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Abstract. In the chapter basic properties of nominative data and func-
tions over nominative data (nominative functions) are investigated from
the perspective of abstract algebra. A set of all nominative data over arbi-
trary fixed sets of names and values together with basic operations which
include naming, denaming, and overlapping is considered as an algebraic
structure and its main properties are studied. Nominative data with com-
plex names satisfy the principle of associative naming and processing.
For such data a natural equivalence relation is introduced. Properties of
nominative functions (mathematical models of programs over nomina-
tive data) and predicates are studied. A notion of nominative stability of
nominative functions and predicates is considered. A two-sorted algebra
of nominative functions and predicates which generalizes Glushkov algo-
rithmic algebras is introduced and it is proved that the set of nominative
stable functions and the set of nominative stable predicates constitute
its sub-algebra. The obtained results form a mathematical basis for nom-
inative program logic construction.

Keywords: Glushkos algorithmic algebra - Program algebra - Nomina-
tive data - Nominative set - Named set - Nominative function

1 Introduction

To increase software system reliability a number of mathematically based
approaches for software (and hardware) development can be used. These
approaches are usually referred to as formal methods. Such methods are grounded
on different branches of mathematical logic, set theory, automata theory, univer-
sal algebra, formal language theory, and other fundamental areas of mathematics.
The central idea of formal methods can be described as follows: first, a formal
specification of a software system (abstract system model) is described, then this
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specification is successively transformed to a concrete specification (system real-
ization), and, at last, correctness of transformations can be proved. The majority
of formal methods are based on algebraic approach. This approach has the fol-
lowing two characteristics: (1) the formalism of many-sorted algebras is used to
model software systems; (2) special logics based on such many-sorted algebras
are used to reason about systems and their transformations. In the literature
various kinds of such algebras and logics are described (for instance, see [1]).

In this chapter we use composition-nominative approach [2] to construct alge-
bras of nominative data and function, considered as formal models of program,
and investigate properties of these algebras. This approach is grounded on several
principles [2-4] including the Development principle (from abstract to concrete),
Principle of integrity of intensional and extensional aspects, Principle of priority
of semantics over syntax, Compositionality principle, Nominativity principle.

The latter Nominativity principle states that nominative data [2] are ade-
quate mathematical models of various forms of data that are processed and
stored in computing systems. There are several types of nominative data [5,6],
and all of them are based on naming relations that associate names and values.
The simplest type of nominative data is a nominative set (or named set) [2,5]
which is defined as a partial function from an arbitrary set of names to an arbi-
trary class values. Other types of nominative data represent hierarchical data
organizations with simple or complex names.

On the abstract level a computing system is modeled as a partial function
that maps nominative data (input data) to nominative data (output data).
Such functions are called binominative. More generally, one can consider func-
tions which map nominative data to arbitrary values. Nominative functions
can be composed in various ways, e.g. by sequential composition, branching,
etc. Operations that construct composed systems from constituents are called
compositions.

A set of compositions available to a system developer together with a set
of functions obtained from some chosen set of basic functions by applications
of compositions form a certain algebraic system (program algebra) which is
considered as a semantic model of a computing system development language.
A syntax of this development language follows naturally from this semantic
model: programs are represented as terms of the described algebra.

The relation of the above mentioned notions to semantics of programming
languages can be illustrated on a simple educational programming language
WHILE described in [7]. This is an imperative language in which programs
are composed from statements that involve boolean and arithmetic expressions.
A program state is an assignment of values to variable names. It can be modeled
as a nominative set (which is defined on assigned variables and is undefined on
unassigned variables). Semantics of a statement can be represented as a (partial)
binominative function (a mapping from states to states) and semantics of a
boolean or arithmetic expression can be represented as a function on nominative
data which takes boolean or, respectively, integer values. Semantics of statements
are composed to obtain semantics of a program.
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The described approach allows one to investigate semantic properties of
programs and develop methods of synthesis of systems with desired properties.
In particular, in the works on the composition-nominative approach [2—4] various
logical systems for reasoning about properties of computing systems (functions)
and solving verification problems have been proposed. Some of them [4] are based
on the classical Floyd-Hoare logic [8,9], but extend it to handle a larger class of
pre- and post-conditions that includes partial predicates.

Although applications are important for the composition-nominative app-
roach, it is largely a mathematical framework, so it gives a rise to various theo-
retical questions.

One such question is definition and investigation of algebras of programs
over nominative data. This question is the topic of this chapter. A set of func-
tions and a set of predicates over nominative data which can be obtained from
basic functions and predicates using compositions such as branching, cycle, etc.
[2,6,10] form a two-sorted algebraic structure [11] which generalizes Glushkov
algorithmic algebras [12]. However, its main difference and advantage is that its
functions are defined over nominative data which give a natural representation of
data structures commonly used in programming. We will define and investigate
some properties of this algebra in this chapter.

