is exciting, it is enlivening, and it brings us to life. In a place where we cannot dwell 
in the amorphous boundary, our enthusiasm deadens. We are no longer present and 
no longer performing, no longer participants, but merely unpleasant robots who fol-
low programming, no longer human. The antidote? Our third keyword of the future: 
Liminal Space. 

 Confusion and wonder are an essential part of participation as performance; in 
fact they contribute to the success of the play of the liminal space. Re-read the chap-
ters in this section of our book; revisit them with the goal of becoming an agent of 
changes in structuration in mathematics education practice, or in mathematics edu-
cation research, or in our unfortunate bifurcation of practice and research itself. 
Re-read them to collect a new vocabulary that will be a small component of your 
own, active, semiotic resources. Pay attention to the examples that Gerofsky pro-
vides of digital performance, and think, not how you might replicate these, but how 
you might translate the spirit of the liminal space into new places of collaboration, 
experimentation, aesthetic participation, and playful creation of new worlds to be 
in. These new worlds will be structuring the possibility of structuration processes, 
in a self-referential way. It will be fun, serious, challenging, unclear, open, and 
transformative. And, you will be welcomed by the many mathematics educators 
who have already begun this revolution, without realizing it perhaps—those who 
apply semiotic resources to make sense of the space they fi nd themselves in, to 
 recognize and embrace the embodied presence of teachers and learners in these 
places, through gesture, narration, analysis of the place of learning, and attention to 
the varieties of participation and performance, that are possible and that might be 
possible with a little bit of tweaking, in the new places that are co-creating with the 
spaces they fi nd themselves in.    
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      Numbers on the Front Page: 
Mathematics in the News 

             Dimitris     Chassapis      and     Eleni     Giannakopoulou    

    Abstract     This chapter explores the relationship between mathematics, politics and 
public media. It focuses on the headlines of leading Greek newspapers and analyzes 
the numerical discourse which appeared on the front pages between late October 
2009, when the fi scal crisis of the country was fi rst announced by the government, 
and June 2012, when, after a general election, the implementation of several poli-
cies seems to have been fi nally stabilized. The chapter discusses how by the choice 
of a particular numerical genre the reader is co-constructed and fi nally infl uenced in 
his/her interpretation of the numerical text.  

         Introduction 

 Since 2009, Greece has been submerged in a fi nancial and social crisis unprece-
dented in its modern history, due initially to acute fi scal problems and, over the 
subsequent years, to the policies implemented on the occasion, which multiplied 
and transformed these problems. Since then, Greece has implemented structural 
adjustment policies, such as cutting down on social expenditures including pensions 
and raising taxes on personal incomes and sales. These have been accompanied by 
a dramatic attempt to reform Greece’s economic system in the image of neoliberal-
ism through massive privatizations of state-owned companies (e.g., power, telecom-
munication and water systems, highways, ports, etc.) and labor-market deregulation 
policies. In May 2010, Greece was given a bailout in loans from the European 
Union (EU) and the International Monetary Fund (IMF). This fi rst bailout has kept 
Greece from defaulting on its loans; however, it soon became clear that additional 
fi nancial support was necessary to continue servicing its debt-payments. Thus, on 
March 2012, the EU and IMF offered Greece a second bailout. The bailouts 
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invariably came with conditions in the form of austerity measures, mainly through 
large cuts of salaries and pensions, mass layoffs of employees in the public-sector, 
ever-widening labor-market deregulations leading to fl exibility of working time and 
employees’ fi ring conditions, as well as cutbacks in educational, health and most of 
social expenditures. 

 The austerity policies and the cutbacks of social expenditures were treated by 
employees and pensioners with objections and reactions leading to massive protests 
and strikes. In a general election in May 2012, a majority of Greeks voted for parties 
that reject the conditions imposed by the bailout agreements with the EU and 
IMF. However, since attempts to form a coalition government failed, a month later 
Greeks went again to the polls, and this time the pro-austerity parties got a narrow 
majority and formed a government. 

 All these years, every objection and reaction of the public and the parties oppos-
ing the implemented policies were repelled by the dominant political forces and 
interest groups with the argument (and the fears crafted around it and widely spread 
by the media) that if Greece does not comply with the EU and IMF demands, it will 
be forced out of the Eurozone, with the accompanying tragic consequences of 
defaulting on its debt and falling into bankruptcy. At the same time, the press and 
broadcasting media played a crucial role in legitimizing the austerity policies for the 
public, and thus helped to impose them upon those concerned, seeking on every 
occasion to mitigate their objections and reactions. In this respect, most newspa-
pers’ front pages as well as radio and TV news that announced or commented on 
governmental plans and decisions and, as a consequence, most of the related politi-
cal debates, were fl ooded with numbers and numerical indices, interpreted and com-
mented upon according to the case, thus producing a specifi c numerical discourse. 
Such a situation may be considered as a characteristic example of the use of num-
bers in political manipulations, given that, as Alonso and Starr ( 1987 , p. 3) point 
out, acts of social quantifi cation are “politicized” not in the sense that the numbers 
they use are somehow corrupt—although they may be—but because “political judg-
ments are implicit in the choice of what to measure, how to measure it, how often to 
measure it and how to present and interpret the results”. 

 The study reported in this paper focuses on the headlines and attempts to analyze 
the numerical discourse which appeared on the front pages of widely circulated 
daily Greek newspapers, issued from late October 2009, when the fi scal crisis of the 
country was fi rst announced by the government, until June 2012, when, after a gen-
eral election, the implementation of the aforementioned policies seems to have been 
fi nally stabilized.  

    Mathematics and Politics 

 There can be no doubt that,

  There is a constitutive interrelationship between quantifi cation and democratic government. 
Democratic power is calculated power, and numbers are intrinsic to the forms of justifi ca-
tion that give legitimacy to political power in democracies. Democratic power is calculating 
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power, and numbers are integral to the technologies that seek to give effect to democracy as 
a particular set of mechanisms of rule. Democratic power requires citizens who calculate 
about power, and numeracy and a numericized space of public discourse are essential for 
making up self-controlling democratic citizens. (Rose  1991 , p. 675) 

 On the other hand, it has been claimed that the referential meanings assigned to 
mathematical constructs, being properly manipulated, do not merely inscribe a pre- 
existing real world situation but constitute it. Techniques of inscription in numerical 
formats and accumulation of facts about aspects of the “national economy”, the 
“public debt”, “tax incomes” or “labor salaries” render visible particular domains 
with a certain internal homogeneity and external boundaries. The collection, manip-
ulation and presentation of numerical data participate in each case in the fabrication 
of a “locus” within which thought and action can occur. Numbers delineate “fi cti-
tious spaces” for the operation of governments, and establish a “plane of reality”, 
marked out by a grid of norms, on which governments can operate according to the 
case (Miller and O’Leary  1987 ; Miller and Rose  1990 ; Rose  1988 ). At the same 
time, every such fabrication of real world situations, ostensibly endorsed by the 
objectivity and neutrality of mathematics and enhanced by the publicity power of 
media, prevails or actually is imposed as the unique representation of reality and 
fi nally as the reality itself (Skovsmose  2010 ). 

 The relation between mathematics and politics has been addressed from different 
theoretical perspectives. Foucault ( 1979 ), for instance, has analyzed the relation 
between government and knowledge by considering “governmentality”, or the men-
talities of government that characterize all contemporary modes of exercise of polit-
ical power in Western democracies. From within this perspective, Skovsmose ( 1998 , 
 2010 ) has further exemplifi ed the role of mathematics in the constitution of politi-
cal, calculative, practices. The link between numerical information and a politics of 
calculated administration of a population is another perspective emphasized, for 
example, by Pasquino ( 1978 ). Latour ( 1987 ) has analyzed how, in modern societies, 
events and processes are inscribed in standardized forms, which can be accumulated 
in a central locale where they can be aggregated, compared, compiled and calcu-
lated, and how, through the development of complex relays of inscription and accu-
mulation of “data”, new conduits of power are created between those who wish to 
exercise power and those over whom power is to be exercised.  

    The Context of the Study 

 The study reported in this paper focuses on the headlines which appeared on the 
front pages of the main daily Greek newspapers, in selected editions published dur-
ing the announcement of the initially fi scal, then economic and fi nally social crisis 
in the country, as well as the related political actions taken by the dominant political 
forces to supposedly confront these crises. 

 The front pages of the newspapers and especially the headlines acquire a promi-
nence through diffusion since they reach an audience considerably wider than those 
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who read the articles. Many more people than those who buy a newspaper glance, if 
only fl eetingly, at the front pages of papers displayed on fl iers, read on public trans-
port, etc., or presented by the daily morning shows of main TV channels. Thus, the 
casual reader is lead to conclude on the importance of particular issues which have 
been given prominence in this way. At the same time, headlines orient the reader’s 
interpretation of subsequent ‘facts’ contained in the article. 

 Therefore, front pages are put in focus in our study, since they present the most 
prominent and marked information from the news discourse and make up a sum-
mary of the news report, which “strategically serves as the expression of its macro-
structure” (Van Dijk  1988 , p. 226). At the same time, headlines perform, as 
Richardson ( 2007 ) explains, a double function: a semantic function, regarding the 
referential text, and a pragmatic function regarding the reader to whom the text is 
addressed. It is therefore important to take into account the participants, processes, 
and circumstances within each headline in order to identify patterns of issue fram-
ing. Since readers often read and recall only headlines, editors and reporters con-
struct not only preferred meanings of the news reports for the audience, but also the 
most prominent ideological view of those news reports (Van Dijk  1988 ; Van Dijk 
and Kintsch  1983 ). The impact of headlines on the reader is likely to be all the 
stronger because certain linguistic features of titles make them particularly memo-
rable and effective, as are, for instance, the use of puns, emotive vocabulary and 
other rhetorical devices as well as the use of numbers. 

 Any analysis of headlines in the print media poses a number of questions in rela-
tion to the constitution of the corpus. In particular, the following have to be answered 
at the outset: Over what period should the headlines be collected? Which newspa-
pers should be included and what criteria should be used in the choice of headlines? 
The answers to these questions were provided in our study by its context, which, as 
already mentioned, was created by the related political actions taken by the domi-
nant political forces during a certain period of time, in order to defi ne, describe and 
confront the fi nancial, economic and social crisis that broke out in the country. 

 In terms of Fairclough’s framework for critical discourse analysis (see below), 
the context is crucial in the analysis of the processes of production and reception of 
a discourse; he distinguishes a “situational context” shaped by questions about time 
and place and an “intertextual context” constituted by additional texts and informa-
tion about or from producers and their product as central for the process of interpre-
tation (Janks  1997 , p. 338). In other words, the function of discourse is twofold: to 
refl ect on and to create context. 

 On this ground, the context of our study has been delimited by the following fac-
tors: the time period starting with the disclosure of the initial fi scal crisis (October 
2009) up to the enforcement of the political actions introduced by the dominant 
political forces to confront the fi nally multifaceted crisis (June 2012); the widely- 
circulated newspapers which supported or opposed these political decisions and 
actions; and their headlines which utilize a numerical discourse. 

 The following examples of front-pages are illustrative of our corpus of headlines 
(Figs   .  1 ,  2 ,  3 , and  4 ).      
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  F   ig. 1    2/11/2009 TA NEA       

2/11/2009 TA NEA

The new taxes for 2010
They are looking for 4.5 bn €

in five … wallets

1.5
bn  
abolishing
separate
taxation

1
bn 
collection
of out-
standing
debts

Up to
1 bn 
taxes
on real
estate

700
m 
taxes on
cigarettes,
spirits,
fuel

500
m 
levy on
bank
profits

  Fig. 2    15/01/2010 ELEFTHEROTYPIA       

15/01/2010   ELEFTHEROTYPIA

Stability program A proof for
EU and markets

At any cost cutbacks 11.5 bn

23.6 bn
collec-
tion in
3 years

incomes increase
(m    ) (m    )

expenditure cuts

Tax
increases

1,500 Social
allowances

650

Spirits,
cigarettes,
mobiles

1,110 Recruitments,
contract
employees

200

Tax
evasion

1,200 Military
expenditures

457

Levies
evasion

1,200 Hospital
supplies

1,400

Levy by
businesses

1,050 Subsidy to
pension funds

540

Invest-
ments, 
banking 

1,680 Overtime,
operating
costs of
public
services

435

Total 7,740 Total 3,682
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  Fig. 3    10/06/2011 H AVGI       

10/06/2011   H AVGI

Recess-
ion in
the
quarter
-5.5 %

Economy is sinking
from the first quarter
of 2011
At 3.35 the inflation
in May

The generic
drugs are
also
high-priced 
(90 %)

Coup de grace

38.2 %
of the
revenues
should go to
creditors for
interest in
2015 from
current
29.5 %

140 %
of GNP the
national dept
in 2015 on
the basis of
favorable
assessments

570 euro
the minimum
monthly
income on
which special
tax will
be imposed

  Fig. 4    17/02/2012 ETHNOS       

17/02/2012 ETHNOS

10 % reduction
in all pensions over 1,300 

primary pensions: cutbacks
on all pensions aiming to
save 45 m  per year

supplementary pensions:
cutbacks 10 % on
pensions amounting 200-
250 , 15 % on 251-300
and 20 % on amounts
over 300

allowances to families with
more than 3 children:

the bar for the
beneficiaries is lowered
from 55,000 to 45,000
euro
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    The Method of Analysis 

 The method adopted for analyzing the numerical discourse that appeared on the 
front pages of widely read newspapers draws on a version of critical discourse anal-
ysis introduced by Fairclough ( 1989 ,  1995 ,  2003 ). 

 As summarized by Rogers et al. ( 2005 , p. 371),

  Fairclough’s analytic framework is constituted by three levels of analysis: the text, the dis-
cursive practice, and the sociocultural practice. In other words, each discursive event has 
three dimensions: it is a spoken or written text, it is an instance of discourse practice involv-
ing the production and interpretation of texts, and it is a part of social practice. The analysis 
of the text involves the study of the language structures produced in a discursive event. An 
analysis of the discursive practice involves examining the production, consumption, and 
reproduction of the texts. The analysis of sociocultural practice includes an exploration of 
what is happening in a particular sociocultural framework. 

 Janks ( 1997 ) provides an illustration of the connections between the three dimen-
sions (Fig.  5 ).  

 The fi rst dimension of the framework is textual analysis, which includes the 
study of

  the different processes, or types of verbs, involved in the interaction. The interpersonal 
functions are the meanings of the social relations established between participants in the 
interaction. Analysis of this domain includes an analysis of the mood (whether a sentence 
is a statement, question, or declaration) and modality (the degree of assertiveness in the 
exchange). (Rogers et al.  2005 , p. 371) 

 The main goal of this analysis “is to describe the relationships among certain texts, 
interactions, and social practices” (ibid.). Analysis at the textual level involves use of 
Halliday’s systemic functional linguistics and the three types of meanings that are 
created by the interface between language and the social context: textual, interper-
sonal, and experiential. Textual meaning is related to how a text is organized as a 

Text

Conditions of production and interpretation

Process of production and interpretation

3

2

1

Description
(text analysis)

Interpretation
(processing analysis)

Explanation
(social analysis)

Discource practice

Sociocultural practice (Situational; Institutional; Societal)

  Fig. 5    Janks’s illustration of Fairclough’s discourse analysis (Janks  1997 , p. 330)       
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coherent message; interpersonal meaning expresses the role of the relationships 
between participants; and experiential meaning deals with representing or construct-
ing experience within language—the topic, subject matter, or content (Halliday  1975 ). 

 The second dimension, processing analysis, “involves analysis of the process of 
production, interpretation, distribution, and consumption. This dimension is 
 concerned with how people interpret and reproduce or transform texts” (Rogers 
et al.  2005 , p. 371) and the goal of analysis “is to interpret the confi guration of dis-
course practices” (ibid.). 

 The third dimension, socio-cultural analysis, “is concerned with issues of 
power—power being a construct that is realized through interdiscursivity and hege-
mony. Analysis of this dimension includes exploration of the ways in which dis-
courses operate in various domains of society” (ibid.) and is primarily aimed at 
using “description and interpretation to offer an explanation of why and how social 
practices are constituted, changed, and transformed in the ways that they are” (ibid.). 

 It must be underlined that critical discourse analysis in its various types has not 
gone without critiques. The three most common critiques, as summarized by Rogers 
et al.,

  are (a) that political and social ideologies are read into the data; (b) that there is an imbal-
ance between social theory, on the one hand, and linguistic theory and method, on the other; 
and (c) that CDA [=critical discourse analysis] is often divorced from social contexts. 
(Rogers et al.  2005 , p. 372) 

 These critiques and possibly many other concerns are part of the overall perspec-
tive in which we intend to place this study, which is a fi rst attempt to investigate how 
numerical discourse is to be read. 

    The Numerical Discourse of Newspapers’ Front-Pages 

 In the textual-analysis, we present issues regarding the choices and use of numbers 
in the newspapers’ headlines, in order to investigate the context that the participants 
act in and the interaction between the participants, in our case between politicians, 
journalists and readers. 

 In our discursive practice analysis, we focus on the incorporation of numbers into 
sentences and in particular on the choice of words accompanying numbers, in order to 
examine the process of interpretation and reproduction. In the socio- cultural practice 
analysis we offer comments on macro issues related to the role of numerical discourse 
in political relations and its role on establishing social and political “realities”.  

    The Choice of Numbers in the Headlines: Creating the Context 

 The main purpose of the newspapers that actively supported the governmental poli-
cies and decisions during the period under consideration was to persuade the public 
that the various consequences of the crisis that has broken out in the country have to 
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be borne equally by all citizens regardless of their individual income and its sources, 
since they have all been involved through their various actions, behaviors and 
stances in the creation of national fi scal defi cits and thus in the causation of the 
crisis. The Greek prime minister and leading persons of the government as well as 
the parliamentary opposition declared this thesis in a variety of verbal expressions. 

 Supporting this aim, the main numerical features incorporated in front-page 
headlines reveal a specifi c type and use of numbers. The numbers in each instance 
are whole numbers, decimal numbers, fractions, but mainly percentages. Whole 
numbers, mainly expressing monetary amounts, are in many instances abbreviated, 
thus require for their comprehension mental conversion and fl uency, which many 
people may lack, e.g.: “4.5 bn new taxes on salaried and pensioners” (Vradyni, 
21/11/2009). 

 The dominant numerical expression in the examined headlines is, as mentioned, 
percentages. Percentages, a seemingly simple and easily understandable numerical 
concept, are the main component in the creation and re-creation of a “reality” fabri-
cated by newspapers. However, a percent does not express a quantity but a relation 
between two quantities; therefore, it is dependent on the change of the one or the 
other quantity or both and, at the same time, when it is written and re-written as a 
single numeral these quantities are not referred to at all. Percentages as relations 
have neither number properties nor may be subjected to number operations. Since 
they are numerical expressions but not numbers they are suitable for numerical 
alchemies and appropriate for political manipulations projecting—among other 
ideas—a false sense of equality, hence equity. 

 For example, the headline: “4 % reduction in salaries.  The Minister of Finance 
announced are cutback of 10 % in allowances and overtime pay of the public 
 servants results in a loss of 4 % in their earnings ” (Vradyni, 19/12/2009), 1  uses 
percentages, emphasizing the equal treatment of employees regarding the reduction 
of their salaries but concealing the inequality of the amounts corresponding to each 
particular salary. This, presenting ostensibly and at the level of impressions the 
reduction in salaries by means of “equal percentages”, obscures the inequality of 
differences that derives from the number operation of “subtraction” of amounts. 

 Whole numbers, decimals, fractions and percentages are, depending on the case, 
used to express:

•    a situation of change, an increase or a decrease, e.g. “Breathing: 46 % lower defi -
cit—Suffocation: 60,000 additional shops closed down” (Ta Nea, 13/07/2010) or 
“Reduction by 35 % in all salaries of employees in public enterprises” 
(Eleftherotypia, 25/11/2011);  

•   a part-whole relation in many cases expressed as a proportion, e.g. “Pensions: 
They lose three out of four” (Eleftherotypia, 28/06/2010), “The government plan 
for the employees in public enterprises: 60 % fi red, 30 % change employment 
relationship, 10 % re-recruited” (Eleftherotypia, 09/09/2011) or “ Acknowledgment 

1   In this and the following headlines reported in this paper the main headings are written in normal 
letters and the accompanying in italics. 
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of the Minister of Finance: The application of the memorandum results in loos-
ing 1 out of 4 jobs and,  In every 100€ they take away 30” (Eleftherotypia, 
21/12/2011);  

•   a comparison involving one or more quantities, “Storm of measures, Less defi cit 
at 8 bn euro in 2010” (To Vima, 15/12/2009).   

According to cognitive analyses of mathematical problems, “change”, “part-whole”, 
“combination” and “comparison” are semantic structures that may be considered as 
describing many of the quantitative situations encountered in everyday life (e.g., 
Resnick  1992 ) and newspapers’ editors capitalize on all these numerical structures. 
It is, however, interesting that in many cases the situations of change and compari-
son are expressed by positive or negative numbers and even positive or negative 
percentages, thus obscuring their comprehension.  

    The Choice of Numerical Genre: Interacting with the Readers 

 Genre is a typifi ed rhetorical way of recognizing, responding to, acting meaning-
fully and consequentially within, and thus participating in the reproduction of, 
recurring situations. Genres both organize and generate kinds of texts and social 
actions, in complex, dynamic relation to one another. Genre is understood in our 
study as an ideologically active and historically changing force in the production 
and reception of texts, meanings, and social actions or as put by Bazerman ( 1997 , 
p. 19) as “frames for social (…) locations within which meaning is constructed (…) 
[which] shape the thoughts we form and the communications by which we interact”. 
On the front-pages of the newspapers studied here, numbers are included in differ-
ent linguistic genres, the most common being declaration (primarily conveying 
information) and argument (primarily seeking to persuade), each one used in order 
to serve a different purpose according to the political interests promoted. 

 The editors organize their reports in headlines around numbers. Although the 
information provided may sound real to the reader, its textual structure is not clear 
because the numbers used are either not clearly comprehensible or may be misun-
derstood by most readers due to particular number properties and references which 
may be unfamiliar to them. In any case, however, the use of numbers gives a sense 
of objectivity to declarations and arguments, independent of the person who writes 
or reads them. As Porter ( 1995 ) has explained, the language of mathematics is well 
suited to embody objective judgments and it is adopted when claims to knowledge 
need to gain trust and credibility beyond the bounds of locality and society. 

 When readers engage in the reading of texts composed on the basis of numerical 
data, it appears to them that such texts are reporting factual “realities” or actual prob-
lems to be solved. However, they may feel overwhelmed and thus, although they may 
be possibly paying attention to the news, they become in fact inactive against the 
declared or argued situation. The editors strategically decrease the interaction between 
the two sides of participants, in our case, between politicians and readers. Numerical 
discourse seems to be an effective medium in defusing public resentment.  
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    The Choice of Sentences: Infl uencing 
the Reader’s Interpretation 

 The sentences always serve the main purpose of the text. Sentences composed 
around numbers acquire meaning by the referents of the numbers, the quantitative 
expressions related to the numbers and the modifi ers of numbers (Chassapis  1997 ). 
The quantities expressed by the number on each instance are found to denote mea-
sures of collections or sequences of discrete instances, as, for instance, are money 
amounts or population groups. However, the referents of the numbers reported are 
in some cases individuals and in other cases population or employee groups. In the 
second case, the numbers reported in order to be made sense of must be traced back 
to individual cases, a calculation usually unfeasible due to lack of data. 

 For example, “1,000 days austerity,  Taxes:  elimination of tax exemptions  1.1 bn 
€,  real estate tax  400 m €, taxes on cigarettes and spirits 710 m €, tax on  corporate 
profi ts 870  m €. Cuts: allowances of public servants – 650 m €,  new recruitment  – 
80 m €,  personnel reduction – 120  m €, reduction of  subsidies – 540  m €, ” (Ta Nea, 
15/01/2010). However, “Reduction up to 400 € in the salaries of the public servants, 
 Monthly allowances of a servant  at the Ministry of Finance 1,500  €, reduction 25 %,  
loss of pay 375  € ” (Ta Nea, 21/01/2010) or “Up to 750  €  loss of pay for public 
 servants,  The protagonists of salary losses, the salary falls for military personnel, 
teaching staff, juridical offi cials and medical personnel ” (Vradyni, 24/01/2010). 

 Quantitative expressions related to a number are, depending on the case, verbal, 
e.g. “ New taxes for 2010:  They look for 4.5 bn € in fi ve … wallets” (Ta Nea, 
02/11/2009), “120 bn for three hard years” (Kathimerini, 29/04/2010) or numerical, 
e.g. “ Pensions reform:  Working 40 years for a pension amounting to … 35 years” 
(Eleftherotypia, 11/05/2010), “ The pension has been locked: 40 years work – 
60 years age ” (Ta Nea, 02/06/2010). 

 Furthermore, it is interesting that the target number and the quantitative expres-
sions to which it is related denote in many cases different referents, e.g. “ Pensions 
reform:  At 65 years and −30 % all pensions” (Eleftherotypia, 06/06/2010), thus 
forming a sentence rather diffi cult to grasp at a glance, in contrast to other cases 
with the same referent which is instantly comprehensible, e.g. “ The pension has 
been locked: 40 years work – 60 years of age ” (Ta Nea, 02/06/2010).  

    The Choice of Visual Displays: Reproducing the Numbers 

 Apart from the text, a variety of visual displays adds an elaborate visual dimension 
to the numerical expressions which infl uence the reader’s interpretation. The visual 
displays that the newspapers under consideration utilize (coloring and/or highlight-
ing the numbers) create a referential fi eld for the numerical discourse in use which, 
as Potter et al. ( 1991 , p. 343) have put it, function as “parallel commentaries” which 
reinforce textual numerical expressions. The following simple and complex depic-
tions are illustrative (Fig.  6 ).  
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 Moreover, the meaning assigned to these visual displays will infl uence the 
 readers even before they begin to read the text, thus orient their interpretation of 
subsequent “facts” reported by the numbers. Numerical “facts” are produced and 
reproduced in the form of visual displays plus texts.  

    The Participants in the Newspapers’ Front-Pages: 
Filtering Access to Numerical Discourse 

 In most newspaper headlines only the editors as language users or communicators 
have freedom in the use of special discourse genres or styles, or in the participation 
in specifi c communicative events and contexts, particularly in the cases where they 
include numerical information. In other words, many readers as participants in the 
communicative events based on numerical discourses are not in a symmetrical rela-
tionship with the other participant—the writer. For example, in the following head-
lines announcing the reform of the pension scheme, it is obvious that the author-editor 
is strongly against the increase of the retirement age: “    Pensions – Rollovers for 
700,000 workers:  Five years ‘penalty’ to the heavy and arduous jobs –  From 55 to 
60 (years old) the retirement with 35 (years  length of service ) – Twelve months per 
year from 2011 the rising of the retirement age ” (Ta Nea, 11/06/2010). 

 However, when reading these headlines, the readers are probably accustomed to 
the genre and the editor’s strong voice in the text and this could be their only contri-
bution to that communicative event, even if they disagree with the editor’s view. 
Although this is one kind of communicative event, the reader may not freely com-
municate with the writer to express his/her opinion and may not change the dis-
course if they do not agree with it. Moreover, many people cannot understand and 
assign a meaning to the numerical data reported. That is, the use of numerical dis-
course determines that not everyone can have full access to it.  

  Fig. 6    Avgi, 1   0/06/2011; Eleftherotypia, 02/11/2009; Ta Nea, 02/11/2009       

Recession
in the quarter

-5.5 %
Avgi,

10/06/2011

Draft Budget for 2010
aiming at lower deficit

Budget 2009-2010
Eleftherotypia, 02/11/2009

New taxes for 2010:
They are looking for 4.5 bn

in five … wallets
Ta Nea, 02/11/2009
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    The Power Relations Behind the Headlines: 
Speaking for Whom to Whom 

 When we go through the front-pages of the newspapers under consideration, we 
fi nd that the authors are trying to report the power struggle between the political 
forces in power, attempting to encounter and to overcome the causes and effects of 
the socio-economic crisis, against interest groups, ideologies and political parties 
opposing their approaches and policies. 

 In this struggle the numbers used are intentionally selected from the pool of 
available numerical information and properly reported in order to guide their 
interpretation. 

 The following examples are indicative:

•    “ EU Commission ’ s letter suggesting a shocking recipe –  Brussels is asking for a 
reduction of salaries by 7 %” (Ta Nea, 07/01/2010),  

•   “ A dramatic announcement by the Prime Minister –  A rescue package with pain-
ful measures: 0 % salaries in public sector are frozen, up to 20 % reduction in 
employees’ allowances, 15 % increased taxes on fuel, 67 years of age the new 
limit for retirement” (Ta Nea, 03/02/2010).  

•   “ EU and IMF are uncompromised in shocking measures in order to provide the 
loan – The  package of un…happiness – Private sector: abolishment of 13th and 
14th monthly salary and pension, freezing of salary increases, allowable person-
nel layoffs 4 % per month, the compensation for layoffs is questioned, compul-
sory arbitration between employers and employees is abolished – Public sector: 
abolishment of 13th and 14th monthly salary and pension – Other measures: 
Increase of VAT from 21 to 23 %, special tax 10–11 % on electricity bills. Cut 
offs: half of the social solidarity allowance to people with very low income, 1.2 
bn euro from military armaments, grants to hospitals and social security funds” 
(Eleftherotypia, 30/04/2010).   

In any case the government and the political forces supporting it are presented as 
exerting more power over its opponents, at least at the level of intentions. As a result 
of this, although many readers do not agree with the vigorously enforced approaches 
and policies, they accept them as inevitable. 

 On the other hand, the newspapers supporting political opposition assign quite 
different meanings to the same numerical data, not actually questioning the numerical 
“realities” created by these same numbers, which are accepted as neutral. For instance, 
a newspaper opposing the government interprets in its headline the announcement of 
the Minister of Finance for a cutback of public workers’ salaries as “Cuts 10 % to the 
salaries of public workers,  Coordinated measures reduce by 10 % the salaries in the 
public sector and push for equal reductions in the private sector ” (Avgi, 19/12/2009). 
On the contrary, a newspaper which optionally supports the governmental policies 
reports on its same day headlines “4 % reduction in salaries,  The by the Minister of 
Finance announced cutback of 10 % to allowances and overtime pay of the public 
workers results in a loss of 4 % in their earnings ” (Vradyni, 19/12/2009).   
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    Concluding Comments 

 In situations of economic and social crises, in which a plurality of political forces, 
interest groups and views are contesting, numerical discourse used by the media 
may produce a public rhetoric of interest or disinterest. Such rhetoric may play a 
crucial role in the creation of a public sphere where technical expertise dominates 
political debate excluding people not only from political debates but also from act-
ing towards or reacting against political decisions and policies. This “technicization 
of politics”, as called by Miller and Rose ( 2008 , p. 77), emerges from the transfor-
mation of economic and social problems in problems demanding for their solutions 
technical manipulations of numerical data and thus the imperative of advanced tech-
nical expertise. In this account, numbers are not just “used” in politics, they help to 
confi gure the respective boundaries of the political and the technical and, further-
more, they are involved in establishing what it is for a decision to be based on inter-
ested or disinterest. 

 In these processes of technicization of politics, newspapers and media in general 
function as an important means for the production and dissemination of “truth”, 
including, excluding or diverting, processing and representing, and therefore con-
tributing to a large extent to the formation of a society’s “general politics of truth”: 
the appropriate political technologies of truth production and reproduction, the 
expressions of truth which are deemed acceptable or not, the acceptable mecha-
nisms of judging true and false statements, the sanctioning of statements, and the 
valorization of claim-makers as truth-tellers (Foucault  1980 ). The particular role 
played by newspapers in the politics of truth concerns the production of “appara-
tuses of truth” which are discursive practices that are marked by “rules of forma-
tion” that defi ne “concepts, procedures and objects”, “limits and forms of the 
sayable” and “criteria of transformation” that condition discursive performance and 
change, and “criteria of correlation” that situate discourses among other discourses 
and non-discursive institutions (Foucault  1980 ,  1991 ). 

 In this context, the governing and dominant political forces and interests in a 
society organize the truth so that their versions of reality gain credibility over others 
and, as Rouse ( 1994 , p. 112) remarks, “to make truth-claims is to try to strengthen 
some epistemic alignments, and to challenge, undermine, or evade others”. 

 Of course, a complete and full account of the highly complex relationships 
between power, truth and news reports is outside the scope of an essay this size. Yet 
even the analysis undertaken here, of a limited sample of headlines, demonstrates 
the fact that numerical discourse, as utilized in the front-pages of newspapers pub-
lished in Greece during the years when the economic and social crisis broke out, 
played a crucial role in manufacturing a certain “regime of truth”, which served 
specifi c political views and policies as well as specifi c interest groups. 

 On the basis of the above conclusion, there emerge diffi cult questions and 
new challenges for critical mathematics educators, at least in Greece, who now have 
to face the following dilemma: they must teach the mathematical meanings of 
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numerical concepts, e.g. percentage, and at the same time they have to select some 
of the referential meanings of these concepts and reject others, all of which are 
widely promoted and everywhere visible in public life, today.     
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      On the Role of Inconceivable Magnitude 
Estimation Problems to Improve Critical 
Thinking 

             Lluís     Albarracín      and     Núria     Gorgorió    

    Abstract     In this chapter, we introduce inconceivable magnitude estimation prob-
lems as a subgroup of Fermi problems. The problems we use in our study require 
counting the amount of people in different situations. Based on the experience of a 
classroom activity carried out with 15-year-old students, we describe the process 
they went through to solve the problems, and discuss in which ways these problems 
provide knowledge to critically analyse the information that appears in the media.  

         Introduction 

 Diamond and Plattner ( 2006 , p. 168) state that “democracy in its purest or most 
ideal form would be a society in which all adult citizens have an equal say in the 
decisions that affect their lives”. In order to form their own opinion, which they 
need to make decisions, citizens need to understand their environment and be able 
to interpret a wide range of information. It would be desirable for the educational 
system to provide future adult citizens with interpretative tools which give them the 
appropriate interpretative skills to practise their rights and duties. Educational 
 curricula have improved along these lines in recent years. However, activities that 
combine the usual mathematical content with global competence-related aspects 
such as decision-making are still rare. 

 It is necessary to have a wide range of activities to work on different aspects of 
critical mathematics in the classroom before the students reach the stage of having 
to take adult decisions. We regard compulsory secondary school (in Spain, the 
schooling between 12 and 16 years of age) as a suitable period in which to introduce 
realistic context activities to make sense of the real world and use mathematics 
 critically. The contexts used in the classroom activities should be realistic in order 
to improve decision-making skills effectively. Moreover, increased realism will 
 provide the activities with higher mathematical complexity. Yet, the reality to be 
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worked on should be evaluated carefully as it must be ensured that the secondary 
school students are able to simplify the suggested situations without losing their 
essence. 

 For this reason we suggest Inconceivable Magnitude Estimation Problems 
(IMEP) as a means for improving critical thinking in secondary classrooms. IMEP 
confront the student with a situation that requires estimating the value of a consider-
ably large real magnitude, well outside the range of their normal daily experience. 
By working on these activities, students will fi nd that they need to confer meaning 
to values which they are not used to working with but that could be relevant in 
 different contexts. These problems can be considered as a subgroup of Fermi prob-
lems, since they are solved in the same way. They also allow for different approaches 
to their resolution. 

 In this chapter, we present a classroom experience introducing some IMEP and 
discuss how critical thinking of 15-year-old students can be initiated didactically. 
The aim of this experience is for the students to estimate the number of people 
attending a demonstration and, in this way, develop a critical view on the  information 
given by the media. During the activity different problems with real-life  contexts are 
used, for which the students are asked to estimate amounts of objects on a surface. 

 According to Van den Heuvel-Panhuizen ( 2005 ), presenting a real context for 
problems can make them more accessible. Problems which involve a realistic con-
text help to begin teaching mathematics within the realm of the concrete and then 
move on to the more abstract. Solving problems with a real context involves the 
construction of a mathematical model, the calculation of the solution, and transfer-
ring the result back to the real situation. Our experience has shown that the students 
elaborate their own methods to try to solve the IMEP they are confronted with, and 
that they introduce elements from the mathematical modelling processes of the 
 situations dealt with. In this way they increase their confi dence in their own meth-
ods and the solutions they come up with when initially working on problems that 
can be solved in their everyday environment. The results they obtain themselves 
enable the students to think about the validity of information given by the press or 
on different websites. Therefore, the work done in the classroom gives them the 
possibility to critically analyse published content and have their own views on 
 certain events. Thus, the mathematical activity is centred on decision-making 
 processes, since it allows us to understand and deal with the information the  students 
obtain from their environment in problematic situations.  

    Real-Life Problems, Context and Authenticity 

 Mathematical problems posed in written form refer to concepts related to a  particular 
context. This context may either be purely mathematical, such as in the classical 
problem of adding up the fi rst hundred natural numbers; or it may have a real-life 
context, in the sense of being directly associated with a particular situation in the 
real world; or fi nally, it may have an imaginary context. Various studies on 
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problem- solving in non-mathematical contexts have been conducted. Some of them 
are centred on understanding the way people solve problems in their work environ-
ment and focus on the differences in the use of mathematics in the classroom and at 
work (Jurdak and Shahin  1999 ,  2001 ). Other studies relate the use of mathematics 
in everyday environments to its use in the classroom (Jurdak  2006 ; Nunes et al. 
 1993 ). This research reveals that there is a signifi cant distance separating the 
 mathematics taught at school and the mathematics used in real life. 

 A considerable feature of problems based on real-life is their level of authentic-
ity. Palm ( 2008 ) describes authenticity of coursework as the extent to which a task 
can be moved to a real-life situation. This works under the condition that the most 
important aspects of the situation are simulated in a highly realistic way. He pres-
ents a study aimed at determining the infl uence of the authenticity of a formulation 
of a proposed problem on the answers given by students. Palm shows that students 
who answer questions with a higher level of authenticity use knowledge from their 
everyday life and obtain more exact answers which are more consistent with reality 
than students who work with problems with a lower level of authenticity. Palm 
( 2006 ) suggests various elements which should be included in real-life problems: 
He focuses his attention on the type of events which frame the problem, on the ques-
tion, the information it contains, the type of formulation, the resolution strategies, 
the circumstances and determinants in the classroom, the prerequisites the answer 
should comply with, and the aim of the problem. Stocker ( 2006 ) adds the need to 
focus on how relevant the problems are to the students and the change-creating 
potential of the problem with the purpose of improving our environment. 

 Freudenthal ( 1983 ) states that discussing problems with real-life contexts in the 
classroom may be very enriching for the students. These problems offer various 
ways, which range from more abstract to more contextual, to use mathematical 
concepts thus avoiding to preproperate mathematical generalisation. However, 
Chapman ( 2006 ) observes that most teachers present real-life problems in a close- 
minded manner, so that the focus is on “de-contextualization in a mechanical way 
by fragmenting the context into a collection of words, phrases and sentences to be 
translated to mathematical representations” (p. 225). She suggests that the resolu-
tion should be centred on the meaning of the problem, with context-sensitive and 
particular explanations of the problem as a key point. Verschaffel ( 2002 ) states that 
the aim of introducing problems with written text and real-life contexts is approach-
ing the reality of the mathematics classroom and creating opportunities to practise 
different aspects of problem solving without the drawbacks of direct contact with 
the real-life situation. Furthermore, the everyday context of problems may suggest 
different approaches to a resolution, and may also highlight aspects of the problem 
which might have been overlooked in a formulation lacking context (Arcavi  2002 ). 
Experiments from a critical mathematics education perspective on the use of 
 mathematics show that the mathematical analysis of real situations allows the 
 students to appreciate reality from a different viewpoint. An example is Camelo 
et al. ( 2010 ) in which the students conclude that the public media does not allow for 
adequate analyses of nutritional issues because of blurred boundaries of publicity 
and report. 
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 According to Winter ( 1994 ), solving problems with real-life contexts involves 
mathematizing a non-mathematical situation, which implies constructing a mathe-
matical model that respects the real-life situation as well as calculating a solution 
and transferring it from the model back to the real-life context. The most diffi cult 
step in this process is determining an appropriate model for the formulated real-life 
situation, since good knowledge of the context is required as well as of the involved 
mathematical concepts and a high level of creativity. Creating models to solve prob-
lems is not exclusively a resource of the higher mathematical levels; its use has been 
recorded in studies on mathematical production of students at different educational 
levels (English  2006 ; Esteley et al.  2010 ; Lesh and Harel  2003 ). Lesh and Harel 
( 2003 ) defi ne the concept of the mathematical model as a conceptual system 
designed to describe or explain mathematical objects, relations, patterns or regulari-
ties associated to solving problems. Therefore, modelling activities involve students 
in identifying the essential aspects of a studied reality and in creating an adequate 
representation with the mathematical tools available. Some real-life situations may 
be highly complex and the diffi culty of the questions they raise should be previously 
assessed and adapted to the students’ level of mathematical knowledge and compre-
hension of reality.  

    Estimation and Fermi Problems 

 Estimation involves making a judgement on the value of the result of a numerical 
operation or of the measurement of a quantity. We wish to obtain a quick result, 
specifi c to a certain context, in a simple way. An estimation is required when 
 questions are posed such as: How long would I take to get to the metro station? 
Would a kilogram of potatoes be enough to feed eight people with this recipe? Or, 
would all of these clothes fi t in the small suitcase or should I use a larger one? 
Hogan and Brezinski ( 2003 ) consider three areas of estimation: numerosity, 
 measurement estimation and computational estimation. Numerosity refers to the 
ability to visually estimate the number of objects arranged on a plane. Measurement 
estimation is based on the perceptive ability to estimate lengths, surface areas, time, 
weight or similar measurements of common objects. Computational estimation 
refers to the process by which the value of calculations is attained, such as 
2.7 + 4.4/2.5. In this chapter we describe a sequence of activities in which students 
have to estimate large amounts of objects distributed on a fl at surface. Each of the 
questions (problems) formulated has a specifi c context the students need to analyse 
and for which they should come up with a mathematical model. During this process 
the students choose the key aspects of each problem. 

 Following Ärlebäck ( 2009 , p. 331), Fermi problems are “open, non-standard 
problems requiring the students to make assumptions about the problem situation 
and estimate relevant quantities before engaging in, often, simple calculations”. 
What characterizes a Fermi problem is the possibility to break it up into smaller 
problems and to solve these separately, often by estimating. The most classical 
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example of a Fermi problem involves estimating the number of piano tuners in 
Chicago. Based on estimating input data, such as the total population of Chicago, 
the proportion of families in Chicago that may own a piano or the amount of time 
needed to tune a piano, the number of piano tuners needed in the city can be 
 estimated from the total hours of work needed in piano tuning (for more information 
and details, see Efthimiou and Llewellyn  2007 ). An essential characteristic of a 
Fermi problem is that it does not present all the necessary information that a solu-
tion would require. In addition, Fermi problems are resistant to simplistic transfers 
of mathematical methods used in other contexts. Ärlebäck ( 2011 ) states that work-
ing with Fermi problems may be useful for introducing modeling to the classroom. 
He characterizes them by:

  (1) their accessibility … any specifi c pre-mathematical knowledge is not required to pro-
vide an answer; (2) their clear real-world connection …; (3) the need to specify and struc-
ture the relevant information and relationships to be able to tackle the problem; … (4) the 
absence of numerical data, that is the need to make reasonable estimates of relevant quanti-
ties; and (5) their inner momentum to promote discussion. (pp. 1011–1012). 

