
Chapter 4
RET of Rarefied Monatomic Gas

Abstract In this chapter, we give a survey of the main results of RET concerning
rarefied monatomic gases, some of which are explained in the Müller–Ruggeri book
of RET (Müller and Ruggeri, Rational Extended Thermodynamics, Springer, New
York, 1998). We start from the phenomenological RET theory with 13 fields and
prove that the closure of RET coincides with the one obtained by Grad using
kinetic arguments and with the MEP procedure. The theory with N-moments is
also presented with the proof of nesting theories that emerge from the concept of
principal subsystem. The problematic of bounded domain in RET is also considered,
and a simple example of heat conduction is explained to show a significant
difference of the results between RET and NSF.

A lower bound for the maximum characteristic velocity is obtained in terms of
the truncation tensor index N. This quantity increases as the number of moments
grows and it is unbounded when N ! 1.

The relativistic counterpart is also described briefly. In this framework, the
maximum characteristic velocity is bounded for any number of moments, and
converges to the light velocity from the below for N ! 1.

The chapter contains also comparison between the RET theory and experiments
in sound waves and light scattering.

4.1 Extended Thermodynamics with 13 Fields
and Subsystems

We saw, in Sect. 1.5.1, that RET of rarefied monatomic gases is intimately related to
the moment theory (1.18) associated with the Boltzmann equation. As emphasized
there, the 13-field RET theory is a purely phenomenological theory [1] in which the
system of field equations in balance type (1.24) is adopted and the closure of the
system with the use of the universal principles of physics is accomplished. We saw
also, in Sect. 1.5.2, the problem of closure of the 13-moment theory.

We have three closure methods by using the universal principles of macroscopic
ET [1], the perturbative method of Grad [2] at the kinetic level, and the maximum
entropy principle [3]. The vital point is that three different and apparently uncorre-
lated closure methods give the same system (1.25).
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The differential system (1.25) has been extensively studied. For example,
acceleration waves, shock waves, shock wave structure, and the hyperbolicity region
were studied (for details see [4] and references therein).

In this section we summarize the 13-moment system and its principal subsys-
tems.

The equations of ET with 13 fields are given in (1.25). The components of the
main field u0:

u0 � �
�; �i; �; �<ij>; �i

�

have the following expressions [4, 5]:
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The maximum characteristic velocity in equilibrium is �max D 1:65c0 (c0 is the
sound velocity for a monatomic gas).

Let us consider possible principal subsystems following the general theory
presented in Sect. 2.4.

4.1.1 10-Field Principal Subsystem

The 10-field system is a principal subsystem of the 13-field system when

�i D 0 ! qi D 0:

Neglecting the last block of the corresponding equation of (1.25) and inserting qi D
0 in the previous equations, we have
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In this case �max D 1:34c0.

4.1.2 Euler 5-Field Principal Subsystem

The Euler system is the 5-field principal subsystem of the 13- and 10-field systems
when

�i D 0; �<ij> D 0 ! qi D 0; �<ij> D 0:

Neglecting the last block of the corresponding equation of (4.2), and inserting
�hiji D 0, in the previous equations, we have
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The maximum velocity is now �max D 1 c0.

4.1.3 4-Field Principal Subsystem

The so called p-system is the 4-field subsystem of the Euler system (4.3) with

�i D 0; �<ij> D 0; � D const: ! qi D 0; �<ij> D 0; T D T� D const:
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The system of field equations is given by

@
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where

p� � p.�;T�/ and �max D 0:7746 c0 .

4.1.4 1-Field Principal Subsystem

Finally, the transport equation:

@

@t
�C @

@xi

�
�v�

i

� D 0

is a 1-field principal subsystem of all the previous ones:

�i D 0; �<ij> D 0; � D const:; �j D const: !
qi D 0; �<ij> D 0; T D T� D const:; vi D v�

i D const:

and we have �max D 0.
According with the general result, the maximum characteristic velocity increases

with the number of fields [6].

4.2 Bounded Domain: Heat Conduction and Problematic
Boundary Data

Up to here, we have considered phenomena evolving in an unbounded domain and
we have seen that ET is successful because (1) it satisfies explicitly the universal
principles of physics, (2) it has a desired mathematical structure of symmetric
hyperbolic systems, (3) it is perfectly consistent with the kinetic theory, and (4) the
results derived from it are in good agreement with experimental data. The analysis
of phenomena in a bounded domain is, however, not quite satisfactory when the
number of moments is more than 13 as we will see below.

In this section, we summarize the problems encountered in the study of nonequi-
librium phenomena in a bounded domain. Let us start with the heat-conduction
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problem by using the 13-moment ET theory. We will see that the results in non-
planar geometry are very different from the results predicted by the classical
Navier-Stokes Fourier theory.

4.2.1 Heat Conduction Analyzed by the 13-Moment ET Theory

Müller and Ruggeri [7] studied one-dimensional heat conduction in a gas at rest in
planar, cylindrical and spherical geometries by using the 13-moment ET theory. It
turns out that, in the radially symmetric cases, the stress tensor does not reduce to
a scalar pressure and that the heat flux depends on the normal components of the
deviatoric stress tensor. As a result, the singularities of temperature on the axis of
the cylinder and in the center of the sphere—which are characteristic for the Navier-
Stokes Fourier solution—disappear. In this section, we explain this result.

