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Abstract. We show a kernel of at most 14k vertices for the PLANAR
FEEDBACK VERTEX SET problem. This improves over the previous ker-
nel of size bounded by 97k. Our algorithm has a few new reduction rules.
However, our main contribution is an application of the region decom-
position technique in the analysis of the kernel size.

1 Introduction

A feedback vertex set in a graph G = (V, E) is a set of vertices S C V such that
G — S is a forest. In the FEEDBACK VERTEX SET problem, given a graph G and
integer k one has to decide whether G has a feedback vertex set of size k. This is
one of the fundamental NP-complete problems, in particular it is among the 21
problems considered by Karp [8]. It has applications e.g. in operating systems
(see [9]), VLSI design, synchronous systems and artificial intelligence (see [6]).

In this paper we study kernelization algorithms, i.e., polynomial-time algo-
rithms which, for an input instance (G, k) either conclude that G has no feedback
vertex set of size k or return an equivalent instance (G', k'), called kernel. In this
paper, by the size of the kernel we mean the number of vertices of G’. Burrage
et al. [5] showed that FEEDBACK VERTEX SET has a kernel of size O(k!!), which
was next improved to O(k3) by Bodlaender [3] and to 4k? by Thomassé [10].

In this paper we study PLANAR FEEDBACK VERTEX SET problem, i.e.,
FEEDBACK VERTEX SET restricted to planar graphs. Then one can get a kernel
of size O(k) by general tools based on the bidimensionality theory [7]. However,
in this general algorithm the constants hidden in the O notation are very large.
Bodlaender and Penninkx [4] gave a simple (to implement) algorithm which out-
puts a kernel of size at most 112k. This was improved recently by Abu-Khzam
and Khuzam [1] to 97k. In this paper we improve this bound substantially, to
14k. More precisely, we show the following result.

Theorem 1.1. There is an algorithm that, given an instance (G, k) of PLANAR
FEEDBACK VERTEX SET, either reports that G has no feedback vertex set of
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size k or produces an equivalent instance with at most 14k — 24 vertices. The
algorithm runs in O(kn) time, where n is the number of vertices of G.

To obtain Theorem 1.1, we extend the algorithms in the previous works [1,4] by a
few new reduction rules. However, our main contribution is an application of the
region decomposition technique in the analysis of the kernel size. Region decom-
position was developed for the DOMINATING SET problem by Alber et al. [2].
Roughly, in this method the plane instance is decomposed into O(k) regions (i.e.
subsets of the plane) such that every region contains O(1) vertices of the graph.
We apply this approach in a slightly relaxed way: the regions are the faces of a
k-vertex plane graph and the number of vertices in each region is linear in the
length of the corresponding face. In [1,4] kernel size was bounded using different
methods, e.g., using bounds on the number of edges in general and bipartite
planar graphs. In our opinion region decomposition gives tighter bounds. In par-
ticular, we present a tight example, i.e., an example of a family of graphs which
can be returned by our algorithm and have 14k — O(1) vertices.

Organization of the paper. In Sect. 2 we present a kernelization algorithm
which is obtained from the algorithms in [1,4] by generalizing a few reduction
rules, and adding some completely new rules. In Sect. 3 we present an analysis of
the size of the kernel obtained by our algorithm. In the analysis we assume that
in the reduced graph, for every induced path with ¢ internal vertices, the internal
vertices have at least three neighbors outside the path. Based on this, we get the
bound of (2¢ + 4)k — (4¢ 4 6) for the number of vertices in the kernel. In Sect. 2
we present reduction rules which guarantee that in the kernel ¢ < 6, resulting
in the kernel size bound of 16k — 30. To get the claimed bound of 14k — 24
vertices we use a complex set of reduction rules, which allow us to conclude that
¢ < 5. Due to space limitations these additional rules are deferred to the journal
version.

