Chapter 6
The Allen—Cahn Equation

6.1 Analytical Properties

The Allen-Cahn equation is a simple mathematical model for certain phase
separation processes. It also serves as a prototypical example for semilinear
parabolic partial differential equations. The presence of a small parameter that defines
the thickness of interfaces separating different phases makes the analysis challeng-
ing. Given ug € LZ(Q), e>0and T > 0, we seek a functionu : [0, T] x 2 — R
that solves

du — Au=—e2fu), u0)=ug, dul, g =0,

for almost every ¢ € [0, T] and with f = F’ for a nonnegative function F € C )
satisfying F(£1) = 0, cf. Fig.6.1. Unless otherwise stated, we always consider
F(s) = (s> — 1)?/4 and f(s) = s> — s but other choices are possible as well. We
always assume that |ug(x)| < 1 for almost every x € 2. For this model problem
we will discuss aspects of its numerical approximation. For further details on mod-
eling aspects and the analytical properties of the Allen—Cahn and other phase-field
equations we refer the reader to the textbook [7] and the articles [1, 2, 4, 6, 10, 11].
The Allen—Cahn equation is the L>-gradient flow of the functional

_1 2 -
I.(u) = 5 |Vul“dx + ¢ F(u)dx.
2 Q

Solutions tend to decrease the energy and develop interfaces separating regions in
which it is nearly constant with values close to the minima of F. We refer to the
zero level set of the function u as the interface but note that this does not define a
sharp separation of the phases. More precisely, the phases are separated by a region
of width ¢ around the zero level set of u often called the diffuse interface.
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Fig. 6.1 Double well potential F(s) = (s> — 1)?/4 and its derivative f(s) = s> — s which is
monotone outside [—1, 1]; solutions develop time-dependent interfaces I} that separate regions in
which u(z, -) ~ £1

6.1.1 Existence and Regularity
The existence of a unique solution u follows, e.g., from a discretization in time and
a subsequent passage to a limit.

Theorem 6.1 (Existence) For every ug € L2(2) and T > O there exists a weak
solutionu € H'([0, T]; H'(£2))NL>([0, T]; H'(2)) that satisfies u(0) = ug and

(Bu, v) + (Vu, Vv) = —2(f (), v)

for almost every t € [0, T] and every v € HY(0). If ug € HY(), then we have
ue HY([0,T]; L>(£2)) N L>([0, T]; H'(2)) and

T/
Lu(T") + / I8l dt < I (uo)
0

for almost every T' € [0, T].

Proof The existence of a solution follows from an implicit discretization in time that
leads to a sequence of well-posed minimization problems. Straightforward a-priori
bounds, together with compact embeddings, then show the existence of a weak limit
that solves the weak formulation. If ug € H'(£2), then we may formally choose
v = 0d:u to verify that

d 1 d
I3ul> + — = Vul? = —e 72— [ F(u)dx.
dt 2 dt
2

An integration over [0, T'] implies the asserted bound. This procedure can be rigor-
ously carried out for a time-discretized problem, and then the estimate also holds as
the time-step size tends to zero. O

Remarks 6.1 (i) Stationary states for the Allen—Cahn equation are the constant func-
tions u = £1 and u = 0. The state u = 0 is unstable.
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(ii) For 2 = R? a stationary solution is given by u(x) = tanh(x - a/ (ﬁs)) for
all x € R? and an arbitrary vector a € R¥. This characterizes the profile of typical
solutions for Allen—Cahn equations across interfaces.

Since the nonlinearity f is monotone outside the interval [—1, 1], solutions of the
Allen—Cahn equation satisfy a maximum principle.

Proposition 6.1 (Maximum principle and uniqueness) If u is a weak solution of the
Allen—Cahn equation and |ug(x)| < 1 for almost every x € 2, then |u(t,x)| < 1
for almost every (t, x) € [0, T] x §2. Solutions with this property are unique.

Proof Letu € H'([0, T]; H'(£2)") N L?([0, T]; H'(£2)) be the function obtained
by truncating u at £1, i.e.,

u(t, x) = min{l, max{—1, u(t, x)}}
for almost every (¢, x) € [0, T] x §2. Then d;u = d;u, Vu = Vu, and f(u) = f(u)
in {(t,x) € [0,T] x 2 : |u(t,x)| < 1} and d;u = 0, Vu = 0, and f(u) = 0
otherwise. The function u is therefore a weak solution of the Allen—Cahn equation.
If u — u # 0, then either u > u = 1 and

f)— f@) = f'@yw—u = f()wu—u) =2u—u)
oru <u=—1and
f) = f@) < frayw—u) = f'(=)u—u) =2(u—1u).

Altogether we find that almost everywhere in [0, T'] x £2, we have

(f) — f@) @ — i) = 2Ju — il
The difference § = u — u satisfies

(0:8,v) + (V8,Vv) = —e2(f(u) — f@), ),

and for v = §, we obtain
1d 2 2 —21e112
——1|8 V|- < -2 8.
2dt” 1=+ 1IV3ll© = =2 |I5]|

With 6(0) = 0, it follows directly that § = 0in [0, 7] x £2. If u; and u, are solutions
with |uq], |uz| < 1in [0, T] x §2, then we have

[ f(u1) = fu2)] < cplur — us|

almost everywhere in [0, T] x £ with ¢; = SUPser—1.1] | f/(s)|. The difference
8 = uy| — uo satisfies
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(@8, v) + (V8, Vv) = —e >(f (1) = f(u2),v)

and the choice of v = § leads to
1d _
Mnan% V81> < cre2|18%

An application of Gronwall’s lemma implies that u; = u,. ]

As for the linear heat equation, one can show that the solution is regular. The
corresponding bounds depend critically however on the small parameter ¢ > 0.

Theorem 6.2 (Regularity) If the Laplace operator is H* regular in 2 and ug €
H'(R2), thenu € L>([0, T1; H*(2))NH*([0, T]; H'(2))NH' ([0, T1; H*(£2))
and there exists o > 0 such that

T T
5 172 5 172 .
sup Nl + ([ el gy dr) 4 ([ Nl gy de) < e
tel0,7T] A A

If I, (ug) < c and | Aug|| < ce~2, then we may choose o = 2.