The chapter is organized in the following way: in Sect.2 we will introduce
the necessary notation; in Sect.3 we will give an overview of the composition-
nominative approach; in Sect. 4 we will introduce the formal definition and classi-
fication of nominative data; in Sect.5 we will describe representation of various
concrete data structures by nominative data; in Sect.6 we will introduce the
main operations over nominative data; in Sect.7 we will introduce algebras of
nominative data; in Sect. 8 we will consider the notion of nominative equivalence
and its relation to algebras of nominative data; in Sect.9 we will introduce the
main compositions of functions and predicates over nominative data and intro-
duce a generalization of Glushkov algorithmic algebras which we call Associative
Nominative Glushkov Algorithmic Algebras; in Sect. 10 we introduce the notion
of nominative stability of nominative predicates and functions and prove that
the sets of nominative stable functions and predicates form a sub-algebra of
an Associative Nominative Glushkov Algorithmic Algebra and discuss practical
implications of this result.

2 Notation

We will use the following notation:

— 24 is the power set of a set A;

— |A| means the cardinality of a set A;

— A5 B is the class of partial functions from A to B;

— f(z) | (or f(x) 1) means that a partial function f is defined (or respectively,
undefined) on an argument x. The notation f(z) | Ry, where R is a binary
relation e.g. equality (=), inclusion (€), etc. means that f(z) is defined and
the relation f(x)Ry holds;
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— Dom f denotes the domain of a function, i.e. if f: A=B, then Domf = A;

— dom(f) denotes the set of arguments on which f is defined (domain of defined-
ness), i.e. dom(f) = {z| f(z) | };

—im(f) = {f(x) |z € dom(f)} is the image of a function f;

— fla is the restriction of a function f to a set A;

— f7H(A) = {z| f(x) |€ A} is the preimage of a set A under a function f;

— f(z) & g(y) means the strong equality: if at least one of the values f(z) and
g(y) is defined, then the another one is defined and they both are equal.

3 Composition-Nominative Approach to Program
Formalization

In order to discuss role of data in programming we should construct adequate
models of programs. To tackle this problem we use composition-nominative app-
roach to program formalization [4]. This approach aims to construct a hierarchy
of program models of various abstraction levels and generality and is based on
the following main principles:

— Development principle (from abstract to concrete): program notions should
be introduced as a process of their development that starts from abstract
understanding and proceeds to more concrete considerations.

— Principle of integrity of intensional and extensional aspects: program notions
should be presented in the integrity of their intensional and extensional aspects.
The intensional aspects in this integrity play a leading role.

— Principle of priority of semantics over syntaz: program semantic and syntac-
tical aspects should be first studied separately, then in their integrity in which
semantic aspects prevail over syntactical ones.

— Compositionality principle: programs can be constructed from simpler pro-
grams (functions) with the help of special operations, called compositions,
which form a kernel of program semantics structures.

— Nominativity principle: nominative (naming) relations are basic ones in con-
structing data.

According to the composition-nominative approach program models are spec-
ified as composition-nominative systems (CNS). These systems are composed of
simpler systems: composition, description, and denotation systems. Composition
system defines semantic aspects of programs, description system defines program
descriptions (syntactical aspects), and denotation system specifies meanings of
descriptions.

We consider semantics of programs as partial functions over class of data
processed by programs; compositions are n-ary operations over functions. Thus,
a composition system can be specified as two algebras: data algebra and function
algebra. Function algebra is the main semantic notion in program formalization.
Terms of this algebra define syntax of programs (descriptive system), and ordi-
nary procedure of term interpretation gives a denotation system.
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CNS can be used to construct formal models of various programming, speci-
fication, and database languages [4,5]. The program models represented by CNS
are mathematically simple, but specify program semantics rather adequately.
They are classified in accordance with the levels of abstraction of their parame-
ters: data, functions, and compositions. Usually abstraction levels of program
models are induced by abstraction levels of data.

Data are considered on three levels: abstract, boolean, and nominative. On
the abstract level data are treated as “black boxes”, thus no information can
be extracted. On the boolean level to abstract data new data considered as
“white boxes” are added. Usually, these are logical values T (true) and F' (false)
from the set Bool. On the nominative level data are considered as “grey boxes”,
constructed of “black boxes” (values) and “white boxes” (names) with the help
of naming relations. The last level is the most interesting for programming. Data
of this level are called nominative data.

Concretizations of nominative data can represent various data structures,
such as records, arrays, lists, relations, etc. Thus, we can formulate the following
data representativity principle: program data can be represented as concretiza-
tions of nominative data. To support this principle later in the chapter we will
give representations of various data structures using nominative data.

We start with rigorous definitions of various classes of nominative data.

4 Classification of Nominative Data

Nominative data are built over classes of names V and atoms (basic values)
A with the help of naming relations. Thus in the first approximation, a nomi-
native data d is either an atom from A, or has the form [vy — dy, ..., v, — dy],
where v1, ..., v, are distinct names from V and dy,ds, ...d,, are atoms or possibly
other nominative data.

To define nominative data let us denote by V5B the class of all partial
functions from a set of names V to a set of values B which have a finite graph.

Nominative data are classified in accordance with the following parameters:

— wvalues can be simple (unstructured) or complex (structured),
— names can be simple (unstructured) or complex (structured).

The described parameters give 4 types of nominative data. There can be dif-
ferent ways to define the notion of a complex name. We will follow the principle
of development from abstract to concrete and consider the simplest case of name
construction and processing. This means that we will consider complex names
as sequences of simple names that satisfy the associativity property. In other
words, names are constructed with the help of concatenation operation which is
associative by definition. This allows us to formulate the principle of associative
construction and processing of compler names: complex names are constructed
from simple names using concatenation and data with complex names have to be
processed by operations that take into account associativity of names. Besides,
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we will require that data with complex names satisfy the principle of unam-
biguous associative naming which means that one complex name should have at
most one corresponding value in any given data.