Notation. In this paper we deal with multigraphs, though for simplicity we
refer to them as graphs. (Even if the input graph is simple, our algorithm may
introduce multiple edges.) Recall that by the degree of a vertex x in a multi-
graph G, denoted by degs(z), we mean the number of edges incident to x in G.
By Ng(z), or shortly N(x), we denote the set of neighbors of x. Note that in
a multigraph |Ng(z)| < degq(z), but the equality does not need to hold. The
neighborhood of a set of vertices S is defined as N(S) = (U, cg N(v)) \ S. For a
face f in a plane graph, a facial walk of f is the shortest closed walk induced by
all edges incident with f. The length of f, denoted by d(f) is the length of its
facial walk.

2 Our Kernelization Algorithm

In this section we describe our algorithm which outputs a 16k-kernel for PLANAR
FEEDBACK VERTEX SET. The algorithm exhaustively applies reduction rules.
Each reduction rule is a subroutine which finds in polynomial time a certain
structure in the graph and replaces it by another structure, so that the resulting
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Fig. 1. Reduction rules 1-7. Dashed edges are optional. We draw in black the vertices
whose incident edges are all already drawn (as solid or dashed edges), in white the
vertices which might be incident to other edges. Regardless of their color, vertices in
the figures may not coincide.

instance is equivalent to the original one. More precisely, we say that a reduction
rule for parameterized graph problem P is correct when for every instance (G, k)
of P it returns an instance (G’, k") such that:

(a) (G',k) is an instance of P,
(b) (G, k) is a yes-instance of P iff (G', k') is a yes-instance of P, and
(c) k¥ <k.

Below we state the rules we use. The rules are applied in the given order,
i.e., in each rule we assume that the earlier rules do not apply. We begin with
some rules used in the previous works [1,4] (Fig. 1).

Rule 1. If there is a loop at a vertex v, remove v and decrease k by one.

Rule 2. Delete vertices of degree at most one.

Rule 3. If a vertex u is of degree two, with incident edges uv and uw, then
delete u and add the edge vw. (Note that if v = w then a loop is added.)

Rule 4. If a vertex u has exactly two neighbors v and w, edge uv is double, and
edge uw is single, then delete v and u and decrease k by one.

Rule 5. If there are at least three edges between a pair of vertices, remove all
but two of the edges.

Rule 6. Assume that there are five vertices a, b, ¢, v, w such that 1) both v and
w are neighbors of each of a, b, ¢ and 2) each vertex x € {a,b, ¢} is incident with
at most one edge zy such that y ¢ {v,w}. Then remove all the five vertices and
decrease k by two.

The correctness of the above reduction rules was proven in [1]. (In [1], Rule 6 is
formulated in a slightly less general way which forbids multiplicity of some edges,
but the correctness proof stays the same.) Now we introduce a few new rules.

Rule 7. If a vertex u has exactly three neighbors v, w and z, v is also adjacent
to w and x, and both edges uw and ux are single, then contract uv and add
an edge wz (increasing its multiplicity if it already exists). If edge uv was not
single, add a loop at v.
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Lemma 2.1. Rule 7 is correct.

Proof. Let G’ be the graph obtained from a graph G by a single application
of Rule 7. Let S be a feedback vertex set of size k in G'. We claim S is a
feedback vertex set in G too. Assume for a contradiction that there is a cycle C'
in G—S. Then u € V(C), for otherwise C C G'. If v € S then {wu,uz} C C and
C — {wu,uz} + {wz} is a cycle in G’, a contradiction. If v € S, then w,x € S
and hence v is the only neighbor of v in G — 5, so C' is the 2-cycle uvu. But then
G’ — S contains a loop at v, a contradiction.

Let S be a feedback vertex set of size k in G. If [{u,v} N S| = 2, then
S\ {u} U{w} is a feedback vertex set of size k in G’. Assume |[{u,v} N S| = 1.
Then we can assume v € S for otherwise we replace S by S\ {u} U {v}, which is
also a feedback vertex set in G. If there is a cycle C' in G’ — S, then wz € E(C),
for otherwise C' C G — S. But then C — {wz} + {wu,uz} is a cycle in G, a
contradiction. Finally, if [{u,v}NS| = 0 then both w and = are in S, so S is also
a feedback vertex set in G. O

Rule 8. Let A C V(G) and let w; and ws be two vertices in G, wy,ws & A.
If (4) no cycle in G \ {wy, w2} intersects A, and (ii) there is a subgraph @ C
G[AU{w1,ws}] with [V(Q)| > 2 such that for every vertex z € V(Q) \ {w1 }, we
have degg (7) < [E(Q)| — |A] — 1, then remove w; and decrease k by 1.

