Chapter 7
Harmonic Maps

7.1 Analytical Properties

Harmonic maps are stationary points of the Dirichlet energy in the set of vector
fields that attain their values in a given target manifold, e.g., the unit sphere. Related
problems arise in various applications and the problem of computing harmonic maps
serves as a mathematical model problem for constrained minimization problems on
infinite-dimensional spaces. We will consider the case of computing harmonic maps
into the unit sphere S”~! = {s € R™ : |s| = 1}, i.e., unit-length vector fields, but
notice that a large class of target manifolds can be treated with the same ideas. We
thus aim at approximating minimizers u € </ for

1 2
I(u) = 5 [Vu|”dx
2

with the set of admissible vector fields
o ={ve H'(2;R™) : [v(x)] = 1 forae. x € 2, |, = up).

The function up € L2(I'p; R™) on the nonempty set Ip C 952 is assumed to admit
an extension 7ip € H!(£2; R™) with |up(x)| = 1 for almost every x € £2. We
briefly summarize the main properties of harmonic maps and refer the reader to the
textbooks [9, 12] for more details.

7.1.1 Existence and Nonuniqueness

The existence of minimizers is established by the direct method in the calculus of
variations.
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184 7 Harmonic Maps

Theorem 7.1 (Existence) There exists a minimizer u € <7

Proof Since up admits an extension to a unit-length vector field field up € .« there
exists an infimizing sequence (1) jen C & with lim; oo I (uj) = inf ¢ I (v).
Since uj; — up € Hﬁ(Q; R™), we have that (u;) jen is bounded in H'(£2; R™).
A subsequence converges weakly to a vector field u € H'(£2;R™) with u| n =
up. To show that u € </ we notice that the subsequence converges strongly in
L%(£2; R™), and hence there exists a further subsequence that converges pointwise
almost everywhere to u. Therefore, |u| = 1 almost everywhere in £2, i.e., u € «.
The weak lower semicontinuity of / implies that # is a minimizer. ]

Remark 7.1 The proof shows that the set <7 is weakly closed.

The essential condition that 7 # ¢} may be difficult to verify in practice even if
up € L>(I'p; R™) is smooth and satisfies |up(x)| = 1 for almost every x € 3£2.

Example 7.1 (Nonexistence) For £2 = Bj(0) C R? and up(x) = x there is no
function up € H'(£2;R?) with iplse = up and |up(x)| = 1 for almost every
x € £2. This is a consequence of the Hopf—Poincaré formula and Brouwer’s fixed
point theorem.

Due to the invariance of the Dirichlet energy under rotations, we cannot expect
harmonic maps to be unique.

Example 7.2 (Nonuniqueness) Let 2 = (0, 1), Ip = 92 = {0, 1}, m = 3, and let
u: (0, 1) — S2 be minimal for

1
1
I(u) = E/|u’|2dx
0

in the set of functions v € &/ with v(0) = e and v(1) = —e for some ¢ € S2.
Then for every rotation Q € SO3) = {R € R3>3 . RTR = Iz, detR = 1}
with Qe = e, we have that & = Qu is another minimizer. The harmonic maps
ui(x) = [cos(x),0,sin(mx)]", x € (0,1), and u» = Quy, where Q € R3*3
realizes a rotation by 7 about the first coordinate axis, with identical Dirichlet energy
are shown in Fig.7.1.

L

Fig.7.1 Two harmonic maps on £2 = (0, 1) with the same boundary values and identical Dirichlet
energy; the length of the arrows is scaled for graphical purposes
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Remarks 7.2 (i) Harmonic maps can be approximated by penalizing the pointwise
constraint, e.g., considering for ¢ > 0 the Ginzburg-Landau regularization

1 2 e’ 2 2
I.(u) = 3 [Vul|“dx + e (Jul” — 1)~ dx
2 2

and investigating the limiting behavior of minimizers (u;)¢~0 as € — 0.
(i) Formally, a harmonic map u and the Lagrange multiplier A associated to the
length constraint define a saddle-point for the functional

1
L(u,)) = E/|W|2c1x Jr/x(|u|2 —1)dx.
2 2

7.1.2 Euler-Lagrange Equations and Nonregularity

The Euler-Lagrange equations define a nonlinear partial differential equation.

Theorem 7.2 (Euler-Lagrange equations) Let u € o7 be stationary for the Dirichlet
energy. Then we have
(Vu, Vw) = (|Vu|2u, w)

forallw € H}\(2; R™) N L®(2; R™).

Proof Letw € H'(2; R™)NL®(2; R™)and e > Obesuchthate||wl zo (@) < 1/2.
We then have that |u(x) + rw(x)| > 1/2 for almost every x € §2 and every r € R
with |r| < e. It follows that the map

p u(x) +rw(x)
u'(x) = ——=
lu(x) + rw(x)]

belongs to H'(£2; R™) and satisfies [u"| = 1 in £2 and u”" |, = up. Since ud =

we have that the function ¢ — I (") is minimal at » = 0. We note that

u?

d

o "=w—u(u-w).

u
r=0

A differentiation shows that

d
0= 2] =3 f1a-ade- s wir

dr
t=1g

and the orthogonality (deu) -u = 0for £ = 1,2, ..., d implies the assertion. |
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Definition 7.1 Solutions u# € &/ of the Euler-Lagrange equation are called
harmonic maps (into the sphere).

Remark 7.3 The function A = |Vu|*> € L'(£2) is the Lagrange multiplier associated
to the pointwise constraint |u(x) 12 =1.

Solutions of the Euler-Lagrange equations are in general neither energy
minimizing nor regular.

Example 7.3 (Nonregularity) Let 2 = (—1, 1)3 and up(x) = x/|x| forx € I'p =
082. Thenu(x) = x/|x| forx € §2 satisfies u € &7 and is a harmonic map. Moreover
u is minimal for 7 in the set of vector fields in .«

Remarks 7.4 (i) For d = 2, harmonic maps are smooth.

(ii) If d = 3, then energy minimizing harmonic maps u are partially regular in
the sense that u is smooth in £2 \ S for a set § with %I(S) = 0, e.g., a set of
points. Harmonic maps that are not globally energy minimizing can be discontinuous
everywhere.

7.1.3 Compactness

The lack of uniqueness and regularity of harmonic maps makes it difficult to quantify
stability properties. The weaker concept of compactness shows that accumulation
points of (almost) harmonic maps are again harmonic maps, i.e., that bounded subsets
of the set of harmonic maps are weakly compact. The key to this property is the
following equivalent characterization of harmonic maps. We restrict ourselves to the
case m = 3 for ease of presentation.

Lemma 7.1 (Equivalent characterization) Let m = 3. The function u € < is a
harmonic map if and only if

d
(Vu, Viu x ¢]) = Z(agu, ux dgp) =0
(=1
forall ¢ € H5(.Q; R3) N L%°(£2; R3). This is the case if and only if
(Vu,Vw) =0

forallw e Hé(.Q; R3) satisfying u - w = 0 almost everywhere in $2.

Proof (i) Let u € </ be a harmonic map. Then the choice w = u X ¢ in the Euler—
Lagrange equations, the fact that u - (1 x ¢) = 0, and the identity

(Oeut, d¢[u x @]) = (Qeu, u x 9¢)
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for?¢ =1,2,...,d imply the first characterization. The second one is an immediate
consequence of the Euler-Lagrange equations if w € Hﬁ(.Q; R3) N L®(£2; R?)
with w - u = 0 in £2. A truncation argument shows that this is satisfied for all
we HI])(.Q; R3) with w - u = 0 almost everywhere in 2.

(i1) Assume that the first equation of the lemma is satisfied and let w € Hﬁ(.Q; R3N
L>®(2; R3). For ¢ = uxw we have, due to the formulaa x (b xc) = b(a-c)—c(a-b)
that

uxq):ux(uxw)=(u-w)u—|u|2w=(u-w)u—w.