 Some examples of Fermi problems may be: How many jelly beans fi ll a one-litre 
bottle? How many cubic metres of biomass can be produced from fi re debris? How 
long does it take to get from New York to Boston by bicycle? What fraction of the 
area of your city is covered by automobiles? A wide variety of Fermi problems of 
different diffi culty levels can be found in online problem listings or otherwise in 
books such as Guesstimation (Weinstein and Adam  2008 ). Fermi problems might 
seem anecdotal and hardly relevant, but some of them may be directly connected to 
aspects of citizenship which are rarely addressed in the classroom and which could 
attract the students’ interest. Educating the students to be critical thinkers is one of 
our educational goals. If we consider the citizens’ understanding of political aspects 
which involve large numbers (e.g. the value of public investments in education, 
research or defense, or the number of civil servants in a territory such as doctors, 
policemen or teachers) we may encounter interpretational diffi culties of certain 
issues. Sometimes it is the media that provide data which is hard to interpret, such 
as fi gures of water availability or the number of people who attended a demonstra-
tion. Estimation of large quantities is precisely the type of Fermi problems we used 
in our research project.  

    Inconceivable Magnitude Estimation Problems 

 Our classroom experience focuses on problems that are based on magnitudes we 
cannot perceptually estimate without some training, as well as magnitudes that can 
be imagined, but the value of which is diffi cult to interpret. If we think of  magnitudes 
we are familiar with and that we have given meaning to (the size of a table, the 
amount of time passed during a fi lm, or the number of people in a classroom), we 
can assert that they are familiar and conceivable. Some examples of magnitudes 
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which are commonly considered inconceivable in this sense by most people may be 
the number of medical doctors in a state—which may not be enough to attend to the 
medical needs of the population—, the number of cars that pass by a certain point 
in a city—that may cause traffi c problems or air pollution—or the number of per-
sons in a demonstration. The specifi c case of demonstration attendance is especially 
interesting in regard to the present political situation in Catalonia, which is currently 
an autonomous region within the structure of the Spanish state. Actually, it was one 
of the territories that claimed this status of self-governance upon the arrival of 
democracy. The newspapers stated that more than a million people participated in a 
pacifi st demonstration on the streets of Barcelona on September 11, 1977, in which 
different social classes took part and brought entire families to the streets to express 
their political discontent. In the year 1979 the claimed statute of autonomy was 
approved. This has not been the only large demonstration which has taken place in 
Catalonia in the last few decades. According to the newspapers, on February 15, 
2003, around a million and a half citizens got together to ask the Spanish state not 
to send its troops to participate in the invasion of Iraq that year. In recent times 
political issues have triggered pacifi st demonstrations, evidencing the population’s 
discontent and claim for solutions. The Spanish constitutional court released the 
text of a new statute of autonomy for Catalonia and on July 10, 2010, Catalans again 
took to the streets to claim what they had previously approved in a referendum. 
Massive demonstrations have occurred lately on the national day of Catalonia 
(September 11) in both 2012 and 2013, asking for Catalonia to become a political 
nation state. In all these demonstrations, the most relevant aspect for evaluating 
their impact are participation fi gures. The press offers data without sharing the 
methods used to receive these numbers and controversy arises in order to maximise 
or minimise the political impact of demonstrations. 

 The set of conceivable magnitudes can be different for everyone, being relative 
to the experience and knowledge construction of each individual. For this reason, 
we fi nd it appropriate to introduce this type of problem and classroom activities, 
which may allow all students to broaden the range of magnitude values that are 
signifi cant to them. The examples dealt with involve large amounts which are hard 
to visualize but which are relevant to the public opinion. They represent values 
which are not usually approached and for which it is diffi cult to confer a meaning 
that would make sense to the students. Taking these ideas as a starting point, we 
defi ne an inconceivable magnitude as a physical or abstract magnitude which is 
beyond our ability to interpret and for which we have not created any meaning 
(Albarracín  2011 ; Albarracín and Gorgorió  2014 ). Once we attempt to determine 
the value associated with an inconceivable magnitude, we must by defi nition work 
with approximate values, given the diffi culty of obtaining accurate information for 
this kind of values. The most natural way of obtaining values for inconceivable 
magnitudes is to come to an estimation mainly through reasoning and including 
some calculations. The process by which these values are approximated can be 
included in activities oriented towards problem-solving and can be worked on in 
class (Ärlebäck  2009 ). In previous studies, we have proved that secondary-school 
students are able to create suitable resolution proposals for estimating these amounts 
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(Albarracín and Gorgorió  2014 ) and that they use relevant information from the 
context. This allows the students to model the situation (Albarracín and Gorgorió 
 2012 ). 

 Our aim is for the students to see the necessity of focusing on the essential 
 components of the given situation while they solve inconceivable magnitude esti-
mation problems and create meaning. One of the essential aspects is to know how 
to separate the key information from that which is not key and have procedures or 
methods at hand to extract the necessary data for solving the problem. In many 
occasions the necessary data is not within the students’ reach. Some data is not 
made public due to private interests, at other times reliable records or counts are not 
available and therefore educated guesses are required. In order to make these 
 estimations with a reasonable degree of reliability, a well-developed number sense 
is necessary. Giving students the chance to have this experience is one of the aims 
of the project.  

    Designing the Classroom Experience 

 We work with Fermi problems as a didactic sequence developed over several 
 sessions. Since the problems are open and are not linked to any specifi c mathemati-
cal content, we consider it essential for the students to work in groups. We place the 
problems in a context that is familiar to the students, so that they can later on trans-
fer the methods and models used to other problems. The Fermi problems which 
make up each of these sequences require estimating different quantities which are 
related to each other and are set in real-life contexts and therefore have a high degree 
of authenticity. These activities appear to give the students an integrated view on 
mathematics, allowing them to acknowledge its utility in solving problems in their 
proximity. One of the diffi culties when dealing with large numbers is the fact that 
we fi nd it hard to create a mental image of the amounts represented. For this reason, 
the fi rst problem students deal with involves elements set in a context which is 
familiar to them. Such a setting could be the school itself, the environment or an 
element related to their family home. From the knowledge acquired in solving this 
fi rst problem, the students will then be able to transfer the methods used and results 
obtained to other problems concerning less familiar situations. When learning 
problem- solving skills, it is crucial to approach a problem by developing an action 
plan. For this reason, the fi rst exercise is the creation of an individual plan of action. 
After that, the students should discuss their action plans in teams and agree on one 
action plan, thus ensuring that each of the students has had enough time to refl ect 
upon the problem by him/herself before getting into collective discussions. 
Teamwork and idea-sharing allows a larger amount of students to use valid action 
plans. Our experience has confi rmed that not all students develop suitable action 
plans for the problems formulated, however, some do come up with proposals 
 leading to a satisfactory resolution process (Albarracín and Gorgorió  2014 ). We 
assume that by working in teams of students with different learning styles they will 
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be able to share ideas and thus develop more elaborate plans, yielding solutions 
 suitable for the context of the problem. 
 The formulations of the employed problems are presented as follows. The fi rst 
 problem can be solved experimentally with data collection from the same  educational 
centre.   

 A.    How many people would there be room for in the high school playground if a 
concert was to be held there?   

 The rest of the problems we subsequently work on cannot be solved straightaway in 
the educational centre and require reconsidering and adapting the types of resolu-
tion used in problem A:   

 B1.    How many trees are in New York’s Central Park?   
  B2.    How many people can stand in the Palau Sant Jordi event hall when attending 

a concert?   
  B3.    How many people can there be in the city council square of Sabadell  attending 

a demonstration?   
  B4.    How many people can there be in Plaça Catalunya attending a demonstration?   

 Since problem A is set in an environment which is familiar to them, the students 
are allowed to carry out fi eldwork in order to obtain all the information required. 
Deciding on the most relevant aspects of the resolution process and collecting the 
required data are exercises which connect mathematics with the students’ reality. 
Once the students have applied their resolution proposal, gathered their data and 
reached a solution, they will be asked to write up a short report. Each of the teams 
should provide their own report, specifying the method used to solve the fi rst 
problem. 

 Once accomplished the resolution of the fi rst problem, we shared ideas in a  feedback 
session in order to explain each of the teams’ proposals, the diffi culties encountered, 
the methods and models applied, their limitations and fi nal results. In the discussion 
of methods, we follow Chapman ( 2006 , p. 228) who suggests we should “allow 
students to use both formal and informal knowledge to make sense of the problem 
and the solution and communicate these understandings in class discussions”. The 
discussion of methods and models brings ways of approaching the problem which 
are different to those used initially by the students and that could be used in future 
problems. After discussing problem A, we handed out the list of questions including 
four problems with mathematical formulations equivalent to that of the fi rst prob-
lem but set in different contexts (B1–B4). In fact, we recommend posing problems 
set in contexts which are out of the students’ reach. As they cannot access the con-
text directly, students have to develop their own methods and use communication 
resources such as the internet to acquire information about the context. The students 
will then work on these problems in the same teams as before and a feedback ses-
sion will take place again when fi nished. This time, however, we will take advantage 
of the internet to try and fi nd answers to the questions posed and compare them criti-
cally to the students’ solutions. We fi nally propose a problem C to the students in a 
different format. Instead of asking a question we give a set of contradictory data 
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about participation at a demonstration of great political and social relevance. The 
objective of this is for the students to develop their own opinion of the number of 
assembled people:   

 C.    On July 10, 2010, the streets of the centre of Barcelona were fi lled with people 
to participate in a mass  demonstration. The organizational entity, Òmnium 
Cultural, stated that 1,500,000 people attended (La Vanguàrdia, July 11, 2010, 
p. 1), the Barcelona Traffi c Police gave a fi gure of 1,100,000 and the fi rm Lynce, 
which specializes in people counting, gave a fi gure of 62,000.   

 In all cases, the students were asked to use their own methods and not to look up 
the information straightaway until they had obtained their own results, in agreement 
with all the members of their team. The results obtained could then be used to 
 validate the information gathered from newspapers or websites, which possibly 
offer contradictory information without stating its origin.  

    The Classroom Experience 

 This activity was carried out with 21 students in a secondary school, lasting several 
sessions. Working on problem A—How many people would there be room for in the 
high school playground if a concert was to be held there?—a fi rst model was devel-
oped by a group of students. It uses  population density  as a way to represent the 
distribution of people in the school playground. The model is based on the idea that 
the people who fi ll the playground will be distributed in a uniform way across its 
surface. The method employed by the students consists of experimentally determin-
ing the number of people who fi t in a square metre, in order to take it as a reference 
point for all the accessible surface of the playground. Figure  1  shows a group of six 
students located within a bounded area of 1 m 2 . Afterwards, the students took the 
necessary measurements to calculate the total surface of the rectangular playground. 
For obtaining a result, they fi nally multiplied the area of the playground with the 
density of people per square metre they determined as most appropriate.  

 The second type of model used was  iteration of a reference point  (Carter  1986 ). 
A reference point is a unit established as the basis of an estimation. The iteration of 
a reference point is a strategy which corresponds to measurement estimations, such 
as the use of the palm of your hand as a unit for the length of a table to approximate 
its value in centimetres. In the students’ case, the model associated to the represen-
tation of the situation is based on considering that each of the people gathered in the 
playground will take up the room of one person standing up in a congregation. In 
order to obtain the area occupied by one person, the students marked the area and 
measured it. They calculated the total surface area of the playground and divided it 
by the total area fi lled by a standing person to obtain an estimate of the number of 
people that would fi t in the playground. 

 The third estimation model proposed by the students is  grid distribution . In this 
case, the model is based on the assumption that the amount of people fi tting in the 
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playground can be measured following a rectangular pattern where each person is 
placed in a certain location in an organised arrangement of rows and columns. With 
this method it is not necessary to be aware of the size of the playground, but it is 
required to determine the number of people that make up the rows and columns of 
the playground. The students who proposed this strategy arranged themselves one 
behind another in order to count the number of people in a row or column to cover 
the whole extent of the playground. In Fig.  2  a group of four students can be seen 
standing next to the wall and advancing while counting the number of people 
required to completely cover the side of the wall.  

 The results obtained by the students for a rectangular playground are shown in 
Table  1 .

   The next step of the pedagogic process was a discussion of these results in order 
to reach an agreement on the density of teenagers in a concert, which was fi ve 
 persons per square metre. Thus, the estimation of people that can fi t in the play-
ground leads to the result of 1,750 persons. This activity was useful to show that, 
although this number might not be exact, it provides a reasonable value for the 
magnitude. The class discussion was useful to question the result in relation to other 
contexts: What if the people we have to fi t in are all adults? What if we would like 
to make sure that they can exit fast enough in case of an emergency? Would fi ve 
people per square metre be comfortable long enough? The students proposed 
 making some room in a corner of the classroom for all of them to stand together for 
some minutes. This allowed them to experience how it feels to be very close to other 
people, so they then reduced the number of people fi tting comfortably in a certain 
space. In the case of adolescents, they established a density of three people per 
square metre. It is worth noting that during the process the students ended up 
 exclusively using  population density as the key concept to measure the amount of 

  Fig. 1    A group of six students experimenting with population density       
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people that would fi t in a given space, and therefore they gave this measure meaning 
and relevance themselves. This concept allowed them to unify the arguments that 
seemed valid in similar situations to those they could imagine. 

 The problems B1–B4 confronted the students with some added diffi culties which 
forced them to rethink the methods used to solve problem A. In the concerts at Palau 
St. Jordi (a large indoor sports hall where concerts are often held), people can sit 
down in some areas and stand in others. Plaça Catalunya and the city council square 
do not have a rectangular shape and their area cannot be measured directly. 
Moreover, in both cases there is urban furniture which makes the calculation of the 
practicable surface diffi cult. In the case of the trees in Central Park, the students did 
not know their density yet and had to search for information on the type of trees in 
the park and their dimensions. Concerning the necessary data to solve the problems, 
the students observed that they could not make their own measurements directly. 
After a brainstorming, they suggested using Google Maps as a tool for obtaining the 
measurements. 

 In the particular case of Palau Sant Jordi, the students got estimations between 
15,000 and 24,000 persons. After that, they looked for a given fi gure on the internet. 

  Fig. 2    A group of four students experimenting with grid distribution       

   Table 1    Results for the number of people that fi t in the playground   

 Strategy  Area of playground (m 2 )  Result 

 Group 1  Reference point  353  1,179 
 Group 2  Density  348  2,175 
 Group 3  Grid distribution  –  2,132 
 Group 4  Density  360  2,160 
 Group 5  Density  365  1,462 
 Group 6  Density  275  1,651 
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Some students found that the maximum capacity is 17,960 persons, limited by the 
council regulations. Others found that PSOE (Partido Socialista Obrero Español) 
had announced that more than 30,000 people attended a political meeting there in 
2008. From their own results and their own mathematical productions, the students 
were able to assess the reliability of the statements made by the press, using their 
critical thinking to accept or refuse them. In this case, they were able to see that the 
data made available by the political party were excessive and that some of the media 
did not question them. When the students realised that there were deviations in the 
information given by the media, possibly biased due to political reasons—rendering 
the event more relevant and infl uential than it actually was—, they began to trust 
their own estimations that were backed up by reasoning and did not depend on other 
people’s opinions. 

 As far as the number of trees at Central Park is concerned, Students found infor-
mation of very different orders of magnitude. First, they were searching for refer-
ences in Spanish to contrast their estimations. Finally, a group of students decided 
to look for the data at the offi cial website of the park, and they were able to observe 
that the problem possibly lay in translation: some websites in Spanish had mistaken 
the number of trees for the number of shrubs and bushes. This is how the students 
were able to see how their reasoning became a tool to sensibly contradict certain 
information. 

 The last activity, problem C, focused on a case which triggered great controversy 
in the media. On July 10, 2010, there was a very crowded demonstration in 
Barcelona. The people protested against a resolution of the Spanish Constitutional 
Right’s Court which limited and cut back on the new autonomous statute that had 
been democratically supported by 73.9 % of the Catalans. The different counts of 
demonstration participants were presented to the students and the question they had 
to solve was: Which of these numbers is the most reliable? The students were 
encouraged to use the knowledge acquired in the former activities to answer this 
question. In summary, they used two main strategies. The fi rst one consisted of 
estimating the area occupied by participants (using Google Maps, again) and use the 
density to obtain an estimated number. The second strategy was to calculate the area 
needed to fi t 1,500,000 people and try to imagine how long a street like Passeig de 
Gràcia would need to be. Due to the diffi culty of the situation (people were moving, 
streets around the initial meeting point were occupied, street furniture) the students 
obtained a wide range of values (300,000–600,000 people). However, they were 
able to refute all the fi gures given by the different statements. At the end of the 
activity, the students had already touched upon methods and strategies of their own 
to carry out the estimation tasks. They still had not developed their own perceptive 
abilities to count large quantities but they had a way of operating which enabled 
them to estimate the results with enough precision to rule out some of the options 
presented initially. Therefore, the students developed their own resources to make 
their own decisions grounded on judgements supported by their own mathematical 
knowledge. Based on their experience, the students stated that different interests can 
infl uence the issue of information and concluded that it would not be very 
 complicated to make an estimate, in the same way as those they had previously 
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made, to scrutinize the information given by the media. It is worth noting that after 
solving several Inconceivable Magnitude Estimation Problems and validating their 
own solutions by means of different methods, the students developed confi dence in 
their own results. In the case of the last problem, there is not a result validated by 
consensus of the community, since the offi cial sources do not offer information on 
the methods used to make these estimates and the methodology of the company 
Lynce did not try to measure the amount of people when the street was most crowded.  

    Conclusions 

 In this article, we introduced Inconceivable Magnitude Estimation Problems as real 
context problems that can be solved through the use of partial estimates made by the 
students. We have seen that students produced many different strategies leading to 
successful solutions. From the perspective of learning mathematical concepts and 
procedures, the activity seems rich as it allows the students to exploit their own 
creativity and develop effective resolution processes based on modeling the studied 
realities. The students develop several mathematical models and adapt them to the 
characteristics of each situation. These models are based on identifying the essential 
parts of the situation and solving the subproblems separately, in the same way Fermi 
problems are solved. The working procedure allows the students to create and share 
concepts and methods, and thus all the groups can use suitable methods. 

 By using IMEP, teachers have access to open problems which can be discussed 
in an open manner due to the different approaches to their solutions and the connec-
tions to real life. The discussion of the methods employed and results obtained in a 
large group, with the aid of the teacher, allow for the comparison of the methods and 
the evaluation of the decisions made. Particularly, it is worth noting that the students 
in our example ended up choosing the method of  population density  as the most 
versatile and adaptable. 

 IMEP allow students to integrate school mathematics and real life tools to 
improve their skills for understanding their environment. In this process, the  students 
gain confi dence in their own methods and move on to give meaning to the obtained 
results. Specifi cally, this leads them to developing their own resolution methods and 
to obtain their own solutions. The potential political bias of published data can be 
appreciated, which allows for an interpretation from their own point of view and 
informed decision-making. In this experience, all the problems present a high 
degree of authenticity, which may lead the students to question some statements 
they fi nd on the web or in the media. In this way, it is proven that students are able 
to develop their critical competence and obtain tools to evaluate some of the data 
made public in certain occasions. Especially, this possibility is relevant to informa-
tion which involves non-public counting methods where the obtained data may 
infl uence the opinion of the citizens.     
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      Criticizing Public Discourse and Mathematics 
Education: A Commentary 

             Charoula     Stathopoulou    

    Abstract     The commentary on the chapters of Chassapis and Giannakopoulou and 
of Albarracín and Gorgorió points to the mutually constitutive relationship between 
in-school and out-of-school contexts. It refl ects on the ways in which the two chap-
ters integrate mathematics education with socio-political realities and social justice.  

      I would like to express my pleasure for the interesting and challenging opportunity 
to discuss the two chapters of this section, to share their common space, and to con-
sider further perspectives. The two chapters might appear unconnected at fi rst, con-
cerned with research in different settings. Yet they have an underlying, connective 
tissue. Taken together, they provide a powerful analysis, grounding mathematics 
education in a sociocultural approach that emphasizes the political dimension of 
mathematics and mathematics education. 

 The chapter by Chassapis and Giannakopoulou, “Numbers on the Front Page: 
Mathematics in the News”, explores media discourse, focusing on numerical dis-
course as it appears on the front pages of Greek newspapers. This research concerns 
mathematics outside of the classroom, but in a way that informs classroom prac-
tices. The other chapter, “Classroom Inconceivable Magnitude Estimation Problems 
to Improve Critical Thinking”, by Lluís Albarracín and Núria Gorgorió, ostensibly 
analyzes fi eld data on classroom practices; yet, their didactical approach strongly 
affects students’ future reactions in out-of-school settings. So, though unintention-
ally, these two projects are in a dialogue, with both challenging the division of in- 
school and out-of-school mathematics by using mathematics/mathematical ideas 
consistently interlinking both fi elds. This dialogue is an interesting contribution to 
the discussion on the dichotomies of in- and out-of-school mathematics that typi-
cally begins with the assumption that they are separate entities. In addition, this 
dialogue contributes to the ongoing discussions regarding the role of mathematics 
education and of critical mathematics education for citizenship in a democracy. 

        C.   Stathopoulou      (*) 
  Department of Special Education ,  University of Thessaly ,   Volos ,  Greece   
 e-mail: hastath@uth.gr  

mailto:hastath@uth.gr


280

    Numbers on the Front Page: Mathematics in the News 

 Chassapis and Giannakopoulou’s research constitutes an example of criticizing 
public (media) discourse, and particularly a discourse articulated through and 
around numbers (numerical discourse) that appears in a characteristic place: Greek 
newspapers’ front page headlines. 

 Numerical discourse, especially in the media, is a particular kind of discourse; 
the use of numbers usually appears as the objective measure of subjectivity, as the 
depiction of reality. Expressions like ‘numbers speak for themselves’, which accom-
pany numerical data describing several social situations, dictate one and only one 
interpretation: that of the knowing writer. As the authors notice, quoting Alonso and 
Starr, acts of social quantifi cation are “politicized” not in the sense that the numbers 
are somehow corrupted—although they may be—but because  political judgments 
are implicit in the choice of what to measure, how to measure it, how often to mea-
sure it and how to present and interpret the results.  

 Furthermore, because readers often read and recall only the headlines, corre-
sponding ideologies are passed along to the audience through these headlines. 
Through their textual function to frame the story, these paragraphs, which are typi-
cally but not necessarily one-sentence paragraphs and which stand alone at the 
beginning of the story, could also afford the development of a propagandistic dis-
course. As Chassapis and Giannakopoulou mention, most newspapers’ headlines on 
front pages, as well as radio and TV news that announce or comment on govern-
mental plans and decisions—and, as a consequence, most of the related political 
debates—are fl ooded with numbers and numerical indices, interpreted and com-
mented upon according to the case, thus producing a specifi c numerical discourse. 

 The methodological framework the authors adopt in order to analyze the titles on 
front-pages is based on a version of Critical Discourse Analysis (CDA) introduced 
by Fairclough. This is a suitable interpretive framework since it helps to explain 
data through the broader context, in their case: Greece in the recent crisis and the 
main politics that are connected to that period. So, the messages on the front pages 
are analyzed in relation to the sociocultural and political situation. Chassapis and 
Giannakopoulou draw on work of Rogers et al. and Janks for clarifying three dimen-
sions of discourse. 

 From a critical poststructuralist perspective, CDA focuses on the linguistic 
dimension of social power as a central terrain for struggle over other forms of social 
power. Chouliaraki ( 2010 ) sustains that, if the Saussurean view stresses the “refer-
ential” power of language, the critical and poststructuralist perspective stresses the 
performative power of language, “that is, the capacity of language to constitute the 
world in meaning at the moment that it claims to simply represent it”. Every linguis-
tic utterance arises from a position of social interest (be this race, gender, or class), 
and every linguistic utterance makes a claim to truth that seeks to reclaim these 
interests and reestablish their power through meaning. “In Foucault’s terminology, 
linguistic relations appertain to particular systems of ‘power/knowledge relations’ 
specifi c to their historical juncture” (Chouliaraki  2008 , p. 674). From a CDA 
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 perspective, media discourse “is a recontextualizing principle for appropriating 
other discourses and bringing them into a special relation with each other for the 
purposes of their dissemination and mass consumption” (Chouliaraki  1999 , p. 39). 

 Chassapis and Giannakopoulou refer to the three levels of Fairclough’s frame-
work: the text, the discursive practice, and the sociocultural practice. In their textual 
analysis, they focus on the use of numbers in the newspapers’ titles that appear in 
combination with sentences that  serve the main purpose of the text . The text is pre-
sented in a multimodal way as pictures, tables and fi gures accompany and support it. 
Apart from the modality, another thing that is remarkable concerns the kind of num-
bers that are used in the titles of the front pages. As Chassapis and Giannakopoulou 
notice, although whole numbers, decimal numbers, and fractions appear, the major-
ity are percentages. The dominance of percentages—as they rightly note—has to do 
with their property to be  suitable for numerical alchemies and appropriate for polit-
ical manipulations projecting — among other ideas — a false sense of equality, hence 
equity . For example, in the headlines the expression, “4 % reduction to salaries,” 
 emphasizes the equal treatment of employees regarding the reduction of their sala-
ries but conceals the inequality of the amounts corresponding to each particular 
salary . This notice confi rms the perception that on the one hand discourse is not only 
used in order to describe the reality but also to create this reality, and on the other 
hand that, very often, what is omitted is more important than what is presented. 

 Regarding the modes/genres that appear on the front pages of the newspapers, 
declaration and argument are identifi ed as the most common;  each one [is] used … 
to serve a different purpose according to the political interests promoted . Chassapis 
and Giannakopoulou notice that editors organize their reports in headlines around 
numbers in a way that suggests that these numbers present reality. The majority of 
the people who read the headlines—a different population from those who read the 
newspapers’ articles—cannot decode the information given in a numerical dis-
course with which they are not familiar. The authors maintain that the use, here, of 
declarations and arguments with numerical data gives a sense of objectivity. 
Referring to Porter,  the language of mathematics is well suited to embody objective 
judgments and it is adopted when claims to knowledge need to gain trust and cred-
ibility beyond the bounds of locality and society . 

 For the discourse practices, the primary concern is with the way texts are pro-
duced and consumed. It is through understanding of text production and consump-
tion that the fi nding established at the micro level (textual analysis) can be properly 
interpreted. Fairclough calls for an understanding of at least three aspects of produc-
ing and consuming texts in order to interpret descriptions of texts: “the ways in 
which texts are produced by media workers in media institutions, how media texts 
are socially distributed, and the ways in which texts are received by audiences (read-
ers, listeners, viewers)” ( 1995 , p. 16). Chassapis and Giannakopoulou discuss how 
the texts are produced. They further look at their distribution, which depends greatly 
on the kind of media: Due to specifi c technological attributes, different kind of 
media may cause a different kind of impact on social behavior and social relations 
(Meyrowitz  1997 ; Sheyholislami  2008 ). Here, parallel to the analysis of the role of 
the headlines, we fi nd another kind of discourse, one that differs from that of the 
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actual articles for which the headlines have been written. A written text usually 
requires a particular familiarity with the language and the genre of the printed 
media; the headline is addressed to a broader audience than the people who read the 
whole newspaper article. We could say that the headline audience is closer to a TV 
audience. In their analysis of discursive practices, Chassapis and Giannakopoulou 
address differences across dimensions of textual consumption by the audience, yet 
they opt to discuss the texts they are examining as a potential situation. They do take 
the participants into consideration, mentioning that many readers, as participants in 
communicative events based on numerical discourses, are not in a symmetrical 
 relationship with the other participant, the writer. They also indicate that the readers 
are  probably accustomed to the genre and the editor’s strong voice in the text , so 
that they do not contribute equally to the construction of a communicative event. 
They suppose that the use of numerical discourse reduces the full access to the text 
by everybody, that is, every potential audience. 

 The incorporation of audience research in the methodology of CDA research has 
been heavily criticized. In particular, it has been imputed that CDA analysts assume 
how audiences interpret texts without asking them. Although the value of audience 
research has been recognized, some researchers stress that this type of research 
often ignores issues of power associated with the text, thus undermines the political 
economy of media texts, the political and economic aspects of text production, and 
consumption (Madianou  2005 ). Regardless of whether one can incorporate other 
methods in a study or not, texts remain in the end as rich, intricate and appropriate 
sources of discursive and ideological analyses (Sheyholislami  2008 ). 

 In the third level of analysis—sociocultural practice—it is attempted to explain 
what social, cultural and political motives could be behind the ways in which texts 
are produced, distributed and consumed. The broader framework that explains the 
motives behind the text (newspapers’ front page headlines) is neoliberalism in 
Greece in times of crisis. In a framework like this the aim of those in power—politi-
cians and newspapers that support governmental policies and decisions—is to:

  persuade the public that the various consequences of the crisis that broke out in the country 
have to be borne equally by all citizens regardless of their individual income and its sources, 
since they have all been involved through their various actions, behaviors and stances in the 
creation of national fi scal defi cits and thus in the causation of the crisis. 

 Again, as the authors point out, the use of a numerical discourse in front page 
headlines produces a particular rhetoric that is used to support politics. The exam-
ples of newspapers referred to mostly support the dominant politics through the use 
of numerical data. The fact that the numerical data is used in order to create an alibi 
for their policies becomes clearer after the example of a newspaper from the politi-
cal opposition; here, the same data is used in a different way, leading to a different 
interpretation. 

 Chassapis and Giannakopoulou note that the “technicization of politics”—a term 
coined by Miller and Rose for describing situations that need to be presented by 
experts—is used in a way that excludes the majority of citizens, as non experts, 
from access to the information and moreover the interpretation of the information. 
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The use of numerical data on front pages and the way (mode, modality) these are 
presented, as they have pointed out, dictate one reading to the audience, an audience 
the majority of which has no tools for completely understanding the information, 
nor for distinguishing the information from its interpretation. 

 The demand the authors put forward at the end of their paper concerns the math-
ematics educators, and mostly mathematics educators ascribing to critical mathe-
matics education: these educators  must teach the mathematical meanings of 
numerical concepts, e.g. percentage, and at the same time they have to select some 
of the referential meanings of these concepts and reject others, all of which are 
widely promoted and everywhere visible in public life, today . It is a question asking 
how mathematical practices can contribute to the development of critical mathemat-
ics teaching; an issue that is also discussed in the next chapter of this section.  

    Solving Mathematics Problems in Real Life Contexts 

 Teaching mathematics as an abstract object for a long time has led students to per-
ceive mathematics in a widely discussed dichotomy between in- and out-of-school 
mathematics. This creates diffi culties in applying mathematics to real-life situa-
tions. As Van den Heuvel-Panhuizen ( 2001 ) comments, learning mathematics sepa-
rate from students’ experience leads students to quickly forget mathematics and to 
not be able to apply it. According to Freudenthal,  discussing problems with real-life 
contexts in the classroom may be very enriching for the students . A widely dis-
cussed issue regarding real-life problems and their use in the classroom concerns 
their authenticity. As Albarracín and Gorgorió note, a  considerable feature of prob-
lems based on real-life is their level of authenticity ; authenticity of coursework 
according Palm is described as the extent to which a task can be moved to a real-life 
situation. He maintains that students who have extensive experience answering 
questions  with a higher level of authenticity, using knowledge from their everyday 
life, obtain more exact answers that are more consistent with reality than students 
who work mostly with problems with a lower level of authenticity.  The importance 
of solving problems in authentic, real-life contexts is also stressed by Gulikers et al. 
( 2005 , p. 511):

  An authentic learning environment provides a context that refl ects the way knowledge and 
skills will be used in real life. This includes a physical or virtual environment that resembles 
the real world with real-world complexity and limitations, and provides options and possi-
bilities that are also present in real life. 

 Authentic environments provide a realistic context to a (authentic) task. 
 The research project that Albarracín and Gorgorió present here concerns the esti-

mation of large quantities. The wider framework informing their problem construc-
tion is the political situation regarding Catalonia’s issue of autonomy, and particularly 
the numerous demonstrations in this geographical area in the last decade. Media 
reporting the number of people participating in these demonstrations make 
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 estimations and construct explanations without sharing the methods used to receive 
these numbers. The researchers begin with a problem in a context familiar to the 
students, then move to a similar context, and then focus on problems concerning 
estimation of populations participating in demonstrations. Apart from problem solv-
ing, students think about political issues and the ways media deal with them. In this 
way, students gain the opportunity to examine public discourse critically. 

 In the situations described, students are involved in solving authentic problems 
that demand creative responses for fi nding solutions. Students construct models for 
problem-solving that become more elaborate and richer from one problem to the 
next. Their involvement in these kinds of problems constitutes an exercise in critical 
thinking (Appelbaum  2000 ,  2008 ). In order to solve the problems, students need to 
take into consideration the framework of the problems, the real situations, and in 
this way they come closer to the quality of a conscious citizenship. Students not 
only have to solve problems in the framework of the mathematics classroom but 
also have to refl ect on their solutions and examine the sustainability of their solu-
tions. They need to move out of the classroom practically and symbolically, and 
incorporate this out-of-school experience into their work for mathematics learning.  

    Conclusion 

 Lluís Albarracín and Núria Gorgorió start their chapter quoting a statement of 
Diamond and Plattner: Democracy in its purest or most ideal form would be a soci-
ety in which all adult citizens have an equal say in the decisions that affect their 
lives. In order for people to reach this point, it is necessary for them to have the 
capability of understanding and interpreting the situations that surround them. 
Albarracín and Gorgorió mention the need for interpretative tools. Their suggestion 
is that problem-solving—solving particular kinds of problems—could respond to 
this need. This sort of problem-solving demands not only that students process 
problem data, but that they also pursue additional data, and furthermore that they 
look for and take into consideration information from a broader context. It is in this 
sense that problem-solving alone does not fully capture the kinds of skills that 
democracy demands of its citizens. As Albarracín and Gorgorió show, problem- 
solving plus the inclination to pursue additional information might be more 
appropriate. 

 Dimitris Chassapis and Eleni Giannakopoulou demonstrate that the use and 
‘misuse’ of numbers in public discourse can mislead people when they do not think 
critically, or do not have the training necessary to interpret, and perhaps question or 
challenge what appears to be the objective truth. As Harindranath ( 2009 , p. 15) 
notes, “if public discourse is a constituent of democratic participation and knowl-
edge and the interpretation of the media as the arena of public discourse are related 
to experience, then audience evaluations of what constitutes valid knowledge 
became crucial”. 
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 Taken together, the two chapters show the mutually constitutive relationship 
between in-school and out-of-school contexts: School mathematics promises to cre-
ate citizens who will bring critical mathematics understandings and methods of 
interpretation into the public discourse. The use of public discourse examples in 
school can help students to become the kinds of citizens we might hope to have as 
fellow members of our democracies. At the same time, public discourse creates the 
need for education that prepares people for potentially misleading and manipulative 
news stories, which take their importance and apparently objective truth from the 
use of mathematics, and especially from the numbers in the news headlines on front 
pages, constituting the world while claiming to simply represent it. 

 Thus we can see the need for mathematical skills and concepts both in and out of 
school. We also see the need for mathematical skills and concepts to be integrated 
with critical thinking to raise citizens’ ability to understand the use and ‘misuse’ of 
mathematics. We can furthermore understand from the interaction of these two 
chapters how the need for certain kinds of mathematical knowledge and the idea of 
what a mathematically literate citizen might be are mutually supportive of one 
another. In another historical context, Cline-Cohen ( 1999 ) explained how an increas-
ing enthusiasm for numeracy in the early colonies of European powers led to both a 
uniquely colonial character defi ned by systems of census, mercantilism, power and 
control, and an accompanying set of skills expected of all members of that society. 
More recently, the rise of the social welfare state and its parallel interest in a pro-
gressive, student-centered education of mathematically literate citizens capable of 
making deliberate decisions in a social democracy, have been shown to create a 
collection of rational, logical thinkers who are in fact more easily governed through 
the use of reasoning and mathematical arguments (Walkerdine  1990 ). These are the 
preoccupations of critical mathematics education, which aims to integrate mathe-
matics education with society in a common goal of social justice. Here we might 
take the papers in this section as examples of mathematics in action, observation 
and refl ection; mathemacy as a critical mathematics education for citizenship, 
mixed together in the ‘soup’ of social responsibility (Skovsmose  2011 ).     
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      Facilitating Deliberate Dialogue 
in Mathematics Classroom 

             Ana     Serradó     ,     Yuly     Vanegas     , and     Joaquim     Giménez Rodríguez    

    Abstract     This chapter develops the concept of ‘deliberative dialogue’ to explore 
crucial characteristics of mathematics classroom practice, in which the promotion 
of social participation is an explicit aim. It presents two case studies: one on future 
teachers facing deliberate dialogues, another on on-line deliberate dialogue in a 
secondary school mathematics classroom. It concludes that more pre-service and 
in-service teachers should be involved in design-based research activities that seek 
to facilitate participation and deliberate dialogue in mathematics classrooms.  

         Introduction 

 The use of internet and wireless access has brought a revolution in the world of 
communication, transforming the traditional communication of face-to-face inter-
actions to new horizontal on-line interactions where actors are more independent of 
social institutions (Castells  2012 ). Considering that the school is a relatively weak 
public institution, we can ask if it is prepared for the challenge of this new kind of 
communication. The answer to this question reopens the analysis of the relation-
ships between talk and debate, horizontal and vertical discourse, participation and 
dialogue, face-to-face and on-line interaction, autonomy and authority. Furthermore, 
it gives the possibility to answer some unanswered questions, such as: What kind of 
public debate is most likely to expand civic engagement and make it meaningful for 
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all people? Is there evidence of similar debates in mathematics classrooms? Is there 
a problem of defi ning mathematical communication when we talk about engage-
ment in public discourse? Which kind of participation can be considered as 
 deliberative dialogue in the mathematics classroom? 

 In this chapter, we explore theoretically the characteristics of mathematics 
 classroom practices promoting participation that can be considered as deliberative 
dialogue. In fact, we know that two main variables infl uence mathematics participa-
tion and deliberation in rich tasks: the activity proposed, and the management of the 
activities (Gorgorió et al.  2000 ). Those characteristics form an initial theoretical 
framework that helps to overcome the diffi culties of drawing the blurred lines 
between participation, deliberative dialogue and deliberative communication. The 
differences between them will be analysed on the basis of two case studies related 
to the analysis of the role of tasks and the role of the teacher when managing 
 deliberate dialogue in mathematics classrooms.  

    Participation for a Deliberative Dialogue 
in Mathematics Classrooms 

 In this section, we explore theoretically the characteristics of participative practices 
in mathematics classrooms that can be considered promoters of deliberative dia-
logue. The analysis of the complexity of participation in mathematics classrooms 
has been elaborated in different ways. One of the simplest ways of analysing this 
complexity arises from the description of the structures of a dialogue when trying to 
clarify the differences between actively-talking and actively-listening participants 
(Hammond and Wiriyapinit  2005 ). From this analysis, three patterns of participa-
tion can be described: non-participation, quite-participation (reading), and commu-
nicative participation in an online context (Hammond  1999 ). We cannot consider 
these patterns as static terms of individual participation, since all the participants in 
a dialogue have moments of quite or communicative participation. The importance 
of this categorization for understanding the deliberative dialogue for a democratic 
mathematics education is that students, as communicative participants, have a com-
mitment for their learning and feel the responsibility to promote the participation of 
others. 

 The belief of the importance of the responsibility in participation, as a demo-
cratic value, can be analysed through a theory of argumentation and of decomposi-
tion of the speaker’s role (Krummheuer  2007 ), and a psychological perspective that 
characterises students’ individual beliefs about their own role and others’ roles 
when participating in mathematics classrooms (Cobb et al.  2001 ). The integrative 
and analytical theoretical framework, used by Cobb et al. ( 2001 ) for the analysis of 
participation in the mathematics classrooms, presents beliefs in relation to class-
room social norms analysed through a socioconstructivist lens. Examples of those 
classroom social norms, which are jointly established by the teacher and the stu-
dents, are: attempting to make sense of explanations given by others, indicating 
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agreement or disagreement, and questioning alternatives when a confl ict in interpre-
tations becomes apparent. These examples of the participants’ discursive interac-
tions can be analysed from a linguistic perspective through four interactive 
properties: evaluative, informative, interpretative and negotiatory (Bairral and 
Powell  2013 ). 

 When teachers and students accept those social norms of participation and are 
engaged in interpretative and negotiatory discursive interactions, they can develop 
skills such as getting in contact, locating, identifying, advocating, thinking aloud, 
reformulating, challenging and evaluating—skills that teachers and students can 
bring into play in a deliberative dialogue (Alrø and Skovsmose  2002 ). However, the 
adoption of these social norms and skills in participation are not suffi cient to assure 
a deliberative dialogue in the mathematics classroom. The deliberative dialogue can 
only be intentionally promoted by the teacher when s/he involves the students in a 
communicative process in which three points are considered attentively and care-
fully: (a) the reasons or lack of reasons for people’s preliminary opinions and judge-
ments before actually making a fi nal statement, (b) the pros and cons of possible 
decisions before actually making them, and (c) the benefi ts and losses of possible 
courses of action, before engaging in them (Valero  1999 ).  

    A Critical Theory: Deliberate Dialogue 
and Deliberative Communication 

 One of the main differences between deliberate dialogue and deliberate communi-
cation is the teachers’ intentionality to facilitate a democratic participation of all 
students. In the characterisation of the properties of discursive interactions for a 
deliberative dialogue, the meaning that is given to judgements is key. Students often 
use judgements as a neutral linguistic action while understanding and accepting, or 
not accepting, the conversational partner thinking aloud, expressing meaning. 
However, we consider that: “In making a judgment, people take into account the 
facts as they understand them and their personal goals and moral values and their 
sense of what is best for others as well as themselves” (Yankelovich  1999 , p. 179). 

 The intentionality of the deliberate dialogue, when making explicit democratic 
mathematics classroom practices, can be understood, from the point of view of criti-
cal theory, as a more elaborate construct within the frame of deliberative communi-
cation. The role of the teacher is central in deliberate dialogue and crucial when it 
comes to management, power, responsibility, and judgement. In almost all cases, it 
is the teacher who has to make professional judgements about the possibility and 
suitability of initiating, authorising, and conducting (or continuing) deliberative 
communication, and if necessary about bringing it to an end if it seems to be unsuc-
cessful or has been pursued as far as possible. The students are very important team 
workers, as both actively-talking and actively-listening participants, but it is the 
teacher who has the crucial role with regard to the direction, possible continuation, 
and conclusion of deliberative communication. It is considered that reciprocity, 
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publicity, and accountability are the main principles for deliberative democracy 
(Gutmann and Thompson  1996 ). 

 That reciprocity should also grant the possibility to students as active-speakers 
and writers, as proposers of problems and questions (Hudson and Bruckman  2004 ), 
to overcome the deliberative contribution to meaning-creation and knowledge forma-
tion (Englund  2006 ), recognising the interactional suitability of the task (Giménez 
et al.  2013 ). Many authors assume that deliberative communication implies respect 
based upon differences and searching for consensus (Englund  2006 ; Habermas  1987 ) 
as fundamental criteria for democracy (Dewey  2008 ). Other characteristics men-
tioned are related to overcoming authorities or traditional views (represented, for 
example, by parents and tradition). They include the opportunity to challenge one’s 
own tradition and the scope for students’ deliberate activities without teacher control, 
i.e. for argumentative discussions between students with the aim of solving problems 
or decision-making through looking at problems from different points of view. 

 In a deliberative communication, as reported by Mark Gerzon, the “critical quality 
of dialogue lies in that participants come together in a safe space to understand each 
other’s viewpoint in order to develop new options to address a commonly identifi ed 
problem” (Pruitt and Thomas  2007 , p. 20). Problems are open in their cultural, his-
torical and political dimension, going beyond the mathematical contexts. 

