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Preface

The theory of variational inequalities is a relatively young mathematical discipline.
One of the bases for its development was the contribution of Fichera [5], who coined
the term “Variational Inequality” in his paper on the solution of the frictionless
contact problem between a linearly elastic body and a rigid foundation posed by
Signorini [15]. The foundations of the mathematical theory of elliptic variational
inequalities were laid by Stampacchia [16], Hartman and Stampacchia [7], Lions
and Stampacchia [11], and others. Evolutionary variational inequalities have been
preliminary treated by Brézis [2] who also connected the notion of variational
inequality to convex subdifferential and maximal monotone operators. The theory
of variational inequalities can be viewed as an important and significant extension
of the variational principle of virtual work or power in inequality form, the origin
of which can be traced back to Fermat, Euler, Bernoulli brothers, and Lagrange.
The theory of variational inequalities and their applications represents the topics
of several well-known classical monographs by Duvaut and Lions [4], Glowinski,
Lions, and Trémoliéres [6], Kinderlehrer and Stampacchia [10], Baiocchi and
Capelo [1], Kikuchi and Oden [9], and so on.

The notion of hemivariational inequality was first introduced by Panagiotopoulos
[13] and is closely related to the development of the concept of the generalized
gradient of a locally Lipschitz functional provided by Clarke [3]. Interest in
hemivariational inequalities originated, similarly as in variational inequalities, in
mechanical problems. From this point of view, the inequality problems in Mechanics
can be divided into two main classes: that of variational inequalities, which is
concerned with convex energy functions (potentials), and that of hemivariational
inequalities, which is concerned with nonsmooth and nonconvex energy func-
tions (superpotentials). Through the formulation of hemivariational inequalities,
problems involving nonmonotone and multivalued constitutive laws and boundary
conditions can be treated successfully mathematically and numerically. The theory
of hemivariational inequalities and their applications was developed in several
monographs by Panagiotopolous [13], Naniewicz and Panagiotopolous [12], and
Haslinger, Mietten, and Panagiotopolous [8], among others.
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During the last decades, variational and hemivariational inequalities were shown
to be very useful across a wide variety of subjects, ranging from nonsmooth
mechanics, physics, and engineering to economics. For this reason, there are a
large number of problems which lead to mathematical models expressed in terms of
variational and hemivariational inequalities. The mathematical literature dedicated
to this field is growing rapidly, as illustrated by the list of references at the end of
each chapter of this volume.

The purpose of this edited volume is to highlight recent advances in the field of
variational and hemivariational inequalities with an emphasis on theory, numerical
analysis, and applications. The theory includes existence and uniqueness results
for various classes of nonlinear inclusions and variational and hemivariational
inequalities. The numerical analysis addresses numerical methods and solution
algorithms for solving variational and hemivariational inequalities and provides
convergence results as well as error estimates. Finally, the applications illustrate
the use of these results in the study of miscellaneous mathematical models which
describe the contact between deformable bodies and a foundation. This includes the
modeling, the variational and the numerical analysis of the corresponding contact
processes.

This volume presents new and original results which have not been published
before and have been obtained by recognized scholars in the area. It addresses to
mathematicians, applied mathematicians, engineers, and scientists. Advanced grad-
uate students can also benefit from the material presented in this book. Generally, the
reader is expected to have background knowledge on nonlinear analysis, numerical
analysis, partial differential equations, and mechanics of continua.

This volume is divided into three parts with 14 chapters. This division of the
material is not strict and it is done only for the convenience of the reader. A brief
description of each part is the following.

Part I, entitled Theory, is devoted to the study on abstract nonlinear evolutionary
inclusions and hemivariational inequalities of the first and second order, an approx-
imation method to solve nonsmooth problems and its application to variational—
hemivariational inequalities, a bifurcation result for a nonlinear Dirichlet elliptic
problem, and variational inequality problems on nonconvex sets.

Part I, entitled Numerical Analysis, deals with the numerical approximation of
the hemivariational inequalities, extragradient algorithms for solving various classes
of variational inequalities, the proximal methods for treating a nonlinear inverse
problem in linearized elasticity relating to tumor identification, and discontinuous
Galerkin methods for solving an elliptic variational inequality of the fourth order.

Part 111, entitled Applications, is dedicated to the study of miscellaneous classes
of problems issued from Contact Mechanics. Topics include the analysis of a
dynamic contact model for Gao beam, an energy-consistent numerical model for
the dynamic frictional contact between a hyperelastic body and a foundation, a
nonclamped frictional contact problem in thermo-viscoelasticity, the large time
asymptotics for contact problems for Navier—Stokes equation and antiplane elastic-
ity, hemivariational inequalities, and history-dependent hemivariational inequalities
in dynamic elastic-viscoplastic contact problems.
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Chapter 1
Bifurcation Phenomena for Parametric
Nonlinear Elliptic Hemivariational Inequalities

Leszek Gasinski and Nikolaos S. Papageorgiou

Abstract We consider a nonlinear Dirichlet parametric problem with discontinuous
right hand side in which we have a competing effect of sub and superlinear
nonlinearities. A bifurcation type result is studied when the parameter tends to zero.

Keywords Nonlinear elliptic hemivariational inequality * Concave-convex prob-
lem ¢ Bifurcation * Mountain pass theorem

AMS Classification. 35J20, 35J60, 3592

1.1 Introduction

Let 2 € R" be a bounded domain with a C2-boundary 952. In this paper we study
the following nonlinear parametric Dirichlet problem

—Apu(z) = Au() ! + f(z,u(z)) in 2,

ulpge =0, u>0in 2, A > 0,

(4)

where 1 < g < p.Here A, (1 < p < +00) denotes the p-Laplace differential
operator defined by

Apu = div (| Vu|?72Vu) forall u € Wy (£2).

L. Gasinski (<)

Faculty of Mathematics and Computer Science, Jagiellonian University, ul. Lojasiewicza 6,
30348 Krakow, Poland

e-mail: leszek.gasinski @uj.edu.pl

N.S. Papageorgiou

Department of Mathematics, National Technical University, Zografou Campus,
Athens 15780, Greece

e-mail: npapg @math.ntua.gr

© Springer International Publishing Switzerland 2015 3
W. Han et al. (eds.), Advances in Variational and Hemivariational Inequalities,
Advances in Mechanics and Mathematics 33, DOI 10.1007/978-3-319-14490-0_1


mailto:leszek.gasinski@uj.edu.pl
mailto:npapg@math.ntua.gr

4 L. Gasinski and N.S. Papageorgiou

The interesting feature of our problem is that f(z,-) need not be continuous. It is
only jointly measurable and the function ¢ — f(z, ) is L°°-bounded on bounded
sets. Then the potential function

¢
F.8) = /0 fs)ds

is no longer smooth and it is only locally Lipschitz in the {-variable. The usual way
to treat such discontinuous problems is to pass to an inclusion by “filling in the
gaps” at the discontinuity points. This way we introduce a new form of variational
expressions, known as hemivariational inequalities which arise in nonsmooth
mechanics (see [17]). Hemivariational inequalities can be dealt effectively using
the nonsmooth critical point theory (see [5]). The other important feature of our
analysis is that the potential F(z, -) is p-superlinear near +o0, but without satisfying
the usual, in such cases, Ambrosetti-Rabinowitz condition. So, in the problem
we have the competing effects of the concave (sublinear) term A¢9~! and of the
convex (superlinear) term f(z,{). We prove a bifurcation type result for small
values of A > 0. Such results were proved for semilinear equations (i.e., p = 2)
by Ambrosetti et al. [1] and for nonlinear equations driven by the p-Laplacian by
Garcia Azorero et al. [4] and Guo and Zhang [12]. In these works the reaction has
the special form

ALVt forall ¢ =0,
with 1 < g < p <r < p*, where
Np

pr=yN-p
400 if N < p.

if p <N,

More general superlinear nonlinearities were employed by Hu and Papageorgiou
[14] and Marano and Papageorgiou [15]. To the best of our knowledge, there are no
such bifurcation results for problems with a nonsmooth potential.

A similar analysis is also conducted for the following parametric problem

—Apu(z) = Af(z,u(z)) in 2,
ulpge =0, u>0in 2, A > 0.

(B)

Again f(z,-) may be discontinuous. So, we deal with this problem by passing to
an inclusion obtained by filling in the gaps at the discontinuities (hemivariational
inequality). We prove a bifurcation type theorem for large values of A > 0 and with
f(z,) being (p — 1)-sublinear near +o0. Similar “smooth” equations were studied
in [16,20] (semilinear problems) and in [9, 11, 13, 19] (nonlinear equations driven



1 Bifurcation Phenomena for Elliptic Hemivariational Inequalities 5

by the p-Laplacian). Only [9] establishes the precise behaviour of the set of positive
solutions as the parameter A > 0 varies (bifurcation type result).

Our approach uses variational methods based on the nonsmooth critical point
theory and suitable truncation and comparison techniques. In the next section for
the convenience of the reader, we review the main mathematical tools which we
will use in the sequel.

1.2 Mathematical Background

Let X be a Banach space and X * its topological dual. By (-, -} we denote the duality
brackets for the pair (X*, X). Also by || - || x we denote the norm of X and by || - || x*
the norm of X*. If ¢: X — R is a locally Lipschitz function, then the generalized
directional derivative of ¢ at x € X in the direction & € X is defined by

o(y + Ah) — w(y)_

¢°(x;h) = limsup 5

y—=>x

AN0

Then ¢°(x;-) is sublinear and continuous and so it is the support function of a
nonempty, convex and w*-compact set in X * defined by

dp() = {x* € X*: (x*,h) < ¢°(x;h) forall h € X}.
The multifunction d¢: X — 25"\ {@} is called the generalized subdifferential of ¢.
If ¢ is continuous, convex, then it is well known that ¢ is locally Lipschitz and the
generalized subdifferential coincides with the subdifferential in the sense of convex
analysis which is given by
dp(x) = {x* € X*: (x*,h) < p(x + h) — ¢(x) forall h € X}.
Moreover, if ¢ € C'(X), then ¢ is locally Lipschitz and

dp(x) = {¢'(x)}.

If g: 2 x R — R is a measurable function and for almost all z € £2, the function
g(z,-) is bounded on bounded sets, then the function G(z,-): R — R defined by

¢
G(z,0) =/0 g(z,8)ds

is locally Lipschitz and

3G (z,¢) = [&1(2.0), gu(z. O],



6 L. Gasinski and N.S. Papageorgiou
where

1(z,¢) = limessinfg(z,s) and g,(z,¢) = limesssup g(z,s).
81z 0) 5\0|¢—s|<ag( ) 8u(z,%) jupesssupg )

Moreover, if
lg(z,O) <a()(1 +|¢|""") foralmostall z € £2, all £ > 0,

with 1 < r < +00,a € L*(£2), then the integral map /5: L" (§2) — R defined by

1 = | G(z, d
o0 = [ Gu) d:
is locally Lipschitz and
Agw) C {he L (2): gi(z.u(z)) < h(z) < gu(z. u(z)) ae.inz € 2}

(% + ,i, = 1). For details we refer to [3].

For a given locally Lipschitz function ¢: X — R we say that x € X is a critical
point of ¢, if 0 € dp(x). It is easy to see that when x is a local minimizer or a local
maximizer of ¢, then x is a critical point of ¢.

For a given locally Lipschitz function ¢: X — R, we set

my(x) = inf  ||x™| x*.
o) = inf "

We say that ¢ satisfies the Cerami condition at the level ¢ € R, if for every sequence
{Xn}uz1 S X such that ¢(x,) — ¢ and (1 + [|x,| x)me,(x,) — 0 has a strongly
convergent subsequence. If this property holds at every level ¢ € R, then we say
that ¢ satisfies the Cerami condition. If ¢ € C'(X), then we recover the classical
definition of the Cerami condition (see e.g., [6]), since m,(x,) = [|¢'(x,)||x+ for
alln > 1.

Using this compactness type condition, one can prove a deformation theorem
from which follows the minimax theory of the critical values of ¢. One of the main
results of this theory is the next theorem which is a nonsmooth version of the so
called mountain pass theorem. For details we refer to [5].

Theorem 1.1. If X is a Banach space, ¢: X — R is a locally Lipschitz functional
which satisfies the Cerami condition, xy, x; € X are such that ||x; — xo|| > r > 0,

max {¢(xo), ¢(x1)} < inf{p(x) : [lx —xollx =r} =m,

and

¢ = inf max <p(y(t)),

yel 0<t<l
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where
I = {)/ € C([O, 1]§X) 2 y(0) = xo, y(1) = Xl},

then ¢ = m, and c is a critical value of the functional ¢.

In the analysis of the two parametric equations, in addition to the Sobolev space
Wol'p (£2), we will also use the Banach space

Col(ﬁ) = {u e Cl(R): ulyo = 0}.
This is an ordered Banach space with positive cone
Cy = {u € Col(ﬁ) s u(z) =0forallz € 5}

This cone has a nonempty interior given by
. u
intCy =3ueCy: u(z) >0forall z € £2, a—(z) <Oforallz € 052},
n

where n(-) is the outward unit normal on 952.

The next theorem is a special case of a more general result of [8] and relates local
C' and local W!-» minimizers for a large class of nonsmooth functionals.

So, let jo: 2 x R — R be a measurable function, which is locally Lipschitz in
the ¢ € R variable. Assume that

lul < a(z)(1+1[¢]""") foralmostallz € 2, all { € R, all u € djo(z, ),

with a € L®°(£2)+ and 1 < r < p*. Let ¢q: WOI”’(.Q) — R be the functional
defined by

1
@o(u) = ;||vu||g —/ Jo(z.u(z)) dz forallu e Wy 7 (£2). (1.1)
2

From [3, p. 83] we know that ¢, is Lipschitz continuous on bounded sets, hence it
is locally Lipschitz.

Theorem 1.2. If ¢, is defined by (1.1) and uy € W, () is a local C}(2)-
minimizer of @, i.e., there exists oo > 0, such that

9o(uo) < @ouo + h)  forall h € Cj(£2), 12l @) < @o-

then uy € Col’ﬂ (2) for some B € (0,1) and uq is also a local Wol‘p (£2)-minimizer
of o, i.e., there exists 01 > 0, such that

0o(uo) < @oluo + h) forallh € W, "(2), 1] < o1.
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Hereafter by || - | we denote that norm of the Sobolev space Wol'p (£2). By virtue
of the Poincaré inequality, we have

lull = |Vul, forallue W, ().

Let A: W, 7(2) — W2 (2) = W, "’ (2)* (where L4 2 = 1) be the
nonlinear map defined by

(A(). y) =/ IVal232 (Ve Vy)gn dz foralluy € W) (2).  (1.2)
2

The next proposition summarizes the main properties of the map A (see e.g., [7,
Lemma 3.2] or [6, pp. 745-746]).

Proposition 1.3. The map A: Wol’p(Q) — W12 () defined by (1.2) is bounded
(i.e., maps bounded sets to bounded sets), continuous, strictly monotone (hence
maximal monotone too) and of type (S)+, i.e., if u, — u weakly in Wol‘p (£2) and

limsup(A(u,), u, —u) <0, thenu, — uin Wol’p(.Q).

n—+00

We will also need the following fact about ordered Banach spaces (see e.g., [15]).
Lemma 1.4. If X is an ordered Banach space with order cone X4, int X4 # 0,
uy € int X, then for every u € X there existst = t(u) > 0 such that tup—u € X4.

In the following by )Akl we denote the first eigenvalue of (—A4,, WOI“” (£2)). We
know that A; > 0, it is isolated, simple and

i . ||V”||§ .
1 =1 P
l[ull’p

In (1.3) the infimum is actually attained on the one dimensional eigenspace
corresponding to A; > 0. From (1.3) it is clear that the elements of this eigenspace
do not change sign. By it; we denote the L”-normalized (i.e., ||ii; ||, = 1) positive

ue Wy (2), u0;. (1.3)

eigenfunction for A; > 0. From the nonlinear regularity theory and the nonlinear
maximum principle (see e.g., [6, pp. 737-738]) we have that &t; € int Cy.

Finally let us fix our notation in this paper. For every { € R, we set {T =
max{+¢, 0}. Then for u € Wol‘p (£2) we set uT(-) = u(-)*. We know that

ut e Wol'p(.Q), u=u"—u" and |u|=ut +u".

By | - |y we denote the Lebesgue measure on RV.
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1.3 Problem (A)

In this section we study problem (A).

Due to the discontinuous nature of the perturbation f(z,-), to study problem (A)
we replace the equation by an inclusion, by filling in the gaps at the discontinuity
points. So, we consider

—Apu(z) — Au(z)?™" € dF (z,u(z)) in 2,
(Py)

u|a_Q=0, u>0inS2,/\>O.

By a positive solution of this problem we mean a function u € Wol’p (£2), u # 0,
u(z) = 0 for almost all z € £2 such that

/ IVul 23 (Vu, Vh)gndz = A / w'hdz+ / g*hdz forall h € W, (£2),
2 2 2

with g* € L (£2) (for some r € (p, p*), % + % = 1) and g*(2) € 0F (z,u(2)) =
[ /i(z.u(2)). fu(z, u(z))] for almost all z € £2.
Our hypotheses on the perturbation f are the following.

H, f:£2 xR — R is a measurable function, such that for almost all z € £2,
f(z.0) =0, f(z,¢) = 0forall { = 0and

(i) there exista € L>®(82)4 and r € (p, p*) such that
f(z,0) <a@)(1+|¢]""Y) foralmostall z € 2,all ¢ € R;
@) if F(z,¢0) = foZ f(z,5) ds, then we have

Fz.0)

{>+oo (P

= 400 uniformly for almost all z € £2

and there exist u € (0, (r — p) max{%, 1}) and By > O such that

,0)¢ — pF(z, .
Bo < lcirn +inf /(2. 9)¢ gup 39) uniformly for almost all z € £2;  (1.4)
—>+400

Ju(z.0)

¢

(iii) we have li\r‘n = 0 uniformly for almost all z € £2;
N0

(iv) for every ¢ > O, there exists § > 0 such that for almost all z € £2, the
function { — F(z,{) + §,¢” is convex on [0, o].
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Remark 1.5. Since we are looking for positive solutions and all the above hypothe-
ses concern the positive semiaxis (0, +00), without any loss of generality, we may
assume that f(z,¢) = O for almost all z € £2 and all { < 0. Then f;(z,{) =
fu(z, &) = 0 for almost all z € £2 and all ¢ < 0, hence dF(z,¢) = {0} for almost
all z € £2 and all { < 0. Hypothesis H;(ii) implies that for almost all z € £2, the
potential F(z,-) is p-superlinear. Note that hypothesis H;(ii) implies that

i SIGD)
1m

{—>+o00 é’p_l

= +o00 uniformly for almost all z € £2.

Nevertheless, we do not employ the usual, in such cases, Ambrosetti-Rabinowitz
condition (the unilateral version since f(z,)|[(—c0,0) = 0), which says that there
exist T > p and M| > 0O such that

0<tF(z,8) < fi(z,0)¢ foralmostall z € £2, all { = M, (1.5)

and

esssup F(-, My) > 0. (1.6)
2

From (1.5)—(1.6) it follows that
¢1¢" < F(z,¢) foralmostallz € 2, all{ = M,, 1.7)

with ¢; > 0 (see [5, p. 298]). From (1.7) we infer the much weaker condition

Fz.0)

{—>+oo (P

= 400 uniformly for almost all z € £2.

In our setting, this p-superlinear condition is coupled with (1.4), which is weaker
than the Ambrosetti—-Rabinowitz condition (1.5)—(1.6). Indeed, suppose that the
Ambrosetti-Rabinowitz condition holds. We may assume that t > (r — p)
max{% — 1}. Then

fie 8= pFEY _ fiGDE—tFEd) | P
iz = z 2=

= (t—pa

(see (1.5)—(1.7)), so condition (1.4) is satisfied.

Note that (1.4) incorporates in our framework p-superlinear potentials with
“slower” growth near 4+o0o which fail to satisfy the Ambrosetti-Rabinowitz con-
dition (see (1.5)—(1.6)). The next simple example illustrates this.



1 Bifurcation Phenomena for Elliptic Hemivariational Inequalities 11

Example 1.6. The following locally Lipschitz potential F satisfies hypotheses H:

0 if £ <0,
F) =3¢ =207 ifo<e<l,
¢P(n¢ + 1) if 1 < ¢,

with 1 < p < 7 < ¥ < 4o00. Note that F fails to satisfy Ambrosetti—-Rabinowitz
condition.

For every A > 0, let ¢y: Wol‘p (£2) — R be the energy functional for problem
(P;) defined by

1 A
0 (u) = ;||Vu||§ - 5””+”3 — /Q F(z,u(z))dz forallu e Wol'p(.Q).

From [3], we know that ¢, is locally Lipschitz.

Proposition 1.7. If hypotheses H hold and A > 0, then @) satisfies the Cerami
condition.

Proof. Let {u,}p=1 C Wol'p(.Q) be a sequence such that
|oa(uy)| < M, foralln =1, (1.8)

for some M, > 0 and

(1 + llun |)mg, (u) > 0 asn — +oo. (1.9
Since d¢; (u,) < W_Lp/(.Q) is weakly compact and the norm functional in a
Banach space is weakly lower semicontinuous, by the Weierstrass theorem, we can
find u; € d¢;(u,) such that

s« = mg, (u,) foralln = 1.

From (1.9) we have

i
< &l for all h € W,""(%2),

‘(A(un)vh>—/1/‘ (u;r)”_lhdz—/ g:hdz <
Q Q2 1+ [Jun|
(1.10)

with £ N\ 0 and with

g2 (@) € [ /i@ un(2)), fulz,un(z))] for almostall z € £2.
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Hence g € L7 (£2) (% + % = 1)and g7 = Oforalln = 1.In (1.10) we choose
h=—-u, € Wol'p(Q). Then

Vi, |5 < e foralln =1,
SO

w;y — 0 in W, P (82). (1.11)

Next we show that the sequence {u },>1 C Wol’p (£2) is bounded. To this end, in
(1.10) we choose h = u" € Wol‘p(.Q). Then

— Va2 + Al |12 +/Qg;‘un+dz <e, foralln>1. (1.12)
From (1.8) and (1.11), we have
+ Ap. ot +
IVu, |1, — —llu, 1§ — | pFzou,)dz< pM, foralln > 1. (1.13)
q 2
We add (1.12) and (1.13) and obtain
/ (giuf — pF(zu}))dz < M3 + A(s — Dlu ¢ foralln =1,  (1.14)
Q

for some M3 > 0. By virtue of hypotheses H; (i) and (ii), we can find 8; € (0, Bo)
and ¢, > 0 such that

Bitt —cy < f1(z,0)¢ — pF(z,¢) foralmostallz € £2, all ¢ = 0,
SO
Bi1¢t—cy S ul—pF(z,¢) foralmostallz € 2, all¢ =0, u € dj(z,f). (1.15)

Using (1.15) and (1.14), we obtain
p
Bulluf Il < My + l(; — 1)l |1

<o(l+ A(g — )l l4) foralln = 1, (1.16)
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for some My, c3 > 0 (recall that © > ¢; see hypothesis H;(ii)). From (1.16) and
since i, p > g, we infer that

the sequence {u },>1 € L"(£2) is bounded. (1.17)

First assume that N # p. From hypothesis H;(ii), it is clear that without any loss
of generality we may assume that u < r < p*. So, we can find ¢ € (0, 1) such that

I 11—z t

r M p* ’
Using the interpolation inequality (see e.g., [6, p. 905]) we have
e 1l < o 157" (1 foralln > 1,
so
lwh|” < Ms|luf || foralln > 1,

for some Ms > 0 (use (1.17) and the Sobolev embedding theorem). In (1.10) we
choose i = u;r € W,"”(£2) and obtain

||vun+||g—A||un+||g—/gg:un+dzsen foralln > 1. (1.18)

By virtue of hypothesis H; (i), we have
u¢ <cs(14+¢") foralmostallz € 2, all{ =0, u € dF(z,¢) (1.19)

for some ¢4 > 0. Using (1.19) in (1.18) and recalling that g (z) = 0 for almost all
z € {u, < 0} we have

IV 115 < es + Aluf 19 + colluy |7
< es+ oAV |4+ [ Vuf | foralln > 1 (1.20)

for some cs, ¢g, ¢7 > 0. The hypothesis on u (see H(ii)) implies that tr < p. So,
from (1.20) and since ¢ < p, we infer that

the sequence {u,‘l|r ti=1 C Wol’p (£2) is bounded. (1.21)

If N = p, then by definition p* = +o0, but from the Sobolev embedding theorem
we know that Wol'p (£2) is embedded (compactly) in L"(§2) for all n € [1, +00). So,
in order for the above argument to work in the present setting, we have to replace
p* by n > r big such that tr = % < p (recall that r — . < p). So, again we
obtain (1.21).
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From (1.11) and (1.21) it follows that the sequence {u,},>1 C Wol’p([?) is

bounded. So, passing to a subsequence if necessary, we may assume that
u, — u weakly in W, "7 (£2), (1.22)
u, —> u in L"(£2). (1.23)

In (1.10) we choose h = u, —u € Wol'p(.(?), pass to the limit as n — +o00 and use
(1.22). We obtain

lim (A(u,),u, —u) =0,

n—-+o00

SO
up —u in W, 7 ()

(see Proposition 1.3).
This proves that @, satisfies the Cerami condition. |

In the next two propositions we show that for all A > 0 small, the function ¢;
satisfies the mountain pass geometry (see Theorem 1.1).

Proposition 1.8. If hypotheses Hy hold, then there exists A > 0 such that for every
A € (0, 1) we can find o) > 0 for which we have

inf{py (u) : |lul| = ox} =my > 0.

Proof. By virtue of hypotheses H;(i) and (iii), for a given ¢ > 0 we can find
¢e > 0 such that

u<e(@)P e, (¢) ™! foralmostall ¢ € Randall u € 9F(z, &)

(recall that 0F (z, ) = {0} for almost all z € £2, all ¢ < 0).
Using Lebourg’s mean value theorem (see [3, p. 41]), we have

F6) < 2@t + £y foralmostall z € 2, all ¢ € R. (1.24)
p r
For every u € W, " (£2), we have

1 A
or@) = —IVulf ~ g~ [ Pz
p q Q

e A P
> —(1- X—)IIVM“LIIZ - 508IIW+II§’, —co Vut |,

1

SR
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for some cg > 0, cg = co(e) > 0 (see (1.3) and (1.24)). Choosing & € (0,;\1),
we have

A _ —
@20 = (cro = (esu 1770 + ol 770)) ™) (1.25)

for some c19 = cjo(g) > 0. Let

A _

E(@) = —cgt?™? 4 cot’™? forallt > 0.

q

Evidently £ € C'(0, +o0) and since ¢ < p < r, we have
E(t) > 400 ast (O

and

E(t) > 400 ast — +oo.

Therefore, we can find #, > 0 such that
§(to) = min§,
Ry
where Ry = [0, +00). Hence §'(tg) = 0, so

A o o
5(61-1))@3 P (r = p)eot 7T =0,

thus
r—q A
(r—pleoty * = 5(1) —q)cs
and hence
Ap— cg, L
to=1o(0) = (E 295y (1.26)
qr—pcy

We see that £(75(A)) — 0 as A N\ 0 (see (1.26)). Therefore, we see that we can find
A > 0 such that

E(to(L)) < c19 forall A € (0, 1),
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SO
or(u) =my >0 forallue Wol’p(g),

with |lu|| = to(L) = ¢, (see (1.25)). |

Hypothesis H,(iii) and the fact that it; € int Cy imply that the following result
holds.

Proposition 1.9. If hypotheses H| hold and ). > 0, then @) (tiy) — —o0 as
t — +o0.

With Propositions 1.8 and 1.9 we have verified the mountain pass geometry for
@, when A € (0, A). This leads to the nonemptiness of the set

L ={A>0: problem (P,) has a positive solution}.

Proposition 1.10. If hypotheses Hy hold, then L # 0.

Proof. Propositions 1.7-1.9 allow the use of the mountain pass theorem (see
Theorem 1.1). So, for every A € (0, 1) we can find ug € Wol’p(.Q) such that

©2(0) = 0 < my, < @a(uo) (1.27)

and

0 € g3 (uo). (1.28)
From (1.27) we see that ug # 0. From (1.28) we have
Aug) = Mug )™ + g5, (1.29)

with g7 € L (£2), g5 (2) € OF (z, up(z)) for almost every z € £2.
On (1.29) we act with —uy € W, "7 (£2) and obtain

[Vug |5 <0

(recall that g5 = 0; see hypothesis H, (7)), so ug = 0, uy # 0. Then from (1.29) we
have

— A,ug(z) = Aug(z)?" + gg(z) foralmostall z € £2. (1.30)

The nonlinear regularity theory (see e.g., [6, pp. 737-738]) implies that uy € C+ \
{0}. From (1.30) we have

Apug(z) <0 foralmostall z € £2,

so ugy € int Cy and (0, )At) C L (see [6, p. 738]). O
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Remark 1.11. Let S4(A) denote the set of positive solutions for problem (P;).
From the above proof, we see that for every A € £, we have S+ (1) C int C4..

Proposition 1.12. [f hypotheses H, hold, Ay € L and A € (0, Ao), then A € L.

Proof. Since A¢ € L, we can find %y € int C4 and g € L”'(£2) such that g2 €
dF (z,up(z)) for almost all z € £2, and

Ag) = Aol '+ gF  in W, (). (1.31)
We introduce the following measurable function

0 if ¢ <0,
hi(z.0) = A7+ f(2.0)  if 0 < <) (1.32)
Mig(2)1™" + g5 (2) if Tip(2) < L.

Let

¢
H)(z,0) = / hy(z,s)ds
0
and consider the locally Lipschitz functional v : Wol'p (£2) — R defined by

1
¥ () = ;lquHﬁ - /Q H)(z,u(z))dz forallue Wol’p(.Q).

From (1.32) it is clear that ¥, is coercive. Also, it is sequentially weakly lower
semicontinuous. So, we can find ug € Wol‘p (£2) such that

Ya(uo) = inf  Ya(w). (1.33)

1,
ueWy "’ (£2)

Since uy € int C4, Lemma 1.4 implies that we can find ¢ € (0, 1) small such that
tiu; < uy. So we have

n tP 4 q
Vi (tuy) < ?M - ;lllulllq

(see (1.32) and hypothesis H,(i)). Recall that 1 < g < p. So, choosing ¢ € (0, 1)
even smaller if necessary, we have ¥, (tit;) < 0, so

V2 (o) < 0= 9(0)
(see (1.33)), hence uy # 0. From (1.33) we have ¥ (up) = 0, so

Aug) = d*, (1.34)
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with 9* € L"(£2), *(z) € 0H,(z uo(z)) for almost all z € £2. On (1.34) we act
with —ug € W, "7 (£2). Using (1.32) we obtain

IVug 15 = 0.

hence uy = 0, up # 0. Also, on (1.34) we act with (uy — p)+ € Wol’p (£2). Then

(A(uo), (ug — o) ") = / 0* (up — o) Tdz

2

_ / Ol + g2 o — o) T dz
2

< / (aflo + g2)(uto — o) +d.z
2

= (A(tto), (uo — o))

(see (1.32), (1.31) and recall that A < A, Ty € int Cy), so
/{. ) (||Vu0||§;2Vu0 — ||Vﬁ0||]§;2VEO, Vuy — Vﬂo)RNdZ <0,
Uuo>ugy

thus |{ug > #p}|y = 0, hence uy < uy. So, we have proved that ug € [0,%4y] = {u €
W, (£2) 1 0 < u(z) <io(z) for almost all z € £2}.
Then from (1.32) and (1.34), we have

Auo) = 2l ™" + &%,
with §* € L' (2), §*(2) € dF(z, up(z)) for almost all z € £2, so
—A,up(z) = Aug(z)?™! + 8*(z) for almost all z € 2

and thus up € Sy(A) € intC4,ie, A € L. |
Let A* =sup L.
Proposition 1.13. [f hypotheses H, hold, then A* < +o0.
Proof. By virtue of hypotheses H;(i) and (ii) and since 1 < ¢ < p, we can find
A > 0 such that
27+ £i(z2.0) > MEPY foralmostall z € 2, all £ > 0. (1.35)

Suppose that A € £. Then we can find @ € Sy (1) € intCy. Let & > 0 be the
biggest positive real such that ¥ 1; < u (see Lemma 1.4). We have
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—A,iu(z) = Au(2)" + 8% (2) > Ajui(z)”!
> L) = —A,(%1(z)) foralmostall z € £2,

(see (1.36) and using the fact that 94, < %), withg* € L” (), %(z) € 0F (z, u(z))
for almost all z € §2. Invoking Proposition 2.2 of [10], we obtain

u— l?l:\tl (S iIltC+

which contradicts the maximality of ¢ > 0. This means that A ¢ L and so A* <
A < 400. O

Proposition 1.14. If hypotheses H hold and A € (0, A*), then problem (P)) has
at least two positive solutions.

Proof. Let A € (A\,A*) N Land letii € S () C intC4. We can find 2* € L™ (2)
with g*(z) € dF (z, it(z)) for almost all z € £2 such that

— Ayii(z) = Aii(z) + §*(z) for almost all z € £2. (1.36)

Reasoning as in the proof of Proposition 1.12, we can find ug € [0, ] N S+ (4). So,
there exists g € L"(£2) with g5 (2) € OF (z, up(2)) for almost all z € £2 such that

— Aup(z) = M2)uo(z2)?" + gi(z) foralmostall z € 2. (1.37)
Let o = ||it]| o and let &, > 0 be as postulated by hypothesis H;(iv). Then
& () + $Qﬁ(z)p_l = g5 + EQuo(Z)p_l for almost all z € £2. (1.38)
So, we have
—Apuo(2) + Euo ()" = Auo(D)T + g5 (2) + Eguto(2)” !
S AR+ 2% () + Eiu(x)P !
<A@ + 8% (@) + Eoiu(2)" !
= —A,i(z) + &,i(z)"!

(see (1.37), (1.38), (1.36) and recall that uy < 1, A < A and 7 € int Cy).
From Proposition 2.6 of [2], we have

g — Uy € int Cy. (1.39)
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Without loss of generality, we may assume that Sy (A1) N [0, &] = {uo}; otherwise,
we already have a second positive solution and so we are done.
We introduce the following measurable function

A -1 * : < ,
§A(z,§)=§ “@T+ BRI < Wk (1.40)
M [ D) i) <&

We set
. ¢
G(z.0) = / 8(z.5) ds
0
and consider the locally Lipschitz function @ : WOI’” (£2) — R defined by
) 1 .
() = ;||Vu||§ —/ Gz u(z))dz forallu e W, ”(£2).
2
Claim 1. §, satisfies the Cerami condition.
Let {u,},=1 € Wol"” (£2) be a sequence such that
|05 (un)| < Mg foralln =1 (1.41)
for some Mg > 0 and
1+ ||un||)m¢x(u,,) —0 asn — +oo. (1.42)
As before (see the proof of Proposition 1.7), we can find u; € 0¢;,(u,) such that
mg, () = |||« forall n > 1 and u} = A(u,) — v} with v¥ € L (£2), v (2) €

3G (z, un(2)) for almostall z € £2, all n = 1.
From (1.41) we have

I Vun |5 —/ pGi(z,up)dz < pMg foralln = 1. (1.43)
17}
Also, from (1.42) we have

) < 2

<—— forallh € Wl’p(.Q),
1+ [|un | 0

with &, \{ 0, so

h
< M foralln > 1.

'(A(un),h)—/gv:hdz 1+ [l
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Choosing i = u, € W, (£2), we have
— [ Vull? + /Q v u,dz < e, foralln = 1. (1.44)
Adding (1.43) and (1.44), we obtain
/Q (v un — Gz up))dz < M7 foralln =1 (1.45)

for some M5 > 0. From [3, pp. 39 and 42], we have

Aug(2)7 + g5 (2) if ¢ < uo(z),
3G1(2,0) € { {t(Mup()T™" + OF (2, u0(2))) }rejoy if & = uo(z), (1.46)
AL 4 0F (2, 0) if up(z) < ¢.

Recalling that v} (z) € 3G, (z, un (2)) for almost all z € £2, from (1.45) and (1.46)
it follows that we can find g € L"(2) with gr(z) € 0F(z,u,(2)) for almost all
z € 2 forall n = 1 such that

/ (grun — pF(z,uy)) dz < Mg + A(g - 1)||un||Z forallnm > 1, (1.47)
2

for some Mg > 0. From (1.47) and reasoning as in the proof of Proposition 1.7 (see
the part of the proof after (1.14)), we conclude that ¢, satisfies the Cerami condition.
This proves Claim 1.

Claim 2. ug € int C4 is a local minimizer of ¢; .

We consider the following truncation of the nonlinearity g, (z, ):

S < g &z ) if & <in(z), (148)
FAS) = .
81(z, io(2)) if ito(z) < €.

This is a measurable function. We set

B ¢
Ga(at) = /0 1(zs) ds

which is a potential function locally Lipschitz in the { € R variable. Let
o): Wol’p (£2) — R be the locally Lipschitz function defined by

1 ~
@) = ;||Vu||§ —/ Gi(z,u(z))dz forallu e WOLP(,Q).
2
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Evidently ¢, is coercive (see (1.48)) and sequentially weakly lower semicontinuous.
So, we can find ity € W, 7 (£2) such that

¢alio) = inf @ (u),
ueW, ’(2)

s0 0 € 3¢ (itp), thus
A(ag) = v;, (1.49)

with iF € L (£2), 3 (z) € 3G (z, fig(2)) for almost all z € £2.
On (1.49) we act with (itg — itg)* € W, " (£2). Then

(4G, o)) = | 55— )z
= [Qg’x(z, ito) (it — 1)tz
= /Q (A" + iz ) (o — o)z
< (Alao), (o — ftg) ™)
(see (1.48), (1.40) and recall that f;(z, iig) = inf dF (z, itg), ug < itg and A < )AL), SO
[ (Vi = [Vl 57V, i = Vi) vz < 0,

thus
[{ito > tio}|y =0,

hence iy < fip. Also, on (1.49) we act with (uy — itg) ™ € Wol’p (£2). Then
(Ao, (o — o)) = / 8 (2. o) (o — i)z
2
=/ (Al = g (o — o)z
2

= (A(up), (uo — iig) ™)

(see (1.48), (1.40), (1.37) and recall that uy < itg), SO

f{ (195 Vi = [ Vuol 5V Vo= V)2 = 0.
uy>uqy
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thus [{ug > tg}|ny = 0, hence uy < #ty. So, we have proved that ity € [ug, Up] =
{u € Wol‘p(.Q) tup(z) < u(z) < ip(z) for almost all z € .Q} From (1.48) and
(1.40) we see that (1.49) becomes

—A,iig(z) = Aiig(2)?" + fi(z. @ip(z)) for almost all z € 2,

so ity € S+ (M), hence irg = ug (recall that we have assumed [0, ig] N S+ (A) = {uo}).
Note that

@alio.io] = Palioio] (1.50)

(see (1.40) and (1.48)).

From (1.39) we know that &ty — uy € int C4. Also recall that uy € S+ (1) C
int C4. These facts and (1.50) imply that uq is a local CO1 (5)-minimizer of @;.
Invoking Theorem 1.2 we infer that u, is a local Wol‘p (£2)-minimizer of ¢,. This
proves Claim 2.

Claim 2 implies that u is a critical point of ¢,. Moreover, as in the proof of
Claim 2, we can show that all the critical points u of ¢, satisfy u > uy. So, we may
assume that 1 is an isolated critical point of ¢;, or otherwise, we already have a
whole sequence of distinct positive solutions of (P, ) converging to 1, and so we are
done. Then, because uy is also a local minimizer of ¢, (see Claim 2), as in [7, Proof
of Theorem 2.12], we can find ¢ € (0, 1) small such that

Paluo) < inf {2 () : |lu—uol| = o} = 1. (1.51)
Hypothesis H;(iii) implies that
@i (th) > —o0  ast — +oo. (1.52)

From (1.51), (1.52) and Claim 1, we see that we can apply the mountain pass
theorem (see Theorem 1.1) and find & € Wol’p (£2), such that

Pr(u) < 1)y < (@) (1.53)
and
0 € 3@y (7). (1.54)

From (1.53) we see that & # ug. From (1.54) we have i = up and so u € Sy (1).
This is the second positive solution of problem (P,), A € (0, A*). |

Finally, we examine what happens in the critical case A = A*.

Proposition 1.15. [f hypotheses H; hold, then A* € L and so L = (0, 1*].
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Proof. Let {A,},=1 € L be such that A, /" A asn — 4o00. Then we can find
u, € S4(A,;) € intCy for all n = 1 such that

A(uy) = A" + g% foralln > 1, (1.55)
and
or(uy) <0 foralln =1 (1.56)

(see the proof of Proposition 1.12), where g € L (), g1 (2) € 0F (z,u,(2)) for
almost all z € 2. From (1.55) we have

IV |5 = Aot |1 +/ grupdz foralln = 1. (1.57)
2
From (1.56) we have
A'}‘lp q )4
—7||Mn||q— PF (@ u,)dz < —||Vu |5 foralln = 1. (1.58)
o)

Adding (1.57) and (1.58) we obtain

/ (grun — pF(z.uy)) dz < kn(g — )luy |7 foralln = 1. (1.59)
2

From (1.59) and reasoning as in the proof of Proposition 1.7 (see the part of the
proof after (1.22)), we infer that the sequence {u, },>1 C Wol'p (£2) is bounded. So,
passing to a subsequence if necessary, we may assume that
up — u*  weakly in W, "7 (£2), (1.60)
u, - u* in L"(£2). (1.61)

On (1.55) we act with u, — u™ € Wol‘p (£2), pass to the limit as n — and use (1.60).
Then

lim (A(u,),u, —u*) =0,
n—4o00
SO
u, — u*in Wy (2) (1.62)

(see Proposition 1.3). Also, {g },=1 € L"(£2) and so we may assume that

g, —> g% weakly in L"/(Q), (1.63)
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SO

g, (z) € conv limsup{g; (z)} foralmostall z € £2 (1.64)

n—+o00

(see [18, p. 521]).

Recall that g;(z) € 0F(z,u,(z)) for almost all z € £2, all n = 1 and that
¢ + 0F(z,¢) is an upper semicontinuous multifunction (see [3]). So, from (1.64) it
follows that

g%(z) € 0F (z,u*(z)) for almost all z € £2.
If in (1.55) we pass to the limit as # — +o00 and use (1.62) and (1.63), we obtain
A(I/l*) — A*(u*)q—l _i_g*7
so u* € C4 and it solves problem (Pjx).
We need to show that u* # 0 and then we will have u* € S (1*), hence A* € L.
Tothisendlet A < A} < A; < ... < A, /' A*. We consider the following

auxiliary Dirichlet problem

~Apu(z) = Aut (277! in 82,
? (1.65)
ulape = 0.

The energy functional § : Wol’p (£2) — R for problem (1.65) is given by
- 1 b A Lp
E(w) = ;||Vu||p — g||u 7 forallue W, " (£2).

Evidently § eC ‘(Wol’p (£2)) and it is coercive (since 1 < ¢ < p) and sequentially
weakly lower semicontinuous. Therefore, by the Weierstrass theorem, we can find
ii € W,?(£2) such that

E(@) = inf  E(u). (1.66)

uew, ? (2)
Since ¢ < p, fort € (0, 1) small, we have §(ml) <0= 5(0), SO
§(@) <0 =§(0)
(see (1.66)), hence u # 0. From (1.66), we have g/(ﬁ) =0, so

Ay = A* @ty (1.67)
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On (1.67) we act with —u~ € Wol”7 (£2) and obtain that # > 0, # # 0. Moreover,
the nonlinearity regularity theory and the nonlinear maximum principle (see e.g.,
[6, pp. 737-738]), imply that & € intC.

Since uy € int C4, we can find #, > 0 such that

tou<u, foralln =1

(see Lemma 1.4). Let #, > 0 be the biggest such positive real. Suppose that ¢, €
(0,1). Then

_AP”n(Z) = AnMn(Z)q_l + g: (z) = Ayuy (Z)q_l

\V

A (i)™ > Aep~ g ™!

= —A,(t,u)(z) foralmostall z € 2
(since gy = 0, t,it < uy and A < M <Ay foralln = 1,1, € (0,1),g < p), so
Uy — tyit € intCy

(see [10]). But this contradicts the maximality of #,. Therefore z, = 1 foralln > 1
and so & < u, forallm = 1, thus # < u* (see (1.62)). Hence u* # 0 and so
u* € S+(k*) - intC+, A* e L. O

Summarizing the situation for problem (P,), we can formulate the following
bifurcation type result.

Theorem 1.16. If hypotheses H| hold, then there exists A* > 0 such that

(a) for all & € (0,1*) problem (P;) has at least two positive solutions uy, i €
int C+ N

(b) for A = A* problem (Pyx) has at least one positive solution u* € int C;

(c) forall A > A* problem (P,) has no positive solutions.

1.4 Problem (B)

In this section we focus on problem (B) and again we provide a bifurcation type
result, but now for large values of A > 0.

Again, due to the discontinuous character of the reaction f(z, -), to study problem
(B) we consider the elliptic inclusion

—A,u(z) € AOF (z,u(z)) in £2,
u|a_Q =0, u>0in9, A>0.

(02)
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By a positive solution of this problem we mean a function u € VVOI”7 (£2), u # 0,
u(z) = 0 for almost all z € §2 such that

/ IVl 23> (Vu, Vi)grdz = A/ g*hdz forallh € WP (),
2 2

with g* € L7 (2), g*(z) € IF (z.u(z)) = [ /1(z.u(z)). fu(z. u(z))] for almost all
z € £2. So, again we fill in the gaps at the discontinuity points of f(z,-).
The hypotheses on the reaction f are the following.

H, f:£2 xR — R is a measurable function, such that for almost all z € £2,
f(z.0) =0, f(z,¢) = 0forall { = 0and

(i) for every o > 0, there exist a, € L*°(£2) such that

f(z.0) <ay(z) foralmostallz € £2,all¢ € [0, o];

e Ju@0)
(@) ;—I:Illoo ¢r—l

fu(Za é‘)

(iii) glg% =

(iv) forevery o > 0, there exists &, > 0 such that for almost all z € £2, the function

= 0 uniformly for almost all z € £2;

= 0 uniformly for almost all z € £2;

§ > F(z.0) + &7
is convex on [0, o] (recall that F(z,¢) = fog f(z,5)ds);
(v) there exists 0 € L'(£2) such that [, F(z,7(z)) dz > 0.

Remark 1.17. As before (see Sect. 1.3) without any loss of generality we assume
that f(z,¢) = 0 for almost all z € £2 and all ¢ < 0.

Example 1.18. The following locally Lipschitz potential F satisfies hypotheses H>:
0 if <0,
FQ) =1 -¢ifosi<l,
tlIn¢ if 1 < ¢,
withl <g<p<t<n<+oo.

As before let

L= {k > 0 : problem (Q,) admits a positive solution}.
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Also for A > 0 by Sy (1) we denote the set of positive solutions of (Q,). Finally let

A

Ay = inf L
(if/f = @, then A, = +00).

Proposition 1.19. [f hypotheses H, hold, then for every A € L S, (A) € intCy
and Ay > 0.

Proof. Let A € Landue S, (A). Then
—Apu(z) = Ag*(z) foralmostall z € £2,

with g* € L”(2), g*(z) € dF(z, u(z)) for almost all z € £2. Then nonlinear
regularity theory implies u € C4 \ {0} and we have

Apu(z) <0 foralmostall z € £2

(since g* = 0), so u € intC4 (by the nonlinear maximum principle; see e.g.,
[6, p. 738]), thus

S+(A) CintCy.
By virtue of hypotheses H,(i), (ii) and (iii), we can find ¢;; > 0 such that

0< fu(z,0) <c¢1¢? foralmostall z € £2, all ¢ = 0.

Let A € (0, 3711) and suppose that A € L. Then we can find u; € Si(A) CintCy
such that

—A,up(z) = Ag5(z) foralmostall z € §2,

with g} € L7 (), g5 (z) € 0F(z, up(z)) for almost all z € £2. Then
IVl = i [ ghundz < denlaly < 3l .
2

which contradicts (1.3). Therefore A, > A > 0. O

C11

Proposition 1.20. If hypotheses H, hold, then L # 0andif A € L and nw > A,
then € L.

Proof. By virtue of hypotheses H,(i), (ii), for a given ¢ > 0 we can find ¢;, =
c12(¢) > 0 such that

F,¢) < S@E*) +c1n foralmostallz € 2, all ¢ € R.
p
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Then for all A > 0 and all u € WP (£2) we have

1 &
(1= =) IVullb = c12] 2|y

1
0w = ~Vul =2 [ Feu)dz>
p 2 p )&1

(see (1.47) and (1.22)).
So, choosing € € (0, A1) we see that ¢, is coercive. Also, it is sequentially weakly
lower semicontinuous. Thus, we can find uy € Wol’p (£2) such that

pa(ug) = inf 5 (u). (1.68)
ueW, ’(2)

Consider the integral functional K: L?(§2) — R defined by
K(u) = [ F(z,u(z)) forallu e L?($2).
2

Evidently K is continuous. Since C*°(£2) is dense in L!(£2), using hypothesis
H;(v), we see that we can find v € C2°(£2) such that K(v) > 0. Then we have

o (V) = l||V5||§ —A/ F(z,v)dz.
p Q2
Then for A > 0 big we see that ¢, (v) < 0, so
@a(u) <0 = ¢,(0)
(see (1.68)), hence uy # 0. From (1.68) we have 0 € d¢y (up), so
A(ug) = Agg (1.69)

with g5 € L7 (2), 85 (2) € 0F (z, up(z)) for almost all z € £2. On (1.69) we act with
—uy € W,"(£2). Since g¢ = 0, we obtain

[Vug |5 <0,
hence uy = 0, ug # 0. We have
—Apup(z) = Agy(z) foralmostall z € £2,
SO

up € S4 (1) forall A > 0 big,
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and thus
L+ 0.
Nextlet A € £ and o > A. We can find u; € S4(1). Then
— Apuy(z) = Ag™(z) for almost all z € £2, (1.70)

with g* € L? (), g*(2) € F (z, uy.(z)) for almost all z € £2.
We now introduce the following truncation of the reaction f(z,-):

* if ¢ < uy(2),
he£) = { g*@ f{<u(2) a7
f(z0)ifup(z) <&

This is a measurable function and we set

¢
H(z,§)=/0 h(z,s)ds

which is locally Lipschitz in { € R variable. We introduce the locally Lipschitz
function v/, Wol‘p (£2) — R defined by

V() = %||Vu||§ —u/ H(z,u(z)) forallu e W,”(£2).
2

Hypothesis H,(ii) implies that for a given ¢ > 0, we can find Mg = Moy(e) >
|l ]| oo such that

f(z,8) <etP™' foralmostall z € £2, all & = Mo,
SO
h(z.0) < etP~! foralmostall z € 2, all & = My (1.72)

(see (1.71)). From (1.72), (1.71) and hypothesis H,(i), it follows that

H(z,0) < E;p +c;; foralmostallz € £2, all¢ € R (1.73)
p

for some ¢13 > 0. Hence for all u € Wol"” (£2) we have

(1= E5) | vulr — e

1
p Al

Yy (w) =
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for some ¢4 > 0 (see (1.73) and 1.3). Thus for ¢ € (0, ’%) Y, is coercive. Also, it

is sequentially weakly lower semicontinuous. So, we can find u,, € Wol’p (£2) such
that

% (“u) = in ) W;L (u).

uew, (2
Then,
0 € a0y, (uy),
SO
Auy) = pg”, (1.74)
with §* € L”'(R2), §*(z) € 9H (z, u,(z)) for almost all z € £2.
Recall that
g*(2) if ¢ <up(2),
0H (z,§) € § {T0F (2, u3(2)) }efo.1y if & = up(2), (1.75)
IF (z, ) ifup(z) <¢

(see [3, p. 42]). So, acting with (u; — u,)* € W, "?(£2) in (1.74), we obtain
(4000 = 1,)) = [ 18" =)z

> / g (uy —uy)tdz
fo}
= (A(wp). (up —up)™)
(see (1.75) and (1.70)). So

/{ } (||VuM||]§;2VuH — ||Vu,1||ﬂlé;2Vu,\, Vuy — VuM)RN = 0.
ur>uy

Therefore,
[{ur > uu by = 0;
hence uy < u,,. Then from (1.71) and (1.74), we have

—Apuyu(z) < woF(z,u,(z)) foralmostall z € £2,
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SO
u, € S+(p)

andsoue/f. O

Proposition 1.21. [f hypotheses H, hold and A > A, then problem (Q)) admits
at least two positive solutions

Uy, i e il’ltC+, uop # u.

Proof. Let ¥ € (A«,A) N L. We can find uy eA§+ () C int C4+. Reasoning as in
the proof of Proposition 1.20, we can find uy € S4(4) € int C4 such that

uy <ugp and Yy(up) = inf Yy (u). (1.76)

ueW,? (2)

Here v;: W()l‘p (£2) — R is the locally Lipschitz functional as in the proof of

Proposition 1.20, resulting from the lower truncation of f(z,-) at uy (z) (see (1.71)).
Let

C(uy) = {u € Wol‘p(.Q) : uy(z) < u(z) for almost all z € .Q}

From (1.71) we see that

~

WA|C(uﬁ) = ¢A|C(u§) - E» (L.77)

where
§=Aﬂmmma—ﬁf@w@m

with g* € L”(R2), g*(z) € 9F(z,up(z)) for almost all z € 2. Recall that
o) Wol'p (£2) — R is the locally Lipschitz energy functional for problem (Q;)
defined by

1
@a(u) = —[|Vull} —A/ F(z,u(z))dz forallu e Wol'p(Q).
p Q

Let 0 = |lug|loc and let §, > O be as postulated by hypothesis H,(iv). Then for
some gy, &5 € L7 (2) with 80 (z) € OF (z,u0(2)), g5(2) € 0F(z, uy(z)) for almost
all z € £2 and with ég > &,, we have

—Apu0(2) + Eguo(2)" ™ = g5 (2) + Eguo(2)” ™!

> 285 @) + oy (2)"!
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> 0g5(2) + Eu(2)7!

=—Apuy(z) + égug (z)?~"  for almostall z € 2
(see hypothesis H,(iv)), so
uy —uy € intCy (1.78)

(see [2]). From (1.76)—(1.78), it follows that 1 is a local CO1 (£2)-minimizer of ;.

Invoking Theorem 1.2, we conclude that iy is also a local WOl "P(£2)-minimizer of ¢;.
By virtue of hypothesis H,(iii), for a given ¢ > 0, we can find § = §(g) > 0
such that

f(z,0) <etP™! foralmostall z € 2, all ¢ € [0, 8],

SO

F(z,¢) < £|¢)P foralmostall z € 2, all [¢] < § (1.79)
p

(recall that f(z,*)|(—c0,0) = 0).
Letu € CJ (£2) with ||u||C(} @) < . We have

1 1 e
010) = ~|Vullz - [ Fu@)dz > ~(1- 25) Va2 (180)
V4 2 p kl

(see (1.79) and (1.222).

Choosing ¢ € (0, A1y from (1.80) we infer that u = 0 is a local C, (£2)-minimizer
of ¢,, hence by Theorem 1.2, u = 0 is a local Wol”'(SZ)—minimizer of ¢,.

Without any loss of generality we may assume that 0 = ¢, (0) < @i (up) (the
analysis is similar if the opposite inequality holds). Also, we may assume that uy is

an isolated critical point of ¢, . Indeed, if this not the case, we can find a sequence
{ttn}nz1 € W, P (£2) such that

U, — up in Wol’”(.Q) and 0 € 3¢ (u,) foralln = 1. (1.81)
From (1.81) we have
Alun) = A8y,
with g* € L7 (2), g (z) € 9F (z, u,(z)) for almost all z € £2. We have

—Apuy(2) = Agy(z) in £2,

un|8(2 =0,



34 L. Gasinski and N.S. Papageorgiou

for n = 1. From nonlinear regularity theory (see e.g., [6, pp. 737-738]), we know
that we can find 8 € (0, 1) and My > 0 such that

u, € Col-ﬂ(ﬁ) and ||un||C01,,s(§) < Mo foralln = 1. (1.82)

From (1.82) and since CO1 b (£2) is embedded compactly in C, (£2), we infer that
U, — Uy in CO1 (2)
(see (1.81)). Since uy € int C4, we see that we can find ng = 1 such that {u, },>,, <
int C are all distinct positive solutions of (Q;) and we are done.
So, we assume that uy is an isolated critical point of ¢;. Since u, is a local

minimizer of @,, as in [7] (see the proof of Theorem 2.12), we can find o > 0
small such that

0= 91(0) < auo) <inf{pa(w) : |lu—uol = o} = my. (1.83)

From the proof of Proposition 1.20 we know that @, is coercive. So, it satisfies

the Cerami condition. This fact and (1.83) permit the use of Theorem 1.1 and find
ue Wol’p(.Q) such that

my < (i) and 0 € Iy (it). (1.84)

From the inequality in (1.84) and (1.83) we have i & {0, up}. From the inclusion in
(1.84) it follows that 1 € S+ (1) C int C.. O

Finally we deal with the critical case A = A..

Proposition 1.22. If hypotheses H, hold, then Ay € L, i.e., £ = [Ax, +00).

Proof. Let {1, },=1 C £ and A, N\ A« Letu, € §+()L,,) forn = 1. We can find
{85 =1 € L?'(£2) such that 8n(2) € 0F (z, uy(z)) for almost all z € §2 and

Au,) = Xogr foralln > 1, (1.85)
SO

Vi |5 < M/ gruydz foralln = 1. (1.86)
Q

Using hypotheses H,(i) and (ii), for a given ¢ > 0 we can find ¢;5 = c¢15(¢) > 0
such that

Ju(z, )¢ < el? 4+ ¢y5 foralmostallz € £2, all ¢ = 0. (1.87)
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Returning to (1.86) and using (1.87) and (1.3) we obtain

Aie
(1- ){ YIVien |12 < Ayers| 21w (1.88)

1

Choosing ¢ € (0, i—:) from (1.88) we infer that the sequence {u, },>1 < WOI’” (£2)is
bounded. So, we may assume that

Uy — us  weakly in W, 7 (£2), (1.89)
u, —> ux in LP(2). (1.90)

On (1.85) we act with u, — us € Wol’p (£2), pass to the limit as n — +o0 and use
(1.89). We obtain

lim (A(u,), u, —us) =0,

n—>+00

SO
Uy — s in Wy 7 () (1.91)

(see Proposition 1.3). Also note that the sequence {g },>1 < L”'(£2) is bounded
(see (1.87) and (1.91)). So, we may assume that

g¥ — g* weaklyin L7 (2) (1.92)
and as in the proof of Proposition 1.15, we have
g%(z) € 0F (z,ux(z)) foralmostall z € £2. (1.93)
Passing to the limit as # — +o0 in (1.85) and using (1.91) and (1.92), we obtain
Aus) = Aeg™
SO uy is a solution of (Q;) (see (1.93)).

We need to show that u, # 0 in order to conclude that A* € L.
Arguing indirectly, suppose that u, = 0. We set y, = ”‘—"” for alln = 1. Then

U
Un

|l || = 1 for all n = 1 and so we may assume that
yn — ¥ weakly in Wol'p(.Q),

yp — vy in LP(£2).
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Hypotheses H,(i)—(iii) imply that we can find c1¢ > 0 such that
0< f(z,8) < c16lC|P™" foralmostallz € 2, all ¢ € R. (1.94)

Then, from (1.85) we have

A(yy) = foralln = 1. (1.95)

n
n —
|71

cL” (£2) is bounded. Using

n=zl —

From (1.94) it is clear that the sequence {” ” L}
hypothesis H;(iii), we have (at least for a subsequence)

*
Huﬁ# ~0 inL”(Q). (1.96)
n
Acting on (1.95) with y, — y € Wol’p (£2), passing to the limit as # — +o0 and
using (1.96), we obtain

lim (A(y), y» —y) =0,

n——+o00

SO
Yo —y in WP (82) (1.97)
(see Proposition 1.3), hence ||y|| = 1. Therefore, from (1.95) in the limit as n —
400, we obtain
A(y) =0

(see (1.96) and (1.97)), thus y = 0 (see Proposition 1.3) which contradicts (1.97).
Therefore uy 7% 0 and so A, € L. O

Summarizing the situation for problem (Q}), we can formulate the following
bifurcation type theorem for large values of A > 0.

Theorem 1.23. If hypotheses H, hold, then there exists Ay such that

(a) forall A > Ay problem (Q)) has at least two positive solutions ug, it € int C4.,
Uuo ;ﬁ 12,'

(b) for A = Ay problem (Q}, ) has at least one positive solution uy € int Cy;

(c) forall A € (0, L) problem (Q)) has no positive solutions.
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Chapter 2
Evolutionary Inclusions and Hemivariational
Inequalities

Stanistaw Migoérski, Anna Ochal, and Mircea Sofonea

Abstract We consider a class of abstract nonlinear evolutionary inclusions of
first order with a multivalued Clarke subgradient term. We use a surjectivity
result for pseudomonotone multivalued operators in order to prove existence and
uniqueness of solutions. Next, we use the Banach fixed point theorem and establish
the unique solvability to evolutionary inclusion with history-dependent operators.
We apply this result to second order evolutionary inclusions governed by two
history-dependent operators, which depend on the solution and its time derivative,
respectively. Finally, we specify existence and uniqueness results for nonlinear first
and second order hemivariational inequalities with or without history-dependent
operators.

Keywords Evolutionary inclusion ¢ Hemivariational inequality ¢ Clarke
subdifferential * Pseudomonotone operator * History-dependent operator * Weak
solution

AMS Classification. 34G25, 35186, 47120, 47J35, 35L.90, 47J22

2.1 Introduction

In this chapter we study abstract evolutionary inclusions of first and second order
involving a multivalued term in the form of the Clarke subdifferential of a locally
Lipschitz functional. We also investigate the first and second order evolutionary
hemivariational inequalities with integral functionals defined on the boundary of a
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given domain. Our main results concern the existence and uniqueness of solutions
to several classes of nonlinear inclusions and hemivariational inequalities.

We recall that hemivariational inequalities, introduced and studied in the early
1980s by Panagiotopoulos in [19, 20], are closely related to nonlinear inclusions
of subdifferential type. During the last three decades the number of contributions
to this area was enormous, both in the theory and applications of hemivariational
inequalities, see, e.g., [4,7,8,10-18,21,22] to mention only a few, and the references
therein.

The first order evolutionary inclusions we study in this chapter are governed by
a time dependent pseudomonotone operator and are considered in the framework of
evolution triple of spaces. First, we provide results on the existence and uniqueness
of solutions to the Cauchy problem for this class of inclusions. Existence is
established by employing a surjectivity result for multivalued L-pseudomonotone
operator (cf. Proposition 2.2). The uniqueness of a solution is obtained in a case
when the operator is strongly monotone, the subdifferential of the superpotential
satisfies a relaxed monotonicity condition, and a smallness hypothesis holds.
In comparison to our earlier results on the first order evolutionary subdifferential
inclusions, the main result we present here, Theorem 2.6, does not require the
introduction of an additional intermediate space to the problem. Next, using a
fixed point argument, we provide a result on the unique solvability of the class of
first order evolutionary subdifferential inclusions with history-dependent operators.
Subsequently, based on our results for first order problems, we derive several results
on the unique solvability of the Cauchy problems for second order evolutionary
inclusions involving history-dependent operators. In this way we obtain some
generalizations of the results obtained in [10, 12—-14,16,22]. Finally, we give results
on the existence and uniqueness of solutions to various evolutionary hemivari-
ational inequalities of first and second order with or without history-dependent
operators.

The results of this chapter find many applications in carrying out the varia-
tional analysis of various contact models of mechanics. The systematic studies
of problems in Contact Mechanics by exploiting results on inclusions and hemi-
variational inequalities can be found in recent monograph [16]. Applications of
results of this chapter to the study of nonlinear problems which describe the contact
between a deformable body and a foundation are illustrated in Chap. 14 of this
volume.

The chapter is organized as follows. In Sect.2.2 we recall some notation
and present some auxiliary material. In Sects.2.3 and 2.4 we treat, respectively,
abstract evolutionary inclusions of first and second order both without and with
history-dependent operators. Results on existence and uniqueness of solutions to
hemivariational inequalities of first and second order are delivered in Sect. 2.5.
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2.2 Notation and Preliminaries

In this section we present the notation and recall some definitions from nonlinear
analysis needed in the sequel. For further details, we refer e.g. to [6,24].

Given a reflexive Banach space X we denote by || - ||x its norm, by X™* its
topological dual and by (-, -) x*x x the duality pairing of X and X*. ForasetU C X
we define |U||x = sup{|u||x | « € U}, and we denote by £(X,Y) a space of linear
and bounded operators between the Banach space X with values in the Banach space
Y with the usual norm || - || £(x.v)-

Let A: X — 2X” be a multivalued operator. We say it is pseudomonotone, if the
following conditions are satisfied:

(a) for all u € X the set Au is a nonempty, bounded, closed, and convex, subset
of X*.

(b) A is upper semicontinuous from each finite dimensional subspace of X to X*
endowed with the weak topology.

(c) if {u,} C X, u, — u weakly in X and u] € Au, is such that the following
inequality holds limsup (u*, u, — u)x+xx < 0, then for every y € X, there

n’

exists u*(y) € Au such that
(W (¥),u— y)x*xx <liminf (u;, u, — y) x*xx-

An operator A: X — 2% " is called bounded, if it maps bounded sets into bounded
ones. It is called coercive if either the domain D(A) of A is bounded or D(A) is
unbounded and

inf{ (u*, u)y*xx | u* € Au}
= +o0.

llull x =00, u€D(A) [lll x

The following version of the notion of pseudomonotonicity of multivalued
operators will be useful in what follows. Let L: D(L) C X — X™* be a linear,
maximal monotone operator. We say that A: X — 2% " s pseudomonotone with
respect to D(L) or L-pseudomonotone, if the conditions (a) and (b) hold and, in
addition,

@) if {u,} € D(L), u, — u weakly in X, Lu, — Lu weakly in X*, u} € Au, is
such that u; — u* weakly in X * and, in addition, lim sup (u;, u, —u) xy+xx <0,
then u* € Au and (i, uy) x+xx — (U™, u) x*xx.

The class of multivalued bounded L-pseudomonotone operators is closed
under addition of mappings. We have the following result which corresponds to
Proposition 2 of [4].

Proposition 2.1. Let X be a reflexive Banach space, L: D(L) C X — X* a linear,
maximal monotone operator and Ay, A»: X — 2% " multivalued L-pseudomonotone
operators. If A\ or A, is bounded, then A| + A, is L-pseudomonotone.
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We also need the following surjectivity result (Theorem 1.3.73 of [6]) for
operators which are pseudomonotone with respect to D(L).

Proposition 2.2. Let X be a reflexive and strictly convex Banach space, let
L:D(L) C X — X™ be a linear and maximal monotone operator. If A: X — 2X*
is bounded, coercive, and pseudomonotone with respect to D(L), then L + A is
surjective, i.e., (L + A)(D(L)) = X*.

Next, we recall some definitions for single-valued operators. A single-valued
operator A: X — X* is said to be pseudomonotone if it is bounded (i.e., it maps
bounded subsets of X into bounded subsets of X *) and satisfies the inequality

(Au,u — v)xy*xx < liminf (Au,,u, — v)xy+xxy forallv € X,
whenever {u, } converges weakly in X towards u with
limsup (Au,, u, — u)x*xx <0.

Let L: D(L) € X — X* be a linear, maximal monotone operator. An operator
A: X — X* is said to be L-pseudomonotone, if for any sequence {u, } in D(L) with
u, — uweakly in X, Lu, — Lu weakly in X* and lim sup (Au,, u, —u) x+xx <0,
it follows that Au, — Au weakly in X* and (Au,, ) x*xx — (Au,u)x*xx. For
characterizations of pseudomonotonicity we refer to [6,24].

Given an operator A: (0, T) x X — X*, its Nemitsky (superposition) operator is
the operator A: L(0, T; X) — L?(0, T; X*) defined by (Av)(t) = A(t,v(t)) for
vel*0,T;X)andt € (0, 7).

Next, we provide the definitions of the generalized directional derivative and the
generalized gradient of Clarke for a locally Lipschitz function h: E — R, where
E is a Banach space (see [3, 5, 16]). The generalized directional derivative of & at
x € FE in the direction v € E, denoted by hO(x;v), is defined by

h°(x;v) = limsup hy +1v) = h(y)‘
y—x, t40 t

The generalized gradient of & at x € E, denoted by 0h(x), is a subset of a dual
space E* given by

dh(x) = {L € E* | h°(x;v) > (£, v) ey forallv € E}.

The locally Lipschitz function £ is called regular (in the sense of Clarke) at x € E
if for all v € E the one-sided directional derivative i’(x;v) exists and satisfies
ho(x;v) = ' (x;v) forallv € E.

Finally, we recall the following fixed point type result (see Lemma 7 in [9] or
Proposition 3.1 in [23]).
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Lemma 2.3. Let E be a Banach space and 0 < T < oo. Let A: L*(0,T; E) —
L?(0,T; E) be an operator such that

1 Am) @) — (A OI% < /0 Im(s) = ma(s)|% ds

forevery ni, 1, € L*(0,T; E), a.e. t € (0, T) with a constant ¢ > 0. Then A has a
unique fixed point in L>(0,T; E), i.e., there exists a unique n* € L*(0, T; E) such
that An* = n*.

Lemma 2.3 is a consequence of the Banach Contraction Principle applied to the
nth iteration of operator A for sufficiently large n € N. This lemma will be used in
various places in the rest of this chapter.

2.3 First Order Inclusions

In this section we present an existence result for an abstract inclusion of first order.
We treat the inclusion within the setting of an evolution triple of spaces.

Let V. € H C V* be an evolution triple of spaces, i.e., V is a reflexive
separable Banach space, H is a separable Hilbert space, the embedding V' C H
is continuous, and V isdense in H.Let 0 < T < +o0o. Weset V = LZ(O, T:V)
and introduce the space W defined by W = {w € V | w' € V*}, where the time
derivative w' = dw/dt is understood in the sense of vector-valued distributions and
V* = L*(0,T; V*) is the dual space to V. Recall that for any Banach space Y the
space L2(0, T;Y) of vector-valued functions consists of all measurable functions
u:(0,T) — Y for which fOT u(t)||3 dt is finite. It is well known that the space
W endowed with the graph norm ||w|lyy = |w||y + |[w[|y* is a Banach space
which is separable and reflexive, due to the separability and reflexivity of V and
V*. Furthermore, let H = L?(0,T; H). Identifying H with its dual, we have the
following continuous embeddings W C V C ‘H C V*.Itis also well known that the
embedding W C C(0, T'; H) is continuous, where C(0, T'; H) denotes the space of
continuous functions on [0, '] with values in H. If, in addition, we suppose that
the embedding V' C H is compact, then by the Lions—Aubin lemma (cf. Theorem
3.4.13 of [6]), we know that the embedding W C H is also compact. The duality
pairing between V* and V is given by

T
(W, V)prxy = / (w(@),v(@))y*xy dt for we V*, ve,
0

where (-, -)y*xy stands for the duality brackets for the pair (V*, V). Moreover, let
X be a separable and reflexive Banach space.
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Let A:(0,7) x V — V* be a nonlinear operator, M:V — X be a linear and
continuous operator, and J: (0,7) x X — R be a functional. We denote by M*
the adjoint operator to M and by dJ the Clarke generalized subdifferential of the
functional J with respect to its second variable. Denote by vy € V an initial value.
With these data we consider the following evolutionary inclusion.

Problem 2.4. Find w € W such that

w () + A, w(t)) + M*3J(t, Mw(t)) > f(t) ae.t €(0,T),
W(O) = Vg.

In the study of Problem 2.4 we introduce the following definition.
Definition 2.5. A function w € W is called a solution of Problem 2.4 if there exists
¢ € V* such that
w (1) + At,w(t)) +¢(t) = f(t) ae. 1 €(0,7),
L(t) e M*3J(t, Mw(t)) ae. t € (0,T),
w(0) = vp.

We consider the following the hypotheses on the data.

A:(0,T) x V — V*is such that
(a) A(-,v) is measurable on (0, T') for all v € V.
(b) A(z, ) is pseudomonotone on V fora.e. t € (0, 7).

©) |AE, V) |lv* < ao(t) + ar||v]ly forallv € V, ae.t € (0,T)
with ag € L*(0,T),a0 > 0and a; > 0.

(d) (A(t,v),v)y*xy > allv|]? forallv € V, ae.t € (0,T)
with o > 0.

(2.1)

(e) A(t, ) is strongly monotone for a.e. t € (0,T), i.e., there
is m; > 0 such that for all v{,v, € V, ae.t € (0,T)

(A(t,v1) — A(1, v2), v1 — V2)y=xy = millv; — vaf}.

M e L(V, X) is such that its Nemytski operator

2.2
M:W C L*(0,T;V) — L?*(0,T; X) is compact. 2.2)
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J:(0,T) x X — R is such that
(a) J(-,v) is measurable on (0, T') for all v € X.
(b) J(t,-) is locally Lipschitz on X fora.e.t € (0, 7).

(©) [|0J(t,v)||x* < co(t) + c1|v]lx forall v € X, (2.3)
ae.t € (0,T) withcy € LZ(O, T),co,c1 = 0.

(d) (z1 — 22, v1 — V2)x*xx = —malv; — V2| forall
z€0J(t,v), i € X*, v, €X,i=1,2,ae.t€(0,7T)
with m, > 0.

One of the following conditions is satisfied

(a) o > 242 ¢ | M ||?>, where |M| = (M| zvx)-

2.4
(b) JO(t,v;—v) < dy(1 + |lv|lx) forallv € X,ae.t € (0,T)
with dy > 0.
my > m | M| (2.5)
feV, veV. (2.6)

We have the following existence and uniqueness result.

Theorem 2.6. Assume that hypotheses (2.1)(a)—(d), (2.2), (2.3)(a)—(c), (2.4) and
(2.6) hold. Then Problem 2.4 has at least one solution. If, in addition, conditions
(2.1)(e), (2.3)(d) and (2.5) hold, then the solution to Problem 2.4 is unique.

Proof. We begin with the proof of the existence part. To this end, we start by
providing an equivalent form to Problem 2.4 which is given by an operator inclusion.
Let A:V — V* and N:V — 2" be the Nemitsky (superposition) operators
corresponding to the translations of A and M* 0 dJ (¢, M -), i.e.,

(Aw) () = A, w(t) + vo),
Nw)(t) ={L e V* [ L) e M* (0] (t, M(w(t) + v0))) }
forw € Vand a.e. t € (0, T). Using these operators, we formulate the inclusion

w4+ Aw+ Nw > f,
w(0) = 0.

2.7
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We note that w € W is a solution to Problem 2.4 if and only if w — vy € W solves
inclusion (2.7).
Next, we introduce the operator L: D(L) C V — V* given by

Lv =1 forall ve D(L)

with its domain defined by D(L) = {w € W | w(0) = 0}. Recall that the operator
L is linear and maximal monotone (cf. Proposition 32.10 in [24]). Let the operator
T:V — 2V be given by Tw = Aw 4+ Nw for w € V. Then, problem (2.7) takes
the form

find w € D(L) such that Lw + Tw > f. (2.8)
In order to show the existence of a solution to problem (2.8), we consider the
following claims that are state below and proved later in this section.
Claim 1. T is a bounded operator.
Claim 2. T is coercive.
Claim 3. T is L-pseudomonotone.

From these claims, by using Proposition 2.2, it follows that problem (2.8) has a
solution w € D(L), so w—vy solves (2.7). This concludes the proof of the existence
part in Theorem 2.6.

To prove the uniqueness part we assume that wy, w, are solutions to Problem 2.4.
Then, by Definition 2.5, there exist ¢, {; € V* such that

Wi (s) 4+ A(s, wi (5)) + §i(s) = f(s) ae.s €(0,7),
Li(s) € M*aJ (s, Mw;(s)) ae.s € (0,T), (2.9)
wi(0) = vo

for i = 1, 2. Subtracting the two equations in (2.9), taking the result in duality with
wi(s) — wo(s) and integrating by parts, we obtain

3 10 =20+ [ 1A w1 60) = A0, w2611 5) = w2} v ds

4 / (£1(5) = £2(5). w1 (5) — wa(s)) yeewds = O
0

for all r € [0, T]. We also have ¢;(s) = M*z;(s) with z;(s) € dJ(s, Mw;(s)) for
a.e.s € (0,T)and i = 1, 2. Therefore, using condition (2.3)(d) yields

/ (61(5) — Ex(5). w1 (5) — wa(s)) ey s
0
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- /0 (21(5) — 22(5). Mwi () — Mws(s)) yoxxds

v

t
_m, / | Mwi(s) — Mwa(s)[Fyds
0

v

—m; IIMIIZ/ lwi(s) = wa(s)|3-ds (2.10)
0

for all ¢ € [0, T]. We combine now (2.10) with hypothesis (2.1)(e) to obtain

1 t
3 1@ = sy [ )=o) ds

t
—my ||M||2/ Iwi(s) — wa(s)[2 ds < 0
0

forall ¢ € [0, T]. From this inequality and hypothesis (2.5), we deduce that w; = w,
on [0, T']. This completes the proof of the uniqueness part in Theorem 2.6. O

We turn now to prove of the three claims used in the proof of Theorem 2.6.