Moreover, we have for £ = 1,2, ..., d that
Oe[(u - wyul = (0¢ut - wyu + (u - 9gw)u + (u - w)oeu.

With d,u - u = 0 this implies that
d
0= Z [(Beu, (u - w)deu) — (eut, Bew)] = (IVulPu, w) — (Vuu, V)
=1

which proves that u is a harmonic map.

(ii1) Suppose that the second characterization is satisfied and let ¢ € HI%(.Q; RN
L®(£2; R3). The function w = u x ¢ satisfies u - w = 0 so that the first characteri-
zation holds. ([

Remark 7.5 The condition that (Vu, Vw) = 0 for all w € HJ(£2; R?) satisfying
u - w = 0 shows that u is stationary with respect to tangential perturbations.

The equivalent characterizations imply the following weak compactness result
which will serve as a guideline to prove convergence of numerical approximations.

Theorem 7.3 (Weak compactness) Let (%) jen C HI%(.Q; R3Y be a sequence of
functionals with ”%j”f’rl)(-@)’ — 0as j — oo, and assume that (uj)jeN C o is
such that

(Vuj, Vw) = (|Vuj|2uj, w) +Zj(w)

forevery j € Nandall w € H]é(.Q; RH N L®2;RY). Ifu € H'(2; R3) is such
that uj — u in Hl(.Q; R3) as j — oo, then we have u € </ and u is a harmonic
map.

Proof The weak closedness of <7 implies that u € <7. For every ¢ € ng(.Q; R3 N
C®(22;R% and j € N, the choice of w = u; x ¢ yields, using dgu j - (eu j X ) = 0,

d
D @uujuj x ded) = Rj(uj x ).

=1

Since u; — u in L2(£2;: R3) and Oguj — Ogu in L?(£2; R?), we have
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(Opuj,uj x 9¢p) = (e j, u X 9¢p) + (dpuj, [uj — ul X dep)
— (3gu, u X 3(¢>)

as j — ooforl =1,2,...,d. Employing Z; — 0in H];(Q; R3)’ and thatu; x ¢
is bounded in Hﬁ(.Q; R3), we also have

%j(uj X ¢) — 0

as j — oo. Altogether we find that u satisfies

d
> (@ou.u x de¢) =0

=1

for all ¢ € Hﬁ(.Q; R?) N C®(2; R?). A density argument shows that this identity
holds for all ¢ € Hﬁ(.Q; R3) N L®(£2; R3) so that Lemma7.1 implies that u is a
harmonic map. (]

Remarks 7.6 (i) The equivalent characterization of harmonic maps involving the
cross product allowed us to use that the product of a weakly and a strongly convergent
sequence is weakly convergent. We remark that the identification of the limit of the
square of a weakly convergent sequence is difficult in general and a passage to a limit
in the Euler—Lagrange equations for harmonic maps does not imply that the limit is
a harmonic map.

(i1) While the existence of harmonic maps into general target manifolds other than
the unit sphere can be established analogously, related compactness results are false
in general. For d = 2 and sufficiently smooth target manifolds, regularity and
compactness can be proved, cf. [11].

7.1.4 Harmonic Map Heat Flow

The harmonic map heat flow is the L?-gradient flow of the Dirichlet energy subject
to the unit length constraint and is given by

du — Au=|Vul*u, lu(t,)| =1, u(0) = uo, ulr, = up, dulr, =0

for almost every ¢ € [0, T']. To avoid very irregular solutions, it is important to
construct solutions that satisfy an energy law.

Theorem 7.4 (Existence) Given ug € H'(§2; R™) with |ug(x)| = 1 for almost
every x € £2, there exists u € H'([0, T1; L?(§2; R™)) N L>®°([0, T1; H'($2; R™))
such that |u(t, x)| = 1 for almost every (t, x) € [0, T] x £2, u(0) = uy,

Bpu, w) + (Vu, Vw) = (|Vul>u, w)
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for almost every t € [0, T] and all w € Hﬁ(.Q; R™) N L®(£2; R™), and

T/
1w(Ty) + / 1l dr < 1(uo)
0

Sor almost every T' € [0, T1.

Proof The result follows from the convergence of numerical approximations proved
below. (]

Remark 7.7 Uniqueness of solutions is known within the class of energy decreasing
solutions if d = 2.

Solutions of the harmonic map heat flow can develop singularities in finite time.

Example 7.4 (Finite-time blowup [8]) Let 2 = B;(0) C R2, Iy = 982, and
up = uo|ry, for ug defined for b > 0 by

1
uo(x) = — (xy sinh(|x]), x2 sin h(|x]), |x| cos h(|x]))

x|

for x € £2\ {0} and h(r) = br?. If and only if b > m, the corresponding solution
of the harmonic map heat flow is singular in the sense that there exists 7, > 0 with
lim; 7, [[Vu(t)|| L (2) = 0.

7.2 Numerical Approximation

We discuss in this section the approximation of harmonic maps and employ arguments
from [1, 3, 5, 6, 10].

7.2.1 Discrete Harmonic Maps

Itis straightforward to verify that the only polynomial vector fields that are pointwise
of unit length are constant vector fields. Therefore, the constraint cannot be imposed
almost everywhere on polynomial finite element functions. The following proposition
shows that it is sufficient to impose the constraint at the nodes of a triangulation,
cf. Fig.7.2.

Proposition 7.1 (Nodal constraint) Ler (.9},),~0 be a family of regular triangula-
tions of 2 C RY and let (up)p-0 C H'(§2; R™) be such that u, € . ()" and
lup(z)| = 1 forall z € N, and every h > 0. If uj, — u in H'(£2; R™) for some
u € H'(2; R™), then we have |u(x)| = 1 for almost every x € £2.
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Fig. 7.2 The unit-length
constraint is only imposed at
the nodes of the
triangulation; the linearly
interpolated vector field may
violate the constraint
between two nodes

Proof We have .%,|u,|> = 1 for every h > 0 and hence by nodal interpolation
estimates and D?uy,|7 = 0 for every T € .7}, that
2

ln? = 1] oy = Nunl? = Talunl® | 27y < hFID* nl*ll 207y

= ch | [Vun*ll 2y = chT I Vunll ooy | Vunll 2y

The inverse estimate || Vuy || oo () < ch;1 lupllzeory = ch;1 and a summation over
T € , imply
2
lunl> = 1| < chlVu]|

and prove that |up| — 1 in L%(£2) as h — 0. Since also |uj| — |u| ash’ — 0
almost everywhere in £2 for an appropriate subsequence 4’ > 0, we deduce |u| = 1
in £2. O

The proposition motivates minimizing the Dirichlet energy restricted to finite
element functions that satisfy the boundary conditions and the unit-length constraint
at the nodes of the underlying triangulation.

Theorem 7.5 (Discrete harmonic maps) Assume that tip., € ' ()" satisfies

lup.p(z)| = 1 forall z € N, and up , = up.p|ry,- There exists a minimizer uy € <,
for I in the set of discrete admissible vector fields

oy ={vy € SUT)™ ()| = 1 forall z € Ny, v, = up,p)-
The function uy, € <, is stationary for I in the set of functions in <7, if and only if
(Vup, Vwp) =0
for all wy, € Fylup] with
Fnlun] = {wn € BT 2 wi(2) - ui(z) = 0 forall z € A}
Proof The functional I is coercive and continuous on .7%,, and this implies the exis-
tence of a minimizer. To verify the second statement, let u;, € <7, be stationary

for I and let w, € %p[uy]. For every r € R, we have that |uj(z) + rwh(z)|2 =
lun(2)|? + r?|wp(z)|> = 1 for all z € 4} and we may define
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. up(z) +rwp(z)

B Z/V un @ + rwn @1

uZ:,ﬂh(uh+rwh)

lun + rwh

For every z € .4}, a Taylor expansion at r = 0 shows that
w5 (2) = u(2) + rwa(2) + r26,(2)

for a function &, € 5%(%)’”. Therefore, if uy, is stationary for 7, we have

o1

0 = lim —(I(uZ) — I(uh)) = (Vuyp, Vwy).

r—0r

Conversely, assume that (Vuy,, Vwy,) = 0 for all w, € Fplup]. If (u)),e(—ee) is a
continuously differentiable path in .7, with wg = uj, then we have

uy =up +rwp + ¢ ()&,

with a vector field &, € 5”5(%)’”, a function ¢ such that ¢(r)/r — O asr — 0,
and wy, € 5’5(9},)’” defined by

d
wp(2) = o rzow;l(z).

