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Abstract We applied the method of quantile regression under asymmetric Laplace
distribution to predicting stock returns. Specifically, we used this method in the Fama
and French three-factor model for the five industry portfolios to estimate the beta
coefficient, which measure risk in the portfolios management analysis at given levels
of quantile. In many applications, we are concerned with the changing effects of
the covariates on the outcome across the quantiles of the distribution. Inference in
quantile regression can be proceeded by assigning an asymmetric Laplace distrib-
ution for the error term. Finally, we use the method to measures the volatility of a
portfolio relative to the market, size and value premium. It should be noted that a
complete study of quantile regression models with various error distributions is of
great interests for applications.

1 Introduction

The portfolio theory was first purposed by Markowitz in 1952, a simple idea that
described the return of the portfolio by mean and variance. These concepts were
essential to development of the famous capital asset pricing model (CAPM). CAPM
was introduced by Sharpe [19] and Lintner [14]. The classical CAPM is predicting
the return of the asset by using only market return to evaluate the return in portfolio
management. But it is only 70% given by the CAPM (within sample) explains of the
diversified portfolios returns compared with the Fama-French three-factor model can
explains over 90% (see, Fama and French [6]). The three-factor model, two more
factors namely, size and value variables are added into the original CAPM. Both
CAPM and the Fama-French model are use ordinary least square (OLS) to obtain the
beta parameters and usually assumed error term to be jointly normally distributed.
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However, this is not always true in the financial market. The Fama-French assumes
that the variance of returns adequately measures risk. This may be true if returns
are distributed normally. In this paper we introduce the quantile regression with an
asymmetric Laplace distribution (ALD) to estimate the parameters of the model and
predict portfolios returns.

Quantile regression can explain the entire conditional distribution of the outcome
variable, and ismore robust to outliers andwrong assumption of the error distribution.
For the application of quantile regression to Fama-French model, we have not seen
much about applying the quantile in the three-factor model.

Quantile regression estimation is equivalent to the parametric case where the error
term is asymmetrically Laplace distributed. The beneficial of parametric estimation
is that we can have all the properties ofMaximumLikelihood Estimates (MLE). Esti-
mators derived by themethod ofmaximum likelihood have some desirable properties
such as, sufficiency, consistency, efficiency, asymptotic normally (Fisher Informa-
tion), invariance, etc.

Many studies on the Fama-Frenchmodel is wildly used to study the diversification
of the risk parameter and the performance of protfolios, which we can found in
the studied from Abhakorn et al. [1], they used standard C-CAPM by including
two additional factor associated with Fama-French [7]. Same as in the studied of
Bartholdy and Peare [4], compared the performance of CAPM and Fama-French
models for individual stocks. In the support of Gaunt [11] tests validity between
Three factor model and CAPM, all their results shown that Fama-French model
provides a better explanation of stock returns than the CAPM model. Lin et al. [15]
studied the relation between the Fama-French factors and the latent risk factors in
Chinesemarket.More relatedwork using the Fama-Frenchmodel, we refer the reader
to the works of Mwalla and Karasneh [2], Eraslan [5], Faff et al. [10]. Grauer and
Janmatt [11]

This study extends the standard Fama-French three factor model by present a
likelihood-based approach to the estimation of regression quantiles based on the
asymmetric Laplace distribution. In [18], the authors construct the distribution of
currency exchange rates using the asymmetric Laplace distribution, which success-
fully captures the peakedness, fat tail and skewness inherent in such data. Similarly, it
is shown in [16] that the Laplace distribution has a geometric stability for the weekly
and monthly distributions of stock returns and also captures the high peak, fat tail
and the skewness of the stock returns.

The useful of regression with Fama-French model have been mentioned in Kent
[13] i.e., First, The Fama-French model can explains much more of the variation
observed in realized returns. Second, it is show that a positive alpha observed in
a CAPM regression is merely a result of exposure to either SMB or HML factors,
rather than actual manager performance.

