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Abstract

The complete set of equations describing the motion of a general compressible,
viscous, heat-conducting, and possibly rotating fluid arises as a mathematical
model in a large variety of real world applications. The scale analysis aims
at two different objectives: Rigorous derivation of a simplified asymptotic set
of equations and understanding the passage from the original primitive system
to the simplified target system. These issues are discussed in the context of
compressible, viscous, heat conducting, and/or rotating fluids.

1 Introduction

The complete set of equations describing the motion of a general compressible,
viscous, heat-conducting, and possibly rotating fluid arises as a mathematical model
in a large variety of real world applications. The scale analysis aims at two different
objectives:

• Rigorous derivation of a simplified asymptotic set of equations which can be
solved analytically or, in practice, with less numerical effort than the original
system.

• Understanding the passage from the original primitive system to the simplified
target system; identifying the essential part of the solution that persist and its
residual component that is suppressed in the asymptotic limit.

Throughout the chapter, the fluid motion is considered in the framework of
classical continuum mechanics described in terms of certain observable macroscopic
quantities: the mass density %, the (absolute) temperature # , and the (bulk)
velocity u. The numerical values of these quantities – fields – depend on the time
t and the spatial position x. Throughout the whole text, the Eulerian description is
used, where the coordinate frame is attached to the physical domain occupied by the
fluid or to the rotating frame as the case may be. The fields are interrelated through
a system of field equations – balance laws – reflecting the underlying physical
principles of conservation of mass, momentum, and energy.

1.1 Scaling and Dimensionless Equations

To begin, the basic equations of fluid dynamics will be rewritten in their dimen-
sionless form. To this end, all physical quantities X will be replaced by their
dimensionless counterpart

The research of E.F. leading to these results has received funding from the European Research
Council under the European Union’s Seventh Framework Programme (FP7/2007–2013)/ ERC
Grant Agreement 320078. The Institute of Mathematics of the Academy of Sciences of the Czech
Republic is supported by RVO:67985840.
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X �
X

Xchar
;

where Xchar denotes the characteristic value of the quantity X in the regime of
interest. Here and hereafter, the same symbol X is used for both the quantity and its
rescaled value. The list of physical quantities considered in this chapter includes:

Symbol Name

% D %.t; x/ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .mass density

u D u.t; x/ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .velocity field (in the rotating frame)

# D #.t; x/ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (absolute) temperature

! . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . rotation vector

p D p.%; #/ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . pressure

S D S.%; #;rxu/ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . viscous stress

G D jx � !j2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . centrifugal force

f D f.t; x/ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . external force density

e D e.%; #/ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (specific) internal energy

q D q.%; #;rx#/ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . heat flux

Q D Q.t; x/ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . external heat source

In accordance with the second law of thermodynamics, the pressure p D .%; #/

and the specific internal energy e D e.%; #/ are interrelated through Gibbs’ equation

#Ds.%; #/ D De.%; #/C p.%; #/D

�
1

%

�
; (1)

where s D s.%; #/ is the specific entropy; see [43]. In addition, the thermodynamic
stability hypothesis

@p.%; #/

@%
> 0;

@e.%; #/

@#
> 0 (2)

is assumed for all % > 0, # > 0; see [8].
In this chapter, we restrict ourselves to linearly viscous (Newtonian) fluids, for

which the viscous stress is determined by Newton’s rheological law

S.%; #;rxu/ D �.%; #/

�
rxu C r t

xu �
2

3
divxuI

�
C �.%; #/divxuI; (3)

and the heat flux is given by Fourier’s law

q.%; #;rx#/ D ��.%; #/rx#; (4)
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where the so-called transport coefficients �.%; #/, �.%; #/ and �.%; #/ may depend
on the scalar state variables % and # ; see, e.g., [15, 44].

1.1.1 Field Equations, Primitive System
A system of equations describing a general compressible, viscous, and heat-
conducting fluid rotating along the axis !=j!j, where j!j is the angular velocity,
will be considered. The motion in the rotational reference frame can be described
by a general system of partial differential equations written in their dimensionless
form:

ŒSr�@t%C divx .%u/ D 0; (5)

ŒSr�@t .%u/C divx .%u ˝ u/C
1

ŒRo�
.! � %u/C

1

ŒMa�2
rxp.%; #/

D
1

ŒRe�
divxS.%; #;rxu/C

1

ŒRo�2
%rxG C

1

ŒFr�2
%f; (6)

ŒSr�@t .%e.%; #//C divx.%e.%; #/u/C
1

ŒPe�
divxq.%; #;rx#/

D
ŒMa�2

ŒRe�
S.%; #;rxu/ W rxu � p.%; #/divxu C ŒHr�%Q; (7)

see [59, 80, 91, 92].
The system of Eqs. (5), (6), and (7) is called primitive system. It contains

dimensionless quantities ŒX� – characteristic numbers – specified in the next section.

1.1.2 Characteristic Numbers
Denote Lref the characteristic length and Tref the characteristic time. The character-
istic numbers are defined as follows:

Symbol Definition Name

Sr . . . . . . . . . . . . . . . . . . . . . . . . . . . Lref=.TrefUref/ . . . . . . . . . . . . . . . . . . . . . . . . . . . Strouhal number

Ma . . . . . . . . . . . . . . . . . . . . . . . . . . . Uref=
p
pref=%ref . . . . . . . . . . . . . . . . . . . . . . . . . . . Mach number

Re . . . . . . . . . . . . . . . . . . . . . . . . . .%refUrefLref=�ref . . . . . . . . . . . . . . . . . . . . . . . . . .Reynolds number

Fr . . . . . . . . . . . . . . . . . . . . . . . . . . . Uref=
p
Lreffref . . . . . . . . . . . . . . . . . . . . . . . . . . . Froude number

Pe . . . . . . . . . . . . . . . . . . . . . . . . .prefLrefUref=.#ref�ref/ . . . . . . . . . . . . . . . . . . . . . . . . . Péclet number

Ro . . . . . . . . . . . . . . . . . . . . . . . . . . . . Uref=!refLref . . . . . . . . . . . . . . . . . . . . . . . . . . . . Rossby number

Hr . . . . . . . . . . . . . . . . . . . . .%refQrefLref=.prefUref/ . . . . . . . . . . . . . . . . . . . . .Heat release parameter
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The scale analysis reviewed in this chapter is devoted to the study of the
asymptotic behavior of solutions to primitive system (5), (6), and (7) in the regime
where one or several characteristic numbers become singular – either vanish or
become infinitely large. The complete fluid systems, for which the first and second
laws of thermodynamics are included in the equations, represent the main target.
Accordingly, there is a lot of material omitted in what follows:

• Singular limits of reduced systems, in particular the incompressible ones and the
inviscid ones. The reader may consult the surveys [18, 40, 75, 76, 82, 84], and/or
the seminal paper [57] among others.

• The results in one-space dimension; see, e.g., [49, 50].
• Other results related to singular limits. The interested reader may consult [14,17,

41, 42, 68, 69], among many others.

2 Scale Analysis and Singular Limits

The problems addressed in this text feature the following general structure:
Given

• A set of primitive equations – typically system (5), (6), and (7) or its suitable
simplification already neglecting certain phenomena as compressibility, heat
conductivity, viscosity, and others as the case may be,

• A set of singular parameters – a suitable subset of characteristic numbers
supposed to be small or excessively large in the limit regime of interest,

the goal is to identify

• The target system describing the behavior of the fluid in the asymptotic regime,
• The way how the solutions of the primitive system approach their asymptotic

limit.

Problems of this type are termed singular limits in the theory of partial
differential equations. There are several methods available in the literature how to
attack these problems in the context of fluid dynamics.

2.1 Framework of Classical Solutions

The most natural way is to study the singular limits in the framework of classical
solutions for both the primitive and the target system as proposed in the pioneering
work [22, 57]; see also [69, 83, 91, 92] among many other more recent studies. As
the primitive system usually contains nonlinear equations, a rigorous theory based
on classical solutions reduces to possibly short time lapse on which the classical
solutions are known to exist. Note that global-in-time regularity of solutions
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to systems in fluid dynamics remains largely open even in seemingly simple
and well-studied cases including the famous millennium problem concerning the
incompressible Navier-Stokes system; see [24].

Besides the fact that a (hypothetically) short life span of classical solutions may
become a nuisance in certain applications, the mathematical treatment faces another
substantial difficulty. Specifically, one has to show that the length of the time interval
on which the solutions of the primitive system exist remains positive independently
of the value of singular parameters.

2.2 Weak Solutions

Global-in-time weak (distributional) solutions are known to exist for a relatively vast
class of systems arising in fluid mechanics. The following are the most prominent
examples:

• Incompressible Navier-Stokes system and related problems in the 3D geometry;
see [51, 60], and, more recently, [11] and the references therein;

• Compressible barotropic Navier-Stokes system and related problems in the 2D
and 3D geometries; see [25, 64], and also related results [87];

• Complete Navier-Stokes-Fourier system and related problems in the 2D and 3D
geometries; see [25, 27], and an alternative approach [9].

Note that the theory of global-in-time solutions for the above problems in the
simple 1D geometry is well established both in the strong and weak solutions
framework; see, e.g., [4].

The apparent advantage of working with weak solutions in the singular limit
problems is that their life span is typically independent of the singular parameters.
The weak point of such results is convergence to the target systems in relatively
poor topologies. A seminal work in this direction is [65] discussed below.

2.3 Weak ! Strong Approach

Combining the weak and strong solutions framework was effective in the inviscid
limit and related problems, where the global estimates independent of the scaling
parameters do not allow the passage to the limit system by means of the classical
compactness arguments. Instead methods based on evaluation of the “distance”
between solutions of the primitive and target system by means of relative entropy
or energy functionals have been developed; see, e.g., [29, 70, 72, 81, 86, 89] among
others.
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2.4 Well- vs. Ill-Prepared Data

A singular limit problem concerns not only the equations but also the data – the
initial state and/or boundary conditions as the case may be. The data are called
well prepared if they approach those for the target problem in the asymptotic
limit. If this is not the case, the data are ill prepared. For the well-prepared data,
one expects the primitive system to enjoy the same level of regularity as for the
target system and a relatively strong convergence to the limit problem although
proving this could be rather involved. In the ill-prepared case, the solutions of
the primitive system typically decompose in two components: a regular one that
approaches the limit system and an “oscillatory” one supposed to disappear in the
asymptotic limit. Obviously, it is the oscillatory component that makes the singular
limit problem mathematically delicate. Examples of these phenomena will be given
below.

3 High Reynolds/Péclet Number Regime: Inviscid Limits

One of the central problems in mathematical fluid mechanics is the asymptotic limit
when the dissipative terms in (6) and (7) vanish. Specifically,

Re ! 1; Pe ! 1;

while the remaining characteristic numbers are of order one. A particularly interest-
ing case is the fluid contained in a domain with boundary, where the incompatibility
between the boundary conditions for the primitive and target system may result in a
boundary layer separation. At the purely mathematical level, these phenomena are
still poorly understood, in particular a rigorous justification of the boundary layer
theory.