Since |u2(z)|2 = 1forevery z € A, and r € (—¢, ), we have wy(z) - up(z) =0
for all z € A7, i.e., wy, € Fp[up]. This implies

I(up,) = I(up) +r(Vup, Vwp) + ¢ (r)(Vup, V&) + I (rwy + ¢ (r)én)
and thus, using (Vuy, Vwy) = 0, we have (I(uZ) — I(uh))/r — 0Oasr — 0,1e.,
r + I (uj) is stationary at r = 0. (I
The theorem motivates the following definition.

Definition 7.2 A function u, € <7, is called a discrete harmonic map if
(Vup, Vwy) =0

for all wy, € .Z),[uy].

Remark 7.8 The space of admissible test functions .%j,[u;,] may be regarded as the
tangent space of .7, at uy,. In particular, a discrete harmonic map is stable with respect
to discrete tangential perturbations.

The compactness result of Theorem7.3 implies the convergence of discrete
harmonic maps as # — 0. For ease of presentation we again restrict to the case
m = 3. The perturbation functionals %}, in the following theorem model an inexact
solution of the discrete problems.
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Theorem 7.6 (Discrete compactness) Let (up)p=0 C H L(2; R3) be a bounded
sequence of almost discrete harmonic maps associated to the sequence (I3)n=0,
i.e., for every h > 0, we have uj, € <, and there exists %), € Hﬁ(.Q; R3)/ with

(Vup, Vwi) = Zn(wp)

for all wy, € Fylup). If Z, — 0 in H]%(.Q; R™) and upj — up in L%(Ip) as
h — 0, then every weak accumulation point of (up)p=0 is a harmonic map.

Proof Letu € H 1(£2; R?) be a weak accumulation point of the sequence (u;)n~0
and without loss of generality, assume that the entire sequence converges weakly to
u,ie,up — uin HY(2;R¥ ash — 0. Proposition7.1 shows that |u| = 1 almost
everywhere in §2. Moreover, the weak continuity of the trace operator implies that
ulry, = up. Given ¢ € C®(2; R N HL(2; R?), set wy, = I, (up, x ¢). Then
wy € 5%(%)3 with wy(2) - up(z) = 0 for all z € A45,. An element-wise nodal
interpolation estimate and D?uy, |7 = 0 forevery T € .9, show that

IV O = un x ®)llz2ery < chr D wn x )l 27y
< chr (1Vunll 2oy IV@ Nl Loy + Nlunllo ) IVl L2 (ry)-

This implies that |Vwy| < ¢ and wj, —uj, x w — 0in H'(£2;R3) as h — 0.
Therefore, we have

Enwn) = Vup, Vwp) = (Vuy, Viug x o) + (Vup, Viwy — up x ¢1)

with
Vup, Viwp —up x ¢1) = 0

as h — 0. For the other term on the right-hand side, we have

d d

> Beun, delun x @) = D (e, un x de)

=1 =1

and since u, — u in L2(§2; R3) and Vu, — Vu in L2(2; R3*3) as h — 0, we

deduce that y

0= lim (Vup, Viuy x $]) = ;(aeu, u X ).

This proves that u is a harmonic map. (]
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7.2.2 Iterative Computation

The iterative computation of discrete harmonic maps is based on the computation of
tangential corrections that define a new approximation after a node-wise projection
onto the unit sphere. The following algorithm may be regarded as a discrete version
of the H!-flow for harmonic maps which is formally defined as

(Vou, Vw) = —(Vu, Vw) + (|Vul?u, w).

For w with w - u = 0, the second term on the right-hand side disappears. Moreover,
wehave d;u-u = 0if |u(¢, x)| = 1 foralmostevery (¢, x) € [0, T]x 2. We employ a
semi-implicit discretization of this problem to compute approximations vﬁ of 9, u(ty)
to find discrete harmonic maps with bounded energy. In particular, the linearized
constraint will be treated explicitly, which leads to linear systems of equations in
every time-step. The approach is illustrated in Fig.7.3.

Algorithm 7.1 (Discrete H'-flow [1]) Letu!) € 7,0 €[0,1],and > 0 and define
the sequence (uﬁ)k:()’l,m C /), by computing vﬁ € I [uﬁ_l] such that

(VK Vwp) + (VIub ™' + 00051, V) =0

for all wy, € %, [u’,fl] and setting

K Z uﬁfl(z) —i—rvﬁ(z)

up = —1 Pz
Sl @)+ @)

until | V|| < &gop-

Proposition 7.2 (Termination I) Assume that 9}, is weakly acute. The iterates
(u];l)kzo,h,,, C ), of Algorithm7.1 are well defined and satisfy

L
1 T 1
Euw,%nz + Q4200 —1)7 D> IVIE < 5||Vu2||2
k=1

Fig. 7.3 The iteration of
Algorithm 7.1 computes
corrections vf, in the tangent
space of the unit sphere at
the current iterate ul,‘fl and
then employs a projection
onto the unit sphere to define
the update u’,i
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for every L > 1. In particular, if T(1 — 20) < 2, then the iteration terminates and
the output uj € <), satisfies

(Vuj,, Vwp) = Zn(wp)

for all wy, € Fpluy) and || % | HL(@:Rmy = (1 4 07)é&st0p-

Proof Given u];l_l € 7, the space .7, [ul;l_l] is a closed subspace of YB(%)’" and
the Lax—Milgram lemma implies the existence of a uniquely defined v’fl € I [ul;l_l]
with

(VK Vwi) + (VIuk ™ +000k1, V) = 0

for all wy, € ﬂh[uﬁ_l]. Since Iulfl_l(z)l = 1and vﬁ(z) . ul;l_l(z) =O0forall z € A7,
we have |u];l_l(z) + rvﬁ (z)] = 1 and u]fl € 7, is well defined. The mapping

s/ls| if [s| = 1,

K if [s] <1

F:.:s—

is Lipschitz continuous with || D F'|| o gy = 1 so that Proposition 3.2 implies
k—1
IVujl < IV~ + ol

The choice of w, = v];l in the equation of Algorithm7.1 and the formula 27 (a +
0th)b = (a + th)* — a® + t2(20 — 1)b? show that

1 _ 1 _ T
AR Envwz Loy — ;uwz N2+ (20 - DIVVE? =o0.

A combination with the bound for || Vu’;l || and a multiplication by t, together with a
summation over k = 1,2, ..., L, imply

L
1 T 1
EIIWﬁIIZ + Q4200 —1)7 > IV < 5||Vu2||2.
k=1

This yields that || Vv{f | < efor K > Osufficiently large and the functions uj = u }If -1

and v = vK satisfy
(Vu;‘;’ th) = _(1 + Gr)(VvZ, th)

for all wy, € Fp[u}]. Setting Z,(w) = —(1 4+ 607)(Vv;, Vw) forw € Hﬁ(Q; R™)
proves the assertion. [

Remarks 7.9 (i) The proof of the proposition shows that we have the local energy
decay property ||Vu];l|| < ||Vu£_1|| for all k > 1.
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Fig. 7.4 A triangulation .7}, 1
that is weakly acute if and } {
onlyif 8 > 1/2 29 28 z
<o 21 22 % |P
23 24 5

(ii) Note that for all choices of 0 the large step size T = 1 leads to a stable and
convergent iterative scheme.