The formal definitions of nominative data of different types and the corre-
sponding examples are given below.

— Dy = V3 A. This is the simplest type of nominative data. For example,
[u— 1,0 2].

We will say that members of Dy are data of the type TN Dgg (data with
simple names and simple values).

— Dy = ND(V, A), where ND(V, A) is defined as
ND(V,A) = Ukzo ND(V, A),

where

NDjyr(V,A) = AU (VLNDk(V, A)) . k>0

Note that here we denote by @) the empty nominative data (this notation is
also used for the empty set). For the empty nominative data we will also use
the notation |].

Data from this class are hierarchically constructed, for example,

[u— 1,0 [w—2]].

Such data can be represented by oriented trees (of varying arity) with arcs
labelled by names and with leafs labelled by atoms. A path is a nonempty
finite sequence (v1,va,...,v;) of names vq,...,v; € V. For a given data d a
value of a path (vy,vs,...,vx) in d is defined by the following expression

d(Ul,Ug, ceey ’Uk) = (((d(vl))(vg))(vk))

We say that a path (vi,ve,...,vr) is a path in a data d € ND(V, A), if a
value of (v1,va,...,v;) in d is defined, i.e. d(v1,va,...,ux) | (a path in data
corresponds to a path from the root to a node in an oriented tree).

A terminal path in a data d € ND(V, A) is a path in d such that its value
belongs to AU {0}.

The least k such that d € NDy(V, A) is called the rank of a data d.

We will say that members of D; are data of the type TNDg¢o (data with
simple names and complex values).

- Dy = NDVS(V,A), where NDV S(V, A) is the set of all elements of A U
(V*+5A) such that either d € A, or d € V%A and all strings from dom(d)
are pairwise incomparable in the sense of the prefix relation (the principle of
unambiguous associative naming).
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For example
[uv — 1, uw +— 2,w — 3.

Data of this class have compler names i.e. names that are strings in
alphabet V.
We will say that members of Dy are data of the type TND¢cg (data with
complex names and simple values).

~ D3 =NDVC(V,A),where NDVC(V, A)istheclassofalldatad € ND(V+, A)
such that for any two paths (ui,ue,...,ur) and (v1,va,...,v;) in d, neither of
which is a prefix of another, the words ujus...u; and vivs...v; are incompara-
ble is sense of the prefix relation (principle of unambiguous associative naming).
Such data are also called complez-named data [6]. For example,

[uv — 1,w — [uw — 0]].

These data are hierarchically constructed data with complex names and unam-
biguous naming.

We will say that members of D3 are data of the type TND¢¢ (data with
complex names and complex values).

5 Examples of Representations of Data Structures
by Nominative Data

In this section we present some concrete examples to support data representa-
tivity principle: program data can be adequately represented as concretizations
of nominative data.

Below we describe representations of various commonly used data structures
by nominative data. Representations are chosen in such way that the basic opera-
tions over data structures correspond to simple combinations of basic operations
over nominative data.

— Array (a1, as,...,a,) of elements of type Tp.
Nominative data type: TN Dgg, V = {1,2,...}, A=Tj.
Representation:
[1—a,2—as,...,n— ay).

ail ai2 ... G1m
— Two-dimensional array [ ... ... ... ... | of elements of type Tp.
an,1 An,2 ... Qp,m
Nominative data type: TN D¢g (complex names), V ={1,2,...}, A =Tp.
Representation:

[fj—ai;li=1...,n, j=1,...,m]

(in this notation the dot “.” separates symbols in a complex name).
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— Jagged array ((a;,;)7;);2, of elements of type Tp.
Nominative data type: TNDg¢e, V ={1,2,...}, A="Tp.
Representation:

— Associative array (ay)rer of elements of type Ty, where K is a set of keys.
Nominative data type: TNDgg, V =K, A =Tj.
Representation:
[k — ar | k € K].

— Table of the form (with Key being a key attribute):

Key | Attrl | Attr2

keyi | vali1 |valzi

keys | valiz | valaz

Nominative data type: TN Dgc, V = {Attry, Attra}.
Representation:

[keyy — [Attry — valyy, Attre — valia],
keys — [Attr; — valay, Attry — valas]].
— A list of elements e, es,...€e,.

Nominative data type: TN Dgc, V = {data, next}.
Representation:

[data — ey, next — [data — ez, next — |[...data — ey, next — 0. . ]]].

— A circular list of elements eq, e, ...e,.
Nominative data type: TN Dgc, V = {head, memory, data, next}U{locy, loca,
locs, .. .loc, }
Representation:
[head — locy, memory — |
locy — [data — ey, next — locs],

locy — [data — eq,next — locs],

loc, — [data — en, next — locq]]].

— A binary tree with nodes labelled by elements eq, es, €3, ...
Nominative data type: TN Dgc, V = {data,left,right}.
Representation:

[data — ey,
left — [data — eq,left — [...],right — [..]],
right — [data — es,left — [...],right — [.. ]

Il
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— Data types based on free algebras (simple forms of inductive data types [13]).
Such data are widely used in (partly) functional programming languages (e.g.
ML, Haskell). They are suitable for representing list- and tree-like data. Such
types can be interpreted as carrier sets of (many-sorted) free algebras or as
sets of terms.

