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Abstract. The development of a new parallel robot manipulator based on 
simulation analysis is a rapid approach to discover the unique features or 
advantage of a conceptual model. In this paper, a 5-DOF parallel robot 
manipulator which can generate three translations and two rotations was 
presented. The kinematics mathematical model and Jacobian matrix were 
derived analytically. The global conditions index (GCI) and the global gradient 
index (GGI) which represent the evaluation index of dexterity were introduced 
by considering the kinematics performance indices over the whole workspace. 
The workspace model of the mechanism was analyzed based on a simplified 
boundary searching method. The mathematical model of the global condition 
number was developed simultaneously. The multi-objective optimization model 
was deduced on the basis of the multidisciplinary design philosophy. The 
manipulator was optimized by using the design of experiment (DOE) and the 
multi-island genetic algorithm (MIGA). The optimal solution was chosen from 
the multi optimal solutions in a reasonable manner. Through the comparison of 
results before and after optimization, the kinematics performance of the 
mechanism was improved, which provide not only a guide to the multiple 
objectives optimal design but also an applicable method of dimensional 
synthesis for the optimal design of general parallel robot manipulator. 

Keywords: Parallel Robot Manipulator, Kinematics Dexterity, Workspace, 
Multi-objective optimization. 

1 Introduction 

Parallel manipulator has the advantage of high rigidity, strong bearing capacity, and 
high precision and small error. Since the Stewart Parallel Manipulator, parallel 
manipulator has become an international research focus [1][2]. The dexterity and 
isotropy are of importance performance index to evaluate the mechanism. The 
kinematics dexterity can evaluate the transmission performance. Gosselin [3] 
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introduced the concept of dexterity into parallel manipulator, and pointed out that the 
condition of Jacobian matrix can represent the dexterity; Zhang [4] adapted the 
kinematics condition index (KCI) to evaluated the dexterity, and draw the distribution 
atlas of spatial KCI; Moreno [5] regarded the condition of Jacobian matrix as the 
performance index of dexterity, calculated and analyzed the condition. Sergiu [6] 
proposed a large number of performance criteria dealing with workspace, quality 
transmission, manipulability, dexterity and stiffness, and the evaluation measures can 
be used for optimal synthesis; Chen [7] studied the dexterity of 4-UPS-UPU parallel 
manipulator focused on the seven performance indices; Qi [8] analyzed the structure 
of the five degree of freedom 4-UPS-UPU and proposed synthesis methods about the 
operation performance optimization on the orientation workspace. 

In this paper, a five degree 4-UPS-UPU parallel manipulator was studied and its 
kinematics model and the dimensionless Jacobian matrix were established. 
Considering the kinematics performance on the workspace, the GCI and GGI were 
introduced as the evaluation index of the dexterity, which was optimized based on the 
multidisciplinary and multi-objective optimization software Isight. On the basis of 
workspace, the global condition index was developed and obtained the mathematical 
model of optimization. Last we obtained the Pareto solution by using design of 
experiment and multi-island genetic algorithm and selected the reasonable optimal 
solution. Compared the results before and after optimization, we can draw the 
conclusion that the new mechanism after optimization has excellent dexterity and 
transmissions performance, which provide a guide for design optimization and 
performance assessment. Therefore, it is necessary to seek an effective optimization 
procedure to improve the performance indices for achieving a higher score evaluation. 

2 4-UPS-UPU Parallel Manipulator Model 

As shown in Fig.1, 4-UPS-UPU parallel manipulator model and coordinate system 
were established, which consists of a moving platform, fixed platform and the legs 
connected the moving platform and the fixed platform, for four identifiable active 
chains UPS and one constraint active chain UPU, U stands for Hooke joint, P stand 
for Prismatic joint, S for Spherical joint, where the P joint is driven by a linear 
actuator. 

Suppose that the platforms are circular and the connection points are distributed 
along the circumference of the moving platform and the fixed platform circles of 
radii ar and br , respectively. The coordinate system O XYZ− is fixed to the fixed 

platform and the coordinate o xyz− is attached to the moving platform. x  axis point 
to 1A , z axis perpendicular to the moving platform on the positive axis direction 

and y axis is given by the right hand. Similarly, X axis point to 1B point, the Z axis is 

vertical. The points of intermediate branched Hooke joints are located on the point o  
and point O  of the moving platform and the fixed platform, respectively. 
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Fig. 1. The schematic diagram of 4-UPS-UPU parallel manipulator architecture 

The number of degree of freedom for the parallel manipulator can be obtained by the 
general Kutahach-Grubler formula [9]  
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The 4-UPS-UPU parallel manipulator is a spatial 5-DOF, its moving platform can 
move in X , Y , Z and rotate around X and Y direction. 