Hence, the main objective of this study is to illustrate the method of quantile
regression under asymmetric Laplace distribution. we estimate five industrial port-
folios returns based on quantile regression under asymmetric Laplace distribution to
evaluate the returns of the portfolios. Thus, the contribution of this paper is using the
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method of quantile regression under ALD to obtained the value of betas parameter
under various market situation.

The remainder of the paper proceeds as follows. Section2 gives the overview
of quantile regression with asymmetric Laplace distribution and Fama-Frnch three
factor model. Meanwhile, Sect. 3 described the empirical method using qunatile
regression under asymmetric Laplace distribution. Section4 exhibits the empirical
solutions. The last gives the conclusion of the paper.

2 Quantile Regression and Fama-French Model

2.1 Quantile Regression with an Asymmetric
Laplace Distribution

Quantile regression (QR) supplies information about the relationship between
response and the covariates at the tails of the response distribution. In a linear QR
model Y = X ′βα + εα, the parameter βα is estimated by minimizing the empirical
objective function

∑n
i=1[ρα(Y − X ′β)] over β. Thus, given i.i.d (Xi , Yi ), a plausible

estimator of βα is

β̂α = argmin
1

n

{
n∑

i=1

ρα(Yi − X ′
iβ)

}

. (1)

Function ρα(·) is the so called check (or loss) function defined by ρα(u) =
u(α − 1(u<0)), with 1(u<0) denoting the usual indicator function. This estimator
is called the Least Absolute Deviation (LAD) estimator. Just as minimizing a loss is
associated with normal errors, minimizing check function corresponds to assuming
a distribution called asymmetric Laplace distribution (ALD) for the error εα . Note
that, just like in mean regression model, while the OLS method provides estimators
for the model parameters, to make tests and set up confidence intervals, we need to
make an assumption about the distribution of the error term.

Thus, suppose that Yi is distributed as ALD (βα Xi , σ, α), i = 1, 2, . . . , n. Then
the likelihood is

L(βα, σ |Y1, · · · , Yn) = αn(1 − α)n

σ n
exp

{

−
n∑

i=1

ρα

(
Yi − X ′

iβα

σ

)}

. (2)

Maximizing L with respect toβα is equivalent tominimizing
∑n

i=1[ρα(Y −X ′β)].
Note that, the ALD of the error εα is

fεα (u) = α(1 − α)

σ
exp

{

−ρα

(
u

σα

)}

. (3)

The validation measure for general quantile regression model is
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Qn(α) = 1 −

n∑

i=1

ρα(Yi − qα(Yi |Xi ))

n∑

i=1

ρα(Yi − θ̂α Xi )

(4)

The empirical general quantile regression is obtained by estimated quantiles. For
more details on this measure for validating quantile regression models, see, [17].

2.2 Fama-French Three-Factor Model

The three-factor model was purposed by Fama and French [6] and has been applied
in various issue (see, [7–9]). This model provides an extended version of the CAPM
for evaluation of the portfolio. The original CAPM model is described by the linear
regression as follows

rA = r f + βA(rM − r f ) + ε, (5)

In the three-factormodel, two additional factors are added to explain excess return;
“size” and “value” to be the most significant factors. Thus, for each portfolio can be
estimate the return by the following regression:

rA = r f + βA(rM − r f ) + sA SM B + h A H M L + ε, (6)

where rA is the total return of portfolio, r f is the risk free rate, rM is the market return
and ε is the error term. SMB which is so called “Small Minus Big” accounting for
the size premium, is designed to measure the difference in return between investing
in small and big capitalization stocks, sA represents the level of exposure to size risk.
The words “Small and Big” are refer to the size of the market equity (ME) which
is the multiplication of share price and number of shares outstanding. “High Minus
Low” (HML) represents the value premium, is invented tomeasure the excess returns
for investing in high book-to-market values (BE/ME) and low BE/ME companies
and h A shows the level of exposure to value risk.