Proof The proof follows with the arguments that are used to prove the corresponding
statements for the linear heat equation, cf. [8]. U

6.1.2 Stability Estimates

In the following stability result we assume that an approximate solution satisfies a
maximum principle. This is satisfied for certain numerical approximations and the
assumption can be weakened to a uniform L°-bound. We recall that Gronwall’s
lemma states that if a nonnegative function y € C([0, T']) satisfies
T/
T =A +/a(t)y(t)dt
0

for all T’ € [0, T] with a nonnegative function a € L([0, T1]), then we have

T
Y(T') < Aexp (/adt).
0
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Together with a Lipschitz estimate, this will be the main ingredient for the
following stability result. Due to its exponential dependence on &2, it is of limited
practical use.

Theorem 6.3 (Stability) Let u € H'([0, T]; H'(22)) N L>([0, T]; H'(£2)) be
a weak solution of the Allen—Cahn equation with |u| < 1 almost everywhere in
[0, T] x 2. Let i € H'([0, T1]; H'(£2)) N L2([0, T1; H (2)) satisfy |u] < 1
almost everywhere in [0, T] x $2, and u(0) = ug, and solve

(011, v) + (ViI, Vv) = —e 2(f @), v) + (Z(1), v)

for almost every t € [0,T], all v € HI(SZ), with a functional X e LZ([O, TI;
H'(£2)). Then we have

T
sup |lu —ﬁ||2+/ IV (u — )% d
tel0,T] o

T
< 2(||u0 — ol +/ 12120 0y dt) exp ((1 4 2c 6™ H)T).
0
Proof With ¢y = sup;cp, ) |.f'(s)], we have

[f(s1) — f(s2)] < crlsy — 52|

for all s1, s, € R. The difference § = u — u satisfies
(8. v) + (V8, V) = —e 2 (f(u) — f (i), v) — (%.v)

for almost every ¢ € I and every v € H'(£2). For v = § we find that

1d _ ~
EEIIrSIIz + V812 < cre 218117 + 12 g1 oy 181 1 (2
B 1 =~ 1
< cre 21817 + SRz oy + S USI% + V8
1 -2 2 L ~0 1 2
< S +2er87 BN + S 1% gy + 5 IVSI%.

Absorbing the term |[V§]|?/2 on the left-hand side and integrating over (0, T")
lead to

T T T’
||8<T’>||2+/||va||2dr < ||3<0>||2+/||@||g1(9)/dr+<1+2cfe—2>/||a||2dr.
0 0 0
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Defining A = [|§(0)||% + fo ||%|| dt,b=(1+ 26f8_2), and setting

HY(R2)
t

y(t) = ||6(r)||2+/ V82 ds,
0

we have y(T') < A+a fOT/ y(t) dr; Gronwall’s lemma implies the estimate of the
theorem. 0

Remark 6.2 The functional Z models the error introduced by a discretization of the

equation so that we may assume that ||<%’(t) 12 iy S €€ ~P (h® +1P) for a mesh-size

h > 0 and a time-step size T > 0, and parameters «, 3, p > 0. If ||ug — u()||2 <hY,
then we obtain the error estimate

sup Jlu —a||? +/ IV —w)|1>dr < ce P (h*+1P +h?)exp (a+ ZCfsfz)T).
1€[0.7]

Even for the moderate choice ¢ ~ 107!, the exponential factor is of the order 1040
and it is impossible to compensate this factor with small mesh- and time-step sizes
to obtain a useful error estimate. In practice even smaller values of ¢ are relevant.

To obtain an error estimate that does not depend exponentially on ¢! and which
holds without assuming a maximum principle, refined arguments are necessary. The
following generalization of Gronwall’s lemma allows us to consider a superlinear
term.

Proposition 6.2 (Generalized Gronwall lemma) Suppose that the nonnegative func-
tions y1 € C([0,T]), y2,y3 € L0, TD, a € L*®([0, T)), and the real number
A > 0 satisfy

T/ T/ T/
y1(T/)+/y2(t)dt =< A+/a(t)y1(t)dt+/y3(t)dt
0 0 0

forall T € [0, T). Assume that for B > 0, B > 0, and every T’ € [0, T, we have

T’ T’
/y3(t)dt < B( sup P /(yl(t) + y2(1)) dz.
o tel0,7']

Set E = exp(fOTa(t) dt) and assume that SAE < (8B(1 + T)E)~'/F. We then
have
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T

T
sup Y1(l)+/y2(t)dt < 8Aexp(/a(s)ds),
0

t€l0,T]
0

Proof We assume first that A > 0, set @ = 8AE, and define

T/
Ig={T"€[0,T]:V(T")= sup yi(t) +/y2(t) dr < 6}.
1€[0,77] ,

Since y1(0) < A < 0 and since 7 is continuous and increasing, we have Iy =
[0, Ty] for some O < Tyy < T.Forevery T’ € [0, Tys] we have

T’ T’ T/
mwsf/mmmsA+/ﬁmmmm+Bsw.ﬁm/@mnwm»m
0 o te[0,T7] 0
T/
<A +/a(t)y1 ()dr + B+ T)o' P,
0

An application of the classical Gronwall lemma, the condition on A, and the choice
of 0 yield that for all T" € [0, Ty;], we have
T/
maﬁ+/nmmsm+3a+nwww§
0

IS

This implies V' (Ty) < 0, hence Ty = T, and thus proves the lemma if A > 0. The
argument is illustrated in Fig. 6.2. If A = 0, then the above argument holds for every
6 > 0 and we deduce that y; () = y2(t) =0 forall ¢t € [0, T]. O

Remark 6.3 The differential equation underlying the generalized Gronwall lemma
has the structure y' = y'*#. For B > 0, solutions become unbounded in finite time
depending on the initial data, e.g., for y/ = y2, we have y(t) = (f. — 1)~ with
te =Yy ! Therefore, an assumption on A is unavoidable to obtain an estimate on the
entire interval [0, T'].

Fig. 6.2 Continuation
argument in the proof of the
generalized Gronwall lemma
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Two elementary properties of the function f are essential for an improved stability
result. These define a class of nonlinearities that can be treated with the same argu-
ments.

Lemma 6.1 (Controlled non-monotonicity) We have f'(s) > —1 and

(f) = M) (s —7) = f1(s)s — 1) =3s(s —r)°
forallr,s € R.

Proof The lemma follows from the identities f'(s) = 3s> — 1, f”(s) = 6s, and
f""(s) = 6 together with a Taylor expansion of f. O

The controlled non-monotonicity of f avoids the use of a Lipschitz estimate.
To estimate the resulting term involving f’, we employ the smallest eigenvalue of
the linearization of the mapping u +— —Au + f(u(t)), i.e., of the linear operator
Vi —Av+ f(u(t))v.

