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Abstract Although Computational Fluid Dynamics (CFD) is routinely used in a
wide variety of industries, there are many remaining challenges in physical modelling
as well as in numerical methods, which have to be tackled and eventually solved in the
near future. Turbulence modelling, especially for industrial CFD, is still one of those
open issues. For the purpose of a better and more practical or affordable representation
of turbulence in complex flows, the variable resolution methods have emerged as an
alternative to a computationally more costly Large Eddy Simulation (LES) method.
At present, and among many approaches, the Partial-Averaged Navier Stokes (PANS)
approach is one of the most attractive methods for industrial CFD. Therefore, the
capabilities of the PANS on a wide range of CFD applications are shown in this
paper. The results are presented for simple and well established benchmarks but also
for industrial flows in complex geometries. The basic theory and arguments for the
usage of this method are given. Besides the present status, the paper also provides
some hints for possible improvements and explains some of the on-going activities
in this field.

1 Introduction

Ideas about a turbulence closure method which can be used at all levels of scale res-
olution have been intensively pursued in the last two decades. From the beginning,
such ‘smart’ models, which should provide the optimum solution on any computa-
tional mesh, have been very attractive to CFD users, especially to those involved in
simulations of complex industrial flows. Presently, a large majority of industrial users
tend to ignore the importance of turbulence models as long as calculation results are
in a line with the expectations (based on the measurements or just from the experi-
ence) and simulations provide the correct behavior or relative differences in the case
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of parametric studies. The Reynolds-Averaged Navier-Stokes (RANS) turbulence
models have done a good job for decades, but in many applications, the limitations
of such an approach, regardless of which RANS turbulence model is used, could
be a large source of the calculation error especially when the absolute accuracy is
targeted. Indeed, one could recommend the best or the optimum RANS turbulence
model for a certain application but there will always be some ‘gray zones’ in such
guidelines especially for the complex industrial flows. On the other hand, the Large
Eddy Simulation approach has been more frequently used in the last years but mainly
for benchmarks or visibility studies. This is still due to high computational costs.
One should also bear in mind that results obtained by the Large Eddy Simulation
have to be carefully analyzed in order to conclude if they are trustworthy, which
could be a very difficult task for everyday use in industry. And, if the conclusion is
that the mesh is too coarse, the new mesh has to be created and calculations must be
repeated.

Therefore, there is a clear gap between the RANS and LES simulations which
require a deep knowledge in turbulence modelling, both RANS and LES, which is
just one of the fields that modern simulation engineers have to cover. Therefore, the
models like PANS should be the right answer for the industry. It provides the best pos-
sible physical fidelity on any given numerical grid, while varying seamlessly between
Reynolds-Averaged Navier-Stokes (RANS) model and Direct Numerical Simula-
tions (DNS). This means that the user makes calculations on the affordable mesh and
the model itself combines RANS and DNS by using the arbitrary cutoff length scale
concept. The PANS method belongs to the bridging (seamless) variable resolution
methods which mean that the basic model is employed in the entire domain. Contrary
to this group, zonal methods divide a solution domain into two modeling regions:
the RANS turbulence model near the wall and the Large Eddy Simulation (LES) in
the rest of the flow domain. An important drawback of zonal methods is a definition
of the interface between different modeling zones, especially for complex flows.

In recent years, the bridging methods have become very popular for simula-
tions of complex turbulent flows. Probably, the most attractive bridging method is
the Partially-Averaged Navier-Stokes (PANS) formulated by Girimaji [6, 8]. This
method is derived from the RANS model equations. It inevitably improves results
when compared with its corresponding RANS model if more scales of motions are
resolved. The PANS model is used in the industry more than other seamless methods
due to its simplicity, robustness and recent theoretical extensions as well as due to the
detailed validations on the number of complex cases presented in many publications.
It was shown in previous studies that the implied cut-off for the PANS method can
be placed in any part of the spectrum including the dissipation range. This is done
by varying the unresolved-to-total ratios of kinetic energy ( fk) and dissipation ( fe).
In practice, the parameter which determines the unresolved-to-total kinetic energy
ratio is defined by using the grid spacing and calculated integral length scale of tur-
bulence. If the resolution parameters, fk and fe, are equal unity, the PANS model
recovers the RANS model. As Girimaji pointed out in his work, the better the RANS
model is, the better the corresponding PANS model will be. On the other side, if the
resolution parameters are very low, then the modeling of the small unresolved scales



