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Preface

Fractional differentiation means “differentiation of arbitrary order.” Its origin goes
back to more than 300 years, when in 1695 L’Hopital asked Leibniz the meaning of

% forn = % After that, many famous mathematicians, like J. Fourier, N.H. Abel,
J. Liouville, B. Riemann, among others, contributed to the development of Fractional
Calculus (Hilfer 2000; Podlubny 1999; Samko et al. 1993). It is possible to introduce
fractional differentiation in several different ways, e.g., by following Riemann—
Liouville, Griinwald-Letnikov, Caputo or Miller—Ross. During three centuries, the
theory of fractional derivatives has developed as a pure theoretical field of mathe-
matics. In the last few decades, however, it has been shown that fractional differen-
tiation can be useful in various fields: physics (classic and quantum mechanics,
thermodynamics, etc.), chemistry, biology, economics, engineering, signal and image
processing, and control theory (Baleanu et al. 2012; Machado et al. 2011; Ortigueira
2011).

The calculus of variations and the fractional calculus are connected since the
nineteenth century. Indeed, in 1823 Niels Heinrik Abel applied the fractional cal-
culus to the solution of an integral equation that arises in the formulation of the
tautochrone problem (Jahanshahi et al. 2015). This problem, sometimes also called
the isochrone problem, consists to find the shape of a frictionless wire lying in a
vertical plane such that the time of a bead placed on the wire slides to the lowest
point of the wire in the same time regardless of where the bead is placed. It turns out
that the cycloid is the isochrone as well as the brachistochrone curve, solving
simultaneously the brachistochrone problem of the calculus of variations and Abel’s
fractional problem (Abel 1965). It was however, only in the twentieth century that
both areas joined in a unique research field: the fractional calculus of variations.

The fractional calculus of variations consists in extremizing (minimizing or
maximizing) functionals whose Lagrangians contain fractional integrals and/or
derivatives. It was born in 1996-1997, when Riewe derived Euler-Lagrange
fractional differential equations and showed how nonconservative systems in
mechanics can be described using fractional derivatives (Riewe 1996, 1997). It is a
remarkable result since frictional and nonconservative forces are beyond the usual
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macroscopic variational treatment and, consequently, beyond the most advanced
methods of classical mechanics (Lanczos 1970). Recently, several different
approaches have been developed to generalize the least action principle and the
Euler-Lagrange equations to include fractional derivatives. Results include prob-
lems depending on Caputo fractional derivatives, Riemann-Liouville fractional
derivatives, Riesz fractional derivatives and others (Agrawal 2002; Almeida 2012;
Almeida et al. 2010, 2012a, b; Almeida and Torres 2009; Bastos et al. 2011a, b;
Blaszczyk et al. 2011; Bourdin 2013; Cresson 2007; Frederico and Torres 2008,
2010; Klimek 2005; Lazo and Torres 2013; Malinowska 2012; Malinowska and
Torres 2010; Mozyrska and Torres 2010, 2011; Odzijewicz et al. 2012b;
Odzijewicz and Torres 2011; Sha et al. 2010). For the state of the art of the frac-
tional calculus of variations, we refer the reader to (Malinowska and Torres 2012);
for the numerical aspects see the recent book (Almeida et al. 2015).

A more general unifying perspective to the subject is, however, possible, by
considering fractional operators depending on general kernels (Agrawal 2010;
Klimek and Lupa 2013; Odzijewicz et al. 2012a, c). In this work we follow such an
approach, developing a generalized fractional calculus of variations (Odzijewicz and
Torres 2014). We consider variational problems containing generalized fractional
integrals and derivatives and study them using standard (indirect) and direct meth-
ods. In particular, we obtain necessary optimality conditions of Euler-Lagrange type
for the fundamental and isoperimetric problems, natural boundary conditions, and
Noether theorems. Existence of solutions is shown under Tonelli type conditions.
Moreover, we apply our results to prove existence of eigenvalues, and corresponding
orthogonal eigenfunctions, to fractional Sturm-Liouville problems.

Keywords Calculus of variations - Necessary optimality conditions of Euler—
Lagrange type - Direct methods - Isoperimetric problem - Noether’s theorem -
Fractional calculus - Sturm-Liouville problem

Biatystok, January 2015 Agnieszka B. Malinowska
Warsaw Tatiana Odzijewicz
Aveiro Delfim F.M. Torres
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Chapter 1
Introduction

Abstract This book is dedicated to the generalized fractional calculus of variations
and its main task is to unify and extend results concerning the standard fractional
variational calculus.

Keywords Fractional calculus - Calculus of variations - Fractional calculus of
variations + Euler—Lagrange equation - Nonconservative forces

The calculus of variations is a mathematical research field that was born in
1696 with the solution to the brachistochrone problem (see, e.g., van Brunt 2004)
and is focused on finding extremal values of functionals—see, e.g., (Giaquinta and
Hildebrandt 2004; van Brunt 2004). Usually, considered functionals are given in the
form of an integral that involves an unknown function and its derivatives. Varia-
tional problems are particularly attractive because of their manyfold applications,
e.g., in physics, engineering, and economics. The variational integral may represent
an action, energy, or cost functional (Weinstock 1952). The calculus of variations
possesses also important connections with other fields of mathematics, e.g., with
fractional calculus.

Fractional calculus, i.e., the calculus of noninteger order derivatives, has also its
origin in the 1600s. It is a generalization of (integer) differential calculus, allow-
ing to define derivatives (and integrals) of real or complex order (Kilbas et al.
2006; Podlubny 1999; Samko et al. 1993). In the last few decades, fractional
problems have received increasing attention of many researchers. As mentioned in
(Balachandran et al. 2012), Science Watch of Thomson Reuters identified the subject
as an Emerging Research Front area. Fractional derivatives are nonlocal operators
and are historically applied in the study of nonlocal or time-dependent processes
(Podlubny 1999). The first and well-established application of fractional calculus
in physics was in the framework of anomalous diffusion, which is related to fea-
tures observed in many physical systems. Here, we can mention the report (Metzler
and Klafter 2000) demonstrating that fractional equations work as a complemen-
tary tool in the description of anomalous transport processes. Within the fractional
approach it is possible to include external fields in a straightforward manner. As a
consequence, in a short period of time the list of applications was expanded. Applica-
tions include chaotic dynamics (Zaslavsky 2008), material sciences (Mainardi 2010),
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mechanics of fractal and complex media (Carpinteri and Mainardi 1997; Li and
Ostoja-Starzewski 2011), quantum mechanics (Hilfer 2000; Laskin 2000), physical
kinetics (Zaslavsky and Edelman 2004), long-range dissipation (Tarasov 2006b), and
long-range interaction (Tarasov 2006a; Tarasov and Zaslavsky 2006), just to men-
tion a few. This diversity of applications makes the fractional calculus an important
subject, which requires serious attention and strong interest. The fractional calculus
begins with a definition of fractional operator. Let

t

Wl x@) = /)C(T) dr.

a

It is easy to prove, by induction, that

'
/(t — )" x(r)dr

a

1
alix(0) = T,

for all n € N: if it is true for the n-fold integral, then

oA =i | o= / (t =" 'x(r)dr

:/ 1)'/(5—7)" Yx(r)dr | de.

a

Interchanging the order of integration gives

t
1
aI;"Hx(t) == /(t —)"x(1)dT.

The (left Riemann—Liouville) fractional integral of x(#) of order @ > 0, is then
defined with the help of Euler’s Gamma function I":

t
1
WI0x(1) == ) /(r — ) x(r)dr. (1.1)

If m is the smallest integer exceeding «, then we define the fractional Riemann—
Liouville derivative of f of order a as
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m 1

d
aD{f(x) = [1'" f]= mdxm/f(t)(x n" =l (1.2)

Another definition of fractional derivative was introduced by M. Caputo in 1967,
interchanging the order of the operators (ﬁc—m and /"% in (1.2):

dm

C o . m—ao
Cpo =1 e

[e]

(1.3)

In this book we shall consider generalizations of operators (1.1), (1.2) and (1.3) by
considering more general kernels.

The classical fundamental problem of the calculus of variations is formulated as
follows: minimize (or maximize) the functional

b

J(x) =/L(t,x(t),x/(t)) dr

a

onD = {x € C'([a, b)) : x(a) = x4, x(b) = xp}, where L : [a, b] x R** — Ris
twice continuously differentiable. In mechanics, function L is called the Lagrangian;
functional J is called the action. If x gives a (local) minimum (or maximum) to J
on D, then 4oL (t x(1), x (t)) = OhL (t, x(1), x’(t)) holds for all ¢t € [a, b],
where we are using the notation J; F for the partial derivative of a function F with
respect to its ith argument. This is the celebrated Euler—Lagrange equation, which is
a first-order necessary optimality condition. In mechanics, if Lagrangian L does not
depend explicitly on ¢, then the energy £(x) := —L(x, x')+ % (x, x")-x’ is constant
along physical trajectories x (that is, along the solutions of the Euler-Lagrange equa-
tions). In real systems, friction corrupts conservation of energy, and the usefulness
of variational principles is lost: “forces of a frictional nature are outside the realm
of variational principles.” For conservative systems, variational methods are equiv-
alent to the original method used by Newton. However, while Newton’s equations
allow nonconservative forces, the later techniques of Lagrangian and Hamiltonian
mechanics have no direct way to deal with them: frictional and nonconservative
forces are beyond the usual macroscopic variational treatment and, consequently,
beyond the most advanced methods of classical mechanics (Lanczos 1970). In 1931,
Bauer proved that it is impossible to use a variational principle in order to derive
a single linear dissipative equation of motion with constant coefficients. Bauer’s
theorem expresses the well-known belief that there is no direct method of applying
variational principles to nonconservative systems, which are characterized by friction
or other dissipative processes. Fractional derivatives provide an elegant solution to
the problem. Indeed, the proof of Bauer’s theorem relies on the tacit assumption that
all derivatives are of integer order. If a Lagrangian is constructed using fractional
(noninteger order) derivatives, then the resulting equation of motion can be non-
conservative! This was first proved by F. Riewe in 1996/1997 (Riewe 1996, 1997),
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marking the beginning of the Fractional Calculus of Variations (FCV). Because
most processes observed in the physical world are nonconservative, FCV constitutes
an important research area, allowing to apply the power of variational methods to
real systems. The first book on the subject is (Malinowska and Torres 2012), which
provides a gentle introduction to the FCV. The numerical aspects are treated in
Almeida et al. (2015). The model problem considered in Malinowska and Torres
(2012) is to find an admissible function giving a minimum value to an integral
functional that depends on an unknown function (or functions), of one or several
variables, and its fractional derivatives and/or fractional integrals. Here we explain
how the main results presented in Malinowska and Torres (2012) can be extended by
considering generalized fractional operators (Odzijewicz 2013). We consider prob-
lems where the Lagrangians depend not only on classical derivatives but also on
generalized fractional operators. Moreover, we discuss even more general problems,
where also classical integrals are substituted by generalized fractional integrals and
obtain general theorems, for several types of variational problems, which are valid
for rather arbitrary operators and kernels. As special cases, one obtains the recent
results available in the literature of fractional variational calculus (Herrera et al. 1986;
Klimek 2009; Malinowska and Torres 2012).

The book is organized as follows. We begin by giving preliminary definitions and
properties of fractional operators under consideration (Chap. 2). Moreover, we briefly
describe recent results on the fractional calculus of variations (Chap. 3). In Chap. 4 we
apply standard methods to solve several problems of the generalized fractional cal-
culus of variations. We consider problems with Lagrangians depending on classical
derivatives, generalized fractional integrals, and generalized fractional derivatives.
We obtain necessary optimality conditions for the basic and isoperimetric problems,
as well as natural boundary conditions for free boundary value problems. In addi-
tion, we prove a generalized fractional counterpart of Noether’s theorem without
transformation of time. We consider the case of one and several independent vari-
ables. Moreover, each section contains illustrative optimization problems. Chapter 5
is dedicated to direct methods in the fractional calculus of variations. We prove a gen-
eralized fractional Tonelli’s theorem, showing existence of minimizers for fractional
variational functionals. Then we obtain necessary optimality conditions for minimiz-
ers. Several illustrative examples are presented. In the last Chap. 6 we show a certain
application of the fractional variational calculus. More precisely, we prove existence
of eigenvalues and corresponding eigenfunctions for the fractional Sturm-Liouville
problem using variational methods. Moreover, we show two theorems concerning
the lowest eigenvalue and illustrate our results through an example. We end the book
with a conclusion, pointing out some directions for future research.

This small book is the fruit of several years of research by the authors, and the
results first appeared in peer-reviewed international journals, as chapters in books, or
in conference proceedings (Bourdin etal. 2013, 2014; Klimek et al. 2014; Odzijewicz
et al. 2012a,b,c,d, 2013a,b,c,d,e; Odzijewicz and Torres 2012, 2014).
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Chapter 2
Fractional Calculus

Abstract A brief exposition of fractional order operators and their properties is
given. After that, we introduce the notion of generalized fractional operators.

Keywords Fractional derivatives and integrals - Generalized fractional derivatives
and integrals - Fractional derivatives and integrals of variable order * Riemann-
Liouville, Hadamard and Caputo operators * Fractional integration by parts - Multi-
dimensional generalized fractional calculus

Fractional calculus was introduced on September 30, 1695. On that day, Leibniz
wrote a letter to L’Hopital, raising the possibility of generalizing the meaning of
derivatives from integer order to noninteger order derivatives. L’Hopital wanted
to know the result for the derivative of order n = 1/2. Leibniz replied that “one
day, useful consequences will be drawn” and, in fact, his vision became a reality.
However, the study of noninteger order derivatives did not appear in the literature
until 1819, when Lacroix presented a definition of fractional derivative based on the
usual expression for the nth derivative of the power function (Lacroix 1819). Within
years the fractional calculus became a very attractive subject to mathematicians,
and many different forms of fractional (i.e., noninteger) differential operators were
introduced: the Grunwald—Letnikow, Riemann—Liouville, Hadamard, Caputo, Riesz
(Hilfer 2000; Kilbas et al. 2006; Podlubny 1999; Samko et al. 1993) and the more
recent notions of Cresson (2007), Katugampola (2011), Klimek (2005), Kilbas and
Saigo (2004) or variable order fractional operators introduced by Samko and Ross
(1993).

In 2010, an interesting perspective to the subject, unifying all mentioned notions
of fractional derivatives and integrals, was introduced in Agrawal (2010) and later
studied in Bourdin et al. (2014), Klimek and Lupa (2013), Odzijewicz et al. (2012a, b,
2013a, b, c). Precisely, authors considered general operators, which by choosing spe-
cial kernels, reduce to the standard fractional operators. However, other nonstandard
kernels can also be considered as particular cases.

This chapter presents preliminary definitions and facts of classical, variable order,
and generalized fractional operators.
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8 2 Fractional Calculus

2.1 One-Dimensional Fractional Calculus

We begin with basic facts on the one-dimensional classical, variable order, and gen-
eralized fractional operators.

2.1.1 Classical Fractional Operators

In this section, we present definitions and properties of the one-dimensional frac-
tional integrals and derivatives under consideration. The reader interested in the
subject is refereed to the books (Kilbas et al. 2006; Klimek 2009; Podlubny 1999;
Samko et al. 1993).

Definition 2.1 (Left and right Riemann—Liouville fractional integrals) We define
the left and the right Riemann-Liouville fractional integrals ,//* and ,I; of order
a € R (a > 0) by

t
1 d
O = s (tf_(TT))lia, t € (a.b], @.1)
and )
1 d
B0 = s / (Tf th))liw € la.b), 2.2)
1

respectively. Here I"(a) denotes Euler’s Gamma function. Note that, , /[ f] and
15[ f] are defined a.e. on (a, b) for f € L(a, b; R).

One can also define fractional integral operators in the frame of Hadamard setting.
In the following, we present definitions of Hadamard fractional integrals.

Definition 2.2 (Left and right Hadamard fractional integrals) Let0 < a < b < o0.
We define the left-sided and right-sided Hadamard integrals of fractional order &« € R

(o > 0) by
1 A\ f(md
o . t T)dTr
oI = —F(a)/(logT) p— t>a
and
. a 1 d
JELAI = / TOT <,

respectively.
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Since it is enough for the purposes of this book, we define Riemann—Liouville
fractional derivatives of order o with 0 < o < 1. A more general definition for any
«a with Re(«) > 0 can be found in Kilbas et al. (2006).

Definition 2.3 (Left and right Riemann—Liouville fractional derivatives) The left
Riemann-Liouville fractional derivative of order « € R (0 < @ < 1) of a function
f, denoted by , D{*[ f1, is defined by

d
Vi € (a,bl, DL = aalﬁ—“[f](r).

Similarly, the right Riemann-Liouville fractional derivative of order v of a function
f, denoted by ; Di[ f1, is defined by

d
Vi €la,b), Dyf11) = —Ezlbl_a[f](t)-

As we can see below, Riemann-Liouville fractional integral and differential oper-

ators of power functions return power functions.

Property 2.4 (Property 2.1 (Kilbas et al. 2006)) Let o, 8 > 0. Then the following
identities hold:

F 2
alta[(’r — a)ﬂ_l](t) — #f_)a)(t _ a),d—i-a—l’
6 r
uDla[(T — a)sj_]]([) = %([ _ a)ﬂ—a—l,
( r
IICES T)“d_l]([) = #f—)a)(b _ t)ﬂ““‘l,
and
r
DRI — ) (0) = %U, _ a1,

Definition 2.5 (Left and right Caputo fractional derivatives) The left and the right
Caputo fractional derivatives of order « € R (0 < o < 1) are given by

d
Vit € (a,bl, SDLFIG) = o0 [Ef} ()
and
C na 11—« d
vVt €la,b), ;D,LfI@) = —, [Ef} (),

respectively.
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Let0 < a < land f € AC([a, b]; R), where AC denotes the class of absolutely
continuous functions. Then the Riemann—Liouville and Caputo fractional derivatives
satisfy relations

f(a)

C na _ a _

a Dt [f](t)_aDt [f](t) (t—a)“F(l—oz)’ (23)
b

EDLAI) = = DYLFI0) + &) (2.4)

b-—0nrd—a)’

that can be found in Kilbas et al. (2006). Moreover, for Riemann—Liouville fractional
integrals and derivatives, the following composition rules hold:

(aI 0 DY) [£10) = f(1), (2.5)
(15 0 : DY) [F1() = £ (1), (2.6)

provided that f € L'(a, b; R), AP IS f] € AC([a, bI; R) and I f(a) =0,
1 f(b) = 0. Note that, if f(a) = 0, then (2.3) and (2.5) give

(t 0 SDF) LA = (ulf 0 uDP) LAV = F(0), @)
and if f(b) = 0, then (2.4) and (2.6) imply that

(152 0 £ D5) 1110 = (1 0. DF) LA10) = £ (0. 2.8)

The following assertion shows that Riemann-Liouville fractional integrals satisfy
semigroup property.

Property 2.6 (Lemma 2.3 (Kilbas et al. 20006)) Let o, 5 > 0 and f € L" (a, b; R)
(1 <r < 00). Then, equations

(ot o at?) 10 = B 1 1100)
and
(150 o)) U110 = 11110

are satisfied a.e. in (a, b).

Next results show that, for certain classes of functions, Riemann—Liouville frac-
tional derivatives and Caputo fractional derivatives are left inverse operators of
Riemann-Liouville fractional integrals.
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Property 2.7 (cf. Lemma 2.4 (Kilbas et al. 2006)) If 0 < a < 1 and f €
L (a,b; R) (1 <r < 00), then the following is true:

(D% 0 JI8) [£1(0) = f (1),
(:Df o L) [F1(0) = f (D),

a.e. in (a, b).

Property 2.8 (cf.Lemma?2.21 (Kilbasetal.2006)) Let0 < o < 1. If f is continuous
on the interval [a, b), then

(Sofout?) 1110 = f a0,

(€D o 1) 110 = F 0.

For r-Lebesgue integrable functions, Riemann-Liouville fractional integrals and
derivatives satisfy the following composition properties:

Property 2.9 (cf. Property 2.2 (Kilbas et al. 20060)) Let0 < f < a < land f € L”
(a,b; R) (1 <r < o0). Then, relations

(D 0 ut?) 1110 = a1 1110

and

(:07 0115 1110 = o1 1110

are satisfied a.e. in (a, b).

In classical calculus, integration by parts formula relates the integral of a product
of functions to the integral of their derivative and antiderivative. As we can see below,
this formula works also for fractional derivatives, however, it changes the type of
differentiation: left Riemann—Lioville fractional derivatives are transformed to right
Caputo fractional derivatives.

Property 2.10 (cf. Lemma 2.19 (Klimek 2009)) Assume that 0 < « < 1, f €
AC([a,b];R) and g € L"(a, b; R) (1 < r < o0). Then, the following integration
by parts formula holds:

b

b
=b
/ f®)aD;g)(r) dr = / 9@OF DRLAIO) dr + f(0)al /™ [g1(0) : (2.9)

a

Let us recall the following property yielding boundedness of Riemann—Liouville
fractional integral in the space L" (a, b; R) (cf. Lemma 2.1, formula 2.1.23, from the
monograph by Kilbas et al. (2000)).
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Property 2.11 The fractional integral ;1 is bounded in the space L' (a, b; R) for
ae0,)andr > 1:

(b—a)

11 < K o Ko=——.

(2.10)

2.1.2 Variable Order Fractional Operators

In 1993, Samko and Ross (1993) proposed an interesting generalization of fractional
operators. They introduced the study of fractional integration and differentiation
when the order is not a constant but a function. Afterwards, several works were
dedicated to variable order fractional operators, their applications and interpretations
(Almeida and Samko 2009; Coimbra 2003; Lorenzo and Hartley 2002). In particular,
Samko’s variable order fractional calculus turns out to be very useful in mechanics
and in the theory of viscous flows (Coimbra 2003; Diaz and Coimbra 2009; Lorenzo
and Hartley 2002; Pedro et al. 2008; Ramirez and Coimbra 2010, 2011). Indeed,
many physical processes exhibit fractional order behavior that may vary with time or
space (Lorenzo and Hartley 2002). The paper (Coimbra 2003) is devoted to the study
of a variable order fractional differential equation that characterizes some problems
in the theory of viscoelasticity. In Diaz and Coimbra (2009) the authors analyze
the dynamics and control of a nonlinear variable viscoelasticity oscillator, and two
controllers are proposed for the variable order differential equations that track an
arbitrary reference function. The work (Pedro et al. 2008) investigates the drag force
acting on a particle due to the oscillatory flow of a viscous fluid. The drag force is
determined using the variable order fractional calculus, where the order of derivative
vary according to the dynamics of the flow. In Ramirez and Coimbra (2011) a variable
order differential equation for a particle in a quiescent viscous liquid is developed.
For more on the application of variable order fractional operators to the modeling
of dynamic systems, we refer the reader to the review article (Ramirez and Coimbra
2010).
Let us introduce the following triangle:

AI:{(I,T)GRZZ a§7'<t§b},

and let a(t,7) : A — [0, 1] be such that @ € c! (A_; IR), where A denotes the
closure of the set A.

Definition 2.12 (Left and right Riemann—Liouville integrals of variable order)
Operator

t

U0 = [ =D iy dr (> @)
o ) @, )

a
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is the left Riemann—Liouville integral of variable fractional order (-, -), while

b

L) = / O f(rydr (< b)
b ' I'(a(T, 1))

t
is the right Riemann—Liouville integral of variable fractional order a(-, -).

The following example gives a variable order fractional integral for the power
function (¢ — a)”.

Example 2.13 (cf. Equation4 of (Samko and Ross 1993)) Let a(z, 7) = «(t) be a
function depending only on variable 7, 0 < a(¢) < 1 for almost all ¢ € (a, b) and
v > —1. Then,

_ g)rta®
0O — gy = T D MR @2.11)
I'y+a@)+1)

Next we define two types of variable order fractional derivatives.

Definition 2.14 (Left and right Riemann—Liouville derivatives of variable order)
The left Riemann—Liouville derivative of variable fractional order (-, -) of a function
f is defined by

alen d o
Vi € (a,bl, «DMIfIG) = Ealf 10,

while the right Riemann-Liouville derivative of variable fractional order a(-, -) is
defined by

Vi € [a,b), DECVF14) = 4 L0 10
) 5 ty . - dlt b .

Definition 2.15 (Left and right Caputo derivatives of variable fractional order) The
left Caputo derivative of variable fractional order (-, -) is defined by

i, —aty | d
Vie (bl (DM = ol T [af} o,
while the right Caputo derivative of variable fractional order a(-, -) is given by

a-,- —a(,- d
vt € la,b), EDYCA1@) == 1)) [af] o).
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2.1.3 Generalized Fractional Operators

This section presents definitions of one-dimensional generalized fractional opera-
tors. In special cases, these operators simplify to the classical Riemann-Liouville
fractional integrals, and Riemann-Liouville and Caputo fractional derivatives. As
before,

AZZ{(t,T)ERzi a§T<t§b}.

Definition 2.16 (Generalized fractional integrals of Riemann—Liouville type) Let
us consider a function k defined almost everywhere on A with values in R. For any
function f defined almost everywhere on (a, b) with value in R, the generalized
fractional integral operator K p is defined for almost all ¢ € (a, b) by:

' b
Kplf1() = /\/k(t,T)f(T)dTJru/k(T, N f(r)dr, (2.12)
a 1
with P = (a,t,b, \, ), \, p € R.

In particular, for suitably chosen kernels k (¢, 7) and sets P, kernel operators K p
reduce to the classical or variable order fractional integrals of Riemann-Liouville
type, and classical fractional integrals of Hadamard type.