Note that, SMB is the average return on the three small portfolios minus the
average return on the three big porfolios. HML is the average return on the two value
portfolios minus the average return on the two growth portfolios. SMB and HML are
calculated from the combinations of Small Value (SV), Small Neutral (SN), Small
Growth (SG), Big Value (BV), Big Neutral (BN) and Big Growth (BG). Thus, we
have

SM B = 1

3
(SV + SN + SG) − 1

3
(BV + B N + BG) (7a)
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H M L = 1

2
(SV + BV ) − 1

2
(SG + BG) (7b)

3 Simulated Data for ALD

Consider the linear model Y = Xβα + εα , for 0 < α < 1, with Fεα |X (0) = α. Such
that this condition entails that the conditional α − quantile of Y given X is Xβα.

Recall the α − loss function

ρα(u) = u[α − 1(u<0)] =
{

u(α − 1) : u < 0

uα : u � 0
(8)

Thus, ρα( u
σ
) = ρα(u)

σ
when σ > 0. Suppose the conditional distribution of Y

given X is a AL D(μ, σ, α), where the location parameter −∞ < μ < ∞, the scale
parameter σ > 0, and the skew parameter 0 < α < 1. Given the density of εα in
(3). For simulations of ε from this distribution where we know α and σ , we seek
its distribution function Fεα to carry out the usual procedure by setting Fεα = U ,
uniformly distributed on [0,1], so that εα = F−1

εα
(U ) we have

Fεα (x) =
{

α exp{ (1−α)x
σ

} : x < 0

1 − (1 − α) exp{−αx
σ

} : x � 0
(9)

From which, we get

u = α exp

{
(1 − α)x

σ

}

⇒ x = σ(log u − logα)

1 − α
: u < α (10)

which is less than 0 when log u − logα < 0 and

u = 1 − (1 − α) exp{−αx

σ
} (11a)

x = σ [log(1 − α) − log(1 − u)]
α

� 0 : u � α (11b)

4 Application to Portfolio Evaluation

4.1 Model and Parameters Estimation

TheFama andFrench three-factor asset pricingmodel provides an option toCAPMas
an improvement to poor performance of the CAPM.With this method, the estimation
of expected excess return on portfolios will be calculated by adding twomore factors
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namely; SMB and HML into the classic CAPM model. Suppose we have observed
the past data of stock return rai , rmi , SM Bi , H M Li , i = 1, 2, · · · , n over past n
years. These observations are assumed an i.i.d. random noise from AL D(α, μ, σ ).
In this case we consider μ = 0.

The equation of the three-factor model under asymmetric Laplace distribution at
given level of α quantile, using (2) and (6) the corresponding to the historical data
via the three-factor model is a realization that generate likelihood function is

Lα(βα
0 , βα

1 , βα
2 , βα

3 , σ |(rmi , rai , SM Bi , H M Li )) =
αn(1 − α)n

σ n
exp

{

−
n∑

i=1

ρα(
rai − H M Liβ

α
3 − SM Biβ

α
4 − rmiβ

α
1 − βα

0

σ
)

}

.

(12)

4.2 Experimental Results

The data contain of 1050 monthly returns during 1926–2013 are original obtained
from Center for Research in Security Prices (CRSP) to compute the log returns on
the following asset. The data consist of the returns from the five industry portfolios,
Consumer (Cnsmr), Manufacturing (Manuf), Hi-Technologies (HiTec), Health care
(Hlth) and Other (Other), such as Mines, Transportation etc. Market returns (rMt )
includes all NewYork StockExchange (NYSE), American StockExchange (AMEX)
and NASDAQ Stock Market (NASDAQ) firms.

Data for SMB and HML were obtained from French’s homepage. Table1 gives
the summary of the variables.

The Q-Q plots shown in Fig. 1 are based on the distribution of AL, given in
(2). The lines in these figures represent the 0.5th quantile. These figures are clearly
show that the asymmetric Laplace distribution provides a good-fit to the sample data
set. Moreover, the Kolmogorov-Smirnov test (KS-test) in Table2 ensure that all the

