Chapter 16
Differential-Algebraic Equations: Theory
and Simulation

Peter Kunkel

Abstract We give an overview of the theory of unstructured nonlinear DAEs
of arbitrary index. The approach is extended to overdetermined consistent DAEs
in order to be able to include known first integrals. We then discuss various
computational issues for the numerical solution of corresponding DAE problems.
These include the design of special GauB3-Newton techniques as well as the
treatment of parametrized nonlinear systems in the context of DAEs. Examples
demonstrate their applicability and performance.
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contract for 9 months. On the first day of the new job, I met two other colleagues
starting at the same day. One of them had a permanent contract. The other one was
Volker Mehrmann who was on leave from the University of Bielefeld to spend the
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16.2 Introduction

Differential-algebraic equations (DAESs) arise if physical systems are modeled that
contain constraints restricting the possible states of the systems. Moreover, in
modern hierarchical modeling tools like [5], even if the submodels are ordinary
differential equations (ODEs), the equations describing how the submodels are
linked yield DAEs as overall models.

The general form of a DAE is given by

F(t,x,%) =0, (16.1)

with F € C(I x D, x D;,R™) sufficiently smooth, I € R (compact) interval,
and D,,D; < R” open. In this paper, we will not assume any further structure of
the equations. It should, however, be emphasized that additional structure should,
if possible, be utilized in the numerical treatment when efficiency is an issue. On
the other hand, a general approach is of advantage when it is desirable to have no
restrictions in the applicability of the numerical procedure.

It is the aim of the present paper to give an overview of the relevant theory of
general unstructured nonlinear DAEs with arbitrary index and its impact on the
design of numerical techniques for their approximate solution. We will concentrate
mainly on the quadratic case, i.e., on the case m = n, but also address the
overdetermined case m > n assuming consistency of the equations. The attractivity
of the latter case lies in the fact that we may add known properties of the solution
like first integrals to the system, thus enforcing that the generated numerical solution
will respect these properties as well. In the discussion of numerical techniques, we
focus on two families of Runge-Kutta type one-step methods and the development
of appropriate techniques for the solution of the arising nonlinear systems. Besides
the mentioned issues on DAE techniques for treating first integrals, we include a
discussion on numerical path following and turning point determination in the area
of parametrized nonlinear equations, which can also be treated in the context of
DAEs combined with root finding. Several examples demonstrate the performance
of the presented numerical approaches.

The paper is organized as follows. In Sect. 16.3, we give an overview of the
analysis of unstructured regular nonlinear DAEs of arbitrary index. In particular,
we present existence and uniqueness results. We discuss how these results can be
extended to overdetermined consistent DAEs, thus allowing for the treatment of
known first integrals. Section 16.4 is then dedicated to various computational issues.
We first present possible one-step methods, develop Gaul-Newton like processes
for the treatment of the arising nonlinear systems, which includes a modification to
stabilize the numerical solution. After some remarks on the use of automatic dif-
ferentiation, we show how problems with first integrals and parametrized nonlinear
equations can be treated in the context of DAEs. We close with some conclusions in
Sect. 16.5.
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16.3 Theory of Nonlinear DAEs

Dealing with nonlinear problems, the first step is to require a suitable kind of
regularity. In the special case of an ODE X = f(, x), obviously no additional
properties besides smoothness must be required to obtain (local) existence and
uniqueness of solutions for the corresponding initial value problem. In the special
case of a pure algebraic (parametrized) system F (¢, x) = 0, the typical requirement
is given by assuming that F,(¢, x), denoting the Jacobian of F with respect to x,
is nonsingular for all relevant arguments. The regularity then corresponds to the
applicability of the implicit function theorem allowing to (locally) solve for x
in terms of 7. In the general case of DAEs, we of course want to include these
extreme cases into the definition of a regular problem. Moreover, we want to keep
the conditions as weak as possible. The following example gives an idea, how the
conditions for regularity should look like.

Example 1 The system

X1 = X4, X4 =2x1x7,
Xy = X5, X5 = 2X3X7,

X3 = Xxg, X¢=—1—x7,
0= x3—x7 —x3,

see [16], describes the movement of a mass point on a paraboloid under the influence
of gravity.

Differentiating the constraint twice and eliminating the arising derivatives of the
unknowns yields

0 = xg — 2Xx1Xx4 — 2X2 X5,
0=—1—x7 —2x7 —dxlx; — 2x2 — 4x3x7.

In particular, the so collected three constraints can be solved for x3, x¢, and x7 in
terms of the other unknowns, leaving, if eliminated, ODEs for these other unknowns.
Hence, we may replace the original problem by

X1 = X4, X4 =2x1X7,
X2 = X5, X5=2X2X7,
_ 2 2
0=x3—xi{—x3,
0= X6 — 2)61)64 — 2)C2)C5,
0=—-1—x7— 2xf — 4x12x7 — 2x§ — 4x§x7.

<&

From this example, we deduce the following. The solution process may require
to differentiate part of the equations such that the solution may depend on the
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derivatives of the data. Without assuming structure, it is not known in advance
which equations should be differentiated. By the differentiation process, we obtain
additional constraints that must be satisfied by a solution.

16.3.1 A Hypothesis

In order to include differentiated data, we follow an idea of Campbell, see [1], and
define so-called derivative array equations

Fo(t,x,x,%,...,.x))y =0, (16.2)

where the functions F; € C(I x Dy x Dy x R x --- x R", RUFDm) are defined
by stacking the original function F' together with its formal time derivatives up to
order ¢, i.e.,

F(t,x,x)

d .

LF(t,x,x)
Fo(t,x, %, %, ..., xty = @ 7 (16.3)
() F(t,x, %)

Jacobians of F; with respect to the selected variables x, y will be denoted by Fj; ,
in the following. A similar notation will be used for other functions.

The desired regularity condition should include that the original DAE implies a
certain number of constraints, that these constraints should be independent, and that
given an initial value satisfying these constraints can always be extended to a local
solution. In the case m = n, this leads to the following hypothesis.

Hypothesis 1 There exist (nonnegative) integers |1, a, and d such that the set
L, = {(t,x.y) e REFI"T | F (1,x,y) = 0} (16.4)

associated with F is nonempty and such that for every point (ty, X0, y0) € Ly,
there exists a (sufficiently small) neighborhood NV in which the following properties
hold:

1. We have rank F,;;, = (i + 1)n —a on L, NV such that there exists a smooth
matrix function Z, of size (W + 1)n, a) and pointwise maximal rank, satisfying
ZIFu, =00nL,NV.