 It is regularly assumed from the political perspective that deliberate dialogue has 
the following characteristics (McCoy and Scully  2002 , pp. 120–128): (a) encourage 
multiple forms of speech and communication to ensure all people have a real voice, 
(b) make listening as important as speaking, (c) connect personal experience with 
public, (d) build trust and create a foundation for working relationship, (e) explore a 
range of views about the nature of the issue, (f) encourage analysis and reasoned argu-
ment, (g) provide a way for people to see themselves as actors and to be actors, (h) 
help people develop public judgement and create a common ground for action, (i) 
create ongoing processes, not isolated events. Deliberative democrats specifi cally 
accentuate the character of processes, with the starting point that different views have 
to be adjusted or confronted by means of argumentation in order to decide our com-
mon destiny on mutually acceptable terms (Englund  2006 ). That emphasizes respon-
sibility and consequences, and implies that public socialisation introduces citizenship, 
giving meaning to schools as spaces for deliberative communication (Englund  2011 ). 

 From our perspective, deliberate communication in the global-technological 
world is an important topic, as our modern society requires citizens to contribute to 
political debates with democratic attitudes, by using dialogic behaviour (Valero 
 1999 ). Within such a framework, it is assumed that the role of the teacher is crucial, 
since s/he has both the real authority (in terms of the necessary knowledge and per-
spectives) to determine the discursive conditions for dealing with the problem in 
question and the formal authority to do so, which can always be misused. In addi-
tion, the student has the motivation and autonomy to accept the discursive norms 
established by the teacher to truly engage in discourse and establish common class-
room social and mathematical norms to question alternatives when confl icts in solv-
ing problems or decision-making appear. When developing classroom social norms, 
the mathematical school and classroom practices become a privileged space in 
which it is possible to frame democracy, as an integral part of the public sphere. 
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 We are convinced that deliberate dialogue in mathematics classrooms for 
 democratic citizenship should enable different forms of communication that support 
face-to- face and on-line dialogue and negotiation through deliberative interaction as 
a form of participation, based on research attitudes that teachers incorporate in their 
practices for a full engagement of students. Furthermore, if this deliberate dialogue 
is intentionally initiated by the teacher for a democratic responsible engagement of 
the students in the mathematics classroom, we say that teachers engage students in 
a deliberate communication. In teacher education, it is also necessary to recognise 
capacity building and task analysis to identify social problems of democratic 
 processes that are related to mathematics (Vanegas and Giménez  2012 ). 

 Within such a framework, our main questions here are related to both the role of 
the teacher and the role of the tasks: What is the teacher’s role in deliberate dialogue 
in the mathematics classroom? Which conceptions do pre-service teachers hold 
about the teacher’s role in a deliberate dialogue in the mathematics classroom? 
Which tasks facilitate deliberate dialogue in the mathematics classroom? Which 
conceptions do pre-service teachers hold about how tasks facilitate deliberate 
 dialogue in the mathematics classroom? 

 In line with this background, two case studies are presented. In the fi rst case 
study, we analyse the perspective of future teachers on deliberative communication 
and dialogue. The second case study shows experiences of how deliberative dia-
logue can be facilitated in secondary compulsory mathematics classrooms using a 
blend between face-to-face and on-line environments.  

    Case Study 1: Future Teachers Facing Deliberate Dialogues 

 In this study our aim is to identify the position of prospective teachers on the topic 
of deliberate dialogue, by asking their opinions about the teachers’ role in a deliber-
ate dialogue and about the kind of tasks to facilitate deliberate dialogue in mathe-
matics classrooms. In order to identify these positions, we used two instruments: an 
initial task developed for prospective mathematics elementary teachers and a fi nal 
professional task developed for future secondary mathematics teachers. We do not 
use any theoretical tool to analyse the questionnaire of the initial task. Meanwhile, 
for the fi nal task we developed a didactical analysis. Furthermore, in order to iden-
tify the emergent characteristics about the deliberative dialogue, we classifi ed future 
teachers’ answers according to the following categories: (a)  compromise  in which 
something is explained about the importance of having judgements and decisions, 
and explanations in which ideas about collaborative refl ection appear that include 
building questioning group processes, explaining the reasons or lack of reasons for 
people’s preliminary opinions and judgements; (b)  openness to deliberative leader-
ship  in which it is important to consider classroom dialogue having a priori refl ec-
tions about possibilities, advantages and disadvantages of a situation, and (c) 
 transformation , as argumentations in which ideas of using mathematical dialogues 
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for transforming and mobilising social relations appear, explaining the benefi ts and 
losses of possible courses of action before engaging in them. 

 The initial instrument, consisting of a questionnaire developed in 2011 and 
improved in 2012 by Vanegas and Giménez ( 2012 ), asks two groups of prospective 
mathematics elementary teachers to analyze different school activities. The fi rst 
activity was a quasi-deliberative debate in preschool, in which the teacher proposed 
observations about art and opened up a discussion about shapes. A second situation 
was started by explaining that water resources are limited. The main question pro-
posed was to analyse the quantity of fresh water on Earth and to fi nd the amount of 
river water, in order to explain why it is important to preserve these resources. When 
we, as experts, analyse the role of a situated context in the activity, we can see that 
the questions do not promote an immediate relation between proportions and the 
social problem. The teacher can decide about deliberative dialogue but it is not 
included in the text. A third situation introduced Hooke’s law. By reading a table of 
data with missing values, students without any empirical experience were asked to 
establish the functional relation, to see the proportion and construct the equation of 
the corresponding straight line. No dialogue was presented in this case to see if the 
future teachers also considered the dialogue itself as important to describe the 
activity. 

 The didactical analysis of the fi nal professional task for secondary mathematics 
teachers was done on the basis of data obtained from two groups of students (aca-
demic year 2011, 2012). The students’ answers were classifi ed, according to the 
emergent characteristics about the deliberative dialogue. The results in Table  1  
show that a few statements relate to deliberative characteristics.

   About the role of the tasks we found that some future teachers of the academic 
year 2011 told us that a certain type of tasks in specifi c contexts, such as ecological 
situations or environmental problems, promotes refl ective compromises more than 
other situations. In these activities, the future teachers consider that the junior- 
school students can be introduced to social discussions. They also say that it is dif-
fi cult to promote a deliberative dialogue without any question devoted to the 
historical context, and the possibility to introduce the idea of limited values in con-
nection with Hooke’s law. 

 In general, extra-mathematical context is considered as the main element to pro-
mote a questioning discussion. Thus, many statements focus on the impact of specifi c 
tasks, arguing that themes as “the need for water, offer more possibilities … giving 
responsibilities to the student” (Sergio). However, there is no evidence that the future 
teachers think of the use of the negotiation of mathematical meanings in order to 

   Table 1    Number of teachers referring to each deliberation category   

 Future 
teachers (N) 

 Compromise & 
collaborative refl ection 

 Openness for 
taking decisions  Transformation 

 2011  22  5  4  2 
 2012  34  5  0  0 
 Total  56  10 (17.8 %)  4 (7.14 %)  2 (3.57 %) 
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make deep judgements. Such a questioning participation seems not to be centred 
upon deliberate principles, and consensus seems to be related to extra- mathematical 
ethical issues (Vanegas  2013 ). Although the future teachers talk about social prob-
lems behind the tasks, they do not relate them to the mathematics needed for discuss-
ing the social problem, which is not included in the problem formulation. 

 About the role of the teacher, 2011-prospective teachers focus on consensus in 
participative classrooms in which “the teacher has a key role in driving such partici-
pation” (Lidia). Seeing sentences such as “the teacher introduces the refl ection … 
and talks about planar shapes” we identify that some of the future teachers assumed 
a directive position. The idea of critical collaborative refl ection interpreted as rea-
soning in order to promote personal opinions and learning from the others was 
scarce. When future teachers talk about the value of active participation, when 
building mathematical meanings to solve social problems, the statements relate only 
to teachers’ intentions and attitudes. In some cases, their explanations state the need 
to evoke differences. We found explanations associated with the ideas of transfor-
mation and self-regulation. However, prospective teachers did not value how math-
ematical involvement might modify or improve the initial social conditions proposed 
by the task. 

 During the academic year 2012, a second version of the professional task was 
distributed to a new group of future secondary mathematics teachers. This new pro-
fessional task was improved by including new activities similar to those described 
in the initial task with a description of a short class episode in a geometry situation 
using Geogebra. Furthermore, prospective teachers had been introduced to the anal-
ysis of the complexity of mathematical practices, focusing on participation and dia-
logue (Giménez et al.  2013 ). Also, teachers were asked to analyse their contribution 
as teachers to foster deliberation. 

 When involved in this activity, the future teachers revealed a more open ques-
tioning attitude than we observed during the initial questionnaire tasks. The value 
given to the communicative role was suddenly reduced to evaluation, and it was 
assumed that the main characteristic of a dialogue is to promote agreements among 
the students.

  I asked questions about what they are thinking, to assess their argumentation competencies. 
It was interesting to observe the disagreements and different opinions in some groups, and 
also how everyone tried to convince the others. Some groups had short dialogues, and I 
decided to stay with them to motivate the conversation, but not always with success. (Javier) 

 In order to reconstruct the effects of the training program in the two groups of 
future teachers (academic year 2011, 2012), we decided to observe the fi nal-masters 
work, in which they analysed their pre-service school practice and gave proposals 
for improvement. Our aim was to fi nd out which aspects they consider as facilitating 
participation, and which are their approaches to deliberative debates. Their fi nal 
writings have been analyzed in terms of communicative arguments deeper than 
simple descriptions, questions and information. We categorized their statements, 
which express values of dialogic processes, according to the three main  characteristics 
of deliberation. 
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 An important result is that almost all of the future teachers’ comments reveal that 
there is not enough participation in mathematics classrooms but just peripheral par-
ticipation (Lave and Wenger  1991 ). 76 % of the future teachers claimed that a contex-
tualized activity is necessary to achieve real participation. More than a half of the 
future teachers indicated that the type of questions and the role of the teacher must 
change to allow students to acquire autonomy and generate dialogue and communica-
tion. In some cases, the future teachers integrated this idea in an inclusive thinking.

  I consider that in the classroom dialogue and communication is possible, introducing/
encouraging the interventions of the students with open questions like: Who thinks this or 
that? which create debates and different opinions among the students, through mathematics. 
(Susanna) 

 The future teachers identify the importance of collecting communicative pro-
cesses as an instrument of the teacher’s regulation. The main characteristic attrib-
uted to the students’ dialogue is to give possibilities for solidarity “ identifying the 
needs of the colleagues and solving them ” (Roger) during the communication itself. 
Nevertheless, a few comments appear which recognise the potential of mathematics 
in contributing to making judgements or reaching consensus and to considering ele-
ments from theories. 

 Two future teachers mention explicitly the need of using digital communication 
and on-line tools (blog, email, Moodle etc.) to promote effective participation by 
giving responsibility to the students (according to Krummheuer  2007 ). This is an 
important change with respect to the use of dialogue as it refers to a change of the 
teacher’s role.

  Promoting the exchange of group productions, generating discussions with the whole class 
in order to improve mathematical processes … as I could see when introducing Pythagorean 
rule … I think it was a key point to design a propaganda paper, because it offered the oppor-
tunity of discussing not only what is important, but also how to explain and present it to the 
others. (Roger) 

 Such a comment refl ects a set of characteristics of the dialogue and the role of the 
teacher in favour of authentic participation. However, for the majority of future 
teachers, it still seems to be diffi cult to accept the rules of deliberative dialogue, 
even after the teaching training course. The process of overcoming these diffi culties 
by a secondary school teacher is shown in the case study 2.  

    Case Study 2: On-Line Deliberate Dialogue in 
a Secondary School Mathematics Classroom 

 In order to answer the question of which tasks facilitate deliberate dialogue in the 
mathematics classroom, we carried out a design based research (Cobb et al.  2001 ) 
about the use of an asynchronous discussion forum of MOODLE as a tool for ana-
lysing deliberate dialogue in secondary mathematics classrooms. Two forums were 
created for grade-ten students (15–18 years old). 
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 Forum 1 took place during September, October and November of 2008. The task 
requested students to participate in an on-line discussion forum to answer the ques-
tion: How do scouts use trigonometry? 

 Forum 2 was initially structured in 2011 with the aim of analysing, comparing 
and interpreting two statistical graphs on the development of the economy and pop-
ulation during 1980 and 2005. In 2012 it was re-structured based on the fi ve stages 
of Salmon ( 2004 ). The access and motivation stage, proposed by this author, was 
made in a face-to-face classroom environment, where the 19 students were asked to 
participate in the on-line forum that took place during January and February of 
2013. They had to answer fi ve questions:

   (F21) Which data of the graphics about the variation of the economy and population 
led you to believe that there does, or does not, exist a relationship between them?  

  (F22) Can you affi rm that when the economy grows there is a positive variation in 
the population?  

  (F23) Which are the social, political and economical factors that have caused a 
negative variation of the population?  

  (F24) In function of the data analysed, why do you think that the improvement of 
the Andalusians’ life conditions are restricted by a work reform?  

  (F25) By looking at data on the internet from the period 2006–2012, explain how to 
understand the “possible relationship between the economic evolution and the 
decrease in the number of immigrants in the country?”   

The students also had the instruction: “The fi rst student writes up an idea, the sec-
ond student explains if s/he agrees, then improves it and so on until you have created 
a corps of knowledge.” 

 Different iterations for improving the instructional materials and teachers’ exper-
iments had been done together with retrospective analyses (Serradó  2009 ,  2012 ). 
The actual investigation reanalysed all the dialogues to identify the properties of the 
students’ participation (NP non participatory, QP quite participatory, CP communi-
cative participation). Every log has been coded to identify the main property of the 
interlocution: evaluative, informative, interpretative and negotiatory (Bairral and 
Powell  2013 ). In the case that the interlocution is mainly interpretative and negotia-
tory, the content analysis of the logs consisted in identifying the possible skills that 
students used in the dialogue: locating, identifying, advocating, thinking, reformu-
lating, challenging and evaluating (Alrø and Skovsmose  2002 ). Finally, for those 
negotiatory processes, it has been analysed if the three conditions of deliberative 
dialogue established by Valero ( 1999 ) and the characteristics of deliberative com-
munication described in the paper were accomplished. The third analysis of the 
students’ logs led us to distinguish between participation, deliberative dialogue and 
deliberative communication. 

 In forum 1 (“How do scouts use trigonometry?”) the on-line dialogue interplayed 
with the face-to-face learning of mathematics changing the structure of participa-
tion. When discussing the solution of the problem, we identifi ed two different 
moments of dialogue: an on-line discussion before solving the problems of trigo-
nometry with a communicative participation of eight students and the rest of the 
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class silent, and a face-to-face discussion after learning how to solve trigonometry 
problems. The initial dialogue before learning how to solve a problem was:

   Teacher:    How do scouts use trigonometry?   
  José Luís:    I think: Boy scouts [use it] to measure the height of a mountain know-

ing the hillside and the facts with the principles that sustain it.   
  Marian:    They use it to measure the hillside of mountains, or what is the same 

the hypotenuse of a right triangle, for that they use Pythagoras’s theo-
rem, because it only works with this kind of triangles.   

  Teacher:    Then you tell me that Pythagoras’s theorem should not be used to cal-
culate the height of the Leaning Tower of Pisa.   

  Valme:    In my opinion, we can … If we consider that the tower represents the 
hypotenuse of a right triangle, where sides b and c are the ground and the 
real height of the tower with respect to its base, we would be applying 
Pythagoras’s theorem, no? And we could calculate the height using it.   

  Cristina:    Ana (teacher), a question. With respect to what you have answered to 
Valme, asking her if she should apply Pythagoras’s theorem to Pisa’s 
tower, can we? I think, no, no? Because, it does not form a right-
angled triangle with the ground.   

  Paco:    I agree with Cristina, is it possible to calculate it with the Pythagoras? 
In my opinion, I think it is not.   

  Marian:    Well I agree with Valme, because it is not the tower that has to form a 
right angle with the ground, if not an imaginary line k having b. The 
angle that the tower will form with the ground should be opposite to 
this imaginary side, angle B, no?   

 The discussion contains the four properties: evaluative, informative, interpreta-
tive and negotiatory. The initial informative utterances of José Luis and Marian 
answered the initial question proposed in the problem. After that initial moment, the 
contributions of Valme, Cristina and Marian were basically negotiatory. They began 
with the interpretation of the previous information, reinforced by the use of expres-
sions such as “I think”, “In my opinion”, “I agree with”. They complemented their 
explanations with the use of the expression “no?” to negotiate with the teacher and 
the other students about the coherence of their reasoning about how to solve the 
problem. In particular, Cristina asked directly for the participation of the teacher to 
confi rm the veracity and authority of her argument. 

 In their discussion the students used skills characteristic of a deliberate dialogue 
such as: locating the situations in which scouts use trigonometry, identifying the 
properties of the triangles, thinking aloud, evaluating others’ participation, support-
ing the reasoning presented by Cristina, challenging the correct process of resolu-
tion. The students analyse the pros and cons of how to draw that imaginary triangle 
in which they can apply Pythagoras’s theorem. 

 We can conclude that the dialogue accomplishes the three properties for being 
considered deliberate in the sense of Valero ( 1999 ). However, we think that this delib-
erative dialogue cannot be considered an intentional deliberative communication, 
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because the teacher and the eight students who participate do not show any responsi-
bility to truly engage the other 21 classmates to promote a communicative participa-
tion in the sense of Hammond ( 1999 ), and to ensure that all students have a real voice 
(McCoy and Scully  2002 ). 

 This is visible in the participation in forum 2. The task used an initial face-to- face 
context in which students discussed with the teacher the on-line social norms of 
participation, which in the end facilitated communicative participation of 63 % (12 
of 19) of the students. The teacher interviewed those four students who kept silent 
during the whole length of the discussion with the intention of facilitating a demo-
cratic access to all the students. The teacher offered the four students the possibility 
of participating in a face-to-face deliberate dialogue where they analysed the on-line 
discussions of their classmates and improved them. We include some excerpts in 
which the 12 students debate how to solve problem F35.

    Alejandro, February 6th, 20:17.  The fi fth question was about looking up informa-
tion on the internet, wasn’t it?  

   Maria, February 6th, 21:05.  Ana [teacher], I don’t understand the fi fth question can 
you explain it to us, please.  

   Elena, February 6th, 21:10.  Ana, we need your help because I think that Sara, 
Maria and I don’t understand what the question is referring to.  

   Rosa, February 6th, 22:26.  Yes, Ana, if you could help us to understand what the 
fi fth question means…  

   Alejandro, February 7th, 15:49.  I imagine that we are supposed to look for informa-
tion on the internet.  

   Sara, February 7th, 15:49.  Ale, this is what we have to do, because it’s written in 
the question, but what I don’t understand is how we look for it.  

   Elena, February 7th, 16:03.  What I don’t understand is which data to look for.  
   Adrian, February 7th, 16:32.  I looked on the internet and I have only found the evo-

lution in Spain from 1996 to 2006. There is some interesting data but I don’t know 
if this is what we are looking for. Here you have the page just in case   http://www.
compraverde.org/codesarrollo/documentos/File/Noticias/inmigrayecon.pdf      

   Gonzalo, February 7th, 20:25.  And what will be the appropriate data for the 
question?  

   Nuria, February 7th, 21:01.  I have been looking but I didn’t fi nd anything related.  
   Joel, February 7th, 21:21.  I suppose that Ana is going to give us the webpage, because 

she said that she only participates to give us information about web pages.  
   Maria, February 7th, 21:24.  Ana, we need your help, is the webpage that Adrian has 

shown correct.  
   Celia, February 7th, 22:09.  I think that the webpage is correct, but which data is 

appropriate to answer the question?  
   Nuria, February 7th, 22:34.  Ana, should we read everything and summarise the 

relationships?  
   Gonzalo, February 9th, 15:02.  The data is correct but it talks about the bonus for 

exchange of risk in credits for the next 5 years in the European countries in the 
period 2009–2012. Is the data of the graphic useful in relation to the question or 
should we look for more web pages that have more optimal data?   
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The discussion contains the four properties of being evaluative, informative, inter-
pretative and negotiatory. However, we can fi nd differences in the characteristics of 
the informative and interpretative property of the interlocutions in the two forums. 
In forum 1 the informative logs presented basically facts; in forum 2, the students 
used expressions like “I don’t understand” the facts introduced by others, confi rm-
ing a previous evaluation, judgement and refl ection of the information given. 
Furthermore, in forum 1, we have been categorizing as interpretative those interlo-
cutions where it seems that the students were thinking and writing at the same time, 
using expressions like “I think”. In this forum the students used expressions like “I 
imagine”, “it is clear”, that show a wider use of vocabulary. 

 The students use mainly the pronoun “I” in the evaluative, informative and inter-
pretative interlocutions, using basically the plural pronoun “we” for the negotiating 
interlocutions. When the students use this plural pronoun, they show the intention 
and responsibility of opening the participation to all. An example of this responsi-
bility is the interlocution of Elena: “Ana, we need your help because I think that 
Sara, Maria and I don’t understand what the question is referring to”. The fact that 
these students had not asked the teacher directly for help in the face-to-face or on- 
line context means that they have extended their dialogue to other contexts. 

 Without the help of the teacher, they negotiated the meaning of the task. The 
negotiations referred to two kinds of decision-making. The fi rst concerned the place 
where they could fi nd the data for answering the question. The negotiation about 
where to fi nd it ended in the moment when Joel informed the group about the social 
norms of participation in the forum. The second was related to the nature of the data 
to solve the problem. The refl ection about the accuracy of the data can be observed 
through analysing the last log of Gonzalo. 

 Along these interlocutions, students discussed the reasons for looking for infor-
mation on the internet; they discussed the pros and cons of the data obtained from 
the internet. And, in particular when Nuria wrote: “should we read everything and 
summarise this relationships?” She refl ected upon the benefi ts and losses that could 
occur from reading a mathematical text of more than 70 pages. The accomplishment 
of these three conditions led us to argue that the task has facilitated a deliberate 
dialogue between the students in the sense of Valero ( 1999 ). 

 In addition, three facts made us think that the task promotes deliberative com-
munication. The fi rst fact is that we have been talking about a participative com-
munication, in which the students facilitated the learning and participation of their 
classmates. In the case of a quite participation, the teacher offered the students other 
forms of communication. Secondly, the students discussed about the nature of the 
data to solve the given statistical problem. This discussion surpassed the proposal of 
the task that had asked students to compare statistical distributions, and provided the 
students with informal knowledge about the importance of the data in the sampling 
process. Finally, when solving the given statistical problem, the students have to 
consider not only mathematical knowledge; they also have to refl ect about the 
effects of social, cultural, political and economical variables.  
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    Discussion 

 We have presented two case studies about deliberative communication in mathemat-
ics classrooms. The fi rst case study analysed pre-service primary and secondary 
teachers’ conceptions about the role of the teacher and the tasks in deliberative 
dialogue. The second case presented a design-based research study using on-line 
tasks in a secondary mathematics classroom (Cobb et al.  2001 ). In this section we 
discuss the resemblances to and dissimilarities between both case studies in relation 
to the role of the teacher and the characteristics of the tasks. 

 In both case studies, we can see the diffi culties introducing authentic deliberative 
dialogues in mathematics classrooms. In fact, based on our observations in case 
study 1, we argue that a traditional teacher-centred background is still present in the 
future teachers’ minds. Future teachers believe that deliberative mathematics dia-
logues are nearly impossible to be carried out in our regular classrooms of multicul-
tural heterogeneous groups. Some future teachers considered that contextualisation 
is necessary for being critical and for promoting citizenship. Future teachers recog-
nize that teachers have a crucial role in organising classroom dialogue, and the 
majority assumes that the role of the dialogue is to preserve and reveal students’ 
content knowledge. The role of the dialogue is basically a modulation of opinions, 
sharing knowledge, and negotiation of mathematical consensus, but the need for 
deliberation in promoting democratic feelings and for accuracy in solving social 
problems through mathematics is not clarifi ed. 

 The retrospective analysis of forum 1 in case study 2 led us to conclude the com-
municative participation of the students facilitated an unconscious deliberative dia-
logue around how to solve a trigonometry problem. We observed an obstacle for 
promoting on-line deliberate communication, when rapid answers from the side of 
the teacher constrained the autonomy of the secondary school students to facilitate 
their own decision-making during problem solving processes. 

 This obstacle was overcome in forum 2, where the teacher was conscious of the 
importance of engaging all students, managing a blend between a face-to-face and 
an on-line dialogue. This blend has given a fair opportunity to the students who lack 
technological opportunities. In the design and management of the forum, the teacher 
has considered as crucial three principles of deliberative democracy in the sense of 
Gutmann and Thompson ( 1996 ): accountability, and basic and fair opportunities. 

 In case study 1, the future teachers usually separated democratic attitudes from 
mathematical negotiation. The future teachers held the belief that the initial state-
ment of a problem (even if open) is not enough to promote a critical dialogue, and 
the role of the teacher is crucial to provoke the pupils’ refl ection on how social, 
cultural, political and economical variables affect a situation. 

 In case study 2, the retrospective analysis of the tasks given to the students led us 
to the conclusion that not all tasks facilitate deliberative communication. In forum 
2, the given tasks used previous social, cultural, historical knowledge of the students 
to provoke students’ preliminary judgements. Through deliberative dialogue, the 
students created meaning of shared information and they negotiated with the aim of 
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knowledge integration. In order to facilitate deliberate communication, we should 
create tasks related to wider contexts: to the situation given by the social, cultural 
and historical context, to the linguistic authenticity of the open question (Serradó 
 2012 ), and to the investigative role that it requires. Those tasks and the respective 
decision-making should be related to the role of mathematics in the world and to the 
nature of mathematics as a universe or a language (Kennedy and Kennedy  2011 ). 

 From the empirical perspective, we see that deliberation empowers people to 
engage in problem-posing and -solving and decision-making (Skovsmose and 
Valero  2001 ), at least in environments that blend face-to-face and on-line participa-
tion. Furthermore, the retrospective analysis of how to design instructional material 
and teaching experiments leads us to conclude that the teacher and the students 
should fi rst of all delineate the on-line social norms of participation for a deliberate 
democratic communication. 

 We conclude that in order to surpass traditional models of instruction, which still 
dominate mathematics education practices, and construct investigative approaches, 
pre-service and in-service teachers should be involved in design-based research 
activities that seek to facilitate participation and deliberative dialogue in mathemat-
ics classrooms.     
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      Inquiry-Based Mathematics Teaching: 
The Case of Célia 

             Luís     Menezes     ,     Hélia     Oliveira     , and     Ana     Paula     Canavarro    

    Abstract     This chapter discusses the instructional practice of a primary school 
teacher. It is based on a framework that we developed in the project “Professional 
Practices of Mathematics Teachers”, which relates the teacher’s intentions to her 
actions in an inquiry-based mathematics classroom. The framework covers the pro-
motion of mathematics learning as well as the class management. It details the 
instructional actions of the teacher in terms of the launching of the mathematical 
task to the students, the support of the students’ work, the orchestration of the dis-
cussion of the task and the systematization of the mathematical learning process.  

         Introduction 

 The curriculum transformations that occurred in several countries have inspired 
many teachers to seek for more-demanding learning objectives to integrate into 
their practice. Teachers aim for classrooms where students are encouraged to 
 perform challenging tasks such as to communicate, to question, to reflect and 
to collaborate (Chapman and Heater  2010 ). Denominated as “inquiry-based teach-
ing”, this practice quite often poses signifi cant and diverse challenges to teachers, as 
reported by the research (Cengiz et al.  2011 ; Franke et al.  2007 ; Oliveira  2009 ). 
However, there has been an evolution in how this practice is understood (Stein et al. 
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 2008 ), starting by a phase in which attention was focused primarily on the 
 characteristics of the proposed tasks and the teacher’s role in encouraging students’ 
interaction in their autonomous work, and in the effort of listening and understand-
ing students’ thinking (Stein et al.  2008 ). The emergence of dialogical perspectives 
on the learning of mathematics (Ruthven et al.  2011 ; Wells  2004 ) has led to a 
 growing emphasis on the role of the teacher in the moments of collective discussion 
and synthesis of the mathematical ideas (Canavarro et al.  2012 ; Cengiz et al.  2011 ; 
Stein et al.  2008 ), without ignoring the importance and complexity of the remaining 
phases of the lesson for the teacher’s practice. 

 This article discusses the practice of a primary school teacher, based on a frame-
work that we developed in the project  Professional Practices of Mathematics 
Teachers , which relates the teacher’s intentions and actions in an inquiry-based 
mathematics classroom, with the aim of contributing to a better understanding of 
this kind of practice.  

    What Is Inquiry-Based Teaching in Mathematics? 

 Over the last decades many perspectives on mathematics teaching have emerged in 
opposition to the common vision and practice of knowledge transmission. Proposals 
for the transformation of the school mathematics curriculum are anchored in new 
approaches for students to learn mathematics meaningfully (Ministério da Educação 
 2007 ; NCTM  2000 ). The ideas of an inquiry-based approach to teaching, in opposi-
tion to the transmission model, echo Dewey’s perspectives (Chapman and Heater 
 2010 ; Towers  2010 ; Wells  2004 ), where students’ activity is central to the develop-
ment of the learning process. In an inquiry-based approach, students’ mathematics 
understanding is promoted as they get involved in rich mathematics tasks, such as 
investigations or problems, using their previous knowledge and experience, and are 
not directed by the teacher to a predetermined solution. 

 The perspective adopted in our work also follows Wells ( 2004 ) concerning the 
importance of the social dimension of learning. He considers that knowledge “is 
constructed and reconstructed between participants in specifi c situations, using the 
cultural resources at their disposal, as they work toward the collaborative achieve-
ment of goals that emerge in the course of their activity” (p. 105). For this author, 
the knowledge process is situated in cooperation with others, integrating action and 
refl ection about what one has learned in the process. 

 This vision of teaching and learning has strong implications for classroom orga-
nization. There are, of course, different possibilities for structuring lessons in an 
inquiry-based approach. We adopted a model of four phases that resembles the 
model by Stein et al. ( 2008 ), although their model encompasses just three phases: 
the launching of the task; the exploration of the task by the students, and the discus-
sion of the task and systematization (the latter considered as just one phase by those 
authors whereas we consider it as two phases). 
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 In the fi rst phase of the lesson (the launching of the task), the teacher’s main role 
lies in presenting the mathematical task to the class to guarantee that all students 
understand the proposal and that they feel mathematically challenged by it. At this 
time, the teacher also needs to perceive if there is an appropriate social and physical 
environment for the students’ work as well as if they have the required resources in 
order to succeed in the solution of the task (Anghileri  2006 ). 

 In the next phase (the exploration of the task), the teacher goes along with the 
students’ autonomous work in solving the task, which may occur individually or in 
small groups. By monitoring the students’ work, the teacher intends to guarantee 
that all of them get involved and are able to develop their work. However, her/his 
comments and answers to the students’ doubts should neither reduce the cognitive 
demand of the task (Stein and Smith  1998 ), nor hamper the emergence of different 
strategies, in order not to impede the mathematics discussion that will follow this 
phase. 

 Important decisions have to be made in this phase, upon which the success of the 
subsequent phases depends. On one side, the teacher has to guarantee that students 
prepare their presentations and, on the other side, s/he must select and establish the 
sequence of their presentations for the whole-class discussion (Stein et al.  2008 ). 
The practice of selecting students’ strategies is intended to support the discussion of 
important mathematical ideas that will be “illustrated, highlighted, and then gener-
alized” (Stein et al.  2008 , p. 328). In this phase, the teacher also has to think about 
the sequence of the presentation of the strategies. This action also contributes to 
having fruitful discussions, since it allows the teacher to highlight the connection 
between mathematical ideas, and to promote the development of students’ 
 mathematical thinking (Cengiz et al.  2011 ). 

 After the students’ autonomous work, the class comes back to working 
 collectively, in order to discuss their work while the teacher synthesizes the main 
mathematical ideas. The teacher’s task in this phase is particularly complex and 
demanding. Taking as reference the script of the lesson and the observation of the 
students’ autonomous work in the previous phase, there is a large set of possibilities 
for the teacher’s intervention during the discussion. S/he has to coordinate the 
 interaction among different students, orchestrating the discussion, promoting the 
mathematical quality of the presented explanations and argumentations. It is impor-
tant to guarantee the comparison of distinct solutions and the discussion of their 
mathematical difference and effi cacy (Ruthven et al.  2011 ; Yackel and Cobb  1996 ). 

 Still concerning the whole-class discussion, Cengiz et al. ( 2011 ) refer to 
 important moments as ‘extending episodes’. Extending episodes occur when the 
discussion focus moves to a different mathematical idea. These authors consider 
three different types of extending episodes: (i) the teacher encourages students’ 
mathematical refl ection, helping them to understand, compare, and generalize 
mathematical ideas, to consider and discuss relationships among ideas, to use 
 multiple solutions and to consider the reasonableness of an argumentation; (ii) the 
teacher encourages students to go beyond initial-solution methods, looking for 
alternative solutions and trying more effi cient strategies; and (iii) the teacher encour-
ages students’ mathematical reasoning, involving the justifi cation of their own ideas 
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and strategies and the engagement with the justifi cations given by others. There are 
different types of instructional actions that the teacher performs in each extending 
episode, namely, eliciting, supporting, and extending actions (Cengiz et al.  2011 ). 

 Finally comes the systematization of the mathematical learning, which is more 
teacher-centered than the previous phase. The teacher has an important role in 
 orienting students to synthesize the main mathematical ideas that emerged from the 
whole-class discussion (Anghileri  2006 ). This moment should help students to 
 recognize the concepts and procedures involved in the activity they have developed. 
It should also help them to establish connections with their previous learning and to 
strengthen central aspects of mathematical ability such as the use of appropriate 
mathematical representations, problem solving and mathematical reasoning. 

 Following these ideas and the analysis of some Portuguese teachers’ practices 
(Canavarro et al.  2012 ), we developed a framework with the goal of describing prac-
tices of inquiry-based mathematics teaching. The framework synthesizes the teach-
er’s instructional actions and the main intentions behind those actions in each of the 
four phases of the lesson (Table  1 ). The intentions are related to two different but 
connected goals: (i) the promotion of students’ mathematics learning, and (ii) the 
management of students’ work and of the class as a whole.

       An Inquiry-Based Mathematics Classroom: 
Teacher Célia’s Teaching Practices 

 Rich descriptions of inquiry-based mathematics classroom practice not only expand 
our knowledge about this complex practice but also constitute a useful resource for 
teacher education. With this conviction, we have developed in the Project 
 Professional Practices of Mathematics Teachers , a study involving four teachers at 
different school levels (1–4, 5–6, 7–9 and 10–12 grades) who develop inquiry-based 
lessons on a regular basis. Our study has the following objectives: (i) to understand 
inquiry-based mathematics classroom practice, identifying the actions that the 
teacher performs and relating them to his/her intentions; and (ii) to construct multi-
media cases that illustrate inquiry-based mathematics classroom practices for use in 
teacher education. These teachers have participated in different teacher-education 
programs over the last years, in which also some project members have been 
involved. All teachers were experienced, with more than 12 years in the profession, 
and declared themselves comfortable with having their lessons observed and 
videotaped. 

 Next, we present the teaching practices of one of these teachers (Célia), working 
with one fourth grade class. We begin by reporting the access to the teacher and the 
school context in which she conducts her work and then we focus on a lesson that 
unfolded around one mathematical task entitled “Cubes with stickers”. 
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    The Context of the Research 

 The teacher 1  in this study is a primary school teacher (grades 1–4), who, after her 
initial teacher education, did other courses in Education and Mathematics Education. 
During the current school year, she developed a teaching experience for promoting 
students’ algebraic thinking, which follows the new Portuguese mathematics 
 curriculum (Ministério da Educação  2007 ), 2  in an urban school located in the 
periphery of Lisbon. At the time the research took place, the school had 11 teachers, 
eight primary school classes and two pre-school classes. It is attended by students 
who are mostly Portuguese, with a low and middle socioeconomic status, and who 
live near the school. 

 The fourth grade class in this study is composed of 19 students, 7 girls and 12 
boys, aged between 9 and 10 years old. This group of students has largely remained 
together since the fi rst grade of primary school, but it is the fi rst year that Célia 
works with them. She considers the class very motivated and committed to class-
room work, but at the beginning of the school year she felt they did not develop the 
mathematical understanding she had expected. 

 For Célia, as for all other teachers of the study, we observed two or three inquiry- 
based lessons (L) in order to get familiar with her teaching and the students, and to 
choose one of these lessons to study and construct a multimedia case. The data were 
collected in three moments—before, during and after the observation of the les-
sons—and with different purposes. The day before the lesson, we made an initial 
interview (I_1) focusing on the teacher’s lesson plan and trying to understand her 
options for the development of the lesson. From this initial interview we knew the 
task selected by the teacher, the structure she had envisioned for the lesson, the 
mathematics exploration she had intended to promote in class (including some 
questions to pose to the students), the mathematical strategies and representations 
she had anticipated, and the resources she had planned to use and provide to the 
students. 

 After this interview, we observed and videotaped the lesson. The data collection 
involved the use of two video cameras to register the moments when the teacher was 
working with the whole class, as well as interaction episodes between the teacher 
and the students when they worked autonomously on the task. 

 One week after the lesson, we had a second interview with Célia (I_2) concern-
ing her practice, with the purpose of obtaining her perspective on the development 
of the lesson and the explanations of her actions. In this post-lesson interview, 
watching the videos of some classroom episodes that we selected helped the teacher 
focus on particular events and realise how she had acted. 

1   Célia is not the regular teacher of this class. She developed the project with the class in  cooperation 
with the school teacher and taught the lesson concerning the teaching experience on algebraic 
reasoning, as the teacher requested her. For this reason, we will refer to Célia as the teacher since 
she assumed this role in these lessons. 
2   The program just started to be implemented in 2009, and for this class in the previous year, when 
the students were in the third grade. 
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 Data analysis incorporated elements from the classroom videos and interviews, 
and was complemented with the analysis of the lesson plan and of students’ written 
work on the task. Célia’s practice was the fi rst one to be analysed in this project and 
contributed greatly to the developed framework. The majority of the intentional 
actions portrayed in Table  1  are present in this lesson. However, due to space limita-
tions, we only describe and analyse the main ones here.  

    The Lesson “Cubes with Stickers” 

 In this lesson, Célia’s general objective was to develop the algebraic reasoning of 
her students; in particular, to recognize an increasing “pictorial sequence” and the 
variables implicit in it, to identify the relations among the variables, and to express 
the general rule for the sequence in natural and symbolic languages. Célia proposed 
the task “Cubes with stickers”, which followed other tasks with similar purposes but 
simpler relations (Fig   .  1 ).  

 Célia developed the lesson in four phases for about 110 min (for each phase, 
she estimated the time): “introduction of the task” (10 min), “work in pairs” 
(45 min), “collective discussion” (45 min) and “systematization” (10 min). Her 
plan reveals a set of diverse detailed actions for each phase, some of them related 
to the mathematical learning (for example, “The teacher presents a cube and asks 
the students what they know about that solid”) and others regarding the manage-
ment of the class (for example, “then [the teacher] distributes two cubes with 
stickers to each pair of  students”). These teacher’s actions written in the plan and 
visible in the videotaped lesson have underlying intentions. Therefore, we will 
analyse some of Célia’s actions and intentions in this lesson phase by phase, 
using the collected data. 

Cubes with stickers
Joana builds a construction using cubes and stickers. She con-
nects the cubes through one of their faces and forms a line of
cubes. Then she glues a sticker on each of the cubes faces. The
figure shows the construction that Joana has made with two cu-
bes, where she used 10 stickers.

1. Find out how many stickers Joana used in a construction with:
1.1. Three cubes; 1.2. Four cubes; 1.3. Ten cubes; 1.4. Fifty-two cubes.
2. Can you find the rule that allows you to know how many stickers Joana used in a con-
struction with any given number of cubes? Explain your thinking.

  Fig. 1    Task “Cubes with stickers” (Adapted from Moss et al.  2005 )       
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    Introduction of the Task 

 The lesson begins with a moment of collective work in which the teacher introduces 
the task to the students. Together they read the text and interpret the situation, using 
a pair of big cubes to better visualize and analyze the situation:  

  Teacher:    Our task today is titled “cubes with stickers”.   
  Daniel:    Sounds cool!   
  Teacher:    Sounds cool, says Daniel, “cubes with stickers”. And I’ll show 

you the text of the task. And ask … Matilde, can you read, from 
there? Aloud.   

  Matilde:    Joana builds a construction using cubes and stickers. (…)   
  Teacher:    Who is able to explain, in your own words, what this task says? 

João …?   
  João:    She is making constructions with cubes and she is putting stick-

ers on each side that is visible, but she did not put stickers in the 
middle and they say she used 10 stickers and it is correct 
because she didn’t put stickers in-between the cubes. They were 
together and it can’t be … I mean, you can do it, but it doesn’t 
make sense.   

  Teacher:    Why doesn’t it make sense?   
  Several students:    Because you could not see them.   
  Teacher:    So, in that construction she made with two cubes, she used 10 

stickers. I have here one construction with two cubes. Let’s see 
in a very quick way, how she did this construction. Rita, do you 
want to help? (L)   

 Considering the nature of this mathematical task, Célia reports that one of her main 
intentions in this phase of the lesson is to guarantee the interpretation and under-
standing of the task by the students (see Table  1 ). For this purpose, she poses many 
questions to the class, and listens to the comments and questions posed by the 
students:

  I guess it should be a presentation of a challenge and it should be an interpretation of what 
the challenge requires… I think that interpreting and understanding what is needed [for the 
task’s solution] are the two objectives. (…) I have the concern of dedicating enough time to 
them, to understand and to put their questions and doubts, too… Questioning them and 
waiting for their doubts also allows me to realize if they understood. (I_1) 

 In this phase of the lesson, besides guaranteeing the understanding of the task by 
the students, the teacher also wants to help them engage with the task and accept the 
challenge of solving it:

  (…) To predispose them to the task. It is not only to understand it, but also to assume the 
task as their own … Here emerges also the challenge; take the task as something that I want 
to solve. (I_1) 

 At this phase of the lesson, Célia reveals great concern about the availability of 
materials (cubes) to facilitate understanding of the task:
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  The fi rst diffi culty that I anticipate students to have is connected with the issue of 
 visualization. I thought about the introduction of the task using the cubes and making the 
construction as Joana did… so, use two cubes, what the task says is that Joana joined the 
cubes by one of the faces and placed one sticker on each of the remaining faces. [I intend] 
to do this process with the group, so that they understand how Joana made this construction, 
and at the same time to help them see the faces that had stickers. Lastly, I want to give each 
pair of students one equal construction. (I_2) 

       Development of the Task 

 In this phase of the lesson, Célia invites the students to work in pairs. She provides each 
pair of students with a set of small cubes glue and stickers, and with one sheet with the 
text of the task. She lets the students start working on their own. After a few minutes, 
she starts monitoring the students’ work, listening to their ideas and thoughts and put-
ting some questions and comments. Célia recognizes that it is not easy for the teacher 
to do this work because, in some cases, the students’ thinking is not plain and clear:

  When (…) I go from one pair of students to another, or from group to group, I try to 
 understand how they are, what they see, how they are working—and I try to do this through 
questions but sometimes it is not easy. (…) I try to follow their reasoning but it is not easy 
because sometimes… we see that the student is right… but “how did he think”?! (I_1) 

 Knowing how her students are reasoning as they work on the task is seen by 
Célia as crucial for the teacher’s monitoring process, because it is important to be 
aware of their solutions to be able to help them, at the right time, in case they need 
it. However, Célia explains her diffi culties in monitoring the progress of the  students’ 
work, which requires, in her opinion, “a balance”, not easy to achieve, between 
leaving them on their own, promoting their autonomy, and giving them some orien-
tation as needed. Célia is also convinced that this strategy will support non-uniform 
solving strategies: “The aim is that they work on the task, that they work in different 
ways, as they are able to”. (I_1). 