The acuteness property is necessary in general to guarantee that the projection
step is stable in the sense that ||Vu’,‘1|| < ||V[u§§7l + rvﬁ]”.

Proposition 7.3 (Necessity of acuteness) For B > 0, let T}, be the triangulation
of 2 = (0,1) x (0, B) shown in Fig.7.4, and let T > 0. Let up, € . ()" and
vi € Fplun), be defined by up(zj) = e and vy (z;) =0 for j =3,4,...,10, and

up(z1) = ey, up(z2) = —ey,
vi(z1) = —(s/T)ea, vn(z2) =0,

where s = 1/2 — B and ey denotes the {-th canonical basis vector in R™. Then for
Puy, € ST defined with 1y, = uj, + tvy by

~ up(z)
P _ on\s7
@ = ol

forall z € Ny, we have ||V Puy|| < |Vuy|| if and only if T}, is weakly acute, i.e., if
and only if p > 1/2.

Proof Since |uj(z)| > 1 for all z € .4, Proposition 3.2 implies that |V Puy| <
|Vuy| if 7, is weakly acute and this is the case if and only if 8 > 1/2. Suppose
that 8 < 1/2. Then with the entries A j, j,k = 1,2, ..., 10, of the stiffness matrix
and the identity u,(z;) = Pun(z;) for j = 2,3,4,..., 10, the representation of
[ Vwy || in terms of the nodal values of wy, and the entries of A, cf. the proof of
Proposition 3.2, we have that

10
~ ~ 1 ~ ~
O = I\Vinll® = IV P I* = =5 > Aj(lin(z)) = in (@)
Jk=1
— | Piin(zj) — Pt (z0)l?)
10

= _ZAlj(ﬁZ/’l(Zj) - ﬁh(Z1)|2

j=2


http://dx.doi.org/10.1007/978-3-319-13797-1_3
http://dx.doi.org/10.1007/978-3-319-13797-1_3

196 7 Harmonic Maps
— |Pli(z)) — Piipz)P).
We have |, (z1) — in(22)1> = 4 + 52 and [iy,(z;) — un(z1)|* = s* and

17 = |Plin(z1) — Piin(z2) > = 2+ 2/(1 + s/,
3 = |Piiy(zj) — Piip(z2)> =2 —2/(1 +sH'/?

for j =3,4,...,10.Since 12| Aj; =0 wehave >} A; = —Aj — Ay and
hence ' ‘
82 = (s> —1)(A1 + A) — Ap@ 45> —1})
= A (s? - tzz) —Ap@+ t22 - tlz)'

Direct calculations show that
A= (1282 +5)/4B), A= (1—48%)/4p).
With ¢ (s) = (1 +52)1/2 — 1 —s%/2 and % = 1/4 — 5 + s> we verify that

4B(1 45717267 = (1287 +5) (s* /2 + 57 (s) — 26(s)) — (1 — 4p%) (257 + 46 (s))
= (8 — 125 + 125%) (s*/2 + s%p (s) — 20 (5))
—16(s = s7)(s?/2+ ¢ (5))
= —8s® + 125" — 657 + 65° + ¢ (s)( — 165 — 1257 + 125%)
= —653(1 = 25) — 65°(1 — 5) + 459 (5) (2 — 3s% + 35%)
— 2(s3 + 8¢(s)).

Since 0 < s < 1/2 and ¢(s) < 0, the first three terms on the right-hand side are
negative. The estimate —s*/8 < ¢(s) implies that the last term on the right-hand
side is nonpositive. This shows § < 0 if B < 1/2 and proves the assertion. |

7.2.3 Projection-Free Iteration

The acuteness condition of Proposition 7.2 is restrictive if d = 3 but allows for large
step sizes. In the continuous situation we have that the identity u - 9,u = 0 implies that
the initial length is preserved. In the discrete setting a semi-implicit discretization
of this orthogonality leads to approximations that violate the constraint when the
projection step is omitted, cf. Fig.7.5.

Algorithm 7.2 (H'-flow without projection) Let ug € o), T > 0, and define the
sequence (u’;l)kzo,l,,_, c .Z1(F,)™ by computing vﬁ € .7, [uﬁ_l] such that
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Fig. 7.5 Omitting the 1-\;)3[ (2)
projection step in the
semi-implicit H'-flow leads

to approximations that m TV%( 2)
violate the unit-length \
constraint; the corresponding

errorin L1(2) is
independent of the number

of iterations and controlled
by the step size

(V. Vwy) + (VIup ™ 4 1)1, V) = 0
for all wy, € ﬁh[ul,‘l_l] and setting

u];, = uﬁ_l + rvllj

until [[VVE || < egtop.-

The following proposition shows that the violation of the constraint is independent
of the number of iterations and controlled by the step size.

Proposition 7.4 (Termination II) The iterates (u’;l)kzo,]w c YT of
Algorithm’.2 satisfy u’;l|pD =upfork=0,1,...and

L
1 T 1
SIVEE P+ @+ 02 S IV = SV
k=1

for every L > 1. Moreover, we have every L > 1 that
|l P] =11 g < cTlVupl®.

Proof Due to the Lax—Milgram lemma the iteration is well-defined and the choice
w';l = vﬁ“ shows, using the formula 2t (a + th)b = (a + th)? — a? + 72b2, that

247 1 1 _
S IV + IV = Va2 =0
which implies the first asserted estimate. For every z € .47, we have
lup @1 =1 =lu "' @F + @1 — 1

and inductively with |u2(z)| = 1, we find that

L
uf@PF —1=1>>" W)

k=1
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The discrete norm equivalences of Lemma 3.4 yield

/)| Il 2] = 1 gy = 22 b llu @ =1

7€M,
L L
2 dy. k 2 2 k2
<2 D> R @ < et D] IR
k=1 ze k=1

Poincaré’s inequality and the first estimate of the proposition imply

L
|l P] = 1 1y < €T DIVRIP < et Vaupl?,
k=1

which proves the proposition. (]

We conclude the discussion with a lemma which shows that the approximate
treatment of the constraint at the nodes implies that it is satisfied by accumulation
points in the limit (&, 7) — 0.

Lemma 7.2 (Constraint approximation) If (), )~ is a bounded sequence in H' (§2;
R™) such that up, € SY(F)™ forall h > 0, up, — wu in L*>(2; R™) for some
ue H (2;R™) ash — 0, and

170 [lun*] = i1y — O

as h — 0, then we have |u|*> = 1 almost everywhere in £2.

Proof Two applications of the triangle inequality show that

el = 1l L1 (e
2 2 2 2 2
< el = lun PNl 12y + Munl® = Zallun® 21y + 1nlunl?] = 1l )

Due to the assumptions of the lemma we have that the third term on the right-hand
side tends to zero as i — 0. Since

2 2
el ™ = funl"l L) < llu —unllllu 4wyl

we have that also the first term on the right-hand side vanishes as 7 — 0. We use
Hoélder’s inequality and a nodal interpolation estimate to verify thatforevery T € .7,
we have

d/2
I A R [P [ A (T [

dj2,2 2 2 2 2
< chy 2 WE 1D un Pl 2y < hFIVuR 2.
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With a summation over T € .7}, we deduce for the second term that
2 2 2 2
Nunl> = Za[lunl* ]l @) < ch*IVunl®.