Lemma 2.2. Rule 8 is correct.

Proof. Let G’ be the graph obtained from a graph G by a single application of
Rule 8, i.e., G’ = G — wy. Let S be a feedback vertex set of size k — 1 in G’.
Then every cycle in G — S contains wq, so S U {w;} is a feedback vertex set of
size k in G.

Let S be a feedback vertex set of size k in G. If wy € S, then clearly S\ {w1}
is a solution of the instance (G',k — 1). Hence assume w; ¢ S. We claim that
[SNV(Q)| > 2. Assume the contrary, i.e., |[SNV(Q)| < 1. Since Q — S is a forest,

[E(Q=5) <[V(Q@=5)|-1=[V(Q)I-ISNV(Q)| -1 < [A[+1-[SNV(Q)|. (1)
On the other hand, by the degree bound, and because wy ¢ S and [SNV(Q)] < 1,
IE(@Q—5)| = [EQ) - (IEQ) — Al = DISNV(Q)]. (2)

By (1) and (2), [A]+1 > |E(Q)|—(|E(Q)|~|A|-2)|SNV (@) Since [SNV(Q)] < 1
this implies [A| + 1 > |E(Q)| — (|E(Q)| — |A] — 2) = |A| + 2, a contradiction. It
follows that [SNV(Q)| > 2. Then S’ = S\ {u,v1,v2,v} U{wy,wa} is of size at
most k. Moreover, S’ is a feedback vertex set in G, since S is a feedback vertex
set and by (¢). Again, this implies that S’ \ {w;} is a solution of the instance
(G',k — 1), as required. |

Rule 8 is not used directly in our algorithm, because it seems impossible to
detect it in O(n) time. However, to get the claimed kernel size we need just a
few special cases of Rule 8, which are stated in Lemmas 2.3, 2.4 and 2.5 below

(Fig. 2).
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Fig. 2. Configurations in Lemmas 2.3, 2.4, and 2.5.

Lemma 2.3. Assume there is an induced path uvivev such that for some ver-
tices wy, wy outside the path we have N(u) = {vi,wi, w2}, N({v1,v2})\{u,v} C
{wy,ws}, and there is at most one edge incident to v and a vertexr outside
{wy,wa,v2}. Then Rule 8 applies.

Proof. Tt is easy to see that condition (i) of Rule 8 is satisfied. We proceed to
condition (44). By symmetry we can assume |N(wi) N {v,vi,v2}| > |[N(wz) N
{v,v1,v2}|. Let A = {u,v1,v2,v}. We build E(Q) as follows. First, we put the
five edges wwy, uws, uvy, V12, vov in Q. Since Rule 3 does not apply, there
are no vertices of degree two in G and all of v, v; and vy are adjacent to w;
or wy (or to both). For every y € {v,v1,v2}, if yw; € E, then we add edge
ywi to @, and otherwise we add yws to Q. Thus |E(Q)| = 8. Moreover, since
[N (wy) N{v,v1,v9} > |N(wz) N{v,v1,v2}|, in this last step at least two edges
added to @ are incident with w;, and at most one to ws. Hence, for every
r € V(Q) \ {w1} we have degg(z) <3 = [E(Q)| — [A] - 1. O

Lemma 2.4. Assume there are sixz vertices vy, vo, Uy, Uz, Wi, Wo Such that
N(v1) = {wy,wa,v2}, N(uy) = {wi, w2, us}, there is at most one edge incident
to va and a vertex outside {wy,wq,v1} and at most one edge incident to uy and
a vertex outside {wy,wq,u1}. Moreover, assume that the edges vivy and ujusg
are simple. Then Rule 8 applies.