Proof of Claim 1. We prove that T is a bounded operator. Let w € V and w* € Tw.
By the definition, we have w* € Aw + Nw. From hypothesis (2.1)(a)~(d) and
Lemma 11 in [10], it follows that || Aw|y+ < @y + a; ||w|ly with @y > 0 and
a; > 0. By an argument of Lemma 13 in [10], we have | {[[y+ < ¢o + ¢ [[w]|y for
all { € N'w with ©o, ¢; > 0. Hence, we deduce that ||w*||y« < bo + by [|w]ly with
by, by > 0. This inequality entails the boundedness of the operator 7. O

Proof of Claim 2. We prove that T is coercive. First, we assume that condition
(2.4)(a) holds. Let w € V and w* € Tw, ie., w* = Aw + ¢ with £ € Nw.
From (2.1)(c), (d) and the inequality |a + b|* > 1a® — b?, valid fora, b € R, we
have

(Aw, w)ysxy

T
= / ((A(t,w(t) + o), w(t) + vo)y=xy — (A(t, w(t) + vo), UO)V*XV) di
0
T
> a/o (E”W(Z)H%/ - ||v0||%/) dt —T |lvollvllaoll 12007

T
—a ||vo||V/ Iw() + vollvdr
0

> —|wl}, —arlwlly — 2 @2.11)

N R
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with aj, a; > 0. Since { € ANw, we have {(r) = M*z(t) with z(r) €
aJ(t, M(w(t) + vg)) for ae. t € (0,T). From (2.3)(c), using the inequality
(a + b)? <2(a® + b?) fora, b € R, we obtain

Iz 5%+ < 27 IM I W@ + 2 (cot) + i M| [[vollv)?

and
T
222075 = /0 leO) e dt <262 M| w3, + a2
with d > 0. Using this inequality, we deduce that

(S whvev| < v Iwlly < IMF ]zl 2075500 Wiy
<a V2IM I Wi, + d IIwllv
which implies that
(& whvexy = —c1 V2IMIP I, = d Il (2.12)

The coercivity of 7 is now a consequence of (2.11), (2.12) and hypothesis (2.4)(a),
that is

(W5, whysxy = (Aw, w)pexy + (Ew)pexy

o
= (5 —aVZIMIR) Wi} = @ +d) [wly - a.

Secondly, we suppose condition (2.4)(b). As before, let w € V and w* € Tw,
which means that w* = Aw + ¢ with { € N'w. Hence ¢(z) = M *z(t) with z(¢) €
aJ(t, M(w(t) + vg)) for a.e. t € (0,T). By (2.4)(b), we obtain

—(z(t), M(W(t) + vo)) x*xx < JOt, M(w(t) + vo); =M (w(t) + o))
<do (1 + [[M] |lvolly + [IM] [w(@®)]v)

fora.e.t € (0, T). On the other hand, from (2.3)(c), we get

(z(t), Mvo)x+xx < [lz()]lx+[|Mvollx
< IM|[lvollv (co(t) + ci | M(w(t) + vo)llx)
< M |lllvollv (co(t) + cill M [[llvollv + crIM |[[w@)lv) -
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Therefore,

T
oy = [ (M0 WO ds
0
T
= [ (0. MOO) + s s = 2000 M) o) s

T
= [ (= do+ 10lsol) = T

0
—IM [[[[vollv (co®) + M l[vollv) — et lvollv 1M1 IIW(I)Ilv) dt
> —di|wlly — d>
with dy, d, > 0. Hence and from inequality (2.11), we deduce

(W whyexy = (Aw, w)pexy + (o w)pexy

o
> 2 Iwll3, — (1 + dy) [[wlly — (2 + do)

which implies the coercivity of 7 and concludes the proof of Claim 2. O

Proof of Claim 3. We prove that T is L-pseudomonotone. We start with the
properties of the operator N and show that it is L-pseudomonotone.

It is well known (see Proposition 2.1.2 of Clarke [3]) that the values of dJ (¢, -)
are nonempty, weakly compact and convex subsets of X * for a.e. t € (0, T'). Hence
for every w € V the set N'w is nonempty and convex in V*. To show that N'w is
weakly compact in V*, we prove that it is closed in V*. Let {¢,} C Nw, {, —
¢ in V*. Then, passing to a subsequence if necessary, we have ¢,(t) — ((¢) in
V* forae.t € (0,T). Since for every n € N, ¢,(t) € M*dJ(t, M(w(t) + vg))
for a.e. t € (0,T) and the latter is a closed subset of V*, we deduce that £(7) €
M*3J(t, M(w(t) + vp)) fora.e. t € (0,T). Hence ¢ € Nw. Consequently, the set
Nw is closed in V* and convex, so it is also weakly closed in V*. Since N'w is a
bounded set in a reflexive Banach space V*, we obtain that A'w is weakly compact
in V*.

Now we prove that A" is upper semicontinuous from V into 2¥" where V* is
endowed with the weak topology. For this purpose (cf. Proposition 4.1.4 of [5]),
we show that if a set D is weakly closed in V*, then the set N~ (D) = {w € V |
Nw N D # @} is closed in V. Let {w,} € N~ (D) be such that w, — win V.
Then, we may assume that w, (¢) — w(t) in V for a.e. t € (0, 7). So, we can find
¢y € Nw, N D for n € N. Since {w,} is bounded in V and N is a bounded map
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(cf. Claim 1), we have that the sequence {¢, } is bounded in V*. Therefore, we may
suppose that

¢y — ¢ weakly in V* (2.13)

and, since D is weakly closed in V*, we have ¢ € D. From relation ¢, € N'w,, we
have

() = M*z,(t) ae. t €(0,T) (2.14)
and
zy(t) € 0J(t, M(w, (1) + vg)) ae. t € (0,7). (2.15)
Next, similarly as in Claim 2, by (2.3)(c), we have
Izl L200,7:x%) < €1 V2 M| [|wnllv +d,
where d > 0. Passing to a subsequence, if necessary, we may assume that
7 — z weakly in L?(0, T; X*). (2.16)

Note that M(w,(t) + vo) — M(w(t) + vo) in X for a.e. t € (0,T) and the
generalized gradient dJ(¢,-) is upper semicontinuous from X to X* endowed
with the weak topology (cf. Proposition 5.6.10 of [5]) with convex values for a.e.
t € (0, T). Therefore, from the Convergence Theorem (cf. Theorem 5.4 in [1]), due
to (2.15) and (2.16), we have

z2(t) € dJ(t, M(w(t) + vo)) ae.t € (0,7).

Exploiting (2.13) and (2.16), we pass to the limit in (2.14) to get {(¢) = M *z(¢)
for a.e. t € (0, T). Subsequently, we obtain { € Nw N D, i.e., w € N (D). This
shows that A/~ (D) is closed in V and proves the upper semicontinuity of A from
YV into the subsets of V* equipped with the weak topology.

To show that A is L-pseudomonotone, it remains to check condition (d) on
page 41. Let {w,} C D(L), w, — w weakly in W, ¢, € Nw,, {, — ¢ weakly
in V* and assume that limsup(¢,, w, — w)ysxy < 0. Since N:V — 2Y" is a
bounded map (cf. Claim 1), we infer that {{,} belongs to a bounded subset of V*,
where

Lu(t) = M*z,(t) ae. t €(0,T) (2.17)
and

7,(t) € 0J(t, M(w, (t) + vo)) ae. t € (0,T). (2.18)
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From hypothesis (2.2), we have M(w, + vg) — M(w + vg) in L?(0, T'; X). This
entails that, passing to a subsequence again denoted by {w, }, we have

M(w,(t) + vg) > M(w(t) + vg) in X fora.e.t € (0,7T). (2.19)

Using now condition (2.3)(c) and (2.18), we deduce that {z,} is bounded in
L?(0,T; X*) and so we may suppose that

zn — z weakly in L0, T; X*). (2.20)

As before, using (2.20) and the convergence {, — ¢ weakly in V*, from (2.17) we
obtain that {(t) = M *z(t) for a.e. t € (0, T'). Moreover, taking into account (2.19)
and (2.20), we apply again the Convergence Theorem of [1] to inclusion (2.18).
We get

z(t) € 0J(t, M(w(t) + vy)) ae.t € (0,T).

Therefore, { € Nw. Combining convergence (2.20) and Mw, — Mw in
Lz(O, T; X), we have

T
(G W) ey = /0 (M* 20 (6w (1)) =y

= (zn, MWn)LZ(o,T;X*)xLZ(o,T;X)

- (ZvMW)Lz(O.T;X*)xU(O.T;X)
T

= [ 0Oy dt = Gy
0

This completes the proof that A is L-pseudomonotone.

Next, from hypothesis (2.1) it follows by Theorem 2 of Berkovits and Mustonen
[2] that the operator A: )V — V* is L-pseudomonotone. Exploiting the boundedness
of A and L-pseudomonotonicity of both A and NV, we deduce from Proposition 2.1
that the operator 7 = A+ N2V — 2V" s L-pseudomonotone. This completes the
proof of Claim 3. |

We are now in a position to study the following perturbation of the inclusion in
Problem 2.4.

Problem 2.7. Find w € WV such that
w (@) + A, w(t)) + (Sw)() + M*0J(t, Mw(t)) > f(t) ae.t € (0,T),
W(O) = Vp.
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We assume that the perturbation operator satisfies the following hypothesis.
S:V — V* is such that

1Su)(©) = (Sv)O)llve < Ls /0 lo1(s) = va(8) v dis (221)

forall vy, v, € V, ae.t € (0,T) with Ls > 0.

Note that condition (2.21) is satisfied for the operator S: V — V* given by

(Sv)(t) = R(/ v(s)ds + vo) forallv e V, ae.t € (0,7), (2.22)
0

where R: V' — V* is a Lipschitz continuous operator and vy € V. It is also satisfied
for the Volterra operator S:V — V* given by

t
(Sv)(t) = / R(t —s)v(s)ds forallv eV, ae.t € (0,T), (2.23)
0

where now R € L*(0,T; L(V,V*)). Clearly, in the case of the operators (2.22)
and (2.23) the current value (Sv)(¢) at the moment ¢ depends on the history of the
values of v at the moments 0 < s < ¢ and, therefore, we refer the operators of
form (2.22) or (2.23) as history-dependent operators. We extend this definition to
all the operators S: ¥V — V* which satisfy condition (2.21) and, for this reason, we
say that the subdifferential inclusion in Problem 2.7 represents a history-dependent
subdifferential inclusion. Its main feature consists in the fact that they contain
operators which, at any moment ¢ € (0, T) depend on the history of the solution
up to the moment ¢, see the term (Su)(¢). This feature makes the difference with
respect to the time-dependent subdifferential inclusions studied in literature in
which, usually, the operators involved in are assumed to depend on the current value
of the solution, u(z).
We have the following existence and uniqueness result.

Theorem 2.8. Assume that hypotheses (2.1)-(2.6) and (2.21) hold. Then
Problem 2.7 has a unique solution.

Proof. The proof is carried out in three steps and it is based on Theorem 2.6
combined with a fixed-point argument.
Step 1. We fix n € V* and consider the following intermediate problem.

Find w, € W such that

w (1) + At wy(t)) + M*3J(t, Mw, (1)) 3 f(1) —n(t) (2.24)
ae.t€(0,7),
Wn(O) = V.
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By Theorem 2.6, problem (2.24) has a unique solution w, € W.
Step 2. Let A:V* — V* be the operator defined by

An = Sw, foralln € V*,
where w, € W is the unique solution to (2.24). We prove that the operator A has a

unique fixed point. To this end, let 0y, 7, € V* and let w; = w,,, fori = 1, 2 be the
corresponding solutions to (2.24). We have

wi(s) + A(s,wi(s)) + §i(s) = f(s) = mi(s) ae.s € (0,7), (2.25)
wh(s) + A(s, wa(s)) + $a(s) = f(s) —ma(s) ae.s € (0,7), (2.26)
¢i(s) € M*3J(s, Mw;(s)) ae.s € (0.T), i =1,2, (2.27)
w1 (0) = w,(0) = vp. (2.28)

Subtracting (2.26) from (2.25), multiplying the result in duality by w;(s) — wy(s)
and integrating by parts with initial conditions (2.28), we obtain

1
5 w1 = w017
T /0 (A5 w1(5)) — Als. wa(s))o wi () — wals))yoxrds
+ / (€1(5) — £2(5)o w1 (5) — wa(s)) = ds
0

=/0 (ma(s) = m(s), wi(s) —wa(s))y=xyds (2.29)

for all ¢ € [0, T']. Note also that from (2.27) we have ; (s) = M *z; (s) with z; (s) €
aJ (s, Mw;(s)) for ae. s € (0,7) and i = 1, 2. Therefore, by using hypothesis
(2.3)(d), similarly as in (2.10), we have

fo (61(5) — £a(5), wi(5) — wals)) v ds

> —my | M / Iwi(s) = wa(s) 12 ds (2.30)
0

for all t € [0, T]. We combine now (2.29), (2.30), use hypotheses (2.1)(e) and (2.5)
to obtain
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1 t
3 10 = Ol + [ 0) = waolds

< / 171(5) = 1) v w1 () — was) | ds
0

forallt € [0, T] with ¢ = m; —m,||M||*> > 0. Hence, by the Holder inequality, we
have

~ 2
Elwr =wallz2,00y = I = mll2v+) Iwe = wall 2.,

for all ¢ € [0, T'], which implies that

1
w1 = wall L2050y < z Im = m2ll220.5%) (2.31)
forallt € [0, T].

Next, by the definition of the operator S, hypothesis (2.21), the Holder
inequality and (2.31), we have

1(An) (@) = (An) OlI7+ = 1(Sw)() = (Sw2)O)II7+

t
<IiT / i (s) = wa(s) |12 ds
0

L

2T t
<L /0 I71(8) = na(s) 3 ds

c

fora.e.t € (0, T). Applying Lemma 2.3 we deduce that the operator A has a unique
fixed point n* € V* such that n* = An*.
Step 3. Let n* € V* be the unique fixed point of A. Then w,« is a solution to
Problem 2.7, which concludes the proof of the existence part of the theorem.

To prove the uniqueness part let w € WV be a solution to Problem 2.7 and define
the element n € V* by

n = Sw.

It follows that w is the solution to problem (2.24) and, by the uniqueness of solution
to (2.24), we obtain w = w,,. This implies An = 7 and, by the uniqueness of the
fixed point of A, we have n = n*. Therefore, w = w+, which concludes the proof
of the uniqueness part of the theorem. O
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2.4 Second Order Inclusions

In this section we study second order evolutionary inclusions for which we provide
results on the unique solvability. Consider the following problem.

Problem 2.9. Find u € V such that«’ € W and

W'(@) + A, d' (1)) + (Su')@) + M*0J(t, Mu'()) > f(t) ae.t € (0,T),
u(0) = uy, u'(0) = vy.

We need the following hypothesis on the initial condition.
uy € V. (2.32)

We have the following existence and uniqueness result.

Theorem 2.10. Assume that hypotheses (2.1)—(2.6), (2.21) and (2.32) hold. Then
Problem 2.9 has a unique solution.

Proof. We note that if u € V with ¥’ € W is a solution to Problem 2.9, then
w = u’ solves Problem 2.7. Vice versa, if w € W solves Problem 2.7 and u satisfies
condition (2.32), then the function u defined by

t
u(t) = ug +/ w(s) ds forall t € (0,T)
0
is a solution to Problem 2.9. Hence, Theorem 2.10 is a direct consequence of

Theorem 2.8. O

In the following problem we consider the second order evolutionary inclusion
with two history-dependent operators.

Problem 2.11. Find u € V such that ' € W and

W' (t) + A, u' (1)) + (Pu) (@) + (Ru)(t) + M*0J(t, Mu'(2)) > f(t)
ae.t €(0,7),
u(0) = uy, u'(0) = vy.

In the study of Problem 2.11 we consider the following hypothesis.

P,R:V — V* are operators which satisfy (2.21)
(2.33)

with positive constants Lp and L, respectively.

We have the following existence and uniqueness result.
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Theorem 2.12. Assume that hypotheses (2.1)—(2.6), (2.32) and (2.33) hold. Then
Problem 2.11 has a unique solution.

Proof. We define the operator S:V — V* by
t
Sw)(t) = Pw)(t) + R (/ w(s)ds + uo) forallwe V,ae.t € (0,7).
0

Note that hypothesis (2.33) implies that S is a history-dependent operator, i.e., it
satisfies (2.21). Indeed, for all wi, w, € V and a.e. t € (0, T), we have

[(Sw (1) = (Sw) (D) lv+ = [[(Pw) (1) — (Pw2) (1) ]|v+

+ IR ([) wi(s) ds +u0) —R(A wa(s) ds +u0) [l v+

t
<Lp [ Iwi(s) = wa(s) v ds
0
t S N
+LR/ ||/ wl(r)dwuo—/ wa(©) dt — oy ds
0 0 0
4 t ps
<Lp / Iwi(s) — wa(s)llvds + L / / w1 (2) = wa(0) Iy dds
0 0 0
t t
<Lp [ Iwi(s) — wa(s)lly ds + Lyt / Iwi (@) — wa(@) v d
0 0

<(Lp+TLp) /0 Iwi(s) — wa(s) v ds.

Hence, it follows that for u € V such that ¥’ € W, we have Su’ = Pu’ + Ru. The
conclusion of the theorem follows from Theorem 2.10. O

We conclude this section with two particular cases of Problem 2.11. First,
we consider the following second order inclusion which involves a Volterra-type
operator.

Problem 2.13. Find u € V such that ' € W and

' (t) + A, u' (1)) + B(t,u(t)) + /t C(t —s)u(s)ds
0
+M*3J(t, Mu/'(t)) > f(t) ae.t € (0,T),
u(0) = uy, u'(0) = vy.
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We consider the following hypotheses.

B:(0,T) x V — V*is such that
(a) B(-,v) is measurable on (0, T') for all v € V.

(2.34)
(b) B(t,-) is Lipschitz continuous with constant Lz > 0
forae.t € (0,7).
C e L*(0,T; L(V,V*)). (2.35)

We have the following existence and uniqueness result.

Theorem 2.14. Assume that hypotheses (2.1)—(2.6), (2.32), (2.34) and (2.35) hold.
Then Problem 2.13 has a unique solution.

Proof. Let us consider two operators P, R:V — V* given by

(Pw)(t) = B (l,/otw(s)ds —|—u0) +/OIC(I —5) (/:w(r)dt +u0) ds

forallw e V,ae.t € (0,T) and R = 0. It is clear from (2.34) and (2.35) that
t
[(Pwi)(®) — (Pwa)(®) v+ <T / [wi(s) —wa(s)[lvds
0

for all wi, wo € V,ae. t € (0,T) with© = L + VT |Cll20.1:00mv))» 1-€
hypothesis (2.33) holds. Note that for u € V such that u’ € W, we have

(Pu)(t) = B(t,u(?)) + /Ot C(t—s)u(s)ds ae.t€(0,7).

We now use Theorem 2.12 to complete the proof. O

Note that Theorem 2.14 represents an extension of Theorem 5.17 in [16]. There,
the operator B was assumed to be time-independent, linear, continuous, monotone
and symmetric.

Finally, we consider the following problem.

Problem 2.15. Find u € V such that ' € W and

W' () + A(t,d' (1)) + B(t,u(®)) + M*0J(t, Mu'(t)) > f(t) ae. t € (0,T),
u(0) = uy, u'(0) = vy.
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The following existence and uniqueness result represents a direct consequence
of Theorem 2.14.

Corollary 2.16. Assume that hypotheses (2.1)—(2.6), (2.32) and (2.34) hold. Then
Problem 2.15 has a unique solution.

2.5 Hemivariational Inequalities

In this section we formulate results on existence and uniqueness of solutions to
hemivariational inequalities of first and second order. These results represent a
consequence of the existence and uniqueness results proved in Sects.2.3 and 2.4,
in the study of evolutionary inclusions of first and second order, respectively.

Let 2 C R? be a bounded domain with a Lipschitz boundary I" and let I'c be a
measurable partof I, I'c € I'. Let VV be a closed subspace of H 1 (£2; Rd) and H =
Lz(.Q; Rd). It is well known that V' C H C V* form an evolution triple of spaces,
cf. e.g., Section 3.4 of [6]. We introduce the trace operator y: V — L*(I";R¢) and
its adjoint y*: L>2(I"';R9) — V*.

We consider the following hemivariational inequality of first order.

Find w € W such that

W0+ AlwO). o) + [ St pwieryodr
Ie (2.36)
> (f(t),v)yxxy forallveV, ae.t €(0,7T),
W(O) = Vg.
In the study of this hemivariational inequality we consider the following hypothe-
ses on the data.

j:Te x (0,T) x R? — R is such that
() j(-,-, &) is measurable for all £ € R and there exists
e € L>(I'c;RY) such that j(-,-,e(-)) € L'(I'c x (0,T)).
(b) j(x,¢t,-)is locally Lipschitz for a.e. (x,z) € I'c x (0,T).
(©) 197 Cx. 7, 8) lpe < bo(x,1) + by [[€ e forall £ € RY,
ae. (x,t) € I'c x (0, T) with by € L>(I'c x (0, T)),
bo, b1 > 0.

(d) (&1 =&, &1 = E)re = =2 ||E1 = &2,
forall¢; € 9j(x,t,&), & e RY, i = 1,2 withm, > 0.

(2.37)
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One of the following conditions is satisfied

(@ a > 2v2by ||y|?. where |yl = 17l zv.c2(rmay)-

3 (238)
(b) jO(x, 7,6 —§) < do (1 + [|§]|pe) forall £ € R, ace.
(x,t) € I'c x(0,T) withdgy > 0.
my =7 |y | (239)
jiTe x(0,T) x RY — R is such that
either j(x,t,-) or — j(x,t,-) is regular on R? (2.40)

fora.e. (x,t) € It x(0,7).

Note that in hypotheses (2.37) and (2.38) the symbols dj and j° denote the
Clarke generalized gradient of j(x,¢,-) and its directional derivative, respectively.
We consider the integral functional J: (0, T) x L>(I'c;R¢) — R defined by

J(t,v) :/ j(x.t,v(x))dI’ forve L>(I'c:R%), ae.t € (0,T).  (2.41)
I'c

We recall the following result whose proof can be found in Theorem 3.47 of [16].

Lemma 2.17. Assume that (2.37) holds. Then the functional J given by (2.41)
satisfies (2.3) and for allu, v € L*(I'c;R9), a.e. t € (0, T), we have

Jo(t,u; v)f/ jo(x,t,u(x);v(x))df, (2.42)

I'c

where JO(t,u;v) denotes the directional derivative of J(t,-) at a point u €
L*(I'c;RY) in the direction v € L*(I'c;R?). If, in addition, j: I'c x (0, T)xR¢ —
R satisfies condition (2.38)(b), then condition (2.4)(b) holds.

We now use Theorem 2.6 and Lemma 2.17 to obtain the following existence and
uniqueness result.

Theorem 2.18. Assume that hypotheses (2.1)(a)—(d), (2.6), (2.37)(a)—(c) and (2.38)
hold. Then the hemivariational inequality (2.36) has at least one solution. If, in
addition, conditions (2.1)(e), (2.37)(d), (2.39) and (2.40) hold, then the solution to
(2.36) is unique.

Proof. We begin with the existence part. Let X = L>(I'c;R4)and M = y:V —
X . We introduce the Nemitsky operator corresponding to the trace operator y and
denote it by the same symbol y:V = L2(0,T:;V) — L?(0,T; X). This operator
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satisfies hypothesis (2.2). Indeed, let v, — v weakly in V. Since W is compactly
embedded in L2(0,T; H'7%(£2)) with § € (0,1/2) (which is a consequence of
the compact embedding H'(2) c H'73(R), cf. [6,24]), we have v, — v in
L?(0,T; H'7%(£2)). Next, from the fact that

y:L2(0,T: H'™%(82)) — L*(0. T; H'™"V2(I")) € L*(0.T; LA(I";RY))

is linear and continuous, we deduce that yv, — yv in L2(0, T; X).

We denote by w € WV the solution of Problem 2.4 with the functional J given by
(2.41). The existence and uniqueness of this solution is guaranteed by Theorem 2.6
combined with Lemma 2.17. According to Definition 2.5, we have

w () + A, w(t)) + () = f(t) forae.t € (0,T), (2.43)

where {(t) = y*z(t) € V* and z(t) € dJ (¢, yw(t)) for a.e. t € (0,T). The last
inclusion is equivalent to

(2(0). W) 12(remay < JO (2 yw(e): W) (2.44)
forallw € L?>(I'c;R%) and a.e. t € (0, T). We now combine (2.42)—(2.44) to obtain
(f(@) =W (1) = At w(@®)), v)vexy = (§(1), v)y*xy

= (2(t), YV) 12(resre)

< Jo(t, yw(t); yv)

< / 0t yw(e): yo) dT
I'c

forallv € V,ae.t € (0, T). It follows from the last inequality that w is a solution
to (2.36), which concludes the proof of existence part of the theorem.

We now proceed with the proof of the uniqueness part and, to this end, we denote
by w € W a solution to (2.36) obtained in the first part of the theorem. It is well
known (cf. Theorem 2.7.2 of [3]) that under the regularity hypothesis (2.40), that
either J(¢,-) or —J(¢,-) is regular for a.e. t € (0, T'), respectively, and (2.42) holds
with equality. Therefore, using the equality in (2.42), we have

(W(0) + A, W) — f(@), v)yexy + O, yw(t)iyv) = 0
forallv € V and a.e. t € (0,T). Also, by Proposition 3.37 in [16], we obtain

(f(t) =W (1) = At w(®)), v)vexy < (J o) (1, w(t); V)
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forall v € V and a.e. t € (0, 7). Using now the definition of the subdifferential
and Proposition 3.37 in [16], it is straightforward to see that the previous inequality
implies that

F@) =w'(t) = At,w(t)) € 9(J o y)(t. w(t)) = y*3J (1, yw(t))

for a.e. ¢t € (0,T). Therefore, we find that w is a solution to Problem 2.4.
The uniqueness of solution to (2.36) follows now from the uniqueness part in
Theorem 2.6, which concludes the proof. O

We consider now the following hemivariational inequality of first order with the
history-dependent operator.

Find w € W such that

(W (1) + At (D) + (SW)(E). V)yxy + /F JCenyw@indr |

> (f(),v)yxxy forallveV, aete(0,T),
w(0) = vy.

Exploiting the argument used in the proof of Theorem 2.18, from Theorem 2.8
and Lemma 2.17, we deduce the following result.

Corollary 2.19. Assume that (2.1), (2.6), (2.21), and (2.37)—(2.39) hold. Then the
hemivariational inequality (2.45) has at least one solution. If, in addition (2.40)
holds, then the solution to (2.45) is unique.

Next, we pass to the hemivariational inequalities of second order. We consider
the following problem.

Find u € V such that / € W and

(M”(l)+A(l,b/(l))+(3u/)(l),v)v*xv+/ JOCe ey (0);yv)d I

I'c

> (f(@),v)yxxy forallveV, aete(0,T),
u(0) = ug, u'(0) = vy.

(2.46)

Using Theorem 2.10, Lemma 2.17 and Theorem 2.18, we deduce the following
existence and uniqueness result.

Corollary 2.20. Assume that (2.1), (2.6), (2.21), (2.32), and (2.37)—(2.39) hold.
Then the hemivariational inequality (2.46) has at least one solution. If, in addition
(2.40) holds, then the solution to (2.46) is unique.

Subsequently, we consider hemivariational inequalities with two history-
dependent operators. The first problem in which our interest is can be formulated as
follows.
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Find u € V such that ' € W and

(" (t) + At u' () + (Pu) () + (Ru)(1), v)y=xv
+/FC JOCe £y ;) AT = (f(0),v)vexy (2.47)
forallv eV, ae.t € (0,T),

u(0) = uy, u'(0) = vy.

Using Theorem 2.12, Lemma 2.17 and arguments similar to those used in the
proof of Theorem 2.18, we obtain the following result.

Corollary 2.21. Assume that (2.1), (2.6), (2.32), (2.33), and (2.37)—(2.39) hold.
Then the hemivariational inequality (2.47) has at least one solution. If, in addition
(2.40) holds, then the solution to (2.47) is unique.

Next, we consider hemivariational inequalities involving a Volterra-type
operator. The problem can be formulated as follows.

Find u € V such that &’ € W and
t
(W’ () + A(t, ' (1)) + B(t,u(t)) + / C(t — s)u(s) ds, v)yrxy
0

+ / JOCetyd 0 yv)dT = (£(1), V) yexr (2.48)
I'c
forallv eV, ae.t €(0,7),

u(0) = uy, u'(0) = vy.

From Theorem 2.14, Lemma 2.17 and Theorem 2.18, we deduce the following
existence and uniqueness result.

Corollary 2.22. Assume that (2.1), (2.6), (2.32), (2.34), (2.35), and (2.37)—(2.39)
hold. Then the hemivariational inequality (2.48) has at least one solution. If, in
addition (2.40) holds, then the solution to (2.48) is unique.

We end this chapter with the study of a particular case of the hemivariational
inequality (2.48). The problem under consideration is the following

Find # € V such that ¥’ € W and
(" (t) + A(t.u' (1)) + B(t.u(?)), v)y*xy

+/ JOCet yud ();yv)dT = (f(1).v)ysxy (2.49)
I'c

forallv eV, ae.t € (0,7),
u(0) = ugy, u'(0) = vy.

The following result represents a direct consequence of Corollaries 2.16 and 2.22.
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Corollary 2.23. Assume that (2.1), (2.6), (2.32), (2.34), and (2.37)—(2.39) hold.
Then the hemivariational inequality (2.49) has at least one solution. If, in addition
(2.40) holds, then the solution to (2.49) is unique.

The existence and uniqueness results in Theorem 2.18 and Corollaries 2.19—
2.23 are useful in the study of various dynamic or quasistatic contact problems
with viscoelastic and viscoplastic materials, as illustrated in Chap. 14 of this book.
Indeed, a large number of such problems leads to evolutionary hemivariational
inequalities of first and second order, in which the unknown is the displacement
or the velocity field.
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Chapter 3
Location Results
for Variational-Hemivariational Inequalities

Dumitru Motreanu and Viorica Venera Motreanu

Abstract The chapter presents a general method, based on approximation of spaces
and operators, to solve certain nonsmooth problems. The method allows us to obtain
location properties of the solutions, for instance the inclusion of the solutions in
prescribed sets. This is achieved through an approximation approach by means
of sequences of associated problems formulated in a simpler setting, possibly on
finite dimensional spaces. The abstract results are applied to various classes of
hemivariational and variational-hemivariational inequalities. An essential tool is
represented by pseudomonotone operators.

Keywords Variational-hemivariational inequality ¢ Hemivariational inequality
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3.1 Introduction

The aim of this chapter is to present a general method for studying certain
nonsmooth problems. Consider a general problem of the form

Find u € C such that
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involving the following data:

e (X, ]I is areal reflexive Banach space, its dual space is denoted by (X*, || - || «),
and the duality pairing (X *, X) is denoted by (., -);

¢ C C X is anonempty subset;

e f:CxX — Risagiven functionand T : C — X* a given operator.

A solution of this problem is necessarily located in the set C. In fact, our method
enables us to derive some more location properties of the solutions. For instance,
our setting incorporates variational-hemivariational inequalities of the form

Find u € 0C such that

(T(u),v—u)—}—/ jox,usv —u)ydx >0 VYoveC, (3.2)
Q2
and
Find u € C such that (3.3)
(Tw),v)+ [, j°%x,u;v)dx =0 VveX. ’

Problems (3.2) and (3.3) involve the following data:

e 2 CRY is a bounded domain;

« the real reflexive Banach space (X, || - ||) is compactly embedded in L9(S2), for
some ¢ € (1, 400); for instance X = W'P(2) (or X = Wol’p(SZ)) with p €
(1, +00) such that g < p*, where p* € (1, +o¢] stands for the Sobolev critical
exponent for the Sobolev space W7 (£2);

e C C X is nonempty, closed, convex; for instance C = {u € X : |u| < p}
(pe0,4+0)orC ={uec X :u_ <u<usae. in 2} withu_,uy € LI($2)
(provided C is nonempty); by dC we denote the boundary of C;

e T :C — X*isabounded pseudomonotone operator; for instance, in the case
where X = W'P(Q2) (or X = Wol"” (£2)), the operator T can be the negative
p-Laplacian —A ,u = —div(|Vu|?>Vu);

e j: £ xR — Ris afunction satisfying the following conditions:

(i) j(-,s) € L'(£2) forall s € R and j(x,-) is locally Lipschitz for a.a. x € £2;
(ii) (growth condition) |z| < k(x) + c|s|?~! for ae. x € 2, all s € R, all
7€ dj(x,s).

Hereafter, by j(x, s;t) we denote the generalized directional derivative of j(x,-)
at s in the direction ¢, and by dj(x,s) we denote the generalized gradient of
j(x,-) at s, in the sense of Clarke [2] (see (3.18)—(3.19) below). In the case where
Jj(x,-) is continuously differentiable, j°(x, s;¢) coincides with the usual directional
derivative while 9/ (x, s) is the singleton {j'(x, -)(s)}.
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Problem (3.2) can be seen as a location problem with respect to the
variational-hemivariational inequality
Find u € C such that (3.4)
(T(u),v—u)—i—fgjo(x,u;v—u)dx20 VveC, ’

whereas problem (3.3) can be viewed as a location problem with respect to the
hemivariational inequality

Find u € X such that
(T(w).v) + [, j°(x,u;v)dx =0 VoveX.

Our result shows the following alternative.

Theorem 3.1. Let 2, X,C,T,j be as above. Then one of the problems (3.2)
and (3.3) admits a solution.

For instance, assume that X = Wol'p(.Q) with p € (1,400), T = —A,,
j(x,s) = —2%|s|” where A € R is not an eigenvalue of —Ap,,and 0 ¢ C. Then,
problem (3.3) reads as the eigenvalue problem

Find u € C such that
—Apu = Au|P2u in (W, 7 (2))*,

which has no solution (due to the assumption on A). Therefore, in this situation, we
can conclude from Theorem 3.1 that problem (3.2) has a solution.

Theorem 3.1 is proved in Sect. 3.5. In fact, our results go beyond the setting of
Theorem 3.1. Specifically, our aim is to develop an abstract setting in which (3.1)
can be solved by approximating it with a sequence of related problems. The abstract
setting is presented in Sects. 3.2-3.3. The abstract result that we obtain (established
in Sect. 3.4) will be shown to lead to various existence and approximation results
for classes of hemivariational and variational-hemivariational inequalities (see
Sects. 3.5-3.8).

3.2 Abstract Setting

Let us describe our abstract setting. For every n € N, we consider a subset C, C X,
a function f, : C, x X — R, and an operator T,, : C,, — X*, and we formulate the
corresponding problem

Find u,, € C, such that

(T (), v — wp) + fro(n,v—u,) >0 VYveC,. 3.5)
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Then, assuming that problem (3.5) admits a solution u, for every n € N, our
goal is to study the existence of a solution of problem (3.1) obtained as a weak
limit of the sequence (u,) (or at least of a subsequence). Specifically, our main
abstract result (formulated in Theorem 3.14) provides an abstract setting where this
approximation principle is fulfilled. This abstract setting consists of the following
set of hypotheses:

(Hy) (i) for every subsequence (C,,) of (C,) and every sequence (uy) with u; €
Cy.VkeNandu, — uin X, wehaveu € C;
(ii) there exist a subset C dense in C and a sequence of mappings r, : C —
C,,n € N, with

lim ||r,(v) —v||=0 VwveClC;
n—o0

(Hy) (i) forevery u € C, the function f(u,-) : X — R is subadditive and there
exists a constant a = a(u) > 0 such that

Sfwv) =afv] VveX:

(ii) for every subsequence ( f;,) of (f,) and every sequence (uy) with u; €
Cy.. Yk € N,and uy — uin X, we have

limsup f,, (g, 7y, (V) —u) < fu,v—u) YveC;

k—o00

(H3) (i) for every subsequence (7,,) of (7,) and every bounded sequence ()
with u; € C,,, Yk € N, the sequence (7}, (ux)) is bounded;
(ii) for every subsequence (7}, ) of (T,) and every sequence (u;) with uy €
Cy., Yk e N,and uy — uin X and

lim sup(7y,, (uy ), ux — u) <0,
k—o00

we have

(T (), u—v) <limsup(T,, (ur),ur —v) VYveC.
k—o00

Hereafter, the notation — stands for the weak convergence in X. We also consider a

further hypothesis under which we will be able to guarantee the strong convergence

of a sequence of solution of (3.5) to a solution of (3.1):

(H4) for every subsequence (7, ) of (T;,) and every sequence (ux) with ux € Cy,,
Vk € N, and u; — u, for some u, and

limsup (T, (ux), ux —u) <0
k—o00

we have up — uin X.
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The setting corresponding to (H;)—(Hy) is quite natural, in particular, it is well-suited
for studying hemivariational and variational-hemivariational inequalities. This is
explained in Sect. 3.3.

3.3 Preliminary Observations

This section contains some preliminaries concerning the hypotheses stated previ-
ously for a nonempty subset C of X, a sequence of subsets C, of X, n € N,
functions f : C x X — Rand f, : C, x X — R, and operators T : C — X* and
T,:C, — X*.

Hypothesis (H;) is fulfilled under usual conditions in approximation of varia-
tional inequalities (see, e.g., [3, Section 1.4.4]). The next result gives an example
where (H;) holds true.

Lemma 3.2. Assume that C is a (nonempty) separable, closed and convex subset
of X. Let a countable dense subset {w,} ey of C and denote

C, = C Nspan{wy,wy,...,w,} VneN.

Then assumption (Hy) is satisfied with C = C and the mappings r, : C — C,
characterized by

lr,(@) —u|| = min |w—u| VueC. (3.6)
weC,

Proof. As the set C is convex and closed, it is weakly closed in X, hence condition
(Hy) (i) is verified. To check (H;) (ii) with C = C, let u € C and ¢ > 0. Since

C = U2, Cyy, we find some v € U, C,, with ||[v —ul| < e. Let mo € N be such

that v € Cy,,. Then, for every n > mg we have v € C,, thus

70 () — ull = min [lw —ul| < Jlv—ul| <e.
weCy,

Consequently, (Hy) (ii) is fulfilled, which completes the proof. |
Next, we discuss conditions (H,) and (H3). The following lemma is immediate.

Lemma 3.3. If f : C xX — Rsatisfies (H,) (i), then for every u € C, the function
f(u,-) : X = Ris Lipschitz continuous with the Lipschitz constant a = a(u).

Proof. From (H,) (i), for every v,w € X we have

J.w) = flu,v) < flu,w—v) <alw-v].

Reversing the roles of v and w we infer that | f(u,w) — f(u,v)| <a|w—v]|. O
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Lemma 3.4. Let f : C x X — R be a function satisfying

(Hs) foreachu € C, f(u,-) is subadditive, positively homogeneous, continuous
and f(u,0) = 0.

Then (Hy) (i) is satisfied.

Proof. Since f(u,-) is convex and continuous, it is locally Lipschitz on X, so there
exist constants r = r(u) > 0 and a = a(u) > 0 such that

f.v) < |fu,v) = fw,0) <alv] VvelX, |v|=r

Taking into account that f (u, -) is positively homogeneous, we obtain that f(u,v) <
allv|l, Yv € X, whence (Hy) (i). |

Lemma 3.5. Assume thatT : C — X* and T, : C, — X* (n € N) satisfy the

following property:

(H¢)  for every subsequence (T,, ) of (T,,) and every sequence (uy) with ux € C,,
Vk eN, and uy — u, we have T,,, (ux) — T (u).

If (T,) satisfies (Hy), then (H3) (ii) holds.

Proof. Let (T,,) be an arbitrary subsequence of (7,) and let (u) be a sequence
such that uy € C,,, Yk € N, and satisfying uy — win X and lim sup(7,,, (ux), ux —

k—00
u) < 0. By (Hy) and (Hs), we see that uy — u and T}, (ux) — T'(u) in X. Then
klim (T, (ug), up —v) = (T'(w), u — v), Yv € C, whence (H3) (ii). O
—>00

We recall that T : C — X* is bounded if it maps bounded subsets of C into
bounded sets of X*. The operator 7 : C — X* is said to be pseudomonotone
if for every sequence (u,) C C such that u, — u, for some u € C, and

lim sup(T (u,), u, — u) < 0 we have
n—00

(T (w), u—v) <liminf(T (u,),u, —v) VveX.
n—>00

The operator T : C — X™ satisfies condition (S)+ if every sequence (u,) C C

such that u, — u and limsup(7T (u,),u, — u) < 0, for some u € C, is strongly
n—00
convergent to u in X.

Recall that a function f : C x X — R is said to be sequentially weakly upper
semicontinuous if for every sequences (#,) C C and (v,) C X such that u, — u,

v, = v, forsome u € C, v € X, we have limsup f(u,,v,) < f(u,v).
n—>o00
In the case of constant sequences of functions, we have:

Lemma 3.6. (a) Assume that the sets C and (C,) satisfy (Hy) (ii) and assume that
f =/ (CUWUS,Cp) x X = R(foralln € N). If either
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f is sequentially weakly upper semicontinuous
or
f is upper semicontinuous, C,, C C, Vn € N, and C is compact,

then (Hy) (ii) is satisfied.

® T =T, : CUULCn) — X* (for all n € N) is bounded and
pseudomonotone, then T satisfies the properties (i) and (ii) stated in (H3),
respectively. In addition, T is demicontinuous.

© IfT, =T :CU UL, Cy) — X* (foralln € N), then property (Hy) reduces
to condition (S)+ for T, while property (Hg) reduces to the demicontinuity
of T.

Now, we study some situations related to which problem (3.5) has a solution.
First we recall from [4] the following result extending [8, Corollary 1] (for the sake
of completeness we give the proof). This situation is done in the context of finite
dimensional Banach spaces.

Lemma 3.7. Assume that C is a nonempty, compact, convex subset of a real finite
dimensional Banach space X and let f : C x X — R be an upper semicontinuous
function such that f(u,-) is convex and f(u,0) =0 forallu € C.If T : C — X*
is continuous, then the problem

Find u € C such that
(T(u),v—u)+ f(u,v—u)>0 VYveC

has at least one solution.

Proof. Arguing by contradiction, assume that for every u € C we can find v(u) € C
such that

(T (w),v(u) —u) + f(u,v(u) —u) <O. (3.7)
Given v € C, set
Nw)={ueC: (Tw),v—u)+ f(u,v—u) <0}

By (3.7) we know that

cclJNw).

veC

As f is upper semicontinuous and 7 is continuous, each set N(v) is open in C.
Since C is compact, we find vy, v, ..., vx € C such that

k
cclNw)p. (3.8)

Jj=1
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Forall j =1,...,kandu € C,let p;(u) = dist(u; C \ N(v;)) and set

pj(u) .
S pi(u)

Relation (3.8) ensures that the map ; : C — R is well defined and continuous.
Let p : C — C be defined by

Vi(u) =

k
plu) = ij(u)vj YuecC.

j=1

The mapping p takes values in C (since C is convex) and is continuous. Applying
Brouwer’s fixed point theorem, there exists an uy € C such that p(ug) = up.
Next, we define a function ¢ : C — R by

q() = (T(w), pu) —u) + f(u. p(u) —u) VueC.

Since f'(u,-) is convex, we derive

k
q) <> Y@ (Tw.v; —u) + fu.v; —w) VYueC.

j=1

By (3.8) and the definition of N(v;), we infer that g(u) < 0, Yu € C. On the
other hand, we have g(up) = 0 because p(up) = up (since f(up,0) = 0). This
contradiction completes the proof. O

Another way to guarantee the solvability of problem (3.5) is through the
minimization method. Here we consider a real Banach space (X, | - ||) which is
compactly embedded in another real Banach space Z. Let Cy be a nonempty, closed,
convex subset of X. Let J : X — R be a Géteaux differentiable functional and
F : Z — R be alocally Lipschitz function. Denote by J’ the Giteaux differential
of J and by F° the generalized directional derivative of F. Recall that F°(u; v) is
the generalized directional derivative of F at u in the direction v, i.e.,

F tv) — F
F°(u; v) = lim sup W+ 1v) »)

w—>u t
t—0

(see Clarke [2]). We consider the following variational-hemivariational inequality:

Find u € C, such that

(J'w),v—u) + Fou;v—u) >0 Vv e . (3-9)
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Let @ : X — R be defined by
® = Fly +J. (3.10)
We associate to (3.9) the minimization problem

Find u € C, such that

Du) < P(v) YveCl,. (3.11)

Lemma 3.8. [fu is a solution of (3.11), then it is a solution of (3.9).

Proof. If u is a solution of (3.11), then
Fu+tw—uw)—Fuw+Ju+t(v—u)—Ju) >0 VYveC,te(01],

and thus FO(u; v —u) + (J'(u),v —u) > 0, Vv € Co. O
We assume that J satisfies the following alternative:

(H;) Either
J is convex
or
J € C'(X,R) with J’ : X — X* pseudomonotone, bounded.

Remark 3.9. 1f the Gateaux differentiable functional J : X — X™* satisfies (Hy),
then:

(a) J is sequentially weakly lower semicontinuous on X;
(b) J is continuous on X.

Indeed, if J is convex and Gateaux differentiable, part (a) is straightforward. In the
case where J is continuously differentiable with J’ pseudomonotone and bounded,
part (a) follows from [10, Proposition 25.21]. Part (b) is a consequence of part
(a) (because either J is continuously differentiable or it is convex, hence locally
Lipschitz).

Remark 3.10. 1If the Giteaux differentiable functional J : X — X* satisfies (Hy),
then:

(a) @ is sequentially weakly lower semicontinuous on X;
(b) @ is continuous on X.

Indeed, since J 1is sequentially weakly lower semicontinuous on X [see
Remark 3.9 (a)] and since X is compactly embedded in Z, we infer that F is
sequentially weakly lower semicontinuous on X, so @ is. Moreover, since J is
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continuous on X (see Remark 3.9 (b)) and F is locally Lipschitz on Z, we infer
that @ is continuous on X.

Remark 3.11. Assume that the Gateaux differentiable functional J : X — X*
satisfies the following condition:

(Hg) Either
J is convex with J’ hemicontinuous (3.12)
or
J € C'(X,R) with J' : X — X* pseudomonotone. (3.13)

Then:

(a) J' satisfies (H3) (i) (with T = J'|c and T, = J'|¢,).
(b) If, in addition, J’ is bounded, then J' satisfies (H3) (with T = J'|c and T,, =
J/|C”) and (H7)

Indeed, we first observe that hypothesis (Hg) implies that J' : X — X*is a
pseudomonotone operator. To see this, we note that this is clear if (3.13) holds.
In the case where (3.12) holds, the convexity of J ensures that J' : X — X*isa
monotone operator, which in conjunction with the hemicontinuity of J’ guarantees
that J/ : X — X* is pseudomonotone (see, e.g., [10, Proposition 27.6 (a)]).
Hence, J' lcuee,c,) is pseudomonotone, so hypothesis (Hs) (ii) is fulfilled (see
Lemma 3.6 (b)), which shows assertion (a). Part (b) is a consequence of part (a) and
Lemma 3.6 (b).

We have the following existence result of a solution of (3.11) (and, a fortiori,
of (3.9)).

Lemma 3.12. Assume that (H;) holds and that @ in (3.10) is sequentially weakly
lower semicontinuous and coercive in the sense that

®(v) > 400 as ||v|| = oo.
Then problem (3.11) has at least one solution u € Cy. In particular, u is a solution

of (3.9).

Proof. The sequential weak lower semicontinuity and the coercivity of @ ensure
the first part of the conclusion. The second part of the conclusion follows from
Lemma 3.8. O

Remark 3.13. Lemma 3.12 also holds true if we assume that the set Cy is bounded
in place of the coercivity of @.
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3.4 Abstract Existence Result

Let X be a real reflexive Banach space, let a nonempty subset C of X, a sequence
of subsets C,, of X, n € N, functions f : C x X — Rand f, : C, x X — R, and
operators T : C — X*and T, : C, — X™*. We have the following convergence
result.

Theorem 3.14. Assume (H)—(H3) and that problem (3.5) admits a solution u, for
eachn € N.

(a) If the sequence (u,) is bounded, then it admits a subsequence (up,) that is
weakly convergent to a solution u € C of problem (3.1).

(b) If, in addition, (T,) satisfies (Hs), then the subsequence (u,,) strongly con-
vergestouin X.

(¢c) Under the assumptions in part (b), if the solution of problem (3.1) is unique,
then the whole sequence (uy) is strongly convergent to u in X.

Proof. The assumption that the sequence (u,) is bounded implies that we can find
a subsequence (u,,) of (u,) such that u,, — u, for some u € X (using that X is
reflexive). Hypothesis (H;) (i) implies that u € C.

We claim that

lim sup(T;,, (4, ), tn, —u) < 0. (3.14)

k—00

To see this, by (H;) (i) we have that
fu,w) <al|w| VweX.
Using (H3) (i), we find a constant ay > 0 such that
T (un )l < a0 Yk eN. (3.15)

Let & > 0. Invoking the density of the subset C C C [cf. (Hy) (ii)], there exists some
v € C such that

. I &
v —ul| < mm{—, —}.
2a0 2a

Using (3.15) and the fact that u,, is a solution of problem (3.5), we obtain
(T () gy, — u) = (T () thy, — Ty (V) + Ty (Uy.), 7y (V) — )
+ (Tnk (unk)’ v— Lt)

=< ng (Mnkv T'ny (U) - unk) + a()”rnk (U) - U”

+apllv—ul] VkeN.
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Passing to the upper limit in the above inequality, by (H;) (ii) and (H;) (ii), it follows

lim Sup<Tnk (g ), Uy — u) < limsup fnk (g > Ty (V) = tty) + aollv — ull
k—o00 k—00

& e
< fu,v—u)+ = <alv—u|| + = <e
2 2
As & > 0 is arbitrary, (3.14) holds true, as claimed.
Let us show that u is a solution of problem (3.1). To this end, take v € C arbitrary.

Applying (H3) (ii) [due to (3.14)] and using the fact that u,, is a solution of (3.5),
(Hy) (i), (3.15) and (H;) (ii), it follows that

(T(u)» u— U) < lim Sup(ﬁu (unk)’ Up, — U)

k—o00

< limsup ((Ty, (tny ). tn, — T (V) + (T (), 7y (V) — V)
k—o00

< lim sup fnk (unka T'ny (U) - u"k)
k—o00

+ llm Sup(Tnk (unk)s rnk (v) - U)

k—o00

< f(u,v—u) +“°k1i“§o 7, (v) = vl
= f(u,v —u). (3.16)

As v is arbitrary in the dense subset C C C, taking Lemma 3.3 into account, we
conclude from (3.16) that u solves problem (3.1). This proves part (a).

Assume now that (7,) satisfies (H4). Then from (3.14) and the fact that u,, — u
we obtain that u,, — u in X, which proves part (b).

If, in addition, the solution of problem (3.1) is unique, then the sequence (u,) is
strongly convergent to u since the above reasoning can be done for any subsequence
of (u,), hence part (c) holds true. O

Remark 3.15. The setting in [4] (and in particular [4, Theorem 2.1]) is recovered
for f = f:(CUUSL,Cu)xX >Rand T, =T : CU UL, Cp) - X*

(for all n € N) and when the elements u and u; (k € N) in the hypotheses are taken
in the whole domain C U (U, C,,).

Next, we give a consequence of Theorem 3.14 that will be applied in Sect. 3.5 to
hemivariational inequalities (see [7]).

Let X be a real, reflexive Banach space and let C be a nonempty, bounded,
closed, convex, separable subset of X. Let {w, },en be a countable dense subset of
C and let

X, = span{wy,wy,...,w,} and C,=CnNX,, neN.
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For functions f : C x X — Rand f, : C, x X — R (n € N), we formulate the
following condition:

(Hg) for every subsequence (fn,) of (f,) and every sequences (), (vx) with
ug, Vg € Cy,, Vk e Nyand uy — uin X, vy — v in X, we have

limsup f,,, (ug, ve —ux) < f(u,v —u).
k—00

Corollary 3.16. Let X, C and X,, be as above, let functions f : C x X — R and
fn i CoxX — R (n € N), let an operator T : C — X* and let continuous
operators T, : C, — X* (n € N). Assume that (H3), (Ho) hold, that f satisfies
(Hs) (in Lemma 3.4), and that f, : C, Xx X — R (n € N) are upper semicontinuous
functions such that f,(u,-) is convex and f,(u,0) = 0 for allu € C,. Then:

(a) Problem

Find u € C such that 3.17)
(Tw),v—u)+ fu,v—u)>0 VveC '
has a solution. Moreover, for each n € N, there is a solution u, of (3.5), and
the sequence (u,) admits a subsequence (uy,) that is weakly convergent to a
solution u of problem (3.17).
(b) If, in addition, (T,) satisfies (H4), then the subsequence (uy,,) strongly con-
verges touin X.
(¢c) Under the assumptions in part (b), if the solution of problem (3.17) is unique,
then the whole sequence (uy) is strongly convergent to u in X.

Proof. We aim to apply Theorem 3.14. By Lemma 3.2, propriety (H;) is satisfied
with C = C and r, defined by means of (3.6). Lemma 3.4 guarantees that (H;) (i)
is satisfied, whereas (H,) (ii) follows from (Hg). Condition (Hj) is satisfied by
hypothesis. For each n € N, we obtain that (3.5) has a solution u, € C, by applying
Lemma 3.7 with (X,,, C,) in place of (X, C), f|¢,xx, and i, T|c, in place of f and
T, where i stands for the dual mapping of the inclusion map i, : X, — X. The
sequence (u,) is bounded (since C is bounded), hence Theorem 3.14 can be applied
and the proof is complete. O

Remark 3.17. Assume that f = f, : C x X — R (forall n € N) is a function such
that f(u,-) is subadditive, positively homogeneous, continuous and f(u#,0) = 0
whenever u € C. In addition, suppose that either

f is a sequentially weakly upper semicontinuous on C x X,

or

f is upper semicontinuous on C x X and the set C is compact.
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By Lemma 3.6, we see that Corollary 3.16 applies [providing a solution of
problem (3.17)] when each of the above cases is combined with the case where
T =T, : C — X* (forall n € N) is a bounded and pseudomonotone (thus,
demicontinuous) operator (note that then 7 is continuous on the compact set C,,).

3.5 Application to Hemivariational Inequalities

Our goal is to apply Corollary 3.16 to study the existence of solutions for
hemivariational inequalities.

Let £2 be a bounded domain in RY (N > 1). Given M > 1, we consider
functions j, j, : 2 x RM — R (n € N) with the following properties:

(Hio) @) j(. ). ju(-.y) : 2 — R are measurable for all y € RM and satisfy that
J(.0),ja(-,0) € L' (£2);
@11) j(x,+), ja(x,-): RM — Ris locally Lipschitz for a.e. x € £2;
(iii) there existg € (1, +00), ¢ > 0,and k € quj(.Q) such that

Iz <k(x)+c|yp|?! forae.x € 2,Vy e RM, Vzedj(x,y)Udj(x,y)

foralln € N.
Here, for x € £2, we denote by dj(x, y) the generalized gradient of the locally
Lipschitz function j(x,-) at y € RM, that is,

. y) ={zeR” : (z.§) < j%x.y:6) VEeRM), (3.18)

where jO(x,y:£) is the generalized directional derivative of j(x,-) at y in the
direction &, i.e.,

jO(X,y;g) = limsup Je.n+18) —jx.m) .

n—y t
(—0t

(3.19)

As before, let X be a real, reflexive Banach space and let C C X be a nonempty,
bounded, closed, convex, separable subset. Let {w, },en be a countable dense subset
of C and let

X, = span{w,wy,...,w,} and C,=CNX,, neN,

Let a linear continuous operator L : X — L4(§2;RM) (for instance, X can be
the Sobolev space W!7(£2) with p € (1,4+00), M = 1, and L the inclusion
WP (§£2) — L9(£2) (which is continuous whenever ¢ < p*, where p* is the
Sobolev critical exponent); or, X = wha (£2), M = N, and Lu = Vu). We assume
moreover that
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(Hy)  for every subsequence (j,,) of (j,) and every sequences (ux), (vi) with
up, vk € Cy,, Vk € N;and up — uin X, vy — v in X, we have

lim sup j,?k(x, Luy; L(vg —uy)) < jO(x, Lu; L(v — u)).

k—o00

Given (as before) an operator T : C — X*, we formulate the following problem in
terms of a hemivariational inequality

Find u € C such that

(T (). v — u) +/ PO LuiLo— Luydx =0 Yo eC. (3.20)
2

We have the following existence result for problem (3.20).

Theorem 3.18. Let X, C, X, C,, 2, L, j, j, be as above and satisfy (Hyp), (H;1).
LetT : C - X*and T, : C, — X* (n € N) be continuous operators satisfying
(Hs). Then:

(a) Problem (3.20) has a solution. Moreover, for all n € N, the problem

Find u,, € C, such that
(T (un), v — uy) +/ 70, Luy; Ly — Luy)dx >0 Vv e G,
2
(3.21)

has a solution u,, and the sequence (u,) admits a subsequence (u,,) which is
weakly convergent to a solution u of problem (3.20).

(b) If, in addition, (T,) satisfies (Hy4), then the subsequence (uy, ) strongly converges
touin X.

(c) Under the assumptions in part (b), if the solution of problem (3.20) is unique,
then the whole sequence (u,) is strongly convergent to u in X.

Proof. We aim to apply Corollary 3.16 for the functions

flu,v) = /Qjo(x,Lu;Lv)dx YueC,VveX,
and

fo(u,v) = /Qj,?(x,Lu;Lv)dx YueC, YveX

and the considered operators T, T,. The hypotheses (Hjp) and (H;;) imply that
the hypotheses of Corollary 3.16 are satisfied. The conclusions thus follow from
Corollary 3.16. O

Remark 3.19. (a) Assume that j = j, : 2 x RY — R (foralln € N)is a
function satisfying (Hy), that T = T, : C — X* (foralln € N)is a
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bounded and pseudomonotone operator. If in addition we assume that either C
is a compact set or L is a compact operator, then (using that j(x,-; ) is upper
semicontinuous) (Hj) is satisfied, so that Theorem 3.18 applies providing a
solution of problem (3.20).

(b) Theorem 3.18 is an existence result of Hartman—Stampacchia type for hemi-
variational inequalities. It extends the corresponding result in [8].

Proof of Theorem 3.1. Applying Theorem 3.18 in the setting of Theorem 3.1, we
obtain that problem (3.4) has a solution # € C. This solution either belongs to the
boundary of C (in which case problem (3.2) admits a solution), or to the interior
of C. In the latter case, we can find an open set U C X suchthatu € U C C.
Choosing the test function v = u + tw in (3.4), for w € X and ¢ > 0 small enough
so that v € U, we obtain

(T (u), tw) +/ F0(x ustw)dx > 0.
2
Since (T (u), -) is linear and j°(x, u; -) is positively homogeneous, we conclude that
(T (u), w) +/ Fox,u;w)ydx =0 VweX.
2

This shows that u is a solution of (3.3). O

3.6 Application to Variational-Hemivariational Inequalities

Let (X, || - ||) be a real reflexive Banach space, which is continuously embedded
in another real Banach space Z. Let C, C, (n € N) be nonempty, closed, convex
subsets of X satisfying hypothesis (H;). Let J, J, : X — R (n € N) be Gateaux
differentiable functionals and F, F, : Z — R (n € N) be locally Lipschitz
functions.

Consider the following inequality problem

Find u € C such that

(J'(u),v—u) + FOlu;v —u) >0 Vv eC. (3.22)

The inequality is a variational-hemivariational inequality in the sense of Motreanu—
Panagiotopoulos [5]. Let @, @, : X — R be defined by

®=F|y+J, ® =F,|x+J, (ne€N). (3.23)
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Consider the following conditions on the functions @, @, in (3.23):

(Hyz) (@) foreachn € N, @, is coercive in the sense that
®,(v) => 400 as ||v]| = o0;

(ii) for every subsequence (C,,) of (C,) and every sequence (u;) with uy € C,,,
Vk € N, and |lug|| — +o0, we have @, (1) — +o0;
(iii) for every subsequence (C,,) of (C,) and every sequence (uy) with uy € C,,,

Vk € N, and u; — u, for some u, we have @ (u) < limsup @, (ux);
k—o00
@iv) for every sequence (u,) with u, € C,, Vn € N, and u, — u, for some u, we

have @, (u,) — @ (u).
We consider the following condition on the generalized directional derivatives F°,
F,? of the functions F', F,, respectively:

(Hi3) for every subsequence (F},) of (F,) and every sequences (ug), (vx) with
up, vk € Cy,, Vk € Nyand uyy — uin X, vy — v in X, we have

lim sup F,?k (up; v —ug) < Fou;v — u).
k—o00

We also consider the following condition on the Gateaux differentials J’, J;, of the
functions J, J,, respectively:

(Hi4) (i) for every subsequence (J,,) of (J,) and every bounded sequence (uy)
with u; € Cy, ¥V k € N, the sequence (J,, (u)) is bounded;
(ii) for every subsequence (J,,) of (J,) and every sequence (uy) with u; €
Cy»Vk eN uy — uin X, and

lim sup(J,;k (ug), up —u) <0,

k—00

we have

(J'(u), u—v) <limsup(J, (ux),ux —v) YveC,

k—o00

where C C C is as in (Hy).

We formulate the minimization problem

Find u € C such that

3.24
d(um) < d(w) VveCl. (3-24)

We have the following existence and approximation result of a solution u of (3.24)

[and, a fortiori, of (3.22)]. An essential aspect of this result is that the solution u and

its approximations u, are required to belong to the prescribed closed and convex

sets C and C,,, respectively.
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Theorem 3.20. Let X,Z,C,C,, F,F,,J,J, be as above. Assume that (H;)
holds. Assume moreover that J,J, (n € N) satisfy (H;), that is, for every
K € {J, J, (n € N)}, we have either

K is convex (3.25)
or
K e CY(X,R)with K' : X — X* pseudomonotone and bounded. (3.26)

Assume that (Hy;) (i) holds. Then:

(a) Foreachn € N, problem

Find u, € C, such that

D, (uy) < P,(v) VveC(C, (3-27)

has at least one solution u,. Moreover, if (Hy,) (ii), (iv) hold, then the sequence
(uy) is bounded in X .

(b) If (Hy2) holds, then every subsequence of (u,) possesses a subsequence which
is weakly convergent to a solution u of (3.24). In particular, u is a solution of
problem (3.22) (see Lemma 3.8).

(¢) If (Hi2)—(Hy4) and (Hy) hold and if the solution of (3.24) is unique, then the
whole sequence (u,) is strongly convergent to u in X.

Proof. By Lemma 3.12 [using Remark 3.10 and the facts that X, is of finite
dimension and that J, satisfies (3.25) or (3.26)], for each n € N problem (3.27) has
a solution u,,. To show that the sequence (u,) is bounded, suppose by contradiction
that there exists a subsequence (u,,) of (u,), with |u,, || — 400 as k — oo.
Hypothesis (H;,) (i) implies that &, (u,,) — +o00 as k — oo. Fix vy € C,
where C is the set entering (H;) (ii). Since u,, solves problem (3.27) we have
Dy, (y, ) < Dy, (1, (v0)), Yk € N, which gives

@y, (rn, (v9)) = +00 ask — oo. (3.28)

On the other hand, by (H;) (ii), it is known that r,(v9) — v¢. Then hypothesis
(Hy) (iv) ensures that @, (r, (vo)) — D(vy) as n — o0, contradicting (3.28). Hence
part (a) is verified.

To justify part (b), let (u,, ) be an arbitrary subsequence of the sequence (u,)
consisting of solutions u, of (3.27). By the reflexivity of X, we find a subsequence
of (up, ), denoted again by (u,, ), converging weakly to some # € X. By hypothesis
(Hy) (i) we have that u € C. By (H;») (iii), the fact that u,, solves problem (3.27),
(Hy) (i1), and (Hyy) (iv), we obtain

D (u) < limsup Dy, (uy, ) < limsup @, (1, (v)) = P(v) Vv eCl. (3.29)
k—00 k—o00
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Taking into account that @ is continuous on X (since J is continuous by virtue of
Remark 3.9) and C is dense in C, from (3.29) we derive that ®(u) < ®(v),Yv € C,
hence u solves problem (3.24). Therefore part (b) holds true.

Now let us show part (c). Since u,, is a solution of problem (3.27) we have

(Jy:(un)vv_un>+Fn0(un;v_un) >0 VYved,, (3.30)

for each n € N (see Lemma 3.8). In view of part (b), every arbitrary subsequence
(un,) of the sequence (u,) admits a subsequence that weakly converges to the
solution u of (3.24) (which is assumed to be unique by hypothesis). It follows that
the whole sequence (u,) weakly converges to u.

We prove that the hypotheses of Theorem 3.14 with f = FOcxx, f, =
Fole,xx, T = J'|c, T, = J'|c, are satisfied. Assumption (H;) is satisfied by
hypothesis. Note that (H) (i) is verified due to Lemma 3.4 and the properties of
the generalized directional derivative F°. Conditions (H,) (ii) and (H3) follow from
(Hy3) and (Hy4), respectively. Since u, solves (3.30), we can apply Theorem 3.14
which guarantees that (u,) is strongly convergent to u. The proof is complete. O

Remark 3.21. Theorem 3.20 holds true if we assume that U2, C, is bounded in
place of hypotheses (Hj,) (i), (ii) (see Remark 3.13).

Remark 3.22. (a) If F,, = F : Z — Rislocally Lipschitzand J, = J : X — X*
(for all n € N) is Gateaux differentiable and satisfies (H7), then (H;3) (iv) holds
true (since @ = @, (for all n € N) is continuous as noted in Remark 3.10).

(b) If @, = @ (for all n € N) is coercive on X, then (Hy3) (i), (ii) hold true.

(c) If the embedding X C Z is compact and F,, = F : Z — R is locally
Lipschitz, then (H3) is verified (by the properties of the generalized directional
derivative F9).

(d If J, = J : X — R (for all n € N) is Gateaux differentiable and satisfies (Hg)
and J' is bounded and satisfies condition (S), then (Hy) and (H;4) hold true
(see Lemma 3.6 and Remark 3.11).

3.7 Extension of Main Theorem on Pseudomonotone
Operators

Let X be areal, reflexive, separable Banach space. Let {w, },en be a countable dense
subset of X and, for each n € N, denote

X, = span{wy, wa, ..., wy}.

For a sequence of operators 7, : X, — X* (n € N), we consider the following
condition:

(Hy5) for every sequence (u,) with u,, € X,,, Vn € N, and ||u, || — 400 we have
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Tl’l ny» n
im (Do)t
>0 [[uy]]

Theorem 3.23. Let X, X, be as above and let an operator T : X — X*. Let
T, : X, — X* (n € N) be demicontinuous operators which are coercive in the
sense that

(T, (u), u)

— = 4-o00.
[lu]|—+o00 ||u||

Assume that (Hz) (with C, = X,,;) and (H;5) hold. Then:
(a) Foreach b € X* the problem

Find u € X such that
{ Tw) = b (3.31)
has a solution.
(b) For fixed b € X* and each n € N, the problem
Find u,, € X,, such that
Ny 3.32
% (T (un),v) = (b,v) YvelX, ( )

has a solution u, and the sequence (u,) is bounded in X. Moreover, there
exists a subsequence (uy,,) of (u,) that is weakly convergent to a solution u
of problem (3.31).

(c) If (T,,) satisfies property (Hy) (with C, = X,,), then (u,,) strongly converges to
u in X. In this case, if the solution of problem (3.31) is unique, then the whole
sequence (uy) is strongly convergent to u in X.

Proof. We aim to apply Theorem 3.14 with C = X and C, = X,, n € N.
Lemma 3.2 ensures that condition (H;) is satisfied with C = X and r,, n € N,
as in (3.6). Let the function f : X x X — R be given by

f(u,v) = —{b,v) VYuvelX.

Clearly, (Hy) is satisfied with the above f and f, = f|x,,n € N, whereas (H3) is
satisfied by hypothesis. Moreover, problem (3.5) becomes problem (3.32), which is
equivalent to finding u,, € X,, such that

i:Tn(un) = l:b s

where i stands for the dual mapping of the inclusion map i, : X,, — X. Since X,
is finite dimensional, the demicontinuity of 7,, : X, — X* implies the continuity
of iyT, : X, — X, . Since i T, is also coercive, by a standard consequence of the
Brouwer’s fixed point theorem, problem (3.32) has at least one solution.
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We also observe that any sequence of solutions u, of (3.32), n € N, is bounded
in X due to (H;5) and the inequality

Tl’l nJs“n b? n
(T ). ) = (b, ) < ||b||« whenever u, # 0.
l[uan | llun |

It suffices to apply Theorem 3.14 to complete the proof. O
Remark 3.24. (a) If T, =T : X — X™* (for all n € N) is coercive, that is,

(.0 _

li>oo  [v]]
then (H;s) is satisfied.

(b) In the case where T, = T : X — X™ (for all n € N) in Theorem 3.23
is bounded and pseudomonotone, we have that T satisfies hypothesis (Hj)
(see Lemma 3.6) and is demicontinuous (see [10, Proposition 27.7 (b)]). There-
fore Theorem 3.23 extends the main theorem on pseudomonotone operators due
to Brezis [1] (see also Zeidler [10, Theorem 27.A]), which deals with the case
where T =T, : X — X* (foralln € N).

3.8 Extension of Skrypnik’s Result for Equations
with Odd Operator

We start with a slightly modified version of [9, Lemma 5.1] that we recall from
[4] (for the sake of completeness we include the proof). The notation B(0, R) and
S(0, R) mean the open ball centered at the origin of radius R and its boundary in
the underlying space, respectively.

Lemma 3.25. Let Z be a finite dimensional real Banach space, A : B(0, R) C
Z — Z* be a continuous mapping and y € Z* which satisfy

(i) A(—z) = —-A(z) VYze SO,R),
(i) A(z) £ay VYael0,1], Yze S(O,R).

Then the equation A(x) = y has a solution x € B(0, R).

Proof. As Z is finite dimensional, we may consider a linear isomorphism
@ :Z* > Z and introduce A: B(O,R) > Z by A = &A. The mapping
h :10,1] x B(0, R) — Z given by

h(o,z) = AR) —a®(y) V(a.z) €[0,1] x B0, R)

is a homotopy between Aand A — ®(y). By (ii), Brouwer’s topological degree
deg(h(e,-), B(0, R),0) is well defined for all @ € [0, 1] (see, e.g., [6, Section 4.1]).
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The homotopy invariance property of Brouwer’s degree implies
deg(A — @(»)., B(0, R),0) = deg(4, B(0, R).0).

Hypothesis (i) enables us to apply Borsuk’s theorem (see, e.g., [6, Corollary 4.13]),
which implies that deg(A — ®(y), B(0, R), 0) is an odd number. Thus the equation
/f(x) = @(y) is solvable in B(0, R) (by the properties of Brouwer’s degree, see,
e.g., [6, Theorem 4.5 (e)]). The proof is complete. O

Now, let X be a real, reflexive, separable Banach space. Let {w,},en be a
countable dense subset of B(0, R) and, for each n € N, denote

X, = span{wy,wy, ..., wy}.

Theorem 3.26. Let X, X, be as above and an operator T : B(0, R) — X*. Let
T, : B(0O,R)N X, - X* (n € N) be demicontinuous operators such that

T,(~v) = -T,(v) YveSO R NX, YneN (3.33)

and satisfying (H3) (1), (He) (in Lemma 3.5) and (Hy) (with C,, = B(0, R) N X, ).
Fixb € X* with

6]« < IT@)ll« ¥ v e S(O.R). (3.34)

Then:
(a) The problem

Find u € B(0, R) such that
{ Tw) = b (3.35)
has a solution in B(0, R).
(b) Foreachn € N, the problem
{ Find u,, € B(0, R) N X,, such that (3.36)
(T, (u,), v) = (b,v) VYveX, '

has a solution u, € B(0, R) N X,,. Furthermore, there exists a subsequence
(4, ) of (un) which is weakly convergent to a solution u of problem (3.35).

(¢) If (T,) satisfies property (Hy) (with C, = B(0, R) N X,,), then the subsequence
() strongly converges to u in X. In this case, if the solution of (3.35) is
unique, then the whole sequence (u,) strongly convergestou in X.

Proof. We aim to apply Theorem 3.14 with C = B(0, R) and C,, = B(0, R) N X,,,
n € N. Let b € X* satisfy (3.34). By Lemma 3.2, we see that hypothesis (H) is
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satisfied with C = B(0, R) and r, defined as in (3.6). Let f : B(0, R) x X — X be
given by

fu,v) =—(b,v) Vue B(O,R), VvelX.

It is clear that f satisfies (H,) with f, = f|mmxn’ n € N. Condition (H3) (i) is
satisfied by hypothesis, whereas condition (H3) (ii) follows from (Hg) and (Hy) (see
Lemma 3.5).

Let us show that Lemma 3.25 can be applied with Z = X, , A =i T, |mﬂXn
and y = i b, where i, stands for the dual mapping of the inclusion map i, :
X,— X . Since X, is finite dimensional, the demicontinuity of 7, : B(0, R) N X,, —
X* implies the continuity of i*7, : B(0,R) N X, — X, . Condition (i) in
Lemma 3.25 follows from (3.33). We prove that condition (ii) in Lemma 3.25 holds
for all n sufficiently large, that is, there exists no € N such that (ii) in Lemma 3.25
is true for n > ny. Arguing by contradiction, assume that we can find sequences
ar € [0, 1], ux € S(0, R) N X,,, such that

(T, (ug), v) = ax(b,v) VvelX,, 6 kel (3.37)

Taking into account that |ug|| = R, passing to a relabelled subsequence, we have
uy — upin X and oy — o as k — oo, for some uy € B(0, R) and oy € [0, 1].
Then from (3.37), (H;) (ii) and (H3) (i) we obtain

(T (), we — o) = Ty (i), 1y (o) — i) + (T (), uk — 7y (o))
= (T (i), 1y (o) — o) + (b, ug — 1y (u)) — 0

as k — oo. Combining with hypothesis (Hy), this yields u; — ug in X, hence uq €
S(0, R). Letv € UgenX,,, . Then v € X, for all k sufficiently large, so from (3.37)
we have (T}, (ux), v) = oy (b, v). Letting k — oo and using that uy — up in X and
hypothesis (Hg), we obtain (T'(ug),v) = ao(b, v). The density of UgenX,, in X
implies

(T (up),v) = ap(b,v) VYovelX.

It follows that T'(uy) = aob, which contradicts the choice of b in (3.34), so
condition (ii) of Lemma 3.25 is satisfied.

By Lemma 3.25 it follows that for every n > ny problem (3.36) has a
solution u, € B(0, R) N X, . The conclusions in the theorem follow by applying
Theorem 3.14, while the fact that u € B(0, R) is a consequence of (3.34). The proof
is complete. O

Remark3.27. ) f T, = T : X — X* (for all n € N) is bounded,
demicontinuous and satisfies condition (S), then (H3) (i), (Hg) and (Hy) are
satisfied.
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(b) Theorem 3.26 extends the existence result for equations with odd operator in

[9, Theorem 5.1], which deals with the case T = T,, : B(0, R) — X* (for all
n € N).
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Chapter 4
Nonconvex Variational Inequalities

Si-sheng Yao and Nan-jing Huang

Abstract In this chapter, we consider a nonconvex variational inequality defined on
proximally smooth set and star-shaped set. Based on arguments of the fixed point
theorem and the proximal normal method, some existence and uniqueness results
concerning the nonconvex variational inequality are proved under suitable condi-
tions. Some iterative algorithms for approximating the solutions of the nonconvex
variational inequality are constructed and the convergence results for the iterative
sequences generated by the algorithms are also given.

Keywords Nonconvex variational inequality ¢ Proximally smooth set e
Star-shaped set

AMS Classification. 47J20, 49J40.

4.1 Introduction

Variational inequalities, introduced by Hartman and Stampacchia [13] in the early
1960s, are a very powerful tool of the current mathematical technology. These have
been extended and generalized to the study of a wide class of problems arising in
mechanics, physics, optimization and control, nonlinear programming, economics,
transportation equilibrium and engineering sciences, etc. The development trace of
variational inequality theory can be counted as the process to reveal some important
problems and the tool for developing highly efficient algorithms for solving the
relevant applied problems. Those numerical methods, such as the projection method
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and its variants, the finite element method, Wiener-Hopf skill and the auxiliary
principle, solve abundant interesting and important problems, see [11, 14].

The projection type technique, initially introduced by Lions and Stampacchia
[17] and developed later by many authors, is an important tool for finding the
approximating solutions of various kinds of variational inequalities (see, for exam-
ple, [20,29]). The main idea in this technique is to establish the equivalence between
a variational inequality and a fixed point problem [2,22]. In addition, the projection
method plays a significant role in the numerical solution of the problems mentioned
above. For more work concerned with the theory, algorithms and applications of the
projection type technique, we refer to [10,29] and the references therein.

It is well known that the variational inequality problem and many other math-
ematical problems, such as optimization, control theory, dynamical systems and
differential inclusions etc., both the numerical algorithms and their theoretical
analysis rely heavily on the assumption of convexity. For example, many classical
algorithms in optimization use the fact that a local optimum is a global optimum;
consequently, almost all the techniques are based on the properties of the operators
over convex sets.