For the present argument the nature of the molecular interaction is quite
irrelevant. Therefore we choose the simplest model and consider the system of
equations based upon the BGK model. Furthermore, we spread out the covariant
derivatives by using the Christoffel symbols. Then we obtain a more specific, but
more complex version of the field equations (1.25), which in a stationary case
becomes [7]:
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Here gik is the metric tensor, � i
jk are the Christoffel symbols appropriate to the

coordinates xk.
For the planar case with rectangular Cartesian coordinates, gik is the Kronecker

tensor and all Christoffel symbols vanish. In the cylindrical case with coordinates
.x1; x2; x3/ D .r; #; z/ we have
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; � m

kn D 0 else. (4.5)
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And in the spherical case with .x1; x2; x3/ D .r; #; '/ we have
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(4.6)

Note that, in all three cases, the coordinate lines are orthogonal so that the metric
tensors are diagonal.

4.2.1.1 One Dimensional Solutions and Their Comparison
with the Solutions Derived from the Navier-Stokes Fourier Theory

We investigate solutions, in which all fields depend on x1 only and in which q1 is the
only non-vanishing component of the heat flux. In such a case, the Eq. (4.4) readily
imply that all shear stresses vanish and that the deviatoric normal stresses are related
to q1 by

�<11> D �4
5
� k

k1�q1; �<22> D 4

5
g22� 2

21�q1; �<33> D 4

5
g33� 3

31�q1: (4.7)

We also obtain

dq1

dx1
D �� k

k1q
1: (4.8)

We conclude from (4.4) that p D const: holds and the 1-component provides a
relation between the heat flux and the temperature gradient, viz.

q1 D ��
�
1 � 7

5

�<11>

p

�
dT

dx1
; (4.9)

where � is the heat conductivity related to the relaxation time � by

� D 5

2

kB

m
�p:

From (4.7), we conclude that, in spherical coordinates, the physical components
of the shear stress are not zero. This result is particular to extended thermodynamics,
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because with the Navier-Stokes constitutive equations we have �<ij> D 0 in any
geometry. Thus we conclude, from (4.7), that in the planar case, where �<11>

vanishes, Fourier’s law with a constant heat conductivity is recovered, because the
heat flux is proportional to the gradient of the temperature. In the other cases, the
cylindrical and the spherical ones, Fourier’s law is not valid because of the second
term on the right hand side of (4.7).

We now solve the system of equations and obtain the fields �<11>; q1; and T. The
only geometric quantity left in that system is � k

k1 which reads

� k
k1 D j

x1
with j D

2

4
0 planar
1 for the cylindrical
2 spherical

case. (4.10)

The general integral is easily obtained. In the planar case we have the simple
solution

q1 D c1I �<11> D 0; T D c2 � c1
�

x1 (4.11)

with a linear temperature profile which is also predicted by the Fourier theory (c1;c2
are integration constants). For j D 1; 2 we have (we write now for evident reasons
r; qr; �<rr> instead of x1; q1; �<11>)

qr D c1
rj

and �<rr> D � 8j

25
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and (4.9) becomes

dT
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D �c1

�

r
56
125

j m
kB

�
p2

c1 C rjC1 : (4.12)

The first term in the denominator is absent in the Navier-Stokes Fourier theory,
because �<rr> D 0 in that theory.

Thus we can see a first difference between ET and the Fourier theory: The
derivative of the temperature tends to zero for r ! 0, while in the Fourier case
it diverges. The general solution of (4.12) reads
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Fig. 4.1 The behavior of the
general integral of the
temperature in the spherical
symmetry. The divergent
curve represents the solution
of the Fourier theory while
the bounded one represents
the 13-moment solution

0     

T

r

in the cylindrical case, i.e., for j D 1

T D c2 � c1
2�

log.b C r2/;

in the spherical case, i.e., for j D 2

T D c2 C c1
3 2

1
3 b

1
3 �

�p
3 arctan

�
b
1
3 �2 23 rp
3 b

1
3

�
C

C log
	
2 b

1
3 C 2

2
3 r



� 1
2

log
	
2 b

2
3 � 2

2
3 b

1
3 r C 2

1
3 r2

o
;

(4.13)

while according to the Fourier law we have

T D c2 � c1
�

log r for j D 1 and T D c2 C c1
�

1

r
for j D 2: (4.14)

For abbreviation we have set b D 56
125

m
kB

�
p2

c1.
Figure 4.1 illustrates the difference between these solutions in the spherical case

for c1 arbitrarily assigned and c2 such that the temperature vanishes for large values
of r. We see that the temperature is finite in ET, while it diverges in the Fourier
theory. We also observe that the solutions coincide when the gradient is small, while
they differ significantly where the curves becomes steeper. As a matter of course,
ET becomes relevant when gradients are large.
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4.2.1.2 Solution of a Boundary Value Problem

In the planar case, the result from the Fourier theory is identical to the one
from ET. Indeed, from (4.11)3, we conclude that the temperature is linear in x1:
More interesting are the radially symmetric cases, in particular, the cylindrically
symmetric one.