PANS Method as a Computational Framework … 5

will affect the overall solutions less. The main target of such an approach is to have
an optimum turbulence model for any mesh used in calculations. There are different
ways to define the resolution parameter fk and the work presented here will show
the differences between various approaches as this is a crucial point to get the PANS
method widely used in the industry. We already know that numerical meshes for most
industrial applications are usually coarser near the wall to achieve so-called a wall-
resolved LES. A similar situation is related to PANS calculations: one could expect
that fk is equal or close to unity which means that the RANS model is used near the
wall. This issue is getting more pronounced for separating flows from the curvature
rather than from sharp edges. Therefore, we use the PANS variant [3] derived from
the four equation near-wall eddy viscosity transport model, namely k-ε-ζ-f turbu-
lence model [11]. As this model represents a practical and accurate RANS choice
for a wide range of industrial applications, especially when used in conjunction with
the universal wall approach, its PANS variant therefore guarantees that the proper
near-wall model is used when fk is of a higher value. The paper presents a variety of
test cases, from simple flow benchmarks to complex industrial flows. The results will
show that this modeling approach can be successfully used for complex industrial
applications.

2 Computational Method

The partially-Averaged Navier-Stokes equations are written in term of partially aver-
aged or filtered velocity and pressure field, thus

∂Ui

∂t
+ U j

∂Ui

∂x j
+ ∂τ

(
Vi , Vj

)

∂x j
= − 1

ρ

∂p

∂xi
+ ν

∂2Ui

∂x j∂x j
(1)

where the velocity field is decomposed into two components, the partially filtered
component and the sub-filter component as

Vi = Ui + ui (2)

The closure for the sub-filter stress can be obtained by using the Boussinesq approx-
imation as

τ
(
Vi , Vj

) = −2νu Si j + 2

3
kuδi j (3)

where the eddy viscosity of unresolved scales and the resolved stress tensor are
equal to
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and the resolution parameters are

fk = ku

k
fε = εu

ε
(5)

However, values of these parameters can be checked only at the end of calculations
but they are needed at the start of calculations and even at the start of every time step.
This input unresolved-to-total kinetic energy ratio fk is therefore based on the grid
spacing [3, 7], thus

fk ≥ 1√
cμ

(
�

	

)2/3

(6)

where � is the grid cells dimension and 	 = (k3/2/ε) is the integral scale of tur-
bulence, while fε was taken to be equal 1. A dynamic parameter fk changes at each
point at the end of every time step, and then it is used as a fixed value at the same
location during the next time step. Note that at the end of calculations or at the end
of each time step, it must be ensured that

1√
cμ

(
�

	

)2/3

≥ ku

k
(7)

In other words, the parameter fk,which is imposed on calculations, should be at
the end supported by the mesh. It is also important to know that the PANS method
produces the correct production-to-dissipation ratio which changes gradually from
RANS value to DNS value as fk,is reduced from 1 to 0. This is analytically proven in
the paper of Girimaji [8]. This is clear evidence that PANS captures all intermediate
resolution with precision. The original model of Girimaji [8], which provides the
unresolved kinetic energy equations

Dku

Dt
= Pu − εu + ∂

∂x j

[(
ν + νu

σku

)
∂ku

∂x j

]
(8)

and the unresolved energy equation

Dεu

Dt
= Cε1 Pu

εu

ku
− C∗

ε2
ε2

u

ku
+ ∂
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σεu

)
∂εu
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]
(9)

with the new constants, thus

C∗
ε2 = Cε1 + fk

fε
(Cε2 − Cε1) ; σku,εu = σk,ε

f 2
k

fε
(10)

is extended by Basara et al. [3] for more accurate near-wall modelling. This new
PANS variant, namely PANS k-ε-ζ-f, solves additional equations, thus
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Dζu
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with the unresolved eddy viscosity now taken as

νu = Cμζu
k2

u

εu
(13)

Constants c1 and C′
2 are taken as proposed in the original model. Lu and Tu are the

length and time scales defined by using unresolved kinetic energy respectively. It
is clear that for fk = 1, the equation for ζu will get its RANS form. Note also that
fε = 1 implies that εu = ε.

The approach shown above has been proved on large number of cases which
include static meshes. The main issue is that the total kinetic energy needed for the
integral length scale and for the input of fk can be accurately calculated only after
averaged field is obtained, thus

k = kr + ku (14)

where the resolved turbulence is obtained from

kr = 1

2

(
Ui − Ui

)2
(15)

This means that for the calculation of the resolved part, we need the average velocity
which is impractical for the moving meshes (e.g. engines) or cases with transient
boundaries.