Clarke et al. [7,8] and Poliquin et al. [26] have introduced and studied two classes
of nonconvex sets, which are called prox-regular sets and proximally smooth sets.
It is known that proximally smooth sets may or may not be convex. This class of
proximally smooth sets has many useful properties and has played an important
role in many nonconvex applications. In 2003, Bounkhel et al. [4] used these
proximally smooth sets to consider the variational inequalities. They have shown
that nonconvex variational inequalities are equivalent to nonconvex variational
problems. Noor [19] introduced nonconvex variational inequalities based on the
proximally smooth sets. Moreover, he discussed the existence and algorithms of
the solution for nonconvex variational inequalities and nonconvex mixed variational
inequalities, and his research shows that the projection technique can be extended to
nonconvex sets. In 2010, Alimohammady et al. [2] constructed some new perturbed
finite step projection iterative algorithms with mixed errors for approximating the
solutions of a new class of general nonconvex set-valued variational inequalities.
Noor et al. [23] used the extragradient projection technique to solve the nonconvex
variational inequalities. In 2011, Wen [31] modified the projection methods to a
generalized system of nonconvex variational inequalities with different nonlinear
operators.

Since Brunn [5] introduced star-shaped sets in 1913, star-shaped sets have been
used naturally in many application fields, including integral geometry, computa-
tional geometry, mixed integer programming problem (see, for example, [3, 12]).
Because of the importance of those sets in structural and mechanical systems, a
considerable effort has been made in their theory and numerical analysis (see, for
example, [6] and the references therein). It is worth mentioning that some authors
discussed the developed mathematical modeling which plays an important role
for some practical problems. Naniewicz [18] used the hemivariational inequality
approach to establish the existence of solutions for a large class of star-shaped
with respect to a ball constrained problems in a reflexive Banach space. And some
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applications to nonconvex constrained variational problems were considered. In
2003, Lin et al. [16] suggested and analyzed a homotopy continuation method for
solving fixed points of self-mappings in a class of star-shaped subsets.

Motivated and inspired by the work mentioned above, in this chapter we
introduce and study the nonconvex variational inequality. By using the arguments
of Banach’s fixed point theorem, star-shaped set theory and proximally smooth set
methods, we prove the existence and uniqueness of a solution for the nonconvex
variational inequality under some suitable conditions. Furthermore, we consider
algorithms of the corresponding mathematical problem and give a convergence
result. The results presented in this chapter generalize and improve some known
results presented in [2,20,27].

This chapter is structured as follows. In Sect. 4.2, we list the preliminaries on
nonconvex sets, including proximally smooth sets and star-shaped sets, and some
useful results on the nonconvex variational inequality. We prove the existence and
uniqueness of a solution to the nonconvex variational inequality in Sect. 4.3. Finally,
in Sect.4.4, we construct some iterative algorithms for finding the approximate
solutions of the nonconvex variational inequality and prove the convergence of
iterative sequence generated by the algorithms.

4.2 Preliminaries

Let X be a real Hilbert space which is equipped with an inner product (-,-) and
corresponding norm ||-||, respectively. Let K be a nonempty subset of X and CB(X)
denote the family of all closed and bounded subsets of X .

Assume that C is a nonempty closed convex subset of X. For a given nonlinear
operator T : X — X, consider the problem of finding u € C such that

(Tu,v—u) >0 VYveC, 4.1

which is called a variational inequality. This problem was introduced and studied by
Stampacchia in 1964 [30].

Now we recall some well known concepts and auxiliary results in nonsmooth
analysis [8,26].

Definition 4.1 ([8]). Let K be a nonempty subset of X. The proximal normal cone
of K atu € X is given by

N (u) = {£ € X | 31 > O such that dg (u + t§) = t||€]]}.
where ¢ is a constant and dg : X — R is a distance function defined by

dx (u) = inf [lv —ul.
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Definition 4.2 ([8]). Let u € X be a point not lying in K, a nonempty subset of
X. A point v € K is called a closest point or a projection of u onto K if dg(u) =
|lv — u||. The set of all such closest points is denoted by Pk (u), that is,

Px(u) ={v € K | dx(u) = [lu—vl]}.

Lemma 4.3 ([8]). Let K be a nonempty subset in X. Then & € NZ (u) if and only
if there exists a constant § > 0 such that

(Ev—u) <8v—u]®> Vvek.

Definition 4.4. A closed set K is prox-regular at x if and only if there exists € > 0
and p > 0 such that whenever y € K and § € Nf (y) with ||y — x|| < & and
€]l < &, one has

(£, x' — y) — §||x/—y||2 <0 V' eK with ¥ —x|| <e.

Definition 4.5 ([7]). For a given r € (0, +0o¢], a subset K is said to be normalized
uniformly r-prox-regular if and only if every nonzero proximal normal to K can be
realized by an r-ball, that is, for all u € K and 0 # & € N (u) with [|§]| = 1, one
has

1
<i,v —u> < —|lv—ul®> Vvek.
€1l 2r

Remark 4.6. There are several interesting equivalence statements to characterize
the uniformly r-prox-regular sets. From [26], one can know that a closed set K is
proximally smooth with associated tube Uk (r) if and only if the set K is uniformly
prox-regular with constant % for every 0 < r’ < r. Thus, we do not distinguish
the two definitions “uniformly r-prox-regular” and “proximally smooth” in this
chapter.

(i) Following the definition of Clarke et al. [7], a closed set K is said to be
proximally smooth if dk is (norm-to-norm-) continuously differentiable on an
open “tube” of the type

Ug(r)={ue X |0<dg(u) <r}

for some r > 0;

(ii) Clarke et al. [7] showed that K is proximally smooth if and only if there exists
r > 0 such that, for all u € Uk (r), the projection Pk («) is nonempty and each
of its elements x belongs also to Px (x + v) for v = rﬁ;

(iii) Clarke et al. [7] showed that a weakly closed set K is proximally smooth if and

only if Pk is single-valued on a tube Uk (7).
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Lemma 4.7 ([26]). For a weakly closed set K C H and any point x € K, the
following statements are equivalent.

(i) K is prox-regular at x;
(i1) Pk is single valued around x.

It is clear that the class of proximally smooth sets is sufficiently large to include
the class of convex sets, p-convex sets, C LT submanifolds (possibly with boundary)
of X, the images under a C!' diffeomorphism of convex sets and many other
nonconvex sets (see [26]). Obviously, if r = o0, then proximal smoothness
of K is equivalent to the convexity of C. It is known that the proximal normal
cone N ,f is a set-valued mapping with closed values if K is a proximally smooth
set. This class of proximally smooth sets have played an important part in many
nonconvex applications such as optimization, dynamic systems and differential
inclusions [21, 32].

Lemma 4.8 ([7,26]). Let K be a nonempty closed and proximally smooth subset of
X andr € (0, +00]. Then the following statements hold:

(1) Forallu € K, Pg(u) # @;
(ii) For all v’ € (0,r), Pk is Lipschitz continuous with constant L =
UK (r/)’.
(iii) The proximal normal cone is a set-valued mapping with closed values;
(iv) If K is weakly closed, then one can get the following to the list of equivalent
properties: K is proximally smooth with associated tube Uk (r) < Pk is
single-valued on Uk (r).

r
r—r

7 on

Let x be a point of a vector space Z with x # Oand R, = {Ax € Z | A > 0}.
We recall the definition of the star-shaped set as follows.

Definition 4.9 ([32]). Let A be a nonempty subset of Z.
(i) The set kern A of all a € A such that

{acA,0<A<1}=a+A(x—a)e A

is called the kernel of 4;
(i1) The subset A is called a star-shaped set if kern A # @.
The totality of all star-shaped sets with respect to zero will be denoted by U.
Letting U € U, the function defined by
py(x)=inf{A >0|xe€ AU} VxeZ

is called the Minkowski gauge of the set U.

Lemma 4.10 ([32]). Let p : Z — Rand U = {x € Z | p(x) < 1}. Then the
following statements are equivalent.
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(1) p is positively homogeneous, nonnegative, l.s.c. and p(0) = 0;
(i) U is a nonempty star-shaped with respect to zero set and p = [Ly.

It is well known that the union of two disjoint intervals [a, b] and [c,d] is a

prox-regular set with r = % and it is not a star-shaped set [1,6]. Moreover, let

K={(t2eR 1>+ (z-2)2>4-2<1<2,7> -2

be a subset of the Euclidean plane, then K is a proximally smooth set and K is not
a star-shaped set [21].
Next we provide more examples of the nonconvex sets.

Example 4.11. Let K = {(p, 0) eR?*| p<1—cos(f),r €[0,2].0 € [0,2n]} be
a subset of R%. By the definition, it is easy to see that K is a star-shaped set but it is
without proximally smoothness at (0, 0).

Example 4.12. Let

(p—0.5? g’ -
0.25 ' (0.5p +0.001)2 =

K=%(p7q)€R2 LO0<p=<20<g=<1y.

Then we know that K is a star-shaped set. Moreover, it follows from Remark 4.6
(ii) that K is also a proximally smooth set.

If K is a nonconvex set, the classical variation inequality (4.1) can be extended
to the following form (4.2), which is called the nonconvex variational inequality
[19,22].

For a nonempty closed subset K in X and a given nonlinear operator 7 : K —
K, consider the problem of finding # € K such that

(Tu,v—u) +68llv—ull>>0 Vvek. 4.2)

To provide a concrete working example for later developments, we consider
an elastoplastic deformation model for geomaterials. In the past decades, some
researchers studied problems about geomaterials, and got many useful results.
Piccolroaz and Bigoni [25] proposed a new yield criteria within the class of isotropic
functions of the stress tensor, and studied the nonconvex field surface which is
the consequences of the new yield criteria. In 2010, Laydi [15] studied the yield
conditions of phase transformation problem in which he gave a counter-example to
show the convexity condition is not fulfilled for some field criteria case.

Convexity assumption, as a useful mathematical property, is not always sup-
ported by experiments in practical problem and some newly theoretical analysis
process [15, 25]. All these works show that the classical method for solving
elastoplastic deformation problems, especially in geomaterials constitutive models,
will lead to a result that likely violates thermomechanics laws under some stress
paths. In this chapter, we will not pay more attention to the fundamental details. The
fundamental assumptions and postulates of the theory of thermomechanics are well
known and can be found in [9,33].
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The symbol § presents the state increment, §Q is the dissipation increment, which
defined per unit volume. And Q is a function of the inner state variables (the state
variables of the elastoplastic materials can usually be described as the following
four parameters: stress tensor o, strain tensor &, entropy density 7, plastic increment
tensor &”). These four variables are related by the generalized Hooke’s law and the
laws of thermomechanics; only two variables can be the independent state variables
[33,34].

Firstly, we give an example to show that the yield surface may be a nonconvex
set.

Example 4.13. Assume that the dissipative function is a simplified form of the case
(18) in Collins and Hilder [9], that is,

50 = [(ap + bpoP’(deD)? + (cp + dpo)*(@el)?]

where a, b, c,d are some experiment parameters, po is a known function of the
plastic volume strain and p, ¢ are stress invariants. &/ is the plastic volume strain
increment and 8{,’ is the plastic shear strain increment. Then the yield surface can be
derived from the yield function by the method mentioned above as follows:

(p — bpo)’ @ _
(ap +bpo)* ~ (cp + dpo)?

The yield surface in the dissipative stress space is convex, while it is nonconvex
in the true stress space, see Fig.4.1.

Let R be a d-dimensional Euclidean space and S¢ be the space of second order
symmetric tensors on R?. The canonical inner products and corresponding norms
on R? and S¢ are defined as follows:

u-v=uvi, |v|l=@-v)"* YuveR?
o:T =051, |tl=(r: 1)1/2 Vo,reS%
The elliptic yield surface in dissipative stress space The nonconvex yield surface in true stress space
0.4
0.2
A
Po,
0.2

Fig. 4.1 Convex and nonconvex yield surfaces in stress space
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Everywhere in the sequel the index i and j run between 1 and d and the summation
convention over repeated indices is implied.

Now, we consider an elastoplastic geomaterial deformation problem. Suppose
that the geomaterials occupies an open, connected and bounded domain £ C R?
with a Lipschitz boundary I" = 92. Let the time interval of interest be [0, T'] with
T > 0. Since the boundary is Lipschitz continuous, the outward normal vector
exists on I" a.e. and we denote it by v. Assume that a volume force f(x,t) with
f(x,0) = 0 acts in £2 x [0, T']. We denote by u the displacement field, ¢ the strain
tensor, €° the elastic strain tensor, €” the plastic strain tensor and o the stress tensor.

Since the yield surface may be nonconvex, the deformation body obeys a non-
normality plastic flow rule (see [33]). By Examples 4.12 and 4.13, we know that
the nonconvex set K is proximally smooth and star-shaped, which is called the star-
shaped set with the proximal smoothness.

Let

de! e NE (o), K=1{oeS?| f(o,e") <0}, (4.3)

where K is the nonconvex closed set and d &7 is the normal increment of the plastic
strain on the yield surface K, which is a nonlinear function of the variables &(u),
e?(u) and d & (u) under some suitable hypotheses. The boundary of K, denoted by
IC, is the yield surface, the elastic region is

Ez{oeSd |7(a,gf’)<o}.

From Lemma 4.3, we can rewrite (4.3) as follows: there exists a positive number
8 > 0 such that

de? : (o' —0)—8lo’'—o* <0 Vo' ek, (4.4)

which give the variational formulation of the elastoplastic geomaterials deformation
problem.

The nonconvexness of yield surface K implies that the considered elastoplastic
geomaterials deformation problem can be solved by employing the nonconvex
variational inequality method.

To solve the nonconvex variational inequality, we also need the following lemmas
and definitions.

Lemma 4.14 ([1]). Let X be a reflexive Banach space and {x,} be a bounded
sequence of X. Then w,,(x,) # @, where

ww(xy) ={x € H | Xn; — X, {nj} C{n}}.

Lemma 4.15 ([8]). Let K be a nonempty subset of X. For every x € X, a point
u € Pk (x) if and only if u is a solution of variational inequality

1
(x—u,v—u)§§||v—u||2 YveK. 4.5)
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Definition 4.16. Let K be a nonempty closed subset of X. A mapping 7 : K — K
is said to be

(i) ¢-strongly monotone if there exists a constant { > 0 such that
(Tu—Tv,u—v) >|u—v|*> Yuvek;
(ii) y-Lipschitz continuous if there exists a constant y > 0 such that
I Tu—Tv|| < xllu—v|| YuveKk;
>iii) (y, ¢)-relaxed co-coercive if there exist constants y, ¢ > 0 such that
(Tu—Tv,u—v) > —y|Tu—Tv|> +¢lu—v|* YuveKk.

Remark 4.17. Tt is easy to see that a {-strongly monotone mapping is (y, {)-relaxed
co-coercive, but the converse is not true in general.

4.3 Main Results

In this section, we use the fixed point theorem, projection technique, star-shaped
set and proximally smooth set method to suggest and analyze some properties of
the projection Px when K is nonconvex. The existence and uniqueness results for
nonconvex variational inequality (4.2) are also given.

Theorem 4.18. Let K be a nonempty subset of X. For a given nonlinear operator
T : K — K, u € K is a solution of the nonconvex variational inequality (4.2) if and
only ifu € K satisfies the relation u € Pk (u— pTu), where Pk is the projection of
X onto K.

Proof. “=" Suppose that (4.2) has a solution u € K. Then there exists § > 0 such
that

(Tu,v—u) +68llv—ull>>0 Vvek
and so
(u—(u—,oTu),v—u)+%||v—u||220 Vv e K,
where pé = % By Lemma 4.15, we have
u € Px(u—pTu).

“<"Letu € Pg(u— pTu). Then it follows from Lemma 4.15 that

1
((u—pTu)—u,v—u)—§||v—u||250 Vv e K,
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which implies that

1
p(Tu,v—u)+§||v—u||220 YvekK

and so
’ 1
(Tu,v—u)+8llv—ul|~>0 Vvek,§= TS
P
Thus, u € K is a solution of (4.2). This completes the proof. O
For u € Px(u — pTu), by Lemma 4.8 and Theorem 4.18, we know that 0 <
dg(u—pTu) <r whenp < m Thus, we have the following result.

Corollary 4.19. Let K be a nonempty proximal smoothness on Uk (r). For a given
nonlinear operator T : K — K, u € K is a solution of the nonconvex variational
inequality (4.2) if and only if u € K satisfies the relation u = Px(u — pT u), where

;
P < THTul"

For u € Pg(u — pTu), by Lemma 4.7 and Theorem 4.18, if K is prox-regular at
u, P is single valued around u, that is, there exists y > 0 such that Pk is single on
B(u, y) (the neighbourhood of u). It is easy to see that 0 < dg (u — pTu) < y when
o< m Thus, we can get the following result.

Corollary 4.20. Let K be a prox-regular set at u. For a given nonlinear operator
T : K — K, u € K is a solution of the nonconvex variational inequality (4.2) if and
only if there exists y = y(u) suchthat u € K satisfies the relation u = Px(u—pT u),

A
where p < 7

Remark 4.21. If K is a nonempty closed convex subset of X, for a given nonlinear
operator T, it is well known that u € K is a solution of the variational
inequality (4.1) if and only if u € K satisfies the relation u = Pg(u — pT u) for
all p > 0. Thus, Theorem 4.18, Corollaries 4.19 and 4.20 can be considered as the
extension of the classical result from the nonempty closed convex subset of X to
the nonempty subset of X, the nonempty proximally smooth subset of X and the
nonempty prox-regular set of X, respectively.

On the other hand, the Opial property is an abstract property of Banach spaces
that plays an important role in the study of weak convergence of iterates of mappings
in Banach spaces. The property is named after the Polish mathematician Opial. Let
(X, ]|-|) be a Banach space. We say that X has the Opial property if, whenever {x, }
is a sequence in X converging weakly to some xy € X and x # x, it follows that

liminf ||x, — xo|| < liminf||x, — x||.
n—o0 n—0o0

Lemma 4.22. Let X be a reflexive Banach space which satisfies Opial property, K
be a nonempty bounded weak closed subset of X and T : K — K be nonexpansive.
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Then the mapping I —T is demiclosed on K, that is, if u, — uwith (I =T )u,, — w,
then (I — T)u = w.

Proof. Suppose that {u,} in K satisfies u, — v and (I — T)u, — wasn — oo.
Since K is a weak closed set, we know that u € K. If we replace the mapping T by
the mapping T,, which defined by T,x = Tx + w, then ||u, — T,,u,|| — 0 and T,
is also nonexpansive.

Next we show that (I — T)u = w. If (I — T')u # w, by Opial property, we have

liminf ||u, — u|| < liminf||u, — T,u||
n—>0o0 n—od
= liminf ||u, — [u, — Tyu,] — Tooul|
n—od
= liminf || T,,u, — Toul|
n—od

< liminf ||u, — ul|,
n—od

which is a contradiction and so (I — T)u = w. This completes the proof of
Lemma 4.22. ad

It is well known that every Hilbert space has the Opial property [24].

Theorem 4.23. Let X be a Hilbert space, K be a nonempty weak closed bounded
star-shaped set with the proximal smoothness on Ug(r) and T be (y, {)-relaxed
co-coercive and x-Lipschitz continuous. For some 1’ € (0,r), if the following
conditions hold:

/

" Vuek, (4.6)
14+ ||Tul

B>0, r<r(1-B%, p<
with
B=1-20t+p" %" +2pvx"

then the nonconvex variational inequality (4.2) has a solution u* € K.

Proof. For any u € K, by using p < #/Tu” for some r’ € (0, 1), we have

| Tu /

dg(u—pTu) < d Tul| < ——— <r'.
k(u—pTu) < dg(u) + p||Tu| < T+ Tu] ="

It follows that, for u,v € K, u — pTu € Ug(r') and v — pTv € Ug(r’). Now
Lemma 4.8 shows that

r

IPx(I — pT)(u) = Px(I — pT)()|| < llu = pTu— (v —pTv)|

r—r'
r

[ —v) = p(Tu—To)]|.

r—r’
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Since T is (y, {)-relaxed co-coercive and y-Lipschitz continuous, we have
I —v) = p(Tu—TV)|* = flu—v|* =2p(Tu~Tv,u—v) + p*|Tu— Tv|?
< (1=2p0)llu = v|* + (0> + 2pp) I Tu— To|>
< (1=2p5 + p*x* + 2pyx7)lu — v||?
and so
[Pk = pT)(u) = Px(I — pT) ()| < aflu—v], 4.7

where

7

=

(1=2p¢ + p*x* +2pv2%)* .

—r

(D) If0 < o < 1, we know that B > 0 and 7’ < r — rf8? with

B=1-2p5+p" x>+ 2pvx’

and so Pk (I —pT) is a contraction mapping. It follows that there exists a unique
point u* € K such that Pk (u* + pTu*) = u*. Now, Corollary 4.19 guarantees
that u* € K is a solution of the nonconvex variational inequality (4.2).

(I) If « = 1, we know that ¥/ = r — rf? and so (4.7) implies that G is
nonexpansive mapping. In order to get the solution of the nonconvex variational
inequality (4.2), we need the proximal smoothness and the star-shapeness of the
nonempty bounded weakly closed set K. The star-shapeness of K guarantees
that there exists a u € K such that u € kern K. For every n > 1, let
G =Px( —pT) and

G,(x)=G |:lu+ (1- l)xi| VxeKk.
n n

From the (y, {)-relaxed co-coerciveness and y-Lipschitz continuity of 7', for
every x, y € K, Lemma 4.8 shows that

”Gn (X) - Gn (Y)||

HPKU o) (%u . %)x) Pl —pT) (% - %)y) H

7

IA

- ”(I —pT) (lu + (01— l)x) — (I —pT) (lu + (01— l)y) H
r n n n n

r —
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r

IA

(U= (=) = p(Tx = T

r—r’

r
=

1 1
— (=) (1 =2pf + P> x>+ 20727 lx = yll.

where o = 1. This shows that (1— %)a < 1 and so G, is a contraction mapping
for each n € N. Thus, for every n € N, there exists a unique x,, € K such that
G (xp) = xp.

On the other hand,
”(1 - G)xn” = ”ann - Gxn”

= HG (lu +(1- l)xn) —Gxy
n n

— = x2) — p(Tu—Tx,)|
n(r—r')

IA

o
—|lu—x,|| = 0 (as n — 00).
n

By {x,} C K and Lemma 4.14, we have w,,(x,) # 0. Taking X € w,(x,), there
exists a subsequence {x,;} C {x,} such that x,; — X(j — 00). Since K is weak
closed, we know that x € K. Now Lemma 4.22 shows that Gx = Xx. Thus, that
exists X € K such that

Px(x + pTx) =X.

By Corollary 4.19, X € K is a solution of the nonconvex variational inequality (4.2).

Combining the cases of (I) and (II), we know that the nonconvex variational
inequality (4.2) has a solution when (4.6) holds, which completes the proof of
Theorem 4.23. O

Taking the particular cases of the set K and the mapping 7" in Theorem 4.23, it
is easy to show the following result.

Corollary 4.24. Let K be a nonempty bounded weak closed star-shaped set of a
Hilbert space X and T be a nonexpansive mapping. Then F(T), the fixed point set
of T, is nonempty.

Corollary 4.25. Let X be a Hilbert space, K be a nonempty weak closed bounded
set with the proximal smoothness on Uk (r) and T be (y, ¢)-relaxed co-coercive and
x-Lipschitz continuous. For some r' € (0, r), if the following conditions hold:

!/

-
>0, r<r(1—-8%, p<—
B 1=, p T 74

YueKk, (4.8)
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with

B=1-20t+p"x" +2pvx"
then the nonconvex variational inequality (4.2) has a unique solution u* € K.

Proof. For any u € K, by using p < #/Tu” for some 7’ € (0, 1), we have

T /

de(u—pTu) <dgWw) + p||Tul| < —— < r'.
k(u—pTu) < dg(u) + pl|Tull T+ [7u]

It follows that, for u,v € K, u — pTu € Ug(r') and v — pTv € Ug(r’). Now
Lemma 4.8 shows that

r

IPx(I = pT)(u) = Px(I — pT)(w)|| < lu—pTu—(v—pTv)

r—r’

r

[ —v) = p(Tu—To)||.

r—r’
Since T is (y, ¢)-relaxed co-coercive and y-Lipschitz continuous, one has
I —v) = p(Tu—TV)|* = flu—v|* =2p(Tu~Tv,u—v) + p*|Tu~ Tv|?
< (1=2p0)Ju—v|* + (0> + 2p) | Tu— To|
< (1=2p8 + p*)* + 20y x°)lu = v||?
and so
IPx(I = pT)(w) = Px(I = pT)(W)|| < aflu—v], (4.9)

where

.
(1= 2p¢ + P12 + 20v2)%.

o =

r—r’

By the condition (4.8), we get 0 < @ < 1 and so Pk (I — pT) is a contraction
mapping. It follows that there exists a unique point u* € K such that Pg(u* +
pTu*) = u*. Now, Corollary 4.19 guarantees that u* € K is a solution of the
nonconvex variational inequality (4.2), which completes the proof of Corollary 4.25.

O

It is well known every nonexpansive mapping has a fixed point in the nonempty
bounded closed convex subset of Hilbert space X [28]. However, this conclusion
is not true for the nonconvex subset of X. Furthermore, the existence theorem of
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solutions for the nonconvex variational inequality (4.2) is meaningful for computing
the iterative sequences. In 2007, Singh [27] proved some fixed point theorems for
a class of generalized set-valued contraction mapping on nonconvex sets. Recently,
Alimohammady et al. [2] provided some existence theorems of solutions for an
extended nonconvex variational inequality problem by using the Hausdorff pseudo-
metric technique.

Remark 4.26. Corollary 4.24 generalizes the result Corollary 2.7 of Singh [27] and
Theorem 4.23 generalizes and improves Lemma 3.1 of Noor [20]. Moreover, we
would like to point out that the proof method of Theorem 4.23 and Corollary 4.25
can be also used in the one of Theorem 4.2 of Alimohammady et al. [2].

Theorem 4.27. Let X be a Hilbert space, K be a nonempty weak closed bounded
star-shaped set and T be (y, {)-relaxed co-coercive and y-Lipschitz continuous. If
F(T) # 9, then F(T) is closed.

Proof. Let{u,};2, C F(T) be a sequence which converge to a point u € K. Since
T is (y, {)-relaxed co-coercive, one has

(Tu—Tup,tty —u) < || T~ Tty ||* =l — 0y ]|.

It is easy to check that

2Tu—Tup,uy —u) = | Tu—ul|* = |Tu— Tu,|* — |lu—u,|?
and so
1Tu—ul?> =2(Tu—Tuy, uy —u) + || Tu— Tu,||* + ||u — un|?
< (L+20)Tu = Tuy > + (1 = 20)[|u — u, ||?
< anflu—uy |,
where

o =2y + 0+ 1-2
From the fact that ||u, — u|| — 0 as n — oo, we know that

lim ||[Tu—u| = 0.

n—o00

Thus, u € F(T), which completes the proof of Theorem 4.27. O
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4.4 Algorithms and Convergence

In this section, let X be a Hilbert space, K be a nonempty bounded weak closed
star-shaped subset with the proximal smoothness on Ug(r). We shall construct
some projection iterative algorithms for solving the nonconvex variational inequal-
ity (4.2). We also establish the convergence of the iterative sequences generated by
the iterative algorithms.

Algorithm 4.1. For a given uy € K, compute the approximate solution u, .y, by the
iterative scheme

(pPTtty + Up1 — Uy, 0 — Uy 1) + P8V —tpy1 > >0 YveK (4.10)

forn =0,1,---.

Algorithm 4.1 is called the proximal point algorithm for solving the nonconvex
variational inequality (4.2). Note that, if r = 400, then the proximally smooth set
K becomes to a convex set and Algorithm 4.1 reduces to an algorithm for solving
the convex variational inequality.

We now give the convergence criteria of Algorithm 4.1 as follows.

Theorem 4.28. Let K be a nonempty bounded weak closed star-shaped subset with
the proximal smoothness on Uk (r), the mapping T : K — K be (y, {)-relaxed
co-coercive and y-Lipschitz continuous and {u,1} be the approximate solution
sequences generated by Algorithm 4.1. If u € K is a solution of (4.2) and there
exists r’' € (0,r) such that

/

-
<— _VYuek, >0, r'<r—rB% 4.11
1+ ||Tu p - p ( )

0
with
B=1-2p0+p" %"+ 20v1".

then lim,, oo U, = U.

Proof. Letu € K be a solution of (4.2). Then
(Tu,v—u) +68|lv—ul|>*>0 VYvek
and Corollary 4.19 implies that
u=Pxu—pTu).
From (4.10), Lemmas 4.8 and 4.15, we get

Up4+1 = PK(un - PTMn)
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and so
ltnt1 —ull = [Pk (n — pTun) — Px (u— pTu)||
< ——lu, —u=(pTu, = pTw)|.
where p < #/Tu” for all u € K. It follows from the (y, ¢)-relaxed co-coerciveness

and y-Lipschitz continuity of 7" that

|1 — ull
< L [ — > = 20{Tty = Tttty — ) + 97 Tty — TulP)]
= oflu, —ull,
where
@ = - _r S [(1=200 + 1" + 20720 -

It is easy to see that
1 — ull < o [luo — ul].

By (4.9), we know that lim,, .« #, = u. This completes the proof. ad

It is well known that to apply the proximal point method, one has to compute
the approximate solution by a iterative scheme implicitly, we suggest the implicit
algorithm as follows.

Algorithm 4.2. For a given uy € K, calculate the approximate solution u,4; by
the iterative scheme

(pT w41 + U1 — Up, U — Upyy1) + pS||v —u,,+1||2 >0 Vvek.

We now give the convergence criteria of Algorithm 4.2 as follows.

Theorem 4.29. Let K be a nonempty totally bounded weak closed proximally
smooth subset of a Hilbert space X, the mapping T : K — K be (y, {)-relaxed
co-coercive and x-Lipschitz continuous and {u,+1} be the approximate solution
sequences generated by Algorithm 4.2. If u € K is a solution of (4.2) and there
exist r’ € (0, r) such that

/

<—— _Vuek, —yyH =1, >0, r<r—rpg% 4.12
T+ [74] P& —vyx?) B B (4.12)

P
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with
B=1-20t+p"x" +2pvx"

then lim, oo U, = U.

Proof. Let u € K be a solution of (4.2). Then
(Tu,v—u) +68llv—ull>>0 Vvek.
Since T is (y, ¢)-relaxed co-coercive, by condition (4.12), we have
—(Tv,u—v) =68llu—v|* = (Tu,v—u) + §||lu—vl|?

and so

—(Tv,u—v)—=68lu—v|*>*>0 Vvek.
Taking v = u,,4+; in (4.13), one has

— (Tttyg1, 1t =ty 1) = 8llu = i1 ||* = 0.
Setting v = u in Algorithm 4.2, it follows from (4.14) that

(tn1 — ot — 1) = —p(T g1 tt — 1) — p8||u — gt ||

> 0.
It is easy to see that
2u,v) = Ju+vl* = ul® = vI*  Vu,veH.

Taking v = u — u, 4+ and u = u, 4| — u, in (4.16), we get

2ttn g1 — gt — 1) = [l =y ||> =ty — g1 ||?

—llu = sy |

It follows from (4.15) and (4.17) that
I”?

lu — it |- < ”u_“n”z_ ”un_“n+1”2~

Thus, we know that the sequence {u, } is bounded and

o0
> Nt = st 1P < o =l

n=0

(4.13)

(4.14)

(4.15)

(4.16)

4.17)



4 Nonconvex Variational Inequalities 107

This implies that
lim ”un — Un+1 ” = 0. (4.18)
n—o0

Since K is totally bounded and weak closed, it is easy to know that K is complete
and totally bounded and so K is compact. Let {u,, } be a subsequence of {u,} such
that u,, — u € K. Taking limit n; — oo in Algorithm 4.2 for the subsequence
{uy,; } and using (4.18), we have

(Ti,v—a)+8|lv—1il>>0 Yvek,
which shows that # is a solution of the nonconvex variational inequality (4.2) and so
16 = 1 [1* < 11— |

Since u,, — u, we know that lim, o, u#, = . Now Corollary 4.25 guarantees that
u = u, which completes the proof of Theorem 4.29. O
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Chapter 5
Numerical Methods for Evolution
Hemivariational Inequalities

Krzysztof Bartosz

Abstract We consider numerical methods of solving evolution subdifferential
inclusions of nonmonotone type. In the main part of the chapter we apply Rothe
method for a class of second order problems. The method consists in constructing
a sequence of piecewise constant and piecewise linear functions being a solution
of approximate problem. Our main result provides a weak convergence of a subse-
quence to a solution of exact problem. Under some more restrictive assumptions we
obtain also uniqueness of exact solution and a strong convergence result. Next, for
the reference class of problems we apply a semi discrete Faedo-Galerkin method as
well as a fully discrete one. For both methods we present a result on optimal error
estimate.

Keywords Evolution hemivariational inequalities * Rothe method ¢ Faedo-
Galerkin method ¢ Weak convergence * Strong convergence * Error estimate

AMS Classification. 34G25, 35L70, 35L85, 74M10, 74M15, 65P99, 65G99

5.1 Introduction

In this chapter we present recent results in numerical methods addressed to evolution
subdifferential inclusions of evolution type referred to as evolution hemivariational
inequalities (HVIs). The methods under consideration can be classified according to
several criteria.

* Type of the reference problem. We distinguish between two general classes of
evolution problems related to the order of time derivative of unknown function.
They are first and second order problems, known as parabolic and hyperbolic
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HVIs, respectively. The order of considered problem depends on the dynamics
of modelled physical or mechanical problems and has a crucial influence on the
choice of suitable numerical methods.

* Discretization method. There are two levels of discretization for time dependent
problems based on semidiscrete and a fully discrete schemes, respectively. The
semi-discrete schemes rely on replacing one of two variables (time or spatial)
by its discrete approximation, while the second variable is kept continuous. The
semi-discrete strategy consisting in time discretization is referred to as Rothe
method and the one based on space discretization is known as Faedo-Galerkin
method. Finally, a fully discrete scheme consists in replacing both time and
spatial variables by their discrete approximations.

* Convergence rate. Constructing a sequence of approximate solution for the
reference problem one can expect several possibilities concerning a quality of
convergence. A typical result provides a weak convergence of a subsequence to
a solution of the exact problem. Moreover, under some suitable assumptions (for
example S property of involved operator) we can get also a strong convergence
of the sequence. Finally, the best which one can expect is to estimate an error
understood as a norm of difference between an exact solution and an approximate
one. In that case not only strong convergence is provided, but its rate can be
expressed in terms of spatial and time discretization mesh’s size.

Although the theory of HVIs has been developed broadly in last years, there
are still very few publications devoted to numerical methods for evolution HVIs.
The earliest one is probably [12], where Finite Element Method has been adopted
for parabolic HVIs. Those results have been extended into hyperbolic case in [8],
which has become the basic handbook for numerical methods for HVIs. Recently
the Rothe method has been applied for parabolic HVIs in [10]. The result obtained
there has been generalized in [11] by applying the 8 scheme. Moreover in [9] an
error estimate result has been obtained. Independently in [14] and [15], the time
discretization method has been applied for parabolic doubly nonlinear problems.
Moreover we refer to [4] for a result concerning Rothe method for evolution
variational-hemivariational inequalities of parabolic type.

In this chapter we present new results concerning semidiscrete and fully discrete
approach to second order evolution HVIs, as an example of typical strategy used
in that types of problems. In Sect. 5.4 we study the Rothe method, which relies on
constructing a sequence of piecewise constant and piecewise linear functions, which
converges weakly to a solution of second order HVIs. In this case the existence of
the solution is a consequence of applied method, so in fact we provide an alternative
existence result for whose obtained in [13]. In Sect. 5.5 we consider a semidiscrete
scheme based on Faedo-Galerkin approximation as well as a fully discrete scheme.
For both schemes we provide an optimal error rate bounds. The results obtained in
Sect. 5.5 come from [2] and they are generalization of [3]. In Sect. 5.6 we describe
a concrete mechanical problem, for which the results obtained in Sects. 5.4 and 5.5
are applicable.
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5.2 Preliminaries

In this section we recall some definitions and propositions which we will refer to in
the sequel. We start with the definitions of Clarke directional derivative and Clarke
subdifferential. Let X be a Banach space, X * its dual and let J: X — R be a locally
Lipschitz functional.

Definition 5.1. Generalized directional derivative in the sense of Clarke at the point
Xx € X in the direction v € X, is defined by

JO(x,v) = lim sup JO +4v) - J(y).

5.1
y—=>x,AN\0 A e-b

Definition 5.2. Clarke subdifferential of J at x € X is defined by
0J(x) ={E € X* | JOx,v) > (£, v)y+xx forallv € X}.

Now, we pass to the definition of a pseudomonotone operator.

Definition 5.3 (See [17], Chapter 27). Let X be a Banach space. A single valued
operator A: X — X* is called pseudomonotone, if for any sequence {v,}72, C
X such that v, — v weakly in X and limsup,_, ., {Av,, v, —v) < 0 we have
(Av,v — y) < liminf,_ o (Av,, v, — y) forevery y € X.

Definition 5.4. Let X be a real Banach space. The multivalued operator 4: X —
2X" is called pseudomonotone if the following conditions hold:

1) A has values which are nonempty, bounded, closed and convex,
2) A is usc from every finite dimensional subspace of X into X* furnished with
weak topology,
3) if v, — v weakly in X and v € Av, is such that
limsup,_, oo (v, v, — v) < O then for every y € X there exists u(y) € A(v)
such that (u(y), v — y) < liminf, (v}, v, — ¥).

The following result can be found, for example, in [13] (see Proposition 3.58).

Proposition 5.5. Let X be a real reflexive Banach space, and assume that A : X —
2X* satisfies the following conditions

1) for eachv € X we have that Av is a nonempty, closed and convex subset of X*,

2) A is bounded, i.e., it maps bounded sets into bounded ones,

3) If v, — v weakly in X and v — v* weakly in X* with v; € Av, and if
limsup,_, o (vy, v, — V) <0, then v* € Av and (v, v,) — (v*, V).

Then the operator A is pseudomonotone.

The next proposition provides pseudomonotonicity of a multivalued operator
corresponding to a superposition of Clarke subdifferential with a compact operator.
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Proposition 5.6. Let X and U be two reflexive Banach spaces, 1: X — U be a
linear, continuous and compact operator and t* : U* — X* be its adjoint operator.
Let J:U — R be a locally Lipschitz functional and its Clarke subdifferential
satisfies

[Ellvx < e+ lvlly) forall & € dJ(v) (52)
with ¢ > 0. Then the multivalued operator M : X — 2% * defined by
M®©w) =0J(w) Yve X (5.3)

is pseudomonotone.

Proof. We use Proposition 5.5. To this end we recall (see [6]) that the Clarke
subdifferential of a locally Lipschitz functional is a nonempty, weakly closed and
convex set. So from the linearity of ¢ we conclude that the values of M are nonempty,
closed and convex subsets of X *. It follows from (5.2) that M is bounded. Now we
prove that M satisfies condition 3) of Proposition 5.5. Let v, — v weakly in U
and v; — v* weakly in U* with v} € (*0J(tv,). Thus we have v} = (*1, where
nu € 0J(wv,) and for all x € X we obtain

(M, X)u*xu = (t*nn,x)x*xx = (U:»X>X*XX - (U*,X)X*xx- (5.4)

Since the sequence {v,} converges weakly, it is bounded and so is {7, }. Thus, from
the reflexivity of U*, for a subsequence {7,, }, we have n,, — n weakly in U*
with k — oo so in particular for all x € X, we get (1, (X)y*xv —> (1, (X)y*xu-
Next, from (5.4) we have (n,,.tx)y+xy — (v*.x)x*xx and from the uniqueness
of limit we have (v*, x)x*xx = (N, (X)y*xy = {(t*n, x)x*xx forall x € X, so
v* = (*n. Numerating the sequence n; by n again, we get v, — v weakly in
X and n, — n weakly in U* with n, € 9dJ(wv,). Since {v,} is bounded and ¢
is compact we have for a subsequence tv,, — u strongly in U. Since ¢ is linear
and continuous, it is also weakly continuous so tv,, — (v weakly in U. From
the uniqueness of weak limit we have that (v,, — (v. Thus from the closedness
of graph of the Clarke subdifferential in Uy;,oug X U;eak topology we deduce that
n € aJ(w). Since v* = (*n, it follows that v* € M (v). It remains to show that
(vy. vn)x*xx — (v*, V) x*xx. Let us take any subsequence of {(v};, v,)x+xx} still
numerated by n. From the previous part of the proof, we can find a subsequence
(Un,s Un ) x*xx such that vy = *n,, and n,, — n weakly in U* with v* = (5 and
tv,, — v strongly in X. Thus, we have

(U:kavnk)X*XX = (l*nnkavnk)X*xX = (ﬁnk,lvnk)u*xu
= (N, W)yrxy = (1N, V) xrxx = (U*, V) x*xX-

We conclude from here that whole sequence {(v;,v,)x*xx} converges to
(v*, v) x*xx as n — oo, which completes the proof. |
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The next proposition deals with a superposition of pseudomonotone operator
with an affine one.

Proposition 5.7. Let X be a reflexive Banach space and A: X — 2% * be a
pseudomonotone operator. Then for a given vo € X and A > 0 the operator
M : X — 2X" defined by Mv = A(vo+Av) forallv € X is also pseudomonotone.

Proof. Let v, — v weakly in X and let v; € Mwv, with limsup,_,(v;,v, —
V) x*xx < 0. Taking w, := vg + Av, and w := vy + Av we have w, — w weakly
in X, v) € Aw, and

limsup(v,;, w, — w)x*xx = Alimsup(v;, v, — v)x*xx < O0.
n—oo n—>o0

Since A is pseudomonotone, it implies that for all z € X there exists u(z) € Aw

such that (7(z), w — 2) x*xx < liminf, (v, . Wy, — z) x*xx. Lets take any y € X

and put z = vy + Av — v + y. Taking u(y) = u(z) we have u(y) € A(w) = M(v).
Moreover,

((y). v = y)xexx = (@2),w—2)xrxx

< liminf(v), w, — 2) x*xx
n—>o00

= liminf(v), A(v, — V) + v — y)x*xx
n—>0oo

< Alimsup(v;, v, — V) x*xx + liminf(v;, v — y) x*xx
n—>00 n—>00

< liminf(v*, v — e
= n—>oo< n y>X XX

This shows that M is a pseudomonotone operator. O

We also recall a well known property for the sum of two pseudomonotone
operators.

Proposition 5.8. Let X be a reflexive Banach space. If A1, A, : X — 2X" are
pseudomonotone then so is A + Aj.

In what follows we introduce the notion of coercivity.

Definition 5.9. Let X be a Banach space and A: X — 2%" be an operator. We say
that A is coercive if either D(A) is bounded or D(A) is unbounded and

inf{{v*, v)y*xx | V* € Av}

llvllx —o00 vED(A) lvllx

The following is the main surjectivity result for pseudomonotone and coercive
operator.
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Proposition 5.10. Ler X be a reflexive Banach space and A:X — 2X" be
pseudomonotone and coercive. Then A is surjective, i.e., for all b € X* there exists
v € X such that Av = b.

Let X be a Banach space and (0, 7') be a time interval. We introduce the space
BV(0,T; X) of functions of bounded total variation on (0, T"). Let 7 denotes any
finite partition of (0, 7') by a family of disjoint subintervals {o; = (a;, b;)} such
that [0, 7] = U7_,0;. Let F denotes the family of all such partitions. Then for a
function x: (0, T) — X we define its total variation by

neF

[ xIlBv,;x) = sup { > lx) _x(ai)”X} :

o €T

As a generalization of the above definition, for 1 < g < oo, we define a seminorm

”x”?qu(oj;x) = Sugg Z [|x(b;) _x(ai)”(g(}
AS

O €T
and the space
BVq(O, T; X) = {x: (0, T) —> X| ||X||3Vr1(0,T;X) < OO}

For1 < p < 00,1 < g < oo and Banach spaces X, Z such that X C Z, we
introduce the vector space

MP40,T;X,Z) = L”(0,T; X) N BVI(0,T; Z).

Then, it is easy to see that M 74(0, T; X, Z) is also a Banach space, endowed with
the norm || - [[Lr.7:x) + || - lBveo.132)-

The following proposition will play the crucial role for the convergence of Rothe
functions which will be constructed later. For its proof, we refer to [10].

Proposition 5.11. Let 1 < p,q < oo. Let X1 C X» C Xj be real Banach spaces
such that X is reflexive, the embedding X, C X, is compact and the embedding
X, C Xjz is continuous. Then the embedding MP4(0,T; X1; X3) C L?(0,T; X3) is
compact.

The following version of Aubin-Celina convergence theorem (see [1]) will be
used in what follows.

Proposition 5.12. Let X and Y be Banach spaces, and let F: X — 2¥ be a
multifunction such that

(a) the values of F are nonempty closed and convex subsets of Y
(b) F is upper semicontinuous from X intow — Y.
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Let x,:(0,T) — X, y,:(0,T) — Y, n € N, be measurable functions such that
X, converges almost everywhere on (0,T) to a function x:(0,T) — X and y,
converges weakly in L'(0,T;Y) toy : (0,T) — Y. If y,(t) € F(x,(t)) for all
n € Nand almost allt € (0,T) then y(t) € F(x(t)) fora.e.t € (0,T).

For the convergence result obtained in next section we will apply Lemma 1 of
[10]. We present it without proof.

Lemma 5.13. Let A:V — V* satisfies H(A) (see below) and let A be its
Nemytskii operator defined by (Av)(t) = Av(t). Let a sequence {v,} C V be
bounded in M**(0,T;V,V*). If v, — v weakly in V and limsup,,_, o (Av,, v, —
V)yxxy < 0, then Av, — Av weakly in V*.

5.3 Problem Formulation

Let V be a reflexive and separable Banach space, V* its dual and H a separable
Hilbert space. Identifying H with its dual we consider an evolution triple V' C
H C V* with dense, continuous and compact embeddings. We denote by (-, -) the
duality of V and V*, by (-,-) the scalar product in H. Leti : V — H be an
embedding operator (for v € V we will denote iv € H again by v). Forallu € H
and v € V we have (u,v) = (u,v). We denote by || - || and | - | the norms in V'
and H, respectively. We also introduce a reflexive Banach space U and a linear,
continuous operator ¢: V' — U. By ||i| and ||¢|| we always mean ||i ||z, m) and
el zv.v)» tespectively. For T > 0 we define the spaces V = L?(0,T; V), V* =
L?>(0,T;V*),H = L*>0,T; H),U = L*>(0,T;:U)and W = {v € V| v € V*},
where the derivative is understood in the sense of distributions. We consider two
problems denoted by (P') and (P?) which read as follows:

Find u € V with v’ € W such that
(P™) qu'(t) + Au'(t) + Bu(t) + 1*J (1z(¢)) > f(t) forae.t € (0,T),
u(0) = up, u'(0) = u,

where m = 1,2, A:V — V* B:V — V* f :(0,T) - V* J:U - R,
0J(-) denotes its Clarke subdifferential and we put z = u in the problem (P')
while z = ' in the Problem (P?), respectively. We remark that each solution of
the problem (P™) is a solution of a corresponding second order hemivariational
inequality of the form

(" (t) + A’ (t) + Bu(t),v) + J°(z(t); ) > {f(t),v) Vv eV, ae.t € (0,T).
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In fact if u is a solution of (P™) then for a.e. ¢t € (0, T) there exists n € 3J(1z(t))
such that

(f(@) =u"(1) = A (t) = Bu(t), v) = (", v)u*xv = (n,10) < J°(ez(t); 0v)
forallv € V fora.e.t € (0, 7).
In what follows we will refer to the following equivalent formulation of Problem

(P™).

Find (u,w,n) € V x W xU such that

u' (1) = w(t) forae. t € (0,T),
(P™)« w(t) + Aw(t) + Bu(t) + t*n(t) = f(t) forae.t € (0,7T),
n(t) € aJ(tz(t)) forae. t € (0,7),

u(0) = uo, w(0) =u,

where 7z = u in the problem (P'), while z = w in the Problem (P?), respectively.

Remark 5.14. Note that time derivatives in (P™), are understood in the sense of
distributions. In particular (see Proposition 23.20 of [17]), the second equation of
(P™)4 is equivalent to

T T
/0 (w(t). )’ ()t = [0 (Aw(t) + Bu(t) + *n(e) — £(0). h)o(t)di

forallh e V,p € C*(0, 7).
We consider the following hypotheses on the data of the problem (P™).
H(A): The operator A: V — V* satisfies

(i) A is pseudomonotone;
(i) ||Av|ly* <a + b||v| forallv € V witha > 0,b > 0;
(iii) (Av,v) > a|v|?> = B|v|* —y forallv € V witha > 0, B,y > 0.

H(B): The operator B:V — V* is bounded, linear, monotone and symmetric,
ie. B € L(V,V*), (Bv,v) > 0forallv € V, (Bv,w) = (Bw,v) for all
v,we V.

H(J): The functional J: U — R satisfies

(1) J is locally Lipschitz;

(1) |Inllu* <c(1 + ||w|y) forall n € dJ(w), w € U with ¢ > 0;

Hy: feV5u€V,u €H.

H(1): The operator ¢ € L(V, U) is compact and its associated Nemytskii operator
T: M*20,T;V,V*) — U defined by (tv)(r) = t(v(z)) forallv € V, ae.
t € (0, T) is also compact.
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H,,.: The triple of spaces V', H and U and the operator ¢ satisfy: for all ¢ > 0
there exists C(¢) > 0 such that we have

lew|ly < ellul| + C(e)|u| forall u € V.

These hypotheses will be used in the next section, in the analysis of the
semidiscrete schemes associated to the problem (P™).

5.4 Rothe Method

In this section we consider a semidiscrete approach to Problem (P™),, m = 1,2
based on a time discretization method known as the Rothe method. To this end, we
divide the time interval (0, T') by means of a sequence {#; },](VLO C (0, T) defined as
follows:

ty = kt, where 1, =T/N, for k =0,...,N,.

In the above notation &, denotes the number of time steps in n-th division of [0, T,
so we have N, — oo and 7, — 0 as n — o0. For the convenience we will omit
the subscript n and write N, t instead of N,, t,. We define the piecewise constant
interpolant of f by

kt

fi) = fk = %/ f(s)ds for t € (k — )T, k7], k=1,...,N.

(k—=1)t

By Lemma 3.3 from [5], we know that f; — f strongly in V* as t — 0. Finally,
we approximate the initial conditions u and u; by elements of V. Namely, let
{u%}, {ul} C V be sequences such that u® — ug weakly in V and u! — u; strongly
in H, and ||u!|| < C/+/T for some constant C > 0.

Fora givent > Oand k = 1,..., N we formulate the following two Rothe
problems denoted by (P}) and (P?):

Find {5} c V., {wWkyN_  C V, and {n*}_ C U* such that
uk—u2+r2f=lwi for k=1,...,N,

T =

LWk —wk=1 v) + (Awk, v)
(P
’ +(Bu’§,v)+(n’§,w)U*xy=(fk,v) forall veV, k=1,...,N,

n* € 3J (%) for k=1,...,N,

w

o __ 1
T = U
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In Problem (P!) we take ¥ = u¥ while in Problem (P2) ZX = wk fork = 1,..., N.
Now, we study the existence of solutions to Problems (P/') and (P?). First we define
two mappings L, L, : V — 2V by

k—1
1 )
Liw = —i*iw + Aw + tBw + *0J (. + IX:W’I +tw)) forweV,
T

i=1

(5.5)

1
Lyw:= —i*iw+ Aw + tBw + (*0J(tw) forw e V. (5.6)
T

We remark that for existence of solution to the problems (P!) and (P?), it is
enough to examine the surjectivity of L; and L, respectively. To this end we use
the following lemmas.

Lemma 5.15. If the assumptions H(A), H(B), H(J) hold then there exists 1y > 0
such that for all 0 < t© < 1y the mapping L is coercive. Moreover if Hg,, holds
then L, is also coercive.

Proof. We deal with the operator L first. Let w € V and w* € Lw. It means that
w* = %i*iw + Aw + Bw + (*{, where

k—1
nedseud +1 Zw’I + ™w)). (5.7)

i=1

Using H(A)(iv) and H(B) we obtain

1
w*,w) = ;|w|2 + (Aw, w) + t(Bw,w) + (n, W)y*xu

\%

1
= ;|W|2+aIIWIIZ—ﬂ|W|2—V+ (n w)y=xu. (5.8)
Using H(J)(ii), we estimate the last term of (5.8) from below,

(. owyu=xv = =[lllinllo=Iwl

k—1
> —c (1 + el Cluoll + 7Y Iwtll + TIIWII)) lleltiwli

i=1

> —ckllwll = el [Iwll?,

where ¢, > 0. Combining the latter with (5.8), we obtain

1
w*ow) = (&= etlel) Il = exllwll + (= = ) wi* = .
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Let us take 7; := o/c||t| and 1, := 1/B. It is clear that L, is coercive for t < 79 =
min{z;, 7, }. For the operator L, we take w € V, w* € L,w and obtain (5.8) again.
Instead of (5.7), we now assume that n € dJ(tw). From H(J)(ii) and H,,,, we
infer that for any ¢ > 0 we can find C(¢) > 0 such that

(n.o)uexv = —lwl|* = C(e)w]* — C(e). (5.9)

From (5.8) and (5.9), we get
1
) = (@ =l + (1 = B = C@) | 1wl =y = €0,

Taking ¢ = %a, we see that L, is coercive for  small enough. This completes the
proof. O

Now we formulate an existence results for the Rothe problems (P/"),,=1 2.

Theorem 5.16. Ifthe assumptions H(A), H(B), H(J) and H (1) hold then, for t >
0 small enough, there exists a solution of problem (PL). Moreover, if Hg,y holds
then, for T > 0 small enough, there exists a solution of problem (P?).

Proof. From H(A) and H(B) we deduce that the mapping V' > w — %i*iw +
A*w + tBw € V* is pseudomonotone. By H(t) and Proposition 5.6, we know
that the mapping V > w — *8J(tw) € 2V is pseudomonotone, and by H (1),
Propositions 5.6 and 5.7 so is the mapping

k—1
Vow— *aJ (@ + tZwi +w)) € 2",

i=1

Thus from Proposition 5.8 both operators L and L, are pseudomonotone. From
Lemma 5.15, they are coercive for t > 0 small enough. Finally, from Proposi-
tion 5.10 it is clear that L and L, are surjective. It means that, for any given

wo, wl, .. wh™l we can find w¥ such that (P/"),,=1» hold. So starting from a given
w?, we can construct the whole Rothe sequence. O

5.4.1 A Priori Estimate

In this subsection we study an a priori estimate for the Rothe sequences being the
solutions of Problems (P/) and (P?). We formulate the following lemma.

Lemma 5.17. Let the assumptions H(A), H(B), H(J), H(t) and H,,, hold. Let
the triple ({u’; };CV:O, {wk },’{\’:0, {n }liv=0) be a solution of Problem (PL) or (P?). Then
we have
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wk < const,
T —_
N

.....

N
T [wh|)* < const,
k=1

N ||u]r‘|| < const,

.....

where const denotes a positive constant independent on t.
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(5.10)

(5.11)

(5.12)

(5.13)

Proof. Consider Problems (P}"),,=1 and chose v = w’f. By a property of scalar

product in Hilbert space, we have

1 . 1 _
WK —wh=Twhy = - |w’;|2—§|wk 1|2+§|w’;—w’; 2. (5.14)
From the assumption H(A)(iii), we obtain
(AW wh) = af| Wi 1> = BIwi > — (5.15)
By the assumptions H(B), we obtain
ko k k ok k—
T(Buy, wi) = (Buj, u; —u; by
1 1
= i(Bu]f,u];)—z(Bulf_l,uf_ )+ (B(u k 1),u1§—u]f_1)
1 1 k=1 k—1
> —(Bur,uf) §<But Jup ) (5.16)
Moreover, for any § > 0, we have
1
R e VA Y e e R A (5.17)
Let n° € 9J(:z5). Summing up the equations (P),,=1, with v = wX for k =
T T g up q T , 7

I,...n < N and using (5.14)—(5.17), we obtain

—|W

1 n
+§T Bu u; +‘[Z r;r, YUu*xu

le —wh™ 1|2+Zr(a—8>||w"||2
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IA

1 1
§|w2|2 2Bu ,ul +rZ,8|wk|2+tZ ||fk||V*+rny

IA

1 1
§|w2|2 23u ol +rZﬁ|wk|2 5||ff||$,*+ry. (5.18)

Now we estimate the term t 3 ;_, (n*, tw¥)y+xy from below. To this end, we
consider two cases.

 Case 1: Z¥ = wk. We use H(J)(ii) and (5.9) with & = § = la. Then
from (5.18), we obtain

n n
(1=22(B + C@) Wi + Y Iwh = w12+ " rar k|2
k=1 k=1
n—1

< WP + (Bud.ul) + 2 ) (B + C(e)|wh?
k=1

2
+ &”f’ I3+ + 2Ty + C(e). (5.19)

* Case2: ¥ = u. In this case, using H(J)(ii), we have

fZI o) genl < © 31+ T I lowk

k=1

< ch (1 + lawoll + rZ Jow’ ||) lowk lo

i=1

n n
<o) cllovklly + 7Y cllullyllovt 1
k=1 k=1

2
n
2 (Z [[owk ||U) ) (5.20)
k=1

In what follows, we use the inequality ab < %(a2 +b?) fora, b € R and the fact
that tN =T.

‘L’ZC”LW o < IZ( ct+ —||LW IIU) = 3¢ T + -anLw’;u@.
k=1
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Analogously we deduce that

n

1 1 n
oY cllaolllowk o < 5Tl + 5 ok I
k=1

i=1

Moreover, for the last term of (5.20) we use inequality (a; +...+ a,,)2 <n (a% +
..+a?) fora; e R,i =1...N,n € Nand obtain

n
2 k k k
T (anw,u(/) <rnZ||Lw I3 < rTZan I3
k=1

Thus, from (5.20) and H,,,, for any ¢ > 0 we get

1 n
rZ e oo = =5 T+ lully) — (0 +T) Y llowelly

k=1

1 n
> =T+ Jully) — (0 +T) Y elwel?
k=1

—t(1+7) ) Cle)lwl™

k=1

Then from (5.18), we obtain

(1=2t(B + (1 + T)C(e) Wi* + D [wh —wh™!?

k=1

+2t ) (@ =8 (1+ D)Wk

k=1

< Wi + (Bu. u +2rZ(/3+(1+T)C(8))Iw"|2
k=1

1 1
+ 5 1l +2Ty + ST + o). (521)

In Case 1 we take 7 < %(,8 + C(¢))™!. In Case 2 we take § < a, & < f;;? and

T < 2(,B + (1 4+ T)C(e))~L. Since f; — f strongly in V*, it is bounded in V*.
Thus, we can apply a discrete Gronwall lemma for the sequence {|wk| Yk=1...n and,
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sincen = 1,..., N is arbitrary, we deduce (5.10). From (5.10), (5.19) and (5.21)
we immediately get (5.11) and (5.12). From the definition of u* in (P™), we obtain

k N
1E 15 < 2lluoll> + 202N Y WLl < 2fluol* + 27T Y [k,

i=l i=l1

which together with (5.12) gives (5.13). O

5.4.2 Convergence of Rothe Method

In this subsection we construct sequences of time dependent piecewise constant
and piecewise linear functions built on the solution of Rothe problem. Next we
study their convergence to the solutions of Problems (P!), and (P?).. Let the triple
(LAWY {n*}N_ ) be a solution of Problem (P) or (P?).

We define the functions w,, W, u;,u.: [0, T] — V by the formulas

_ wh, t e ((k — 1)t k7],
wle) = wl=ul,t=0

t
we(t) = wh + (——k) WK —wk=1y for t € (k — D, kt], k=1,...,N,
T

u’r‘, t e ((k—1t,k1],
u(r), t=0,

- |

t
(1) = uk + (——k) = for 1 € (k — 1)t k7], k=1,...,N.
T

The piecewise constant function 77,: (0, 7] — U™ is given by
7,(t) =0 for t € (k —Dt,kt], k=1,...,N.

We observe that w; is the distributional derivative of u., namely v’ (¢) = w,(¢) for

a.e. t € (0,T). Moreover, the distributional derivative of w; is given by w (t) =

e k— . .
wemwi T forae.t € (0,T),k =1,...,N. Thus, (P/") is equivalent to

(W’T(l‘), v) + (Awr(t)» U>+(Bﬁr(l‘), U) + (ﬁz(t)vlv)U*xU = (fr(t)7 U)
forall veV, forall t € (0,T), (5.22)
7n,(t) € 0J(1z-(t)) forall t € (0,7). (5.23)
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where z; = u; incase m = 1 and z; = w; in case m = 2. We define the Nemytskii
operators A, B : V — V* by (Av)(t) = A(v(z)), (Bv)(t) = B(v(t)) forv € V and
1:V — Uby (tv)(t) = () for v € V and observe that problem (5.22), (5.23) is
now equivalent to

W, )y + (AW, V) yssy+(Bitg, V)vexy + (1, T0) 0
= (f;,V)p*xy forall vey, (5.24)
7n.(t) € 0J((tz;)(¢)) forall t € (0,7T). (5.25)
In what follows we deal with a priori estimates for the piecewise constant and

piecewise linear functions built on the solution of the Rothe problem.

Lemma 5.18. Under assumptions H(A), H(B), H(J), H(t), Hy and H,,y, there
exists to > 0 such that for all T € (0, 1p), we have

|| Lo=0.7:v) < const, (5.26)
luclly < const, (5.27)
[WellLooo.7;1) < const, (5.28)
wellco.r;m) < const, (5.29)
[Wellv < const, (5.30)
[wellv < const, (5.31)
[ AW, [y« < const, (5.32)
7, e < const, (5.33)
Wy« < const, (5.34)
e[ ar220,7;v,v) < const, (5.35)
Wellsr220.7v.v %) < const, (5.36)

with a constant independent of t.

Proof. The estimate (5.26) follows directly from (5.13), while from (5.10), we
easily get (5.28) and (5.29). Moreover, [, |3, = © Y;_, [wX]? so, from (5.12),
we obtain (5.30). The simple calculation shows that [|w,[|2, < © S"p_, [|w*||%. Thus
using (5.12) and the fact that [w?| < C//7, we get (5.31). Analogously, we have

N
k k k
luclly <o D2k < o max [P =T max uk],
2 Nelm =N o =T 1y

which, together with (5.13), gives (5.27). Using H(A)(i7), we calculate
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T 3 T i
1A, e = ( / ||Awf(t)||2*dz) < ( / 2a2+2b2||wf<r)||2dz)
0 0
< av2T + V2b|w||v,

and from (5.30) we obtain (5.32). Next, using H(J)(ii) we get

T 3 T 3
||ﬁz||u*=(/0 IIWI(I)II%J*df) 5(/0 zc2+2||z||2||zf<r)||%f*dr)

< V2T + V2| [z,

and we obtain (5.33) from (5.26) in case z; = u, and from (5.30) in case z; = w,.
We also have

1 1
T 2 T 2
||Bur||w:(/0 ||Bm(r>||2v*dr) 5(/0 ||B||L(V,V*)||ﬁr(f)||%/*d’)

= |Blzwyslaly < 1Bllewys VTl Lo o.rv).- (5.37)
From (5.24), we get
Wl < JAW [lvs + 1B v + 17 e + Il fellve

and, using (5.32), (5.33), (5.37) and boundedness of f; in V*, we obtain (5.34).
Finally in order to prove (5.36), let us assume that the seminorm in B VZ(O, T:;V*)
of piecewise constant function w; is realized by some division0 = a9 < a; < ... <
a, = T, and each g, is in different interval ((m; —1)t, m; t], such that w,(a;) = w’"
withmy = 0, m, = N and m; 4 > m; fori = 1,..., N — 1. Thus

n
Wellgy20.7;0%) = Z W —wi =ty

i=1

n mj
< Z (mij —mi_y) Z Iy = w13
i=1 k=mj_1+1
n n mj
, (m —mH)) SO o
i=1 i=1k=mi_+1
N N k k—1 |2
w,. —Ww
=N W=t =T Y | ——
_ — T v
k=1 k=1

T
=7 [ IOl d.
0
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The last term is bounded by (5.34) which, together with (5.30), completes the proof
of (5.36). Analogously we prove (5.35). O

Theorem 5.19. Let assumptions H(A), H(B), H(J), H(t), Hy and H,,, hold and
let u;,u., w;,w, and 7, be piecewise linear and piecewise constant functions built
on a solution of Rothe problem (PI") with m = 1,2. Then, there exists a triple
(u, w, n) which is a solution of the corresponding Problem (P™)x. Moreover, for
a subsequence, we have u, — u weakly* in L*°(0,T;V), u, — u weakly in V,
w. — w weakly in V and weakly* in L*°(0,T; H), w, — w weakly in W and
weakly* in L*°(0, T; H) and 7, — n weakly in U*.

Proof. From (5.26)—(5.34) and reflexivity of spaces V,V*,U/ and U™*, we can
assume, passing to the subsequence if necessary, that the following convergences
hold:

u, —>u  weakly*in L*°(0,T;V), (5.38)
Uy = u weakly in V, (5.39)
w, —w weaklyin V and weakly*in L*°(0,T; H), (5.40)
w; —>w  weaklyin V and weakly*in L*°(0,T; H), (5.41)
w. —w;  weakly in V*, (5.42)
Aw, = ¢ weaklyin V*, (5.43)
n, —n  weaklyin U*. (5.44)

First we show that u = u. To this end we calculate

N kt
i —uly =30 [ -y
k=1

(k—1)t

k—1 |2
T

2 2
T 2 T = 2

= ?Iluillv = ?”Wt”\)v
v

k
u; —u

which means that #; — u; — 0 strongly in V as t — 0. On the other hand,
from (5.38) and (5.39) we also have u, — u, — u — u weakly in V so from the
uniqueness of weak limit we get # = u. Analogously, we have

_ 2 T 2
[We —wellys = §IIW’TIIV*,

which means that w, — w; — 0 strongly in V*. Since w, — w, — w — w weakly
in V and the embedding V C V* is continuous, we also have w, —w, — W —w
weakly in V*. From uniqueness of the weak limit, we have w = w. Since w, = i,
and u, — u weakly in )V, we conclude that

w=u. (5.45)
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Our goal is to pass to the limit in (5.24) and (5.25). By a standard argument
from (5.41) and (5.42) we have w, — w' weakly in V*. Thus, for all v € V, we
obtain

W 0)p = (W, 0)pexy = (W, 0)pexy = (W, 0)5. (5.46)

From H(B), it is clear that B is linear and continuous operator from V' to V* and
thus also continuous from w — V) to w — V*. Therefore, since u, — u weakly in ),
we get Bu, — Bu weakly in V*. Thus, we have

(Blir, v)yexy = (Bu, v)y*xy. (5.47)
From (5.44), we get

(M, v = (0, 10)ere - (5.48)
Since f; — f strongly in V*, it is clear that

(fr,v)vrxy = (fiv)vrexy. (5.49)

It remains to show that
(AW, v)y=xy = (Aw, v)pexy. (5.50)

To this end we take any subsequence still denoted by {{AWw., v)*x }. It is enough
to show that convergence (5.50) holds for its subsequence. We calculate

lim sup{Aw,, W, — w)p=xy < limsup( f;, w, — w)y=xy
=0 =0

— ligrii(r)lf(w’r, We — W)y

— liminf(Bu,, W, — w)p*xy
7—0

— liminf(7,, TW; — W)y sy (5.51)

=0

Since f; — f strongly in V* and w, — w weakly in V, we have

lirr%)(f,,wr — W)V*xy =0.

Next, we observe that

(W{[’Wl’ - W)H = (W{[ - W/»Wr - WI)H + (W/Iawt - WT)V*XV

+ <W/7 WT - W)V*XV
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1
=3 (Iwe(T) = w(T)|* = |ure — w1 |?)
+ (W We —we)yrxy + (W, W — w)psxy.

Since (W, W, —w:)p*xy > 0, we have liminf, o(W., W, —w)3; > 0. Since i, = w’,
and w = /, it follows that

(Bﬁ‘ra Wr - W)V*XV = (Bﬁl’v I/t;, - M,)V*XV
= (Buy — Bu,ul, —u'yyexy + (Bu,ul, — u')yrexy
+ (Bu, — Bug, v — ')y xy. (5.52)
Since B is linear, symmetric and monotone, it follows that
1
(Bur — Bu,uy, — ' )yexy = E(B(MT(T) —u(T)), u (T) —u(T))
(B —u°),u — u)

> —— || Bl ey llu — u®|. (5.53)

Bl ol -

Since u, — u’ weakly in V, u; — u, strongly in V and B is continuous, we get

lim (Bu, u, — u')y+xy + (B, — Bug, u, — u')y=xy = 0. (5.54)

=0

From (5.52)—(5.54), we see that liminf,_,o(Bu,,w, — w)y*xy > 0. Moreover,
since w, — w weakly in V and 1 is a compact operator, we have for a
subsequence (1w, — 1w strongly in U. Since 7j, — n weakly in U*, we
have lim;_,o(7,, TW; — iw)y+xr = 0. Thus, from (5.51) we get

lim sup{Aw,, W, — w)p*xyp < 0. (5.55)

=0

Since (5.36) holds and W, — w weakly in V, from Lemma 5.13 we deduce (5.50).
Using (5.47)—(5.50), we can pass to the limit in (5.24) and obtain

W, 0) 4+ (Aw, V) vexy+(Bu, v)vexy + (0, 10)wxu = (f0)vexy
forall v e V. (5.56)

Let v = he in (5.56) with 2 € V and ¢ € C5°(0, T'). Then, we obtain

T T
- /0 W (). h)p(r)dt = /0 (Aw(t) + Bu(t) + “n(t) — £(). hyo(0) dt.
(5.57)
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From Proposition 23.20 of [16] we deduce

T T
- / W (), hyp(t)dt = / w(t), h)g' (1) dt. (5.58)
0 0

Now we will pass to the limit with (5.23). First we recall that the multifunction
3J:U — 2V has nonempty, closed and convex values. Furthermore, by Proposi-
tion 5.6.10 of [7], it is also upper semicontinuous from U (equipped with the strong
topology) into U* (equipped with the weak topology). We use (5.35) in case z, = U,
and (5.36) in case z; = W, to conclude from H(¢) that for a subsequence we have
1 z; — 1z strongly in Y. Thus, for another subsequence, ¢ z,(¢) — (iz)(¢) strongly in
U forae.t € (0,T), where z = u or z = w, depending on which of two problems
(P or (P?) we deal with. Using also (5.44) we are now in a position to apply
Proposition 5.12 to find

n(t) € aJ((tz)(¢)) for a.e. t € (0, 7). (5.59)

Finally, we pass to the limit with the initial conditions on the functions u,
and w,. Since ut — wu and . — u' both weakly in V and the embed-
ding {v e V| v €V} C C(0,T;V) is continuous, we have u, — u weakly in
C(0,T;V), so also u° = u,(0) — u(0) weakly in V. Since by the hypothesis
u? — up weakly in V, we conclude that u(0) = uo. Similarly, since w, — w
weakly in V and w,, — w’ weakly in V* and the embedding W C C(0,T; H) is
continuous, we have w, — w weakly in C(0, T; H), so also w? = w.(0) — w(0)
weakly in H. On the other hand, we assume that w0 — wy strongly in H so
we conclude that w(0) = wy. Concerning the above initial conditions together
with (5.45), (5.57), (5.58), Remark 5.14 and (5.59) we claim that the triple (u, w, 1)
solves Problem (P™),. Moreover, the convergences required in the thesis, follow
directly from (5.38)—(5.44). This completes the proof of the theorem. O

5.4.3 Uniqueness and Strong Convergence

In this section we study a problem of uniqueness of solution to the problem (P?) and
a strong convergence of the functions built on the solution of the Rothe problem to
the exact one. To this end, we impose more restrictive assumptions on the operator
A and the functional J.

H(A);: H(A) holds and (Av; — Avy, v; — v2) > my||vy — 2> — malvy — va)?
for all vi,v, € V withm; >0, m, >0,

H(A);: H(A) holds and the Nemytskii mapping A: YV — V* is of class (S4)
with respect to the space M22(0,T;V,V*), ie. if v, — v weakly
in V, limsup,_, . (Av,, v, — v)p*xy < 0 and v, is bounded in
M?*2(0,T;V,V*) then v, — v strongly in V,
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H(J);:  H(J)holdsand (n1—n.z1—22)u*xv = —ms|lz1—22|| forallzy,zo € U
and n; € 0J(z;),i = 1,2, with ms > 0,
Hons:  either Hy, holds or m; > ms||t]|?.

Remark 5.20. By Proposition 5.11 and compactness of embedding V' C H, it is
easy to observe that H(A); is stronger then H (A),, namely, H(A); implies H(A)-.

Now we give a theorem on the uniqueness of solution to the problem (P?),.

Theorem 5.21. Let assumptions H(A), H(B), H(J), Hy and H_,,5 hold, and
(ur.wi,m), (uz, wa,12) be two solutions of problem (P?)«. Then u; = u, and
w1 = Wws.

Proof. Let (u;,wy,n1), (2, w2, 12) be two solutions of problem (P?),. Then we
have

(W) =wh)(@). v) + (Awi(t) — Awa (1), v) + (Bui (1) — Bus(t), v)
+ (&) — (1), w)y*xy =0 forall veV, ae. t e€(0,T). (5.60)

Taking v = w(t) — wo(¢) in (5.60), we get

LA 0 = a4 (Awr (1) — Awa(t), w1 (1) — wa0))

2dt
+ %%(Bul(l) — Bup(t), u1 () — ua(2))
+ (@) = n2t), w1 () — w2 (t))v*xv = 0. (5-61)

From H(A); and H(J);, we have

%%W’l(t) —wa(O)* + mi||wi(t) —wa () |1> — malwi(t) — wa(2)]?

+ %%(Bul([) — Buy (1), u1 (t) — us(t)) — ms|eow1 (1) — w2 (0)[lv <0.  (5.62)

Integrating (5.62) from O to ¢, for all ¢ € (0, T') and using H(B), we obtain
t
w1 () = wa ()] + 20m1 = ms [ wi = wa 3, < 2m2/ wi(s) = wa(s)|* ds
0
or, if in addition H,,, holds,
Wi (1) = wa(O)* + 2(my — &) [wi —wall3,

< 20ms + C(©)) /0 i (s) = wals) [ ds.
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From H.,,,s; we conclude that there exists a constant C > 0 such that

() — wa(D)P < C / w1 () — wa(5)]2 ds.
0

which by the Gronwall lemma gives wy () = w,(¢) forall ¢ € (0, T). Since u;(¢) —
u(t) = fot(wl(s) —wa(s)) ds, we also get u;(t) = u(¢) for all ¢ € (0, T), which
completes the proof. O

Theorem 5.22. Let u be a solution of Problem (P ') or (P?). and u. be its Rothe
approximation defined in Sect. 5.4.2. If assumptions H(A),, H(B), H(J), Hy and
H,,. hold, and ug — ug stronglyinV ast — 0, then u, — u stronglyin C(0,T;V)
ast — 0.

Proof. Let u,,u,,w,,w, and 7, be functions built on the solutions of the Rothe
problem (P/") and let (u,w,n) be a solution of the problem (P™) obtained in
Theorem 5.19. Then, forallv € V and a.e. t € (0, T), we have

(Wo(£) =W/ (£),v) + (AW (1) — Aw(t), v) + (Bu (1) — Bu(t), v)

+<ﬁr(t)_n(t)7“})U*XU = (fl(t)_f(l)’v>’ (563)
where 77, (t) € 0J(1z-(¢)) and n(t) € 9J(1z(¢)) for a.e. t € (0,7T) and we choose
2t = U,z =uincase m = 1 and z; = w;, z = win case m = 2. Taking

v =w,(t) —w(t)in (5.63) fora.e. t € (0,T) we get

1d 2 / / —
5771w = WO+ {we (1) = wi(0). W (1) — we (1))

A1) — Aw(0), T0(6) — wlO) + 3 - Bue(0) — Buto) e — (1)
(BE (1) — Buy(0), W,(0) — w(0))
< (0) = F0).7:(0) — w(0)
(10— 1(0). 576) — o (D) g (564
Since (W' (), W2 (1) — we () = |W.() PGkt — 1) = O forall € ((k — 1)z, kt), we
get forae. 7 € (0,T)

1 d . _
EEIWI(I) —w(O)]" + (Aw. (1) — Aw (1), W, (1) — w(?))

b3 B ©) — Bute) ue0) — ute)
< o) = £(0.006) = wle)) + (1,0 = n(e), 67(6) — 00D}

+ (W (@), We(t) —we (1)) + (Buc(t) — Bt (1), we (1) — w(?)). (5.65)
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Integrating (5.65) and using H(B), we get
lw. (£) —w(@)|* + (Aw,, W, — w)
< (Aw, We —w) + | Bl e llud — uoll* + 2(f; — fiWe — w)pexy
+2(0, — 0, TWe — Tw)ypesas + 2(w', We — we)yexy
+ 2(Bu, — Bu,,w, — w)y*xy + |ul —u % (5.66)

We remind that #® — ug strongly in V, f; — f strongly in V*, w, — w weakly
in V and from H(t) also tw, — tw strongly in /. Also 77, — n weakly in &/* and
w. — w, weakly in V. Moreover, #, — u, strongly in V and, from the continuity
of B, also B, — Bu, strongly in V*. Finally u! — u, strongly in H. From the
above convergences, we conclude that the right hand side of (5.66) converges to 0 as
7 — 0. It follows that lim sup__, o (Aw;, w; — w) < 0. Thus, since w, — w weakly
in V and (5.36) holds, we conclude from H(A),, that w, — w strongly in V. Now,
for every ¢t € (0, T), using Holder inequality we obtain

t
llue (1) — u@)|| < [|u? — uoll + / [We(t) —w(t)|l ds
0
< 1 = uol| + VT |[w, —wl?,. (5.67)

From (5.67), we get u; — u strongly in C(0, T'; V'), as t — 0 which completes the
proof of the theorem. O

5.5 Faedo-Galerkin Method

In this section we present the results obtained in [2] on the second order HVIs.
In that case only a dependence of subdifferential on the velocity is considered.
Moreover, the operator A is allowed to depend on time explicitly. Keeping the
notation introduced in Sect. 5.3, we define following problem.