2. We have rank ZI'F,.. = a on V such that there exists a smooth matrix
Sfunction T, of size (n,d), d = n — a, and pointwise maximal rank, satisfying
ZIFu T = 0.

3. We have rank F; T, = d on'V such that there exists a smooth matrix function Z,
of size (n, d) and pointwise maximal rank, satisfying rank Z[ F; T, = d.
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Note that the local existence of functions Z,,T,, Z; is guaranteed by the
following theorem, see, e.g., [13, Theorem 4.3]. Moreover, it shows that we may
assume that they possess (pointwise) orthonormal columns.

Theorem 1 Let E € CY(D,R™"), £ € Ny U {oo}, and assume that rank E(x) = r
forallx e M € D, D C RF open. For every & € M there exists a sufficiently
small neighborhood V. C I of & and matrix functions T € CY*(V,R""™"), Z e
CH(V,R™™=") with pointwise orthonormal columns such that

ET=0, ZTE=0 (16.5)

on M.

The quantity p denotes how often we must differentiate the original DAE in
order to be able to make conclusions about existence and uniqueness of solutions.
Typically, such a quantity is called index. To distinguish it from other indices, the
quantity u, if chosen minimally, is called strangeness index of the given DAE.

For linear DAEs, the above hypothesis is equivalent (for sufficiently smooth data)
to the assumption of a well-defined differentiation index and thus to regularity of the
given linear DAE, see [13]. In the nonlinear case, the hypothesis, of course, should
imply some kind of regularity of the given problems.

In the following, we say that F satisfies Hypothesis 1 with (u,a,d), if
Hypothesis 1 holds with the choice u, a, and d for the required integers.

16.3.2 Implications

In order to show that Hypothesis 1 implies a certain kind of regularity for the given
DAE, we revise the approach first given in [12], see also [13].
Let (o, x0, y0) € L, and

T 0 = Tx(to, X0, ¥0),  Zio = Z1(to, X0, Y0), Z20 = Za(to, X0, Yo).

Furthermore, let Zé,o be chosen such that [Zé,o Z, ,]is orthogonal. By Hypothesis 1,
the matrices Z{OFM;X (t0, x0, yo) and Zéﬂ)FM;y (t0, X0, yo) have full row rank. Thus,
we can split the variables x and y, without loss of generalization according to x =
(x1,x2) and y = (1, y2), such that Z{OFM;XZ(IO,XO, Yo) and Zéﬂ)FM;yz(to,xo, Yo)
are nonsingular. Because of
Z/T F.. Z/T F..
rank Fj,.y, y, = rank 2T’0 o 2T’0 o
Zz,OFMQXz Zz,OFM§Y2

and Z; oF sy, (fo, X0, yo) = 0, this implies that Fy,.y, y, (fo, X0, yo) is nonsingular.
The implicit function theorem then yields that the equation F,, (¢, x1, x2, y1, y2) =0
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is locally solvable for x; and y,. Hence, there are locally defined functions ¢ and /¢
with

FM(ts-xlsg([vxlvyl)sylvﬁ(tsxlsyl))EO’ (16'6)

implying the following structure of L, .

Theorem 2 The set L, forms a manifold of dimension n + 1 that can be locally
parametrized by variables (t, x1, y1), where x| consists of d variables from x and y,
consists of a variables from y.

In order to examine the implicitly defined functions in more detail, we consider
the system of nonlinear equations H(¢, x, y,«) = 0 with ¢ € R“ given by

Fu(t.x,y) — Zz,o“} , (16.7)

H =
(t’x’y’a) [ lej()(y —YO)

where the columns of Ty form an orthonormal basis of kernel F,;, (t, xo, yo).
Obviously, we have that H (to, xo, yo,0) = 0. Choosing T} ; such that [ T, T} ;] is
orthogonal, we get

Z%Fu;yTl/o ZéToFu;yTlo *
K Hy, = rank | 2150 7220 | _ i | 77 ' Z1 ’
rank I, o = ran T, 0 =rank | Z, o FuyTi o Zy0FuyTio —1a |
, « I, 0

where here and in the following I; denotes the identity matrix in R¥* and its
counterpart as constant matrix function. It follows that

Zé%me(to,xO,yo)T{D 0 0
rank H, 4 (t, Xo, Yo, 0) = rank 0 0 -1,
0 I; 0O

and H, 4 (fo, Xo, o, 0) is nonsingular because Zfo Fu;y (o, xo0, yo)T{,o, representing
the linear map obtained by the restriction of F,;, (%, Xo, Yo) to the linear map from
its cokernel onto its range, is nonsingular. Thus, the nonlinear equation (16.7) is
locally solvable with respect to (y,«), i.e., there are locally defined functions F,
and % such that

Fu(t.x, Y (t,x)) — ZooFo(t,x) =0, T (# (t.x) — yo) = 0. (16.8)
If we then define £ by

Fi(t,x, %) = ZI F(t, x, %), (16.9)
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we obtain a DAE

ﬁl (t,x,x) = 0, (d differential equations) (16.10)
ﬁz(t, x) =0, (a algebraic equations) ’

whose properties shall be investigated.
Differentiating (16.8) with respect to x gives

FM;X + Fu;yg/x - ZZ,OFZQX =0.
Multiplying with Z{ o form the left and evaluating at (fy, xo) then yields
Fo. (0, x0) = Z7 o Fusx (t0. X0 Y0).

With the above splitting for x, we have that ﬁz (to, x0) = 0 due to the construction
of ﬁz and ﬁZ;xz (0, x0) being nonsingular due to the choice of the splitting. Hence,
we can apply the implicit function theorem once more to obtain a locally defined
function Z satisfying

B (t,x1,Z(t,x1)) = 0. (16.11)

In particular, the set Ml = ﬁz_l ({0}) forms a manifold of dimension d + 1.

Lemmal Let (to,x0,y0) € L. Then there is a neighborhood of (to, X0, yo)
such that

R(t,x1) =9 (. x1.y1) (16.12)

Sforall (¢, x,y) in this neighborhood.

Proof We choose the neighborhood of (7, xo, yo) to be a ball with center (#y, xo, yo)
and sufficiently small radius. In particular, we assume that all implicitly defined
functions can be evaluated for the stated arguments.