Definition 6.1 For u € L*®([0, T]; H'(£2)) let the principal eigenvalue iac:
[0, T] — R of the linearized Allen—Cahn operator for ¢ € [0, T'] be defined by

V|12 + e 2(F (w@))v, v
hac() = — inf Vvl (J; (u(®)v, v)
veH (2)\{0} vl

Remarks 6.4 (i) As in the theory of ordinary differential equations, the principal
eigenvalue contains information about the stability of the evolution.

(i) If [u(t)| < 1in £2, then we have —Aac(#) > ¢% — 1 — cye 2 with the Poincaré
constant cp = sup,c g1y o} IVII/IIVIlg1 (@) and ¢p = supger_y 13 | f'(s)|. There-
fore, Aac() < 1+ &72. The evolution is stable as long as Aac(f) < c for an
e-independent constant ¢ > 0, and becomes unstable for Aac(¢) > 1.

(iii) For the stable stationary states u(f) = =*1, the choice of v = 1 shows that we
have Aac(f) = —2e~2 < 0, while for the unstable stationary state u(t) = 0 we have
rac(t) = &2

(iv) As long as the curvature of the interface I'; = {x € £2 : u(¢, x) = 0} is bounded
e-independently, one can show that A5c(¢) is bounded e-independently, cf. [4].

The generalized Gronwall lemma, the controlled non-monotonicity, and the prin-
cipal eigenvalue A ac can be used for an improved stability analysis. We first use the
non-monotonicity in the equation for the difference § = u — u tested by 6, i.e.,

%%IISIIZ +HIVSIP = —e72(f ) = f @), u— 1) — (#,9)

< — (S ) — 1), u— i)
+ 36 ull Loy lu = 135 ) — (£ 6).-
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The definition of Aac(#) implies that
—hacll8|> < V811> + e 2(f'w)s. 5)

and the combination of the two estimates proves that

1d . ~
5 77 1817+ 1V3I% < Aaclldl* + V812 + 362wl (@) 181175 ) + (2, 0).

By slightly refining the argument we may apply the generalized Gronwall lemma to
this equation. In the following theorem we employ the principal eigenvalue defined
by an approximate solution to the Allen—Cahn equation. This is in the spirit of
a posteriori error estimation to obtain a computable bound for the approximation
error. It follows the concept that all information about the problem is extracted from
the approximate solution.

Theorem 6.4 (Robust stability) Ler 0 < ¢ < 1 and u € H'([0, T]; H'(£2)") N
LZ([O, TI; H! (82)) be the weak solution of the Allen—Cahnfquation. Given a func-
tiontt € H'([0, T1; H'(£2))NL*([0, T1; H' (£2)) define % € L*([0, T1; H' (£2)))
through _

(A1), v) = (i, v) + (VII, Vv) + &> (f (@), V)

for almost every t € [0, T] and all v € H' (). Suppose that no, n1 € L?([0, T
are such that for almost every t € [0, T] and all v € H! (£2), we have

(Z(0),v) < no@ IVl +m OV

Assume that kac € L'([0, T1) is a function such that for almost every t € (0, T),
we have i i
~ v 2P )Y,
—ac(t) < inf Vv« + ()2‘ @) V)’
veH (D\(0) vl

and set (1) = 2(2 + (1 - ez)XAC(t))+. Define

T
e = I — DO + / 0+ e 20 di
0

and assume that

T
-3/2

_ _ 3/
nac < e*(6¢sllill Lo, 712202 (1 + T)) 1(8 exp (/Mx(t)dt)) ,
0
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then

T

T
sup ||u—Ellz—i—az/IIV(u—ZZ)szt < sn,icexp(/m(t)dz).
0

s€[0,T]
0

Proof The difference § = u — u satisfies
(88, v) + (V8, Vv) = e 2(f (u) — f(@D), v) — (%, V)

for almost every ¢t € [0, T]and allv € H L. Choosing v = §, using the assumed
bound for #, noting Lemma6.1, and using Young’s inequality we find

%%”5"2 +IVSIP = = (2, 8) — e 2(f @) — f(@), )

< noll8ll +mllIV8l — 72 (f' ()3, 8) + 3¢ [l () 181173
1 2 - & 2 2 =2 pl
= 2%+ 19l +7m S IV8IZ = (1 = )e™>(f @3, 8)

— (@8, 8) + 32 llwll o) 181135 -
The assumption on XAC (t) shows that
—dac®I81 < IVSI1* + & 2(f'@)3, ).

Multiplying this estimate by 1 — &% and using f’(#) > —1, we derive the bound

-2

1d
——I|5|| +Ivs)? =0 o + 118117 +7771+—||V5|| + (1 —&)acldl

2 2 2 -2
+ (I =eD)IVEIT+ 1817 + 3¢ IIMIILOO(Q)H(SIILz(Q)

[u——y

o2 2+(2+(1 —eHrao)l81?

N|°’NI\)I>—‘

JIVSIZ +3e 2l oo (2 181135 )
which leads to
d 2 2 2 2 -2.2 2 2= 3
S 1817 + 221 VSI? < ng + 720t + 81 + 662 @l L) 181175 )

2
Holder’s inequality and the Sobolev estimate ||v||L4(Q) < CS||V||H1(_Q) for v €
H'(£2) yield that



6.1 Analytical Properties 163

181175 g2, =/|6||a|2dx < 1181181174y < eslSNCISI* + IVSIP.  (6.1)
2

An integration of the last two estimates over [0, 7] shows that we are in the situation
of Proposition 6.2 with

i) = 8O, y20) = 21V, y3() = 62|l Lo () 18173 )

P T
and A = nic, B = 6~ *|lill L o,7):L0(2))cs, B =1/2,and E = exp ([, ;. dt).
The proposition thus implies the assertion. (]

Remarks 6.5 (i) The robust stability result can be proved for a class of nonlinearities
f satisfying the estimates of Lemma®6.1.

(ii) If the exponential factor is bounded by a polynomial in ¢!, then we have
improved the stability result of Theorem 6.3. We discuss this question below.

6.1.3 Mean Curvature Flow

The Allen—Cahn equation is closely related to the mean curvature flow that seeks for
a given hypersurface .#y C R¢, a family of hypersurfaces (M) tef0,1) such that

d—1
Vz—TH on .#;

for every t € [0, T']. Here, V is the normal velocity of points on the surface and H
is the mean curvature. For a family of spheres ((8 Bra (0)) 1€[0.7] centered at 0 with
positive radii R : [0, T] — R, we have ’

’ = ;

The family of spheres thus solves the mean curvature flow if

1

ie., if R(t) = (T. — t)/2, where T, = R(0)2. This equation has a blowup structure
and the solution only exists in the interval [0, T;), cf. Fig.6.3. To understand the
stability of the evolution, we linearize the right-hand side operator ¥ (R) = 1/(2R)
of the differential equation at the solution R(#) and obtain

~1 ~1
~Amer(t) = 2RO~ 2T, — 1)
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DOo="T%
Oo

T.