Since the upper bound vanishes as & — 0, this implies that [u|> = 1. (]

7.2.4 Other Target Manifolds

The ideas outlined above can be generalized to approximate harmonic maps into tar-
get manifolds other than the unit sphere. We let .#Z C R™ be an (m — 1)-dimensional
C?-submanifold and let T,.# denote the tangent space at p € .# . Moreover, we let
7wy Us(AM) — A be the nearest neighbor projection onto .# which is uniquely
defined in a neighborhood Us(.#) = {q € R™ : dist(p, .#) < 8} of .4 for some
8 > 0. The function 7r_y satisfies |_4(q) —q| = inf ,c 4 |p—ql|forallg € Us(A4).
If # = 0% for a convex set € C R™, then 7_y is well defined in R™ \ %

Definition 7.3 Given up ; € .7 (.Z},)™ with @ip ,(z) € .# for all z € A, set
= {up € ST uplry = up,plr, and uy(z) € A forall z € J%,}
and for u;, € <7, let
Fnlup] = {vh € 5’5(%)’" 2vin(2) € Ty, o) forall z € J%,}

With these definitions we can define the following generalization of Algorithm 7.1.

Algorithm 7.3 (H'-flow for general target manifolds) Let u2 € ofj and T > 0 and
define the sequence (u’,‘l)kzo,l,m € ), by computing v’,ﬁ € .7 [u];f]] such that

(Vv Vwn) + (VIuy ™"+ 1vj], V) =0

for all wy, € %, [u],fl] and setting

uf = > W @) + (@)
z€NMp

until | V|| < &gop.

Remarks 7.10 (i) Well-posedness of the algorithm requires that t be sufficiently
small so that ulfl_l(z) + rvﬁ(z) € Us(A) for all z € M, cf. Fig.7.6. If 4 = 0¢
for a convex set %, then this is always satisfied.

(ii) A stability proof employs an expansion of 7, and the fact that Dr_y (s)|7, . =
idy, 4 provided that .# isa C 3_submanifold.
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Tk (2)

Us () M =3C

Fig.7.6 The projection of u/;l_l (2)+ rv’fl (z) onto the target manifold is in general only well defined
within a tubular neighborhood of . in the case of nonconvex manifolds and a step-size restriction
needs to be imposed (left); for boundaries of convex sets no restriction on the step size is required
(right)

(iii) The projection step can be omitted if an appropriate version of a shifted tangent
space is available, e.g., if .# = g~'({0}) for an appropriate function g : R” — R.

7.2.5 Practical Realization

The implementation of Algorithm7.1 requires working with discrete vector fields
up € V(7)™ which are given by

up = Z Uuz@;

zeM,

with coefficients u, = uj(z) € R™ forall z € .4},. The function uj, will be identified
with the vector U € R™! defined by

with L = #.4}. The constraint u;(z) - v4(z) = 0 for all z € 4}, for a vector
field v, € (7)™ is then equivalently imposed by By V = 0 with the matrix
By € REXL defined through

uZ 0

0 ul 0
By = 2
0
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sothat ByV = [ug - vy, Uz - Vg, oony llygy - vZL]T. The solution of the linearly
constrained linear problems is based on the fact that we have

ByV =0, W'S,V=WT'"b forall W € ker B

if and only if there exists A € R’ such that

Sm By 1[V] _[b

By O Al |0’
where S, is the P1 finite element stiffness matrix for vector fields with m compo-
nents. A MATLAB implementation is shown in Fig.7.7.

7.3 Approximation of Constrained Evolution Problems

The iterative schemes discussed above are discrete H'-gradient flows for harmonic
maps and can be modified to provide approximations of the L2-gradient flow
of harmonic maps. We show that this leads to convergent approximations of the
harmonic map heat flow. In addition to this we analyze discretizations that preserve
the constraint without an explicit correction of the iterates. We also discuss the appli-
cation of the developed techniques to a hyperbolic problem. The presentation is based
on results from [2, 4, 7].

7.3.1 Harmonic Map Heat Flow

The harmonic map heat flow is the L?-gradient flow for the Dirichlet energy that
is constrained to unit-length vector fields. In the strong form it seeks a function
u:[0,T] x £ — R™ such that |u| = 1in [0, T] x £2 and

du — Au = |Vul’u, ulp, =up, Oulr, =0, u(0)=ug,

where I'p may be empty. The following proposition provides useful equivalent char-
acterizations for the practically relevant case m = 3.

Proposition 7.5 (Equivalent formulations) The following formulations are equiva-
lent for a functionu € H' ([0, T1; L?(82; R3))NL>®([0, T1; H'($2; R?)) satisfying
lu(t, x)| = 1 for almost every (t, x) € [0, T] x £2:

(i) For almost every t € [0, T] and every w € H&(.Q; R3) N L®(2: R3), we have

@y, w) + (Vu, Vw) = (|Vu|>u, w).
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function hl_flow_hm(d, red)

[c4n,nde,Db,Nb] = triang_cube(d); Db = [Db;Nb]; c4n = c4n-.5;
for j = l:red

[cd4n,nde,Db,Nb,—,~] = red_refine(c4n,nde,Db,Nb);
end

theta = 1/2; tau = 2; eps_stop = le-4; nC = size(c4dn,1);
dNodes = unique (Db); fNodes = setdiff (1:nC,dNodes);

FNodes = [3+xfNodes-2,3xfNodes-1, 3xfNodes-0];

nDb = size (dNodes,1l); nF = size (fNodes, 2);

fe_matrices (c4n,nde); SSS = sparse(3x*nC,3x*nC);

3
k:3:3xnC; SSS(idx,idx) = s;

u = zeros (3*«nC,1);
for j = 1:nC
u(3+«j-[2,1,0]) = u_0(cd4n(J,:));
end
for j = 1:nDb
u(3+«dNodes (J)-[2,1,0]1) = u_D(cd4n(dNodes (J),:));
end
Flist = [FNodes, 3*xnC+fNodes];
norm_corr = 1;
while norm_corr > eps_stop
B = sparse (nC, 3xnC);
for j = 1:nC
B(j,3+3-[2,1,0]) = u(3%j-[2,1,0])";
end
X = [SSS,B';B,sparse(nC,nC)1];
b = [-(l+theta*tau) " (-1)*SSS*u;zeros(nC,1)1]1;
x = X(Flist,Flist)\b(Flist);
v = zeros (3xnC,1);
v (FNodes) = x(1:3xnF); tu = uttauxv;
norm_corr = sqrt (v'xSSSxv);
for j = 1:nC
u(3%xj-[2,1,0]) = tu(3%«j-[2,1,0]) /norm(tu(3x3-[2,1,01));
end

show_pl_field(c4n,u); axis square; view(30,30); drawnow;
end

function val = u_D (x)
val = [x/norm(x),zeros(l,3-size(x,2))];
function val = u_0(x)

val_tmp = rand(l,3)-.5;
val = val_tmp/norm(val_tmp) ;

function show_pl_field(cé4n,u)
[nC,d] = size(c4n); X = [c4dn,zeros (nC,3-d)];
quiver3(X(:,1),X(:,2),X(:,3),u(l:3:3%nC),u(2:3:3%nC),u(3:3:3%nC));

Fig. 7.7 Iterative approximation of harmonic maps into the sphere $2 incorporating a projection
step which can be deactivated by uncommenting the command u = tu;
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(i) For almost every t € [0, T] and every w € Hs(.Q; R3) with w(x) - u(t,x) =0
for almost every x € §2, we have

0;u, w) + (Vu, Vw) = 0.
(iii) For almost every t € [0, T and every ¢ € H]%(.Q; R3) N L®(2: R3), we have
(01, ¢) — (Vu, V[u x (u x ¢)]) = 0.

Proof The proof is similar to the proof of Lemma7.1. Assume that formulation (i)
is satisfied. If w(x) - u(x, ) = 0, then the right-hand side vanishes and a truncation
argument shows that formulation (ii) holds. Using the identity w = u X (u X ¢) =
u(u-¢)—¢ implies the equivalence of (i) and (iii). Finally, (iii) follows from choosing
w=u X (u X ¢) in (ii) and noting that d;u - u = 0. O

Remark 7.11 The equivalence of (i) and (ii) can also be established for functions
with values in R" with m # 3.