A standard example of the inviscid limit is that for the incompressible Navier-
Stokes system

@tu C .u � rx/u C rx… D "�u; divxu D 0 in .0; T / ��; (8)

uj@� D 0; (9)

u.0; �/ D u0 in �; (10)

where u is the velocity and … the pressure in a viscous incompressible fluid
occupying a domain � � R3. Obviously Re D 1

"
and the limit " ! 0 can be

examined.
In the absence of a physical boundary, say � D R3, the following result of [53,

Section 1,Theorem] is classical:
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Theorem 1. Let � D R3 and

u0 2 W k;2.R3IR3/; divxu0 D 0;

be given, k � 3.
Then there exists T > 0 that may depend on ku0kW k;2.R3IR3/ but is independent

of " such that the initial-value problem (8), (10) admits a solution u" unique in the
class

u" 2 C.Œ0; T �IW k;2.R3IR3// \ C1.Œ0; T �IW k�1.R3IR3//:

Furthermore, the family fu"g">0 is bounded in C.Œ0; T �IW 2;k.R3IR3// and

u" ! u in C.Œ0; T �IW 2;k�1.R3IR3//;

where u is the unique solution of the (inviscid) Euler system

@tu C .u � rx/u C rx
Q… D 0; divxu D 0 in .0; T / �R3; (11)

u.0; �/ D u0 in R3: (12)

If � � R3 is a general bounded domain, the convergence result in Theorem 1 is
conditional; see [55]:

Theorem 2. Let � � R3 be a regular bounded domain. Suppose that the Navier-
Stokes system (8), (9), and (10) admits a family of solutions

u" 2 C.Œ0; T �IW k;2.�IR3/ \ C1.Œ0; T �IW k�1;2.�IR3/; k � 3; (13)

and that the limit Euler system (11), (12), supplemented with the impermeability
boundary condition

u � nj@� D 0 (14)

possesses a solution u in the class specified in (13).
Then the following statements are equivalent:

• 1 u" ! u in C.Œ0; T �IL2.�IR3/I

• 1 "

Z T

0

Z
�"

jrxu"j2 dx dt ! 0; where �" D
n
x 2 �

ˇ̌̌
distŒx; @�� < "

o
I

• 1 "

Z T

0

Z
�

jrxu"j2 dx dt ! 0:
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In general, the solutions u" of the Navier-Stokes system on domains with
boundaries are expected to take the form

u" D u C uBL; (15)

where u is the solution of the limit inviscid problem and uBL is small except at a
small neighborhood of the boundary. The behavior of uBL is determined by Prandtl’s
equation; however, rigorous results concerning validity of (15) are in a short supply;
see the survey papers [48, 90], or [73, Chapter 2].

3.1 A Model Problem: Inviscid Limits of Compressible Fluids

A very particular case of the system (5), (6), and (7) will be considered, with
constant viscosity coefficients � > 0, � � 0 and with the pressure p D p.%/

independent of the temperature. Accordingly, Eq. (7) becomes irrelevant for the fluid
motion and the problem reduces to the barotropic Navier-Stokes system. Taking
Sr D Ma D 1, ! D 0, f D 0, and Re D 1=" one obtains:

@t%C divx.%u/ D 0; (16)

@t .%u/C divx.%u ˝ u/C rxp.%/ D "divxS.rxu/; (17)

S.rxu/ D �

�
rxu C r t

xu �
2

3
divxu

�
C �divxuI: (18)

The problem is completed by imposing the no-slip boundary conditions

uj@� D 0; (19)

and the initial state

%.0; �/ D %0;"; u.0; �/ D u0;": (20)

The inviscid limit " ! 0 will be examined by means of the weak ! strong
approach. To this end, the concept of a finite energy weak solution %, u to
problem (16), (17), (18), (19), and (20), is needed to be defined through a family
of integral identities:

�Z
�

%.t; �/'.t; �/ dx

�tD	
tD0

D

Z 	

0

Z
�

.%@t' C %u � rx'/ dx dt (21)

for any 	 2 Œ0; T � and any ' 2 C1
c .Œ0; T � ��/;

�Z
�

%.t; �/u.t; �/ � '.t; �/ dx

�tD	
tD0

(22)
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D

Z 	

0

Z
�

.%u � @t' C %u ˝ u W rx' C pdivx' � "S.rxu/ W rx'/ dx

for any 	 2 Œ0; T � and any ' 2 C1
c .Œ0; T � � �IR3/. In addition, the energy

inequality is required in the form
Z
�

�
1

2
%juj2 CH.%/

�
.	; �/ dx C "

Z 	

0

Z
�

S.rxu/ W rxu dx dt (23)

�

Z
�

�
1

2
%0;"ju0;"j2 CH.%0;"/

�
dx; H.%/ D %

Z %

1

p.z/

z2
dz;

to be satisfied for a.a. 	 2 Œ0; T �.
An obvious candidate for the limit system of equations is the compressible Euler

system

@t%C divx.%u/ D 0; (24)

@t .%u/C divx.%u ˝ u/C rxp.%/ D 0; (25)

supplemented with the impermeability boundary condition

u � nj@� D 0: (26)

Although solutions of (24), (25), and (26) are known to develop singularities
(shock waves) in a finite time (see, e.g., [85, Chapter 15]), there exists a possible
short time interval Œ0; T � on which they remain smooth as long as:

• � � R3 is a bounded domain with a sufficiently smooth boundary, say @� of
class C1;

• the pressure p 2 C5.0;1/ \ C1Œ0;1/;
• the initial data Œ%0;u0� belong to the class

%0 2 W 3;2.�/; u0 2 W 3;2.�IR3/; %0 > 0 in �I (27)

• the compatibility conditions

@kt u0 � nj@� D 0 (28)

hold for k D 0; 1; 2,

see [82, Theorem 1].

3.1.1 Inviscid Limit with Boundary Layer
Denote

d@�.x/ D distŒx; @��; �a D
n
x 2 �

ˇ̌̌
distŒx; @�� < a

o
:
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The following result may be seen as a “compressible” counterpart of Theorem 2;
see [86, Theorem 3]:

Theorem 3. Let 
 > 0 be given. Suppose that � � R3 is a smooth bounded
domain,

p.%/ D a%� ; a > 0; � >
3

2
; (29)

and Œ%0;u0� comply with hypotheses (27) and (28). Let Œ%;u� be the unique classical
solution of the Euler problem (24), (25), and (26) in .0; T /�� emanating from the
initial data Œ%0;u0�, and let fŒ%";u"�g">0 be a family of finite energy weak solutions
to the Navier-Stokes system (21), (22), and (23).

Assume that

%0;" � 0; k%0;" � %0kL� .�/ C

Z
�

%0;"ju0;" � u0j2 dx ! 0

and suppose, in addition, that

"

Z T

0

Z
�
"

�
%"ju"j2

d 2@�
C
%2".u" � n/2

d2@�
C jS.rxu"/j2

�
dx dt ! 0

as " ! 0.
Then

k%".t; �/ � %.t; �/kL� .�/ C

Z
�

%".t; �/ju".t; �/ � u.t; �/j2 dx ! 0

as " ! 0 uniformly for t 2 Œ0; T �.

In Theorem 3, the extension of the normal vector field to �

n D rxd@�

has been used. Note that existence of global-in-time finite energy weak solutions for
the Navier-Stokes system under hypothesis (29) was proved in [33, Theorem 1.1].

3.1.2 Inviscid Limit Without Boundary Layer
The disturbing effect of the boundary layer in the inviscid limit may be eliminated by
imposing proper (well-prepared) boundary conditions for the primitive system. One
of plausible solutions is replacing the no-slip boundary condition (19) by Navier’s
condition
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u � nj@� D 0; ŒS.rxu/ � n�tan C ˇŒu�tanj@� D 0; (30)

where ˇ � 0 plays a role of a friction coefficient,
cf. [10]. Accordingly, the integral identity (22) as well as the energy inequality (23)
in the weak formulation of the Navier-Stokes system must be modified:

�Z
�

%.t; �/u.t; �/ � '.t; �/ dx

�tD	
tD0

(31)

D

Z 	

0

Z
�

.%u � @t' C %u ˝ u W rx' C pdivx' � "S.rxu/ W rx'/ dx

�

Z 	

0

Z
@�

ˇu � ' dSx dt

for any 	 2 Œ0; T � and any ' 2 C1
c .Œ0; T � ��IR3/, ' � nj@� D 0;

Z
�

�
1

2
%juj2 CH.%/

�
.	; �/ dx (32)

C"

Z 	

0

Z
�

S.rxu/ W rxu dx dt C

Z 	

0

Z
@�

ˇjuj2 dSx dt

�

Z
�

�
1

2
%0;"ju0;"j2 CH.%0;"/

�
dx

for a.a. 	 2 Œ0; T �.
The following result was proved in [86, Theorem 4] (cf. also [7]):

Theorem 4. Let T > 0, p, and the classical solution Œ%;u� of the Euler system be
the same as in Theorem (3). Assume that fŒ%";u"�g">0 is a family of finite energy
weak solutions to the Navier-Stokes system supplemented with Navier’s boundary
condition (30), meaning satisfying (21), (31), (32), where

ˇ D ˇ" ! 0 as " ! 0:

Let

%0;" � 0; k%0;" � %0kL� .�/ C

Z
�

%0;"ju0;" � u0j2 dx ! 0 as " ! 0:

Then
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k%".t; �/ � %.t; �/kL� .�/ C

Z
�

%".t; �/ju".t; �/ � u.t; �/j2 dx ! 0

as " ! 0 uniformly for t 2 Œ0; T �.

Note that existence of global-in-time weak solutions to the Navier-Stokes system
has been shown in [37, Theorem 2.1].

The results claimed in Theorems 3, 4 are based on the concept of relative
energy/entropy introduced in the context of hyperbolic conservation laws by [16].
Specifically, consider the functional

E
�
%;u

ˇ̌
ˇ r;U� D

Z
�

�
1

2
%ju � Uj2 CH.%/ �H 0.r/.% � r/ �H.r/

�
dx:

As shown in [34, 36], any finite energy weak solution Œ%;u� of (21), (22), and (23)
satisfies the relative energy inequality

E
�
%;u

ˇ̌̌
r;U

�
.	/C "

Z 	

0

Z
�

�
S.rxu/ � S.rxU/

�
W
�
rxu � rxU

�
dx dt (33)

� E
�
%0;u0

ˇ̌
ˇr.0; �/;U.0; �/�C

Z 	

0

R.%;u; r;U/ dt

holds for a.a. 	 > 0, where

R .%;u; r;U/ 	

Z
�

%
�
@tU C urxU

�
� .U � u/ dx

C"

Z
�

S.rxU/ W rx.U � u/ dx

C

Z
�

�
.r � %/@tH

0.r/C rxH
0.r/ � .rU � %u/

	
dx �

Z
�

divxU
�
p.%/ � p.r/

�
dx;

where r > 0, U are smooth “test functions”, U satisfying the relevant boundary
conditions. In the proof of Theorems 3 and 4, the functions r and U correspond to
the density and velocity of the limit problem.