3 4-UPS-UPU Parallel Manipulator Kinematics Model 

3.1 Inverse Kinematics Solution 

As shown in Fig.1, position vector iA , iB  and branched chains i iA B , for 1,2,3,4i = , the 

Cartesian coordinate of the moving platform is given by the position vector O
iA with 

respect to the moving coordinate system, and the position of the attachment point iB  

with respect to the fixed coordinate system can be written as O
iB . The Cartesian 

variables are chosen to be the relative position and orientation of o xyz− frame with 
respect to O XYZ−  frame, where the position of o is specified by the position of its 

origin with respect to O XYZ− frame, Furthermore, if vector [ ]T
o x y z= described 

the position of the attachment point o  with respect to O XYZ− frame. The coordinate 
can be represented as following,  

To
i ix iy izA A A A⎡ ⎤= ⎣ ⎦ , 

[ ]TO
i iX iY iZB B B B= , 

[ ]TO
i iX iY iZA A A A=  
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O
iA  is expressed with respect to the coordinate system O XYZ− can be computed by  

O o
i iA Q A o= +                                     (2) 

Q  is a matrix describing the orientation of o xyz− with respect to the O XYZ− , here 
RPY coordinate system representation is chosen to describe the pose, that is ,  

0

c s s c s

Q c c

s s c c c

β α β α β
α α

β α β α β

⎡ ⎤
⎢ ⎥= −⎢ ⎥
⎢ ⎥−⎣ ⎦

                                (3) 

Where, s and c present sine and cosine, respectively 
The length vector can be expressed as 

O O
i i i i iL A B A B= = −                               (4) 

Then, the length of the active leg can be expressed by taking the norm of the vector of 
Eq.(4), we can get the 

O O
i i i i il A B A B= = −                               (5) 

3.2 Jacobian Matrix of the Parallel Manipulator 

The relation between active joint velocities 1 2 3 4 5

T
l l l l l l⎡ ⎤= ⎣ ⎦ and twist of the 

end-effector 
T

x yt x y z ω ω⎡ ⎤= ⎣ ⎦ can be described using a differential kinematics 

model, namely, 

l t= J                                         (6) 

Where J denote the Jacobian matrix 

1 2 3 4 5
1 2

1 1 2 2 3 3 4 4 5 5

[ ]
T

q q q q q

r q r q r q r q r q

⎡ ⎤
= =⎢ ⎥× × × × ×⎣ ⎦

J J J                    (7) 

Where, the unit vector
i

q , for 1,2,3,4,5i = can be expressed in terms of position 

vectors, namely, 

i
i

i

L
q

l
=                                        (8) 

And vector ir  can be written as  

o
i ir Q A=                                      (9) 

1J  denoted Jacobian matrix of linear velocity and 2J denoted Jacobian matrix of 

angle velocity , whose dimension of 1J and 2J  are both 6 3× . Considering the unit 
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difference of the Jacobian matrix was dimensionally inhomogeneous [10]. So we use 
a characteristic length, cL , to homogenize the original Jacobian matrix in such a way 

that 
1 1 1

(1,1,1, , , )H

c c c

diag
L L L

= ⋅J J                           (10) 

Where, 2 2

1 1

( )

( )

T

c T

trace J J
L

trace J J
=  and HJ  denotes the new homogeneous Jacobian matrix. 

4 Performance Index of Kinematics Dexterity 

In order to make the mechanism has good kinematics performance in the workspace, 
the kinematics dexterity optimization was studied and the GCI and the GGI were 
introduced as the evaluation index [11]. 

4.1 The Global Condition Index 

The condition number of the Jacobian matrix changed along with the position and 
orientation of parallel robot manipulator, therefore, it cannot be measured the 
dexterity of the mechanism in the whole workspace. In order to obtain the kinematics 
performance in the whole workspace, Gosselin and Angeles [12] proposed the global 
condition index, which is a measure of its kinematics precision and control accuracy 
and which is defined as the ratio of the integral of the inverse condition numbers 
calculated in the whole workspace, dived by the volume of the workspace, i.e., 

W

W

dW
GCI

dW

ν
= ∫
∫

                                    (11) 

In which ν  is the local condition number defined as the reciprocal of the 
condition of the Jacobian matrix at a particular pose, and W is the workspace. It is 
noteworthy that the Global Condition number Index is bounded as (0, 1). If 
the GCI approach zero, the mechanism has a bad global performance and as 
the GCI approaches one the mechanism has a good global performance. Therefore, we 
should make the optimization objective GCI  maximization. 