Fig. 6.3 A family of spheres that solve the mean curvature flow within [0, 7,); at t = T, the
surfaces collapse

We thus see that Ayicr is unbounded at ¢+ = T, when the surfaces collapse. This
reflects the occurrence of large unbounded normal velocities. Nevertheless, for every
T’ < T., we have

T/

-1
/)»MCF(I) dr = 7(log(Tc —T')—logT.).
0

Assuming that Apicrp & Aac, we will deduce below heuristically that the expo-
nential dependence of the stability estimate in Theorem 6.4 is moderate. To under-
stand the relation between the Allen—Cahn equation and the mean curvature flow let
(A1) ier0,11 be afamily of surfaces that solve the mean curvature flow. We assume that
for every t € [0, T], we have .#; = 352, for a simply connected domain §2, C R4
and let d_4 (¢, -) be the signed distance function to .#; that is negative inside £2;.
Given a trajectory ¢ : [0, T] — R? of a point xo = ¢(0) € ., i.e., we have
¢ (1) € A, forall ¢ € [0, T], its normal velocity given by

Vi(t,p @) =n(t, ¢ (1) - ¢ ().

Since d 4(t, ¢(¢t)) = 0 for all # € [0, T] it follows with n(t, x) = Vd_,(t, x) for
every x € ./, that

0=20ddyt ¢1)+Vdy(101) ¢'1),

ie., V(t,x) = —0dd 4(t, x) for every x € .#;. Noting that Dzd,/// = D(Vd y)
is the shape operator it follows that for the mean curvature we have (d — 1)H =
tr(D?*d y) = Ad 4. With V. = —H we deduce that 8;d , — Ad_y = 0 on .4,.
The function ¥ (z) = tanh(z/+/2) satisfies —" (z) + f (¥ (z)) = 0, and this implies

that for

Wb, x) = ¥ (—d‘/’g’ x))
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we have

vi—Av+ el f) = (dd gy — Adg) ¥ (dyle) —e 2 (W (dy/e)
+f(V(da/e)))
= N ad gy — Ad4) V' (d g /6).

Since 9;d ;4 — Ad 4 = 0 on .#;, we deduce that if d 4 is sufficiently smooth, then
the function g = 9;d ; — Ad_j grows linearly in a neighborhood of .#;, i.e., we
have |0;d y — Ad 4| < c|d 4|. Noting that the function v satisfies |zy'(z)| < c,
we find that

|5_1(8td/// — NV (dyle)| <c|(da/e)V (dale)| <c.

Therefore, the function v(¢, x) = ¥ (d_y (¢, x)/¢) solves the dominant terms of the
Allen—Cahn equation d,u — Au = —e 2 f (u) and serves as an approximation of the
solution in a neighborhood of width ¢ of the interface I';. The profile is illustrated in
Fig. 6.4. More details can be found in [5].

6.1.4 Topological Changes

The mean curvature flow provides a good approximation of the Allen—Cahn equation
in the sense that v(x, t) = v (dist(x, .#;)/e) nearly solves the Allen—Cahn equation;
the family I} = {x € £2 : u(x, t) = 0} is a good approximation of a solution for the
mean curvature flow. These approximations are valid as long as the interfaces .#; or
I'; do not undergo topological changes, i.e., as long as .#; or I'; does neither split nor
have parts of it disappear. This is closely related to the stability of the solution that
is measured by the principal eigenvalue Aac(¢). It can be shown and it follows from
the discussion of the mean curvature flow above, that A ac is bounded from above
independently of ¢ as long as the interface I is smooth and has bounded curvature.
When an interface collapses, large, unbounded velocities occur and the eigenvalue

T+1

I; T /)

+ -1 +-1

Fig. 6.4 A typical configuration of a solution of the Allen—-Cahn equation (/eft) and a solution
restricted to a line in the domain (middle) together with a magnification of the interface (right)
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Aac attains the upper bound Aac ~ £~2. This however only occurs on a time-interval
of length comparable to &2, the characteristic time scale for the Allen—Cahn equation.
Due to this fact, we have for the temporal integral of the principal eigenvalue that
occurs in the stability analysis

T
/AAC(t) dr ~ 1 + (# topological changes) log(fl).
0
The logarithmic contribution results from the transition regions in which Aac grows

like (7, — t)~! for a topological change at r = T... Integrating this quantity up to the
time 7, — &2, where Aac has nearly reached its maximum, reveals that

2

TC—82 ch—g
/AAc(t)de / (T, — 1)~ " dt ~ log(e ™).
T.—1 T.—1

The logarithmic growth in ¢~! of the integrated eigenvalue is precisely what is
affordable in the estimate of Theorem 6.4 to avoid an exponential dependence on & !
and instead obtain an algebraic dependence. A typical behavior of the eigenvalue is
depicted in Fig.6.5.

6.1.5 Mass Conservation

The Allen—Cahn equation describes phase transition processes in which the volume
fractions of the phases may change and the only stationary configurations represent

ol [o] s

QLAC (t)

& e t

Fig. 6.5 Two topological changes in an evolution defined by the Allen—Cahn equation; the topo-
logical changes are accompanied by extreme principal eigenvalues; the eigenvalue increases like
(T, — 1)~! before a topological change occurs at 7,
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single phases. This corresponds, e.g., to melting processes. In order to model phase
separation processes in which the volume fractions are preserved, a constraint has
to be incorporated or a fourth order evolution has to be considered. The latter is the
H~'-gradient flow of the energy I,, where H~(2) = X, is the dual of the space
Xo={ve H(2): [,vdx =0},1ie.,

Bu, v)—1 = —(Vu, Vv) — e 2(f (u), v).
Here, the inner product (v, w)_ is forv,w € H~1(£2) defined by
v, w)_1 =/V(—A—1V) V(—A"'w)dx,
2
where —A~!v and A~!w € X are the unique solutions of the Poisson problem
—Au = fin 2, dulye =0

with vanishing mean for the right-hand sides f = v and f = w, respectively. In the
strong form the gradient flow reads

Ju=—Ap, ¢ = Au—e">f(u),

together with homogeneous Neumann boundary conditions on 952 for # and ¢ and
initial conditions for u. The variable ¢ is the chemical potential and the system is
called the Cahn—Hilliard equation which can be analyzed with the techniques dis-
cussed above. Mass conservation is a consequence of the fact that d,u has vanishing
integral mean. Solutions do not obey a maximum principle but satisfy certain
L*°-bounds.