We consider a gas between two co-axial cylinder or between two concentric
spheres with inner radius ri and outer radius re. We heat the gas at the inner radius
with a prescribed heat flux q and the temperature at the outer radius is kept to a value
Te: Thus we solve the boundary value problem:

qr .ri/ D q and T .re/ D Te: (4.15)

In the cylindrical case we obtain the solution:
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qri C r2e

!

: (4.16)

Figure 4.2 shows this solution for T in the case of argon with the relative atomic
mass M D 40 and for the data:

ri D 10�3 m; re D 10�2 m; p D 102
N

m2
;

� D 10�5 s; q D 104
W

m2
; Te D 300K: (4.17)

Fig. 4.2 The behavior of the
temperatures in the
cylindrical case with the
boundary data (4.17). Fourier
theory (stars); 13-moment
theory (circles)
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The curve marked by circles in Fig. 4.2 represents the solution of ET and the one
marked by stars is the solution of the Fourier theory. At the inner cylinder, the values
of the two theories differ by 7:17K.

In the spherical case we obtain with b D 56
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m
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Both solutions (4.16) and (4.18) hold in the interval ri 6 r 6 re.
The case of co-axial cylinders should be easy to set up experimentally. Indeed,

the inner cylinder could be realized by a wire and the heating may be effected by
letting an electric current run through that wire. On the other hand the corresponding
case of two concentric spheres may be quite difficult to realize experimentally.

4.2.2 Difficulty in the ET Theory in a Bounded Domain When
the Number of Fields is More Than 13

In the above subsection, we have seen that the 13-moment ET theory predicts the
new and interesting results that show an appreciable difference from the results
predicted by the Navier-Stokes Fourier theory. We understand that, when there
exists a steep gradient (and/or a rapid change), the ET theory is superior to the
conventional classical TIP theory. Therefore it was natural that several authors tried
to understand more deeply nonequilibrium phenomena in a bounded domain by
using the ET theory with more than 13 moments. However, in such studies, the
authors encountered a conceptually difficult problem. This is the problem of the
boundary conditions.

All quantities in the 13-moment theory have concrete physical meanings and are
observable. However, the quantities expressed by higher moments have not definite
physical meanings and are, in general, impossible to be measured in experiments.
Therefore we cannot pose the values of these quantities at the boundary of a domain,
that is, we cannot pose the boundary conditions for the ET theory with more than
13 moments appropriately.

We may have a question: Is it really necessary to know all the boundary values?
Indeed let us consider, for example, heat conduction in a gas filled in between two
parallel plates. In this case, we need not know all boundary values except for, say, the
temperatures at the two plates in order to study the phenomena experimentally. This
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consideration seems to lead us to the following conjecture: if the temperature are
fixed at the both sides, the other quantities adjust by themselves and have appropriate
boundary values that are consistent with the experimental data. Such quantities are
sometimes called uncontrollable quantities.

If this conjecture is true, we further want to know the mechanism of the self-
adjustment. Several studies have been done. Struchtrup and Weiss [8] proposed
the minimax principle for the entropy production, according to which the boundary
values of the uncontrollable quantities are fixed. Barbera et al. also studied this
problem [9]. They assume that the uncontrollable quantities fluctuate around the
most probable values, and then they assume that the boundary values of the
quantities are given by these most probable values.

Another strategy was proposed by Ruggeri and Lou [10]. Their approach is
purely phenomenological. Let us consider the heat conduction problem again as
an example with a mixture of gas. In order to obtain the temperature profile, they
impose not only the boundary conditions but also some conditions inside a gas
that should be given by experiments. The latter conditions are, for example, the
temperatures at several points inside a gas. (See Sect. 16.6.2.)

Moreover, as pointed out by Brini and Ruggeri [11], there is another subtle
problem. They proved that, if nonequilibrium variables have small values of the
same order, then some derivative of these variables (critical derivatives) are not
necessarily of the same order. As a consequence, the solutions violate the entropy
principle and the system becomes to be inconsistent with the near-equilibrium
approximation adopted.

Kinetic-theoretical study by using the concept of the accommodation factor may
be helpful to solve this problem (see, for example, [12–16]). The accommoda-
tion factor is defined as the ratio between the effects of specular reflection and
thermalized (diffuse) reflection of an incident molecule at the boundary wall. The
introduction of this factor implies that the interaction between a gas and a boundary
wall should be properly taken into consideration in order to fix the boundary
conditions.

In conclusion, except for the 13-moment ET theory, the problem of the boundary
conditions in ET in general still remains as a big issue to be solved even in the case
of monatomic gases.