Differentiating (16.6) with respect to y; gives

Fus,Dy, + Fuy + Fugy, 765, =0,

where we omitted the argument (#1,x1,9 (¢, x1, y1), V1, 72(t, x1, y1)). If we
multiply this with Zo(t, x1,9(t, x1, 1), y1, #(t, x1, y1))T, defined according
to Hypothesis 1, we get ZI F,.,,%,, = 0. Since Z] F,;y, is nonsingular for a
sufficiently small radius of the neighborhood, it follows that ¢, (¢, x;, y1) = 0.

Inserting x, = Z(t, x1) into the first relation of (16.8) and splitting %" according
to y, we obtain

F;,L(ts-xls‘@(ts-xl)s g/l(ts-xls‘@(ts-xl))v%(valﬁ%([vxl))) = 0
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Comparing with (16.6), this yields

R, x1) =9, x1, D, x1,Z(t,x1))).
With this, we further obtain, setting y; = #{(¢, x1, Z(t, x1)) for short, that

G(t,x1,y) —Z(t, x1) =9t x1,y1) =4 (1. x1, 1)
=9, x1,y1 +s(On —)71))|(1)
= [y Gy (t.x1. 51+ s(1 — F)) (1 — F1) ds = 0.

With the help of Lemma 1, we can simplify the relation (16.6) to
Fu(t,x1, 2(t, x1), y1, 7 (t, x1, 1)) = 0. (16.13)

Theorem 3 Consider a sufficiently small neighborhood of (to, xo, yo) € Ly,. Let b
and % be well-defined according to the above construction and let (t,x) with
x = (x1,x2) be given such that (t,x) is in the domain of B> and (t,x1) is in the
domain of Z. Then the following statements are equivalent:

(a) There exists y such that F,(t,x,y) = 0.
(b) E>(t,x) = 0.
(c) x2 =2(t,x1).

Proof The statements (b) and (c) are equivalent due to the implicit function theorem
defining Z#. Assuming (a), let there be y such that F,(¢,x,y) = 0. Then,
Xy = Y(t,x1,y1) = Z(t,x1) due to the implicit function theorem defining ¢
and Lemma 1. Assuming (c), we set y = #/(t, x). With ﬁz(t, x) = 0, the relation
(16.8) yields F,(¢t,x,y) = 0. O

Theorem 4 Let F from (16.1) satisfy Hypothesis 1 with (w,a,d). Then, F =
(F1, F,) satisfies Hypothesis 1 with (0,a,d).

Proof Let Lo=F ~1({0}) and let Z,,T», Z, denote the matrix functions belonging
to F as addressed by Hypothesis 1. .

For (ty, xo, y0) € F _1({0}) the above construction yields F(t, xo) = 0. If Xo
denotes the first n components of yo, then F(ty, xo, Xo) = 0 holds as ﬁrst block of
F,.(to, x0, yo) = 0 implying Fl (to, x0, Xo) = 0. Hence, (9, xo, Xo) € ]Lo and ]Lo is
not empty.

Since Z 1T,0F5c(los Xo, Xo) possesses full row rank due to Hypothesis 1, we may

choose ZZT = [0 [, ]. Differentiating (16.8) with respect to x yields

FM;X + Fu;yg/x - ZZ,OFZQX =0.
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Multiplying with ZzT from the left, we get ZZT Zzﬁoﬁz;x = ZzT F,.., where ZzT Zrp
is nonsingular in a neighborhhood of (¢, xo, yo). Hence, we have

kernel ﬁz;x = kernel ZZT Fiix

such that we can choose YA”Q = T5. The claim then follows since F 13l =2 IT oFiT>
possesses full column rank due to Hypothesis 1. O

Since (16.10) has vanishing strangeness index, it is called a reduced DAE
belonging to the original possibly higher index DAE (16.1). Note that a reduced
DAE is defined in a neighborhood of every (f, xo, yo) € L, but also that it is not
uniquely determined by the original DAE even for a fixed (%, Xo, yo) € L,. What
is uniquely determined for a fixed (9, xo, yo) € L, is (at least when treating it as a
function germ) the function Z.

Every continuously differentiable solution of (16.10) will satisty x, = Z(¢, x1)
pointwise. Thus, it will also satisfy X, = Z; (¢, x1) + %x, (¢, x1) X1 pointwise. Using
these two relations, we can reduce the relation 131 (t, x1,x2, X1, X2) = 0 of (16.10)
to

Fi(t,x1, Z(t,x1). %1, Bt x1) + R, (t, x1)%1) = 0. (16.14)
If we now insert x, = Z(t, x1) into (16.8), we obtain
F(t,x, Z(t,x1), 2 (¢, x1,%Z(t, x1))) = 0. (16.15)
Differentiating this with respect to x; yields
Fuoe, + Fuoo, &y + Fuy (% + @0,%y,) = 0.

Multiplying with ZZT from the left, we get

1
ZZT[FM;xl Fu;xz]l:%d :| =0.
X1

Comparing with Hypothesis 1, we see that we may choose

T, = [%{dl} (16.16)

Differentiating now (16.14) with respect to x; and using the definition of Fi, we
find

Z{oFi, + Z{ Fi, %, = Z] \F; T,

which is nonsingular due to Hypothesis 1. In order to apply the implicit function
theorem, we need to require that (o, X190, X10) solves (16.14). Note that this is not



444 P. Kunkel

a consequence of (#, xo, ¥o) € LL,,. Under this additional requirement, the implicit
function theorem implies the local existence of a function .Z satisfying

Fit, x1, Bt x1), L(t.x1), Zi(t.x1) + B, (t.x1).ZL(t,x1)) = 0. (16.17)
With the help of the functions .Z and %, we can formulate a further DAE of the form

X1 = Z(t, x1), (d differential equations)
(16.18)
Xy = Z%(t,x1). (a algebraic equations)

Note that this DAE consists of a decoupled ODE for x;, where we can freely impose
an initial condition as long as we remain in the domain of .Z. Having so fixed x;,
the part x; follows directly from the second relation. In this sense, (16.18) can be
seen as a prototype for a regular DAE.

The further discussion is now dedicated to the relation between (16.18) and the
original DAE.