6.2 Error Analysis

In this section we discuss error estimates for numerical approximations of the Allen—
Cahn equation obtained with the implicit Euler scheme. The stability result of Theo-
rem 6.4 is already formulated in the spirit of an a posteriori error analysis. We discuss
results from [3, 8, 9].

6.2.1 Residual Estimate

We include an estimate for the residual of an approximation obtained with the implicit
Euler scheme. The result can be modified to control the error of other approximation
schemes.
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Proposition 6.3 (Residual bounds) Let 0 = 1) < t] < -+ < tg < T and 7y =
tr—tri—1, k=1,2,..., K, and (F)k=o.,... k a sequence of regular triangulations of
satisfies

.y — Fha ™ o) + (Vg Vo) = =& (F uh). vp).

where 9 denotes the nodal interpolation operator related to . Y. Let Upz €
H! ([0, T1; H! (82)) be the piecewise linear interpolation in time of(u],‘l)k:o
define # € L*(I; H'(22)') fort € [0, T1and v € H'(£2) by

.....

(R(1),v) = O, v) + (Vunz, Vv) + &2 (f (unr), v).
For almost every t € [ty—1, ty] and all v € H! (£2) we have

(R(1), V) < (e + Neoarse) V]| + (Ceenbpace + M) IVVI]

k-1
where pr = |[uf [l @) + llu) " L (2),

_ _ _ 1/2
T e = ( S B 0k — Al = A gk + 6 2f(ulfl)||i2(T))
Teyhk

1/2 1/2
(2 Vg nshiag) T+ (D AVl nldg)

Se.skng2 Sesknos

and

k 2 =1k
Mimer = & IS Looqs, lluy " — ugll,

k k—1 k
T][ime - ||V(uh - uh)”s

k -1 —1 k—1
Neoarse = Tk H’ﬂkuh Uy I

Proof Foralmosteveryt € (tfx_1,t),k =1,2,..., K,andallv € H'(£2), we have
by definition of # that

(Z(1),v) =7 ) —uy V) + (Vup e (0, V) + 72 f (up (1)), )
=7 'k — b v+ (Vuk, V) e (W), v)
+ (Vun,e (1) — ), Vv) + e 2 (f (un, o (1) — f(u}). v)
+ rk_l(fkui_l - u;_l, V)
=I1+10+4---4+ VL

Since the sum of the first three terms vanishes for all v € (%), we may insert
the Clément interpolant #;v € ./ Y(Z) of v. An element-wise integration by parts
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and estimates for the Clément interpolant lead to
I+I+ 1= (r},v— _fiv) < Coipaee | VVII-

A repeated application of Holder’s inequality, the identity

1
Pln @) = £y = ([ une )+ 1= oy dr) un e ) o,
0

and the linearity of uj ; in ¢ lead to

VAV < Vo (@) = w1V 4 &2 oos,) lun < (0) = wj | [1v]

k k
= Nimer VI + Mime VYL
A further application of Holder’s inequality proves
-1 k—1 k—1 k
VI S Tk ”‘ﬁkuh - uh ||||V|| = T’coarse”v”'

A combination of the estimates leads to the asserted bound. O

In combination with Theorem6.4 we obtain the following a posteriori error
estimate. It bounds the approximation error in terms of computable quantities
provided that the error estimator is sufficiently small and depends exponentially
only on the temporal average of the principal eigenvalue defined by the numerical
approximation.

Theorem 6.5 (A posteriori error estimate) Assume that we are in the setting of
Proposition 6.3 and suppose that )‘Q\C e L'([0, T)) is afunction, such that for almost
everyt € (0, T), we have

b < e VAR W@y
" veH!(2)\(0) vl

)

and set j1; (1) = 22 + (1 — e (). Define ne(t) = nf for t € (-1, 10),
k=1,2,...,K, and ¢ € {time/, time, space, coarse} and let

T
niC = [l(u — ug)(o)”z + /(ntzime/ + ngoarse + 872’712ime + 6727752pace) dz.
0

If

T
-3/2

—1
nac < 84(6CSIIMh,r||L°°(|0,T];L°°<9))(1 + 7)) (8 exp (/Mx(t)df)) ,
0
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then we have

T

T
sup [l — up,c | +ez/ IV (u = wn )| dr < 8nze><p(/m(t)dt).
5€[0,T] o 0

Proof The theorem is an immediate consequence of Proposition6.3 and Theo-
rem6.4. O

6.2.2 A Priori Error Analysis

To derive a robust a priori error estimate for a semidiscrete in time approximation
scheme, we try to follow the arguments used in the stability analysis of Theorem 6.3
with exchanged roles of the exact solution and its numerical approximation. As
above we avoid the use of a Lipschitz estimate for the nonlinearity, and instead
employ a linearization. The non-monotonicity of the resulting equation is controlled
by a cubic term. The linearization allows us to incorporate the principal eigenvalue
that is assumed to be well-behaved in the sense that a discrete integral grows only

logarithmically in e~

Proposition 6.4 (Discrete stability) Given t > 0 let (U Ki—o k. C HY(£2) be

such that

.....

@ U, v) + (VU*, Vv) = —e2(f(UY), v)
fork=1,2,...,Kandallv e H'(82). We then have
- K
L") + 2 =217 = D ld U |* < 1)
2 k=1

for every 1 < L < K. Moreover, if||UO||Loo(_Q) < 1, then “UkHLOO(_Q) < 1 for
k=1,2,...,K.

Proof The mean value theorem shows that for every x € £2 there exists a number
&, such that

T
FWHGU = d FU + 2 [ E)dU.
Using that f'(£,) > —1 and choosing v = d,U*, we deduce that

d T B 672
Id, U )1? + E’IIVU"IIZ + §||Va',U"||2 +de™? / F(U*)dx — Tuawkn2 <0.
22
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Multiplication by 7 and summation over k = 1,2, ..., L imply the assertion. A
truncation argument and the characterization of U* as the minimum of a functional
I gk show that |U || () < 1 provided that U O has this property. ]

Proposition 6.5 (Consistency) Assume that the weak solution of the Allen—Cahn
equation satisfies u € C([0, T1; H' (2)) and u € H*([0, T]; H'(£2)") with

T

2 -2
/”utl”Hl(Q)/ dr <c¢ 0-
0

For uf = u(ty), k =0,1,..., K, we have
(di*, v) + (Vb Vo) = =72 (F (), v) + G (t: v)

for all v e H' () with consistency functionals €y () satisfying

K

T Z “(gf (tk)”ill(ﬂ)’ S szs_zg.
k=1

We have o =2 if I (ugp) < c.