Example 2.17 (a) Let k*(t — 7) = ﬁ(t -7 land0 < o < ILIfP =
(a,t,b,1,0), then

t
1
Kplfl) = %/(I — 7 @) dr =T

is the left Riemann-Liouville fractional integral of order o; if P = (a, ¢, b, 0, 1),
then

b
1
KrLFI0) = s / (r =0 f(P) dr = IELF10)
t

is the right Riemann—Liouville fractional integral of order «.
(b) For k(t, 7) = m(z — 7)1 and P = (a, 1, b, 1,0),

t

KplF10) = [ ————(t = 90D f(rydr = o1 F100)
N T frmdr=:al 7 Lf

a

is the left Riemann—Liouville fractional integral of order a(:, -) and for P =
(a,t,b,0,1)



2.1 One-Dimensional Fractional Calculus 15

b

KplLf1() =/

t

— (r—potn-l . o)
F(a(r,t))(T 1) fydr =0, [f10)

is the right Riemann-Liouville fractional integral of order a(-, -).
(c) Forany0 < a < I,kemel k®(1,7) = 7= (log £)* ™' Land P = (a, 1, b, 1,0),

(@) 7
the general operator K p reduces to the left Hadamard fractional integral:

T

t
1 a=l d
KpLAI0) = 5o / (log 3) JOAT . rera:

and for P = (a, t, b, 0, 1) operator K p reduces to the right Hadamard fractional
integral:

a1 f(r)dr

b
1
Kol 10 = 1 [ (102 ) = L1,
t

(d) Generalized fractional integrals can be also reduced to, e.g., Riesz, Katugampola
or Kilbas fractional operators. Their definitions can be found in Katugampola
(2011), Kilbas and Saigo (2004), Kilbas et al. (2006).

The generalized differential operators A p and Bp are defined with the help of the
operator K p.

Definition 2.18 (Generalized fractional derivative of Riemann—Liouville type) The
generalized fractional derivative of Riemann-Liouville type, denoted by Ap, is
defined by
d
Ap=—oKp.
P=a°nr

The next differential operator is obtained by interchanging the order of the oper-
ators in the composition that defines Ap.

Definition 2.19 (Generalized fractional derivative of Caputo type) The general ker-
nel differential operator of Caputo type, denoted by Bp, is given by

B K d
P=RPO G
Example 2.20 The standard Riemann-Liouville and Caputo fractional derivatives
(see, e.g., (Kilbas et al. 2006; Klimek 2009; Podlubny 1999; Samko et al. 1993))
are easily obtained from the general kernel operators A p and Bp, respectively. Let
kKt —71) = ﬁ(r -1 ae(0,1).If P=a,rtb,1,0),then
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t

1 d
APLAIO) = s 57 [ €= D) FO T = D)

is the standard left Riemann—Liouville fractional derivative of order «, while

Bplf1(1) = /(t—T) “f'(rydr =: E DY)

is the standard left Caputo fractional derivative of order «; if P = (a,t, b, 0, 1),
then

—APLFI0) = — (—)dt/< — 0 f(r) dr =, DRLFI)

is the standard right Riemann-Liouville fractional derivative of order «, while

1
Bl A0 =~ [ =07 0 dr = £}
t

is the standard right Caputo fractional derivative of order a.

2.2 Multidimensional Fractional Calculus

In this section, we introduce notions of classical, variable order, and generalized par-
tial fractional integrals and derivatives in a multidimensional finite domain. They are
natural generalizations of the corresponding fractional operators of Sect.2.1.1. Fur-
thermore, similarly as in the integer order case, computation of partial
fractional derivatives and integrals is reduced to the computation of one-variable
fractional operators. Along the work, fori = 1,...,n, let a;, b; and «; be num-
bers in R and r = (¢1,...,1,) be such that ¢t € £2,, where 2, = (aj, b)) X

- X (ay, by) is a subset of R”. Moreover, let us define the following sets:
A = {(l‘,‘,T) ceR?: ai < T <t Sb,‘},i =1,...,n.

2.2.1 Classical Partial Fractional Integrals and Derivatives

In this section we present definitions of classical partial fractional integrals and
derivatives. Interested reader can find more details in Sect.24.1 of the book (Samko
et al. 1993).
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Definition 2.21 (Left and right Riemann—Liouville partial fractional integrals) Let
t € §2,,. The left and the right partial Riemann—Liouville fractional integrals of order
a; € R (o > 0) with respect to the ith variable ¢#; are defined by

...,t,'_l,T,t,'_;,_l,...,tn)dT
(1 —T)l—

1
a 1 ,
W I LA10) = F(a,)/f(“ , G>a,  (213)

and

b;
i 1 f(tlv"'stl'fly’r’th“l’""t)’l)dT
I 1) = .t <bi, (2.14
w1y, LF1(0) F(Ozi)/ = i-o i <bi, (2.14)

respectively.

Definition 2.22 (Left and right Riemann—Liouville partial fractional derivatives)
Let t € £2,,. The left partial Riemann—Liouville fractional derivative of order «;,
0 < a; < 1, of a function f with respect to the ith variable #;, is defined by
a D f10) = a%_a,. It}*‘”[ f1() for all t; € (a;, b;]. Similarly, the right partial
Riemann-Liouville fractional derivative of order «; of a function f, with respect to
the ith variable #;, is defined by ,, DZ‘: [F1() == —a%,i Ibli_a" [f1(¢) foralls; € [a;, b;).

Definition 2.23 (Left and right Caputo partial fractional derivatives) Let t € $2,.
The left and right partial Caputo fractional derivatives of order c;, 0 < o < 1, 0f a
function f with respect to the ith variable ¢#;, are given by

o —Q 8
CDYLAI) = g 1 [54 (1), Vi € (ai, by,

and

a; —a [ O
ngl.‘ [f1() = _tiIb]l- ' [_tf] (t), Vi €la;, by),

0

respectively.

2.2.2 Variable Order Partial Fractional Integrals
and Derivatives

In this section, we introduce the notions of partial fractional operators of variable
order. In the following let us assume that o; : A; — [0,1], s € C!'(A;R),
i=1,...,n,te2,and f: 2, > R.
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Definition 2.24 The left Riemann—Liouville partial integral of variable fractional
order o; (-, -) with respect to the ith variable #;, is given by

1

1 o T)—
VA 0) :=/—(r,-—r>af<’“” VA, e timt, Tt ) d T

I (ai(t, 7))
a;
t; > a;, while
b;
oIy 10 :=/m(f—n)“"‘“”)‘lf(n, b T i 1) AT

i

t; < b, is the right Riemann-Liouville partial integral of variable fractional order
«; (-, -) with respect to variable ;.

Definition 2.25 The left Riemann—Liouville partial derivative of variable fractional
order «; (-, -), with respect to the ith variable #;, is given by

o 0 .
Vi, € (ai. bi). aiD,,.'“)[f](r):ga,»lli CIF10)
1

while the right Riemann-Liouville partial derivative of variable fractional order
a; (-, -), with respect to the ith variable #;, is defined by

o (o 0 i (e
Vi € lai. b, Dy LA10) = =5 1,7 L),

Definition 2.26 The left Caputo partial derivative of variable fractional order ¢; (-, -),
with respect to the ith variable #;, is defined by

e PN
Vi € (i, bil, SDYCOLA1@) = 6 1) [gf] (),

while the right Caputo partial derivative of variable fractional order «; (-, -), with
respect to the ith variable #;, is given by

; (-, —a; (o, 0
Vi € lai, bi), § D CULF10) = =0y [54 ().

Note that, if o; (-, -) is a constant function, then the partial operators of variable
fractional order are reduced to corresponding partial integrals and derivatives of
constant order introduced in Sect.2.2.1.
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2.2.3 Generalized Partial Fractional Operators

Let us assume that A = (\f, ..., \y) and p = (1, ..., uy) are in R”. We shall
present definitions of generalized partial fractional integrals and derivatives. Let
ki: A —>R,i=1,...,nandt € £2,.

Definition 2.27 (Generalized partial fractional integral) For any function f defined
almost everywhere on £2, with value in R, the generalized partial integral K p, is
defined for almost all ; € (a;, b;) by:

]

Kalf1() : = Ai/ki<r,~,7)f(n,...,t,»_m ets ..o ) dr
ai

b;
+Ml/kl(7—a ll)f(t1$ "-1ti—ls7—7 tl+11 "'7tll)dT1

t
where P; = (a;, t;, b;, \i, ;).

Definition 2.28 (Generalized partial fractional derivative of Riemann—Liouville
type) The generalized partial fractional derivative of Riemann-Liouville type with
respect to the ith variable #; is given by Ap, = % oKp,.

Definition 2.29 (Generalized partial fractional derivative of Caputo type) The gen-
eralized partial fractional derivative of Caputo type with respect to the ith variable
t; is given by Bp, :== Kp, o d%

Example 2.30 Similarly, as in the one-dimensional case, partial operators K, A and
B reduce to the standard partial fractional integrals and derivatives. The left- or right-
sided Riemann-Liouville partial fractional integral with respect to the ith variable #;
is obtained by choosing the kernel k*(#;, 7) = %a,) (ti — 7)1, That is,

ti
1 o
KPt[f](t) Zm/(tl_T)a,_lf(tlv sy tl—l’ T5 tl-‘r]? R ] tn) dT = a[I[il[.f](t)a

for P, = (a;, ti, b;, 1,0), and

1

Kp[f1() =m

b;
/(T—li)ai_lf(tl, ce L, T b, - ) AT = tilgi [f1@),
14

for P; = (a;, t;, b;, 0, 1). The standard left- and right-sided Riemann—Liouville and
Caputo partial fractional derivatives with respect to ith variable #; are received by
choosing the kernel k{*(t;, 7) = m(ti — 1)~ If P, = (a;, t;, b;, 1, 0), then
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t
1 0 .
Ap[f1(t) = ma/(li — 7)Yt i T i, . 1) AT
= o DI LF100),
1
1 o O
Bp[f1() = m/(h’ —7) ’Ef(flv--qli—lﬂ"fiﬂﬁ~--Jn)d7

=: & D IF10).

i

If P, = {a;, t;, b;, 0, 1), then

b;
-1 0 )
—Ap[f1@) = ma/@'—lﬂ_a’f@l,~-.,li—1,T, tigl, ..., ) dr
t

=, Dy LF1(0).

b;
-1 0
—Bp,[f1() = m/(T—fi)_a’Ef(ll,---,l‘ifl,T,tiJrl,--.,fn)dT
1

= DL f100).

Moreover, one can easily check that also variable order partial fractional integrals
and derivatievs are particular cases of operators K p,, Ap, and Bp,.
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Chapter 3
Fractional Calculus of Variations

Abstract We review a few main approaches to the fractional calculus of variations.

Keywords Calculus of variations - Fractional calculus of variations - Lagrangian -
Fractional Euler-Lagrange equations + Fractional embedding - Coherence problem

The calculus of variations is a beautiful and useful field of mathematics that deals with
the problems of determining extrema (maxima or minima) of functionals (Dacorogna
2004; Malinowska and Torres 2012, 2014). For the first time, serious attention of
scientists was directed to the variational calculus in 1696, when Johann Bernoulli
asked about the curve with specified endpoints, lying in a vertical plane, for which the
time taken by a material point sliding without friction and under gravity from one end
to the other is minimal. This problem gained interest of such scientists as Leibniz,
Newton, or L’Hopital and was called the brachistochrone problem. Afterward, a
student of Bernoulli, the brilliant Swiss mathematician Leonhard Euler, considered
the problem of finding a function extremizing (minimizing or maximizing) an integral

b
Ty = / F(y(n), y(@), 1) dt 3.1
a
subject to the boundary conditions
y(a) =ya and y(b) =yp (3.2)

with y € Cz([a, bl;R), a,b,ys, yp € R and F(u, v, t) satisfying some smooth-
ness properties. He proved that the curve y(#) must satisfy the following necessary
condition, so-called Euler—Lagrange equation:

M_i(w)zo (3.3)

ou dt ov

Solutions of Eq. (3.3) are usually called extremals. It is important to remark that the
calculus of variations is a very interesting topic because of its numerous applications

© The Author(s) 2015 23
A.B. Malinowska et al., Advanced Methods in the Fractional Calculus

of Variations, SpringerBriefs in Applied Sciences and Technology,

DOI 10.1007/978-3-319-14756-7_3



24 3 Fractional Calculus of Variations

in geometry and differential equations, in mechanics and physics, and in areas as
diverse as engineering, medicine, economics, and renewable resources (Clarke 2013).

In the next example, we give a simple application of the calculus of variations.
Precisely, we present the soap bubble problem, stated by Euler in 1744.

Example 3.1 (cf. Example 14.1 (Clarke 2013)) In the soap bubble problem we want
to find a surface of rotation, spanned by two concentric rings of radius A and B,
which has the minimum area. This wish is confirmed by experiment and is based on
d’ Alembert principle. In the sense of the calculus of variations, we can formulate
the soap bubble problem in the following way: we want to minimize the variational
functional

b

J(y) = / y(V/1+9(t)2dt  subjectto y(a) = A, y(b) = B.

a

This is a special case of problem (3.1) and (3.2) with F(u, v,t) = u~/1 + v2. Let
y(t) > 0, V¢. It is not difficult to verify that the Euler—Lagrange equation is given by

_1+50?

==

and its solution is the catenary curve given by

t
y(t) = kcosh( :c)’

where ¢, k are certain constants.

This book is devoted to the fractional calculus of variations and its generaliza-
tions. Therefore, in the next sections, we present the basic results of the noninteger
variational calculus. Let us precise, that along the work we will understand 0; F' as
the partial derivative of function F with respect to its ith argument.

3.1 Fractional Euler-Lagrange Equations

Within the years, several methods were proposed to solve mechanical problems
with nonconservative forces, e.g., Rayleigh dissipation function method, a technique
introducing an auxiliary coordinate or approaches including the microscopic details
of the dissipation directly in the Lagrangian. Although all mentioned methods are
correct, they are not as direct and simple as it is in the case of conservative systems.
In his notes from 1996-1997, Riewe presented a new approach to nonconservative
forces (Riewe 1996, 1997). He claimed that friction forces follow from Lagrangians
containing terms proportional to fractional derivatives. Precisely, fory : [a, b] — R”
and o;,3; € [0,1],i =1,...,N, j = 1,. .., N’, he considered the following
energy functional:
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b
TW = [F (D W10 .o DI IO DO -t D TIO. (o). )

a

with r, N, and N’ being natural numbers. Using the fractional variational principle
he obtained the following Euler—Lagrange equation:

N N’
DDy IO+ D oD [N F] + Onni F =0. (3.4)
i=1 i=1

Riewe illustrated his results through the classical problem of linear friction.

Example 3.2 (Riewe 1997) Let us consider the following Lagrangian:

1. 11\
F= Emyz — V) + 37 (an [y]) : (3.5)
where the first term in the sum represents kinetic energy, the second one represents
potential energy, the last one is linear friction energy, and i> = —1. Using (3.4), we
can obtain the Euler-Lagrange equation for a Lagrangian containing derivative of
order one and order %:

OF n D% OF d OF
oy bl T | T aron
Y 94D/ [y)] Y
which, in the case of Lagrangian (3.5), becomes

. . 1 L ov
mijj = —vi (tDl;2 Oan) [yl — a;y)-

In order to obtain the equation with linear friction, my + vy + %—Z = 0, Riewe
suggested considering an infinitesimal time interval, that is, the limiting case a — b,
while keeping a < b.

After the works of Riewe several authors contributed to the theory of the fractional
variational calculus. First, let us point out the approach discussed by Klimek (2005)
(see also Klimek (2001, 2002)). It was suggested to study symmetric fractional
derivatives of order o, 0 < o < 1, defined as follows:

«Df + =Dy

In contrast to the left and right fractional derivatives, operator D is symmetric for
the scalar product given by
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b
(flg) == / fHg) dt,

that is,
(D[ f1lg) = (fID"[g]),

where the f(¢#) denotes the complex conjugate of f(¢). With this notion for the
fractional derivative, for a; € (0,1) and y : [a,b] — R",i = 1,..., N, Klimek
considered the following action functional:

b
J ) =/F (DM@, .., DN [Yl(0), y(0), 1) dr. (3.6)

a

Using the fractional variational principle, she derived the Euler—Lagrange equation
given by

N
On1F+ D DU [9;F]=0. (3.7)
i=1

As an example, Klimek considered the variational functional

b

2
Tw = [ 2P0 =i (PH0)” - Vo ar

a

and, under appropriate assumptions, she arrived to the equation with linear friction:

my = oy VY- (3.8)

Another type of problems, containing Riemann—Liouville fractional derivatives,
was discussed by Klimek (2009):

b
J®) =/F(an”[y](t),---,a D™ [yl(0), y(0), 1) dr

a
and the Euler—Lagrange equation

N
On1F+ ) D) [0 F1=0, (3.9)

i=1

containing fractional derivatives of Caputo type, was obtained.



3.1 Fractional Euler—Lagrange Equations 27

The next examples are borrowed from Klimek (2009).

Example 3.3 (cf. Example 4.1.1 of (Klimek 2009)) Let 0 < o < 1 and y be a
minimizer of the functional

b

1
J @) =/§y(t)aD,a[y](t)dt.

a

Then y is a solution to the following Euler-Lagrange equation:

3 (D1 + £ D) =0,

Example 3.4 (cf. Example 4.1.2 of (Klimek 2009)) Let 0 < o < 1. The model
of harmonic oscillator, in the framework of classical mechanics, is connected to
an action

/ 1 2 w2 2
J @) =/[—§y (t)+?y (1) | dr, (3.10)

a
and is determined by the equation
Y +w?y =0. (3.11)

If in functional (3.10) instead of the derivative of order one we put a derivative of
fractional order «, then

b
1 2
Jy) = / [—5 (aDta[y](l))2 + %yz(f)} dr

and by (3.9) the Euler-Lagrange equation has the following form:
— DY [ D y1] + w?y = 0. (3.12)
If « — 17, then Eq.(3.12) reduces to (3.11). The proof of this fact, as well as

solutions to fractional harmonic oscillator equation (3.12), can be found in Klimek
(2009).

3.2 Fractional Embedding of Euler-Lagrange Equations

The notion of embedding introduced in Cresson and Darses (2007) is an algebraic
procedure providing an extension of classical differential equations over an arbitrary
vector space. This formalism is developed in the framework of stochastic processes
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(Cresson and Darses 2007), nondifferentiable functions (Cresson et al. 2009), and
fractional equations (Cresson 2007). The general scheme of embedding theories is
the following: (i) fix a vector space V and a mapping ¢ : C O(a, b1, R") — V; (ii)
extend differential operators over V; and (iii) extend the notion of integral over V.
Let (¢, D, J) be a given embedding formalism, where a linear operator D : V — V
takes place for a generalized derivative on V, and a linear operator J : V — R takes
place for a generalized integral on V. The embedding procedure gives two different
ways, a priori, to generalize Euler—Lagrange equations. The first (pure algebraic)
way is to make a direct embedding of the Euler-Lagrange equation. The second
(analytic) is to embed the Lagrangian functional associated to the equation and to
derive, by the associated calculus of variations, the Euler—Lagrange equation for the
embedded functional. A natural question is then the problem of coherence between
these two extensions:

Coherence Problem. Let (¢, D, J) be a given embedding formalism. Do we have
equivalence between the Euler—Lagrange equation which gives the direct embedding
and the one received from the embedded Lagrangian system?

As shown in the work (Cresson 2007) for standard fractional differential calculus,
the answer to the question above is known to be negative. To be more precise, let us
define the following operator first introduced in Cresson (2007).

Definition 3.5 (Fractional operator of order (c, 3)) Leta,b € R,a < band i € C.
We define the fractional operator of order (o, 3), with @« > 0 and § > 0, by

5 1 i
Dy = 3 [aDp = D]+ % [aDp + D] (3.13)
In particular, for « = 8 = 1 one has Dﬁl,jl = %. Moreover, for © = —i we

recover the left Riemann—Liouville fractional derivative of order o,
(1,5
D =aDy,
and for p = i the right Riemann-Liouville fractional derivative of order 3

o, 3
D' = _ID}()I'

]
Now, let us consider the following variational functional:

b

Tw = [ FO 0,00 dr

a

defined on the space of continuous functions such that , D;*[y] together with ,Df [y]
exist and y(a) = yq, y(b) = yp. Using the direct embedding procedure, the Euler—
Lagrange equation derived by Cresson is
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D [01F] = OoF. (3.14)

Using the fractional variational principle in derivation of the Euler-Lagrange equa-
tion, one has :

D [01F) = &oF. (3.15)
Readers can easily notice that, in general, there is a difference between Eqs. (3.14)
and (3.15), i.e., they are not coherent. Cresson claimed (Cresson 2007) that this lack
of coherence has the following sources:

e the set of variations in the method of variational principle is to large and therefore
it does not give correct answer; one should find the corresponding constraints for
the variations;

e there is a relation between lack of coherence and properties of the operator used
to generalize the classical derivative.

Let us observe that coherence between (3.14) and (3.15) is restored in the case when
« = 3 and p = 0. This type of coherence is called time reversible coherence. For a
deeper discussion of the subject, we refer the reader to Cresson (2007).

In this chapter, we presented few results of the fractional calculus of variations. A
comprehensive study of the subject can be found in the books (Almeida et al. 2015;
Klimek 2009; Malinowska and Torres 2012).
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Chapter 4
Standard Methods in Fractional Variational
Calculus

Abstract We investigate the problem of finding an admissible function giving a
minimum value to an integral functional that depends on an unknown function (or
functions) of one or several variables and its generalized fractional derivatives and/or
generalized fractional integrals. The appropriate Euler—Lagrange equations and nat-
ural boundary conditions are obtained. Moreover, Noether-type theorems (without
transformation of time) are presented.

Keywords Generalized fractional calculus of variations - Fractional integration
by parts - Isoperimetric problems - Natural boundary conditions - Fractional
Euler-Lagrange equations - Fractional Noether’s theorem

We make use of standard methods in the fractional calculus of variations (see, e.g.,
(Malinowska and Torres 2012)). Namely, by analogy to the classical variational
calculus (see, e.g., (Dacorogna 2004)), the approach that we call standard, is first
to prove Euler—Lagrange equations, find their solutions, and then to check if they
are minimizers (or maximizers). It is important to remark that standard methods
suffer an important disadvantage. Precisely, solvability of Euler—Lagrange equations
is assumed, which is not the case in direct methods that are going to be presented
later (see Chap.5). The results of this chapter were published in Odzijewicz (2013),
Odzijewicz et al. (2012a,b,c,d,e, 2013a,b, ¢), Odzijewicz and Torres (2011, 2012).

Before we describe briefly an arrangement of this chapter, we define the concept
of minimizer. Let (X, ||-||) be a normed linear space and Z be a functional defined
on a nonempty subset A of X. Moreover, let us introduce the following set: if y € A
and § > 0, then

Ns@) :={ye A:lly -yl <o}

is called neighborhood of ¢ in A.

Definition 4.1 Function y € A is called minimizer of Z if there exists a neighbor-
hood Nj(%) of  such that

() =Z(y), forall ye Ns(®).
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Note that any function 3y € N3(%) can be represented in a convenient way as a
perturbation of y. Precisely,

Vy e Ns(@), IneAo, y=g+hn bl <e,
where 0 < ¢ < Héﬂ and Ay is a suitable set of functions 7 such that
Ao={neX:y+hneA, |hl<e}.

We begin the chapter with Sect.4.1, where we prove generalized integration by
parts formula and boundedness of generalized fractional integral from L? (a, b; R)
to L9(a, b; R).

In Sect. 4.2, we consider the one-dimensional fundamental problem with general-
ized fractional operators and obtain an appropriate Euler—Lagrange equation. Then,
we prove that under some convexity assumptions on Lagrangian, every solution to
the Euler-Lagrange equation is automatically a solution to our problem. Moreover,
as corollaries, we obtain results for problems of the constant and variable order
fractional variational calculus and discuss some illustrative examples.

In Sect. 4.3, we study variational problems with free end points and besides Euler—
Lagrange equations we prove natural boundary conditions. As particular cases we
obtain natural boundary conditions for problems with constant and variable order
fractional operators.

Section4.4 is devoted to generalized fractional isoperimetric problems. We want
to find functions that minimize an integral functional subject to given boundary
conditions and isoperimetric constraints. We prove necessary optimality conditions
and, as corollaries, we obtain Euler—Lagrange equations for isoperimetric problems
with constant and variable order fractional operators. Furthermore, we illustrate our
results through several examples.

In Sect.4.5, we prove a generalized fractional counterpart of Noether’s theorem
without transformation of time. Assuming invariance of the functional, we prove
that any extremal must satisfy a certain generalized fractional equation. Correspond-
ing results are obtained for functionals with constant and variable order fractional
operators.

Section4.6 is dedicated to variational problems defined by the use of the gener-
alized fractional integral instead of the classical integral. We obtain Euler-Lagrange
equations and discuss several examples.

Finally, in Sect.4.7 we study multidimensional fractional variational problems
with generalized partial operators. We begin with the proofs of integration by parts
formulas for generalized partial fractional integrals and derivatives. Next, we use
these results to show Euler-Lagrange equations for the fundamental problem. More-
over, we prove a generalized fractional Dirichlet’s principle, a necessary optimality
condition for the isoperimetric problem and Noether’s theorem. We finish the chapter
with some conclusions.
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4.1 Properties of Generalized Fractional Integrals

This section is devoted to properties of generalized fractional operators. We begin
by proving in Sect.4.1.1 that the generalized fractional operator K p is bounded and
linear. Later, in Sect.4.1.2, we give integration by parts formulas for generalized
fractional integrals.

4.1.1 Boundedness of Generalized Fractional Operators

Along the work, we assume that 1| < p < oo and that ¢ is an adjoint of p, that
is, % + é = 1. Let us prove the following theorem yielding boundedness of the
generalized fractional integral K p from L?(a, b; R) to L9(a, b; R).

Theorem 4.2 Let us assume that k € L1(A; R). Then, Kp is a linear bounded
operator from LP (a, b; R) to L4 (a, b; R).