3.2 Vanishing Dissipation Limit for the Full
Navier-Stokes-Fourier System

The discussion on vanishing dissipation limit will be concluded by discussing the
full system (5), (6), and (7) in the regime of large Reynolds and Péclet numbers.
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Similarly to the previous section, the weak ! strong approach requiring a proper
concept of weak solution to the primitive system will be applied.

3.2.1 Weak Solutions to the Full System
Taking

f D ! D Q D 0; Ma D Sr D 1

and using Gibbs’ relation (1), one may rewrite the system (5), (6), and (7) in the
entropy formulation:

@t%C divx.%u/ D 0; (34)

@t .%u/C divx.%u ˝ u/C rxp.%; #/ D divxS.#;rxu/ � 
u (35)

@t .%s.%; #//C divx.%s.%; #/u/C divx
� q
#

�
D �; (36)

with the entropy production rate

� 	
1

#

�
S.#;rxu/ W rxu �

q � rx#

#

�
; (37)

where

S.#;rxu/ D 


�
�.#/

�
rxu C r t

xu �
2

3
divxuI

�
C �.#/divxuI

�
; 
 > 0;

(38)
and

q D �!�.#/rx#; ! > 0: (39)

The parameters 
 D 1
Re and ! D 1

Pe will be small in the asymptotic limit. Note that
a “friction” term 
u has been added in the momentum Eq. (35).

To avoid the aforementioned and still unsurmountable difficulties connected with
the presence of a boundary layer, the complete slip boundary conditions (Navier’s
slip with ˇ D 0) for the velocity will be imposed

u � nj@� D 0; ŒS.#;rxu/ � n� � nj@� D 0; (40)
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accompanied with the no-flux condition

q.#;rx#/ � nj@� D 0: (41)

The system of Eqs. (34), (35), (36), and (37), supplemented with the constitutive
relations (38) and (39) is called Navier-Stokes-Fourier system.

The concept of weak solution to problem (34), (35), (36), (37), (38), (39), (40),
and (41) introduced in [27, Chapter 2] is adopted:

• the Eqs. (34) and (35), together with the boundary conditions (40), are understood
in the sense of distributions, exactly as in (21) and (31);

• the entropy balance (36), (37), with (41), is relaxed to an inequality

@t .%s.%; #//C divx.%s.%; #/u/C divx
� q
#

�
� �

satisfied in the sense of distributions:

�Z
�

%.t; �/s.%; #/.t; �/ dx

�tD	
tD0

�

Z T

0

Z
�

�
%s.%; #/@t' C %s.%; #/u � rx' C

q � rx'

#

�
dx dt

C

Z T

0

Z
�

1

#

�
S.rxu/ W rxu �

q � rx#

#

�
' dx dt (42)

for a.a. 	 2 .0; T / and any ' 2 C1
c .Œ0; T � ��/, ' � 0;

• the system is augmented by the total energy balance

Z
�

�
1

2
%juj2 C %e.%; #/

�
.	; �/ dx C 


Z 	

0

Z
�

juj2 dx (43)

�

Z
�

�
1

2
%0ju0j2 C %0e.%0; #0/

�
dx

for a.a. 	 2 .0; T /.

The weak solutions enjoy the important compatibility property, namely, any
weak solution that is smooth satisfies the classical formulation of the Navier-Stokes-
Fourier system; see [27, Chapter 2].

The mathematical theory developed in [27, Chapter 3] requires certain structural
restrictions to be imposed on the constitutive relations, in particular the pressure
and the associated components of the internal energy and entropy are augmented
by a radiative component providing certain regularizing effect on the (hypothetical)
vacuum zones.
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• The pressure p takes the form

p.%; #/ D pM.%; #/C
a

3
#4; a > 0; with pM.%; #/ D #5=2P

� %

#3=2

�
; (44)

where P 2 C1Œ0;1/ \ C5.0;1/ satisfies

P .0/ D 0; P 0.Z/ > 0 for all Z � 0; (45)

0 <

5
3
P .Z/ � P 0.Z/Z

Z
< c for all Z > 0; lim

Z!1

P .Z/

Z5=3
D P1 > 0: (46)

• In agreement with Gibbs’ relation (1), we take

e.%; #/ D eM .%; #/C a
#4

%
; with eM .%; #/ D

3

2
#

�
#3=2

%

�
P
� %

#3=2

�
; (47)

and

s.%; #/ D sM .%; #/C
4a

3%
#3; sM .%; #/ D S

� %

#3=2

�
; (48)

where

S 0.Z/ D �
3

2

5
3
P .Z/ � P 0.Z/Z

Z2
< 0: (49)

In addition, it is required that

lim
Z!1

S.Z/ D 0: (50)

• The viscosity coefficients in (38) are continuously differentiable functions of # 2

Œ0;1/ satisfying

j�0.#/j � c; �.1C #/ � �.#/; 0 � �.#/ � �.1C #/ for all # � 0 (51)

for certain constants � > 0, � > 0.
• The heat conductivity coefficient in Fourier’s law (39) satisfies

� 2 C1Œ0;1/; �.1C #3/ � �.#/ � �.1C #3/ for all # � 0 (52)

for certain constants � > 0, � > 0.

As pointed out, the a-dependent terms in (44), (47), and (48) correspond to
radiation effects. Under hypotheses (44), (45), (46), (47), (48), (49), (50), (51), and
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(52), the Navier-Stokes-Fourier system admits a global-in-time weak solution for
any finite energy initial data; see [27, Chapter 3, Theorem 3.1].

3.2.2 Target Problem
An obvious candidate for the target problem in the vanishing dissipation limit is the
full Euler system

@t%C divx.%u/ D 0; (53)

@t .%u/C divx.%u ˝ u/C rxpM .%; #/ D 0; (54)

@t

�
1

2
%juj2 C %eM .%; #/

�
C divx

��
1

2
%juj2 C %eM .%; #/

�
u C pM.%; #/u

�
D 0;

(55)

with the boundary condition

u � nj@� D 0; (56)

and the initial condition

%.0; �/ D %0; #.0; �/ D #0; u.0; �/ D u0: (57)

Note that the entropy balance has been replaced by the energy conservation (55). In
view of Gibbs’ relation (1), the entropy and energy balance equations are equivalent
at least in the framework of smooth solutions of the Euler system (53), (54), and
(55). In addition, the radiation terms have been deliberately omitted as the plan is to
let a ! 0 in the asymptotic limit.

Similarly to its barotropic version studied in Sect. 3.1, the Euler system (53), (54),
(55), (56), and (57) admits local-in-time classical solutions defined on a certain time
interval Œ0; T � if

• � � R3 is a bounded domain with a boundary @� of class C1;
• the initial data Œ%0; #0;u0� belong to the class

%0; #0 2 W 3;2.�/; u0 2 W 3;2.�IR3/; %0 > 0; #0 > 0 in �I (58)

• the compatibility conditions

@kt u0 � nj@� D 0 (59)

hold for k D 0; 1; 2,

see [82, Theorem 1].
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3.2.3 Vanishing Dissipation Limit
Similarly to [28], the ballistic free energy is introduced

H‚.%; #/ D %
�
e.%; #/ �‚s.%; #/

�
;

along with the relative energy functional

E
�
%; #;u

ˇ̌̌
r;‚;U

�
(60)

D

Z
�

�
1

2
%ju � Uj2 CH‚.%; #/ �

@H‚.r;‚/

@%
.% � r/ �H‚.r;‚/

�
dx:

As shown in [27, Chapter 5, Lemma 5.1], the functional E represents a “distance”
between the quantities Œ%; #;u� and Œr;‚;U�. More precisely, for any compact
set K � .0;1/2, there exists a positive constant c.K/, depending solely on the
structural properties of the thermodynamic functions stated in (44), (45), (46), (47),
(48), (49), and (50) such that

E
�
%; #;u

ˇ̌̌
r;‚;U

�
(61)

� c.K/

8<
:

j% � r j2 C j# �‚j2 C ju � Uj2 if Œ%; #� 2 K; Œr;‚� 2 K

1C %ju � Uj2 C %e.%; #/C%js.%; #/j if Œ%; #�2.0;1/2 nK; Œr;‚�2K:

As shown in [28], the relative energy E satisfies a Gronwall type inequality
similar to (33). On the basis of this observation, the following result was proved
in [26, Theorem 3.1]:

Theorem 5. Let � � R3 be a bounded domain with smooth boundary. Suppose
that the functions p, e, and s eM satisfy (44), (45), (46), (47), (48), (49), and (50)
and the transport coefficients �, � and 
 obey (51) and (52). Let Œ%E; #E;uE�
be the classical solution of the Euler system (53), (54), (55), (56), and (57)
defined on a time interval .0; T /, originating from the initial data Œ%0;E; #0;E;u0;E�
satisfying (58) and (59). Let Œ%; #;u� be a weak solution of the Navier-Stokes-
Fourier system (34), (35), (36), (37), (38), (39), (40), and (41) in the sense specified
in (42) and (43), and with the initial data Œ%0; #0;u0� satisfying

%0; #0 > 0 a.a. in�;
Z
�

%0 dx � M; k%0kL1.�/Ck#0kL1.�/Cku0kL1.�IR3/ � D:

Finally, suppose that the scaling parameters a, 
, !, and 
 are positive numbers.
Then
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E
�
%; #;u

ˇ̌̌
%E; #E;uE

�
.	/

<

 c.T;M;D/

�
E
�
%0; #0;u0

ˇ̌̌
%0;E; #0;E;u0;E

�

C max

(
a; 
; !; 
;



p
a
;
!

a
;

�
a

p

3


�1=3)!

for a.a. 	 2 .0; T /.

As a direct consequence of (61) the following holds true:

Corollary 1. Under the hypotheses of Theorem (5) suppose that

a; 
; !; 
 ! 0; and
!

a
! 0;



p
a

! 0;
a

p

3


! 0: (62)

Then

ess sup
	2.0;T /

Z
�



%ju � uE j2 C j% � %E j5=3 C %j# � #E j

�
dx

� c.T;D;M/ƒ
�
a; 
; !; 
; k%0 � %0;EkL1.�/; k#0

� #0;EkL1.�/; ku0 � u0;EkL1.�IR3/

�
;

where ƒ is an explicitly computable function of its arguments,

ƒ
�
a; 
; !; 
; k%0 � %0;EkL1.�/; k#0 � #0;EkL1.�/; ku0 � u0;EkL1.�IR3/

	
! 0

provided a; 
; !; 
 satisfy (62), and

k%0 � %0;EkL1.�/; k#0 � #0;EkL1.�/; ku0 � u0;EkL1.�IR3/ ! 0:

The convergence stated in Corollary 1 is path dependent, the parameters
a; 
; !; 
 are interrelated through (62). It is easy to see that (62) holds provided,
for instance,

a ! 0; 
 D a˛; ! D aˇ; 
 D a� ;

where

ˇ > 1;
1

2
< ˛ <

2

3
; 0 < � < 1 �

3

2
˛:
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4 Low Mach Number Regime: Incompressible Limits

Another interesting class of singular limit problems appears in the regime of low
Mach number Ma ! 0. Physically, this represents the asymptotic limit of small
flow velocity or infinitely fast speed of sound propagation; the elastic features of
the fluid become negligible and sound-wave propagation insignificant. When the
Mach number approaches zero, the pressure is almost constant, while the speed of
sound tends to be infinite. If, simultaneously, the temperature tends to a constant,
the fluid is driven to incompressibility. Other interesting phenomena appear for a
general nonconstant temperature.