Find (u,n) € V xU suchthat ' € W,

W' (t) + A, u'(t)) + Bu(®) + *n(t) = f(t) forae.t € (0,T),
n(t) € aJ (' (¢)) forae.t € (0,7),
u(0) = uy, u'(0) = uy.

(P%)

We impose assumptions on the operator A.
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H(A);: A:(0,T)xV — V*issuch that

(i) A(-,v) is measurable on (0,7) forallv € V;
(ii) A(t,-) is pseudomonotone for a.e. t € (0,7T);
(iii) ||A@, v)||y* < a(t) + b|v| forallv € V witha € L?>(0,T),a > 0,b > 0;
(iv) (A(t,v),v) > a|v|*forallv € V,ae.t € (0,T) witha > 0;
(V) (A(t,v1) — A(t, v2), 01 — V) yrxy = myllvy — va?
forall v;,v, € Vae.t € (0,T) withmy > 0;
(vi) Az, v1) — A(z, v2) [y < Lallvr —v2l
forall vj,v, € Vae.t € (0,T) with L4 > 0.

Now we introduce the Faedo-Galerkin approximation for Problem (P?) and
formulate a result on the semidiscrete error estimates.

Let V" be a finite dimensional linear subspace of V equipped with the norm of
V, where h > 0 denotes the spatial discretization parameter. We use the projection
operator I1" : V' — V" defined by the relation

(v—M"v,v")y =0 forall v" e V", (5.68)
The semidiscrete approximation of Problem (P?3) has the following formulation.

Find (u",n") € L>(0,T, V") xU such that

" (0) + At (1) + Bu(t) + *n'(t) = f@t) forae.t e (0,T),
n'(t) € 3 ("' (1)) forae. 1 € (0,T),

u(0) = uO, u'(0) = ul,

(P;)

where “o IT"uy and u = IThu,

Now we formulate a theorem on existence and uniqueness of solution for
Problems (P?) and (Ph3). The proof of the theorem follows the line of the proof
of Theorem 5.15 in [13].

Theorem 5.23. [f the assumptions H(A)\, H(B), H(J)1, H(t) and Hy hold, and

a > 2¢||?, (5.69)
my > Wl3||L||2, (5.70)

then Problems (P3) and (Ph3) have unique solutions.

Next we provide a result on the error estimates between the solutions of Problems
(P?) and (P}).

Theorem 5.24. Assume that H(A),, H(B), H(J),, H(f), Hy and (5.70) hold.
Let u and u" be solutions of Problems (P3) and (Ph3) respectively and v e
L?(0, T; V") N W. Then there exists a positive constant M dependent only on the
data of the problem, such that
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h h! h!
[l — M1||2c(o,T;V) + flu" —u ||2C(0.T;H) + flu" —u ||$;
< M(lluo = ug|I* + lur = ui| luy — v" (0)]
= oI+ =0 B+l = " 2. (5.71)

Now we introduce a fully discrete scheme corresponding to Problem (P?) and
analyze the error of fully discrete approximation. First, we impose some additional
hypothesis on the data of the problem.

H(A)4: H(A)zholdand A(-,v) € C(0,T;V*)forallv e V.
H(f);: feC,T;V*).

We define a uniform partition of [0, 7] denoted by 0 = 1y < t; < ... <ty =
T.Letk = T/N be a time step size and for a continuous function g we denote
gn = g(t,). Finally for a sequence {zn}f;’:O we denote by 6z, = (z, — z,—1)/ k for
n = 1,..., N the divided difference. Thus using the backward Euler scheme the
fully discrete approximation of Problem (P?) is the following.

Find {u*}N_  AwhkaN_ c v and {E/5}N_ C U such that

n Sn=0° n=0
wﬁk=5ufjk forn=1,...,N,
(Ph3k) <5Wﬁk + A, Wﬁk) + Bu,’;k — fus Uh)
= (EM* ") ey for all v € V",
—Efl’k € BJ(LWZ") for n =0,...,N,
W =l Wit = il

Note that from H(A)4 and H(f); the values A(z,, w"*) and f, in Problem (P,fh)
are well defined.

Theorem 5.25. Assume that H(A)4, H(B), H(J)1, H(f)1, Hy and (5.70) hold.
Let (u, w, §) be a solution of Problem (P?3), which satisfy the additional regularity
assumptions

ueC*0,T;H)NnCY0,T;V), (5.72)
£eC(0,T;U). (5.73)

Let {ul*\N_ AW IN_ - and {éz’k}ﬁyzo be the solution of Problem (Ph3k). Then the

n Sn=0’ n Sn=0

following estimate holds, for all {v? }?’:1 cVvh:

n

hk |2 hk )2

max, {w, —w,| +Zlk”wf — i1}
iz

N
<k Y (W) = 8w+ llwy = Vi) + ¢ max flowe, — b, llo
7=l T
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N—1
h h 2 h) 2
+ % 2:1 |Wj i (Wj-H - Uj+1)| + 12215XN lw, — er”H
j=
h 2 2 2 hi2
+ ”uO _MOH +k ||u”H2(O,T;V) + |W0 _W0| . (574)

5.6 Applications

In this section we show an application of our results to a mechanical contact
problem. We denote by S? the space of second order symmetric tensors on R¢
(d <3),and use “-”, || - ||ge and || - ||g¢ for the inner product and the Euclidean
norm on R? and S, respectively, i.e.,

1

u-v=uv;, |vlge=@-v)2 forall u,veR
1

0-1=0;7;, |tllse« =(-7)2 forall o.tes?.

Here and below the indices i and j run between 1 and d, and the summation
convention over repeated indices is adopted.

Let 2 C R be a bounded domain with a Lipschitz boundary I" and let v denote
the unit outer normal on I". We introduce the following function spaces:

H=L*2)" ={u=@)|uwel*2)}, H ={u=@w)|ewu e}
0 ={o=(0y) | o;; =0;; € L*(2)}, 0,={0€Q |Diveo € H}.

Here ¢ : H — Q and Div : Q; — H are the deformation and divergence
operators, respectively, defined by

1 .
e(u) = (e (), &ij(w) = E(ui,j +uj;), Divo = (0y;),
where the index following a comma indicates the partial derivative with respect to

the corresponding component of the independent variable. The spaces H, Q, H;
and Q, are real Hilbert spaces endowed with the canonical inner products given by

(u,v)y :f u;v; dx, (0.7)0 :/ 0T dx,
2 2
(u, V), = W, v)u + (e(w), e(v))g, (0,7)g, = (0,7)9 + (Divo, Divr)y.
The associated norms on these spaces are denoted by || - ||u, || - llo, || - ||z, and

| - llo,, respectively. Let Hr = H'Y?(I')? and let ¥ : H; — Hp be the trace
map. For every element v € H| we still write v for the trace Yv of v on I" and we
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denote by v, and v, the normal and tangential components of v on the boundary I”
given by

Vy, = V-V, U =0V —UyV. (5.75)

Let H} be the dual of Hr and let (-, -) denote the duality pairing between H}: and
Hp . Forevery 0 € Q) there exists an element ov € H} such that

(0,8(v))o + (Divo, v)y = (OV. YV) g xpy forall v € H;. (5.76)

Moreover, if o is a smooth (say C') function, then
((7\1,71})1.,;)(1# = / ov-vd Tl forall v e H;. (5.77)
r

We also denote by o, and o, the normal and tangential traces of o and we recall
that, when o is smooth enough, then

o, = (ov)-v, o0, =0vV—0,V. (5.78)

Now we pass to the description of the mechanical problem. A visco-elastic body
occupies an open bounded connected set 2 C R¢ with a Lipschitz boundary I"
that is partitioned into three disjoint parts T, T,and T; with I, I and I being
relatively open, and meas (1) > 0. Let [0, T'] be a time interval of interest, 7 > 0.
We assume that the body is clamped on I} and thus the displacement field vanishes
there. A volume force of density f acts in £2 and a surface traction of density f>
acts on I». The body is in frictional contact with an obstacle on I'3. We assume that
there is no loss of contact during the process, i.e., the contact is bilateral. Thus, the
normal displacement «, vanishes on I'3. We model the friction by a nonmonotone
friction law and the process is assumed to be dynamic.

The classical formulation of the mechanical problem is the following.

Problem Py;. Find a displacement u: 2 x [0, T] — R? and a stress field o: 2 x
[0, T] — S? such that

o = Ce() + Ge(u) in 2 x (0, 7). (5.79)
pu’ = Divo + f; in 2 % (0,T), (5.80)
u=0 on Ty x(0,T),  (5.81)
ov = f, on b x (0,T),  (5.82)

u, =0 on T3 x (0,T), (5.83)
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locllge < 1(0)S if u =0

on Iy x (0,T), (5.84)
—0r = (||, |ga)S /|ty lga if  w, #0
u(0) =ug, u'(0)=u in 2. (5.85)

In (5.84), p(||et, ||ga)S represents the magnitude of the limiting friction traction
at which slip begins. Here, S > 0 is a given constant. The friction bound and more
precisely, the friction coefficient u, depends on the magnitude of the slip, || ||ga.
The strict inequality in (5.84) holds in the stick zone and the equality holds in the
slip zone. Due to the basic properties of the Clarke subdifferential, the friction
condition (5.84) can be written as a subdifferential inclusion involving a locally
Lipshitz, possibly nonconvex superpotential j which depends on the tangential
velocity u. In fact, if the function j : R? — R is defined by

(™
j&) = S[ ' p(s)ds, forall & € RY, (5.86)
0

then we can prove that under assumptions H(u)(a), (b), the condition (5.84) is
equivalent to the following subdifferential inclusion

—0,€dj() onl3x(0,T). (5.87)
In the study of the frictional contact problem we need the following assumptions on

its data.

H(C): the viscosity operator C : £2 x [0, T] x S¢ — S¢ satisfies

(@) C(-,-, &) is measurable on £2 x [0, T] for all ¢ € S¢;
(b) C(x,t,-) is continuous on S? for a.e. (x,t) € 2 x [0, T);
(©) |IC(x.t,€)||lse < ao(x,t)+ aie|se forall e € S7,

ae. (x,1) € 2 x [0, T]withag € L*(£2 x [0, T]), ap > 0 and a; > 0;
(d)C(x,t,8):e > O[||8||§d foralle € S¢, ae. (x,1) € 2x[0, T] witha>0;
(€) (Clx.t,e1) = C(x,1.£2)) : (1 — £2) = mcller — eall3,

forall 1,6, € S¢, ae. (x,1) € 2 x [0, T] with m 4 > 0;
() NC(x 1, 61) = Clx.1.€2)|lsa = Leller — €2|ge

forall e;,e, € S, ae. (x,t) € 2 x [0, T] with L¢ > 0;

(g) C(x,-, ¢) is continuous on [0, T] forall x € 2,¢ € $¢.
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H(G): the elasticity operator G:£2 x S — S¢ is a bounded symmetric
nonnegative definite fourth order tensor, i.e.

(@) Gijri € L=(2), 1 <i,j,k, 1 <d;
(b) Go -t =0-Grt forall 0,7 €S, ae. in 2:

(c)Gr-t >0 forall T €S?, ae.in.
H(f): the force and the traction densities satisfy
foe LX), fre LX)
H(u): the friction bound u: [0, 0c0) — R satisfies

(a) p is continuous;
(b) |pn(s)] < (1 +5) forall s >0, with ¢, > 0;
(c) pu(sy) — u(s2) = —A(sy —sp) forall s; > 55 > Owith A > 0.

We now turn to the variational formulation for Problem P,,. To this end, we
introduce a closed subspace of H; defined by

V={veH |v=0on I, v,=0 on I3}
with norm defined by [|v|y = [le(v)||o forallv € V.Let U = L?*(I'3;R?) and let
t =7y : V — U be the trace operator. Define the operators A: (0, T) x V — V*
and B:V — V* by
(A(t,u),v) = (C(t,e(u)),e(v))g foru,veVandt e (0,T), (5.88)
(Bu,v) = (Ge(u),e(v))p foru,veV (5.89)

and the functional J: U — R by
J() = /r jw(x))dIr forveU. (5.90)
3
We also consider the function f : (0,T7) — V* given by
@ = [ pwvax+ [ pw-var (591)
p

for ae. t € (0,T) and for all v € V. Let V, H, U and W denote the spaces
introduced in Sect.5.3 and let the Nemytskii operators A, : V — V* and
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t : VYV — U be defined by (Av)(t) = A(t,v(r)), (Bv)(r) = B(v(t)) and
(tv)(t) = w(t) for all v € V. Then, we see that as a weak formulation of Problem
Py, we obtain Problem (P?) formulated in Sect. 5.6. Moreover if the operator A
does not depend explicitly on time, namely (Av)(z) = A(v(t)), then Problem (P?)
is equivalent with Problem (P?) introduced in Sect.5.3. The following lemmas
allow to apply theorems formulated in that chapter to Problem Py, .

Lemma 5.26. If operator C satisfies assumptions H(C) (a)—(f) then the operator
A satisfies assumptions H(A)3 with the function a(t) = \/5||a0(t)||Lz(Q) and
the constants b = /2a;, my = mc and L, = Le. If operator C satisfies
assumptions H(C) (a)—(g) then the operator A satisfies assumptions H(A)4-in
particular H(A), with the function a(t) and the constants defined above. If the
operator C satisfies assumptions H(C) (a)—(e) and moreover it does not depend on
time explicitly, namely C(x,t, &) = C(x, €), then the operator A satisfies H(A), with
the constants a = \/5||a0||L2(9), b=2a,B=y=0m =mcandm, = 0.

Lemma 5.27. If the operator G satisfies assumptions H(G) then the operator B
satisfies assumptions H(B).

Lemma 5.28. If the function p satisfies assumptions H () then the functional J

satisfies assumptions H(J )| with the constants ¢ = S «/zcﬂ max{1, /meas ;—1(13)}
and msy = SA.

Lemma 5.29. The operator ( satisfies assumption H(t).

Proof. Lete € (0,1). Then V C H'™*(£2) and the embedding i: V — H'™*(R2)
is compact. The trace operator y; : H'™%(2) — H %_5(1"3) is linear and
continuous and, finally, the embedding j : H%_g([}) — L*(I3:RY) = U is
also linear and continuous. Thus ¢ = j o y; o is linear, continuous and compact.
Moreover the spaces V' C H'7(£2) C V* satisfy assumptions of Proposition 5.11
so the embedding M2'2(0,T; V,V*) C L*(0, T;Hl_g(.Q)) is compact. Since
the embedding L?(0,T; H'™%(£2)) C U is continuous the Nemytskii operator
corresponding to ¢ is compact. O
Lemma 5.30. The space U satisfies assumption H(U).

Proof. As in the proof of Lemma 5.29 we take ¢ € (0, %). Since the embedding
V C H'"#(£2) is compact and H'™¢(£2) C H is continuous, we can apply the
Ehrling Lemma (cf. Lemma 3.1.3 of [18]). Thus for any ¢ > 0 there is C(g) > 0
such that forallv € V

[Vl 1= (@) < ellvll + C(e)[v]. (5.92)
Using notation from the proof of Lemma 5.29, we have for allv € V'
lewllo =1lj o VIU”H‘*S(.Q) = C||U||H1*€(Q),

with ¢ > 0. This together with (5.92) completes the proof. O

From Lemmas 5.26-5.30, we have the following
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Corollary 5.31. If the assumptions H(C), H(G) (a)—(e), H(u) and Hy hold, then
the statements of Theorem 5.19 and Theorem 5.21 are valid. Moreover if H(G) (f)
holds and

@ > 28V/2¢c, max{1, y/measq— (I3)}c||>

and
me > SA|d|*
then so is the statement of Theorem 5.24. Moreover if H(G)(g) and H(f), hold

then so is the statement of Theorem 5.25.

We note that Theorems 5.24 and 5.25 are the starting points to derive the error
rate for the concrete discretization method. In particular let V" be the space of
continuous piecewise affine functions, that is,

Vh =" e [C)) : v e [PU(T))Y YT eT", v" =00n I, v" =00n I3},

v

where §2 is assumed to be a polygonal domain, T" denotes a finite element
triangulation of £2, and P, (T) represents the space of polynomials of total degree
less or equal to one in 7. Then we have following two corollaries.

Corollary 5.32. Let assumptions of Theorem 5.24 hold and let u and u" be
solutions of Problems (P3) and (Ph3), respectively. Then, under the regularity
condition

wu' € L*(0,T: HX(2:RY), u, € L*(0.T: H*(I'::RY)),
we have
lu—u"lc.rvy + lie— i llco.r:my + i — i lly < ch, (5.93)

with ¢ > 0.

Proof. For any u € V we have the approximation properties

inf (u—v"|| < chllull 2oy,
vheyh

inf |u—v"| < ch?||ull y2(g:pey.
vheyh ’

. } 2
hlglf/h e = v7 | L2qrymey < ch™llue |l 2 ryrays
v

W — 0" |3 < ch?, (5.94)
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with ¢ > 0. Taking in (5.68) the function v" defined by v"(t) = IT"u(t) for all
t € (0, T) and using the inequalities above we obtain (5.93). O

Corollary 5.33. Let the assumptions of Theorem 5.25 hold and let (u,w,n) and
({uhk n—0 {whk ,le ot S,’jk}fyzo) be solutions of Problem (P3) and (P,fh), respec-
tively. Then, under the regularity conditions

ue CY 0, T; H}(2:R)) N H*0,T; H), w, € C(0,T; H*(I';;RY)),
we have

max {||u,1 — uhk|| + W, — whk|} <c(h+k), (5.95)

1<n

with ¢ > 0.
Proof. We have the following approximation properties of the finite element

space V":

— <
13?11"%3210 [l U < Ch”””C(OTHZ(Q]Rd))v

f — <
1r<I}1a<Xthl£V W U | < ch® lullcr0.7;52(2:R4))

h
ILT;ZLXN Uhlgfz [Wne — Um||L2(r3,JRd) = ch? ”WIHC(O T;H2(I3;R4))

where ¢ > 0. Moreover, from the definition of the finite element interpolation
operator I1 h it follows that

h
luo — ug|l < chllullco,r;m2@:rd))

/ 2
lwo —wol < ch™lullcro.r;m2(2:r4))»

N
k Z (|Wj - 8W1|2) = Ckz”“”iﬂ(o,r;ﬂ)
j=1

and

| N

2wy == v =V )P < Rl

j=1

Using the above properties we obtain (5.95) from (5.74). O
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Chapter 6
Some Extragradient Algorithms for Variational
Inequalities

Changjie Fang and Shenglan Chen

Abstract We present some extragradient algorithms for solving variational
inequalities including classical variational inequality, multivalued variational
inequality and general variational inequality. The global convergence of the
proposed method is established, provided the mapping is continuous and
pseudomonotone. Preliminary computational experience is also reported.

Keywords Variational inequality ¢ Single-valued mapping ¢ Multivalued
mapping ¢ Extragradient method ¢ Pseudomonotone ¢ Epiconvergence

AMS Classification. 47H04, 47H10, 49J40

6.1 Introduction

It is well known that many problems in nonlinear analysis and optimization can be
formulated as the variational inequality problem. Variational inequalities theory has
been witnessed to relish an explosive growth in theoretical advances, algorithmic
development and applications across all disciplines of pure and applied sciences,
see [1,4,5,8-11,13,15,17-20,22,23,25-27,29,31] and the references therein.

In 1966, Hartman and Stampacchia [16] introduce the classical variational
inequality, denoted by VI(A4, K): to find x* € K such that

(A(x™),y —x*)>0 Vyek, (6.1)

where K is a nonempty closed convex set in R?, 4 : K — R is a single-valued
mapping, and (-, -) and || - || denote the inner product and norm in R¢, respectively.
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Projection-type algorithms have been extensively studied in the literature; see
[7,8,11,13,18,21,28-30]. An important projection algorithm for solving variational
inequality problem (6.1) is the Extragradient Method proposed by Korpelevich [21];
see also [9]. Given the current iterate x;,calculate

yi = Px(xi — t1A(x;)), (6.2)
Xiy1 = Pg(xi —tAi)), (6.3)

where 7 is a positive parameter. In [21], there is the need to calculate two projections
onto K, and convergence is proved under the assumption of Lipschitz continuity
and pseudomonotonicity of A. We note that the projection onto a closed convex set
K is related to a minimum distance problem. If K is a general closed convex set,
this might be computationally expensive. To overcome the difficulty, [27] suggests
a projection method for solving the variational inequality problem. In [27], the
next iterative point is the projection of the current iteration onto a hyperplane
which separates strictly the current iteration from the solution set of the variational
inequality problem; see also [17]. Paper [8] proposes the subgradient extragradi-
ent algorithm for the single-valued variational inequality in which the Lipschitz
continuity assumption is required; see also [7]. Various algorithms for solving the
multivalued variational inequality have been extensively studied in the literature
[4,5,10-12,14,22-25,30]. The well-known proximal point algorithm [23] requires
the multivalued mapping 7" to be monotone. Li [22] proposes a projection algorithm
for solving a multivalued variational inequality with pseudomonotone mapping in
which choosing w; € T'(x;) requires solving a single-valued variational inequality.
Fang [10] presents a double projection algorithm, which is an improvement of the
algorithm in [22], so that w; € T'(x;) can be taken arbitrarily. In [10], the hyperplane
strictly separates the current iterate from the solution set of the variational inequality
problem. However, choosing the hyperplane needs computing the supremum in this
algorithm, and hence is computationally expensive. To overcome this difficulty,
Fang [11] introduces an extragradient algorithm for solving multivalued variational
inequality in which computing the supremum is avoided. In this method, the next
iterate is a projection onto the feasible set K.

In this chapter, we present some extragradient algorithms for solving variational
inequalities. In our method, the current iterate belongs to the set K; which
epiconverge to the feasible set K, and the next iteration is the projection onto the
intersection of the hyperplane and the set K, ;. In addition, our Armijo-type line
search procedure is also different from those in [10, 11, 14, 17,22,27]. We obtain
the global convergence of the generalized iteration sequence, assuming that A is
pseudomonotone on K with respect to the solution set. We also present numerical
results of the proposed method.

This chapter is organized as follows. In Sect.6.2, we present the algorithm
details, some lemmas and preliminary results for convergence analysis for the
classical variational inequality. In Sect. 6.3, we suggest the algorithm details for the
multivalued variational inequality. The main results for convergence analysis is also
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provided. Section 6.4, we establish convergence results of algorithms for solving
the general variational inequality. Numerical results are reported in the last section.

6.2 The Classical Variational Inequality

In this section, we study the extragradient method for solving the variational
inequality problem (6.1). We first recall some basic concepts and lemmas.

A is called pseudomonotone on K in the sense of Karamardian [19], if for any
x,y ek,

(Ap),x—y)=0 = (A(x),x—y)=>0.

Let S| be the solution set of (6.1), that is, those points x* € K satisfying (6.1).
Throughout this chapter, we assume that the solution set S; of the problem (6.1) is
nonempty and 4 is pseudomonotone on K with respect to the solution set Sy, i.e.,

(A(y),y —x)=>0 VyeK, VxelS. 6.4)
The property (6.4) holds if A is pseudomonotone on K.

Let Pk denote the orthogonal projection onto K and let ;o > 0 be a parameter.

Proposition 6.1. x € K solves the problem (6.1) if and only if
Fu(x) :=x —Pg(x — pA(x)) =0.
Lemma 6.2 ([32]). Let K be a closed convex subset of R4, For any x,y € RY and

z € K, the following statements hold:

(i) (x —Pg(x),z—Pg(x)) <0.
(ii) |Px(x) —=PxI* < llx = y|I> = IPx (x) —x + y = Px (»)|I-

Following [26], we denote by NCCS(IR?) the family of all nonempty, closed and
convex subsets of RY. Let {K;} be a sequence of sets in NCCS(RY).
For any x € R?, and . > 0, we denote

ri(x) 1= x — Pk, (x — pA(x)).

The proof of the following lemma is similar to that of Lemma 3.1 in [6]. For the
sake of completeness, we provide the proof.

Lemma 6.3. For any x € R? and ju > 0,

min{1, phlir{ )| < [, (Ol < max{l, phlir{ (). (6.5)
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Proof. Suppose that iy > > 0. We first prove that
BLyr, ol < ek, @l < I, (ol (6.6)
w2 = M = Mua : :

i
ol
=

T, GOl

Letc then we only need to prove that

Moo <1 6.7)

H2
Since x — rLl (x) = Pk, (x — 1 A(x)), it follows from 6.2(i) that
(= (=7, (). x = A — (=1l () <0.Vy e K (68)
Since x —r,, (x) € K;, by (6.8), we have
(0 = Pl (0) = (6 = 7, (), % = A) = (x =, (1)) <0,

ie.,

(r}’;l (x)— r/iz(x), rf“ (x) = A(x)) <0. (6.9)
Similarly, we have

(1l (X) = 7 (%), 7y, (%) = 2 A(x)) < 0. (6.10)

Multiplying (6.9) and (6.10) by u, and w,, respectively, and then adding them, we
get

(ri, () = rl, (), parfy (%) = puarl, (X)) <0
and consequently
pllry, COIP + pallry, GO < (a + p2)(ry,, (), 74, (). (6.11)
Using the Cauchy—Schwarz inequality, by (6.11), we obtain
pallr, O+ allry, (N < G+ ) llrg, Gy, (GOII- (6.12)
Dividing (6.12) by [Ir},, (x)||*, we have
p + pac® < (1 + po)e

and thus (6.7) holds. From (6.6), it is easy to see that (6.5) holds. O
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Definition 6.4 ([2]). Let K and {K;} be sets in NCCS(R?). The sequence {K;} is
said to epiconverge to K (denoted by K; Lk )if

(i) for every x € K, there exists a sequence {x;} such that x; € K; foralli > 0,
and lim; o X; = X;
(i) x;; € K;; forall j > 0 and lim;_c X;; = x imply x € K.

Proposition 6.5 ([26]). Let K and {K;} be a set and a sequence of sets in
NCCS(R?), respectively. If K; P K and lim; 00 X; = X, then

'lim PK,. (Xi) = PK(X).

Algorithm 6.6. Let {K;} be a sequence of sets in NCCS(R?) such that K; Z K.
Choose x1 € Ky and two parameters 0,0 € (0,1). Seti = 1.

Step 1. Let k; be the smallest nonnegative integer k satisfying
YHIIAG) — APk, (xi — yE A | < ollrf (i)l (6.13)
Set n; = 0% and
yi = Pk, (xi — ni A(x;)).
Step 2. Compute x;+1 := Punk, 4, (Xi — ni A(y;)), where
H; :={x e R? : ((x; — ; A(x;)) — yi. x — y;) < O}.

Leti :=1i + 1 and go to Step 1.

Remark 6.7. In view of Lemma 6.2(i) and the definition of H;, we have
VxeK;, (xi—nAxi)—yi,x—yi) <0.

Therefore, K; C H;.
First we show that Algorithm 6.6 is well defined and implementable.

Proposition 6.8. Suppose that K; < K for all i > 0. Then there exists a
nonnegative integer k; satisfying (6.13).

Proof. 1If ré,,o (x;) = 0 for some ny > 0, we take k; = n( which satisfies (6.13).
Assume now that r},, (x;) # 0 for some n; > 0. Suppose for all k and y, =
,PKi (Xi - HkA(x,-)),

0411 ACx) — Ao > allre (I,
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i.e.,

o .
[ACx) — Ayl > e—kllrék(xi)ll
> o inf1 Qk i
2 gemin{L, 0% [ry (x|
= ollr (x). (6.14)
where the second inequality follows from Lemma 6.3 and the equality follows from
6 € (0,1) and £k > 0. Since Pk; (+) is continuous and x; € K;, yr = Pk, (x; —
0% A(x;)) — x; (k — 00). Since rgn (x;) # 0, it follows from Lemma 6.3 that
0 < [Irgm (eIl < max{1, 0" }[r{ (x)|| = [Ir{ ()],
where the last equality follows from 8”1 < 1. Letting k — oo in (6.14), we have
0= A(x:) = AGx) | = o lri(x)]| > 0.
This contradiction completes the proof. O
Lemma 6.9. Suppose that S1 C K; C K foralli > 1, that K; x K, and that the
assumption (6.4) holds. Let {x;} be the sequence generated by Algorithm 6.6 and let
x* € Sy. Then
i1 = X7 < flei = x* 12 = (1 = a7 | () |1 (6.15)
Proof. Since x* € S}, it follows from assumption (6.4) that
(A1), yi —x*) = 0.
Thus,
(Ai), xit1 = x*) = (A, Xi+1 = Yi)- (6.16)
By Step 2, we have
(Xi+1 = yi, (xi =1 A(x;)) — i) 0.
Therefore,
(Xie1 = yi (xi =i AQyi)) — yi) = (Xip1 — Yi, Xi = 0 A(x;) — yi)
+ i (xig1 — yi. A(x;) — A(yi))
< ni{Xit1 — yi, A(xi) — A(yi)). (6.17)

Denoting z; = x; — 1; A(y;), we obtain
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i 41 = x* |7 = | Pn, 4, (@) — x|
= (Punkip @) =z + 2 = X Pujnkig, (@) — 2z + 2 — X7)
= ”Zi - x*”2 + ”Zi - PHiﬂK;+1(Zi)||2

+ 2{Pu;nk; 40 (@) — iz — x%).
Since
2”Zi - PHiﬂKi+1 (Zl‘)”2 + 2<,PHI-DK,~+1 (Zi) —Ziy 3 — x*)
= 2(zi = Punki41 @), X = Prinki4 (@) <0,

we have

lzi — PH;HK;+1(ZI)||2 + 2(Punkig, (@) —zinzi —x%) < =z — Prink, @)%

Therefore,

i1 — x* 1> < llzi = x*II” = llzi = Prnk,y, @)1
=i = mAi)) = x> = 1(xi — 0 A1) — Prinkis, @)
= [lxi = x> = [l — xiga 1> 4 20 (x* = x40, A1)
< lxi = x 117 = llxi = xi 117 + 205 (v — xi41. Ai)),

where the last inequality follows from (6.16). Hence,

i1 = X117 < llxi = x 17 = llx = xiga 7 + 20 (v — xi41. A(2))

= |lxi = x> = (xi — yi + yi — Xit1. Xi — Vi + yi — Xit1)
+2ni{yi — Xi+1, A(y:))

= [lx; — X*||2 —lxi — yi||2 — lyi = xi41 ||2
+ 2{xi41 — yi, xi — 0 A(Yi) — yi)

<l = x*1P = lxi = yil> = Iy = xia |1
+ 2ni {xi41 — yi, A(xi) — A(yi))

< i = x* 1 = llxi = yill> = lyi = x|
+20|xi41 — yillllxi — yills (6.18)

where the second inequality follows from (6.17) and the last one follows from the
Cauchy—Schwarz inequality and (6.13).
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Since
(ollxi = yill = lIxi+1 — )’z‘||)2
= 02||Xi - yi||2 =20 |Ixi41 = Yyilllxi = yill + lyi — xi+1 ||2
z O’
we obtain
20 | xi41 = yillxi = yill < ollxi = yill> + lyi — ximall>. (6.19)

Combining (6.18) and (6.19), we get

[xi41 — x*1> < [l — x> = (1 = ) ||lx; — yi|?

=[x = x*|> = (1 = ?)|Ir}, (x> (6.20)

By Lemma 6.3,
7y, eIl = min{L, g3 llr{ Gl = mellrg () - (6.21)
It follows from (6.20) and (6.21) that (6.15) holds. O

Theorem 6.10. Suppose that Sy C K; C K foralli > 1, that K; & K, and that
the assumption (6.4) holds. If A : K — R? is continuous on K , then the sequence
{x;} generated by Algorithm 6.6 converges to a solution X of the problem (6.1).

Proof. Let x* € S;. Since 0 < o < 1, we have (1 — 02) € (0, 1). It follows from
Lemma 6.9 that

(L=oPn7 I Ce)ll? < i — x* |17 = x40 — x|

It follows that the sequence {||x;1; — x*|?} is nonincreasing, and hence is a
convergent sequence. Therefore, {x;} is bounded and

0= (1 =o)Rlri)l? < Il = x™ |7 = xier — x| = 0 as i — oo,
which implies that
fim 7 |r{ (xi)l| = 0. (6.22)
1—>00
We consider two possible cases. Suppose first that limsup;_, ., 1; > 0. Then,
by (6.22), liminf; . ||r1(x;)]| = 0. Since {x;} is bounded, by the continuity of

A, there exists an accumulation point X of {x;} such that ri(x¥) = 0, i.e., X is a
solution of the problem (6.1). We show next that the whole sequence {x; } converges
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to X. Replacing x* by X in the preceding argument, we obtain that the sequence
{llx; —X||} is nonincreasing and hence converges. Since X is an accumulation point
of {x;}, some subsequence of {||x; — X||} converges to zero. This shows that the
whole sequence {||x; — X||} converges to zero, hence lim; . X; = X.

Suppose now that lim; ., 7; = 0. By the choice of 7;, we have, for all k; > 1,

IA(x;) — A(Pk, (xi — 05 A(x)|| > %”xi — P, (xi — 057 A(x)) |
= o I o)
> ollri ()l
where the second inequality follows from Lemma 6.3. Therefore,
14Cx:) = A(Px, (xi = 07 'n; A > o[l (). (6.23)

Let X be any accumulation point of {x; } and {x;, } be the corresponding subsequence
converging to X. It follows from (6.23) that

IACxi;) — A(Px;, (xi; — 6~ i, ACi ) > o llry (xi)l. (6.24)
Letting j — o0, by Proposition 6.5 and the continuity of A, we have
0=[A4F) - A®) | z o).

Therefore, r;(X) = 0. This implies that X solves the variational inequality (6.1).
Similar to the preceding proof, we obtain that lim; , X; = X. O

Algorithm 6.11. Let {K;} be a sequence of sets in NCCS(R?) such that K; XK.
Choose x1 € Ky and two parameters 0,0 € (0,1). Seti = 1.

Step 1. Let k; be the smallest nonnegative integer k satisfying
0411 Axi) — A(Px; (xi = 65 A < ollrge (x))- (6.25)
Set n; = 6% and
yi = Pk, (xi — ni A(x;)).
Step 2. Compute
Xi1 = Pk, (xi —ni A(yi)). (6.26)

Leti :=1 + 1 and go to Step 1.
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First we show that Algorithm 6.11 is well defined and implementable.

Proposition 6.12. Suppose that K; C K for all i > 0. Then there exists a
nonnegative integer k; satisfying (6.25).

The proof is similar to that of Proposition 6.8, and it is omitted.

Lemma 6.13. Suppose that S; C K; C K foralli > 1, that K; & K, and that
the assumption (6.4) holds. Let {x;} be the sequence generated by Algorithm 6.11
and let x* € S1. Then

i1 = X[ < floei = x* 1> = (1 = )7 | () |1
Proof. Since x* € Sy, it follows from assumption (6.4) that

(A(yi),yi —x*) = 0.

Therefore,

(Ai). Xig1 — x*) = (A, Xiv1 — Vi)

Since x; 4+ € K;, it follows from (6.26) and Lemma 6.2(i) that

(Xig1—yi, (xi =i A(x;)) — yi) < 0.

Thus,

(Xig1 = Yio i =i AYi)) — i) = (Xit1 — yi, Xi — 0 A(x;) — yi)
+ ni{xXig1 — yi, A(xi) — A(yi))
< Mi(Xit1 — yin A(x;) — A(yi))-

The rest of the proof is similar to that of Lemma 6.9 with Py, ;. , replaced by P,
and we omit the detail. O

Theorem 6.14. Suppose that Sy C K; C K foralli > 1, that K; & K, and that
the assumption (6.4) holds. If A : K — R? is continuous on K, then the sequence
{x;} generated by Algorithm 6.11 converges to a solution x of (6.1).

The proof is similar to that of Theorem 6.10, and it is omitted.
If K; = K for all i, then the above two algorithms become the following method
for solving the variational inequality problem (6.1).

Algorithm 6.15. Choose xy € K and two parameters 6,0 € (0,1). Seti = 1.

Step 1.  Let k; be the smallest nonnegative integer k satisfying

0411 ACxi) — AP (xi — 8 AC)))I| < o llrge (xi) .
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Set n; = 0% and
yi = Pr(xi —ni A(x;)).

If ry, (x;) = 0, stop.
Step 2. Compute

Xig1:= Px(xi =i A(y:)).

Leti ;=1 + 1 and go to Step 1.

As a consequence of Theorem 6.10 or 6.14, we have the following convergence
result.

Theorem 6.16. If A : K — R? is continuous on K and the assumption (6.4) holds,

then the sequence {x;} generated by Algorithm 6.15 converges to a solution X of the
problem (6.1).

Remark 6.17. In [21], the mapping A is required to be Lipschitz continuous and
pseudomonotone. In Theorem 6.16, the mapping A is assumed to be continuous.
Since the assumption (6.4) is weaker than pseudomonotonicity, our assumptions of
the mapping A are more general.

6.3 The Multivalued Variational Inequality

We consider the following multivalued variational inequality, denoted by
MVI(A, K): find x* € K and w* € A(x™) such that

(w*y—x")>=0 VyeKk, (6.27)

where K is a nonempty closed convex setin R?, and 4 : K — 2&" is a multivalued
mapping.

Let us recall the definition of a continuous multivalued mapping. A is said to be
upper semicontinuous at x € K if for every open set V' containing A(x), there is an
open set U containing x such that A(y) C V forall y € K NU. A is said to be
lower semicontinuous at x € K if given any sequence x; converging to x and any
y € A(x), there exists a sequence y; € A(xy) that converges to y. A is said to be
continuous at x € K if it is both upper semicontinuous and lower semicontinuous
at x. If A is single-valued, then both upper semicontinuity and lower semicontinuity
reduce to the continuity of A.

A is called pseudomonotone on K, if for any x, y € K,

(v,x —y) >0 for some v € A(y) = (u,x —y) > 0 for all u € A(x).
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Let S, be the solution set of the problem (6.27), that is, those points x* € K,
w* € A(x*) satisfying (6.27). Throughout this chapter, we assume that the solution
set S, of the problem (6.27) is nonempty and A is continuous on K with nonempty
compact convex values satisfying the following property:

w,y—x)>0 VyeK,we A(y), x € 5,. (6.28)

The property (6.28) holds if A4 is pseudomonotone on K.
Proposition 6.18. x € K and w € A(x) solve the problem (6.27) if and only if

Fu(x,w) :=x —Pg(x —puw) =0.
For any x € RY, w € A(x) and u > 0, we denote
rL(x,w) =X — Pk, (x — puw).
Lemma 6.19. Forany x € R, w € A(x) and j1 > 0,
min{1, g} |7} Ce, w) || < 7y, (e, w)l| < max{1, u}|[ri (x, w)l].
The proof is similar to that of Lemma 6.3.

Algorithm 6.20. Let {K;} be a sequence of sets in NCCS(R?) such that K; Z K.
Choose x1 € Ky and two parameters 0,0 € (0,1). Seti = 1.

Step 1.  Choose u; € A(x;) and let k; be the smallest nonnegative integer k
satisfying

vi € A(Pk, (xi — 6%uy)), (6.29)
OFlu; — vill < ol Gy up) - (6.30)
Set n; = 6% and
Vi = Pk, (xi — niu;).
Step 2. Compute x;+1 := Pu;nk, 4, (x; — n;v;), where
H; = {x eR?: (x; —nju; — yi,x — y;) <O}

Leti ;=1 + 1 and go to Step 1.
The following proposition shows that Algorithm 6.20 is well defined.

Proposition 6.21. Suppose that K; C K for all i > 1. Then there exists a
nonnegative integer k; satisfying (6.29) and (6.30).
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Proof. If ré,lo (x;,u;) = 0 for some ny > 0, we take k; = ng and v; = u; which
satisfy (6.29) and (6.30).

Assume now that rj,, (x;,u;) # 0 for some n; > 0. Suppose for all k and all
v € A(Pk, (x; — 0% u;)),

0 llui = vll > o llrge (xi, u) ),
i.e.,
o .
s =l > o llrge Cei i)l
g . k(i
= Q—kmln{l»e Hiry CGeiu) |l
= o|lry (xi, )|,
where the second inequality follows from Lemma 6.19 and the equality follows from
0 € (0,1) and k > 0. Since Pk; (+) is continuous and x; € K;, Pk, (x; — 0%u;) — x;
(k — 00). Since A is lower semicontinuous, u; € A(x;) and Pk, (x; — 0% u;) — x;
(k — 00), there is vy € A(Pk, (x; — 0%u;)) such that vy — u; (k — 00). Therefore,
lu; — vl > o||ri(xi u)|| Yk (6.31)
Since rénl (x;,u;) # 0, it follows from Lemma 6.19 that
0 < [I7gm (i, )| < max{1, 0" }|lrf (i, i) || = [l Cxi, ),
where the last equality follows from 6" < 1. Let k — oo in (6.31), we have
0= llu; —will = ollrj(xi,u)l > 0.

This contradiction completes the proof. O

Lemma 6.22. Suppose that S, € K; C K foralli > 1, that K; eﬁi K, and that
the assumption (6.28) holds. Let {x;} be the sequence generated by Algorithm 6.20
and let x* € S,. Then

i1 = x* 17 < flaei = x* 17 = (1= )7 | (i, i) |1 (6.32)

Proof. Since v; € A(y;) and x* € S,, it follows from assumption (6.28) that

(vi,y; —x*) > 0.
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Therefore,
(i, X1 = x%) = Vi, Xip1 — i) (6.33)
In view of Step 2, we have
(Xit1— yi,xi —niu; — i) < 0.
Thus,
(Xit1 = Yio Xi = mivi — yi) = (Xig1 = yi, Xi — mitti — Yi)

+ ni{Xit1 — yi, ui — vi)
< Mi{Xit1 — yisup — ;). (6.34)

Denoting z; = x; — n;v;, we have

Ixi 41 = X* 1> = 1Prnki g, @) — ¥
= (Puinki4 @) — 2 + 2 — X" Punk,y, @) — 2 + 20 — X¥)
= ”Zi - x*”2 + ”Zi - PHiﬂKi+1(Zi)||2

+ 2(Pu;nkig, (@) — zinzi — X°).

Since

2llzi — Prinkis @I + 2{Prink,y @) —zi 20 — x¥)
= 2(zi = Prnki 4, (@), X = Prink, 4, (@)

<0,
we obtain
lzi = Prnkis, @I + 2(Punkiy, @) — 2002 — %) < —llzi — Puynkiy, @)
+ + +

Hence,

A

2 2 2
i1 — X7 < llzi = x*1° = llzi — Prink4 @)l
= [l = mivi = x*[* = l|xi = nivi = Prng g, @)1

= |xi = x 2 = llxi = xip1|1* + 20 (x* = xig1, 07)

A

i = 12 =[x = xia 1 4 20 (i = X1, ),
where the last inequality follows from (6.33). Therefore,

[l +1 —X*||2 < |lx; —X*||2 — [Ix; —)Ci+1||2 + 20 (yi — Xi41,v;)
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= | = X2 = (X — yi + i — Xig1, Xi — Vi + Vi — Xig1)
+ 20 (yi — Xig1, i)

2 2
1= = llyi = xi1ll

= [l = x* > = i — yi
+ 2{Xi41 — Yin Xi — Mivi — Yi)

< = x* 12 = llxi = yill> = lyi = X1
+ 2ni{Xi41 — yi,wi — ;)

< [lxi = x* 11> = Iy, e u) I = lyi — xi1 ]I

+ 20 |lxi 41 = yillllry, (i ud)l, (6.35)

where the second inequality follows from (6.34) and the last one follows from the
Cauchy—Schwarz inequality and (6.30).
Since

20| xi41 = Yillllry, Ceis u) | < 027y, Gy ) |12 + 11y = i |17, (6.36)
by combining (6.35) and (6.36), we have
i1 = x*|1 < llxi — x> = (1 = o) Iy, (xi 7)1 (6.37)
By Lemma 6.19,
7, Ceis ) | = mind 1, mi g (i, ) | = mallry G, wa)- (6.38)
It follows from (6.37) and (6.38) that (6.32) holds. O

Theorem 6.23. Suppose that S, € K; C K foralli > 1, that K; & K, and that
the assumption (6.28) holds. If A : K — 2R is continuous with nonempty compact
convex values on K, then the sequence {x;} generated by Algorithm 6.20 converges
to a solution X of the problem (6.27).

Proof Let x* € S,. Since 0 < o < 1, we have (1 — ¢?) € (0, 1). It follows from
Lemma 6.22 that

0 < (1 —oM)nr (i u)|* < lxi — x> = xi41 — x| (6.39)

Thus, the sequence {||x;4+; — x*||?} is nonincreasing, and hence, it is a convergent
sequence. Therefore, {x;} is bounded. Letting i — oo in (6.39), we obtain

Tim n; {7y (x; )| = 0. (6.40)
1—>00

By the boundedness of {x; }, there exists a convergent subsequence {x;, } converging
to Xx.
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If X is a solution of the problem (6.27), we show next that the whole sequence
{x;} converges to X. Replacing x* by X in the preceding argument, we obtain
that the sequence {||x; — X||} is nonincreasing and hence converges. Since X is an
accumulation point of {x; }, some subsequence of {||x; —X||} converges to zero. This
shows that the whole sequence {||x; —X||} converges to zero, hence lim; o0 X; = X.

Suppose that X is not a solution of the problem (6.27). We show first that k;
in Algorithm 6.20 cannot tend to co. Since A is continuous with compact values,
Proposition 3.11 in [3] implies that {A(x;) : i € N} is a bounded set, and so the
sequence {u; } is bounded. Therefore, there exists a subsequence {u;; } converging
to u. Since A is upper semicontinuous with compact values, Proposition 3.7 in [3]
implies that A is closed, and so u € A(X). By the definition of k;, we have

05w — vll > o llrf— G u)|| Y v € APk, (xi — 05 wy)),
ie.,

(0} .
llu; — vl > W”rék{—l('xi»ui}”

o
91(,‘—1
=o|ri,u)ll Y ve APk (xi — 05 u), ¥ ki > 1,

> min{l,9ki_1}||r{(xi,ui)||

where the second inequality follows from Lemma 6.19 and the equality follows
from 6 € (0, 1).

If kij — 00, then by Proposition 6.5 and X € K, PKU (xi; — Qk"f_luij) — X.
The lower semicontinuity of A, in turn, implies the existence of #;; € A(PK,.j (xi; —

ki~ 7)) such that %;; converges to u. Therefore
||uij _ﬁi/' ” > O-”ri(xijs ul/)”
Letting j — oo, by Proposition 6.5 , we obtain the contradiction
0= olrEw)|*> 0.

Therefore, {k;} is bounded and so is {7;}.

By the boundedness of {n;} and (6.40), lim;_ o |7} (x;,u;)|| = 0. Since the
sequences {x;} and {u;} are bounded, it follows from Proposition 6.5 that there
exists an accumulation point (X, #) of {(x;, u;)} such that r; (X, %) = 0. This implies
that X solves the variational inequality (6.27). Similar to the preceding proof, we
obtain that lim; oo X; = X. ad

Algorithm 6.24. Let {K;} be a sequence of sets in NCCS(R?) such that K; LK.
Choose x; € K and two parameters 68,0 € (0,1). Seti = 1.
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Step 1. Choose u; € A(x;) and let k; be the smallest nonnegative integer
satisfying

vi € APk, (xi — 0% uy)), (6.41)
0% u; — vi | < o llriy, (xiup)- (6.42)
Set n; = 6% and
yi = Pk, (xi —niw;),
Step 2. Compute
Xiy1 1= Pg, (xi —n;iv;). (6.43)

Leti :=1 + 1 and go to Step 1.
First we show that Algorithm 6.24 is well defined and implementable.

Proposition 6.25. Suppose that K; C K for all i > 1. Then there exists a
nonnegative integer k; satisfying (6.41) and (6.42).

The proof is similar to that of Proposition 6.21.
Lemma 6.26. Suppose that S, € K; € K foralli > 1, that K; éz; K, and that
the assumption (6.28) holds. Let {x;} be the sequence generated by Algorithm 6.24
and let x* € Sy. Then
xien =17 < floei = x| = (1= o)nf |} (v ) |12
Proof. Since v; € A(y;) and x* € S, it follows from assumption (6.28) that
(vi,yi —x*) > 0.
Thus,
(i, X1 = x%) = Vi, Xip1 — i) (6.44)
Since y; € K;, it follows from (6.44) and Lemma 6.2(i) that
(Xi+1 = yi. (i = niug) — yi) 0.
Therefore,
(Xig1 = yi, (60 = mivi) = yi) = (Xip1 — Vi X0 — it — Yi)
+ ni{Xit1 — yi ui — v;)
< i (Xit1 — Yisui — ;). (6.45)
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The rest of the proof is similar to that of Lemma 6.22 with Py, nk, ., replaced by
Pk, and we omit it. O

Next we conclude the global convergence of Algorithm 6.24.

Theorem 6.27. Suppose that S, € K; € K foralli > 1, that K; & K, and that
the assumption (6.28) holds. If A : K — 2R is continuous with nonempty compact
convex values on K, then the sequence {x;} generated by Algorithm 6.24 converges
to a solution X of the problem (6.27).

Proof. We only need to show the result for the case in which X is not a solution of
the problem (6.27). The rest of the proof is similar to that of Theorem 6.23.

Suppose that X is not a solution of the problem (6.27). We show first that k;
in Algorithm 6.24 cannot tend to co. Since A is continuous with compact values,
Proposition 3.11 in [3] implies that {A(x;) : i € N} is a bounded set, and so the
sequence {u; } is bounded. Therefore, there exists a subsequence {u;; } converging
to u. Since A is upper semicontinuous with compact values, Proposition 3.7 in [3]
implies that A is closed, and so u € A(X). By the definition of k;, we have

05w = vll > o llrf—i G u)|l Y v € APk, (xi — 05 wy)),
ie.,

o .
llu; — vl > W”rék;—l(xi»ui)”
o

91(,‘—1
= o|lri G, u)|, ¥ ve APk, (xi — 05 wy)) Y ki > 1,

> min{1, 05 1|17l (x;, ;)|

where the second inequality follows from Lemma 6.19 and the equality follows
from 6 € (0, 1).

If kij — 00, then by Proposition 6.5 and X € K, PK,,j (xi; — Gk"f_luij) — X.
The lower semicontinuity of A, in turn, implies the existence of #;; € A(PK,.j (xi; —

ki~ 7)) such that %;; converges to u. Therefore
llui; =i | > ollry (i i)
Letting j — oo, by Proposition 6.5, we obtain the contradiction

0= 0|nE. 8> 0.
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Therefore, {k;} is bounded and so is {7;}. By the boundedness of {#;}, it follows
from (6.39) that

lim Ir{ (x;, &) = 0.
1—>00

Since the sequences {x;} and {u;} are bounded, it follows from Proposition 6.5
that there exists an accumulation point (X, u) of {(x;,u;)} such that r;(x,u) = 0.
This implies that X solves the variational inequality (6.1). Similar to the proof of
Theorem 6.23, we obtain that lim; o Xx; = X. O

6.4 The General Variational Inequality

Let K be a nonempty closed convex set in R?, 4 and / be single-valued mappings
from K to R¢ with nonempty values. We consider the following general variational
inequality problem (GVIP): find x* € K, h(x*) € K such that

(A(x*). h(y) —h(x*)) >0 VyeK. (6.46)

Definition 6.28. Let A and & be single-valued mappings from K to R? with
nonempty values.

(i) A is called h-pseudomonotone on K, if for any x, y € K,
(A(y). h(x) = h(y)) = 0 = (A(x), h(x) — h(y)) = 0.
(ii) h is a-strongly monotone with respect to one solution x € S, if for any x € K,
{h(x) = h(X),x = %) = ax =%

(i) h7' i RY — 2R g locally bounded on K, if it maps bounded subsets of K
into bounded sets.

For any x € K, and p > 0, we denote

R}, (x) := h(x) = P, (h(x) — pA(x)),
R, (x) := h(x) — Pg (h(x) — pA(x)).

Lemma 6.29. x € K solves the problem (6.46) if and only if
Ry (x) = h(x) — Pk (h(x) — pA(x)) = 0.
Lemma 6.30. Forany x € K and p > 0,

min{1, W | R} ()|l < 1R}, (x)]| < max{L, p}|| Ry (x)]].
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The proof is similar to the proof of Lemma 6.3.

Algorithm 6.31. Let {K;} be a sequence of sets in NCCS(R?) such that K; XK.
Choose x1 € Ky and two parameters 0,0 € (0,1). Seti = 1.

Step 1. Let k; be the smallest nonnegative integer k satisfying
0" | A(h(x:)) — A(Pk; (h(xi) — 0 Ax))I| < o || Ry (x| (6.47)
Set n; = 6% and
yi = Pk, (h(x;) — n; A(x;)).
Step 2. Find x; 11 such that h(x;+1) := Pu;nk, 4, (h(xi) — 1 A(yi)), where
H; = {x € Rt (h(x;) = mi A(h(x))) = h(y;). x = h(y;)) < 0}.

Leti :=1i + 1 and go to Step 1.

Let S;3 be the solution set of the problem (6.46), that is, those points x* €
K, h(x*) € K satisfying the problem (6.46). Throughout this chapter, we
assume that the solution set S3 of the problem (6.46) is nonempty and A is &-
pseudomonotone on K with respect to the solution set S3, i.e.,

(A(y),h(y) —h(x)) >0 VyeK,Vxesls. (6.48)

The property (6.48) holds if A4 is h-pseudomonotone on K.
First we show that Algorithm 6.31 is well defined and implementable.

Proposition 6.32. Suppose that K; C K for all i > 0. Then there exists a
nonnegative integer k; satisfying (6.47).

Proof. 1f Ré,,o (x;) = 0 for some ny > 0, we take k; = n(y which satisfies (6.47).
Assume now that Rénl (x;) # 0 for some n; > 0. Suppose for all k and y; =
Pr, (h(x;) — 0% A(x;)),
0 [ A(h(x:)) = Al > o || Rye (x|,
ie.,
O \pi
[A(R(x:)) — A(yi)|l > ﬁllRok(xi)ll
> 2 min{1, 6%} R} (x;)]
- ek k] 1 1

= 0| R (x)]. (6.49)
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where the second inequality follows from Lemma 6.30 and the equality follows
from 6 € (0,1) and k > 0. Since Pk, (-) and & are continuous and i (x;) € K;,
Vi = Pk, (h(x;) — 0¥ A(x;)) — h(x;) (k — o0). Since Rgni (x;) # 0, it follows
from Lemma 6.30 that

0 < [ R (x|l = max{1, 0" }[| R} (xi) | = [|R (x)]l,
where the last equality follows from 6" < 1. Letting k — oo in (6.49), we have
0 = [[A(h(x;)) = A(h(x)|| = || R} (x| > O,
being A continuous on K. This contradiction completes the proof. O
Theorem 6.33. Suppose that S3 C K; C K foralli > 1, that K; eﬁ K, and that

the assumption (6.48) holds. Let {x;} be the sequence generated by Algorithm 6.31
and let x* € S3. Then

I7(xi41) = h(xM)* < [h(xi) = h(x*)|* = A = a®)nf | Ry (x)|1*. (6.50)
Proof. Since x* € S3, it follows from assumption (6.48) that
(A(yi). h(yi) — h(x™)) = 0.
Thus,
(A(i). h(xi11) = h(x™)) = (A(yi), h(xi11) = h(yi)). (6.51)
In view of Step 2 of Algorithm 6.31, we have
(h(xi41) = h(yi), h(x;) — i A(h(x;)) — h(yi)) < 0.
Therefore,
(h(xi+1) —h(yi), h(x;) = n: A(yi)) — h(yi))
= (h(xi+1) —h(yi), h(x;) — n; A(h(x;)) — h(y;))
+ i (h(xit1) — h(yi), A(h(x;)) — A(y;))
< ni(h(xi+1) = h(y:), A(h(x;)) — A(yi)). (6.52)

Denoting z; = h(x;) — n; A(y;), we obtain

[17(xi41) — h(x*)|?
= |Pu;nk,4 (z) — (x|
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= (Punki @) — 2 + 2 —h(xX"), Pk, (@) — 2 + 2 — h(x™))
= ||Zl - h(X*)||2 + ||Zl _PHiﬂKi+1(Zi)||2
+ 2(Pu;nkiq, (@) — zinzi — h(x™)).

Since
2”Zi - PHiﬂKi+1 (Zi)||2 + 2<PHiﬂKi+l (Zi) T4 h(x*))
= 2(z; — PHiﬂKi+l(Zi)’ h(x*) — PHiﬂKi+l(Zi)) =0,
we obtain
2 = Pk @I+ 2(Prin, 4 @) = 2.2 = h(x™)
<—|lz — PH,-ﬂK[+1(Zi)||2'
Hence,

1A Cxi1) = h(x*)|?
< llzi = RGP = llzi = Py, @I
= [[(h(xi) = i Ai) = RO = 1 e (xi) = 0 A)) = Pryeki g @)1
= [|hCxi) = RO = (i) = hGaien)|1 + 20 (h(x™) = h(xi41), A(i))
< [1hCx) = h(™)IP = [1h (i) = R )1 + 20i (h(yi) = h(xi1), A)),

where the last inequality follows from (6.51). Therefore,

1A Cxi41) = (™)1
< lhCxi) = h(IP = 1) = h(xip DI + 20 (R(yi) — h(xi1), A(yi))
= |h(xi) = h(™) > = (h(xi) = h(yi) + h(yi) — h(xi 1), h(xi) — h(yi)
+ h(yi) = h(xi+1)) + 20 (h(yi) — h(xi41), A(i))
= [lhCxi) = RGP = 1h (i) = h)l> = 1h(yi) — h(xip) |1
+ 2(h(xi1) — h(yi), h(xi) — n: A(yi) — h(yi))
< h(xi) = RGP = 7)) = h(yo) P = 7)) — k(i)
+ 2n; (h(xi41) — h(yi), A(h(x;)) — A(yi))
< h(xi) = RGP = [h(a) = h(yo) I = 7)) — k(i)
+ 20 ||h(xi1) — Ry [I12(x;) = h(yi) . (6.53)
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where the second inequality follows from (6.52) and the last one follows from the
Cauchy—Schwarz inequality and (6.47).
Since

0 < (ollh(xi) —h()l — |h(xi1) — Ry = o*[|h(x;) — h(yi)||?
—20||h(xi41) — R Cx) — hi)ll + 1A (i) — bGP,

we have

20 ||h(xi+1) = h(y)IIIIA () = h(yi)|]
< o?||h(x;) — h() > + |h(yi) — h(xie0)|I- (6.54)

Combining (6.53) and (6.54), we have

A1) = R ()P < 1hG) = RGP = (1= o) h(xi) = k() |1?

= [|hCx;) = h(x)|? = (1 = o)) R, (xi)|1*- (6.55)

By Lemma 6.30,
1Ry, (xo)l = min{ 1 HI RS (o) || = mi | R (o). (6.56)
It follows from (6.55) and (6.56) that (6.50) holds. O

Theorem 6.34. Suppose that S; € K; C K foralli > 1, that K; > K, and that
the assumption (6.48) holds. If A, h : K — R? are continuous on K, h is a-strongly
monotone with respect to one solution of GVIP and h™' : R? — 2R g locally

bounded on K, then the sequence {x;} generated by Algorithm 6.31 converges to a
solution X of (6.46).

Proof. Let x* € S3. Since 0 < o < 1, we have (1 —o?) € (0, 1). It follows from
Theorem 6.33 that

(1= o)FIR ) < Nh(xi) = RO = A1) — RGP

Thus, the sequence {||/(x;+1) — h(x*)|?} is nonincreasing, and hence is a conver-
gent sequence. Therefore, {h(x;)} is bounded and

0<(1—o)n|R (x)]|*— 0 as i — oo,
which implies that

Jim n; | R (x;)]| = 0. (6.57)
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We consider two possible cases. Suppose first that lim sup;_, ., 7; > 0. Then, by
(6.57), liminf; o0 || RY (x;)|| = 0. Since A~ is locally bounded, it follows that the
sequence {x;} is bounded. By Proposition 6.5 and the continuity of A and 4, there
exists an accumulation point X of {x;} such that R{(X) = 0, i.e., X is a solution
of the problem (6.46). We show next that the whole sequence {x;} converges to X.
Replacing x* by ¥ in the preceding argument, we obtain that the sequence {|| & (x;)—
h(X)||} is nonincreasing and hence converges. Since X is an accumulation point of
{x;}, by the continuity of %, some subsequence of {||A(x;) — h(xX)|} converges to
zero. This shows that the whole sequence {||2(x;) — h(X)||} converges to zero. By
considering the strong monotonicity of & with respect to X € S, we have

0 <alx; —x*|| < ||Jh(x;) —h(x")] = 0 as i — oc.
This shows that the whole sequence {|x; — x*||} converges to zero, hence

lim; 500 X; = X.
Suppose now that lim; . 7; = 0. By the choice of 7;, we have, for all k; > 1,

_ o ;
IA(h(x;)) — A(Pk, (h(x;) — 05 A(xi))) || > W”ng,-—l (x)l
> of|R (i)l (6.58)
where the second inequality follows from Lemma 6.30. Let X be any accumulation

point of {x; } and {x;, } is the corresponding subsequence converging to X. It follows
from (6.58) that

1A (xi;)) = A(Pk;, (h(xi)) = 07" i, A > o |RY (xi).
Letting j — o0, by Proposition 6.5 and the continuity of A and /4, we have
0= [[A(h(x)) — ARG = o[ Ri ().

Therefore, R;(X) = 0. This implies that X solves the variational inequality (6.46).
Similar to the preceding proof, we obtain that lim; .0 X; = X. O

Algorithm 6.35. Let {K;} be a sequence of sets in NCCS(R?) such that K; Z K.
Choose x1 € Ky and two parameters 0,0 € (0,1). Seti = 1.

Step 1. Let k; be the smallest nonnegative integer k satisfying
O | A(h(x;)) = A(Pk; (h(x;) — 6* A < o || Ry (i)
Set n; = 6% and

yi = Pk, (h(x;) — n; A(x;)).
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Table 6.1 The number of s o1 To2 To3 Tos Tos
iteration under the different —
choice of o e=10 213 | 119 182 48 |39

e=10"° 142 | 81 |56 |34 |28
e=10"3 | 71 | 43 |31 |20 |17

Step 2. Find x| such that h(x;+1) := Pk, (h(x;) — 0 A(yi)).
Leti ;=1 + 1 and go to Step 1.

Remark 6.36. Convergence analysis of Algorithm 6.35 is similar to that of
Algorithm 6.31 and we omit it.

6.5 Numerical Experiments

In this section, we present some numerical experiments for Algorithm 6.20. The
MATLAB codes are run on a PC (with CPU Intel P-T2390) under MATLAB Version
7.0.1.24704(R14) Service Pack 1. The integers in Table 6.1 denote the number of
iterations. The tolerance & means when ||r, (x, w)|| < &, the procedure stops.

Example 6.37. Letd = 3,

d
K:={xeR{:) x =1}

i=1
and A : K — 2%’ be defined by
A(x) :={(t,t —x1,t —x2) : t €[0,1]}.

Then the set K and the mapping A satisfy the assumptions of Theorem 6.23 and
(0,0, 1) is a solution of the multivalued variational inequality. We choose K; =
K, 6 = 0.8 for our algorithm. We use (0, 1,0) € K as the initial point.

From the above table we observe that the larger o is, the smaller the number of
iteration.
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Chapter 7

Proximal Methods for the Elastography Inverse
Problem of Tumor Identification Using an
Equation Error Approach

Mark S. Gockenbach, Baasansuren Jadamba, Akhtar A. Khan,
Christiane Tammer, and Brian Winkler

Abstract In this chapter, we study a nonlinear inverse problem in linear elasticity
relating to tumor identification by an equation error formulation. This approach
leads to a variational inequality as a necessary and sufficient optimality condition.
We give complete convergence analysis for the proposed equation error method.
Since the considered problem is highly ill-posed, we develop a stable computational
framework by employing a variety of proximal point methods and compare their
performance with the more commonly used Tikhonov regularization.
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7.1 Introduction

Parameter identification inverse problems in partial differential equations are highly
ill-posed and regularization is often needed for an effective solution. Since these
problems can be solved most conveniently in an optimization setting, many authors
have relied on an optimization framework with variants of Tikhonov regularization
among the most widely used. For the tumor identification inverse problem (outlined
below), many optimization frameworks have been proposed (output least squares
(OLS) [25], modified output least squares (MOLS) [20], energy output least squares
(EOLS) [10], and equation error (EE) [8]), where the EOLS and OLS functionals
provide nonconvex frameworks and the MOLS and EE functionals provide a convex
approach.

For convex frameworks, smooth regularization gives a unique solution to the
associated variational inequality, which in turn is a necessary and sufficient opti-
mality condition for solving the inverse problem. For nonconvex frameworks,
the variational inequality is only a necessary condition, but a large enough reg-
ularization parameter can be chosen to ensure uniqueness. The downside of this
approach 1is that the choice of regularization parameter is largely heuristic and
can often introduce error through over-regularization. Thus the proper selection of
regularization parameter is of vital interest for practical applications.

Proximal methods are another approach to regularization that seem well-suited
for nonlinear inverse problem of parameter identification in partial differential
equation. Their general outline consists of the progressive replacement of a single
convex optimization by a sequence of strongly convex optimization problems.
However, from a theoretical point of view, the proximal approach differs from the
Tikhonov approach in one important aspect. For convex problems using Tikhonov
regularization, under suitable conditions, the regularized solutions are known to
converge to a minimal-norm solution. On the other hand, for proximal point
methods, no such characterization concerning the recovered solution is available
beforehand. Nonetheless, it is natural to ask whether proximal point methods can
be competitive to the more commonly used Tikhonov regularization for nonlinear
inverse problems. The use of the proximal methods will allow to put less emphasis
on the selection of an optimal regularization parameter. This work addresses this
issue for the tumor identification inverse problem for the first time.

We emphasize that besides testing proximal methods for a highly nonlinear
inverse problem of tumor identification, we present a new treatment of the equation
error approach which is shown to be stable under the H;-regularization. This is
in contrast with the earlier works on the equation error approach (studied only for
simpler PDEs) where the H, regularization have been used, see Acar [1].

7.1.1 Problem Background

In this work, we will employ the proximal methods for solving a nonlinear inverse
problem in linear elasticity relating to tumor identification. As an optimization
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framework, we use the so-called equation error approach. This inverse problem,
known also as the elastography or elasticity imaging inverse problem, arises from
a relatively new method for detecting tumors inside the human body using the
differing elastic properties between healthy and unhealthy tissue. In elastography, a
small external quasi-static compression force is applied to the body and the tissue’s
axial displacement field or overall motion are measured. A tumor can then be
identified from this measurement by recovering the tissue’s underlying elasticity.
Many researchers have proposed similar elastic imaging methods and some of the
details can be found in [2,4,5,9, 11,24,25] and the cited references therein.

The underlying mathematical model for the elastography inverse problem is the
following system of partial differential equations which describe an isotropic elastic
object’s response to known body forces and traction applied along its boundary:

—V.o=f inf2, (7.1a)
o =2ue(u) + Adivul, (7.1b)
u= fionlty, (7.1¢)

on = fyon 3. (7.1d)

The domain 2 is a subset of R? or R3 and 92 = Iy U I} is its Lipschitz boundary.
In (7.1), the vector-valued function u = u(x) represents the displacement of the
elastic object, f is the body force being applied, n is the unit outward normal, and
e(n) = %(Vu + Vu') is the linearized strain tensor. The stress tensor o and the
stress-strain law (7.1b) hold given the assumption that the elastic object is isotropic
and the displacement is small enough to maintain a linear relationship. The Lamé
parameters, i and A, represent the object’s variable elastic properties.

The direct problem in (7.1) is to find the displacement u when the functions fi,
f>, the coefficients © and A, and f are all known. For the elastography inverse
problem, we seek to find the parameter ; when a certain measurement z of the
displacement u is known. We note that the corresponding inverse problem for many
engineering applications is to find both p and A, which typically vary in a small
range (see [12, 19] and the included citations). However, given that the human body
is comprised of mostly water (an incompressible material) it follows that the tissue
under consideration is likewise nearly incompressible, i.e. A > u. Thus the tumor
identification inverse problem seeks to recover the parameter u alone.

To introduce the equation error concept, we first consider an exemplar elliptic
problem with suitable boundary conditions:

—V-(aVu) = fin £2. (7.2)

The output least-squares (OLS) approach for determining the parameter a consists
of minimizing the functional

Jors(a) = |lu(a) —z||”, (7.3)
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with z a measurement of u, || - || an appropriate norm, and where u(a) solves the
variational problem paired with (7.2). In contrast, the equation error (EE) method
for identifying @ would be to minimize the residual error between the left and right
hand sides of (7.2) given a measurement z of u:

1
Jeela) = SV - @V 2) + [l ) (74)

The OLS approach requires the solution of the weak form of (7.2) to obtain u(a)
for any evaluation of J,, a significant performance hit for most optimization
algorithms. The EE functional does not depend on u and therefore does not require
the solution of the underlying variational problem at any point, making it more
computationally appealing. We also note that the functional Jg; is quadratic in a.
Thus the minimization of Jgg reduces to the solution of a positive (semi-)definite
linear system after discretization, subsequently leading to a convex optimization
problem. However, the Vz term in J necessitates the differentiation of the
measured data, leaving the EE approach highly susceptible to noise. (See Acar [1],
Gockenbach and Khan [15], Al-Jamal and Gockenbach [3] for more on (7.2), and
Gockenbach et al. [16] for general elliptic inverse problems.) [7, 13, 14]

Given the advantages of the equation error approach, it is natural to extend it to
the tumor identification inverse problem. However, due to the near incompressibility
of human tissue as outlined above, standard finite element techniques become
ineffective for both the direct and inverse problems.

To better describe the difficulties associated with near incompressibility, we must
first introduce some notation. The dot product of two tensors 77 and 7, will be
denoted by 7 - 7>. Given a sufficiently smooth domain £2 C R?, the L?-norm of a
tensor-valued function 7 = 7°(x) is provided by

T = gy = [ 77 = [ (0 + 72+ 75+73).

Alternatively, for a vector-valued function u(x) = (u;(x), u2(x))", the L?-norm is
given by

s = ey = [ 2+ 1),
whereas the H'-norm by
2 2 2 2
lullzgn = Nl @) = lullzz + 1Vullz..

For the sake of simplicity, we take f1 = 0 throughout the following. The space
of test functions, denoted by V/, is then given by

V=@meH (R2)xH(Q): v=00nTI}. (71.5)



7 Proximal Methods for the Elastography Inverse Problem of Tumor Identification 177

Using Green’s identity and applying the boundary conditions from (7.1¢) and
(7.1d), we get the following weak form of (7.1): Find # € V' such that

/QZ,ue(ﬁ)-e(E)+/Q/X(divﬁ)(div5) =/in+/rzﬁf1, foreveryv € V.

o (7.6)
Continuing, we define ¥ : V x V' — R by

v (u,v) :/92;Le(ﬁ)-6(5)+/;2A(divﬁ)(div6).

Assuming that both @ and g+ A are bounded away from zero, it can be shown that
there are two positive constants ¥; > 0 and ¥, > Owith Yy < pand vy, > A +
such that

Vi|v|3 < W(U,0) < Yu|[0||%, foreveryv e V.

From the tissue’s near incompressibility, we have A > u, and thus the ratio
Y3 = Y/ is large. Yet, since the constant ¥ determines the error estimates (as
defined by Céa’s lemma), it follows that the actual error could easily outweigh the
optimal approximation error. This unfortunate situation is well known and has been
dubbed the “locking effect” (see Braess [6]).

A variety of approaches have been proposed to overcome the locking effect with
one of the most popular being the use of mixed finite elements, an approach which
we adopt in this work. By introducing a “pressure” term p € Q = L*(£2) with

p = Adivi, (7.7)

the weak formulation of (7.7) then becomes:
L 1
(divi)g — | —pg =0, foreveryqe Q. (7.8)
Q QA

Using (7.7), the weak form (7.6) then transforms into the following: Find % € V
such that

/2ue(ﬁ)~e(5)+/p(divﬁ):/fﬁ—i-/ vfi, foreveryveV, (7.9)
f7) 2 2 n

where p is also an unknown.

Thus we have moved from finding # € V fulfilling (7.6) to finding (@, p) €
V x Q satisfying both (7.8) and (7.9). Throughout the remainder of this chapter, we
will study this transformed problem within the ready framework of a saddle point
problem.
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The remainder of this chapter is organized into four sections. Section 7.2
introduces the equation error optimization formulation for the elastography inverse
problem and analyzes the method’s convergence. In Sect. 7.3, we present several
proximal point approaches for solving the optimization problem arising in Sect. 7.2.
Numerical examples and performance analysis are presented in Sect. 7.4, and we
conclude with a brief discussion of subsequent directions.

7.2 Equation Error Optimization Framework

In this section we introduce the equation error functional and consider the recovery
of the parameter . within an optimization framework along with an analysis of this
method’s convergence.

We define the sets

V={ueH (2):u=00nl},
172
V x L3%(2),

V=
V =
A={uelL®2): u>uin 2},

where (o > 0 is a given constant. For the analysis given below, we will also need
the space

Ve = Whe((R2) x L®(2)
with
lullvee = max {{[@lly1.c0. [| pll oo} .
where u = (u, p) € V°.

As detailed in Sect.7.1, the BVP described in Eq.(7.1) is equivalent to the
following saddle point problem: Find u = (@, p) € V such that

/2ue(ﬁ)-e(ﬁ)+/p(v-ﬁ):/f-ﬁ—i— fo-v forallv eV,
o) 2 fo) n

[ (V-ﬁ)q—/ lpq =0 forallg € L*(2).
o) ei
(7.10)

We define E; : L®°(R2)xV — V' and E, : V — L2(£2)* by
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El(p,,u)vz/ 2ue(ﬁ)-e(ﬁ)+/ p(V-v) forallveV,

2 2

1
E>(u)v =/ (V-ﬁ)q—/ —pq forallg € L*(R2),

Q oA

where u = (u, p). We also define m € Vv by

m(v)=[ fv+ | fo-v forallveV.

2 I

It is important to notice that, while we have defined E;(u, u) for u € L*°(S2),
u € V, the functional is also well-defined for ;1 € L?(£2) and u € V>°; that is, we
can give up some regularity in p by requiring more of u. We will take advantage
of this below (abusing notation by continuing to write E;(u, ) when p does not
necessarily belong to L%°(£2)).

Here are some preliminary results that we will need below.

Lemma 7.1. There exist Cy, C, > 0 such that
[E1(w, wllv+ < (Cillwllzz + Co) lullyee  forallp € L¥(R2),u e VNYV.

Proof. We have

|Ey( ] < 2‘/9;“@ @)

+ ‘/ p(V-v)
I?)
<2f|ue@)|l2lle@ 2 + P21V -l 2.
We have
—\ 112 2 [=2 | = N2 5 2
lne@|l;. = QM up, + 3 (2 + 1) + 5,
< 4l [ 07 = Ayl
and hence || pe ()| 2 < 2[uflyoo ||| 2. Also,
Ipll. = [sz <12|Ipllee = Ipl2 < 121" pllLoe < 121" |[ullyee.
Since
le@)llz2 < 10l < llvlly and |V - 3112 < V2[[] 0 < V2]l

it follows that
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|Er (i, w)v] < dllullyee |l 2 [vllv + V21207 ullvee [v]ly

= (4wloz + V2212 lullves ol

which proves the desired result (with C; = 4 and C, = +/2|£2|'/?). O

Lemma 7.2. Assuming A is bounded away from 0, there exists C; > 0 with
[Ex(@)|ly+ < Csllullyee.

Proof. We have

_ 1
Exwe = [ (Vg [ Spa
2 2
= 1Bl < IV Tl lie + 12 L Il

where u = (i, p), v = (v, q). Since || p|| .2 < |2|"/?||lu||yoe, and
IV -all;, = / (@1 + ) < 2[ (ﬁfl +15,)
o 2
<2 [ (oo + l) = HRA

and hence ||V - % ;2 < 2|82|"/?||u]|yo. It follows that
|Ex(upv] < (21212 + 1212147 [1oo) Nullveoligllzz < Callullveelvlly,

with C3 = 2|2|"/? + |2|"/?||]A7"|| Loo. This proves the desired result. |

Lemma 7.3. Suppose u € V®°, u € L*(2), and w, € L*(Q2) foralln € Z*.
If oy — o in L*(82), then E{(jn, u) — E1(@,u) in V*.

Proof. We have

(El(un,u)—E,(u,u»v=[92une(ﬁ>-e(v)+/gp<vv)

—Lzue(u)-e(v)—[gp(vﬁ)
- /Q (1t — W)e(@ - €().

and therefore

[(Ey(pn, u) — Ey (e, w) v| < 2[€@)ll oo [lpen — pell 2 lIv]lv

< 2lullvee llpn — el r2llv]lv-
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It follows that || Eq(uy,, u) — E1(u, w)||y+ < 2||ullyee]||ptn — ptllz2, and the result
follows. |

7.2.1 The Equation Error Method

The equation error method aims to estimate w* from a measurement z of u* by
minimizing

J(1:z, B) = | E1(p.2) — ml3= + Bllpll3,- (7.11)

Here we assume that u* € A and u* = (u*, p*) € V satisfy (7.10).!
We first prove that J(-;z, B) has a unique minimizer in H'(£2) for each 8 > 0,
provided z belongs to V' *°.

Theorem 7.4. Suppose z € V. Then, for each B > 0, there exists a unique [ig
satisfying

J(up;z, B) < J(w;z, B) forallp € H'(£2).