 In order to maintain the level of cognitive demand of the task and not constrain 
student’s thinking—and consequently future collective discussion—, Célia’s actions 
at this phase reveal her intention not to provide validation to the students (as we see 
in Table  1 ). Therefore, more than to say if an answer is right or wrong – a temptation 
for many teachers, even if only through their facial expression – Célia challenges 
her students to think about their answers, often through questioning them:

  If I notice that they are going into a completely wrong direction, I try not to say: “This is not 
correct.” [Instead] I try to say: “How did you start? Go back to the beginning …”. For exam-
ple, if they are mistaken for ten cubes, I ask them: “Is this way of thinking the same you used 
with the three cubes?” … I try to make them reach a fruitful way [of solving the task] … (I_1) 

 After 30 min of work on the task, Célia provided a transparency to each pair of 
students and asked them to record the solutions on it. She explained us that this is 
very important for the dynamics of the discussion, because she needs to ensure that 
all students are able to show and share their work in an effi cient way. 

 One of the episodes discussed with the teacher has to do with a short period of 
refl ection in action that we observed near the end of this phase of the lesson. In the 
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post-lesson interview she explained that she had to decide which students’ strategies 
she would choose to be discussed collectively in the classroom. In spite of having 
previewed some general ideas about different complementary aspects that these 
solutions should contemplate, she still considers it diffi cult to decide on the spot:

  To choose which of those solutions are important for the collective discussion—and this is 
very diffi cult because… it requires almost a detachment that is diffi cult to manage in the 
classroom with all those requests. (…) “Of these eight different solutions, which ones inter-
est me to discuss in this particular lesson?”. And that is one of the things that, in terms of 
planning, I also try to preview, that is “which will I choose [to discuss]?”. (I_2) 

 Célia also defi nes the order for discussing the selected solutions, taking into 
account the potential that she recognizes in those for promoting the understanding 
of the task and for exemplifying productive forms of representation, as she explains 
concerning the ones she chose to be presented fi rst:

  I have picked this one because of the visualization that it facilitates to the students… This 
[other] was because of the picture and the way they represented it, they were very clear 
here, 1 + 1 + 1… This [other] I thought that if there were any questions or if there were still 
diffi culties, this was more an attempt to solve them because of its simplicity. (I_2) 

 Figure  2  shows the solution on a transparency chosen by Célia to start the presenta-
tion in the next phase of the lesson–the collective discussion. At the top of the transpar-
ency, students write the following rule: “The rule to fi nd the number of stickers is to 
make the number of cubes (×4) sides of a cube and plus the two lateral faces as well”.   

   Discussion of the Task 

 The teacher emphasizes this phase of the lesson because for her it is an important 
mathematics learning opportunity for all students in the classroom: “It is extremely 
important not only because they have been working in pairs, but also … what it is in 
terms of the mathematics classroom, what it is that is discussed in the group.” (I_1). 

 Célia asks those students whose solutions have been selected to expose their 
strategies and explain their reasoning to everyone, peers and teacher, as well as to 
answer each others’ questions. The teacher tries not to dominate the discussion. 
Therefore she gives a bigger role to the students in commenting and asking ques-
tions: “the attempt is that the moment and the presentation are theirs, the questions 
are posed to the group in action (…) and they are constantly questioning their peers 
and are interested…” (I_1). 
 In this lesson, students seem to correspond to the teacher’s intention when they 
address their peers to clarify ideas:   

 Boy:    This is not clear…   
  Girl:    Well, this is very confusing.   
  João:    I’ll explain better … there are eight cubes, right? And we represent the 

four sides, front, back, up and down.   
  Teacher:    If you want to exemplify, you have cubes to make [the construction]. 

Say what you mean by that. (L)   
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 At this phase of the lesson, Célia’s main intention is to focus on the orchestration 
of the students’ interventions in order to promote the clarifi cation of the emerging 
mathematical ideas (as we see in Table  1 ). For Célia, the discussion goes beyond the 
correction of the task’s solution or simply making a presentation of different 
 strategies and solutions. In her perspective, this moment should represent a mathe-
matical enrichment for the students:

  I think if I present different [solutions], if they have the capacity to present different repre-
sentations, and if then I can connect and establish connections between those ones, this is 
much richer than presenting just one (…). The idea is also to let emerge what comes from 
them. (I_1) 

 The next solution (Fig.  3 ), which Célia chose because the students use a sym-
bolic representation and rely less on a visual representation (despite having used 
colors to make sense of the letters they use in the written expression), complies with 

  Fig. 2    First presentation by a pair of students       
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her intention of introducing solutions to promote reasoning as a condition for the 
learning of mathematics. In Fig.  3 , in red, the students write “number of sides”; in 
green, “number of smiles”; in blue, “number of smiles remaining on two sides”; 
and, fi nally, in brown, “number of smiles that are in each construction”.  

 Although at this stage, the teacher is not the main protagonist in the classroom 
discourse, her role is not limited to managing the students’ interventions or to listen-
ing to them. In this class, after several students’ presentations, Célia recovers three 
of these and puts them together on the overhead projector to help the class to com-
pare them (Fig.  4 ).  

 Her explanation for this action is based on her view of the role of the discussion 
of the task for the students’ learning that particularly values an analysis and 
 confrontation of ideas:

  There’s one moment when I present three solutions. The idea is that there is a confrontation. 
[Discussion] is a learning moment, so … it cannot be [only] a  presentation, nor is it a cor-
rection, because it is not that … The time is used for confrontation. It is used to think 
together about the different solutions, the different representations. This must emerge from 
the presentation … it is a goal. … To  promote this critical sense: “In this situation, which is 
the representation, the solution … what is the way of thinking that, in fact, helps me the 
most?” Because I can have many solutions, but, maybe, there is one that I can choose. (I_2)    

  Fig. 3    Solution presented by another pair of students       

  Fig. 4    Célia puts three solutions together on the overhead projector       
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   Systematizing Mathematical Learning 

 Following up the discussion of the task, in which the class (the teacher and students) 
has agreed on a rule to calculate the number of stickers of any cube building, Célia 
plays a more directive role and aims for the systematization of the mathematical 
learning (see Table  1 ). For this, she presents an incomplete table which relates the 
number of cubes with the respective number of stickers on a transparency which she 
had already prepared, and challenges the students to think about another question 
that extends the previous task (Fig.  5 ).  

 Célia explains her intention for this phase of the lesson. She wants to build on the 
previous discussion of the task to emphasize the importance and the power of the 
rules with letters to explore situations when they work with a variable.

  After the work in pairs and the collective discussion, there is a part of systematization where 
I confronted… I started with this table, this number of cubes [52] [and I asked]: “How did 
you fi nd the number of stickers?”. So, we wrote the rule… (I_2) 

 Célia recalls also the inverse operation, claiming that the rule is read “the other 
way around”, establishing connections with knowledge and procedures already 
 discussed with students in previous situations:

  [I asked]: “And now, knowing the number of stickers, how do we know the number of 
cubes?” And then, there’s the confrontation of the rules in order to see the inverse  operations 
that they explored. And this was done in systematizing, at the moment of the systematiza-
tion. (I_2) 

  Fig. 5    Célia puts an incomplete table on the overhead projector to extend the initial task       
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         Final Considerations 

 In the project  Professional Practices of Mathematics Teachers , our aim is to under-
stand mathematics inquiry-based classroom practice. We illustrated and analysed 
the practice of one primary school teacher supported by a framework that we 
 developed (Table  1 ) and which connects the teacher’s intentions and actions in an 
inquiry- based mathematics classroom. The lesson evolved through four phases with 
different purposes, and Célia performed set specifi c actions according to her goals 
that involve demanding learning objectives, as students solve a challenging task, 
collaborate, communicate and refl ect altogether on their work. 

 The analysis of the teacher’s practice, according to the two main purposes in the 
framework (the promotion of students’ mathematics learning, and the management 
of the students’ work and of the class as a whole) shows that these are closely inter-
related and are present in all phases of the lesson, gaining specifi c contours in each 
one. Naturally, the actions performed by the teacher concerning class management 
are intended to create better conditions for students’ mathematics learning. In fact, 
Célia performed the actions related to management with a great sense of their 
impact on the dynamic of the classroom and on the mathematics that students can 
learn. For instance, she realizes the importance of guaranteeing a good understand-
ing of the task by the students, and therefore, she provides some materials for 
 students (in this case, the cubes were important for the visualization of the sides 
with stickers). She also knows that if she does not pay attention to the order of the 
presentations of the solutions by the students, she may compromise the quality of 
the collective mathematical discussion and constrain the opportunities for student’s 
learning. As several studies show, promoting whole-class discussion is a challenging 
undertaking for the teachers (Cengiz et al.  2011 ; Stein et al.  2008 ), which is also 
articulated by Célia. Therefore, she realizes the importance of making good prepa-
ration for this moment of the lesson, thinking on the mathematical ideas to be 
discussed and related questions that encourage students’ mathematical reasoning. 

 Like Cengiz et al. ( 2011 ), we observe the teacher’s effort in contributing to 
extending the students’ thinking and the important contribution of the last phase of 
the lesson in this. There, Célia pushes the students to establish connections with 
prior learning, based on the work they have done in the lesson. This reinforces the 
pertinence of the proposed framework, which considers four phases for these 
 lessons, the goal of each phase as well as their interrelatedness. 

 As it happened with other teachers who have collaborated in this research on 
mathematics inquiry-based classroom practice (Canavarro et al.  2012 ), we observe 
that it is globally a complex practice, which develops over time and arises from a 
strong intentionality of the teacher (Stein et al.  2008 ). The developed framework 
 Intentional actions of the teacher in an inquiry-based classroom practice,  although 
it was not intended to be normative for the teacher practice, may contribute to 
understanding that the demanding goals for students’ learning require a high level 
of professional practice. This comprehensive framework is being used to analyse 
the teachers’ practice in the context of multimedia cases of inquiry-based classroom 
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(Oliveira et al.  2012 ) in teacher education settings, where we expect (prospective) 
mathematics teachers to construct new visions and professional knowledge about 
how this demanding practice may develop.     
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      Using Drama Techniques for Facilitating 
Democratic Access to Mathematical Ideas 
for All Learners 

             Panayota     Kotarinou      and     Charoula     Stathopoulou    

    Abstract     This chapter explores the dynamics of Geometry teaching in a classroom 
which uses “Drama in Education” techniques as a process that contributes to demo-
cratic access to mathematical ideas by all pupils. We describe a teaching experiment 
which aimed to motivate and actively engage through drama all 26 pupils of an 11th 
grade class and to encourage them to develop a critical attitude towards mathemati-
cal knowledge as being absolute, objective and irrefutable. The teaching experiment 
entitled “Is our world Euclidean?” was a drama-based teaching of the process of 
axiomatic defi nition of Euclidean and Non-Euclidean Geometries interrelated to the 
history of Euclid’s 5th postulate. Our research reveals considerable evidence for the 
effectiveness of drama techniques as an alternative approach to creating appropriate 
learning conditions, activating all students as evidenced by their participation, and 
contributing to their development as critical citizens.  

         Introduction 

 A critical perspective promotes the need for a political vision of mathematics educa-
tion and argues that one of its main objectives should be support for the creation of 
citizenship through experience and active participation in school mathematics edu-
cation. According to Skovsmose ( 1996 , p. 1267), mathematics education has the 
potential to contribute to the development of critical citizenship and to support 
democratic ideals as well as the development of citizens who participate actively 
and responsibly in discussions and processes in which the individual takes part in 
personal and public decisions. He stresses the “formatting power” of mathematics, 
an interaction between science and power, in which mathematics is not only a 
descriptive tool, but also a formatting tool, having the ability to affect, to produce or 
restrict social activities or to be a source of decision-making and the justifi cation of 
actions (Skovsmose  1998 ; Skovsmose and Yasukawa  2000 ). 
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 The modern society requires, more than ever, mathematically competent  citizens. 
A challenge for teachers, who are concerned about matters of democracy, is the 
provision of adequate mathematics education to the greatest number of students 
possible, as well as the cultivation of a critical citizenship through mathematical 
education. The notion of “democratic access” to mathematical ideas, which has 
been the focus of many mathematics educators, refers to the ability of providing 
mathematics education to all citizens, and, according to Skovsmose and Valero 
( 2002 ), defi nes a mathematical education that contributes to the establishment of 
democratic social relations. 

 “Democratic access” is the creation of the appropriate learning conditions where 
all students have the chance to become critical thinkers and decision-makers while 
also developing the ability to solve and understand increasingly challenging prob-
lems in both classroom settings and in their life conditions. According to Skovsmose 
and Valero ( 2002 ), the concept of “democratic access” of mathematics education 
concerns three main levels: the class, the school, and the local and global society. 
Democratic relationships in a mathematics class, between teachers and students and 
amongst students, are considered those relationships that allow collaboration, dis-
cussion, dialogue, communication, contribution to and criticism of the mathemati-
cal content of the class. 

 According to Ernest ( 2008 ), mathematics can be a tool for democracy in the 
hands of every educated citizen, fostering citizens who are able to recognize, inter-
pret, evaluate and criticize mathematics embedded in social and economic systems. 
Skovsmose ( 2004 ) argues that mathematics education has the potential to contribute 
to the cultivation of critical citizenship and that it can support democratic ideals. 
But, as he says in an earlier article titled “Mathematics and Democracy”, we cannot 
expect any cultivation of such competences at school unless the teaching-learning 
process is based on dialogue and the curriculum is determined by the class itself. 
Bishop ( 1999 ) contends that for mathematics education to become more demo-
cratic—i.e. to address as many people as possible—the values transmitted through 
mathematics education should be scrutinised. 

 One of the main questions emerging in this case concerns the kind of learning 
environments and classroom practices that are needed in order to promote demo-
cratic access to mathematical ideas for all students. 

 Gerofsky ( 2009 ) claims that a classroom, where students’ active participation and 
ideas are clearly valued, might prepare the youth to live in a more participatory politi-
cal system where their voices and ideas are taken seriously. She suggests to reconfi g-
ure our conception of mathematics classrooms, learning to include participatory 
performance both as a model and a means to stimulate democratic participation. 

 We claim that Drama in Education (DiE) is a teaching technique which promotes 
participatory performance and hence democratic access to mathematical ideas for 
all pupils. At the same time, it can create a framework that offers innovative ways 
for the students to develop critical thinking about ‘mathematics in society’. It also 
cultivates those skills and abilities necessary for a responsible citizen in a demo-
cratic society—main features of the teaching in the context of critical mathematics 
education.  
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    Drama in Education and Critical Mathematics Education 

 DiE, according to O’Neil and Lambert ( 1990 , p. 11), is a mode of learning in which 
pupils can learn to explore issues, events and relationships through their active iden-
tifi cation with imagined roles and situations. It is an art form with pedagogical char-
acter that has as the basic aim the understanding of ourselves and of the world 
(O’Neil and Lambert  1990 ). It is also a dynamic and creative methodological tool 
for the various contents of the curriculum (Somers  1994 ). According to Heathcote 
( 1984 , pp. 203–204), “drama can be a learning tool because it demands co- operation, 
makes factual experience come to an active employment, uses fi ction and fantasy 
but makes people more aware of reality, stresses agreeing to all trying to sustain 
mutual support while allowing people a chance to work differently, makes people 
fi nd precision in communication, stresses the use of refl ection.” Drama is essentially 
a social art and includes by defi nition contact, communication and negotiation of 
meaning. Students are partners contributing to the process new perspectives, opin-
ions and ideas and a number of previous experiences and therefore they are able to 
teach and learn from each other (Catterall  2007 ). “Within the safe framework of the 
make-believe, individuals can see their ideas and suggestions accepted and used by 
the group, they can learn how to infl uence others; how to marshal effective argu-
ments and present them appropriately” (O’Neil and Lambert  1990 , p. 13). At the 
cognitive and metacognitive domain, DiE may foster students’ divergent thinking 
and creativity, and liberate imagination and originality (Annarella  1992 ). Further, it 
may encourage refl ective thinking (Neelands  1984 ), the development of problem- 
solving abilities (Bolton  1985 ; De La Roche  1993 ) and decision-making skills (De 
La Roche  1993 ). In addition, DiE may stimulate students’ self-confi dence and fos-
ter their self-esteem, fl exibility and tolerance (Yassa  1999 ). It may also enhance 
communication and confl ict resolution skills (Catterall  2007 ). The use of drama- 
related techniques in education has been proposed, among others, as a context that 
offers innovative ways for teaching varied disciplinary curriculum areas and as a 
creative way for students to refl ect on broader—social and political—learning 
issues (Kotarinou et al.  2010 ). DiE is a very important pedagogical tool of critical 
pedagogy for increasing the awareness of social justice (Teoh  2012 ). 

 One of the arguments for the educational value of drama is that it involves critical 
thinking, and that critical thinking can be promoted by drama (Bailin  1998 ). 
Αccording to Bailin, critical thinking is not a generic skill but highly contextual. 
This involves thinking about what to believe or how to act in problematic situations, 
demanding of the thinker to make reasoned judgements .  The thinker must draw on 
a range of intellectual resources in order to respond to those challenges, including 
knowledge, strategies and habits of mind. Critical thinking can best be supported by 
infusing it into every curricular practice in which our students are involved (Bailin 
et al.  1999 ). 

 According to Appelbaum ( 2004 , p. 310), “for the last century, teachers of math-
ematics have been fi guring out how to drop the teaching of critical thinking in favor 
of establishing environments that allow for the critical thinking that is possible 
through discussion and interaction.” Such a learning environment fosters students’ 
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cooperation, enables students to analyse and evaluate the mathematical thinking and 
strategies of others in their class, and allows students to feel free and safe to express 
their ideas as in a real democracy (Appelbaum  2004 ). 

 We claim that the use of drama in teaching contributes to the creation of a demo-
cratic community of inquiry, favouring the development of critical thinking. 
Through working in teams, the students get opportunities, encouragement, and sup-
port for speaking, writing, reading, and listening mathematics while cultivating 
critical thinking skills.  

    The Experiment: Design and Implementation 

 This chapter, drawing on our qualitative research that examined the potential of DiE 
with regards to the learning and teaching of mathematics, focuses on the possibili-
ties that DiE entails as a mean that promotes “democratic access” to mathematical 
ideas for all learners. 

    Setting: Participants, Framework and Methods 

 Data for the refl ections presented in this chapter arose from our explorations of the 
contribution of drama in the formation of a teaching that fosters students’ participa-
tion and critical thinking in geometry in higher secondary schooling. The partici-
pants included a group of 26 11th grade students and their secondary school teachers 
from varied curricular areas (mathematics, physics, drama, language etc.) who all 
came together to work for this particular project. The setting of our study was an 
urban school located in the greater area of Athens. It took place in the academic year 
2010–2011. Its duration was 4 months and it was based on weekly and daily 
meetings. 

 In terms of the methods used, we designed and implemented an interdisciplinary 
didactical intervention based on a teaching experiment methodology (Cobb et al. 
 1991 , cf. Chronaki  2008  for an overview of its potential). The teaching experiment 
focused on a detailed design of the teaching of the axiomatization of Euclidean and 
non-Euclidean geometries as well as the history of Euclid’s fi fth postulate through 
using DiE techniques. The initial theme—the axiomatization of geometry by 
Euclid—did not presuppose much prior knowledge, so that all students were able to 
get involved in the activities. Utilising ethnographic techniques as part of the teach-
ing experiment implementation helped us to gather data:

•    participant observation of students’ mathematics classes in their ordinary lesson 
and participatory observation during the teaching experiment for exploring the 
way DiE techniques affect the instructional classroom norms and practices,  
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•   questionnaires concerning students’ beliefs about geometry before the teaching 
experiment,  

•   student interviews (2 months later) exploring the mathematics achievement and 
retention of knowledge of each student, their image of geometry as the result of 
the teaching experiment as well as the reasons for students’ motivation and active 
participation through specifi c acts within the teaching experiment.   

All presentations were videotaped and recorded in order to analyse the proper use 
of mathematical notions in their dialogues, while some episodes of students’ group 
work were analysed regarding the role of drama as a mediating tool for the negotia-
tion of meaning and the development of understanding.  

    Designing a Geometry Project: ‘Is Our World Euclidean?’ 

 The teaching experiment entitled: “ Is our world Euclidean? ” was carried out by the 
fi rst author, as researcher in teaching role as part of an engagement in participant-
observation in 25 teaching periods during 7 weeks in geometry, history, language, 
literature and Ancient Greek language classes. Our teaching experiment was 
designed to introduce students to the discovery of non-Euclidean geometries, an 
epistemological rupture in the history of mathematics, assuming that this would 
have the potential to challenge students’ beliefs about geometry and generally their 
image of mathematics as a science of absolute truth. 

 Through the design of the teaching experiment we aim to motivate and actively 
engage all students of a mathematics class through drama; to develop students’ 
understanding of the axiomatization of Euclidean, hyperbolic and elliptic geometry 
and the general concept of the axiomatic foundation of a science; and to challenge 
students’ stereotypical beliefs about geometry, encouraging the students to develop 
a critical stance towards mathematical knowledge as absolute, objective and infal-
lible. Specifi cally, the following stages were encountered as entries to the teaching 
intervention:

•    a lecture enhanced with digital projection was provided as an introduction to the 
topic  

•   the students were asked to work in teams, using appropriate bibliographical 
recourses such as digital or haptic material and books, for them to acquire suit-
able knowledge regarding their presentations  

•   a summing-up activity ensued, where there was ample chance to discuss ideas in 
public  

•   the teams prepared their presentations under drama conventions  
•   after rehearsing students performed their presentations  
•   a concluding and refl ective session followed, while at the end of the teaching 

experiment an entire class period was dedicated to the same purpose.    
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 The project consisted of the following units:

    1.     Euclid’s Elements and the axiomatisation of Euclidean geometry  (6 hours) 
 The main teaching aims of this unit were the students’ understanding of 

Euclidean geometry as an axiomatic system and a clarifi cation of different con-
cepts such as: defi nition, ‘common notions’, postulate, and proof. In the Ancient 
Greek class, the relation between Euclid’s axiomatic foundation of geometry and 
Aristotle’s  Logic  was presented by the second author. Students were encouraged 
to read and translate from ancient to new Greek excerpts from Euclid’s Book I 
concerning the defi nitions, the postulates and common notions. During the 
geometry class, students, divided into six larger groups, were asked to answer 
questions concerning the mathematics of the text after having studied appropri-
ate literature, e.g., some relevant excerpts of the book  The Historical Roots of 
Elementary Mathematics  (Bunt et al.  1981 ). Then students prepared their presen-
tations on the postulates, the common notions and some defi nitions of Euclid’s 
axiomatic foundation of geometry and made their performances using drama 
techniques such as ‘role-playing’, ‘reportage’, ‘alter-ego’, and ‘interview’. As 
we realized, listening to students’ answers during the refl ection, some students 
had not yet understood the axiomatic foundation of geometry by Euclid, we used 
the drama technique ‘teacher in role’ for a short recapitulation of the topic. The 
researcher (fi rst author) in the role of Euclid and the maths teacher of the class in 
the role of Hilbert talked about their respective foundation of geometry. Then the 
researcher ‘out of role’, addressed the students with open questions in order to 
identify how the majority of students had understood the fi ve postulates set by 
Euclid. Through the intervention, the students were able to develop a broader 
understanding concerning Euclid’s role within the foundations of geometry.   

   2.     Euclid and the historical, cultural and political frame of his era  (4 hours) 
 The main aim was for the students to understand mathematics as a cultural 

and human creation whose development is infl uenced by the political, economic 
and cultural environment. In order for the students to know the historical context 
in which Euclid’s  Elements  were written, a presentation was held by the fi rst 
author in the history class, concerning Alexandria in the Hellenistic period, while 
excerpts from Denis Guedj’s ( 2000 ) book  The Parrot’s Theorem  were read con-
cerning the history of this era, as well as the reasons for the blossoming of math-
ematics in this historic period and area. Knowing that dramatisation is an 
important tool in the repertoire of a teacher for humanizing and contextualizing 
the development of mathematical concepts (Hitchcock  1996 ; Ponza  2000 ), the 
chapter ‘Euclid’s conceit’ from J. P. Luminet’s ( 2003 ) book  Le Bâton d’Euclide , 
presenting Euclid and his era, was read expressively by some students in the lit-
erature class, while some scenes of the same chapter concerning differences in 
thought between Pythagorians and Euclid as well as historical anecdotes about 
Euclid were dramatised.   

   3.     ‘History in shadow’: The controversy of Euclid’s fi fth postulate until the 
eighteenth century  (5 hours) 

 The purpose for all the activities of the unit ‘History in shadow’ was to get the 
students to understand, through the history of contestation of the fi fth postulate, 
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how an intellectual problem—in our case a mathematical problem—can be a 
challenge for mathematicians for almost twentieth centuries. Through the 
 students’ acquaintance with the problem, especially with the ongoing and 
 unsuccessful attempts to solve it, we also aimed to challenge the student’s stereo-
typical images of mathematics as an absolute and certain body of knowledge. At 
the same time, on a declarative cognitive level, the students have been expected 
to learn various propositions equivalent to the fi fth postulate characterizing 
Euclidean geometry and to learn about the logical error of Petitio Principii (cir-
cular argument), an error that the students themselves make quite often in proofs. 
In the mathematics class, the history of the fi fth postulate as one of the fi ve set 
by Euclid and the challenging of it as an independent of the other postulates by 
mathematicians of classical Islam and by Western mathematicians until the nine-
teenth century were presented. More specifi cally, the unsuccessful attempts of 
the Arab mathematicians Thabit ibn Qurrah, Al-Haytham, Omar Khayyam and 
Nasir al- Din al-Tusi as well as of Saccheri and Lambert to prove the fi fth postu-
late were presented, while their errors in all these efforts—using equivalents to 
the fi fth postulate proposition to prove it—were interpreted. During the history 
class, the development and the reasons of the development of mathematics in the 
Islamic world, from the eighth to the thirteenth century, were discussed. A short 
extract from Denis Guedj’s book  The Parrot’s Theorem  (pp. 269–272), which 
refers to the “House of Wisdom” in Baghdad and its role in the collection and 
translation of the work of the ancient Greeks, was read. A combination of 
‘shadow theatre’ and ‘role playing’ was used for presenting all these unsuccess-
ful efforts as well as the errors made, and the students prepared their perfor-
mances after having studied relevant excerpts from the books  A history of 
mathematics  (Boyer and Merzbach  1997 ) and  Great moments in mathematics  
(Eves  1983 ).   

   4.     János Bolyai, Lobachevski, Riemann: The creators of non-Euclidean geom-
etries  (3 hours) 

 As the biographical allusions serve the purpose of humanising concepts 
(Ponza  2000 ), the students studied the biographies of the two latter mathemati-
cians in their Greek language class. The aim of students’ study of the biographies 
of the founders of non-Euclidean geometries was to change stereotypical images 
of mathematicians and see them as people who are not cut off from their social 
environment but who participate in it facing personal problems. They are persons 
with a special interest in mathematics who spend a lot of time studying the works 
of other mathematicians of the past. For Lobachevski’s biography, the book Men 
of Mathematics was used, a book on the history of mathematics written by the 
mathematician Bell ( 1993 ). For presenting Lobachevski, the drama convention 
‘role-on-the-wall’ was used. The students were asked to write within the outline 
of the fi gure ideas and feelings that, according to the various elements of the 
biography, Lobachevski himself might have had, and outside the outline their 
own feelings and thoughts about him. During the second class period, students 
were asked to read the biography of Riemann, from Boyer’s and Merzbach’s 
book, and to underline the fundamental points of it as well as the points that 
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impressed them. To present the second biography, the drama technique ‘portrait’ 
was utilised, in which one student took the role of Riemann and was asked to 
come alive to answer questions and queries of the students. In the third teaching 
period, the technique‚ ‘letters’ was chosen, in which three students in the roles of 
Gauss, Farcas Bolyai (father) and Janos Bolyai (son) read three letters from the 
correspondence between them concerning their work with the fi fth postulate, 
taken from Mankiewicz’s ( 2002 ) book  The History of Mathematics . Two more 
DiE techniques, ‘conscience alley’ and ‘confl icting advice’, followed. The ‘con-
science alley’ concerned Janos Bolyai’s struggle to continue or to stop working 
on the fi fth postulate. At a crucial moment, when he had to take a decision, 
Bolyai walked between two rows of students who gave him different advices on 
the decision he had to take. 

 Bolyai’s confl ict either to prove the fi fth postulate or to replace it with another 
non-equivalent postulate was manifested by the technique ‘confl icting advice’, 
i.e. by ‘voices in his head’ which gave him confl icting advice. The students took 
the role of ‘voices’ arguing in favour of one or the other mathematical approach 
he had to follow. The scene ended with Gauss’s reading of his letter to Farcas 
Bolyai, in which he refers in a very typical way to the work of Janos, a letter that 
embittered and discouraged Janos regarding his mathematical work.   

   5.     Hyperbolic geometry and the Poincaré model  (6 hours): 
 The unit’s aims were to enable the students: (a) to perceive the axiomatic 

foundation of hyperbolic geometry, (b) to perceive the role of the postulates in 
every axiomatic system, (c) to redefi ne Euclidean geometry, (d) to perceive the 
role of a model in mathematics, (e) to gain a deeper understanding of geometry 
by comparing the similarities and differences of the hyperbolic geometry with 
the Euclidean. In the history class, a presentation with historical data, key con-
cepts and theorems of hyperbolic geometry, elements of the Poincaré model as 
well as of the works of Escher was conducted by the fi rst author. A discussion 
with students followed about the notion of an axiomatic system, about its consis-
tency, the independence of the axioms, and the meaning of a model of an axiom-
atic system. In the Modern Greek language class (1 hour), the students studied in 
groups excerpts from the chapter ‘Platterland’ from Ian Stewart’s book 
 Flatterland  concerning Poincaré’s model of hyperbolic geometry, in order to 
prepare a radio show with the same name. In the geometry class (1 hour), the 
students used the interactive Java software ‘NonEuclid’ by J. Castellanos, Joe 
Austin, Ervan Darnell, and Maria Estrada for visualizing the Poincaré model, the 
axioms and basic concepts of this non-Euclidean geometry. The students worked 
on computers using worksheets in groups of two or three. They explored the 
model by drawing points, lines, segments, angles and perpendiculars to a given 
straight line. They also measured segments and angles and they wrote their com-
ments about the construction of equal circles, line segments of equal length. 
Finally, the axiomatic foundation of hyperbolic geometry was taken from the 
Poincaré model. Students prepared their own texts for the ‘radio broadcasts’ on 
hyperbolic geometry and its Poincaré model and presented them in two teaching 
periods in the Modern Greek language class. The radio broadcasts were  presented 
from behind a screen so that the students were not seen by the audience.   
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   6.     Spherical geometry and the axiomatization of elliptic geometry  (1 hour) 
 The students studied the axioms and the basic notions of spherical and elliptic 

geometry through the ‘Lénárt sphere’ and other haptic tools, like table tennis 
balls (Lénárt  1996 ). A role-playing activity was used for the evaluation of their 
developing knowledge.   

   7.     The fi lm  (during the class breaks) 
 A documentary fi lm entitled ‘Our lives with Euclid’ was created around these 

drama-activities with the students in the role of narrators who wrote their own 
texts of the narration after having studied the relevant literature. A student cam-
eraman fi lmed all the narrations and two others wrote and performed the music 
for the fi lm. Students were taught the program ‘Movie Maker’ for making their 
own montage of the fi lm, but there was not enough available time and the mon-
tage was fi nally made by the fi rst author.       

    Observations 

 In this section, the outcomes of implementing the above teaching experiment will be 
discussed in relation to its impact on students’ experiences in geometry and drama’s 
contribution to critical mathematics education. 

    Drama-Based Teaching and Students’ Learning of Geometry 
Notions 

 Drama techniques helped new practices to be formed in a class of active students 
who cooperated towards the development of mathematical knowledge. The social 
interaction and communication between the students created opportunities for the 
negotiation of meaning and the development of understanding. During the students’ 
cooperation with each other, each student’s personal solutions were explained to the 
members of the team and every member also tried to understand the explanations of 
others.

    Stefanos: …  and you would see the satisfaction on the other guy’s face, the moment 
that he perceived what you had explained to him. I understood what he said and 
he was happy.   

As students said, they understood better the mathematical concepts through explain-
ing them to classmates.

    Stefanos:  Some of the concepts were too diffi cult for me to explain to the others, but 
trying to help the others you teach yourself …, trying to explain it to the other, 
you actually see how it’s done.  
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   Sofi a:  A girl told me: I got it better from you than from the teacher in the class.   

Regarding students’ understanding of the axiomatisation of Euclidean and non- 
Euclidean geometries, the analysis of the dialogues in students’ drama performances 
suggests that students conceived the mathematical notions that they had to present, 
integrating them correctly in their performance dialogues. 

 Students’ retention of knowledge of these concepts was evaluated via relevant 
questions in specifi cally organised interviews 2 months after the end of the teaching 
experiment. Students’ responses indicate that drama based teaching had positively 
affected the students’ learning and retention of the axiomatisation of Euclidean and 
hyperbolic geometry. They stated that drama had made learning geometry notions 
easier, more meaningful and permanent.

    Ioanna:  In the way we did all this, I think that one learns more easily. What we 
learned (through this procedure) wasn’t designed for learning by heart or to show 
to the teacher that we really learned it. I think it was easier to learn in this way 
and to keep this knowledge in our mind.     

    Drama in Education and Critical Mathematics Education 

 Through the observation and the interviews we realized that drama was a signifi cant 
factor for all students’ active participation, it provided the framework for the devel-
opment of critical thinking and also cultivated in students abilities and skills neces-
sary for a responsible citizen.

    1.     All students’ active participation      

 From observation and interviews it appears that the innovative drama-based 
teaching motivated all students’ active participation in the teaching experiment.

    Tzina:  In this particular project we all worked, irrespective of the direction of our 
majors.  

   Christos:  In the project, we worked in teams, we had a good time, we all 
participated.   

Often when students work in groups, some leave all the responsibility and initiatives 
to the so-called ‘good’ students. Through DiE conventions all students participated 
in the preparation of the dialogues for the scene, with more or less contribution to 
the presentation.

    Stefanos:  The thing that most impressed me was that in all other cases when we 
have to do teamwork, in the end, only one person does the writing, while through 
the methods we used, all students had to work to reach the fi nal result.   

The main motivation for the participation of all students in the teaching experi-
ment, according to them, was the drama activities (cf. Fig.  1 ).
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    Yolena:  Personally, I was yearning for the next class with Ms Kotarinou. Every time 
the door knocked I wished we had another class with her rather than another bor-
ing session.     

 This was due to the following reasons:

•    to the innovative nature of drama based teaching of geometry. 
  Virianna:  It was something new, it was so very different for everyone, for me 

personally, without having any particular relation with theater and everything 
around it, it was very original and it was so very different for everyone, because 
something similar has not been tried before.  

•   to the experiential nature of drama. 
  Antony:  We felt as if we were discussing it with others for them to learn as we 

were the teachers Euclid, Gauss and Lobachevski. We were more involved in 
profound knowledge.  

•   to drama creative character, which gave them the opportunity to express them-
selves in their own way and for everyone to bring out his/her special abilities and 
talents. The students felt that the sketches were their own creation and due to this 
they wanted to have the best result in their presentations. 

  Antony:  Without drama this would not have been a part of us. Through drama 
we prepared it, we presented it, we felt it as our thing. 

  Viriann a: … it was very creative and everyone could show his abilities ,  the 
different ones that everybody has.  

  Fig. 1    Dramatization       
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•   to the atmosphere of game, joy and fun that drama created (cf. Fig.  2 ).  
  Petros:  All this dramatic, theatrical thing is like a game … 
  Zoe : The way we did it, co-operating many kids together, was hilarious and 

fun and made time fl y quickly and enjoyably, leaving us wanting more .   
•   to the impact that drama had on students’ identities as mathematics learners, 

stimulating their confi dence as individuals who can express their opinion, par-
ticipate in the writing of the texts and in the presentation of the different scenes. 

  Charis:  Yes, surely (I felt more capable) because before I hardly participated, 
while here I said my opinion, I wrote and I took part in the presentation. I 
wouldn’t have imagined this before.  

•   to the cooperation of students and the sense of security that this cooperation 
offered to them. 

  Gina:  It was the fi rst time we cooperated with the whole class … Now with 
this project we all came closer.   

    2.     Drama, critical thinking and students’ epistemological beliefs     

  The conception of critical thinking according to Bailin ( 1998 ) and Bailin et al. 
( 1999 ) involves three dimensions: (a)  critical challenges —tasks that require rea-
soned judgement, like solving problems, resolving dilemmas, evaluating theories, 
creating and interpreting works of art, and so provide the impetus and context for 
critical thinking, (b)  intellectual resources —the background knowledge and critical 
attributes such as knowledge of the principles of quality thinking and critical con-
cepts, repertoire of strategies or heuristics, attitudes or habits of mind, and (c)  criti-
cally thoughtful responses —evaluating the quality of the response to the challenge, 
e.g. discussions students have while they are working, evaluation of the dramatic 
performance. 

  Fig. 2    Radio broadcast        
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 Drama as a teaching method promoted the opportunities for critical thinking. 
The question ‘ Which is the geometry which best describes our physical world? ’ was 
the critical challenge involving drama, posing an intriguing dilemma for critical 
thinking. For responding to this critical challenge, knowledge related to the issue 
was crucial. So the students would need to draw upon many intellectual resources to 
deal with the challenge. Students then studied the other geometries and evaluated 
them. The empathetic and affective understanding in drama was related to students’ 
attitudes, such as open-mindedness and a willingness to listen to and consider the 
views of others. These were central to the making of reasoned judgements and ulti-
mately to critical thinking. Drama offered a suitable environment for the develop-
ment of critical thinking, fostering a climate of critical inquiry where, during the 
preparation of scenes and acting the roles, questioning, debating, expressing, 
explaining, discussing, criticizing and justifying ideas in drama activities were 
encouraged in an atmosphere of mutual respect and communal inquiry. 

 The response to the challenge took the form of drama presentations. These scenes 
demonstrated an understanding of the context, and sound reasoning of the issue and 
also an understanding of a skilful use of dramatic principles (Figs.  3  and  4 ).   

 This critical stance to the problem challenged the students’ images of geometry 
and enabled them to perceive mathematics as a creation under constant negotiation, 
modifying thus their epistemological beliefs about mathematics and scrutinizing the 
dominant belief that Euclidean geometry is the only model which interprets and 
represents our real world, shaking thereby another certainty: mathematics as a sci-
ence of absolute truth.

  Fig. 3    Alter ego        
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    Stefanos:  Certainly the plasticity of mathematics emerged and how mathematics is 
created and is changed depending on the needs of mathematicians, of scientists 
and of human beings generally. It is clear that mathematics is a complex creation 
which is not restricted to one way of understanding reality.  

   Angeliki:  Finally there are other views and we cannot say which is absolutely right 
and which is not.   

    3.     Enhancing citizenship through drama based teaching     

  Through drama work, the students learned to cooperate, to work together, to take 
collective decisions and to help each other. Drama cultivated among students 
cooperation,

    Thodoris:  Even the guys who are not interested in the lesson, they cooperate and try 
to do their best.   

collectivity,

    Virianna:  This feeling that we are all together and we must do our best in order for 
both us and the audience to be satisfi ed as well.   

and solidarity,

    Christos:  It was hard for someone to be indifferent. Not because he would not like 
to participate, but somehow as an obligation to other classmates   

i.e., abilities and skills necessary for a responsible citizen in a democratic society, 
skills that are not usually met in a traditional mathematics classroom. 

  Fig. 4    Shadow theatre        
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  Collectivity among students:     Drama as a social art encourages the development 
of social skills, cultivating interpersonal relations among students and creating a 
climate of trust and confi dence. For preparing their drama presentations, the stu-
dents had to learn to listen carefully to others, exchange their ideas, criticize others’ 
ideas, make decisions concerning the drama convention they should use, negotiate 
their roles and presentation and decide what elements of the issue are necessary to 
be contained in their texts. The students thus learned to work together, to take 
 collective decisions, to appreciate the abilities of the other, to have responsibility as 
members of a team and to contribute to the team according to their capabilities and 
particular inclinations.  

     Christos:  Several ideas were dropped and several times we combined them and so 
we came to a result.  

   Marietta:  We were separated in groups and everybody tried to give his knowledge 
in order for a nice result to come out. We had ambitions for something nice to 
come out.   

In our teaching experiment, the students emphasised the sense of team-spirit that 
developed between the members of the team.

    Thodoris:  Especially with all these I believe that the sense of a team was cultivated 
among us, because usually in school the grades are the main goal.  

   Tatiana: …  no one took initiatives to say: I’ll do that and the rest hold your tongue. 
We felt we were a team.   

Cooperation in groups also helped team members to get to know each other, it 
blunted the controversies and created friendly relations.

    Thodoris:  With this project, I contacted people with whom I don’t even talk and this 
was very pleasant. When you don’t talk enough to a person, it’s nice to work with 
him even for that moment .     

  Solidarity among members of the team:     During the preparation of their drama 
presentations, the students learned to help each other.  

     Christos:  Basically everyone had a role in the team. And if he couldn’t fulfi l the 
requirements of his role, another member of the team would help him.   

Students of different directions of studies cooperated and everyone brought to the 
team knowledge of his/her own fi eld of studies.

    Virianna:  And everybody could show his skills, the different abilities that one has. 
Through the project not only the qualities of those more involved with mathe-
matics could be seen, but there were some moments when the knowledge of 
students of humanities majors were needed and so everyone helped each other 
and the cooperation had a very good result.  

   Sofi a:  We all combined our knowledge in a remarkable way i.e. the girl who knew 
math better than me helped me in this lesson, while I, who knew literature better, 
helped her in that lesson.   
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Solidarity among team members helped the students feel more secure and confi dent 
about themselves, knowing that the other team members would give them appropri-
ate assistance.

    Tatiana:  Defi nitely, a team works better than a person alone and has far better 
results, so everyone felt more sure οf himself, had no anxiety and knew that he 
had some help, because a team works together and this gives more courage.      

    Concluding Remarks 

 Our experiment offered considerable evidence for the effectiveness of the use of 
drama techniques as an alternative approach in the creation of the appropriate learn-
ing conditions where all students participate in teaching/learning processes and 
become critical thinkers and decision-makers in the classroom. 

 The analysis of the texts prepared by the student groups for their presentations 
indicates that the students understood the mathematical notions that they had been 
assigned to present. Meanwhile, the analysis of the interviews, nearly 2 months 
after the presentations, also indicates that drama-based teaching had positively 
affected the students’ retention of knowledge. This fi nding on students’ achievement 
is coherent with previous studies (Duatepe and Ubuz  2004 ; Kotarinou and 
Stathopoulou  2008 ; Omniewski  1999 ; Saab  1987 ) which provided evidence for the 
effi ciency of drama-based teaching in facilitating understanding of mathematics 
concepts at primary and high-school level. Drama techniques are an alternative 
teaching approach in fostering students’ creativity by providing them opportunities 
to think critically. Through role playing, dramatisation and other drama techniques, 
we were able to discuss concepts like non-Euclidean geometries and historical 
events of mathematics that are not often discussed in the class context, broadening 
in this way students’ perceptions of the nature of mathematics. This modifi cation of 
students’ epistemological conceptions about mathematics supports the fi ndings of a 
previous study (Kotarinou et al.  2010 ) concerning the establishment of the ‘meter’ 
as a unit of length measurement. 