Proof The linearity is obvious. We will show that K p is bounded from L” (a, b; R)
to L9 (a, b; R). Considering only the first term of K p, let us prove that the following
inequality holds for any f € L?(a, b; R):

b| t q 1/q

/ / kD) f@dr| At < Wklleam 1l - @.1)

a a

Using Fubini’s theorem, we have k(f,-) € L9(a,t; R) for almost all ¢t € (a, b).
Then, applying Holder’s inequality, we have

1 q
t q t 7 t ?
/k(m)f(r)dr < /u-s(z,r)w ar /If(T)If’ ar
t
< / k(. D) dr 1 £19, 4.2)

for almostall r € (a, b). Hence, integrating Eq. (4.2) on the interval (a, b), we obtain
inequality (4.1). The proof is completed using the same strategy on the second term
in the definition of K p.

Corollary 4.3 If % < a < 1, then 41 is a linear bounded operator from
LP(a,b; R) to LY(a, b; R).
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Proof Let us denote k“(t,7) = ﬁ(t — 7=l For % < « < 1 there exists a
constant C € R such that for almost all ¢ € (a, b)

t
/ |k, m)|? dr < C. (4.3)

Integrating (4.3) on (a,b) we have k“(t,7) € L9(A;R). Therefore, applying
Theorem4.2 with P = (a, t, b, 1, 0) operator , /" is linear bounded from L” (a, b; R)
to L9(a, b; R).

Next result shows that with the use of Theorem 4.2, one can prove that the variable
order fractional integral is a linear bounded operator.

Corollary 4.4 Let o : A — [§, 1] with § > % Then alt“("') is a linear bounded
operator from L? (a, b; R) to L9 (a, b; R).

Proof Let us denote k(t, 7) = (t — 7)*“D=1/(a(t, T)). We just have to prove
that k& € L9(A, R) in order to use Theorem 4.2. Let us note that since « is with
values in [d, 1] with § > 0, then 1/(I" o @) is bounded. Hence, we have just to prove
that (I" o a)k® € L9(A, R). We have two different cases: b —a < land b —a > 1.

In the first case, for any (¢,7) € A,wehave 0 <t —7 <landg(d —1) > —1.
Then:

(I _a)Q(5—1)+1 - 1
gé6—D+1 ~g6—-D4+1"

t 1
/(t—T)q(a(t’T)_l)dTS/(I—T)Q((S_l)dTZ
a a

In the second case, for almost all (#,7) € AN (a,a + 1) x (a,b), we have 0 <
t — 7 < 1. Consequently, we conclude in the same way that:

1

1
T L D P e —
/ ( ) Tq0—-1+1
a

Still in the second case, for almost all (t,7) € AN (a + 1,b) x (a, b), we have
T<t—1lort—1<7 <t Then:

t t—1 t
/ (t _ 7—)‘](0&(1,7’)—1) dr = / ([ _ 7.)(](04(1,7’)—1) dr + / (Z _ T)q((y(l,T)—l) dr
a a t—1
<b-—a—-14+—7——.
qg(o—1)+1

Consequently, in any case, there exists a constant C € R such that for almost all
t € (a,b):
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t

/}k“(:, m|? dr < C. (4.4)

a

Finally, k“ € L9(A, R).

4.1.2 Generalized Fractional Integration by Parts

In this section we obtain a formula of integration by parts for the generalized fractional
calculus. Our results are particularly useful with respect to applications in dynamic
optimization, where the derivation of the Euler-Lagrange equations uses, as akey step
in the proof, integration by parts (see, e.g., the proof of Theorem 4.10 in Sect.4.2).

In our setting, integration by parts changes a given parameter set P into its dual
P*. The term duality comes from the fact that P** = P.

Definition 4.5 (Dual parameter set) Let P = (a, t, b, \, 1) be a given parameter
set. We denote by P* the parameter set P* = (a, t, b, u, \). We say that P* is the
dual of P.

Our first formula of fractional integration by parts involves the operator K p.

Theorem 4.6 Let us assume that k € L9(A; R). Then, the operator K px defined by

t b
Kp«[f1(1) ZM/k(I,T)f(T) dT—l—)\/k;(T, t)f(r)ydr 4.5)
a t

is a linear bounded operator from LP (a, b; R) to L9 (a, b; R). Moreover, the follow-
ing integration by parts formula holds:

b

b
/f(t)'KP[g](t)dt:/g(t)'KP*[f]([)dt’ (4.6)

a

forany f,g € LP(a, b; R).

Proof Using Theorem 4.2, we obtain that K p+ is a linear bounded operator from
LP(a, b; R) to L9(a, b; R). The second part is easily proved using Fubini’s theorem.
Indeed, considering only the first term of K p, the following equality holds for any
f,g € LP(a,b; R):

t

b b b
)\/f(t)-/k(t,T)g(T) drdt =)\/g(7')-/k(t,7')f(t) drdr.

a
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The proof is completed by using the same strategy on the second part of the definition
of K P.

The next example shows that one cannot relax the hypotheses of Theorem 4.6.

Example 4.7 Let P = (0,¢t,1,1,—1), f =g = 1,and k(¢,7) = 0’22;—72)2 Direct
calculations show that

1 t 1

2 _ 42
/KP“ -/ /amz)zd /m‘” &
0

1 1
//Wy o= =

0 0

and

1

1 T —t2
/KP*[I]dTZ/ /(t2+7—2)2 /v(l‘2 2)2 arfar
0 0

1
_ / 72— 2 dar) dar = / 1 dr — T
- TEE= el I i e
0o \0 0

Therefore, the integration by parts formula (4.6) does not hold. Observe that in this
case [} i k@, D)I? drdt = 0o

(=)

For the classical Riemann-Liouville fractional integrals, Theorem 4.6 gives the
following result.

Corollary 4.8 Let% <a<1.Iff,geLya,b;R), then

b

/g(t)~a1,“[f](t)dt Z/f(t) 1y [g1(0) dr. (4.7)

a

Proof Let k®(t, 7) = 55t — 1) I, Using the same reasoning as in the proof of
Corollary 4.3, one has ko‘ € L1(A; R). Therefore, (4.7) follows from (4.6).

Furthermore, Riemann-Liouville integrals of variable order satisfy the following
integration by parts formula:
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Corollary 4.9 Leta: A — [§, 1] withé > % andlet f, g € L,(a, b; R). Then

b

b
/ g@) - oI f10) de = / F@) - 127 [g1(0) dr. (4.8)

a

Proof Let k“(t,7) = m(t — 7)@®1D=1 Similarly as in the proof of Corol-

lary 4.4, for o : A — [§, 1] with § > % one has k¢ € LY(A; R). Therefore, (4.8)
follows from (4.6).

4.2 Fundamental Problem

For P = (a, t, b, \, i), let us consider the following functional:

Z: AWa-yp) — R (4.9)
b

y'—>/F(y(t),Kp[y](t),z)(t),Bp[y](t),t)dt,

where
AWas yp) = Iy e C'([a, bI; R) : y(@) = ya, y(b) = up,
Kplyl, Bplyl € C(la, b]; R) ¢,

y denotes the classical derivative of y, Kp is the generalized fractional integral
operator with kernel belonging to LY (A; R), Bp = Kpo %, and F is the Lagrangian
function of class C':

F: R* x [a,b] — R (4.10)
(x1, X2, X3, X4, 1) —> F(x1, X2, X3, X4, 1).

Moreover, we assume that

o Kp«[1 > L F(y(r), Kplyl(T), y(7), Bplyl(1), 7)] € C(la, b]; R),
o 1> O3F (y(1), Kplyl(t), (1), Bplyl(t), 1) € C'(la, b]; R),

o Kp+[T > O4F (y(r), Kplyl(7), (1), Bplyl(1), 7)] € C'([a, b]; R).

The next result gives a necessary optimality condition of Euler—Lagrange type for
the problem of finding a function minimizing functional (4.9).

Theorem 4.10 Lety € A(y,, yp) be a minimizer of functional (4.9). Then, y satisfies
the following Euler—Lagrange equation:
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d
T [03F () ()] + Aps [T > O4F (%) (M] ()
= O\F (%) (1) + Kp+ [T > O2F (%)) (M] (@), @.11)

where (x,) (1) = (y(), Kplyl(®), §(t), Brlyl(t), 1), fort € (a, b).
Proof Because iy € A(yq, yp) is a minimizer of (4.9), we have
I(y) = Z(y + hn),
for any |h| < ¢ and every 1 € A(0, 0). Let us define the following function:

5 -, el > R
h— Z(y + hn),

where

b
I(z?+h77)=/ F (o) +hn(@), Kpl§+hnl(@t), y(6) +hi(t), Bplj+hnl@), 1) dr.

a
Since ¢y, is of class C'on[—¢, ] and
Pyn(0) < @pp(h), |kl <e,

we deduce that d

/ _ - _

9,0 = TG +hp|  =0.
h=0

Hence, by the theorem of differentiation under an integral sign and by the chain rule,

we get

b
/ (O F () (1) - 1(0) + O F (x)(0) - Kplig] (8) + D5 F (x3)(0) - (1)
+O4F (x)(0) - BpInl(1)) dr = 0,
Finally, Theorem 4.6 yields
b
/ (OUF () (1) + Kps [r > 0 F(x) (] (1) - (1)

+ (O3 F () (1) + Kpe [7 > O4F (k) (D] (0)) - 1(1) dt = 0,
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and applying the classical integration by parts formula and the fundamental lemma
of the calculus of variations (see, e.g., (Gelfand and Fomin 2000)) we obtain the
validity of (4.11) along .

Remark 4.11 From now, in order to simplify the notation, for 7', S being fractional
operators we will write shortly

T [0 F(y(), Tlyl(7), (1), S[yl(1), 7)]

instead of

T[T+ O;F(y(r), Tyl(1), y(r), Slyl(n), D1, i=1,...,5.

Example 4.12 Let P = (0, ¢, 1, 1, 0). Consider the problem of minimizing the fol-

lowing functional:
1

I(y) = / (Kplyl(t) + 1) dr

0

subject to the given boundary conditions

1

y(0) = —1 andy(l):—l—/u(l—T)dT,
0

where the kernel k of K p is such that k(z, 7) = h(t — 7) with h € C'([0, 1]; R),
h(t) = 0fort < 0, h(0) = 1, and we can find M > 0 and p > 0 such that
|h(t)] < Me', t > 0. Here the resolvent u is related to the kernel & by u(t) =

L1 [#(Y) — 1] (1), h(s) = L[h](s), where £ and £~ are the direct and the inverse

Laplace operators, respectively. We apply Theorem 4.10 with Lagrangian F given
by F(x1, X2, X3, X4, 1) = (x2 + 1)?. Because

t

y(t) = —1 —/u(t —T7)dr

0

is the solution to the Volterra integral equation of the first kind (see, e.g., Eq. 16,
p.114 of Polyanin and Manzhirov (1998))

Kplylt) +1 =0,
it satisfies our generalized Euler—Lagrange equation (4.11), that is,

Kp«[Kp[yl(T) +7]1(1) =0, 1 € (a,b).
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In particular, for the kernel A(t — 7) = == and the boundary conditions y(0) =
—1, y(1) = —2, the solution is y(t) = —1 — 1.

Remark 4.13 (cf. Theorem 2.2.3 of van Brunt (2004)) If the functional (4.9) does
not depend on Kp and Bp, then Theorem 4.10 reduces to the classical result: if
yeC 2([a, b]; R) is a solution to the problem of minimizing the functional

b
I(y) = / F (y(t), y(1), 1) dt, subjectto y(a) = ya, y(b) = yp,

a

then g satisfies the Euler—Lagrange equation

. d .
O F (y(t), y(t), 1) — a@gF (y(),y(),t) =0, forall t € [a,b].

Remark 4.14 1In the particular case when functional (4.9) does not depend on the
integer derivative of function y, we obtain from Theorem 4.10 the following result:
if y € A(ya, yp) is a solution to the problem of minimizing the functional

b

I(y) = / F(y@), Kplyl(t), Bplyl(1), 1) dr,

a

subject to y(a) = y, and y(b) = yp, then necessarily

Ap+[O4F (y(7), Kp[yl(T), Bplyl(T), )] (1)
= O F (y(), Kplyl(®), Bplyl(®), 1)
+ Kp« [0 F (y(7), Kplyl(7), Bplyl(T), D] (1), 1 € (a,b).

This extends some of the recent results of Agrawal (2010).

Corollary 4.15 Let 0 < o < L and let Yy € Cl([a, b]; R) be a solution to the
problem of minimizing the functional
b
Z(y) =/ Fy(0). oI} =yl ). §(1). § DTyl ). 1) dt, (4.12)
a
subject to the boundary conditions y(a) = vy, and y(b) = yp, where

e FeC'(R* x [a,b]; R),
o functions t = O\ F(y(1), oI}~ “[y1(1), §(1), $ DR Tyl(0), 1),
dy [0 F (), 13~ WD), 97, § DYIYIT), 7)] are continuous on [a, b,
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o functions t — O3F (y(t), o1} *[y) (1), 9(t), E DOyI(2), 1),
tlhl—ﬂ [04F (y(T), o L1 72[y)(T), §(7), § D21YI(7), 7)] are continuously differen-
tiable on [a, b].

Then, the following holds:
d L iapay o _
= (0 F@O. o110, 50). D10 1))

= Df [ F @), 1), 50, § D21, ) | (1)

= O F (). ol 1710 y(0). & DY G (0). 1)

+0ft [ F ). 0. 5. S DL D (), 1 € (@),
(4.13)

Proof The intended Euler—Lagrange equation follows from (4.11) by choosing
P = (a,t,b,1,0) and the kernel k%(t,7) = 7)~%. Note that for

O<a< é,wehave k* e L1(A; R).

1
) (t —

In Example 4.16 we shall make use of the Mittag—Leffler function of one para-
meter. Let o > 0. We recall that the Mittag—Leffler function is defined by

k

> Z
En(z) = ; m,

where z € C. This function appears naturally in the solutions of fractional differential
equations, as a generalization of the exponential function (Camargo et al. 2009).
Indeed, while a linear ordinary differential equation with constant coefficients
presents an exponential function in its solution, in the fractional case the Mittag—
Leffler functions emerge (Kilbas et al. 2006).

Example 4.16 Let0 < a < qi. Consider the problem of minimizing the functional

1
I(y) = / U+ @0 +ED2ImI0 — 1) e (4.14)
0

subject to the following boundary conditions:

1

y(0) =0 and y(1) =/ Eia [—(1 —r)l—a] dr. (4.15)
0

Function F of Corollary 4.15 is given by

F(-xlax27-x37-x4a t) = \/1 + ('x3 + x4 — 1)2
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One can easily check that (see Kilbas et al. (2006) p. 324)

t

y(t):/ Ei I:—(I—T)l_a:l dr (4.16)

0

satisfies (t) + tha [y]1(r) = 1. Moreover, it satisfies

d y(0) + ¢ D lyl(®) — 1
dr . C na 2
J1+ (50 + DIyl — 1)

g C na _
_ po| @ +EDI@) — L

J1+ (500 + EDetylr) — 1)

for all + € (a,b). We conclude that (4.16) is a candidate function for giving a
minimum to problem (4.14) and (4.15).

Corollary 4.17 (cf. Agrawal 2007) Let 0 < @ < 5, 7 be the functional

b
Z(y) =/F(y(t),z)(t),ASD?[y](t)JrutCD?[y](t),t) dr, 4.17)

a

where X and p are real numbers, and y € Cl([a, b]; R) be a minimizer of 7 among
all functions satisfying boundary conditions y(a) = yq, y(b) = yp. Moreover, we
assume that
o FeC'Y(R3x[a,b];R),
o functionst — 02 F (y(1), §(1), A§ DAyl(t) + pE DEyl(), 1),
o1 [05F (y(1). 9(1), XS DLIyI(7) + pE DY Iyl(7). 7))
and ,Ibl @ [63F (y(T), (1), )\ng[y](T) + ufD?[y](T), T)] are continuously
differentiable on [a, b].

Then, y satisfies the Euler—Lagrange equation
A ng [83F (y(T), y(7), /\gD?[y](T) + MED;}[y](T), 7—)] (1)

+ aDf | 05F (3, 50, AS DI + pE DY) 7) | @)

+ OF (5. ) A S DF ) + D [y)(o). 1)
d

= (02F (0. 9O A DO + pE DI 1)) =0 @18)

forallt € (a,b).
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Proof Choose P = (a,t,b, A\, —u) and k“(t — 1) = ﬁ(r — 7)~%. Then, for

0 <« < L kernel k% isin LY (A; R), the operator Bp reduces to the sum of the left
and right 6aput0 fractional derivatives and (4.18) follows from (4.11).

Corollary 4.18 Let us consider the problem of minimizing a functional

b
1) = [ F (0ot 10 90.E0 i) & @19

a

subject to boundary conditions

y(a) =ya, yb) =y, (4.20)
where 57, o1 [y], DMyl € C(la, bl;R) and o : A — [0, 1 — 6] with
o > % Moreover, we assume that

o F e CYR* x [a, b],R),
o function 1}~ [0aF (yr), oLyl §r), S D21y, 7) | s con-
tinuous on [a, b],

o functions t = O5F (y(0), ol ")), 560, £ DF Lyl o). 1)

and (1, |4 F (500, ol 1y10), §0), § DI 1yl(r), 7) | are contin-
uously differentiable on [a, b].

Then, ify € Cl([a, b]; R) is a solution o problem (4.19) and (4.20), it necessarily
satisfies the Euler—Lagrange equation

aF (5.l "0, 50, DIyl 1)
d —a( . a(,:
= SO F (v ot 0. 90, § DF . )
+ oly " [0 (v, ol 1), 5@, EDE I, 7) | 0

+ Dy [04F (y(r), oL} 1), 50, £ D2, 7) | 0 = 0
4.21)

forallt € (a,b).

Proof Fora : A — [0,1 — §] with § > % we have that k*(t, 7) =
(t — 7)) s in L9(A; R). Therefore, from (4.11) follows (4.21).

1
I'(1—a(t,7))

In the next example () is a function defined on the interval [a, b] and taking
valuesintheset[0, 1 —d], where § > %.As before, we assume thata € C!([a, b]; R).
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Example 4.19 Consider the following problem:

b

2
2 — )l=a®
MOE / (Co i) +(a1}“<'>[y](r)— gﬁ(zi—)a(m) di — min,

a

yla) =&, yb) =¢,

for a given real £. Because J(y) > O for any function y and J(y) = O for the
admissible function y = ¢ (use relation (2.11) for v = 0, the linearity of operator
al,l_a(') , and the definition of left Caputo derivative of a variable fractional order),
we conclude that y is the global minimizer to the problem. It is straightforward to
check that y satisfies our variable order fractional Euler-Lagrange equation (4.21).

Next result gives a sufficient condition assuring that solution of (4.11) is indeed
minimizer of (4.9).

Theorem 4.20 Let y € A(yq,yp) satisfies (4.11) and (xy, x2, X3, X4) +—>
F(x1,x2, x3, x4, 1) be convex for every t € [a, b]. Then y is a minimizer of (4.9).

Proof Let us assume that § € A(y,, yp) satisfies Eq. (4.11) and that (x1, x2, x3, X4)
+—> F(x1, X2, X3, X4, t) is convex forevery ¢ € [a, b]. Then, foreveryy € A(y,, yp)
we have

b
Z(y) ZI(§)+/(31F~(y—Q) + O F - (Kplyl — KplyD

+ 03F - (§ — y) + 04 F - (Bplyl — Bply)) dt,

where 0; F are taken in (y, K p[y], g"/ Bplyl,t),i = 1, 2,3, 4. Having in mind that
y(a) —y(a) = y(b) — y(b) = 0, and using the classical integration by parts formula
as well as Theorem 4.6, one has

b
d
I(y) = Z(y) +/ (31F+KP*[32F] - a(asF) - AP*[(94F]) (y —ydr,

a

where, as before, 0; F are taken in (¢, K p[y], f/, Bplyl,t),i =1, 2, 3, 4. Finally, by
Euler—Lagrange equation (4.11), we have Z(y) > Z(y).
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4.3 Free Initial Boundary

Let us define the set
Ayp) = {y € C'(la, b; R) : y(a) is free, y(b) = yp,

Kplyl, Belyl € C([a, b]; R)],

and let iy be a minimizer of functional (4.9) on A(yp), i.e., now

T:Awp) — R (4.22)
b

Y /F(y(t), Kplyl(®), y(t), Bplyl(?), 1) dt.
Because
I(y) <Ly + hn),

for any |h| < € and every ) € A(0), we obtain as in the proof of Theorem 4.10 that

b
/ (O F (x) (1) + K p= [02F (x) ()] (1)) - 0(2)

+ (33F(*g)(t) ~+ K p» [84F(*g-,)(7')] (t)) -n(t)dr =0, Vne AQ),
where (x3)(t) = (y(1), Kplyl(t), jj(t), Bp[yl(t), t). Moreover, having in mind that
n(b) = 0 and using the classical integration by parts formula, we find that

b

/ (81F(*1})(t) + Kp+ [ F(x)(1)] (1)

a

d
~ (03F (x) (1) + K p+ [04F (x)(7)] (f))) () de

+ BF () (0) - (@), + Kpe [04F Gp)(D] @) - n(@)|, =0

for all n € A(0). Now, using the fundamental lemma of the calculus of variations
(see, e.g., (Gelfand and Fomin 2000)) and the fact that n(a) is arbitrary, we obtain

L0sF )] + Aps [04F ) (D] (1) = D1 F (x) (1) + K p= [ 02 F (x) (D] (1),
O3 F(x3) (1), + Kp+ [04F (k) (D)] ()], = 0.

We have just proved the following result.
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Theorem 4.21 If § € A(yp) is a solution to the problem of minimizing functional
(4.22) on the set A(yp), then iy satisfies the Euler—Lagrange equation (4.11). More-
over, the extra boundary condition

RF (D), + Kp= [04F x)(M] )|, =0 (4.23)

holds with (x3)(1) = (§(1), K p[§1(1), y(t), Bp[§1(2), 1).

Similarly as it is in the theory of the classical calculus of variations, we will call
(4.23) the generalized fractional natural boundary condition.

Corollary 4.22 (cf. Agrawal 2006) Let0 < o < ql and T be the functional given by

b

1) = [ £ (s0.£ {1y 1)

a

where F € CI(R2 x [a, b]; R), and altl_a [5‘2F (y(T),aC D2yl(r), ’7')] is contin-
uously differentiable on [a, b). If §j € C'([a, b]; R) is a minimizer of T among all
functions satisfying the boundary condition y(b) = yp, then y satisfies the Euler—

Lagrange equation
O F (yo).§ DEIYI). 1)+ Dy [2F (y(r).€ D2yl 7) [ 0 =0
forallt € (a, b), and the fractional natural boundary condition

=0

a

Ay [0oF (50).§ D2 ) [ @)

holds.

Proof Corollary 4.22 follows from Theorem 4.21 with P = (a,t,b,1,0) and
EO,T) = = =)

Corollary 4.23 Suppose that o : A — [0,1 — ], § > % and T is the functional
givenby (4.19). Ifij € C'([a, b]; R) is a minimizer to T satisfying boundary condition
y(b) = yp and being such that alll_”("') [y]1, gD,Q("')[y] € C([a, b]; R), then

o (50, ol =110, 5. E D10, 1)
d ) ey )
= 2 05F (0. ol " 150, G0, D715 0). 1)
+oly " [0 F (50, L1, 50, § DL, 7) | @

+:0y 7 [o4F (50), oL} 11, 57, E DI 1) 7) | 0 = 0
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forallt € (a,b), and the natural boundary condition
o F (5. ot~ 110, 50, £ PN 1) |

iy " [ (5. o}, ). DI 7) [ 0] =0

holds.
Proof Corollary 4.23 is an easy consequence of Theorem 4.21.

Remark 4.24 Observe that if the functional (4.22) is independent of the operator
K p, that is, we have the problem

b
/F(y(t), y(0), Bplyl(), 1) dt — min, y(b) = yp

a

(y(a) free), then the optimality conditions (4.11) and (4.23) reduce, respectively, to

. d .
NF (§(), y(0), Bpl§)(1), 1) — 53217 (@), y(@), Bp[gl(), 1)

— Ap+ [05F (§(7), y(r), Bplgl(r), 7)] (1) = 0

forall ¢ € (a, b), and

O F (5(0), (1), Bp[l(1). 1)|, + Kps [05F (5(7). y(7). Bp[§l(r), 7)] (1)], = 0.

4.4 Isoperimetric Problem

One of the earliest problems in geometry is the isoperimetric problem, already con-
sidered by the ancient Greeks. It consists to find, among all closed curves of a given
length, the one which encloses the maximum area. The general problem for which one
integral is to be given a fixed value, while another is to be made a maximum or a mini-
mum, is nowadays part of the calculus of variations (Giaquinta and Hildebrandt 2004;
van Brunt 2004). Such isoperimetric problems have found a broad class of important
applications throughout the centuries, with numerous useful implications in astron-
omy, geometry, algebra, analysis, and engineering (Blasjo 2005; Curtis 2004). For
recent advancements on the study of isoperimetric problems see Almeida and Tor-
res (2009a,b), Ferreira and Torres (2010) and references therein. Here we consider
isoperimetric problems with generalized fractional operators. Similarly to Sect. 4.2
and 4.3, we deal with integrands involving both the generalized Caputo fractional
derivative and the generalized fractional integral, as well as the classical derivative.
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Let P = {(a, t, b, A\, u). We define the following functional:

T AWa» yp) — R (4.24)
b
y— [Gy@), Kplyl®), (1), Bplyl(t), 1) dt,
a
where by y we understand the classical derivative of y, K p is the generalized frac-

tional integral operator with kernel belonging to L7(A; R), Bp = Kp o % and G is
a Lagrangian of class C!:

G: R* x [a,b] — R
(x1, x2, X3, x4, 1) —> G(x1, X2, X3, X4, [).

Moreover, we assume that

o Kp:[02G(y(r), Kplyl(7), y(7), Bplyl(r), )] € C(la, b]; R),
o 1 > %G (y), Kplyl®), §(1), Bplyl(1), 1) € C'([a, b]; R),
o Kpe[04G(y(r), Kplyl(T), §(7), Bplyl(1), 7)] € C'(la, b]; R).