Nevertheless, it was shown in the past that for the static mesh cases, the PANS
method presented above can produce practical, accurate and reliable results. In order
to avoid averaging the velocity field and calculation the resolved kinetic energy,
Basara and Girimaji [9] derived the additional equation for so called the scale sup-
plying variable which actually represents the modelled resolved kinetic energy. This
equation is derived by using the PANS basic principles and following the similar
procedure as done for the unresolved kinetic energy shown above. The equation can
be written as

Dkssv

Dt
= kssv

ku
(Pu − εu) + ∂

∂x j

[(
ν + νu

σku

)
∂kssv

∂x j

]
(16)

Note that the total kinetic energy is now calculated as

k = kssv + ku (17)
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The results are shown in the next section.
There are other possibilities to predict fk. Recently Foroutan and Yavuzkurt [5]

proposed the formulation for fk which ensures that the predicted value is between
0 and 1, thus

fk = 1 −
[ (

	
�

)2/3

0.23 + (
	
�

)2/3

]4.5

(18)

Values of fk predicted with Eq. (18) are lower in general than those obtained with
Eq. (6). In any case it must be checked that Eq. (7) is satisfied especially in the near
wall region.

It is also worth of revisiting the work of Speziale [15], see also Hussaini et al.
[10], who provided a possible path in deriving the fk value in the form of

fk = [
1 − exp (−β�/	k)

]n (19)

where β and n are constants.
This modelling approach is further enhanced by including the hybrid wall treat-

ment. This entails combining integration up to the wall with wall functions. Smooth-
ing functions which blend two formulations together are known by different names:
automatic, hybrid or compound wall treatments (see [2, 14]). The blending formula
for the quantities specified at the cell next to the wall is given as

φ = φνe−� + φt e
−1/� (20)

where ‘ν’ is the viscous and ‘t’ the fully turbulent value of the variables: wall shear
stress, production and dissipation of the turbulent kinetic energy. The function � is
given as

� = 0.01
(
y+)4

1 + 5y+ (21)

This ensures that the optimum RANS approach is used for fk = 1 and any distance
from the wall (any y+ values).

The concept presented in this section implies that there are regions with spatial or
temporal variations in filter width. Hence, Wallin and Girimaji [16] and Wallin et al.
[17], have introduced commutation residual terms in the resolved momentum and
unresolved kinetic energy equations in the context of the PANS approach (see also
[9]). It is easy to implement proposed modifications in the computer code and there
are no additional penalties in calculations, see original references.

This brief review shows the present status and the focus of on-going activities
related to the PANS method.
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2.1 Numerical Method

The PANS model is implemented into the commercial CFD code AVL FIRE. All
dependent variables, such as momentum, pressure, density, turbulence kinetic energy,
dissipation rate, and passive scalar are evaluated at the cell center. The cell-face based
connectivity and interpolation practices for gradients and cell-face values are intro-
duced to accommodate an arbitrary number of cell faces. A second-order midpoint
rule is used for integral approximation and a second order linear approximation
for any value at the cell-face. The convection is solved by a variety of differenc-
ing schemes (upwind, central differencing, MINMOD, and SMART). The rate of
change is discretized by using implicit schemes, namely Euler implicit scheme and
three time level implicit scheme of second order accuracy. The overall solution pro-
cedure is iterative and is based on the Semi-Implicit Method for Pressure-Linked
Equations algorithm (SIMPLE). For the solution of a linear system of equations, a
conjugate gradient type of solver and algebraic multi-grid are used.

3 Results and Discussion

The predictive performances of the PANS k-ε-ζ -f model are shown on few examples
below. Note also that these results are extracted here from various systematic studies
just to emphasize certain important points in calculations specific to the PANS usage.

3.1 Channel Flow

PANS calculations for the channel flow with the Reτ = 650 based on the wall friction
velocity uτ , the channel half width δ and kinematic viscosity ν is analyzed in the work
of Basara et al. [3] in all detail. Direct Numerical Simulation data of Iwamoto et al.
[12] was used for comparisons. Instantaneous iso-surfaces of the second invariant
of the velocity gradient as computed by PANS on two meshes are shown in Fig. 1
(left), (right). Following Eq. (6) the ratio between unresolved-to-total kinetic energy
fkwill be decreased with the grid refinement and consequently finer structures are
captured. The present standard procedure with the PANS method is to use Eq. (6)
for fkwhich provides typical variable instantaneous values as shown in Fig. 2 (left).
However, using the most recent development described by Eqs. (16, 17), predicted
fkwill vary less than with the standard approach as shown in Fig. 2 (right). However,
the averaged velocity is close to each other and a very good agreement with DNS
data is obtained, see Fig. 3 (left).