4.1 A Model Problem: Incompressible Limit for Barotropic Fluid
Flows

The mathematical theory of weak solutions for the compressible Navier-Stokes
system developed in [64] initiated a new direction in the study of incompressible
limits based on the weak ! weak approach. Consider the barotropic system (16),
(17), and18) in the low Mach number regime:

@t%C divx.%u/ D 0; (63)

@t .%u/C divx.%u ˝ u/C
1

"2
rxp.%/ D divxS.rxu/; (64)

S.rxu/ D �

�
rxu C r t

xu �
2

3
divxu

�
C �divxuI; (65)

supplemented with the space-periodic boundary conditions, meaning the underlying
spatial domain can be identified with the “flat” torus

� D
�
Œ0; 1�jf0;1g

	N
; N D 2; 3: (66)

To reveal the principal subtleties of the low Mach number limit, it is convenient
to rewrite (63), (64) in the form of Lighthill’s acoustic analogy

"@t

�
% � %

"

�
C divx.%"u"/ D 0; (67)

"@t .%"u"/C p0.%/rx

�
% � %

"

�
D "divxL; (68)

where

L D

�
S.rxu/ � %u ˝ u �

1

"2

�
p.%/ � p0.%/.% � %/ � p.%/

	
I

�
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is Lighthill’s tensor; see [61, 62].
If the momentum %u is written in terms of its Helmholtz projection

%u D HŒ%u�C rxˆ; ˆ D ��1divx.%u/;

it is possible to deduce from (67), (68) that the asymptotic limit is determined by
the solenoidal component HŒ%u� while the potential ˆ satisfies the acoustic wave
equation

"@t

�
% � %

"

�
C�ˆ D 0; (69)

"@trxˆC p0.%/rx

�
% � %

"

�
D ".I �H/ŒdivxL�: (70)

Note that the speed of propagation of acoustic waves governed by (69), (70)
is
p
p0.%/=" becoming infinite in the asymptotic limit " ! 0. Accordingly,

the acoustic waves, when confined to a bounded domain with “acoustically hard
boundary” like the periodic box �, develop fast oscillations responsible for mere
weak convergence (in time) to the limit problem. The following result was proved
in [65, Theorem II.1]:

Theorem 6. Let � � RN be the flat torus (66), N D 2; 3. Suppose that

p.%/ D a%� ; � >
N

2
; a > 0;

and that the initial data for the Navier-Stokes system (63), (64), and (65) take the
form

%.0; �/ D %C "%
.1/
0;"; u.0; �/ D u0;"; (71)

where

k%
.1/
0;"kL1.�/ C ku0;"kL1.�IRN / � c uniformly for " ! 0:

Let Œ%";u"� be a family of finite energy weak solutions of (63), (64), and (65) in
.0; T / �� in the sense specified in (21), (22), and (23).

Then

sup
t2.0;T /

k%" � %kL� � "c;

and, passing to a subsequence as the case may be,

u" ! u weakly in L2.0; T IW 1;2.�IRN //; (72)
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where u is a weak solution to the incompressible Navier-Stokes system

divxu D 0;

%
h
@tu C .u � rx/u

i
C rx… D ��u

in .0; T / �� with the initial data

u.0; �/ D v0 D HŒu0�;

where H denotes the Helmholtz projection and u0 is a weak-(*) limit of u0;" in
L1.�IRN /.

The initial data (71) are ill prepared as they generate nontrivial solutions of
acoustic Eq. (69) and (70) responsible for the weak convergence in (72). The well-
prepared initial data in this context satisfy

%
.1/
0;" ! 0; u0;" � P Œu0;"� ! 0 in, say, L2.�/

eliminating a priori the acoustic component.
There are other possibilities how to get rid of the acoustic effects:

• dispersion of acoustic waves on large or unbounded spatial domains;
• damping mechanism induced by the presence of physical boundaries.

Both possibilities will be discussed in forthcoming sections.

4.2 Incompressible Limits for the Navier-Stokes-Fourier System

Going back to the original problem (5), (6), and (7), it is possible to write the scaled
Navier-Stokes-Fourier system in the form

@t%C divx.%u/ D 0; (73)

@t .%u/C divx.%u ˝ u/C
1

"2
rxp.%; #/ D divxS.#;rxu/C

1

"
%rxF (74)

@t .%s.%; #//C divx.%s.%; #/u/C divx
� q
#

�

D
1

#

�
"2S.#;rxu/ W rxu �

q � rx#

#

�
; (75)

with

S.#;rxu/ D

�
�.#/

�
rxu C r t

xu �
2

3
divxuI

�
C �.#/divxuI

�
; (76)
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and

q D ��.#/rx#: (77)

The fluid is confined to a bounded domain � � R3, on the boundary of which we
impose the complete slip conditions

u � nj@� D 0; ŒS � n� � nj@� D 0; (78)

and no-flux condition

q � nj@� D 0: (79)

Similarly to Sect. (4.1 missing reference), the boundary conditions (78) enable the
separation of the acoustic component satisfying an analogue of (69) and (70).

4.2.1 Incompressible Limit on Bounded Domains
In addition to the scaling Ma � ", we have taken Fr �

p
" in (74). As

a result, the asymptotic limit " ! 0 gives rise to the Oberbeck-Boussinesq
approximation:

divxU D 0; (80)

% Œ@tU C .U � rx/U�C rx… D ��U C rrxF; (81)

%cp Œ@t‚C U � rx‚� � �.#/�‚ � % #˛divx.FU/ D 0; (82)

r C %˛‚ D 0; (83)

see [93]. Here, % and # are the reference values of the density and temperature,
and

˛ D
1

%

@#p

@%p
.%; #/; cp D @#e.%; #/C ˛

#

%
@#p.%; #/: (84)

The asymptotic limit passage is specified in the following statement, see [27,
Chapter 5, Theorem 5.2]:

Theorem 7. Let � � R3 be a bounded domain of class C2C
 . Assume that the
functions p, e, and s satisfy hypotheses (44), (45), (46), (47), (48), (49), and (50),
the transport coefficients �, �, and � comply the growth restrictions (51), (52), and
the driving force is determined by a scalar potential F D F .x/ such that

F 2 W 1;1.�/;

Z
�

F dx D 0:
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Let f%";u"; #"g">0 be a family of weak solutions to the scaled Navier-Stokes-Fourier
system (73), (74), (75), (76), and (77) in the set .0; T / � � in the sense specified
in Sect. (3.2.1 missing reference), supplemented with the boundary conditions (78),
(79), and the initial data

%".0; �/ D %C "%
.1/
0;"; u".0; �/ D u0;"; #".0; �/ D #0;" D # C "#

.1/
0;" ; (85)

where

% > 0; # > 0

are constant, and

Z
�

%
.1/
0;" dx D

Z
�

#
.1/
0;" dx D 0 for all " > 0:

Moreover, assume that

8̂̂
ˆ̂̂<
ˆ̂̂̂̂
:

%
.1/
0;" ! %

.1/
0 weakly-(*) in L1.�/;

u0;" ! U0 weakly-(*) in L1.�IR3/;

#
.1/
0;" ! #

.1/
0 weakly-(*) in L1.�/:

9>>>>>=
>>>>>;

(86)

Then

ess sup
t2.0;T /

k%".t/ � %k
L
5
3 .�/

� "c;

and, at least for a suitable subsequence,

u" ! U weakly in L2.0; T IW 1;2.�IR3//;

#" � #

"
! ‚ weakly in L2.0; T IW 1;2.�IR3//;

where U and‚ are weak solutions to the Oberbeck-Boussinesq approximation (80),
(81), (82), and (83), with the boundary conditions

U � nj@� D 0;

�

rxU C r t
xU
	

� n
�

� nj@� D 0; rx‚ � nj@� D 0;

and the initial conditions

U.0; �/ D U0; ‚.0; �/ D ‚0;
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‚0 	
#

cp.%; #/

�@s.%; #/
@%

%
.1/
0 C

@s.%; #/

@#
#
.1/
0 C ˛.%; #/F

�
: (87)

The fact that the initial temperature is given through (87) reflects the well-known
data adjustment problem discussed in detail in [27, Section 5.5.3].

Next, the same situation as in Theorem 7 will be discussed in the context of the
no-slip boundary condition

uj@� D 0 (88)

for the velocity field in the primitive system. As observed in [21], the presence of
viscosity in (74) creates a boundary layer that may provide an effective damping
mechanism to eliminate acoustic waves. However, such a scenario occurs only on
admissible domains � enjoying the following property:

Property (S). The overdetermined eigenvalue problem

�w D 
w in �; rxwj@� D 0

admits only the trivial solution w D const, 
 D 0 in �.

Remark 1. Validity of (S) is intimately related to Schiffer conjecture, See, e.g.,
[12], asserting that the only NON-admissible domain among all simply connected
domains in R3 is a ball.

To simplify analysis, a slightly different geometry will be used, namely, an
infinite periodic slab

� D
n
.x1; x2; x3/

ˇ̌̌
.x1; x2/ 2 T 2; 0 < x3 < h.x1; x2/

o
; (89)

where

T 2 D
�
Œ0; 1�jf0;1g

	2
is the flat torus in R2.

The application of the method developed in [21] yields the following result; see
[27, Chapter 7, Theorem 7.1]:

Theorem 8. Under the hypotheses of Theorem 7, let � � R3 be the infinite slab
specified in (89), with

h 2 C3.T 2/; h > 0 on T 2; h 6	 const; (90)
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on the boundary of which the velocity in the primitive Navier-Stokes-Fourier system
satisfies the no-slip boundary condition (88).

Then the conclusion of Theorem 7 remains valid, and, in addition,

u" ! U (strongly) in L2..0; T / ��/: (91)

Thus the strong convergence claimed in (91) results from the presence of a
boundary layer generated (88) imposed on the non-flat part of @�.

4.2.2 Incompressible Limit on Large/Unbounded Domains
In meteorology and similar real world applications, the acoustic waves have a little
influence on the behavior of the fluid because of the dispersive effect of typically
large physical domains. This was used in the seminal paper by [20], where Strichartz
estimates are applied to the acoustic system arising in the low Mach number limit
of a barotropic Navier-Stokes system.