The first problem in this section is to find a minimizer of functional (4.9) subject to
the isoperimetric constraint 7 (y) = £. In the next theorem, we provide a necessary
optimality condition for this type of problem.

Theorem 4.25 Suppose that y is a minimizer of functional I in the class

A Wa, yp) =y € Ala, yp) - T(y) =&} .

Then there exists a real constant \o, such that, for H = F — \oG, equality

T [03H () (D] + Ap« [04 H (x) (7)] (1)
= O H (%) (1) + Kp+ [02H (x) (1)) (1), (4.25)

t € (a, b), holds, provided that
d
[5G ] + Ap [G D] )
# 0G0 + Kpr [02G (x)(M)] (1), (4.26)

t € (a,b), where (x3)(1) = (§(1), Kp[§1(1), (1), Bp[§1(1), 1).

Proof By hypothesis (4.26) and the fundamental lemma of the calculus of variations
(see, e.g., (Gelfand and Fomin 2000)) we can choose 7, € A(0, 0) so that
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b
/ (G (x)(1) + K- [2G ) (M)] (1)) - 1)

+ (3G (@) + Kp+ [04G ) (D] (1)) - 1ip (1) dr = 1.
With this function 7, and an arbitrary 7; € A(0, 0), let us define functions

¢:[—er,e1]l x [—e2,2] — R
(h1, h2) — Z(y + him + hanp)

and
Yi[—er,e1]l x [—e2,62] — R
(hi, ho) — Ty + him + ham) — €.

Observe that (0, 0) = 0 and

O

b
| = / (OG0 + Kp+ [G )] (1)) - 1a(0)

0,0)

+ (3G (1) + Kp+ [04G () (D] (1)) - 12 (1) dt = 1.

According to the implicit function theorem we can find ¢g > 0 and a function
s € C1([—eo, £0]; R) with s(0) = 0 such that

Y(hy, s(h)) =0, Yhy € [—¢o, o]

which implies that § + A1m1 + s(h1)1n2 € Ac(Ya, yp). We also have

oy oy
4 == . §(h1) =0, Vh e[
T + iz s'(h1) =0, 1 € [—¢0, €0]
and hence P
5'(0) = o
oh1| .0,

Because y € A(yq, yp) is a minimizer of Z we have

#(0,0) < ¢(hy,s(hy)), Yhy € [—¢o,col

and then
99
Oohy

09

-5'(0) = 0.
(0’0) 8h2

0,0)

Letting Ao = 8%

0.0 be the Lagrange multiplier we find
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% o

— )Xo 0

(0,0)
or, in other words,

b

/ {[(OF o) (@) + Kps [02F () ()] (1)) - 11 (1) + (85 F (3) (1)

a

+Kps [04F (x)(M] @) - 11 (1) ]
X0 [(D1Gxp (@) + Kp+ [G ) (D] (1)) - mi (1)
+ (3G (1) + Kps [04G(x) (D] () 11 (0]} dr = 0.

Finally, applying one more time the fundamental lemma of the calculus of variations
we obtain (4.25).

Example 4.26 Let P = (0,1, 1, 1, 0). Consider the problem

1
I(y) = / (K plyl(t) +1)* dt —> min,
0

1

J) = /th[y](t) dr =¢,
0
1

yO) =Ly =E-1 1+/u(1—7)d7 ;

0

where the kernel & is such that k(z, 7) = h(t — 7) with h € C1([0, 1]: R), h(t) = 0
fort < 0, h(0) = 1, and we can find M > 0 and p > 0 such that |h(r)| < Me"",
t > 0. Moreover, we assume that Kp=[id](t) # O (notation id means identity
transformation, i.e., id(t) = t). Here the resolvent u is related to the kernel 4 in
the same way as in Example 4.12. Since Kp«[id](t) # 0, there is no solution to
the Euler—Lagrange equation for functional 7. The augmented Lagrangian H of
Theorem 4.25 is given by H (x1, x2,1) = (x2 + t)2 — Aotx». Function

t

y@)=¢—-1) 1+/u(t—7')d7'

0

is the solution to the Volterra integral equation of the first kind Kp[y](t) = (£ — 1)t
(see, e.g., Eq. 16, p. 114 of Polyanin and Manzhirov (1998)) and for A\ = 2¢ satisfies
our optimality condition (4.25):
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Kp«[2(Kplyl(r) + 1) = 2871 (1) = 0. (4.27)

The solution of (4.27) subject to the given boundary conditions depends on the
particular choice for the kernel. For example, let 2%(t — 7) = ¢““~™)_ Then the
solution of (4.27) subject to the boundary conditions y(0) = £ — 1 and y(1) =
E—D(1—a)isy(t) = (E—1)(1—at) (cf. p. 15 of Polyanin and Manzhirov (1998)).
If h“(t — 7) = cos (a(t — 7)), then the boundary conditions are y(0) = £ — 1 and
y(1) = (€ — 1) (14 a?/2), and the extremal is y(t) = (£ — 1) (1 + a??/2) (cf.
p- 46 of Polyanin and Manzhirov (1998)).

Borrowing different kernels from the book (Polyanin and Manzhirov 1998), many
other examples of dynamic optimization problems can be explicitly solved by appli-
cation of the results of this section.

As particular cases of our problem (4.9) and (4.24), one obtains previously studied
fractional isoperimetric problems with Caputo derivatives.

Corollary 4.27 (cf. (Odzijewiczetal.2012b)) Lety € Cl([a, b]; R) be a minimizer

to the functional
b

1) = [ F (s00.50.£ 071510 1)

a
subject to an isoperimetric constraint of the form

b

Jy) = / G (y(t), 9(1). S DY), t) dr = ¢,

a

and boundary conditions
Y@ =ya, y©b) =y,

where 0 < o < é, and functions F, G are such that

e F,G € C'(R? x [a, b]; R),

o 11> F (y(), y(), S D lyl(), 1), t = DG (y(1), (1), £ DPyl(), 1),
1[5 F (y(r), 9(), § DLIyl(r), 7)] and
,Ihl_a [83G (y(T), (1), ng [y](T), 7')] are continuously differentiable on [a, b].

If y is such that
. d .
016 (5. 0. § DN 1) = £ (926 (50). 500, § DY 0). 1))

+ D5 [95G (5. 5. DI 7) | ) # 0, (4.28)

then there exists a constant Ao such that y satisfies
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- - - d - = -
or (50,50, £ DY 1) = 3 (02 (500, 50). D70 1))

+:D5 [0 (). 7). DI, 7) | (1) = 0. (4.29)

with H =F — \G.
Proof The result follows from Theorem 4.25.

Example 4.28 Leta € (0, ‘17) and ¢ € R. Consider the following fractional isoperi-
metric problem:

1

2
I(y)=/(y(t)+ ng‘[y](z‘)) dt —> min
0
1

7w = [ (it + § D) dr = ¢ (4.30)

0

1
y(© =0, y(I) = / Eia (=0 =n'")¢dr.
0

In our example (4.30), the function H of Corollary 4.27 is given by

2
Hy®), 50, § DPylo, 0 = (50 + §DPIyI0) = do (500 +§ Dyl

One can easily check that function

t
y(1) =/ Ei_o (— (t —T)l—a)ng 4.31)
0

e is such that (4.28) holds;
e satisfies y(r) + gD,a[y](t) = £ (see, e.g., p- 328, Example 5.24 (Kilbas et al.
2000)).

Moreover, (4.31) satisfies the Euler—Lagrange equation (4.29) for A\g = 2¢, i.e.,
— = (2 (50 +§ DI = 26) + 07 [ (2 (900 + § DL ) = 2¢) | = 0.

We conclude that (4.31) is an extremal for the isoperimetric problem (4.30).
Let us consider two cases.

1. Choose £ = 1. When @ — 0 one gets from (4.30) the classical isoperimetric
problem



4.4 Isoperimetric Problem 53

I(y) = / @W(1) + y(1))* df —> min

1

1
T W) =/y(t)dt = (4.32)
0

1
y0) =0 y()=1--.
e

Our extremal (4.31) is then reduced to the classical extremal y(t) = 1 — e’ of
the isopenmetrlc problem (4.32).
2. Leta= 2 Then (4.30) gives the following fractional isoperimetric problem:

1

2
I(y)=/(y(t)+0D [y](t)) dt — min
0

1

J ) =/ (y(t) +§D7 [y](t)) = (4.33)
0
2
y0) =0 y(1)=¢& (erfc(l)e+ ﬁ - 1) ,

where erfc is the complementary error function defined by

erfc(z) = %/exp(—tz)dt.
Z

The extremal (4.31) for the particular fractional isoperimetric problem (4.33) is

y(t) = (e exrfo(/T) + «Tf ) 1)

Corollary 4.29 Let us consider the problem of minimizing functional (4.19) subject
to an isoperimetric constraint

b

T = / G (v0.at! ™10, 5. S DI 1) dr =€ @34)

a

and the boundary conditions

y(@) =ya, yb) =yp, (4.35)
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where i, o1}~ [y, ED* 1yl € C(la.b);R) and o : A — [0, 1 — 8] with
o > %. Moreover, we assume that

e G € C'(R* x [a, b]; R),

. ,Ib1 —a() [62G (y(T), alflfa("')[y](r), y(7), ng("') [y](7), T)] is continuous on
la, ],

o 11> 036 (y. ol IO, 50, DI, 1)

and, 1, [04G (y(0), o111y, 5, EDFy)(0), 7) | are contin-
uously differentiable on [a, b].

If § € C'([a, b]; R) is a solution to problem (4.19), (4.34) and (4.35), then there
exists a real number \o such that, for H = F — \oG, we have

Oy H — LOsH 4 1) 0y H) 4 D0y =0,
provided that
G — %agc + 18,61+, D046 £ 0.
Here, functions 0; H and 0;G, i = 1,2, 3, 4 are evaluated at
(500, =10, 3, D00, ).

Proof The result follows from Theorem 4.25.

Theorem 4.25 can be easily extended to r subsidiary conditions of integral type.
Let Gy, k=1, ..., r, be Lagrangians of class cl:

G : R* x [a,b] — R
(x1, x2, X3, x4, 1) —> Gp(x1, X2, X3, X4, 1).

and let

T AWasyp) — R (4.36)

b
y+— [Gry@), Kplyl(®), y(), Bplyl(t), 1) dr,

where g denotes the classical derivative of y, K p is the generalized fractional integral
operator with kernel belongingto L4 (A; R)and Bp = Kpo %. Moreover, we assume
that

o Kp«[0G(y(T), Kplyl(T), y(1), Bplyl(T), )] € C([a, b]; R),
o t > KGi(yt), Kplyl(t), y(t), Bplyl(t), 1) € C'(la, b]; R),
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o Kp+ [04Gi(y(T), Kp[yl(T), §(1), Bplyl(T), )] € C'([a, b]; R).
Suppose that £ = (&1, ..., &) and define

AcWar yp) =1y € AWa, yp) : Telyl =&, k=1,....7}.

Next theorem gives necessary optimality condition for a minimizer of functional 7
subject to r isoperimetric constraints.

Theorem 4.30 Let § be a minimizer of T in the class Ac(Ya, yp). If one can find
functions ny, ..., n, € A0, 0) such that the matrix A = (ay;), with

b
ap I=/ (1GL) (@) +Kp+ [RGrOp) (D] @) - mi(7)

+ (053G (1) + Kpx [04G i) (D] () - 11 (1) dt,

-
has rank equal tor, then there exist \1, ..., Ny € Rsuchthat, forH = F—Y_ \,G,

k=1
minimizer y satisfies

d
I [OsHp) ()] + Ap+ [0sHx)(T)] (1)
= O1H(xp)(1) + Kp+ [0 H(33) (D] (1), 1 € (a, b), (4.37)

where (x;) (1) = (§(t), K p[§1(t), y(1). Bp[§1(1). 1).
Proof Let us define

¢ [—eo,e0l X [—e1,e1] X -+ X [—&r, /] — R
(ho, b1y ..oy hy) V— Z(y + hono + hint + - -+ hyny)

and
Vit [—€0, €0l X [—e1,e1] x -« X [—&, &, ] > R
(ho, hi, ..., hy) = Ji(y + hono + him + -+ - + henp) — &k
Observe that ¢, 1}, are functions of class Cl([—ep.e0]l X -+ X [—&r,&-: R), A =

o
Oh;

functional Z, we have

0) and that ¢4(0,0,...,0) = 0. Moreover, because ¥ is a minimizer of

@, ...,0) < ¢(ho, hy, ..., hy).

From the classical multiplier theorem, there are Ay, ..., A\, € R such that
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,
Vér(0,....0)+ D \eV(0, ..., 0) =0. (4.38)

k=1
From (4.38), we can compute A, ..., A\, turning out to be independent of the choice

of no € A(0, 0). Finally, by the fundamental lemma of the calculus of variations, we
arrive to (4.37).

4.5 Noether’s Theorem

Emmy Noether’s classical work (Noether 1918) states that a conservation law in
variational mechanics follows whenever the Lagrangian function is invariant under a
one-parameter continuous group of transformations, that transform dependent and/or
independent variables. This result not only unifies conservation laws but also suggests
a way to discover new ones. In this section we consider variational problems that
depend on generalized fractional integrals and derivatives. Following the methods
used in Cresson (2007), Frederico and Torres (2008, 2010), Jost and Li-Jost (1998),
we apply Euler—Lagrange equations to formulate a generalized fractional version
of Noether’s theorem without transformation of time. We start by introducing the
notions of generalized fractional extremal and one-parameter family of infinitesimal
transformations.

Definition 4.31 A function y € C! ([a, b]; R) that is a solution to Eq.(4.11) with
Kplyl, Bplyl € C ([a, b]; R), is said to be a generalized fractional extremal.

We consider a one-parameter family of transformations of the formy = ¢ (6, t, ),
where ¢ is a map of class C?:

¢:[—e,e]l x[a,b] x R — R
0.1, y) — &0, 1, 9),

such that ¢(0, ¢, y) = y. Note that, using Taylor’s expansion of ¢(, t, y) in a neigh-
borhood of 0, one has

0
:0 = ¢(07 ts y) + Q%QS(O’ l9 y) + 0(0),

provided that 6 € [—¢, €]. Moreover, having in mind that ¢(0, ¢, y) = y and denoting
&t y) = Z¢(0,1,y), one has

U =y+05¢t y) +o(0), (4.39)
so that, for § € [—¢, €], the linear approximation to the transformation is

g~y + 08t y).
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Let y : [a,b] — R be given by y = y(¢). Then, for sufficiently small 6, the
transformation (4.39) carries the curve y = y(¢) into a family of curves §j = g(¢) =
¢(0, t, y(t)). Now, we introduce the notion of invariance.

Definition 4.32 We say that the Lagrangian F is invariant under the one-parameter
family of infinitesimal transformations (4.39), where ¢ is such that r — £(¢, y(1)) €
C' (la, b]; R) with K p [T+ &(7, y(T)], Bp [T = £(7, y()] € C ([a, b]; R) if

F (y@), Kp[yl®), y@), Bplyl(t),t) = F (z)(t), Kp[91(), 5(0), Bpl§1(2), t) ,
(4.40)

forall € [—¢,¢e],and all y € C! ([a, b]; R) with K p[y], Bply] € C ([a, b]; R).

In order to state Noether’s theorem in a compact form, we introduce the following
two bilinear operators:

D[f. g1 :=f-Ap<lg]l+g- Brlf], (4.41)
Ilf. 9] :==—f Kp:[gl+g-Kp[f]. (4.42)

Theorem 4.33 (Generalized Fractional Noether’s Theorem) Let F be invariant
under the one-parameter family of infinitesimal transformations (4.39). Then, for
every generalized fractional extremal, the following equality holds:

d
a (& y() - D3F () (1)) + D [£(, y (1)), O4F () (1) ]
+1[E@, y(1), HF(x)(1D] =0, 1€ (a,b), (4.43)

where (x)(t) = (y(1), Kplyl(®), y(t), Bplyl(®), 1).
Proof By Eq.(4.40) one has

:9[ (W) K p[91(0), §(1), Bp[91(0), t)]

0=0

The usual chain rule implies
d
81F(*y)(t) y(t) + 52F(*y)(t) Kp[y](t)

=0.
0=0

d
+53F(*y)(t) (t)+54F(*y)(t) BP[y](t)

By linearity of K p, Bp differentiating with respect to 4, and putting § = 0, we have
ONF (xy) (1) - £(, y(t)) + O F (%) (1) - KplT = &(7, y(T)1(1)

+ O3 F (3, (1) - f(l Y(1)) + 04 F (%)) (1) - Bp[T > &(7, y(7)](1) = 0.
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Now, using the generalized Euler—Lagrange equation (4.11) and formulas (4.41) and
(4.42), one arrives to (4.43).

Example 4.34 Let P = (a,t,b,\, ) and y € C!([a,b];R) with Bp[y] €
C ([a, b]; R). Consider Lagrangian F (Bp[y](t), t) and transformations

7)) = y() + ec + o(e), (4.44)
where c is a constant. Then, we have
F (Bplyl(t), 1) = F (Bp[91(1). 1) .

Therefore, F is invariant under (4.44) and the generalized fractional Noether’s the-
orem indicates that

Ap=[OVF (Bplyl(T), DI(t) =0, 1€ (a,b), (4.45)

along any generalized fractional extremal y. Notice that Eq. (4.45) can be written in
the form

d
I (Kp«[O1F (Bplyl(T), T1(1)) =0, (4.46)

that is, quantity K p«[01F (Bp[y](7), 7)] is conserved along all generalized frac-
tional extremals and this quantity, following the classical approach, can be called a
generalized fractional constant of motion.

Similarly to previous sections, one can obtain from Theorem 4.33 results regarding
to constant and variable order fractional integrals and derivatives.

Corollary 4.35 If for any y € C'([a, b; R) the following equality is satisfied
F (40, 50, AEDFIIO) + € DY Ly)0). 1)
= F (50, 50, ASDPIGIO + nE D110 1)

where § is the family (4.39), then we have
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& (60 v - oF (50, 50X DRI + € DRI, 1))
— €.y - (MD [ F (v, 50 AE DI + DRIyl 7) | 0
+ 1aDf [05F () 5. A D) + i DY) ) | 1)
+ 05 F (y(0), 50, A§ DIYIW) + 1 DY), 1)

(A DRI DI + 1€ DRIEE y(DID)) =0

along all solutions of the Euler—Lagrange equation (4.18).

Proof Corollary 4.35 is a simple consequence of Theorem 4.33.

Corollary 4.36 Lety € C'([a, b]; R) with o1 *"[y], S DM [y] € C(la, b]; R)
and suppose that

F (v, ot 1@, 50, £ D7 o, 1)
= F (500, ot~ 13100, 500, § D110, 1)
where 7 is the family (4.39) such that t +— &£(t,y(t)) € Cl([a, b]; R) and

oA T o Gy SO > & y()] € Clla, bl R). Then all
solutions of the Euler—Lagrange equation (4.21) must satisfy

d —af-,- 5 al-,-

@ (f(l‘, y(@)) - B F (y(t), A @), 50, EDI @), t))
=€ y) - Dy [0 (v, 1Ly, 5, EDE e 7) | @)
+ O F (y(0), o)~ 0. 50, S D10 1) - DTyl

=€ y) - o1y [0 F (y), I, G0, § D). 7) | (1)
+ 02 F (y(0), ol "0, 50, £ DLyl 1)
-l L y@)0) =0,

t e (a,b).

Proof Corollary 4.36 can be easily obtained from Theorem 4.33.
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Corollary 4.37 Suppose thaty € C'([a, b]; R) and for family (4.39) one has
F(y(0), o1 Tyl®). 9(0), § DAy, 1) dt
= F((0), o[} “[910), 5(0), § DL 1G1(0), 1).

Then
d -« . C pa
= (8 v - PG ) W0 50, £ DF 0. 1)

— &, y(0) - DI F (y(7), o1}~ [yl(7), §(7), £ DETyI(7), 7]

+ O4F (y(1). o1 y1(®)., §(1). S DR yl(@), 1) - S DFLE(T, y(7))]

— &t y0) - 1y [ F (y(r), oI Ty)(r), §(7). § DLy (r). 7)]

+ 02 F (y(1). o1 Tyl ®), §(0), S DR Y1), 1) - o} O [E(T, y(1)] = 0
along any solution of the Euler—Lagrange equation (4.13).

Proof Corollary 4.37 can be easily obtained from Theorem 4.33.

4.6 Variational Calculus in Terms of a Generalized Integral

In this section, we develop a generalized fractional calculus of variations, by consid-
ering very general problems, where the classical integrals are substituted by general-
ized fractional integrals, and the Lagrangians depend not only on classical derivatives
but also on generalized fractional operators. By choosing particular operators and
kernels, one obtains some results available in the literature of mathematical physics
(Herrera et al. 1986).

LetR = {a,b,b,1,0), P = (a,t,b, \, u) and consider the problem of finding a
function y that gives minimum value to the functional

T:AWa yp) — R (4.47)
y—> Kr[Fy®), Kplyl(®), y(t), Bplyl@), )] (D),

where K g and K p are generalized fractional integrals with kernels k(x, ) and a(z, 7),
respectively, being elements of LY(A; R), Bp = Kp o % and F is a Lagrangian of
class C':
F R*x [a,b] — R
(x1,x2, X3, X4, 1) —> F(x1, X2, X3, X4, 1).
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Moreover, we assume that

1 kb, 1) - O1F(y(r), Kplyl(®), y(t), Bplyl(t), 1) € C([a, b]; R),
Kp« [k(b, )2 F (y(7), Kplyl(7), y(7), Bplyl(7), )] € C(la, b]; R),
t > kb, 1) - B3 F (Y1), Kplyl®), y(1), Bplyl(®), 1) € C'([a, b]; R),
Kps [k(b, T)04F (y(7), K plyl(7), (1), Bplyl(r), )] € C'([a, b]; R).

Theorem 4.38 Ify € A(yq, yp) is a minimizer of functional (4.47), then y satisfies
the generalized Euler—Lagrange equation

d
k(b, 1) - O F (%) (1) — o (O3F (x) (1) - k(b 1))

— Ap+ [k(b, T) - 04 F (x)(1)] (1)
+ Kps [k(b, 7) - 02 F (x)(1)] (1) =0, 1 € (a, b), (4.48)

where (xy) = (y(t), Kp[yl(t), y(1), Bp[yl(®), 1).
Proof One can prove Theorem 4.38 in a similar way as Theorem 4.10.

Example 4.39 Let R = (0,1,1,1,0),and P = (0,1, 1, 1, 0). Consider the follow-
ing problem:

J ) = Kg [zKp[y](r) +4/1—(Kp [y](r))Z] (1) —> min,

1
V2 1
v =1,y = Y+ [ut = ——ar.
0 (1+72)2
with kernel A such that h(r, 7) = [(t — 1), € C'([0,1]:R), I(r) = O fort < 0,
1(0) = 1, and we can find M > 0 and p > 0 such that |I[(r)] < Me”, r > 0.

Here, the resolvent u(t) is related to the kernel /(¢) by u(t) = £~} [A—I-L—) — 1] (1),
I(s) = LI[I(#)](s), where £ and £~! are the direct and the inverse Laplace
operators, respectively. We apply Theorem 4.38 with Lagrangian F given by

F(x1,x2,x3,x4,t) =txp+ /1 — x%. Because

t

1 1
yit) = ——~ +/u(t —7)—————dr
(1+2)2 (1+72)2

is the solution to the Volterra integral equation of first kind (see, e.g., Eq. 16, p. 114
of Polyanin and Manzhirov (1998))

1+ 12

Kplyl) = =5

)
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it satisfies our generalized Euler—Lagrange equation (4.48), that is,

—Kplyl(T)

V1= (Kplyl(m))?

In particular, for the kernel / bt — 1) = cosh(B(t — 7)), the boundary conditions

are y(0) = 1 and y(1) = 1 + 521 — V/2), and the solution is y(t) = 12 3
(1+12)2

Kp* k}(l,T)

+7] (@ =0.

3% (1 -1+ t2) (cf. p. 22 in Polyanin and Manzhirov (1998)).

Follows a direct corollary of Theorem 4.38.

Corollary 4.40 Ifij € C' ([a, b]; R) is a solution to the problem of minimizing

Tw =g [F (v0. 50, $D/ w1 0.1) | @),
subject to the boundary conditions

y(@a) = ya, yb) = yp,

where «, 3 € (0, %), FeC? (R3 X [a, b]; R), then

o (300, 50, €D/ 11 0. 1) - b=

d

& (2F (50,500, S0/ . 1) - 6 = )

+0) [0 =0 F (5. 5, ED2 (), 7) | =0, 1 € (a, b,

If the Lagrangian of functional (4.47) does not depend on generalized fractional
operators B and K , then Theorem 4.38 gives the following result: ify € C 1 ([a, b]; R)
is a solution to the problem of extremizing

b
Z(y) =/F(y(t),z)(t),t)k(b,t)dt (4.49)

a

subject to y(a) = y, and y(b) = yp, then
. d .
OF (@), 9@). 1) — -0 F (), y(1). 1)

1 d .
= m . (Ek(b’ t)) O F (yt),y(),t). (4.50)
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We recognize on the right-hand side of (4.50) the generalized weak dissipative
parameter

: ik(b, 1).

W=t @

Now, let us consider an example of Lagrangian associated to functional (4.49).

Example 4.41 Let us consider kernel k®(b, 1) = ¢*’~ and the Lagrangian

1
L (y(), 9(t), 1) = Em;fm — V(y()),

where V (y) is the potential energy and m stands for mass. The Euler-Lagrange
equation (4.50) gives the following second-order ordinary differential equation:

1
Y —ay@) = —ZV’(y(t)). (4.51)

Equation (4.51) coincides with (14) of Herrera et al. (1986), obtained by modification
of Hamilton’s principle.