7.3.2 Semi-implicit, Linear Schemes

The L>-flow of harmonic maps can be approximated by replacing the H'-inner
product in Algorithm 7.1 by the L>-inner product. As in that algorithm, the projection
step can be omitted leading to a violation of the unit length constraint that is controlled
by the step size independently of the number of iterations or time steps. As above
we denote

oty = {vn € ST (@) = 1forall z € A, valr, = up,i}
and given any u;, € .'(.7},)", we denote
Fnlun) = {vw € SB(T)"™ vi(@) - up(z) = 0forall z € ;).

Here and throughout the following the set I may be empty.

Algorithm 7.4 (Discrete Lz—ﬂow with optional projection) Let u2 e 7,0 €[0,1],

computing fork = 1, 2, ..., K the function v’h‘ e [u],‘l_l] such that
Wk wa) + (VI ™" 4 67vi], Vi) =0

for all w, € %, [MIZ_I] and setting ii’,‘l = ull‘l_l + tv’h‘ and
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~%
k _ ~k k _ uy, (2)
Uy =1uy, Or up= E m%-
ety Tk

We discuss the stability properties of the algorithm for the case 6 = 1.

,,,,,

Algorithm7.4 for 6 = 1.
(1) If the projection is omitted, then we have V’,ﬁ = d,uﬁ fork=1,2,..., K and for
L=12,...,K

L
1 T 1
IV 7 37 (SIVAf I + 1) = SVl P,
k=1
PAARNE 1||L1(.<2) = <ot

(ii) If the projection step is included and if 9, is weakly acute, then uﬁ € ) for
k=0,1,..., K andforevery L =1,2,..., K, we have

L
1 T 1
SIVUfIP 43 (GIVAIR + 417) < S 1VvugiP,
k=1
L

k k
T D v — dufllpi o) < cot.
k=1

Proof The well-posedness of Algorithm 7.4 follows as in the case of Algorithm7.1
with the help of the Lax—Milgram lemma and the fact that |ﬁ];l ()] = 1forallk > 1
and z € Aj,.

(1) Assume that the projection step in Algorithm 7.4 is omitted. We then have vﬁ =
dyuk and the choice of wy, = d,u¥ yields

d T
lldeu I* + 3’||Vuﬁ||2 + §||thulf,||2 =0.

A summation over k = 1,2,..., L and multiplication by 7 prove the stability
estimate. Forall z € A4, andk = 1,2, ..., L, we have

luk ()1 = |ul 1 (2) + tduk (D1 = [~ @1 + Plduk (2))?

and inductively it follows with |u2(z)| = 1 that

L
lup @1 = 1= ldup ).
k=1
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Multiplication by hg the norm equivalences of Lemma 3.4, and the stability estimate
imply, as in the proof of Proposition 7.4, that

L
| Ialluh P] = 1] 1y < €7 D lldiuh 1 < cxl| Vad |
k=1

(ii) If the projection step is included, then the choice of w;, = vl,j shows that
1 _ _ T
Va7 + - (V@™ 4 Tl = 1V P) + S 1vl* =0,

Since .75, is weakly acute and u’,‘l(z) = F (ﬁﬁ(z)) for all z € .4, with the
Lipschitz continuous mapping F(s) = s/|s| for |s| > 1 and F(s) = s otherwise,
Proposition 3.2 implies as in the proof of Proposition 7.2 that

k k—1 k
IVupll < IVIw, " + v ]Il
With this, a summation over k = 1,2, ..., L, and a multiplication by 7, the previous

identity implies the asserted stability estimate. To prove the estimate for the difference
v];l — dtu];l, let z € 44, Then

~k
_ uy(z)  _
T (diuy(2) = vi(2) = up(2) — ()~ (@) + TV (2) = ——— — T (2).
|k (2)]
With the identity
‘s—ijz‘i“m—u: lls| — 1|
st Ts
for every s € R™, it follows that
t|douf () — Vi@ = |laf @] — 1| = [lu} " @) + v @) — 1.

The relations u];l_l(z) . vlh‘ (z) =0and |u];l_l(z)| = 1 and the estimate (1 + s2)!/2 <
1 4 s2/2 imply that

1/2

k() + k) = (1+2pi@1P) 7" < 1+ 2@ )2.

A combination of the estimates and a summation over z € .4}, yield

> hdiug () = vi@l < T D @I
ze€NM zeM,

Norm equivalences and the stability result imply the asserted estimate. [
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Remark 7.12 Under the conditions of Proposition 7.6 we have the local energy decay
property ||VuX | < [Vu} =" forall k > 1.

The stability estimates provide a priori bounds for the numerical approximations
which allow us to pass to the limits for appropriate interpolants. Given the iterates
(Mh)k —0.....k of Algorithm 7.4 we define the interpolants i, ; : [0, T] x £ — R™,
“hr : [0, T] x 2 — R™ and Vit [0, T] x 2 — R™ fort € (t_1, tx) with
t =kt and x € §2 by

—~ Ik =1 j_q I —1k—1
up(t,x) = Tu (x) + Tuh(x),

u}zr(t,x)—uh (X) uhf(t x)—uh(x)

+
vh’r(t, X) = vh(x).
For ease of presentation, we again restrict the presentation to the case m = 3.

Theorem 7.7 (Convergence) Suppose that Iy = #, ul) — ug in H'(2;R?)
as h — 0, and that 9, is weakly acute for every h > 0 if the projection
step is carried out. Then every accumulation point of the sequence (u}—:_r)h,r>0 in

L°°([0, TT; H! (£2; R3)) as (h, t) — 0is a weak solution of the harmonic map heat
flow.

Proof Step 1: Selection of a weak limit. The stability bounds of Proposition 7.6 imply
that the sequences (”}tr)h,wO and (V;t-[)h,r>0 are uniformly bounded in the spaces
L°°([0, TT; Hl(.Q; R3)) and L2([0, T1; L2(.{2; R3)), respectively, so that after the
extraction of a subsequence which is not relabeled, we have the existence of u €
L°°([0, T]; H'(£2; R3)) and v € L%([0, T]; L2(£2; R3)) with

wf, ~*u in L0, T]; H'(2; RY),
vi = v in L*([0, T]; L*(2: RY)

as (h, ) — 0. Since vhr oy, — 0in L2([0,T]; LY(2;R3) as T — 0 we

deduce that u € H' ([0, T]; L*($2; R3)) and v = d,u.

Step 2: Verification of the energy law. From the stability bounds we have for almost
every T’ € [0, T] up to a subsequence that Vuh (T',) — Vu(T’,-). The weak
lower semicontinuity of norms induced by inner products shows that

T/

1 1
5||Vu(T/)||2+/ 18,u )| dr < znwou2

for almost every T’ € [0, T].
Step 3: Unit-length constraint. An interpolation estimate and Dzuh,r |r = 0 for all
elements R € .7}, yield for every ¢ € [0, T'] that
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[l P] = 1 P oy = ARITP R [ D1y ]
< c|RI" IRVl 117

L2(R)
LY(R)

= ch}IRI[Vunc g |* < chg Vi 2o g

In the case of no projection we have
Il (£ )P = 1) < et

while for the scheme including the projection step we have, cf. the proof of
Proposition 7.1,
e, (2, )P = 1 < chl| Va2, ).

The triangle inequality yields that |u}tr| — 1in L([0, T] x £2) in both cases, i.e.,
that |u(¢, x)| = 1 for almost every (¢, x) € [0, T] x £2.

Step 4: Attainment of initial data. The weak continuity of the trace operator and

“2 — u%in L2(£2; R¥ ash — 0 prove u(0, -) = uop.