Table 1 Summary statistics

Cnsmr Manuf HiTec Hlth Other rMt SMB HML

Mean 0.726 0.696 0.655 0.803 0.627 0.649 0.234 0.394

Median 0.965 0.935 0.930 0.775 0.975 1.030 0.065 0.230

Maximum 43.750 41.310 33.850 37.030 58.790 38.040 37.450 34.080

Minimum −28.590 −29.880 −26.780 −34.140 −29.960 −29.100 −16.390 −12.680

Std. dev 5.363 5.552 5.652 5.649 6.514 5.414 3.232 3.512

Skewness 0.120 0.334 −0.183 0.114 0.882 0.157 2.060 1.920

Kurtosis 10.570 11.082 6.566 9.589 15.985 10.392 23.558 18.722

Obs 1050

All values are the log return
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Fig. 1 The Q-Q plots of error under asymmetric Laplace distribution. a ALD Q-Q plot of Cnsm
α = 0.50. b ALD Q-Q plot of Hlth α = 0.50. c ALD Q-Q plot of HiTec α = 0.50. d ALD Q-Q plot
of Manuf α = 0.50. e ALD Q-Q plot of Other α = 0.50

marginals are follow the ALD compare with the critical value K (α′=0.05)√
n

= 0.042,

all of the marginals accepts the null hypotheses of the KS-test at 5% level.
The values in the Table2 exhibit the results of the parameters estimation for the

Fama and French three-factor model via the quantile regression under asymmetric
Laplace distributions at given level of α. The results for ALD assumption performs
well for the given quantile of these five industrial portfolios.
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Table 2 Parameter estimated results

Industries Parameters α = 0.20 α = 0.40 α = 0.50 α = 0.60

Cnsmr β0 −1.1814 −0.2704 0.1281 0.4767

(0.0002) (0.0144) (0.0125) (0.0008)

β1 0.9164 0.9386 0.9396 0.9342

(0.0003) (0.0366) (0.0053) (0.0007)

β2 0.0822 0.0653 0.0457 0.0344

(0.0003) (0.0463) (0.0041) (0.0003)

β3 −0.0577 −0.0593 −0.0666 −0.0535

(0.0001) (0.0000) (0.0347) (0.0044)

σ 0.4941 0.6563 0.6766 0.6601

(0.0151) (0.0190) (0.0203) (0.0192)

Qn(α) 0.6561 0.6474 0.6419 0.6359

L L 2233.9 2106.2 2095.3 2112.2

KS-test(Dn) 0.0318

Hlth β0 −1.8832 −0.3510 0.2227 0.9299

(0.0011) (0.0362) (0.0023) (0.3184)

β1 0.8881 0.8784 0.8642 0.8608

(0.0008) (0.0757) (0.0013) (0.4387)

β2 −0.1341 −0.0911 −0.1090 −0.1035

(0.0008) (0.0869) (0.0022) (1.278)

β3 −0.2062 −0.2528 −0.2521 −0.2857

(0.0011) (0.0391) (0.0009) (0.4881)

σ 0.8609 0.6563 0.6766 0.6601

(0.0224) (0.0255) (0.0337) (0.1057)

Qn(α) 0.4191 0.4161 0.4091 0.4017

L L 2816.9.1 2687.6 2682.2 2706.9

KS-test(Dn) 0.0374

HiTech β0 −1.3758 −0.2920 0.1262 0.5110

(0.0002) (0.3468) (0.0483) (0.0034)

β1 0.9535 0.9655 0.9701 0.9852

(0.0001) (0.0014) (0.6291) (0.0060)

β2 0.0246 0.0702 0.0567 0.0422

(0.0001) (0.0601) (0.4999) (0.0245)

β3 −0.3052 −0.2797 −0.2735 −0.2829

(0.0001) (0.0015) (0.9118) (0.0152)

σ 0.5540 0.7351 0.7562 0.7379

(0.0180) (0.0587) (0.0219) (0.0266)

Qn(α) 0.6456 0.6327 0.6269 0.6212

L L 2354.0 2225.2 2212.0 2229.2

KS-test(Dn) 0.0291

(continued)
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Table 2 (continued)

Industries Parameters α = 0.20 α = 0.40 α = 0.50 α = 0.60

Manuf β0 −0.8635 −0.2670 −0.0480 0.2131

(0.0156) (0.0237) (0.0001) (0.0003)

β1 0.9935 1.0060 0.9955 0.9982

(0.0097) (0.0009) (0.0024) (0.0000)