Example 4.42 Let us consider the Caldirola—Kanai Lagrangian

.2 2
ve wzy—(t)) , (4.52)

Ly, y@),t) =m() ( > >

which describes a dynamical oscillatory system with exponentially increasing time-
dependent mass, where w is the frequency and m (r) = moe e = rge, mg =
moe~7?. Using our generalized Euler-Lagrange equation (4.50) with kernel k(b, 1)
to Lagrangian (4.52), we obtain

(1) + (6(0) +7) 9(0) + wy(t) = 0.

4.7 Generalized Variational Calculus of Several Variables

Variational problems with functionals depending on several variables arise, for exam-
ple, in mechanics problems, which involve systems with infinite number of degrees
of freedom, like a vibrating elastic solid. Fractional variational problems involving
multiple integrals have been already studied in different contexts. We can mention
here Almeida et al. (2010), Baleanu and Muslih (2005), Cresson (2007), Odzijewicz
and Torres (2011), where the multidimensional fractional Euler—Lagrange equations
for a field were obtained, or Malinowska (2012, 2013) where first and second frac-
tional Noether-type theorems are proved. In this section, we present a more general
approach to the subject by considering functionals depending on generalized frac-
tional operators.
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4.7.1 Multidimensional Generalized Fractional
Integration by Parts

In this section, it is of our interest to obtain integration by parts formula for general-
ized fractional operators. We shall denote a point in £2,, by t = (#1, ..., t,), where
2, = (a1, b1) x---x(ay, by),andbydr = dty, ..., dt,. Throughout this subsection
i €{l,...,n}is arbitrary but fixed.

Theorem 4.43 Let P; = (a;, t;, b;, \i, 1) be the parameter set and let K p, be the
generalized partial fractional integral with k; being a difference kernel such that
ki € L](O,b,- —ai;R.Iff:R" > Randn:R" > R, f,n e C(f)n;R), then
the generalized partial fractional integrals satisfy the following identity:

/ F@) - Kp () dr = / 0() - Kpel £1(0) dr,
2,

2,
where P} is the dual of P;.

Proof Let P; = (a;, t;, b, \i, jii) and f, 7, € C (£2,; R). Since f and 7, are con-
tinuous functions on (_2,,, they are bounded on 2., i.e;, there exist real numbers
C,D > Osuchthat |f(¢)] < C, |n@®)| < D, forall t € £2,. Therefore,

1
/ /|A,-k,-(r,- DOl s st T gt e )] dT

2, \a;
b;
+/|uiki(7—ti)|~If(t)l-In(tl,-.-,ti_l,T,ti+1,-..,tn)| dr | dt
t

1 b;
§C~D/ /|Aiki<ri—7)| dT+/|u,~ki<T—t,->|dT ar
2, \di 1

<D (il + M) ||/~z,»||L1(0,b,._a,.;R)/ di
2,

n

= C D (il + N D Wkill 210y —ar ) - | [ i — @) < 00

i=1

Hence, we can use Fubini’s theorem to change the order of integration in the iterated
integrals:
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/f(t) - Kp,[n](@)dty, ..., dn

2,

t
= / Al / f(t)kl(tl - T)T](tls IR ] ti—lv Tv tl+1’ ey tl‘l)dT
ai

2y

b;
+:ul/f(t)kl(T_tl)n(tl’"'5t17]a7—7 ti+1,-~-7tn)d7' dt}’h""dtl

li

b;
=/ Ai/f(t)ki(ti_T)n(tl,u-,ti7],7'7ti+l,-'-»tn)dti

2,
.

-HM/f(l)k?i(T—fi)n(tl,-~.,ti—1,T, tigl, ..., ty)dt;
a;

x dt,, ..., dt;_1 delH_], ..., dy

b;
:/77([17--~»ti—ly7'ati+l»~--7tn) Ai/f(f)ki(li—T)dti
T

Qn

N
+,Ui/f(t)ki(7'_ti)dti dt,,...,dt;i_drdfiyq, ..., dy

= /n(t) . Kpi*[f](t)dtn,...,dtl.
2y

As corollaries, we obtain the following integration by parts formulas for constant
and variable order fractional integrals.

Corollary 4.44 Let 0 < o; < 1, and let f : R*" — R, n : R" — R be such that
f,n € C(82,; R). Then the following formula holds:

/f(t)-a,-lt?i[n](t)dt=/77(t)~z,-12i[f](l)dt- (4.53)
2 2,

Corollary 4.45 Suppose that o : [0_, bi —a;] — [0,1], and that f : R* — R,
n:R" — R are such that f,n € C(82,; R). Then,

/ F@O o 1O @) de = / () - 17 OLF1) de. (4.54)

-Qn Q'l
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Theorem 4.46 (Generalized Fractional Integration by Parts for Several Variables)

Let P = (a;, t;, b, \i, ii) be the parameter set and f,n € C! (Qn; R). Moreover,

let Bp, = % o Kp,, where Kp, is the generalized partial fractional integral with

difference kernel, i.e., ki = ki (t; —T) such that k; € L1(0, b; —a;; R), and Kpi*[f] €
C! (!_2,,; R). Then

/f(t)-BP,-[U](t)dIZ / (@) - Kps[ f1) - v/ d(af?n)—/U(l)-Api*[f](t)dt,
2,

202, 2

where V' is the outward pointing unit normal to 0$2,,.

Proof By the definition of generalized partial Caputo fractional derivative,
Theorem 4.43, and the standard integration by parts formula (see, e.g., (Evans 2010))
one has

0 0
/ £ Bpnl()dr = / f@) - Kp, [a—ﬂ (1) dr = / O Kpel f10) dr
2,

ot i
2, 2y

; 0
= / 0@ - KpLf10) - ! d(aﬂn)—/n(t)'8—Kp,.*[f](l)dt

ti
a~Qn -Qn
= / () - Kp:[ 1) - v d(©82,) — / n(t) - Aps[f1(r) dr.
02, 2

Next corollaries present multidimensional integration by parts formulas for con-
stant and variable order fractional derivatives.

Corollary 4.47 If0 < «; < 1, functions f : R" — Randn : R* — R are such
that f.n € C'(2x: R) and I, “'[f] € C'(2,; R), then

/ f@) - & D @) de = / () - I, L1 v d(082)
Qn

082,
+ / 0@ DA dr,
$2n

Corollary 4.48 Ifa; : [0, bij—a;] — [0, 1], functions f : R" — Randn : R" — R
are such that f.n € C'(2,:R) and , 1," [ f] € C'(2,: R), then
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/ £ -$DY i) dr
§2n

= / n(@) -1, VA1) v d082) + / () -, Dy O f 1) dr.

082, 2

4.7.2 Fundamental Problem

In this subsection, we use the notion of generalized fractional gradient.

Definition 449 Letn € Nand P = (Py,..., Py), Pi = {(aj,t,b;, A\, pi). We
define the generalized fractional gradient of a function f : R* — R with respect to
the generalized fractional operator 7' by

Vil f1:=D " ei - Tplf],
i=1

where {¢; : i = 1, ..., n} denotes the standard basis in R”".

For n € N let us assume that P; = (a;, t;, b;, A\j, i) and P = (P, ..., Py),
y: R" - R, and ¢ : 02, — R is a given function. Consider the following
functional:

T:A4C) — R (4.55)
y+— [ F(y(), Vk,lyl@), VIyl(®), Vs, [yl(?), 1) dt
2

n

where
AQ ={y e '@ R) < ylog, =C. Knlyl, Brlyl € C(@iR)i=1,....n},

V denotes the classical gradient operator, Vg, and Vp, are generalized fractional
gradient operators such that K p, is the generalized partial fractional integral with the
kernel k; = ki(t; — 7), k; € LY(0,b; — a;; R), and Bp, is the generalized partial
fractional derivative of Caputo type satisfying Bp, = Kp, o 3%, fori =1,...,n.

Moreover, we assume that F is a Lagrangian of class C:

F: RxR"x0Q2,—R
(x1, X2, X3, X4, 1) —> F(x1, X2, X3, X4, 1),

and
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o Kp+ [014: F(y(1), Vi, [yl(7), VIYI(T), Vi, lyl(T), )] € C(*_Qn; R),
o 1= Oiynyi F(y(1), Vi, [yl(0), VIyl(©), Ve, [yl(1), 1) € C'(2,: R),
o Kpr [014204i F (1), Vi, [yl(7), VIyl(7), VB, [y](T), 1)] € C (2,5 R),

wherei =1, ...,n.

The following theorem states that if a function minimizes functional (4.55), then
it necessarily must satisfy (4.56). This means that Eq. (4.56) determines candidates
to solve the problem of minimizing functional (4.55).

Theorem 4.50 Suppose that y € A(C) is a minimizer of (4.55). Then, y satisfies
the following generalized Euler—Lagrange equation:

" 0
O F(x) (1) + Z(KP;* [O14i F () (T)](2) — v (81+n+iF(*y)(t))
i=1 !

— Apx [al+2n+iF(*y)(T)](t)) =0, 1€, (4506

where (%) (1) = (y(1), Vi, [yl(1), VIyl(1), VB, [y](@), ).

Proof Let y € A(¢) be a minimizer of (4.55). Then, for any |h| < € and every
n € A(0), it satisfies

I(y) <I(y+hn.
Now, let us define the following function:

Oy l—e. el — R
h +— Z(y + hn),

where

L(y+hn) = / F Q@) +hn(), Viply+hnl@), VIy+hnl@), Ve, [y+hnl(2), 1) dr.
§2n

Because ¢35, € Cl([—s, €]; R) and
(b;t_/,r/(()) =< (b;t_/,n(h), |h| < e,

one has

d
L0y = —ZI(j+h =0.
P40 = LY+ hm) .

Moreover, using the chain rule, we obtain



4.7 Generalized Variational Calculus of Several Variables 69

/ alm,@)(r)-n(t>+z(al+iF<*g)(r> K pI0I@) + Orengi Fxp) (1) - @
i=1

1

+ O142n+i F (x7)(?) - Bp, [U](t)) dr =0.

Finally, Theorem 4.43 implies that

/ (al Foq)(t) + > Kpe [0141F () (0] (r)) (0)
i=1

n

Z 0
+ Z(al+n+iF(*g7)(t) T Kpe [0 Fo) ()] (r)) 20 4 =0
i=1 i

and by the classical integration by parts formula (see, e.g., (Evans 2010)) and the fun-
damental lemma of the calculus of variations (see, e.g., Theorem 1.24 of (Dacorogna
2004)), we arrive to the validity of (4.56) along y.

Example 4.51 Consider a motion of medium whose displacement is described as a
scalar function y(t, x), where x = (x!, x2). For example, this function may represent
the transverse displacement of a membrane. Suppose that the kinetic energy 7 and
the potential energy V of the medium are given by

T(ay(t X)) / x )(ay(t X))

Vi) = / k(o) [VTy1( 012 dx,

where p(x) is the mass density and k(x) is the stiffness, both assumed positive. Then,
the classical action functional is

1 Ay(t, x)\?
() = 5 / (p(x)( ygt x)) — k(x) ||V[y]<r,x>||2) dxdr.
2

We shall illustrate what are the Euler-Lagrange equations when the Lagrangian
density depends on generalized fractional derivatives. When we have the Lagrangian
with the kinetic term depending on the operator Bp,, with P; = (ay, ¢, b1, A, i),
then the fractional action functional has the form

1
2) = 5 [ [p0) (Br i)’ = ke 19101 0] dxdr. @57)

23
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The generalized fractional Euler-Lagrange equation satisfied by an extremal of
(4.57) is —p(x)Apl* [BPI [y](T, s)] (t,x) — V[k(s)V[yl(T,s)] (t,x) = 0. If p and
k are constants, then equation Ap]* [Bp1 [y]1(, s)] (1, x) — 2 Alyl(t, x) = 0, where
¢? = k/p, can be called the generalized time-fractional wave equation. Now assume
that the kinetic energy and the potential energy depend on Bp, and Vp, operators,
respectively, where P = (P», P3). Then, the action functional for the system has the
form

1 2 2
1) = 5 [ [p(Bat¢.0) = K[t axar. @ss)
23
The generalized fractional Euler—Lagrange equation of (4.58) is

’%

—pAp: [Br[y(r. )] (t1.x) + > Ape [k()Bp, [y1(r. )] (1, ) = 0.
i=2

If p and k are constants, then

3
Apy [Bp] [y1(T, s)] (t, x) — c* (Z Aps [BPi [yl(T, S)] (, x)) =0

i=2
can be called the generalized space- and time-fractional wave equation.
Corollary 4.52 Let o = (aq,...,ay) € (0,1)" and let ij € C'(2,;R) be a

minimizer of the functional

I(y)=/F(y(t),Vll—a[y](t),V[y](t),Voa[y](t),t) dr (4.59)
$2n

satisfying
y(log, = <), (4.60)

where ( : 082, — R is a given function,

n n

1—a; C N

Vilca = E e; 'ailt,- ', Vpo = E e .(lth[l’
i=1 i=1

F is of class C" and

. t[hli_ai [014i F (y(), Vi-alyl(T), VIyI(7), Vpalyl(1), T)] is continuous on $2,,
o 81+n4_r,-F(y(t), Vi—alyl(®), VIyl(t), Vpalyl(t), t) is continuously differen-
tiable on $2,,
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o Iy " [Ors2nsi FY(T), Vyimalyl(r). VIYI(r). Vipalyl(r), 7)] is continuously
differentiable on $2,.

Then, y satisfies the following fractional Euler—Lagrange equation, t € §2,:

OF (y(1), Vi-alyl(®), VIyl(@), Vpalyl(®), )

+ Z(zlblia" [014: F (y(7), V1-aly(7), VIYI(T), Valyl(T), T)] (1)
i=1

0
~ 50 (O14n+i F(y(@), Vii—alyl(0), VIyl(®), Vpalyl (), 1))

+ 4Dy [014204i F(y(7), Vyi-alyl(7), VIyl(7), Vpalyl(r), 7)] (t)) =0.
(4.61)

Corollary 4.53 Fori =1, ..., n, suppose that o; : [0, b; — a;] — [0, 1]. Let
n n
I Zei . ailt,l-_ai(.)’ Vp = Zei . g’_D;‘_'i(-).
i=1 i=1
Ifj € C1(82,; R) minimizes the functional
I(y) = / F(y(), Vilyl(@), VIyl(@), Vplyl@), ) dt (4.62)

2,

subject to the boundary condition y(t)|yg, = ((t), where ¢ : 052, — R is a given
Sfunction, 4, I,}_a"(')[y], giD;f"(') € C(£2,:R), Fis of class C' and

° 1;,11._04"(') [014i F (y(). Vi[y)(D), VIyl(), Vplyl(1), 7)] is continuous on $2,,
'3 r—>_81+n+,-F(y(t), Vilyl@), VIyl(@), Vplyl(?), t) is continuously differentiable
on 2y,

° I[J;a"(') [31+2n+iF(y(7'), Vilyl(r), VIyl(7), Vplyl(1), 7')] is continuously dif-
ferentiable on $2,,

then y satisfies the following equation int € §2,:
OF (y(0), Vilyl(0), VIyl@), Vplyl@), 1)

+ Z(z,- 1, [014: F(y(r). Vi [y1(r). VIyl(D), Voplyl(r). 1] (1)

i=1

0
~ o Or4n+i F (y(0), Vilyl(0), VIyl@), Vplyl @), 1))

+ 4 Dy (9142041 F (), Vi [y)(1). VIYI(T). Vplyl(r). 7)] (r)) =0.
(4.63)
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Theorem 4.54 Suppose that ij € A(C) satisfies (4.56) and function
(x1, X2, X3, x4) = F(x1, x2, X3, X4, 1)

is convex for every t € 2. Then, i is a minimizer of functional (4.55).

Proof Let y € A(C) be a function satisfying Eq.(4.56) and such that
(x1, x2, x3, x4) — F(x1, x2, X3, X4, t) is convex for every t € §2,,. Then, the follow-
ing inequality holds:

I(y) = Z(y)

+/(81F(y—g) +> [aHiF - Kply -7l

i=1

2,

0 _ _
+ al+n+iF§[y — Yl + Oryon+i F - Bply — y]D dr,

where functions O;F are evaluated at (y, Vk,l[yl. VIyl, V,[yl, 1), for
i =1,...,3n + 1. Moreover, using the classical integration by parts formula, as
well as Theorem 4.43 and the fact that y — y[y, = 0, we obtain

IZ(y) = Z(y)

n P i
+/ (alF + Z |:Kpi* [81+iF] + e (81+n+iF) + APi* [61+2n+iF]]) (y —y)dt.
Ion i=1 !

Finally, applying Eq. (4.56), we have Z(y) > Z(y) for any y € A(¢) and the proof
is complete.

4.7.3 Dirichlet’s Principle

One of the most important variational principles for PDEs is Dirichlet’s principle
for the Laplace equation. We shall present its generalized fractional counterpart. We
show that the solution of the generalized fractional boundary value problem

> Ap [Brlyl] =0 in 2, (4.64)
y=C on 082,
can be characterized as a minimizer of the following variational functional:
2
I(y) = / |Vs,lyl|” dt (4.65)

'Q)L
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n
on the set A(C), where Vg, = > ¢; - Bp, is the generalized fractional gradient
i=1

operator such that the partial deri;atives Bp, have kernels k; = k;(t; — 7), ki €
LY(0,b; — a;; R), and parameter sets are given by P; = (a;, t;, bj, Ai, pi), I =
1,...,n.

Remark 4.55 1In the following we assume that both problems, (4.64) and minimiza-
tion of (4.65) on the set A((), have solutions.

Theorem 4.56 (Generalized Fractional Dirichlet’s Principle) Suppose that y €
A(Q). Then y solves the boundary value problem (4.64) if and only if y satisfies

Z(y) = min I(y). 4.66
®) o ®) (4.66)

Proof Theorem 4.56 is a simple consequence of Theorems 4.50 and 4.54.
Theorem 4.57 There exists at most one solution y € A(() to problem (4.64).

Proof Let § € A(C) be a solution to problem (4.64). Assume that ¢ is another
solution to problem (4.64). Then, w = § — ¢ # 0 and

Oz—/w-ZApi* [Bp,[w]] dr.
2n i=l

By the classical integration by parts formula and Theorem 4.43, and since w|yg, = 0,

we have n
o= [o S o o
2, i=1

2,

Note that || Vi, [w] H isa positive definite quantity. The volume integral of a positive
definite quantity is equal to zero only in the case when this quantity is zero itself
throughout the volume. Thus Vg, [w] = 0. Since w is twice continuously differen-
tiable and k; € L' (0, b; —a;; R) we have %w(t) =0,i=1,...,n,ie., V[w]=0.
Because w = 0 on 92, we deduce that w = 0. In other words, § = 7.

4.7.4 Isoperimetric Problem

Suppose that y : R* — R, P = {(a;, t;, bi, \i, pi), P = (Py,..., Py), and ( :
082, — R is a given curve. Let us define the following functional:
J A — R (4.67)

$£2n
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where operators Vi ,,,V, Vg, , are defined as in Sec.4.7.2, and function G has the
same properties as in the case of functional (4.55). The next theorem gives a necessary
optimality condition for a function to be a minimizer of functional (4.55) subject to
the isoperimetric constraint J (y) = €.

Theorem 4.58 Let us assume that y minimizes functional (4.55) on the set

Ac(Q) i ={y e AQ) : T(y) =&}

Then, one can find a real constant \g such that, for H = F — \oG, equality
n
O H (x)(1) + Z(Kp; (D14 H (+) (D) (0)
i=1

0
- 5 (al+n+iH(*@)(t)) — Api* [81.;,.2,,.,.,’[{(*@)(7‘)](1‘)) =0
(4.68)

holds, provided that
DG () (1) + Z(KP; (014G (xp)(D](0)
i=1

0
™ (01404 G(x7) (1)) — Apr [61+2n+iG(*g)(T)](f)) #0,
(4.69)
where (x3)(t) = (y(t), Vi, [91(t), VIyl(®), VB, [y](1), 1).

Proof The fundamental lemma of the calculus of variations, and hypothesis (4.69),
imply that there exists 7, € A(0) so that

/ (al G0 + > Kp [014:Gxp) (0] (r)) (1)
i=1

2,

dr=1.

O (t)
ati

+ Z(al+n+iG(*g7)(t) + Kpx [01420+i G (x) (7] (t)) .

i=1
Now, with function 7, and an arbitrary 7, € A(0), let us define

¢:[—er,e1]l x [—e2,2] — R
(hi, ho) ¥—> Z(y + himy + hamp)

and
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Yil—e, el X [—e2,2] — R
(h1,hy) — T @+ hint + hamp) — €.

Note that 1/(0, 0) = 0 and that

o
oy

= / (&G(@(MZKP; [014: G () ()] (r)) (1)
i=1

n

0,0)

dr=1.

S 0
+ Z(al+n+iG(*g)(t) + KPi* [al+2n+iG(*g)(7‘)] (l)) %20)

i=1 i

The implicit function theorem implies that there is g > O and a function s €
Cl([~&0, €0l: R) with s(0) = 0 such that ¥ (hy, s(h1)) = 0, |h1| < €p, and then
y+him +s(h)m € Ag(¢). Moreover,

op o
L2 dh) =0, |k
8h1+8h2 s"(h1) ., h1] < eo,
and then 5
s'(0) = oy
Ohy ©0.0)

Because i € A(¢) is a minimizer of Z we have ¢(0, 0) < ¢(hy, s(hy)), |h1]| < o,

and hence
|, %

e .5’ (0) = 0.

0,0)

Letting Ao = g—}i o

0 be the Lagrange multiplier we find

99

9
Ao —
Ohy

— Ao =0
(0’0) 5}11

0,0)

or, in other words,

/ [(&F(*@)(t) + 3 Kpe [014: Fop) ()] (t)) G
i=1

n

+ 2(31+n+iF(*@)(t) + Kpr [O142041 F(x3) (7] (l)) :

i=1

I (t)
8tl-

) |:(31G(*g)(t) + D Kpr [014:1G ) ()] (I)) 11 ()

i=1
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S t
+ 2(81+n+iG(*y)(t) + KP[_* [81+2n+iG(*@)(7—)] (t)) gt( ):| dt = 0.

i=1 !

Finally, applying the integration by parts formula for classical and fractional deriva-
tives, and by the fundamental lemma of the calculus of variations, we obtain (4.68).

Corollary 4.59 Let us assume that o« = (aq, ..., o) € (0, ) andjj € C'(2,; R)
is minimizer of functional (4.59) subject to the isoperimetric constraint J (y) = &,
where

T = / Gy, Vii-alyl@), VIyl(@), Vpelyl(®), 1) dt (4.70)

Qn

and boundary condition (4.60). Moreover,

G is of class C,

° 1;,11._&" [014iG(y(7), Vilyl(r), VIyI(7), Vplyl(r), 7)] is continuous on $2,,

t = Oiynti Gy (1), Vilyl(®), VIyl@), Vplyl(t), t) is continuously differentiable
on .Q,,,

iy, 014204 G(y(T), Vily)(7), VIYI(T), Vplyl(7), T)] is continuously dif-
ferentlable on 2.

Then, if y is not an extremal for functional (4.70), we can find Ao € R such that
O H (y(@), Vi-alyl(®), VIglt), Vpa[yl(?), 1)

+Z( o1 H@ (), Vo [§1(r), VIGI(T), Vel gl(r), )] ()

0
— — (D14t H@(@), Vii-a[g1(0), VIFI(), VDealgl(1), 1))
3ll'

+ 4Dy [014204i H(G(T), V1o [§1(7), VIHI(T), Vpalgl(r), 7)] (t))=0,
te 2,
is satisfied, where H = F — \oG.

Corollary 4.60 Suppose that o; : [0, b —a;]1 — [0, 11. If§j € C'(£2,; R) minimizes
(4.62) subject to (4.60) and

T = / Gy(t), Vilyl(), VIyl(). Vplyl(), 1) dr = €,

2,

where 4, } “’()[ 1, CD;fi(')[y] € C(2,; R), and
e G isofclass C',
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o, I[J;a"(') [014: G (y(7), Vilyl(r), VIyI(r), Vplyl(r), 7)] is continuous on 20,
o |—>_81+n+iG(y(t), Vilyl(t), VIyl(@®), Vplyl(?), t) is continuously differentiable

on 2y,
L 1;,1_(1"(') [01420+i G (y(7), Vilyl(T), VIyI(T), Vplyl(1), 7)] is continuously dif-
ferentiable on 2.,

i

fori =1,...,n, then there is Ao € R such that, for H = F — \G, y satisfies the
Jfollowing equality:

01 H (1), ViT51(0), VIFI®), VpIFle), 1)
+ Z( 1,” " [014: H (@), ViI51(7), VIFIT), Vplilr), 7] ()
i=1

0
~ar Or4n+i H(y(@), Vi[yl(@), VIyl@), Vplyl(), 1))

+ 4 Dy (142041 H @G, V1IG1(7), VIFI). Vo lF)(r). 7)] (r)) =0,
t e 82,

provided that vy is not a solution to the Euler—Lagrange equation associated to J .

4.7.5 Noether’s Theorem

In Sect. 4.5 of this book, we have proved a generalized fractional version of Noether’s
theorem. That is, assuming invariance of Lagrangian under changes in the coordinate
system, we showed that its extremal must satisfy Eq. (4.43). In this section, we prove
a generalized multidimensional fractional Noether’s theorem. As before, we start
with definitions of extremal and invariance.

Definition 4.61 A function y € C'(£2,; R) such that K p.[y], Bp.[y] € C(2,; R),
i =1,...,n satisfying Eq. (4.56) is said to be a generalized fractional extremal.

We consider a one-parameter family of transformations of the form g = ¢(0, 1, ),
where ¢ is a map of class C:

¢:[—5,8]xfzan—>R
0,1, y) —> &0, 1, y)

such that ¢(0, ¢, y) = y. Note that, using Taylor’s expansion of ¢(, ¢, y) in a neigh-
borhood of 0, one has §j = ¢(0, , y)+9%¢(0, t,y)+o(f),providedthatf € [—e, £].
Moreover, having in mind that ¢(0, ¢, y) = y, and denoting £(¢, y) = %qﬁ(O, t,Y),
one has

g=y+ 0 y) +o(0), 4.71)
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so that the linear approximation to the transformation is § ~ y + 0£(¢, y) for 6 €
[—e,€]. Lety : 2, — R be given by y = y(¢). Then, for sufficiently small 6, the
transformation (4.71) carries the curve y = y(¢) into a family of curves §j = g(¢) =
@0, t, y(t)). Now, let us introduce the notion of invariance.