We start with the assumption that the original DAE (16.1) possesses a smooth
local solution x* in the sense that there is a continuous path (¢, x*(¢), Z(t)) € L,
defined on a neighborhood of 7y, where the first block of &2 coincides with x*. Note
that if x* is (i 4 1)-times continuously differentiable we can just take the path given
by & = (x*,X*,..., (d/dt)’”’lx*). Setting (29, X0, yo) = (t0,x*(t0), P(t0)),
Theorem 3 yields that x3(t) = Z(t,x](¢)). Hence, X5(t) = Z (. x{(1)) +
K, (t, x] (1))x] (¢). In particular, Eq. (16.14) is solved by (¢, x1, X1) = (¢, x], x]).
Thus, it follows also that x| (t) = Z(¢, x{ (¢)). In this way, we have proven the
following theorem.

Theorem 5 Let F from (16.1) satisfy Hypothesis 1 with (j,a,d). Then every
local solution x* of (16.1) in the sense that it extends to a continuous local path
(t,x*(t), Z(t)) € L,, where the first block of & coincides with X*, also solves the
reduced problems (16.10) and (16.18).

16.3.3 The Way Back

To show a converse result to Theorem 5, we need to require the solvability of
(16.14) for the local existence of the function .Z. For this, we assume that F not
only satisfies Hypothesis 1 with (u,a,d), but also with (u + 1,a,d). Let now
(0, X0, Y0, 20) € L;i11. Due to the construction of F¢, we have

— Fy — Fiusy 0
Furt = [(%WF] Furipa = [((%,)M“F)y ((%)““F)j’ (o1
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where the independent variable z is a short-hand notation for x“*2). Since F,;, and
F+1;y,; are assumed to have the same rank drop, we find that Z; belonging to F),
satisfies

Flﬁy 0

[ZzT O]Fu+l;y,z = [ZZT 0] I:((%)M_HF)y ((%)MHF)Z

}:[o 0].

Consequently, in Hypothesis 1 considered for F,;;, we may choose [ ZzT 0]
describing the left nullspace of Fj,;;, . such that the same choices are possible
for 7> and Z;.

Observing that we may write the independent variables (¢, x, y,z) also as
(t, x,x, y) by simply changing the partitioning of the blocks, and that the equation
F,+1 = O contains F,, = 0 as well as %Fu = 0, which has the form

%Fu = Fuy + FupeX + Fu;yy =0,
we get

ZIFuy+ ZIFx = 0.

Using the same splitting x = (x1, x2) as above and X = (X1, X») accordingly, we
obtain

Z] Fuy + Z3 Fun %1 + Z3 Fub =0,
which yields
%2 = ~(Z3 Fu) ™ (Z3 Fuu + Z3 Fx %), (16.20)
On the other hand, differentiation of (16.13) with respect to ¢ yields
Fuy 4 Fon X1+ Fupxy (% + R, %1) + Fiuy, 91+ Fpupy, (J6 + I, %0+ 76, 51) =0
and thus
Z1 Fuy + Z3 Fuon X1 = —Z3 Fupy (% + R 51).
Inserting this into (16.20) yields
Xo = D + K, X1 (16.21)
Hence, the given point (¢, xo, Xo, yo) satisfies

Xo0 = i (to, x10) + %x, (to, X10)X10-
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It then follows that (¢, x19, X10) solves (16.14). In particular, this guarantees that the
implicit function theorem is applicable to (16.14) leading to a locally defined .Z.
Thus, the reduced system (16.18) is locally well-defined. Moreover, for every initial
value for x; near xjo, the initial value problem for x; in (16.18) possesses a
solution x|. The second equation in (16.18) then yields a locally defined xJ such
that x* = (x{, xJ') forms a solution of (16.18).

For the same reasons as for I, the set I, 41 can be locally parametrized by
n + 1 variables. Among these variables are again ¢ and x;. But since x,, x|, and x,
are all functions of (7, x;), the remaining variables, say p, are now from y. In
particular, there is a locally defined function 2 satisfying

Fupi(t,x1, Z(t, x1), L(t, x1), Z: (t, x1) + %, (t, x1)L(t, x1), Z(t, x1, p)) = 0.

Choosing now x| (t) for x; and p*(¢z) arbitrarily within the domain of 2, for
example p*(t) = po, where py is the matching part of y, yields

Fpr (8, x7(2), x5 (8), X7 (1), X5 (1), Z (¢, x7 (1), p* (1)) = 0,
which contains
F(t,x{(t),x5(1), X7 (1), x5() =0 (16.22)

in the first block. But this means nothing else than that x* = (x, xJ') locally solves
the original problem. Moreover, locally there is a continuous function & such that
its first block coincides with x* and (¢, x*(¢), £(t)) € L,. Summarizing, we have
proven the following statement.

Theorem 6 If F satisfies Hypothesis 1 with (u,a,d) and (u + 1,a,d) then every
local solution x* of the reduced DAE (16.18) is also a local solution of the original
DAE. Moreover, it extends to a continuous local path (t, x*(t), P(t)) € L, where
the first block of & coincides with x*.

The numerical treatment of DAESs is usually based on the assumption that there
is a solution to be computed. In view of Theorem 5 it is therefore sufficient to work
with the derivative array F),. However, we must assume in addition that the given
point (t, X0, o) € L, provides suitable starting values for the nonlinear system
solvers being part of the numerical procedure. Note that this corresponds to the
assumption that we may apply the implicit function theorem for the definition of .Z.

16.3.4 Overdetermined Consistent DAEs

Hypothesis 1 can be generalized in various ways. For example, we may include
underdetermined problems which would cover control problems by treating states
and controls as indistinguishable parts of the unknown. We may also allow



16 Differential-Algebraic Equations: Theory and Simulation 447

overdetermined problems or problems with redundant equations. The main problem
in the formulation of corresponding hypotheses is for which points to require
properties of the Jacobians of the derivative array equation. Note that the restriction
in Hypothesis 1 to points in the solution set of the derivative array equation leads
to better covariance properties of the hypothesis, see [13], but it excludes problems
where this set is empty, e.g., linear least-squares problems. In the following, we want
to present a generalization to overdetermined, but consistent (i.e., solvable) DAEs.
Such DAEs may arise by extending a given DAE by some or all hidden constraints,
i.e., relations contained in ﬁz (t, x) = 0 that require the differentiation of the original
DAE, or by extending a given DAE or even an ODE by known first integrals.

Hypothesis 2 There exist (nonnegative) integers i, a, d, and v such that the set
Ly = {(t,x,y) e RUF"L F (1, x, y) = 0} (16.23)

associated with F is nonempty and such that for every point (ty, X0, ¥o) € Ly,
there exists a (sufficiently small) neighborhood V in which the following properties
hold:

1. We have rank F;;, = (u + 1)m — v on 1L, N'V such that there exists a smooth
matrix function Z, of size ((u + 1)m, v) and pointwise maximal rank, satisfying
ZzTF,L;y =0onlL, NV,

2. We have rank ZZTF,L;X = a on V such that there exists a smooth matrix
Sfunction T, of size (n,d), d = n — a, and pointwise maximal rank, satisfying
ZIF T, = 0.