Proof. It is easy to see that condition (i) of Rule 8 is satisfied. It is easy to
see that condition (i) of Rule 8 is satisfied. We proceed to condition (ii). By
symmetry we can assume |N(wi) N {va,vs3}| > |[N(wz) N {vg,v3}|. Let A =
{u,v1,v2,v3}. We build E(Q) as follows. First, we put the six edges vyv2, viwy,
V1w, VU3, uwi, and wws in (. Since Rule 3 does not apply, there are no
vertices of degree two in G and both vy and wg are adjacent to wi or ws
(or to both). For every y € {vqg,v3}, if ywy € E, then we add edge yw,
to @, and otherwise we add yws to Q. Thus |E(Q)| = 8. Moreover, since
[N (wy)N{wva,v3}| > |N(wa)N{va,v3}|, in this last step at least one edge added to
Q is incident with wy, and at most one to ws. Hence, for every x € V(Q) \ {w1 }
we have degq(z) < 3 = |[E(Q)| — [A] — 1. O

Lemma 2.5. Assume there are six vertices vi, vs, vz, U, wy, ws such that
N(v1) = {wy,wo,va}, {v1,v3} € N(v2) C {wi,w2,v1,v3}, there is at most
one edge incident to vy and a vertex outside {wy,ws,v2} and at most one edge
incident to u and a vertex outside {wy,ws}. Moreover, the edges vivy and vavs
are simple. Then Rule 8 applies.
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Proof. We proceed very similarly as in the proof of Lemma 2.4. O

Rule 9. Assume there is an induced path with endpoints u and v and with
six internal vertices vi,...,vg such that for some vertices wi, wy outside the
path N({v1,...,v6}) \ {v,v} = {wy,wa}. I [N(wy) N {v,...,v6} > |N(w2) N
{v1,...,v6}|, then remove w; and decrease k by one.

The correctness of Rule 9 is shown in [1]. In [1] it was assumed that when Rule 9
described above is applied, G does not contain an induced path vq,...,vs such
that for some vertex w, we have N(vq, vs,v4) \ {v1,v5} = {w}. In our algorithm
this is guaranteed by Rule 7 (slightly more general than their Rule 6).

To complete the analysis we need a final rejecting rule which is applied when
the resulting graph is too big. In Sect.3 we prove that Rule 10 is correct.

Rule 10. If the graph has more than 16k—30 vertices, return a trivial no-instance
(conclude that there is no feedback vertex set of size k in G).

We are able to extend Rule 9 as follows.

Lemma 2.6. Assume there is an induced path with endpoints u and v and with
five internal vertices vy, ...,vs such that for some vertices wy, wo outside the
path N({v1,...,v5}) \{u,v} = {w1,wa}. Then there is an instance (G, k') with
V(G| < |V(G)| such that (G, k) is a yes-instance iff (G', k') is a yes-instance
and k' < k.

The proof of Lemma 2.6 contains many cases and is thus deferred to a journal
version due to space limitations. We stress here that even without Lemma 2.6, in
this paper we give a self-contained kernelization algorithm which returns a kernel
of size at most 16k. If one aims at a 14k-kernel, beside adding the reduction rule
from Lemma 2.6, the bound in Rule 10 should be replaced by 14k — 26.

Running time. It is easy to verify that the whole algorithm works in O(kn)
time (details deferred to the journal version).

3 The Size Bound

In this section we prove the following theorem.

Theorem 3.1. Let G be a planar graph such that rules 1-7 do not apply and
G does not contain the configurations described in Lemmas 2.3, 2.4 and 2.5.
Assume also that for every induced path P with endpoints u and v and with £
internal vertices vy, ..., vy the internal vertices have at least three neighbors
outside the path, i.e., |N({v1,...,ve}) \ {u,v}| > 3. If there is a feedback vertex
set of size k in G, then |V(G)| < (20 + 4)k — (404 6).