Definition 4.62 We say that the Lagrangian F is invariant under the one-parameter
family of infinitesimal transformations (4.71), where ¢ is such that 7 — (2, y(1)) €
C' (2, R) with Kp [T &r,y(t)], Bp, [T E(r,y(M)] € C (2 R),
i=1,...,n,if

F(y(0), Vi, yl@), VIyl©), Ve, [yl(@). 1)

= F(§@), Vi, [910), V1), VB, [911)., 1), (4.72)

for all @ € [—¢,¢], and all y € c! (S_Zn; R) with Kp[yl, Bp [yl € C ([_2,,; R),
i=1,...,n.

Similarly to Sect. 4.5, we want to state Noether’s theorem in a compact form. For
that we introduce the following two bilinear operators:

D;[f.g]:=f-Ap:lgl+g-Bplf] (4.73)
Lif.gl:=—f Kp:lgl+9-Kplf], (4.74)

wherei =1,...,n.
Now we are ready to state the generalized fractional Noether’s theorem.

Theorem 4.63 (Generalized Multidimensional Fractional Noether’s Theorem) Let
F be invariant under the one-parameter family of infinitesimal transformations
(4.71). Then, for every generalized fractional extremal y, the following equality
holds:

n

1o}
Z(Ii [, y(0)), D14 F (%) (1)] + e (@, y(@©) - O1gnti F () (1))
i=1 !
+D; [£@, y (1)), 51+2n+iF(*y)(t)]) =0, refy, (4.75)

where (k) (1) = (y(1), Vi, [yl(1), VIyl(1), VB, [y](@), ).

Proof By Eq.(4.72) one has

=0.
=0

d . . . .
7] [F @), Vk,p[910), VIGIQ), VB, [§1(1), 1)]

The usual chain rule implies
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NF ()0 - y(r) + Z On4i F () (0) - Kp, [91()

d 8
+ 31+n+iF(*g,)(t) : 7J(t) + Or42n+i Foy @) - o BP, [l =0.
0=0

By linearity of Kp,, Bp,,i = 1, ..., n differentiating with respect to #, and putting
0 = 0, we have

NF (xy) (1) - £(1, (1)) + Zal+iF(*y)(t) - Kp [T &7, y(r)](1)
i=1
0
+ Otnti F () (1) - 550, y(0))
+ O142n+i F (%) (1) - Bp, [T > £(7, y(1)]1(1) = 0.

Now, using the generalized Euler—Lagrange equation (4.56) and formulas (4.73) and
(4.74), we arrive to (4.75).

Exar@ple 4.64 Letc e R, P = (P1, ..., Py) with P, = (a;, t;,b;, \j, pj) and y €
c! (£2,; R) with Bp,[y] € C(£2,;R), i = 1,...,n. We consider a one-parameter
family of infinitesimal transformations

(1) = y(t) + ec + o(e), (4.76)

and the Lagrangian F (Vg,[y](?), 7). Then, F (Vg,[yl(t),1) = F (Vg,[J1(1), 1).
Hence, F is invariant under (4.76) and Theorem 4.63 asserts that

> Di[c.0psi F (Vi,lylt).1)] = 0. 4.77)
i=1

Similarly to previous sections, one can obtain from Theorem 4.63 results regarding
to constant and variable order fractional integrals and derivatives.

Corollary 4.65 Suppose that o = (a1, ..., ap) € (0, 1)" and that

F(y(0), Vi-alyl(®), VIyl(®), Vpalyl(®), 1)
= F(§@), Vp-algl®), VI§I@®), Vpalg1(@), 1),

where y € C'(2,; R) and ) is the family (4.71). Then all solutions of the Euler—
Lagrange equation (4.61) satisfy

n

. P N
Z (Iil "€ 0 F]+ o (€ Oanti F) + D7 €, al+2n+iF]) =0

i=1
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where
DY[f, gl :=—f-4Dy'lgl+g- 5Dy Lf],
L fogli=— [0 gl + g ol VL i=1..n,

Sfunction & is taken in (¢, y(t)) and functions 0; F are evaluated at

(@), Vi-alyl(®), VIyl(@), Vpalyl(®), 1)
forj=1,...,3n.
Corollary 4.66 Assumey € C'(2,: Ry witho 1,1y, S DI Vly] € C(2,: R),
«; : [0, b; —a;] — [0, 1], and that

F(y@®), Vilyl@®), VIyl@), Vplyl@), 1) = FG@), Vi[g1@), VIgI@), Vplgl), 1),

where ) is the family (4.71) such that t — &(t,y(t)) € C1(£2,; R) with a; Illl._o‘"(')
[7 > &, y(N), E DY > &(r, y(7)] € C(82,; R). Then,

’aj

n

(e 0 (e
> (I,-1 & O Fl+ o (€ Ornsi F) + D [ al+2n+l-F]) =0
i=1 !
along any solution of the Euler—Lagrange equation (4.63), where
D CIf gl == oy D lgl + g DRV,
L gl == f ey g gy L =1,

Sfunction & is taken in (t, y(t)) and functions O; F are evaluated at

(@), Vilyl@®), VIyl®), Vplyl@), 1)

forj=1,...,3n.

4.8 Conclusion

In this chapter we unified, subsumed, and significantly extended the necessary opti-
mality conditions available in the literature of the fractional calculus of variations.
It should be mentioned, however, that since fractional operators are nonlocal, it
can be extremely challenging to find analytical solutions to fractional problems
of the calculus of variations and, in many cases, solutions may not exist. Here,
we gave several examples with analytic solutions, and many more can be found
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borrowing different kernels from the book (Polyanin and Manzhirov 1998). On the
other hand, one can easily choose examples for which the fractional Euler-Lagrange
differential equations are hard to solve, and in that case one needs to use numer-
ical methods (Almeida et al. 2012, 2015). However, in the absence of existence,
the necessary conditions for extremality are vacuous: one cannot characterize an
entity that does not exist in the first place. For solving a problem of the fractional
calculus of variations one should proceed along the following three steps: (i) first,
prove that a solution to the problem exists; (ii) second, verify the applicability of
necessary optimality conditions; (iii) finally, apply the necessary conditions which
identify the extremals (the candidates). Further elimination, if necessary, identifies
the minimizer(s) of the problem. All three steps in the above procedure are crucial.
As mentioned by Young in Young (1969), the calculus of variations has born from
the study of necessary optimality conditions, but any such theory is “naive” until the
existence of minimizers is verified. Therefore, in the next chapter, we shall follow
the direct approach, first proving that a solution exists and next finding candidates
with the help of the necessary optimality conditions.
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Chapter 5
Direct Methods in Fractional Calculus
of Variations

Abstract In this chapter, under assumptions of regularity, convexity and coercivity,
we obtain sufficient conditions ensuring the existence of minimizers for functionals
with a Lagrangian depending on generalized fractional derivatives and integrals.
Necessary optimality conditions of Euler-Lagrange type are also given.

Keywords Existence of minimizers - Regularity - Convexity + Coercivity * Tonelli-
type theorem - Fractional Euler—Lagrange equation

In contrast with the standard approach presented in Chap. 4, we now use direct meth-
ods to address the problem of finding minima to generalized fractional functionals.
First, we prove the existence of solutions in an appropriate space of functions and
under suitable assumptions of regularity, coercivity, and convexity. Next, we proceed
with the application of an optimality condition, and finish examining the candidates
to arrive to solution. For the original paper where the method is developed, in the case
of Riemann-Liouville fractional derivatives, we refer the reader to Bourdin (2013).
The results presented in this chapter can be found in the paper (Bourdin et al. 2014)
and are part of the Ph.D. thesis (Odzijewicz 2013). For an important particular case
see also Bourdin et al. (2013).

Let us briefly describe the main contents of the chapter. In Sect.5.1, we prove
a Tonelli-type theorem ensuring existence of minimizers for generalized fractional
functionals. We also give sufficient conditions for a regular Lagrangian and for a
coercive functional. Section5.2 is devoted to a necessary optimality condition for
minimizers. In the last Sect. 5.3, we improve our results assuming more regularity of
the Lagrangian and generalized fractional operators.

5.1 Existence of a Minimizer for a Generalized Functional

Let us recall that 1 < p,qg < oo and L4 1 _ 1 In this section, our aim is to
give sufficient conditions ensuring the existence of a minimizer for the following
generalized Lagrangian functional:
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7:A— R

b
y*—>/F(y(t),KP[y](t),Z)(t),BP[y](l),t)dt,

where A is a weakly closed subset of wlp (a, b; R), yy denotes the derivative of y, K p
is the generalized fractional integral with a kernel in L9(A; R), Bp = Kp o (;l—t is the
generalized fractional Caputo derivative, P = (a, t, b, A, u) is a set of parameters,
and F is a Lagrangian of class C':

F: R* x [a,b] — R
(x1, x2, X3, X4, 1) —> F(x1, X2, X3, X4, 1).

5.1.1 A Tonelli-Type Theorem

In this section, we state a Tonelli-type theorem ensuring the existence of a minimizer
for Z with the help of general assumptions of regularity, coercivity, and convexity.
These three hypothesis are usual in the classical case, see Dacorogna (2004).

Definition 5.1 A Lagrangian F is said to be regular if it satisfies:

o t > F(y(t), Kplyl(®), §(t), Bplyl(t), 1) € L'(a, b; R);

t > O1F(y(t), Kplyl(t), §(1), Bplyl(t), 1) € L'(a, b; R);
t > O F(y@), Kplyl®), §(1), Bplyl(t),1) € LP(a, b; R);
1+ O3F (y(t), Kplyl(t), (1), Bplyl(t),1) € L9 (a, b; R);
t > O4F (y(t), Kplyl(t), y(t), Bplyl(t), 1) € LP(a, b; R),

forany y € WLP(a, b: R).

Definition 5.2 Functional Z is said to be coercive on A if it satisfies:

lim I(y) = +o0.
lylly1,p—00
yeA

We are now in position to state the following result.

Theorem 5.3 (Tonelli-type Theorem) Let us assume that

o Fisregular,
e 7 is coercive on A;
o F(-,1) is convex on (RY? forany t € [a, b].

Then, there exists a minimizer for L.



5.1 Existence of a Minimizer for a Generalized Functional 85

Proof Since F is regular, for any y € A
t = Fy@), Kplyl®), 5(), Bplyl®), 1) € L' (a, b; R)

and then Z(y) exists in R. Let us introduce a minimizing sequence (y,),en C A
satisfying
Z(yy) — inf Z(y) < +o0.
yeA

Since Z is coercive, (y,)neN is bounded in W7 (a, b; R). Since W7 (a, b; R) is
a reflexive Banach space, it exists a subsequence of (y,),cn Weakly convergent in
WP (a, b; R). In the following, we still denote this subsequence by (4,),en and
we denote by g its weak limit. Since A is a weakly closed subset of wlr (a, b; R),
y € A. Finally, using the convexity of F, we have for any n € N:

b
Z(yn) ZI(Q)+/51F (1) = y(@) + O F - (Kplyal(t) — Kp[yl(1))

+ O3 F - (4 (1) — Y(1)) + 04 F - (Bplyn](t) — Bp[§1(1)) dt, (5.1

where 0; F are taken in (y(t), K p[y](?), gj(t), Bplyl(t),t) foranyi = 1, 2, 3, 4.
Now, from these four following facts:

F is regular;
whe
Yn — Y
K p is linear bounded from L?(a, b; R) to L9 (a, b; R);
the compact embedding Wl‘l’(a, b; R) < C([a, b]; R) holds;

one can easily conclude that

o 1 F @) Kplgl0). 50). BpLg)(0). 1) € L(a, b; R) and g — i
ot > WF((). KplG)(). i), BpI(1). 1) € LP(a.b;R) and Bply,] —
Bplyl;
o 1> O F((t), Kpli)(0). §(0), BpLi1(1), 1) € L'(a, b; R) and y, ~—> §;
. 3{ ﬁ O F (1), KplFl(1), §(0), Bpl§l(t),1) € LP(a,b;R) and Kply,] —>
yl.

Finally, when n tends to oo in the inequality (5.1), we obtain

inf Z(y) > Z(j) € R,
yeA

which completes the proof.

The first two hypothesis of Theorem 5.3 are very general. Consequently, in
Sects.5.1.2 and 5.1.3, we give concrete assumptions on F ensuring its regularity
and the coercivity of 7.
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The last hypothesis of convexity is strong. Nevertheless, from more regularity
assumptions on F, on Kp and on Bp, we prove in Sect.5.3 that we can provide
versions of Theorem 5.3 with weaker convexity assumptions.

5.1.2 Sufficient Condition for Regular Lagrangians

In this section, we give a sufficient condition on F implying its regularity. First, for
any M > 1, let us define the set &)y of maps P such that, for any (x1, x2, x3, x4, 1) €
R* x [a, b],

N
d. d d.
P(x1, %2, %3, X4, 1) = D e (x1, 1) |xa| 24 3| B g 444
k=0
with N € Nand where, foranyk =0, ..., N, ¢t : R X [a, b] — RT is continuous

and (dak, d3 i, dax) € [0, q] x [0, p] x [0, q] satisfies do k. + (q/p)d3.x + dai <
(q/M).

Remark 5.4 We call attention of the reader that subscript P in the notation of oper-
ators Kp, Ap and Bp means P = (a, t, b, A, ).

The following lemma shows the interest of sets &2;;.

Lemma 5.5 Let M > 1 and P € ). Then
Vy € Wl*l’(a,b; R), t = P(y(), Kplyl(®), y(t), Bplyl@®), 1) € LM, b;R).

Proof Foranyk =0, ..., N, c(u, t) is continuous and then itis in L*°(a, b; R). We
also have |K p[y]|+ € L9/%k(a, by R), |3+ € LP/%3k(a, b; R) and | Bp[y]|“+ €
L4/d4k (a, b; R). Consequently,

cx(u, 1) | K p[yl| >+ |14 | Bp[yl|** € L (a, b; R) (5.2)

withr = q/(d2x + (q/p)d3 kx + dax) > M. The proof is complete.
Then, from this previous Lemma, one can easily obtain the following proposition.

Proposition 5.6 Let us assume that there exist Py € &1, Py € &, P, € &),
Py € P, and Py € &), such that for any (x1, x2, X3, X4, t) € (R)* x [a, b]:

o |F(x1,x2,x3, x4, )| < Po(x1, X2, X3, X4, 1);

o |01F (x1,x2,x3, x4, 1)| < P (x1, X2, X3, X4, 1);
o |OhF(x1,x2, X3, X4, )| < Pa(x1, X2, X3, X4, 1);
o |O3F (x1, x2, X3, X4, 1)| < P3(x1, X2, X3, X4, 1);
o [04F (x1, x2,x3, X4, 1)| < Pa(x1, X2, X3, X4, 1).

Then, F is regular.
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This last proposition states that if the norms of F and of its partial derivatives
are controlled from above by elements of &7y, then F is regular. We will see some
examples in Sect.5.1.4.

5.1.3 Sufficient Condition for Coercive Functionals

The definition of coercivity for functional Z is strongly dependent on the considered
set A. Consequently, in this section, we will consider an example of set .4 and
we will give a sufficient condition on F ensuring the coercivity of Z in this case.
Precisely, let us consider y, € R and A = Wal’p(a, b; R), where Wal’p(a, b;R) :=
{y € W'P(a, b; R), y(a) = y,}. From the compact embedding W' (a, b; R) <
C([a, bl; R), Wo” (a, b; R) is weakly closed in W' (a, b; R).

An important consequence of such a choice of set A is given by the following
lemma.

Lemma 5.7 There exist Ao, A1 > 0 such that for any y € Wal’p(a, b; R):

o llyllpee < Aollyllpr + Ars
o [Kplyllla < Aollgllpr + Ars
o [BplylllLe < Ao llyllLr + Ay

Proof The last inequality comes from the boundedness of K p. Let us consider the
L,
second one. For any y € W,;"”(a, b; R), we have |yll;.» < |1y — yallpr + lvallr <

& —=a)lyllpr + b — a)'/? |y,|. We conclude using again the boundedness of
Kp. Now, let us consider the first inequality. For any y € W;’p (a, b; R), we have

Iyl Lo < Iy = Yall oo +19al < 19121 +19al < (=)' /4 1§l L» + |yal. Finally, we
have just to define Ap and A; as the maxima of the appearing constants. The proof
is complete.

Precisely, Lemma 5.7 states the affine domination of the term ||g||;» on the terms
lyllp, | Kplylll e and || Bplylll e for any y € Wal’p(a, b; R). This characteristic
of Wal’p (a, b; R) leads us to give the following sufficient condition for a coercive
functional 7.

Proposition 5.8 Let us assume that for any (x1, xa, X3, X4, 1) € R* x [a, b]:

N
d d; d. d.
F(x1, %2, %3, %4, 1) = co [xal? + D g xa |5 g |24 a3 | B e 45,
k=1

with co > 0 and N € N and where, for any k = 1,...,N, ¢t € R and
(dik, drk, A3k, dag) € RT x [0, ¢] x [0, p] x [0, q] satisfies:

dryx +(q/p)d3x +dax <q and 0 =<diy+doy+d3+dsx < p.
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Then, T is coercive on Wal’p(a, b; R).

Proof Let us define ry = ¢q/(d2x + dax + (q/p)d3 ) > 1 and let r;, denote the

adjoint of ry i.e., r; = rkrf o Using Holder’s inequality, one can easily prove that, for

any y € Wal’p(a, b; R), we have

N
. / d d ady g d
Z(y) = collgllr — b =)' D lerl Iyl g 1K pLylIE 19175 1BeIylIgS" -
k=1

From the “affine domination” of the term ||y||; » on the terms ||yl 7., || K p[y]|l .« and
IBplylll ¢ for any y € WJ’p(a, b; R) (see Lemma 5.7) and from the assumption
0<dix+drr+dsr+dsr < p, we obtain that

lim  Z(y) = +oo.

1l .p =00
yeWa? (a,b;R)

Finally, from Lemma 5.7, we also have in W7 (a, b; R):
191l Lr = 00 <= llyllwip — o0.

Consequently, Z is coercive on Wa1 "?(a, b; R). The proof is complete.

In this section, we have studied the case where A is the weakly closed subset of
WP (a, b; R) satisfying the initial condition y(a) = y,. For other examples of set
A, let us note that all the results of this section are still valid when:

e Aisaweakly closed subset of wlr (a, b; R) satisfying a final condition in t = b;
e Ais a weakly closed subset of W7 (a, b; R) satisfying two boundary conditions
int=aandint = b.

5.1.4 Examples of Lagrangians

In this section, we give several examples of a convex Lagrangian F satisfying assump-
tions of Propositions 5.6 and 5.8. In consequence, they are examples of application
of Theorem 5.3 in the case A = Wal’P(a, b; R).

Example 5.9 The most classical examples of a Lagrangian are the quadratic ones.
Let us consider the following:

4
1
F(x17x2, X3, X4, t) = C(t) + 5 Z |xi|2 )

i=1
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where ¢ : [a,b] — R is of class C'. One can easily check that F satisfies the
assumptions of Propositions 5.6 and 5.8 with p = g = 2. Moreover, F satisfies
the convexity hypothesis of Theorem 5.3. Consequently, one can conclude that there
exists a minimizer of 7 defined on Wal’z(a, b; R).

Example 5.10 Let us consider p = g = 2 and let us still denote by F the
Lagrangian defined in Example 5.9. To obtain a more general example, one can
define a Lagrangian F| from F as a time-dependent homothetic transformation and/or
translation of its variables. Precisely,

Fi(x1, x2, X3, X4, 1)

= F (c10x1 + 0, 2002 + 30, e3(00x3 + 1), a0 + 1), 1),
(5.3)

where ¢; : [a, b] — R and c? :[a,b] = Rare of class C! foranyi = 1,2,3,4.In
this case, F7 also satisfies convexity hypothesis of Theorem 5.3 and the assumptions
of Proposition 5.6. Moreover, if c3 is with values in RT, then F; also satisfies the
assumptions of Proposition 5.8.

One should be careful: this last remark is not available in more general context.
Precisely, if a general Lagrangian F satisfies the convexity hypothesis of Theo-
rem 5.3 and assumptions of Propositions 5.6 and 5.8, then Lagrangian F obtained
by (5.3) also satisfies the convexity hypothesis of Theorem 5.3 and the assumptions
of Proposition 5.6. Nevertheless, the assumption of Proposition 5.8 can be lost by
this process.

Example 5.11 We can also study quasilinear examples given by Lagrangians of the
type

4
1
Fr a0, 63,54, ) = ¢ + — 1l + > fi-xi,
i=1

where ¢ : [a,b] — R and forany i = 1,2,3,4, f; : [a,b] — R are of class cl.
In this case, F satisfies the assumptions of Propositions 5.6 and 5.8. Consequently,
since F satisfies the convexity hypothesis of Theorem 5.3, one can conclude that

there exists a minimizer of Z defined on Wal’p (a, b; R).

The most important constraint in order to apply Theorem 5.3 is the convexity
hypothesis. This is the reason why the previous examples concern convex quasi—
polynomial Lagrangians. Nevertheless, in Sect.5.3, we are going to provide some
improved versions of Theorem 5.3 with weaker convexity assumptions. This will
be allowed by more regularity hypotheses on F and/or on Kp and Bp. We refer to
Sect. 5.3 for more details.
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5.2 Necessary Optimality Condition for a Minimizer

In this section, we assume additionally that
e F satisfies the assumptions of Proposition 5.6 (in particular, F is regular);
e A satisfies the following condition:

Vye A, Vne€>®, 0 <e <1, V|h| <e, y+hne A (5.4)

The assumption on A is satisfied if A + €>° C A (for example A = Wc}’p (a,b; R)
in Sect.5.1.3). By €>° we denote the space of infinitely differentiable functions
compactly supported in (a, b).

In the next theorem we will make use of the following Lemma.

Lemma 5.12 Let M > 1 and P € Py. Then, forany y € Aand any n € €°, it
exists g € LM (a, b; RY) such that for any h € [—¢, €]:

P(y+hn, Kplyl + hKplnl, y + hn, Bplyl + hBp[nl, ) < g. (3.5)

Proof Indeed, foranyk =0, ..., N,foralmostall? € (a, b) andforany s € [—¢, €],
we have

ck(y(t) + hn(0), 1) |K plyl(t) + hK p[n](0)| 2% (1) + hi(t)|
x | Bplyl(1) + hBpln](1)|%*
< G (K pIyl O™ + K pInl(O1PF) ([5(0)]3F + (1) B+)
€LYk (q,b;R) eLP/Bk (a,b;R)
x (| Bplyl()** + | Bp[n](1)|*+), (5.6)

eLY%k (q,b;R)

where ¢ = 224+ Fdak max, pixi—c.c) ck(y(t) + hn(2), t) exists in R because cx,
y and 7 are continuous. Since dz x + (¢/p)dsx + dax < (q/M), the right term in
inequality (5.6) is in L™ (a, b; RT) and is independent of /. The proof is complete.

Finally, from this previous Lemma, we can prove the following result.

Theorem 5.13 Let us assume that F satisfies assumptions of Proposition 5.6, T is
coercive and F (-, t) is convex on R* foranyt € [a, b). Then, the minimizer §j € A
of I (given by Theorem 5.3) satisfies the generalized Euler—Lagrange equation

d
5(3317(*1/)(0 + K pe[0aF (3 (1)](1)) = 01 F (x) (1) + K p<[02F () (](2),
(GEL)
for almost all t € (a, b), where (x,)(t) = (y(t), Kp[yl(®), y(t), Bp[yl(®), 1).
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Proof Since F satisfies the assumptions of Proposition 5.6, F is regular. Conse-
quently, from Theorem 5.3, we know that 7 admits a minimizer y € A and then

Z(y) < Z(y + hn), (5.7
for any |h| < € and every 1 € € °. Let us define the following map:
g [—e,e] — R

b
b TG+ hn) = / Pt ) d,
a

where

Gyt h) = = F@0) + hn(0), Kpl§l@) + hK pln]@), y(t)
+ hi(t), Bp[y1(t) + hBp[nl(t), 1).

First we want to prove that the following term:

i ZEEMD =T _ o G500 = 030O _ ) s

h—0 h h—0 h

exists in R. In order to differentiate ¢ ;,, we use the theorem of differentiation
under the integral sign. Indeed, we have for almost all ¢t € (a, b) that vy (¢, -) is
differentiable on [—¢, ] with

8 _
%(L h) = O1F (kgeny) () - 1(2) + O F (x40 (1) - Kp[n](t)
+ O3 F k) (@) - 11(t) + Oa F (x4 (t) - Bp[n]1(2) (5.9)
for all h € [—¢,¢]. Since F satisfies the assumptions of Proposition 5.6, from

Lemma 5.12 there exist g; € L'(a, b; RT), go € L?(a, b; RT), g3 € L9(a, b; RT),
and g4 € L?(a, b; R") such that for any h € [—¢, ] and for almost all ¢ € (a, b):

Z,i’" (t, h)| < g1(t) IN(@®)| + g2() |K p[n] ()] + g3() [17(0)] + ga(t) |BpInl(2)] .

(5.10)
Since n € L*®(a,b;R), Kp[n] € Li(a,b;R), n € LP(a,b;R), and Bp[n] €
L9(a, b; R), we can conclude that the right term in inequality (5.10)isin L Y(a, b; RT)
and is independent of 4. Consequently, we can use the theorem of differentiation
under the integral sign and we obtain that ¢y ,, is differentiable with

‘ 0

31/}17,71
Oh

b
Vh € [—¢, €], gb;—/,,,l(h) =/ (t, h)dt. (5.11)



92 5 Direct Methods in Fractional Calculus of Variations

Furthermore, inequality (5.7) implies

d
)| =0,
dh

what can be written as

b
/31F(*g)(t) () + 0 F (xp) (1) - Kp[nl(t) + O3 F (xp) (1) - 1)(1)

+ 04 F (x3)(1) - Bp[n](t) dr = 0.