Let S be a finite set of elements called sorts. Let X be finite signature
{c1,¢2,...;cn }, where ¢; are (names of) constructors. Suppose that each con-
structor ¢; has (unique) associated type of the form sy X ... X s,, — s, where
5,8 € S, m > 0. Let D be a free algebra with the signature X' which is freely
generated by some set A. Then the members of the carrier set of D can be
considered as elements of an inductive data type. Data of such type can be
processed by means of application of constructors and pattern matching (for
data decomposition).

Then one can define a mapping 7 which gives a representation of data from
D by nominative data of the type TN Dgc over the classes of names
V = {constructor,1,2,3,...} and the basic values A:

o 7(x)=ux,if z € A
e 7(x) = [constructor — ¢,1 — 7(x1),2 — 7(232),....n — T(xp)], if  has a
form c(z1, 2, ...,2,), where ¢ € X.

Applications of constructors and pattern matching on inductive data types
correspond to naming and denaming (and name equality checking) on nomi-
native data.

6 Operations over Nominative Data

The main operations over nominative data are the operations of denaming (tak-
ing the value of a name), naming (assigning a new value to a name), and over-
lapping.

In this section we will define these operations for data of the types TN D¢y,
TNDgc, and TN Dge. Analogous operations can be rather straightforwardly
defined on data of the type TINDgg, but we will not consider them in this
chapter.

We will use the same symbols for denoting denaming, naming, and overlap-
ping for each type of data TN D¢cg, TN Dgc, and TN Do The interpretation
of the operation symbols should be clear from the context.

Let V and A be fixed sets of names and values.

Definition 1 (Denaming).

(1) For nominative data of the type TN Dgc, (associative) denaming is an unary
operation v =, with a parameter v € V' defined by induction by the length
of v (denoted as |v|) as follows:

—if v =1, then v =, (d) 2 d(v);
—if v =n>1, then v =, (d) 2 vy =, (x =, (d)), where v =zv1, x €V,
IS yn-1,
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(2) For nominative data of the types TN Dcos and TN D, (associative) denam-
ing is an unary operation v =, with a parameter v € VT defined by induction
by the length of v:

— if [u] =1, then
d(v), if d(v) |;
v =4 (d) =< d)v, if d(v) 1 and d/v # 0;
undefined, if d(v) T and d/v =10,
where

d/u=[vy — d(v) | d(v) |,v=uv,v; € VT]

(division of a data by a name);
- if vl =n>1, then

v =4 (d) 2 v =4 (=4 (d)),
wherev=xv, €V, vy €VT, |v1]=n—1.
The following examples illustrate this definition:
U=q ([u—1,v—2]) =1,

(uv) =4 ([ur [vw— 1,u — 2]]) = [w— 1].

The name of this operation originates from the following property (associa-
tivity) [6]:
U =4 (d) Zup =4 (Up—1 =4 (. up =4 (d)..))

for all complex names u, U, usg, ..., Uy, € V1 such that u = ujus...up.
Definition 2 (Naming).

(1) For nominative data of the type TN Dgc, naming is an unary operation = v
with a parameter v € VT defined inductively by the length of v as follows:
=v(d)=v—d], ifveV;
= v(d) = [v1 — (= v2(d))], if v=v1v2, v1 EV and vy € V.

(2) For nominative data of the type TN Dcg, naming is an unary operation = v
with a parameter v € VT defined as follows:
=v(d)=[v—d], ifde AU{D};
= v(d) = [vu — d(u) | u € dom(d)], if d ¢ AU{0}.

(8) For nominative data of the type TN Doc, naming is an unary operation = v
with a parameter v € VT such that = v(d) = [v — d].

Overlapping can be intuitively treated as an updating operation which updates
values in the first argument with the values of the second argument taking into
account their names.

For the types of nominative data with complex names and/or values different
overlapping operations can be considered. We will define two kinds of overlap-
ping: global and local overlapping. Global (associative or structural) overlapping
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updates several values while the local one V¥ (with a parameter name v)

updates only one value with complex name v.

The global overlapping can be used for formalization of procedures calls and

the local operation formalizes the assignment operator in programming lan-
guages. Intuitively, this operation joins two data and resolves name conflicts
in favour of its second argument.

Definition 3 (Global overlapping).

(1)

(2)

(3)

For nominative data of the type TINDgc, global overlapping is a partial
binary operation V, such that
d1Vody = da U di|gom(dy)\dom(ds), if d1 ¢ A and dy & A;
dlvadg T, Zfdl c A or do € A.
For nominative data of the type TN D¢, global overlapping is a binary oper-
ation V, such that
d1Vody = da U di|gom(dy)\(dom(ds)V*)s
d1Veda T, if dy € A or dy € A.
where dom(d2)V* denotes the all words of the form wv, where u € dom(ds)
and v € V* (i.e. an arbitrary, possibly empty word in the alphabet V).
For nominative data of the type TN Do, (global) overlapping is a binary
operation V, defined inductively by the rank of the first argument as follows.
Let

NDVCy(V,A) = NDVC(V,A) N ND,(V™T, A)

be the data from the set NDV C(V, A) the rank of which is less than or equal
to k.
Induction base of the definition. If dy € NDV Cy(V, A), then

L dy o do, if dy =0 and dy € NDVC(V, A\ 4;
Pretz = undefined, ifdy € A ordy € A.