Let S be a feedback vertex set of size k in G (i.e., a “solution”), and let F' be the
forest induced by V(G) \ S. Denote the set of vertices of F' by Vp = V(G)\ S.
We call the vertices in S solution vertices and the vertices in Vg forest vertices.
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A partition of Vr. Now we define some subsets of V. Let I, Is+ C Vi denote
the vertices whose degree in F' is two or at least three, respectively. The leaves
of F are further partitioned into two subsets. Let Lo and L3+ be the leaves of
F that have two or at least three solution neighbors, respectively. By rules 2
and 3 all the vertices in G have degree at least 3. Hence, if a leaf of F' has fewer
than two solution neighbors, Rule 4 or 5 applies. It follows that every leaf of F’
belongs to Ly U Lz+. This proves claim (i) of Lemma 3.2 below.

Lemma 3.2. Graph G satisfies the following properties.

(i) The sets Iz, I3+, Lo, La+ form a partition of Vp.
(ii) For every pair u, v of solution vertices there are at most two vertices x,y €
Lo such that N(z)NS = N(y)NS = {u,v}.
(#ii) Every vertex of G is of degree at least three.
(iv) Every face of G is of length at least two.

Claim (4¢) follows from the fact that Rule 6 does not apply to G. Claim (i)
follows because rules 2 and 3 do not apply to G and Claim (iv) by Rule 1.

The inner forest. Let F; be the forest on the vertex set Is+ U L3+ such that
uv € E(F7) iff for some integer ¢ > 0, there is a path ux; - - - 2;v in forest F such
that u,v € I3+ U L3+ and for every j = 1,... 4, vertex x; belongs to I5.

Three sets of short chains. A path in F' consisting of vertices from Iy U Loy
will be called a chain. A chain is maximal if it is not contained in a bigger chain.
In what follows we introduce three sets of (not necessarily maximal) chains,
denoted by C'Lo, Cy- and C3+. We will do it so that each vertex in I belongs
to at least one chain from these sets of chains.

For every vertex & € Lo, we consider the maximal chain (y1,...,y,) of degree
2 vertices in F' such that y; is adjacent to x and no y; has a solution neighbor
outside Ng(z) N S. Then the chain (z,y1,...,yp) is an element of C'Ly. Note
that Lg g V(CLQ)

Chains of C5- and C3+ are defined using the following algorithm. We consider
maximal chains in F| one by one (note that all maximal chains are vertex-
disjoint). Let ¢ = (x1,22,...,%p) be a maximal chain. The vertices of ¢ are
ordered so that if {z1,2,} N Ly # 0, then x, € Ly. Using vertices of ¢ we form
disjoint bounded length chains and put them in the sets Co- and C5+ as follows.
Assume that for some i < p the vertices of a prefix (x1,xo,...,z;) have been
already partitioned into such chains (in particular i = 0 if we begin to process c).
There are three cases to consider.

Consider a shortest chain ¢; = (241, . .. ,xj) such that the vertices of ¢; have
at least three solution neighbors, i.e., [S N N({xit1,...,2;})| > 3. If the chain
c; exists, we put it in C3+, and we proceed to the next vertices of c¢. Otherwise
we consider the chain ¢ = (z;41,...,x,). Note that vertices of ¢; have at most
two solution neighbors.

If 2, € I, then we add the chain ¢ to Cy- and we finish processing c. Note
that then z, is adjacent to a vertex u € L3+ U I3+ (otherwise ¢ is not maximal,
as we can extend it by a vertex in Ls). Moreover, because of the order of the
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vertices in ¢, we know that x1 & Lo. It follows that x; is also adjacent to a vertex
v € L3+ U I3+. Hence, uv € E(Fy). We assign chain ¢} to edge uv.

If x,, € Lo, then we do not form a new chain and we finish processing c. Note,
however, that the vertices {z;;1,...,2,} NI belong to a chain in C'L,.

Note also that some vertices of the first chain ¢y can belong to two chains,
one in C3+ and one in C'Ls.

Let us summarize the main properties of the construction.