 Drama-based teaching gave students lessons about democracy, meaning that the 
students learned to cooperate with each other and also encouraged them to take 
 collective decisions. Through DiE they learned to face differences and to reach 
agreements with the team members through compromise and negotiation. Students 
learned to pay serious attention to others, to help each other, to appreciate the 
 abilities of the other, to have responsibility as members of a team and to contribute 
to the team work according to their capabilities and particular inclinations. From the 
students’ comments, describing aspects of drama based teaching, it seemed that 
the use of DiE conventions has acted as an effective mediating tool for the creation 
of collectivity bonds and solidarity amongst them; qualities necessary for the 
 development of citizenship. All previously stated conclusions are consistent with 
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Yassa’s ( 1999 ) and Catterall’s ( 2007 ) research fi ndings about the development of 
these skills through drama. 

 We believe that by the aforementioned activities with DiE techniques all students 
experienced mathematics not only mentally but emotionally and physically. It seems 
that such projects can help towards the participation of all students in courses pro-
moting critical thinking and decision making, both major goals of critical mathe-
matics education.     
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      Organising Dialogue and Enquiry: 
A Commentary 

             Lambrecht     Spijkerboer      and     Leonor     Santos    

    Abstract     The commentary on the chapters of Menezes, Oliveira and Canavarro, 
Kotarinou and Stathopoulou and Serradó, Vanegas and Giménez introduces a model 
called ‘OBIT’ to differentiate between ‘deep’ and ‘surface’ approaches to learning. 
It discusses the three chapters in the light of the model.  

      These days, the learning of mathematics is very challenging. It is no longer suf-
fi cient to know something, it is required that learning is developed by under-
standing (NCTM  2000 ). There are several conditions that may be favourable for 
students’ learning of mathematics. Organising dialogue and enquiry is one of 
these approaches. The approaches are recognised as facilitating students’ devel-
opment of mathematical content knowledge in mathematical processes, such as 
mathematical reasoning and communicating mathematical ideas, thinking skills 
and collaborative skills (Chapman  2013 ). This is the reason why it is obvious to 
dedicate one section of the volume to this theme. In the next pages, a commen-
tary on the three contributions of the section will be presented. Quotes from the 
three chapters will be used to underline the different aspects of the analysis. The 
quotes are written  in italics  and the tag numbers (1), (2) or (3) refer to the chapters 
by: Menezes, Oliveira and Canavarro (1), Kotarinou and Stathopoulou (2) and 
Serradó, Vanegas and Giménez (3). 

 Reading the different contributions in this part of the book, we notice that there 
are several similarities in how researchers describe classroom practice. First of all, 
they all focus on learning mathematics by the active participation of the learners. 
The situation in the mathematics classroom is organised in different ways where 
students are invited to communicate, to argue, to refl ect together, to propose ideas, 
to negotiate and to build consensus. Working together in this sense is called 
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 ‘cooperative learning’, ‘participatory performance’ or ‘deliberate dialogue’. Inviting 
students to build their abilities in mathematics this way, there should be appropriate 
tasks and a special demand on the role of the teacher in order to provide the suitable 
classroom environment for the learning to take place in the way it was intended. 

 Before going into detail about the tasks and role of the teacher in the described 
classroom practice, we shortly describe a learning-theory called ‘OBIT-model’ 
about a surface and a deep approach of learning (Biggs  1987 ; Marton and Säljö 
 1984 ; Smith and Colby  2007 ). The OBIT-model, which is concerned with different 
learning activities, is helpful for understanding the different demands of (future) 
teachers, students and researchers. In the kind of mathematic lessons where students 
are actively involved, they perform with learning activities of the higher stages of 
the OBIT-model. 

    OBIT-Model* 

 This model distinguishes two types of learning called the surface approach and the 
deep approach (Smith and Colby  2007 ). In the Netherlands, the two approaches are 
modelled by the so called ‘OBIT-model’. OBIT contains learning activities called 
 O nthouden = Remembering (reproduction),  B egrijpen = Understanding (explain in 
own words),  I ntegreren = Integrate (make combinations with former knowledge), 
 T oepassen = creative application (in new situations). 

 A surface approach contains remembering and understanding. With these learn-
ing activities, knowledge is mostly built up in the short-term memory. This is called 
a surface approach because after some days or weeks, the knowledge can vanish 
when it is not connected to other experiences. Knowledge in the short-term memory 
should be repeated continuously to get it into the long-term memory for later use. 

 *OBIT-Model Lower Stages 
  Onthouden = Remembering  

 For doing remembering activities it is not necessary to know what you are 
learning exactly, it is only a copy-paste activity. You learn by heart the 
Pythagoras theorem as a formula a 2  + b 2  = c 2 . Remembering is based on repro-
duction of the knowledge you know, not necessarily understand. 

  Begrijpen = Understanding  
 The learning activity understanding is shown when a student is able to 

explain what was learned during the lessons in his/her own words. S/he is able 
to copy the way of working, the way of solving problems in the same way as 
demonstrated by the teacher or with help of the explanation in the book. 

(continued)
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   If learning takes place by using learning activities like integration and creative 
application, the knowledge is stored in the long-term memory. The knowledge is 
connected to other knowledge and memories like emotions and information, given 
by other senses. For that reason, the results of this learning activity are not easily 
forgotten, which is why this type of knowledge building is called a ‘deep’ approach. 
The OBIT-model is based upon Bloom’s taxonomy but it uses different words, espe-
cially the word ‘application’ has a different meaning in the OBIT-model. Another 
difference is that Bloom’s is a taxonomy while OBIT is not.   

Understanding is a straightforward activity, and can be done by students who 
do their homework and are mentally present in class. The thinking steps are 
given, not to be made by the students themselves. Understanding questions 
are: solve this linear equation, draw a graph related to this formula, compute 
the angle in this right-angled triangle, … All activities were done by teachers 
before, so it is a rehearsal. 

(continued)

 *OBIT-Model Higher Stages 
  Integreren = Integration  

 The learning activity integration is focused on the relation between differ-
ent parts of knowledge. Integration means you use your insight in the situa-
tion. You make use of your knowledge and connect it to the new information 
achieved. Compared to understanding, during integration activities there are 
more thinking steps, and the learners add something themselves, it is a pro-
ductive activity, not only a reproductive one. 

 Examples of integration questions are: try to fi gure out the relation 
between, what do you know, what don’t you know. Explain why a parabola 
cannot have more than two intersection points with any straight line, …. 

 Especially for this learning activity you need to argue, explain, try, search, 
etc. and it can best be done in communication with classmates. 

  Toepassen = Creative Application  
 In the learning activity creative application, the thinking steps are not given 

anymore, like in integration, but the students have to engage in a sometimes 
creative thinking process to solve the problem; What do I know? What can I 
use? How to connect the different know-how I have or I want to gain to make 
sure the correct solution of the problem? In this learning activity, the students 
really make use of their own skills, as well as their (subject) knowledge. There 
is a design process going on, which is stimulated by a new situation, never 
faced before in context. 

 Research assignments are mostly seen in experiments inside or outside the 
classroom. Students have to fi nd out certain phenomena and try to explain 
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    OBIT in Education 

 The OBIT-model was introduced by Ebbens and Ettekoven ( 2007 ) based on the 
research of Boekaerts and Simons ( 2003 ) and is used for observing teaching and 
learning in class. This model is also often used to analyse tests and to build reason-
able test designs (Spijkerboer et al.  2007 ). 

 We can also recognise these different learning activities in the mathematics 
classroom. As described in (1), the students have to fi gure out the relation between 
the number of cubes and the number of stickers. This topic can be taught by a 
teacher showing the mathematical relationship by putting numbers on a table, by 
making a drawing of the connected graph or even by constructing a formula. Usually 
students learn by recognition after remembering and understanding, the two lower 
stages of the learning activities in the OBIT-model. However, in the case of the 
enquiry-based mathematics teaching, other learning activities like integration are 
addressed. In the task in drama in education (2), the students are highly motivated 
to perform and study the topic of mathematics in a way called integration and appli-
cation, the two higher stages of learning activities in the OBIT-model. 

 Findings from a study examining teaching practices and student learning out-
comes of 46 teachers in 17 different states of the U.S.A. indicate that most of the 
learning in these classrooms is characterized by reproduction, categorization of 
information or replication of a simple procedure (Smith et al.  2005 ). Daily practice 
in mathematics classrooms in other countries is also much more focused on the 
lower stages of the OBIT-model. The three research papers in this section refer to 
other ways of teaching and learning as mainstream.  Over the last decades many 
perspectives on mathematics teaching have emerged in opposition to the common 
vision and practice of knowledge transmission  (1). Knowledge transmission is 
focused on learning activities like remembering and understanding. However, the 
three research papers we read, stated that students learn mathematics in a way that 
is focused on the higher stages of the OBIT-model. For these learning activities 
 students’ active participation is essential. The learning for the long-term memory 
takes place when students are invited to communicate with others, to refl ect and to 

why they exist. Because students can learn so much from each other, espe-
cially application activities can very well be carried out in groups. Cooperative 
work gives space for different approaches, different tasks and different learn-
ing styles. Connection between real life and mathematics has to be made. The 
teacher has to take care of the complexity of these kinds of assignments, 
because the learning activity application can confuse the students easily. It is 
important that they approach the tasks open minded and with self-confi dence, 
without being prepared to make a lot of calculations. The focus is really to 
fi nd out, apply their knowledge and explore. 
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argue, to negotiate and to build consensus. Different solutions, strategies, ideas, or 
proposals are helpful for the learning of every participant in classroom discussions. 
Where the learning of mathematics is based on dialogue and refl ection, also   ongoing 
and unsuccessful attempts  (2) contribute to the learning. 

 Particularly interesting is the recognition of the new generation; future teachers 
 recognise the potential of mathematics in contributing to making judgements or 
reaching consensus  (3), but the authors complain that there is not enough participa-
tion in mathematics classrooms. The majority of future teachers in the research 
group believe that  deliberative mathematics dialogues are nearly impossible to be 
carried out in our regular classrooms of multicultural heterogeneous groups  (3). 
They also claim that  the initial statement of a problem (…) is not enough to promote 
a critical dialogue!  (3) 

 Enquiry-based education, as well as drama in education and deliberate dialogue, 
are obviously answers to the question of how to motivate students to cooperate in 
the learning of mathematics.  A contextualized activity is necessary to achieve real 
participation  (3). As a student reports:  a team works better than a person alone and 
has far better results!  (2) 

 It is helpful to read about front research facilitating the learning activities inte-
gration and creative application in very different types of education: in basic educa-
tion (1), secondary education (2) and higher educational environments (3). Learning 
mathematics is not for the sake of recognition and understanding, but proves its 
value with integration and application. Students’ motivation is found in doing this 
kind of learning activities in class: The students of Celia (1) are very motivated and 
committed to classroom work, they address their peers to clarify ideas. 

      Tasks 

 Obviously, the mathematics teacher should provide appropriate tasks in order to 
invite students to do integration and application. A good task is mathematically 
demanding and challenging for the students.  The curriculum transformations that 
occurred in several countries have inspired many teachers to seek for more demand-
ing learning objectives to integrate into their practice  (1). Because of the curricu-
lum transformations, some teachers have been inspired to design challenging tasks, 
although the need for good tasks in classical curricula is also evident. 

 Very well-presented tasks that make the students assume the tasks as their own 
are suitable for challenging mathematics lessons. Like in drama in education, stu-
dents want to solve their problem and avoid being hopelessly lost in front of the 
audience (2). 

  Not all tasks facilitate deliberative communication.  For that purpose,  we should 
create tasks with relation to the wider context  (3)––tasks with an open character and 
with many different ways to solve, with possibilities for different approaches and 
with more than one answer which are more suitable for communication and expla-
nation in the mathematics lessons focussing on integration and application (the 
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higher stages of the OBIT model). Tasks that invite students to communicate, to 
question and to refl ect are suitable for reaching the goals for democratic citizenship 
as well as understanding mathematical reasoning (3). To recognise the value of 
learning mathematics, an extra-mathematical context such as ecological situations 
and environmental problems is considered the main element to promote a  questioning 
discussion. In such a case mathematics is needed for discussing the social problem 
(3) and shows the value of mathematical thinking skills for both students and 
teachers. 

 With all tasks that invite students to achieve mathematical knowledge and skills, 
the most important activity to facilitate the learning process is an ongoing refl ection. 
We recognised this phase in the lessons described: phase 4 in the theoretical 
 framework of (1)––systematizing mathematical learning; drama in education is 
always followed by a refl ection afterwards; and also deliberate dialogue gains value 
in the evaluation.  The role of the teacher is crucial to provoke the pupils’ refl ection  (3).  

    Role of the Teacher 

 In all three contributions the important role of the teacher to facilitate learning is 
often stressed. The role of the teacher is to encourage students’ interaction and to 
invite them to explain to each other (1). The teacher must feel the responsibility to 
promote participation with others. The teacher decides how to design the learning, 
not only for mathematics sake but also with the  notion of “democratic access”  
(i.e. to be addressing as many people as possible) to mathematical ideas (2). It is the 
teacher who has the crucial role with regard to direction, possible continuation and 
conclusion of deliberative communication (3). This means the teacher is not always 
giving subject-based input, like explaining, showing or performing mathematically. 
It can be hard but helpful for teachers to restrict themselves and to not validate fast 
students’ ideas but to keep questioning and not giving clues too early. In enquiry- 
based education as well as in drama in education and deliberative dialogue, the 
teacher has to approach the students with open questions. The teacher has to observe 
how the students are reasoning in order to intervene at the right moment with the 
right action and to decide on the spot. 

 The way students act and react can be helpful information for the teacher to 
 identify if and how the students understand. To observe students’ thinking it is also 
helpful for the teacher to know what the solutions are to bring in for  collective 
 discussion and synthesis of the mathematical ideas  (1) and to choose the sequence 
of the presentations of students’ solutions. In the collective refl ection phase of the 
lessons the teachers illustrates, highlights and generalizes the ideas and synthesises 
the main mathematical ideas. It is important to guarantee the comparison of distinct 
solutions (1). The teacher needs to perceive if there is an appropriate social and 
physical environment. The risk is that teachers––because of their feeling of 
 responsibility––take the lead in pre-task and post-task moments in class too quickly 

L. Spijkerboer and L. Santos



347

to give input to mathematical content needed. In that case the value given to the 
communicative role of the teacher is suddenly reduced to the evaluation of the ideas 
to promote agreement among students. The teachers’ reaction on students’ doubts 
should not hamper the emergence of different strategies (1). A balance between 
leaving them on their own and giving them some orientation is not easy to achieve. 
That is the teacher’s challenge. 

 Preparing lessons this way also means for the teacher to think about questions to 
pose to students in case these are needed. Level-raising questions are to be prepared 
in order to facilitate differences in the mathematics classroom. Dealing with differ-
ences in the classroom is the ability to save time for students to help each other. 
Teachers sometimes evoke differences to facilitate the learning. Working in pairs 
can be very helpful, but it still gives a lot of different solutions to be collected in a 
full-size group. If pairs present the solutions to each other, the same interaction can 
be organised in less time. 

 The teacher has the role of inviting all learners to participate. In drama in 
 education there is no chance to hitchhike with others, because the task is demanding 
for all. There is a group-responsibility and the drive is not to fail in front of the audi-
ence. A student reports:  We had ambitions for something nice to come out  (2).  

    Final Considerations 

 Because the three contributions refer to modern tendencies in mathematics educa-
tion, there can be some questions about the implementation of these ideas into 
practice.

    1.    The teacher’s role in enquiry-based mathematics lessons is seen as a complex 
demanding practice (1), both by experienced teachers (Célia) in Portugal and by 
pre-service teacher students in Spain. What does teacher education, in-service 
and pre-service, have to offer to prepare (future) teachers for this role?   

   2.    Is it necessary that enquiry-based mathematics lessons are set in between lessons 
with traditional set-ups with knowledge transmission or is it possible to use this 
approach all through the weeks? Is it necessary to have projects like drama in 
education in between lectures or should the students keep seeing those non- 
regular and challenging tasks as another way of thinking (and learning)? What 
will confuse them more?    

   3.    Would teachers agree on mathematics lessons based on the same learning theo-
ries (like the OBIT-model) in order to achieve that mathematical education in 
school is more coherent and gives a clear presentation of the goals to be reached 
in the mathematics lessons: reasoning, arguing, decision-making strategies, etc.?   

   4.    Do we need, as a consequence of enquiry-based education, drama in education 
and deliberative dialogue, to put more emphasis on cooperative learning, dealing 
with differences in the classroom, and democratic citizenship in schools?         
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      Educational Laptop Computers Integrated 
into Mathematics Classrooms 

             Maria     Elisabette     Brisola     Brito     Prado      and     Nielce     Meneguelo     Lobo da Costa    

    Abstract     This chapter discusses a national program, i.e. an initiative of the 
Brazilian Federal Government and the Ministry of Education, which was developed 
between 2007 and 2012. The initiative aimed at the insertion of computers into 
public schools, which is a confl ictive issue as some educators fear that computers 
could replace teachers in the classroom. In this chapter, we are refl ecting on experi-
ments and surveys involving mathematics teachers’ use of educational laptop com-
puters within classroom practices.  

         Introduction 

 The insertion of computers into public schools in Brazil began in the 1980s and 
caused a confl ict in the educational context, as many educators feared that comput-
ers could replace teachers in the classroom. There were, among them, serious differ-
ences of opinion. A few idealistic and adventurous teachers argued in favor of 
installing computers in basic schools, while others, the conservative and cautious 
ones, were against it. In the light of this discussion, Paulo Freire’s words were able 
to cause refl ections about this new reality and also to raise awareness in order to 
cautiously examine the question, especially with an investigative spirit that could 
lead to understanding implications of this technology in teaching and learning. 
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Paulo Freire’s phrase was as follows 1 : “Preventing or hindering access of this 
 technology to young students in public schools is an attitude that only reinforces a 
different kind of education to the oppressed social class.” Freire focused on the 
youth, who most depend on public policies for access to information, as a funda-
mental step in the process of overcoming social stratifi cation. 

 According to Freire ( 1981 ) and to D’Ambrosio ( 1986 ), information access is the 
starting point for learners that can increase their power of creation and also their 
ability to reconstruct knowledge, through interaction with others (including the 
teacher). The digital technologies such as the internet, cell phones and mobile 
 computers interfere with the ways people understand each other regarding relations 
and communication as well as the scope and speed of information dissemination. 
Technology is able to change the expression and production capacity, using differ-
ent languages (artistic, mathematical, scientifi c), and also the representations of 
knowledge. 

 Research that has been done around the theme of integrating technology into the 
school curriculum, for instance by Valente ( 1999 ) and Prado ( 2008 ), shows improve-
ment, i.e. progress towards teachers integrating technology into their teaching 
 practices. However, these advances are still only occasional experiments and they 
point to the importance of continuous investments in training school staff. Likewise, 
research has also shown that computer labs are still working as an appendage for the 
classroom; this means that systematic use of computer resources integrated into the 
curriculum seems to be an exceptional situation. We know that, in fact, this integra-
tion does not happen so easily and immediately with the installation of the labora-
tory, because it requires teachers to reconstruct their pedagogical, mathematical and 
didactical knowledge, which goes beyond the mere application of computational 
resources (Almeida and Prado  2009a ). In fact, the integration of digital technologies 
into teaching practices is not limited to a juxtaposition of resources in teaching 
methodology. This process—as experienced by the teacher—involves a reconstruc-
tion of the structure of thought which now includes the “thinking with” and “think-
ing about” technology (Papert  1985 ), and later on it will critically include technology 
in the teaching process. This is the moment when the teacher learns to work the 
‘new’ and is able to understand this ‘new’ in order to reinvent and recreate her 
practice. 

 Many teacher-education initiatives have taken place in Brazil. Regarding the 
mathematics teacher education projects, research has indicated the need of refl ec-
tive and critical approaches, which should occur concomitantly with the pedagogi-
cal actions, considering specifi c characteristics of each school’s reality (Lobo da 
Costa  2010 ). Furthermore, they should incorporate more global elements through a 
technological learning network, which promotes refl ection and confrontation of 
ideas among teachers from various realities of schools across the country by means 
of exchanging experiences. The process of teacher education promoting the use of 

1   Pronouncement of Paulo Freire at the beginning of his function as Municipal Secretary of 
Education of São Paulo, in 1988, during the implementation of the Genesis Project: Educational 
computing in public schools. 
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technology is still under development; however, especially after 2007, a new educa-
tional scenario began to evolve in the country, with the arrival of educational laptop 
computers inside school classrooms. This framework has been set up in several 
countries, where similar projects are under development, showing that democratiz-
ing the access to information for all students is a global concern. A new reality is 
taking shape and must be studied in order to understand the implications involved 
when laptops are in students’ hands inside and outside classrooms, surrounding the 
school environment. This is a different situation from the one when computers are 
used at the school computer lab, in which teachers can exert substantial control over 
the computer use. The student with a laptop computer has free access to computing 
resources (applications, software, games, wireless internet) at any time, which sets 
new demands for schools and especially for teachers. This is an unusual educational 
environment, although the idea of each student with a computer was established a 
long time ago. According to Valente ( 2011 ), when Alan Kay met Seymour Papert at 
the Massachusetts Institute of Technology (MIT), in 1968, and saw Papert’s work 
with Logo programming language—even before the advent of microcomputers—he 
was deeply impressed, especially because he saw children solving complex mathe-
matical problems using computers. In that moment, Kay and Papert envisioned the 
possibility of every child having its own laptop computer. Papert ( 1985 , p. 16) said: 
“Computer presence could contribute to mental processes, not only as an instru-
ment, but conceptually, infl uencing people’s thinking even when they are physically 
distant.” 

 The innovative dream of that time is now becoming reality in Brazil with the 
implementation of the  Um Computador por Aluno  program (UCA)—one laptop 
computer per student—in public elementary schools (children from 7 to 15 years 
old). The development of new technology for laptop computers allowed for lower 
production costs of this equipment and made it possible to spread its use at schools 
and educational activities. Several countries such as the United States and India, and 
also African countries such as Rwanda, and South American countries such as 
Uruguay began to implement technological inclusion projects and professional 
development projects using these laptop computers since 2006 (Bebell and O’Dwyer 
 2010 ; Ceibal  2010 ). Taking into account this development, the aim of this chapter is 
to discuss a national program, UCA, an initiative of the Brazilian Federal 
Government and the Ministry of Education, which was developed between 2007 
and 2012. We are going to analyze some experiments and surveys which involved 
the use of educational laptop computers in classroom practices of mathematics 
teachers.  

    The UCA Program: The Beginning 

 Educational laptop computers started to be introduced to Brazilian public schools 
by the UCA program. The program was inspired by experiments developed at MIT’s 
Media Lab in the United States, under Seymour Papert and Nicholas Negroponte at 
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the beginning of the year 2000, which were made possible through the One Laptop 
per Child project. The main goal of providing one laptop computer per student 
(young children and teenagers) was to create educational opportunities so that 
everyone could have access to laptop technology. This goal encompassed a strong 
social desire to provide digital inclusion for those students who otherwise could not 
afford to have access to such technology to connect them to the world. Likewise, the 
UCA program began with the aim of promoting the digital and social inclusion of 
public school students. It was developed in two phases, an initial phase (2007–2009) 
and a pilot phase (2010–2012). In the initial phase of the program (Phase 1), fi ve 
educational experiments conducted in public schools in different states (São Paulo, 
Rio de Janeiro, Brasilia, Rio Grande do Sul and Tocantins) served to substantiate 
the pilot phase (Phase 2), in which the project was expanded to 300 schools. 

 The UCA program was developed with the purpose of promoting the use of 
 laptop computers in education to enhance the quality of education, the digital 
 inclusion, and the Brazilian insertion into the manufacturing process and mainte-
nance of this kind of computers (UCA Princípios  2007 ). The innovative points of 
the proposal were the use of laptop computers by all public school students and 
educators in an environment that allows for their immersion in the digital culture; 
the mobility of the equipment in environments both inside and outside the school; 
connectivity, through which the process of using the laptop computer and the inter-
action between students and teachers is done through a wireless network connected 
to the internet; and the use of different educational media, available for the educa-
tional laptop computer. Such innovative aspects, which focused on the daily class-
room practices, required UCA program developers to think of management 
strategies to ensure the program implementation at schools while providing the uni-
versity researchers with a basis to analyze the pedagogical implications of using 
laptop computers in classroom practices. Four types of interconnected actions were 
projected and developed to achieve this goal:

    1.    Infrastructure: Actions related to the purchase of laptop computers, the  adaptation 
of the physical space and the electrical grid of the participating schools in this 
phase of the UCA program, wireless network installation and setting up local 
teams of technical support.   

   2.    Development: Creation and implementation of a teacher training called “Brazil’s 
Teacher Development” (Formação Brasil, in Portuguese) for both teachers and 
school managers, and also the creation of logistics for an online development 
course which included universities, education departments and schools.   

   3.    Evaluation: An assessment approach was developed to support both infrastruc-
ture and development actions by means of diagnostic evaluation, in a process 
that implied systematic and impacting monitoring.   

   4.    Research: Projects were presented by a number of universities to the Federal 
Agency For Research Advancement (CNPq, in Portuguese). All these on-going 
research projects aim to investigate themes related to the teaching-learning 
 processes in which laptop resources are integrated into the curriculum.    
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It is important to underscore the inception of the course “Brazil’s Teacher 
Development”, which included the production of educational material and activities 
to meet the shared needs of the country’s different regions, while, at the same time, 
it established consortiums with different local universities so that the latter would 
adapt the course to fulfi l the regional needs by including extra materials and 
 activities which were meaningful for the reality of each of the participating schools 
in the UCA program (UCA Formação Brasil  2009 ). The fl exibility of a teacher 
development course is especially important as Brazil has continental dimensions 
with signifi cant differences among its regions. The south and southeast areas are 
highly developed, but they have a good deal of problems regarding social inequality 
and internal migration, while the north and northeast regions have large territories, 
most of which have rivers that go across forests with restricted accessibility, which 
require alternative actions to leverage their development. Brazil has a wide  economic 
and cultural diversity which demands specially-designed logistics to enable the 
implementation of a national program. The “Brazil’s Teacher Development” course 
offers this possibility as it can be adapted individually by local universities in each 
region while preserving its educational principles. In this course, the focus lies on 
the school. Managers and teachers of all areas learn how to use laptop resources 
under the learning-by-doing perspective as proposed by Dewey ( 1979 ). In this 
learning process, the pedagogical mediation is conducted by university professors, 
who were working in partnership with the IT and education professionals of the 
local education departments. The course takes place on-site at the schools and 
online through a virtual learning environment. The course’s approach emphasizes 
the principles of refl ective practice, the articulation of theory and practice, the 
 interaction and sharing of ideas, refl ections and experiences between peers and the 
developers drawing on the group’s experiences regarding the pedagogical use of 
laptop computers with school children.  

    Research Development 

 Some surveys were developed during Phase 1 of the program. Among them Mendes 
( 2008 ), which was conducted in one school of Tocantins, showed that during the 
laptop-computer implementation process, there were signs of changes in the 
 classroom management and in space and time reorganization following decisions 
proposed by the school teachers, managers and technicians from state educational 
agencies. The group was engaged in a process of curriculum adaptation based on the 
inclusion of laptop computers in the classroom. The research also found that laptop 
computers brought new forms of interaction and communication among students 
and between students and teachers. According to Mendes and Almeida ( 2011 , 
p. 52): “The association of educational laptops and connectivity can help the teacher 
to expand not only learning spaces, but also the participation in learning networks, 
the collaborative work and to enable contact with other cultures.” Another research 
in the context of the São Paulo state was developed by Saldanha ( 2009 ). He 
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 recognized that indicators of a fl exible curriculum are key for the feasibility of using 
laptop computers in school. Besides, Almeida and Prado ( 2009b ) showed that lap-
tops in students’ hands pose a new challenge, which requires a new management of 
teacher’s pedagogical practices. This can cause a curriculum-revision movement, 
which implies various new decision-making styles within the educational system. 

 These initial experiments supported Phase 2 of the UCA program, which was 
then implemented in order to include schools of all states. From 2010 to 2012 the 
Ministry of Education purchased 150,000 Classmate 2  laptop computers. The UCA 
program expanded to cover 300 schools (in urban and rural areas) throughout 27 
states, in which all students have been given a laptop computer. In addition, six 
small municipalities, characterized as economically disadvantaged, were chosen to 
be “digital cities”, which implied that they were given priorities in the sense that all 
schools were equipped with educational laptop computers. 

 In the second phase of the implementation of these digital cities, the aim was to 
understand the impact of the widespread distribution of laptop computers on the 
daily routines of a community, such as how the use of laptop computers affects 
routines, relations, businesses, services, families and the students themselves. On 
the one hand, this experience showed that aspects which can enable a more global 
digital inclusion require local governments to take a stand and develop political as 
well as management actions to make the necessary infrastructure and teacher 
 development viable at schools. On the other hand, such digital cities were reported 
to have a positive effect on the digital inclusion of the local population. However, 
we know that this is not enough to enhance the pedagogical use of laptop  computers. 
For the latter, it is necessary to interrelate the school’s community and the teacher 
development courses and to have a continuous investment in learning to increas-
ingly explore the potentialities of technological resources under a perspective that 
integrates syllabi. According to Almeida and Valente ( 2011 , p. 34), based on Freire’s 
liberating and problematizing concept, it should be underscored that

  … in the process of integrating technologies into the curriculum, it is essential to seek the 
development of a human being who is dialogic, inquisitive, refl ective, critical, capable of 
changing himself and the world. The use of Digital Technologies of Information and 
Communication (DTIC) allows for identifying the students starting point, i.e., his way to 
interpret the world … and to create the conditions to write his own history, his understand-
ing of himself as a person of his time, a member of a community with whom he socially and 
historically shares and builds knowledge, values and experiences. (p. 12) 

 As an example of the research developed in Phase 2 of the UCA program, we 
report our study that originated from the course “Brazil’s Teacher Development”. 
Here, our role was to prepare schoolteachers to work with the laptop resources 
under a pedagogical approach based on action-research in mathematics teaching. 
Our qualitative methodology followed the principles of action research, which is a 

2   The laptop computers used by the UCA program have devices such as webcams with photo and 
video capabilities, microphones and speakers, and ports for robotics devices. They also come 
equipped with programs to produce animation, games and narratives using a number of digital 
media resources. 
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type of social research based on observation of phenomena associated with the 
action and resolution of problems, and where the researcher participates in an active 
and cooperative process (Thiollent  1988 ).  

    Classroom Action-Research at the Mathematics Class 

 It is undisputable that providing laptop computers to students represents a highly 
motivational innovation that can be used to build knowledge. However, it is still 
common practice inside classrooms that students passively watch their teacher’s 
explanations of certain contents, and afterward do a list of exercises which have to 
be handed in. The notion that students learn through the teacher’s explanation and 
emulation (Skovsmose  2008 ) still holds true for many. Learners’ critical thinking 
and investigative, creative and authorship skills are often forgotten. 

 The common pedagogical model does not offer the students an investigative 
environment in which their curiosity could be aroused for exploration, hypotheses 
formation and analysis so that they become active, inquisitive and autonomous 
 participants in their learning process. In order to develop the kind of teaching which 
allows the learner to take hold of his own learning process through elaboration, 
exploration and disclosure, the teacher needs operational and conceptual under-
standing of the mathematical structures which form the basis of a rich learning 
environment for students. Regarding the discussion of working with curriculum 
contents, it should be added that it is still a great challenge for teachers to integrate 
computers and other available resources into the school context (Lobo da Costa 
et al.  2013 ; Prado et al.  2013 ). Hence, laptop use in mathematics classes might lead 
to a destabilization of teachers. To manage learning actions requires pedagogical 
and technological profi ciency as well as openness towards educational change. 

 An investigative approach to the learning of mathematics refers to activities that 
preserve the fundamental features of a science (Ponte et al.  2003 ). This means that, 
using a syllabus content-related theme, students should form questions and hypoth-
eses with clear goals aiming at gathering information from trusted sources, and 
develop practical actions to achieve results. It also implies data analysis and 
 interpretation, the production of means to represent and record achieved results, 
and publication and sharing of the fi ndings. In other words, teaching through an 
investigative approach means to create conditions for students to commit to  scientifi c 
research fundamentals and to learn in an active way through investigation projects 
(Valente  2008 ). The term ‘learning based on investigations’ has been used in inter-
national contexts. For authors such as Ramos et al. ( 2009 ), who research about the 
development of educational environments mediated by DTIC, learning based on 
investigations is an interesting path to overcome traditional teaching and learning 
models, by placing the student in action so that he ‘learns by doing’ as proposed by 
Dewey ( 1979 ). The starting point for learning is in the students’ inquisitiveness that 
compels them to investigate. Only transmission of information through the teacher 
is not enough to develop students’ knowledge about facts, concepts and studied 
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phenomena. Students must be led to engage in “sustained inquiry, i.e. activities that 
include formulating authentic, meaningful questions, planning tasks, gathering 
resources and information, predicting outcomes, debating the value of information, 
evaluating information, collaborating with others and reporting fi ndings” (Krajcik 
 2002 , p. 411). 

 Unfortunately, in Brazilian school contexts, developing ‘research work’ has 
 frequently been understood as a procedure that can be summed up as the creation of 
student groups who gather information about an issue using technology, and then 
produce a text report to be handed to the teacher. The proposal for teacher develop-
ment based on an investigative approach in the teaching of mathematics using UCA 
laptop computers in Phase 2 included the discussion of contexts and dynamics, 
depicting scenarios that represented possible paths for students to become investiga-
tors. Regarding the possibilities offered by the use of laptops in the teaching and 
learning of mathematics, we underscore that the ability to animate objects on the 
screen can become an important tool to support, or even replace many of the 
 activities designed for pencil and paper. In mathematics, animation can also have an 
important role in designing dynamic graphs, allowing for the variation of a few 
parameters to produce immediate effects on the graph (Bairral  2007 ). 

 The software to perform simulations of physical, chemical, biological and 
 environmental phenomena or to explore a number of mathematics themes can be 
found on the internet, for example on the PhET website, the Interactive Simulation 
Project developed by the University of Colorado (PhET  2010 ). Other dynamic 
graphs software programs, such as WinPlot or Graphmatica, can be used by both 
mathematics teachers and students, as reported in several studies (Castro  2011 ; 
Lobo da Costa  1997 ; Maia  2007 ). There is also a Brazilian government website 
called “Portal do Professor” (“Teacher’s Portal”;   http://portaldoprofessor.mec.gov    . 
br/index.html), which offers digital resources and activities for educational use, 
 giving teachers the opportunity to select situations that can be dealt with under the 
perspective of an investigative learning of mathematics. 

 Figure  1  shows the graph plotter for quadratic equations in the Interactive 
Simulation Project (PhET  2010 ). Activities in this application can be far more 
 interesting and meaningful than simply fi nding the roots, which correspond with the 
points where the curve crosses the x-axis, as done with pencil and paper. The graphs 
are dynamic, and by changing the parameters of these functions, new graphs are 
immediately plotted. The point where they intercept the x-axis can be viewed and 
identifi ed in the graph, but an extremely interesting aspect is to understand the role 
of parameters and how they infl uence the forms of the different resulting curves. 
Figure  1  shows the draft of a curve for a quadratic equation according to the selected 
parameters.  

 The student activity can follow the investigative approach with the goal to 
 understand the role of each parameter for the curve’s shape, such as ‘aperture’ and 
‘concavity’. In an investigative activity, the learner should form hypotheses, test 
them and record results to gradually develop an explanation for each of the param-
eters. The same investigative spirit should be used in other activities, such as to fi nd 
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the minimum and maximum value points in the parabola, the representation of 
 quadratic functions and the use of graphs as a strategy for problem-solving. 

 For the development of the investigative pedagogical approach using laptop 
resources in the classroom it is essential to discuss among the teachers the manage-
ment of an investigative lesson using technological resources. It is important for the 
teachers to realize that the use of technological tools is not suffi cient per se for the 
learning of mathematics. Even if some teachers can imagine interesting mathematical 
activities, the management of such activities with the students is complex. 

 Another main aspect of the implementation of the investigative pedagogical 
approach using laptop resources in the classroom is the possibility for the student to 
abandon the role of a mere consumer of teacher-based information, and to become 
a content-creator. The investigation performed by students, together with the knowl-
edge built, can be described and recorded, and further shared at the school and with 
other schools, both on-site and using web-based resources. The idea is that DTIC 
users let go of the consumer’s role and become active agents in the “production and 
dissemination of information and knowledge, transmuting consumer-users into 
citizen- users” (Mota and Tome  2005 , p. 64). This knowledge—once it is properly 
documented and described—can be shared in discussions with peers, or through 
lectures, through presentations on boards or other media. These experiences pro-
duced in an organized format can become a bank of ‘knowledge’ generated by the 
school. Contextualized experiences in the school’s reality that can be shared and 
used as refl ection-objects for the school itself or for other people and educational 
institutions will create the possibility to leap onto higher levels of building 
 knowledge through practice (Prado  2003 ; Prado and Valente  2002 ). Besides, the 
dissemination of this kind of knowledge and the DTIC can be useful in establishing 
a network of schools that share experiences and refl ections, as well as management 
strategies used in this new educational approach (Vallin  2004 ). 

  Fig. 1    Quadratic function graph and selected parameters       
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 Furthermore, our research showed that some mathematics teachers were not 
comfortable to use educational software, such as Geogebra, WinPlot, Ruler and 
Compass, in their lessons. When they did use them, the application was restricted to 
visualization in order to illustrate the lesson’s content, without exploring the inves-
tigative advantages made possible by the technological resources. The possibilities 
for students to put their hypotheses to active testing, while comparing and altering 
their effect on the laptop screen, were hardly explored. The realization of this 
 situation showed that the integration of DTIC into the curricular content is more 
complex as it requires the mathematics teachers to resort to a deeper and more 
 consistent content-knowledge to be able to re-contextualize and represent it in a new 
format. Besides this, the necessary teaching skills are different, because in a 
 classroom dynamic where investigation takes place, the educational focus is on the 
students while the teacher is the one who carefully performs pedagogical mediation, 
including providing the students with the formalization of the concepts involved. 
This is, therefore, a challenge for the teacher development. This realization led us to 
seek other paths that could prepare mathematics teachers for developing investiga-
tive activities with their students, using laptop resources. Bearing this in mind, some 
workshops were developed for teachers at the participating schools of the UCA 
program. One of these workshops took place in São João da Ponta, one of the six 
“digital cities”, which is 230 km away from the capital city of Para, in northern 
Brazil. There, the UCA program was developed in all 14 schools (urban and rural), 
involving 83 educators (teachers and administrators) and approximately 1,600 stu-
dents. While guiding the educators, as researchers, we collected data through semi- 
structured interviews, questionnaires and, especially, through the teachers’ narratives 
registered in the virtual learning environment as well as by observation of their 
actions at the schools. The workshops held at São João da Ponta emphasized prac-
tices to teach students how to select a problem in their reality and seek information 
to propose solutions. One of the activities used the Webquest methodology aiming 
to provide students with the development of a guided investigation with meaningful 
tasks involving mathematical concepts to be experienced in the activity using laptop 
resources. This form of learning by experiencing situations, which instigates search-
ing, interpretation and data selection that help understand the reality, enhances 
knowledge-building in a critical and refl exive thinking process. 

 Another investigative activity was project-based work. In this situation, the 
 students identifi ed a problem and organized an information and knowledge search, 
while developing the ability to critically analyze a given situation and contextualize 
mathematical contexts and other knowledge areas to solve problems. The project- 
based methodology encourages students to work in groups, debate ideas, develop 
arguments and produce something in which they are involved both cognitively and 
emotionally. The learning process through projects is as rich as its product, which 
expresses the learner’s creative and authoring potential. Many of the resources in 
the laptop computer can be used in integration with the project and even serve as a 
means to publicize on the web, demanding accountability and ethical attitudes from 
the learners.  
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    Discussion 

 Further data reveals that there is a signifi cant commitment of teachers to create 
opportunities for students to interact with each other and by means of the  educational 
laptop computer. Teachers realize that this technology can improve students’ learn-
ing processes. The development of investigative activities, such as project- based 
methodology, showed that mathematical knowledge can be acquired in a more 
encompassing way than in the traditional setup of mathematics lessons. In articula-
tion with contents from other areas of knowledge, it may lend an interdisciplinary 
character to students’ learning. The technology allows this interdisciplinary 
 character and the teachers could create lessons to link sciences and mathematics, for 
example, by using spreadsheets to create graphs to represent and interpret data in 
order to comprehend a phenomenon. Regarding the use of educational software 
such as Geogebra, Winplot, Ruler and Compass, among others, teachers reported 
the importance of using these resources as they allow for a better display of 
 geometrical forms, their characteristics, specifi c values and properties, which can 
facilitate students’ learning. However, in practical terms, using this software was 
mostly restricted to its display mode only. 

 Mathematics teachers who took part in this research are in the process of inte-
grating the resources into their teaching practice. So far, technology has been used 
to illustrate classes and not to its full potential of exploring in order to develop 
mathematical knowledge by performing tasks, for example, in asserting hypotheses, 
building relationships, and supporting the construction and validation of arguments 
that could be experienced by the student in interaction with the software in a refl ec-
tive and investigative classroom environment. 

 Another aspect highlighted in this research is related to teachers’ perceptions 
regarding the development of learner autonomy in terms of handling the laptop 
computer to navigate the web. It has become evident to teachers that a student with 
a laptop computer has much more autonomy to explore new possibilities, enabled 
by this technology. Hence, it is important to include debates on issues related to 
 ethics, authorship and values in pedagogical practices that enable students to use the 
internet and social networks securely and responsibly. 

 Concerning curriculum-related content, it is still a great challenge for teachers to 
work with both computational and other available resources within the school con-
text. The prevailing view still is that students learn when teachers explain, and that 
the student has to practice (Skovsmose  2008 ). Students’ critical thinking, their 
investigative capacity and creative authorship are very often left aside. Indeed, in 
our research we found a mismatch between the possibilities of the new learning 
environment and the formal view of education, which is unsuitable for today’s 
 society. Moreover, there is another worrying factor for mathematics teachers which 
is related to their mathematical knowledge. During the program of mathematics- 
teacher education to develop the educational use of the laptop computers, they mas-
tered the operation of computing resources. However, the diffi culty in mastering the 
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mathematical content is noticeable, which makes it hard to reconstruct their  practices 
to encourage investigative approaches and student authorship. 

 These results allow us to go back to the initial concern of many educators faced 
with technology at school. Technology really could ‘replace’ teachers, but only 
those who simply retransmit information, as computers can do this in a much more 
effective and attractive way. Now, for the teacher who understands mathematics 
education—with or without the use of technology—as critical thinking, focused on 
the development of values, realizes that his role is broader, acting as an advisor and 
mediator in the process of student learning, not only taking into account their 
 intellectual abilities, but also taking them in their wholeness, represented in their 
sensitivity, history, background and culture.     
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Technology and Education: Frameworks 
to Think Mathematics Education 
in the Twenty-First Century

Gilles Aldon

Abstract Improving the quality of teaching and learning by effective use of tech-
nology is a common goal that brings together teachers, researchers, students and, 
more widely, other citizens. However, the roads leading to this goal are often quite 
different. What are the main changes, for teachers, for students and in the interac-
tions between students and teachers? Different theoretical frameworks provide tools 
to analyse and understand what happens in the classroom: multirepresentation and 
multimodality; instrumental and documentational genesis; role of technology in an 
experimental part of mathematics, didactical incidents. Starting from experiments, 
this chapter shows how these frameworks can be combined to analyse the role of 
technology, the difficulties and some success in mathematics education.