4.3 Molecular RET for Large Number of Moments

For rarefied gases, we have discovered that, in highly nonequilibrium phenomena
such as sound waves with high frequencies, light scattering with large scattering
angle, shock waves with large Mach number, predictions of the 13-moment theory
are sill not quite satisfactory when compared with experimental data although the
13-moment theory gives us better results compared with the Navier-Stokes Fourier
theory. For such phenomena, we need a theory with more moments. In these cases, it
is too difficult to proceed within a purely macroscopic theory like the 13-field RET
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theory. Therefore let us recall that the fields F0s can be regarded as the moments of a
distribution function f . In order to explain this approach by using the moments F0s,
we first rewrite the hierarchy of balance laws in more compact notation:

@tFA C @iFiA D PA; (4.19)

with

FA D
Z

R3
mfcAdc; FiA D

Z

R3
mfci cAdc; (4.20)

PA D
Z

R3
QcAdc; (4.21)

where

cA D
�
1 for A D 0;

ci1ci2 � � � ciA for 1 6 A 6 N;

and

FA D
�

F for A D 0;

Fi1i2���iA for 1 6 A 6 N;
FiA D

�
Fi for A D 0;

Fii1i2���iA for 1 6 A 6 N:
(4.22)

The indices i and i1 6 i2 6 � � � 6 iA are defined over 1; 2; 3. In the followings,
similar notations will be adopted.

Definition 4.1 A system of moments (4.19) truncated at the tensorial index N is
called .N/-system. The (4.19) is called .N�/-system if, for the last balance equation,
we consider only the trace with respect to the two indexes, Fk1k2:::kN�2ll, instead of
the full N-order tensor Fk1k2:::kN�2kN�1kN . If, instead of two indexes, we have the
contraction with respect to two couples of two indexes, we add another minus:
.N��/.

According with this definition (that does not include all possible moment systems)
the Euler fluid is a .2�/-system and the Grad system is a .3�/-system. Taking into
account that all tensors are symmetric, the number n of moments, for an .N/-system,
is given by

nN D 1

6
.N C 1/.N C 2/.N C 3/; (4.23)

and, for an .N�/-system, is given by

nN� D 1

6
N.N2 C 6N � 1/: (4.24)
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4.3.1 Closure via the Entropy Principle

We require the compatibility of the truncated system (4.19) with the entropy law,
i.e., all solutions of (4.19) must satisfy also the supplementary entropy balance
law (1.22) where h0; hi and ˙ are functionals of f [see (1.21)] through the
moments (4.20) with A D 0; : : : ;N. This is a strong restriction on the distribution
function f , and now the problem to be solved is as follows: Determine the
distribution function fN under the condition that any classical solution of (4.19)
with (4.20) and (4.21) is also the solution of (1.22).

For a generic entropy functional, which is valid not only for classical gases but
also for degenerate gases such as Bose and Fermi gases, the following theorem was
proved by Boillat and Ruggeri [17]:

Theorem 4.1 Necessary and sufficient condition such that the truncated system of
moments (4.19) satisfies an entropy principle (1.22) is that the truncated distribution
function fN depends on .x; t; c/ only through a single variable:

fN � fN.	N/;

where

	N D
NX

AD0
u0

A.x; t/c
A

is a polynomial in c with the coefficients u0
A:

u0
A D

�
u0 for A D 0;

u0
i1i2���iA for 1 6 A 6 N:

The entropy density, flux and production have the following expressions:

h0 D m
Z

R3

�
	N˝

0.	N/�˝.	N/
�

dc; (4.25)

hi D m
Z

R3
ci
�
	N˝

0.	N/�˝.	N/
�

dc; ˙ D m
Z

R3
Q	N dc;

where the partition function˝.	N/ satisfies the relation:

˝ 0 D d˝

d	N
D fN.	N/:
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The system (4.19) becomes symmetric in the form (2.11) with the main field u0
A and

potentials

h00 D m
Z

R3
˝.	N/ dc; h0i D m

Z

R3
˝.	N/ci dc; (4.26)

provided˝ 00.	N/ < 0.

The proof can be made by the following general symmetrization Theorem 2.1. In
fact (2.15) becomes in this case

FA D @h0 0

@u0
A

; FiA D @hi0

@u0
A

;

then

dh00 D
NX

AD0
FAdu0

A D m
Z

R3
f

NX

AD0
cAdu0

Adc D m
Z

R3
fd	Ndc D d

Z

R3
m˝.	N/dc;

and (4.26)1 hold. From (2.14) follows the (4.25). Analogous considerations are
given for h0i and hi.

Then the original system of the moments becomes to be closed and to be
symmetric hyperbolic in terms of the main-field components (2.11) (we omit now
the summation on the repeated index B):

JAB@tu
0
B C JiAB@iu

0
B D PA.u

0
C/; A D 0; : : : ;N (4.27)

where

JAB.u
0
C/ D @2h0 0

@u0
A@u0

B

D
Z

R3
m˝ 00.	N/c

AcBdc;

JiAB.u
0
C/ D @2h0

i

@u0
A@u0

B

D
Z

R3
m˝ 00.	N/ci cAcB dc:

Here and hereafter, the summation symbol with respect to A and/or B is omitted for
simplicity. Indeed, the matrix JAB is negative definite provided that ˝ 00.	N/ < 0

holds, since

JABXAXB D
Z

R3
m˝ 00 �cAXA

�2
dc < 0 8XA ¤ 0:

If we require that h0 is the usual entropy density for non-degenerate gases, viz.

h0 D �kB

Z

R3
fN ln f N dc;
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we obtain from (4.25)
�
	N C kB

m
ln˝ 0

�
˝ 0 �˝ D 0;

and by differentiation we obtain

fN.	N/ D e�1�m	N=kB : (4.28)

In the present case we have

JAB
�
u0

C

� D �m2

kB

Z

R3
fNcAcB dc; JiAB

�
u0

C

� D �m2

kB

Z

R3
fNcicAcB dc: (4.29)

In an equilibrium state, (4.28) reduces to the well-known Maxwellian distribution
function. We observe that fN is not a solution of the Boltzmann equation. But we
have the conjecture (open problem) that, for N ! 1; fN tends to a solution of the
Boltzmann equation.