Proof. Since J is bounded below, there exists a minimizing sequence {u,} for J.
We have

Blliall?y < J(nsz, B) foralln
= ||/'Li’l||%.11 5 ﬁ_l-](ﬂn;Z7 ﬂ) foralln.

Since the right-hand side is bounded, so is the left. Hence {u,, } is bounded in H'(£2)
and there exists 15 € H'(£2) and a subsequence of {i,} (still denoted by {11, })
such that 1, — 15 weakly in H!(£2) and, by Rellich’s theorem, strongly in L?($2).
Since z € V> and p, — pg in L?(£2) imply, by Lemma 7.3, that E;(u,,z) —
E1(ug, z) and since the norm is weakly lower semicontinuous, it follows that

inf J(pu:iz, ) = lim J(unsz, B)
peH (2) n—00

(IE1(tn. 2) = mll5e + Bllea )

lim
n—o00

Tt would be natural to define J by
T3z, 8) = 1 Ev (. 2) = mll3 + 1 E2@ N5+ 4 Bl

However, || E2(z) ||%,* is constant with respect to ¢ and therefore it makes no difference if this term
is included or not.
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\

> | Ev(p.2) — mlly + Bllglip
J(p:z, B).

This shows that pg is a minimizer of J(-;z, 8). The two terms defining this
functional are both convex and the second (the regularization term) is strictly
convex; hence jug is the unique minimizer of J(-; z, B). O

The last inequality in the above proof must actually hold as an equality (since

J(/Lﬂ;z, :3) = infp.eHl(.Q) J(,bL; <, /3)) and hence lim, ”/’Ln ”H1 = ”/’Lﬂ”Hl must
hold. Since p, — pg weakly in H'(£2), this shows that {1, } actually converges
to pp strongly in H'(£2). It follows that any minimizing sequence of J(-;z, B)
converges in H'(£2) to the unique minimizer g of J(+; z, B).

7.2.2 Convergence of the Equation Error Method

Recall that u* € A and u* = (u*, p*) € V are assumed to satisfy (7.10).
We do not assume that p* is unique in this regard, so let us define S =
{ne H'(2) : E\(u,u*) = m}. Since E| is affine in 1, S is convex.

We can now prove the convergence of the equation error method.

Theorem 7.5. Suppose u* € V°, u* € H'(82) satisfy the saddle point problem
(7.10). Let {z,} C V> be a sequence of observations of u* that satisfy, with the
sequences {€,}, {fn}, the conditions

1. €2 <B, <e,foralln € Z*;

2. /By — 0asn — oo;

3. \lzn —u*|lye < €, foralln € Z+;
4. ¢, > 0asn — oc.

For eachn € 7%, let ju,, be the unique solution of

min  J(W; 2, Bu).
HEH ()

Then there exists i € S such that w, — [i in H'(§2). Moreover, ji satisfies
Il = el g forall € S.

Proof. For each u € §, we have

Bullitall2n < T 20, Bn) = I E1(it, 20) — s + Bull el
= [ E1(is 20 — u) [ + Balliel,

< (Cillpllz + €2 lzn = ¥ [Foo + Bull il
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Therefore, for all u € S, we have
2 2 € 2
[inllz < (Cillpll2 + C)™ 2= + - (7.12)
In particular, we have

2
2 € 2
lallFn < (Crllp™ e + C)™ 25 + 1™ 130 < (Cillie* 2 + o)™ + ™ 130

n

since €2 < B, by assumption. This shows that {1, } is bounded in H'(£2). Hence,

n —
by Rellich’s lemma, there exists i € H'(£2) and a subsequence {i,, } such that
Un, — [L weakly in H'(£2) and strongly in L*(£2).
We now show that E|(ji,u*) = m, that is, that ft € S. We have

IE (o ) = m e = 1Ey (o ) = Ey (g s 2ng) + En (s 20) — ml[ 2
< 201 Ey (™ = 2) e + 20 Bt (g - 2) — m 3
< 2(Cillpn NIz + C2) Nz, — u* 3o
+ 20 E (L zn,) — 5 + 2B, 21170

2 - -
=2(Cillpnll + €’ €, +2((Cullillz + )€, + Bullilly)
2 - -
=2(Cillin Iz + €’ €, +2 (@RI + C) + 1)) €
(Here we used e,%k < Bn, < €, and the inequality

IE (s zw) = mllfe + Ba 2150 < (Cillitl 2 + C2)* 6, + Bucllal

that was derived above.) Since {||i,, ||;2} is bounded and €,, — 0 as k — oo,
this shows that || E;(iy, , u*) — m|ly= — 0. Since we also have E|(u,,,u*) —
Ei(i,u*) by Lemma 7.3, this shows that E1(it, u*) = m and hence that i € S.

Since w,, — ji weakly in H'(£2), we have ||fi]|g1 < liminfi_oo ||in, || -
Moreover, by (7.12),

Bullitn 150 < (Cill Al 2 + C)* €, + Bu Il
which implies that
2

i ~ 112
Al
B 1

I 31 < (Cullll2 + C2)?
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Since e,fk/ﬂnk — 00 as k — oo, this shows that lim supy_, o, |ftn, |1 < |2l -
Therefore,

I/l e = Timinf {| sy [l < Timsup e | < |2l ars
k—o00 k—o00

which proves that || iy, || g1 — |||l 1, and hence that w,, — fi strongly in H'(2)
as k — oo.
Next, by (7.12),

2
~ . . 2 En
125 < tim a3 < lim <<cl Il + C* g+ ||u||i,l) = Il

holds forall u € S.

Finally, since S is a convex set, its element of smallest H I horm is unique, and
we have shown that every convergent subsequence of {u, } converges to this unique
element fi. Thus {u,} itself must converge to fi. This completes the proof. O

7.2.3 Discrete Formulas

Before describing the proximal methods which we intend to use, we briefly recall
the discretization procedure. We assume that 7}, is a triangulation on £2, Ly is the
space of all piecewise continuous polynomials of degree d,, relative to 7p,, U, is the
space of all piecewise continuous polynomials of degree d, relative to 7Tj,, and Qy,
is the space of all piecewise continuous polynomials of degree d, relative to 7y,.

To represent the discrete saddle point problem in a computable form we
proceed as follows. We represent bases for L;, U, and O by {@1, 92, . ... 0m}s
{V1,¥2,...,¥,},and {x1, x2, ..., Xr} respectively. The space L, is then isomor-
phic to R” and for any 4 € Lj, we define £ € R™ by {; = u(x;), i =
1,2,...,m, where the nodal basis {¢;,¢s,...,@,} corresponds to the nodes
{x1,x2,...,xn}. Conversely, each L € R™ corresponds to u € Lj defined by
w = > L. Analogously, u € U, will correspond to U € R”, where
Ui =u(y), i =1,2,...,n,andu = Y |_, U;v;, where y1, ys,...,y, are the
nodes of the mesh defining U,. Finally, ¢ € Q;, will correspond to Q € R¥, where
0: =q(z),i =1,2,....,k,and g = Zf;l Q; xi,» where z1,22,. ..,z are the
nodes of the mesh defining Q.

We next define S : R™ — R"*X to be the finite element solution operator
that assigns to each coefficient p;, € Ay, the unique approximate solution u, =
(@n, pn) € Uj, x Qy. Then S(£) = U, where U is defined by

KU = F, (7.13)
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where K (£) € RU"T*+k) is the stiffness matrix and F € R"T¥ is the load vector.
With the above preparation, we have the following discrete version of the
equation error functional (7.11) (see Crossen et al. [8] for details):

J() = %(13(7)6 +BTP—F.(K+ M) (i(?)z +BTP - F>>

where L is the so—ialled adjoint stiffness matrix, K is the stiffness matrix, M is the
mass matrix, and Z is the data for u (see [8]).
Moreover, for first derivative of J(£) is given by:

DJI()(5L) = <£(7)5£, (K + M)""(L.(Z)t + BTP — F)>,
implying that the gradient of J({) is given by

VJ() = L(Z)" (K + M)"(L(Z)t + BTP — F). (7.14)

For the second derivative we then have
D2I()(80)(50) = (1:(7)513, (K + M)—lﬁ(f)éz)
= (L@ (K + My LZ)se.3¢),
which implies that the Hessian of J({) is
V2J() = L(Z)T(K + M)"'L(2). (7.15)

We note that the Hessian does not depend on £, making the coupling of Newton

methods with the equation error approach particularly appealing from a computa-
tional perspective.

7.3 Proximal Methods

In the previous section, we posed the elastography inverse problem as a convex
optimization problem. In this section, our objective is to test the feasibility of the
equation error formulation by solving this inverse problem numerically. Evidently,
there are numerous methods which can be used to solve the optimization problem at
hand. However, as mentioned earlier, due to the stabilizing feature of the proximal
methods, we apply several proximal-like optimization algorithms to numerically
solve the equation error formulation. We particularly examine several variations on
the self-adaptive, inexact Hager and Zhang proximal-point algorithms developed
in [17]. We remark that for clarity, the forgoing discussion uses the continuous
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formulation. However, for computational purposes we use the discrete counterpart
given in the previous section. We also note that in our numerical experiments, we
often ignore the simple constraints given in the feasible set A and hence solve
the unconstrained equation error formulation. This simplification brings us to the
framework of [17] where details of the convergence analysis of the used algorithms
can be found. We begin with a review of the classical proximal-point algorithm.
Drawing on (7.11), we seek the solution to our fundamental constrained convex
minimization problem:

min J(u) = IE1 (. 2) —m|[3e + Bl (7.16)

where A is a closed and convex set representing our feasible set of parameters.
We now consider the related functional

1
Tp() = J(w) + mllu—u"nz, (7.17)

where A is a positive number and u* € A. We note that Jp(u) is strictly
convex since J and the introduced quadratic term ﬁ” w — k3, known as the
proximal regularization term, are both also strictly convex. Thus, we have the
related, uniquely-solvable subproblem

min Jp (1) (7.18)
HEA

for which the necessary and sufficient optimality conditions in turn yield the
following variational inequality problem: Find u* € A such that

(VIp (U)o —p*) =20, Yu € A. (7.19)

In this context, the classical proximal-point algorithm generates a sequence {u*}
such that

1
k+1 _ : kg2
po = argmin J(M)+—2)Lk =l (7.20)

where {AX} is a sequence of positive numbers.

Rockafellar [27] showed that if J is strongly convex at a solution of (7.16),
then the proximal point method converges linearly when A* remains bounded and
superlinearly when A¥ — oco. Subsequently, we will consider several variations on
the above proximal approach coupled with the method of accelerated convergence
outlined by Hager and Zhang [17]. For further details on these methods and their
history, we refer the interested reader to [18,22,26,27,29] and the cited references
therein. We note that the so-called auxiliary problem principle which generalizes the
proximal point methods have been explored in [23] for elliptic inverse problems.
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7.3.1 Hager and Zhang’s Proximal Point Method

Hager and Zhang [17] introduced (with A := R") two criteria between subsequent
iterates of (7.20) for the solution of the subproblem (7.18). One of the criteria that
we will be focusing on is that ¥+ is acceptable when
Tp () = J(uh)
IVTe (D] < 681V I ()],

where 0% = 1/A*.
As they detail, taking the proximal regularization parameter as

¢ = | VIO,
where n € [0,2) and T > 0 are constants, gives quadratic convergence of the iterates
to the solution set of (7.18). This gives rise to the following algorithm:
ALGORITHM 1:

Initialization Step:  Choose an initial guess ©°, initialize  and 7, and take k =
0.Let 6% = ¢||VJ(u*)|" and let y = 1.
Step 1:  Find pf*! satisfying

IVTp W1 < 6y IV I (7.21)
Step 2:  If u**! satisfies
Tp (W) = I (). (7.22)
go to Step 3;
else,

set y = 0.1y and go to Step 1.
Step 3:  Let

Step4: Setk =k + 1 and go to Step 1.

There are many reasonable stopping criteria to terminate the above algorithms.
The particular one that we use is that the gradient norm is bounded by the given
tolerance, see Sect. 7.4.1 for details. In Step 1, the subproblem was solved using an
unconstrained conjugate-gradient trust-region method to find the subsequent iterate
w**1. The numerical results for this method are given in Fig. 7.1 and Table 7.1. Con-
vergence analysis of the above scheme can be found in [17, Theorems 3.1 and 4.2].
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Computed  at step 1

Fig. 7.1 Hager—Zhang method

Table 7.1 Numerical results

Computed | at step 3

M.S. Gockenbach et al.

Computed j at step 5

Method Jevals | VJevals | V2J evals |Iter. | L? error

Hager and Zhang 14,556 13,908 - 8 3.556e—05
@-Divergence 17,365 16,593 - 9 2.853e—05
Bregman 24,292 | 23,213 |- 12 | 2.444e—05
Quadratic-¢ 21 19 |19 3 | 3.896e—08
TR using Tikhonov 24,345 24,345 - 9 | 7.185e—04
TR using Tikhonov (second-order) 9 9 9 8 | 7.185¢e—04

7.3.2 Hager and Zhang’s Proximal Point Method Using

@-Divergence

The first variant of the classical proximal algorithm we examine replaces the
proximal regularization term in (7.17) by what are known as ¢-divergences (see
Kanzow [21] for further details). For their definition, let @ denote the class of
closed, proper and convex functions ¢ : R — (—o0, oo] which have domain(¢) C

[0, c0) and which possess the following properties:

li "(t) = —o0.
Jig, ¢'0) = -0

. 9(1) =¢'(1) =0and ¢”(1) > 0.
. There exists v € (3¢”(1), ¢"(1)) such that

. @ is twice continuously differentiable on int(domain(¢)) = (0, +00).
. @ is strictly convex on its domain.
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(1 - ;) (" () +v(—1) =@’ () <" D —1) V>0,

Then for some ¢ € @, the p-divergence between two x, y € R’} is given by
n X
dy(x.y) = yig ) (7.23)
i=1 !
A few examples of suitable ¢ functions are
p1(t) =tlogt —t + 1,
©(t) = —logt +1—1,

o) = (Vi-1)".

Taking ¢; above yields the ¢-divergence

n
Xi
dg (x.y) =) _x; log; + ¥ — X (7.24)

i=1 !

We now replace the proximal regularization term in (7.17) with (7.24) giving

Tor () = J (1) + 0% dy, (11, 1) (7.25)
and subsequently the proximal-like iteration

w1 = argmin Tor (10). (7.26)
HEA

Substituting J,, (1) for Jp(u) into Algorithm 1 yields the ¢-divergence
proximal-like algorithm. Numerical results using J,, are provided in Fig.7.2 and
in Table 7.1.

7.3.3 Hager and Zhang’s Proximal Point Method Using
Bregman Functions

Continuing in the manner of @-divergences above, the next modified algorithm
replaces the proximal regularization term with another strictly convex distance
function defined by

Dy(x,y) =¥ (x) =y () = Vy () (x = y), (7.27)
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Computed i at step 1
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Compaed s at step 3 Computed i at slep 5

11
Coefficient error

11

Computed

Fig. 7.2 Hager—Zhang method using ¢-divergence

where i is a so-called Bregman function.

We now review

the definition of a Bregman function. Let S be an open and

convex set and a let ¥ : S — R be a given mapping. If ¥ is a Bregman function, it
must satisfy the following criteria:

1. W is strictly convex and continuous on .
2. ¥ is continuously differentiable in S.
3. The partial level set

Ly ={y € S|Dy(x.y) <o}

is bounded for every x € S.
4. If {y*} C S converges to x, then klim Dy,(x,yk) = 0.
—00

A few examples

of Bregman functions are given below:

1
Yi(x) = §||x||2 with § = R”,
Yo(x) = in logx; —x; with § =R,
i=1
n
Y3(x) = —Zlogx,- with § = R’ .

i=1
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We note that the corresponding distance function for v, is

1
Dy, (x.y) = 3llx = I

which recovers the original proximal regularization term introduced in (7.17).
Similarly, for vy, we have

n X;
Dy,(x,y) = in logj +yi—xi
i=1 !

which is equivalent to the g-divergence given by (7.24).
Taking

n
Xi i
Dy, (x.y) = Z; —log = —1
we can again replace the proximal regularization term to get the functional

Ty (1) = J () + 6 Dy, (1, 1) (7.28)

and the corresponding subproblem
! = argmin Ty (). (7.29)
HEA

We present numerical results using the functional 7y, in Fig. 7.3 and in Table 7.1.

7.3.4 Proximal-Like Methods Using Modified ¢-Divergence

To solve the subproblem (7.21) in Algorithm 1 using the ¢-divergence method, we
made use of a fast conjugate-gradient-based trust-region method.

To avoid possible ill-conditioning of the Hessian (see [21] for a full discussion),
we replace the original ¢-divergence function with

dy(x.y) =D ylo (;—) (7.30)
i—1 !

giving

~ n x’
Vidy(x,y) =) ¢" (y—) eie] (7.31)
i=l1 !
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Computed & at step 1 Computed | at step 4 Computed j at step 7

Fig. 7.3 Hager—Zhang method using Bregman function

where e; is the i th unit basis vector of R”.

Again taking
T () = J(: 22 B) + dy, (. 115) (1.32)
we have the iteration
pktt = arg 1/}16151 T (). (7.33)

However, now equipped with the Hessian of 73 (), we can apply a full Newton-
type method to solve the associated subproblem. The numerical performance of this
approach is shown in Fig. 7.4.

7.4 Numerical Experiments

In this section we consider a representative example of an elastography inverse
problem for the recovery of a variable ; on a two dimensional isotropic domain
£2 = (0,1) x (0, 1) with boundary 052 = I'; U I;. I, where the Dirichlet boundary
conditions hold, is taken as the top boundary of the domain while I, where the
Neumann conditions hold, is taken as the union of the remaining boundary points.
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Computed i at step 1 Computed 4 al step 2 Computed j at step 3

Fig. 7.4 Hager—Zhang using quadratic ¢-divergence

The inverse problem is solved on a 50 x 50 quadrangular mesh with 2,601
quadrangles and 69,254,226 total degrees of freedom (see [8] for a more thorough
discussion of the discretization and the use of mixed finite element methods).

In keeping with the near incompressibility inherent in the problem, A is taken as
a large constant, particularly A = 10°.

The functions defining the coefficient, load, and boundary conditions are as
follows:

1 14+ L2
/L(x,y)=2.5+zcos(2nxy), f(x,y)=|: +L1;,)x:|’
10

1 2
fiGeoy) = m on I, £ (xoy) = [2 i ] on I.

7.4.1 Comparative Performance Analysis

For all the numerical results shown in Table 7.1 and in the various figures (Figs. 7.5
and 7.6), we take a constant u°(x,y) = 1. For the proximal methods, we take
7 = 10~*and n = 1.99. For the experiments using Tikhonov regularization, we take
the regularization parameter 8 = 10™*. Equivalent stopping criteria were applied
to both the experiments using proximal methods (V.7 < 107'°) and Tikhonov
regularization (VJ < 10719).
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Computed i at step 1 Computed i at step 6 Computed i at step 11

Fig. 7.5 Trust-region using Tikhonov regularization

Computed | at step 1 Computed | at step & Computed | at step 11

0.5 T

Coefficient error

Fig. 7.6 Trust-region using Tikhonov regularization (quadratic)

As the table shows quite dramatically, the second-order Newton method outper-
forms the other proximal point methods in the solution of the elastography inverse
problem. We note, however, that although the cost of calculating the Hessian is
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small, given that it does not depend on the parameter i, the inversion of the term
(K + M) in (7.15) destroys any sparsity structure inherent in the mass and stiffness
matrices and thus places some practical limits on the scale of this method.

Furthermore, the same example was run using Tikhonov regularization and a
trust-region dogleg optimization method. For a complete comparison with the other
methods, both a quasi-Newton method and a full second-order Newton method
were applied to the optimization problem. As can again be seen from Table 7.1,
the proximal methods yield results readily comparable to those using Tikhonov
regularization. Overall, the proximal methods perform largely better than their
Tikhonov counterparts, with fewer function and gradient evaluations and lower
error for similar algorithmic stopping criteria. Of particular note is that, although
the second-order proximal algorithm has a slightly higher computational cost over
its counterpart, the Tikhonov method produces error several orders of magnitude
larger.

7.5 Conclusion

In this work, we have examined the equation error approach to the solution of the
tumor identification inverse problem and investigated the performance of several
proximal-like algorithms for solving the related optimization problem. Several
numerical experiments were performed that demonstrate the potential advantages
of proximal methods over other commonly-used approaches such as those using
Tikhonov regularization, and in particular, where the choice of an optimal regular-
ization parameter is unlikely or impossible.

Given the significant performance advantages afforded by proximal algorithms
using full the Newton methods, these preliminary results suggest the exploration
of improvements based on these techniques. In future work, the authors seek to
apply and perform in-depth analysis of hybrid proximal techniques such as those
outlined in [28] for the tumor identification inverse problem, as well as explore
second-order methods for solving the proximal subproblem that can overcome the
scaling problems inherent in the calculation of the objective function’s Hessian.
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Discontinuous Galerkin Methods for an Elliptic
Variational Inequality of Fourth-Order
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Abstract Discontinuous Galerkin (DG) methods are studied for solving an elliptic
variational inequality of fourth-order. Numerous discontinuous Galerkin schemes
for the Kirchhoff plate bending problem are extended to the variational inequality.
Numerical results are presented to illustrate convergence orders of the different
methods.
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8.1 Introduction

In this chapter, we introduce and study several discontinuous Galerkin (DG)
methods for solving an elliptic variational inequality of fourth-order.

8.1.1 Discontinuous Galerkin Methods

Discontinuous Galerkin methods form an important family of nonconforming
finite element methods for boundary value or initial-boundary value problems of
hyperbolic, parabolic and elliptic partial differential equations. We refer to [10]
for a historical account about DG methods. Discontinuous Galerkin methods use
piecewise smooth functions without much global smoothness to approximate the
problem solution, and connect the information between two neighboring elements
by the so-called numerical traces. The practical interest in DG methods is due
to their flexibility in mesh design and adaptivity, in that they allow elements of
arbitrary shapes, irregular meshes with hanging nodes, and the discretionary local
shape function spaces. In addition, the increase of the locality in discretization
enhances the degree of parallelizability.

There are two basic approaches to construct DG methods for linear elliptic
boundary value problems. The first approach is to choose an appropriate bilinear
form that contains penalty terms to penalize jumps across neighboring elements to
make the scheme stable. The second approach is to choose appropriate numerical
fluxes to make the method consistent, conservative and stable. In [1, 2], Arnold,
Brezzi, Cockburn, and Marini provided a unified error analysis of DG methods for
linear elliptic boundary value problems of second-order and succeeded in building
a bridge between these two families of DG methods, establishing a framework to
understand their properties, differences and the connections between them. In [21],
numerous DG methods were extended for solving elliptic variational inequalities of
second-order, and a priori error estimates were established, which are of optimal
order for linear elements. DG methods for the Signorini problem and a quasistatic
contact problem were also studied in [22, 23], respectively. In this chapter, we
study DG methods to solve an elliptic variational inequality of fourth-order for the
Kirchhoff plates. The novel difficulty in constructing stable DG methods for such
problems is caused by their high order of four. The major known DG methods for
the biharmonic equation in the literature are primal DG methods, namely variations
of interior penalty (IP) methods [4, 5, 7, 12, 16—18, 20]. Fully discontinuous IP
methods, which cover meshes with hanging nodes and locally varying polynomial
degrees, ideally suited for hp-adaptivity, were investigated systematically in [16—
18, 20] for biharmonic problems. In [12], a C 0 TP formulation was introduced
for Kirchhoff plates and quasi-optimal error estimates were obtained for smooth
solutions. Unlike fully discontinuous Galerkin methods, C° type DG methods do
not “double” the degrees of freedom at element boundaries. To consider the C° IP
method under a weak regularity assumption on the solution, a rigorous error analysis
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was presented in [7]. A weakness of this method is that the penalty parameter can not
be precisely quantified a priori, and the penalty parameter must be chosen suitably
large to guarantee stability. However, a large penalty parameter has a negative
impact on accuracy. Based on this observation, a C° DG (CDG) method was
introduced in [24], where the stability condition can be precisely quantified. In [15],
a consistent and stable CDG method, called the LCDG method, was derived for the
Kirchhoff plate bending problem, which can be viewed as an extension of the LDG
method studied in [8,9]. We will extend these three methods and propose two other
new CDG methods to solve the elliptic variational inequality of fourth-order.

8.1.2 Kirchhoff Plate Bending Problem

We now describe a Kirchhoff plate bending problem. Let 2 C R? be a bounded
polygonal domain with boundary I". The boundary value problem of a clamped
Kirchhoff plate under a given scaled vertical load f € L?(£2) is (cf. [19])

Zz‘z.j=lMij.ij(”) + f =0 in £,

8.1
u=0d,u=0 onrl, @.1)

where

2
Mij() = —(1 =) yu—k Y Oudyy, 1<i.j <2,
k=1

8;; is the usual Kronecker delta, « € (0, 0.5) denotes the Poisson ratio of an elastic
thin plate occupying the region §2 and v stands for the unit outward normal vector
on I". As in [15], we introduce an auxiliary matrix-valued function by

o :=—(1 —k)Vu—rtr(Vu)l, (8.2)

where 1 is the identity matrix of order 2 and tr(-) is the trace operation on matrices.
Here, we denote the gradient of v by Vv and the Hessian of v by V?v, i.e.,

V2 = V(VU) — V((31v,82v)’) _ (allv 8121)) .

021V 02V
Then, the problem (8.1) can be rewritten as

1 K
1—/(0 1 —«2

V- (V-o)=f in%, (8.3)

(tro)] = —V?u in 2,

u=20,u=0 onl.
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For a vector-valued function v = (vy,v;)" and a matrix-valued function ¢ =
(0ij)2x2, we define their divergences by

e ._ !
Vevi=vi1 4+ v, V.o :=(0111+ 0220021+ 02m)).

We denote the normal and tangential components of a vector v on the boundary
by v, = v-vand v; = v — v,v. Similarly, for a tensor o, we define its normal
component g, = ov - v and tangential component 6, = av — o,v. We have the
decomposition formula

(ov)-v=(o,w+o0,) (Vv +v,)=0,v,+0;V;.
For two matrices T and o, their double dot inner product and corresponding norm
areo ;T = Ziz,j=1 ot and |t] = (T : T)V2

The following result is very useful for the analysis of DG methods, which can be
verified directly by integration by part.

Lemma 8.1. Let D be a bounded domain with a Lipschitz boundary 0D. For a
symmetric matrix-valued function T and a scalar function v, the following two
identities hold

/vV-(V-t)dxz/Vzv:tdx—/ Vv-(rn)ds—i—/ vn-(V-1)ds,
D D aD aD
/Vzv:rdxz—[ Vv-(V-r)dx+/ Vv - (tn)ds,
D D aD

whenever the terms appearing on both sides of the above identities make sense. Here
n is the unit outward normal to dD.

Multiplying the second equation in (8.3) by a test function v € HZ(£2) and
noticing v = d,v = 0, we get the following equation by applying Lemma 8.1,

—/azvzvdxzf fvdx. (8.4)
Q Q

With the definition of ¢, the weak formulation of the problem (8.3) can be derived
from (8.4) as follows:

Findu € H}(2): a(u,v) = (f,v) Vve H}(R), (8.5)

where the bilinear form is

a(u, U)Z/ [AMAU+(1—K) (2812”8121)—811”8221)—822148111))] dx, (86)
2
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and the linear form is
(fiv) = / fudx.
2

In this chapter, we consider an elliptic variational inequality (EVI) of the fourth-
order for Kirchhoff plates [11]:

Findue K: amv—u)>(f,v—u) VYvek. (8.7)
Here,
K={ve H(Q)NH(£): d,v>00nT}. (8.8)
Applying the standard theory on elliptic variational inequalities (e.g., [3, 13]), we
know the problem (8.7) has a unique solution # € K. This variational inequality
describes a simply supported plate. The displacement u is held fixed on the
boundary, and the rotation of the plate is unilateral on the boundary.

In error analysis of numerical solutions for the problem (8.7), we need to take
advantage of pointwise relations satisfied by the solution u.

Proposition 8.2. Assume the solution of the problem (8.7) has the regularity u €
H3(82). Then,

—V.-(V-0)=f ae.inf2,

8.9
0.=0,0,<0,0,u>0, 0,0,bu=0 ae.onl. (8.9)

Proof. Note that ¢ is defined by (8.2). Then 0 € H'(£2)>*2. We rewrite (8.7) as
/ [o:Vo—u)— f(v—u)]dx=0 VveK.

2
Take v = u % ¢ for any ¢ € C°(£2) to obtain

—/ o : Vipdx :/ feodx VYoeCiP(82).

2 2
Thus,
—V.(V-0) = f inthe sense of distribution.
Since f € L?(£2), we deduce that V - (V - o) € L?(£2) and
-V-(V-0)=f ae.in 2.

This is the first relation in (8.9).
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Since V-0 € L2(22)>and V - (V - 0) € L*(52), we have
—/(2V~(V-a)vdx =/9(V~a)-Vvdx Vv e C5(£2).
From this relation, we obtain
—/A?V-(V-o)vdx =/Q(V-a)-Vvdx Vv e HOI(Q).
Therefore, for any v € H}(2) N H*(£2),
—/ V- (V.-o)vdx =/(V-a)-Vvdx
Q2 2
:/(av)'Vvds—/ o : Vvdx,
r 2
i.e.,
a(u,v) = /Q fvdx _/r(GV) -Vuds Yve Hj(2) N H* ().
Recalling the inequality (8.7), we then have
—LV(U—M)~(Gv)dSZO Vv eK. (8.10)
In (8.10), we choose v = 0 and 2u in turn to obtain
AVM-(av)ds =0. (8.11)
Hence,
/FV%(av)dst Vv eKk. (8.12)
By the arbitrariness of v € K, it follows that ¢, = 0. Then we get
Aavavvdsfo VveKk. (8.13)

By the arbitrariness of d,v > 0 on I" for v in K, we have 0, < 0 a.e. on I". Back to
(8.11), we further deduce 0,,0,u = 0 a.e. on I". So the relations on the boundary I”
in (8.9) hold. |
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Throughout the chapter, we assume the solution of the problem (8.7) has the
regularity u € H?3(£2). In [14, pp. 323-327], one can find regularity results u €
H?(82) for solutions of some variational inequalities of fourth-order.

The rest of the chapter is as follows. In Sect. 8.2, we introduce some notations
and derive some C° discontinuous Galerkin methods for solving the Kirchhoff
plate bending problem, and extend them to solve the elliptic variational inequality
of fourth-order. In Sect. 8.3, consistency of the CDG methods, boundedness and
stability of the bilinear forms are presented. In the final section, we report results
from a numerical example.

8.2 DG Methods for Kirchhoff Plate Problem

8.2.1 Notations

We introduce some notations frequently used later on. For a given function space B,
let (B)2*? := {r € (B)”?: ' = t}. Given a bounded set D C R? and a positive
integer m, H™ (D) is the usual Sobolev space with the corresponding norm || - ||,,,.p
and semi-norm | - |, p, Which are abbreviated by || - ||, and | - |,,,, respectively, when
D is chosen as £2. || - || p is the norm of the Lebesgue space L?(D). We assume 2
is a polygonal domain and denote by {7}, a family of triangulations of £2, with the
minimal angle condition satisfied. Let iy = diam(7T") and & = max{hr : T € Tp}.
For a triangulation 7y, let &, be the union of all edges. We have the non-overlapping
decomposition &, = 5,2 U 5,11’, where 5}’; C &, is the union of all interior edges,
i.e., the union of all edges in &, that do not lie on I", and similarly, 5;1’ C & is the
union of the edges on I". For any e € &, denote by #, its length. Related to the
triangulation 7y, let

Fo=lre (@) wylr e HNT)VT €T, i) = 1,2},
Vi={veH)(2):vlr € H(T)VT € Tp}.
The corresponding finite element spaces are

X, = {rh € (Lz(.Q))fX2 Sthijlr € P(TYVYT € Tpoiy j = 1,2},
Vi :={vn € Hy(2) s valr € PA(T)V T € Ty}

Here, for a triangle T € Ty, P;(T) and P,(T') are the polynomial spaces of degrees
[ and 2, respectively, with [ = 0, 1. Note that we have the following property

1
ViViC Zp 1 E4- 1—1(,(2 @wZ) I C Z, (8.14)
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where ViV |7 := V2(Vy|r) forany T € T;. Ayv is defined by the relation Ajv =
Av on any element 7 € 7. Considering the CDG methods for the variational
inequality (8.7), we introduce the corresponding finite element set

Ky, = {v, € V}, : d,v;, > 0 at all vertex nodes on I"} .

On each element T, v,|r is a quadratic polynomial function, so d,vy, is a linear
polynomial on each edge. With the constraint that d,v, > 0 at all vertex nodes on
I, we know

dyvp, >0 onlT. (8.15)

For a function v € L?(2) with v|; € H™(T) for all T € T, define broken
norm and seminorm by

1/2 1
_ 2 / _ 2 /2
Wl = X M0lr) o la={ D s -

TET;, TET,

The above symbols are used in a similar manner when v is a vector or matrix-
valued function. Throughout this chapter, C denotes a generic positive constant
independent of /& and other parameters, which may take different values at different
occurrences. To avoid writing these constants repeatedly, we use “x < y” to mean
that “x < Cy”. For two vectors u and v, u ® v is a matrix with u;v; as its (i, j)th
component.

Consider two elements 7+ and 7~ with a common edge e € & and let n™
and n~ be their outward unit normals on e. For a scalar-valued function v, set its
restriction on T* by vE = v|Ti. Similarly, for a matrix-valued function z, write

=1 | = Then define averages and jumps on e € & as follows:

1

vi=-wT+v7), Pl=vat +v T,
=3

1
{Vv} = E(VU+ +Vv7), [Vu]=Vvt-nt +Vu .0,

1

{t}==-(t+77), [t]=ttnt +17n".
2

Fore € 5;:, the above definitions are modified:

{v} =v, [v] =,
{Vv} =Vu, [Vv]=Vuv.p,

{t} =17, [t]=17v.
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The jump [-] of the vector Vv is
[Vv] = %(VUJr @nt +nt @Vt + Vv  ®@n +n” ®VvT) onee€é,
[Vv] = %(Vv ®v+v®Vy) oneck.
Define a global lifting operator r; : (LZ(E;;))S%XZ — X, by
/Qr,«((l)) Crdx = _/6;;¢ Hrids Yre X, de(LXE)?.  ®.16)

. o 2%2
Moreover, for each e € &, introduce a local lifting operator r, : (Lz(e));< —

Zh by

/ ro(@):tdx = —/¢ rlds VYreX, ¢c (Lz(e))fxz. (8.17)
2 e

It is easy to check that the following identity holds

ri@) =Y redl) Ve e (LX),
eES;l
so we have
lri @I =1 re@loI> <3 lre(@lol’. (8.18)
eeé’,’; eeé’,’;

8.2.2 Discontinuous Galerkin Formulations

We first present the derivation of a general primal formulation of CDG methods
for the problem (8.5). By the first equation in (8.3), the first relation in (8.9) and
Lemma 8.1, we have

1
/( a:t—Ltratrt)dx=/Vu-(V-t)dx—/ Vu-(tnr)ds
r\1—« 1 —x? T aT

for any smooth second-order tensor-valued function t, and

—/fvdxz/Vzv:ordx—/ Vv-(ornr)ds+/ ny-(V-o)vds
T T T

T
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for any smooth scalar-valued function v. Thus, consider a CDG approximate
solution (o, up) € X', x V;, governed by

/ 1 X woptrr, ) d
oy . — To ,r X
AT Th— T2 TOAlTh

=/Vuh-(V-rh)dx—/ Vu, - (tpnr)ds, (8.19)
T ar
—/ fopdx = / V,fvh o, dx —/ Vv, - (6pn7) ds, (8.20)
T T ar
for all (zj,v;) € X, x Vj and all T € 7T,. Here we take ﬂh = 0 in

the last equation for sake of simplicity. To derive numerous CDG methods, we
first introduce an identity. For a scalar function v and a symmetric matrix-valued
function 7, smooth on each element of the partition 7y, after a direct manipulation,
we have

Z /8T Vv-(tnr)ds = Z /[r]-{Vv}ds + Z {t}:[Vv] ds.

TET; eesi "¢ e€&, ¢
(8.21)
We now sum Egs. (8.19) and (8.20) over all T € 7 and apply Lemma 8.1 and
(8.21) to obtain

1 K
Op . Th— troptrry, | dx
/Q(I_K heTh = T a0 h)

= —/ Vﬁuh TTpdx + /.{Vuh — ﬂh} -[Tnlds
2 &,

+ | [Vup = V] : {74} ds, (8.22)
S}x
—/ fopdx = / vah copdx — /‘{Vvh} -lon]ds —/ [Vui] : {04} ds.
2 5;, h
(8.23)

Taking T, = (1 — k) Vv, + k tr (V7vy) I in (8.22), we have
/ Viv, i opdx = —/ (1 — k) Vi, : Viv, dx —/ i tr (Viup) tr (Vyvy) dx
2 2 2
+ [ {Vu, - Yy} - (1 = K)[Vivn] + k[tr (Vvp)]) ds
&

+ | [Vur = V] = (1= )V} + e te ({V2}) 1) ds.
En
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Combining the last equation and (8.23), we obtain an equation which does not rely
on ¢ explicitly:

B, (up, vp) = / fopdx Vv, €V, (8.24)
2
where

B, (up,, vy) :=[ 1- K)Vﬁuh : V,%vh dx —I—/ Ktr (V,fuh) tr (V}fvh) dx
2 o)
+ | Vuy = V) - (1= ) [V2o] + keftr (V2vy)]) ds
&

+ | [V = V] = (1= 10){V20} + i tr ({V2uy}) T) ds
En

+ /_{Vvh} -lon]ds + / [[Vvhﬂ {6} ds. (8.25)
& En
CDG methods for the problem (8.5) can be obtained from (8.24)—(8.25) by proper
choices of numerical traces 6, and Vuy,.

The relations (8.24) and (8.25) are also the starting point for designing CDG
methods for solving the variational inequality (8.7) through choice of suitable
numerical traces to guarantee consistency and stability. For example, taking

ﬂh ={Vu,} onee€s,,
A 2 2 n i
6 =—1—){Vjup} —«tr ({thh}) I+ h—[Vuh]] one €&,
e

6.:=0, 64, <0, 6,,0,u, =0 one Egg,

we obtain from (8.24) and (8.25) that
B (up, vy) = / fondx — / &y, ds, (8.26)
2 r
where
B1(,lh)(”hs vp) :/ (1 — ) Vi, : Viv, dx + f i tr (Viup) tr (Vyvy) dx
2 o)
- / V] = (1= k) {Vivp} + ke ({Viop}) I) ds
&
- / [Vui] - ((1 - K){V,fuh} + Kk tr ({V,fuh}) I) ds
&

+ / nh ' [Vu] : [Voi] ds. (8.27)
&
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Here 7 is a function, which is equal to a constant 1, on each e € 5,’;, with {n.},c g
having a uniform positive bound from above and below. In (8.26), let v, = wj, — uy,
with wy, € Kj,. Since 67, <0, 6;,,0,u, =0one € S}f, we obtain

BYY) (o wiy — up) = /9 Fwp —up)dx Ywy € K. (8.28)
For a compact formulation, we can use lifting operator r; to get
B (uy, vy) = /9(1 — &)Viuy, 2 (Vivy + ri([Vos])) dx
+ /Q i tr (Viup) tr (Vivy + ri([Vos])) dx
+ /9 ri ([Vup]) : (1 =) Vv, + ke (Vyvy) I) dx

+ / nh; ' [Vuy] : [Voi] ds. (8.29)
&

This is the C° interior penalty (IP) formulation. A similar C° IP method was
studied in [7].

The two formulas (8.27) and (8.29) are equivalent on the finite element spaces 1,
so either form can be used to compute the finite element solution u;,. In this chapter,
we give a priori error estimates strictly based on the first formula Bl(lz Because of
the equivalence of these two formulations on V},, we will prove the stability for the
second formula B;lz on V},, which ensures the stability for the first formulation Bl(_llz
on V. This comment is valid for the rest of the CDG methods.

We now introduce four more CDG methods for the variational inequality (8.7).
The methods are all of the form (8.28), and so we will only list the corresponding
bilinear form.

Comparing with the DG methods for the second order elliptic problem, we can
give the C° non-symmetric interior penalty (NIPG) formulations,

Bf%;f(uh, V) = /9(1 — ) Vi, : Vivy dx + LKtr (Viup) tr (Vivy) dx
4 [ 19 (0= 0 V3u + w90 1) ds
&
- fgi [Vou] : (1 =) {Viup} + K tr ({V}%uh}) I)ds

+ / ﬂh:l[[Vuh]] . [[Vvh]] dS,

h
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or equivalently,
BO) (up, vy) = /9(1 — )V : (Vv + ri([Vui])) dx
+ /;2 K tr (V,%uh) tr (V,fvh + ri([Voi])) dx
- /Q ri ([Vup]) : (1 =) Vivy + ke (Vyvy) I) dx
+ /gl_ nh, ' [Vu] : [Vou] ds.
h
That is, we solve the variational inequality
B (o wiy — up) = /9 fOown —wp)dx Y wy € K. (8.30)

Using the local lifting operator r,, we can give the third example. Taking

Vuy, = {Vup,} oneeé&,
6 =~ (1= ){Viur} — k w({Viup DI = (1 =) {r: ([Vu])}
— w{ue(r i ([Vua )T}
— (=) nre([Vu)} — cinu@re([Vup])}  one €&,

0,=0, 64, <0, 64,0,u, =0 one Eg}l;,

we get from (8.25) that
B (un, vp) =/Q(1—K)v,§uh L Vi, dx+/9/<tr (VZup) tr (Vi) dx
- ; [Vun] : (A =€) {Vivi} + k tr ({Vivp}) I) ds
— /ﬂ_ [Voul : (1 = ) {Viun} + k tr ({Viup}) I) ds
+[(2ri(ﬂVUhﬂ) (U= 1)r i ([Vu]) + & (e ([Vu )T ) dx
+ X [ a0 = 0r1vil  r(vul

i
e€E;

+ (o (Vi )e(ro ([Voa])) ) dox,
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or equivalently,
By (un, vp) = /9(1 — 1) (Viwn + i ([VurD)) = (Vivw + ri([Vua])) dx
+ / K tr (Vﬁuh + ri([[Vuh]])) tr (Vﬁvh + ri([[Vv;l]])) dx
2

+ 3 [ =0r@mD vV

eES,[1
+ (Vs ])e(r. ([Voa])) ) dx,

which is the CDG formulation proposed in [24]. That is, we solve the variational
inequality

B (un, wy — wp) > / Fwp —up)dx Ywy € K. (8.31)
2

With the choice of
Vu, ={Vu,} one €&,
61 =— (1= ){Viup} — k r({Vyup DI — (1 = k) {n ro([Vur])}
—ikc{nte(r ([Vus]))}I one €&,

6:=0, 6, <0, 6p0uy =0 oneeép,
we obtain
Bf,i(uh, vp) =/ (1 — ) Vi, : Viv, dx —i—/ i tr (Viuy) tr (Vivy) dx
2 Q
- /g,_ [Vun] = (1 =) {V5vn} + ke ({Viui}) I) ds
- /8,_ [Vou] = (1= ){Viun} + e ({Viun}) I) ds
- e \% ) e v

+§5;/9"((1 (Vi) : re (Vo)

+ i tr(r o ([Vur])tr(ro ([Vi])) ) dx,

or equivalently,
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Bz(f‘,:(uh, vp) = /9(1 — ) Viup - (Vivg + ri([Voa])) dx
+ / et (Vaug) tr (V2vs + 75 ([Vor])) dx
2
+/ ri ([Vun]) : (1= k) Vv + i tr (Vivg) I) dx
2

+ 3 [ (=0 (vl r (Vo

655;;
+ ke te(r o ([Vup ) e (r o ([Vor])) ) dx,

which is the CDG formulation extended from the DG method of [6] for elliptic
problem of second order. That is, we solve the variational inequality

B{?}?(”h»wh —up) = / Svp —up)dx Y wy € K. (8.32)
2
Choosing

Vu, = {Vu,} oneecé&,
— (1= ){Viup} — k e(Viup DT — (1 = k) {r i ([Vun])}
— ic{te(ri ([Vup ]I} + nh, ' [Vuy] one € &,

G

QD
1

T 0, 6,, <0, 6,,0,u, =0 onec 5;:,

we get the LCDG method [15],
BY) (up. vp) ::/Q(l—x)v,fuh L V2 dx+[9:ctr (VZup) tr (Vivy) dx
- fg; [Vun] - (1 = ){Vion} + v ({Vyvp}) I) ds
- /g; [Vor] : (1 =) {Viun} + v ({Vyu}) I) ds
+ /Q ri([Vor]) : (L= ©)r i ([Vun]) + e te(r; (V) T) dx
+/i h [Van] : [Voa] ds,

h

or equivalently,
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BY) (up, vy) 1= /Q (1= ) (Viug + ri([Vur])) : (Vv + ri([Vva])) dx
+ / K tr (V,%uh + ri([[Vuh]])) tr (V,fvh + r,-([[Vvh]})) dx
2

+ /i nh; ' [Vu] : [Vou] ds.

h

That is, we solve the variational inequality
B (unwy — wp) = / Swi —up)dx YV wy € K. (8.33)
2

In the following sections, we will study CDG methods for the EVI (8.7) defined as
follows: Find u;, € K} such that

By (up, vy —up) > (fivp —up) Y, € Ky, (8.34)

where the bilinear form Bj,(w, v) = Bl(.j)l)(W, v) with j = 1,---,5.

8.3 Consistency, Boundedness and Stability

We present some properties of the five DG methods introduced in Sect. 8.2. First,
we address the consistency of the methods (8.34).

Lemma 8.3. Assume u € H 3(9) is the solution of the problem (8.7). For all the
five CDG methods By (w,v) = Bl(,]h)(w’ v)with j =1,---,5, we have

By(u,vp —u) > (fivp—u) Vv, € K.

Proof. Noting [Vu] = 0 on each edge e € £/, we use (8.2) to get
By (u, vy, — u) =/Q(l —K)Vu: Vf(vh —u)dx
+ /Q i tr (V2u) tr (Vi (v — u)) dx
_ /gi [V i — )] : (1= %)V2u + i tr (V2u) I) ds
h

=— Z[Ta:V}%(vh—u)dx+[5£[[V(vh—u)]]:Gds.

TeTh
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Using Lemma 8.1 and noticing [o0] = 0 on each edge e € £, we have

Z/TG:V}%(vh—u)dxz—Z/TV(vh—u)-(V-a)dx

TET) TET)

+ > /BT V(vp —u) - (onr)ds

TeT,
:—/ V(vp—u)-(V-0)dx
2

+ | [V —uw)]:0ods.
Ep

Combining the above two equations,

By (u, v, — u) :/QV(vh—u)'(V~a)dx—/F[[V(vh—u)]] tods.

Since v, —u = 0on I" and d,v, > 0 on I" for all v;, € K}, we use Lemma 8.1 and
(8.9) to obtain

Bh(u,vh—u)=—/;2(vh—u)V-(V-a)dx—/FV(vh—u)-(av)ds

:/Qf(vh—u)dx—/rava.,vhds
> /Q Fon — ) dx.

So the stated result holds. ad

Let V(h) := Vj, + H}(£2) N H?*($2) and define two mesh-dependent energy
norms by

3 = 103+ D0 VG VIP =105 + D hlolsr. v e Vih).

(’,EE}{‘ TETh

To show these formulas define norms, we only need prove that |[v|« = 0 and v €
V(h) imply v = 0. From |v|5;, = 0, we have v|;r € P;(T) and so Vv is piecewise
constant. Let e be a common edge of two elements 7t and 7. From ||[Vv]|lo. =
0, we obtain (Vv)™ = (Vv)~. Thus, Vv is constant in £2 and so v € P;(£2). Since
v =0on I', we conclude v = 0 in £2.

Before presenting boundedness and stability results of the bilinear forms, we give
a useful estimate for the lifting operator r .
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Lemma 8.4. Foranyv € V(h) ande € &,

Ch7 VG, < llre(TVODIG, < Cohy IV UG, - (8.35)

Proof. The second inequality was proved in [15]. For v € H3(£2), [Vv] = 0 on
e € 5}’;. So we only need to consider the case v € V. By the formula between (4.4)
and (4.5) in [2], we know

o eld, S lrf@lie Shlell, YeelPie)] (8.36)

where the lifting operator r* : (L?(e))* — W) is defined by
/ rr(v)-wpdx = —/v-{wh}ds Ywy, €W,
2 e

Here, W, := {w,, e (L2(2)) s wilx € [PK)P VK € Th}
For two matrix-valued functions ¢ = (¢ij)ax2 and T = (7j)ax2, let ¢, =

(D11, 21", @y = (P12.92)', T1 = (t11, 1), T2 = (112, ™), s0 that ¢ =
(¢,,9,), T = (71, 72). Then

/Q"e(fﬁ)ZTdX=—/€¢5{T}d5=—/e¢1'{fl}ds—/e¢z'{fz}ds
:/r:((bl)"fldx‘i‘/":(‘ﬁz)‘fzdx
2 2
=/Q(r:(¢1),r:(¢2>>:rdx,

for all T € oyj. So re(¢) = (r:(¢1),r:(¢2)), ||re(¢)”%,9 — ||r:(¢1)||%g +
[l ()15, - and

D15 = he (I1ll5.e + 19215.)
SIrZ@Dlie +1ri@)l5e = Ire@)i.o-

Let ¢ = [Vv], the first inequality is proved. |
From (8.35) and (8.18), we have

lri (VDG =11 D> re(VeDIG, <3C Y hITVYII,-

i i
e€E; e€E;
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For the boundedness of the primal forms Bl(/h) with j = 1,---, 5, first notice that
lltr(z) 0. < T llo.n- By the Cauchy—Schwarz inequality and Lemma 8.4, we get the
following inequalities:

/ V2w : V20 dx < [wlanlvlan, (837)
2

[ Fi(IVWD) : Fi(IV0]) dx
2

1/2 1/2
S DA \GI T RNIVlIG, | (8.38)
eef,'/’; eef,'/’;
/ T [V : [Vo] ds
&
1/2 1/2
< supne | D BNV, SRVl ] - (839
eeé’é eEEé eEEé
Z/ nr.([Vw]) : r.([Vv]) dx
V82
e€€h
1/2 1/2
< supne [ D RZIVW]IR, SORJUNIVIG. ] - (840)
€€, eeé‘,’; eeé’,il

Using the trace inequality [|V?vllo. < h,'|v]3 ¢ + he|v]3  With e an edge of K,
we have

/_[[Vwﬂ AVivids = Z /[[Vwﬂ {Vivlds
&

e

665,’;
1/2 1/2
= DI \2TI PR
eeE}; eeE,’;
1/2 1/2
S DA IAG Y (Wi +h7lvl5r)
eeé‘}’; T€T)
(8.41)

The inequalities (8.37) and (8.41) are needed by all bilinear forms. For the CDG
methods with the bilinear form B{’), j = 1. 2, 5, the inequality (8.39) is needed.
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The inequality (8.38) is needed by the formulas Bl('jh) with j = 3, 5. The methods

with the bilinear forms B&), j = 3, 4, need the inequality (8.40). Then we have
the following result.

Lemma 8.5 (Boundedness). Ler By = BY) with j = 1,-+- 5. Then
Biw.v) < wlll lvlll ¥ (w.v) € V() x V(). (842)

For stability over V3, note that |||v||| = |v|« for any v € V},. Formulations Bl(th)

and B;jh) are equivalent on V}, so we just need to prove the stability for B;jh) based
on | - |«. We use the Cauchy—Schwarz inequality and Lemma 8.4 to get

BSZ(U, v)=(1 —K)/ Viv: Vivdx + K/ (tr(V,fv))z dx
2 o)
+2(1 —K)/ V2u s ri([Vo]) dx
o)
+ ZK/ tr (V,%v) tr (r; ([Vv])) dx + / Wh;1|[[VU}]|2ds
2 5;1

1
> (1= 0)|vl3, + &l Apvl§, — (1 —x) (6|v|§,h + ;Ilri([[Wﬂ)II(z),h)

— i (14nl5, + Nl e QVOD) 115,) + 10 Y B ITV 0]

i
e€s;

> (1—e)(1—x)vf3,

3(1 —«)C -
+ (=202 se ) ANV

eES}il
where 0 < € < 1 is a constant and C; is the generic positive constant in (8.35).

Therefore, stability is valid for C° IP method when min, gMe = No > 3(1 —
K)C2 + 6C2K = 3(1 + K)Cz.

BZ(%Z(U,U) = / (1 —/()V,fv : Vﬁv dx +/ K (tr(Vlfv))2 dx
2 2
+ [ ahct ave?as
&

> (L=, +n0 Y ki IIVODI3,-

i
e€g;,
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So stability is valid for the C® NIPG method for any 79 > 0. This property is the

reason why the method with the bilinear form 32(2,: is useful even though Bézz is not

symmetric.

B;‘,ﬁ(v, v) > (1 —K)|v|%,h + K||A/1U||S’h +2(1 —lc)/Q Vflv cri([Vv]) dx

+ 2k / Apvtr (ri ([Vv])) dx
2

+10 ) (=0 re([VODIG, + cllu@[VoD)IG4)

eeé’fl
1
= (= loly + el = =0 (eloly + 1 AVoDIE,)

— k|| Apvll},, — kllte (ry ([VOD) 113

+n0Cr(1=x) Y VTG, + nox Y ller(ro ([,
ekl ecEl
2 3¢, -1 2
> (=&l =u)|vfy, +1—x) (Uocl - T) Z A
eGE;;
+ (nox — 36) Y [ler(r o ([VOD) 5 5

i
e€E;

Since C; > Cy, ny > 3 is guaranteed from 7y > 3C,/C;. Thus, stability is valid
for this CDG formulation when 79 > 3C,/C;. For the method of Wells—Dung
corresponding to the form BSZ and the LCDG method corresponding to the form

Béslz stability can be analyzed by a similar argument (cf. [15,24], respectively), with
No > 0.

Lemma 8.6 (Stability). Ler B, = BY) with j = 1,--- 5. Assume

minn, >3 (1 +«k)Cyforj =1
e€E)

and

minn, > 3C,/C, for j =4,

e€&y
with Cy and C, the constants in the inequality (8.35). Then,

o[> < By(v.v)  Yv eV (8.43)
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It follows from Lemma 8.6 that under the stated conditions, the stability property
is also valid for B{’) with j = 1,--- 5.

8.4 Numerical Results

In this section, we present a numerical example on the five methods studied in
solving the elliptic variational inequality (8.7). To solve the discretized variational
inequality, we use the optimization toolbox in MATLAB for the associated quadratic
optimization problem. Let £2 = (—1, 1) x (=1, 1), k = 0.3. Choose the right hand
side function to be

F(x,y) =241 — x?)? 4 24(1 — y*)? + 32(3x> = ) (3y* — 1).

We use uniform triangulations 7}, of the region £2 and piecewise quadratic polyno-
mials, i.e.,

Vi = {v, € HY(R) :vplr € PAT)V T € Ty}

Since the domain is rectangular, the outward normal is not defined at the four corner
points, (—1,—1), (=1,1), (1,—1), and (1, 1). So in terms of the restriction in the
optimization problem, at each of the four corners, we specify the constraint d,v;, >
0 twice (corresponding to the two sides intersecting at the corner).

Tables 8.1, 8.2, 8.3, 8.4 and 8.5 provide numerical solution errors in the energy
norm ||| - ||| for the five DG methods discussed in this chapter. Since the true solution
of the variational inequality (8.7) is not known, we use the numerical solution
corresponding to the meshsize # = 0.0625 as the true solution in computing the
errors.

We observe that all the five DG methods perform well, and the methods 1, 2,
and 5 converge faster than the methods 3 and 4. For the methods 1, 2, and 5,

Table 8.1 Error |||M - Mth h 1 05 0.25 0.125

for C* IP method (8.28) n= 6.1327 |3.6713 | 1.7921 | 0.8921
n=10 44264 20188  1.0202 | 0.5076
n=100 27621 | 1.1607 05767 | 0.2860
n=1000 | 15772 |0.6544 03245 |0.1628

Table 8.2 Error |||M — uj |H h 1 0.5 0.25 0.125

for NIPG method (8.30)
n=1 5.5212 | 3.2523 | 1.7682 | 0.8987
n =10 4.3318 |2.0225 | 1.0215 |0.5082
n = 100 2.7521 | 1.1610 |0.5767 |0.2860
n = 1,000 | 1.5766 |0.6545 |0.3245 | 0.1628
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Table 8.3 Error |||M - Mth h 1 0.5 0.25 0.125

for Wells—Dung DG

formulation (8.31) as in [24] n=1 5.1659 |3.1617 |2.3018 |1.6206
n =10 4.2043 | 2.3618 | 1.6532 |1.1411
n =100 2.9413 | 1.4600 | 0.9954 |0.7116
n = 1,000 |1.7224 |0.9311 |0.5570 |0.3836

gggg;‘]:rifg]formula“o" n=1 5.1509 | 3.1566 | 2.3016 | 1.6204
=10 41924 23418  1.6425 | 1.1408
7=100 | 2.8889 | 14448 09818 0.6774
7=1.000 17181 | 0.9300 0.5569 03837

Table 8.5 Error |||M - M},lH h 1 0.5 0.25 0.125

for LCDG method (8.33) n=1 54865 | 3.0717 | 17165 | 0.8831
n=10 42776 19847 |1.0158 0.5071
n=100 27463 | 1.1584 05764 | 0.2859
N = 1000 15762 | 0.6543 03244 | 0.1608

the numerical convergence order in the norm |||u — uy|| is around 1, whereas for
the methods 3 and 4, the numerical convergence order in the norm |||u — up||| is
around 1/2.
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Chapter 9
Dynamic Gao Beam in Contact with a Reactive
or Rigid Foundation

Kevin T. Andrews, Kenneth L. Kuttler, and Meir Shillor

Abstract This chapter constructs and analyzes a model for the dynamic behavior of
nonlinear viscoelastic beam, which is acted upon by a horizontal traction, that may
come in contact with a rigid or reactive foundation underneath it. We use a model,
first developed and studied by D.Y. Gao, that allows for the buckling of the beam
when the horizontal traction is sufficiently large. In contrast with the behavior of the
standard Euler—Bernoulli linear beam, it can have three steady states, two of which
are buckled. Moreover, the Gao beam can vibrate about such buckled states, which
makes it important in engineering applications. We describe the contact process
with either the normal compliance condition when the foundation is reactive, or
with the Signorini condition when the foundation is perfectly rigid. We use various
tools from the theory of pseudomonotone operators and variational inequalities to
establish the existence and uniqueness of the weak or variational solution to the
dynamic problem with the normal compliance contact condition. The main step is
in the truncation of the nonlinear term and then establishing the necessary a priori
estimates. Then, we show that when the viscosity of the material approaches zero
and the stiffness of the foundation approaches infinity, making it perfectly rigid, the
associated solutions of the problem with normal compliance converge to a solution
of the elastic problem with the Signorini condition.
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9.1 Introduction

In this chapter we analyze a model for the dynamic evolution of nonlinear
viscoelastic beam that may contact a rigid or reactive foundation that is situated
below it. The beam is subject to a general horizontal traction at one end. We use a
model for the motion of the beam that was first developed and studied by D.Y. Gao
in a series of papers [5, 7, 8]. This model exhibits several interesting and novel
features that contrast with the behavior of the standard Euler—Bernoulli linear beam.
Among other things, there are nonzero steady states present when the lateral traction
exerted on one end of the beam is sufficiently compressive. These so-called buckled
steady states are stable, being the minima of the stored elastic energy, while the
unbuckled zero steady state is unstable, being a local maximum of the stored energy.
Consequently, the Gao beam may vibrate about its buckled states. By contrast, the
Euler—Bernoulli beam only vibrates around its zero steady state.

The process of contact between deformable bodies is usually modeled with either
the normal compliance condition that assumes reactive contact surfaces or with the
Signorini condition or unilateral contact condition which assumes that one of the
contacting surfaces is perfectly rigid (see explanations in [9,20] and the numerous
references therein). The second condition may be viewed as an idealization of the
first, obtained in the limit as the stiffness of the foundation increases to infinity. In
this chapter, we prove that the dynamic contact problem involving a viscoelastic
Gao beam and a reactive foundation has a unique weak solution. We do so by
writing the evolution equation in abstract variational form and using truncation,
approximations, a priori estimates and results for evolution problems; in particular,
the basic existence result for pseudomonotone operators [12] underlies the proof.
With viscosity present we have sufficient regularity and compactness to obtain the
necessary a priori estimates. We obtain two other existence results by passing to the
limit in two different ways. In the first case, we let the viscosity tend to zero so that
the beam is now purely elastic. In this process, as expected, we lose some regularity
but still obtain an existence result, now without the assertion of uniqueness. In the
second, we let the stiffness tend to infinity and so obtain an existence result for the
dynamic contact problem of a viscoelastic Gao beam and a rigid foundation. Once
again, there is a loss of regularity which prevents us from establishing uniqueness
and which is consistent with the expectation that contact with a rigid foundation may
cause discontinuity in the velocity. It is very likely that this possible nonuniqueness
is related to the need to include a coefficient of restitution that measures the energy
loss during the contact process.

Other recent work involving the viscoelastic Gao beam and dynamic contact with
a reactive foundation may be found in [14], which considers a setting where the
beam is subject to damage caused by the growth of a crack, leading to eventual
breaking of the beam. In [15] the setting includes a stochastic force input and
a random gap. Here, we complement that study with the full analysis that, in
particular, includes the limiting cases of a purely elastic beam, and the completely
rigid obstacle. All of this work has been done with longer term aim of investigating
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computationally how contact with the obstacle affects the various vibrational modes
of the buckled beam. Indeed, some preliminary results show that very complicated
types of behavior may take place. However, there is intrinsic mathematical interest
in the analysis of the model presented here. Additional analysis and simulations of
dynamic problems involving the Gao beam can be found in [1-4, 16, 19] and the
references therein.

We note that when this work was essentially complete, the article [17] came to
our attention, where a draft version of one of our results can be found.

The rest of this chapter is organized as follows. The model is presented
in Sect.9.2 where the classical formulations of the problems with the normal
compliance (reactive obstacle) and the Signorini (perfectly rigid obstacle) contact
conditions are given. The variational formulations of the two models are described in
Sect. 9.3 where the assumptions on the problem data and the statements of our main
results on the existence of the unique weak solution to the problem with viscosity
and normal compliance, Theorem 9.5, and the existence of a weak solution to the
problem without viscosity and the Signorini condition, Theorem 9.6, are presented.
Section 9.4 deals with the truncated problem, where the cubic nonlinearity present
in the Gao beam is modified. Proposition 9.8 guarantees that, for each truncation
ceiling R, there exists a unique weak solution. The proof is based on the existence
results for pseudomonotone operators to be found in [12]. Then, in Sect.9.5 the
necessary a priori estimates are derived that allow us to pass to the limit R — oo
and obtain Theorem 9.5. In Sect. 9.6 we obtain the estimates and pass to the inviscid
limit, as the viscosity coefficient approaches zero and obtain the existence of a
weak solution to the purely elastic problem with the normal compliance condition,
Theorem 9.14. In the final section, Sect.9.7, we pass to the limit in which the
obstacle becomes rigid, when the normal compliance constant tends to infinity, and
obtain the existence of a weak solution to the problem without viscosity, purely
elastic beam and perfectly rigid obstacle.

9.2 The Model

We derive a model for the vibrations of the dynamic Gao beam in contact with a
rigid or reactive foundation. The beam is assumed to be viscoelastic and of moderate
thickness, and its motion is restricted by an obstacle, the so-called foundation, that is
situated below it. This is the setting depicted in Fig. 9.1. We denote by w = w(x, t)
the displacement of the beam’s central axis at location x and time ¢ and the model
is scaled so that the reference configuration occupies 0 < x < 1 and the density
(per unit length) is 1. The beam is subjected to a distributed transverse load f, and a
horizontal traction p = p(t) that is acting at the end x = 1 that may cause buckling.
We say that when p < 0 the end x = 1 is being compressed and when p > 0 it
is under tension. We let g = g(x) < 0 denote the gap between the central axis of
the beam (in its reference configuration [0, 1]) and the foundation. The beam is in
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Y

Fig. 9.1 The beam, foundation, gap g, and traction p

contact with the foundation when the vertical displacement satisfies w < g. In the
case when the foundation is reactive, it is possible for w < g.
When the beam is not in contact, the motion of the beam is governed by

Wi — 0y = f, 9.1)

where the viscoelastic shear stress o [5, 8], is given by
0 = —kWyyx — YWrxxx + ani — VpWy. 9.2)

Here k is the scaled elasticity modulus, y the viscosity coefficient, a the Gao
coefficient that allows for buckling, and v is the scaled stiffness coefficient for lateral
compression or tension. All four of these coefficients are assumed to be positive
constants. The cubic term in w, is the novelty in this model since it creates a double-
well elastic potential energy with one or three steady states. When the traction p is
sufficiently large there are three steady states: the steady state w = 0 is unstable and
the other two are stable buckled states. (See [4, 6, 8] for further details.)
The initial displacement and velocity of the beam are given by

w(x,0) = wo(x), wi(x,0) = vo(x), 9.3)
and the beam is assumed to be clamped at both ends, so
w(0,1) = wy(0,£) =0, w(l,t) =w,(1,£) =0. 9.4)

We now describe the contact between the beam and the reactive foundation.
When w > g the beam is not in contact, thus,

W>g:>W[[_O—x=‘f‘. (9.5)
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When w < g the beam is in contact with the foundation, and the interpenetration of
the surface asperities makes w < g possible. However, the foundation reacts to the
interpenetration with a force ¢ that is directed upward, i.e., { > 0. The force balance
equation in this case is

wy —ox = f +¢.

We assume that the reaction force ¢ depends on the interpenetration, i.e., { = g(g —
w), where ¢ (-) is the normal compliance function, to be described shortly. Therefore,

w<g = wy—0y=f+q(g—w). (9.6)

We assume that the normal compliance function is such that g(r) = 0 when
r < 0, with a typical choice in the literature [11, 13, 18,20] being

q(g—w) = k(g —w)+,

where (r)+ = max{0, r} is the positive part function and « is the normal compliance
stiffness constant, a measure of the stiffness of the foundation. The use of (g —w)+
guarantees that the reaction vanishes when there is no contact, i.e., when w > g, and
that the reaction is proportional to the interpenetration when in contact, i.e., when
w < g. A perfectly rigid obstacle is obtained in the limit k — 00, as we describe
below.

The classical formulation of the problem of the dynamic frictionless vibrations
of the Gao beam in contact with a reactive foundation is thus as follows.

Problem 9.1. Find the displacement field w = w(x,¢), for x € (0,1) and ¢t €
(0, T), such that

wi — oy = f+q(g—w), ©.7)

0 = W — PWires + 3w — v, ©8)
w(0,1) = wo(0,1) = 0, 9.9)

w(l, 1) = we(1,£) = 0, (9.10)

w(x,0) = wo(x),  w(x,0) = vo(x). 9.11)

The nonlinear term %awi in (9.7) makes buckling possible but introduces
mathematical difficulties since it prevents us from obtaining the necessary estimates
in the usual way, and so it adds a layer of complexity to the problem. We will
deal with this issue by truncating the term, and this truncated variational problem is
considered in Sect. 9.4. We then derive estimates needed to pass to the limit in the

truncated problem so as to establish a unique solution to the above problem.
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When the foundation is assumed to be perfectly rigid, then it is always true
that g < w and the reaction force { acts only when w = g, at which time we
must have ¢ > 0. This leads to the so-called Signorini nonpenetration condition
or unilateral contact condition. The classical formulation of the problem of the
dynamic frictionless vibrations of the Gao beam in contact with a perfectly rigid
foundation is as follows.

Problem 9.2. Find the displacement field w = w(x,¢), for x € (0,1) and ¢t €
(0, T), such that

wy —oy = f +¢, 9.12)

0 = e — Poiver + 3aw] — v, ©.13)
wxg (20, C(g—w) =0, 9.14)
w(0,7) = wy(0,1) = 0, (9.15)

w(l,1) = wy(1,1) = 0, (9.16)

Ww(x, 0) = wo(x), s (x, 0) = v ). ©9.17)

Formally, if we replace g with %q in (9.7), then one obtains the Signorini
condition (9.14) in the limit ¢ — 0. We show below that we actually can pass to
the limit and obtain the variational solution to Problem 9.2 in the limit ¢ — 0 of
solutions to Problem 9.1, so the statement is not only formal.

9.3 Variational Formulations

In this section we present the variational formulations of Problems 9.1 and 9.2, list
the assumptions on the problem data and state our existence results. We denote by
(-, -) the inner product on L?(0, 1). We use standard notation for Sobolev spaces, in
particular, H2(0, 1) is the space of functions that are square integrable and have first
and second square integrable distributional derivatives.

Let V be a closed subspace of H2(0, 1), given by

V={ueH*0,1):u=u;=0atx =0,1}.

We seek solutions w such that w,w, € V = L*0,T;V) and w,, € V* =
L?*(0,T;V*)), where VV* denotes the dual of V. Let H = L?*(0, 1), then, since
C2°(0,1)isdensein V and in H, we have that (V, H, VV'*) is a Gelfand or evolution
triple, and if we let H = L*(0, T; H), then (V, H, V*) is also a Gelfand triple. We
denote the respective duality pairings by (-, )y and (-,-)y. On V' we use the norm
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lull3 = (ttxy,ury), which is equivalent to the usual H?(0, 1) norm. We will also
denote by W the closure of V in H' (0,1) andlet W = L% (0, T; W). We can then
consider the spaces

VCWCH=H CW CV*

where each space is densely embedded in the following one. Below we will use the
prime to denote the (distributional) time derivative, and let v = w, = w'.

We consider Problem 9.1 first. Applying (9.7), with (9.8), to a test function u € V/
gives, fort € (0,7),

('@, u)y + (o). u)y = (f(O).u)y + {q(g —w).u)y.

Using the usual manipulations and the boundary conditions, we obtain the
following variational formulation of the problem of dynamic contact of a Gao beam
with a reactive foundation.

Problem 9.3. Find a displacement field w : [0, 7] — V and a velocity field v :
[0, T] — V, with v" € V*, such that fora.a. r € [0, T] and allu € V,

(00 0y + KO0 (0, t02) + Y (Wer0),1000) + 3a0530), 1)

—vp(O) W (1), ux) = (f (1), u)v + (q(g —w), u), (9.18)

w(t) = wy +f v(r)dz, v(0) = vp. 9.19)
0

To obtain the variational formulation of the problem with a rigid foundation, we
let K be the following closed and convex set in V' where we seek w(t),

K={yeV:y=>g}

We select u € K and apply (9.12), together with (9.13), to the test function
u — w(t). We use integration by parts and the boundary conditions, and obtain

(0,1 = W)y + KO0 (1), s — Wee(0)) + Y0 (0), e — wer (1))
3000 e = w(0) = V() 1), 1, — wi (1)

= (FO) u=w(O)y + (o —w(D))y. 9.20)

Next, we consider the last term on the right-hand side. If w(x, ) > g(x) there

is no contact between the beam and the foundation at x, therefore, { = 0, which
implies that (¢, u — w(t))y = 0. If w(x,t) = g(x), the beam is in contact with the
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foundation, which reacts with a reactive force { > 0, and since u € K, we have
u > g, therefore

(Cu—w@®)y = 0.

The last observation allows us to drop this term and upon integration on [0, ¢], and
dropping the viscosity term, i.e., setting y = 0, we have the following variational
inequality formulation of the problem of contact between an elastic Gao beam and
a rigid foundation.

Problem 9.4. Find the displacement field w : [0, 7] — K and the velocity field
v :[0,T] — V, such that for all u € V such that ' € L*° (0, T; H) and u(t) € K
for each ¢,

(@), w@)—u(@))
_ /t (v(s) . w (s)—u'(s)) ds +k /t(wxx(s), Wix (8) — e (s)) ds
0 0

+3a /0 (). w(s) — u(s)) ds — v /0 () we(5), W (8) — s (8)) s

< /0 (F(5), w(s) — u(s))y ds + (vo.w (0) — u (0)) ©.21)

together with (9.19).

To state our main existence results we make the following assumptions on the
data:

f e V*, (9.22)
peW"®0,T), |pl.1p'l <po. po>0, (9.23)
wo, Vo € V. (9.24)

We also assume that the normal compliance function ¢ : R — R satisfies the
following conditions:

lg(r1) —q(r2)| < kglri —ral, k4 >0,
(q(r1) —q(r2))(r1 —r2) =0, (9.25)
q(r)y=0, r<ao.

The main results of this work are the following two theorems.

Theorem 9.5. Assume that conditions (9.22)—(9.25) hold. Then, there exists a
unique solution (w, v) of Problem 9.3 such that
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we L®0,T:V), vel®0,T:H)NnY, v eV* (9.26)

The proof of the theorem is given in Sect.9.5, and is based on the truncated
problem that is studied in Sect. 9.4.

Next, we have the following result for the rigid foundation problem without
viscosity.

Theorem 9.6. Assume that the conditions (9.22)—(9.24) hold and that additionally
wo € K and f € H. Then, there exists a solution (w, v) of Problem 9.4 such that,

weL®(0,T;V), vel®0,T;:H)NC(0,T;V'),
w(t) e K for a.a. t €[0,T]. (9.27)

The proof of the theorem is given in Sect. 9.7, and is based on passing to the limits
in the normal compliance and the viscosity terms in Problem 9.3. We note that we
do not assert that the solution is unique. This question is unresolved, and uniqueness
seems to be unlikely without additional assumptions, such as the addition of a
coefficient of restitution that measures the energy loss during the contact process.
We also note that we do not claim any additional regularity for v/, except that it is a
distribution.

9.4 The Truncated Problem

The two nonlinearities present in the model are the cubic term in the stress function
and the contact condition. These do not fit into any of the usual nonlinear formats
and so we must use methods adapted to this particular situation to treat them. To
deal mathematically with the cubic term, we introduce the truncation operator ¥,

R for R<r,
Ygr(r) = r for |r| <R, (9.28)
—R for r < —R,

where R is a large number. Then, we replace the term wi with lI/I% (wx)wy. This
yields the following truncated variational problem.

Problem 9.7. Find the displacement field w : [0, 7] — V and the velocity field
v:[0,T] = V,withv' € V*, such that fora.a. t € [0,T]and allp € V,

1
(v*(t), ©)y + kWi (1), @xx) + Y (xx (1), xx) + ga(lplze(wx(t))wx(t)» ®x)

—vp@O)wx (1), ¢x) = (f(1). p)v + (q(g = w). 9), (9.29)
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w(t) = wy +/ v(r)dt, v(0) = vp. (9.30)
0

We have the following existence and uniqueness result for this truncated problem.
Proposition 9.8. Assume that (9.22)—(9.25) hold. Then, for each R > 0and T > 0
there exists a unique solution (w, v) = (wg, Vg) to Problem 9.7 on [0, T] such that

we C(0,T]; V), veV, v e V¥, (9.31)

To prove this result, we rewrite Problem 9.7 in an abstract form and use the
existence results in [10, 12]. To that end, we define the operators B, K, Kg, J :
YV — V* forw,¢ € V, by

(Bos. 4y = [ ' / ' pywed, dxdr, 9.32)
(Koo gy = [ ' / b dixd 9.33)
(Kew). gy = [ ' / W Gro e, dds, 9.34)
ooy = [ ' / (g — g dx dr, 9.35)

The abstract formulation of (9.29) and (9.30) now can be given as:

Problem 9.9. Find a pair (w, v) € V x V such that
1
v+ kK(w) + yK(v) + gaKR(w) —vBWw) —Jw) = f inV*, (9.36)

together with (9.30).
We now rewrite this problem as a first order abstract system. To that end, we let

Y =V xVand)Y =V xV, and use the product norm || y|ly = ||¢|lv + ||[¥]v, for
y = (¢, ¥) € Y, and similarly for )). We define the operator A : J) — J* by

w —kK(v)
A ( ) = ( . ) , 9.37)
v kK(w) + yK(v) + 3aKg(w) —vB(w) — J(w)

and D : Y — Y* by
D (W) = (kK(W)). (9.38)
v v



9 Dynamic Gao Beam in Contact with a Reactive or Rigid Foundation 235

Let F = (0, f) and ug = (wo,v0), and let Z = {u € Y : (Du) € Y*} with
norm given by |zllz = |izlly + [|(Dz)’||y+. We may now rewrite Problem 9.9 as
follows.

Problem 9.10. Find u = (w, v) € Z such that

(Du) + Au=F,  in Y* (9.39)
Du(0) = Dup, in Y*. (9.40)

The first order system above is an implicit evolution problem of the type
considered in [10, 12]. To use the existence results of these papers it suffices to
show that, for all sufficiently large A , the following three conditions hold true:

(i) There exist constants Cy and C;, which depend on the data but are independent
of u € Y, such that || Au||y < Co + Ci||u||y forallu € V.
ADu, Au,
) lim (ADu,u)y + (Au,u)y _
llul |y —o0 |[aelly
(iii) u — Au is a pseudomonotone map from Z to Z’.

We now derive the necessary estimates needed to establish these conditions in
the following three lemmas. We set u = (w,v) € ) and denote by C, Cy and C,
generic positive constants whose values may change from line to line but which are
independent of u.

Lemma 9.11. The operator A is bounded, i.e., it satisfies condition (i).