Induction step of the definition. Assume that the value diV,ds is already
defined for all dy,dy such that dy € NDVCy(V, A). Let

dy € NDVCk_H(‘/, A)\NDVCk (VY, A)

Then d1V.do = d, where d is defined by its values on names uw € VT as

follows:

(1) d(u) = da(u), if uw € dom(dz) and u does not have a proper prefix which
belongs to dom(dy);

(2) d(u) = d1(u)Ve(de/u), if di(u) is defined and does not belong to A and
u 1s a proper prefix of some element of dom(dz), where da/u = [v; —
do(v) | da(v) |,v = uvy, vy € V'] is the division of a data by a name;

(8) d(u) = da/u, if di(u) is defined and belongs to A and u is a proper prefix
of some element of dom(ds);

(4) d(u) = di(u), if di(u) is defined and u is not comparable (in the sense
of the prefiz relation) with any element of dom(ds);

(5) d(u) 1, otherwise.
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The global overlapping on the data of the type TN D¢c¢ has the following prop-
erties [6]:

~ [um di]Va[v s do] = [u— di,v = da], w,v eV, u#w;

— [uww — d1]V4[u — do) = [u +— da], u,v € VT, Le. the value under a name u in
second argument overwrites the value under names in first argument, which
are extensions of u;

— [u = di)Va[uv — da] = [u — (d1Va[v — da))], if u,v € VT, dy ¢ A, ie. the
value under a name wv in second argument modifies values under prefixes of
uo in first argument;

- 0V d=dV,0=d, ifd ¢ A;

— d1Vadsy T, ifdi € Aordy € A.

Definition 4 (Local overlapping).

(1) For nominative data of the type TN D¢cg local overlapping is a binary oper-
ation VY with a parameter v € V' defined as follows:

d1V2d2 = dlva(:> U(dg))

(2) For nominative data of the type TN Dgc local overlapping is a binary oper-
ation V¥ with a parameter v € V't defined inductively by the length of v as
follows:

—ifv eV, then
di1Vydy = di Vv — dal;

— if v = v1va, where vy € V and vo € VT, and di(v1) | and di(v1) & A,
then
d1VZd2 = dlva[’ljl = dl (Ul)VZQdQ];

— if v = V1VgVs... Uy, where v; €V, and dy(v1) 1 or di(v1) € A, then
dlvgdg = dlva[vl [ [1)2 = = [Un = dg]]

(8) For nominative data of the type TN Doc local overlapping is a binary oper-
ation V¥ with a parameter v € V' defined as follows:

d1v2d2 = dlva(:> U(dQ))

7 Algebras of Nominative Data

The operations on nominative data of different classes defined earlier give a rise to
algebraic structures defined below. We will focus on the types TN D¢gs, TN Dgc,
TNDge, because the type TN Dgg is rather simple and it is straightforward to
define an algebra on it.

Let V and A be fixed sets of names and basic values.
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Definition 5. An algebra of nominative data of the type TN Dgc is an algebra
NDASC(Va A) =< ND(‘/v A)a (U :>a)vEV+v (:> U)UEV‘H (VZ)UEV‘*' >
with the carrier set ND(V, A) (data) and the following operations:

— a family of partial unary associative denaming operations
v =4, ND(V,A)S>ND(V,A),veVT;

— a family of unary complex naming operations
=v:ND(V,A) - ND(V,A),veVT;

— a family of partial binary local overlapping operations
VY:ND(V,A) x ND(V,A)>ND(V,A),ve V.

Definition 6. An algebra of nominative data of the type TN D¢cgs is an algebra
NDAcs(V, A) =< ]\]Z)VYS(V7 A), (U =>a)7jev+, (:> v)v€V+7 (VZ)v€V+ >
with the carrier set NDV S(V, A) (data) and the following operations:

— a family of partial unary associative denaming operations
v =4 NDVS(V,A)SNDVS(V,A), ve VT;

— a family of unary complex naming operations
=v: NDVS(V,A) - NDVS(V,A), ve VT;

— a family of partial binary local overlapping operations
VY:NDVS(V,A) x NDVS(V,A)>NDVS(V,A), ve V+.

Definition 7. An algebra of nominative data of the type TN Dcc is an algebra
NDAcc(V,A) =< NDVC(V, A); (v =a)vev+: (= V)vev+, (Vo )vev+ >
with the carrier set NDVC(V, A) (data) and the following operations:

— a family of partial unary associative denaming operations
v =4 NDVC(V,A)SNDVC(V,A), ve V*;

— a family of unary complex naming operations
=v: NDVC(V,A) - NDVC(V,A),veVT;

— a family of partial binary local overlapping operations
VY:NDVC(V,A) x NDVC(V,A)>NDVC(V,A),ve V™.

8 Nominative Equivalence

Complex-named data have an inherent associated hierarchical naming struc-
ture. However, from the viewpoint of their information content that can be
obtained from such data using the operation of associative denaming, some pairs
of complex-named data like [v; — [vg — [v3 — 1]]] and [v1vev3 — 1] that have
different hierarchical naming structure are essentially equivalent.