It is useful to know that fluctuating fk helps clearly to capture instantaneous
flow and the smooth fk could lead to the steady flow without predicting any small
structures. But even ‘smooth’ fk values if they are low, as shown in Fig. 2 (right) will
lead to the fluctuating velocities. Note also that the condition given by Eq. (7) must be
satisfied. This new method is only introduced here in order to give the answer at the
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Fig. 1 An instantaneous isosurface of the second invariant of the velocity gradient as predicted by
the PANS k-ε-ζ -f on different grids

Fig. 2 Unresolved-to-total kinetic energy computed by Eqs. (6) and (14–15) (left) and by
Eqs. (16–17) (right)

Fig. 3 Channel flow: computed mean velocity (left) and the predicted invariant map (right)

first place what can be done for the moving geometries or calculations which have
transient boundaries. Otherwise, one has to apply cycle to cycle averaging which is
not practical for general applications. Or, one has to start with the constant fk and
then values should be corrected for the next cycle depending of the maximum values
obtained in the present cycle. This is possible to make but it would not lead to the
optimum use of computer resources. However, it is important to say, that the standard
method explained above is proved on many simple and complex applications.

In order to close the channel flow performance assessment, invariants of Reynolds
stress anisotropy on the so-called Lumley invariant map, as predicted by the standard
approach, is shown in Fig. 3 (right).
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Fig. 4 Mesh sequence after the adaptive grid refinement (a), the predicted velocity magnitude on
the coarse mesh (b) and on the fine mesh (c)

The behavior of the invariants in the wall-normal direction provides the strongest
indication of the fidelity of the model calculation.

3.2 Square Cylinder

Data for the vortex shedding flow around a square cylinder at Re=21,400 is available
in the ERCOFTAC classic database. The PANS predictions are well described in the
work of Basara and Pavlovic (2010). A direct effect of the automatic mesh refinement
is shown here as well. Cells, which have fk values larger than 0.5, are refined. Only
two refinements starting on the mesh containing 30,000 cells are applied. Meshes
created with the refinement have the size 408,000 and 696,700 cells. The extract of
the finest mesh is shown in Fig. 4a, and the velocity magnitude on the second mesh
is shown in Fig. 4b and on the finest mesh in Fig. 4c. It is easy to observe that smaller
structures are captured with the mesh refinement.

Predicted time-averaged velocity and time-averaged turbulent kinetic energy are
shown in Fig. 5 (left), (right). Results are very much improved with the mesh refine-
ment. It is the same effect as by using meshes refined in advance, but with the adaptive

Fig. 5 Time-averaged velocity (left) and turbulent kinetic energy (right) along the centre line and
behind the square cylinder computed on meshes which are refined based on fk
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meshes, the whole approach is even more practical especially for the industrial CFD
users.

3.3 External Car Aerodynamics

There are number of publications dealing with the performance of RANS turbulence
models for the external car aerodynamics. In general, the agreement with measure-
ments for the drag coefficient is in the range of (+/−) 3 %. There are exceptional
cases where the unsteady effects dominate and the error goes up to 10 %. The recent
paper of Jakirlic et al. [13] presents improvements achieved with the PANS in com-
parisons with RANS and Unsteady RANS (URANS) approaches. It is generally
accepted that the prediction of the lift coefficient brings more uncertainties when
the RANS models are used. For the car aerodynamics test case, the simplified Volvo
VRAK 1:1 experimental model is used. The complete description of the geometry
is given in Krajnovic et al. [3]. The inlet velocity is given as 38.9 m/s. The numerical
grid has 4.5 million computational cells. Even on so coarse mesh, the PANS model
could predict small structures which cannot be captured with the RANS models, see
Fig. 6. Predicted lift coefficient is shown in Table 1. A very good agreement with
the measured data is achieved. Although the same numerical mesh was used, large
improvements in the predicted lift coefficient have been observed.

Fig. 6 Predicted flow structures around the car (a), fk (b), instantaneous (c) and averaged
velocities (d)

Table 1 Measured and
calculated lift coefficient

Data 0.026

RANS k-ε-ζ -f 0.054

PANS k-ε-ζ -f 0.030
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Figure 6b shows the resolution parameter fk which varies from 0 (blue) to 1 (red).
This is a typical distribution of fk, the larger part of a domain in front and above the
car is covered by the RANS model and in the wake with the full variable resolution
PANS model (note that for fk = 1 the PANS recovers into the RANS approach).
Figure 6c shows the averaged velocity as predicted with the PANS. Calculation time
needed for PANS is similar to LES calculations; the CPU needed for additional
equations is small compared to time needed to average results.