Proof Noting that
(di®,v) + (Vi V) + e 2 (f W), v) = (did — dun), v) = € (1 v)

forallv € H'(£2), arguing as in the case of the linear heat equation, and incorporating
Theorem 6.2 proves the asserted bound. ]

The following lemma is a generalization of the classical discrete Gronwall lemma

which states that if
L/

WA+t ank
k=1

forO0 < L' < Landifta; <1/2fork =1,2,..., L, then we have

sup yk < 2Aexp (2r Zak).
k=0,...,L —

The condition a;t < 1/2 is required to absorb the term a;/ yL/.

Lemma 6.2 (Generalized discrete Gronwall lemma) Let t > 0 and suppose that
the nonnegative real sequences (yé‘)kzo k, L =1,2,3, (ax)k=o0.... k, and the real
number A > 0 satisfy

..........
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L L L-1
y1L+rZy]2‘ §A+t2akyf+1:2yl3‘
k=1 k=1 k=1

Jorall L = 0,1,...,K, sup;_y g tar < 1/2, and Kt < T. Assume that for
B>0,8>0andevery L =1,2,...,K, we have

L—-1 L—-1
> y§<B( sup 01 DT O + 5.
= k=1, ..., L— P

Set E = exp (21 Z,i(:l ak) and assume that SAE < (8B(1 + T)E)~YP. Then

K

K
sup yll‘ + 7 Zyé‘ < 8Aexp (21 Zak).
k=1

k=0.....K =

Proof Set 6 = 8AE. We proceed by induction and suppose that

L—-1

Y1+TZY§§
k=

sup
L 1

k=0,...,

This is satisfied for L = 1. For every L’ = 1,2, ..., L, we then have due to the
assumptions of the lemma that

L L L'—1
Wtk <A+e> ayf+B( swp (yl)ﬂ Z(leryz)
k=1 k=1 k=1,2,....L'~
L/
<A+TY ayf+ B+ T)0'F.
k=1

The classical discrete Gronwall lemma, the condition on A, and the estimate 07 <
(8B(1 + T)E)~! prove that forall L' = 1,2, ..., L, we have

L/
WoATe? Dk <204+ B+ T HE <
k=1

TS

This completes the inductive argument and proves the lemma. (]

The a priori bounds and the generalized discrete Gronwall lemma lead to a robust a
priori error estimate under an assumption on the principal eigenvalue that is motivated
by analytical considerations.
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Theorem 6.6 (A priori error estimate) Assume ¢ < 1, I;(ug) < co, and that there
arecy > 0, k > 0 with

K
T Z)‘Xc(tk) <c1 +loge™.
k=1

7+6k

Then there exists a constant ¢ > 0 such that if Tt < cp¢ , we have

suplut) = UAIP +‘E€22||V(M(lk) UNI? < er?e™07H,
k=1,...
K k=1

k

Proof Denoting u* = u(t;) the error e = u* — U¥ satisfies the identity

(de*,v) + (Vek, V) = —e2(f ) — FWUS), v) + Co (1, v)

forallv € H'(£2). Lemma6.1, the definition of Aac(#), and ||u*|| 002y < 1 imply
that
—e 2 (f W) = fWU5, ) < =2 ek, ) + 362 @) €M1 5 g
= —(1—eHe 2(fWhyer, &) — (f'wh)e*, &b
-2 kn3
+38 ”6‘ ||L3(.Q)
< (I —eMracolle > + (1 — o) Ve |2
+ ek + 36721k 5 ).

Hence, for the choice of v = ek, we find that

—d,ne 1>+ = ||dte 12+ [vek|? %(tk,e’w—s*(f(uk)—f(Uk>,e")

-2
&
= S0y + 5 e+ & ||Ve K12

+ (1= eHrac)lleb)* + (1 —82>||Ve I
+ 1417 + 36721 135 ).
Using (a + b)3 < 4(a® + b3) and t||d,ek||Loo(_Q) < 4 we find that

3 —
141730y < 4(1€" 11750y + T2 Nldiet 1135 ) < M35 ) + 1627 i€t |12,

If 7 is sufficiently small so that 48772 < 1 /2, then the combination of the last two
estimates implies

dil|e P+ Ve 1> < e 1Ct0) 1 g+l 17 +48s 7211175 )0 (6.2)

(£2)°
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where 1 =22 + AL (#)). We set

k k2 Lk 2 kn2 Lk =2,k 13

yi = etl% yy = e7IVerll®, y3 =482 7[5

Noting that ¢* = 0 and

1 3y < 1€ I 17 ) < eslle AP+ 1V 1), (6.3)
we find by summation of (6.2) and (6.3) over k = 1,2,..., L that we are in the
situation of Lemma 6.2 with

K K
A=t Y Gy E=exp (2r Zu’;), B = 48s“cs,
k=1 k=1
and B = 1/2. Therefore,
K
sup [leF 1> + &2 D" [|Veh|I* < BAE,
k=0,... K k=1

provided that SAE < (8B(1+T)E )~2. Since according to Proposition 6.5 we have
A < ct2e7°, this is satisfied if cgt2e ®E < (8B(1 + T)E)~2. With the assumed
bound for the discrete integral of AXC, we deduce that

K
E <exp(8T)exp (4r Z )‘XC (tk)) < CE8_4".
k=1
Therefore, the condition T2 < cel4e!?* implies the assertion. |
Remarks 6.6 (1) If u;; € Lz([O, T1; LZ(SZ)), then the bound for A in the proof can
be improved and the conditions of the theorem can be weakened.
(i1) An a priori error analysis for a fully discrete approximation follows the same
strategy by decomposing the error u(t;) — ul,‘l as (u(ty) — Qru(ty)) + (Qpu(ty) — u’,‘l)
with the H!-projection Qy, cf. [8].

6.3 Practical Realization

We discuss in this section alternatives to the implicit Euler scheme and include an
estimate for the approximation of the principal eigenvalue that is needed to compute
the a posteriori error bound.
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6.3.1 Time-Stepping Schemes

The implicit Euler scheme requires the solution of a nonlinear system of equations
in every time step and is stable under the condition T < 2¢2. We consider various
semi-implicit approximation schemes defined by approximating the nonlinear term
avoiding some of these limitations.