4.3.2 Closure via the Maximum Entropy Principle

Instead of the method of the entropy principle, there is an alternative in the ET
theory of moments for the determination of the phase density fN . This is the method
of maximization of the entropy under some constraints.

We have discussed the MEP in Sect. 1.5.5. In this section, we summarize the
results in the case of monatomic gases (see [17] for more details). Let us treat firstly
a general case where the entropy h0 is a generic functional of f :

h0 D
Z

R3
 .f /dc : (4.30)

We ask for the phase density fN that provides the maximum of h0 under the
constraints of fixed values FA for the moments:

FA D
Z

R3
mfcAdc:

With the Lagrange multipliers �A, we form the expression:

L D
Z

R3
 .f /dc C �A

�
FA � m

Z
cAfdc

�
; (4.31)

and obtain the relation:

ıL D
Z

R3

�
d 

df
� m�AcA

�
ıfdc D 0:
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Thus we have

d 

df
D m�AcA

as a necessary condition for an extremum. Hence it follows that f is a function of

	 D �AcA;

and that  .f / has the form:

 .f / D m

�
	f �

Z
fd	

�
: (4.32)

Insertion of (4.32) into (4.30) gives exactly the same result as that from the entropy
principle (4.25). Thus we conclude that the maximization of the entropy leads to the
same result as that from the entropy principle in molecular RET of moments [17].
In particular, the Lagrange multipliers �A are identical to the main field components
u0

A.

4.4 Maximum Characteristic Velocity in the Classical Theory

Characteristic velocities �, in the propagation direction with the unit vector n �
.ni/, of the symmetric hyperbolic system (4.27) with (4.28) are eigenvalues of

KAB D JiABni � �JAB D �m2

kB

Z

R3
f .	/.c � n � �/cAcB dc: (4.33)

In particular, the wave speeds for disturbances propagating in an equilibrium state
are eigenvalues of

Z

R3
fM.c � n � �/cAcB dc; (4.34)

where fM is the Maxwellian distribution function. As the integrals in (4.34) are
known, it is easy to evaluate the maximum eigenvalues for increasing N.

Numerical results were obtained by Weiss [18] who obtained increasing value
of the maximum characteristic velocity for increasing number of moments n that
depends on the truncation index N through (4.23). For instance, for n D 20, �max D
1:8c0 and for n D 15:180,�max D 9:36c0;where �max is the maximum characteristic
velocity in equilibrium in units of the sound wave velocity. Therefore an interesting
problem is: what is the limit of �max as N ! 1?
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4.4.1 Lower Bound Estimate and Characteristic Velocities
for Large Number of Moments

In the previous examples, we have seen the validity of the subcharacteristic
conditions. Now we are able to prove the behavior of �max when N ! 1. The
.k C 1/.k C 2/=2 components of order k of the main field:

u0
i1i2:::ik ; i1 6 i2 6 � � � 6 ik

can be mapped in the corresponding variables

u0
pqr; p C q C r D k;

where p, q, r are, respectively, the number of indices over 1; 2; 3. With this notation

	 D
X

p;q;r

u0
pqrc

p
1c

q
2c

r
3; 0 6 p C q C r 6 N:

Theorem 4.2 (Boillat and Ruggeri [17]) For any N we have the lower bound
condition:

�max

c0
>

s
6

5

�
N � 1

2

�
(4.35)

where c0 is the sound velocity. Therefore, �max becomes unbounded when N ! 1.

Sketch of the Proof By the use of the variable u0
pqr, the components of the matrix

(4.34) are given by

Z

R3
fM.cin

i � �/cpCs
1 cqCt

2 crCu
3 dc:

The matrix is negative semi-definite, if � is the largest eigenvalue �max. As the
elements aij of a semi-definite matrix satisfy the inequalities:

aiiajj > a2ij; (4.36)

we have
Z

R3
fM.cin

i � �max/c
2p
1 c2q

2 c2r
3 dc

Z

R3
fM.cin

i � �max/c
2s
1 c2t

2 c2u
3 dc

>
�Z

R3
fM.cin

i � �max/c
pCs
1 cqCt

2 crCu
3 dc

�2
: (4.37)
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Fig. 4.3 The behavior of the
maximum characteristic
velocity versus the truncation
number N and the lower
bound estimate (4.35)
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In this case (4.37) reduces to

�2max

Z

R3
fMc2p

1 c2q
2 c2r

3 dc
Z

R3
fMc2s

1 c2t
2 c2u

3 dc

>
�Z

R3
fM.cin

i � �max/c
pCs
1 cqCt

2 crCu
3 dc

�2
: (4.38)

With the choice p D N; s D N �1; q D r D t D u D 0;n � .1; 0; 0/; this inequality
becomes

�2max >
R

R3 fMc2N
1 dc1

R
R3 fMc2.N�1/

1 dc1
D 1

b

� .N C 1=2/

� .N � 1=2/ D 6

5
c20

�
N � 1

2

�

and the proof is completed. Therefore

lim
N!1�max D 1:

In Fig. 4.3, we compare the numerical values of �max=c0 given by Weiss [18] with
our lower bound in the right-hand side of (4.35).