Moreover, applying integration by parts formula (4.5) one has

b
/ (O1F (x) (1) + K p+[02F () (D]) - (1) + (95 F (33) (1)

+ Kp<[04F (x5)(7)]) - (2) dr = 0.

Then, taking an absolutely continuous anti-derivative w of ¢ — 01 F (xp)(t) +
Kp<[O2F(xp)(T1(2) € L'(a, b; R), we obtain using integration by parts that

b
/ (O3F () (1) + K p[04 F (x3)(N)](1) — w(®)) - () dt = 0.

a

From the du Bois Reymond Lemma there exists a constant C € R such that for
almost all ¢ € (a, b), we have

O3 F (x5)(1) + K*[04F () (D](1) = C + w(@). (5.12)

Since the right term is absolutely continuous, we can differentiate it almost every-
where on (a, b). Finally, we obtain that y is a minimizer of Z. Then the following
equation holds almost everywhere on (a, b):

d
5(531’(*@)(0 + K p+[04F (x3)(M]1(1)) = 01 F () (1) + K p+[D2 F (k) (T)1(2).
(5.13)
The proof is complete.

We would like to remark that in the particular case, when k“ (¢, 7) = ﬁ (t—
7)Y kY e LY9(A;R) and P = (a,t, b, 1,0), then Sects.5.1.1, 5.1.2, 5.1.3, 5.1.4,
and 5.2 recover the case of the fractional variational functional
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7:A—R

b
y— / F(y(), o, “Tyl(0), 9(t), S DXy, 1) dt

studied in Bourdin et al. (2013). Moreover, if we choose the kernel k%(¢, 7) =
m(t — )"t ko e [4(A; R), and the parameter set P = (a, t, b, 1,0),
then Sects.5.1.1, 5.1.2, 5.1.3, 5.1.4, and 5.2 restore the case of the variable-order
fractional variational functional

7:A— R

b
y / F ().l 0. 50, S0 Lyl o). 1) dr.

5.3 Some Improvements

In this section, we assume more regularity of the Lagrangian F' and of the operators
Kp and Bp. It allows to weaken the convexity assumption in Theorem 5.3 and/or
the assumptions of Propositions 5.6 and 5.8.

5.3.1 A First Weaker Convexity Assumption

Let us assume that F satisfies the following condition:
(F (-, X2, X3, X4, 1)) (x5 x3,x4.1)eR3 x[a,b] 1S Uniformly equicontinuous on R. (5.14)
This condition has to be understood as:

Ve > 0,30 > 0,V(u,v) € Rz, lu —v| <d = V(x2, x3,x4,1) € R3 x [a, b],
|F(u, x2, x3, X4, 1) — F(v, x2, X3, X4, 1)| < €. (5.15)

For example, this condition is satisfied for a Lagrangian F with bounded 0; F. In
this case, we can prove the following improved version of Theorem 5.3:

Theorem 5.14 Let us assume that

F satisfies the condition given by (5.14);

F is regular,

7 is coercive on A;

F(x1, -, t) is convex on R3 for any x1 € R and for any t € [a, b].

Then, there exists a minimizer for L.
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Proof Indeed, with the same proof of Theorem 5.3, we can construct a weakly
convergent sequence (yn),eN C A satisfying

whp
Yy — y € A and Z(y,) —> inf Z(y) < +o0.
yeA

Since the compact embedding WP (a, b: R) <» C([a, b]; R) holds, we have yy, £>
y. Lete > 0 and let us consider § > 0 given by (5.15). There exists N € N such that
forany n > N, |lyn — Ylloo < 0. So, for any n > N and for z € (a, b):

‘F(yn(t), Kplynl(®), Yn (1), Bplynl(1), 1)
— F(y@), Kplyal(®), yn (1), Bplyal(®),1)| < €.

Consequently, for any n > N, we have

b
Z(yn) = / F(y(0), Kplya1(@®), yn (@), Bplyal(®), 1) dt — (b — a)e.

a

From the convexity hypothesis and using the same strategy as in the proof of Theo-
rem 5.3, we have by passing to the limit on n

inf Z(y) > Z(y) — (b — a)e.
yeA

The proof is complete since the previous inequality is true for any € > 0.

Such an improvement allows to give examples of a Lagrangian F' without con-
vexity on its first variable. Taking inspiration from Example 5.9, we can provide the
following example.

Example 5.15 Let us consider p =2 and A = Wal’z(a, b; R). Let us consider

4

1
Fxn, x2,x3, x4, 1) = fOr1, 1) + 5 22 xi %,
1=

for any f : R x [a,b] — R of class C I with 8, f bounded (like sine and cosine
functions). In this case, F satisfies the hypothesis of Theorem 5.14 and we can
conclude with the existence of a minimizer of Z defined on A.
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5.3.2 A Second Weaker Convexity Assumption

In this section, we assume that K p is moreover a linear bounded operator from
C([a,b];R) to C([a,b];R). For example, this condition is satisfied by
Riemann-Liouville fractional integrals (see (Kilbas et al. 2006; Samko et al. 1993)
for detailed proofs). We also assume that F' satisfies the following condition:

(F (5 X3, X4, 1)) (x3.x4.1)eR2x[a,b] 1 Uniformly equicontinuous on R%.  (5.16)
This condition has to be understood as:

Ve > 0,30 > 0,Y(u,v) € Rz,‘v’(uo, V) € R? lu —v| <96, ug —vgl <6
= V(x3,x4,1) € R? x [a, b, |F(u, ug, x3, x4, 1) — F(v, vo, X3, x4, 1)| < €.
(5.17)

For example, this condition is satisfied for a Lagrangian F with bounded 0; F and
bounded 0, F. In this case, we can prove the following improved version of Theo-
rem 5.3.

Theorem 5.16 Let us assume that

F satisfies the condition given by (5.16);

F is regular,

7 is coercive on A;

F(x1, x2, -, t) is convex on szor any (x1,x2) € Rand for anyt € [a, b].

Then, there exists a minimizer for Z.

Proof Indeed, with the same proof of Theorem 5.3, we can construct a weakly
convergent sequence (y,),eN C A satisfying

wip
Y — y € A and Z(y,) — iniZ(y) < 4o00.
ye

Since the compact embedding WP (a, b: R) < C([a, b]; R) holds, we have Un £>

9 and since K p is continuous from C([a, b]; R) to C([a, b]; R), we have K p [y, ] £>
Kply]. Let e > 0 and let us consider § > 0 given by (5.17). There exists N € N
such that forany n > N, ||y — Ylloo < 0 and ||Kp[yn] — Kp[ylllso < 6. So, for
anyn > N and for ¢ € (a, b):

F(yn(®), Kp[yal(®), yn (@), Bplya1(1), 1)

— F(y@), Kplyl@®), ga (1), Bplyal(®),1)| < €.
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Consequently, for any n > N, we have

b
Z(yn) 2/F(?J(t),KP[:!]](I),z'/n(t),BP[yn](I),I)dt —(b—a).

a

From the convexity hypothesis and using the same strategy as in the proof of Theo-
rem 5.3, we have by passing to the limit on n:

inf Z(y) > Z(y) — (b — a)e.
yeA

The proof is complete since the previous inequality is true for any € > 0.

Such an improvement allows to give examples of a Lagrangian F* without convex-
ity on its two first variables. Taking inspiration from Example 5.11, we can provide
the following example.

Example 5.17 Let us consider

. 1
F(x1,x2,x3, x4, 1) = c(t) cos(xy) - sin(x2) + » lx31P + f(1) - x4,

where ¢ : [a,b] —> R, f : [a,b] — R are of class Cl([a, b]; R). In this case, one
can prove that F satisfies all hypothesis of Theorem 5.16 and then, we can conclude
with the existence of a minimizer of Z defined on Wa1 P(a,b;R) forany 1 < p < 00
and 1 < g < oo.

5.4 Conclusion

In Bourdin et al. (2013) existence results for fractional variational problems contain-
ing Caputo derivatives were given. This chapter extends those results to any linear
operator K p bounded from the space L”(a, b; R) to L9(a, b; R), having in mind
that Bp := Kp o (%.
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Chapter 6
Application to the Sturm-Liouville Problem

Abstract We study the Sturm—Liouville eigenvalue problem with Caputo fractional
derivatives and show that fractional variational principles are useful for proving
existence of eigenvalues and eigenfunctions.

Keywords Fractional Sturm-Liouville problem - Eigenvalues - Eigenfunctions -
Fractional Euler—Lagrange equation - Fractional variational calculus

In 1836-1837, the French mathematicians Sturm (1803-1853) and Liouville (1809—
1855) published a series of articles initiating a new subtopic of mathematical
analysis—the Sturm—Liouville theory. It deals with the general linear, second-order
ordinary differential equation of the form

d

d
m ( (:)d—f) +q(y = w)y, (6.1)

where t € [a, b], and in any particular problem functions p(¢), ¢(¢), and w(t)
are known. In addition, certain boundary conditions are attached to Eq.(6.1). For
specific choices of the boundary conditions, nontrivial solutions of (6.1) exist only
for particular values of the parameter A\ = A\, m = 1,2, .... Constants A" are
called eigenvalues and corresponding solutions y" (¢) are called eigenfunctions.
For a deeper discussion of the classical Sturm—Liouville theory, we refer the reader
to Gelfand and Fomin (2000), van Brunt (2004). The results of this chapter can be
found in the paper (Klimek et al. 2014) and are part of the PhD thesis (Odzijewicz
2013).

Recently, many researchers focused their attention on certain generalizations of
the Sturm—Liouville problem. Namely, they are interested in equations of type (6.1),
however, with fractional differential operators (see, e.g., (Al-Mdallal 2009, 2010;
Klimek and Agrawal 2012, 2013a,b; Liu et al. 2012; Qi and Chen 2011)). In this
chapter, we develop the Sturm-Liouville theory by studying the Sturm-Liouville
eigenvalue problem with Caputo fractional derivatives. We show that fractional
variational principles are useful for the approximation of eigenvalues and eigen-
functions. Traditional Sturm—Liouville theory does not depend upon the calculus
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of variations, but stems from the theory of ordinary linear differential equations.
However, the Sturm—Liouville eigenvalue problem is readily formulated as a con-
strained variational principle, and this formulation can be used to approximate the
solutions. We emphasize that it has a special importance for the fractional Sturm—
Liouville equation since fractional operators are nonlocal and it can be extremely
challenging to find analytical solutions. Besides, allowing convenient approxima-
tions, many general properties of the eigenvalues can be derived using the variational
principle.

6.1 Useful Lemmas

In this section, we present three lemmas that are used to prove existence of solutions
for the fractional Sturm—Liouville problem.

Lemma 6.1 Let o € (0, 1) and function v € C([a, b]; R). If

b

d C no _
/ W) ( D [h](t)) dr =0

a

for each h € C'([a, b]; R) such that £C D& [h] € C((a, b]; R) and boundary con-
ditions
h(a) = o1~ “h(b) =0

and
CDX 1) 1=a = £ DRI |i=p = 0

are fulfilled, then vy(t) = co + c1t, where cq, ¢\ are some real constants.
Proof Let us define function £ as follows:
h(t) = o[ [y(1) = co — 171 (1) 6.2)
with constants fixed by the conditions
oI Iy() = co = 1] (O)li=p = 0, (6.3)
ol [y(1) = co = 1T (D)i=p = 0. 6.4)
Observe that function /4 is continuous and fulfills the boundary conditions
h@ =0 oI/ INOli=p = oI} [7(T) = co = c17] (O)l1=p = 0
and

d
DY) l1=a = o« DOTRI(D) =0 = 5413 V(1) — co — e17] () |1=a
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=o' [v(1) = co — 171 (D]i=a = 0.
EDMM(O)i=p = o DTN 1=p = %alf [v(r) = co — c17] (D)]i=p
=l [y(T) = co = 171 ()] 1= = 0.
In addition,
> b (1) = oI [y(1) — co — e17)(1) € C(la, b]; R),

t > %gD;*[h](t) =~(t) — o — cit € C([a, b]; R).

We also have

b
d
[ 0w =a-an g (Sprmm) o

b
d
= [a-ani (Sopmwm) a
= —co- g DY IRIOZg = e1t - g DP IO + e - ol IO = 0.

On the other hand,

d d
S (Sppmn) = SE0 [ e — o - a0 ] 0 =0 - — e

and
b J b
0= [ G0 —a-an $ (E0rm0) & = [0 -a-an?a.

Thus function 7y is
Y¥(t) = co + c1t.

The proof is complete.

Lemma 6.2 Let o € (%, 1), ~v € C([a, b]; R) andaDtl_“['y] € L%, b;R). If

b
d C na _
/ V) ( D [h](t)) dr =0
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for each h € C([a, b]; R) such that k" € L*(a, b; R), LCD[h] € C([a, b]; R)

dra
and boundary conditions
h(a) = oI [h1(b) = 0, (6.5)
CDAM1) l1=a = $ DETAI(E)|1=b = O (6.6)

are fulfilled, then v(t) = co + c1t, where cy, ¢ are some real constants.

Proof We define function % as in the proof of Lemma 6.1:
h(t) := o1} ** [y (1) = co = e17] (1) (6.7)

with constants fixed by the conditions (6.3) and (6.4). The proof of the lemma is
analogous to that of the Lemma 6.1. In addition, for the second-order derivative we
have

d
W) = o If [v(T) —co — 171 ()

t(l
=D/ (1) — co — c17] (1)
_ l—apn (- -a)
= 4D, " [71(t) — (co + c1a) @ clr(a+1)'

Let us observe that for a > 1/2:

_ ha—1

P Gl S P
(@)

(t—a)*

-~ 77 . 2 .
— CERT € C([a,b]; R) C L“(a, b; R).

Thus, we conclude that 4" € L%(a, b; R) and function & constructed in this proof

fulfills all the assumptions of Lemma 6.2. The remaining part of the proof is analogous

to that for Lemma 6.1.

Lemma 6.3 (a) Let o € (% 1), functions v; € C(la,bl;R), j = 1,2,3 and
oD} ™[] € L¥(a. b; R). If

b
d
/ (71 (Oh(®) + 720 DI + 330 (€ D?[h](z))) dr=0 (68)

a

for each h € C'([a, b]; R), such that i € L*(a,b;R) and %SD?[h] 1S
C([a, b]; R), fulfilling boundary conditions
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h(a) = oI~ *[h1(b) = 0, (6.9)
CDRIO=a = & DRI |1=p = 0, (6.10)
then v3 € Cl([a, b]; R).
(b) Leta € (%, 1) and functions 1, v2 € C([a, b]; R). If
b
/ (@h® + 72O DFII®) di =0 (6.11)

a

for each h € C'([a,b]; R), such that K" € L*(a,b;R) and LS Dh] €

dra

C([a, b]; R), fulfilling boundary conditions (6.9) and (6.10), then
—71(t) = £ D l() = 0.
Proof Observe that integral (6.8) can be rewritten as

b

d
/ (m (Oh(t) +72(0)E DRI + w)—tf D?[h](r)) dr

a

b

d
= / (= (ati o 117 ) 110 = a1 120(0) +73(0) ) -6 DY 1@ dx = 0

a

due to the fact that relations

d
(al,a o0} o ESD?) [R](t) = h(t)

and

d
(,1,1 ° "D?) [h1(t) = =S DOR1(1)

Ea

are valid because function £ fulfills boundary conditions (6.9) and (6.10). Denote

1) 1= = (ol 0 1) 01O = a1 1210) + (0.

It is clear that v € C([a, b]; R) and aDtl ] € L%(a, b; R). Thus, according to

Lemma 6.2, there exist constants cg and ¢ such that

— (a2 0 1) 1O = 111200 + 33(0) = o + car.
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Let us note that function ~3 is
130 = (al 0 1157 ) 1) + L 121(0) + o + ent.

Hence its first order derivative is continuous in [a, b] and y3 € C 1 ([a, b]; R).
The proof of part (b) is similar. We write integral (6.11) as follows:

b
[ (@@ + 1206 Do) ar

b

d
= / (= (at o o) 1) = a1 120(0)) € DE RN dt = 0.

a

The function in brackets is continuous in [a, b],

oD [= (ol 0 ) 101 = a1 1210
= = (I o dI5) 10 = I 121,

and
— (oI 0 1) 1] — I [72] € C(la, b1y R) C L*(a, b; R),

so we again can apply Lemma 6.2 and obtain that there exist constants co and ¢
such that
(af 0o 1) 1110 + o1 2] 0) = co + et

Thus, functions v; 2 fulfill equation ng“[vz](t) +v1(¢t) =0.

6.2 The Fractional Sturm-Liouville Problem

The crucial idea in the proof of main result of this chapter (Theorem 6.5) is to apply
direct variational methods to the fractional Sturm-Liouville equation. Starting from
the fractional Sturm—Liouville equation, the approach is to find an associated func-
tional and to use this to find approximations to the minimizers, which are necessarily
solutions to the original equation. In the case of the fractional Sturm-Liouville equa-
tion, an associated variational problem is the fractional isoperimetric problem, which
is defined in the following way:

b

minZ(y) = / F (y(t),tho‘[y](t),t) dr, (6.12)

a
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subject to the boundary conditions

y@) =ya, yb) =y (6.13)
and the isoperimetric constraint

b

7w = [ 6 (v £ D10 r) ar = ¢ (6.14)

a

where ¢ € R is given, and

F:la,b] xR — R
(y,u, 1) —> F(y,u,1),

G:la,b] xR — R
(y,u,t) —> G(y,u,t)

are functions of class C, such that 2 6 R 8 G have continuous ,Da derivatives.

Theorem 6.4 (cf. Theorem 3.3 (Almeida and Torres 2011)) If y € Cla, b] with
ng‘ [y] € C([a, b]; R) is a minimizer for problem (6.12)—(6.14), then there exists a
real constant \ such that, for H = F 4+ \G, the Euler—Lagrange equation

—(y(r) CDyl), 1) + . Dy [—(y(t) CD”[y](t),t)} =0 (6.15)

holds for y, provided y is not an Euler—Lagrange extremal for G, that is,

C na «a oG _ C oz
—(y(t) Dy [yl(®), 1) +: D, E(y(t),aD [yl(@®), 1) | # 0.

6.2.1 Existence of Discrete Spectrum

We show that, similarly to the classical case, for the fractional Sturm—Liouville prob-
lem there exists an infinite monotonic increasing sequence of eigenvalues. Moreover,
apart from multiplicative factors to each eigenvalue, there corresponds precisely one
eigenfunction and eigenfunctions form an orthogonal set of solutions.
We shall use the following assumptions.

(H1) Let % < a < land p, g, w, be given functions such that: p is of C! class
and p(r) > 0; ¢, w, are continuous, w, (1) > 0 and (,/w,)" is Holderian of order
B<a-— % Consider the fractional differential equation
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0 [P DLW | 0 + a0y0) = Moay@),  (6.16)

that will be called the fractional Sturm—Liouville equation, subject to the boundary
conditions

y(a) = y(b) =0. (6.17)

Theorem 6.5 Under assumptions (HI), the fractional Sturm—Liouville problem
(FSLP) (6.16) and (6.17) has an infinite increasing sequence of eigenvalues A,
X® . andto each eigenvalue \™ there corresponds an eigenfunction y™ which is
unique up to a constant factor. Furthermore, eigenfunctions y™ form an orthogonal
set of solutions.

Proof The proof is similar in spirit to Gelfand and Fomin (2000) and will be divided
into 6 steps. As in Gelfand and Fomin (2000), we shall derive a method for approx-
imating both eigenvalues and eigenfunctions.

Step 1. We shall consider the problem of minimizing the functional

b

Iy = / [POE PPN + a)yP 0] dr (6.18)

a
subject to an isoperimetric constraint

b
T = / wa (NP0 di = 1 6.19)

a

and boundary conditions (6.17). First, let us point out that functional (6.18) is bounded
from below. Indeed, as p(¢) > 0 we have

b
Iy = / [POE DO + g0y )] ar

a

b
t t
> min q(1) ~/wa(t)y2(t)dt: min q(1) =: My > —o0.
tefa,b] wq (1) tefa,b] wq (1)
a

From now on, for simplicity, we assume thata = 0 and b = 7. According to the Ritz
method, we approximate solution of (6.17)—(6.19) using the following trigonometric
function with coefficient depending on w,,:

> By sin(kr). (6.20)

1
m(t) =
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Observe that 4, (0) = y,, () = 0. Substituting (6.20) into (6.18) and (6.19) we
obtain the problem of minimizing the function

1B, ..., Bn) = 1([BD

™

“ o [sin(kT) o [sin(i7)
- 35 o [ [ (o0 [22] 0 50 2227 0)

k,j=1 0
+ 2D Gk sin(jt):| di 6.21)
we (1)

subject to the condition
T m
TPy B = J(ABD = 5 k;(ﬁk)z = 1. (6.22)

Since I ([3]) is continuous and the set given by (6.22) is compact, function 7 ([3])
attains minimum, denoted by )\5,}), at some point [fV] = (ﬁfl), e 511)). If
this procedure is carried out for m = 1,2, ..., we obtain a sequence of numbers

)\(11)’ )\él), .... Because )\fnl_)H < )\5,11) and Z(y) is bounded from below, we can find
the limit
lim AP = \D
" .

m— 00

Step 2. Let

l m
(1) _ @D o
Yy () = — E By, sin(kt)
N

denote the linear combination (6.20) achieving the minimum )\f,l ). We shall prove
that sequence (y,(n1 ))meN contains a uniformly convergent subsequence. From now
on, for simplicity, we will write y,, instead of y,(,z ) Recall that

B 2
AD = / [p(t) (§ Drtum1®) +q(r)y,3,<r>} dr
0

is convergent, so it must be bounded, i.e., there exists a constant M > 0 such that

r 2
/ [p(r) (§ ot + q(t)y,i(t)} dt <M, meN.
0
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Therefore, for all m € N it hold the following:

s 2 s

[ po (§05tm0) @t <+ | [ awi o

0 0
<M+ max /wa(t)yz tydt = M+ max |49 | =
- 1[0, 7] " te[0,7] | wa (1)

we (1)
0

Moreover, since p(t) > 0, one has

us

r 2 2
min_ p(1) / (§ Dtyml)” dr < / p®) (§ DMyl ®) " dr = My,
0

tel0,7
0

and hence

s
2 M
/ (S Drtynl0) dr = —=L— =i as. (6.23)
min p(t)
0 t€[0,7]

Using (4.67) and (6.23), condition y,, (0) = 0 and Schwartz’s inequality, one has

¢ 2

2 1
@ = |01 0§ D) )| = oy | [ € = P DSy a7
0

B t
1 5 )
0 0

t
1 1 1
<= Mz/(t —)¥eDar « — My—— gl
I'(o) 'a) 2a-1
0

so that (Y,)menN is uniformly bounded. Now, using Schwartz’s inequality, Eq. (6.23)
and the fact that the following inequality holds,

Vxp > x>0, (x1 — x2)? < xf — 3,
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109
we have for any 0 < #1 < 1, < 7 that

[ (12) = w0l = | (015" 0 § DF ) lym122) = (01" 0 § D) lym (11|
1

123 4]
=@ / (ta — 7)1 DTy (1) d7 — / (t1 — 1S DO Tym](7) dr
0 0

4]
1
o / (12 = 1€ DOy 1(7) dr
41

13|

- [ (=0 = =) D) dr

0

1)

n % %
| ~ . 2
S /(tz_T)m D dr /[(th [ym](T)) ]dr
n

n
n

1
2
2
[ (=== ar

0

1
1

2
x /[(gDﬁ[ym](r))z] dr
0

1) 2
M
vy /(tz —7m)¥e=Dgr
I'(@)
1

3]

+ / ((n — 2D — (1 — 7)2@—”) dr

IA

1
2

0
VM [ a—1 2a—1 2a—1 2—1%
=——— |((p—t 2+[r—t e +t“]
Vo1 (2 —11) (2 — 1) 5 1
2 M>

-
=< W(Q —1) .

Therefore, by Ascoli’s theorem, there exists a uniformly convergent subsequence
(Ym, JneN of sequence (Y )n,eN. It means that we can find y(l) € C([a, b]; R) such
that

y(l) = lim yp,.

n— oo
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Step 3. Observe that by the Lagrange multiplier rule at [3] = [3"] we have

9

0=
0B;

108D = AP TABD ) lggggnys T =10,

Multiplying equations by an arbitrary constant C/ and summing from 1 to m we
obtain

m 9
= _— _ D
0= J;Cf 5 108D = AP TA8D ] gy 6.24)

Introducing
m

1 P
C/sin(jr)
=1

hm (x) =

Wq <
J

we can rewrite (6.24) in the form

™

0= / [ PO DF )0 DY U] 0) + [0 (1) = AP wa (Ol ()] .

0
(6.25)

Using the differentiation properties and formula g D ym] = %olt] “yp] we write
(6.25) as

™

d
0= / [—p/(ool,l—“[ym](r)(? D Thy1(t) — P(l)oltl_a[ym](l)gg D?[hm](r)} dr

+ po L Tyn1()§ DO Thn ()15
+ / [4(5) = AXDwo (g (Vo (1) A1 2= Ly, 6.26)
0

By Lemma A.2 (with w = 1/,/w,) and Lemma A.3 (Appendix), for function &
fulfilling assumptions of Lemma 6.2, we shall obtain in the limit (at least for the
convergent subsequence (¥, )neN) the relation

s

d
0= / [—p/(t)o]tl—a[y(l)](f) §D[h1(r) — p(t)()[tl—a[y(l)](;)Etha[h](t):| dr
0

+ poI Ty V1) § DETRIONZS + [ [g(0) — XV wa )1y P (At dt :=1.