Step 5: Passage to the limit in the equation. It remains to show that the function u
solves the partial differential equation. For this, we choose ¢ € L2([0, T]; C*(£2;
R3)) and define w ™) = =uy, . X ¢ and

Whe = fh[u;f_, x ¢].

For this function we have u; (¢, z) - wp ¢ (¢, z) = 0 for almost every ¢ € [0, T'] and
every z € .4j,. Moreover, we have using Dzuh,f |r = O for all elements R € .7}, that
IV ™ —wi o)l 2ry < chrID? [y, % 91l 12k

= hR(”VMh,r”LZ(R)||V<P||L2(R) + ||Mh,r||L2(R)||D2<P||L2(R))-

A summation over R € .7}, shows that wy, ; —w/" — 0in L>°([0, T]; H'(£2; R?))
as (h, ) — 0. The equation of Algorithm 7.4 yields

Wi oo Wheo) + (VIug 4+ TV 1 Viwg) = 0

1/2,,+
/ vy, is uniformly

for almost every ¢ € [0, T]. Due to Lemma7.6 we have that t
bounded in L2([0, T]; H'(£2; R?)) and hence the term

T T

[ Va2 o P ar) /nv wi P ar)

0 0

converges to 0 as (h, ) — 0. We write
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T T T
/(Vu;,r’ Vwy ) dt = /(Vu;’t’ Vw(h,r)) dr + /(VM,ZT, Viwpr — W(h,r)]) dr
0 0 0

and note that the second term on the right-hand side converges to 0 as (i, 7) — 0,
while for the first term on the right-hand side we have