3. We have rank F; T, = d on'V such that there exists a smooth matrix function Z,
of size (m, d) and pointwise maximal rank, satisfying rank ZI F; T, = d.

A corresponding construction as for Hypothesis 1 shows that Hypothesis 2
implies a reduced DAE of the form (16.10) with the same properties as stated there.
In particular, a result similar to Theorem 5 holds. Due to the assumed consistency,
the omitted relations (the reduced DAEs are m — n scalar relations short) do not
contradict these equations. Thus, the solutions fixed by the reduced DAE will be
solutions of the original overdetermined DAE under assumptions similar to those of
Theorem 6. Since the arguments are along the same lines as presented above, we
omit details here.

An example for a problem covered by Hypothesis 2 is given by Example 1
when we just add the two equations obtained by differentiation and elimination to
the original DAE leading to a problem consisting of 9 equations in 7 unknowns.
A second example, which we will also address in the numerical experiments,
consists of an ODE with known first integral.

Example 2 A simple predator/prey model is described by the so-called Lotka/Vol-
terra system

X1 =x1(1-x2), X2=—cx2(1—x),
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where ¢ > 0 is some given constant, see, e.g., [14]. It is well-known that
H(x1,x2) = c(x1 —logx1) + (x2 —log x2)

is a first integral of this system implying that the positive solutions are periodic. The
combined overdetermined system

fCl = X1(1 — XQ),
Xy = —cx2(1 —x1),

c(x1 —logx;) + (x2 —logxz) = Hy,

where Hy = H(xj9, X29) for given initial values x;(z)) = X0, X2(fp) = X20, is
therefore consistent. Moreover, it can be shown to satisfy Hypothesis 2 with u =
0,a = 1,d = 1,and v = 1. In contrast to Example 1, we cannot decide in
advance which of the two differential equations should be used together with the
algebraic constraint. For stability reasons, we should rather use an appropriate linear
combination of the two differential equations. But this just describes the role of Z;
in Hypothesis 2. <&

16.4 Integration of Nonlinear DAEs

In this section, we discuss several issues that play a role when one wants to integrate
DAE systems numerically in an efficient way.

16.4.1 Discretizations

The idea for developing methods for the numerical solution of unstructured DAEs
is to discretize not the original DAE (16.1) but the reduced DAE (16.10) because
of its property that it does not contain hidden constraints, i.e., that we do not need
to differentiate the functions in the reduced DAE. Of course, the functions in the
reduced DAE are themselves defined by relations that contain differentiations. But
these are differentiations of the original function F' which may be obtained by hand
or by means of automatic differentiation.

A well-known discretization of DAEs are the BDF methods, see, e.g., [6]. We
want to concentrate here on two families of one-step methods that are suitable for the
integration of DAEs of the form (16.10). In the following, we denote the initial value
at 7y by x¢ and the stepsize by /. The discretization should then fix an approximate
solution x; at the point#; = to + h.
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The first family of methods are the Radau IIa methods, which are collocation
methods based on the Radau nodes

O<yr<---<y; =1, (16.24)

where s € N denotes the number of stages, see, e.g., [10]. The discretization of
(16.10) then reads

Fi(to +yih, X;, 2 (joxo + Y] vj1X1) = 0,

A ) (16.25)
Fz(lo+]/j]’l,Xj):0, j=1,...,s,
together with x; = X, where X;, j = 1,...,s, denote the stage values of the

Runge-Kutta scheme. The coefficients v;; are determined by the nodes (16.24). For
details and the proof of the following convergence result, see, e.g., [13].

Theorem 7 The Radau Ila methods (16.25) applied to a reduced DAE (16.10) are
convergent of order p = 2s — 1.

Note that the Radau Ila methods exhibit the same convergence order as in the
special case of an ODE. The produced new value x; satisfies all the constraints due
to the included relation 152 (t1,x1) =0.

The second family of methods consists of partitioned collocation methods, which
use Gaul} nodes for the differential equations and Lobatto nodes for the algebraic
equations given by

O<pr<-<pp<l, O0=0y<:--<o0r =1, (16.26)

with & € N. Observe that we use one more Lobatto node equating thus the order of
the corresponding collocation methods for ODEs. The discretization of (16.10) then
reads

Fi(to + pjh, ujoxo + Y 5_ ujiXi, +(vjoxo + Sy viX1) =0, (16.27)
Fy(to +0;h, X;) =0, j=1,...k '
together with x; = Xj. The coefficients u;; and v;; are determined by the nodes
(16.26). For details and the proof of the following convergence result, see again [13].

Theorem 8 The Gauf3-Lobatto methods (16.27) applied to a reduced DAE (16.10)
are convergent of order p = 2k.

Note that in contrast to the Radau Ila methods, the Gau3-Lobatto methods are
symmetric. Thus, they may be prefered when symmetry of the method is an issue,
e.g., in the solution of boundary value problems. In the case of an ODE, the Gaul3-
Lobatto methods reduce to the corresponding GauB3 collocation methods. As for the
Radau Ila methods, the produced new value x; satisfies all the constraints due to the
included relation Fz (t1,x1) =0.
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For the actual computation, we lift the discretization from the reduced DAE
to the original DAE by using Theorem 3. In particular, we replace every relation
of the form ﬁz(t,x) = 0 by Fu(t,x,y) = 0 with the help of an additional
unknown y. Note that by this process the system describing the discretization
becomes underdetermined. Nevertheless, the desired value x; will still (at least
locally) be uniquely fixed. The Radau Ila methods then read

ZI F(to+ yih. X, 3 (vjoxo + Yj= vj1 X)) = 0,

. (16.28)
FM(lo—i-)/jh,Xj,Yj):O, j=1,...,s,

and the GauB3-Lobatto methods then read

ZI F(to + pjh,ujoxo + Z;;l uj X1, 3 (vjoxo + 211;1 v1X1)) =0,

Fﬂ(l0+0jh,Xj,Yj)=0, ]=1,,k
(16.29)
In the case of overdetermined DAEs governed by Hypothesis 2, the discretizations

look the same.