The following equivalence relation on complex-named data called nominative
equivalences formalizes this observation.
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Definition 8 (Paths and terminal paths in data).

(1) A path in a complez-named data d € NDVC(V, A) is a nonempty sequence
(1,02, ..., Up) of words from V't such that ((d(v1))(ve)...)(vn) is defined. The
value ((d(v1))(v2)...)(vy) is called the value of the path (v1,va,...,vy,) in d.

(2) A path in a complez-named data d € NDVC(V, A) is called a terminal path,
if its value in d belongs to AU {0}.

Definition 9 (Nominative inclusion and equivalence).

(1) A complex-named data dy € NDVC(V,A) is nominatively included in a
complez-named data dy € NDVC(V, A), if either di,ds € A and di = da,
or dy,ds ¢ A and for each terminal path (vi,ve,...,v,) in dy there exists a
terminal path (vy,v),...,v..) in dy such that vive...v, = vivh..v and the
values of (v1,va,...,v,) in dy and (v, v, ...,v),) in da coincide.

(2) Two complez-named data di,ds € NDVC(V,A) are nominative equivalent
(denoted as dv =~ ds3), if di is nominatively included in do and ds is nomi-

natiwely included in d.

It is known [5] that nominative inclusion is a preorder on NDVC(V, A) and

nominative equivalence is an equivalence relation on NDVC(V, A).
Nominative equivalent data may have different hierarchical naming struc-

tures, but they turn into the same TN D¢og data when they are flattened, e.g.:

— [v1 = [vaus = 1, v9vy = 2]] & [v1v9v3 — 1, V10904 — 2];
— [v1ve — [z — 1,v4 — 2]] & [v1v2v3 — 1, V10904 — 2].

Theorem 1. Nominative equivalence is a congruence on NDAcc(V, A).

Proof. From [5] it follows that for each pair of dy,dy € NDVC(V, A) the opera-
tions of naming and associative denaming satisfy the following property (called
nominative stability): if di ~ ds and an operation is defined on dj, then it
is defined on ds and its values on d; and dy are nominative equivalent. Simi-
larly, from [5] it follows that if v € V't dy,dy ¢ A, di =~ dy, dy ~ df, then
d1V¥dy = d;VUd,. This implies that nominative equivalence is a congruence on
NDAcce(V, A). |

This result allows us to construct a factor (quotient) algebra of NDAga(V, A).
Let us denote by NDAZ . (V, A) the factor algebra of NDAcc(V, A) by the
nominative equivalence ~.

Lemma 1. NDAgc(V, A) is isomorphic to NDAZ~(V, A).

Proof (Sketch). Let us define a function (3 : ND(V, A) — 2NPVCE(V:4) guch that
5(d) ={d € NDVC(V,A) | d = d} (note that ND(V, A) C NDVC(V, A)). It
is easy to show that each class of nominative equivalence has a unique member
from ND(V,A) and the operations on equivalence classes correspond to the

operations on TN D¢g data under this mapping. Then 5% is an isomorphism
from NDAcs(V,A) to NDAZ(V, A). O
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Lemma 2. NDAcs(V, A) is isomorphic to NDAZ(V, A).

Proof (Sketch). Let us define a function (55 : NDVS(V, A) — 2NPVCV,A) a4
follows: 155(d) = {d' € NDVC(V,A) | d =~ d} (note that NDVS(V,A) C
NDVC(V,A)). It is easy to show that each class of nominative equivalence has
a unique member from NDVS(V, A) and the operations on equivalence classes
correspond to the operations on T'N Dg¢ data under this mapping. Then 55 is
an isomorphism from NDAgc(V, A) to NDAZ~(V, A). |

Theorem 2. Algebras NDAgc(V, A), NDAcs(V,A), and NDAZ~(V,A) are
isomorphic.

Proof. Follows immediately from Lemmas1 and 2. (]

Let us denote by D3/~ the carrier set of NDAZ(V, A).

Let /5% and (53 be the isomorphisms defined in the proofs of Lemmas 1 and 2.
We will call (¢53)7! the layering operation and (:53)~! the flatting operation.

For each d € Dj let 15 (d) be the ~-equivalence class of d.

Let us introduce the following inclusion maps for classes of nominative data:
20 DQ — Dl, Lo2 * DQ — DQ, 13 D1 — D3, 123 D2 — D3.

Dy
N <,
N &)
. l2s
< L3z o
% g

Ds
Fig. 1. Classes of nominative data and mappings between them.

Then it is easy to check that the diagram shown in Fig. 1 is commutative. This
diagram illustrates the types of nominative data and mappings between them.

9 Compositions of Functions and Predicates over
Nominative Data

Let V and A be fixed sets of basic names and values.
Denote
Prec(V,A) = NDVC(V, A)=A{T, F},

Fneo(V,A) = NDVC(V, A)SNDVC(V, A),
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where T and F' denote logical constants (true and false). We will assume that
they do not belong to NDVC(V, A).

We will call the elements of Proc(V, A) (partial nominative) predicates and
the elements of Fnoo(V, A) (partial binominative) functions.

Similarly, let us denote the following sets of functions and predicates on data
of the types TN Dge and TN D¢g:

Prsc(V,A) = ND(V,A)={T, I},
Fnga(V,A) = ND(V,A)=ND(V, A),
Prog(V,A) = NDVS(V,A)={T, F'},

Fnes(V, A) = NDVS(V, A)>NDVS(V, A).