The Navier-Stokes-Fourier system (73), (74), (75), (76),and (77) will be consid-
ered on a family of domains

�" D � \

�
x 2 R3

ˇ̌
ˇ jxj <

1

"r



; r > 1; (92)

where � is an unbounded (exterior) domain with smooth and compact boundary,
together with slip boundary conditions

u � nj@�" D 0; ŒS.rxu/ � n� � nj@�" D 0; q � nj@�" D 0: (93)

Next, the class of admissible potentials F will be restricted, specifically

��F D m in R3; rxF 2 L2.R3IR3/; suppŒm� � R3 n�: (94)

Such a choice of F corresponds to a gravitational force acting on the fluid generated
by an object with mass distribution m placed outside �.

The following results is an analogue of Theorem 7; see [32, Theorem 2.2]:

Theorem 9. Let � � R3 be an unbounded (exterior) domain with a compact
boundary of class C2C
 . Assume that the functions p, e, and s satisfy hypothe-
ses (44), (45), (46), (47), (48), (49), and (50) and the transport coefficients �,
�, and � comply the growth restrictions (51) and (52). Let f%";u"; #"g">0 be a
family of weak solutions to the scaled Navier-Stokes-Fourier system (73), (74),
(75), (76), and (77) in the set .0; T / � �" in the sense specified in Sect. (3.2.1
missing reference), driven by a potential F satisfying (94), and supplemented with
the boundary conditions (93). Let the initial data satisfy

%".0; �/ D Q%" C "%
.1/
0;"; u".0; �/ D u0;"; #".0; �/ D #0;" D # C "#

.1/
0;" ;
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where # > 0 is constant, Q%" is the unique solution of the problem

rxp. Q%"; #/ D " Q%"rxF in R3; Q%" ! % > 0 as jxj ! 1;

and

Z
�"

%
.1/
0;" dx D

Z
�"

#
.1/
0;" dx D 0 for all " > 0:

Moreover, assume that

8̂
ˆ̂̂̂<
ˆ̂̂̂̂
:

%
.1/
0;" ! %

.1/
0 weakly-(*) in L1 \ L2.�/;

u0;" ! U0 weakly-(*) in L1 \ L2.�IR3/;

#
.1/
0;" ! #

.1/
0 weakly-(*) in L1 \ L2.�/:

9>>>>>=
>>>>>;

Then

%" ! % in L1.0; T IL5=3.K//;

and, at least for a suitable subsequence,

u" ! U weakly in L2.0; T IW 1;2.KIR3// and strongly in L2..0; T / �KIR3/;

#" � #

"
! ‚ weakly in L2.0; T IW 1;2.KIR3//;

for any compact K � �, where U and ‚ is a weak solutions to the
Oberbeck-Boussinesq approximation (80), (81), (82), and (83), with the boundary
conditions

U � nj@� D 0;

�

rxU C r t
xU
	

� n
�

� nj@� D 0; rx‚ � nj@� D 0;

and the initial conditions

U.0; �/ D U0; ‚.0; �/ D ‚0;

‚0 	
#

cp.%; #/

�@s.%; #/
@%

%
.1/
0 C

@s.%; #/

@#
#
.1/
0 C ˛.%; #/F

�
:
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4.3 Low Mach Number Limit for the Navier-Stokes-Fourier
System

Unlike in the purely barotropic case in which constant pressure implies constant
density, the low Mach number regime for the full Navier-Stokes-Fourier system
offers richer variety of possible scenarios depending on the initial data. The
system (73), (74), (75), (76), and (77) will be considered for a specific choice of
constitutive equations, namely,

• 1 p.%; #/ D R%#; e.%; #/ D cv#; R; cv > 0 positive constantsI (95)

• constant transport coefficients

S.#;rxu/ D 


�
�.#/

�
rxu C r t

xu �
2

3
divxuI

�
C �.#/divxuI

�
;

q.#;rx#/ D �k�.#/rx#; 0 � 
; k � 1I (96)

• 1 F D 0:

Accordingly, system (73), (74), (75), (76), and (77) can be rewritten in terms of
new state variables ŒP D p.%; #/; u; #� as

@tP C u � rxP C �P divxu D .� � 1/kdivx.�.#/rx#/

C.� � 1/"2
S.#;rxu/ W rxu; (97)

% .@tu C .u � rx/u/C
1

"2
P D 
divxS.#;rxu/; (98)

%cV .@t# C u � rx#/C P divxu D kdivx.�.#/rx#/C "2
S.#;rxu/ W rxu;
(99)

where we have set

% D
P

R#
; � D 1C

R

cv
:

4.3.1 Existence of Smooth Solutions
In contrast with the previous part of this section, we use strong ! strong approach.
The necessary local-in-time existence result is proved in [2, Theorem 1.2]:
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Theorem 10. Denote

A D
n
a D Œ"; 
; k�

ˇ̌̌
0 < " � 1; 0 � k; 
 � 1

o
:

Let

either � D
�
Œ0; 1�jf0;1g

	N
or � D RN ; N D 1; 2; 3;

and let n > 1 C N
2

be given. Suppose that �, � and � are functions of class
C1.0;1/ such that

�.#/ > 0; �.#/ � 0; �.#/ > 0 for any # > 0:

Then for all

P > 0; # > 0; M0 > 0

there exists T > 0 such that for all a D ."; 
; k/ 2 A and any initial data

P .0; �/ D P0 > 0; #.0; �/ D #0 > 0; u.0; �/ D u0 (100)

satisfying

�����
P0 � P

"

�����
W nC1;2.�/

C
���#0 � #

���
W nC1;2.�/

C ku0kW nC1;2.�IRN / � M0;

the initial-value problem (97), (98), and (99), (100) admits a solution ŒP; #;u�
unique in the class

P � P 2 C.Œ0; T �IW nC1;2.�//; # � # 2 C.Œ0; T �IW nC1;2.�//;

u 2 C.Œ0; T �IW nC1;2.�IRN //

and with P , # strictly positive. In addition, there exists M depending only on M0,
P , and # such that

sup
t2Œ0;T �;a2A

�����
P .t; �/ � P

"

�����
W n;2.�/

C
���#.t; �/ � #

���
W n;2.�/

C ku.t; �/kW n;2.�IRN / � M:

(101)

As typical in the analysis of the low Mach number limit, the estimate (101)
provides space but not time regularity of solutions. Similar results for systems
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involving general state equations and also large source terms in (97), (99) were
obtained by [1].

4.3.2 The Low Mach Number Limit
Formally, the asymptotic limit for " ! 0 can be identified as

�P divxu D .� � 1/kdivx .�.#/rx#/ ; (102)

% .@tu C .u � rx/u/C rx… D 
divxS.#;rxu/; (103)

%cp .@t# C u � rx#/ D kdivx .�.#/rx#/ ; % D
P

R#
: (104)

System (102) is highly nonstandard, in particular in view of the constraint (102),
and its properties are of independent interest; see [19]. As for the asymptotic limit,
we quote the following result, see [2, Theorem 1.5]:

Theorem 11. Under the hypotheses of Theorem 10, suppose that

� D RN ; N D 2; 3;

and fix the parameters 
 2 Œ0; 1�, k 2 Œ0; 1�. Let ŒP"; #";u"� be a family of solutions
of problem (97), (98), and (99) such that

sup
t2Œ0;T �;0<"�1

�����
P".t; �/ � P

"

�����
W n;2.�/

C
���#".t; �/ � #

���
W n;2.�/

Cku".t; �/kW n;2.�IRN / < 1

on a time interval Œ0; T �, where n is sufficiently large. Suppose, in addition, that
#".0; �/ � # is compactly supported.

Then

P".t; �/ � P

"
! 0 in L2.0; T IW s;2.K//;

#" ! # in L2.0; T IW s;2.K//; u" ! u in L2.0; T IW s;2.KIRN //

for any compact K � � and any s < n, where Œ#;u� solves system (102), (103),
and (104).

Note that convergence of the family f#";u"g">0 is stated in the Lebesgue space
L2 in time; the initial values are “lost” in the limit due to rapid oscillations.
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5 Incompressible–Inviscid Limits

In this section, a more complex situation will be examined when

Ma ! 0 and, simultaneously Re; Pe ! 1;

meaning the two regimes discussed in the previous part occur and interact at
the same time. We use the weak ! strong approach to preclude the so far
unsurmountable difficulties related to the low regularity of solutions to the target
Euler system. Accordingly, all results presented below are local-in-time, where the
life span is that of the limit problem.

5.1 A Model Problem: Incompressible, Inviscid Limit for
Barotropic Fluid Flows in Large Domains

The barotropic Navier-Stokes system will be considered:

@t%C divx.%u/ D 0; (105)

@t .%u/C divx.%u ˝ u/C
1

"2
rxp.%/ D 
divxS.rxu/; (106)

S.rxu/ D rxu C r t
xu �

2

3
divxuI; (107)

in a spatial domain �M � R3, supplemented with the no-slip boundary conditions

uj@�M D 0: (108)

Next, a family f�M gM>0 of domains is supposed to enjoy the following
properties:

• �M � R3 are simply connected, bounded uniformly(with respect to M )-C2

domains;
• there exists ! > 0 such that

n
x 2 R3

ˇ̌̌
jxj < !M

o
� �M I (109)

• there exists ˇ > 0 such that

j@�M j2 � ˇM2; (110)

where j � j2 denotes the standard two-dimensional Hausdorff measure.



2802 E. Feireisl

The work [23] may be consulted for the concept of uniformly Ck domains. The goal
is to identify the triple limit

" ! 0; 
 ! 0; M ! 1:

5.1.1 Target System
By analogy with Sects. 3.1 and 4.1, it is to be expected that

% ! %;

while an obvious candidate to describe the asymptotic behavior of the velocity field
is the incompressible Euler system:

@tv C v � rxv C rx… D 0; divxv D 0 in R3: (111)

The initial data

v.0; �/ D v0 D HŒu0�; (112)

are considered, where H denotes the Helmholtz projection and

u0 2 Cm.R3IR3/ for a certain m > 4; suppŒu0� compact in R3

is a given function. As shown by [56], system (111) endowed with the initial
condition (112) admits a unique classical solution

v 2 Ck.Œ0; Tmax/IW
m�k;2.R3IR3//; k D 1; ::; m � 1

defined on a maximal time interval Œ0; Tmax/, Tmax > 0.