In order to perform a step with the above one-step methods given an initial value
(to, x0, yo) € L., we can determine Z; along the lines of the above hypotheses.
We then must provide starting values for a suitable nonlinear system solver for
the solution of the nonlinear systems describing the discretization, typically the
Gaul3-Newton method or a variant of it. Upon convergence, we obtain a final value
(1, x1, y1) as part of the overall solution (which includes the internal stages), which
will then be the initial value for the next step. Note that for performing a Gaul-
Newton-like method for these problems, which we will write as .% (z) = 0 for short
in the following, we must be able to evaluate the function .% and its Jacobian .Z,
at given points. Thus, we must be able to evaluate F' and F), and their Jacobians,
which can be done by using automatic differentiation, see below.

16.4.2 Gaupf-Newton-Like Processes

The design of the GauB3-Newton-like method is crucial for the efficiency of the
approach. Note that we had to replace j2y by F,, thus increasing the number of
equations and unknowns significantly. However, there is some structure in the
equations that can be utilized in order to improve the efficiency. We will sketch
this approach in the following for the case of the Radau Ila discretization. Similar
techniques can be applied to the case of the Gaul3-Lobatto discretization.

Linearizing the equation .#(z) = 0 around some given z yields the linear
problem .7 (z) + %#,(z) Az = 0 for the correction Az. The ordinary GauB-Newton
method is then characterized by solving for Az by means of the Moore-Penrose
pseudoinverse .%,(z) T of .Z,(z), i.e.,

Az = -Z.()TZ(2). (16.30)
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Instead of the Moore-Penrose pseudoinverse, we are allowed to use any other
equation-solving generalized inverse of .%,(z). Due to the consistency of the
nonlinear problem to be solved, we are also allowed to perturb the Jacobian as long
as the perturbation is sufficiently small or even tends to zero during the iteration.
In the case (16.28), linearization leads to
Z{FLAX; + ZI F Xl v AXi = =Z [ F, 1631)
Fp{;xAXj'i_Fp{;yAYj Z—Fl{, ] =1,...,S.
which is to be solved for (AX;, AY;), j = 1,...,s. The superscript j indicates,
that the corresponding function is evaluated at the argument occurring in the j-
th equation, i.e., at (fto + y;h, X;, %(vjoxo + Z‘;:l v;1X;)) in the case of F and
(to + y;h, X;,Y;) in the case of F,. Since (16.28) contains F;; = 0, we will have
rank F,f;y = (1 4+ 1)n — a at a solution of (16.28) due to Hypothesis 1. Near the
solution, the matrix F, d; y 1s thus a perturbation of a matrix with rank drop a. The

idea therefore is to perturb F}/, to a matrix M; with rank M; = (u + D)n —a.
Such a perturbation can be obtained by rank revealing QR decomposition or by
singular value decomposition, see, e.g., [7]. The second part of (16.31) then consists
of equations of the form

FlAX; + M;AY; = —F}. (16.32)

With the help of an orthogonal matrix [ Z ; j Z, ; ], where the columns of Z; ; form
an orthonormal basis of the left nullspace of M, we can split (16.32) into

25 FLAX; + 25 M AY, = =250 F). 71 FloAX; = =21 Fi.

25w
(16.33)
The first part can be solved for AY; via the Moore-Penrose pseudoinverse
AY; = —(25" M) ZY (F) + Fj. AX)) (16.34)

in terms of AX;, thus fixing a special equation-solving pseudoinverse of the
Jacobian under consideration. In order to determine the corrections AX ;, we take
an orthogonal matrix [ 7, j T ; ], where the columns of 7> ; form an orthonormal

basis of the right nullspace of ZéTj F, ;{;x’ which is of full row rank near the solution

due to Hypothesis 1. Defining the transformed corrections
AV =T AX;, AV, =T),AX;, (16.35)
we have AX; = Tz”jAVj’ + T»,j AV; and the second part of (16.33) becomes

Z1 FlL.Ty AV = -Z1 F]. (16.36)
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Due to Hypothesis 1, the square matrix Z; ik /f; x Tz” ; 1s nonsingular near a solution
such that we can solve for AVJT to get

AV = —(Z], Fl Ty )" Z]  Fi. (16.37)

Finally, transforming the equation in the first part of (16.31) to the variables
Avi, A V;) and eliminating the terms A Vj/ leaves a system in the unknowns AV,
which is of the same size and form as if we would discretize an ODE of d equations
by means of the Radau Ila method. This means that we actually have reduced the
complexity to that of solving an ODE of the size of the differential part. Solving
this system for the quantities AV; and combining these with the already obtained
values AV then yields the corrections AX ;.
The overall Gaul3-Newton-like process, which can be written as

Az=— ()" F(2) (16.38)

with 7 (z) — %.(z) when z converges to a solution, can be shown to be locally and
quadratically convergent, see again [13]. Using such a process is indispensable for
the efficient numerical solution of unstructured DAEs.

16.4.3 Minimal-Norm-Corrected Gaufi-Newton Method

We have implemented the approach of the previous section both for the Radau Ila
methods and for the Gauf3-Lobatto methods. Experiments show that one can
successfully solve nonlinear DAEs even for larger values of p without having to
assume a special structure. Applying it to the problem of Example 1, however,
reveals a drawback of the approach described so far. In particular, we observe the
following. Trying to solve the problem of Example 1 on a larger time interval
starting at # = 0, one realizes that the integration terminates at about 1 = 14.5
because the nonlinear system solver fails, cp. Fig. 16.1. A closer look shows that
the reason for this is that the undetermined components y, which are not relevant
for the solution one is interested in, run out of scale. Scaling techniques cannot
avoid the effect. They can only help to make use of the whole range provided by
the floating point arithmetic. Using diagonal scaling, the iteration terminates then at
about t = 71.4, cp. again Fig. 16.1.

Actually, proceeding from numerical approximations (x;, y;) at #; to numerical
approximations (X;+1, yj+1) at t;4+; consists of two mechanisms. First, we must
provide a starting value z for the nonlinear system solver. We call this predictor and
write

z=P(x;, yi). (16.39)
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Fig. 16.1 Decadic logarithm of the Euclidean norm of the generated numerical solution (x;, y;)

Then, the nonlinear system solver, called corrector in this context, yields the new
approximation according to

Xi+1, Yi+1) = €(2). (16.40)

Thus the numerical flow @ of our method effectively has the form

Xit1,Yi+1) = P(xi,y1), @ =CoB. (16.41)

The problem can then be described as follows. Even if the actual solution and the
numerical approximations x; are bounded, there is no guaranty that the overall
numerical solutions (x;, y;) stay bounded.