 A Positioning of the Problem

From the Babylonian clay tablets, which have been used in the scribes’ schools both 
by teachers and students (Proust 2012), up to the mathematical machines (Maschietto 
and Trouche 2010), not to mention the geometrical tools, mathematics and mathe-
matics education have always had to do with technologies. Tools and instruments, a 
ruler or a compass as well as a mathematical result, are part of the toolbox and of 
the documentary set of mathematicians and students. In the twenty-first century, to 
understand and to use digital technologies are both part of the mathematical act and 
thus part of the documentary set and of the toolbox of mathematicians and students. 
To be interested in mathematics education nowadays leads naturally to studying the 
available resources and tools from both the point of view of the content and of the 
medium, or container.

Following Serres (2012), three main revolutions occurred in the human history. 
These three revolutions have something to do with the communication between 
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people and more precisely with a modification of the relationship between media 
and contents.

The first revolution is the appearance of writing about 5,000 years ago. The 
world changed dramatically from an oral to a written civilization. Written docu-
ments had not only a value of communication but more deeply appeared to have a 
role of witness, a value of evidence and a value of information. The code of 
Hammurabi (about 1770 BC) is a good example of the change brought by the exis-
tence of a written law: “He was the first monarch to make a united Babylonia” 
(Prince 1904, p. 602), justice and right should supplant the oral traditions. There 
was a common document, universal reference for life. This new age is the beginning 
of the modern civilizations due to the possible, incontestable and durable organiza-
tion of the world through a new mode of relationship between people. The conse-
quences on social relationships, economy, religion (the birth of the “Religions of the 
Book”) and education were fundamental. In this time of Païdeia,1 education became 
an intentional act in the city in coherence with the changes that life in the city 
brought to the development of children.

The second revolution has also to do with the dialectics of media and contents. It 
is the dissemination of writing, the advent of printing in the fifteenth century. It is 
the time of the Reformation when each person can read directly in the Book: 
Luther’s translation of the Bible into the vernacular instead of Latin made the Book 
accessible for everybody: “In what concerns the word of God and the faith, every 
Christian is as good a judge for himself as the pope can be for him” (Luther 1904, 
p. 78). It is the time of the huge development of trade, the development of experi-
mental sciences: the scientific work is no more the learning of the existing science, 
which is externalized and disseminated in books, but the experimentation of this 
knowledge through experience. In the sixteenth century, Montaigne wrote that it 
should be better for education to build “une tête bien faite, plutôt qu’une tête bien 
pleine” (1854, p. 64; “a well-made head rather than a well-filled head”). The exter-
nalization of knowledge enabled people to develop other skills and to experiment 
the written knowledge. In terms of education the humanist school was born and 
would be developed during the next centuries. It is interesting to notice about the 
first two revolutions that these were not revolutions regarding knowledge itself but 
revolutions in the relationship between knowledge and media, which deeply modi-
fied the way knowledge was shared among people. In turn, these societal transfor-
mations allowed the emergence of new knowledge: the dialectics of media and 
content implied an evolution of techniques of writing and of development of 
knowledge.

Adding ‘digital’ to the word documents and the resources is about to trigger a 
new revolution. We are living in the time of the beginning of the third revolution in 
which the dialectics of media and contents are fundamentally renewed by the pos-
sibilities offered by digital technologies in terms of information and communica-
tion. It opens a time of social networks, optimizing learner success through learning 

1 Παιδεια from παιδοσ: child and αγειν: to lead; literally to lead children through the city. The 
word pedagogy has the same root.
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analytics (Morency et al. 2013) where techniques are at the service of  personalization 
of education: “Theoretically, LA [Learning Analytics] has potential to dramatically 
impact the existing models of education and to generate new insights into what 
works and what does not work in teaching and learning” (Siemens 2012). Economic, 
religious, and social consequences will surely be as important as they were in the 
two previous revolutions, as well as changes in education. By bringing out new 
paradigms and new values, often one revolution suppresses the previous one. The 
digital revolution highlights communication and cooperation values. Is it then pos-
sible to learn from history and to keep the humanist and civic values in this new 
age? This is surely a great challenge to our new world where knowledge is widely 
available but not necessarily easy to understand: as an example, googleling “Wiles- 
Fermat theorem proof” brings the text of Wiles’s proof in less than half a second. In 
this sense, knowledge is available, or more precisely the text of knowledge is avail-
able, but still hard work is required in order to integrate and to understand all the 
actual concepts and notions at stake in this proof.

In these dialectics of media and contents, we are confronted with a paradox 
because digital media are instantaneous, whereas knowledge construction is a long 
process which requires time and effort. It is possible to find information very quickly 
about any subject, it is possible to download the text of knowledge, but having avail-
able information is not yet synonymous with understanding this knowledge and 
using the knowledge in a particular context. The process of the transformation of 
available data into usable knowledge is a challenge of education. At the same time, 
digital technologies offer new tools to allow new approaches to mathematical 
notions. The example of dynamic geometry software is symptomatic of a new 
approach to Euclidian geometry and to its teaching and learning. In addition, multi- 
representations, which contribute to the understanding of a specific notion, are facil-
itated by the use of software that offers a connection of different applications 
(typically Geogebra or TI-nspire with geometry, spreadsheet, algebra, and CAS 
windows). For example:

When presented with the TI-nspire, we assumed that these developments could offer new 
possibilities for students’ learning as well as teachers’ actions. They could foster increased 
interactions between mathematical areas and/or semiotic representations. They could also 
enrich the experimentation and simulation methods, and enable storage of far more usable 
records of pupils’ mathematics activity. However, we also hypothesized that the profoundly 
new [sic] nature of this calculator and its complexity would raise significant and partially new 
instrumentation problems both for students and teachers and that making use of the 
new potentials on offer would require specific constructions, and not simply an adaptation 
of the strategies which have been successful with other calculators. (Artigue and Bardini 
2010, p. 1,172)

What are the main changes for teachers, for students and in the interaction of 
students and teachers? What tools can research bring to teachers to enhance math-
ematical education in this beginning digital era? Present work of the education com-
munity brings elements of answers to these complex questions.
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 Towards a Framework That Takes the Complexity of the Topic 
into Account

Pedauque (2006) places the modernization of documentary activity in the center of 
the intertwining of media and contents. The main four functions of documentary 
production are described as two cognitive functions––mnemonics and organization 
of ideas––seen as the fundamental basis for a documentary production, the function 
of creativity and the function of transmission. These four functions can be crossed 
by three levels of mediation: the individual level (the documentation of the personal 
library), the group or collective level (the documentation shared by a specific com-
munity) and the public level where documents are made available for everybody. 
Even if the boundaries between the three levels as well as between the four proper-
ties are not clear-cut, this classification allows the functions of a document to be 
related to the different spaces of mediation. The modernization due to digital tech-
nologies moves the boundaries between the levels of mediation: individual docu-
ments appear in the collective or the public level which makes quality tracking 
difficult, especially in the world of education. However, this model is insufficient to 
make understandable the relationships between actors in a teaching/learning ratio. 
The notions of “document” and “resources” need to be clarified and explained in the 
context of education. For this purpose, I subsequently explain and follow a docu-
mentational approach to didactics (Gueudet and Trouche 2009, 2010).

Another, and linked, important aspect is the modification of tasks that digital 
technologies bring into the classroom. Because most of the answers to classical 
mathematics exercises are directly available on the web, the students’ tasks must 
evolve in order to develop new skills. The mathematical tasks evolve with technol-
ogy through new possibilities of manipulating some of the representations of math-
ematical objects. The experimental part of mathematics, which is not born with 
technology, changes with the use of technology. These “augmented mathematics” 
and the role of experience in the learning of mathematics also need to be clarified.

 Documentational Genesis

Coming back to a basic question: what are resources? it is interesting to have a look 
at the etymology of the word: it comes from the Latin resurgere which means “to 
rise again” and that the resource was somewhere hidden and is brought into light in 
relation to a specific goal. Thus, resources for teachers, and students as well, could 
have a wide range of origins: a discussion with colleagues or mates, data kept in a 
computer or in the “cloud”, books and encyclopedic knowledge, tools and software, 
meetings, talks and course. When a goal has to be reached, when a task has to be 
completed, available resources are “risen again” to produce something operational, 
a document which will be the result of a process called by Gueudet and Trouche 
(2009) the documentational genesis. This model extends the model of instrumental 
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genesis (Rabardel 1995), which has been used in mathematics education (Artigue 
2002; Lagrange et al. 2003; Trouche 2004) to explain the process of appropriation 
of artifacts and their transformation into instruments when associated with schemes. 
As in instrumental genesis, the process of transformation (the instrumental or the 
documentational genesis) is the result of a double movement from the subject to 
the artifact (or the resource) and from the resource (or the artifact) to the subject. 
The first is called instrumentalization and the second instrumentation. In the process 
of instrumentation, the subject’s behavior is modified by the artifact or the resource, 
whereas instrumentalization describes how the subject fashions the resource or the 
artifact for his/her own use. The document, which is the result of the documenta-
tional genesis, becomes part of the set of resources of the subject. Students as well 
as teachers build their documents in such a documentational genesis and lean on 
their own set of resources to build their own documents related to their learning 
intentions. The set of resources may be individual, collective or public and the docu-
ment itself becomes individual before perhaps entering a collective level where it is 
shared or distributed.

A good example of this process is the content of students’ calculators. It is now 
possible in most calculators to store data and students may organize the memory 
with different contents. It is also possible to communicate between calculators and 
to download files. But a specific content that has been downloaded or copied is not 
yet usable. Before it becomes a document, students have to modify it, to organize 
the data for their own use. However, knowing that data is reachable in the calculator 
modifies the way they learn.

Resources become a document related to a certain goal and students have learn-
ing intentions whilst a teacher has teaching intentions. Both include their concep-
tions, beliefs and knowledge. Therefore, the documentational genesis of students 
and teachers are developed simultaneously and the confrontation of the two geneses 
may provoke incidents (Aldon 2011, 2014). These incidents can be called didactic 
incidents because they have to do with the knowledge at stake. Analyzing these 
incidents gives clues for understanding the misunderstanding between teachers and 
students in relation to the management of the resources. Coming back to the exam-
ple of calculators’ contents, what can be seen by students as an organization of ideas 
and a good use of the mnemonics property of technology may appear from the point 
of view of the teacher as cheating or refusing to memorize. This misunderstanding 
may induce a withdrawal at the individual level or at a collective level excluding the 
teacher. The consequence may be a deep perturbation in the integration of the cal-
culator in the mathematics course as expressed by a teacher in an interview: 
“Sometimes it’s difficult because they [the students] do not know their lessons. 
They do not learn because they believe that they have everything inside their calcu-
lators.” Looking at calculators with their different potentialities, we can consider 
them as artifacts with possibilities of calculation and representation (properties of 
creation) and as digital resources with possibilities of data processing and data shar-
ing (properties of memorization, organization of ideas, and communication).
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 Didactic Incidents

Didactic incidents are phenomena of the didactic relationship and concern the inter-
action in the classroom. Some of them are linked to the interaction between teacher 
and students, others are related to the mathematical content or the pedagogical envi-
ronment. I elsewhere (2010, 2011) distinguish five types of incidents, each of them 
causing perturbations in the dynamic of the classroom:

 1. An outside incident corresponds to an event not directly linked to the learning 
situation but often important in the classroom. This type of incident can 
strengthen a previously caused perturbation.

 2. A syntactic incident is linked to the conversion between semiotic registers of 
representations. In a technological environment, these incidents mainly come 
from the feedback of the machine.

 3. A friction incident corresponds to the confrontation of two situations in the inter-
action between students and teachers.

 4. A contract incident occurs when an event breaks or modifies significantly the 
didactical contract. This modification is strongly correlated to the appearance of 
didactical bifurcations where students invest a situation differently from the situ-
ation intended by the teacher.

 5. A mathematical incident when a mathematical question is asked and not answered.

An example of a contract incident is the place where students access technological 
tools. The following dialogue took place when students had to look for the 1000th term 
of a sequence. The environment of the computer laboratory seemed to favor a contract 
authorizing any available tool. In this brief excerpt, however, we see G1 offended 
when she saw other students using a spreadsheet (G indicates a girl, B a boy):

B1: Oh là là! We must calculate the thousandth!
G1: Wait! They are cheating!
B1: Who?
G1: They cheat, they use Excel!

Even if the spreadsheet is an element of her set of resources, it is not visible in the 
particular contract sensed by G1. What is highlighted in this example is also very 
present when it comes to using (or not using) a particular feature of the technology 
whose status is not clearly defined. A typical friction incident occurred when the 
teacher took part in a discussion with students previously working alone:

T: Do you understand what I said?
B1: How do we calculate?
T: Then how to calculate … can you move this point, it’s always positive, okay?
B1: Yes but …

The teacher, when continuing her discourse, did not take into account the actual 
work of the student who asked a technical question and, instead, she answered 
conceptually.
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When working with software, feedback given by the program is often at the ori-
gin of a syntactic incident. There is a necessary interpretation and a transposition 
from a register of representation to another that may provoke a misinterpretation of 
the feedback. It is interesting to set this dialogue against the following observation 
in an observed lesson at the beginning of the school year; the teacher spoke to the 
whole class whilst students were working with their calculators:

T: Then you open the catalogue and type the first letter of the command, well for 
the moment, R and you just have to go down, okay, you see Randint, it’s here. 
Well. [T is demonstrating on the white board whilst speaking.]

T: Well. I have simulated the throw of a dice. The question now is: How are you 
going to simulate the throw of two dice and how will you obtain the value of 
the difference of the greater minus the smaller?

At the same time, S1 and S2 have been working with their calculators:

S1: We have to type a blank.
S2: Do you think so?
S1: It’s six.
S2: Yes, randint one six minus randint one six?
S1: And, how do you type the absolute value? … It doesn’t work.
S2: [Watching the screen of E1’s calculator.] Missing?
S1: And now it gives six, ahhh!
S2: Ahhhh!
S1: It doesn’t work!
S2: Too many arguments?
S1: I can’t do that!

The gap between the talk of the teacher and the students’ difficulties originates in 
instrumentation problems. The syntactic incident is caused by incomprehension of 
the feedback of the machine. At first, instead of typing randint(1,6), S1 typed rand-
int 1 6; the feedback of the machine was Missing), but the bracket was not read by 
the students.

This didactic incident serves to highlight key elements of the students’ trajecto-
ries in the classroom’s dynamic. It gives elements of explanation of divergent or 
amplified dynamics. It is particularly important when interactions are mediated by 
technology to understand why the teacher’s intentions do not meet the students’ will 
of learning. Through the documentational approach and the analysis of didactic 
incidents, a general approach of knowledge construction takes into account the 
main properties of digital documents, that is to say organization of ideas and mne-
monics, communication and creativity.

Coming back to the dialectics of media and contents and simultaneously taking 
up the dialectics of representation and object, I would like to emphasize two particu-
lar properties of technology: the possibility of multi-representation and the link to 
the role of experiences in creating and learning mathematics.
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 Multi-representation and Experiences in Mathematics

Mathematical objects that mathematicians handle have various representations and 
the mathematicians’ work is about some of the representations: “The semiotic repre-
sentations are productions made of signs belonging to a system of representation 
which has its own constraints of significance and operating” (Duval 1991, p. 234). 
Mathematical objects can be considered as the equivalence class of their representa-
tions modulo the equivalence relation defined by: two representations are equivalent 
if they represent the same object. This observation has two important consequences:

• A mathematical object can be mastered in a particular context and is difficult or 
unknown in another context.

• Converting a register of representation into another is essential for the understand-
ing of a mathematical object. This conversion requires a translation in which some 
elements of meaning are lost and others are added. Changing the significant, that 
is, the way to designate the object, on the one hand modifies and enriches, on the 
other hand impoverishes the signified, that is, the designated object. The thesis of 
indeterminacy of translation (Quine 1960) tends to explain that the translation 
between two languages cannot be complete. More precisely, Quine argues that it 
is always possible to build different interpretations, semantically coherent, of a 
given text. His famous “gavagai”, word (or sentence?) uttered by a primitive 
watching rabbits running into the forest, is an example of holophrastic indetermi-
nacy, that is, the indeterminacy of sentence translation: Does it mean ‘rabbit’, or 
‘stages of rabbits’ or ‘rabbithood’? “In each case the situations that prompt assent 
to ‘gavagai’ would be the same as for ‘rabbit’. Or perhaps the objects to which 
‘gavagai’ applies are all and sundry undetachable parts of rabbits, again the same 
stimulus meaning would register no difference” (Quine 1960, p. 47).

The issues raised by Quine are not restricted to translation between different lan-
guages but can also be present within a language, through the interpretation of a 
word or a sentence. They can also occur when different significants refer to a sole 
signified. That is the case of semiotic registers of representation of mathematical 
objects. Consider, for example, the Julia set known as the Douady’s rabbit; it can be 
defined in a topological perspective as the closure of the set of repelling periodic 
points of f(z) = z2 −0.123 + 0.745i. Or in an analytical (or algorithmic) perspective: 
For all but at most two points z € X, the Julia set is the set of limit points of the full 
backwards orbit:

 n

nf∪ −

 

Or in a graphical perspective as shown in Fig. 1., and so on. All of these representa-
tions give information about the structure and the properties of this Julia set, but also 
lose information or properties. Thus, the graphical representation, even if it is not 
calculable, gives precious information about the dynamic of this set and it is not 
surprising that the work of Julia remained mainly unknown until computers allowed 
for this kind of graphical representations.
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The assumptions that underpin my work are then that technology offers opportu-
nities for multiple representations that facilitate the understanding of mathematical 
objects. Following the work of Arzarello and Robutti (2010), technology can play 
within an internal representation with multiple software representing the same 
object (spreadsheet, DGS, CAS) but also externally by providing through commu-
nication different approaches from different points of view. The notion of multimo-
dality emphasizes the many ways people experience and develop understandings 
and the two aspects of multirepresentation and multimodality can be seen as the two 
faces of the same coin: multirepresentation being the technological way and multi-
modality the cognitive way of understanding mathematics. “Instrumental activity in 
technological settings is multimodal, because action is not only directed towards 
objects, but also towards people” (Arzarello and Robutti 2010, p. 718).

In order to study the multiple representations offered by technology, it seems 
important to me not to stop at the graphing and calculation properties, but also to 
consider the properties of organization of ideas, creativity and communication 
involved in the implementation of external representations of the studied mathemati-
cal objects, that is to say, to include documentational properties within technology.

Scientific phenomena or observable occurrence can be included within an exper-
imental device only if they can be considered as objects. Mathematics is not an 
exception and the relationship between mathematical objects and reality has to be 
clarified. In a Kantian perspective, mathematics is a human construction which 
builds and defines its objects a priori. The different levels of reality enable consider-
ing the mathematical objects as elements of this model: the perceptible reality which 
is perceived by the five senses, the empirical reality which can be experimented and 
the objective reality on which it will be possible to build mathematical experiments. 
The reality per se, also called “unattainable” reality, remains inaccessible. 
Experience takes into account the perceptible, empirical and objective reality, and 

Fig. 1 Douady’s rabbit
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what can be called an experience in mathematics is a work on naturalized represen-
tations of mathematical objects defined in a system of signs. The word “naturalized” 
is understood as the mastery of internal transformations within a register of repre-
sentation or conversions from one register to another. A mathematical experience 
allows us to define and explore the properties of a particular object in relation to a 
theory. Thus mathematical concepts, even if they are created in mind, are fully 
 realized in the relationships with empirical phenomena:

Gedanken ohne Inhalt sind leer, Anschauungen ohne Begriffe, sind blind. Daher ist es eben 
so nothwendig, seine Begriffe sinnlich zu machen, (d. i. ihnen den Gegenstand in der 
Anschauung beyzufügen), als seine Anschauungen sich verständlich zu machen, (d. i. sie 
unter Begriffe zu bringen). (Kant 1781, p. 51)2

These philosophical considerations on the nature of the objects are of great impor-
tance for education; indeed, especially in a technological environment, the role of expe-
rience on mathematical objects seems to be a widely shared assumption. However, 
experiments are built not on objects fundamentally synthetic in nature but on representa-
tions of these objects that allow extending the studied concept to make it perceivable.

The dialectics of media and contents and of resource and document discussed 
above have then to be put in relation with objects and representations. As a resource 
becomes a document in the documentational genesis, the understanding of a math-
ematical object is built through and by the experiments on some of its representa-
tions. As an example, we can consider the clay tablet shown on Fig. 2. The 
mathematical content is synthesized on the tablet with different representations of 
the same object: symbols of the sexagesimal Babylonian writing of numbers, a 

2 “Thoughts without content are void; intuitions without conceptions, blind. Hence it is as neces-
sary for the mind to make its conceptions sensuous (that is, to join to them the object in intuition), 
as to make its intuitions intelligible (that is, to bring them under conceptions).” (Translation by 
J.M.D. Meiklejohn; http://www.gutenberg.org/files/4280/4280-h/4280-h.htm)

Fig. 2 Clay tablet YBC 
7,289, Yale University (http://
nelc.yale.edu/
babylonian-collection)
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square and its diagonals. The Babylonian algorithm of determination of the square 
root of two, even if not present on the tablet, is present through the result of the 
calculation: the side is 30 (≪<) and the diagonal is 30 times square root of 2 (I ≪ 
IIII ≪<≪ I <: 1 + 24/60 + 51/3,600 + 10/603 ≈ 1.41421296) and the two approximate 
values, result of the algorithm, are written on the diagonal.

In this example, links between registers of representations bring into light the 
necessary experiment that combined methods and concepts to create new knowl-
edge. Even if no document describes the calculation done by the scribe to reach this 
precision, we can imagine that the so-called “Babylonian algorithm” came from the 
combination of drawings and calculation; starting with a rectangle 1 × 2 of area 2, 
then replacing the side of length 2 by the mean of 1 and 2 and the side of length 1 
by a side such that the area is still 2, and so on. When the rectangle becomes (almost) 
a square, the calculation gives the result (almost) written on the tablet as illustrated 
in Fig. 3. Extending to a register of analysis, it is interesting to notice that this algo-
rithm can be described by the algorithm of Newton with the function f: x → x2−2: the 
sequence u0 = 2, un + 1 = un−f(un)/f′(un) gives as first terms: 2, 3/2, 17/12, 577/408, 
665,857/470,832.

 Summarizing the Framework

Examining mathematics education in the twenty-first century brings us to consider, 
within the relationships between students, teachers and knowledge, the subtle games 
played in the documentary process between resource and document as well as 
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Fig. 3 Babylonian algorithm in two registers of representation
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between representations and objects. The experimental part of mathematics can be 
considered as all that can be done with representations and media when the cogni-
tive part joins the associated contents and the mathematical objects as illustrated in 
Fig. 4. In this context, didactic incidents are events which occur, modify and flow 
into the dynamics of knowledge construction.

 Using the Framework for Classroom Research

By the back-and-forth from the experimental to the cognitive part of mathematics, 
mathematical objects are built progressively through experience of some of their 
representations. In this section, I illustrate the working of the model by showing 
examples taken from classroom experiments.

 Context

Experiments took place in different research settings where the main question was 
to discuss the experimental part of mathematics in a technological context (Aldon 
2011; Aldon et al. 2010). These investigations were situated in the perspective of a 
collaboration between researchers and teachers, each of them bringing in their com-
petencies. Different classes were observed, with teachers experts (or not) in the use 
of technology, accustomed to use problem solving in their teaching (or not). 

Fig. 4 The experimental part of mathematics
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The common denominator of the experiments was that classrooms were ‘ordinary’ 
classrooms in the sense that it was the teacher who was responsible for the content 
of the lesson and for the choice of problems. Researchers were external observers 
trying to disappear from the interactions as much as possible.3 In all these settings, 
some students and the teacher were interviewed after the lesson. The examples illus-
trate the experimental part of mathematics in act, leaning on incident analysis.

 Examples

The first example took place in a class of 17–18 year-old students working on a 
probabilistic problem. The question was to determine the difference of two dice that 
comes up with highest probability. Students, after having simulated the throw of 
dice with a spreadsheet, try to conjecture the result. In the dialogue, T is the teacher, 
S a student.

T: Something important. Remember! Ctrl R to refresh … as if you made a new 
experiment. Abs for absolute value! Remember!

S: Oh! Five fives in a row!
T: Finally, better than reality, huh?

This very short excerpt illustrates the possible back-and-forth from practical experi-
ence to theory and, unfortunately, a mathematics incident where the teacher does 
not take into account the mathematical question posed by the result of the experi-
ence. Is it exceptional to obtain five 5 in a row in a probabilistic experience of 
throwing dice 30 times? The back and forth between experience and theory was 
broken and there is a lack in the construction of mathematical thinking.

The second example is from an experiment where a whole class was equipped 
with calculators TI-Nspire. The IT environment is one of the central elements of this 
work. The choice of the particular TI-Nspire technology is justified by the innovative 
nature of the technology that makes it a paradigmatic example of other existing or 
developing technologies. I assume that the results obtained through experiments with 
this technology are possibly generalizable to other technologies. The main character-
istics of this technology are firstly the possibility of multi-representation through 
different software (CAS, spreadsheet, DGS, notepad), secondly the possibilities of 
storing and of organizing data, and finally the possibility to work on a computer or 
with a handheld calculator with possibilities of communication between the two.

Often not very much taken into account, the case of statistics is however very 
interesting to study because the description of data often requires different kinds of 
representation, each of them showing and hiding properties; a complete understand-
ing of the data requires exploration of these different representations and conversion 

3 Despite this intention, an observer in a class observation is always a perturbation which needs to 
be taken into account. The “outside incidents” described above are very often related to the observ-
er’s presence or to the sound or video recording material.
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from one to the other. Starting from this hypothesis, we4 elaborated a class situation 
whose goal was to measure the reaction time of students. Students were invited to 
measure their reaction time to a visual stimulus, the apparition of a red disk on the 
screen. The question asked by the teacher was: “What is your reaction time?” In 
order to answer this question, students had to treat their data statistically. The ques-
tions of the description, of the comparison and of the communication of data led to 
define the main characteristics of the statistics, but also to explore inferential statis-
tics. The observed group is a group of four 16 year-old boys (B1, B2, B3, B4) in a 
science class. After having experimented their reaction time, they analyzed the data 
beginning by some commentaries about their performance:

B2: Too bad … uh, zero forty-nine.
B3: Oh no, in fact I’m fine. Oh no, I’m zero thirty-nine.
B2: The second is better. No, not even.
B1: Yes, me there, oh no, the first is better.
B2: Where is your time?

The students then began to process data and they decided to calculate the arithmetic 
average and the median of the whole series; however, the calculator gave a set of 
answers (mean, median, standard deviation) that confused the students. The syntac-
tic incident, due to a misunderstanding of the feedback of the calculator, postponed 
the interpretation of the experience until the teacher’s intervention provoked a 
beginning of reflection:

B3: What the hell, one variable statistics?
B2: Yeah.
B4: Well, you have your average or not?
B2: No, no, no, yeah, okay, and then you put the b, no, b, nb put nb.
B3: Why nb?
B2: Go! Yes! And then you put there.
B4: But do you have the mean? Where do you see the average?
B2: Ben I dunno, I understand nothing, sum x, x squared.
B4: Sir! Sir!
B2: There’s the median, but there’s no average.
B4: Uh! It has not! Average, we dunno how to calculate!
T: Ah! It is x.
B4: x.
B2: Zero point two eight!
B3: How?
B4: But it is not yours?
B2: Yeah, it is B1!
B4: It is zero point three one.

4 This situation has been developed in the EdUmatics project, 50,324-UK-2009-COMENIUS-
CMP; European Development for the Use of Mathematics Technology in Classrooms, http://www.
edumatics.eu
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In that excerpt, the interpretation of the experience is blocked by the disturbance 
provoked by a syntactic incident. It is possible to see the fundamental role of the 
teacher who is able to suppress the blockage even though the students were not able 
to understand the feedback of the machine. Syntactic incidents, mainly caused by 
problems of conversion between semiotic registers of representation, appear as gen-
erators of disturbances that can prevent students’ from entering the process of 
reflection about the results of an experience.

In other circumstances, incidents come from a different documentational genesis 
and the position of the technology is in the level of mediation. In the next example, 
the teacher in a class observation disconnected the experiment on the calculator and 
the mathematical knowledge which provoked a didactic incident:

S: Do we save our work?
T: You save if you want, but tomorrow we will do the theoretical part.

By this answer, the teacher notified that the calculator is part of the student’s set 
of resources and did not promote a shared documentational genesis. As a conse-
quence, the student investigated the memorization property of the technology pri-
vately which, later, provoked a deep perturbation in the integration of the calculator 
in the mathematics course. The same resource became a different document for the 
student and the teacher. The calculator could not be used on a collective level of 
mediation although the knowledge construction could have been reinforced if the 
collective level of mediation had been taken into account:

Sometimes, I don’t remember how to do it, it happened once, I didn’t remember the names, 
you know, it was, a x plus b plus c, or something like that, I was not able to go on; then I typed 
on my calculator. I didn’t explain the result, but I had one and I was able to answer the next 
questions. Otherwise, I would have had nothing right in the exercise. (Interview, student)

This example shows that the documentary activity of students in relation with the 
properties of memorization, organization of ideas, creativity and communication 
can contribute to the dynamics of knowledge construction. When the instrumental 
approach focuses on the transformation of an artifact into an instrument, the docu-
mentational approach considers the documentary properties of calculators. The sig-
nificance given to the calculator in the private domain by students and teachers is 
not necessarily shared. Therefore, documentary geneses become distinct, unrelated 
and sometimes divergent, which causes didactic incidents and generates distur-
bances. It is also important to notice that incidents reinforce the barrier between the 
usual digital tools that students use in their everyday life on a collective level of 
mediation and the school tools that have to be used in the specific school community 
or on a private level of mediation.

 Conclusion

“Generation Y, millennial generation, digital natives” are expressions used to desig-
nate teenagers born at the time when the development of communication and infor-
mation technologies began. There are many voices claiming that these changes will 
disrupt the world. However, the question of how to change teaching and learning in 
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order to adapt schools and society is an open question. The paradox of learning in an 
instantaneous information world needs to be considered, if education still ascribes to 
the values of humanism and citizenship while adapting to the digital world.

Looking at theoretical frameworks to understand and to describe the new situa-
tion is a reasonable approach that researchers can produce in connection with teach-
ers who have a vivid perception of the changes. Joint work of teachers and 
researchers is surely a way to face the challenge of a changing education. 
Documentational genesis crossed with incident analysis, leading to considering 
computing environments as part of the documentary system of teachers and stu-
dents, is one of the proposals that allows us to understand and to follow the dynam-
ics of teaching and learning in a technological context.

By analyzing didactic incidents we can find reasons for breaks in the dynamics 
of the classroom. Didactic incidents arise out of various causes: the mathematical 
knowledge, the relationship between students and teachers, a misunderstanding of 
the teacher’s intention, and so on. However, incidents can also come from the differ-
ent documentational geneses of students and teachers. In order to teach, teachers 
use a wide range of resources: discussions with peers, their teaching experience, 
external resources in the “cloud”, academic courses, readings, and more. These 
resources often relate to the documentational properties of artifacts like calculators 
with properties of communication and storage of data. The process of transforma-
tion of these resources into a document for a special use in a particular context is the 
result of a double movement where actors modify and combine resources whilst 
resources modify the actors’ behavior. At the same time, the students transform and 
combine their own resources to build their own documents in an individual or col-
lective way. The junction of the two geneses may provoke incidents, particularly 
when the documentational properties of tools are used in different ways, as shown 
in the example of communication properties or storage of information. The frame-
work of didactic incidents may increase a teacher’s sensitivity for students’ work, 
particularly when observing and facilitating the institutionalisation of knowledge 
based on the actual activities of the students.

Analyzing contributions of technology to the construction of mathematical 
knowledge, the development of an experimental part of mathematics can be consid-
ered as linking representations and object as well as media and contents. The 
 possibility of multi-representations inherent in the technology gives numerous 
occasions for a better grasping of the “reality” of mathematical objects and thus for 
new ways to teach and learn mathematics.
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    Abstract     The commentary on the chapters of Prado and Lobo da Costa and of 
Aldon starts with casting a sceptical glance on the impact of instruction in compu-
tational environments on mathematics classroom practice. It discusses the diffi cul-
ties large-scale projects on computers in mathematics education face. As a key 
variable it identifi es the role of representations provided by technologies and their 
relation to the spontaneous representations that students develop when engaged in 
non-routine mathematical tasks.  

      The two chapters this commentary is based on consider two topics quite different in 
nature. The fi rst shows peculiarities in implementing a large-scale program in 
Brazil, on the use of the portable computer in the mathematics classroom. In the 
second, the author proposes a theoretical framework for thinking about mathematics 
education. 

 In relation to the fi rst chapter, the Brazilian project has been named “Um 
Computador por Aluno” (UCA; one computer per student), henceforth I will refer 
to the “UCA project”. This project began with the following objective:  UCA was 
developed with the purpose of promoting the use of laptop computers in education 
to enhance the quality of education . UCA is an extremely ambitious project. The 
UCA project has been developed over two periods, one from 2007 to 2009, and the 
second from 2009 to 2012. It would be interesting to know what has happened with 
the project more recently, i.e. in the period 2012–2014. The characteristics of the 
two stages are:

•    Phase 1 (2007–2009): Five experiments conducted in public schools in fi ve 
Brazilian cities.  

•   Phase 2 (2009–2012): The UCA project was expanded to 300 schools (the gov-
ernment purchasing 150,000 laptop computers).   
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First, I would like to introduce Artigue’s ( 2000 ) work, as this will permit us to 
analyse the UCA project, and at the same time, give us a general vision of the use 
of technology in the mathematics classroom. Artigue states that over the 20 years of 
instruction in computational environments since 1980, there had not been any real 
impact in the mathematics classroom, and she points to four reasons:

    1.    The poor educational legitimacy of computer technologies as opposed to their 
social and scientifi c legitimacy.   

   2.    The underestimation of issues linked to the computerisation of mathematical 
knowledge.   

   3.    The dominant opposition between the technical and conceptual dimensions of 
mathematical activity.   

   4.    The underestimation of the complexity of instrumentation processes (Artigue 
 2000 , pp. 8–9).    

The UCA project included all subjects that teachers teach in the school, however, 
the authors restrict their document only to mathematics and we are doing the same. 
On the fi rst page, the authors, Brito Prado and Lobo de Costa, touch on Artigue’s 
fi rst point about how technology in everyday social use can change the way we com-
municate. This is really important. Indeed, technological development has promoted 
the use of iconic representations. Nowadays, visual images are more frequent in 
mathematical textbooks, including e-books that incorporate dynamic representa-
tions. Technology has permitted a shift from static to dynamic mathematics 
(Moreno-Armella et al.  2008 ). However, who uses this kind of mathematics? As 
Artigue asks: How come that technology plays such a minor role in schools, while 
people use and highly appreciate it in their every day lives? As the authors point out, 
the literature shows that incorporation of technology in school goes at a slower pace 
than outside school. We can ask: Where does this problem come from? 

 Let us look at the critique made by Brito Prado and Lobo de Costa. They say that 
in Brazil the teachers only use the software they studied in their training courses, 
and only use it to show things. They state that:

  Unfortunately, in Brazilian school contexts, developing ‘research work’ has frequently been 
understood as a procedure that can be summed up as the creation of student groups who 
gather information about an issue using technology, and then produce a text report to be 
handed to the teacher. 

 We can say that, as in every large project, diffi culties emerge in the process of its 
implementation and the question is, how the academic staff in charge of the project 
manages to solve them. The authors give one example about the quadratic function 
that the student can fi nd on Internet, and mention that the Brazilian government has 
developed a site “Portal do Professor”. 

 In relation to this mathematical content, the quadratic function, we can fi nd at 
that address an example showing the students how to fi nd a mathematical model to 
‘lose calories when doing sport’. If all students have a laptop in the classroom, 
teachers must have access to activities that can be implemented every day. From my 
point of view, what is proposed to teachers is not suffi cient. It seems that teachers 
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do not have enough examples to use in the classroom. The authorities give some 
examples dealing with a large project that the students can be asked to develop. 
They are also asking the teacher to think about activities that s/he can use in the 
mathematics classroom every day! Prado and Lobo are aware of this and consider it 
a real problem (Lobo da Costa et al.  2013 ; Prado et al.  2013 ). 

 The teacher must follow a syllabus rooted in the institutional framework of 
Brazil’s education system. To do that, s/he must implement activities every day in 
the classroom. That is the problem! In the past, a similar problem arose in the 1980s 
when the LOGO project dazzled the academic community and LOGO was imple-
mented in primary schools, and BASIC in secondary schools. Academic authorities 
thought that training teachers to manage technically to program with LOGO and 
BASIC “would do the trick” Authorities thought that once the teachers had man-
aged to learn those languages they would elaborate wonderful activities in the class-
room. This was not the case, and in some countries education authorities were 
confronted with this problem, confi rming Artigue’s second point. 

 It is true that nowadays we have access to a lot of information on the internet. 
The authors claim that:  The student with a laptop computer has free access to com-
puting resources (applications, software, games, wireless internet) at any time, 
which sets new demands for schools and especially for teachers . Yes, I agree with 
that, but what we fi nd on the net is a “sort of mathematics already done”. What I 
mean is that on the internet we fi nd a lot of things, and now we must have the ability 
to discard what is not relevant. And this work is not easy. Here, I can introduce one 
of the elements highlighted in the second chapter by Aldon, about the problems 
related to documentational genesis (Gueudet and Trouche  2009 ). 

 Let us look at an example using the internet: If I write “Pythagorean theorem”, 
1,760,000 results appear on the screen in 0.32 s. If I choose one, let’s say   http://
www.purplemath.com/modules/pythagthm.htm    , I get the following:

  Back when you fi rst studied square roots and how to solve equations, you were probably 
introduced to something called “the Pythagorean Theorem”. This Theorem relates the 
lengths of the three sides of any right triangle … The legs of a right triangle (the two sides 
of the triangle that meet at the right angle) are customarily labelled as having lengths “ a ” 
and “ b ”, and the hypotenuse (the long side of the triangle, opposite the right angle) is 
labelled as having length “ c ”. The lengths are related by the following equation:  a  2  +  b  2  =  c  2 . 

 With this approach, students are losing the important part of how this theorem 
was discovered. The visual part of this theorem has been postponed as if the learn-
ing of the formula is more important than the visual approach related to areas of the 
squares constructed on the sides of the triangle along the right angle and on its 
diagonal. Analysing the history of mathematics related to this issue, we can fi nd 
Plato’s dialogue about Socrates: The Menon. Here, a problem is discussed: Given a 
square, how to construct another square with double its area?, and the geometric 
solution of this problem, using an isosceles right triangle, seems to offer ideas to 
formulate a general theorem. This example illustrates Artigue’s third point, namely, 
that the operational approach has been selected instead of a conceptual approach 
and, also, it shows the complexity of documentational genesis. 
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 The same problem arises if you are interested to learn about the “Moons” of 
Hippocrates de Chios (  http://fr.wikipedia.org/wiki/Théorème_des_deux_lunules    ); 
the visual images they give are the general case of the “lunules”, with a general 
right-angled triangle, that is not related to the isosceles right-angled triangle that 
was used by Hippocrates. With this approach, the opportunity to discover the math-
ematical result is hidden. With the net, on the one hand, you can fi nd fragmented 
issues from the history of mathematics and, on the other hand, educational authori-
ties are asking teachers and students to navigate through the net to do a documenta-
tional process to reconstruct mathematical results from “mathematics already 
done”. Indeed, I agree with Aldon’s remark that  having available information is not 
yet synonymous with understanding this knowledge and using knowledge in a par-
ticular context . 

 The authors of the fi rst chapter claim that teachers are using technology in a 
pedestrian approach to the problem. I think that researchers and authors of text-
books and e-books do not have enough applications to provide teachers and students 
with a wide range of examples to permit them to approach the teaching and learning 
of mathematics in a better way. Indeed, another variable highlighted in the fi rst 
chapter is that not only do we need to provide teachers with good mathematical 
examples about the use of technology, but we need to take care of their mathemati-
cal knowledge as well. 

 Aldon’s introduction in the second chapter gives us a global overview of three 
main revolutions in human history. The fi rst is related to the appearance of writing 
3000 years B.C., the second is about the dissemination of writing using printing 
machinery (1500 A.D.), and the third is related to digital documents and communi-
cation in this century. 

 As I said at the beginning of this commentary, the main part of the second chap-
ter deals with four interesting topics that we must take into account in mathematics 
education: (a) documentational genesis, (b) didactic incidents, (c) multi- 
representation and experiences in mathematics, and (d) the role of technology in an 
experimental approach to mathematics. Aldon is proposing a framework dealing 
with these issues to analyse and understand better what happens in the mathematics 
classroom. 

 For several generations, Vygotskian refl ection about transforming an artefact 
into a tool in an active process has been at the heart of some research. Some impor-
tant post-Vygotskian thinking came to surface with the work of Rabardel ( 1995 ) 
concerning “instrumental genesis” that deals with processes of instrumentation and 
instrumentalisation related to technology. An important issue that has been worked 
on nowadays expands this process with a new theoretical approach named “docu-
mentational genesis” (Gueudet and Trouche  2009 ). Instrumental genesis centred 
mostly on the student while documental genesis also includes the teacher. From 
these authors’ point of view, a document is an operational product that emerges with 
the action taken when dealing with available resources. As I pointed out in my com-
ments related to the fi rst chapter of this section, this process is a complex one, and 
it requires a lot of work for the teacher, or for the students, to have a document that 
can serve their purposes. 
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 Aldon introduces us to the notion of  didactic incident . In general, we fi nd that the 
word “incident” is related to an occurrence or event that interrupts a normal proce-
dure or precipitates a crisis. Aldon ( 2011 ) quotes Roditi ( 2001 , p. 350) providing a 
defi nition that fi ts our purposes in the classroom:

  Nous proposons donc de compter comme un incident toute manifestation publique (au sens 
où elle s’intègre dans la dynamique de la classe) d’un élève ou d’un groupe d’élèves en 
relation directe avec l’enseignement en jeu, en décalage par rapport à l’objectif visé de cet 
enseignement. (Ibid, p. 350). (p. 24) 

 We therefore propose to count as an incident any public exhibition (in the sense that it 
fi ts into the dynamics of the class) of a pupil or group of pupils in direct relationship with 
the teaching, disruption in relation to the objective of this teaching. (Ibid, p. 350). [Trans- 
lation FH] 

 In the mathematics classroom incidents can be related to an obstacle to learning 
or, on the contrary, they can provide assistance to the students in the learning pro-
cess. Aldon presents a classifi cation of fi ve types of incidents that can be found in 
the mathematics classroom: outside incident, syntactic incident, friction incident, 
contract incident, and mathematical incident. He provides us with several examples 
of incidents that occurred in the mathematics classroom. However, the name “math-
ematical incident” (according to the author, when a mathematical question is asked 
and not answered) seems not to be a good name; it is so general that it does not give 
a direct idea about the incident, unlike the others. Maybe we could use:  “Not- answered 
incident”. 