Lemma 3.3. The following properties hold:

(i) FEvery vertex from I belongs to a chain in CLy, Co- or Cs+.

(i1) FEvery chain in C Ly U Cy— has at most two solution neighbors.

(iti) Every chain in Cs+ has at least three solution neighbors.

(iv) Every chain in Co— is assigned to a different edge of inner forest Fy.
(v) Every chain in Co- U CLg has at most £ — 1 vertices.

(vi) Every chain in Cs+ has at most £ vertices.

A solution graph H g. Let us introduce a new plane multigraph Hg = (S, Es).
Since the vertices of Hg are the solution vertices we call it a solution graph. From
now on, we fix a plane embedding of G. The vertices of Hg are embedded in
the plane exactly in the same points as in G. The edge multiset Eg is defined as
follows. For every triple (u,z,v) such that u,v € S, € Ly and there is a path
uzv in G, we put an edge uv in Eg. Moreover, the edge uv is embedded in the
plane exactly as one of the corresponding paths uzv (note that there can be up
to four such paths if some edges are double). Note that by Lemma 3.2(ii), every
edge of Hg has multiplicity at most two.

The set of faces of Hg is denoted by Fs. By Fs2 we denote its subset with
the faces of length two, while Fs 3, are the remaining faces. Note that there are
no faces of length 1 in Hg.

Lemma 3.4. We have |[V(CL2)| < 3(|Es| — |Fs,2|).

Proof. By the definition, for every vertex x € Lg there is a corresponding edge
wv € Eg, where Ng(z) NS = {u,v}. Also, for every chain ¢ in C'Lg there is a
corresponding vertex x € Ls, and thus a corresponding edge uv € Eg. We assign
x, ¢ and the vertices of ¢ to the pair {u,v}.

Consider an arbitrary pair u, v such that uv € Eg. Note that there are
exactly |Eg| — |Fs 2| such pairs. We claim that there are at most three elements
in V(CLs) assigned to the pair {u,v}. Indeed, by Lemma 3.2(i7), there are at
most two vertices in Ly assigned to {u, v}. If there are no such vertices, no chain
in CLy is assigned to {u,v}, so the claim holds. If there is exactly one vertex
x € Lo assigned, there is exactly one chain ¢ € C'Ly assigned. By Lemma 2.3,
chain ¢ has at most three vertices, so the claim holds. Finally, if there are exactly
two vertices x,y € Ly assigned, there are exactly two chains c; and ¢, assigned.
By Lemmas 2.4 and 2.5 we have |V(¢z)| + |V(¢y)| < 3. This concludes the
proof. O
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Maximality. In what follows we assume that graph G is mazimal, meaning that
one can add neither an edge to E(G) nor a vertex to Ly obtaining a graph G’ such
that S is still a feedback vertex set of G’ and all the claims of Lemmas 3.2, 3.3
and 3.4 hold. Note that the number of Ls-vertices which can be added to G
is bounded, since each such vertex corresponds to an edge in Hg, and Hg has
at most 6|S| edges as a plane multigraph with edge multiplicity at most two.
Similarly, once the set of La-vertices is maximal, and hence the vertex set of G
is fixed, the number of edges which can be added to G is bounded by 6|V (G)].
It follows that such a maximal supergraph of GG exists. Clearly, it is sufficient to
prove Theorem 3.1 only in the case when G is maximal.

Lemma 3.5. The planar graph Hg is connected.

Proof. Assume now for contradiction that there is a partition S = .S; U .Sy such
that there is no edge in Hg between a vertex of S; and a vertex of Ss.

Every face of G is incident to at least one vertex of S, for otherwise the
boundary of the face does not contain a cycle, a contradiction. Assume that a
face f of G contains a solution vertex u; in S; and a solution vertex us in Ss.
Then we can add a vertex z, two edges zu; and two edges zus. Note that
S is still a feedback vertex set in the new graph; in particular now = € Lo.
In the new graph there are no more vertices in Ly adjacent to both u; and us
because of our assumption that S7 and Sy are not connected by an edge in Hg, so
Lemma 3.2(4¢) holds. Moreover, |V (CLy)| was increased by one and |Eg|—|Fg 2|
was also increased by one, so Lemma 3.4 holds. The other claims of Lemmas 3.2
and 3.3 trivially hold, so F' is not maximal, a contradiction.