In [3], it was examined how different predictors ‘3, in particular extrapolation of
some order, influence the overall behavior of the process. The result was that linear
extrapolation should be prefered to higher order extrapolation. However, even linear
extrapolation cannot avoid the blow-up.

The idea here is to modify the corrector €, in particular to introduce damping into
the nonlinear system solver. Recall that the nonlinear system to be solved does in
general not have a unique solution but that the part one is interested in, namely x; 4,
is unique. Consider the iteration given by

Az = —az— Z.(2) N (F(2) — a.Z.(2)2) (16.42)
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with & € [0, 1] replacing (16.30). For ¢ = 0, we rediscover (16.30). For o = 1, we
have

2+ Az = Z, N (F.(z2— F(2)),

which in the linear case #(z) = Az — b leads to z + Az = A™b and thus to
the shortest solution with respect to the Euclidean norm. In this sense, the process
defined by (16.42) contains some damping. Moreover, if « — 0 quadratically during
the iteration, we maintain the quadratic convergence of the Gauf3-Newton process.
The following result is due to [2].

Theorem 9 Consider the problem .% (z) = 0 and assume that the Jacobians .%,(z)
have full row rank. Furthermore, consider the iteration defined by (16.42) and
assume that o« — 0 quadratically during the iteration. Then the so defined process
vields iterates that converge locally and quadratically to a solution of the given
problem.

Observe that replacing (16.30) by (16.42) only consists of a slight modification
of the original process. The main computational effort, namely the representation
of .Z,(z)T, stays the same. Moreover, using a perturbed Jacobian _# (z) instead
of Z.(z) is still possible and does not influence the convergence behavior. Fig-
ure 16.1 shows that with this modified nonlinear system solver we are now able
to produce bounded overall solutions in the case of Example 1.

16.4.4 Automatic Differentiation

In order to integrate (unstructured) DAEs, we must provide procedures for the
evaluation of F and F), together with their Jacobians. As already mentioned this
can be done by exploiting techniques from automatic differentiation, see, e.g., [9].

The simplest approach is to evaluate the functions on the fly, i.e., by using special
classes and overloaded operators, a call of a template function which implements F
can produce the needed evaluations just by changing the class of the variables. The
drawback in this approach is that there may be a lot of trivial computations when
the derivatives are actually zero. Moreover, no code optimization is possible.

An alternative approach consists of two phases. First, one uses automatic
differentiation to produce code for the evaluation of the needed functions. This code
can then be easily compiled using optimization. The drawback here is that one has
to adapt the automatic differentiation process or the produced code to the form one
needs for the following integration of the DAE. Nevertheless, one can expect this
approach to be more efficient for the actual integration of the DAE, especially for
larger values of p. Actually, one would prefer the first approach while a model is
developed. If the model is finalized, one would then prefer the second approach.

As an example, we have run the problem from Example 1 with both approaches
on the interval [0, 100] using the Gauf-Lobatto method for k = 3 and the
minimal-norm-corrected Gauf3-Newton-like method starting with ¢ = 0.1 and
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using successive squaring. The computing time in the first case exploiting automatic
differentiation on the fly was 2.8 s. The computing time in the second case exploiting
optimized code produced by automatic differentiation was 0.6 s.

16.4.5 Exploiting First Integrals

If for a given ODE or DAE model first integrals are known, they should be included
into the model thus enforcing the produced numerical approximations to obey these
first integrals. The enlarged system is of course overdetermined but consistent. In
general, it is not clear how to deduce a square system from the overdetermined one
in order to apply standard integration procedures, cp. Example 2.

In Example 1, there are two hidden constraints which were found by differenti-
ation. As already mentioned there, it is in this case possible to reduce the problem
consisting of the original equations and the two additional constraints to a square
system by just omitting two equations of the original system. Sticking to automatic
differentiation and using the same setting as above, we can solve the overdetermined
system in 0.9 s and the reduced square system in 0.7 s.

For Example 2, such a beforehand reduction is not so obvious, but still possible
due to the simple structure of this specific problem. We solved the overdetermined
problem by means of the implicit Euler method (which is the Radau Ila method
for s = 1) as well as the original ODE by means of the explicit and implicit
Euler method performing 1,000 steps with stepsize 7 = 0.02. The results are
shown in Fig.16.2. As one would expect, the numerical solution for the ODE

25 T T T T
with explicit Euler
rrrrrrrrrr with implicit Euler
2L as overdetermined system |
1.5F E
X2
1k 4
0.5} E
0 1 1 1 1
0 0.5 1 1.5 2 2.5

X1

Fig. 16.2 Numerical solutions for the Lotka/Volterra model



456 P. Kunkel

produced by the explicit Euler method spirals outwards thus increasing the energy
while the numerical solution for the ODE produced by the implicit Euler method
spirals inwards thus decreasing energy. The numerical solution obtained from the
overdetermined system, of course, conserves the energy by construction.

16.4.6 Path Following by Arclength Parametrization

There are two extreme cases of DAEs, the case of ODEs x = f(z,x) on the
one hand and the case of nonlinear equations f(x) = 0 on the other hand. For
F(t,x,x) = x — f(¢, x), Hypothesis 1 is trivially satisfied with & = 0,a = 0,
and d = n. For F(¢,x,X) = f(x), Hypothesis 1 is satisfied with © = 0, a = n,
and d = 0, provided f (x) is nonsingular for all x € L. Since ¢ does neither occur
as an argument nor via differentiated variables, the solutions are constant in time
and thus, as solutions of a DAE, not so interesting. This changes if one considers
parameter dependent nonlinear equations f(x,7) = 0, where t shall be a scalar
parameter. The problem is now underdetermined. Thus, it cannot satisfy one of the
above hypotheses. Under the assumption that [ f; f; ] has full row rank for all
(x,7) € M = f71({0}) # 0, the solution set forms a one-dimensional manifold.
If one is interested in tracing this manifold, one can use path following techniques,
see, e.g., [4, 17]. However, it is also possible to treat such problems with solution
techniques for DAEs. A first choice would be to interpret the parameter t as time ¢
of the DAE. This would, however, imply that the parameter 7 is strictly monotone
along the one-dimensional manifold. But there are applications, where this is not
the case. It may even happen that the points where the parameter t is extremal are
of special interest. In order to treat such problems, we are in need of defining a
special type of time which is monotone in any case. Such a quantity is given as
the arclength of the one-dimensional manifold, measured say from the initial point
we start off. Since the arclength parametrization of a path is characterized by the
property that the derivative with respect to the parametrization has Euclidean length
one, we consider the DAE

fx,0=0, [x[3+]i*=1 (16.43)

for the unknown (x, 7). If (xg,79) € M and [ f; f; ] is of full row rank on M,
the implicit function theorem yields that there is a local solution path (£(z), 7(z))
passing through (xg, 7o). Moreover, || X (¢) ||% +17(¢)|> = 1, when we parametrize by
arclength. Hence, the DAE (16.43) possesses a solution. Moreover, writing (16.43)
as F(z,z) = 0 with z = (x, ), we have