5.1.2 Acoustic Equation
Similarly to Sect. (4.1 missing reference), the behavior of the gradient component
of the velocity field is governed by the acoustic system

"@t s C�‰ D 0; "@trx‰ C arxs D 0; a D p0.1/ > 0; (113)

s.0; �/ D %
.1/
0 ; rx‰.0; �/ D rx‰0 D u0 �HŒu0�: (114)

5.1.3 Inviscid Incompressible Limit
The following result can be obtained applying a scaled variant of the relative energy
inequality (33) for

r D
1

"
%C s; U D v C rx‰;

see [38, Theorem 2.1]:



49 Singular Limits for Models of Compressible, Viscous, Heat Conducting,. . . 2803

Theorem 12. Let the pressure p satisfy

p 2 C Œ0;1/ \ C3.0;1/; p.0/ D 0; p0.%/ > 0 for % > 0;

lim
%!1

p0.%/

%��1
D p1; � > 3=2:

Let f�M gM>0 be a family of uniformly C2-domains in R3 such that (109), (110)
hold for M D M."/,

"M."/ ! 1 as " ! 0:

Let the initial data for the compressible Navier-Stokes system (105), (106), (107),
and (108) be of the form

%.0; �/ D %0;" D 1C "%
.1/
0;"; u.0; �/ D u0;"; k%

.1/
0;"kL2\L1.R3/ C ku0;"kL2.R3IR3/ � D:

In addition, suppose we are given functions u0, %
.1/
0 such that

u0 2 Cm.R3IR3/; %
.1/
0 2 Cm.R3/; ku0kCm.R3IR3/ C k%

.1/
0 kCm.R3/ � D; m > 4;

suppŒu0�; suppŒ%.1/0 � compact in R3:

Let Tmax > 0 be the life span of the smooth solution v of the Euler system (111),
endowed with the initial datum v0 D HŒu0�, and let 0 < T < Tmax. Let Œs; ‰� be
the solution of the acoustic system (113), with the initial data (114).

Then there exists "0 > 0 such that

���p
%
�

u � rx‰ � v
�
.	; �/

���
L2.�M IR3/

C

����
�
% � 1

"

�
.	; �/ � s.	; �/

����
L2CL� .�M /

� c.D; T; ˛/

�
ku0;" � u0kL2.�M IR3/ C

���%.1/0;" � %
.1/
0

���
L2.�M /

C

�

 C "˛ C

1

"M."/

�1=2#
; 	 2 Œ0; T �; 0 < ˛ < 1; and 0 < " � "0;

(115)

for any weak solution Œ%;u� of the compressible Navier-Stokes system (105–108).

Formula (115) provides a qualitative piece of information concerning the con-
vergence rate in terms of the initial data and the scaling parameters ", 
, and
M . Although the proof in [38] leans on dispersive estimates for the acoustic
system (113) and (114), the convergence can be established also in the periodic
setting � D T N ; see Masmoudi [72, 89].
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5.2 Inviscid Incompressible Limit for the Navier-Stokes-Fourier
System

In accordance with the main topic of this chapter, the scaled Navier-Stokes-Fourier
system is considered:

@t%C divx.%u/ D 0; (116)

@t .%u/C divx.%u ˝ u/C
1

"2
rxp.%; #/ D "adivxS.#;rxu/C

1

"
%rxF; (117)

@t .%s.%; #//C divx.%s.%; #/u/C "bdivx

�
q.#;rx#/

#

�

D
1

#

�
"2CaS.#;rxu/ W rxu � "b

q.#;rx#/ � rx#

#

�
; (118)

where, similarly to the above,

S.#;rxu/ D �.#/

�
rxu C r t

xu �
2

3
divxu

�
C �.#/divxuI; (119)

q.#;rx#/ D ��.#/rx#; (120)

where the quantities �, �, and � are temperature-dependent transport coefficients.
The value of the characteristic numbers in (116), (117), and (118) are:

Ma D "; Fr D
p
"; Re D

1

"a
; Pe D

1

"b
:

5.2.1 Physical Space, Boundary Conditions
The fluid is supposed to occupy an exterior domain � � R3, with impermeable,
thermally insulating, and frictionless boundary, specifically,

u � nj@� D ŒS.#;rxu/ � n� � nj@� D 0; rx# � nj@� D 0: (121)

As � is unbounded, the far-field conditions

% ! %; # ! #; u ! 0 as jxj ! 1; (122)

are prescribed, where %, # are positive constants.
Similarly to Sect. 4.2.2, it is supposed that

��F D m in R3; rxF 2 L2.R3IR3/; suppŒm� � R3 n�; (123)
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meaning the motion is driven by the gravitational force of objects lying outside the
fluid domain. We fix the equilibrium solution Q%" associate to the far-field conditions,

rxp. Q%"; #/ D " Q%"rxF; Q%" ! % as jxj ! 1; (124)

and take the initial data in the form

%.0; �/ D %0;" D Q%" C "%
.1/
0;"; #.0; �/ D #0;" D # C "#

.1/
0;" ; u.0; �/ D u0;": (125)

5.2.2 Target Problem
The target problem can be formally identified as the incompressible Euler-
Boussinesq system:

divxU D 0; (126)

@tU C .U � rx/U C rx… D �˛‚rxF; (127)

cp .@t‚C U � rx‚/ � #˛U � rxF D 0; (128)

where cp and ˛ are the same as in (84).
In agreement with the nowadays standard theory of well-posedness for hyper-

bolic systems, see, e.g. [54], system (126), (127), and (128), endowed with the initial
data

‚.0; �/ D ‚0; ‚0 2 W k;2.�/; k‚0kW k;2.�/ � D;

U.0; �/ D U0; U0 2 W k;2.�IR3/; kU0kW k;2.�IR3/ � D; divxU0 D 0; U0 � nj@�D0;

with k > 5
2

possesses a regular solution Œ‚;U�,

‚ 2 C.Œ0; Tmax/IW
k;2.�//; U 2 C.Œ0; Tmax/IW

k;2.�IR3//;

@tU; rx… 2 C.Œ0; Tmax/IW
k�1;2.�IR3//;

defined on a maximal time interval Œ0; Tmax/, Tmax D Tmax.D/.

5.2.3 Asymptotic Limit
The following result was proved in [30, Theorem 3.1]:

Theorem 13. Let the thermodynamic functions p, e, s, and the transport coeffi-
cients �, �, and � satisfy the hypotheses (44), (45), (46), (47), (48), (49), (50),
(51), and (52), Let the potential force F be given by (123). Let the exponents a; b,
determining the Reynold and Péclet number scales, satisfy

b > 0; 0 < a <
5

3
: (129)
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Let the initial data (125) be chosen in such a way that

f%
.1/
0;"g">0; f#

.1/
0;" g">0 are bounded in L2 \ L1.�/;

%
.1/
0;" ! %

.1/
0 ; #

.1/
0;" ! #

.1/
0 in L2.�/;

fu0;"g">0 is bounded in L2.�IR3/; u0;" ! u0 in L2.�IR3/;

where

%
.1/
0 ; #

.1/
0 2 W 1;2 \W 1;1.�/; HŒu0� D v0 2 W k;2.�IR3/ for a certain k >

5

2
:

Suppose that the Euler-Boussinesq system (126), (127), and (128), endowed with
the initial data

U0 D HŒu0�; ‚0 D
#

cp

 
@s.%; #/

@%
%
.1/
0 C

@s.%; #/

@#
#
.1/
0

!
;

admits a regular solution ŒU; ‚� defined on a maximal time interval Œ0; Tmax/.
Finally, let f%"; #";u"g be a dissipative weak solution of the Navier-Stokes-

Fourier system (116), (117), (118), (119), (120), (121), and (122) in .0; T / � R3,
T < Tmax.

Then

ess sup
t2.0;T /

k%".t; �/ � %k
L
5=3
loc .�/

� "c;
p
%"u" !

p
% U in L1

loc..0; T �I

L2loc.�IR3// and weakly-(*) in L1.0; T IL2.�IR3//;

and

#" � #

"
! ‚ in L1

loc..0; T �IL
2
loc.�//; and weakly-(*) in L1.0; T IL2.�//:

In view of (129), the result is path dependent, it depends on the way the
asymptotic limit is achieved.

6 Stratified Fluids

The low Mach number limit in strongly stratified fluids is accompanied with a
comparable scaling of the Froude number:

Ma � Fr:
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In the simplified barotropic case, the limit distribution of the mass density Q% is no
longer constant but satisfies

rxp. Q%/ D Q%rxF: (130)

More interesting situations occur if the changes of the temperature are taken into
account.

6.1 A Model Problem: Anelastic Limit

As an avatar of stratified fluids consider the barotropic Navier-Stokes system

@t%C divx.%u/ D 0; (131)

@t .%u/C divx.%u ˝ u/C
1

"2
rx%

� D divxS.rxu/C
1

"2
rxF; (132)

S.rxu/ D �

�
rxu C r t

xu �
2

3
divxuI

�
C �divxuI; � > 0; � � 0 (133)

in a spatial domain � � RN , N D 2; 3, supplemented with the no-slip boundary
conditions

uj@� D 0: (134)

The goal is to examine the asymptotic limit " ! 0.

6.1.1 Acoustic Waves, Target Problem
To formulate the target problem, a weighted analogue of Helmholtz decomposition
is needed

u D HQ%Œu�C Q%rxˆ; divxHQ%Œu� D 0; rxˆ � nj@� D 0;

see [27, Section 6.3.3] and [63, 74].
An analogue of the acoustic equations (69) and (70) reads

"@t

�
% � Q%

"

�
C divx . Q%rxˆ/ D 0; (135)

"Q@trxˆC Q%rx

�
� Q%��2 % � Q%

"

�
D ".I �HQ%/Œdivx QL�; (136)

while the expected target system takes the form of the so-called anelastic approxi-
mation; see [58, 67, 78]:
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divx. Q%U/ D 0; (137)

@t . Q%U/C divx. Q%U ˝ U/C Q%rx… D divxS.rxU/: (138)

6.1.2 Asymptotic Limit
The following result was proved with the help of the so-called “local method”
developed in [66]; see [74, Theorem 1.1]:

Theorem 14. Let � � RN , N D 2; 3 be a bounded regular domain. Suppose that
� > N and F 2 W 1;1.�/. Let Œ%";u"�">0 be a family of weak solutions to the
Navier-Stokes system (131), (132), (133), and (134) in .0; T / ��,

%".0; �/ D Q%C "%
.1/
0;"; u".0; �/ D u0;";

k%
.1/
0;"kL1 � c uniformly; u0;" ! u0 weakly-(*) in L1.�IRN /

as " ! 0.
Then

sup
t2.0;T /

k%" � Q%kL2.�/ � "c;

and, at least for a suitable subsequence,

u" ! U weakly in L2.0; T IW 1;2.�IRN //;

where U is a weak solution of the anelastic system (137) and (138),

Q%U.0; �/ D HQ%Œ Q%u0�:

6.2 Stratified Fluid Flows in Meteorology and Astrophysics

Certain singular limits arising in the analysis of stratified fluid flows in meteorology
and astrophysics will be discussed [3, 58]. In addition to the situation examined in
[74], we include variations of a kind of entropy variable – the potential temperature,
‚, at second order in the Mach number. The resulting system of equations reads:

@t%C divx.%u/ D 0; (139)

@t .%u/C divx.%u ˝ u/C
1

"2
rx.%‚/

� D divxS.rxu/C
1

"2
%rxF (140)

@t .%‚/C divx.%‚u/ D 0; (141)
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with

S.rxu/ D �

�
rxu C r t

xu �
2

3
divxuI

�
C �divxuI; � > 0; � � 0: (142)

The fluid occupies a slab

� D R2 � .0; 1/; (143)