Let us consider conventional logical and programming compositions of pred-
icates and functions. These compositions are defined analogously for functions
and predicates over each type of nominative data, so below we give a common
definition in which the symbol F'n should be understood as one of F'ncc, Fnesg,
or F'nge, and the symbol Pr should be understood as one of Preo¢, Preos, Prsc
However, within each definition of a composition below all occurrences of the
symbols F'n, Pr refer to sets of functions and predicates over nominative data
of the same type, i.e. either TN D¢ce, or TN Dgg, or TN Dgc.

Let us denote by U the set of all tuples (uy,us,...,u,), n > 1 of complex
names from V1 such that whenever ¢ # j, u; and u; are incomparable in the
sense of the prefix relation.

— Sequential composition of functions (denoted using the infix notation)
o: F'n(V,A) x Fn(V,A) — Fn(V, A)
is defined as follows: for all f, g € F'n(V,A) and data d
(f » 9)(d) = g(f(d)).
— Prediction composition [12] (denoted using the infix notation)
-t Fn(V,A) x Pr(V,A) — Pr(V, A)
is defined as follows: for all f € Fn(V, A), p € Pr(V,A), and data d
(f - p)(d) = p(f(d)).

— Assignment composition Asg" : Fn(V,A) — Fn(V, A) with a parameter u €
VT is defined as follows: for each f € Fn(V, A) and data d,

(As"()(d) = dV; f(d)

(where V¥ refers to the local overlapping on the corresponding type of nomi-
native data).
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— The composition of superposition into a function

Sptzetn s Fn(V, A) x (Fn(V, A)" — Fn(V, A)

with parameters n > 1 and wuy,...,u, € V7T such that (u1,..,u,) € U is
defined as follows:

Sp (S fa)(d) = £ @V f1(d) VG2 f2(d)- VEr fu(d)).).

We will also use the following notation for this composition: for each tuple
= (uy,uz,...,un) € U, S& denotes Sp!"> ",
— The composition of superposition into a predicate

Sprtzetin . Pr(V, A) x (Fn(V, A))" — Pr(V, A)

with parameters n > 1 and wuy,...,u, € V7T such that (u1,...,u,) € U is
defined as follows:

S (i £u)(d) 2 Pl (Vo ()T o).V Fu(d)).0.).

We will also use the following notation for this composition: for each tuple
= (u1,ug,...,u,) € U, S% denotes Spi"> %",

— Branching composition IF : Pr(V,A) x Fn(V,A) x Fn(V,A) — Fn(V, A) is
defined as follows: for each p € Pr(V,A) and f,g € Fn(V, A):

f(d), if p(d) |=T;
IF(p, f,9)(d) = < g(d), if p(d) |= F;
undefined, if p(d) 7.

— Cycle composition WH : Pr(V,A) x Fn(V,A) — Fn(V,A) is defined as
follows: for each p € Pr(V, A), f € Fn(V, A), and data d:
WH(p, f)(d) = f™(d), if there exists n > 0 such that () - p)(d) |= T for
all i € {0,1,...,n — 1} and (f -p)(d) |= F, where f(") denotes a n-times
sequential composition of f with itself (assuming that f(©) is the identity
function), and W H (p, f)(d) is undefined otherwise.

— Negation = : Pr(V,A) — Pr(V,A) is a composition such that for each p €
Pr(V,A) and data d:

T, if p(d) |= F;
(-p)(d) =  F, if p(d) |=T;
undefined, if p(d) T .
— Disjunction V : Pr(V, A) x Pr(V,A) — Pr(V, A) is a composition defined as
follows: for each p1,py € Pr(V, A) and data d:
T, if p1(d) |=T or pa(d) |=T;

(p1Vp2)(d) = F, if p1(d) |= F and py(d) |= F};
undefined, otherwise.
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— Identity composition Id : Fn(V, A) — Fn(V, A) is defined as follows:
Id(f) = f for all f € Fn(V, A).

— True constant predicate (null-ary composition) True € Pr(V, A) is defined as
follows: True(d) |= T for all data d.

— Bottom function (null-ary composition) Lpe Fn(V, A) is defined as follows:
Lr (d) 7 for all data d.

— Bottom predicate (null-ary composition) Lpe Pr(V, A) is defined as follows:
Lp (d) 7 for all data d.

— Name checking predicate (null-ary composition) u! € Pr(V, A) with a
parameter v € V7 is defined as follows:

D= dus, (@)1

{T, if u =, (d) |;
— Empty constant function (null-ary composition) Empty € Fn(V, A) is defined
as follows: Empty(d) = @ for all data d.
— Emptiness checking predicate (null-ary composition) I'sEmpty € Fn(V, A) is
defined as follows:
T, if d=(;
IsEmpty(d) = '
sEmpty(d) {F if d # 0.

The compositions defined above allow us to specify a rather expressive pro-
gram language. This language generalizes several simple program algebras used
in the approaches such as Glushkov Algorithmic Algebras [12], Floyd-Hoare log-
ics [8,9], algorithmic logics [14], dynamic logics [15], etc. In Glushkov Algorith-
mic Algebras predicates and functions are considered as partial as we do here.
Therefore we consider our approach as a generalization of Glushkov Algorithmic
Algebras.