4.2 The Global Gradient Index 

The global gradient index reflected the average deviation level of the kinematics 
performance in the working space, and cannot reflect the fluctuation properties of 
mechanism in the working space. F.A.Lara-Molina [13] proposed the global gradient 
index, which represented the fluctuation information of the local performance index, 
and defined as 

max 1 / ( )
W

GGI Jκ∇ = ∇                               (12) 
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Where, the local gradient condition number can be expressed as  

1 / ( ) 1 / ( ) 1 / ( ) 1 / ( ) 1 / ( )
1 / [ , , , , ]

J J J J J

x y z

κ κ κ κ κκ
α β

∂ ∂ ∂ ∂ ∂∇ =
∂ ∂ ∂ ∂ ∂

               (13) 

GGI is approximately equal to the maximum value of the local gradient throughout 
the workspace. As the gradient is bigger, so the fluctuation of the kinematics dexterity 
is greater. That means the kinematics performance of the parallel robot manipulator is 
up and down in the entire workspace. If the gradient is small, the kinematics 
performance of the mechanism in the working space is more stable. Therefore, the 
global gradient index should take the smallest value in the whole working space. 

4.3 The Workspace Analysis  

The workspace of parallel robot manipulator can be divided into constant orientation 
workspace and the dexterous workspace. Because of rotation around z axis 
constrained by the institution, so the mechanism doesn’t have the dexterous 
workspace. In this paper, we established the GCI based on the constant orientation 
workspace, according the Section 4.1, we need to solve the workspace [14]. The 
workspace can be expressed as 

{ }( , , ) | ( , , ) 0W x y z R f x y z= ∈ ≤                         (14) 

Where, ( , , ) 0f x y z ≤ denoted the constraint condition, namely, 
(1) The active chains length constraints can be expressed by 

min maxl il l≤ ≤                                     (15) 

Where maxl denoted the maximum link length, il denoted the link length of the i th 

link, and minl denoted the minimum link length;  

(2) The rotational angle of the spherical joint and the Hooke joint and their constraint 
can be computed by 

maxos( / )u i i uarcc l eb lθ θ= ≤i                         (16) 

maxcos( / )s i i sarc l ea lθ θ= ≤i                         (17) 

Where, ea , eb represented the unit normal vector of the moving platform and fixed 
platform, respectively. maxuθ , maxsθ represented the max angle limitation of the Hooke 

joint and Spherical joint, respectively. 
(3) The mechanism was non-singular configuration, namely, the determinant of the 
Jacobian matrix was not equal to zero. 

In order to obtain the position workspace of 4-UPS-UPU parallel manipulator 
quickly, we set the structural parameters of the parallel robot manipulator as, 
respectively: the circumcircle radius of the moving platform 0.06ar = m, the 

circumcircle radius of the fixed platform 0.15br = m, the maximum shrinkage limit of 

the active chains are 0.05 m ,the maximum elongation limit is 0.25 m , the maximum 



 Kinematics Dexterity Analysis and Optimization 7 

 

angle of the Hooke joint and the Spherical joint are both 
3

π
. The translation ranges of 

the moving platform when 0α β= = are x [ 0.1 ,0.1 ]m m∈ − , y [ 0.1 ,0.1 ]m m∈ − , 
z [0.05m,0.2m]∈ . The workspace is drawn using software MATLAB, as shown in 
Fig.2. 

 

 

Fig. 2. Workspace of the 4-UPS-UPU parallel manipulator 

5 The Multi-objective Optimization Problem of 4-UPS-UPU 
Parallel Robot Manipulator 

5.1 The Optimization Model 

The scale parameters of the parallel manipulator were radii of the moving 
platform ar and the fixed platform br . Select the link length of the active chains il , and 

angle of the Hooke joint uθ  and Spherical joint sθ as the constraint conditions, the 

optimization objective functions for GCI and the GGI , then the multi-objective 
optimization model can be expressed as 

1

2

max ( r )

max - (r r )
a b

a b

f GCI r

f GGI

=⎧
⎨ =⎩

、

、

                               (18) 

   s.t. 
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0.05 0.325
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3
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5.2 The Optimization Results Analysis 

Isight software integrated MATLAB, which adopted design of experiment and 
optimal algorithm to solve the maximum value of GCI and the minimum value of 
GGI [15]. The design of experiment (DOE) used the optimal Latin hypercube method 
and optimal algorithm used multi island genetic algorithm (MIGA).  
Genetic algorithm parameters configuration are as follows:  

Total population size: 100; 
Sub population number: 10;  
The number of the island: 20; 
The total number: 100;  
Cross probability: 0.8;  
Migration rate: 0.45;  
Interval algebra migration: 5; 
The ratio of the individual to participate competition: 1;  
The number of elite individuals of the next generation: 1;  

In the multi-objective optimization process based on Isight, the samples points in 
the design of experiment were calculated and eliminated the values which were 
inconsistent with the constraints, and the values which were satisfied the constraints 
would access to the optimization part and conducted the multi-objective optimization 
solution. After several genetic iterations, we can obtain the Pareto frontier of the GCI 
and the GGI.  