Proof. We consider in turn the various terms which appear in (A(u), y)y where
y = (¢,¥) € Y. First, we have that

T 1
(K (). p)vl SL L [Vxxllpxx| dxdt < [vllvl@lly < llullyllylly-

Similarly, [(K(w), ¥)v| < [lullylly]ly. Next,

T 1
(Kr(wW). ¥)v| < RZ/() /0 wallYsl dxdt < R¥wlvllylly < R [lullyllyly.

This is where the truncation is used. Next, using |p(¢)| < p*, we obtain

T 1
[(Bw), ¥)v| < /0 /0 lpOlIwellyel dxdt < p*Iwlvvlly < p*llullyllylly.

Finally,

T 1
(T )] =|/0 /0 d(g —w(e. ) (x. 1) dx di|



236 K.T. Andrews et al.

=(Co + CilwlWII¥ Iy = (Co + Cillull) ¥l y-

Collecting these estimates shows that

{A@), y)y| = (Co + Cillull) ¥y,

as desired. O
We now show that condition (ii) holds:
Lemma 9.12. The operator (AD + A) is coercive for all sufficiently large A, i.e.,
(ADu,u)y + (Au, u)y

lim
llully—>00 [|ully

= 00. 9.41)

Proof. We have,
(D) = MK, why + Ao, 0}y = Al + Aol
and
(A )y = (~K (@) why + (KO, o)y + 7 (K, o)y
+ 5alK 00 v}y = v(pBON. vy + (), ).

We deal with each term which appears on the right in turn. We use the Holder
inequality as we did in the previous lemma and the Cauchy inequality with € in
most of the estimates. First, we note that

y 2
(=K@),w)y = —|vlv[wly = —gllvlli - ;IIWII%»
Similarly,
y 2k
k(K(w),v)y = —k|vllv[wly > —gllvlli - TIIWII%;-
We also have that

y(K@). )y = yl[vl

Next,

1 1
§H(KR(W)» v)y > —gaR2||Wx||H||vx||H
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2a*R*
9y

14
= vl — =5 = Il
Also,

—V{(BW), v}y = —vp*wllzllvslln

> Lol - 2227 ol
Finally, we have that
(Jw), v}y = (=C1 = Gollwlw) vy
z—gwﬁ—gﬁw%—c

Collecting these estimates and rearranging the constants yields
1
(ADu,u)y + (Au,u)y = (A = O)wl}, + Alvll3, + v IvIE - C.
Dividing this estimate by ||u||y = [|w||y + ||v||y and letting ||u||y — oo leads

to (9.41), for each sufficiently large A. O

We note that the presence of the viscosity term is essential to obtaining the
previous result. We now show that condition (iii) holds.

Lemma 9.13. The operator A : Z — Z' is pseudomonotone.

Proof. We note that we may write A = A; + A, where

y (w) _ —kK(v) 9.42)
v kK(w) + yK(v) )’ '

and

w 0
Az( )2(1 ) (9.43)
v 3aKr(w) —vB(W) + J(w)

Since it is easy to check that the operator A, is linear, bounded and monotone, we
only need to prove that the operator A, is completely continuous to conclude that
the sum A; + A, is pseudomonotone (see, e.g., [22, Proposition 27.6]). This, in
turn, follows from examining the operators Kz, B and J. To that end, let {u,,} =
{(Wm, v)} be a sequence which converges weakly to u = (w, v) in Z. Then, w,, —
wand v,, — v weakly in L*(0, T; V), and also w/,, — w’ and v/, — v’ weakly in
L?(0, T; V*). It follows from Corollary 4 of [21], that {w,,} and {v,,} are relatively
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compact in L?(0, T; H'(0,1)). By passing to subsequences we may assume that
{w} and {v,,} converge strongly in L?(0, T; H'(0, 1)) and pointwise a.a. to w and
v, respectively. Now we have, for ¢ € V), that

|<B(Wm) - B(W)» ¢)V| = p*”me - Wx”H”d’x”H‘
Since [|¢xlr20.7:0) = ¢V, we obtain
|BWn) — Bw)|lyx < Clwpx —wx|lg =0 as m — oo.

Next,

(Kr(Win) — KRW), @)v| < R |Winx — wall 20,7500l |2
+ ||(q/12€(wmx) - lIj}z@(""x))w.’c“7—[”‘]596”7-1'

Now, since the truncation function Wy is Lipschitz continuous and bounded it
follows that || (¥ (Wix) —Wa(wy))wy || 12(0.7:1) — 0 by the dominated convergence
theorem. It follows that

|Kr(wWi) — Kg(W)|[yx — 0 as m — oo.

Finally, using the assumptions on the operator g and straightforward manipula-
tions, we obtain

S Wm) = J W), d)v| < Cliwm —wll 2007080 0.0 1@l L2075 01 0,1)) -
Then, dividing both sides by ||¢ ||y, we obtain
[JWm) = JW) [y < Cllwm —wll 200.1:110.1) —> 0

as m — o0o. We conclude that the operator A, : Z — Z* is completely continuous.
O

We now have all the ingredients to provide the proof of Proposition 9.8.

Proof. Since the conditions (i)—(iii) on page 235 have now been established we
may apply the abstract existence theorem in [10] to conclude that a time shifted
version of the above system has a solution. Specifically, in the shifted system the
new dependent variable i is given by it = ue~*'. The above conditions are sufficient
to conclude existence for the shifted system and thus we have existence of a solution
u = (w,v) € Z for the original system. This implies thatw, w' = v € Vandsow €
C([0, T]; V), which completes the proof of the existence part in Proposition 9.8.
Thus, for each R sufficiently large, there exists a solution (wg, vg) to Problem 9.7.

We now consider the question of uniqueness. The function x — W32 (x)x is
clearly Lipschitz continuous. Let Cg be the Lipschitz constant. Then,
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t el
/ / (PRwiwix — Yr(widwix ) (Vi — vay) dxdi
0 Jo

t pl
< CR/ / [Wix — wax| [v1x — Vax| dxds.
o Jo

Thus,

([ ket

1 t
< 30Cx [ I = wally oy = valy ds.
0

Similarly, but with less trouble,
t
[ (0B + T0) = (9B + T0w2)) 1 =) ds
0

t
< C/ Iwi = wally o1 — vally ds.
0

Here, and to the end of this section, C depends on R. Hence,

[l ()= () ()= ()

t
5c/ Iwi = wall o1 — vally ds
0

Ao ()2 () (o) - ()
ela()=a () (o) -()

> Ak lwi = walll 4+ Ao — valy + ¥ o1 — v}

and so

= C lwi =wally lvr —v2ly

> Ak [lwi = wall} + A fvr — valyy + v o1 — w2}
= C (Iwr = wally + oy = vally )

then it follows from compactness of the embedding of V' into W, that
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2 2 2
> Ak lwi —wally + A Jvr —valy + v o —v2lly

—Cr (Wi = walls + =L o1 = vl + € (7. Cr) o1 — w2y
2CRr

> 0,

if A is chosen large enough. Therefore, the operator AD + A is strictly monotone
for such As and this proves that the solution in Proposition 9.8 is unique, which
concludes the proof. O

9.5 Proof of Theorem 9.5
We have obtained in Proposition 9.8 the solution of the abstract equation
1
v+ kK(w) + yK©) + gaKR(w) —vBWw)—Jw) = f inV*, (9.44)

where the operators are given in (9.32)—(9.35), the truncation operator ¥g in (9.28),
and v and w are related by

w(t):wo—l—/otv(s)dsinl/.

Consider now the function ¥ (x)? x, whose graph is a monotone function of the
form depicted in Fig. 9.2 below. We now define

Br (w (1)) = /O W (v () w (5) W' (5) ds.

We note that @y, is a convex and positive function. Furthermore,

Fig. 9.2 The function ¥y (x)% x
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4 4

B (x) = %if x| <R, and lim @y (x) = XT'

for each x. Moreover, @, is increasing in R. We now observe that

/OI/OIP(I)vaxdxdt ='%/0 A’p(t)%(wi)dsdx

1
1 ! 2 .t ' 2 ’
S e [ o]
1

1
<3 /O (W2 (1) po + w2, p (0))

1 t
+5m0 [ o O ds
0

Moreover,

fot—J(w)vds=/Ol/01q<g—w)(—v) dx dt

=/01/0t%Q(g—w>dsdx

1
=[0 0 (g —w) dx.

where Q' = ¢. Since ¢ is given to be monotone (see assumption (9.25)), we can
take Q > 0.

Now we apply both sides of (9.44) to v and integrate from O to . Then, using the
results just derived, we obtain an expression of the form

1 » 1, 5k » k 2
§|U(f)|H—§|UO| +§”W([)”V_§”W0“H
t 5 1 1
7 [ Mol ds + 5a [ @ Ge @)
0 0

1 1 4
_VG /0 (w2 (1) po + w2, (0)) + 5 o /0 |wx(s)|i,ds)

1 t
+/0 Q(q—W)de/O \f 1 [v] ds.

Ignoring the two nonnegative terms with Q and a, we obtain,
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t
o @OF + k [w 1% — pov [w O + y/o lol ds

t t
< C (wo. po. v, f) + / ol ds + pov/ w13 ds.
0 0

We note that the estimate depends on the problem data but does not depend on R.
Now, we use the compactness of the embedding of V' into W to obtain

k k !
pov Wiy = 5 Il + Co bl = 5 I +2Cu woly + 2607 [ Joly.
0

This leads to the inequality
2 |k 2 foe
Ol + 5 IwOlly +v | vlly ds
0

t t
< C (w0, po.vo, £K) + C (k,T)/ lvl?, ds +pov/ [w ()1 ds.
0 0

Then, Gronwall’s inequality implies that

k t
|v<r)|i,+5||w(r)||i+yfo J0]} ds < C (wo. po.vo. fik.T). (945)

The constant on the right-hand side is independent of y and R. Now, by the
continuous embedding of H' (0, 1) into C ([0, 1]), it follows that, for large enough
R, the solution of the truncated problem satisfies |wy (¢,x)|] < R and so the
constraint imposed by the truncation ¥y is never in operation. Thus, the solution
to Problem 9.7, for R sufficiently large, is also a solution to Problem 9.3. Since the
solution to Problem 9.7 is unique, so is the solution to Problem 9.3. This completes
the proof of Theorem 9.5.

9.6 The Elastic Beam with the Normal Compliance
Condition

Next we consider obtaining the existence of a solution in the case when the beam
is elastic, so that y = 0. In this case, uniqueness is lost. From the estimate (9.45),
it follows from the equation solved and the boundedness of the operators that there
also exists an estimate of the form

7112 k !
[V + 10 @F + 5w Ol + y/o I} ds < C (wo. po. vo. k. T).
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Now let the solution in the above viscoelastic problem be denoted by (w,,v,). By
the above estimate, there exists a subsequence, still denoted with the subscript y,
such that, as y — 0,
v, — v weakly in L*°(0,T; H),
w, — wstrongly in C ([0,7]: Z),
yKv, — 0 weakly in V*,
v; — v in V*,
Kw, — Kw weakly in V*,
Bw, — Bw weakly in V*.
Here Z is an intermediate space satisfying the conditions that the embedding of V
into Z is compact and that the embedding of Z into C ([0, 1]) is continuous. For
example, one could take for Z the closure of V in H o ([0, 1]).
These convergences are easily enough to pass to a limit in the equation solved

by (wy, vy), including the nonlinear term involving w?. This yields a solution to the
equation

(00, 0y + kv (0, 00) + 50830, 10) = vp ()00, )
— )iy + @lg—whw)  NueV. (9.46)

Because of the manner of obtaining this solution, it is not at all clear that it is unique.
All that is clear is that it exists and satisfies the regularity implied by the above
convergences. This yields the following existence theorem for the inviscid problem.

Theorem 9.14. There exists a solution (v, w) to the inviscid problem (9.46) along
with the initial condition v (0) = v and the relation between v and w given by

w(t) =w0+[)tv(s)ds, wo € H?([0,1]).

This solution satisfies v/ € V*,v € V.

9.7 The Elastic Beam with the Signorini Condition

Now we will pass to a limit in the elastic beam as the normal compliance condition
becomes increasingly stiff. Thus, we replace ¢ with %q and consider the solution to
the abstract beam equation given below which we denote with a subscript of ¢:

1 1
v+ kK (we) + gang —vB(we) — —J(w,) = f. (9.47)
. &
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Fig. 9.3 The graph of the function —g(g — r)

We let this equation act on v,, recall that we now assume that f € H, and integrate
from O to ¢ to obtain

1 1 k k
5 [0e Ol = 5 1ol + 3 Iwe I} = 5 Iwoly

1 1 t
Wt (Odx — & / Wi dx — v / (B (we (5)) . ve (5)) ds
0 0

U 12

foels t
+/0 /o (—gq (g —we (S))) ve () dxds = /(; (f (s), ve(s))ds.  (9.48)

We now focus our attention on the term containing ¢. From the above assump-
tions, the graph of r — —q (g — r) is of the general form depicted above (Fig.9.3)

for each x € [0, 1]. We define Q (x,w) = fq‘&) (—q (g —))dr. Then, Q (x,w) >
0 and

0
RO g@-w. 0w =0,

the last equality holds since wy > g(x). Then, using these facts in the term
containing g and rearranging terms, we obtain the inequality

1
3@+ 5wl + 5 [wtax—v [ [ p @ wesvedsis

12
1

+é/ 0 (x,w, (t,x))dx < C (f, vo,wo)+/ v ()3 ds. (9.49)
0 0

We now consider the term containing p. It can be written as

L i 2 _ 1 20 ' 2 ]
[ [ r© gt asas = [ [po = [ o 0F o' 6ds | x
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and so it is dominated by an expression of the form

t
pﬂm@%+m£”%®%w+cww

Using this result in (9.49), we obtain the estimate
a [

1 1
wi‘vdx + - / O (x,w (t,x))dx
12 0 B & Jo

1 k
3 1ve OFF + 5 Iwe Ol +

t t
SCumwﬂmN%m%+mAHm@%ﬁ+Aw&MM&

Using the compactness of the embedding of V' into W and the relationship between
w, and v,, we have that
a [!

1 1
wgrdx + —/ 0 (x,we (t,x))dx
12 0 . & Jo

1 k
5 [0e O + 7 Iwe (I} +

t t
scommmy+c/|w@mﬂh+pg/nm@m%d&
0 0

Therefore, by Gronwall’s inequality, there is a constant C ( f, vy, wy), independent
of &, such that

e @F + e 1+ [t + S [0 o Gondr =€ .
(9.50)
It follows that there exists a subsequence, still denoted with ¢, such that, as ¢ — 0,
vy — v weak*in L*°(0,T; H),
we — wstrongly in C ([0, T];Z),
we — wweak x in L (0,T;V),
Kw, — Kw weakly in V*,

Bw, — Bw weakly in V*,
1
——q (g —w,) — & weakly in V*.
&
Here, Z is the intermediate space between V' and C [0, 1] described in the previous

section. We also note that multiplication of (9.50) by ¢ and then passing to a limit
as ¢ — 0 implies that

1
/ 0 (x,w(t,x))dx =0,
0
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and so, for each ,
g(x) =w(,x).
We now return to (9.47). We let this equation act on u € V with v/ €

L®° (0, T; H). The above convergences are enough to pass to a limit in this equation
and obtain the following

t

(), u(t)) — (vo, u(0)) —A (v(s).u' () ds + k/ (Kw,u(s))ds

0
t

1 t t
+ §a/o w? (s),u(s))ds—v/o (Bw(s),u(s))ds+/0 (E.u)y ds

:/O(f (s),u(s))ds. (9.51)

It only remains to consider the term containing &. Since the graph of r — —q (g —r)
shows that it is monotone and since we have now shown that w (¢, x) > g (x) for
each x, it follows that, for each ¢, and any u (t) € V with u (¢, x) > g (x),

1
_gq (g — We (I,X)) (WE (I,X) - u(t,x)) > 0.

It follows that for such u,

t 1 1
/ / ——q (g —we (t.x)) (W, (t.x) —u(t,x)) dxds
0 Jo &

o
=/ <——q(g—w€),wg—u> ds > 0.
0 € v

Then, passing to the limit, we obtain

t
/ (&, w—u), ds = 0. (9.52)
0

In (9.51), we now replace # with w — u where w is as described in the above limit
andu(t,x) > g(x),ueV,andu’ € L*°(0,T; H), thus,

(@), w() —u()) — (vo,w(0) —u(0))
_/l (v (S),w’(s)—u/(s))ds —|—k/l (Kw,w(s) —u(s))ds
0 0
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+ %a /:(wi (s),w(s) —u(s))ds —v /Ot (Bw(s),w(s)—u(s))ds

+ /Ot (E.w—u)dt = /Ot(f(s),w(s) —u(s))ds.

Thus, replacing the various operators with their definitions and using (9.52), we
obtain the variational inequality (9.21) that is valid for all # € V such that
W € L*°(0,T,H) and u(t,x) > g(x) for each ¢. This concludes the proof of
Theorem 9.6.
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Chapter 10
A Hyperelastic Dynamic Frictional Contact
Model with Energy-Consistent Properties

Mikael Barboteu, David Danan, and Mircea Sofonea

Abstract In this chapter we present an energy-consistent numerical model for
the dynamic frictional contact between a hyperlastic body and a foundation. Our
contribution has two traits of novelty. The first one arises from the specific frictional
contact model we consider, which provides intrinsic energy-consistent properties.
The contact is modeled with a normal compliance condition of such a type that the
penetration is limited with unilateral constraint and, the friction is described with
a version of Coulomb’s law of dry friction. The second trait of novelty consists in
the construction and the analysis of an energy-consistent scheme, based on recent
energy-controlling time integration methods for nonlinear elastodynamics. Some
numerical results for representative impact problems are provided. They illustrate
both the specific properties of the contact model and the energy-consistent properties
of the numerical scheme.

Keywords Contact and friction * Normal compliance ¢ Unilateral constraint e
Coulomb friction * Nonlinear elastodynamics ¢ Hyperelasticity ¢ Time integra-
tion schemes ¢ Energy-conserving algorithms

AMS Classification. 74M15, 74M20, 74M10, 74B20, 74H15, 74S30, 49M15,
90C53

10.1 Introduction

An important topic concerning the modelling of dynamic frictional contact problems
is the enforcement of suitable contact interface conditions with energy-consistent
properties. This leads to consideration of acceptable physical models and of
numerical schemes with long term time integration accuracy and stability properties.
During the last 20 years, many works have been devoted to the construction of
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energy-conserving methods for elastodynamic contact problems, see [2,4, 6, 18—
20,26,29,30], for instance. Consistent energy dissipation extensions can be found in
[4,6,20,30] and [5], in the study of models with friction and viscosity, respectively.

In this current work we consider new frictional contact conditions between a
hyperelastic body and a foundation, which take into account the asperities of the
contact surface and some energy-consistent properties, as well. More precisely,
we consider a specific frictional contact model which provides intrinsic energy-
consistent properties, characterized by a conserving behaviour for frictionless
impacts and admissible dissipation for friction phenomena. In our model the contact
is described with a normal compliance condition of such a type that the penetration
is limited with unilateral constraint. This penetration can be assimilated to the
flattening of the asperities on the contact surface of the foundation. The associated
model of friction, which represents a generalization of the models introduced in
[10,11], is based on a version of Coulomb’s law in which we assume that the friction
bound depends on both the depth of the penetration and the slip rate.

In order to provide numerical energy-consistent properties related to the specific
frictional contact, a crucial issue is to focus on computational aspects with long
term time integration accuracy and stability properties. To this end, we consider
an energy-consistent scheme based on recent energy-controlling time integration
methods for nonlinear elastodynamics, developed in [2,4,6,18-20,26,30]. In partic-
ular, we use a Newton continuation method and augmented Lagrangian arguments,
already used in [4]. Next, to obtain additional energy conserving properties,
we combine the specific penalized methods considered in [4, 17, 19], with the
procedure of equivalent mass matrix introduced in [26]. We also provide some
numerical experiments of representative impact problems which illustrate, in terms
of conservation of energy, the good properties of both the frictional contact model
and the numerical scheme. More precisely, we compare our numerical results with
results obtained by using time integration schemes used in [4,19,26] and we discuss
issues related to energy conservation properties.

The rest of the chapter is structured as follows. In Sect. 10.2 we introduce
the notation as well as some preliminary material used for the physical setting
of hyperelastic contact problems. In Sect. 10.3 we describe the specific contact
model, including the associated Coulomb’s law of friction. In Sect. 10.4, we present
the classical formulation of the dynamic frictional contact problem and derive
its variational formulation. Then, in Sect. 10.5 we introduce the fully discrete
approximation of the problem. Section 10.6 is devoted to the analysis of the
energy-consistent approach used to solve nonlinear elastodynamic frictional contact
problems. Thus, after presenting the usual energy-conserving frameworks used,
we focus on the analysis of the discrete energy evolution of the method. Finally,
in Sect. 10.7 we present numerical results in the study of two representative two-
dimensional examples with linear elastic and hyperelastic materials, respectively.
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10.2 Notation and Physical Setting

In this section we present the notation we shall use and some preliminary material.
Everywhere in this chapter we use N for the set of positive integers and R_ will
represent the set of non positive real numbers, i.e. R_ = (—o0, 0]. We denote by
M the space of second order tensors on R or, equivalently, the space of square
matrices of order d. The inner product and norm on R? and M¢ are defined by

u-v=uv;, ||v||=(v-v)% Yu,veRY,

II:v=10jv;, ||'r||=(r:1:)% VI, eM.

Let 2 Cc R (d = 1,2,3) be an open bounded connected set with a Lipschitz
boundary I". We use the notation x = (x;) for a typical point in £2 U I" and we
denote by v = (v;) the outward unit normal at I". Here and below the indices i, j,
k, [ run between 1 and d and, unless stated otherwise, the summation convention
over repeated indices is used. An index that follows a comma represents the partial
derivative with respect to the corresponding component of the spatial variable, e.g.
u; j = 0u; /dx;. We consider the spaces

V={veH'(2:RY) : v=0on I}, H=L*2;R%).

These are real Hilbert spaces endowed with their standard inner products (u, v)y
and (11, t)y and their associated norms || - ||y and || - || #, respectively. Note that
V C H C V*isan evolution triple, with all embeddings being continuous, compact
and dense. The duality pairing between V* and V will be denoted by (u, v)y*xy .
For an element v € V we still write v for its trace and we denote by v, and

v, the normal and tangential components of v on I, given by v, = v - v and
v, = v—v,V, respectively. Also, for a regular stress function II we use the notation
I1, and IT, for its normal and tangential components, i.e. [T, = (IIv) - v and

IT, = IIv — I1,v. Moreover, we recall that the divergence operator is defined by
the equality Div IT = (I1;; ;) and, finally, the following Green’s formula holds:

/H:Vvdx—}—/ DiVH-vdx=/Hv-vdF VYveV. (10.1)
2 Q r

In the rest of the chapter we consider the time interval of interest [0, '] with
T > 0. We denote by ¢ € [0, T] the time variable and, as already mentioned,
x € £ U I" will represent the spatial variable. In order to simplify the notation, we
do not indicate the dependence of the functions on x and z. Moreover, we use the
dots above to represent the derivatives with respect to the time. We also use u for
the displacement field and I7 for the first Piola-Kirchoff stress tensor.

We consider a dynamic contact problem between a deformable body and a
foundation in the framework of finite deformations theory. The material’s behavior
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Fig. 10.1 A deformable f
body in dynamic contact with 1”2 :
a foundation Ii

is described with a hyperelastic constitutive law. We recall that hyperelastic con-
stitutive laws are characterized by the first Piola-Kirchoff tensor IT which derives
from an internal hyperelastic energy density W(F), i.e. I = dgW(F). Here F is
the deformation gradient defined by F = I 4+ Vu and 0f represents the differential
with respect to the variable F, see [12] for details. The deformable body occupies
the domain £2 with the boundary partitioned into three disjoint parts I';, I', and
T3 with I, Iy and T} being relatively open. The part I is the part in which the
displacement field is prescribed. A volume force of density f, acts in £2 x (0,7),
and we assume that a density of traction forces, denoted by f,, acts on the part
I 2, ie.

INv=f, on I,x(0,T).

On the part I3 the body can arrive in frictional contact with an obstacle, the so-called
foundation, as shown in Fig. 10.1.

Various contact boundary conditions have been used to model contact
phenomena, both in engineering and mathematical literature, see for instance
[1,14,16,27,28,33,34,36,37,39—41] and the references therein. One of the most
popular is the Signorini condition, introduced in [38], which describes the contact
with a perfectly rigid foundation. Expressed in terms of unilateral constraints for
the displacement field, this condition leads to highly nonlinear and nonsmooth
mathematical problems. The unilateral contact conditions with a gap between a
deformable body and a rigid foundation are given by

u,—G <0, I,<0, M(u,—G)=0 on I3x(0,T), (10.2)
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where the gap function G measures the distance between a point on I3 and its
projection onto the rigid obstacle. In the following, for simplicity, we consider that
the gap function vanishes, i.e. we use condition (10.2) with G = 0. The Signorini
contact condition is idealistic since a foundation is never perfectly rigid, due to
the presence of microscopic asperities on its surface. Furthermore, it induces non
negligible dissipation of energy during impacts, as explained in [2, 29]. For this
reason, an unilateral contact condition expressed in terms of velocity field has been
considered in the literature. Its form is given by

i, <0, I, <0, Mi,=0 on Ijx(0,T). (10.3)

Even if it induces good properties of conservation of energy, condition (10.3) is not
realistic, since it could lead to non controlled penetrations.

The contact with a deformable foundation is modelled by the so-called normal
compliance contact condition. It assigns a reactive normal pressure that depends
on the interpenetration of the asperities on the body’s surface and those on the
foundation. The normal compliance contact condition was first introduced in
[33,36] in the study of dynamic contact problems with elastic and viscoelastic
materials. A general expression for the normal compliance condition with a zero
gap function is

—1II, = p(u,) on I3x(0,7T), (10.4)

where p(-) is a nonnegative prescribed function which vanishes for negative
argument. This condition can be viewed as a regularization of the Sigorini unilateral
condition. It is obvious to see that the normal compliance condition is characterized
by a non limited penetration.

In the case of the frictional contact, the contact condition is usually associated to
Coulomb’s law of dry friction, given by

T .|| < —pll, if @, =0,
m, - _an”,l;_z” it o, £0, on I3x(0,7). (10.5)
Here p is a positive variable, the coefficient of friction.

As noted in [35], the tribological laws (10.2) and (10.5) can be written in the form
of subdifferential inclusions which derive from non-differentiable convex potentials:

I, € 0lg—(u,) and —I, € —ull,d|i.| on I3x(0,T).

Here d/g- and d|ji. || denote the subdifferential of the indicator function /g- of the
negative half-line of R and the subdifferential of the norm of the slip rate, |jit.]|,
respectively. Furthermore, in the case of large deformations, we can refer to [14] for
the definition of objective quantities related to contact mechanics.
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10.3 A Specific Frictional Contact Model

The purpose of this section is to present a specific frictional contact model
which provides intrinsic energy-consistent properties. The contact is modeled with
a normal compliance condition of such a type that the penetration is limited
with unilateral constraint and the friction is modeled with a specific version of
Coulomb’s law.

In order to obtain energy conservation properties, the work of normal contact
reactions, denoted by W, = f ry IT,i,d I, has to vanish. Therefore, for energy
conservation purposes, as explained in [2,29], the following persistency condition
has to be added:

i,IT, =0 on I} x(0,T). (10.6)

This condition means that normal contact reactions can appear only during persis-
tent contact. Note that the unilateral contact condition (10.3), expressed in terms
of velocity, could lead to displacements which do not satisfy the non penetration
condition. Furthermore, as explained in [4, 6], it is impossible to enforce, at a given
moment, both the complementarity condition in displacement and in velocity.

To overcome this drawback, in order to take into account the deformability
of the foundation (arising from the existence of micro asperities on its surface),
we consider the following normal compliance condition restricted by unilateral
constraint:

HV + p(uv) S 07
u, —g <0, on I3 x(0,7T). (10.7)
(Hv + p(uv))(uv —-g)=0,

This condition was introduced for an elastic-visco-plastic problem in [23]. In this
model, the contact follows a normal compliance condition with penetration but up to
the limit g and then, when this limit is reached, the contact follows a Signorini-type
unilateral condition with the gap g and without any additional penetration in the
foundation. We conclude from above that condition (10.7) models the contact with
a foundation which is composed by a thin deformable layer of asperities of thickness
g which covers a perfect rigid material. This contact model has two intrinsic advan-
tages: the adequation with energy conservation properties during penetrations for
the impact phase (—I1, = p(u,) for 0 < u, < g), on one hand, and the limitation
of penetration into the foundation (I7, <0, u, — g <0, I1,(u, — g) = 0), on the
other hand. Note that the energy conservation property during penetrations comes
from the specific form of the normal compliance function p. Indeed, let us consider
a normal compliance function p defined by

p(uy) = ru;|r with u;" = max(0, u,) = distg— (1), (10.8)
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where r is a positive constant which represents the deformability of the foundation.
Then, with (10.8), the persistency condition is no longer necessary to obtain energy
conservation properties and the work W, of contact reactions takes the form

d
W, = | M, dl = —/ rufin, dlN = —/ L whrar (10.9)
I3

I3 I3 2dt

If we consider the Gonzalez approach, [15], then the conservation of the energy
for a contact system with a normal compliance condition of the form (10.8) is
provided by the following energy assessment on [0, ¢]:

E(t)—E(O)=/0t/9f-dd[2+/otfrzg-ad1“

r

2/F [ ()* = () (0))*] d T (10.10)

Here E(t) represents the internal energy of the body §2 at time ¢ and is defined by

E@t) = %[Q,oitzd[.?—f-/gW(F)dQ. (10.11)

We refer to Sect. 10.6.2 or [19] for more details about this energy assessment
properties for a normal compliance condition of the form (10.8). The same statement
can be established for the angular and the linear momentum, as shown in [39].

We turn now to the friction conditions. Our goal is to consider a friction model
suited to the previous contact conditions. To this end, we introduce a specific version
of Coulomb’s law of dry friction in which the friction bound depends both on the
depth of the penetration for 0 < u, < g and on the normal contact stress I1,.
Therefore, we consider the following friction condition:

”HZ” = _M(M\))Hu if i‘r =0,
.= —M(”v)nu”z—z” it @, £0, on I3x(0,7). (10.12)
Here 1 denotes the coefficient of friction and is assumed to depend on the
penetration u, as long as u#, < g. When there is penetration, as far as the normal
displacement does not reach the bound g (i.e. 0 < u, < g), the contact is described
with a normal compliance condition associated to the classical Coulomb’s law of
dry friction with the friction bound w(u,) p(u,). Details on the normal compliance
contact condition associated to Coulomb’s law of dry friction can be found in
[16,37,40], for instance. After the complete flattening of the asperities, i.e. when
the normal displacement reaches the bound g, the magnitude of the normal stress
is larger than p(g) and, moreover, friction follows a Coulomb’s law associated to
unilateral contact, with the friction bound —u(g)I1,. Note that the friction bound
is characterized by the friction coefficient u which depends on the depth of the
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penetration u, and on the size of the asperities g. In what follows, we consider two
examples, namely

0forn <0, 0forn <0,
pi(n) = § gpo forn € (0,8),  pa(n) = (2 — Ppo forn € (0,g), (10.13)
o forn > g. Ko forn > g.

Here o = p(g) denotes a given coefficient of friction associated to the unilateral
contact (1, = g). In the case of function p;, we remark that the friction bound
increases with respect to the flattening of the asperities. In contrast, in the case of
the function u,, the friction bound decreases with respect to the flattening of the
asperities. Several experimental studies have demonstrated the dependence of the
friction coefficient with respect to the normal compression load and the flattening
of asperities. This behavior is generated by the wear of asperities on the contact
surfaces. References on this matter include [22,31,32], among others.

10.4 Mechanical Problem and Variational Formulation

10.4.1 Mechanical Problem

With these preliminaries the formulation of hyperelastodynamic frictional contact
problem is the following.

Problem Py;. Find a displacement field u : 2 x [0,T] — R? and a stress field
T : 2 x[0,T] = M such that

I =0gW(F) in 2x(0,7), (10.14)

pii—Divll — f,=0 in 2x(0,7), (10.15)

u=0 on INx(0,T), (10.16)

IIv=f, on I>,x(0,T), (10.17)

% u, < g, I, + p(u,) <0,
(u, — )T, + p(u,)) =0

M| < —p)d, i . =0,
—I . = @), i #0,

on I3 % (0,T), (10.18)

on I3x(0,7), (10.19)
u0) =ug, u(0) =u; in £2. (10.20)

We recall that Eq. (10.14) is the hyperelastic constitutive law. Equation (10.15)
represents the equation of motion in which p denotes the density of the material and
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is assumed to be constant, for the sake of simplicity. Conditions (10.16) and (10.17)
are the displacement and traction boundary conditions, respectively. Finally, (10.20)
represent the initial conditions in which uy and u; are the initial displacement and
velocity, respectively.

Next, conditions (10.18) and (10.19) represent the frictional contact condi-
tions, already introduced in Sect. 10.3. We recall that (10.18) represents a contact
condition with normal compliance contact and unilateral constraint, in which the
penetration is limited to the value g. Condition (10.19) represents a version of
Coulomb’s law of dry friction in relation with the contact conditions (10.18). Note
that the condition (10.18) is equivalent to

—1I, € p(uy) + 0 (0o g)(y) onI3x(0,7T), (10.21)

where J represents the subdifferential operator in the sense of the convex analysis
and I 4 denotes the indicator function of the set A C R. In the same way, we observe
that the condition (10.19) is equivalent to

— M. € —pu(u),di.| onTlsx(0,T). (10.22)

In the rest of the chapter, we will consider the frictional contact conditions in their
subdifferential form (10.21), (10.22).

10.4.2 Variational Formulation

We now introduce a hybrid variational formulation of Problem P, in which the
dual variables corresponding to Lagrange multipliers are related to the contact
stress and the friction force. In this case, the Lagrange multipliers verify extended
subdifferential inclusions derived from the pointwise subdifferential inclusions
defined in (10.21) and (10.22). To this end we consider the trace spaces X, =
{vylpt veV}and X, = {v|n: veV}, equipped with their usual norms.
We denote by X and X the duals of the spaces X, and X-, respectively. Moreover,
we denote by (-, -)x/ x, and (-, -)x’ x, the corresponding duality pairing mappings.
To establish the variational formulation, we need additional notations. Thus, we
consider the function f : (0, T) — V* and the operator B : V' — V* defined by

(f @), v)yexy = (o). V) + (f2(0). 0) 12(ry;re)- (10.23)

(Bu,v)y*xy = / IT(u): Vvdx (10.24)
2

forallt € (0,T), u,v € V. For the contact conditions, we introduce a function
@y : Xy = (=00, +00] and an operator L : X, — X/ defined by
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oy (uy) = / I oogi(uy)dl’ VYu, €X,,
I3

L:X,— X, (Luy,v)x.x, =/ pw)v,dl" Yu,, v, €X,.
I

We note that, for all ¢ € (0,T), condition (10.21) leads to the subdifferential
inclusion

— IT,(t) € 3y (uy (1)) + Lu,(t) in X_. (10.25)

To reformulate the friction law, we introduce the function ¢, : L*(I3;RY) —
(—00, +00] defined by

(pr(ur) = ”ur” dI' Vu, € LZ(FS;Rd)'
I3

We note that for all + € (0,7T), condition (10.22) leads to the subdifferential
inclusion

— I (t) € —p(uy (1)) 1,09 (it (1)) in X7. (10.26)

Inclusions (10.25) and (10.26) suggest to introduce two new unknowns, the
Lagrange multipliers, which represent the normal and tangential stresses on the
contact surface, and which will be denoted in what follows by &, and &, respec-
tively. Therefore, multiplying the equation of motion (10.15) by the test function v,
integrating the result over £2 x (0, 7) and using the Green formula (10.1) and the
inclusions (10.25)—(10.26), we obtain the following hybrid variational formulation
of Problem Py, in terms of three unknown fields.

Problem Py. Find a displacement field u : [0,T] — V, a normal stress field
&, 1[0, T] — X and a tangential stress field &, : [0, T] — X! such that

(pit(t) + Bu(t), v)yxy = (f (1), v)yrxy + (£,(1), v)x; x,

+ (&, (1), v)xx, YveV, (10.27)
—&,(t) € 9, (u, (¢)) + Lu, (1), (10.28)
—&.(1) € —p(uy(2)§,0¢. ((i: (1)), (10.29)

forallt € [0, T] and, moreover,

u©0) =uy,  @w(0)=u. (10.30)
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We note that the existence and uniqueness of weak solution of Problem Py
represents, at the best of our knowledge, an open mathematical problem. Never-
theless, the solvability of a dynamic viscoelastic frictional contact problem with
a regularized version of the frictional contact conditions (10.28)—(10.29) has been
established in [9], in the case of small deformations theory. We also recall that the
question of weak solvability for several contact problems is discussed in detail in
the books [16, 34,40].

10.5 Discretization and Variational Approximation

This section is devoted to the discretization of the variational problem Py, based on
arguments similar to those used in [4,5,7-11].

First, we recall some preliminary material concerning the time discretization
step. Let N be an integer, let k = % be the time step and define

t,=nk, 0<n<N.

Below, for a continuous function f(¢) with values in a function space, we use the
notation f; = f(¢;), for 0 < j < N.In what follows, we consider a collection of
discrete times {z,}"_, which define a uniform partition of the time interval [0, 7] =
U;\':l[tn_l,tn] with tp = 0,1, = t,—; + k and ty = T. Finally, for a sequence
{wy }i]1V=l’ we denote the midpoint divided differences by

1
Swn—% =Wy —wy—1)/k = E(Swn + wu—1), (10.31)
and, equivalently, we have §w, = —8w,_; + %(wn —wy—1). In the rest of the paper,
we use the notation [, _ 1= %(Dn +0,-1), where OJ,, represents the approximation

of (t,). Note that the time integration scheme we use is based on the implicit
second order midpoint rule given in (10.31).

We now present some material concerning the spatial discretization step. Let
R be a polyhedral domain. Moreover, let {7”} be a regular family of triangular
finite element partitions of 2 that are compatible with the boundary decomposition
I' = T UT, UT3, e, if one side of an element Tr € 7" has more than one point
on I, then the side lies entirely on I, I> or I'3. The space V is approximated by
the finite dimensional space V" C V of continuous and piecewise affine functions,
that is,

V= (" e [C)) : vr e [PU(TH) YTreTh,

v" = 0 at the nodes on I},
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where P, (T'r) represents the space of polynomials of degree less or equal to one in
T'r. For the discretization of the normal contact terms, we consider the space

Xf ={vl’}|r3 e vhy

equipped with its usual norm. Let us consider the discrete space of piecewise
constant functions Y/" C L?(I%) related to the discretization of the normal stress
&,. Then, we note that the contact condition (10.28) leads to the following discrete
subdifferential inclusion at time 7, _ 1

Evizk , € g, (uv ;) + Luvzli% in Yvh.
For the discretization of the tangential friction terms, let us consider the space
h ook h
X! :{vrlra.v eV}

equipped with its usual norm. We also consider the discrete space of piecewise
constants th C L*(I3)¢ related to the discretization of the friction density £,.
In a similar way, we note that the friction condition (10.29) leads to the following
discrete subdifferential inclusion at time 7, _ 1

—E € gt B Gunt ) in Y

More details about the discretization step can be found in [24,25,41].

Let ug e V" and u’l’ € V" be finite element approximations of u and u;,
respectively. Then, using the previous notations and the midpoint scheme (10.31),
the fully discrete approximation of the Problem Py at the time 7, _ 1 is the following.

Problem Phk Find a discrete displacement fieldu"* = {uhk}N 0 C V", adiscrete

normal stress field E"* = {SU N,cY " and a discrete tangential stress field
g = (& "AN_ < Y such that, for alln=1,...,N,

o h
(7 G = 8wl ) + Byl ") vy = ()14 0" ey

+ &y v+ Ely v Yo eVt (1032)

n—

gv’;kl € dp, (u,"* D+ Lu," . (10.33)
2

—&, ) €~ )8 D0 (But ). (10.34)

T Y X
n— 2 n

wlb =l Sult =u. (10.35)
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Note that the discrete frictional contact conditions (10.33) and (10.34) are
considered at the time 7, _ 1. As a consequence the solution #”* does not verify the
contact conditions at the desired time #,, and the scheme does not control penetration.
In order to overcome this drawback, several authors impose the contact conditions at
the time ¢,, see [4,5, 15,19,24,30], for instance. Here we use an implicit backward
divided difference for the discretization of the tangential velocity #.(¢) given by
du,, = (Uy, —u,—1)/k, which leads to the following discrete problem.

Tk . . . .
Problem P, . Find a discrete displacement field u"™* = {u!*}N_ C V" adiscrete

normal stress field E,f’k = {Evzk ,11\/:0 C Yvh and a discrete tangential stress field

EM = (& "N C Y] such that, foralln = 1,...,N,

n

(g (Sup* — 5”251) + B”ﬁ’i%v " )pexy = (fﬁ]i%» V") pexr

+ (o oy + G i Yo eV, (1036)
—&, € Dy (M%) + Lu,*, (10.37)
—& 1K € —p(uhF)E N O, (Su ). (10.38)
ult =ul in Sulf =u. (10.39)

Note that the specific discretization used in Problem f?,k represents the starting
point to develop improved energy-conserving algorithms for the solution of elasto-
dynamic contact problems with long term time integration accuracy and stability.
Some details on the energy-conserving framework can be found in the next section.

10.6 Numerical Solution with Energy-Consistent Properties

10.6.1 Usual Discrete Energy-Conserving Framework

We start by recalling some preliminaries concerning the usual discrete energy-
conserving framework in the case without contact. In the rest of the section, to
simplify the notation and the readability, we do not indicate the dependence of
various variables with respect to the discretization parameters k and 4, i.e., for
example, we write u instead of u/¥.

In order to solve a nonlinear elastodynamic problem, we have to use adapted
time integration schemes. When nonlinear dynamic problems are considered,
the standard implicit schemes (6-method, Newmark schemes, midpoint or HHT
methods) lose their unconditional stability, as explained in [21, 28]. Therefore,
there is a need to use implicit energy conservative schemes as those used in
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[3, 15,17, 28, 39], which are appropriate, due to their long term time integration
accuracy and stability. In all these methods the corresponding discrete mechanical
conservation properties are satisfied. To establish these discrete energy conservative
properties, one of the most used implicit time integration scheme is the second order
midpoint scheme given by

2
du, = —bu,_1 + E(un —Uuy—). (10.40)

Moreover, according the time integration scheme of Gonzalez [15], the variational
inequality (10.36) is characterized by the operator B defined by

(Bu,_1.v)yexy =/ T :Vydx for veV", (10.41)
2

in which the discrete tensor I7T%¢° is introduced in order to satisfied exact discrete
energy properties. This tensor defined by Gonzalez in [15] takes the form

Halgo —F Zalgo

n—

o=

x50 = 298(C, ) + 20 (C,) — W(C,1) (10.42)

1
n—sz

aw . AC,—
—ac (€)1 ACual 30,136
where AC,—; = C, — C,—1 and C,—; = 'F,_1F,—;. As shown in [12], the axiom
of frame indifference implies that W(F) = W (C). Then, using the arguments
in [15], it follows that (10.42) verifies exactly the energy conservation condition
characterized by

T (Vu, — Vu,_1) = W(Cy,) — W(Cp_1). (10.43)

For more details on standard energy-conserving framework, we refer the reader to
[3,15,17,28,39].

10.6.2 An Improved Energy-Consistent Approach

Many works have been devoted to extend the previous conservative properties to
frictionless impact; more precisely, Laursen and Chawla [29] and Armero and
Petocz [2] have shown the benefit of the persistency condition to conserve the
energy in the discrete framework. Nevertheless, in all these works the numerical
method shows that the interpenetration vanishes only when the time step tends
towards zero. In order to overcome this drawback, Laursen and Love [30] have
developed an efficient method, by introducing a discrete jump in velocity; however,



10 A Frictional Contact Model with Energy Consistent Properties 263

this method requires the solution of an auxiliary system in order to compute the
velocity update results. Furthermore, Hauret and Le Tallec [19] have considered a
specific penalized enforcement of the contact conditions which allows to provide
energy conservation properties. Then, Khenous, Laborde and Renard [26] have
introduced the Equivalent Mass Matrix method (EMM), based on a procedure of
redistribution of the mass matrix. Interpretations and extensions of this method
can be found in [18]. The resulting problem exhibits Lipschitz regularity in time
and achieves good energy evolution properties, due to the fact that the persistency
condition is automatically satisfied. This equivalent mass matrix approach was
studied and used in many works; for instance, theoretical and computational aspects
related to this model can be found in [17,20,26].

In what follows, we present an improved energy-conserving method for hyper-
elastodynamic contact problems with its extension to frictional dissipation phe-
nomena. This method permits to enforce the normal compliance with unilateral
constraint during each time step with controlled contact penetrations and with
energy-consistent properties. The strategy developed is based on the solution of
the system (10.36) by taking into account only the normal compliance condition
with friction, in the first step, then the normal compliance restricted by unilateral
constraint with friction, in the second step. This strategy is employed successively
when passing from the time moment #,_; to the time moment #,. To this end,
we developed an adapted continuation Newton method, decomposed in two steps,
which could be summarized as follows:

step (a): Newton scheme to solve the nonlinear system (10.36)

_%'Vn = Luvn on F39

with (10.44)
_Ern € _M(MVn)évnqpr(Surn) on FS-
step (b): Continuation of the Newton scheme to solve (10.36)
if u, <g —&,=~Lu, onl},
with {if u,\ >¢ —§,, €9, (uyy) + Lg  on I3, (10.45)

_grn € _Mogvn(ﬂr(&lm) on F3-

According the work of Hauret and Le Tallec [19], we reproduce in the discrete
framework the conservation properties described in (10.10) by taking into account
a specific form of the normal contact reaction &,, defined by

2 2
=6y = Litny = rpla,) with p,) = (o5 =)o
Upp — uvn—l)

(10.46)

Note that p(u,,) represents a specific form of the normal compliance function at
t,. Here r is a penalization parameter interpreted as the stiffness coefficient of
the asperities of the foundation. In the following, the continuation Newton method



264 M. Barboteu et al.

with the normal compliance form (10.46) will be called the Improved Penalized
Method (IPM). To keep this paper in reasonable length, we skip the details of the
solution of the nonlinear system (10.36) with conditions (10.44) and (10.45), and we
restrict ourselves to recall that the presentation of the algorithms together with their
numerical implementation can be found in [4, 9]. Details on the discretization step
and Computational Contact Mechanics, including algorithms similar to that used
here, can be found in [1,4, 5, 24,25, 28,41].

10.6.3 Analysis of the Discrete Energy Evolution

This section is devoted to establish energy-consistent properties induced by the
improved penalized method described in the previous Sect. 10.6.2. Below we use
the notation E, and E,_; for the energy E of the hyperelastic frictional contact
system at times ¢, and #,—;, respectively. For instance, the discrete energy E, can
be written as follows:

E, = 1[ p[8un]2dx+/ W(C,)dr. (10.47)
2 Jo 2

The notation E,(,a) , E,(,b), Elga_)l and E,(fl)l have similar significance, being related to
the steps (a) and (b) of the numerical method introduced in Sect. 10.6.2.
The general assessment of the discrete energy of the frictional contact

—hk . . . ..
Problem P, between times f,_; and ¢, is based on the following proposition.

Proposition 10.1. The following equality holds:

E,—E,— = k(fn—%’un—%)V*XV

+k | (&,8up, + &, -Suc,)dl. (10.48)

I3
Here E, and E,_; denote the internal energy E of the hyperelastic frictional contact
system at times 7, and #,_, respectively.
Proof. We use the variational formulation (10.36) with

_ U, —Up—| _ Sun + Sun—l
T Tk 2
Then, we use (10.42) to get the hyperelastic energy conservation. As a consequence
we obtain the equality

v=4u

1 1
— / o8, — Suy_1).(Su, + Sup_y)dx + — / me's° : V(u, —u,_;)dx
2k Q k 2

— Syt by + [ [, 8, + £, B 1
I3
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Furthermore, using the identity
(8w, — Sup—1)(duy, + Suy—y) = [Sun]z - [(gun—l]2

and the conservation property of the Gonzalez scheme given in (10.43), we obtain
that

% /Q p([8u,)* — [Su,—11%) dx + % /Q W (Cy,) — W(Cp—1) dx

= (fn—l7un——)V*XV + [EVHSM"H + 8‘[”'8“711] dr.

1
2 2 I

Finally, using the definition (10.47) of the discrete energy we obtain the identity
(10.48). O

Remark 10.2. Similar results for the discrete angular and linear momenta can also
be established, see for instance [17, 19].

Based on the Proposition 10.1, we can state, at the end of the step (a), the
assessment of the discrete energy for the specific normal compliance contact.

Proposition 10.3. The following equality holds:

B — B2 = (f ooty vy /F 5 (67 = )4 ) ar

+k Em -Su,,drl. (10.49)
I3

Proof. We use similar arguments as those used in the proof of Proposition 10.1, in
particular equality (10.46) combined with equality Su,, = (u,, — tty,—1)/ k. |

We remark that the form (10.46) of the normal contact reaction allows, in
the frictionless case, an energy assessment which is agreement with the formula
(10.10). In addition, when the external forces vanishes, the energy statements in
Propositions 10.1 and 10.3 during the steps (@) and (), respectively, allow us to
obtain the following situations.

Case without friction

step (a): &,,0u,, ~ 0 = EWY ~ E@

n—1-
step (b): &,,6u,, <0 = EY < E,gb_)l.

Case with friction

step (a): &8y, ~ 0, &,, - 6ug, <0= EY < EY

n—1°

step (b): &,,8uy, <0, &,,-Su,, <0 = EP <EY,.
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In the case without friction (§ ,, = 0), we remark that during step (a), the energy
of the system is almost conserved. Indeed, the difference [(iy,—1)+]* — [(tyn)+]*
is very small since the penetrations (u,,_1)+ and (u,,)+ are small. During the step
(b), the enforcement of the unilateral constraint allows to limit the penetrations
obtained in step (a) by the value g, which represents a small given value. On the
other hand, we can easily prove that the product &,, §u,, is always negative and this
represents an unacceptable physical behavior, since it generates energy dissipation.
However, this energy dissipation is low because the impact has occurred during the
step (a). Furthermore, when the friction case is considered, in both steps (a) and
(b) we observe an admissible dissipation of energy. Indeed, in this case the inner
product &, - du,, is always negative. In other words, this strategy limits the energy
dissipation between times ¢, and ,_;, in the frictionless case, and allows the energy
dissipation, in the frictional one. To resume, the advantages of the method arise in
the fact that both the dissipation of energy and the penetrations are limited during
the impact.

10.7 Numerical Experiments

In order to recover the theoretical numerical behaviour of the fully discrete scheme
discussed in Sect. 10.6.3, we carried out some numerical simulations based on two
representative dynamic contact problems: the impact without friction of a linearly
elastic ball against a foundation (Sect. 10.7.1) and the impact with friction of a
hyperelastic ring against a foundation (Sect. 10.7.2).

10.7.1 Impact of a Linearly Elastic Ball Against a Foundation

This representative benchmark problem describes the frictionless impact of a
linearly elastic ball against a foundation (see [24]). The elastic ball is thrown with an
initial velocity (u; = (0, —10) m/s) toward the foundation {(x1 LX) €eR?: x, < 0}.
The material’s behavior is described by an elastic linear constitutive law defined by
the energy function

Ex

_ = 2 E ) i
= 2010020 g t€) Ve

W (1+«)

Here E and « are Young’s modulus and Poisson’s ratio of the material and tr(-)
denotes the trace function, respectively. Note that € = %(VuT + Vu) represents the
linearized strain tensor in the framework of the small deformations theory (||u|| <<
1 and |Vu| << 11in £2).
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Fig. 10.2 Discretization of
the elastic ball in contact with

a foundation lastic ball

The physical setting is depicted in Fig. 10.2. There,

2 ={(x1,x) € R?: (x; —100)* + (x2 — 100)*
I =0, =9,

A

100} ,

Iy = {(x1.x) € R?: (x; — 100)> + (x, — 100)> = 100} .

The domain §2 represents the cross section of the ball, under the assumption of the
plane stress. No volume forces are assumed to act on the body during the process.
For the discretization of the contact problem depicted we use 7,820 elastic nodes and
128 Lagrange multiplier nodes. For the numerical experiments, we use the following
data:

p=1000kg/m®, T =2s, k=0.00l,
up = (0,0)m, wu; =(0,—10)m/s,

E =100GPa, « =035 f,=(0,0)Pa,
g=510"*m, r =1,000Pa, pu=0.

Note that we consider a very small value for g in order to limit (or to neglect) the
penetration. This value represents 0.005 % of the radius of the ball.

In Fig. 10.3, the sequence of the deformed ball together with contact forces are
presented before, during and after the impact. The interest of this representative
example is to compare the numerical results obtained by using the continuation
method (presented in Sect. 10.6.2) with numerical results obtained by using some
classical methods. To this end, we consider five existing methods:

— The solution of the problem with g = Om which corresponds to a classical
method with Signorini contact condition.
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e’ ot

Fig. 10.3 Sequence of the deformed ball and contact forces before, during and after the impact

— The solution with a large value for g (¢ = 1,000m) which corresponds to
a classical method with a normal compliance condition of the form §,, =
—r(uy,)+-

— The specific penalization method developed by Hauret and Le Tallec [19] in
which the normal compliance condition is given by (10.46).

— The Equivalent Mass Matrix (EMM) method proposed by Khenous et al. [24],
which represents a specific distribution of the mass matrix with no inertia of the
contact nodes. This method is characterized by relevant stability properties of the
contact stress.

— The adapted Newton continuation method developed by Ayyad and Barboteu [4],
which is characterized by the enforcement following two steps of the unilateral
contact law and the persistency condition (10.6) during each time increment.

In what follows we analyze the methods in terms of discrete energy evolution.
To this end, the total discrete energy at time 7, is defined by the following formula:

1
E, = —/ piaﬁdx +/ o, :e(u,)dx,
2Ja Q

where 0 = % denotes the stress tensor for infinitesimal deformations.

Figure 10.4 represents the evolution of the total discrete energy of the dynamic
system. According to it, we note that after the impact (i.e. for + > 1.52) and for
the considered time step k = 0.001, the classicals method with Signorini law
(curve (©)) as well as the method with standard normal compliance condition
(curve (B)) are characterized by a non conservation of the energy, which is not
realistic from the physical point of view. We also remark that the EMM method
(curve V) strongly reduces the dissipation of the energy, without obtaining the exact
conservation. Furthermore, the scheme developed by Ayyad and Barboteu [4] (curve
(®)) and the specific penalized method (curve (H)) conserve the energy after the
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Fig. 10.4 Discrete energy behaviour of selected time integration schemes during the impact

impact. However, for the penalized method we find some energy fluctuations which
disappear after the impact. Furthermore, both for this method and the method used
in [4], the unilateral contact is not exactly satisfied. Indeed, the specific penalized
method generates a maximal error on the normal contact displacement of 0.0034 m,
and 0.0051 m for the method of Ayyad and Barboteu [4].

In order to correct these drawbacks, we considered the Improved Penalized
Method (curve (A)) based on the combination of the specific penalized method
with the normal compliance law with finite penetration introduced in Sect. 10.6.2.
According to Fig. 10.5, we can see that the Improved Penalized Method (IPM)
enables to obtain a better conservation of the energy and, in addition, it limits the
penetration. Nevertheless, this method generates some fluctuations of the discrete
energy during the impact. For this reason, we considered an improvement of the
IPM method, obtained by adding the EMM procedure (curve (4)). This last strategy
(IPM 4+ EMM) enables to conserve almost the discrete energy and to limit the
penetration. Indeed, we obtain: 0.1 % of dissipation and 0.005 % of penetration.
In Fig. 10.6, we analyze the discrete energy behaviour of the Improved Penalized
Method with EMM (IPM + EMM) according to the depth g of the penetration. For
g = 0.001, the IPM + EMM method recovers the same behaviour as the Specific
Penalized Method with EMM procedure. We can also note that the numerical results
obtained by using the IPM + EMM method approach the numerical results obtained
by using the EMM method, as g tends to zero.
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Fig. 10.5 Discrete energy behaviour of variants of the improved penalized method (IPM) during
the impact
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Fig. 10.6 Discrete energy behaviour of the improved penalized method with EMM with respect
to the depth g of the penetration

10.7.2 Impact of a Hyperelastic Ring Against a Foundation

In order to highlight the conservative or the dissipative behaviour of the method in
the hyperelastic case we consider a second representative application, introduced by
Laursen in [28]. This application concerns an academic frictional impact problem
with a hyperelastic constitutive behavior of the material: the impact with friction of
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Vi
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i i  Hyperelastic ring
! y

\\E!-_._\" 9)‘

Foundation

Fig. 10.7 Sequence of the deformed hyperelastic ring during and after impact

the ring against a foundation. The compressible material response, considered here,
is governed by an Ogden constitutive law (see [13]) defined by the energy density

W) =ca(li =3)+ca(la=3)+a(lz —1) = (c1 +2¢2 +a)In 5.

Here I, I, and I5 represent the three invariants of the tensor C. This example allows
us to assess the performance and to check the conservative or dissipative behavior
of the methods. We implemented the IPM method and we compared it to various
time integration schemes. Details on the physical setting of the problem are given
below:

2 = {(x1.x) € R*: 81 < (x; — 100)*> + (x, — 100)*> < 100},
I =g, =0,
I3 = {(x1.x) € R?: (x; — 100)*> + (x, — 100)> = 100} .

As for the first numerical example, the domain §2 represents the cross section
of a three-dimensional deformable body under the plane stress hypothesis. The
elastic ring is thrown with an initial velocity at 45° angle toward a foundation as
depicted in Fig. 10.7. The foundation is given by {(x1 , ) €ER?: xp < 0}. For the
discretization, we use 1,664 elastic nodes and 128 Lagrange multiplier nodes. For
the numerical experiments, the data are:
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Fig. 10.8 Discrete energy behavior of selected time integration schemes during the impact
(frictionless case)

p=1000kg/m®>, T =10s, k= 5,

up = (0,0)m, u; = (10,—10)m/s,

¢y =05MPa, ¢, =0.5%1072MPa, a = 0.35MPa,
g =0.002m, r =1,000Pa, puo=20.2

In Fig. 10.8 we present the evolution of the total discrete energy of the dynamic
system without friction for various time integration schemes considered in the
previous numerical example, i.e. the specific penalized method (curve (H)), the
EMM method (curve V), the scheme developed by Ayyad and Barboteu [4] (curve
(®)) and the Improved Penalized Method with the EMM procedure (IPM + EMM
illustrated by curve (4)). Let us consider the discrete energy at time ¢, defined as
follows,

1 N
E, = -/ oi2d 2 +/ W(C,)dS2.
2 Ja o)

In the frictionless case (see Fig. 10.8), we observe that the IPM+EMM method
reduces dissipation, when compared with the EMM procedure. Furthermore, this
method is characterized by a small penetration (g = 0.002m). In contrast, the
specific penalized method and the method presented in [4] generate a maximal error
on the normal contact displacement (0.058 and 0.071 m, respectively).

In the frictional case, we consider two cases for the friction function p which
defines the friction bound —u(u,)I1, of the friction law (10.12). Note that during
the flattening of the asperities, i.e. 0 < u, < g, the friction follows a Coulomb’s
law associated to normal compliance contact and, therefore, the friction bound is
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Fig. 10.9 Discrete energy behavior of selected time integration schemes during the impact with
friction

equal to w(u,)p(u,). In the numerical experiments, we consider the two examples
of function u given in (10.13). Note that the values of the decreasing function u,(+)
are larger than the values of the increasing function u(-) for a penetration u, such
that 0 < u, < g. According to Fig. 10.9, we observe that the use of the function
M1 permits to limit the energy dissipation induced by the friction while the use
of the function w, is characterized by a strong energy dissipation. In conclusion,
the IPM+EMM method allows the energy dissipation. This seems to be reasonable
from a physical point of view, due to the complex phenomena which appear during
the flattening and wearing of the asperities. Recall that the numerical modelling of
contact surfaces with asperities was one of the main objectives of the present work.
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Chapter 11
A Non-clamped Frictional Contact Problem
with Normal Compliance

Oanh Chau, Daniel Goeleven, and Rachid Oujja

Abstract In this chapter we study a dynamic frictional contact problem with
normal compliance and non-clamped contact conditions, for thermo-viscoelastic
materials. The weak formulation of the problem leads to a general system defined
by a second order quasivariational evolution inequality coupled with a first order
evolution equation. We state and prove an existence and uniqueness result, by using
arguments on parabolic variational inequalities, monotone operators and fixed point.
Then, we provide a numerical scheme of approximations and various numerical
computations.

Keywords Thermo-viscoelasticity * Dynamic frictional process ¢ Non-clamped
condition ¢ Normal compliance ¢ Evolution inequality ¢ Fixed point ¢ Weak
solution * Numerical simulations

AMS Classification. 74M15, 74M10, 74F05; 74S05, 74S20, 74H20, 74H25,
47)22

11.1 Introduction

Contact problems are omnipresent in mechanics, civil engineering, industry and
everyday life, and represent a challenging topic, due to their important applications
and various open questions they involve. In order to describe the behavior of
deformable bodies subjected to various nonlinear and non-smooth solicitations such
as contact, friction and thermal effects, mathematical models are necessary. They are
useful in the study of a large number of problems related to impacts, cracks, packing,
transport, process engineering and heat transfer. For this reason, the engineering
and mathematical literature devoted to dynamic and quasistatic frictional contact
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problems, including their mathematical modeling, mathematical analysis, numerical
analysis and numerical simulations, is continuously increasing.

An early study of contact problems within the mathematical analysis framework
was done in the pioneering references [6,11,15]. For the error estimates analysis and
numerical approximation, we refer the reader to [5,7,9, 19]. Functional nonlinear
analysis results useful in the study of contact problems could be found in [2—4,
12,20]. Mathematical models of frictional contact with viscoelastic and viscoplastic
plastic materials have been studied in [10, 17, 18]. One of the purpose of these works
was to show the cross-fertilization between various new and nonstandard models
arising in contact mechanics and the abstract theory of variational inequalities.
Further extensions to nonconvex contact conditions with nonmonotone and possible
multivalued constitutive laws led to the recent domain of non-smooth mechanics
within the framework of the so-called hemivariational inequalities. References in
the field include [8, 13, 16].

This chapter is a companion work of our previous paper [1]. There, we studied a
dynamic contact problem with friction, for thermo-viscoelastic materials with long
memory and subdifferential boundary conditions. The model led to a system defined
by a second order evolution inequality coupled with a first order evolution equation.
An existence and uniqueness result for the displacement and the temperature fields
has been established. Finally, a fully discrete scheme for numerical approximations
was introduced and various numerical computations in dimension two have been
provided.

In contrast, in this current work we investigate a dynamic contact problem
with normal compliance and friction for thermo-viscoelastic materials with short
memory. As in [1], the usual clamped condition has been deleted. This leads to a
new and non-standard model of system defined by a second order quasi-variational
inequality, coupled with a first order evolution equation. The main difficulties in the
analysis of this model arise from the fact that Korn’s inequality cannot be applied
any more. Moreover, the model presents a strong nonlinearity due to the fact that the
process is assumed to be frictional. Such kind of semi-coercive problems were first
studied in [6] for Coulomb’s friction models where the inertial term of the dynamic
process has been used in order to compensate the loss of coerciveness in the a priori
estimates. By a change of variable, we bring the coupled second order evolution
inequality into a classical first order evolution inequality. Then, using a fixed point
method frequently used in [10, 17], combined with monotonicity and convexity
arguments, we prove the existence and uniqueness of the displacement and the
temperature fields. Finally, to complete our study, we introduce a numerical scheme
for the approximation of the solution and we perform numerical computations.

The chapter is organized as follows. In Sect. 11.2 we describe the mechanical
problem, list the assumptions on the data, derive the variational formulation and
then we state our main existence and uniqueness result, Theorem 11.1. In Sect. 11.3
we give the proof of the claimed result. In Sect. 11.4 we present several numerical
simulations in the study of a two dimensional problem, which illustrate the evolution
of the displacement and temperature fields.
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11.2 The Contact Problem

The physical setting is as follows. A thermo-viscoelastic body occupies a bounded
domain 2 C R? (d = 2,3) with a Lipschitz boundary I” that is partitioned into
two disjoint measurable parts, I'F and I'c. Let [0, T] be the time interval of interest,
where T > 0. We assume that a volume force of density f acts in £2 x (0,7)
and that surface tractions of density f  apply on I'r x (0, T'). The body may come
in contact with an obstacle, the foundation, over the potential contact surface I¢.
The contact is described with a normal compliance condition, with friction and
heat exchange. Our aim is to study the dynamic evolution of the body, by using
an appropriate mathematical model.

To this end, let us recall some classical notations, see e.g. [6, 10, 14] for further
details. We denote by S? the space of second order symmetric tensors on R, while
“”and || - || will represent the inner product and the Euclidean norm on S? and R¢.
Let v denote the unit outer normal on I". Everywhere in the sequel, the indices i, j,
k, h run from 1 to d, summation over repeated indices is implied and the index that
follows a comma represents the partial derivative with respect to the corresponding
component of the independent variable. We use standard notation for continuous,
L? and Sobolev spaces of functions defined on §2 and I". In addition, we use the
following notation:

H = L*(2)?, H={0=(0y) |0 =0, € L}(R), 1 <i,j<d}
H ={uecH]|eu)ecH} Hi={oceH|Dive € H}.

Here ¢ : Hi — H and Div : H; — H are the deformation and the divergence
operators, respectively, defined by

1
eu) = (), &) = E(ui.j +uj;i), Dive = (o).

The spaces H, H, H; and H; are real Hilbert spaces endowed with the canonical
inner products given by

W, v)n Z/A;uivi dx, (0.7)n :/_rzaijrij dx,
(w,v)g, = W, v)y + (em), e(v))y, (0,7)%, = (0,7) + (Div o,Div 7).

The mechanical problem is then formulated as follows.

Problem P. Find a displacement field u : 2 x [0, T] —> R%, a stress field o :
2 x[0,T] — S% and a temperature field 6 : 2 x [0, T] — R such that

o(t) = e (t)) + Be(u®)) —6(t)C, in £2, (11.1)
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u’(t) =Diva () + fo() in$2, (11.2)
o(t)v=frp(t) onlFp, (11.3)
—0y(t) = ¢y (uy(t) —g)+ onlg, (11.4)

”GT(I)” = U Cy (uv(t) _g)+»
lo:) < peey (u,(t) —g)+ = u;(t) =0,

onlc, (11.5)
||0'r(t)|| = MUz Cy (uv(t)_g)-‘r ¢
= u/(t) = —Ao.(r) for some A > 0,
S o
0'(t) — div(K. VO(t)) = —cyj 8—([) +¢q(t) on$2, (11.6)
Xj
00
—kij —@)n; = k. (0(t) —0r) onlg, (11.7)
an
0(t) =0 on ¥, (11.8)
forallt € [0, T] and, moreover,
u(0) =uy, u'(0)=vy, 60) =0 inQ. (11.9)

Here, (11.1) represents the thermo-visco-elastic constitutive law of the material
in which A is the viscosity tensor, B is the elasticity operator and C, denotes
the thermal expansion tensor. Equation (11.2) represents the equation of motion in
which we assume the mass density ¢ = 1. Condition (11.3) represents the traction
boundary condition. Next, relation (11.4) represents the normal compliance contact
condition in which o, denotes the normal stress, ¢, is a positive constant related
to the hardness of the foundation, u, represents the normal displacement and g
is the initial gap between the foundation and the body. Here, the term u, (t) — g
represents, when it is positive, the penetration of the surface asperities in those
of the foundation. Conditions (11.5) represent a version of Coulomb’s dry friction
law, where o ; is the tangential stress, jt, represents the coefficient of friction and,
finally, u/ denotes tangential velocity. The differential equation (11.6) describes the
evolution of the temperature field, where K, represents the thermal conductivity
tensor and g is the density of volume heat sources. The associated temperature
boundary condition is given by (11.7) and (11.8), where 6y is the temperature of
the foundation, and k. is the heat exchange coefficient between the body and the
obstacle. Finally, the data ug, vg, 6 in (11.9) represent the initial displacement, the
initial velocity, and the initial temperature, respectively.

In order to derive the variational formulation of the mechanical problem (11.1)—
(11.9), we need additional notation. Let V' = H; be the space of admissible
displacement fields, endowed with the inner product given by

(w,v)y = (e(w),e()y + @, v)g Yu,v €V,
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and let || - ||y be the associated norm, i.e.
ol = le@)3, + vl YveV.

It follows that || - || i, and || - || are equivalent norms on V' and, therefore, (V, || - ||v)
is a real Hilbert space. Moreover, by the Sobolev’s trace theorem, there exists a
constant ¢y > 0 depending on §2 such that

lvll2(rey S collvlly YveV. (11.10)
Next, let
E={neH'(2)|n=00nT}

be the space of admissible temperature fields, endowed with the canonical inner
product of H'(£2). We also need two Gelfand evolution triples (see e.g. [20] II/A,
p- 416), given by

VcH=H cV', EcL*R) =(L*R)) CE,

where the inclusions are dense and continuous, and we denote by (-, )y/xy,
(-, *) 'x g the corresponding duality pairing mappings.

In the study of the mechanical problem (11.1)-(11.9), we assume that the tensor
A = (ajjxn) : 2 xS? — S? satisfies the usual properties of symmetry and
ellipticity, i.e.

() aijkn = aknij = aijne € WHe(2);

(ii) there exists m 4 > 0 such that (11.11)
At-t>my|t|> VT eS? ae in 2.

We also suppose that the elasticity operator B : £2 x SY — S? and the thermal
tensor C, = (c;;) : £2 x S — S satisfy the following conditions.

(1) there exists L > 0 such that
[B(x,e1) — B(x,&2)|l < Lgller — e
Ve, e €8 age. x € 2; (11.12)

(ii) x — B(x,e) is Lebesgue measurable on £2, V& € S%;
(iii) the mapping x +— B(x,0) € H.
Cij = Cjj € LOO(.Q) (11.13)

In addition, the body forces, surface tractions and the heat sources density have
the regularity
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fo€L*0,T: H), freL*0,T: L)), (11.14)
g € L*(0,T; L*(R2)) (11.15)

where, here and below, we use the standard notation for functions defined on [0, T']
with values in a Hilbert space.
The coefficients ¢, and p, verify

c, € L®°(Ic;RY),  p, € L®°(Ic;RT) (11.16)
and, moreover, the boundary thermal data satisfy the regularity
ke € L®(2; RT), 6 e W'2(0, T; L*(I'¢)). (11.17)

We also suppose that the thermal conductivity tensor K. = (k;;) : £2 % R? — §¢
verifies the usual properties of symmetry and ellipticity, i.e.

() kij = kji € L=(£2);
(ii) there exists ¢; > 0 such that (11.18)
kijbik; = akisi VE=(§;) €RY, ae. in 2.
Finally, we assume that the initial data satisfy the conditions
upeV, voeV, 6y€E. (11.19)
Next, using Green’s formula, we obtain the following weak formulation of the
mechanical Problem P.
Problem PV. Find a displacement field u : [0,T] — V and a temperature field
0 :[0,T] — E such that
(W' (t) + Au'(t) + Bu(t) + CO@t),w —u'(t))yrxy
v @), w —u' (1) + je (@), w) — jo (). u'(1))
> (fO).w—u'O)yxy YweV,
0'(1) + K6(1) = Ru'(1) + Q (1),
a.e.t € (0,T) and, moreover,
u(0) =uy, ' (0)=vy, 6(0)=0,. (11.20)
Note that in the statement Problem PV we use various operators and functions,

which are defined as follows: A,B :V — V', C: E - V', j,,j. : VxV =R,
K:E—-FE,R:V—SE,f:[00T|->V'and Q :[0,T] — E’,
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(Av,w)yxy = (Ae(v), e(W)) %,
(Bv,w)y/xy = (Be(v),e(w))x,
(CLw)yixy = —(C., (W),

jV(v»w) =/ cv(vy — g)+wy da,
Ic

Je(w,w) = / teco (v, — )+ e da.
I'c

(@O W)y = (fo) W + (f (O, W) 125y s

a¢ 0
E / ij é‘ 77 dx +/ keé'"?dd,
ax} I'c

l

(KE ) ErxE

ov;
(Rv,n)prxg = —/ cija_l ndx,
2 X

(OO Mexs = | kebr)ndx + /Q 4(6) ndx,

I'c
YVveV,VweV,Vie E,Vne E,ae.t €(0,7T).

Our main existence and uniqueness result that we state here and prove in the next
section is the following.

Theorem 11.1. Assume that (11.11)—(11.19) hold. Then there exists a positive
constant cg depending on §2 such that there exists a unique solution {u,0} to
Problem PV, if || it: ¢y Loo(re) < c@. Moreover, the solution has the regularity

ueCY O, T; HYNnWL20,T; V)N W20, T; V');

(11.21)

0 eC,T;L*£2)) NL>0,T; EyNn W20, T; E").
Note that Theorem 11.1 states the unique weak solvability of the thermo-
mechanical Problem P, under a smallness assumption on the coefficient of friction.

11.3 Proof of Theorem 11.1

The proof is based on monotonicity, convexity and fixed point arguments and will
be carried out in several steps. Everywhere in this section we denote by ¢ > 0 a
generic constant which value may change from line to line. We start by introducing
the velocity variable v = u’. Then, Problem " leads to the following problem.
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Problem Q". Find a velocity field v : [0,T] — V and a temperature field 6 :
[0, T] — E such that

(v'(t) + Av(t) + Bu(t) + CO@t),w — v(1))yxy
+ @ w—v(0)) + je (@, w) — j(u,v(1))
>(f@),w—v®))yxy YweV,
0'(t) + KO(t) = Ru'(r) + Q(1),
a.e.t € (0,T) and, moreover,
v(0) = vy, 6(0) = bp. (11.22)

Here, u : [0, T] — V is the function defined by

t
u(t) =ug +[ v(s)ds VYt el0,T].
0
We start with the following result.
Lemma 11.2. Forall n € L*(0, T; V"), there exists a unique function
v, € CO,T; H)NL*0,T;V)NW"30,T; V) (11.23)
which satisfies

(v,@) + Avy (), w — v, () vxy + (), w —v,(1))vxv
+Jje(uy @), w) — je(y(2), v, (1)) = (f (), w — v, () vxv,
YVweV, aete(0,T);
v,(0) = vy,

(11.24)

where
t
uy(t) =uo + / v,(s)ds.
0

Moreover, there exists a positive constant cg, which depends on 2, with the
Sollowing property: if || fir ¢y || Loo(re) < Cq, then there exists ¢ > 0 such that

t t
IIvnz(t)—vnl(t)||§1+[0 [y, (5) = vy, ()15 SC/O I = n2113-

VYu.n,€ L*0,T:V'), YVt €[0,T]. (11.25)
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Proof. Given n € L?>(0,T;V')and § € C(0,T;V), by using a general result on
parabolic variational inequalities (see e.g. [7, Chap. 3]), we obtain the existence of
a unique function v,¢ € C(0,T; H)NL*(0,T; V)N W20, T; V') which satisfies

(0] (1) + Avye(0)w — 0,6 () vy + (00w = 0,6 () vy
€O W) = D). vye(0) = (F(1)w = )y

11.26
VweV, aete(0,T7), ( )

Now let us fix € L*(0, T; V') and consider the operator A, : C(0,T;V) —
C(0,T; V) defined by

t
VEcCOT:V), A%E(E)=uo+ / v,:(s)ds.
0
We use some algebraic manipulation to see that
Je@i,wo) — jo(ui,wy) + jo(ma,wi) — jo(ua, wz) < cllus—u|y [lwa —willy,
for all uy,u,,w;,w, € V. Here ¢ > 0 is a positive constant proportional to
coll itz ¢v || Loo(re) Where cq is defined in (11.10).
Let&,,&, € C(0,T;V) be given. We use inequality (11.26) with & = &, and

W = Vyg, then with & = &, and w = v,¢, add the resulting inequalities and
integrate the result over [0, 7], for all ¢ € [0, T']. In this way we obtain

t
1oy, (1) = vy, (D1 +/0 1oy, (5) = vy ()17l

<c /0 1€5(5) — &, ()2 ds + ¢ /0 109es(s) — vyes () s

for all ¢ € [0, T']. Next, using Gronwall’s inequality, we deduce that

14,E)0) — AyEDOI < e / 1€5(5) — &, () 3ds

forall ¢ € [0, T']. Thus, by Banach’s fixed point principle we know that the operator
A has a unique fixed point, denoted &,. We then verify that

Uy = Upg,

is the unique solution of (11.24) with regularity (11.23).
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Now let ,,n, € L*(0,T;V’). We use (11.24) with n = 5, and w = v,,, then
with § = 5, and w = v,,. We add the resulting inequalities and integrate their sum
to obtain

1o (©) — oy (O + /0 1as(5) — 93y (5) s
<e [O 112(5) — M) |3ds + ¢ /0 it () — iy, (5) s

t
ny /0 103, (5) — vy, () 3 ds.

for all ¢ € [0, T]. Here, again, ¢ > 0 is a positive constant which is proportional to
collptrcvllLoo(re)- Let 6 > 0 be a given constant and let co = c% It is clear that cg
depends on §2 and, moreover, if ||p.cy | Loore) < cq, then collpccyllLoo(re) < 6.
Therefore, choosing § small enough we can assume that 2¢ < 1. Then, using
Gronwall’s inequality we deduce (11.25), which concludes the proof. O

We proceed with the following result.