3.4 Intake Port

Typical intake port configuration is shown in Fig. 7. The mesh consisted of 4 million
cells have been used. The constant total pressure is specified at the inlet and the
static pressure is specified at the outlet. The following parameters in the cylinder
were compared:

(a) Torque: Mt = ∑
ρi( �Ui ×�ri) · �n ·Uax ·Ai (ri is the radius, �n is the normal vector,

Uax axial velocity and Ai stands for the area)
(b) Swirl number: SN = nMt

nEng
(nMt is a torque speed and nEng is an engine speed).

Figure 7 (right) shows an instantaneous parameter fk which determines the
unresolved-to-total kinetic energy ratio which is in the range between 0 and 1. In the
region where fk is equal 1, the RANS k-ε-ζ -f model is used. Following this para-
meter, it can be seen where the mesh should be refined to further improve results.

Fig. 7 The mesh for the intake port (left) and the predicted instantaneous resolution parameter fk
(right)
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Fig. 8 Predicted total (left) and unresolved (right) turbulent kinetic energy

Note also that in the near wall region, a dynamic parameter which determines the
unresolved-to-total kinetic energy ratio fk is equal 1, and hence there, an appropriate
near wall RANS model should be used.

Figure 8 shows the total and the unresolved kinetic energy as predicted by the
PANS model. This should be always monitored. The unresolved (or SGS) kinetic
energy will decrease with the mesh refinement, and the model used for the modeling
of the unresolved kinetic energy becomes less important.

Predicted torque was 0.0161 and 0.014 with the RANS and PANS models respec-
tively. The PANS k-ε-ζ-f provided the value closer to the measured value of 0.012.
The same is with the swirl number where the PANS model reached 1.90 which is
closer to the measured value of 1.65 when compared to the RANS results of 2.31.

3.5 Engine

The next case is the engine case with meshes suitable for RANS rather than for LES
calculations (just used for the purpose of explaining the new approach for obtaining
the value for fk). In average, there are 1–1.5 million cells used per time step. Figure 9
shows the mesh just for the illustration of the computational domain and the turbulent
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Fig. 9 Engine case: the standard mesh for RANS calculations (a), a turbulent kinetic energyas
predicted by RANS (b) and the resolution parameter predicted by using Eq. (6) (c)

Fig. 10 Predicted instantaneous velocity magnitude (left) and the resolution parameter fk (right)

kinetic energy as calculated by the RANS k-ε-ζ -f model (see Fig. 9a, b). This kinetic
energy is the total energy represented by the RANS and it is used to estimate the
suitability of this mesh for the LES or the hybrid RANS/LES calculations. Figure 9c
shows the result of Eq. (6) with the predicted minimum value of 0.4 in the cylinder.
It could be said that this is not an appropriate mesh for LES calculations but we have
done it just for the purpose of the comparisons with PANS calculations.

In order to avoid averaging the velocity field and calculating the resolved kinetic
energy, the formulation of Basara and Girimaji [4] given by Eqs. (16, 17) is used here.
Now, this procedure is applied on the full engine case. Figure 10 (right) shows the
instantaneous fk which is different than one based on the RANS calculations shown
in Fig. 9c, but overall has similarities. This is of course due to different turbulence
level predicted by two approaches; see also the instantaneous velocity predicted by
the PANS as shown in Fig. 10 (left). It should be also reported that for this particular
mesh, cycle to cycle variations obtained by LES are double larger than obtained
with PANS calculations (20 vs. 10 % which is closer to the measured value of 30 %).
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TDC 5 deg ATDC 10 deg ATDC 

TDC 5 deg ATDC 10 deg ATDC 

Fig. 11 The flame front position at different time steps as predicted with the PANS model

However, one could expect that these are spurious oscillations caused by inaccuracy
of LES on the coarse mesh.

The flame front position as predicted with the PANS is shown in Fig. 11 for three
different time steps in two neighbouring cycles. It is visible that the flame front
position is different. Note that the combustion modelling was done the same way as
for LES, the unresolved kinetic energy obtained by Eq. (8) just replaces the sub-grid
scale kinetic energy provided by LES. The rest of modelling is the same.

4 Conclusions

The basis of the PANS method is briefly outlined and some representative results are
shown. It should be pointed out that the code which employs the PANS model, in this
case k-ε-ζ -f variant, can easily switch from the steady state RANS (fk = 1 and no
transient terms), to unsteady RANS (fk = 1 and including transient terms) and to the
variable resolution model, the full PANS approach (fk �= 1). Another advantage of
this approach is that all calculations performed up to now have provided better results
than those obtained by the RANS model as soon as the finer meshes are employed. The
paper also shows the novel approach for calculations on moving meshes. Different
variants of the PANS models as well as formulations of the resolution parameters
will be tested and further improved.
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