This is a surprising result because the first motivation of ET was to repair
the paradox of infinite velocity of the Navier-Stokes Fourier classical approach.
Therefore, for any finite N, we have symmetric hyperbolic systems with finite
characteristic velocities. But when we take infinite moments we have a parabolic
behavior.
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Instead, in the relativistic context, it was proved that the limit of the maximum
characteristic velocity for N ! 1 is the light velocity [19–21] (see Sect. 4.7.1.1).

4.5 Convergence Problem and a Theory Near Equilibrium
State

All results explained above are valid also for a case far from equilibrium provided
that the integrals in (4.20) and (4.21) are convergent. The problem of the conver-
gence of the moments is one of the main questions in a far-from-equilibrium case.
In particular, as we will see, the index of truncation N must be even. This implies, in
particular, that a theory with 13moments is not allowed when far from equilibrium!

Moreover, if the conjecture that the distribution function fN , when N ! 1, tends
to the distribution function f that satisfies the Boltzmann equation is true, we need
another convergence requirement.

These problems were studied by Boillat and Ruggeri in [17]. As before, 	N is
expressed as

	N D
X

p;q;r

u0
pqrc

p
1c

q
2c

r
3; 0 6 p C q C r 6 N: (4.39)

Since
ˇ̌
ˇ
ˇ
ˇ

X

p;q;r

u0
pqrc

p
1c

q
2c

r
3

ˇ̌
ˇ
ˇ
ˇ
6 aNcN

with

aN D max
jtjD1


N.t/; 
N.t/ D
X

p;q;r

u0
pqrt

p
1t

q
2t

r
3;

when p C q C r D N ! 1, the series is absolutely convergent for any c provided
that

u0
pqr ! 0;

aNC1
aN

! 0:

Hence the components of the main field become smaller and smaller when N
increases. This justifies the truncation of the system. On the other hand, when
N is finite, the integrals of moments must also be convergent. When c is large,
	N ' jcjN
N . Therefore it is easy to see, by using the spherical coordinates, that
the integrals of moments converge provided that 
N.t/ < 0 for any unit vector
t. But, as 
N.�t/ D .�1/N
N.t/, we can conclude that N must be even and
maxjtjD1 
N.t/ < 0.
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Now, the distribution function (4.28) obtained as the solution of the variational
problem is expanded in the neighborhood of a local equilibrium state:

fN � fM

�
1 � m

kB
Qu0

AcA

�
; Qu0

A D u0
A � u0E

A ; (4.40)

where u0E
A are the main field components evaluated in the local equilibrium state

and fM is the Maxwellian equilibrium distribution function. Taking into account
the fact that all the equilibrium components of the main field vanish except those
corresponding to the first five moments [see (2.29)] and plugging (4.40) into (4.20)1,
we obtain a linear algebraic system that permits to evaluate the main field Qu0

A in terms
of the densities FA:

JMAB Qu0
B D FA � FE

A ;

where FE
A denotes the moments FA evaluated in the equilibrium state and

JMAB D �m2

kB

Z

R3
fMcAcB dc: (4.41)

And, by inserting Qu0
A just obtained above into (4.20)2 and (4.21), the explicit

dependence of the truncated fluxes and source terms on the densities is obtained.
Finally, the truncated .N/-system becomes a closed system for the densities FA.

The generalization of this procedure to higher order expansions of the distribu-
tion function has been given in [11] and as we will see in Chap. 12 there exists an
interesting model in which we can close the system also far from equilibrium. This
is the case of the 6-moment theory of polyatomic gases [22].

4.6 Comparison with Experimental Data: Sound Waves
and Light Scattering

The ET theory is successful when the results are compared with experimental data,
in particular, the results of sound waves with high frequencies and light scattering. In
Fig. 4.4, taken from the book [4], we can see that the so-called dynamic factor S.x; y/
obtained by the ET theory fits very well the experimental data on light scattering
(represented in the figure by dots) when N is sufficiently large.
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Fig. 4.4 Dynamical factor: the perfect agreement between the ET theory and the experimental
data [4]

4.7 Relativistic Theory and the Limit of Maximum
Characteristic Velocity

In the relativistic kinetic theory of rarefied gases, the phase density f .x˛; p˛/ .˛ D
0; 1; 2; 3/ satisfies the Boltzmann-Chernikov-Lichnerowicz-Marrot equation:

p˛@˛f D Q; (4.42)

where x˛ and p˛ are the space-time coordinates and the four-momentum of an atom,
respectively. We have p˛p˛ D .p0/2�p2 D m2c2; p2 D .p1/2C.p2/2C.p3/2;where
m is the atomic rest mass and c the speed of light. The right-hand side of (4.42) is
due to collision between the atoms. Upon multiplication by pA .A D 0; 1; 2; : : : /
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and integration, (4.42) provides an infinite system of balance equations:

8
ˆ̂
ˆ̂
ˆ̂
ˆ̂
ˆ̂̂
ˆ̂
ˆ̂
ˆ̂
<

ˆ̂
ˆ̂
ˆ̂
ˆ̂
ˆ̂̂
ˆ̂
ˆ̂
ˆ̂
:

@˛F˛ D 0;

@˛F˛˛1 D 0;

@˛F˛˛1˛2 D P˛1˛2 ;

@˛F˛˛1˛2˛3 D P˛1˛2˛3 ;
:::

@˛F˛˛1:::::˛n D P˛1˛2:::::˛n ;
:::

(4.43)

or briefly:

@˛F˛A D PA; A D 0; 1; 2; : : : (4.44)

for the moments F˛A and productions PA given by

F˛A.xˇ/ D
Z

p˛pA f dp; (4.45)

PA.x
ˇ/ D

Z
QpA f dp; (4.46)

where A is a multindex:

pA D
�
1 for A D 0

p˛1p˛2 : : : p˛A for A > 1
(4.47)

F˛A D
�

F˛ for A D 0

F˛˛1:::˛A for A > 1
(4.48)

PA D
�
0 for A D 0

P˛1:::˛A for A > 1
(4.49)

and 0 6 ˛1 6 ˛2 6 � � � 6 ˛A 6 3. We recall that the first five equations of (4.44)
are the conservation laws of mass, momentum and energy, according to which the
first five productions vanish: PA D 0 for A D 0; 1. The volume element of the
momentum space is given by dp D p�g dp1dp2dp3=p0 and the integrals, which are
supposed to be convergent, are taken over the whole p-space.

We introduce the quantity:

h˛ D �kB

Z
p˛
˚
.s2 � 1C ln f /f Cs.1 � s f / ln.1 � s f /

�
dp (4.50)
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where s D 0;�1; 1 correspond, respectively, to the non-degenerate gas, the Fermi
gas and the Bose gas. It is well known that we obtain, from (4.42), the supplementary
inequality:

@˛h˛ D ˙ > 0: (4.51)

This expression suggests the balance of entropy when we identify h˛ and˙ with the
four-entropy vector and the entropy production, respectively. Then (4.51) expresses
the famous H-theorem in the relativistic framework.

4.7.1 Finite System of Moment Equations and Its Closure

We now consider a finite system of moment equations with the tensorial index A D
0; : : : ;N. In this case, as in the classical case, we can accomplish the closure of the
system by using the entropy principle or the variational method of the maximum
entropy principle (Boillat and Ruggeri [19, 20]). We obtain

fN D 1

e�	=kB C s
; (4.52)

where

	 D u0
ApA: (4.53)

The system is closed in terms of the main field components u
0

A:

H˛AB.u0
C/@˛u0

B D PA.u
0
C/; A D 0; 1 : : :N (4.54)

with the symmetric matrices

H˛AB D
Z

exp.�	=kB/

kB .1C s exp.�	=kB//
2

p˛pApBdp: (4.55)

H˛AB�˛ is negative definite for any timelike vector (�˛�˛ > 0). This implies that the
system (4.54) is a symmetric hyperbolic system (in the sense of Friedrichs) and is
local in time. Its Cauchy problem is well-posed.

4.7.1.1 Propagation in an Equilibrium State and the Maximum
Characteristics Velocity

The wave surface �.x˛/ D 0 is a solution of the characteristic equation:

det.H˛AB@˛�/ D 0:
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As a consequence, the four gradient @˛� cannot be timelike and therefore the
velocities of waves cannot exceed the velocity of light, i.e., �max 6 c: When the
number of equations increases, as was already shown, the maximum wave velocity
cannot decrease. Now a question is: Does this velocity tend to c when N tends to
infinity?

A thermodynamic equilibrium state is defined as the state for which the
productions gA vanish and the entropy production ˙ reaches its minimum value,
i.e., zero. According with the general result, all the main-field variables except for
the first five variables are zero:

u0 D � g

T
; u0̨ D u˛

T
; (4.56)

where g;T and u˛ are, respectively, the chemical potential, the absolute temperature,
and the four-velocity. Therefore, for any truncation index N, the 	 given by (4.53)
reduces to 	=kB D .�gCu˛p˛/=.kBT/ in an equilibrium state. And, in a case at rest
where ui D 0; u0 D c; p0 D p

m2c2 C p2 we have

	

kB
D �a C 

s

1C p2

m2c2
;

where a D g=kBT;  D mc2=kBT. In this case, the distribution function reduces to
the well-known Jüttner equilibrium distribution. We recall that for a Fermi gas a can
assume all real values while for a Bose gas a C  > 0:

The wave velocity � in the direction of the normal n to the wave front is an
eigenvalue of

det.HiABni � �H0AB/ D 0: (4.57)

The matrix in (4.57) is negative semidefinite for the maximum eigenvalue, that is, if
we take n � .1; 0; 0/, the components of the matrix:

H1AB � �maxH0AB D
Z

df

dx
pApB.p1 � �p0/dp

satisfy the inequalities in the form aiiajj � a2ij > 0 [see (4.36)]. Therefore, choosing
pA D .p1/n; pB D .p1/n�1; we have

�2max

c2

Z
df

d	

�
p1
�2n

d3p
Z

df

d	

�
p1
�2.n�1/

d3p >
�Z

df

d	

�
p1
�2n d3p

p0

�2
; (4.58)

since the integrals of odd functions vanish.
By introducing the spherical coordinates, the above inequality, after some

straightforward calculations, yields

�2max

c2
> 2n � 1
2n C 1

J2nC1
InInC1

; (4.59)
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where

In D
Z 1

0

�.r/r2ndr; Jn D
Z 1

0

�.r/r2n

p
1C r2

dr;

�.r/ D e .r/

.1C se .r//2
;

 .r/ D 	e

kB
D �a � 

p
1C r2; s D 0;˙1:

Therefore we conclude that: For any type of gas including the degenerate gases
of fermions and bosons, the largest wave velocity has the lower and upper bounds.

In the case of a non-degenerate gas, the previous integrals can be written in terms
of the Bessel function of second kind and read

�2max

c2
> .2N � 1/



KNC1./
KNC2./

; (4.60)

where  D mc2=.kBT/. Using the recurrence relation for Bessel functions KNC2 �
KN D 2.N C 1/KNC1= , we obtain that, for N ! 1, the limit value of �max

in (4.59) is the light velocity c; since it has already been proved that it cannot be
larger than c. Thus, when the number of moments tends to infinity, the maximum
velocity in equilibrium tends to the light velocity.

This result can be proved also for degenerate gases because our proof is
completely independent of the interaction term Q of (4.42).

In the ultrarelativistic case corresponding to small  , taking the properties of the
Bessel functions into account when  ! 0, we obtain the simple inequality:

�2max

c2
> .2N � 1/

2.N C 1/
:

4.7.2 The Macroscopic Relativistic 14-Field Theory

The most interesting case is the relativistic 14-moment ET theory developed by Liu
et al. [23]. The system in this case coincides with the system obtained by kinetic
considerations by C. Marle [24], which are similar to the ones of Grad:

8
<

:

@˛F˛ D 0;

@˛F˛ˇ D 0;

@˛F˛ˇ D Pˇ :
(4.61)
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The field variables in this case are the number of particle vector F˛ and the
full energy-momentum tensor F˛ˇ D T˛ˇ , while F˛ˇ and Piˇ are constitutive
functions of the field variables. By using the familiar variables (n particle number,
e the energy density, t<˛ˇ> the deviatoric viscous stress tensor, ˘ the dynamic
pressure and q˛ the heat flux four-vector), the following expressions are obtained
[23]:

F˛ D nmu˛;

F˛ˇ D t<˛ˇ> C .p C˘/h˛ˇ C 1

c2
.u˛qˇ C uˇq˛/C e

c2
u˛uˇ;

F˛ˇ D .C1 C C2˘/u
˛uˇu C

c2

6
.nm � C1 C C2˘/

�
g˛ˇu C gˇu˛ C g˛uˇ

�C

C3
�
g˛ˇq C gˇq˛ C g˛qˇ

�C C4
�
t<˛ˇ>u C t<ˇ>u C t<˛>uˇ

�
:

The main field becomes

u0 D � g

T
� �0˘;

u0̨ D u˛
T

� �1˘u˛ � �2q˛;

u0̨
ˇ D ��3t<˛ˇ> � �4˘h˛ˇ � 1

c2
�5.u˛qˇ C uˇq˛/ � 3

c2
�6˘u˛uˇ;

where h˛ˇ is the projector and we omit the long expressions of the coefficients that
appear in the previous equations.

If we put

u0̨
ˇ D 0 (4.62)

then we have:

t<˛ˇ> D 0; q˛ D 0; ˘ D 0; (4.63)

and we obtain the equilibrium principal subsystem, i.e., the Euler relativistic fluid
system:

8
<

:

@˛F˛ D 0;

@˛F˛ˇ D 0

(4.64)

with

F˛ D nmu˛ ; F˛ˇ D ph˛ˇ C e

c2
u˛uˇ: (4.65)
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4.7.2.1 Remark on the Einstein Equation

From the viewpoint of ET, we can see the Einstein equation in a different way.
In fact, in the classical approach, the number of balance laws is usually five.
Only one component (for example, the internal energy) in the energy-momentum
tensor is considered as a field variable, and the remaining ones are prescribed by
the constitutive equations. While, in ET, it is assumed that all the components of
the energy-momentum tensor are field variables. Therefore, in ET, the Einstein
equation:

R�
 � 1

2
g�
R D �8�G

c4
T�


becomes a universal equation, independent of the constitution of the material [25].
For more details concerning RET of monatomic gases, interested readers can

consult the book [4] and the survey papers [26, 27].
Finally we want to recall that many applications of ET not only to rarefied

gases but also to other similar fields such as fluid-dynamic models in semiconductor
physics (see for example [28–30]) have been made.
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