Lemma 11.3. Foralln € L2(O, T; V"), there exists a function
6, € C(,T; L*(2)) N L*(0,T; E)Nn W'?(0,T; E') (11.27)
which satisfies

0,(1) + K 0,(t) = Rvy(t) + Q(t) inE', ae.t €(0,7),

(11.28)
6,(0) = 6.

Moreover, if || pizcy || Loo(re) < o, then there exists ¢ > 0 such that for all n,, 1, €
L*(0, T; V') the following inequality holds:

t
165, (1) = 6 (0) 1220 < € /0 Im = ml} vie[o.T] (11.29)

Proof. We verify that the operator K : E — E’ is linear continuous and strongly
monotone, and from the expression of the operator R, we have

v, € L*(0,T;V) = Rv, € L*(0,T; E').

Now, since Q € L*(0, T; E’) it follows that Rv, + Q € L*(0, T E’). Therefore,
the existence part of the lemma follows from a classical result on first order
evolution equation.

Now, to provide the estimate (11.29), consider n,, 9, € L*(0, T; V'). We have
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(97/;1 ([) - 97/]2(1‘)7 97]1 ([) - enz(t))E/XE
+ (K0, (1) = KOy, (1), 0y, (1) — 0y, (1)) /<
= (Rvy, (t) — Rv,, (1), 05, (1) — 05, (1)) erxe ae.t € (0; 7).

We then integrate this inequality over [0, ¢] and use the strong monotonicity of K
and the Lipschitz continuity of R : V' — E’ to deduce that

t
16, ) = 0Ol =< [ o = vl ¥ <[0.7)

Inequality (11.29) follows then from Lemma 11.2. O

Lemmas 11.2 and 11.3 allow to consider the operator A : L2(O, T;V) —
L?(0,T; V') defined, for all € L%(0, T; V'), by the equality

(An(@),w)yxy = (Buy(t) + CO(1), W)y + ju(uy(t),w),
VweV, ae.t €(0,7).

Here
t
u,(t) =u +/ vy(s)ds VYitel0,T]
0

where v, and 6, are the functions defined in Lemmas 11.2 and 11.3.
We have the following result.

Lemma 11.4. Assume that || pt-¢y | poo(re) < ¢o. Then A has a unique fixed point
n* € L2(0,T; V).

Proof. Letn,,n, € L>(0, T; V') be given. Then, it is easy to check that
ANy (1) = Any (@©)llvr < ¢ | Buy, (t) — Buy, ()|lyr + ¢ |05, () — 0y, (D) 12(02)
+c ”unz(t) — Uy (t)”V
a.e.t € (0, T). We combine (11.12), (11.25) and (11.29) to deduce that there exists
¢ > 0 such that

| Any (1) — Aﬂl(t)”%/’ = C/o 7,(s) — 771(S)||%//ds Viel0,T].

Lemma 11.4 is a consequence of the previous inequality combined with the Banach
fixed point principle. O

We now have all the ingredients to prove Theorem 11.1.
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Proof of Theorem 11.1. Letu, v and 6 the functions defined by

u(t) :=uy+ /Ot vye(s)ds, v(t) :=v,p(t), 60(t):=0,(t) Ytel0,T]

Then, using (11.24) and (11.28), it is easy to see that the couple (v, 0) is a solution
to Problem Q" and, therefore (u, 6) is a solution to Problem 7" . Moreover, the
regularity (11.21) follows from the regularity of the functions v, and 6, in Lemmas
11.2 and 11.3, see (11.23) and (11.27), respectively. This proves the existence part
of the theorem. The the uniqueness part follows from the uniqueness of the solution
in Lemmas 11.2 and 11.3. O

11.4 Numerical Computations

In this section, we provide a fully-discrete numerical approximation scheme for the
variational Problem P, and the associated numerical simulations in the study of
two dimensional tests by using MATLAB computation codes. To this end we denote
by {u, 0} the unique solution of the Problem 7" and consider the velocity variable
defined by

v(t) =u'(t) VYrel0,T].
We make the following additional assumptions on the solution and data:
feC(o, TV, QecC(0,T)E');
ve CO,T;V);, v eCOT;H);
0 eC,T;E);, 60 e€C(0,T;L*R)).

Now let V# C V and E" C E be a family of finite dimensional subspaces,
defined by finite elements spaces of piecewise linear functions, where 4 > 0 is a
discretization parameter which may be the maximal diameter of the elements. We
divide the time interval [0, 7] into N equal parts: ¢, = nk,n = 0,1,..., N, with
the uniform time step k = T/N. For a continuous function w € C([0, T']; X) with
values in a space X, we use the notation w, = w(t,) € X.

Then, Problem Q" implies

(v'(1) + Av(1) + Bu(t) + CO(t) + Du(t),w — v(t))y/xy

T Je @ w) = e, v(0) = (f (1), w—v(@))yxy YweV,
(0'() + KO(@) — Ro(t) = Q). Merxe =0 Vn ek,
v(0) = v, 6(0) = 6,
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forall ¢ € [0, T'], where

(Du(t),w)yxy = jo(u(t),w),
(W' @) wyyrxy = W' (1). W),
(0'(). ) erxe = (0'(1). 0) 12(2)-

This suggests to introduce the following fully-discrete scheme.

Problem P"*. Find a discrete velocity field v'* = {vhk N — C V" and a discrete
temperature field "% = {9,?]‘},][\’:0 C E" such that

vk =l gk =gk, (11.30)
andforn =1,--- N,
hk hkl hk h hk
On TVt + Av™* W't — v ’
— n 0 2WIxv

(Bufjkl + Cthl + Du'* wh — vZk)V/Xv

n—1°
+]f(un W ) ]‘L’(un v hk
> (fW — 0"V VWl evh, (11.31)
Qhk_ehk

n n—1 h hk h
Er— Ko™, ,
( k n )Lz(ﬂ) + ( n n )E xXE
= (RV"™ )"V prxe + (Qno ") erxe, V' € E'. (11.32)

Here

= w4k ulh =l (11.33)

Moreover, ug eVvh, vg e V" and 95’ € E’ represent suitable approximations of the
initial values ug, v, 6, respectively.

Forn =1,...,N, once uf;]j], vhlj and Ohkl are known, we compute v,
and uﬁk by using (11.31)—(11.33) and class1ca1 result on variational 1nequahty (see
e.g. [10]). Therefore, the discrete scheme has a unique solution by starting with
initial values on displacement, velocity and temperature fields. Moreover, under
additional regularity of solution and using arguments similar as those used in [19],
we can prove that the errors estimate order is proportional to the discretization
parameters £ and k.

In view of the numerical simulations, we consider the domain £2, the partition of
its boundary, the elasticity tensor and the viscosity operator as follows:

hk Qhk
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2 = (O,Ll) X (O’ LZ)’
T = ({0} x [0. Lo]) U ([0. L1] x {L2}) U ({L1} x [0. La]): T = [0. L1] x {0};

E« E ..
Br); = 1_—K2(T11 + ) 8 + T3 1<i,j<2 1teS%

(At)ij =p(tn+ )8 +nry. 1<i,j<2 1S

Here E is the Young’s modulus, « is the Poisson’s ratio of the material, §;; denotes
the Kronecker symbol and p and 7 are viscosity constants.

We refer to the previous numerical scheme, and use spaces of continuous
piecewise affine functions V" C V and E* C E as families of approximating
subspaces. For our computations, we consider also the following data (IS unity):

Li=L,=1, T =1,

nw=10, n=10, E =2, «=0.1,

cij=kj=ko=11<1,j <2,

folx,t)=(0, -1.5), g(x,t)=1 VxeR,te][0,T],

fr(x,t) =(0,0), Vxe{0}x]0,L,],el0T],

fr(x,1)=(0.5,04), Vxe(0,L]x{L})U{L}x][0,L3]), r€l0,T],
uo(x) = (0,0), wvo(x) =(0,0), 6Hy(x)=0 Vxef.

In Figs. 11.1 and 11.2 we show the deformed configurations at final time, for
two different values of the normal compliance coefficient. We see that for a larger
coefficient, penetration is less important. In Figs.11.3 and 11.4, we show the
deformed configurations at final time, for two different values of coefficients of
friction. We note that for a smaller coefficient the slip phenomenon appears on the
contact surface. In Figs. 11.5 and 11.6, we plot the deformed configurations at final
time, for two values of the gap. In Figs. 11.7, 11.8, 11.9, 11.10, 11.11 and 11.12 we
represent the Von Mises norm of the stress, corresponding to the numerical values
in Figs. 11.1, 11.2, 11.3, 11.4, 11.5 and 11.6, respectively. These figures show that
when penetration is more important then the norm of the stress on the contact surface
is larger. In particular, the norm of the stress is minimal in the case where there is
loss of contact with the foundation. Finally, in Figs. 11.13 and 11.14, we show the
influence of the different temperatures of the foundation on the temperature field
of the body. We observe that a high temperature of the foundation leads to a high
temperature in the neighborhood of the contact surface.
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On Large Time Asymptotics for Two Classes
of Contact Problems
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Abstract We consider two classes of evolution contact problems on two
dimensional domains governed by first and second order evolution equations,
respectively. The contact is represented by multivalued and nonmonotone boundary
conditions that are expressed by means of Clarke subdifferentials of certain locally
Lipschitz and semiconvex potentials. For both problems we study the existence and
uniqueness of solutions as well as their asymptotic behavior in time. For the first
order problem, that is governed by the Navier—Stokes equations with generalized
Tresca law, we show the existence of global attractor of finite fractal dimension
and existence of exponential attractor. For the second order problem, representing
the frictional contact in antiplane viscoelasticity, we show that the global attractor
exists, but both the global attractor and the set of stationary states are shown to have
infinite fractal dimension.
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12.1 Introduction

Large time behaviour of solutions of problems in contact mechanics is an important
though somewhat neglected part of the theory. In fact, remarking on future directions
of research in the field of contact mechanics, in their book [18], the authors
wrote: “The infinite-dimensional dynamical systems approach to contact problems
is virtually nonexistent. (. ..) This topic certainly deserves further consideration”.

From the mathematical point of view, a considerable difficulty in analysis of the
contact problems, and dynamical ones in particular, comes from the presence of
involved boundary constraints which are often modeled by multivalued boundary
conditions of a subdifferential type and lead to a formulation of the considered
problem in terms of a variational or hemivariational inequality with, frequently,
nondifferentiable boundary functionals.

Our aim in this paper is to contribute to the topic of large time dynamics in
problems of contact mechanics.

We consider examples belonging to two classes of evolutionary contact problems
governed by equations of the form

W+ Au+ Bu=f (12.1)
or
W' + A + Bu= f (12.2)

in a two-dimensional bounded domain 2, with 2 = I'p U T¢ U T, where I'p,
I'c, and Iy are the top, bottom and lateral parts of the boundary, respectively.

We supplement the equations with appropriate initial and boundary conditions.
In particular, the boundary conditions on the bottom part of the boundary I'c are of
subdifferential type, with semiconvex and locally Lipschitz superpotentials.

The problems can be written in the form of hemivariational inequalities or
evolutionary differential inclusions. Since the superpotentials are semiconvex, the
solutions (the existence of which we shall prove) are unique. Moreover, they exist
on the whole time semiaxis RT = [0, 4+00).

Our aim is to study the large time asymptotics of solutions, that is the behavior
of solutions after a large time of evolution, of chosen problems from the two above
classes.

More precisely, we consider two specific examples of contact problems as
representatives of the classes of problems governed by the first order and the second
order equations, respectively. First, in Sect. 12.3, we consider the Navier—Stokes
system and a corresponding problem that comes from the theory of lubrication,
with a generalized Tresca law, where the friction bound depends on the tangential
velocity. Then, in Sect. 12.4, we consider a second order model problem from the
theory of antiplane viscoelasticity.
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In both cases there exists a subset of the phase space of solutions (same as that of
initial conditions) called global attractor. It is a compact, invariant set which attracts
all solution trajectories as time goes to infinity. Existence of the global attractors
follows from the dissipativity of the considered problems.

For the first order problem the attractor has an additional important property,
namely, its fractal dimension is finite. Moreover, there exists an object, called
exponential attractor. It contains the global attractor, has finite fractal dimension
and attracts the trajectories exponentially fast in time. This property allows, among
other things, to locate the exponential and thus the global attractor in the phase space
by using numerical analysis.

Finally, in Sect. 12.4.4 we present a special case of our second order problem
where there are no exponential attractors. For this case the global attractor has
infinite fractal dimension and contains an infinite dimensional set of stationary
states. This situation might have the following physical interpretation, namely, each
stationary state is such that the body does not move and friction force equilibrates
the inner stresses originating from the displacement u. The set of displacements
corresponding to these stationary states must be relatively compact (since the
attractor is compact). Intuitively with the presence of friction the body can stop
in a large number of configurations—here we show that the set of equilibrium
configurations can have infinite dimension.

The spatial domain 2 in the problems we consider is two-dimensional not only
for the sake of simplicity. For the first order problem governed by the Navier—Stokes
equation, where we need the uniqueness of solution, it is a crucial assumption.

Of course, one can extend our results to many other problems of contact
mechanics governed by Eq. (12.1) or (12.2) under similar assumptions, and several
extensions are also possible to problems without uniqueness of solutions, cf. e.g.,
[8,20].

12.2 Preliminaries from the Theory of Dynamical Systems

Let us consider an abstract autonomous evolutionary problem

d;(tt) = F(v(t)) inZ forae.t € R, (12.3)
v(0) = vy.

where Z is a Banach space, F is a nonlinear operator, and vy is in a Banach space
X that embeds in Z. We assume that the above problem has a global in time unique
solution RT 3 ¢ > v(¢) € X for every vg € X. In this case one can associate with
the problem a semigroup {S(¢)},>0 of (nonlinear) operators S(z) : X — X setting
S(t)vg = v(t), where v(¢), t > 0, is the unique solution of (12.3).



302 P. Kalita and G. Lukaszewicz

From properties of the semigroup of operators {S(¢)};>o we may then conclude
the basic features of the behavior of solutions of problem (12.3), in particular, their
time asymptotics. One of the objects existence of which characterize the asymptotic
behavior of solutions is the global attractor. It is a compact and invariant with respect
to operators S(¢) subset of the phase space X (in general, a metric space) that
uniformly attracts all bounded subsets of X .

Definition 12.1. A global attractor for a semigroup {S(#)},>0 in a Banach space X
is a subset A of X such that

* Ais compact in X.

e Aisinvariant, i.e., S(¢)A = A for every t > 0.

* For every ¢ > 0 and every bounded set B in X there exists to = #y(B, €) such
that Utzto S(¢)B is a subset of the g-neighborhood of the attractor A (uniform
attraction property).

The global attractor defined above is uniquely determined by the semigroup
{S(#)}+>0. Moreover, it is connected and also has the following properties: it is the
maximal compact invariant set and the minimal set that attracts all bounded sets.
The global attractor may have a very complex structure. However, as a compact set
(in an infinite dimensional Banach space) its interior is empty.

We provide a theorem that guarantees the global attractor existence for a
semigroup {S(¢)};>0 (see for example Theorem 18 in [3] where more general,
multivalued, case is considered).

Theorem 12.2. Let {S(t)};>0 be a semigroup of operators in a Banach space X
such that

e Forallt > 0 the operator S(t) : X — X is continuous.

o {S(?)}i>0 is dissipative, i.e. there exists a bounded set By C X such that for
every bounded set B C X there exists ty = ty(B) such that Utzto S(t)B C By.

o {S(?)}i>0 is asymptotically compact, i.e. for every bounded set B C X and every
sequences t, — oo and y, € S(t,)B, the sequence {y,} is relatively compact
in X.

Then {S(t)}:>0 has a global attractor A.

For many dynamical systems the global attractor has a finite fractal dimension
(defined below) which has a number of important consequences for the behaviour
of the flow generated by the semigroup [15, 16].

Definition 12.3. The fractal dimension of a compact set K in a Banach space X is
defined as

log NX(K
d}((K) = lim sup Og—sl()
e—0 log(g)

where NX (K) is the minimal number of balls of radius ¢ in X needed to cover K.
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Another important property that holds for many dynamical systems is the
existence of an exponential attractor.

Definition 12.4. An exponential attractor for a semigroup {S(¢)},>0 in a Banach
space X is a subset M of X such that

¢ M is compact in X.

e M is positively invariant, i.e., S(t)M C M for every t > 0.

« Fractal dimension of M is finite, i.e., d}( (M) < oo.

¢ M attracts exponentially all bounded subsets of X, i.e., there exist a universal
constant ¢; and a monotone function @ such that for every bounded set B in X,
its image S(¢) B is a subset of the &(¢)-neighborhood of M for all t > t,, where
e(t) = @(||B||x)e™ " (exponential attraction property).

Since the global attractor A4 is the minimal compact attracting set it follows that if
both global and exponential attractors exist, then A C M and the fractal dimension
of A must be finite. Moreover, in contrast to the global attractor, an exponential
attractor does not have to be unique.

In the following we will remind the abstract framework of [11] (see also [10])
that uses the so called method of /-trajectories (or short trajectories) to prove the
existence of global and exponential attractors.

Let X, Y, and Z be three Banach spaces such that

Y ¢ X with compact imbedding and X C Z.

We assume, moreover, that X is reflexive and separable.
For v > 0, let

X, = L*0,7; X),

and
2 du 2
Y. =3ue L (0,1;Y), I e L°(0,t:2); .

By C([0, z]; X,,) we denote the space of weakly continuous functions from the
interval [0, 7] to the Banach space X, and we assume that the solutions of (12.3)
are at least in C([0, T']; X,,) for all T > 0. Then by an /-trajectory we mean the
restriction of any solution to the time interval [0,/]. If v = v(¢),t > 0, is the
solution of (12.3) then both y = v as well as all shifts L,(v)|j0.;] = v|j.1+ for
t > 0 are /-trajectories. Note that the mapping L, is defined as L, (v)(7) = v(z +1¢)
fort > 0and 7 € [0,]].

We can now formulate a theorem which gives criteria for the existence of a global
attractor A for the semigroup {S(¢)};>0 in X and its finite dimensionality. These
criteria are stated as assumptions (A1)—(A8) in [11].
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(A1) For any vy € X and arbitrary 7 > 0 there exists (not necessarily unique)
v € C([0,T]; X,,) N Yr, a solution of the evolutionary problem on [0, 7] with
v(0) = vy. Moreover, for any solution v, the estimates of ||v|]y, are uniform
with respect to ||vo]|x-

(A2) There exists a bounded set B® C X with the following properties: if v is
an arbitrary solution with initial condition vy € X then (i) there exists ty =
to(||vol|x) such that v(¢) € B° for all 1 > ¢, and (ii) if vo € B° then v(¢) € B°
forallt > 0.

(A3) Each [-trajectory has among all solutions a unique continuation which
means that from an end point of an /-trajectory there starts at most one solution.

(A4) Forallt > 0,L,: X; — X;is continuous on B(l)—the set of all /-trajectories
starting at any point of B? from (A42).

(A5) Forsome t > 0, the closure in X; of the set LI(Bf)) is included in Bé.

(A6) There exists a space W such that W; C X; with compact embedding, and
T > O such that L, : X; — W, is Lipschitz continuous on B}—the closure of
L.(Bl)in X;.

(A7) Themape: X; — X, e(y) = x(I) is continuous on B}.

(A8) The map e : X; — X is Holder-continuous on B,l.

Theorem 12.5. Let the assumptions (A1)—(A5) and (A7) hold. Then there exists a
global attractor A for the semigroup {S(t)};>0 in X. Moreover, if the assumptions
(A6), (A8) are satisfied then the fractal dimension of the attractor is finite.

For the existence of an exponential attractor we need two additional properties to
hold, where now X is a Hilbert space (cf. [11]).

(A9) For all T > 0 the operators L, : X; — X; are (uniformly with respect to
t € [0, t]) Lipschitz continuous on B}.

(A10) Forall T > 0 there exists ¢ > 0 and B € (0, 1] such that for all y € B} and
t1,t € [0, 7] it holds that

Lo x = Liyxllx, < clti— 1], (12.4)

Theorem 12.6. Let X be a separable Hilbert space and let the assumptions (A1)—
(A6) and (A8)—(A10) hold. Then there exists an exponential attractor M for the
semigroup {S(t)}>0 in X.

For the proofs of Theorems 12.5 and 12.6 we refer the readers to corresponding
theorems in [11].
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12.3 Exponential Attractor for Planar Shear Flow
with Generalized Tresca Type Friction Law

The problem considered in this section is based on the results of [10]. As we
show, arguments of [10] can be generalized to a class of problems with the friction
coefficient dependent on the slip rate.

12.3.1 Classical Formulation of the Problem

We will consider the planar flow of an incompressible viscous fluid governed by the
equation of momentum

v, —nAv+ (-V)v+Vp=f in2xRF (12.5)
and the incompressibility condition
V-v=0in2 xR™T, (12.6)
in domain £2 given by
={x=U,x)|0<x; <L, 0<x<h(x)},

with boundary 02 = T'p U T¢ U T 1, where I'p = {(x1,h(x;)) | x; € (0,L)},
I'c = (0,L) x {0}, and I', = {0,L} x (0,h(0)) and are the top, bottom and
lateral parts of 92, respectively. The function /% is smooth and L-periodic such that
h(x;) > ¢ > 0 for all x; € R with a constant ¢ > 0. We will use the notation
e; = (1,0) and e, = (0, 1) for the canonical basis of R?. Note, that on I the outer
normal unit vector is given by v = —e,.

The unknowns are the velocity field v : 2 x R* — R? and the pressure p :
2 xRt — R, n > 0is the viscosity coefficient and f : £ — R? is the density of
volume forces.

We are interested in the solutions of (12.5)~(12.6) such that v(0,x;,7) =
o(L,x. 1), 22020 — 2l ang p(0,x5,1) = p(L.xa.1) for x; € [0.7(0)]
and ¢ € RT. The first condition represents the L-periodicity of velocities, while the
latter two ones, the L-periodicity of normal stresses in the space of divergence free
functions. Moreover we assume that

v=0 onIlpxRT. (12.7)

On the contact boundary I'c we decompose the velocity into the normal component
v, = v - v, where v is the unit outward normal vector and the tangential one v, =
v-e;. Note, that since the domain £2 is two dimensional it is possible to consider the
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tangential components as scalars, for the sake of the ease of notation. Likewise, we
decompose the stress on the boundary I¢ into its normal component o, = ov - v
and the tangential one o, = ov - e;. The stress tensor is related to the velocity and
pressure through the linear constitutive law o;; = —pd&;; + n(v; ; + v;;).

We assume that there is no flux across I'c and hence we have

v, =0 at e x RT. (12.8)

The boundary I'¢ is assumed to be moving with the constant velocity Upe; =
(Uy, 0) which, together with the mass force, produces the driving force of the flow.
The friction bound k is assumed to be related to the slip rate through the relation
k = k(Jv; — Up|), where k : Rt — R, If there is no slip between the fluid and the
boundary then the friction force magnitude is bounded by friction threshold & (0)

v = Uy = |oy| < k(0) at I'c xRY, (12.9)

while if there is a slip, then the friction force is given by the expression

T P0 st e xR (12.10)
v

U
Ve # Uy = —0p = k(Jve — UM)ﬁ
r — Yo

Note that (12.9)—(12.10) generalize the Tresca law considered in [10], where k was
assumed to be a constant. Here k depends of the slip rate, this dependence represents
the fact that the kinetic friction is less then the static one, which holds if k is a
decreasing function. Similar friction law is used for example in the study of the
motion of tectonic plates, see [6, 14, 17] and the references therein. We make the
following assumptions on the friction coefficient &,

H(k)(i) = k € C([0, 00); [0, 00)),
H(k)(ii) : k(s) <a(l +s)foralls € RT witha > 0,
H(k)(iii) : k(s)—k(r) > —u(s—r)forall s > r > 0 with u > 0.

Note that the assumption that k has values in R has a clear physical interpretation,
namely it means that the friction force is dissipative.
Finally, the initial condition for the velocity field is

v(x,0) = vo(x) forx € £2. (12.11)
In the next section we present a weak formulation of the problem in the form of an

evolutionary differential inclusion with a suitable superpotential corresponding to
the generalized Tresca condition.
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12.3.2 Weak Formulation of the Problem

To be able to define a weak solution of problem (12.5)—(12.11) we have to introduce
some notation.
Let

V =1{veC®2)|divv =0 in £, visL-periodic in xi,
v=0atlp, v,=0 atl¢}

and
V = closure of V in H'(£2)?, H = closure of V in L*(£2).

We define scalar products in H and V, respectively, by
(u,v) = / u(x)v(x)dx and (Vu,Vv) = / Vu(x) - Vu(x)dx,
2 2
and their associated norms by

g = (,v)? and |jv] = (Vv, Vo).

We denote by V* the dual space to V' and the duality pairing between V* and V/
will be denoted by (-,-). We denote the trace y : V — L*(I'c:R?) and |y| =
171l 2v:2(re :r2))- Moreover, let, for u, v and win V,

a(u,v) = (Vu,Vv) and b(u,v,w) = ((u-V)v,w).

Finally, we define the functional j : R — R corresponding to the generalized
Tresca condition (12.9)—(12.10) by

[v=Uol
J) = / k(s)ds. (12.12)
0

The variational formulation of problem (12.5)—(12.11) can be derived by the
calculation analogous to the proof of Proposition 2.1 in [10].

Problem 12.7. Given vy € H and f € H, find v : Rt — H such that:
() veCRT;H)NL2 (RT; V), withv, € L2_(RT; V*).

loc loc

(ii) forall ® in V and for almost all ¢ € R, the following equality holds

(v (1), ) + na(v(t), @) + b(v(),v(1), @) + (1), O) 121y = (. O),
(12.13)
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with £(r) € 83, () forae.t € RT, where for w € L?(Ic) we denote by
Sazj(w) the set of all functions n € L?(I'c) such that n(x) € dj(w(x)) for a.e.
x elgc.

(iii) the following initial condition holds
v(0) = vy. (12.14)

The above definition is justified by part (i) of the following lemma.

Lemma 12.8. Under assumptions H (k) the functional j defined by (12.12) satis-
fies the following properties:

(i) J is locally Lipschitz and conditions (12.9)—(12.10) are equivalent to
— 0, € 9j(vy), (12.15)

where 0] denotes the Clarke subdifferential of the functional j.
(ii) |&] <a(l + |w|) forallw e Rand & € 9j(w), & > 0.
(iii) m(dj) > —u, where m(9j) is the one sided Lipschitz constant defined by

. . E—m-w—v)
m(aj) - u.vellgft#v |M — U|2 ’
§€0j(u).n€dj(v)

(iv) forallw € R and £ € dj(w) we have £ -w > —B(1 + |w|) with a constant
B > 0.

Proof. (i) The fact that j is locally Lipschitz follows from the continuity of k£ and
the direct calculation. To see that (12.9)—(12.10) is equivalent to (12.15) observe
that for v # Uy the functional j is strictly differentiable at v and its derivative is
given as j'(v) = k(Jv — Up|) |z g‘)‘, whence (12.10) is equivalent to (12.15) by the
Proposition 5.6.15 (b) from [4]. Now, if v = Uy, (12.9) is equivalent to (12.15) by

the characterization of the Clarke subgradient (see [4, Proposition 5.6.17])

9j(v) = conv{”li)n;oj’(vn) | v, = v,v, € SUN;},

where S is any Lebesgue-null set and N; = {Up} is the set of points where j is not
differentiable.
Assertion (ii) follows in a straightforward way from H (k) (ii).
Assertion (iii) can be obtained by a following computation. Let £ € dj(u), n €
dj(v), where u # Uy and v # Uy. Then
o) e

(u — U()) . (v — U())
lu— U

(E—n)-(u—v)=(k(lu Uol) 2 — k(v — Uo)

IUI

= k(lu— U u— Us| — k(Ju — Uol)
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(u—Up) - (v — V)
lv — Ul
(k(Ju = Usl) = k(Jv = Uol)) (Ju — Up| — [v — o)

—p(|lu—Us| — v = Up|)* = —pu|u — v]*.

— k(Jv = Ul + k(Jv = Up|)|v — Up|

v

v

The calculation in the case when either u = U, or v = Uj is analogous.
Proof of assertion (iv) is also straightforward. Indeed, for w = 0 the assertion
obviously holds. Let w # 0 and £ € dj(w). We have, by H (k)(i)-(ii)

£-w = k(lw—Upl) 2w — Uy + Up)

|w —UI
= k(lw —Uo))Iw — Uo| — k(Jw — UoD|Uo| = —a(1 + |w| + [UsD| Vb,
and (iv) follows, which completes the proof. O

Remark 12.9. Observe that the assertion (iii) of Lemma 12.8 is equivalent to the

2
claim that the functional j is semiconvex, i.e. the functional s — j(s) + % is in
fact convex (see [2, Definition 10]).

12.3.3 Existence and Properties of Solutions

We begin with some estimates that are satisfied by the solutions of Problem 12.7. We
define the auxiliary operators A : V. — V*and B : V — V* by (Au,v) = a(u,v)
and (Bu,v) = b(u, u, v).

Lemma 12.10. Let v be a solution of Problem 12.7. Then for all t > 0 we have
t
max o)1 + [ 1o@)IPds < €. funla), (12.16)
S€[0, 0

15
/ [V ()|[}ds < C(t, |vollm), (12.17)
0

where C(t, ||voll i) is a nondecreasing function of t and ||vo|| .

Proof. Take ® = v(t) in (12.13). Since b(v,v,v) = 0 for v € V, we get, with an
arbitrary ¢ > 0,
d 2 2
5 2/ IPOs + O = I£ 1 vl + 1O 2o Ve O 22

2
< elol + P 4 2oy s, + aucre,
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where we used (ii) of Lemma 12.8 and u(I'¢) = L is the one dimensional boundary
measure of I'¢.

Denoting Z = V N H'~%(£2; R?) with some small § € (0, 1) equipped with the
norm H'7%(£2;R?) observe that the embedding V' C Z is compact and the trace
map yc : Z — L*(I'c;R?) is continuous. We denote |yc || = |lyc | £(z:L2(re ;R2))-
From the Ehrling lemma we get, for an arbitrary ¢ > 0 independent on v € V and
C(e) > 0 that

lllZ < elvll® + C@) vl
Hence, noting that the Poincaré inequality
2 2
Alvllz =< vl
is valid for v € V, we get

||f||2

d 2¢
EIIU(I)II% + 2nlv@)|* < /\—lllv(t)ll2 + 3alyc*elv@))?

+ 3d||7C”2C(E)||U(t)“H +2aL.

It is clear that we can choose ¢ small enough such that

d
@I + 1@l < G+ Gl

with C;, C; > 0. Using the Gronwall lemma we get (12.16).

For the proof of (12.17) observe, that proceeding like in Proposition 9.2 in
[15] we get || Bu|ly* < Cllu| x| u|. Hence (12.17) follows by (12.16) and the
straightforward computation that uses the assertion (ii) of Lemma 12.8 to estimate
the multivalued term. |

We formulate and prove the theorem on existence of solutions to Problem 12.7.
Theorem 12.11. For any uy € H, Problem 12.7 has at least one solution.

Proof. Since the proof of solution existence, based on the Galerkin method, is
standard and quite long, we provide only its main steps.

Let o € C§°(—1, 1) be a mollifier such that f_]] o(s)ds = 1 and o(s) > 0. We
define g, : R — R by 0,(x) = no(nx) forn € Nand x € R. Then supp 0, C
(—l —) We consider j, : R — R defined by the convolution

n’'n

Jn(r) = / on(s)j(r —s)ds forr € R. (12.18)
R
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Note that j, € C°°(R). From the proof of H(j)(iii) in Lemma 5 in [7] it follows
that foralln € Nand r € R we have | j, (r)| < o(1+ |r]), where & is different from
& in (ii) of Lemma 12.8 above but independent of 7.

Let us furthermore take the sequence V), of finite dimensional spaces such
that V,, = span{zj,...,z,} where {z;} are orthonormal in H eigenfunctions of
the Stokes operator with the Dirichlet and periodic boundary conditions given
in the definition of the space V. Then {V,}°2, approximate V' from inside, i.e.
U2, Vu = V. We denote by P, : V* — V, the orthogonal projection on V,,
defined as Pyu =Y, (u,z)z.

We formulate the regularized Galerkin problems for n € N.

Find v, € C(R™; V,,) such that v, is differentiable for a.e. t € R* and

(v, (1), ©) 4 na(v,(t), ©) 4 b(v, (1), v, (1), O)
+(n e (1)), O) 121y = (. O), (12.19)
v, (0) = P, (12.20)

fora.e.t € RT and forall © € V,,. Note, that due to the fact that j,; ,a, b are smooth,
the solution of (12.19)—(12.20), if it exists, is a continuously differentiable function
of time variable, with values in V,.

We first show that if v, solves (12.19) then estimates analogous to the ones in
Lemma 12.10 hold.

Taking v, (¢) in place of ® in (12.19) and using the argument similar to that in
the proof of (12.16) in Lemma 12.10 we obtain that, for a given T > 0,

||Un||L00(0.T;H) < const, (12.21)
||vn||L2(0,T;V) < const. (1222)
Now denoting ¢ : V — L?>(I'¢) as tv = (yv), and (* adjoint to ¢ we observe

that (12.19) is equivalent to the following equation in V'*
U, (1) + AV, (1) + PuBa (1)) + Pat™ j,(0ac()()) = Py f. (12.23)

Since (see Lemma 7.5 in [15]) for w € V* we have || P,w|y* < ||w|ly*, then from
Eq. (12.23) by using the estimate ||Bw|y+ < C||w| g|w]| valid for w € V, the
growth condition on j, as well as (12.21) and (12.22), we get

lupll 2200 75v+) < const. (12.24)

The existence of the solution to the Galerkin problem (12.19) follows by the
Caratheodory theorem and estimates (12.21)—(12.22).

Since the bounds (12.21), (12.22), and (12.24) are independent of n then, for a
subsequence, we get
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v, — v weakly —x in L*°(0,T; H), (12.25)
v, — v weakly in L?(0,T; V), (12.26)
v — v’ weakly in L*(0,T; V™), (12.27)
Ve — U strongly in L2(0, T; L*(I'c)), (12.28)
v, — v strongly in L*(0, T; H), (12.29)

where (12.28) is a consequence of the Lions—Aubin Lemma used for the spaces
V € Z C V* and (12.29) is a consequence of the Lions—Aubin Lemma used for
the spaces V C H C V*.

From (12.22) and the growth condition on j, it follows that

”jr:(vnr)”LZ(O,T;LZ(FC)) =< const.
Hence, perhaps for another subsequence, we have
jl(pr) — & weakly in L*(0, T; L*(I¢)).

In a standard way (see for example Sections 7.4.3 and 9.4 in [15]) we can pass to the
limit in (12.23) and obtain that v and & satisfy (12.13) for a.e. ¢ € (0, T'). The proof
that v satisfies the initial condition v(0) = v, is analogous to the one in Theorem 3.1
in [8].

The proof that £(¢) € Sazj(u,(z)) is also analogous to the proof of Theorem 3.1
in [8].

Finally, the solution can be extended from [0, T'] to the whole R by concatenat-
ing the solutions on intervals [0, 7'] taking the value at the endpoint of the previous
interval as the initial condition for the following one (see for example [5, Theorem 2
in Section 9.2.1]). O

Remark 12.12. The proof of Theorem 12.11 uses only assertions (i) and (ii) of
Lemma 12.8 and, therefore, the theorem holds for a class of potentials j that satisfy
these two conditions and are not necessarily given by (12.12). This is a new result
of independent interest since it weakens the conditions required for the existence
of solutions provided, for example, in [12]. Indeed, the sign condition (see H(j)(iv)
p- 583 in [12]) is not needed here for the existence proof.

Next theorem shows that assertion (iii) of Lemma 12.8 gives the Lipschitz
continuity of the solution map on bounded sets as well as the solution uniqueness.

Lemma 12.13. The solution of Problem 12.7 is unique and if v, w are two solutions
of Problem 12.7 with the initial conditions vy, wo, respectively, then for anyt > s >
0 we have

[lv(®) =w®)lln = D lwollm)lv(s) —ws)la. (12.30)

where D(t, |wollg) > 0 is a nondecreasing function of t, ||wo| .
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Proof. Let v and w be two solutions of Problem 12.7 with the initial conditions vg
and wy, respectively. We denote u(t) = v(t) — w(t). Subtracting (12.13) for v and
w and taking u(t) as a test function we get, for a.e. r € RT,

d
EEIIM(I)H% + llu@)? + bu), w(e), u(@)) + E@) = n(@0), ve() = we (1) 27 = 0,

where £(t) € Sazj(vr(t)) and n(t) € ng(w,(t))'

Using the Ladyzhenskaya inequality [10],
2
[vllzs@) < oIl ol for veV, (12.31)

(cf. also [15, Proposition 9.2]) to estimate the convective term and assertion (iii) in
Lemma 12.8 to estimate the multivalued one we get, for a.e. r € RT,

1d
5 Nu@I + nllu@N? = wlluc Ol ey < Cllu@ | mlle@iw@)].  (12.32)

As in the proof of Lemma 12.10 we use the fact that the embedding V' C Z is
compact and the trace y¢ : Z — L*(I'c;R?) is continuous. We get, fora.e.t € RT,

1d
5= lu@lF + nllu@|? < elu@®? + C@) @I Iw@)]?

2dt
+ ulyelPEllu@®I? + C@lu@ly),  (12.33)

with an arbitrary ¢ > 0 and the constant C(¢) > 0 independent on u, w and ¢. By
choosing & > 0 small enough we get, for a.e. t € RT,

L)y = WO o) P + C)
with the constants C;, C; > 0. The Gronwall lemma gives
()3, < llu(s)|% eSO+ J5 Iw(@|2de < Jlu(s) || e +C Jo Iw@Pdx
Using (12.16) we get
lo(@) = wD)lln = lv(s) = w(s) | ez TR, (1234)

and the proof of (12.30) is complete. Taking s = 0 and v(0) = w(0) in (12.30) we
obtain the uniqueness. O

Now we will prove that assertion (iv) of Lemma 12.8 gives additional, dissipative,
a priori estimates.
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Lemma 12.14. [fv is a solution of Problem 12.7 with the initial condition v, then
forallt > 0 we have

vl < lvollwe ™" + Ca.

with positive constants Cy, C, independent of t, vy.

Proof. We proceed as in the proof of (12.16) in Lemma 12.8. Taking the test
function ® = v(¢) in (12.13) we get

1d

EE”U(I)”%-I +lv@? + E@), ve @) 20y < N I llv @),

for a.e. t € R*. We use assertion (iv) of Lemma 12.8 and the Poincaré inequality
Aol < ] to get

1d 1
3 3 WO 4O =L (15 1) = Berloc e
1T, e e
< 220 4 2w,
N L0l

for a.e. t € R, with an arbitrary &; > 0 and &, > 0. Using the trace inequality and
the Poincaré inequality, again, we can choose ¢; and ¢, small enough to get

d
E”v(t)n%—l +nh @)% < C.

for a.e. t € RT, where C > 0 is a constant. Finally, lemma follows from the
Gronwall inequality. O

12.3.4 Existence of Finite Dimensional Global Attractor

In this section we prove the following theorem.

Theorem 12.15. The semigroup {S(t)};>0 associated with Problem 12.7 has a
global attractor A C H of finite fractal dimension in the space H.

Proof. In view of Theorem 12.5 we need to verify assumptions (A1)—(A8). We set
Y=V, X=H,Z=V*1>0X;, =L%0,l;H),andforT >0,Yr = {u e
L2(0,T;V) |u € L>(0,T; V*)}.

Assumption (A1) From Theorem 12.11 it follows that for any uy € H there
exists at least one solution of Problem 12.7. This solution, restricted to the interval
(0, T), belongs to Y7 and C([0, T']; H). Uniform bounds in Y7 follow directly from
Lemma 12.10.
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Assumption (A2) In view of Lemma 12.14 the closed ball By (0, C; + 1) absorbs in

finite time all bounded sets in H. Let B® = | J,., S(t)Bu (0, C, + l)H. Obviously
this set is closed in H (we will need this fact to verify the assumption (A45) below).
From Lemma 12.14 it follows that B is bounded. Let us assume that u € B° and
v = S(t)u. Then, for a sequence u,, € S(t,) By (0, C; + 1) with certain ¢, we have
u, — uin H. From Lemma 12.13 it follows that S(¢)u, — S(t)u = v in H.
But S(t)u, € S(t +1,)By(0,C, + 1) C B°. Hence, from the closedness of BY it
follows that v € B? and the assertion is proved.

In the rest of the proof the generic constant dependent on B,/ and the problem
data will be denoted by C; po.

Assumption (A3) Recall that the [-trajectory is a restriction of any solution of
Problem 12.7 to the time interval [0, []. The fact that assumption (A3) holds follows
immediately from Lemma 12.13.

Assumption (A4) Define the shift operator L, : X; — X; by (L; x)(s) = u(s +t)
fors € [0, ], where u is the unique solution on [0, / +¢] such that u|jp;; = x. We will
prove that this operator is continuous on B(l) forallz > 0and ! > 0, where Bé is the
set of all /-trajectories with the initial condition in the set B® from assumption (A42).
Let u, v be two solutions with the initial conditions uy, vy € B°. By Lemma 12.13
we have

! !
/0 lo(s + 1) —uls + )| 5ds < D*(t + 1. IIBOIIH)/O lu(s) — u(s) 1 ds,

where || B ||y = sup,ep, [Iv[|#. Hence, denoting y1 = ulp) and x2 = v|.), we
get

1L = Lexally, < D2+ LIB )l = xal%, (12.35)
and the proof of (A44) is complete.

Assumption (A5) We need to prove that, for some v > 0, LT(B{,)XI C B{). Let
uy € BP. From the fact that for all T > 0 we have S(t)uy € B it follows that
L.(Bl) C B. To obtain the assertion we must show that 3} is closed in X;. To this
end assume that u, is a sequence of solutions to Problem 12.7 such that u,(0) € B°
and

An — x strongly in L2(0,1; H), (12.36)
where x, = u,|[0]. From (A1) it follows that

fn — x weakly in L2(0,1; V), (12.37)
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X = x' weakly in L*(0,1; V). (12.38)

We must show that y € Bé. Let us first prove that y(0) € B°. Indeed from (12.36) it
follows that, for a subsequence, y,(t) — x(¢) strongly in H fora.e.t € (0,/). But,
since y,(t) € B®foralln € Nand all ¢ € [0,/], then y(¢) must belong to the closed
set BY for a.e. t € (0,/). The closedness of B° and the fact that y € C([0,1]; H)
imply that x(z) € B° for all ¢ € [0,/] and, in particular y(0) € B°. We need to
prove that y satisfies (12.13) for a.e. t € (0,/). In view of Lemma 7.4 in [15] it is
enough to show that for all w € L2(0,/; V*) we have

/

1
/ (). () di + 1 [ (Ax(t) () di
0 0

l 1 1
4 [0 (B (). w(t)) di + /0 EW)owe (1)) 121 i = fo (fw@)di. (1239

with £(¢) € ng(xr(t)) for a.e. t € (0,1). From the fact that y, satisfies (12.13) for

a.e.t € (0,/) we have

l

[
/ () (D) di + 1 / (Aga(6) w()) di
0 0

! / 1
4 / (Ba(t)ow(t)) di + / 60 (1) we () 12010 i = / (fow(0)) dt.
(12.40)

with &,(¢) € Sé%j(xm(t)) for a.e. t € (0,/). From the growth condition (ii) in
Lemma 12.8 it follows that

1&nll L200.0:02(rey) < V2ILa + ﬁ&||an||L2(0,l;L2(rc))-

But, since y, is bounded in L*(0,1;V), then Xne must be bounded in
L?(0,1; L*(I'c)) and hence £, is bounded in the same space. For a subsequence we
have

£, — & weakly in L2(0,1; L*(I'¢)). (12.41)

Now (12.36), (12.37), and (12.41) are sufficient to pass to the limit in all the terms

in (12.40) and thus to prove (12.39). It remains to show that £(¢) € Sazj()(m(t)) for a.e.

t €(0,0).Let Z =V N H'75(2;R?) be equipped with H'~% topology, where § €
(O, %) Then for the triple V. C Z C V* we can use the Lions—Aubin Compactness
lemma and conclude from (12.36) and (12.37) that y, — x strongly in L%(0,1; Z).
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Now, since the trace operator yc : Z — L?>(I'c;R?) is linear and continuous, and
so is the corresponding Nemytskii operator, we have

Ane — xo strongly in L2(0,1; L*(I'c)). (12.42)

From (12.41), (12.42) and the fact that for a.e. (x,7) € I'c x (0,/) we have
E,(x,t) € 9j(ync(x, 1)) we can use the Convergence Theorem of Aubin and Cellina
(see [1, Theorem 7.2.2]) to deduce that for a.e. (x,t) € I'c x (0,]) we have
E(x,t) € 9j(x.(x,t)). This completes the proof of (A5).

Assumption (A6) We define W = H_(£2;R*) N V, where we equip W with the
norm of V. Then V* C W*. By the Lions—Aubin Compactness lemma the space

W, ={yeL*0,;V)| y € L'"0,T; W*)}

is embedded compactly in X;. We must show that the shift operator L, : X; — W, is

Lipschitz continuous on Bll = Lr(Bf))X} for some T > 0. We will prove that L, is
Lipschitz continuous on the larger set Bé for t = [. Indeed, take w, v to be two
solutions of Problem 12.7 starting from B°. Denote u = v — w. Then, by (12.33),
forae. t € RT,

d
%Ilu(t)llil +llu@)|? = Cllu@7 1+ [Iw©)]).

where the constant C depends only on the problem data. We fix s € (0,/) and
integrate the last inequality over interval (s, 2/). We obtain

2 ” 2 ” 2 2 2
lu@DIG +n | u@IPde < C [ u@I3 0+ IwO)I?) dr + [uls)I-

Using (12.34) we get

21

21
y [l 1O < w1 (26,,Bol+cz.go /0 ||w<r>||2dz+1).

Since, by (A1) we have

21
/ Iw(©)IPdi < Cppo.

0

it follows that

21
/1 l)IPdt < Cppollu(s) |-
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Integrating this inequality over the interval (0,/) with respect to the variable s it
follows that

21 1
z / lu()|Pdt < Cypo / lu(s) 13 ds
l 0

and, therefore,

Cl B()
ILixr = Lixall 2y < ; lx1 — x2llx,- (12.43)

It remains to prove that

ICLixy = Lix2) liowe < Crpollxr — x2llx;-

In view of (12.43) it is sufficient to prove that

G = x2) leousw= < Crpollxs = x2lli20u:v)-

To this end, we subtract (12.13) for w and v, and take as a test function ® € W. We
get

(U (1), ©) + n{Au(r), ®) + (Bv(t) — Bw(t),0) = 0.
We have, for a constant k > 0 dependent only on the problem data,
(Bv(t) — Bw(t), ®) = b(u(t),w(t), ®) + b(w(t),u(t), ®) + b(u(t), u(t), ®)

< k(lu@llw®] + lu@ PO
< kQ@IwOI + llv@Dlw@lIO].

whence, for a constant C > 0 dependent only on the problem data,

lu'@)lw= = sup  |n{Au(t), ©) + (Bv(t) — Bw(t), O)]
Oew,|e|=1

< nllAu@)[lv+ + [|Bv(t) — Bw(1)]lv=
= CA + [wO I + lv@ D lu@)].

It follows that

i
I/l @w) < Cllull 20,150 \/fo (1 + w®ll + lv@)[)>* dr.

The assertion follows from (A1).
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Assumption (A7) and (A8) Since (A8) implies (A7), we prove only (A8). We will
show that the mapping e : X; — X defined as e(x) = x(/) is Lipschitz on B).
Indeed, by (12.34), for any two solutions v, w of Problem 12.7 such that their initial
conditions belong to B®, we get

Iw(@) —v(Dlla = Cppolwls) —v(s)a
for all s € (0, /). Integrating the square of this inequality over s € (0,/) we obtain
Hw@) = vy = Cpolw—vl%,.

whence

C; po
lw(?) —=vD)lla < —22|lw —vllx,.

Vi
and (A8) holds. O

Theorem 12.15 is about the existence of the global attractor of a finite fractal
dimension. In the following subsection we shall prove the existence of an exponen-
tial attractor.

12.3.5 Existence of an Exponential Attractor

Our goal is to prove the following result.

Theorem 12.16. The semigroup {S(t)};>0 associated with Problem 12.7 has an
exponential attractor in the space H.

Proof. Since we have shown, in the proof of Theorem 12.15, that assumptions
(A1)—(A8) hold, in view of Theorem 12.6 it is enough to prove (A9) and (A10).

Assumption (A9) Lipschitz continuity of L, : X; — X;, uniform with respect to
t € [0, 7] for all T > 0, follows immediately from inequality (12.35).

Assumption (A10) It remains to prove that the inequality
”Lth - Lth”X/ =< C|t1 - t2|8

holds forall #p > 0,0 <1, < t; < fpand y € B} with § € (0,1] and ¢ > O.

Since B} = LT(B?)XI for certain T > 0, it is enough to prove the assertion for
x € L:(B)). Let v be the unique solution of Problem 12.7 on [0, T + [ + fo] with
v(0) € BY such that v|; ;4+;; = . It is enough to obtain the uniform bound on v’ in
the space L*°(t, 7 + [ + ty; H). Indeed,
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1
ILyx—Loxlx, = \// lo(r + 5 +8) —v(r + s+ 1)l ds
0

! T+s+0n 2
V() wenmar) as
0 T+s+1

< |t1 = ) VIV | 150 (eoti0:0)

The a priori estimate will be computed for the smooth solutions of the regularized
Galerkin problem (12.19)—(12.20) formulated in the proof of Theorem 12.11. We
will show that, for the Galerkin approximations vy, for any 7' > t, the functions v,’1
are bounded in L*°(z, T; H) independently of n and, in consequence, the desired
estimate will be preserved by their limit v, a solution of Problem 12.7.

The argument follows the lines of the proof of Theorem 6.1 in [10] (compare
[9]). First we take @ = v, (¢) in (12.19) which gives us

1d
04O + 15 20 OIP + b (0). 02(0). 0, ()

+ % /F (e 0) AT = (0,00

Estimating the convective term by using the Ladyzhenskaya inequality (12.31)
we get

d d
olF —nt22—/ i (U (x, 1)) dT
||vn()||H+ndt”v()” +2 rc](v (x,1))

! o ()12 !
< 1/ 15 + Cloa Ol 1o O 1o, Ol o112, (12.44)

where C > 0 is a constant.

Now a straightforward and technical calculation that uses the Fatou lemma, the
Lebourg mean value theorem and the conditions (ii) and (iii) in Lemma 12.8 shows
that, for all r{, 7, € R, we have

U (r2) = ja(r))(ra — 1) = —p|ra — 1,
where the constant p is the same as in (iii) of Lemma 12.8. Hence, since v, is

a continuously differentiable function of time variable, we have for all (x,7) €
2 x(0,7),

(%j;:(vnr(xat))) Upe (6, 1) = —plvy (x, D (12.45)
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We differentiate both sides of (12.19) with respect to time and take & = v, (),
which gives us

1 d / 2 / 2 d -/ /
5 g m @ +alOF + [ (G ) oo dr

+ b(v, (). Va (1), v, (1)) + b (a (1), v, (1), v, (1)) = 0.
Using (12.45) and the fact that b(v, (¢), v}, (¢), v, (¢)) = 0 we get

1d

VT 1, 7 + nllvg O = wllvn Ol + b, (0, 02 (1), 07, (1)) < 0.

Proceeding exactly as in the proof of (12.32) we get, for an arbitrary ¢ > 0 and a
constant C(g) > 0,

1 d / / /
Eallvn(t)llir +1llv, O < CElva @17 llv, ()1
+ ellv, (O + C ) v, Ol

whence
d / 2 / 2 / 2 2
Ellvn(t)llﬁ + 1lv, O = Cllv, O Hva (D17 + 1).

Multiplying this inequality by 7> we get

d / / /
E(l2||vn(t)”%-[) + 01 [lv, O = Co2 v, O (loa @17 + 1) + 21 [l ()1

We add this inequality to inequality (12.44) multiplied by 2¢ to get, after simple
calculations that use the fact that ch Jn(Uae(x,0))dT < C(1 + |Jv,()]?),

d ! / . !
= (r2||vn(t>||%{ + 2t [lvy ()| + 41 /F Jn(vmoc,r))dr) + 02w ()]
C
< CilluaO P v, O a)* + Cat L (@) #)* + C3 + Calva ()]

+ Csllon 1 Ton 1 oLl ol () .

with C; > 0 for i = 1,...,5 independent on n and initial data. Denoting
W) = O3 + 200,01 + 4 [, ju(vac(x.0))dT, using the bound
of Lemma 12.14 for ||v,(¢)||z, Young inequality, and the fact that j, assumes
nonnegative values, we get
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d
S0+ gﬂnv; O < (Csllva N> + C2) yu(t) + C3 + Crllva (0|1

where Cg, C; > 0. Finally, an application of the Gronwall lemma as well as
the bound in (12.16) of Lemma 12.10 for foT |lv.(s)||*> ds yields the uniform
boundedness of v/ in L>(n, T; H)NL?(n, T; V) for all intervals [, T],0 < n < T.
This completes the proof of (A10) and shows the existence of an exponential
attractor for the semigroup {S(¢)};>0 associated with Problem 12.7. O

12.4 Global Attractor for Dynamic Antiplane Contact
Problem

In this section we deal with the antiplane contact problem in dynamic Kelvin—Voigt
viscoelasticity formulated in [13].

12.4.1 Problem Formulation

The classical formulation of the problem under consideration will be the following

W' (x,t) — A (x,t) — Au(x,t) = fo(x) on 2 xR,
u(x,0) = up(x) on £2,

u'(x,0) = u;(x) on £2,

u(x,t) =0onI'p x RT,

u(x,t)  ou'(x,t)
v + v

B du(x,t) B ou'(x,1)
v v

= fo(x) on I, x RT,

€ 0j(u'(x,t))on I'c x RY.

The mechanical interpretation of the equations and the boundary conditions present
in the problem can be found in [13].

Define V = {v € H'(2) |v = 0on Ip}, H = L*(2), X = V x H,
U = L*(I'c) and y¢ : V — U as the trace operator. We will denote ||yc| :=
lvcllzev:vy- The norm in V' will be denoted by | - ||, while all other norms will be
denoted by corresponding subscripts. Note that, for v € V, we have the Poincaré
inequality A, [[v]|3, < ||v|| and the inequality

vl < elvl* + c(e)vll. (12.46)
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with an arbitrary & > 0 and a constant c(¢) > 0. The last inequality is a consequence
of the Ehrling lemma and the fact that if we define Z = VN H'~%(2) for § € (0, 1)
endowed with H'~% topology, then the trace VcZ : Z — U is continuous and V' C
Z C H is an evolution triple with compact embedding V' C Z. The duality pairing
between V' and V* will be denoted by (-, -), while the scalar product in H by (-, -).
Moreover, we denote V(RY) = L7 (RT; V), V*(RY) = L7 (R*;V*), and

WRY) = {uec VRY) | v € V*(R)}.

We define the operator A : V — V* as
(Av, w) =/ Vv-Vwdx forv,welV.
o)

Finally, we assume that f, € L*(2) and f> € L?>(Iy), which makes possible to
define the functional f € V* as

(f,v)=/9fovdx+/;f2vdf forv e V.

Weak form of the above problem will be the following

Problem 12.17. Find u € V(R™) with #’ € W(R™) such that for all v € V and
ae. t € RT,

(' (t) + A (t) + Au(?), v) + (n(1), ycv)v = (fiv), (12.47)
with n(z) € Sazj(ycu’(t)) forae .t € Rt and /(0) = u; € H,u(0) = up € V.

We will need the following assumptions on the potential j : R — R

H(j) (i) j:R — Rislocally Lipschitz,
(it) dj satisfies the growth condition |&] < ¢| + ¢,|s]| for all £ € 9j(s) for all
s € Rwithey,cp >0,
(iii) 9j satisfies the dissipativity condition infgeyj(s) §s > di — da|s|? for all
s € Rwith d; € Rand d, > 0 is such that & | yc||® < 1,
(iv) m(dj) > —oo, where m(0j) is the one sided Lipschitz constant defined
by

E—m-(r—s)
r.sER.r#s |r — S|2 '
§€9j(r),n€dj(s)

In the following, we will show that H(j)(i)—(ii) guarantee the solution exis-
tence, while, adding the assumption H(j)(iv), we obtain uniqueness. In fact the
existence of weak solution for Problem 12.17 has been proved in [13]. We sketch the
proof here, however, since we use different technique than in [13] and, likewise, our
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assumptions on j are different. Moreover, we prove that all assumptions H(j)(i)—
(iv) guarantee the existence of global attractor for associated semiflow. We remark
that global attractor existence can be proved without the condition H(j)(iv) and
hence without solution uniqueness, using the method of multivalued semiflows (see
[19,20]).

12.4.2 Existence and Uniqueness of Solutions

Lemma 12.18. The operator A : V. — V* is bilinear, symmetric, continuous and
coercive, with (Av, w) < ||v|||w|| for v,w € V and (Av,v) = ||v||* forv € V.

For (#,v) € X we define the energy

1

E@,v) = = ([ull® + [v]%)

N

and the auxiliary energy
ES(”7 U) = E(uv v) + 8(“7 U)H,

where ¢ > 0 is a given parameter. Note that, for (1, v) € X,
0] = ——E(u,v)
U, V)| = u,v
VA
and hence we have, for all (4, v) € X,

(1 - %) E(u,v) < E.(u,v) < (1 + &) E@,v). (12.48)

Theorem 12.19. Under assumptions H(j)(i)—(ii), Problem 12.17 has at least one
solution for any uy € V andu; € H.

Proof. The proof proceeds by the Galerkin method and mollification of the non-
smooth term, similarly to that of Theorem 12.11. We outline only main points of
the proof here. We pick a family of mollifier kernels {0, } and define j, by (12.18).
We furthermore define V, = span{z,...,z,} where {z;} are orthonormal in H
and orthogonal in V' eigenfunctions of the operator A with the Dirichlet boundary
conditions given in the definition of the space V. Then {V},}°2 | approximate V' from
inside, i.e. | Js=, V, = V. We define the orthogonal projection P, : V* — V, by
Pyw =" (w,zi)z forw e V*.

We can now define the regularized Galerkin problems for n € N as follows.

Find u, € C'(R™; V,,) such that «, is differentiable for a.e. 7 € Rt and
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(U (1) + Aw (1) 4 Auy (1) = £, 0) 4 (j, (u, (1)), yc O)y = 0, (12.49)
1 (0) = Pyug, u,(0) = Pyuy (12.50)
for a.e. t € RT and for all ® € V,. Note that, due to the fact that jn/ are smooth,
the solution of (12.49)-(12.50), if it exists, is a twice continuously differentiable

function of time variable, with values in V. Taking u/,(¢) in place of ® in (12.49)
we obtain

1d

5 a7 (O + @) 1) + 1, (01

/ 1 . / /
< eflu, OI* + ﬁllf”zv* +/F FACAERITACNSII (12.51)
C

Since, by H(j)(ii), |j,(s)| < ¢ + C2|s| for all s € R with ¢, ¢; > 0 independent
of n, from (12.46) we get, for an arbitrary ¢ > 0 and some C(g), C;, C; > 0,

/F 1 G )i, (e )| AT < Cy + Callyeid, (D)1
C

< Ci+elu, )| + Ce)u, ().  (12.52)

From (12.51) and (12.52) with ¢ = % and from the Gronwall lemma we get, for a
given T > 0,

ll4n || oo 0.7;v) < const, (12.53)
lluj, 1l 120,757y < const, (12.54)
[, || oo 0.7 1) < const, (12.55)

where the constants depend on 7 and the initial conditions but are independent
on n. Now, if y} : U* — V* is the mapping adjoint to yc, we have that (12.49) is
equivalent to the following equation in V*,

(1) + Au, (t) + Au, (1) + Poye jo(veu, (1)) = Py f,
whence
Nl || L2¢0.7;%) < const. (12.56)

The existence of the solution to the Galerkin problem (12.49)—(12.50) follows
from the Carathéodory theorem and estimates (12.53)—(12.56).

Since the bounds (12.53)—(12.56) are independent of n then, for a subsequence,
we get
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u, — u weakly — x in L>(0, T; V) and weakly in L>(0, T; V), (12.57)
u, — u' weakly — * in L*°(0, T; H) and weakly in L*0,T;V), (12.58)
u! — u” weakly in L*(0,T; V™), (12.59)
yeu, — ycu' strongly in L*(0,T;U), (12.60)
u, — ' strongly in L*(0,T; H), (12.61)

where (12.60) is a consequence of the Lions—Aubin lemma used for the spaces V' C
Z C V* and (12.61) is a consequence of the Lions—Aubin lemma used for the
spaces V' C H C V*. Note that in (12.60) we use the symbol y¢ for the Nemytskii
trace operator yc : L2>(0,T;V) — L?(0,T; U).

From (12.54) and the growth condition on j, it follows that

IJn (veu) |l 120 750y) < const.
Hence, perhaps for another subsequence, we have
jl(ycul) — n weakly in L*(0,T;U).

In a standard way we can pass to the limit in (12.49) and obtain that u and 7
satisfy (12.47) for a.e. t € (0, T). The proof that u satisfies the initial conditions
u(0) = up and u’(0) = u; is standard and it follows from the fact that from (12.57)—
(12.59) we must have u,(0) — u(0) weakly in V and «,(0) — u/(0) weakly
in H. The proof that n(¢) € Sazj(yc “(0) is analogous to the argument in the proof of
Theorem 3.1 in [8]. The solution can be extended from [0, T'] to the whole positive
semiaxis by taking the values of u, ' at T as initial conditions and concatenating

the solutions obtained in this way. O

Theorem 12.20. Under assumptions H(j)(i)—(ii), (iv), Problem 12.17 has exactly
one solution for any (ug, u1) € X. Moreover the map (u(t,), u'(t1)) — (u(t2), u'(12))
is Lipschitz continuous in X forallty > t; > 0.

Proof. The existence part follows from Theorem 12.19. For the proof of uniqueness
and Lipschitz continuity, assume that u;, u, solve Problem 12.17. Denote w(t) =
u1(t) — uy(t). Let the functions 7 such that (12.47) for u; and u, holds, be denoted
by n1, 12, respectively. Subtracting (12.47) written for u; and u, we obtain forv € V
andae.t € RT

(W'(2) + AW (1) + Aw(?), v) + (01 () — n2(2), ycv)u = 0.

Taking v = w/(t) and using Lemma 12.18 as well as H(j)(iv) we get, for a.e.
t eRT,
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1d / 2 / 2 1d 2 . / 2
3 I O + WO + 3w+ m@Dlyew I < 0.

Using (12.46) and denoting M = |m(dj )| we obtain

1d

5= (W1 + @) + (1 = MW )] < Me(@)w 1)y

It suffices to take ¢ = M ~! (if M = |m(dj)| = 0 then any choice of ¢ is fine) to
get, for some C; > 0,

d
EE(W(I),W’(I)) < CLE(w(t),w'(1)).

As E(w(t),w'(¢)) is a continuous function of time, we can apply the Gronwall
lemma to obtain, for t, > t; > 0,

E(w(t2), W' (12)) < e E(w(ty), w'(11)),

whence the Lipschitz continuity follows. In particular if #;, = 0, u;(0) = u,(0) and
u}(0) = u(0) then for all # > 0 we have u; (t) = u() and | (t) = u5(¢), and the
proof is complete. O

Observe that from Theorem 12.20 it follows that we can define a family {S(7)};>0
of Lipschitz continuous mappings S(¢) : X — X by S()(uo,u1) = (u(t),u' (t)),
where u solves Problem 12.17 with u(0) = up and «/(0) = uy. As S(t; + 1) =
S(t1)S(ty) for all 1,1, € RY, {S(¢)}/>0 is a semigroup.

12.4.3 Existence of Global Attractor

The existence of global attractor, being the compact set in X, that is invariant
and attracts all bounded sets in X follows from the results of [19, 20] (see [19,
Theorem 2] and [20, Theorem 2.9, p. 88]). We repeat here some steps of the proof
for the completeness of exposition.

Lemma 12.21. Assume H(j)(i)—(iv). There exist constants Dy, D,, D3 > 0
dependent only on the problem data such that if u solves Problem 12.17 then for
allt € RY we have

E(u(t).u (1)) < E(0),u/(0))Die™ "> + Dy

Proof. The proof follows the lines of the proof of Lemma 2.15 in [20]. Let u solve

Problem 12.17. We have, for some 1(t) € ng(ycu,(t)) and fora.e. t € RT,
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dEE ’ ' 7 / / 4 /
LRI — 0000+ (o) ol 0) + 0", u0) + el Oy

= (fod (1)) = (A (1), (1)) — (n(0), yeu! (D)
+e{fiu(®)) — e(Au'(t), u(t)) — e(n(t), ycut))u
— e(Au(t), u(t)) + e’ ()11
< Sl O = 17 O + dallye IPle @I - dy
+ell fllvelu@ll = elu@|? + ellu@ll« @]
+ ellye llu@) | (er V(o) + eallye [l 1) + el @)1

. . 2 ,2 2 . .
U§1ng the relations xy < % + ’7 and xy < e1x? + 4% valid for nonnegative x, y
with any constant £; > 0 we obtain

AEO. WD) (4 _ gyllye 2 =360 [ O + el O

dt
e
—e(1=e= =0+ lyel) O
(A lye Iein(rc)
—d
+ 4e, + 3 1+ >
valid for any &; > 0. It is enough to take ¢; = M to obtain

dE(u(t),u'(1))

T == (Ci=9) O] —e 1 —eC) Ju@®)]? + Cs.

where C, C,, C3 > 0 are constants dependent only on the problem data. We choose
& small enough to get

dEe(u(r), u' (1))

7 < —C4E(u(?).u'(t)) + Cs.

with a constant C4, > 0 dependent only on the problem data. We can use (12.48) to
obtain

dEe(u(r), u' (1))

70 < —CsE:(u(t),u' (1)) + Cs,

with a constant Cs > 0, the latter inequality being valid for a.e. t € R™. From the
Gronwall lemma we get
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E.(u(t). /(1)) < Ex(u(0), ' (0))e™C5" + %
5

Hence, from (12.48) we obtain the assertion. O

Lemma 12.22. Assume H(j)(i)—(iv). The semigroup {S(t)};>0 is asymptotically
compact, i.e. if B C X is bounded and t, — 00, then any sequence {(u,, v,)}, C X
such that (u,,v,) € S(t,)B is relatively compact in the strong topology of X.

We do not provide the proof of the lemma, since, on one hand it is quite involved
and, on the other hand, it exactly follows the lines of the proof of Theorem 2.9 in
[20] (also compare the proof of Theorem 2 in [19]).

Theorem 12.2 together with Theorem 12.20, and Lemmata 12.21, 12.22 yield the
following theorem.

Theorem 12.23. Assume H(j)(i)—(iv). Then the semigroup {S(t)};>0 associated
with Problem 12.17 has a global attractor.

12.4.4 Infinite Dimensionality of Stationary Set

Our aim in this subsection is to analyze the global attractor of a special case of the
problem considered in the previous subsection and prove that its fractal dimension
is infinite.

We present the analysis for a very simple case: 2 = (0,1)2, I'p = (0, 1) x {1},
I'c = (0,1) x {0} and I, = {0,1} x (0, 1). In addition, we set j(s) = |s| for
s € R. Then j satisfies H(j)(i)—(iv). Moreover j is convex and dj(0) = [—1, 1].
This leads to the Tresca friction law (see [13, Example 5.1]).

One of the ways to prove that the global attractor has infinite fractal dimension is
to show that the stationary trajectories of the system, which are all contained in the
global attractor, constitute a set of infinite dimensionality.

Thus, let us look at stationary trajectories. They must satisfy the condition
' (t) = Oy, u(t) = u = const. Define the set K = {§ e U||§(x)] < lae.x €
I'c}. If there exists n € K such that for all v € V' we have

(VM, VU)LZ(_Q;RZ) + (7], U)U = (ﬂ 'U), (1262)

then the solution u € V defines a stationary trajectory. We denote the set of all such
stationary points by S C V.
Now define an N — 1 dimensional simplex as

N
CV I =JeeRY 620 & =1
k=1
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and CY~' = CVN"'n{E € RV | Vk € {1,....N} & = % forsomej €
{0,....N}}.If & € CN~1, then the function g : I'c — R defined as 7¢(x,0) =
S o, & sin(kmx;) belongs to K. Moreover for £ € CV~! we define vg : 2 — R
as vg(x1, x2) = (1 — x2)ne(x1,0). Note that ve € V and ycve = 7.

By the Lax-Milgram lemma, for each £ € CV~! we can find uniquely defined
ug € S, the solution of (12.62) with n; € K in place of 1. We subtract (12.62) for
g' and £ and test it by v — ve2. We get

||775l - '752”%/ = (V(Mg2 - Mg1)7 V(Ugl - ng))LZ(Q;RZ)
< ||M§~1 — MEZ || ”V(UEI - vSZ)”LZ(.Q;]RZ)' (1263)
As it is easy to compute we have [[ng — ne 17,y = 11" — €2|% (where | - | is
Euclidean norm in R"), and
(1= x2) 30— (&) — &)k cos(kox)
V(UEI — Usz) = N ) I .
Zk=1($k - Sk) sin(kmx;)

Hence

k22 34+ N2g2
) < B=r)

N
1
2 1 232
V00 = vl = 5 D061 =80 (1+5 :

For N > 5 we have 3 + N27? < 10N2. In consequence, in this case, from (12.63)
we obtain

1
lugr —ug2|ly = W@l —§2|-

Now assume that £, £2 € C/ 7' and &' # 2. Then &' and £* must differ on at least
one coordinate by at least % Hence |£1—£2| > ﬁ In consequence, if £, £2 € ™!
with £! # £2, then

1
> RS
V=33 > o

”I/tg;l - Mgz

We observe that the cardinality of Cév ~!is equal to the number of partitions of N
into the sum of N components, being the natural numbers (with zero). This number

L 2N — 1 2N —1 (N+D(N+2)...2N—1)
of partitions is equal to ( N ) Note that ( N ) = T3 (N=1) >

2N—1

Hence we have at least 2V ! distinct points ug € S such that the distance between

each pair of them is greater then 4—1{/2.
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Hence, denoting by N, (S) the minimal number of balls in V' of radius ¢ that
cover S we observe that N (S) > 2V~ and we have

1/(8N?)
N (S) In Ny (S)
d; (S —hmsu ———— > limsup —————
@) p- ln(;) Vet In(8N?)
In(2¥ 1)

Denoting the global attractor for our problem by A C X being the compact set
in the strong topology of X = V x H it must hold that {Oy } xS C .A. Hence, since
d V(S) = 00 it must be that d X(A) = oo. The proof is complete. In particular the
cons1dered problem does not have exponential attractors.

To fully understand the dynamics of considered problem one needs to answer
the following open problem. It is easy to verify that the problem formulated in this
section has a Lyapunov function. Does the global attractor consist of the stationary
points only or does it also contain complete trajectories that connect different levels
of Lyapunov function?

Our analysis provided in this chapter shows that in a way similar contact
problems governed by the equations of the first and second order with respect to
the time variable, respectively, may exhibit very different dynamical characteristics.
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Chapter 13
Hemivariational Inequalities for Dynamic
Elastic-Viscoplastic Contact Problems

Anna Kulig

Abstract In this chapter we consider two mathematical models which describe the
contact between a body and a foundation. The contact is frictional whereas the
body is deformable and the process is dynamic. In both models the constitutive
law is elastic-viscoplastic and the frictional contact is modeled with subdifferential
boundary conditions. For the two problems we present their classical and variational
formulations. The latter has the form of a system which couples an evolutionary
hemivariational inequality with an integro-differential equation. Finally, we prove
the existence of unique weak solutions to both models.

Keywords Evolutionary inclusion ¢ Viscoplastic contact * Clarke subgradient e
Multifunction * Hyperbolic ¢ Contact problem ¢ Hemivariational inequality

AMS Classification. 34G25, 35L90, 35R70, 45P05, 74C10, 47HO04, 74H20,
74H25, 74M15

13.1 Introduction

In this chapter we consider two mechanical models which describe the frictional
contact between a body and a foundation. In both models the process is dynamic and
the body is deformable. We model the material behaviour with a nonlinear elastic-
viscoplastic constitutive law of the from

o(1) = At e (1)) + (. e (1))

—+—f G(s,0(s) — A(s, e (5))), e(u(s))) ds, (13.1)
0
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where u denotes the displacement field and #’ is the velocity field. The function o
denotes the stress tensor whereas & denotes the linearized strain tensor. The operator
A describes the purely viscous properties of the material, £ is a nonlinear elasticity
operator and G is a nonlinear constitutive function which describes the viscoplastic
behavior of the material. Here and below, for simplicity, we skip the dependence of
various functions on the spatial variable x. Constitutive laws of the form (13.1) have
been used in the literature in order to describe the mechanical properties of various
materials such as rubber, metals, pastes and rocks.

One-dimensional constitutive laws of the form (13.1) can be constructed by
using rheological arguments. Indeed, for example, consider a dashpot connected
in parallel with a Maxwell model. In this case an additive formula holds

o=0"+0oF, (13.2)

where o, 0V and o ® denote the total stress, the stress in the dashpot and the stress
in the Maxwell model, respectively. Moreover, we have

oV = Ae(i) (13.3)

and
Ry/ / E R
()Y =Ee()——0o", (13.4)
n

where E > 0 is the Young modulus of the Maxwell material, A and n are positive
viscosity coefficients and ¢ denotes the strain. For ¢ € [0, T'], we integrate (13.4) on
[0, ¢]. We use (13.2), (13.3) and the initial conditions 6% (0) = 0, £(u(0)) = 0, and
we obtain

o(t) = Ae(ul (1)) + Es(u(t)) — % [ (0(s) — Ae (Wl (5))) ds,
0

which represents a constitutive equation of the form (13.1). More details on the one-
dimensional models and the construction of rheological models can be found in [5]
and [6].

Note also that when G = 0, the constitutive law (13.1) reduces to a nonlinear
viscoelastic constitutive law with short memory

o(t) = At e(@ 1)) + E(t. e((?))). (13.5)

Quasistatic contact problems for materials of the form (13.5) with time independent
elasticity and viscosity operators were investigated in a large number of papers,
see [6, 19] for a survey. There, both the variational analysis and the numerical
approach of the problems, including the study of semi-discrete and fully discrete
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schemes, were provided. Existence results for the dynamic problems with viscoelas-
tic materials of the form (13.5) can be found in [7, 9-14]. The related existence
and uniqueness results for hemivariational inequalities are provided in [12, 13, 16].
Quasistatic contact problems with elastic-viscoplastic materials were treated in
[1,2,6,19], for instance.

In the present work we consider two frictional contact problems with subdiffer-
ential boundary conditions of the form

—0y(t) € 31 (t,u(r), u' (1), uy (1)),
—0 (1) € 0j3(t, u(t), u' (1), u (1)), (13.6)

or

—0y(t) € dja(t,u(t), u'(t), u, (1)),
—0.(t) € 9ja(t,u(t),u'(t),u (1)) (13.7)

where o, and o, u, and u,, ), and u. denote the normal and the tangential
components of the stress tensor, the displacement and the velocity, respectively, and
djx, k = 1,...,4 stands for the Clarke subdifferential of functions j; taken with
respect to their last arguments. Similar boundary conditions were studied in [7, 8].
The boundary conditions (13.6) and (13.7) are more general than those treated in
[15], due to the additional dependency of the functions jj with respect to u and u’.
Examples of such boundary conditions will be presented in Sect. 13.6.

The rest of the chapter is structured as follows. In Sect. 13.2 we introduce some
notation and recall an abstract existence result for evolutionary inclusions of second
order. The mathematical models of frictional contact are presented in Sect. 13.3,
together with the hypotheses on the data. Then, in Sect. 13.4 we present variational
formulations of the models whereas in Sect. 13.5 we state and prove our main
existence and uniqueness result, Theorem 13.4. Finally, in Sect. 13.6 we present
examples of subdifferential boundary conditions for which our main result works.

13.2 Preliminaries

In this section we recall the basic notations and a result on existence of solutions for
evolutionary inclusion of second order that will be needed in following sections.
Let (X, | - || x) be a reflexive Banach space; the symbol w-X denotes the space X
endowed with the weak topology; if U C X, then we write |U||x = sup{||x|x |
x € U}. Let T: X — 2% be a multivalued operator and let (-,-) be the duality
pairing for (X*, X). We say that operator T is upper semicontinuous (usc) if set
T7(C)={xe X | TxNC # @} is closed in X for any closed subset C C X*.

We say it is coercive if there exists a function ¢: Ry — R with lim c¢(r) = +o0
r—>+00
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such that for all x € X and x* € Tx, we have (x*,x) > ¢ (|lx|lx)|lx]lx. A single
valued operator A: X — X* is called hemicontinuous if the real-valued function
A+ (A(u 4+ Av), w) is continuous on [0, 1] for all u, v, w € X.

The generalized directional derivative of Clarke of a locally Lipschitz function
h:X — R at x € X in the direction v € X, denoted by hO(x;v), is defined as
follows (cf. [3]):

h°(x;v) = limsup h(y + 4v) = h(y).
y—x,A40 A

The generalized gradient of the function 71: X — R at x € X, denoted by
dh(x), is a subset of a dual space X* given by 0h(x) = {¢ € X* | hO(x;v) >
(¢, v)x*xx forallv € X}.