 I agree with Aldon about the importance of analysing what happens in a mathe-
matics classroom through the lens of incidents, but something that bothered me is 
the fact that the examples are isolated. The reader needs to know more about the 
mathematical content; that is, what happened with the performances of the pupils 
when solving a mathematical task. This is also the case in some articles about 
pupils’ gestures when solving mathematical tasks; the authors show photos of some 
gestures, but what is missing is an articulation of those gestures with the pupils’ 
performance when solving the mathematical task. For the reader, it is important to 
know how the incident affected the acquisition of knowledge. 

 Concerning the syntactic incident, Aldon makes an association with the syntax 
of computers and calculators that pose an obstacle in the acquisition of knowledge. 
Also, as stated by Artigue ( 2000 ,  2002 ), this is due to the complex task related to the 
process of instrumentation and instrumentalisation. 

 The third component of the author’s framework is about multi-representation and 
experiences in mathematics. In the middle of the 1980s, theoretical approaches to 
representations began to arise among researchers (e.g., Janvier  1987 ) and in the 
early 1990s, Duval ( 1993 ,  1995 ) presented the notion of a register of representa-
tions, consolidating theoretical ideas about representations. In the past, the notion of 
mental representation was a priority, and semiotic representations on paper and on 
screens were not really taken seriously in theories of learning. Indeed, Duval’s theo-
retical approach shows the other side of the coin. Duval created a defi nition of a 
register of representations restricting a sign system to three cognitive functions: 
recognition and production of a representation in a sign system, transformation of a 
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representation inside a register, and conversion between representations. The main 
cognitive activity is the third one; conversion among representations. This is funda-
mental in the construction of mathematical concepts, based on the fact that a repre-
sentation of a mathematical object is always partial to what it represents. In the 
learning of mathematics it is essential that the construction of an articulation in the 
pupil’s mind (also in teacher’s mind, see, e.g., Hitt  1998 ) is based in processes of 
conversions among representations. 

 Digital resources have constantly infl uenced the mathematics curriculum; for 
example, when technology allowed the possibility of presenting graphics on com-
puter screens and calculators the Triple Representation Model (TRM) emerged in 
the curriculum (see Schwarz and Dreyfus  1995 ) where tabular, graphical, and alge-
braic settings were integrated. We could think that it was the perfect marriage, a 
theory of representations that could give theoretical support to the TRM curriculum. 
But, in reality, the teaching of mathematics using technology did not work as 
expected (Artigue  2002 ). Indeed, there are two problems that new research must 
clarify: one that is well known today from a theoretical point of view about the pro-
cess of instrumentation and instrumentalisation when dealing with an artefact 
(Hoyles et al.  2004 ; Rabardel  1995 ; Trouche  2004 ), and the other, the cognitive 
aspects required in a conversion process; that is, the awareness of the signifi cant 
units for each representation that one must take into account in order to achieve the 
conversion process (Duval  1995 ). 

 Yes! Technology does allow the conversion between representations to be made 
in an effi cient way, but, following Duval, it is the student who needs to make the 
conversions between representations that permit him/her to construct an internal 
articulation among the representations. In the past, Tall et al. ( 1991 ) constructed the 
software “Graphing calculus,” including a section related to “Guess my function”. I 
do not understand why producers do not take into consideration the important 
didactical variable that was useful in the process of the construction of an articula-
tion among representations. Indeed, the views of authors of both chapters agree that 
technology provides the user with a dynamic approach that is needed to understand 
some mathematical concepts. 

 Aldon states that:

  A mathematical experience allows [us] to defi ne and explore the properties of a particular 
object in relation to a theory. Thus mathematical concepts, even if they are created in [the] 
mind, are fully realized in the relationships with [the] empirical phenomena. 

 In fact, following this quotation, there is another variable that needs to be taken 
into account: the diversity of spontaneous representations that pupils and students 
produce when solving a non-routine mathematical task (in a modelling process). 
Duval ( 1993 ,  1995 ) showed us the importance of institutional representations in the 
construction of mathematical objects, and technology goes well with these kinds of 
representation (if considering, e.g., Tall et al.’s ( 1991 ) ideas), but spontaneous rep-
resentations are also important and we need a new theoretical approach to take them 
into account in the construction of mathematical concepts (see, e.g., diSessa et al. 
 1991 ; Hitt and González-Martín  2015 ; Hitt and Kieran  2009 ; Hitt et al.  2013 ,  2015 ). 
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What I claim is that the productions of non-institutional representations in future 
could be incorporated into documents, regularly, in a process of documentational 
genesis (in the sense of Gueudet and Trouche  2009 ) using touch screens. 

 Aldon stresses the role of technology in an experimental part of mathematics. In 
this way, technology has made great progress unifying the experimental part of 
mathematics related to physics. Nowadays there are some free computer programs 
like “Tracker” that allow students to analyse videos and to capture data, and then to 
copy and paste this data onto other software as “GeoGebra”; in this way, we can 
process data and construct a mathematical model. For example, a student could 
take a video of a team-mate running; then put it into Tracker  2015  to capture the 
data, using time as the independent variable and distance as the dependent vari-
able. The pupil could copy and paste this into GeoGebra  2015  and plot a discrete 
graphic representation, then ask the program for a regression equation related to a 
curve s/he thinks is related to the form of the discrete graphic, and then construct a 
continuous model of the phenomenon. This way we are dealing with a rich approach 
to the experimental part not only of mathematics, but also sciences, and approach-
ing a solution to the fourth problem signalled by Artigue ( 2000 ). Today, teacher 
training and students’ problems of learning in a technological environment must be 
seen, as Aldon suggests, taking into account the complex process of the documen-
tational genesis introduced by Gueudet and Trouche ( 2009 ), but centred in  ad hoc  
designing activities. 

 Finally, Aldon stresses the idea that in thinking of mathematics education in the 
twenty-fi rst century two main branches will be worth considering: the process 
between resource and document, and representations and objects. I think we must 
consider the important role of mathematical modelling (Blum et al.  2007 ; Hitt and 
González-Martín  2015 ) that, from my point of view, includes the problematic about 
representations and objects, and, as Hoyles et al. ( 2004 ) stress, that integrating tech-
nology into classroom practice needs more empirical research and assimilating this 
into our theoretical approaches.    
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      Family Math: Doing Mathematics to Increase 
the Democratic Participation in the Learning 
Process 

             Javier     Díez-Palomar    

    Abstract     This chapter discusses the participation of families in the process of 
learning mathematics. It introduces evidence of different types of participation and 
relates these to positive and negative effects on students’ learning of mathematics. 
The special case of the research project FAMA is used to explore how the involve-
ment of families in mathematical practices can foster democratic participation in the 
learning process. The chapter ends with recommendations for further research.  

      Efforts to improve students’ mathematics learning have focused on improved 
teacher education, modifi ed curriculum, and school-wide programs (Ball  1993 ; 
Cuevas and Driscoll  1993 ; Knapp  1997 ; Smith and Hausafus  1998 ). In this chapter 
I will focus on another component, which also has been analysed by many authors: 
the role of families (and members of the community) to improve students’ mathe-
matics performance. In fact, parental involvement is recognized as a crucial outside- 
school aspect in children’s mathematics achievement (Dias et al.  2011 ; Díez-Palomar 
and Kanes  2012 ). 

 According to Hoover-Dempsey and Sandler ( 1995 ) and Hoover-Dempsey and 
Bassler ( 1997 ), parents become involved in their children’s educational process 
mainly due to three different reasons: psychological motivations, perception of oth-
ers’ invitations to get involved, and perception that life context variables allow and 
enable them to become involved. 

 Family engagement has a strong impact on students’ mathematics achievement. 
Researchers have provided much evidence on the positive effects that family 
engagement has on students’ achievement in mathematics. Benefi ts of that impact 
have been well known to the scientifi c community for many decades (Catsambis 
 2001 ; Epstein  1991 ,  2005 ; Henderson and Berla  1994 ; Ho and Willms  1996 ; Keith 
et al.  1993 ; Simon  2004 ). In 1968, Mildred Smith published the results of the proj-
ect  School and Home , involving over 1,000 students and their families. Children 
were asked to take books home. On the books there were some notes like “Please, 
read me,” and other similar messages addressed to parents to engage them in an 
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active support of their children’s learning. Results obtained by those children in 
reading and writing tests were very positive, and higher than the ones achieved 
before doing this type of practices. Analogous results were provided by another 
study, the  HighScope Perry Project . In this case the research team followed 123 
children, between 1962 and 1967. The children came from poor families. For 
5 years, teachers offered them high-quality curriculum activities, with the families’ 
participation. Years later, when those children were in their forties, the researchers 
investigated what happened with their lives. They were able to contact 97 % of the 
original sample. They found that adults at age 40 who had passed the preschool 
program had higher earnings, were more likely to hold a job, had committed fewer 
crimes, and were more likely to have graduated from high school than adults who 
did not attend preschool. 

 Drawing on this and other research, we know that developing partnerships 
between teachers and parents leads students to obtain higher achievements in math-
ematics, better attendance, more course credits, and more responsible preparation 
for class (Epstein  2005 ). The crucial element here is the participation of families or 
community members. 1  Data available allow us even to question old explicative 
models of school success (Baudelot and Establet  1971 ; Bowles and Gintis  1976 ). 
Those models used to present the socio-economical status and the social class as the 
main independent variables to explain why some children get better scores than 
others. 

 More recent research refutes this kind of explanation. Epstein ( 2005 ) points to 
Catsambis and Beveridge’s ( 2001 ) contributions. Using hierarchical linear model-
ling analysis, these authors concluded, “students in neighborhoods with high con-
centrations of poverty had lower math achievement test scores, but this effect was 
ameliorated by on-going parental involvement in high school” (Epstein  2005 , p. 2). 
Similar conclusions are reported by Flecha ( 2012 ) or Díez-Palomar et al. ( 2011 ) 
who used qualitative approaches. 

 In this chapter I examine the participation of families in the process of learning 
mathematics. First I have a retrospective look on the literature of research about 
family involvement. I introduce evidence of different types of participation, because 
research-based evidence suggests that not all kinds of family and community 
involvement produce the same positive effects on students’ mathematical learning. 
The type of participation with better results is the one grounded on a democratic 
participative approach. I discuss evidence emerging from  FAMA – Family Math for 
Adult Learners  to illustrate such an approach. I conclude this chapter by opening up 
lines for further research to extend our knowledge about the impact that families 
may have on the improvement of the students’ mathematics learning. 

1   I am using here the term ‘families’, but research points out that members of the community being 
volunteers in the school may also have a positive effect on students’ mathematical performance. 
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    Recent Research About Family Engagement 
Learning Processes 

 Research about the role played by families in the process of learning led to the cre-
ation of many research networks, such as the  European Research Network About 
Parents in Education  (ERNAPE), founded in 1993 to exchange knowledge of 
research developments in Europe and to stimulate research about parents in educa-
tion at all levels. In the USA, there are many centres focusing on the study of the 
binomial family-education. This is the case with the  Center on School, Family, and 
Community Partnerships  or the  National Network of Partnership Schools  at the 
Johns Hopkins University, directed by Joyce L. Epstein; the  Harvard Family 
Research Project  directed by Heather Weiss; or the  Center for the Mathematics 
Education of Latinos/as  directed by Marta Civil; among others. 

 As we mentioned at the beginning of this chapter, maybe one of the most signifi -
cant contributions of families supporting their children’s learning processes is the 
fact that this involvement is effective in overcoming inequalities among children 
coming from vulnerable groups in risk of exclusion. According to classic studies in 
education (e.g., Bernstein  1993 ; Bourdieu  1984 ; Bourdieu and Passeron  1970 ), aca-
demic achievement is somehow connected to the socio-economic status. This is 
because our society is stratifi ed in social classes; hence each class has its own cul-
tural and social capital. In some way these kinds of capitals explain that individuals 
tend to reproduce their class position from one generation to the next. However, 
nowadays we know that this is not fully true. Success or failure in school depend on 
many different aspects, and we know that a teacher using a high-quality curriculum 
can make a huge difference. International studies such as PISA have attributed a 
signifi cant impact to the variable “level of studies achieved by the mother” of the 
student interviewed. There are data showing that students whose mothers have 
achieved a university level of education tend to perform better than students whose 
mothers barely had the opportunity to go to school. This statement indicates that 
mothers are the ones in charge of supporting their children at home when doing 
homework and other academic activities and, apparently, the higher the educative 
level of a mother, the better they help their children to solve academic questions. 

 Studies conducted during the last two decades contributed to deepening this 
analysis. According to them, families have a strong impact in terms of academic 
success, but also in terms of motivation and behaviour (Dias et al.  2011 ). Children’s 
home environments affect their attitudes toward mathematics (Balli  1998 ; Parsons 
et al.  1982 ). Parents’ beliefs and expectations for their children in mathematics pre-
dict student achievement in elementary and middle school mathematics (Entwisle 
and Alexander  1996 ; Gill and Reynolds  1999 ; Halle et al.  1997 ; Holloway  1986 ). 
Learning activities conducted at home with the families also predict students’ 
achievement (Cai et al.  1997 ; Ho and Willms  1996 ; Keith et al.  1993 ). 

 In fact, students demonstrate a more positive attitude towards school and learn-
ing as well as higher achievement and improved school attendance when teachers 
and parents work together (Christenson and Sheridan  2002 ; Côté et al.  2011 ; Epstein 
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 2001 ; Henderson and Mapp  2002 ). Even in diffi cult situations with high risk for 
drop-out and school failure, such as the transitions between elementary and middle 
school, the tremendous impact of motivation over academic success has been dem-
onstrated. Studies on student transitions have shown that declines in students’ 
achievement motivation beliefs (e.g., self-competence, self-image, value of the 
school) accompany declines in achievement (Eccles et al.  1993 ; Jacobs et al.  2002 ; 
Wigfi eld et al.  1991 ). Moreover, those changes have been associated with school 
characteristics and practices (Roeser et al.  2000 ). The positive effects of family 
engagement on students’ education may suggest that fostering these types of inter-
actions has the potential to lessen the negative impact that dramatic changes may 
provoke on students’ performance (Sheldon and Epstein  2005 ). 

 These studies suggest that there is a clear relationship between students’ aca-
demic achievement and students’ behavior. However, the most relevant fact is that 
such connexion is not related to the socio-economic status. One possible explana-
tion lies in the assumption that usually parents deposit their hope and their expecta-
tions on their children’s activities. We rarely fi nd parents who do not want their 
children to succeed in school and to have a successful future. This happens in all 
social groups, including privileged ones, working class, ethnic minorities; (it always 
happens). Moreover, we also have data suggesting that practices based on Successful 
Educational Actions (SEAs) make possible that overcoming inequalities does not 
depend on the cultural or social capital, nor on the habitus, but on the implementa-
tion of such SEAs (Flecha and Soler  2013 ; INCLUD-ED  2012 ). This has been an 
educational revolution because it demonstrates that we do not need to wait for the 
next generation to raise the academic results of the children of families living in 
poor conditions (as we can read behind PISA’s theoretical approach when inquiring 
the level of studies of the mother) (García  2011 ). The INCLUD-ED project has 
contributed a list of SEAs that have proved their effectiveness in many European 
countries (Aubert  2011 ; Flecha et al.  2009 ). 

 In fact, families are envisioned as resources. Civil has described families as keep-
ers of what Luis Moll called  funds of knowledge  (González et al.  2005 ; Moll et al. 
 1992 ). González et al. ( 2001 ) portray the mathematical practices done by Latino 
families in Arizona. Families have large repositories of non-formal and informal 
resources, mobilizing those resources to help their children at home to do the math-
ematics tasks requested by teachers (Civil  1999 ; Díez-Palomar et al.  2011 ; Krüger 
and Michalek  2011 ). However, not all types of family engagement produce the same 
positive effects on students’ learning and development. When a father or a mother 
approaches the school to argue with the teacher about the methods used, or to ques-
tion the curriculum, or to generate confl ict, then the result is not improving chil-
dren’s academic achievement (Flecha  2012 ; INCLUD-ED  2012 ). Research suggests 
that the more democratic the participation of the families, the better the children’s 
academic results (Gatt et al.  2011 ). 

 There have been many efforts to categorize the participation of families. 
According to Hoover-Dempsey and Sandler ( 1995 ), and Hoover-Dempsey ( 2005 ), 
after families decide to become involved in their children’s learning they 
choose among different forms of parental involvement (level 2 in their model). 
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The mechanisms highlighted by those authors through which parental involvement 
infl uences students’ outcomes include:

    1.    Encouragement   
   2.    Modelling   
   3.    Reinforcement   
   4.    Instruction: (a) closed-ended and (b) open-ended.    

Joyce L. Epstein talks about six different types of participation, including the fol-
lowing fi ve (Sheldon and Epstein  2005 , p. 197):

   Type 1    Parenting: Helping all families establish supportive home environments 
for children   

  Type 2    Communicating: Establishing two-way exchanges about school programs 
and children’s progress   

  Type 3    Volunteering: Recruiting and organizing parent help at school, home, or 
other locations   

  Type 4    Learning at home: Providing information and ideas to families about how 
to help students with homework and other curriculum-related materials   

  Type 5    Decision-making: Having parents from all backgrounds serve as repre-
sentatives and leaders on school committees   

 In Europe, the Centre of Research in Theories and Practices that Overcome 
Inequalities (CREA) analysed the participation of thousands of families across the 
continent as part of the INCLUD-ED project. Drawing on such empirical evidence, 
CREA elaborates another typology of family engagement. The categories of this 
typology include(cf. INCLUD-ED Consortium  2009 , p. 54):

    (1)    Informative. Not participating in decision-making. Families are informed about 
school activities, school functioning and decisions. They attend meetings.   

   (2)    Consultative. Being consulted in decision-making processes. Participation in 
offi cial bodies.   

   (3)    Decisive. Participation in decision-making processes through their representa-
tion in offi cial bodies. Monitoring of the school progress (accountability).   

   (4)    Evaluative. Participation in both student and school evaluation.   
   (5)    Educative. Participation in students’ learning during school hours and after 

school. Participation in family education.    

There is a gradation in the possibilities of participation for the families, from (1) 
“informative,” where families barely participate in the school activities, to (5) “edu-
cative,” where they may participate in the learning process. The most effective type 
of participation in terms of children’s academic achievement is (5), which is the 
most democratic type of participation since it involves the voices of all members of 
the educative community within the learning process. 2  

2   Other researchers have also pointed out the importance of ‘democratic family participation’ to 
improve children’s scores (Sheldon and Epstein  2005 ). 
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 One of the greatest diffi culties to implement democratic forms of family engage-
ment is to eliminate the gap between the work done by the research community and 
the practice in schools. We already know that the more democratic the participation 
the better is the children’s mathematics achievement. However, what are the specifi c 
actions that produce such success? To move towards a democratization of the prac-
tices done in a particular school, a condition  sine qua non  is knowledge about SEAs. 
Neither teachers nor families are going to implement forms of democratic participa-
tion closer to type (5) (“educative”) rather than type (1) (“informative”) without 
clear information about what works to engage all educational actors in the learning 
process, in terms of SEAs. 

 Another action for success is the introduction of ‘critical friends’. With this label 
Allexsaht-Snider and Buxton ( 2011 ) designate the type of people who are invited to 
collaborate in a series of sessions conducted with teachers and researchers. The aim 
of such sessions is to improve teachers’ practices drawing on critical discussions 
about examples or real practices. The persons invited are scholars with expert 
knowledge to share with the audience their expertise in an egalitarian dialogue aim-
ing to improve teachers’ practices based on rigorous discussion. These critical 
friends may also be persons in positions of responsibility in the education system. 
This approach has been replicated in a similar vein in teacher training programs. 
Data suggest that this kind of ‘critical discussions’ with experts may induce 
improvement among both, in-service teachers as well as pre-service teachers 
(Vanegas et al.  2013 ). 

 There are more cases of successful practices. Knopf and Swick ( 2008 ) and 
Goldman ( 2006 ) propose  home visits  to learn from families and support children’s 
learning processes. The effectiveness of these home visits depends on the quality of 
practice (Gomby et al.  1999 ; Knopf and Swick  2008 ). Teachers and families have to 
develop a positive affective relationship to be successful at the home visiting (Sweet 
and Appelbaum  2004 ). Most of the studies related to home-visit report cases in 
which the teacher comes to the student’s home just to meet the parents and to know 
a bit about the environment (Kahraman and Derman  2011 ). Other studies report 
cases in which teachers really come to the homes to see the kind of mathematics that 
children do at home, including both formal mathematics (such as school homework) 
and non-formal and informal practices (such as going to do shopping, playing 
games, etc.) (Goldman  2006 ; Goldman et al.  2010 ). 

 Workshops with parents have been proven successful many different times, 
improving both family engagement and children performance (Balzano  2011 ; Díez- 
Palomar and Molina  2009 ). This type of practice mainly explains to families how 
teachers teach mathematics nowadays. The pedagogic differences among strategies 
followed by the teachers to promote critical thinking among students, as well as to 
provide parents with a plethora of resources to better support their children at home, 
are discussed during the sessions (Dias et al.  2011 ). The lack of knowledge that 
some families show about strategies currently being used by teachers in schools has 
been identifi ed as a diffi culty (for families to become involved). However, accord-
ing to recent research, one of the main obstacles for family engagement is teachers’ 
institutional resistance to let families access schools (and classrooms) to decide on 
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how to teach, or some teachers’ misunderstanding of such ‘pedagogical innovation’. 
It is not strange to hear teachers complaining about families discussing with them 
about the curriculum in mathematics and how they (the teachers) implement such 
curriculum. The category number (5) identifi ed within INCLUD-ED (“educative 
participation”) is very diffi cult to carry out if a context of confl ict and resistance 
appears between teachers and families. The type of participation which may be suc-
cessful is the one that manages to create partnerships between these two actors 
(school and community), grounded on the idea that the collaboration is to improve 
students’ mathematics achievement, not to let parents and teachers fi ght for the 
academic authority. Questioning the model of academic authority does not produce 
any kind of success in terms of students’ achievement. On the contrary, to improve 
students’ academic performance, a partnership has to emerge from the collaboration 
of all actors involved in the educational process. In Catalonia i.e., during 2013, a 
project called  Clau  [ Key ] has been implemented by the Catalonian Federation of 
Parents Associations. This project arose from parents’ claim to know what the SEAs 
are in order to have this information when looking for a school for their children. 
This is a bottom-up process of democratic participation. García ( 2011 ) reports the 
case of  La Paz  school, in Albacete, Spain. This was a very confl ictive school in one 
of the poorest neighbourhoods in Europe. In this case, the movement to change the 
school practices came from the inspection. They built a partnership with teachers, 
families, NGOs involved in the school activities, the Church, volunteers, etc., to 
include all educative actors’ voices in the process of transformation. They agreed to 
sign a contract to implement only SEAs in the school. Two years later, the school 
stands out because of its positive results.  

    Families Doing Mathematics for a Democratic Participation 
in the Learning Process: The Case of  FAMA – Family Math 
for Adult Learners  

 The teaching of mathematics has greatly improved in the last decades, thanks to the 
research that has been done in this area. Research results (Carpenter et al.  1989 ; 
Erlwanger  1973 ; Good and Grouws  1979 ; Lampert  1990 ) have been the basis for 
many innovations and new viewpoints that have reformed the way we teach math-
ematics in our current classrooms. The curricular innovations implemented during 
the last decades in mathematics (NCTM  1989 ,  2000 ) sometimes have meant a loss 
of sense for many families, who do not understand the new teaching methods (Civil 
and Bernier  2006 ; Meyer et al.  1996 ; Peressini  1998 ; Remillard and Jackson  2006 ). 

 One of the main disadvantages when parents want to help their children is their 
lack of knowledge in mathematics (Civil  2001 ; Jackson and Remillard  2005 ; 
Rockliffe  2011 ). In some cases, however, it is not lack of knowledge, but low self- 
confi dence (Civil and Bernier  2006 ; Díez-Palomar and Molina  2009 ). Teaching and 
learning of mathematics looks unfamiliar to most parents (Civil and Bernier  2006 ; 

Family Math



400

Remillard and Jackson  2006 ). The ‘lack of knowledge’ uses to appear related to 
different ways and strategies to solve mathematical problems. Nowadays teachers 
use different tools and strategies to teach mathematics, drawing on the US-reform 
of mathematics (Hiebert  1999 ; Kilpatrick et al.  2003 ; Kilpatrick et al.  2001 ; NCTM 
 1989 ,  2000 ). That makes it hard for parents to help their children. In addition, school 
mathematics is an old body of knowledge that some parents have simply forgotten. 
They remember the main topics, but not the specifi c procedures. 

 Some studies argue that one part of the diffi culties experienced by students when 
learning mathematics could be explained by the type of support they receive in their 
home environments (Sheldon and Epstein  2005 ). Research in the fi eld of family 
involvement tries to solve this type of diffi culties. As we have shown in the last sec-
tion, family engagement may adopt many different forms. In Table  1  we introduce 
in a succinct way the main types of family engagement in mathematical practices 
found within FAMA. FAMA was a research project analysing how parents become 
involved in their children’s mathematical learning. In the frame of that project, we 
conducted a very detailed literature review. As a result, we found fi ve types of fam-
ily engagement in the realm of mathematics education.

   During the project several parents were interviewed. Some of these parents had 
sent their children to more than one school, thus they had experienced different 
types of participation. Most of them highlighted the importance of feeling wel-
comed by the teachers when attending the school looking for information regarding 
their children’s learning. Drawing on their experiences a key conclusion emerges: 
the teachers’ openness encourages families’ involvement. Many times families feel 
reluctant (and even resistant) to attend school meetings, teachers’ appointments, 
and other forms of informative participation because there is a lack of communica-
tion between teachers and families. This usually happens either when teachers claim 
that teaching mathematics is their exclusive responsibility (and nobody else’s) or 
when families question teachers’ professional work. FAMA found cases of teachers 

   Table 1    Types of support of families for learning mathematics   

 Type  Defi nition 

 At home  Family members try to support their children with mathematics at 
home (or out of school, such as shopping) by helping them to do their 
homework, encouraging them to do mathematical activities, reading, 
games, etc. 

 Going back to school  Family members attend mathematics courses, such as  parent maths 
nights ,  maths workshops . 

 Private teaching  Family members send their children to private lessons, or they pay for 
a personal teacher at home, thus extending their children’s learning 
time. 

 Appointments with 
the teacher 

 Family members ask for appointments with their children’s 
mathematics teacher in order to allay concerns and doubts, clarify 
misunderstandings, etc., and thus become able to better help their 
children. 

 Social networking  Family members look for support among their community of peers, 
neighbours, relatives, etc. 
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claiming that the only thing they request from families is to make sure that their 
children go to school. On the opposite, FAMA also found cases of parents com-
plaining about the methods used by teachers because they felt that their children 
were not learning mathematics properly. When there is a clear will to establish a 
dialog between teachers, parents, volunteers, and other members of the community, 
then resistance (as well as the confl ict deriving from it) disappear. 

 Drawing on INCLUD-ED’s typology of family types of involvement, data col-
lected in different schools all over Europe confi rm that opening participation in the 
educational activities provided in the school to the broadest range of people possible 
is a way to reduce resistance and confl ict in the school. Children gain from an envi-
ronment focused on high expectations in terms of learning. Using SEAs makes a 
difference between different schools. However, it is not enough to open the school 
to family involvement. It is also crucial that this participation is democratic, based 
on an egalitarian dialogue (in terms of Flecha  2000 ). When parents, teachers, and 
students participate with a clear will to discuss using arguments based on valid 
claims to share their respective knowledge, then results are more rich and positive 
for all of them. Authority here comes from evidence, not from the position that 
somebody has in terms of hierarchy or status. 

 Communication is a key feature in terms of promoting participation. 
Communication between parents and teachers brings benefi ts to both children and 
teachers (Epstein  2001 ). For this reason, successful experiences are those that pro-
vide the participants with ways or spaces for communication, including ‘family 
corners’ on the school website, meeting points, appointments with teachers/tutors 
that are clearly defi ned from the beginning of the semester, fl exibility in terms of 
schedules to meet with parents and other family members, etc. 

 Knowing that family involvement is a dynamic process (Hoover-Dempsey and 
Sandler  1995 ), successful actions are those that build structures to manage this com-
munication. If there is not a space for this communication to happen, then it is 
unlikely to happen (Díez-Palomar and Molina  2009 ). We need to create egalitarian 
spaces for promoting communication and dialog. 

 Students whose parents attended training and information workshops and 
obtained materials to help their children at home made greater gains in mathematics 
than students did whose parents did not attend the workshops (Shaver and Walls 
 1998 ; Starkey and Klein  2000 ). The case of Montse, a mother attending one of the 
workshops provided in a middle and high school in Barcelona, is instructive, here. 
Montse had two children: a daughter and a son. When she started attending the 
workshop, her daughter was in the second year of the middle school. Montse was 
very worried because she noticed the negative impact on her daughter of moving 
from elementary to middle school. It was a “shock” for her. As a consequence her 
grades in mathematics went down dramatically. Montse tried to talk with the teacher, 
but somehow was not productive, because, as she reported in an interview, the 
teacher felt questioned by Montse. Thus the relationship was not cordial at all. Her 
daughter had to bear the consequences. There was no room for talking and a just 
dialogue in that situation. Then, the possibility of participating in a workshop 
appeared. Montse was enthusiastic from the very beginning. Sometimes she even 
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came to the workshop with her daughter to share questions, uncertainties, to request 
additional information, resources, etc. After one semester, her daughter improved 
her grades in mathematics signifi cantly. Two years later her daughter participated in 
a conference at the university. On her way home she asked for information  regarding 
university degrees in engineering. Her mother started to bring also her son (who was 
younger) to the workshop. Democratic participation really opens this type of oppor-
tunities for all.  

    Further Research: New Horizons for the Coming Years 

 Some studies have put parents in the sideline, leaving it up to educators and other 
professionals to decide how mathematics learning should take place. However, 
research clearly demonstrates the importance of families within the process of 
learning, although not all types of participation have the same effect. The form of 
participation producing best results is the one that involves more people in educa-
tion. The more democratic the practices are, the better the results. Those patterns 
reinforce the need for educators to exert extra efforts to revise the mathematics cur-
riculum, instructional approaches, quality of teaching, and family and community 
partnerships to improve students’ skills and test scores (Sheldon and Epstein  2005 ). 
It is necessary to see how we can promote this type of guidance in our teacher train-
ing programs. There is some experience that includes the work with families within 
teacher-training programs (Díez-Palomar  2013 ; Vanegas et al.  2013 ). This is a 
promising line of work for the immediate future. We need to know more about the 
real impact of including families in teacher-training programs. Does it improve the 
practices of future teachers? 

 Finally, another challenge that we face in this fi eld is to fi nd more effective ways 
to transfer research results into practice, in order to improve students’ mathematics 
learning. Desforges and Abouchnar ( 2003 ) argue that we have a plethora of studies 
concerning achievement through parental involvement. However, little evidence 
exists on how to apply this knowledge. Lusse ( 2011 ) proposes the use of design sci-
ence research to reduce the gap between schools and families in terms of democratic 
participation, but we do not have many more examples with a similar goal. This 
opens the possibility (and necessity) for further research on implementing the 
results emerging from research into the practice—to make sure that there is a social 
impact of research.     
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      Service-Learning as Teacher Education 

             Peter     Appelbaum    

    Abstract     This research is based on four different service learning projects bringing 
together secondary students with future and current teachers for a once-weekly 
four-month after-school “intergenerational math circle”. Each group took on its own 
unique character with its own particular types of activities and goals, self-defi ned by 
the group participants. The chapter discusses service-learning as teacher education 
focusing on the changing role of assessment, on the ethics of service learning and 
on the horizon it may provide for future teachers.  

      Teacher education often leaps over the issues that emerge when educators seek to 
work with and through youth culture, the enabling and disabling characteristics of 
classroom culture, the contrasts among playful and non-routine approaches to 
teaching and learning, the uses and misuses of mathematical models, and so on. 
Future teachers jump from being a student constructed in school activities as a 
passive consumer of mathematics uncritical of the implicit mathematization of 
society into training that reproduces the practices that maintain such an atheoretical 
and acritical stance. They tend to leave preparation programs unable to bring 
mathematical practices (implicit or explicit) outside of the classroom into the 
foreground of students’ learning, lacking the intellectual tools and practical skills 
that might address issues of social injustice and differentiated access to mathematics 
(education) practices, unable to invent for themselves instructional strategies to 
facilitate access and participation, dissatisfi ed with their ability to facilitate students’ 
discovery of the power of mathematics, and disenfranchised when it comes to 
fostering mathematical activities that bridge education and life-work boundaries. 
Future and current teachers appear to have a defi cit in terms of knowledge and skills 
in these areas, and fi nd themselves relying on pre-packaged scripts or formulaic 
curriculum materials, instead of facilitating a robust and life-enhancing experience 
of mathematics. 
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 Perhaps what teachers and future teachers ‘need’ are opportunities to discover 
for themselves the funds of knowledge that they might bring to the educational 
encounter. My research suggests this is indeed the case: given time to work together 
with youth, interrogating the personal, social, political, etc., power people may gain 
by acting mathematically, and refl ecting on uses of mathematics, inside and outside 
of the classroom, educators, future educators, and youth can explore how different 
forms of mathematical knowledge and different mathematical pedagogies can 
enable different cultural and social groups to articulate their relationships with 
mathematics. In community service learning projects that bring together teachers, 
future teachers and youth in ‘underserved’ or ‘at risk’ communities, most of the 
youth might be characterized as ‘disposable,’ marginalized and living in ‘modern 
ghettos’ that ‘can be considered a dumping ground for people who have no role to 
play in the informational society,’ while most of the future and current teachers 
could be described as ‘consumers of mathematics,’ people who are reading or 
listening to a range of offers, opinions, statements and reports, confronted with 
justifi cations of decisions based on mathematics (Castells  1998 ; Skovsmose  2007 ). 
Few of the participants’ relationships with mathematics would be appropriately 
interpreted as sharing the attributes of ‘operators’ or ‘constructors.’ ‘Operators’ 
employ practices in which they have to make decisions on the uses and decisions 
based on mathematical practices. They experience their life-world as “rich in 
implicit mathematics” (Skovsmose  2005 , p. 142), and are not only prepared for 
their tasks in terms of the content of their mathematical training, but also accus-
tomed to the ‘habit’ of following rules as a consequence of the hidden curriculum of 
school mathematics. ‘Constructors’ specifi cally invent and create mathematical 
practices, exercising power over operators and consumers. 

 When disposable and consumer mathematicians come together outside of school 
to pursue projects that they invent together based on community needs, it is easier 
to document evidence that these people are not adequately described with such 
terms. They act as operators and constructors, and interweave in their constant 
redefi nition of their projects an explicit critique of common school-based positions 
of differentiated mathematical power relations, belying commonly held assump-
tions that others hold for these participants, and reconceptualizing their own roles in 
perpetuating or transforming mathematics education in and out of school, with argu-
ments that are insightful and ethically and politically responsible. The experience is 
surprisingly ‘effi cient’ in transforming participants’ relationships with mathematics 
in such a short period of time and with so little direct attention to the details, or 
curriculum, of the experience. The youth are merely treated as ‘apprentices’ rather 
than ‘students’ (Appelbaum  2009 ; Ladson-Billings  1995 ), and because of this, come 
to see themselves as constructors and operators. The future and current teachers 
are simply given time to work with youth mathematically without a prescribed cur-
riculum or specifi c objectives or learning outcomes; their experience changes their 
perspective on teacher-student differences, and compels them to ‘need’ to know the 
youth and their future students personally. They desperately seek deep comprehension 
of the everyday life experiences of young people as the foundation for conceptual 
and skill-based learning. 
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    Research Context 

 This research is based on four different service learning projects bringing together 
secondary students with future and current teachers for a once-weekly 4-month 
after-school ‘intergenerational math circle.’ Group 1 included 5 pre-service teachers, 
1 early-childhood teacher, and 1 secondary mathematics teacher, and 16 grade 
10–11 youth who were selected by their teachers as ‘needing extra help in mathe-
matics;’ Group 2 involved 5 current teachers (1 primary teacher, 2 middle-school—
ages 12–15—teachers, and 2 secondary teachers) and 4 grade 10–11 students who 
were self-identifi ed as interested in mathematics. Groups 1 and 2 were transported 
by their regular school teacher to the nearby university to meet with the teachers as 
part of a program that also gave them opportunities to learn about university life and 
the university application process; the secondary school from which students in 
Groups 1 and 2 came is a highly racially, economically and ethnically diverse 
suburban school. Groups 3 and 4 met together as part of an after-school program run 
by a local church across the street from the neighborhood secondary school, 
located in a high-poverty, African-American, urban community. Group 1 included 
8 pre- service teachers, 2 current secondary teachers, 5 current middle-school 
teachers, and 17 grade 9–12 youth; Group 4 included 3 pre-service teachers, 1 current 
secondary teacher, and 20 grade 9–12 youth. Groups 1 and 2 were given no 
constraints regarding activities, topics, projects, etc. Groups 3 and 4 were given the 
explicit requirement that they address personal fi nance and entrepreneurship educa-
tion, since materials and resources were supported by a service-learning grant with 
this orientation.  

    What Happens When Intergenerational Groups 
Come Together Mathematically? 

 Each ‘math circle’ followed a fi ve-part curricular structure to defi ne their purposes 
and to organize their work, forming sub-groups that pursued their own investigations 
(Appelbaum  2008 ). The fi rst part of the work together was an ‘opening,’ during 
which participants got to know each other, and during which they explored ‘seed’ 
activities that could provide the basis of investigations, if and only if they provoked 
further questions. Part 2 involved trying out a possible project and designing an 
exploration. Part 3 involved pursuit of a specifi c investigation/project, along with 
mini-lessons facilitated by the current and future teachers on particular mathematical 
skills and concepts that would propel the groups’ projects further, or otherwise 
assist the group in carrying out its work. Part 4 included ‘taking action,’ during 
which participants found a way to interact with an audience outside of the program 
in order to make an impact on the world. And Part 5 involved an ‘archaeology’ 
encounter, designed by the current and future teachers, through which the youth 
were assisted in identifying what they had learned and applying new skills and con-
cepts to other contexts and situations.  
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    Outcomes 

 Each group took on its own unique character with its own particular types of activities 
and goals, self-defi ned by the group participants. 

    Self-Identifi cation as a Mathematical Actor 

 Group 1, which included the youths identifi ed by their mathematics teacher as 
‘needing help’ with mathematics, brought this ‘need’ to the experience. Confronted 
with learners who wanted help with school mathematics, the university students 
returned on the second day with open-ended, problem-based activities that would 
help the youth practise skills they were developing in school, having spent the fi rst 
day collecting the kinds of topics that they had recently studied in their mathematics 
classes. They hoped that these initial problem situations would lead to student- 
posed questions that the youths found themselves wanting to work with after the 
initial set of ‘seed’ experiences. It quickly became clear that the youths seemed 
incapable of seeing mathematics in the problem contexts presented, that is, of 
interpreting the statement of the problem contexts using mathematical concepts. 
There was no better way to help the future and current teachers see the futility of 
common school approaches, the result of which is young people who are at best 
able to carry out scripts for determining ‘solutions’ to formulaic word problem 
statements. Together, the teachers and youths worked through their frustrations in 
a terrible, challenging hour-and-a-half of trying to reach a common understanding 
of their contrasting orientations to mathematics. The result was a set of compro-
mises through which the entire group took on a joint project of working on the 
creation of mathematical questions. Both teachers and students would bring to 
each meeting either ambiguous problem situations or formulaic word problems, 
and together they would compose new questions out of those they brought to the 
meeting. The youths reported a fundamental transformation in how they spent their 
time in their in- school classes thanks to the math circle out-of-school experiences: 
They now routinely  asked questions  in their own mind, silently, as their teacher 
or other students worked with mathematics. For example, they would think to 
themselves: What questions could be asked with this new mathematical idea? 
What questions could be answered with this new tool? How is this idea connected 
to other mathematics we have been learning this year? How is this question similar 
to or different from others we have asked this week? Typically silent in their school 
mathematics classes, they reported routinely asking for clarifi cations of things 
they did not understand or with which they disagreed, having practiced this in the 
math circle.  
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    The Potential of Almost Any Mathematics
 to Be Meaningful 

 Group 2 took a very different path from Group 1, possibly because of the different 
relationships with mathematics that the youths brought to the encounter. Left to 
decide the topics and nature of the work, the group began with a collection of open- 
ended mathematical questions, contributed by each teacher or secondary-student 
member, which they explored in order to discuss what they would like to pursue as 
an exploration during their time together. The questions ranged from a comparison 
of racial injustices through data on housing costs and incomes to the best angle of 
one’s foot for kicking a soccer ball, to trying to understand Fermat’s Last Theorem 
to several mathematical logic puzzles. Serendipitously, the entire group got 
‘sidetracked’ by a seemingly silly school word problem that most members had 
absolutely no interest in and which none of the teachers thought was pedagogically 
useful: ‘Seven girls each bring seven cats onto a bus, and each cat has seven kittens. 
How many cats and kittens are on the bus?’ They created four different ways to 
answer the question, one algebraically, one arithmetically, one using small objects 
to model the situation, and one phone call to the friend of the participant who had 
voiced the problem to her earlier in the day when she had suddenly remembered 
she was supposed to bring a math question to the circle that afternoon. As the 
organizer of the math circle I followed my standard line, ‘OK, having answered this 
question, do you have new questions that you want to ask?’ assuming this would 
lead nowhere. On the contrary: each participant had several interesting questions! 
Is this possible? Could such a number of girls and cats  fi t  on a bus? What if we 
cared about the health of the cats? Do they need a minimum amount of space? 
The list went on and on. The ensuing investigation involved detailed research on 
buses, carrying boxes for animals, humane treatment of animals, conversations 
with veterinarians and bus drivers and cat owners; the youths invited mathematics 
professors to visit the circle to help them think through Pascal’s triangle and the 
mathematical generalization of the problem situation. Reluctant at fi rst to even 
offer an idea for how to ‘solve the problem,’ 4 weeks later each participant, teacher 
and high-school student had initiated a carefully designed telephone inquiry with 
an expert, grilled the mathematicians with mathematical questions, and carried out a 
series of generalized mathematical explorations that placed the initial question in a 
broader mathematical context. Each participant had analyzed data on animal popu-
lations and irresponsible cat care and breeding in the greater metropolitan region. 
By the end of the program, each participant had impressed both the animal rights 
experts and the mathematicians with which they worked with the intentionality that 
they brought to their conversations.  
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    Entrepreneurs Who Can Make a Difference 

 Group 3 seeded the math circle encounter with a collection of fi nance and entrepre-
neur contexts, hoping that each secondary student would fi nd in one of them the 
spark of a potential investigation: creating a business plan that could be pursued 
in the next math circle; planning a fund-raiser by buying ingredients, baking 
cookies, and selling them for a profi t; analyzing mathematical strategy games in 
order to design one’s own board or video game; analyzing basketball statistics in 
order to design a ‘dream team,’ incorporating a budget for salaries; and ‘street 
math’ of choosing a mobile phone plan and buying a car. The secondary students 
refused to select one area to pursue, insisting that each of these topics was fasci-
nating and important, so the group developed a plan for continuing to work on 
every one of them together, rather than forming small groups around specifi c 
projects. Activities included video interviews of local business leaders who 
offered concrete feedback on the business plans and specifi c advice on how to 
seriously identify investors for their projects. When the after-school program, 
which collaborated with the math circle by providing the meeting space in the 
church, lost its funding, the youths proposed a presentation to the church board 
on the value of the program and demanded to be taught about the current budget. 
They were successful with their presentation in convincing the board to fi nd the 
funds to maintain the program.  