We can obtain the main effect diagram and Pareto diagram between design 
variables and objective functions from the design of experiment, as shown in Fig.3 to 
Fig.6. We can get the Pareto frontier between the GCI and the GGI and the feasibility 
of the design of optimization at the end of the MIGA optimization, in the following 
Fig.7 and Fig.8. 

 

Fig. 3. The main effect between the design 
variables and GCI 

Fig. 4. The main effect between the design 
variables and GGI 
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Fig. 5. Pareto diagram of the Global Condition 
Index 

Fig. 6. Pareto diagram of the Global 
Gradient Index 

 

 

Fig. 7. Pareto frontier of the global performance 
indices 

Fig. 8. The feasibility of the optimal design 

 

As is shown in the Fig.3 and Fig.4 above, we can see that the design 
variables ar and br have a large effect on the global performance indices GCI and GGI , 

and there is a linear relationship. From Fig.5 and Fig.6, 2
br , the square of the design 

br , has a big contribution to GCI approximately sixty percent (the blue denoted the 

positive effect). Secondly, ar has a big impact on the performance GGI (the red 

denoted the negative effect). The cross term a br r− has a small effect on the GCI . The 

influence trend of the design variables is substantially the same 
between GCI and GGI . Distribution from the Pareto solution in Fig.7, we can see that 
the Global Condition Index and the Global Gradient Index were the conflicting 
indices. If the GCI increased, simultaneously, the GGI would improve. Multi-
objective optimization was different from the single objective optimization, not to 
obtain a solution of the function. Due to the conflicting of the multi-objective 
function, the Pareto solution may not be dominant. But if we simply optimize a target, 
we may make the other performance index poor.  

P 
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As can be seen in Fig.8, the feasibility of the optimization design was more than 
seven, which indicated it was feasible to optimization design. What’s more, the red 
box represented the recommended design point. In this paper, we choose P point as 
the optimal solution, and the best variables are revealed in Table 1 (Fig.8). 

Table 1. Results comparison before and after optimization 

 ar  br  GCI  GGI  

Before optimization 0.06  0.15  0.28  0.08  
After optimization 0.044  0.198  0.46  0.1  

 
The result shows that the kinematics dexterity increased, but loss the gradient index. 
So the designers need to weigh the results according to the specific application. 
 

  

Fig. 9. Local dexterity before optimization 
when 0.08z =  

Fig. 10. Local dexterity after optimization 
when 0.08z =  

Through the comparisons between Fig.9 and Fig.10, we can see the kinematics 
dexterity increased obviously after optimization, in the position 0x = , 0y = , 0.08z = , 
has the best dexterity, and the value is close to one. Due to the symmetry of the 
mechanism, the dexterity was also symmetric distribution in the workspace. By 
weighing comprehensively, we can choose P point as the design optimization 
solution. 

6 Conclusion 

(1) In this paper, 4-UPS-UPU parallel manipulator with a five-degree of freedom was 
studied, and the kinematics model and the Jacobian matrix were established. 
Considering the kinematics performance in the workspace, we introduced the GCI 
and the GGI as the evaluation criterion of the kinematics dexterity. 

(2) We established a mathematical model of the global index on the workspace; 
and we constructed the multi-objective optimization model of 4-UPS-UPU parallel 
manipulator. In order to obtain the global performance value, we must solve the 
workspace firstly. 
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(3) Multi-objective optimization research was conducted on the basis of the 
multidisciplinary design optimization software Isight, adopted the design of 
experiment and the multi-island genetic algorithm to optimize the 4-UPS-UPU 
parallel manipulator, and obtained the Pareto solutions.  

(4) We choose the optimal solution from the number of the solutions in reasonable 
selection and determined the structural parameters and optimization parameters. The 
results between before and after optimization show that the kinematics performance 
improved highly. The methodology in this paper paves the way for providing not only 
the effective guidance but also a new approach of dimensional synthesis for the 
optimal design of general parallel mechanisms. 
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