Let V and Z be a separable and reflexive Banach spaces with the duals V*
and Z*, respectively. Let H denote a separable Hilbert space and we identify H
with its dual. We suppose that V € H C V*and Z C H C Z* are evolution
triples of spaces where all embeddings are continuous, dense and compact (see e.g.
Chap. 23.4 of [20], Chap. 3.4 of [4]). Let || - || and | - | denote the norms in V'
and H, respectively, and let (-, -) be the duality pairing between V* and V. We also
introduce the following spaces

V=1L1*0,T;V), Z2=L*0,T;:Z), H=L*0,T:;H),
Z* = L*0,T:Z%), V*=L*0.T:V*), W={veV|v eV
The linear space of second order symmetric tensors on R? will be denoted by

S?. The inner product and the corresponding norm on S is defined similarly to the
inner product on RY, ie.

u-v=uv;, [v]|lge = (v-0v)"/? forallu,v € RY,
0T =0T, ltllse = (z:7)"2 forallo,r € S°.
We recall now a result on the following evolutionary inclusion.
Problem P. Findu €V such that u' € W and
W)+ A, d' (1)) + F(t,u@®),u' () > f@) ae. t € (0,T),
u(0) = uy, u'(0) = u;.

A solution to Problem 7P is understood as follows.

Definition 13.1. A function u € V is a solution of Problem P if and only if ' € W
and there exists z € Z* such that
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u'(t) + A(t,u'(t)) + z2(t) = f(t) ae.t € (0,T),
z(¢) € F(t,u(t),u'(t)) ae.t€(0,T),
u(0) = uy, u'(0) = uj.

We will need the following hypotheses.
H(A): The operator A: (0,T) x V — V* is such that

(1) A(-,v) is measurable on (0, T') forallv € V.
(ii) A(t,-) is hemicontinuous for a.e. t € (0, T).
Gii) |[A@, v)|lv+ =< ao®) + ailv| for all v € V, ae. t € (0,T) with
ap € L*0,T),ay>0and a; > 0.
(iv) (A(t,v),v) > a|v|?*forallv € V,ae.t € (0,T) witha > 0.
(v) A(t,-) is strongly monotone for a.e. t € (0, T), i.e. there exists m; > 0 such
that (A(t,v) — A(t,u),v —u) > my||lv — u||2 forallu,v € V,ae.t € (0,7).

H(F): The multifunction F:(0,7) X V xV — 27" has nonempty closed and
convex values and it is such that
(1) F(-,u,v) is measurable on (0,7) forall u,v € V.
(ii) F(t,-,-) is upper semicontinuous from V x V into w-Z* for a.e. t € (0,T),
where V' x V is endowed with (Z x Z)-topology.
Gii) ||[F(, u,v)|z= < do(t) +di|lul| + dz|v] forallu,v € V,a.e.t € (0,T) with
dy € LZ(O, T) and dy, dy, d>» > 0.
(iv) (F(t,u1,v1))—F(f,u2,v2), v1—V2) z%xz = —ma|lv1—va||* —ms]lvi—va ||| —
wp| forallu;, v; e V,i =1,2,ae.t € (0, T) with my, m3 > 0.

(H())I fEV*,M()EV,MleH.
(H): o> 23¢c.(d\T +d>), where ¢, > 01is the embedding constant of V' into
Z,ie |-z < cell '1||-

(Hy): my >my+ —msT.

V2
Then, we can state the following existence and uniqueness result.

Theorem 13.2. Assume that hypotheses H(A), H(F), (Hy), (H,) and (H3) hold.
Then Problem P has a unique solution which satisfies

e + Nl = € (14 ol + lar| + 11/ l1v+ )

with a constant C > 0.

The proof of Theorem 13.2 can be found in [9].
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13.3 Problems Statement

In this section we introduce two mathematical models of contact and present
the hypotheses on the data. Let £2 be a bounded domain in RY, d = 2, 3,
which is occupied, in its reference configuration, by an elastic-viscoplastic body.
The boundary I' of §2 is assumed to be Lipschitz continuous and it is divided
into three mutually disjoint measurable parts I'p, I'y and I¢ in such a way
that meas(I'p) > 0. Let v denote the unit outward normal vector to I". We put
0 =2 x(0,T), where 0 < T < +4o00. Volume forces of density f act in §2
and surface tractions of density f , are applied on I'y. The body is clamped on
I'p and, therefore, the displacement field vanishes there. The part I'c is where the
body may come in contact with a foundation. By u = (uy,...,us), 6 = (0j;) and
e(u) = (e;j(m)), i, j = 1,...,d, we denote the displacement vector, the stress
tensor and linearized strain tensor, respectively. We assume that the mass density is
equal to 1 and re recall that sometimes we skip the dependence of various function
with respect to the spatial variable x. Moreover, we use the elastic-viscoplastic
constitutive law of the form (13.1).

In the models under consideration, the frictional contact is described by subdif-
ferential boundary conditions of the form (13.6) or (13.7). We note that functions
Jr depend on both u and u’; moreover, in the first problem the subdifferential is
considered with respect to the displacement and in the second problem is considered
with respect to the velocity. All these ingredients represent traits of novelty of our
frictional contact models. Finally, the initial displacement and the initial velocity are
denoted by u and u;, respectively.

With this preliminaries, the classical formulation of the two contact problems can
be stated as follows.

Problem C,. Find a displacement field u: Q — R? and a stress field 6: Q — S?
such that

u'(t) —Dive(t) = f,(t) in 2, (13.8)
o(t) = A(t.e('(1)) + E(t, e(u(1)))

+ fot G(s,0(s) — A(s,e(@'(5))), (u(s))) ds in £2, (13.9)
u(t) =0 on Ip, (13.10)
o()v=fy on Iy, (13.11)
—0,(t) € 91 (t,u(t), u'(t), u, (1)) on I, (13.12)
—0.(t) € dj3(t,u(t),u' (1), u (t)) on I, (13.13)
u(0) = ug, u'(0) = u; in £, (13.14)

forallt € (0,T).
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Problem C,. Find a displacement field u: Q — R and a stress field : Q — S¢
such that

u'(t) —=Dive (1) = f,(1) in 2, (13.15)

o(t) = At e (1)) + E(t, e (1))

+ /Ot G(s.0(s) — A(s.e(@(s))), e(u(s))) ds in 2, (13.16)
u(t) =0 on I'p, (13.17)
a(t)v=fy on Iy, (13.18)
—0,(t) € Aot u(t),u'(t),u, (1)) onlc, (13.19)
—0.(t) € ja(t,ut),u'(1),u (1)) on ¢, (13.20)
u(0) = ug, u'(0) =u in 2, (13.21)

forallt € (0,T).

In the study of Problems C; and C, we need the following hypotheses on the
data.

H(A): The viscosity operator A: Q x S — S? is such that

(i) A(-,-, €) is measurable on Q forall & € S?.
(i) A(x,1,-) is continuous on S¢ for a.e. (x,1) € Q.
(i) |A(x.t,€)||lse < @1(x.,t) + @ ||le||ge for all e € S7, ae. (x,1) € Q with
ai € L*(Q). a1, a = 0.
(iv) (A(x.1,81) — A(x.1.82)) : (61 — &) > dalle; — &3, forall &1, &5 € S,
ae. (x,1) € Q withay > 0.
(V) A(x.t,€):e > a;||e|2, foralle € S9, ae. (x,1) € Q witha; > 0.

H(E): The elasticity operator £: Q x S — S is such that

() [|E(x,t,e1) — E(x,t,e1)|lge < Lgller — eallge for all 1,6, € S ae.
(x,t) e Q.
@ii) £(,-, &) is measurable on Q for all & € S,
(i) £(-,-,0) € L2(Q,SY).
H(G): The operator G: Q x S¢ x S — S7 is such that
(i) 1G(x.1,01.81) —G(x,1,02,80)|se < Lg(lloy —02llse + [le1 — &2]lge) for
allay, 02, 61,6 €S9, ae. (x,1) € Q.

(i) G(-,-,0,€) is measurable on Q forallo, e € S9.

(i) G(-,-,0,0) € L*(Q,S%).
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Remark 13.3. Under the conditions H(£)(i), (iii) and H(G)(i), (iii), we have

|E(x.t,€)||lse < Lg|lellsi + e(x,t) foralle € S¢, ae. (x,1) € O,

IG(x,t,0,8)|lse < Lg(l|lollse + |lellse) + g(x,2) foralle, o € S?, ae. (x.,t) € 0,

where e(x,t) = |E(x.t,0)|se, e € L*(Q), e > 0 and g(x.,t) =
1G(x,2,0,0)]ls0, 8 € L*(Q), g > 0.

H(f) : fO € L2(05T5H), fN € LZ(O»T;LZ(FN;Rd)),uO S V,ul S H
The functions jj for k = 1, 2 satisfy the following conditions.
H(ji): The function ji: I'c x (0,T) x (R?)?2 x R — R is such that

() jk(,- &, p,r) is measurable for all &, p € R, r € R, ji(-,- v(-),w(-),0) €
L'(I'c x (0, T)) forall v, w € L>(I'c;RY).

(i) jgx(x,t,-,-,r) is continuous for all r € R, ae. (x,f) € I¢ x (0,7),
Je(x,t, &, p,-) is locally Lipschitz forall &, p € R?, ae. (x,1) € I'c x (0,T).

(i) |9jx(x.2,§,p,7)] < cro + crill§llra + crallpllpe + cralr| forall &, p € RY,
reR ae. (x,1) € I'cx(0,T)withcg; >0,i = 0,1, 2,3, where dj; denotes
the Clarke subdifferential of ji(x,¢,¢, p, ).

(iv) j2(x.,t,-,-,+s) is upper semicontinuous on (R?)? x R for all 5 € R, ae.
(x,t) € I'c x(0,T), where j,? denotes the generalized directional derivative
of Clarke of ji(x,¢,¢, p,-) in the direction s.

(v) For k = 1 we have, |0jix(x,2,&,,p,,71) — 0jk(x,2,8,5,0,,72)] =<
Li (1€ = &allga + 1oy — pollge + [ —12]) and for k= 2, we have
|(ajk(x’t7gl’p1’rl) - ajk(x’t7§2’p2’r2)) (rl - 7'2) > —Ly (”;1 _;2||]Rd
+lo1 = pollga + Iri = r2l) | — 72| for all &, &5, py. py € RY, 1y, 1y € R,
a.e. (x,t) € I'c x (0, T) with constants L > 0.

The functions ji for k = 3, 4 satisfy conditions H (ji)({i)—(v) with the last
variable being in R?.
Moreover, we need the following hypothesis.

H(j)reg : The functions ji fork = 1,...,4 are such that forall {, p € R?, ace.
(x,t) € I'c x(0,7), either all ji(x,?,¢, p,-) are regular or all —j,(x,¢,&,p,*)
are regular fork = 1,...,4.

According to the comments and the mechanical interpretations presented in the
books [6, 18, 19] it follows that the above hypotheses are realistic from the physical
point of view.

13.4 Variational Formulation

We now turn to the variational formulations of Problems C; and C,. Let V be the
closed subspace of H'(£2;R?) given by

V={veH |v=0onlp}.
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The space V is a closed subspace of H; which means it is a Hilbert space with the
inner product and the corresponding norm defined by (u, v)y = (e(u), e(v))y and

lv]| = ||le(v)||% foru,v € V.Due to Korn’s inequality
vl e, <clle()|ln forallv e V withc >0
(cf. Sect. 6.3 of [17]), we know that || - || g, and || - || are the equivalent norms on V.

We identify H = L?(£2;R¢) with its dual space and we obtain an evolution triple
of spaces (V, H, V*) in which all embeddings are dense, continuous and compact.
The duality pairing between V* and V' is denoted by (-, -). We define the spaces

V=L%0,T:V), H=L*0T:S), H=L0.T:H),

V¥=L*0,T:V*), W={veV |v eV
Next, let v € V. We define f € V* by
(f@).v) = (fo®).v)u + (f y({).v)12(ry ke forae. 1 € (0,7).

Assuming that the functions involved in Problem C; are sufficiently smooth,
using the equation of motion (8.37) and the Green formula, we obtain

W"(1). v) + (o (1), (0)) 3 — / (v -vdl = (fo(t).0)n

fora.e.t € (0, T). From the boundary conditions (8.39) and (8.40), we have

/a(z)v-vdF =/ fN(t)-vdF+/ (0.:() v, +0,()v,) dI.
r I'y Ic

On the other hand, the subdifferential boundary conditions (8.41) and (13.13)
imply
—0,(t)r < jt,ut),u'(t),u,(t);r) forallr € R,

—0.(1)-& < jdt,u@t),u' (t),u.(t); &) forall & € R?,

a.e. on I';. Then, using the constitutive law (8.38) and the above relations, we obtain
the following variational formulation of Problem C;.
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Problem (HVI,). Findu:(0,T) — V suchthatu € V, u' € W and
o(t) = Alt, e’ (1)) + E(t, e (u(r)))

+ [t G(s,0(s)— A(s,e(@'(s))), e(u(s))) ds fora.e.t € (0,T),
’ (13.22)

(W' (), v) + (0/(0), (@)
[ (a0 @000 + w00 O 0i00) T
I'c
>(f(),v) forallveV, aet €(0,T), (13.23)
u(0) = uo, u'(0) = uy, (13.24)

In a similar way we find the following variational formulation of the Problem C,.

Problem (HV1,). Findu:(0,T) — V suchthatu € V, u' € W and
o(t) = Alt,e@' (1)) + E(t. e(u(t)))

+ /[ G(s,0(s)— A(s,e(@'(5))), e(u(s))) ds fora.e. t € (0,T),
0
(13.25)
W' (@), v) +{o(t), e(®)n
[ (00O 00 + 0.0 O 0050 ) ar
Ic
> (f(t),v) forallveV, aet €(0,T), (13.26)
u(0) = ugy, u'(0) = u;. (13.27)

Note that variational formulations (H V1) and (HVI,) consist of a system
coupling the integro-differential equation (13.22) or (13.25) with second order
hemivariational inequality (13.23) or (13.26), and with the initial conditions (13.24)
or (13.27), respectively.

13.5 Existence and Uniqueness Results

In this section we prove the existence and uniqueness theorem for variational
problems (H V1) and (H VI,). Our main result is the following.
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Theorem 13.4. Assume that the hypotheses H(A), H(G), H(E), H(f), H(jx) for
k=1,...,4, H(j)reg hold. Moreover, assume that

as > 4v/15¢? ||J/||2<T max{ max cip, €13, 33} + max{ max Ckz,C23,C43})
I<k<4 1<k<4

and

_ , T
s> colyll (max{Ll,ZLz,L3,2L4} + 5 maxi2Li, Lo, 2L, L4}).

Then, Problems (HVI) and (HV I,) have unique solutions.

The proof of Theorem 13.4 is carried out in two main steps and it is based on
Theorem 13.2 and a fixed point argument. First we focus on Problem (H V).

Stepl. Let » € L*0,T;H) be fixed and consider the following auxiliary
problem.

Problem (HV1,). Findu:(0,T) — V suchthatu € V, u’ € W and

o(t) = A(z,e(u;(t))) + (n(t),e(t))y fora.e t € (0,T), (13.28)

W 0.0) + (0@ @+ [ (71,010,000

I'c
3wy (0.1 (1), 10y (0):00) ) T
> (f(t),v) forallveV, aet e (0,T), (13.29)
u, (0) = uy, u;(O) =u,. (13.30)
To solve Problem (HV1I;) we substitute o, from (13.28) in (13.29) and
use (13.30) to obtain the following hemivariational inequality: find u,: (0,7) — V

such that

(y (1), v) + (A(t, e (1)), €())3 + (n(1). (V)

b [ (0.0, 03 0) + 70, 00.00) 000 00)) AT
I'c
> (f(t),v)forallveVae.te(0T7), (13.31)

u,(0) = uo, u,(0) =u,. (13.32)



344 A. Kulig

In what follows we need additional notation. Let the function g: I'c x (0,7) x
(R?)* — R be defined by

g(x’tvgv/LE’U) = jl(va;?p’%-V) +j3(x7tv;vp7gf)

for¢, p, &, 7 € RY and ace. (x,t) € I'c x (0,T) and let the functional G: (0, T') x
L*(I'c;RY)* — R be given by

G(t,w,z,u,v) =[ gx,t,w(x),z(x),u(x),v(x))dl
I'c

forw,z,u,v € L>(I¢; Rd) and ¢ € (0, T'). Note, that in this setup G is independent
of the variable v. Let Z = H'/?(£2;R?). We introduce the operators R: Z x Z —
L*(I'c;RY)? and S: Z* x Z* — Z* defined by

R(z1.22) = (yz1.vz2), S(@(.z3) =z +25

forallz), 2, € Z and z], z5 € Z*. Then, the adjoint operator of R is the operator
R*: L>(I'c;R%)? — Z* x Z* given by

R*(u,v) = (y*u,y*v) forall u,v € L*(I'c;R%).
Next, we define the multivalued mapping F: (0,T) x V x V — 27" by
F(t,u,v) =S R*3G(t, R(u,v), R(u,v)) (13.33)

foru,v € V and a.e. t € (0, T), where dG denotes the Clarke subdifferential of the
functional G = G(t,w,z,u, v) with respect to the pair (u, v).
From [8, Lemma 17] we have the following result.

Lemma 13.5. Assume that the hypotheses H(jx) hold for k = 1,...,4 and
moreover,
either ji(x,t,&, p,-) are regular and jy satisfy H(ji) (13.34)
or— ji(x,t,8,p,-) are regular and — ji satisfy H(jx)1 (13.35)
for k = 1,...,4 Then the multifunction F:(0,T) x V x V — 2% defined
by (13.33) satisfies the condition H(F) with my = c.ki||y||> and m3 = c.k» |y |
Next, we derive the following result.

Lemma 13.6. Assume that the hypotheses H(A), H(f), H(ji) fork = 1,...,4,
H(j)reg hold and, in addition, assume that either (13.34) or (13.35) hold. Moreover,
assume the following conditions
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sy > 4~/ 150e2||y||2(T max{ max cx|,C13, 33} + max{ max cy, 23, C43})
I<k<4 I<k<4

(13.36)
and

T
dy > ce||y||2<max{L1,2L2, L3,2L4} + — max{2L,, Ly, 2Ls, L4}). (13.37)

V2

Then, Problem (HV 1,;) has a unique solution which satisfies

lullco v + 'l < C(1+ ol + ai] + 1 f v+ with € > 0.
Proof. We define the operator A: (0, T) x V' — V* and the function f,: (0, T) —
V* by
(At u),v) = (A(x.1,eu)), e(v)n, (13.38)

(f @), v) = (). v) = (n(t).v) (13.39)

foru,v € V,ae. t € (0,T). We associate to (13.31) and (13.32) the following
evolution inclusion: find u,, € V such that ) € ¥V and

u, (1) + At uy (1)) + F(t,uy(t),u, (1)) > f,(t) ae. t €(0,7),

u,,(O) = Uy, u;)(O) =uy,
(13.40)

where A is given by (13.38), and F and f,] are defined by (13.33) and (13.39),
respectively. It is easy to check that under the assumption H(A) the operator A
satisfies H(A) with ao(t) = 2@ (1) 122), a1 = V2@, @ = a3, and m| = a@
(cf. Lemma 8 in [8]). Due to H(f), itis clear that f', € V* and

ILf ol < */E(”f”V* + Il 20,7570

Next, H(0) follows from (Hy) whereas (H;) and (H,) are consequences
of (13.36) and (13.37), respectively. The assumption H(F') is satisfied due to
Lemma 13.5. Applying Theorem 13.2, we deduce that the problem (13.40) has a
unique solution u,, € V such that u; € WV which satisfies

lellco.rvy + lullw = CA + lluoll + lurl + [Lf =)

< C(1+ lluoll + lws] + 11f v + 0l L20.7570)-
(13.41)
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Applying Theorems 19 and 20 of [8] we deduce that u, € V), u% € W is the

unique solution to (H V'Iy,), which completes the proof of the lemma. |

Step 2.  From Step 1 we know that for every § € L?(0, T'; ), Problem (H V1)
has a unique solution u, € V such that ] € W. We consider the operator

A:L*(0,T;H) — L?(0, T;H) defined by !
(An)(1) = E(t, e(uy(1))) +/0 G(s,n(s), e(uy(s))) ds (13.42)

forn € L?(0,T;H), ae. t € (0,T), where u, € V is the unique solution to
(HVIy,).

Lemma 13.7. Under the hypotheses of Theorem 13.4, the operator A has a unique
fixed point * € L*(0, T; H).

Proof. First, we observe that the operator A is well defined. Indeed, from
Remark 13.3, we have

I1E(t, @y ())) |11 < V2 (Le|luy (0] + le(®)]),

IG (@, 0 (1), £y OD I < 2Lg(luy @) + In)]l3 + V212 ()])

fora.e.t € (0, T). Hence

NAD© 3¢ < 1€ @)l + [0 1GGs. 7). &ty () | ¢dls
< V2 (Leluy )] + e(0)])
+ L /0 (g ()| + 175 20) ds + 2 /0 18(s)|ds

fora.e. t € (0, T) and, subsequently,

T
14050 = [ 1 CADOdr < (gl + 1103, + 1)
0

where ¢ > 0. Keeping in mind the estimate (13.41), we deduce that the inte-
gral (13.42) is well defined and A takes values in L?(0, T; 7). Next, we will show
that the operator A has a unique fixed point. Let 5,, 5, € L*(0,T;H) and let
u; = u, and u, = u,, be the corresponding solutions to (4 V'1,) such thatu; € V
andu; € Wfori =1, 2. We have

Wl (1) + At u, (1) +21(1) = £(1) —n,(t) ae.t € (0, T), (13.43)

wy(t) + A(t,u5(1)) + z2(t) = f(t) —n,(t) ae. 1 € (0,T), (13.44)
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21(1) € F(tuy(t). (1), 22(t) € F(t.uz(t). (1)) ae.t € (0.7),
u1(0) = us(0) = up, (0) = u5(0) = u;.

We subtract (13.44) from (13.43) and multiply the result by #/ (¢) —u)(¢). Using the
integration by parts formula, we obtain

SO 0P + [0 (AGs. 1, (5)) — A(s. wy(s)). 1, (5) — wh(s)) ds
4 / (@1(5) — 22(5). ) (s) — wh(s)) ds
0

=f0 (n1(s) — ny(s), u (s) —us(s)) ds (13.45)

forallt € [0, T]. Since uy, u, € H'0,T:;V)andV is reflexive, by Theorem 8.4.11
of [4], we know that u; and u, may be identified with absolutely continuous
functions with values in V and

ui(t) = u;(0) +/ u\(s)ds, ux(t) =uy(0) ~|—/ us(s)ds (13.46)
0 0

for all ¢ € [0, T']. This implies

llr () — w2 @) | 5/0 ey (s) — wy(s)ll ds

for all ¢ € [0, T']. Hence, by the Jensen inequality, we obtain

t t s 2
/0||u1(S)—uz(S)||2a'sS[0 (/O IIui(r)—u’z(f)IIdf) ds

t
2
< [ st g s
0

2
2
= 7 ”u,l - u,2||L2(O,T;V)

forallt € [0, T]. Therefore, exploiting H (F)(iv) and the Holder inequality, we have
I3
[ @16 = 2205).u5) ~ w360} 22z ds
0

t 2
2 2
> — o — w51 gy — 3l — 3] 20 / a1 () = 2(s) > ds)
0

ms T 2
=— (mo+ 7) ot} — 22 0,0 (13.47)
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Hence, using (13.45), (13.47) and H(A)(vi), we obtain

1 ms T

5 |y () — ”/2(1)|2 + (ml —my — W)”ull - u,2||2Lz(0,,;V) <0

for all ¢ € [0, T'] which, together with (H,), implies

1
) — )l 120000y < - ln1 — m2ll 220050 %) (13.48)
where ¢ = m| —my — ’"fﬁT > (0. We use (13.46) again and we obtain

t
) =21 = [ 1016) w3001 = Vil =iz (1349

for all ¢ € [0, T]. Combining (13.48) and (13.49), we deduce

Vi
¢

ey (1) —u2 (D) = — Il = M2ll 220,059 forallz € [0, T7] (13.50)
with ¢ > 0. On the other hand, from H(£)(i) and H(G)(i) it follows that
IE(t, e1) —E(t, &)l < Lel|ler — ezl forall e, e, € Hand t € [0, T,
IG(t.01.€1) — G(t.02. )l < V2 Lg(lo1 — 023 + lle1 — &2]130)
foralloy, 0, &1,&, € H,t €0, T]. Then, from (13.50), we have
[CAR) (1) = (An) @)l < 1€, @i (1)) — £, e@2(2)) |2
+ /Ot 1G (s, n1(s). e(@1(2))) — G(s,my(5), &(u2(1)) ||

< Lele@(1))) — e(@a(1)I1n

+ ﬁLg/O ||ﬂ1(S)—ﬂz(S)|IHdS+~5Lg[O lle (@i (s)) — &@2(s)) 1 ds

= Lellui (1) —ua ()| + ﬁLg/O U1 (@) = 02O l3 + llui(s) —ua(s)|) ds

<clmy —mll20.0m)
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forall t € [0, T], where ¢ = (v/2Lg + Lgtﬂ)ﬁ This implies

I(An) (@) = (An) ()13 55/0 () = ma(s)llae ds

for all ¢+ € [0, T']. From the above and Lemma 7 of [9], we deduce that A has a
unique fixed point, which completes the proof of Lemma 13.7. O

Now we are in a position to complete the proof of Theorem 13.4. Let p* €
L*(0, T; H) be the fixed point of the operator A and let (u,, o ,+) be a solution to
Problem (H VIy,+). Since

oy (t) = A(t. e(u« (1)) + 0" (1) for 1 € [0, T]

and
n* (1) = E(t, e(uy= (1)) +/0 G(s, 0" (s), e(uy=(s))) ds,

we have

oy (1) = At e (1)) + E(1, & (uy=(1))) +/O G(s.n™(s). (uy(s))) ds.

for a.e. t € (0,7). This concludes the proof of Theorem 13.4 in the case of
Problem (HVI,).

To prove Theorem 13.4 for Problem (H V' I,) we proceed in the similar way. The
difference arises in Step 1 of the proof, where the function g is now defined by

g(x,1.8.p.6,m) = ja(x, 2.8, p,m) + ja(x.2.8,0.m,)

for¢, p, &, n € R% andae. (x,1) € I'c x(0, T). Then, it follows that the function G
is independent of the variable u. The rest of the proof is the same and we conclude
from here the proof of Theorem 13.4 in the case of Problem (H V' I,).

13.6 Examples of Boundary Conditions

In this section we present three examples of boundary conditions of types (13.6)
and (13.7) for which our main existence and uniqueness result works.
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1. Contact with nonmonotone normal compliance. This multivalued contact
condition describes reactive foundation assigning a reactive normal traction or
pressure that depends on the interpenetration of the asperities on the body surface
and those on the foundation. We comment on it in a simple case when

—0,(t) € 9j1(u,(t)) onI'c x (0,T) (13.51)

with j;: R — R defined by

Ji(r) =/ p(s)ds forr e R.
0

We assume the following hypothesis on the integrand of j;.

H(p): p:R — Ris afunction such that
pe Ly (R), |p(s)| < pi(1+ |s|) fors € R with p; > 0.

Then it is well known that dj;(s) = p(s) for s € R, where the multivalued
function p: R — 2% is given by p(s) = [pV(s), p@(s)] (|-, -] denotes an interval
in R) and

p(l)(r) = lim essinf p(7), p(z)(r) = lim esssup p(7).
<

e—=>0T1 [t—r|<e e=>0% |1—r|<e

Under the hypothesis H(p), the function j; is a locally Lipschitz and |dj,(r)| <
p1(1 + |r]) for r € R. Therefore, it is easy to see that the function j; satisfies
assumption H (j;).

2. Friction contact between reinforcement and concrete. We consider boundary
conditions of the form

—o0.(t) € j3(t,u(t),u'(t), u.(t)) onI'c x (0,T). (13.52)

This relation describes the tangential contact law between reinforcement
and concrete in a concrete structure. In literature, cf. Chap. 2.4 in Pana-
giotopoulos [18] (Fig. 2.4.1), Chap. 1.4 in Naniewicz and Panagiotopoulos [16]
(Fig. 1.4.3), one can find a couple of examples of the superpotential j3 which
describes such type of contact. We give an example of nonconvex function which
appears in this type of contact condition. The superpotential j;3: R — R is of the
following form.
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0 ifr <0,
. 2r? ifo<r<l,
BO=3"150 50
=3+ +3r—§ ifl <r <3,
z ifr >3,

3
It is easy to check that the function j; satisfies H(j3) with c3p = 4 and c3; =
¢ =c33=0.

. Nonmonotone friction depending on slip and slip rate. We consider the
nonmonotone friction conditions which depend on both the slip and the slip rate.

This is the case when the superpotential j, = j4(x,¢,¢, p, 0) depends on ¢ and
p, and it is nonconvex in @. As an example of this function we choose

Jax.1.8.p.0) = ¥ (x.1.8.p) h(0) (13.53)

for¢, p, @ e RY, ae. (x,t) € I'c x (0, T), where ¥: I'c x (0, T) x (RY)> - R
satisfies

¥ (-,-, &, p) is measurable for all &, p € R?,
¥(x,t,-,-) is continuous for a.e. (x,t) € I'c x (0,7),

0=<y(x.0,8.p) < Yol +lIg]l + [lp]) forall §, p € RY,
a.e. (x,t) € I'c x(0,T) with o > 0

and 1: R? — R is a locally Lipschitz function such that /(0) = 0 and

07(8)|| < ho for 8 € R? with hy > 0.
Under these hypotheses on i and £, the function j; given by (13.53) satisfies
H(]4)(1)—(111) with ¢4 = c41 = can = ho Yo and c43 = 0. The friction law (13.7)
takes now the form

—0.(t) € y(t,u(t),u'(t)) dh(u’(r)) onI'c x (0,T). (13.54)

It is clear that j,(x,?,¢, p,-) is regular if and only if % is regular. Next, let
(&, 0,.0,) € R, (C,.p,.0,) — (£, p,0) and o € RY. We have

limsup j{(x. 1., p,. 0,:0) = limsup ¥ (x.1.8,.p,) 1(8.4:0)
= limsup [( (x.1,,.p,) — ¥ (x.1.5.0)) (0,3 0) + Y (x. 1, £, p) h°(0,:0)]
< hollo e i (Y (218, p,) = (.1, &, p)+¥ (x.1, . p) limsup 1°(8,,:0)

<yx.t.5,p)h°(0;0) = j)(x,1,£,p.0;0)
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for a.e. (x,t) € I'c x (0,T). Hence H(j4)(iv) holds. Moreover, for instance,

if

¥(x,t,-,-) is Lipschitz continuous for ae. (x,t) € [I¢ x (0,7) (ie.

[Y(x,2,81,0) — ¥ (x.2,85,0) < Ly (1§, —&allge + lpy — p2llga) for all &,
¢y, P, Py € RY, ae. (x,t) € I'c x(0,7)) and h is convex, then

(0ja(x.1.81,p1,01) —0ja(x.1,85,p5.0,),0, —02)
= (W (x.1.8,p) —Y(x.1.85,p,)) 0h(61),01 — 6>)
+Y(x,2,85,p5) (0h(01) — 0h(02),0, — 0>)
==Ly ho (81 = &allre + lpy — p2llra) 101 — 02]|ra

forall &;,&,, p1, 0, € RY, ae. (x,1) € I'c x(0, T), which implies that the condition
H(j4)(v) is satisfied with Ly = Ly ho.
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Chapter 14
Two History-Dependent Contact Problems

Mircea Sofonea, Stanistaw Migoérski, and Anna Ochal

Abstract We consider two initial boundary value problems which describe the
evolution of a viscoelastic and viscoplastic body, respectively, in contact with a
piston or a device. In both problems the contact process is assumed to be dynamic
and the friction is described with a subdifferential boundary condition. Both the
constitutive laws and the contact conditions we use involve memory terms. For
each problem we derive a variational formulation which is in the form of a system
coupling a nonlinear integral equation with a history-dependent hemivariational
inequality. Then, we prove the existence of a weak solution and, under additional
assumptions, its uniqueness. The proofs are based on results for history-dependent
hemivariational inequalities presented in Chap. 2.

Keywords Dynamic frictional contact ¢ Viscoelastic material ¢ Viscoplastic
material * History-dependent operator * Hemivariational inequality

AMS Classification. 35186, 47J20, 47J22, 74M15, 74H20, 74H25

14.1 Preliminaries

In this section we recall the notation and a result on history-dependent hemivaria-
tional inequalities of second order presented in Chap. 2.

Given a normed space (E, || - | g) we denote by E* its dual space and (-, ) g*x g
will represent the duality pairing of E and E*. The space of all linear and continuous
operators from a normed space E to a normed space F is denoted by L(E, F). Let
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h: E — R be a locally Lipschitz function. The generalized directional derivative of
h at x € E in the direction v € E will be denoted by h°(x; v) and the generalized
gradient of /1 at x € E will be denoted by d/(x). Recall also that a locally Lipschitz
function 4 is called regular (in the sense of Clarke) at x € FE if for all v € E the
one-sided directional derivative h’(x; v) exists and satisfies °(x;v) = h’(x;v) for
all v € E. Also, everywhere below we use bold face letters for vectors and tensors,
as it is usual in Contact Mechanics.

Let £2 C R? be a bounded domain with a Lipschitz boundary I and let I'c be a
measurable partof I, I'c € I'. Let V be a closed subspace of H 1(£2; RY Jand H =
L?(£2;R). It is well known that V € H C V* form an evolution triple of spaces,
cf. e.g., Section 3.4 of [5]. We introduce the trace operator y: V — L>(I"; R?) and
its adjoint y*: L2(I';R?) — V*. We set V = L?(0, T; V) and introduce the space
W={weV|w € V*}, where V* = L?(0, T; V*) is the dual space to V and the
time derivative w’ = dw/dt is understood in the sense of vector-valued distributions.
The space W endowed with the graph norm ||w|yy = |[w|ly + ||[w/||y* is a Banach
space which is separable and reflexive due to the separability and reflexivity of V
and V*.

We consider the following hemivariational inequality of second order.

Find u € V such that ' € W and
(W'(t) + At (1)) + (Su)(1), v)y=xv
[ S 00 dr = (@) (4.1
¢ forallv € V andae.t € (0,7),

u(0) = uy, u'(0) = vy.

In the study of the inequality (14.1) we need the following hypotheses on the
data.

A:(0,T) x V — V™ is such that
(a) A(-,v) is measurable on (0, T') forall v € V.
(b) A(z,-) is pseudomonotone on V fora.e. t € (0, 7).

©) A, v)|lv* < aop(t) + ai||v]||y forallv e V, ae.t € (0,T)
with ag € L?(0,T), a0 > 0 and a; > 0.

(d) (A(t,v),v)y=xy > a|lv|? forallv € V, ae.r € (0,T)
with o > 0.

(14.2)

(e) A(t,-) is strongly monotone for a.e. z € (0,T), i.e., there
is my > 0 such that for all vi,v, € V, ae.t € (0,T)

(A(t,v1) — A1, v2), v1 — V2)y=xy = myllv; — v2|3.
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S:V — V* is such that

t
[(Sv)(@) = (Sv)(@)[lv* < Ls/ lvi(s) — va(s) ||y ds (14.3)
0
forall vy, v, € V, ae.t € (0,T) with Ls > 0.

j:Te x(0,T) x R?Y — Ris such that
() j(-,-, &) is measurable for all £ € R and there exists
e € L*(I'c;RY) such that j(-,-,e(-)) € L'(I'c x (0,T)).
(b) j(x,¢t,-) is locally Lipschitz for a.e. (x,z) € I'c x (0,T).
(©) 18 (x. £.)llpa < bo(x.1) + by [[§ ]z forall § € R, (149
a.e. (x,t) € I'c x (0, T) withby € L>(I'c x (0,T)),
by, by = 0.

(d) (&1 = &2, 61 — E)pe = =T |61 — &2, forall § € RY,
(€ 0dj(x,t,&),i =1,2withm, > 0.

feVi,uecV, voeV. (14.5)
my >, |y > (14.6)

One of the following conditions is satisfied
(@)« > 2v2by ||y where [|yll = |7l cv.r2rmay)-

(b) jO(x,1,&—8) <do (1 + 1€ llpe) for all € € RY, ae.
(x,t) € I'c x(0,T) withdy > 0.

(14.7)

jiTe x(0,T) x R? — R is such that

either j(x,t,-) or — j(x,t,-) is regular on R? for a.e. (14.8)
(x,t) e I'c x(0,T).

The following result on the existence and uniqueness of solution to the history-
dependent hemivariational inequality (14.1) was proved in Corollary 2.20, see
page 61.

Theorem 14.1. Assume that (14.2)—(14.7) hold. Then the hemivariational inequal-
ity (14.1) has at least one solution. If, in addition (14.8) holds, then the solution
to (14.1) is unique.

Using the terminology introduced in Chap. 2 on page 52 we refer to the operators
which satisfy (14.3) as history-dependent operators. For this reason, we say that
a hemivariational inequality of the form (14.1) represents a history-dependent
hemivariational inequality.
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14.2 Modeling of Contact Problems

The physical setting is as follows. A deformable body occupies a domain §2 of R,
d = 2, 3 in applications. The body is acted upon by volume forces and surface
tractions and, as a result, its state is evolving. The boundary I" of §2 is supposed
to be Lipschitz continuous and, therefore, the unit outward normal vector exists a.e.
on I'. It is supposed that I" is divided into three mutually disjoint measurable parts
I'p, I'y and I'¢ such that the measure of I'p is positive. We assume that the body is
clamped on I'p, so the displacement field vanishes there. Volume forces of density
fo actin £2 and surface tractions of density fy are applied on I'y. On I'¢ the body
is or could arrive in contact with an obstacle, the so-called foundation.

We are interested in mathematical models which describe the evolution of the
mechanical state of the body, in the physical setting above. To this end we use the
notation x = (x;) for a point in £2 U I" and we denote by v = (v;) the outward unit
normal at I". Here and below, the indices i, j, k, [ run between 1 and d and, unless
stated otherwise, the summation convention over repeated indices is used. Also, the
index that follows a comma indicates a partial derivative with the corresponding
component of the spatial variable x. We denote by u = (;), 0 = (0;), and
(#) = (&;(w)) the displacement vector, the stress tensor, and linearized strain
tensor, respectively. These are functions which depend on the spatial variable x and
on the time variable z. Nevertheless, in what follows we do not indicate explicitly the
dependence of these quantities on x and ¢ and for instance, we write o (¢) instead of
o(x) or a(x,t). We recall that the components of the linearized strain tensor & (u)
are given by

1
&ij(u) = 3 (i j +uji).

Everywhere below T is a positive constant, [0, 7] denotes the time interval of
interest and primes will represent the derivatives with respect to time, i.e., u’ =
Ou/0t and u” = 0%u/0t>.

We also use R? for the d-dimensional real linear space and the symbol S stands
for the space of second order symmetric tensors on R¢ or, equivalently, the space of
symmetric matrices of order d. The canonical inner products and the corresponding
norms on R¢ and S? are given by

u-v=uv, |v|g=@w- v)'2 forall u = (u;), v = (v;) € R?,

0-t =051, |t|w=(-1)/* foral o= (0;), T =(1;) €S,

respectively. For a vector field, we use the notation v, and v, for the normal and
tangential components of v on I" given by v, = v - v and v, = v — v, v. Finally,
we recall that the normal and tangential components of the stress field ¢ on the
boundary are defined by 0, = (6v) - v and 6, = o v — 0, v, respectively.
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To present a mathematical model for a specific contact process there is a need
to precise the constitutive law, the balance equation, the boundary conditions,
the contact conditions and, eventually, the initial conditions. A constitutive law
represents a relationship between the stress o, the strain ¢ and their derivatives,
eventually, which characterizes a specific material. It describes the deformations of
the body resulting from the action of forces and tractions. Though the constitutive
laws must satisfy some basic axioms and invariance principles, they originate mostly
from experiments. We refer the reader to [4, 9, 10] for a general description of
several diagnostic experiments which provide information needed in constructing
constitutive laws for specific materials.

One of the most popular constitutive law for viscoelastic materials is the Kelvin-
Voigt constitutive law, i.e.,

o(t) = Ae(W/' (1)) + Be(u(t)). (14.9)

Here A and B represent the viscosity and the elasticity operators, respectively.
Quasistatic contact problems for viscoelastic materials of the form (14.9) have
been considered in [9, 16, 19, 20] and the references therein. There, the contact
was modeled with normal compliance with or without unilateral constraint and
with subdifferential boundary conditions, as well. Friction was described by ver-
sions of Coulomb’s law of dry friction and its regularization. The unique weak
solvability of the corresponding problems was proved by using arguments of vari-
ational and hemivariational inequalities with monotone operators and fixed point.
The numerical analysis of part of these models can be found in [9]. There, semi-
discrete and fully discrete scheme were considered, error estimates and convergence
results were proved and numerical simulation in the study of two-dimensional test
problems were presented. The analysis of various dynamic problems for materials
of the form (14.9), including existence and uniqueness results, has been carried out
in [7] and the references therein.

A large number of viscoplastic constitutive laws for viscoplastic materials used
in the literature can be cast on the general form

o' (1) = Be@' (1)) + G(o (¢). e(u(1))). (14.10)

Here B and G represent the elasticity operator and the viscoplastic potential,
respectively. Existence and uniqueness results for quasistatic contact problems for
viscoelastic materials of the form (14.10) have been considered in [9, 19, 20] and
the references therein. The numerical analysis of part of these models can be found
in [9].

The boundary conditions on the contact surface are divided naturally into
conditions in the normal direction (called also contact conditions) and those in the
tangential directions (called also friction laws). The so-called normal compliance
contact condition describes a deformable foundation. It assigns a reactive normal
pressure that depends on the interpenetration of the asperities on the body surface
and those of the foundation. A general expression for the normal reactive pressure is

— 0oy = py(uy), (14.11)
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where p, is a prescribed nonnegative function which vanishes for negative
argument. Indeed, when u, < O there is no contact and the normal pressure
vanishes. When there is contact then u, is positive and it represents a measure of
the interpenetration of the asperities. Then, condition (14.11) shows that the
foundation exerts a pressure on the body which depends on the penetration.
The normal compliance contact condition was first introduced in [17] and since
then used in many publications, see e.g. [7,9,11-14] and the references therein. The
term normal compliance was first used in [12, 13].

In the case when the friction force o, does not vanish on the contact surface, the
contact is frictional. Frictional contact is usually modeled with the Coulomb law of
dry friction or its variants. It states that the magnitude of the friction force is bounded
by a function, the so-called friction bound, which is the maximal frictional resistance
that the surface can generate; also, once slip starts, the friction force opposes the
direction of the motion and its magnitude reaches the friction bound. Thus,

u, )
locllse < Fpy 0,=—F, A ifu # 0on I, (14.12)
T

where u/, represents the tangential velocity or slip rate and Fj, is the friction bound.
On a nonhomogeneous surface F; depends explicitly on the position x on the
surface. It could also depend on the process variables. Nevertheless, when Fj
depends only on the spatial variable x, we refer to (14.12) as the Tresca friction
law.

Note that the Coulomb law (14.12) is characterized by the existence of stick-slip
zones on the contact boundary. Indeed, it follows from (14.12) that, if in a point
x € I¢ the inequality ||o;(x)]ls¢ < Fp(x) holds, then u/ (x) = 0 and the material
point x is in the so-called stick zone; if |0 (x)|ls¢ = Fp(x) then the point x is in
the so-called slip zone. We conclude that the Coulomb friction law (14.12) models
the phenomenon that slip may occur only when the friction force reaches a critical
value, the friction bound Fj,.

In variational formulation, frictional contact problems with Coulomb’s law
lead to variational inequalities involving nondifferentiable functionals and, for
this reason, their numerical analysis could present some difficulties. To avoid
these difficulties, several regularizations of Coulomb’s law (14.12) are used in the
literature. A simple example is given by

u',
Ve, + 02

where p > 0 is a regularization parameter. Note that the friction law (14.13)
describes situation when slip appears even for small tangential shears which is
the case when the surfaces are lubricated by a thin layer of non-Newtonian fluid.
We remark that the Coulomb law (14.12) is obtained, formally, from the friction
law (14.13) in the limit as p — 0.

o, =—F, on /¢, (14.13)
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Everywhere in what follows we use the standard notation for Lebesgue and
Sobolev spaces associated to £2 and I". We recall that if 0 denotes a smooth stress
tensor then the following Green formula holds

/ a-e(v)dx-l—/ Divo-vdxz/av-vdF (14.14)
o) o)

r
for all v € H'(2:R?), where Div denotes the divergence operator given by
Dive = (Ui_/,j)~

Next, we introduce the spaces V' and H, defined by
V={v=()e H(2:RY) |v=0ae. onlp}
H={t=(u)|u =1 €Ll*(R)}=L*2;S).

The space H is a Hilbert space with the canonical inner product given by

(U,T)Hzfoij(x)r,-j(x)dx, o,Te€H
2

and the associated norm || - || . Also, since meas (I'p) > 0, it is well known that V'
is a Hilbert space with the inner product

o)y = 6w, e@)u = [ se;©)dr. woveV

and the associated norm || - ||. Finally, denote
0=02x(0,T7), YXp=TIpx(0,T),
Xy =1Inyx(0,T), Yc=T¢cx(0,T).

We shall use the notations above in the next sections of this chapter.

14.3 A Viscoelastic Contact Problem

In the first problem of contact we consider a viscoelastic body which is attached
to a piston or a device over the surface I'¢. Following the terminology used in
Contact Mechanics we refer to I'c as the contact surface and, below, the device
will be refereed as the obstacle or the foundation. Note that, according to the
physical setting, no separation between the body and the obstacle is allowed, which
represents one of the novelties of the model we introduce in this section. Then, the
classical formulation of the problem is as follows.
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Problem P. Find a displacement field u: Q — R? and a stress field 0: Q — S¢
such that

o(1) = At e (1)) + B(r. e(u(1)))

t
+/ C(t—s)e'(s))ds in O, (14.15)
0
u'(t) =Dive (1) + fo) in Q, (14.16)
u@®)=0 on Xp, (14.17)
a(t)v=fy@) on Xy, (14.18)
—0,(t) = p(t,u,(1)) +/ bt —s)u,(s)ds on Xc, (14.19)
0
—0.(t) € 9j.(t,u.(t)) on Xc, (14.20)
u(0) =uy, uw0)=vy in Q. (14.21)

We proceed with some explanations and comments on equations and boundary
conditions in (14.15)—(14.21).

First, Eq. (14.15) represents the viscoelastic constitutive law in which A is a
nonlinear operator which describes the viscous properties of the material, B is
a nonlinear operator which describes its elastic behavior, and C represents the
relaxation tensor. Various results, examples and mechanical interpretations in the
study of such kind of constitutive laws, can be found in [2] and the references
therein. Such kind of laws were used in the literature in order to model the behavior
of real materials like rubbers, rocks, metals, pastes and polymers. In particular,
Eq. (14.15) was employed in [1, 3] in order to model the hysteresis damping in
elastomers. Note that in the case when the relaxation tensor vanishes and the
viscosity and elasticity operators do not depend on time, Eq. (14.15) is reduced to
the Kelvin-Voigt constitutive Eq. (14.9).

Equation (14.16) represents the equation of motion in which, for simplicity, we
supposed that the mass density is equal to one. Conditions (14.17) and (14.18) are
the displacement and the traction boundary conditions, respectively. They model
the situation when the body is fixed on the part I'p of its boundary and the Cauchy
stress vector is prescribed on Iy, respectively.

Equation (14.19) is the contact condition in which o, denotes the normal
stress, u, is the normal displacement, and p and b are given functions which
describe the instantaneous and the memory reaction of the obstacle, respectively. It
follows from (14.19) that at each moment 7, the reaction of the obstacle depends
both on the current value of the normal displacement (represented by the term
p(t,u,(t))) as well as on the history of the normal displacement (represented by
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the integral term in (14.19)). This reaction could be towards the body (when the
obstacle is in compression) or towards the obstacle (when the latter is in extension).
Condition (14.19) models situations when the memory effects of the obstacle are
taken into account. A similar contact condition was considered in [8,21] in the study
of frictionless contact problems for rate-type viscoplastic materials and viscoelastic
materials with long memory, respectively. Moreover, note that when the memory
function b vanishes, condition (14.19) reduces to the normal compliance contact
condition (14.11).

Condition (14.20) represents the friction law, where j, is a given function and
symbol dj, denotes the Clarke subdifferential of j, with respect to its last variable.
Concrete examples of frictional conditions which lead to subdifferential boundary
conditions of the form (14.20) with the function j, satisfying assumptions (14.27)
below can be found in [9, 15, 16]. Here, we only remark that these examples include
the nonmonotone friction law, the power-law friction, the Tresca friction law (14.12)
as well as its regularization (14.13).

Finally, (14.21) represents the initial conditions in which u, and vy denote the
initial displacement and the initial velocity, respectively.

In the study of problem (14.15)—(14.21) we consider the following assumptions
on the viscosity operator .4, the elasticity operator 13 and the relaxation operator C.

A: O xS — S% is such that
(a) A(:, -, &) is measurable on Q for all & € S¢.
(b) A(x,t,-) is continuous on S¢ for a.e. (x,¢) € Q.

(©) (Alx.t,e1) — A(x.1,82)) - (61 — €2) = maller — &2l (14.22)
forall &;,&, € §¢, ae. (x,1) € Q withm 4 > 0.

(d) || A(x, 2, 8)|lse <@o(x,t)+aylle]ge foralle €S9,
ae. (x,t) € Q withay € L*>(Q),ap > 0and a; > 0.

(e) A(x,7,0) =0 forae. (x,7) € Q.

B: 0 x S? — S is such that
(a) B(-,-, &) is measurable on Q for all & € S7.

(b) [|B(x.t,e1) — B(x,t,&))|lse < Lgsller — eallsa (14.23)
foralle;,e, € §9, ae. (x,1) € Q with Lg > 0.

() B(.-,0) € L*(Q:8).
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C: 0 xS? — $7 is such that
(a) C(x,1,€) = (cijri(x,1)exs)
foralle = (&) € S, ae. (x,1) € 0. (14.24)
®) cijri (1) = ¢jiri (1) = ciij (1) € L2(82) ae. 1 € (0, 7).
(©) 1 = cijri (1) € L(0, T; L*°(£2)).

The contact function p, the memory function b and the friction potential j,
satisfy the following hypotheses.

p: Xc xR — Ris such that
(a) p(-,-,r) is measurable on X¢ for all r € R.
®) |p(x,t,r1) = p(x,t,12)| < Lp|ri — 2 (14.25)
forall r,r; € R, ae. (x,t) € ¥¢c with L, > 0.
(© p(-,-,0) € L*(Zc).

b: ¥ — R is such that
(@) b € L'(0,T; L®(I¢)). (14.26)
(b) b(x,t) = 0 for a.e. (x,1) € X¢.

je: Xe x RY — R is such that
() j:(-,-, &) is measurable on X for all £ € R4 and there
exists e € L?(I'c;R?) such that j,(-,-,e(-)) € L'(Z¢).
(b) j:(x,t,-)is locally Lipschitz on R? for a.e. (x,1) € Zc.
() |0j.(x,,&)|lga < co+ c1]|&]|lga forall & € RY,
a.e. (x,1) € X¢ with ¢y, c; > 0. 14.27)
(d) (G =82 - (&) — &) = —m. || — &2, forall
$; €0 (x,1,6,),6 eRYi =12, ae. (x,1) € X¢
with m, > 0.
(e) jo>x.,1,&:—&) < do(1 + ||&||ge) forall & € RY,
a.e. (x,1) € Y¢ withdy > 0.

We also assume that the densities of the body forces and tractions have the regularity
fo€ L*0,T: L*(2;:R%)), fn€L*0,T; L>(I'y:R%)), (14.28)
and, finally, the initial data are such that

uy eV, vy V. (14.29)
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We now turn to the variational formulation of Problem P and, to this end, we
assume in what follows that (u, o) is a couple of sufficiently smooth functions which
solve (14.16)—(14.20). Let v € V and t € [0, T']. Then, using (14.14) and (14.16)
we deduce that

/;2u”(t)~vdx+/ﬂa(t)'e(v)dx:/Qfo(t)mdx—i-/ra(t)wvdl“.

We now split the surface integral to three integrals on I'p, I'y and I'¢, then we use
the boundary conditions (14.17) and (14.18) to obtain

/Qu”(t)-vdx+/ﬂor(t)-e(v)dx=/Qf0(t)-vdx+/FNfN(t)-vdF
+/ o(t)v-vdl (14.30)
I'c

Next, we use the identity o (¢)v - v = 0,(¢)v, + 0.(¢) - v, a.e. on I, the frictional
contact conditions (14.19) and (14.20), and the definition of the subdifferential to
see that

t
o (0w v = —pltu,()v, - ( / bt = s)uy(s) ds v, — 00w (0):v0)
0
a.e. on I, which implies that
t
/ a(t)v-vdF+/ p(l,uv(t))vvdf+/ (/ b(t—s)uv(s)ds)vvdf
I'c I'c I'c 0
+/ JA . (t);ve)dI = 0. (14.31)
I'c

We consider also the function f: (0,7) — V* given by

(F (O 0)vexv = (fo(0). 9) 2z, + (F (0. 0) 2y m0) (14.32)

forallv € V and a.e. t € (0, T). Then, exploiting (14.30)-(14.32), we infer that
@’ (1), v)yexy + (0(1),e()n

+ / Pt uy@)v, dT + /F ( [b(z—s)uv(s)ds)vvdf

+/ JAt U @) v)dT > (f (1), v)yexy. (14.33)
I'c
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We now combine inequality (14.33) with the constitutive law (14.15) and
the initial conditions (14.21) to obtain the following variational formulation of
Problem P.

Problem PV. Find a displacement field u: 0 — R? and a stress field 6: Q — S?
such that

o(1) = At e (1)) + B(r.e(u(1)))

+ / C(t—s)e('(s))ds forae.t€(0,T), (14.34)
0

W (0), v)yexy + (@ (1), (@) + / (@)l

I'c
+/ (/ b(t—s)u\,(s)ds)vvdl"+[ jTO(t,u’T(t);v,)dF
I'c 0 I'c
>(f(),v)y+xy forallveV, ae.t €(0,7T), (14.35)
u(0) = uy, u' (0) = vy. (14.36)

Our main result in the study of Problem P is the following.

Theorem 14.2. Assume that (14.22)—(14.26), (14.28) and (14.29) hold. If one of
the following hypotheses

i) (14.27)(a)-(d) and m 4 > max {2\/561, myy|?

i) (1427)and m4 > m.|y|?
is satisfied, then Problem PV has at least one solution which satisfies
ueW'?0.T:V). o €L*0.T:H). Dive € L*(0.T:V"). (1437
1If, in addition,
either j.(x.t,-) or — j.(x,t,-) is regular on R? fora.e. (x,t) € Z¢c,  (14.38)

then the solution of Problem P" is unique.

Proof. First, we introduce the operator §: ) — ) defined by

Ew(t) = /OI w(s)ds + uy (14.39)
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forallw € Vandt € (0,T). Recall that V = L?(0,T; V) and V* represents its
dual. We denote by {,w(¢) and §_ w(¢) the normal and tangential components of the
element {w(?), i.e.,

Gw(t) = Ew(t)), = /0 wy(8) ds + uoy, (14.40)

¢ w(t) = (Ew(D)), = /0 we(s) ds + uor,

where ug, and u,, are the normal and the tangential components of the initial
displacement uy € V.

In what follows we apply Theorem 14.1. To this end, we insert (14.34)
into (14.35) to obtain the following problem.

Find u € V such thatu’ € W and
(" (1) + Az, u' (1)) + (Su') (1), v)y*xy

+/ Gt yu O:y0) AT = (£ (1), 0) vy (14.41)
I'c

forallv € V anda.e.t € (0,T),
u(0) = ug, u'(0) = v,

where A: (0,T) x V — V*,8:V — V* and j: ¥¢ x R? — R are defined by
(At u), v)ysxy = (A(t,e(m)),e(v))n (14.42)

forallu,v € V,ae.t € (0,7),

4

((Sw)(@), v)y*xy = Z((S,-w)(t),v)v*xv (14.43)

i=1

forallw e V,v e V,ae.t € (0,T), with

(SW) (1), V) ey = (B(l,e(@w(t))),e(v))_ﬂ, (14.44)
((Saw) (1), v)y*xy = (/0 C(t —s)e(w(s)) ds,e(v))H, (14.45)
((Sw) (@), v)y=xy =/F p(t. Low(t)) v,drT, (14.46)

((&w)(t),v)v*xvzfr (/0 b(t—s)é‘,w(s)ds) vwdl  (1447)
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forallwe V,veV,ae.t € (0,T), and
j(x.1.8) = jo(x.1.€,) forall& e R, ae. (x,1) € Z¢. (14.48)

We will check that the operators A:(0,7) x V — V*, 8V — V* and the
function j: ¥¢ x RY — R satisfy the hypotheses of Theorem 14.1.

First, note that under assumption (14.22), the operator A satisfies (14.2) with
m; = my > 0, ap(t) = «/§||Eo(t)||Lz(Q) > 0 and a; = a;+/2 > 0. Indeed, it
is clear that A(-,u) is measurable on (0, T") for all u € V. By (14.22)(d) and the
Holder inequality, we obtain

[(A(z,u), v)yrxy] S/QIIA(LE(M))Ilsd||€(v)||sd dx

1/2
< ( / @o(x.1) + 6@ 1)’ dx) ol
2

forallu,v € V and ae. t € (0,T). Hence ||A(t,u)|y* < ao(t) + a;||u||y for all
ueV,aet e (07T)withay € L*0,T), ap > 0, a; > 0 which means that A
satisfies (14.2)(c). The condition (14.2)(d) is an easy consequence of (14.22)(c) and
(d). From (14.22)(c), we get

(A0 = A )0 =y = s [ o) — s(w)|Rdx
Q
= muluy —us,
for all u;, u, € V which implies that condition (14.2) of the strong monotonicity
of A(t,-) for a.e. t € (0,T) holds. Next, we show that A(z,-) is continuous for
ae.t € (0,T). Fixt € (0,T) and suppose that u, — u in V, ie., e(u,) —
e(u) in L*(£2;S?). Using Proposition 2.2.41 of [5], we know that there exist a
subsequence {u,, } and a function z € L?(§2) such that &(u,, )(x) — &(u)(x) in S¢
and ||e(u,, )(x)||s¢e < z(x) fora.e. x € §2. By hypothesis (14.22)(b), we have
A(x,t, e, )(x)) — A(x,t,e()(x)) inS? forae. x € 2.
Exploiting (14.22)(d), we get
IAGe, 2, & () (x)) — A(x, 7, € @) (%)) 134
_ _ 2 _ _
< 2(a(x,1) + @ e @) (®)llse)” + 2 @ (x, 1) + @ |le@)(x)l|s)?
= 8a(x.1) +4a; (&(x) + lle@)(x)5) -

Hence, by the Lebesgue theorem, we get
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LA €(utn,)) — Al @), = /Q LA €(uny) — Alt, e@) 2 dx — 0

as ny — oo. Hence, applying again the Holder inequality, we have

(At uy,) — A(t u), v)y*xy = /;2 (A(Z, e(uy,)) — Alt, e(u))) -e(v)dx

< A, e(@n,)) — A, e@)) |3 le (@) |

forall v € V. Thus A(t,u,,) — A(t,u) in V* and subsequently we deduce that
the whole sequence A(f,u,) converges to A(¢,u) in V*, which shows that A(z, -)
is continuous for a.e. ¢ € (0,T). Since the operator A(z,-) for a.e. t € (0,7T) is
bounded [by (14.2)(c)], monotone (being strongly monotone) and hemicontinuous
(being continuous), from Proposition 27.6 of [23], it follows that it is pseudomono-
tone, i.e., (14.2)(b) holds. We deduce that the operator 4: (0,7) x V — V* given
by (14.42) satisfies (14.2).

Next, we prove that under the hypotheses (14.23)—(14.26), the operators S;, i =
1,...,4 defined by (14.44)—(14.47), respectively, satisfy

1Sw () = (S Ollve < Li /0 Iwi(s) = was)lvds (14.49)

forall w;, w, € V,ae.t € (0,T) with L; > 0, which entails that the operator S
satisfies (14.3) with Ls = Y1_, L;.

Let wi, w, € V,v € V andt € (0,7). Using (14.23)(b) and the Holder
inequality, we have

(SW1)(D) = (Siw2) (1), ) voxv
= (B(t.@w11)) = Blt. e@wa(1)). 6 0)
< 1B(t, e@wi(1)) = B(t, e@wae) e o]y
< Lille@wi(®) = gwa @)l 0]y

< L( [ In©) = a0l ds) ol

Hence, the operator S satisfies (14.49) with L = Lg. Next, from (14.24) and by
the Holder inequality again, we obtain

((Saw ) (@) = (Soaw2) (1), V) y*xy

= (/OZC(t —s)e(wl(s) —Wz(S)) dS,E(”))H
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<| /0 C(t — $)e(wi(s) — wa(s)) dsllz 0]y

<( /0 1€ =)l i W1 (5) = wa() v ds ) [l
which implies
((Saw1)(1) — (Sow2)(1), v)y*xy
C oo -Qd - d .
<1cl, (Q,s>(/0 w1() = wa()llv ds) vl

So, the operator S satisfies (14.49) with Ly = [|C]| oo (g;54)-
Using the continuity of the trace operator and the inequality |£,| < ||&||gs for
& € RY, by the definition of the operator ¢, we have

Eow1(2) = Eowa (Dl L2y = NEWi (@) — Ewa ()l 2(r ey
<y gwi(2) = Ew2() v

t
<171 [ Ias) = wao) s (14:50)
Now, making use of (14.25)(b) and (14.50), we have
(Ssw1) (1) — (Ssw2) (1), v)y=xy
= | (p.5m0) = pla.cowa(0) vear
< p@ &owi () — p, Sow2O) | 20y 101l 201 ire
< Ly 15w (8) = &owa Ol 2y lv I 0l
t

< Ly P( [ Iats) = wato)l ds) ol

0

Thus, the operator S; satisfies (14.49) with Ly = L, ||y ||*. From (14.26), the Holder
inequality and (14.50), we get

((Saw1)(t) — (Saw2) (1), v)y*xy

=/r (/Otb(t—s) (6w1(5) = Gws(5)) ds) v, d T

< /0 bt — )(Ewi(s) — Eowa(9)) dsll 2oy 1020
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=( /0 16 = $)ll ooy |61 (5) = Ews(©)ll 2y ds )17 1L 0]l
= v I( /0 16 = $)llzowcror /0 w1 (2) = wa(@)llv d7 )ds) o]}y

t
=< ”V”2”b”L1(O.T;L°°(FC))(/ lwi(s) —wa(s)llv a’s) vllv.
0

This means that the operator S, satisfies condition (14.49) with Lu=

Iy I? 161121 0,750 (rey)-
Moreover, it follows from (14.23) and (14.25) that

IB(x,t,€)|lge < b(x,1) + Lglle|lge foralle € S, ae. (x.1) € Q. (14.51)
Ip(x,t,r)| < p(x,t) + L,|r| forallr e R, ae. (x,t) € Xc, (14.52)

where b(x,1) = ||B(x.1,0)|ss, b € L2*(Q) and p(x.1) = |p(x.1,0)],
RS LZ(EC). Therefore, exploiting (14.43)—-(14.47), (14.51), (14.52) and condi-
tion (14.49), we have

1SW)Olly+ < LslwllLiomr) + 1(S 0@y
< Ls|wl110sv) + b(t) + Lglluolly + p(t)

+ Lplluollv + 16121 o,75200ry l#ollv

forallw € V,a.e.t € (0, T). Hence, we deduce

ISwlive < ¢ (Wl + lolly + 180120y + 17 l2cxc) )

with ¢ > 0. Therefore the operator S is well defined, takes values in V* and satisfies
the hypothesis (14.3).

Next, we observe that condition (14.5) follows easily from hypotheses (14.28)
and (14.29). It is clear that (14.27)(a)—(d) entails hypothesis (14.4). Also, the
conditions i) and ii) imply hypothesis (14.6) with m; = m 4 and m, = m;,.
Conditions (a) and (b) of (14.7) are consequences of the hypotheses i) and ii),
respectively.

Since conditions (14.2)—(14.7) hold, then applying Theorem 14.1, we infer that
problem (14.41) has at least one solution # € V such that u’ € W. Furthermore, the
regularity condition (14.38) implies (14.8). Therefore, we infer from the uniqueness
part of Theorem 14.1 that under the additional hypothesis (14.38), the solution to
problem (14.41) is unique.

Finally, using the regularity of # and hypotheses (14.22)—(14.24), from condition
(14.34), we deduce that the pair (u,0) is a solution to Problem PV with the
regularity u € W'2(0,T;V), 0 € L?>(0,T;H) and Dive € L?(0,T;V*). This
concludes the proof of the theorem. O
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A couple of functions (u, ) which satisfies (14.34)—(14.36) is called a weak
solution of the frictional contact problem (14.15)—(14.21). We conclude that, under
the hypotheses of Theorem 14.2, the frictional contact problem (14.15)—(14.21) has
at least one weak solution. If, in addition, the regularity condition (14.38) holds,
then the weak solution of Problem P is unique.

14.4 A Viscoplastic Contact Problem

The second problem of contact we consider is viscoplastic. The physical setting is
similar to that described in Sect. 14.3 but here we could have separation between the
body and the foundation. The classical formulation of the problem is as follows.

Problem Q. Find a displacement field u: Q — RY and a stress field 6: Q — S¢
such that

o(1) = At e (1)) + B(r.e(u(1)))

—i—[t G(s,o(s) — A(s, e (s))),e(u(s)))ds in Q, (14.53)
0

u'(t) =Diva(t) + fo(t) in Q, (14.54)
u(t) =0 on Xp, (14.55)

o(t)v = fy(@) on Xy, (14.56)

—ou(t) = k(/ot Uy (5) ds) p(t,un(t)) on Ze, (14.57)

—0.(t) € dj.(t,u.(t)) on Xc, (14.58)

u(0) = uy, u'(0) = v in 2. (14.59)

The equations and boundary conditions in Problem Q have a similar meaning as
those in Problem P. Nevertheless, there are two major differences between these
two mathematical models. The first one arises in the fact that in Problem O we
use the viscoplastic constitutive law (14.53), instead of the viscoelastic constitutive
law (14.15), used in Problem P. The second one consists in the fact that in
Problem Q we use a version of the normal compliance condition, (14.57), instead
of the contact condition (14.19). A short description of these new ingredients used
in Problem Q follows.

First, we note that concrete examples of constitutive laws of the form (14.53)
can be constructed by using rheological arguments presented in [6] and [9], for
instance. Here, we restrict ourselves to note that the stress field in (14.53) has an
additive decomposition of the form
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ot)=0a"(t)+0"" (1) (14.60)
where
a’(t) = A(t, e (1)), (14.61)
" (t) = B(t,e(u(1))) + /[ G(s, 0P (s), e(u(s))) ds. (14.62)
0

Equation (14.61) represents the constitutive law for a nonlinear time-dependent
purely viscous material. Equation (14.62) represents a version of the constitutive law
for a nonlinear rate-type viscoplastic materials, (14.10), written under the assump-
tions that the elasticity operator and the viscoplastic function depend explicitly on
the time. We conclude from (14.60) that models of the form (14.53) are obtained
by connecting in parallel a purely viscous time-dependent damper with a rate-type
viscoplastic constitutive model. In addition, we note that when the operators .4 and
B do not depend on time and the function G vanishes, then (14.53) reduces, again,
to the Kelvin-Voigt constitutive law (14.9).

Next, we turn on the contact condition (14.57) which represents an extension
of the normal compliance contact condition (14.11). Here, k is a given positive
function, the stiffness coefficient of the obstacle and, again, p is a given function. If
we allow separation between the body and the foundation, we have to assume that
the function p vanishes when the second argument is negative. Indeed, when there
is separation between the body and the foundation, then the normal stress vanishes.
As the cycles of penetration proceed, the stiffness of the obstacle may be increasing
or decreasing, making it a function of the history of the contact process. In this way
we take into account the hardening or the softening of the foundation. Practical
examples of surface hardening or softening abound, see, e.g., [18]. A contact
condition similar to condition (14.57) was considered in [22] in the study of a
frictionless contact problems for rate-type viscoplastic. Finally, note that (14.57)
reduces to the normal compliance contact condition (14.11), when the stiffness
coefficient k is a constant and p does not depend explicitly on time.

In the study of problem (14.53)-(14.59) we assume that the viscosity oper-
ator A, the elasticity operator B and the friction potential j, satisfy condi-
tions (14.22), (14.23) and (14.27), respectively. We also assume that the densities of
the body forces and tractions have the regularity (14.28), and the initial displacement
is such that (14.29) holds. Moreover, we assume that the constitutive function G, the
stiffness coefficient k and the contact function p satisfy the following conditions.
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G: 0 xS x S? — S is such that
(a) G(-,-,0,¢) is measurable on Q forall o, ¢ € S,
®) [G(x.1,01.€1) —G(x,1,02,82)[se =
< Lg(llor —o2|se + [le1 — €2[[5a)
forall 6,,0,,€1,6, € S?, ae. (x,t) € Q with Lg > 0.
(© G(-,-,0,0) € L*(Q;8).

(14.63)

k:I'c x R — Ry is such that
(a) k(-, r) is measurable on I'¢ forall r € R.
() [k(x, r) —k(x.r2)| < Ly |r =72 (14.64)
forall ri,r, € R, ae. x € I'c with L; > 0.
() |k(x,r)| <k forallr € R, ae.x € I'c withk > 0.

p: Y¥c xR — Ris such that

(a) p(-,-,r) is measurable on X¢ for all r € R.

() [p(x.t,r) — p(x,t,12)| < L,|ri — 12| (14.65)
forallr;, 7, € R, ae. (x,7) € ¥¢c with L, > 0.

(©) |p(x,t,r)| <p forallr € R, ae. (x,7) € X¢ withp > 0.

We use the function f:(0,7) — V* given by (14.32) and the Green for-
mula (14.14) to obtain the following variational formulation of Problem Q.

Problem Q". Find a displacement fieldu: Q — R? and a stress field 6: Q — S¢
such that

o(1) = A(t.e@ (1)) + B(r, e (1))

+ /t G(s,o(s) — A(s, e (s))), e(u(s))) ds a.e. t € (0,T), (14.66)
0

W@+ @@e@+ [ k([ w6 ds) plenop.ar

+ [ @00 dl = (SO0
I'c
forallv e V, ae.t € (0,T), (14.67)
u(0) =uy,  u'(0) = vo. (14.68)

Our main result in the study of Problem 9V is the following.
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Theorem 14.3. Assume that (14.22), (14.23), (14.28), (14.29) and (14.63)—(14.65)
hold. If one of the following hypotheses

i) (14.27)(a)—(d) and m_4 > max {2+ 2¢;, m.} ||y |?

ii) (14.27) and m o > m. ||y|*
is satisfied, then Problem QV has at least one solution which satisfies (14.37). If. in
addition, (14.38) holds, then the solution of Problem oV is unique.

Proof. The proof will be made in several steps. To present it, we use operator
¢:V — V defined by (14.39). Moreover, we need the following auxiliary result.

Lemma 14.4. Assume that (14.23) and (14.63) hold. Then, for allu € L*(0,T; V),
there exists a unigue function o' (u) € L*(0, T; H) such that

a’(u)(t) = /t g(s,a’(u)(s) + B(s,e(u(s))), e(u(s))) ds (14.69)
0
fora.e.t € (0,T). Moreover, ifu,,u, € L*>(0,T; V), then

o @n)(t) — o ) (D) 12 < ¢ /0 o1 (s) — wa(s)lly ds (14.70)

fora.e.t € (0,T) withc > 0.

Proof. Let u € V be given. We introduce the operator A:L?*(0,T;H) —
L?(0, T;H) defined by

An(1) :/0 G(s.n(s) + B(s, e(u(s))). e(u(s))) ds

for p € L*(0,T;H), ae. t € (0,T). The operator A depends on u and, for
simplicity, we do not indicate explicitly this dependence. Let 5, 5, € L*(0,T;H)
and ¢ € (0,T). Then

1 An (1) — Ama©lln < Lo [0 11(5) — 1) 12 ds.

It is clear from the hypotheses on G and B that the operator A is well defined
and takes values in L?(0, T; H). From Lemma 2.3 on page 42, we deduce that the
operator A has a unique fixed point, denoted by o/ (u) € L?(0, T; H).

The proof of inequality (14.70) is a consequence of (14.69) combined with
a Gronwall type argument. Indeed, let u;, u, € V. We have
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lo” @) — o’ w)0)
= ViLg [ (Io' @)~ o' @)l
0

1B, o1 (5) — B @) + leur(s) —102(5)) ) ds
< ﬁLg/ o @n)(s) — o @) (5) 1 ds
0

4+ V2Lo(1+ Lp) [0 s (s) — un(s)lly ds

for a.e. t € (0,T). From the Gronwall inequality (cf. [16], Lemma 2.7), we infer
that

lo @) = 0! @) @)l < e¥?HoTV2Lg(1 + LB)/ llui(s) —uz(s)|lv ds
0

fora.e.t € (0, T). This completes the proof of the lemma. O

We continue the proof of Theorem 14.3. In order to formulate an equivalent
form of Problem QY, we use Lemma 14.4 and the notation (14.39) and (14.40).
We consider the following intermediate problem.

Problem Q. Find a displacement field u: Q — R and a stress field 6: Q — S?
such that

o(t) = A(t, e (1)) + B(t,e((t))) + o' (u)(t) ae.t (0, T), (14.71)
Wy + @Oeo0 [ k([ 06)d) e oar

+ [ @) dr = (0.0
I'c

forallv e V, ae.t € (0,T), (14.72)
u(0) = uy, u'(0) = vy,

where o' (u) € L?*(0, T H) is the unique function defined in Lemma 14.4.

Inserting (14.71) into (14.72), it is clear that Problem QV is of the form (14.41),
where the operator A:(0,7) x V — V*, the functions j: ¥ x R — R
and f:(0,7) — V™ are defined as before (see (14.42), (14.48) and (14.32),
respectively), and the operator S:V — V* is now a sum of three operators S,
Ss, Sg: V — V* given, respectively, by (14.44),

((Ssw) (1), v)y=xy = (0 (EW)(1), e(0)),,,
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where o/ (¢w) € L?(0, T; H) is the unique function defined in Lemma 14.4, and

(SO by = [ k([ 1) ds) ple.cowo) v, ar

forallw € V,v € V,ae. t € (0,T). It is enough to check that S5 and Sg satisfy
inequality (14.49) with some positive constants L5 and Lg, respectively.
Let wi,w, € V,v € Vand ¢t € (0,T). First, using (14.70) and the Holder

inequality, we obtain
((Ssw) (@) = (Ssw2) (1), V)yxy = (67 Gw1)(1) — 0’ (Ewa)(1), £(v)),,
< lle’ @w) (@) =" Ew) O lln ]y

<o [ 1em© —2walvas)ioly

<ot ( [ 1) - wlvds) ol

Hence, the operator S5 satisfies (14.49) with Ls = ¢T > 0. Next, since the
functions p and k are Lipschitz continuous and bounded by constants, by the Holder
inequality and inequality (14.50), we get

((Sew1)(t) — (Sew2) (1), v)y=xy
— /r (k</0’ Lowi(s) ds) p(t, fvwl(t))—k</0’ Cowa(s) ds) p(t, ngz(t))) v, dI"
= ||k(/0’ Eowi(s) ds) p(t, cowi (1))

& /Of Ewa(5) ds) p(t, Eawa(O) 2y 1912 sme)

< (W( [ mi01ds) (ptt. w1 0) = pCt B2

A i) 508 s 111
< (%LPHEUW](I) — {vWZ(t))||L2(FC)

L [ (6wi6) = Ewa®) sl 17 ol



378 M. Sofonea et al.

kL t - d

< (FLo D [ i) =)l s +

7L [ W[ i@ = wa@ly drds) Iylioly
2L, + oL [ - d .

< I PEL, + L) [ )=o)l ds) ol

This implies that the operator Sy satisfies (14.49) with constant Ls = ||y ||?(k L »+
PLiT) > 0. Hence, the operator S = &) + S5 + Sg satisfies (14.49) with Ls =
Ly + Ls+ Le.

Using similar arguments as in the proof of Theorem 14.2, we infer that

[Swlv- =@ (1wl + lolly + 181120y + o @)l 20 730 + K P)

for w € V with ¢ > 0, which means that the operator S is well defined and takes
values in V*.

Since conditions (14.2)-(14.7) are satisfied, we are now in a position to apply
Theorem 14.1 and we infer that problem (14.41) has at least one solution u € V
such that '’ € W. Furthermore, the regularity condition (14.38) implies (14.8).
Therefore, we infer from the uniqueness part of Theorem 14.1 that under the
additional hypothesis (14.38), the solution to problem (14.41) is unique.

Finally, using the regularity of u and hypotheses (14.22)—(14.24), from condi-
tion (14.34), we deduce that the pair (u, o) is a solution to Problem Q" with the
regularity u € W'2(0,T;V), o € L*>0,T;H) and Dive € L?(0,T;V*). This
concludes the proof of the theorem. O

A couple of functions (u,0) which satisfies (14.66)—(14.68) is called a weak
solution of the frictional contact problem (14.53)—(14.59). We conclude that, under
the hypotheses of Theorem 14.3, the frictional contact problem (14.53)—(14.59) has
at least one weak solution. If, in addition, the regularity condition (14.38) holds,
then the weak solution of Problem Q is unique.
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