Let F1 and F5> be the collections of faces of G containing a vertex in S7, or
in Sy, respectively. We have shown above that F; U Fs is a partition of the set
of all the faces of G. Let V7 and V5 denote the sets of vertices incident to a face
in Fi, or in Fy, respectively. Note that Vi NV, # (), since there must be two
neighboring faces, one in F; and the other in F5. Let z € Vi N V5. Since faces
of G are of length at least two, x has in G at least two neighbors in V3 N V5. It
follows that G[V; N V3] has minimum degree two, so G[V; N V5] contains a cycle.
However, (V1 NV3) NS =0, since F; and Fy are disjoint. Hence Vi NV3, C F, a
contradiction. O

Bounding the number of forest vertices in a face of H g. For a face f of Hg
and a set of vertices A C V(G) we define A/ as the subset of A of vertices which
are embedded in f or belong to the boundary of f. Note that all vertices of every
chain belong to the same face f of Hg. When C is a set of chains, by Cf we denote
the subset of chains of C' which lie in f, i.e., Cf ={ce€ C : V(c) CV(G)}.

Lemma 3.6. For every face f of Hg, it holds that \L§+| + |I§+| + |C:,{+| <
a(f) — 2.

Proof. First we note that the forest F/ is in fact a tree. Indeed, if F/ has more
than one component, we can add an edge between two solution vertices on the
boundary of f preserving planarity, what contradicts the assumed maximality.
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Consider a plane subgraph A of G induced by V(G)/, i.e., we take the plane
embedding of G' and we remove the vertices outside V (G)f. Then we can define
graph Ag, analogously to Hg. We treat f as a face of Ag. Let ujus - - - ug(pyur
be the facial walk of f.

Consider an arbitrary vertex = of I:{ .. Let T1,...,T, be the r trees obtained
from the tree T in F containing = after removing r from 7. Then r > 3
since = has at least three neighbors in 7. By planarity, there are 2r indices
bi1,e1,b2,e9,...,b., €. such that for every i =1,...,r

{up, s ue, } € N(V(Ty)) N {ur, - ugipy t © {up, Up, 41,0+ -5 Ue, }-

Then, for every j € {b1,ba,...,b.} there is an edge zu;, for otherwise we can
add it in the current plane embedding, contradicting the maximality of G. This
means that every vertex in Ingr has at least three neighbors in {u1,ua, ..., ug)}-

We further define B as the plane graph obtained from A by (1) replacing
every triple (u,z,v) where x € Lo, u,v € S and uzv forms a path by a single
edge uv, (2) removing vertices of V(CLs), (3) contracting every chain from Cs+
into a single vertex, and (4) contracting every chain from Cy- into a single edge.
By (4) we mean that every maximal chain d = x4, ..., z; of Iy vertices which is
contained in a chain from Cy-, is replaced by the edge yz where y and z are the
forest neighbors (in L3+ U I3+) of 21 and z; outside the chain d. Let us call the
vertices of B that are not on the boundary of f as inner vertices.

Note that the set of inner vertices is in a bijection with L§+ U I?J:Jr U C’g;.
Moreover, I forms a tree, since Ff is a tree. Also, each inner vertex has at
least three neighbors in {uy,us, ..., uqs)}. We show that |I| < d(f) — 2 by the
induction on d(f). When d(f) = 2 the claim follows since each inner vertex has
at least three neighbors on the boundary of f. Now assume d(f) > 2. Let = be
leaf in the tree I. Then the edges from x to the boundary of face f split F' into
at least three different faces. The subtree I — x lies in one of these faces, say face
bounded by the cycle xu;u;11 - - ujz. We remove x and vertices w;q1,...,u;—1
(there is at least one of them) and we add edge w;u;. The outer face of the
resulting graph is of length at most d(f) — 1, so we can apply induction and the
claim follows. O