The velocity is supposed to satisfy the complete slip (closed lid in the present
context) boundary conditions,

u � n D u3j@� D 0; .S.rxu/ � n/ � nj@� D 0: (144)

6.2.1 Target System
The goal is to identify the asymptotic limit for " ! 0. It is possible to take F D

�gx3 and fix a static density distribution

rx Q%� D Q%rxF in �:

Accordingly, the far-field conditions must be given

% ! Q%; ‚ ! 1 as jxj ! 1: (145)

Similarly to Sect. (6.1 missing reference), the asymptotic behavior will be
captured by a variant of the anelastic system:

divx. Q%U/ D 0; (146)

Q%@tU C Q%.U � rx/U C Q%rx… D divxS.rxU/ � Q%T rxF; (147)

and

@tT C U � rxT D 0; (148)

where

‚ � 1

"2
� T for " ! 0;

supplemented with the complete slip boundary conditions

U � nj@� D 0; .S.rxU/ � n/ � nj@� D 0: (149)
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6.2.2 Asymptotic Limit
Consider the following distribution of the initial data

8̂<
:̂

%.0; �/ D %0;" D Q%C "%
.1/
0;";

u.0; �/ D u0;";
‚.0; "/ D ‚0;" D 1C "2‚

.2/
0;":

9>=
>; (150)

The asymptotic limit is characterized in the following assertion, see [39, Theo-
rem 2.2]:

Theorem 15. Let� D R
2� .0; 1/ be an infinite slab and � > 3. Let Œ%";u"; ‚"�">0

be family of weak solutions of the primitive system (139), (140), (141), (142), (144),
on a time interval .0; T /, with the initial data (150), where

k%
.1/
0;"kL1\L1.�/ � c uniformly for " ! 0;

‚
.2/
0;" ! T0 weakly-(*) in L1 \ L1.�/;

u0;" ! u0 weakly-(*) in L2 \ L1.�IR3/

as " ! 0.
Then, passing to a suitable subsequence as the case may be, we have

sup
t2.0;T /

k%" � Q%kL2.�/ ! 0;

u" ! U weakly in L2.0; T IW 1;2.�IR3// and (strongly) in L2loc.Œ0; T � ��IR3/;

‚" � 1

"2
! T weakly-(*) in L1..0; T / ��/;

where ŒU; T � is a weak solution to the target system (146), (147), (148), and (149),
with the initial data

Q%U.0; �/ D HQ%Œ Q%u0�; T .0; �/ D T0:

The weak ! weak approach had been used here. Note that the existence of weak
solutions for the primitive system was shown in [64]; see also [77]. In contrast with
Theorem 14, the velocity field converges strongly (a.a. in .0; T /��) in Theorem 15.
This is because of the dispersion of acoustic waves on the unbounded strip �.

6.2.3 Multiple Singular Limits for Well-Prepared Data
The restriction � > 3 in Theorems 14 and 15 is purely technical and a nuisance
from the point of view of possible applications. It can be relaxed at least in the case
of well-prepared data. To see this, we consider a slightly modified primitive system
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@t%C divx.%u/ D 0; (151)

@t .%u/C divx.%u ˝ u/C
1

"2
rx.%‚/

� D 
divxS.rxu/C
1

"2
%rxF (152)

@t .%‚/C divx.%‚u/ D 0 (153)

in a “periodic” slab

� D
�
Œ0; 1�jf0;1g

	2
� .0; 1/:

The goal is to perform the triple limit

Ma D Fr D " ! 0; Re D
1



! 1:

Accordingly, the target system reads

divx. Q%U/ D 0; (154)

@tU C .U � rx/U C rx… D �T rxF; (155)

@tT C U � rxT D 0: (156)

In view of the global existence result by Oliver [79, Theorem 3] for the 2D
system, it is plausible to anticipate the existence of local-in-time strong solutions
ŒU; T ;…� defined on a maximal time interval Œ0; Tmax/ also in the 3D case:

U 2 C.Œ0; Tmax/IW
m;2.�IR3//; T 2 C.Œ0; Tmax/IW

m;2.�//; m � 3 (157)

provided

U.0; �/ D U0 2 W m;2.�IR3/; divx. Q%U0/ D 0;

T .0; �/ D T0 2 W m;2.�/:

The following result is of the type weak ! strong, its proof leans on a variant of
the relative energy inequality similar to (33), see [39, Theorem 2.1]:

Theorem 16. Let � D
�
Œ0; 1�jf0;1g

	2
� .0; 1/ and � > 3

2
. Let Œ%";u"; ‚"� be a weak

solution of system (151), (152), (153), (144) on a time interval .0; T /, with the initial
data (150) such that

k%
.1/
0;"kL1.�/ C k‚

.2/
0;"kL1.�/ C ku0;"kL1.�IR3/ � D:
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Suppose that the target system (154), (155), and (156) admits a smooth solution
ŒU; T � on the same time interval Œ0; T � emanating from the initial data

U.0; �/ D U0; T .0; �/ D T0:

Then

sup
t2Œ0;T �

Z
�

"
%"ju" � Uj2 C

ˇ̌
ˇ̌%" � Q%

"

ˇ̌
ˇ̌� C %"

ˇ̌
ˇ̌‚" � 1

"2
� T

ˇ̌
ˇ̌2
#

dx (158)

� c.T;D/

�
"C 
 C

Z
�

ju0;" � U0j
2 C

ˇ̌
ˇ%.1/0;"

ˇ̌
ˇ2 C

ˇ̌
ˇ‚.2/

0;" � T0
ˇ̌
ˇ2 dx

�
;

where the constant c D c.T;D/ depends on the norm of the limit solution ŒU; T �
and on the size D of the initial data perturbation.

Theorem 16 implies convergence toward the target system provided the right-
hand side of (158) vanishes in the asymptotic limit, in particular, the initial data for
the primitive system must be well prepared.

6.3 Another Singular Limit Arising in Astrophysics

An example of the flow dynamics in stellar radiative zones representing a major
challenge of the current theory of stellar interiors is presented. Under these
circumstances, the fluid is a plasma characterized by the following specific features:

• A strong radiative transport predominates the molecular one. This is due to
extremely hot and energetic radiation fields prevailing the plasma. The Péclet
number is therefore expected to be extremely small.

• Strong stratification effects because of the enormous gravitational potential of
gaseous celestial bodies determine many of the properties of the fluid in the large.

• The convective motions are much slower than the speed of sound yielding the
Mach number small. The fluid is therefore almost incompressible, whereas the
density variations can be simulated via the anelastic approximation (see also
Gough [47], Gilman and Glatzmaier [45, 46]).

6.3.1 Scaling and the Primitive System
A conveniently scaled Navier-Stokes-Fourier system (73)–(77) as the primitive
system is considered. In addition to the geometric scaling considered so far in this
chapter, we perform also constitutive scaling reflecting the material properties of
the fluid. The fluid will occupy an infinite slab bounded above and below by two
parallel plates:

� D T 2 � .0; 1/;
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where

T 2 D
�
Œ0; 1�jf0;1g

�2
is the two-dimensional flat torus,

on the boundary of which the fluid velocity satisfies the complete slip boundary
conditions

u � nj@� D 0; .S.#;rxu/ � n/ � nj@� D 0: (159)

The bottom part of the boundary is thermally insulated, meaning,

q.#;rx#/ � njfx3D0g D 0; (160)

while a radiative condition

q.#;rx#/ � n D ˇ#.# � #/jfx3D1g (161)

will be imposed on the upper part of the boundary.
Starting from the general constitutive relations (44)–(52) and keeping in mind

the characteristic features of the underlying physical system discussed above, we
suppose:

• the characteristic temperature of the system is large, specifically of order "�2˛=3,
where " is a small positive parameter, and 2 < ˛ < 3;

• the radiative constant satisfy a � "2˛C1;
• the characteristic velocity is of order "1�˛=3, the characteristic length of order
"�1�˛=3, the reference time is of order "�2 so that the Strouhal number Sr
equals 1;

• the gravitational constant g is of order "1�˛=3;
• ˇ � "˛=3.

Under these circumstances, the primitive Navier-Stokes-Fourier system reads:

@t%C divx.%u/ D 0I (162)

@t .%u/C divx.%u ˝ u/C
1

"2
rxp".%; #/ D divxS".#;rxu/ �

1

"2
%gj; j D Œ0; 0; 1�I

(163)

@t .%s".%; #//C divx.%s".%; #/u/C
1

"2
divx

�q".#;rx#/

#

�
D �"; (164)



2814 E. Feireisl

with

�" D .�/
1

#

�
"2S".#;rxu/ W rxu �

1

"2
q".#;rx#/ � rx#

#

�
;

where the inequality sign is being used in the weak formulation (42) and (43).
The relevant constitutive equations are:

S".#;rxu/ D ."2˛=3�0 C �1#/
�
rxu C r?

x u �
2

3
divxuI

�
; �0; �1 > 0; (165)

q".#;rx#/ D �
�
"2C2˛=3�0 C "2�1# C d#3

�
rx#; �0; �1 > 0; (166)

together with

p".%; #/ D
#

5
2

"˛
P
�
"˛
%

#
3
2

�
C "

a

3
#4; (167)

e".%; #/ D
3

2%

#
5
2

"˛
P
�
"˛
%

#
3
2

�
C "a

#4

%
; (168)

s".%; #/ D S
�
"˛
%

#
3
2

�
� S."˛/C "

4a

3

#3

%
; (169)

where a > 0 is fixed, and where P and S are the same as in (44)–(50).
Under the scaling imposed through (167),

p".%; #/ ! p0%# as " ! 0I

whence the limit static density Q% obeys

p0#rx Q%C Q%gj D 0 in �; with a prescribed total mass
Z
�

Q% dx D M0: (170)

The initial data are therefore taken in the form

%.0; �/ D %0;" D Q%C "%
.1/
0;"; u.0; �/ D u0;"; #.0; �/ D # C "#

.1/
0;" : (171)

6.3.2 Target System
The target system reads:

divx. Q%U/ D 0I (172)

@t . Q%U/Cdivx. Q%U˝U/C Q%rx… D �1#�UC
1

3
�1#rxdivxUC

#.2/

#
Q%gj; (173)
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where U satisfies the complete slip boundary conditions

U � nj@� D 0;
h
�1#

�
rxU C rT

x U
�

n
i

� nj@� D 0; (174)

and #.2/ is related to the third component of the velocity through

Q%gU3 D d#
3
�#.2/ in �; rx#

.2/ � nj@� D 0: (175)

6.3.3 Asymptotic Limit
The following results is proved in [27, Chapter 6, Theorem 6.1]:

Theorem 17. Let � D T 2 � .0; 1/. Suppose that P and S are as in hypothe-
ses (44)–(50). Let Œ%"; #";u"�">0 be a family of weak solutions to the Navier-Stokes-
Fourier system (162)–(169) on .0; T / � �, with the parameter 2 < ˛ < 3,
supplemented with the boundary conditions (159)–(161), and the initial condi-
tions (171), where,

Z
�

%
.1/
0;" dx D

Z
�

#
.1/
0;" dx D 0;

and

(
f%
.1/
0;"g">0; f#

.1/
0;" g">0 are bounded in L1.�/;

u0;" ! u0 weakly-(*) in L1.�IR3/:

)

Then, at least for suitable subsequences, we have

%" ! Q% in C.Œ0; T �ILq.�// for any 1 � q <
5

3
;

u" ! U weakly in L2.0; T IW 1;2.�IR3//;

#" ! # in L2.0; T IW 1;2.�//;

and

rx

�#" � #

"2

�
! rx#

.2/ weakly in L1.0; T IL1.�IR3//;

where Q%, # , U, #.2/ is a weak solution to problem (172)–(175), supplemented with
the initial condition

Q%U0 D HQ%Œ Q%u0�:
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7 Rotating Fluids

Rotating fluid systems appear in many applications of fluid mechanics, in particular
in models of atmospheric and geophysical flows, see the monograph [13]. Earth’s
rotation, together with the influence of gravity and the fact that atmospheric Mach
number is typically very small, give rise to a large variety of singular limit problems,
where some of these characteristic numbers become large or tend to zero, see Klein
[58]. Here, a simple situation of a compressible fluid, where the Rossby number Ro
is proportional to small parameter ".