Lo = {(z.2) | z = (X(1), £()), 2 = (X(2), ()}
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in Hypothesis 1. Because of

F0,2=|: 0 0] FO;ZZ[fxfr]

2xT 2%

we may choose

I,
Z, = [ " } .
By assumption, ZI Fy,, = [ f¢ f; | has full row rank and we may choose 75 as

a normalized vector in kernel[ f; f; ], which is one-dimensional. In particular, we
may choose

on [Ly. Finally, we observe that

0 07| 0
FT =] 5. ° Y =
@2 [2;%T 2%}[%} [2}

has full column rank at the solution and thus in a neighborhood of it. Hence, the DAE
(16.43) satisfies Hypothesis 1 with 4 = 0, a = n, and d = 1, where n denotes the
size of x. We can then use DAE solution techniques to solve (16.43) thus tracing the
solution path of the original parametrized system of nonlinear equations.

In order to determine points along the path, where the parameter t is extremal,
we may combine the DAE (16.43) with a root finding procedure, e.g., along the
lines of [18] or the references therein. The points of interests are characterized by
the condition ¢ = 0. We therefore augment the DAE (16.43) according to

fx,t)y=0, X3+t =1, w—1=0, (16.44)

and try to locate points along the solution satisfying w = 0. Writing the DAE (16.44)
again as F(z) = 0, where now z = (x, 7, w), we have

Lo = {(z.2) | z = (R(t), 2(1), T(1)), 2 = (1), T(1), (1))}

in Hypothesis 1. Because of

0 00 £ £, 0
Fo:=|2iT2t0|., Fo.=|000].
0 —-10 001
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we may choose

Iy
Z,=|0
0

Along the same lines as above, we may now choose

Th=|10
01
on LLy. We then observe that
0 007][x 00
FT,=12xT 270 70|=1] 20
0 —-10 01 -70

fails to have full column rank at the solution. Thus, Hypothesis 1 cannot hold with
n = 0. We therefore consider Hypothesis 1 for u = 1. Starting from

0 00 [ £ £ 0]

2xT 21 0 000

0 —10 001

Fiez = £ fi0l0 00 Pe=177=701|
x * 0[2x7T 21 0 000

| 0 01/ 0 —10 | 0 00|

we use the fact that 0 # (17, 7)7 € kernel[ f, f, ] at a solution and therefore
|: f; ft} nonsingular
xt 1

near the solution to deduce that rank Fy.;: = n + 3. Choosing

o o
—_ % O

Z,

0 %
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gives

0
ZZTFI;Zzl:];"f }

* 1

which has full row rank by assumption. Choosing

X
h=|1
*
at the solution then yields
0 007 [x 0
F.T, =|2xT 22 0 T|=1 2
0 —-10 * -7

Hence, the DAE (16.44) satisfies Hypothesis 1 withu = 1,a =n + 1,andd =1,
and we can treat (16.44) by the usual techniques. The location of points 7 with
t(f) = 0 can now be seen as a root finding problem along solutions of (16.44) for
the function g defined by

glx,t,w)y=w (16.45)
In particualar, it can be treated by standard means of root finding techniques.

In order to be able to determine a root 7 of g, we need that this root is simple,
i.e., that

28(R(0), 21, W)= #0, W) = 1. (16.46)
In the case of (16.45), this condition simply reads
() # 0. (16.47)

In order to determine %(f), we start with f(x(¢),7(¢)) = 0 along the solution.
Differentiating twice yields (omitting arguments)

fxk+ fi2=0 (16.48)
and

foa %) + foeD@) + X+ [ (D@ + for @D+ £ =0, (16.49)
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Since #(7) = 0, the relation (16.48) gives
fex* =0, v=23x(@{) #0, (16.50)

with x* = £(7) and t* = %(f) for short. Thus, the square matrix f,(x*, t*) is
rank-deficient such that there is a vector u # 0 with

ul fo(x*, %) = 0. (16.51)
Multiplying (16.49) with u” from the left and evaluating at 7 yields
U’ fo(x*, T (v, v) + u” fo(x*, T%)F(E) = 0. (16.52)
Assuming now that

ul fux*, 7% (W, 0) #0, ul fi(x*,t*) #0 (16.53)

guarantees

@) = =" fr(x*, )TN U for(x*, TF) (v, v)) # 0. (16.54)

Note that the assumptions for (x*, t*) we have required here are just those that
characterize a so-called simple turning point, see, e.g., [8, 15].

Example 3 Consider the example

7(1 — x3) exp(10x1) /(1 + 0.01x;) — x3 = 0,

227(1 — x3) exp(10x1)/(1 + 0.01x;) — 30x; = O,

x3 — x4 + T(1 — x3) exp(10x3) /(1 4+ 0.01x,) = 0,

10x; — 30x; + 227(1 — x4) exp(10x2) /(1 4+ 0.01xy) = 0,

from [11]. Starting from the trivial solution into the positive cone, the solution path
exhibits six turning points before the solution becomes nearly independent of 7, see
Fig. 16.3, which has been produced by solving the corresponding DAE (16.44) by
the implicit Euler method combined with standard root finding techniques. <

16.5 Conclusions

We revised the theory of regular nonlinear DAEs of arbitrary index and gave
some extensions to overdetermined but consistent DAEs. We also discussed several
computational issues in the numerical treatment of such DAEs, namely suitable
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Fig. 16.3 Solution path for Example 3 projected into the (z, x;)-plane

discretizations, efficient nonlinear system solvers and their stabilization, as well as
automatic differentiation. We finally presented a DAE approach for numerical path
following for parametrized systems of nonlinear equations including the detection
and determination of (simple) turning points.
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