Lemma 3.7. For every face f in Hg of length at least three,
VI\V(CLY| < ¢ (d(f) —2) — (¢~ 1).
Proof. We have
VENV(CLD| < L4 + 1|+ V(S + [V(CL)l-
By Lemma 3.3(v) we get
VENV(CIDI < |LL |+ | | + 0L | + (¢ = DICL|. 3)

By Lemma 3.3(iv), |C§,| is bounded by the number of edges of the inner for-
est Fy. Hence, |CJ | < |LL, |+ |I,| — 1 when |L{, | +|I],| > 0 and [C] | = 0
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otherwise. In the prior case, by (3) we get that
VINV(CL)| < €L, |+ |, |+ |CL ) — (e —1),

and the result then follows from Lemma 3.6. Hence it suffices to prove the claim
when |L§+| = |I§+| = |C§,| = 0. Then the forest F/ is a non-empty collection
of paths, each with both endpoints in L,. Let ¢ be such a path on p vertices
Z1,...,Zp. Then 1 € Ly and z; has exactly two neighbors u,v in S. Let ¢ be
the largest such that N({z1,...,2;})NS = {u,v}. By definition, (z1,...,2;) is a
chain in C'LJ. We infer that if i = p for every such path, then \Vg \ V(L =0
and the claim follows. Hence we can assume that ¢ < p, i.e., x;31 has a neigh-
bor in S\ {u,v}. Then, by definition, (z1,...,2;41) is a chain in C’ng. Since
(z1,...,2;) € CL, we get [{z1,..., 2341} \ V(CL])| = 1. Hence,

VE\V(CLY)| <1+ 6(ct, |- 1),

what, by Lemma 3.6, is bounded by 1+ ¢- (d(f) —3) =¢- (d(f) —2) — (£ - 1),
as required. ([

Lemma 3.8. For every face f in Hs of length two, VI{: C V(C’L%).

Proof. Since the boundary of f has only two solution vertices, F/ contains no

vertices of Lg;r, V(Cs+)f or Ig;. Then by Lemma 3.3(iv), Cg_ is also empty.

The claim follows. O

Now we proceed to the bound of Theorem 3.1. By Lemmas 3.7 and 3.8 we have

Vel < V(CLa)[ + ) (Ud(f) —2) = (£~ 1))

fEFs 34

By Lemma 3.4 we get

Vel <3(IBs| — [Fs2) + > (£d(f)—2)— (£—1))
f€Fs a4
=3(|Es| — [Fs2) + D> (¢d(f) =2) = (( = 1)) + (£ = 1)| Fy 5]
f€Fs
= (204 3)|Es| — (30 = 1)|Fs[ + (£ — 4)[F2,s
= (204 3)|Es| — (20 + 3)[Fs| — (€ — 4)|Fs| + (£ — 4)|F2 5]
< (20+3)(|Es| — | Fsl).

By Lemma 3.5 graph Hg is connected, so we can apply Euler’s formula |S| —
|E5| + ‘F5| = 2. Thus,

V(G = Vel +[S] < (20 +3)(IS| = 2) + 5],
— (20 + 4)k — (4L +6),
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Fig. 3. A tight example. The big black vertices are solution vertices, the small grey
ones are forest vertices. The zigzag edges represent paths of £ — 1 forest vertices, each
adjacent to the two available solution vertices. Asymptotically for larger cycles, we
have 2¢ + 3 forest vertices for each solution vertex.

This concludes the proof of Theorem 3.1. For £ = 6, we get |V (G)| < 16k—30.
If we use Lemma 2.6, we can put £ = 5, which results in |V(G)| < 14k — 24. In
Fig. 3 we show an example of a graph, where our reduction rules do not apply
and our analysis is tight (up to a constant additive term).

Note. We have learned that very recently Xiao [11] obtained independently a
29k-kernel for PLANAR FEEDBACK VERTEX SET.
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