    Philanthropy Is Also Entrepreneurship 

 A majority of the secondary students in Group 4 were continuing their work from 
Group 3, and were ready to enact their business plans. However, a petite grade 9 
student came in on the second week suggesting that maybe some people should go 
back to their community needs ideas from the last semester, and use their business 
sense to create a ‘business’ that could help the neighborhood rather than to just 
make some money to spend themselves at MacDonald’s. This raised a number of 
interesting perspectives on the use of mathematics to model business practices, and 
in the process, made it clear to younger and older participants that mathematical 
assumptions format the experience of non-profi t as well as for-profi t business plans. 
The only way to make sense of the similarities and differences was to enter into 
conversations about everyday life in the high-poverty neighborhood in comparison 
with the everyday life of most of the teachers and future teachers who did not live 
in this neighborhood; the juxtaposition of assumptions, dreams and expectations led 
to a provocative change in everyone’s understanding of available data and available 
forms of expertise in this community around the school and church, which required 
adjustments on the part of every member.   
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    Service Learning as the Context for Research 

 A note on the methodology of this research is in order. Because these math circles 
were embedded in courses about mathematics teaching and assessment practices, a 
lot of qualitative data was available for analysis, both as a component of the enacted 
curriculum and as a component of the research. University students collected 
assessment data in the form of secondary-student work samples, anecdotal records 
from observations, and informal and impromptu interviews. They analyzed this 
assessment data as part of their ongoing inquiry into the lives of their students and 
as a component of their ongoing planning and organization of the math circle. The 
assessment data as well as the analysis of this data on the part of the current and 
future teachers were available for analysis by the older participants and the univer-
sity professor/researcher and comprised the main body of research data that this 
report is based on. The dual nature of the research as teacher training/development 
and as empirical research warrants ethical and logistical refl ection. It was noted 
between Groups 3 and 4 that the secondary students were the only members of the 
math circle who were not part of the ongoing research about the math circle. 
Because of this, the adolescents participating in Group 4 were invited to join in the 
post- circle meetings that involved refl ection on the day’s experiences and planning 
for the following week’s meeting. Their perspective on the math circle and on the 
research was interesting because they felt that their participation took on a political 
aspect: they were now representatives of high school students in urban neighborhood 
schools, and not merely children looking for an interesting way to spend the afternoon 
before they went to the church gym to play basketball. Their use of handheld video 
cameras to interview local business leaders and entrepreneurs now expanded to their 
own narrative comments on the experience itself, and this became a simultaneous 
research analysis and ongoing action research project that occurred simultaneously 
with the experience.  

    Service Learning as Teacher Education: Implications 

 Typically in the U.S., teachers and future teachers practise what they are learning 
about mathematics education in regular school classrooms, under the presumption 
that classroom contexts are the most like where they will do their work. A signifi -
cant implication of this research is that much learning can take place in contexts 
other than school classrooms. A more signifi cant implication is that some types of 
learning—about the nature of mathematics, about ways to learn about students’ 
lives, and about one’s own relationship with mathematics, are possibly best learned 
outside of school contexts. A recommendation is to include non-school environ-
ments in any teacher preparation program or professional development experience. 
Because there is no prescribed curriculum with specifi ed learning outcomes, the 
teachers and future teachers can more easily focus on teacher skills that help them 
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learn about students’ lives and the mathematics of those lives, and practice 
understanding mathematics from the learner’s perspective. They can practice skills 
for fostering curiosity and self-confi dence in mathematics, and learn how to 
support young people making the transition from disposables into operators and 
constructors, so that later work on precise mathematical skills and concepts can be 
layered on top of these critical teacher practices. More signifi cantly, these future 
teachers consistently recognize students themselves and families as resources; 
the families, always present in the work of the group in terms of the experiences that 
the secondary students bring with them to the activities, are repositories of formal 
and informal resources, rather than the barriers that families are commonly 
imagined to be by teachers who have never met them, physically or metaphorically 
(see Díez-Palomar, chapter “Family Math: Doing Mathematics to Increase the 
Democratic Participation in the Learning Process”, this volume). Working together 
with young people on mathematical investigations and projects is a uniquely 
valuable opportunity for all of this to take place.  

    The Changing Role of Assessment 

 One might wonder, if the future teachers are not provided with a clear set of learning 
outcomes, what would they possibly be looking for in terms of their assessment 
practices? While the ‘teachers’ in these math circles certainly had ideas about mathe-
matics skills and concepts that they wanted their ‘students’ to develop and master, 
we began our work with more generalized ideas about a successful mathematics 
classroom. Assessment for us (in the service learning projects) was the collection 
and analysis of information that can be used to make decisions about what should 
or could be happening in the short-term and long-term. Assessment in this sense is 
very different from ‘evaluation,’ in which a teacher judges the quality of student 
work, scores or ranks it, compared with other students or compared with a standard 
or norm. While there may be a system of grading or scoring involved in assessment, 
the primary goal is not to evaluate, but to make professional choices. One set of 
assessment questions that we used was suggested by Susan Ohanian ( 1992 ):

    1.    Do my students see themselves as mathematicians?   
   2.    So my students see mathematics as covering a wide range of topics?   
   3.    Are my students developing a fl exible repertoire of problem-solving strategies?   
   4.    Are my students able to communicate their problem-solving strategies to others? 

Can they talk and write about how they solve math problems?   
   5.    Are my students able to assess themselves? Are they able to develop and use 

criteria to evaluate their performance?   
   6.    Do my students engage in mathematical thinking without a specifi c assign-

ment? For example, if they have ‘free time’ do they choose math?   
   7.    Are my students developing the attitudes of independent and self-motivated 

thinkers and problem solvers?   
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   8.    Do my students welcome challenges in math? Are they able to focus on math 
problems of increasing complexity for longer periods of time?   

   9.    Do my students recognize the importance of math in the real world outside 
school?   

   10.    Do my students use mathematics to solve problems outside math class?    

In our experiences, we simply used whatever method of information collection we 
could think of to try to answer these questions on an ongoing basis, including inter-
viewing individuals or small groups of students, observing students at work and 
taking notes on what we observed, asking the students to interview each other, video 
recording of group work, analysis of student work samples on paper or in video 
presentations, and short, informal surveys. The ‘teachers’ refl ected on what they 
knew about their students, and invented activities that would have the potential to 
enable students to demonstrate that they were developing the attitudes and habits 
implicit in Ohanian’s questions. 

 Another set of assessment questions grew out of our reading of Boaler and 
Humphrey’s ( 2005 )  Connecting Mathematical Ideas . Before we began our math 
circles, we spent several weeks with this book, which includes a CD of video cases 
from Humphrey’s classroom. Through our viewing of the videos and reading 
Boaler’s and Humphrey’s analysis of Humphrey’s teaching, we identifi ed as a 
collaborative group exemplary mathematics teaching/learning practices; for example, 
in the Group 4 mentioned in this chapter, the following list guided planning and 
assessment during the math circle:

    1.    The development of a ‘questioning disposition’ over time. This needs to take two 
forms:

    (a)    As a form of ‘academic literacy,’ where students on their own eventually 
approach each mathematical item, problem, situation, application, etc., as 
something to ask questions about. Students would then use methods of 
working as a mathematician to turn their questions into investigations.   

   (b)    As a tool of critical thinking, where students would be able to evaluate a 
question as more or less ‘powerful.’       

   2.    A culture or environment – sometimes referred to as a ‘community of mathe-
maticians,’ where one fi nds mathematical talk in an atmosphere that values 
participation, and a culture of trust where ‘wrong answers’ are as useful and 
helpful as anything correct. Reasoning and thinking are thus more important 
than memorizing correct procedures.   

   3.    The specifi c pedagogical strategy and later learning tool of convincing yourself, 
convincing a friend, convincing a skeptic.   

   4.    The specifi c mathematical approach of seeing every mathematical item, 
problem, situation application, etc., as a ‘special case.’ Each mathematical 
entity might be a special case of more general collections of such things in 
more than one way. Using entities as special cases leads to the mathematical 
activity of generalizing from these special cases to develop conjectures that 
can be  discussed, tested with artfully chosen further special cases, modifi ed 
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through the identifi cation of counter-examples that lead to newly stated 
conjectures, etc.   

   5.    The teacher working to ask questions that promote higher order thinking. A vari-
ation on this is labeled questions of ‘type 3’ in the Boaler and Humphrey’s ( 2005 ) 
text and videos.    

The service-learning context enabled a separation of content and mathematical 
development, so that the future teachers, ‘teachers’ in the math circle, could focus 
on mathematical ways of being, thinking and collaborating, as distinct from school- 
mathematics curriculum learning goals. Because of this, the ‘teachers’ were able to 
understand the difference between ‘living and working as a mathematician’ and 
‘practicing and mastering skills.’ This also enabled the ‘teachers’ to understand 
their students’ growth over time in ways independent of traditional models of school 
mathematics progress, to recognize talents, dispositions, and funds of knowledge 
that could be capitalized on in group activity, and to support a respectful environment 
grounded in the present encounters as differentiated from the participants’ school 
histories (which often included unhappy stories of persistent failure). The students 
responded in powerful ways, engaging in activities, requesting more, sharing skills 
and knowledge they ordinarily would not be able to share in school classrooms, and 
connecting the mathematics to concrete life situations. This form of assessment was 
a tool of community building that fostered richer comprehension of the connections 
between mathematics and the community, helping the ‘teachers’ to learn more about 
their students rather than to judge their progress. 

 Most future teachers have never seen their mathematics teachers carrying 
out such assessment in their classrooms, and very few observe this in traditional 
school- based fi eld work or student-teaching. Of course, when one is a student, one 
is not necessarily noticing what the teacher is doing, busy as one is with one’s own 
work as a student. For example, if a teacher were taking notes on what was happening 
in small group work, a student is not likely to realize it is happening – unless the 
teacher were to refer to his/her note-taking directly in classroom conversations. 
In my own experience with teacher education, it has been a challenge to convince 
future teachers that such work is part of the job of teaching, or that it is worth doing. 
Those future teachers who have participated in community math circles have 
reported that they could not imagine teaching without it, after having had this 
experience.  

    Radical Transformation and a Horizon 

 The future teachers also report another significant transformation in their 
understanding of teaching, thanks to their participation in the service learning 
projects. They describe the context of service learning as creating a long-term sense 
of purpose and direction for their work with these youth, shifting the focus away 
from practicing an incremental skill added onto one from a previous lesson toward 
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establishing a change in the community. The university students described realizations 
in later refl ections that this is usually missing from school mathematics classrooms. 
While they had come to the course expecting to be trained in techniques for moti-
vating, explaining, and testing learners, they now saw their future jobs in terms of 
what David Kirshner ( 2000 ,  2002 ) calls enculturation and acculturation. The 
service-learning context, independent of the classroom culture and separable from 
school mathematics learning goals, helped them understand school mathematics 
culture and goals in two new ways: (a) as important, yet easily accomplished in the 
context of large-scale problem solving projects, introduced in mini-lessons as 
needed and as serving the needs of the project (i.e., what the students were doing 
and cared about), rather the needs of the curriculum; and (b) as only important if 
recognized as infl uencing the ongoing, emerging sense of self and mathematics for 
each individual in the classroom. Both in the classroom and in the service-learning 
projects, mathematical enculturation and acculturation are happening at the same 
time, unfolding and intermingling in innumerable and complex ways. Enculturation 
is the transition of students into a somewhat alien, or ‘second,’ mathematical 
culture, with its own unique set of languages and practices; students are treated 
as foreigners immigrating to a new land. Acculturation refers to the changes in 
attitudes, habits, customs and social institutions when ‘home’ or everyday mathe-
matical culture interacts with the new mathematical cultures spawned by the study 
of new mathematical topics. 

 Because the university students, the ‘teachers,’ had spent a sustained period of 
time describing for themselves how their students were changing and how their 
mathematical understandings were evolving over time, they now explained ‘learning’ 
as a process of radical transformation of self, rather than a constant accretion of new 
information and techniques. They now believed that such transformations only 
occur when one is invested in a project that has a ‘horizon,’ a long-term sense of 
purpose and direction. While they understood the value of specifi c mathematics 
content goals, and understood that a school curriculum expected mastery of specifi c 
concepts and skills within a certain period of time, they also believed that such goals 
were best met when they supported this more signifi cant, radical self- transformation. 
Without the ongoing self-transformation, they suggested, there was no develop-
ment of community, understanding, meaning, or mathematical dispositions and 
ways of being.  

    An Ethics of Service-Learning 

 In the U.S. context, fi eld experiences are plentiful in teacher education. Over the 
course of a 4-year university degree, education students spend increasing amounts 
of time in schools, taking on more and more responsibilities of the regular classroom 
teacher. Commonsense suggests that one learns how to be a teacher through 
carefully sequenced apprenticeships, and this tradition buttresses such common-
sense assumptions. The dilemma, alluded to above in the case of mathematics 
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teachers who probably do not carry out alternative assessment practices, is that the 
mentor teachers are not necessarily exemplary teachers; while future teachers learn 
the skills of ‘fi tting in’ to a school culture, they do not necessarily practice innova-
tive instructional strategies or even research-supported practices. In some cases, the 
pre-service teacher is not given the freedom to experiment. In other situations, the 
pre-service teacher has not yet mastered minimal teaching skills and should not be 
given such freedom, much as it would be valuable for the teacher-in-training. When 
inexperienced not-yet-teachers take on leadership roles in non-school settings, are 
there different ethical questions? In the research reported here, the ‘teachers’ 
explained their background and education to the participants, and routinely reminded 
their ‘students’ with examples of how the experience was helping them to become 
better teachers in the future. Participation in the group was voluntary and could end 
at any time. The programs were supervised by university faculty who conferenced 
with the ‘teachers’ throughout the program. In some sense, then, precautions were 
taken to make sure that no overt physical or emotional harm would be wielded upon 
any participant. In a broader sense, service-learning does more than meet the imme-
diate needs of the participants. Service-learning further aims to meet the concerns, 
needs and hopes of  communities . Service-learning also requires analysis of the 
experience in social, political, and cultural contexts in order for it to be more than 
mere volunteer work.

  If school students collect trash out of an urban streambed, they are providing a valued ser-
vice to the community as volunteers. If school students collect trash from an urban stream-
bed, analyze their fi ndings to determine the possible sources of pollution, and share the 
results with residents of the neighborhood, they are engaging in service-learning. 

 In the service-learning example, in addition to providing an important service to the 
community, students are learning about water quality and laboratory analysis, developing 
an understanding of pollution issues, and practicing communications skills. They may also 
refl ect on their personal and career interests in science, the environment, public policy or 
other related areas. Both the students and the community have been involved in a transfor-
mative experience. (CNCS  2013 ) 

 The analogous distinction between volunteering at a community program as a 
tutor or group facilitator and an academic service-learning experience requires that 
the future teachers carefully analyze their fi ndings about how to best facilitate the 
learning of mathematics in the context of community projects in the specifi c neigh-
borhood in which they are working. The future teachers in this study report that 
participation of this kind made a signifi cant impact on them. A majority in each 
group noted in fi nal refl ections on the program and their own learning from the 
program that they understood their work as part of a broader community project 
greater than their own training in mathematics education and richer than helping the 
youth in the program to learn mathematics. They described this inclusion in a proj-
ect with longer–term impact, building relationships among university students 
and faculty and community schools and agencies, in ways that echoed the notion of 
an horizon discussed above. What we found is that the future teachers understood 
their own changes over time as intimately intertwined with social actions and as 
embedded in a broader project of social justice; they understood their own perspective 
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on youth, mathematics, learning and group activity as continually reinvented in 
every moment of participation. In other words, they left the experience framing 
teaching as an ethical stance upon the world (Block  2003 ), and their ongoing, 
emerging sense of themselves as teachers as an ethical relation developed in face-
to-face encounters with the youths that became their co-mathematicians, co-design-
ing group projects in their community. As teachers participate in collaborative 
curriculum design, they are no longer subjects of power but are active constructors 
of knowledge, working within and across regimes of truth and power. Such active 
design may be taken as an articulation of the ethical stance that teaching embodies 
(Appelbaum and Dávila  2007 ). 

 Service-learning encourages refl ection on commitment to the common good, 
counteracting dominant educational structures grounded in competitive individualism 
(Karlberg  2005 ). More important, however, is the need for analysis that pushes 
participants to consider the stories that the youths in these projects tell about their 
own experience. The ‘teachers’ do not have to agree with these stories, but they do 
need to dialogue with them. Tensions often emerge between comprehending the 
experiences from the perspectives present in a marginalized community and the 
need to sometimes critique harmful discourses that are part of these communities. 
Similar tensions arise when the ‘teachers’ confront the distance between school- 
mathematics expectations and the needs and goals of the youth with which they 
work in community contexts. As these future teachers refl ect on their changing 
relationship with mathematics, with teaching and learning, and with service learning 
as a context for learning, they speak of the ethical obligations to live with their 
future students as co-inquirers, fostering not just the development of conceptual 
understanding and mastery of skills, but more importantly to enable ‘perspectival 
growth’ (Hoops  2011 ), that is, transformation in one’s comprehension of what it 
means to think and act mathematically for the common good.  

    Service-Learning as Teacher Education: Discussion 

 Because service-learning contexts may take place outside of the constraints of 
traditional classrooms, they make it easier for future teachers to engage with issues 
that are not incorporated in commonly-used pedagogical practices. However, there 
is no guarantee that service-learning will automatically make this happen, nor 
should we assume that such opportunities are impossible in traditional classroom 
settings. For example, a community project outside of school constraints offers 
many invitations to work with and through youth culture. However, it is certainly 
possible for a future teacher to remain unaware of these invitations, not recognize 
them, or refuse them. Similarly, some student teachers in typical school fi eldwork 
settings fi nd ways to engage with youth culture. Nevertheless, it is commonly the 
case that such engagement is not readily supported or even understood in traditional 
settings, and that the outside-of-school context makes it readily apparent to these 
university students that their collaborative work across generations will be more 
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successful if they learn more about the lives and interests of their collaborators. More 
to the point, we established the project with the assumption that we would build 
activities out of the concerns and needs of the community in which we were work-
ing; such a platform demands engagement with the everyday lives of those in the 
community. This need to learn about the community in order to support their inter-
ests then leads to the realization on the part of the future teachers that such under-
standing is powerful in the support of mathematics teaching and learning. They 
report thinking that it would now seem impossible to be a successful teacher with-
out such understanding of the everyday lives of their students, and without legiti-
mizing it in their future classrooms. 

 In this way, it becomes similarly apparent through service-learning encounters 
that traditional classrooms are both enabling and disabling in specifi c ways. Often, 
the university ‘teachers’ would wistfully dream of how easy it would be to organize 
a straightforward lecture on a topic if they were only in a school classroom. Even 
more often, though, they would note in their assessment analyses how much more 
rewarding and effi cient it was to be working in the community context outside of 
the classroom. This was especially the case with helping their students to consider 
the uses and misuses of mathematical models, given that the models were always 
considered and modifi ed in light of concrete projects. But this was not only limited 
to applications of the mathematical models. The context of practical applications 
made it possible to shift in and out of that mode of thinking, and to set aside time 
and place for playful explorations not tied to routine applications. In later refl ections 
after the service-learning project, the university students noted that it felt ironic at 
fi rst that they were able to engage with their collaborators in imaginative fantasies 
that extended beyond the specifi c problem being solved, into analogous and fanciful 
extensions of the original problem. 

 Extensions of problems into discussions and imaginative explorations were also 
possible in the realm of uncovering hidden mathematizations of everyday life, such 
as in the technologies of supermarkets and banking systems. Critiques and com-
plaints about the way things worked led in several cases to the reimagining of 
alternatives, through side-inquiries about how these systems worked and why they 
have become so pervasive in contemporary society. The university students thought 
that these discussions would not have been possible in a typical school classroom, 
since there would be no space for them. They then strategized what they will do in 
their own classrooms to fi nd the time and space for such discussions, pointing to 
documented evidence for how these discussions and explorations came to help their 
participants think mathematically and learn more routine mathematical concepts 
and skills more readily later on. 

 Because we worked in non-traditional locations and in non-traditional ways 
for mathematics teachers, the future teachers needed to invent their own ways of 
facilitating the groups. In later refl ections they began to articulate how this did not 
feel like ‘teaching’ yet nevertheless facilitated learning. Once they began to feel 
comfortable with a redefi nition of ‘teaching’ specifi cally as enabling learning to 
take place, they were able to see that they had invented instructional strategies of 
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their own, simply by paying attention to the needs and interests of their ‘students,’ 
who were constructed as co-collaborators in a community project. These experiences 
in redefi ning teaching and learning, teacher and student, established a fi eld of 
knowledge about inventing pedagogical practices, rather than being a passive 
implementer of prepackaged curriculum. For teachers who have had the privilege of 
facilitative groups in service-learning projects, teaching is fi rst and foremost about 
the power of mathematics to be a resource for people ordinarily disenfranchised to 
fi nd skills and knowledge in themselves and their community, and to use mathe-
matics as a tool for joy, change, and the pleasures of a can-do attitude.     
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      The Learning and Teaching of Mathematics 
as an Emergent Property Through Interacting 
Systems and Interchanging Roles: 
A Commentary 

             Fragkiskos     Kalavasis      and     Corneille     Kazadi    

    Abstract     The commentary on the chapters of Díez-Palomar and of Appelbaum 
introduces a complex model of structures in education. It argues for an interdisci-
plinary complexity-theory-approach to understand and develop educational designs 
for mathematics education practices.  

      It seems diffi cult to include the scheme of interactions and the management of the 
boundaries between explicit, formal, implicit and informal phenomena, structures 
or objectives into an operative syllogism. In school mathematics education, there is 
not only the technical diffi culty of this interactive scheme and management, it is 
rather the diffi culty of the global perception of all the components of the learning 
process, which involve and refl ect the interior procedures with the exterior factors 
and their representations. 

 There is a particular epistemological diffi culty to perceive the importance of the 
retroaction of some external systems, such as the family or the teachers’ community 
in the progress of individual learning. The core of this diffi culty consists of the 
impression that the only learning subject is the pupil and all the other components 
have to confi ne themselves to teaching, helping at home and encouraging the learn-
ing subject. In this frame, we have observed all kinds of useful training programs 
that might improve the learning situation, but have not changed the trend of massive 
failure of school mathematics education. It is a fact that a great variety of training 
activities have not traversed the frontiers of this educational paradigm based on 
discrete rules. 
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 If we try to perceive the school system as a learning organization, in which the 
knowledge and its communication and transformation give life, we can understand 
that the construction of mathematical thinking is not confi ned to the students’ efforts 
but emerges from the interactions among students, teachers, administration, families 
and societal environment. The coordination of this complex net of interactions 
needs the development of learning and teaching abilities for all the partners, but 
with respect to the limits that are connected to the different kind of partners. The 
complexity of this net is due to the interchangeable roles between the partners. 
Teachers take on the role of the parents, administrators or social actors and vice 
versa. In their chapters, Javier Díez-Palomar and Peter Appelbaum introduce two 
models for the development of mathematical learning and teaching abilities of the 
families and of the teachers respectively. In these models, we can observe how their 
involvement in the learning of mathematics conduces to the transformation of the 
paradigm and the functional variation of stereotypes about mathematics and 
mathematics education, which was the core of an epistemological diffi culty. To 
overcome this kind of diffi culty or obstacle, we need more dynamic and fl exible 
theories which can include the phenomenon of learning and teaching of mathematics 
in a genetic perspective, considering both the historical evolution of mathematics 
and the learning subject as well as the evolution of the interaction of each individual 
with the broader environment. 

 In the case of mathematics and of mathematics education, this hard work of para-
digm change has been started by the Didactics of Mathematics, which has produced 
a phenomenology of the learning and teaching of mathematics for more than 
45 years. Among the genitors of this interdisciplinary fi eld are mathematicians, 
psychologists and educators, such as Gustave Choquet, Jean Piaget, and Caleb 
Gattegno who met after World War II, founding the  Commission Internationale 
pour l’Etude et l’Amélioration de l’Enseignement des Mathématiques  (CIEAEM). 
In the evolution of the Didactics of Mathematics, we can observe a continuous 
enlargement of frameworks outside of the classroom, however interacting with 
what happens inside of the classroom. As some of the diffi culties in the learning of 
mathematics are linked to epistemological obstacles that we can fi nd in the evolution 
of mathematics, other learning or teaching problems are connected with professional 
habits and social stereotypes or with family beliefs and socio-cultural practices in a 
similar way. Some of the diffi culties are related to the confusion between the 
phenomenon and the symptom or between what is the happening and what is its 
meaning. This kind of confusion is developed by the  observer’s paradox,  by the fact 
that the observer is participating in the phenomenon as well as by his/her beliefs 
and expectations. Thus, Javier Díez-Palomar’s chapter assumes that families, who 
usually like to play the role of the evaluator of the school system’s quality, interact 
with this quality and we thus have to design a pathway of how to incorporate their 
involvement. Furthermore, it should be noted that the involvement of the family in 
order to help the pupils may have limitations with respect to age and mathematics 
content, but the explicit recognition of these limits can reinforce the bridge of the 
coordination between partners. 
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 An important diffi culty of the management of the boundaries is related to the 
variability of the borders due to the continuous change of the status among implicit 
and explicit knowledge. Just as on the border of the beach, the movement of the 
waves continuously changes the line and the identity, one moment there is sea and 
in the next moment there is sand. In the same way we can observe that the cognitive 
tools or some mathematical techniques and expressions of the teachers change from 
being implicit to being explicit. This unconscious confusion is a fact that interacts 
with the diversity of the students’ paths to mathematics and could increase the diver-
gence between those who understand and those who feel excluded from the secret 
mechanisms of mathematics education. 

 We perceive a large set of relations, which contain the relationships that the 
school system constructs with the system of the family and of the society with the 
use of mathematics in everyday life, with the teachers’ beliefs or their representations 
about mathematics and about mathematics education. We can imagine this large 
dynamic set as a variable borderline. This porous borderline can describe the 
dynamic of the classroom of mathematics while the learner constructs the semantic 
status and the expression model of an emerged mathematical concept. This con-
struction emerges from the interactions, which occur between himself/herself and 
the mathematical knowledge, the teacher, the classmates, the school system, the 
family and the societal environment. 

 However, this involvement of all partners should not ignore the deep belief that 
confuses the primary or pilot role of the teacher in the school system with the 
impression of an exclusive infl uence to the learning process. In various places, 
parents feel responsible for the discipline dimension of education (politeness, good 
manners, civility, etc.) but they leave the exclusive authority in terms of academic 
education and instruction (learning abilities, science and humanities, pedagogical 
skills) to the school. The model of relations, which the school unit constructs or 
avoids constructing with the other systems, has an important infl uence on the model 
of the respective relations of the student which infl uence the learning process. In the 
self-similarity of the pentagon below we can see a representation of this complex 
network of interactions (see Fig.  1 ).  

 In this scheme the porous borderline is the perimeter of the inside pentagon. This 
pentagon is interactive and auto-similar with the outside one which describes the 
implicit and explicit relationships that the school unit constructs with mathematics 
knowledge, with other educative units, with the school system, with the family and 
with society. Peter Appelbaum’s chapter suggests a project in which most of these 
interactions are included in a learning community. 

 The description becomes more complex if we imagine the same pentagonal 
development for the construction of school mathematical knowledge as the center of 
a network of interactive relationships of school discipline with academic knowledge 
(didactic transposition), with other disciplines (interdisciplinary), with the school 
system, with the family system and with society. The interdisciplinary and complex 
approach of the learning and teaching of mathematics in a school unit conduces to 
a perception of school as a learning organization in which the systems of the 

Interacting Systems and Interchanging Roles: A Commentary



428

environment, principally of the family, the larger educational system and the society 
system are included. By this perception, the phenomenon of learning and teaching 
is connected with the involvement of the learning and teaching activities of all partners, 
as well as it tries to challenge some of the social stereotypes of discrimination or 
exclusion practices. 

 There is a necessary transition to a new epistemology for the understanding of 
this description, which valorizes the particular role and the involvement of all 
partners in mathematics education. We have to reject the stereotypical concept 
of learning as an individual hypothesis and adopt the ambivalent concept of 
learning as an emerging property of an interactive system with interior processes 
and exterior procedures. A same kind of epistemological transition leads to the 
construction of intermediate terms such as “glocalization” (emerging from the 
simultaneous procedure of globalization and localization) or “coopetition” 
(emerging from the simultaneous procedure of competition and cooperation). 
With these kinds of concepts, the diffi culties concern the identifi cation of the 
coexistence of formal procedures and informal processes as well as the exchange 
of roles between them. 

 Once adopted and connected into an interdisciplinary complexity theory, this 
new kind of complex concepts can help us to describe and to understand the 
possibility of an educational design for mathematics instruction. It has to be capable 
of identifying and synchronizing the informal and the formal activities inside and 
outside of the classroom, transcending the refl ective and porous framework of the 
boundaries between roles, partners and their involvement in learning or teaching 
activities. In this orientation, the adequate and dynamic organization of the teachers 

  Fig. 1    A model of the complex structures in education (Adapted from Kalavasis  2012 ). The 
pentagon is self-similar       
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and of the families is crucial, as proposed by Díez-Palomar and Appelbaum. The 
interdisciplinary approach has to promote opportunities for collaboration among 
various fi elds of knowledge and practice, without regarding it as a juxtaposition, but 
rather as an interchange.    
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                       Appendices 

       Appendix A: Themes and Places of the CIEAEM Conferences 

 CIEAEM 1 – 1950 
 Debden (UK) 

 Relations between the curricular of mathematics in the secondary 
schools and the intellectual capacities development of the adolescent / 
 Relations entre les programmes mathématiques des écoles 
secondaires et le développement des capacités intellectuelles de 
l’adolescent 

 CIEAEM 2 – 1951 
 Keerbergen (Belgium) 

 The teaching of geometry in the fi rst years of the secondary schools / 
 L’enseignement de la géométrie dans les premières classes des écoles 
secondaires 

 CIEAEM 3 – 1951 
 Herzberg (Switzerland) 

 The functional curriculum from the maternal school to the university / 
 Le programme fonctionnel: de l’école maternelle à l’université 

 CIEAEM 4 – 1952 
 La Rochette par Melun 
(France) 

 Mathematical and mental structures / 
 Structures mathématiques et structures mentales 

 CIEAEM 5 – 1953 
 Weilerbach (Luxemburg) 

 Relations between the teaching of mathematics and modern science 
and technical requirements / 
 Les relations entre l’enseignement des mathématiques et les besoins 
de la science et la technique moderne 

 CIEAEM 6 – 1953 
 Calw (Germany) 

 Connections between the pupil’s thinking and the teaching of 
mathematics / 
 Les rapports entre la pensée des élèves et l’enseignement des 
mathématiques 

 CIEAEM 7 – 1954 
 Oosterbeek (The 
Netherlands) 

 Modern mathematics at school / 
 Les mathématiques modernes à l’école 

 CIEAEM 8 – 1955 
 Bellano (Italy) 

 The pupil coping with mathematics – A releasing pedagogy 
 L’élève face aux mathématiques – Une pédagogie qui libère 
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 CIEAEM 9 – 1955 
 Ramsau am Dachstein 
(Austria) 

 Probability and statistics teaching at the university and the school / 
 L’enseignement des probabilités et des statistiques à l’université et à 
l’école 

 CIEAEM 10 – 1956 
 Novi Sad (Yugoslavia) 

 Primary school teacher training / 
 La formation mathématique des instituteurs 

 CIEAEM 11 – 1957 
 Madrid (Spain) 

 Teaching materials / 
 Matériel d’enseignement 

 CIEAEM 12 – 1958 
 Saint Andrews 
(Scotland) 

 The question of the problems in mathematics teaching / 
 La question des problèmes dans l’enseignement des mathématiques 

 CIEAEM 13 – 1959 
 Nyborg & Aarhus 
(Denmark) 

 The universities and the schools coping with their mutual 
responsibilities / 
 Les universités et les écoles devant leurs responsabilités mutuelles 

 CIEAEM 14 – 1960 
 Krakow (Poland) 

 Basic mathematics / 
 Mathématiques de base 

 CIEAEM 15 – 1961 
 Lac Léman (Switzerland) 

 Languages of mathematics / 
 Langages de la mathématique 

 CIEAEM 16 – 1962 
 Morlanwelz (Belgium) 

 Experimental and axiomatic attitudes in the teaching of mathematics / 
 Attitudes expérimentales et axiomatiques dans l’enseignement de la 
mathématique 

 CIEAEM 17 – 1963 
 Digne (France) 

 A reconstruction of the mathematics for the teaching of 10 to 18 
years olds / 
 Reconstruction de la mathématique dans l’enseignement de 10 à 18 ans 

 CIEAEM 18 – 1964 
 Oberwolfach (Germany) 

 The contribution of psychology to a modern mathematical teaching / 
 Enseignement mathématique moderne et apports de la psychologie 

 CIEAEM 19 – 1965 
 Milano Marittima (Italy) 

 The place of geometry in modern mathematical teaching / 
 Place de la géométrie dans un enseignement moderne de la mathématique 

 CIEAEM 20 – 1966 
 Dublin (Ireland) 

 First steps in calculus in the secondary school / 
 Les débuts de l’analyse dans l’enseignement secondaire 

 CIEAEM 21 – 1968 
 Gandia (Spain) 

 The teaching of mathematics for those between 6 and 12 / 
 L’enseignement de la mathématique au premier niveau (de 6 à 12 ans) 

 CIEAEM 22 – 1970 
 Nice (France) 

 Progresses in mathematics after 1945. The study of new concepts / 
 Progrès en mathématique depuis 1945. Etude de concepts nouveaux 

 CIEAEM 23 – 1971 
 Krakow (Poland) 

 The mathematical logic at school / 
 La logique mathématique dans l’enseignement 

 CIEAEM 24 – 1972 
 Morlanwelz (Belgium) 

 Algorithmic thinking in the school / 
 Pensée algorithmique et enseignement 

 CIEAEM 25 – 1973 
 Québec (Canada) 

 Development of mathematical activity in education / 
 Développement de l’activité mathématique dans l’enseignement 

 CIEAEM 26 – 1974 
 Bordeaux (France) 

 Probability and statistics in primary and secondary education / 
 Probabilités et statistique dans l’enseignements primaire et secondaire 

 CIEAEM 27 – 1975 
 Tunis (Tunisia) 

 Mathematics, why? / 
 Pourquoi la mathématique? 

 CIEAEM 28 – 1976 
 Louvain-la-Neuve 
(Belgium) 

 Some questions related to the use of problems in the teaching of 
mathematics / 
 Problématique et enseignement de la mathématique 
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 CIEAEM 29 – 1977 
 Lausanne (Switzerland) 

 Evaluation in the teaching of mathematics / 
 Evaluation et enseignement mathématique 

 CIEAEM 30 – 1978 
 Santiago de Compostela 
(Spain) 

 Connections between the teaching of mathematics and the subjects 
which it serves and from which it is induced / 
 Relations entre l’enseignement de la mathématique, la réalité et les 
autres branches qu’elle sert et qui l’inspirent 

 CIEAEM 31 – 1979 
 Veszprem (Hungary) 

 Mathematics for all and for everyone (6 to 16 years) / 
 Mathématiques à la portée de tous et adaptées a chacun (6 à 16 ans) 

 CIEAEM 32 – 1980 
 Oaxtepec (Mexico) 

 The processes of mathematisation and applying mathematics: 
mathematical and pedagogical aspects / 
 Processus de mathématisation et d’application de la mathématique: 
aspects mathématiques et pédagogiques 

 CIEAEM 33 – 1981 
 Pallanza (Italy) 

 Processes of geometrisation and visualization / 
 Processus de géométrisation et de visualisation 

 CIEAEM 34 –1982 
 Orléans (France) 

 Means and materials for the teaching of mathematics: present state 
and future perspectives / 
 Moyens et medias dans l’enseignement des mathématiques: bilans et 
perspectives 

 CIEAEM 35 – 1983 
 Lisbon (Portugal) 

 Mathematics education in relation to the reality of schools and 
society / 
 Didactique de la mathématique et réalité scolaire et sociale 

 CIEAEM 36 – 1984 
 Frascati (Italy) 

 Restricted meeting: Aims, priorities and future modes of action of 
CIEAEM / 
 Réunion restreinte: Buts, priorités et modalités de l’action future de 
la CIEAEM 

 CIEAEM 37 – 1985 
 Leiden 
(The Netherlands) 

 Mathematics for all … in the computer age / 
 Mathématiques pour tous … à l’âge de l’ordinateur 

 CIEAEM 38 – 1986 
 Southampton (UK) 

 Mathematics for those between 14 and 17: Is it really necessary? / 
 Mathématique pour les élèves de 14 à 17 ans: Est-ce qu’ils en ont 
vraiment besoin? 

 CIEAEM 39 – 1987 
 Sherbrooke (Canada) 

 The role errors play in the learning and teaching of mathematics / 
 Rôle de l’erreur dans l’apprentissage et l’enseignement de la 
mathématique 

 CIEAEM 40 – 1988 
 Budapest (Hungary) 

 Restricted meeting: Structure and politics of the commission / 
 Réunion restreinte: Structure et politique de la commission 

 CIEAEM 41 – 1989 
 Brussels (Belgium) 

 Role and conception of mathematics curricula / 
 Rôle et conception des programmes de mathématique 

 CIEAEM 42 – 1990 
 Szcyrk (Poland) 

 The teacher of mathematics in the changing world / 
 Le professeur de mathématiques dans un monde qui change 

 CIEAEM 43 – 1991 
 Locarno (Switzerland) 

 Restricted meeting: Preparation of the meetings of 1992 and 1993 / 
 Réunion restreinte: Préparation des rencontres en 1992 et 1993 

 CIEAEM 44 – 1992 
 Chicago (USA) 

 The student confronted with mathematics / 
 L’élève face aux mathématiques 

 CIEAEM 45 – 1993 
 Cagliari (Italy) 

 Assessment focused on the student / 
 L’évaluation centrée sur l’élève 

(continued)

Appendices



434

 CIEAEM 46 – 1994 
 Toulouse (France) 

 Graphical and symbolic representations from primary school to 
university / 
 Représentations graphiques et symboliques de la maternelle à 
l’université 

 CIEAEM 47 – 1995 
 Berlin (Germany) 

 Mathematics and common sense / 
 Mathématiques et sens commun 

 CIEAEM 48 – 1996 
 Huelva (Spain) 

 Restricted meeting: The present and the future of CIEAEM / 
 Réunion restreinte: Le présent et le futur de la CIEAEM 

 CIEAEM 49 – 1997 
 Setubal (Portugal) 

 Interactions in the mathematics classroom / 
 Les interactions dans la classe de mathématiques 

 CIEAEM 50 – 1998 
 Neuchâtel (Switzerland) 

 Relationships between classroom practice and research on didactics 
of mathematics / 
 Les liens entre la pratique de la classe et la recherche en didactique 
des mathématiques 

 CIEAEM 51 – 1999 
 Chichester (UK) 

 Cultural diversity in mathematics (education) / 
 La diversité culturelle dans l'enseignement des mathématiques 

 CIEAEM 52 – 2000 
 Amsterdam 
(The Netherlands) 

 Restricted meeting: Preparation of future meetings / 
 Réunion restreinte: Préparation des futures rencontres 

 CIEAEM 53 – 2001 
 Verbania (Italy) 

 Mathematical literacy in the digital era / 
 Littéracie mathématique à l’ère digitale 

 CIEAEM 54 – 2002 
 Vilanova i la Geltrú 
(Spain) 

 A challenge for mathematics education: to reconcile commonalities 
and differences / 
 Un défi  pour l’éducation mathématique : le commun et les 
différences 

 CIEAEM 55 – 2003 
 Plock (Poland) 

 The use of didactic materials for developing pupils’ mathematical 
activities / 
 L'utilisation de matériels didactiques pour développer des activités 
mathématiques des élèves 

 CIEAEM 56 – 2004 
 Paris (France) 

 Restricted meeting: CIEAEM in today’s world / 
 Réunion restreinte: La CIEAEM dans la monde d’aujourd’hui 

 CIEAEM 57 – 2005 
 Palermo (Italy) 

 Changes in the society: a challenge for mathematics education (I) / 
 Changements dans la société: un défi  pour l’enseignement des 
mathématiques (I) 

 CIEAEM 58 – 2006 
 Srni (Czech Republic) 

 Changes in the society: a challenge for mathematics education (II) / 
 Changements dans la société: un défi  pour l’enseignement des 
mathématiques (II) 

 CIEAEM 59 – 2007 
 Dobogókó (Hungary) 

 Mathematical activity in classroom practice and as research object in 
didactics: two complementary perspectives (I) / 
 L’activité mathématique dans la pratique de la classe et comme objet 
de recherche en didactique: deux perspectives complémentaires (I) 

 CIEAEM 60 –2008 
 Paris (France) 

 Restricted meeting: Complexity and mathematics education 
 Réunion restreinte: Complexité et éducation mathématique 

 CIEAEM 61 – 2009 
 Montreal (Canada) 

 Mathematical activity in classroom practice and as research object in 
didactics: two complementary perspectives (II) / 
 L’activité mathématique dans la pratique de la classe et comme objet 
de recherche en didactique: deux perspectives complémentaires (II) 
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 CIEAEM 62 – 2010 
 London (UK) 

 Restricted meeting: Mathematics as a living, growing discipline: 
CIEAEM’s contribution to making this explicit / 
 Réunion restreinte: Les mathématiques: une discipline en pleine 
croissance: Le rôle de la CIEAM pour exposer cette situation 

 CIEAEM 63 – 2011 
 Barcelona (Spain) 

 Facilitating access and participation: mathematical practices inside 
and outside the classroom / 
 Faciliter l’accès et la participation: pratiques mathématiques à 
l’intérieur et à l’extérieur de la classe 

 CIEAEM 64 – 2012 
 Rhodes (Greece) 

 Mathematics education and democracy: learning and teaching 
practices / 
 Education en mathématiques et démocratie: les pratiques 
d’enseignement et d’apprentissage 

 CIEAEM 65 – 2013 
 Torino (Italy) 

 Mathematics education in a globalized environment / 
 L’enseignement des mathématiques dans un environnement globalisé 

 CIEAEM 66 – 2014 
 Lyon (France) 

 Mathematics and realities / 
 Mathématiques et réalités 

 CIEAEM 67 – 2015 
 Valle d’Aosta (Italy) 

 Teaching and learning mathematics: resources and obstacles / 
 Enseigner et apprendre les mathématiques: ressources et obstacles 

    Appendix B: Presidents of the Commission Internationale 
pour l’Etude et l’Amélioration de l’Enseignement des 
Mathématiques 

 The following persons acted as Presidents of CIEAEM:

 Caleb Gattegno (UK)  1950–1952 (Directeur de la rencontre) 
 Gustave Choquet (France)  1952–1963 
 Georges Papy (Belgium)  1963–1970 
 Anna Zofi a Krygowska (Poland)  1970–1975 
 Claude Gaulin (Canada)  1975–1979 
 Emma Castelnuovo (Italy)  1979–1981 
 Stefan Turnau (Poland)  1981–1982 
 Dieter Lunkenbein (Canada)  1982–1984 
 Hans Freudenthal (The Netherlands)  1984–1985 
 Michele Pellerey (Italy)  1985–1988 
 Izzie Weinzweig (USA)  1988–1993 
 Lucia Grugnetti (Italy)  1993–1997 
 Christine Keitel (Germany)  1997–2003 
 Juliana Szendrei (Hungary)  2003–2007 
 Corinne Hahn (France)  2007–2014 
 Uwe Gellert (Germany)  2014– 
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