0
(6.27)
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Let us check the convergence of integrals (6.26) explicitly:

| = 1| < / =P @01}~ T )OF DY T 1(0) + p' 01!~ 1y 1) § DY LRI d
0

™

1—a dC « 1—ap, (1) dC «

+ / POl lym 1D 76 D Thn)(®) = p®ol; "1y 1) 5 DY A1) dr

0
+ | PO, g )OO DY U Olizo = pWo 1~y 1) § DRI =0
+ |01, g )OO DY Ui Oli=r = 001}~ [y™10) § DI O]i=
+ [ [0 = X0l O ) = [a0) = AV 0)] V0 b0 ar

0

(6.28)

For the first integral we get

/ =P @0l ) OF DY L)) + p' 01,1y V1) § D10 s
0

=< P11 (11§ DAL N0 T = 51

+M3 Ky oIS Df T = Iz ]

where constant M3 = sup,,cn ||ym|| and || - || denotes the supremum norm in the
C([0, 7]; R) space. Now, we estimate the second integral

T
_ d _ d
/ ‘P(I)oltl “[ym]a)agD?[hm](t)—p(r)l&ﬁy“%r) 30 DR @)| dr
0
d _
<Ilpll- [IIE(‘{D?U@]IIU Mo Tym — y Ol 2

d
+M3K g - ||E€D;¥[hm _h]||L1i| .

For the next two terms we have

01~ [ym](0) —— oL}~ [Y10).  of; " [ym](m) —— oI/ ""[yl(m) (6.29)

. c
resulting from the convergence of sequence y,, —— y. For the sequence 4,, =
m— 00

Gm//Wa, we infer from Lemma A.3 that ), . Hence, also
m— 00



112 6 Application to the Sturm-Liouville Problem
§ DF ) —— § DN, ol ~Thy,) —— oI} =[]
and at points ¢ = 0, ™ we obtain
6 D7 thn](0) ——— §DPANO).  § D7 Uhn)(m) —— D1 AI(T).  (6.30)
The above pointwise convergence (6.29) and (6.30) imply that

P01}~y 10§ DY L] 1)]i=0 = pO01 =1y ™10) § DRI i=o| =0,

lim ‘
m-—>00

im0l = [y Df Ui 1 Oli=r — p®o1! 1y V10) § DF AN = | = 0.

Finally, for the last term in estimation (6.28) we get

/ g (1) — MNP wa ()Y (O (1) — [q (1) — XD wa )]y (1) h(1)| dt
0

< / 1q (£) (Y () (1) — y P (1) B())] de
0

™
+ / [wa (A Ym (O (1) = XDy D (@) h())| dt
0
=7 llgll - [ Ms - 1 = Bl + 1811 1l = 51l
el [ 4 (Ms - 1w = Bl 1l — 1)

Iy VIl 1A =201,

where constants M3 = sup,,cy ||1Ym || and A = sup,,cy |)\,(nl ) |. We conclude that

0= lim ImZI

m—00

and (6.27) is fulfilled for function 4! being the limit of subsequence (Ym, ) of the

sequence (Ym ), eN-
Step 4. Let us denote in relation (6.27):

Y1) := (q(t) — AP w0y (@),
V(1) == —p' Ol Iy 1),
Y3 (1) := —p)ol Ty V1().
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We observe that v; € C([0,7];R), j = 1,2,3 and thlfa[yg] e L%(0, m; R)
because

. : : d :
0D} Il = 0D} ™" [ p oty 1] = o1 [5 (p- ot a[y“])}

= ol [/ ot} 1y 1+ p - DY

Both parts of the above function belong to the L?(0, ; R) space.

Assuming that function A in (6.27) is an arbitrary function fulfilling assump-
tions of Lemma 6.3 and applying Lemma 6.3 part (a), we conclude that 73 =
—-p- Olll_o‘[y(l)] € Cl([O, 7]; R). From this fact it follows that p - g—tol;*[y(l)] €
C([0, 7]; R) and integral (6.27) can be rewritten as

™

/ [pOF DFL V106 DRI + (@ 1) = A Vwa )y 0h©)] dr =0,
0

Now, we apply Lemma 6.3 part (b) defining

F1(6) = (1) = (q(t) — AP wa)yV (@),
- ._ ﬂ l—ar, (1)
Pa(0) = p) ol Ty V1.

This time 71, 72 € C([0, 7]; R) and from Lemma 6.3 part (b) it follows that
02 [p@§Dely V10 | 0 + g0y 0 = \Dw, 0y Vo),
By construction, this solution fulfills the Dirichlet boundary conditions
y0) =y m =0

and is nontrivial because
T 2
TG = [wa) (100) = 1.
0

In addition, we also have for the solution
oDy =§ D1y e C([0, 71 R).

Let us observe that from the Dirichlet boundary conditions it follows that 3! also
solves the FSLP (6.16) and (6.17) in [0, 7].
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Step 5. Now, let us restore the superscript on y,(n1 ) and show that (y,(nl )) N itself
me

converges to 31 First, let us point out that for given ) the solution of
£ DR [PMEDLYIM] (1) + g0y (1) = XD wa (1)y(®), (6.31)
subject to the boundary conditions
y(a) =yb) =0 (6.32)

and the normalization condition

™

/ wa (Y (@) dr = 1, (6.33)

0

is unique except for a sign. Next, let us assume that 4! solves the Sturm—Liouville
equation (6.31) and that the corresponding eigenvalue is A = AV, In addition,
suppose that 1) is nontrivial, i.e., we can find 7y € [0, 7] such that yV(z9) # 0
and choose the sign, so that y(l)(to) > 0. Similarly, for all m € N, let y,(,:) solve
(6.31) with corresponding eigenvalue A\ = )\,(nl ) and let us choose the signs, so that

y,(nl )(to) > (. Now suppose that (y,(,,l )) N does not converge to yI). It means that

me

we can find another subsequence of (y,(,ll )) N such that it converges to another
me

solution 1 of (6.31) with A\ = A\, We know that for A\ = A1) solution of (6.31)
subject to (6.32) and (6.33) must be unique except for a sign, thence
Q(l) — _y(l)

and we must have yj(l) (o) < 0. However, it is impossible because for all m € N the
value of y,(”l ) in to is greater or equal than zero. It means that we have contradiction
and hence, choosing each y,(nl) with adequate sign, we obtain y,(,:) — gy,

Step 6. In order to find eigenfunction y® and the corresponding eigenvalue A®, we
again minimize functional (6.18) subject to (6.19) and (6.17), but now with an extra

orthogonality condition
™

/ wo Oy D) dr = 0. (6.34)

0

If we approximate solution by

1 m
> Brsinkt),  yw(0) = yu(m) =0,

m(t) =
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then we again receive quadratic form (6.21). However, in this case admissible solu-
tions are points satisfying (6.22) together with

> Zﬁ B =0, (6.35)

i.e., they lie in the (m — 1)-dimensional sphere. As before, we find that function
I([3]) has a minimum /\,(,3) and there exists A® such that

A@ = 1im \?,

m— 00

because J (y) is bounded from below. Moreover, it is clear that the following relation:
AD < \® (6.36)

holds. Now, let us denote by
l m
yP @) = Z B sin(kr)
wa k=1 /

the linear combination achieving the minimum )\,(1% ), where

8P =P, ..., 69)

is the point satisfying (6.22) and (6.35). By the same argument as before, we can
prove that the sequence (y,(,l2 ) )meN converges uniformly to a limit function y®, which
satisfies the Sturm-Liouville equation (6.16) with 2@ the boundary conditions
(6.17), normalization condition (6.19), and the orthogonality condition (6.34).
Therefore, solution y® of the FSLP corresponding to the eigenvalue \® exists.
Furthermore, because orthogonal functions cannot be linearly dependent, and since
only one eigenfunction corresponds to each eigenvalue (except for a constant factor),

we have the strict inequality
A ~ @

instead of (6.36). Finally, if we repeat the above procedure, with similar modifi-

cations, we can obtain eigenvalues A®, A\ .. and corresponding eigenfunctions
(3) 4@
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6.2.2 The First Eigenvalue

In this section we prove two theorems showing that the first eigenvalue of problem
(6.16) and (6.17) is a minimum value of certain functionals. As in the proof of
Theorem 6.5 in the sequel, for simplicity, we assume that @ = 0 and b = 7 in the
problem (6.16) and (6.17).

Theorem 6.6 Let y'") denote the eigenfunction, normalized to satisfy the isoperi-
metric constraint

J) = / wa (DY) dr =1, (6.37)
0

associated to the first eigenvalue XV of problem (6.16) and (6.17) and assume that
Sunction ; DY [p . g Df"[y]] is continuous. Then, yV is a minimizer of the following
variational functional

™

Iy = / [POG DI + g0 dr, (6.38)
0

in the class C([0, 7]; R) with tha [y] € C([0, 7]; R) subject to the boundary con-
ditions
y(0) =y(m) =0 (6.39)

and an isoperimetric constraint (6.37). Moreover, T (y(l)) =\,
Proof Supposethaty € C([0, 7]; R) isaminimizerofIanngt”[y] e C([0, 7]; R).
Then, by Theorem 6.4, there is number A such that y satisfies equation

DF [p(MHDF I ] (1) + g0y () = Awa )y (@), (6.40)

and conditions (6.37) and (6.39). Since ;D2 [p - § D[y]] and £ D2 [p - § DL Iy]
are continuous, it follows that p(z) - g Dy [y](t)| —, = 0. Therefore, Eq.(6.40) is
equivalent to

C DY [pMEDLIYIM] () + q(Dy(1) = Mwa (Dy(@). (6.41)

Let us multiply (6.40) by y and integrate it on the interval [0, ]. Then

™

/ (y(t)-,D;" [P(MDL YD) (1) +q(t)y2(t)) dr = A / wa ()Y (1) dr.
0

0
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Applying the integration by parts formula for fractional derivatives (cf. (2.9)) and
having in mind that conditions (6.39), (6.37) and

p()-§DPYI0| _ =0

hold, one has

/ ((B'Df“[y](t))2 p() + q(t)yz(t)) dr = A,
0

Hence, Z(y) = A. Any solution to problem (6.37)—(6.39) that satisfies Eq. (6.4 1) must
be nontrivial since (6.37) holds, so A must be an eigenvalue. Moreover, according to
Theorem 6.5 there is the least element in the spectrum being eigenvalue AV and the
corresponding eigenfunction 4’ normalized to meet the isoperimetric condition.
Therefore J (y(V) = A\,

Definition 6.7 We call to functional R defined by

_ Z(y)
T’

where Z(y) is given by (6.38) and J (y) by (6.37), the Rayleigh quotient for the
fractional Sturm—Liouville problem (6.16) and (6.17).

R)

Theorem 6.8 Let us assume that function y € C([0,n]; R) with g Dyl €
C ([0, w]; R), satisfying boundary conditions y(0) = y(r) = 0 and being non-
trivial, is a minimizer of the Rayleigh quotient R for the Sturm—Liouville problem
(6.16) and (6.17). Moreover; assume that function ; D [ p- g D?[y]] is continuous.
Then, the value of R in v is equal to the first eigenvalue XV, i.e., R(y) = A1,

Proof Suppose that function y € C([0, 7]; R) with gD,O‘[y] e C([0, 7]; R), satis-
fying y(0) = y(m) = 0 and nontrivial, is a minimizer of the Rayleigh quotient R
and that the value of R in y is equal to A, i.e.,

I(y)
Ry)=—==A.
Y= 7w
Consider a one-parameter family of curves § = y + hn, |h| < €, where n €

C ([0, 7]; R) with ng‘[n] € C([0, 7]; R) is such that n(0) = n(7) = 0,n # 0, and
define the following functions:

¢:[—e,e] — R

™

h— Jy+ hn) =/wa(l)(y(l) +hn(1))* dr,
0
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Pi[—e,e] — R

us

b T+ ) = [ [po§ Dy -+ hnlo)?
0

+q(O (@) + hn(t))z] dr

and
(:[—e,e] — R

h — Ry + hn) = Zuthn.

J (y+hn)
Since ( is of class C'on[—¢,¢]and
C0) =C(h), I|hl =e,

we deduce that

=0.

oy = 2
¢ = th(y+hn) e

Moreover, notice that

' 1 , W)
h)=—— (') — ==¢'(h
¢'(h) o) (1/)( ) ¢(h)¢( ))

and that

=L
VO = GIuthn)|

=2 [ [p-§ 07110 - § D010 + g @romn  ar,
0

™

d
GO = < T+hm =2 / [wa )y O] dr.
h=0
0

Therefore

L d
¢ = ER(erhn)

h=0

2 ™
T (0/ p(®) - § DAYI@) - § DEIIE) + q(Dy()n() dr
I [

7w J wa(t)y(t)n(t)dt) =0.
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o i mi 1)
Having in mind that 7w

formula (2.9) we obtain

= X and n(0) = n(m) = 0, using the integration by parts

™

/ (:D [P5D21y1] (1) + 4(Oy(0) — Awa(0)y(O) () di = 0.
0

Now, applying the fundamental lemma of the calculus of variations, we arrive to
DF [p@) - § DLW | 0+ a0y = Nway@®). (642)

Under our assumptions, p(t) - g D yl() | —r = 0 and therefore Eq. (6.42) is equiv-
alent to

02 [p(0)-§ DEID] () + ay(n) = Nway(@). (6.43)

Since y # 0 we deduce that number A is an eigenvalue of (6.43). On the other hand,
let A" be an eigenvalue and 3™ the corresponding eigenfunction. Then

02 [P DL ™D 0 + g0y ™ 0 = X way™ @), (6.44)

Similarly to the proof of Theorem 6.6, we can obtain

[ (€ e ™10) p6) + g™ @)?) dr
0 = \m)

T AW (1) (g (1))2 dr
0

. (m) . . ..
forany m € N. Thatis R(y"™) = % = A" Finally, since the minimum value

of R at y is equal to \, i.e.,
A<R@™)=A\" vmeN,

we have A = AV,

6.2.3 An Illustrative Example

Let us consider the following fractional oscillator equation:

Dy [SD2Iy)(M)] (1) — Ay(1) =0, (6.45)
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where y(a) = y(b) = 0. One can easily check that problem of finding nontriv-
ial solutions to Eq.(6.45) and corresponding values of parameter A is a particular
case of problem (6.16) and (6.17) with p(¢r) = 1, q(t) = 0 and w,(t) = 1. The
corresponding variational functional is

b
To(y) = / p®) - DMyl de = |I/p § DYyl

a
with the isoperimetric condition

b

/yz(t)dt =1.

a

Let us fix the value of parameter p and assume that orders a1, o fulfill the condition

% < a1 < ap < 1. Then, we obtain for functionals Z,, , Z,, the following relation

—ar | d
Toy () = [IV/PS DY IYNIZ S = lI/Pal) ™ [Ey} 1172

d
_ 1—
= ||\/ﬁa1[a2 alalz . [ay} ||22

< K2, o - IIVPS DY
= Kiz—(}tlICVZ (y)’
where we denoted e
(b —a)*® ™
o —a;+1)°

Kazfoq =

We observe that in the above estimation two cases occur:

if Kny—oy <1, then Z,,(y) <Zn,(y);
if Kay—a; > 1, then Zo, (y) < K2,_o - Tay ().

The relations between functionals for different values of fractional order lead to the
set of inequalities for eigenvalues A; valid for any j € N:

if Koy—a) < 1, then )\j(al) = )\j(Oé2)§
if Koy—o, > 1, then \j(ar) < K2 _, - Aj(a).

ap—ay
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In particular when order ap, = 1 we get

] 1—
Toy () = IV/PS D Y32 = |IV/Paly ' [DY] 117,
< Ko IWPDYIR: = K} 0 Ti(w)

and the following relations dependent on the value of constant K|_,,:

if Kl—oz] <1, then Iozl (v) <Zi(y);
if Ki—o, > 1, then Zo,(y) < Ki_,, - T1(y).

Thus, comparing the eigenvalues for the fractional and the classical harmonic oscil-
lator equation for boundary conditions y(a) = y(b) = 0, we conclude that the
respective classical eigenvalues are higher than the ones resulting from the fractional
problem for any j € N. Namely,

—a

. 2
if K1_q, < 1, then Aj (1) < Aj(1) =p(b’7r ) :

. 2
. 2 JT
if Ki—a, > 1, then A\j(a1) < Ki_,, - Aj(1) =p ((b —a)QIF(Z—om)) .
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Chapter 7
Conclusion

Abstract This book was dedicated to the generalized fractional calculus of
variations. We extended standard fractional variational calculus (Almeida et al. 2015;
Malinowska and Torres 2012), by considering problems with generalized fractional
operators, that by choosing special kernels reduce, e.g., to fractional operators of
Riemann-Liouville, Caputo, Hadamard, Riesz, or Katugampola types.

Keywords Generalized fractional operators « Generalized fractional calculus of
variations * Directions for future research

First, we proved several properties of generalized fractional operators, including
boundedness in the space of p-Lebesgue integrable functions, and generalized frac-
tional integration by parts formula. Next, we applied standard methods of fractional
variational calculus to find admissible functions giving minima to certain function-
als. We considered cases of one and several variables. However, because in standard
methods it is assumed that Euler-Lagrange equations are solvable, we presented
certain results according to direct methods, where it is not the case. We proved a
Tonelli-type theorem ensuring the existence of minimizers and then obtained nec-
essary optimality condition giving candidates for solutions. The last chapter was
devoted to the fractional Sturm—Liouville problem. Applying methods of fractional
variational calculus, we proved that there exists an infinite increasing sequence of
eigenvalues; to each eigenvalue corresponds an eigenfunction and all of them are
orthogonal. Moreover, we presented two theorems concerning the first eigenvalue.
Concluding, our results cover several variational problems with particular fractional
operators and give a compact and transparent view for the fractional calculus of
variations. We trust that our work will provide new insights to further research on
the subject, where still much remains to be done. Such research can choose several
directions. Here, we find important to mention the following ones. We can

consider variational problems with higher order derivatives;

consider Lagrangians with different operators K p1, K p2, ... and Bp1, Bp2, .. .;
apply direct methods to multidimensional variational problems;

explore problems of generalized fractional calculus of variations with holonomic
or nonholonomic constraints;
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e with the help of fractional variational calculus show fractional counterparts of
isoperimetric inequality; and

e continue with variational methods in problems of generalized fractional optimal
control including necessary conditions of optimality or maximum principle.

The results mentioned in this book were first published in peer reviewed
international journals (Bourdin et al. 2013, 2014; Klimek et al. 2014; Odzijew-
icz et al. 2012a,b,c, 2013b,c,d,e; Odzijewicz and Torres 2012, 2014); chapters in
books (Odzijewicz 2013b; Odzijewicz et al. 2013a); and proceedings with referee
(Odzijewicz et al. 2010, 2012d, e, f). See also the PhD thesis (Odzijewicz 2013a).
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Appendix A
Two Convergence Lemmas

In this appendix we prove two lemmas, concerning certain convergence properties
of fractional and classical derivatives.

Lemmas A.2 and A.3 are important in the proof of Theorem 6.5. Let us begin
with the following definition of Holder continuous functions.

Definition A.1 Function g is Holder continuous in the interval [a, b] with coefficient
0<pB<lif

sup lg(x) — g/(gy)l A1
x,y€la,b], x#y lx — yl

We denote this class of Holder continuous functions as C g([a, b]; R).

Lemma A.2 Let o € (0, 1), functions w, g € C'([0, 7]; R) N C},([—7, 7]; R) be
odd functions in [—m, 7] such that w”, g’ € L*(0, r; R). If we denote as gy, the mth
sum of the Fourier series of function g, then the following convergences are valid in
[0, m]:

L2
€ D [gm] —— §D?[g]. (A2)
m-—00
d L d
—S$Dgn] —— —CD“[ 1, (A3)
d[ m— 00
L2
S DY wgm] —— § D [wgl, (A4)
m-—00
d C L d C
276 DiTwgn] ——— —-§ D{ lwg]. (A.5)
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Proof We can apply Property 2.11 and estimate the |§ D¥[gn] — § D#[g]|| ;> norm
in [0, 7r] as follows:

|6 D2tgn1 = § D811, < ot 19 = 91| , = Kia*lIghy = gl 2

L2

For even functions from the C1([0, 7]; R) N C,li([—n, 7]; R) space, g/, is the mth

. . o L? o
sum of the Fourier series of the derivative ¢'. Hence, ¢,, ——> ¢’ in interval [0, 7]
m—0Q

and from the above inequalities it follows that (A.2) is valid on [0, ]:
o Pelgml ——=> o Li 191

Let us observe that for ¢t > 0:

d o o / o / g’/'"(o)_ t_a
ESD, [9m](t) = 0D{'1g,, 1) = § Df'1g,,1(1) + rl—a)’
d N o ar / g’(O) .
200 DI 1910 = oD = § D 910) + o

Therefore, we can estimate the distance between j—t(c)Df‘ [gm]and j—IBD;" [g]ininterval

[0, 7] using (2.10)for B =1 —a and p = 1:

d d
HES D[ gm] — ES D¥[g]

Ll
—a
< CDOl /o /‘ / —q - _—
_HO i lgm — 91 L1+ G (0) = g/ (O) ' —oa)lp
l—ayp 17 " / / t_a_
= ot/ =19 = 91|, +191©) = g O)I- i
L
1—«
7 " / / il
<Kio-llgy—9"lln1 +Igm(0)—9(0)|'m
) 7.[l—cz
EKlfowﬁ'||9,/f1—9/||L2+|9;n(0)_9/(0)|'1“(2—01).

By assumptions, we have in [—, 7] (thence also in [0, r]) that

2
Gn = 9" Gu(0) ——= g'O).
m—00 m—00

Hence, we conclude that (A.3) is valid. The convergence given in (A.4) follows from
(A.2), namely
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H(?D?[wgm] — 6Dy

= Jor= [wany — wo]] |

L+ o g -

< Holf‘“[w(gin -
< Kia llw(gly — 2+ Ki—a - 110 (g — 9112
< Ki—o (Il - 1lgl, — ¢/l + 11w/]] - llgm — gll12) »

where || - || denotes the supremum norm in the C([0, ]; R) space. From assump-

. . L? L? .
tions of our lemma, it follows that g,, —— ¢’ and g,, ——> g in [0, 7]. Thus,
m— o0 m— 00

convergence (A.4) is valid. To prove convergence (A.5) we start by observing that
for t > 0 we have:

(wgm)'(0) - 17

d / o /
o — Df [wgn1(t) = oDff [(wgn)'] (1) = § Dff [(wgn)'] () + I —a)

3

(wg)'(0) - 17 '

d
0 D wglt) = oDf [(wg)'] () = § Df [(wg) ] ) + ===

dO

For the L!-distance between jtg Df[wg,] and %g Df[wg] in the interval [0, 7],

d d
| oD gl — 550 )

Ll
< §DY [(wgm) — (wg) ]l + H[(wgm)’ 0) — (wg) (0] - ﬁ |
L
< ||0[t1_°‘ [(wgm)” — (wg)”] 11+ |(w9m) (0) — (wg)’ (O)’ “F(l)
Ll
1 —a
< Ko - |l (wgm)" = w9)" |1 + [ (wgm)" (0) = (wg) ()] - m

lfa

< Kio VT (wgm)" — wg)" |12 + H (wgm)" (0) — (wg)' (0) H m
(A.0)

Because
(wgm)" — (wg)" =w(g, —g)+2w) (g, —9)+ )" (gn — 9)
we have

I (wgm)" — (wg)" |2
< Mwll-lgm = 9"z +2- @) 11~ gy = g'll2 + 1wl L2 - [lgm — gll .2
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From the assumptions of the lemma, it follows that for j =0, 1, 2

tim_{lgy” = g¥ll;2 = 0.
o0

m—

Hence,

m_ || (wgm)” — (wg)" |2 = 0.

tim,
In addition,
lim_ | (wgm)' (0) — (wg)' (0)]
= lim _|(w)" (0)(gn(0) — 9(0)) + w(0)(g,,(0) — g'(0))|
@) ©)(gn(© — gO)| + tim_|w(©)(g},(©) — g'©)] =0.

< lim
m-—0Q

Taking into account estimation (A.6) and the above inequalities, we conclude that
(A.5) is valid.

Lemma A.3 Leta € (% 1) , 0<B<a— % function w be positive, even function

in[—m,m]land w' € CZ([—JT, 7]; R). Function h' is the derivative of h defined by
assumptions of Lemma 6.2 and formula (6.7), function g is defined as

g(t) ;= h(@®)w(t).

If we denote as g, the mth sum of the Fourier series of function g, then the following
convergences are valid in interval [0, 7 ]:

w9 (A7)
In(0) —— 4'(0), (A.8)
(1) ——> g'(0). (A9)

Proof Definition (6.7) in interval [0, 7] implies for derivative A’ that
W (t) = oI [y1(t) + At” + Bt'te, (A.10)
where y € C[0, ] and constants A, B € R are specified by conditions (6.3), (6.4)

in the proof of Lemma 6.1. Let us observe that e e ! ([0, ]1; R), function #*
is Holder continuous in [0, 7] with coefficient 8 < «, thus it can be extended to an
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odd/even, Holder continuous function in interval [—, 7r]. In addition o /[y 1(¢) is
Hoélder continuous function in [0, 7] with coefficient 8 < o — % because:

oI 1@ = oI YI)| _ 2-[lylle
|t —sl? T e)v2a -1
20yl oo

= I'(o)2a — 1 g =

and can be extended to an odd/even, Holder continuous function in interval [—7, 7 ].
Observe that for Holder continuous functions in [—s, 7r] we have the absolute con-
vergence of their Fourier series. For function ¢’ we obtain in [0, 7 ]:

1
It —s*"27F

g @) =h@Ow) +hOw (@).

Both terms on the right-hand side are, by assumption, functions from the
C f, ([0, ]; R) space and can be extended to odd/even functions in C f, ([-m, 7]; R)
space. Hence, their Fourier series are absolutely convergent in [—z, r]. Concluding,
we have for function ¢’ the convergence in interval [—7, 7]:

/ C /

In e 9

Thus the sequence g, of partial sums is also absolutely convergent in the interval
[0, 7 ]. Formulas (A.8) and (A.9) are a straightforward consequence of this fact.
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