Algorithm 6.1 (Semi-implicit approximation) Given ug e (%), v > 0,and a

.....

(duk, i) + (Vub, Vo) + e 72 (G @k, uf ™, v) =0

forall v, € Z1(F).

The function G is assumed to provide a consistent approximation of the nonlinear
function f in the sense that G (s, s) = f(s).

Examples 6.1 (i) The (fully) implicit Euler scheme corresponds to
Gimpl(uk, Mk_l) — f(uk)

(ii) The choice of
Gexpl(uk’ uk*l) — f(ukfl)

realizes an explicit treatment of the nonlinearity.

(iii) Carrying out one iteration of a Newton scheme in every time step of the implicit
Euler scheme with initial guess uz_l corresponds to the linearization

Glin(uk, Mk_l) — f(uk_l) + f/(uk—l)(uk _ I/tk_l).
(iv) A Crank—Nicolson type treatment of the nonlinear term is
F*) — Fu™")

: k k—1

_ ifu u*
Gcn(uk,uk l): uk—uk_l #

£ W) if uk = uk-1.

We have G (u¥, uk=1) = (1/4) ¥ 4+ u* =1 (Wh)? + W*—1)?% —2).

(v) The decomposition F' = F* 4+ F of F@u*1 = ((u*)? — 1)2/4 into a convex
part F*u 1) = ((u*)* 4+ 1)/4 and a concave part FOW1 = —(1/2)(u*1)?
leads with the derivatives f* and f¢" of F* and F*”, respectively, to the definition

GCXCV(uk’uk—l) — fC)C(uk) + fCV(uk—l).
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Remarks 6.7 (i) Only the explicit and linearized treatment of the nonlinear term leads
to linear systems of equations in every time step. The convex-concave decomposition
leads to monotone systems of equations.

(i) The best compromise for stability and linearity appears to be the linearized
treatment of the nonlinear term.

(iii) The decomposition of F into convex and concave parts corresponds to the general
concept to treat monotone terms implicitly and anti-monotone terms explicitly.

(iv) Numerical integration simplifies the nonlinearities, i.e., for all z, y € 4}, we
have

(G, uy Nz 0y), = Gluf(2), uy ' (2) B8y

with B; = |, o ¥z» 8o that the corresponding contribution to the system matrix is given
by a diagonal matrix.
(v) The numerical schemes have different numerical dissipation properties.

The stability of the different semi-implicit Euler schemes is a consequence of
the following proposition. We omit a discussion of the explicit treatment of the

nonlinearity since this is experimentally found to be unstable even for T ~ &2.

Proposition 6.6 (Semi-implicit Euler schemes) Given uk uF1 e Randt > 0, we
set dyuk = (uk — uk_l)/t. We have

G (k| k) du > dy (k) — §|dtu"|2,
Gk, ukNYdu* = d, F (ub),

GCXCV(I/Lk, uk_l)dtuk > th(I/tk),

and if |u¥|, Wk~ < 1, then
lin,, k  k—1 k PN k2
G, u T )diu" > di F(u") — 7|d,u |<.

In particular, the implicit Euler scheme is stable if T < 2&?, the semi-implicit Euler
scheme with Crank—Nicolson type treatment of the nonlinear term is unconditionally
stable, the semi-implicit Euler scheme with decomposed treatment of the nonlinearity
is unconditionally stable, and the semi-implicit Euler scheme with a linearized
treatment of the nonlinear term is stable if a discrete maximum principle holds and
T < (2/7)€2, i.e., under these conditions we have for the solutions of the respective
semi-implicit Euler schemes that

L(ub) < I.(u)

forall L > 0.
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Proof A Taylor expansion shows that for some £ € R, we have

F'™h) = F@) + fa) @™ —u) + %f/(é‘)(u"_l —u)?.
Since f/(&§) > —1 we deduce after division by 7 that

byt = dyF @) + 2 £ @) ) = dyF ) = 2 |dd 2

and this implies the bound for G'™P'. Assuming that [u¥|, [u¥~'| < 1, a similar
argument with f”(s) = 6s shows with some ¢ € [—1, 1] that

(f@ D+ @ hHet —uTh) et —uth
1
= F @ —dTH = @O —d T 2 L@t —dtTh - 6 — Wt
and with the previous estimate we deduce that
ling k  k—1 k oot k2
G (W, u"")dw" = dF(u") — 7|dzu 1"
If d,uk # 0, then
Gk Wt — it = Ff) = Ffh = wd F b,
and if d;u* = 0, then G (WX, u*"Nd,u¥ = 0 = vd, F(u*) which implies the
asserted identity for G". For the convex function F* and its derivative f*, we
have
fC)C(uk)(uk—l _ Mk) _|_ FCX(uk) S ch(uk_l).
Analogously, for the convex function — F¢” and its derivative — ", we have
_fCV(ukfl)(uk _ uk*l) _ FCV(ukfl) S _ch(uk).
The combination of the two estimates proves that
GCXCV(Mk, uk_l)d,uk — fCX(uk)dtuk + fCV(uk—l)dtuk Z thCX(uk) + thCV(uk).

The stability of the related schemes now follows from the choice of v, = d,u’,‘l in the
semi-implicit Euler scheme, i.e.,

d T _ _
e (1> + éuwﬁnz + E||thu’,;||2 +e2(Guk, uy™h, dut) =0,
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together with a summationoverk = 1, 2, ..., L, and the corresponding lower bounds
for Gk, uj™h. O

6.3.2 Computation of the Eigenvalue

The a posteriori error estimate of Theorem 6.5 requires a lower bound for the principal
eigenvalue of the linearized Allen—Cahn operator with respect to the approximate
solution, i.e., a function XZC such that

—Me@ < inf IVVI? + &2 (f (up, ())v, v)
" veH (2)\(0) BE

To approximate the infimum on the right-hand side, we replace the space H'(£2) by
1 (). We fix a time ¢ in the following and let — A € R be the infimum at time ¢,
i.e., there exists w € H'(£2) with |w| = 1 and

—Aw,v) = (Vw, Vv) + 8_2(phw, V)

forall v € H'(£2) and with p, = f/(up. (7).