For the sake of simplicity, the effects of the boundary will be ignored, in
particular the Ekman layers created by a particular choice of boundary conditions,
see, e.g., [71]. Accordingly, the spatial domain � will be always the infinite slab

� D R2 � .0; 1/; (176)

the rotation axis ! |parallel to Œ0; 0; 1�, and the (relative) velocity field u will satisfy
the complete slip boundary conditions

u � nj@� D 0; .S.rxu/ � n/ � nj@� D 0: (177)

7.1 A Model Problem: Rapidly Rotating Compressible Barotropic
Fluid

The influence of the temperature being neglected, the scaled Navier-Stokes system
is considered

@t%C divx.%u/ D 0; (178)

@t .%u/C divx.%u ˝ u/C
1

"
.! � %u/C

1

"2m
rxp.%/ D divxS.rxu/C

1

"2
%rxG;

(179)

with

S.rxu/ D �
�
rxu C r t

xu �
2

3
divxuI

�
; � > 0; (180)

where a possible influence of the bulk viscosity component is ignored. Unlike its
incompressible counterpart, where the effect of the centrifugal force can be included
in the pressure, the compressible system should contain a gradient-like driving term
corresponding to the centrifugal force, here represented by 1

"2
%rxG,

G D jx � !j2 � jxhj
2; xh D Œx1; x2�:
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In particular, the centrifugal force becomes exceedingly large for jxj ! 1 unless
its strength is moderated by an adequate decay of the density %.

As shown in [13], incompressible rotating fluids stabilize to a 2D motion
described by the vertical averages of the velocity provided the Rossby number "
is small enough. Note that the stabilizing effect of rotation has been exploited by
several authors; see, e.g., [5, 6]. On the other hand, as observed in Theorem 6,
compressible fluid flows in the low Mach number regime behave like the incom-
pressible ones. Thus, (at least for m � 1), solutions of the scaled system (178)
and (179) are first rapidly driven to incompressibility and then stabilize to a purely
horizontal motion as " ! 0. On the other hand, the abovementioned scenario
changes completely in the critical case m D 1.

7.1.1 Dominating Incompressibility m � 1
Suppose that

p 2 C1Œ0;1/ \ C2.0;1/; p0.%/ > 0 for all % > 0; lim
%!1

p0.%/

%��1
D p1 > 0

(181)
for a certain � > 1 specified below, and that

�
G 2 W 1;1.�/; G.x/ � 0;

jrxG.x/j � c.1C jxhj/ for all x 2 �; xh D Œx1; x2�:



(182)

The following result holds for m >> 1, see [35, Theorem 1]:

Theorem 18. Let the pressure p and the potential of the driving force G satisfy
hypotheses (181), (182), with � > 3=2. Let Œ%";u"� be a finite energy weak solution
of the Navier-Stokes system (178)–(180), (177) in .0; T / � �, emanating from the
initial data

%".0; �/ D Q%" C "m%.1/" ; u".0; �/ D u0;"; (183)

where

rxp. Q%"/ D "2.m�1/ Q%"rxG; Q%" ! 1 as jxj ! 1; (184)

and

k%
.1/
0;"kL2\L1.�/ C k

p
Q%"u0;"kL2.�IR3/ � c;

��� Q%"
��2
2 %

.1/
0;"

���
L2.�/

� c if � > 2;

u0;" ! U0 weakly in L2.�IR3/: (185)

Finally, suppose that

m > 10
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Then

ess sup
t2.0;T /

k%" � 1k.L2CL� /.K/ � "mc.K/ for any compact K � �;

u" ! U weakly in L2.0; T IW 1;2.�IR3//;

where U D ŒUh.xh/; 0� is the unique solution to the 2D incompressible Navier-
Stokes system

divhUh D 0;

@tUh C divh.Uh ˝ Uh/C rh… D ��hUh;

with the initial data

Uh.0; �/ D
h
H
h
ŒhU0ih ; 0�

ii
h
; where hU0ih .xh/ D

Z 1

0

U0.xh; x3/ dx3:

The subscript Dh indicates that the differential operator D acts only on the
horizontal variable Œx1; x2�.

7.1.2 Critical Case m D 1
The critical case m D 1 is qualitatively very different from m >> 1, see [35,
Theorem 2]:

Theorem 19. Let the pressure p satisfy hypotheses (181), with � > 3 and let
G.xh/ D jxhj

2. Let %", u" be a finite energy weak solution of the Navier-Stokes
system in .0; T / ��, emanating from the initial data (183)–(185), with

m D 1:

In addition, suppose that

%
.1/
0;" ! r0 weakly in L2.�/; u0;" ! U0 weakly in L2.�IR3/:

Then

r" 	
%" � Q%

"
! r weakly-(*) in L1.0; T IL2.K// for any compact K � �;

u" ! U weakly in L2.0; T IW 1;2.�IR3//;

with

r D r.t; xh/ radially symmetric ; U D ŒUh.t; xh/; 0�;
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and

rh.P
0. Q%/r/C U?

h D 0:

Moreover, the function r satisfies

@t

�
r � divh. Q%rh.P

0. Q%/r//
�

C�2
h

�
P 0. Q%/r

�
D 0:

In addition, the initial value r.0/ is the unique radially symmetric function satisfying
the integral identity

Z
R2

�
Q%rh

�
P 0. Q%/r.0/

	
� rh C r.0/ 

�
dxh D

Z
R2

�
h Q%U0;hi � r?

h  C hr0i 
�

dxh

for all radially symmetric  D  .xh/ 2 C1
c .R

2/.

7.2 Scale Interactions for Rotating Fluids

The singular limit of a rotating compressible fluid described by a scaled barotropic
Navier-Stokes system will be considered, where the Rossby number Ro D ", the
Mach number Ma D "m, the Reynolds number Re D "�˛ , and the Froude number
Fr D "n are proportional to a small parameter " ! 0. The system of equations
describes the time evolution of the mass density % D %.t; x/ and the (relative)
velocity u D u.t; x/ of a compressible, rotating fluid:

@t%C divx.%u/ D 0; (186)

@t .%u/C divx.%u ˝ u/C
1

"
%.! � u/C

1

"2m
rxp.%/ (187)

D "˛divxS.rxu/C
1

"2n
%rxG;

S.rxu/ D �

�
rxu C r t

xu �
2

3
divxuI

�
C �divxuI; � > 0; � � 0: (188)

The fluid is confined to an infinite slab

� D R2 � .0; 1/; (189)

where it satisfies the slip condition

u � nj@� D .S.rxu/ � n/ � nj@� D 0: (190)
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The model may be viewed as a crude approximation (f -plane model) of the
Earth’s atmosphere in a plane tangent to the Earth at a certain latitude; see [88,
Chapter 2, Section 2.3]. Accordingly, the gravitational force is taken parallel to the
vertical projection of the rotation axis:

!=j!j D Œ0; 0; 1�; rxG D Œ0; 0;�1�:

We consider the singular limit problem for " ! 0 in the multiscale regime:

m

2
> n � 1; ˛ > 0 (191)

for the ill-prepared initial data

%.0; �/ D %0;" D Q%" C "m%
.1/
0;"; u.0; �/ D u0; (192)

where Q%" is a solution to the static problem

rxp. Q%"/ D "2.m�n/ Q%"rxG in �: (193)

7.2.1 Target Problem
Formally, it is not difficult to identify the limit problem. Indeed fast rotation is
expected to eliminate the vertical motion, the vanishing viscosity (high Reynolds
number) makes the limit system inviscid (hyperbolic), while the low Mach number
regime drives the fluid to incompressibility. The limit problem is therefore expected
to be the incompressible Euler system for the planar velocity field v D Œv1; v2�,

@tv C divx.v ˝ v/C rx… D 0; divxv D 0 in .0; T / �R2: (194)

As is well known, see, e.g., [52], the target problem admits global-in-time solutions
provided the initial data are smooth enough.

7.2.2 Asymptotic Limit
Let p 2 C Œ0;1/ \ C3.0;1/ be a given function of the density such that

p.0/ D 0; p0.%/ > 0 for all % > 0; lim
%!1

p0.%/

%��1
D p1 > 0; � >

3

2
: (195)

In addition, without loss of generality, the pressure p can be “normalized” by setting

p0.1/ D 1: (196)

The following result was proved in [31, Theorem 3.1]:
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Theorem 20. Let the pressure p D p.%/ satisfy the hypotheses (195) and (196).
Suppose that the exponents ˛, m, and n are given such that

˛ > 0;
m

2
> n � 1:

Let the initial data Œ%0;";u0;"� be given by (192), where the stationary states Q%"
satisfy (193),

k%
.1/
0;"kL2\L1.�/ � c; %

.1/
0;" ! %

.1/
0 in L2.�/; u0;" ! u0 in L2.�IR3/;

with

%
.1/
0 2 W k�1;2.�/; u0 2 W k;2.�IR3/ for a certain k � 3:

Let Œ%";u"� be a finite energy weak solution of the problem (186)–(190) in the space-
time cylinder .0; T / ��.

Then

ess sup
t2.0;T /

k%".t; �/ � Q%"k.L2CL� /.�/ � "mc

p
%"u" ! v

8<
:

weakly-(*) in L1.0; T IL2.�IR3//;

strongly in L1loc..0; T / ��IR3/;

where v D Œvh; 0� is the unique solution of the Euler system (194), with the initial
data

v.0; �/ D Hh

�Z 1

0

u0.xh; x3/ dx3

�
:

8 Conclusion

The material collected in this section is limited to problems involving the com-
plete fluid systems, meaning those incorporating both the first and second laws
of thermodynamics. There is a vast amount of literature devoted to simplified
or augmented models, where more aspects of the motion like the effect of a
magnetic field and/or chemical reactions are taken into account. The reader should
consult the bibliography appended to this chapter as well as the references cited
therein.
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