β2 −0.1037 −0.1053 −0.1090 −0.1021

(0.0155) (0.0068) (0.0024) (0.0001)

β3 0.1482 0.1367 0.1508 0.1529

(0.0103) (0.0015) (0.9118) (0.0152)

σ 0.3696 0.4814 0.4987 0.4923

(0.0089) (0.0587) (0.0219) (0.0266)

Qn(α) 0.7497 0.7449 0.7393 0.7324

L L 1928.8 1780.9 17775.0 1804.4

KS-test(Dn) 0.0328

Other β0 −1.4527 −0.5941 −0.1880 0.1755

(0.0006) (0.0756) (0.0002) (0.0362)

β1 1.0704 1.0584 1.0606 1.0539

(0.0001) (0.5700) (0.0003) (0.0217)

β2 0.0684 0.0936 0.0936 0.1172

(0.0003) (0.8370) (0.0017) (0.0184)

β3 0.3311 0.3379 0.3512 0.3394

(0.0002) (0.5059) (0.0005) (0.0114)

σ 0.4932 0.6509 0.6680 0.6480

(0.0150) (0.0092) (0.0185) (0.0179)

Qn(α) 0.7129 0.7024 0.6983 0.6948

L L 2521.5 2225.2 2212.0 2229.2

KS-test(Dn) 0.0378

Consistent standard errors() is in parenthesis

Now, Fig. 2 shows parameter estimation for the entire quantile. From these picture,
we summarize the results, e.g. the return from Cnsmr portfolio as follows:

For the quantile lower than 0.90, Cnsmr has less risky than the market and more
risk at higher quantile levels, The risks decrease as the stock return increase, but we
cannot find any monotonic relationship between risks and excess reurns.

For the lower quantile less than 0.9, positive exposure to size risk increases the
average excess return while negative exposure to size risk reduces the average excess
retrun regarding medium and small size portfolios. We conclude that the size factor
SMB is not effect on large scale of portfolio returns.

For every quantile,HMLcapturing the value risk effect ofCnsmr portfolio on aver-
age excess returns. Since, it has a negative value, it is expected that high book to mar-
ket value (B E/M E) decrease average excess return more than the low (B E/M E)

one.
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Fig. 2 Marginal parameter plots of Cnsmr portfolio at difference quantile(α). a β0 Cnsmr. b β1
Cnsmr. c β2 Cnsmr. d β3 Cnsmr. e σ Cnsmr

4.3 In Sample prediction

To predict the in-sample expected return of the asset r̂a,n for a given market portfolio
return rm,n , we compute the estimated values of ra,n given rm,n at fixed α by

r̂Cnsmr = r f + β0 + β1(rM − r f ) + β2 SM B + β3 H M L + εi , (13)
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Fig. 3 In-sample prediction at difference quantile (α). a Prediction at α = 0.20. b Prediction at
α = 0.40. c Prediction at α = 0.50. d Prediction at α = 0.60

where εi is asymmetric Laplace distribution. Figure3 displays the in-sample predic-
tion at different quantile. It is clearly that the predicted values are very close to actual
values for the given level of quantile under ALD.

5 Conclusions

In this paper, we used method of quantile with ALD assumption applied to the Fama
and French three factor model for the five industry portfolios stocks markets, which
includes all NewYork StockExchange (NYSE), American StockExchange (AMEX)
and NASDAQ Stock Market (NASDAQ) firms. The Fama and French model is an
extension of original CAPMmodel by adding two more important variables namely,
“size premium” and “value premium” into the model. This method can be used to
evaluate the linear relationship between the expected returns on a portfolio and its
asymmetric market risk with size and value variables over various quantile levels.

The empirical results show that the method of quantile regression under ALD
can captures the stylized factors in financial data to describe the stock returns under
most quantile levels, especially under the middle quantile levels. Clearly, there is no
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monotonic relationship between risk and stock returns for the these portfolios. This
suggests that during that time frame, the ability to increase the returns of portfolios
beyond the risk exposure would be achieve by using quantile regression for the risk
measurement.
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