Proposition 6.7 (Eigenvalue approximation) Let (A, wy,) € R x .71 (.F,) be such
that
—ApWiyvi) = (Ywi, V) + &2 (prwn, vi)

forallvy, € V(). Assume that the Laplace operator with homogeneous Neumann
boundary conditions is H?-regular in §2 in the sense that || D*v|| < ca||Av|| for all
v € H(82) with 3,v = 0 on 382 and suppose that lpnllLe(2) < co. Then there
exists ¢c1 > O such that if h < c1¢, we have

0<A— Ay <ce %

Proof In the following we occasionally replace the function p; by g5, = pn +
| prll Lo (s2) Which corresponds to a shift of —A and — Ay, by || pll L (e) but allows
us to use ¢; > 0. The fact that .”1(.7,) C H'(£2) implies that we have —A <
— Ay,. Since wy, is minimal for v, — ||V, ||> + ¢ 2(pnvi, vi) among functions
vy € () with ||vy]| = 1 with minimum —Aj, and since —A = [|[Vw]|® +
8‘2(phw, w), we have

0<A— Ay < —(Yw, Vw) — e 2(guw, w) + IVl + e 2 (qnv, vi)
< 2(Vvi, Vv — wl) + 267 2(qnvi, v — w).
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We note —A < ¢ 2| py | Lo(2) and conclude with —Aw = —Aw — 72 ppw that
IVwll < ce™', ID*w < cllAw] < e
We incorporate the H'-projection Q,w € .#'(.7;) defined by
(VOrw, Vyp) + (Qnw, yn) = (Vw, Vy) + (W, yp)
forall y, € & '(3,) which satisfies the estimates

Rllw — Quwll + IV(w — Qpw)|l < ch*(|D*w].

We suppose that & < ce is such that

_ 1
L= 11Quwll| < Iw — Qnwl| < ch?e™? < 5

Choosing v, = Qpw/| Qpw| and noting
IVQwwll + 1Qpwll < VW] + [Iwl| < ce™!

we find that

(Vvp, Vivyg —w]) = | QhW”_z((VQhW» VIQuw —w]) 4+ (VQpw, VIw — | Qpwllw]))
= 1Quwll =2 ((Qaw, Qpw — w) + (1 — | QawI)(V Qpw, Vw))
< ch2g_2(1 + 8_2).

Analogously, we have

(v, vi = w) = [Quwll 7> ((Qaw, Qnw —w) + (Qpw, w — [ Qrwllw))
= 1@l 7> ((Quw, Quw — w) + (1 — [|QnwID(Qnw. w))
< ch?s™2.
A combination of the estimates implies the asserted error bound. O

The discrete eigenvalue problem can be recast as the problem of finding a vector
W e RE with W 'mW = 1 and

(—A + cshit)mW = (s + & 2mp + csigm)W = YW

with the mass matrix m, the stiffness matrix s, the weighted mass matrix m,, and an
arbitrary constant cgpif;. For cghife = g2 lprll L= () + 1, we have that the symmetric
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matrices m and ¥ = s + ¢ %m p + Cshitem are positive definite, and we may use the
following vector iteration with Rayleigh-quotient approximation to approximate A.

Algorithm 6.2 (Vector iteration) Given Wy € RZ such that W(;r mWp = 1, compute
the sequence A, j=0,1,2,...via AV = (WO)TYWO and

Wi+l

(Wi Tmwi+1)'/?

Wit =y~ mw/), witl =

and _ _ ‘
— AT 4 ogin = (WY Ty witt,

Stop the iteration if |A/+! — AJ| < egqp.

Remark 6.8 The iteration converges to the smallest eigenvalue provided that the
initial vector Wy is not orthogonal to the corresponding eigenspace.

6.3.3 Implementation

The MATLAB code shown in Fig. 6.6 realizes the semi-implicit Euler scheme with
linearized treatment of the nonlinear term and computes the principal eigenvalue
defined by the approximate solution in every time step. We used the discrete inner
product (-, -);, to simplify the computation of some matrices, i.e., we use the formu-
lations

(dyuf, vi) + (Vg Vvn) + &2 (f ™ Yuf, vin

= e 2(F N vn e T2 @l hub T v

and
A () Wiy vi) = (Ywi, Vo) + 72 @ )ywn, vidn

for all v, € .#1(%,) to find uﬁ € .#'(%,) and an approximation of the eigenpair
(—MAc(B), wh)-
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function ac_linearized_euler (d, red)
[c4n,nde,Db,Nb] = triang_cube (d);
cdn = 2% (c4n-1/2);

for j = l:red

[c4n,nde,Db,Nb,—,~] = red_refine(c4n,nde,Db,Nb);
end
nC = size(cédn,1);
T =1;
eps = 27 (-4); tau = (2/3)xeps”2;

K = ceil(T/tau);
u = u_0(c4n,eps);

[s,m,m_lumped] = fe_matrices (c4n,nde);
w_init = rand(nC,1)-.5;
lambda = zeros(K,1);

for k = 1:K

b_nonlin = —-eps” (-2) *m_lumpedx*f (u)
+eps” (- )*m lumpedx (df (u) .*u);
m_nonlin = eps” (-2)*m_lumpedxdiag (df (u));
= tau” (-1) *mxu+b_nonlin;

X tau” (-1) *m+s+m_nonlin;

u = X\b;

c_shift = abs(min(df (u)))+1;
Y

lambda (k) = -neg_lambda_shift+eps” (-2)*c_shift;
figure(l); show_pl (c4n,nde,Db,Nb,u); axis square;
figure (2); plot(taux(l:k),lambda(l:k)); drawnow;
w_init = w;

end

function val = f (u)
val = u. 3-u;
function val = df (u)
val = 3xu."2-1;

function val = u_0 (x,eps)

dist = sgrt(min((x(:,1)-.3).72,(x(:,1)+.3).72)+x(:,2)
val = —tanh(dist/ (sqrt(2)*eps));

function [mu,w] = vector_iteration(Y,m,w)

mu = 0; mu_old 0;

diff mu = 1; eps_stop = 1E-01;
while abs (diff_mu) > eps_stop

w o= Y\ (mxw) ;
w = w/sqgrt (w'sm*w) ;
mu = w'xY#*w;

diff_mu = mu-mu_old;
mu_old = mu;
end

= s+teps” (-2) *m_lumpedxspdiags (df (u) +c_shift, 0,nC,nC);
[neg_lambda_shift,w] = vector_iteration(Y,m,w_init);

.72)-.35;

Fig. 6.6 Implementation of the linearized implicit Euler scheme with numerical integration for

the Allen—Cahn equation and computation of the eigenvalue in each time step
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