T T

d
/ (Vitj, . Vw0 dr = / 2 Oty Deluy - x gDt
0 o t=1

+
S
—
M=~
~~~
>
o~
<
=
3
=
=
3
|
=
X
)
o~
<
N
o
o

This implies that for (4, ) — 0, we have

T T

/(V[u,;r + vy 1 V) dt — /(w, Viu x ¢])dt.
0 0

Finally, we verify that

T T
/(VZ, wh,r) dt = /(VZ, ux @)+ O, lun —ul x @) + v wp e —w P dr
0 0

T
— /(8,14, u x ¢)dt
0
as (h, t) — 0. Altogether we have proved that u satisfies
T
/(8,14, ux @)+ (Vu,Viu x ¢])dt =0
0

for all ¢ € L?([0, T]; C*(£2; R?)). Choosing ¢(t, x) = p(t)w(x) we deduce that

O, u xw) + (Vu, Viu x w])dr =0
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for all w € C*®(£2; R?). A density argument proves that this is satisfied for every
we HY(2;RHNL®(2;R3).Forgp € H'(2;RHNL®(2; R andw = u x ¢,
we verify with the identities u X (u X ¢) = (u - ¢)u — ¢ and d;u - u = 0O that

—(Ou, @) + (Vu, Vu x (u x ¢)1) =0

for almostevery t € [0, T]. According to Proposition 7.5 this implies that u is a weak
solution of the harmonic map heat flow. (|

7.3.3 Constraint Preservation

The third characterization of solutions of the harmonic map heat flow in Proposi-
tion 7.5 reads in the strong form that

oru +u x (u x Au) = 0;

this reveals a symplectic structure and implies that the L?-flow of harmonic maps
is constraint preserving, i.e., if |ug(x)| = 1 for almost every x € £2, then we have
lu(t, x)| = 1 for almost every (¢, x) € [0, T'] x §£2. We consider the case I'p = @ for
ease of presentation.

Lemma 7.3 (Constraint preservation) Let u € L°°([0,T]; H L(2;R3)) satisfy
du € L2([0,T1; L*(82; R?)) and u(0, ) = ug with ug such that |ug(x)| = 1
for almost every x € §2. Assume that

(Oru, @) + (Vu, Vu x (u x ¢)]) =0

for almost every t € [0, T] and every ¢ € HY(£2:R3) N L®($2; R?). Then we have
lu(t, x)| = 1 for almost every (t,x) € [0, T] x £2.

Proof Let p € C*(R") be a nonnegative function with |[po|l.1(p,) = 1 and
suppp C Bj1(0). Given ¢ > 0, set p.(x) = p(x/e) for x € §2. For xo € £2 the
choice of ¢ = p. (- — xp)u implies that

d1 s 0 o
77 7 1@ D17 pe) (x0) = (Gru, peut) = 0,

ie., ([u(T', ) % pe)(x0) = (Juo()|* * pe)(xo0) for every T’ € [0, T]. Noting that
(lu(t, )|* % pe)(x0) = |u(t, xp)| as & — 0 implies the assertion. (I

The lemma motivates the development of numerical schemes that preserve the
length-constraint in a discrete sense. For the Crank—Nicolson type discretization of
the strong form

did® + i =2 5 @12 x AUy = 0
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we observe that testing with «¥~1/2 = (u* + u*~1)/2 formally yields the length-
preservation property
diluk|* = 0.

To obtain this property for a fully discrete scheme, reduced integration has to be
incorporated. We define the discrete Laplacian Zhuh e Z1(F,)3 of a function
up € ()’ by _

(Apup, vi)p = —(Vup, Vvy)

for all vy, € Z1(F,)3.

Algorithm 7.5 (Constraint-preserving iteration) Let ug e YT with
|u2(z)| = 1 forall z € 4, and © > 0 and define the sequence (u];l)k:()
V()3 such that

.....

k—1/2 k—1/2 ~ k—1/2
(dridk, pyn + @y x P Ry T, o = 0

for all ¢, € .21 (F)3.

To establish the well-posedness of the algorithm, we note that a corollary of
Brouwer’s fixed-point theorem states that if @ : R® — R” is continuous with
®(s)-s > 0forall s € R” with |s| > R for some R € R, then there exists s* € R”
with [s*| < R and @ (s*) = 0.

Proposition 7.7 (Stability and constraint preservation) There exists a sequence
(uﬁ)kzo ,,,,, xk C LNT)? that solves the scheme of Algorithm7.5. We have
|MIZ(Z)| =1fork=0,1,...,K and

L
1 1
EIIVu;fllz +1 Y lduy]® < §||Vu2||2.
k=1

Proof Letk > 1 and define @), : .7'(7,)3 — .Z1(Z)3 by

2 . -
Dy (vp) = ?(Vh —uyhH + Ipvin x (v x Apvp)].

The function @}, is continuous and the Cauchy—Schwarz inequality, employing that
(Inwn, vidn = (wp, vp)p forall vy, wy, € 71 (%)3, proves that

2 k-1 1 LTI
(@Pr(vr), vidn = ;(Vh —u, V) = ;”Vh”h - ;lluh [

ie., (@,(vp), vi)n > 0 for all vy, € .Z1(F)3 with |lvallp > ||u];l_l||h. Brouwer’s

fixed-point theorem thus implies that there exists r,kl e .1(%,)? with @, (r,kl) =0

or equivalently that u';l = 2r,]§ - ulfl_l solves
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k—1/2 k—1/2 ~ k—1)2
0= d,uh—i—ﬂh[ 2 % (u, / X Apuy, / )],

ie.,
k—1/2 k—1/2

(e, w4 % s Ly x Ry L win = 0

for all w, € ()3 For z € A}, and the function w;, = [uﬁ_l/z(z)]goz, the
properties of the discrete inner product imply that

k—1/2 -1/2
/ /)h

k—1/2

/3zdz|uh(z)| —ﬂzd,uh(z) u, (2) = (dtuh ‘quh
(uk 172 [uk 12 R, uk 1/2

= B (uy, F1202) x [uk 2(2) x Zhu

)h
@]1) - u

]Qoz

k— 1/2 k 1/2

(z) =0,

|uﬁ(z)| = |uk_l(z)| and inductively the assumption |u2(z)| = 1 implies

k—1/2

|uh(z)| =1.Forwy = Zhu , we obtain

k—1/2 k—1/2

X Z Lt
k—
1/2) (

k—1/2

dt”V”h”h + ”’4
(Vd,uh, Vu,,
= —(d,uh, Zhu

I
k—1/2

x [u,

—1/2
k/><

) — (uy,

k—1/2 k 1/2 k—1/2

]Zu
xl ]Z

X Apu
k—1/2
[uh

)h
12y g

The choice of wy, = d,u’,‘l shows that

k—1/2 ~ k12 k—12
Ik 117 = — Gy 5 Al 2 % douby,

~  k=1/2 k 1 k
< lluf " x Apul, /||h|| 2% dud |l

and with |uk 1/z(z)l < 1 for every z € .4}, we deduce ||d,uh|| < ||uk V2
Zhuh 1/2 lln. A combination of the last two estimates, multiplication by t, and a
summation over k = 1, 2, ..., L thus prove the asserted bound. |

Remarks 7.13 (i) The stability bound implies unconditional convergence to a weak
solution of the harmonic map heat flow.

(ii) The existence of the iterates in Algorithm 7.5 was established by Brouwer’s fixed
point theorem which is nonconstructive and in fact the iterates may not be uniquely
defined. If T < ch2 in» the following linear iteration is constraint-preserving and

converges to the unlquely defined function u* s 12 et rg = u];l_l and define the

sequence (rf)¢=o.1... C () via

2 o, 2 .
Sk i+ f < [ X At L e = = @b g
T T

for all ¢, € .71 (F,)3.
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7.3.4 Approximation of Wave Maps

Wave maps are solutions of the wave equation subject to a pointwise unit-length
constraint. They solve the partial differential equation

8t2u — Au = \u

in [0, T] x §2 with a Lagrange multiplier A : [0, T] x £ — R associated to the
constraint |u(t, x)| = 1 for almost every (¢,x) € [0, T] x £2 and subject to the
boundary condition d,u = 0 on [0, T] x 952 and the initial conditions u (0, -) = ug
and 0,u(0, -) = u;. Qualitatively, similar partial differential equations arise in general
relativity and particle physics. Wave maps may also be regarded as harmonic maps
on [0, T] x £ for the Dirichlet energy defined with the Minkowski metric on the
R+ time-space domain, i.e., they are stationary for

T
1
I,(u) = 5//|Du|§,dtdx
0 Q
: _ 2 _ .2 2 2 d+1 :
with Du = (8;u, Vu) and |v|; = —vg + v+ ---v; forv € R*"". An important

feature of solutions for the wave map equation is the energy conservation property
that the mapping

1 2 1 2
t> I(u(t, ), du(t, ) = E/|a,u(z, | dx—i—E/Wu(t, )]* dx

Q Q
is constant as a function of ¢ € [0, T'].

Definition 7.4 Given ug € H'(2;R") and u; € L%(22;R™), a wave map is a
function u : [0, T] x £2 — R™ such that

(@ u e H'([0, T]; L2(2; R™) N L*([0, T1; H'(2; R™)),

(b) |u(t, x)| = 1 for almost every (¢, x) € [0, T] x £2,

(c) forallw e C2°([0, T); C>®(£2; R™)) with u(z, x) - w(t, x) = 0 for almost every
(t,x) € [0, T] x £2, we have

T
~ | @ 8wy + (V. Tyt = G O,
0
(d) the initial data u is attained continuously by u as t — 0in H'(£2; R™),

(e) for almost every T’ € [0, T], we have

I(u(T', ), 9u(T', ) < I(uo, ur).



7.3 Approximation of Constrained Evolution Problems 213

The algorithm for approximating wave maps is a modification of Algorithm7.4
for the approximation of the harmonic map heat flow. The sets <%, and .%, [u];l_l] are
defined as above.

Algorithm 7.6 (Wave map approximation) Let u2, vg e .1 ()™ with |u2 @) =1

.....

K = [T/t] by computing vﬁ € I [u],f]] such that

(v, wi) + (VIuh ™ 4+ ook ], V) = 0

for all wy, € ﬁh[uﬁ_l] and setting with i), = ul,‘l_l + rv’;l

~k
k_ ~k k _ Z uy, (2)
Mh = uh or Mh = m(ﬂz
zetp ' h <

‘We have the following stability result.

Proposition 7.8 (Stability) (i) If no projection is carried out, then vﬁ = dtu];l Sfor
k=1,2,...,KandforL=1,2,..., K, we have

2 L
T 1 1
- > (v I + 19V, 117) = 5||v2||2 + 5||Vu2||2,
k=1

EATAR

Lo, 1 L2

~ ~|IV

2||vh -+ 2|| uy I~ +
- 1“L1(.Q) = CoT.

(ii) If a projection is carried out in every step of the algorithm and if J), is weakly
acute, then we have |ul;l(z)| = 1jfork =0,1,...,K and all z € N}, and for
L=1,2,...,K that

2

L
1 1 T 1 1
5||v,%||2 + Enwffnz + 5 > (v I + IVvp %) < 5||v2||2 + §||w2||2,
k=1

L L
”Vh — dluh ”LI(Q) E coT.
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function wave_maps (d, red)

[c4n,n4de,Db,Nb] = triang_cube(d); c4n = c4n-.5;
T = 10;

tau = 27 (-red)/4; K = ceil(T/tau);

for j = l:red

[c4n,nde,Db,Nb] = red_refine(c4n,nde,Db,Nb);
end
nC = size(cdn,1);
[s,m,—,~] = fe_matrices (c4dn,nde);

SSS = sparse (3xnC,3*nC); MMM = sparse (3xnC,3*nC);
for k =1 : 3

idx = k:3:3xnC; SSS(idx,idx) = s; MMM(idx,idx) = m;
end
u = zeros(3*nC,1); v = zeros(3*nC,1);
for j = 1:nC
u(3*«3-[2,1,0]) = u_0(cd4n(J,:));
v(3x3-[2,1,0]1) = v_0(cd4n (3, :));
end

for k = 1:K
B sparse (nC, 3%nC) ;
for j = 1:nC

B(3j,3%*3-02,1,0]) = u(3%xj-[2,1,0]);
end
X = [MMM+tau”2%SSS,B';B,sparse (nC,nC)];
b = [MMM*v-tau*SSS=*u;zeros(nC,1)];
x = X\Db;
v = x(1:3%nC);
tu = uttauxv;
for j = 1:nC
u(3xj-[2,1,01) = tu(3+«3-[2,1,0])/norm(tu(3x3j-[2,1,01));
end

show_pl_field(c4n,u); axis(.5+[-1,1,-1,1,-1,1]1);
view(30,18); drawnow; pause(.05)

end

function val = u_0(x)

d = size(x,2);

x = [x,zeros(1,3-d)];

r = norm(x); a = max(0,1-2*r) "4;

val = [2xa*x(1:2),a"2-r"2 1/(a"2+r"2);
function val = v_0 (x)

val = [0,0,0];

Fig. 7.8 MATLAB realization of Algorithm 7.6 for the approximation of wave maps
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Proof The choice of w, = v,’i yields

d, T 1 -~ _ T
E'IIVEIIQ + Eudtvﬁnz + Z(uwi Lok 2 = vy ?) + Euwﬁnz =0.

In the case of no projection, we have u];l_l + rv’;l = ul,‘l, and a summation over

k=1,2,..., L implies the stability bound. If u];l is obtained through a projection,

then it follows as in the proof of Proposition 7.6 that ||Vu';l I < ||V[u1;l_] + rv];l] Il
and again a summation over k = 1,2, ..., L implies the stability bound. The other
estimates follow as in the proof of Proposition 7.6. ]

Remark 7.14 The stability bounds imply the convergence of approximations to a
wave map.

Figure 7.8 displays a MATLAB realization of Algorithm7.6 that is based on the
implementation of Algorithm7.1.
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