Definition 10. An Associative Nominative Glushkov Algorithmic Algebra of
predicates and functions over the nominative data of the type TN Do is a two-
sorted algebra

NGA%C(Vv A) =< PTCC(Vv A)v FnCC(V, A)v vV, .»IFa WHa " (ASgu)uevh

(Sg)ﬁefﬁ (S}L_’)ﬂeﬁﬂ Ida True, J—Fv J—Pa (U!)ueVJr ) Empty, IsEmpty >

with the carrier sets Prcc(V,A) (predicates) and Fncc(V,A) (functions) for
some V and A with the following operations: the disjunction V and the nega-
tion — compositions on predicates, the sequential composition of functions e, the
branching composition IF, the cycle composition W H , the prediction composi-
tion -, the family of assignment compositions Asg“, u € V7T, the families of
superposition compositions S%, S% for u € U, the identity composition on func-
tions Id, the true constant predicate True, and the following constant elements
of the carrier sets (null-ary compositions): the bottom predicate L p, the bottom
function L g, the family of name checking predicates u!, v € V*, the empty
constant function Empty, and the emptiness checking predicate 1sEmpty.



On Algebraic Properties of Nominative Data and Functions 135

Similarly, we can define algebras of functions and predicates over nominative
data of the types TND¢gg and TN Dgc:

Definition 11.

(1) An Associative Nominative Glushkov Algorithmic Algebra of predicates and
functions over the nominative data of the type TN Dgc is a two-sorted alge-
bra

NGA%C(V, A) =< PTsc(V, A), Fnsc(v, A); V,—,e IFWH,-, (Asgu)uev+,

(S8 aco (SB)aco, Id, True, L, Lp, (u!)yey+, Empty, IsEmpty >

(2) An Associative Nominative Glushkov Algorithmic Algebra of predicates and
functions over the nominative data of the type TN Dcg is a two-sorted alge-
bra

]VGAQCS(V7 A) =< PTc,s(V, A),Fncs(v, A); V,—,e IFWH,-, (Asgu)uev+,

(S%‘)ﬂEUv (Sg’)ﬁefh Id,True, Lp, Lp, (U!)ue‘/”r , Empty, IsEmpty >

10 Nominative Stability

The type TN Dce of nominative data is the most rich and interesting among
other types of nominative data, so we will focus on it.

The binary relation of nominative stability is a formalization of the idea that
a program’s behavior does not change, if the hierarchical naming structure of
its data changes. It can be illustrated by the following feature of the Pascal pro-
gramming language: the two-dimensional array definitions var A: array [1..n,
1..m] of real and var A: array [1..n] of array [1..m] of real are equivalent
and both the A[i, j] and A[i] [j] syntax can be used to access the array elements
regardless of the form of its definition. However, it should be noted that many
practical programming languages like C+4 and Java do not have this feature.
This gives a rise to the following informal question: which properties a pro-
gramming language must satisfy in order to guarantee that its programs behave
correctly regardless of the hierarchical naming structure of their data?

We formalize such a notion of independence of a program behavior from the
hierarchical naming structure of data as nominative stability of functions and
predicates.

Definition 12. A predicate p € Prece(V, A) is called nominative stable, if for
each dy,dy € NDVC(V,A), if p(di1) | and dy = da, then p(ds) | and p(di) =
p(dz).

Definition 13. A function f € Fncc(V, A) is called nominative stable, if for
each di,dy € NDVC(V, A), if f(d1) | and di = do, then f(d2) | and f(d1) =
f(dz).
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Let us denote by PrNS(V, A) the set of all nominative stable predicates p €
Proc(V, A) and by FnNS(V, A) the set of all nominative stable functions f €
Fnee(V, A).

Theorem 3. PrNS(V, A) and FnNS(V, A) form a sub-algebra of the Associa-
tive Nominative Glushkov Algorithmic Algebra NGAL~(V, A).

Proof (Sketch). Using the same methods which were used in [5] to show monotonic-
ity of program compositions it is straightforward to show that FnNS(V, A) is
closed under the sequential composition e and the identity composition Id, and if
p € PrNS(V,A) and f,g € FnNS(V,A), then f-pe PrNS(V,A), IF(p, f,9g)
and WH(p, f) € FnNS(V, A). Also, it is trivial to show that PrNS(V, A) is
closed under the negation and disjunction compositions.

From [5, Lemmas 7.3 and 7.4] it follows that the assignment composition
preserves nominative stability, i.e. if a function f € FnN(V, A) is nominative
stable, then Asg"(f) is nominative stable, soif f € FnNS(V, A), then Asg“(f) €
FnNS(V, A).

Let us show that superposition into a function preserves nominative sta-
bility. Let n > 1, f, f1,..., fn € FnN(V, A), and (u1,ug,...,u,) € U. Let us
show that S " (f, f1,..., fn) € FnNS(V, A). Let dy,dy € NDVC(V,W),
S;l’m’u"(f, f17...,fn)(d1) l, and d; = dy. Then d; ¢ A for all 7 € {1,27...711}.
Thus dy ¢ A and for all ¢ € {1,2,...,n}, fi(d2) = fi(d1). Then

(---((d2Vg! f1(d2)) Vg2 f2(d2))... Vg™ fn(d2))...) |
and

(((dlvglfl(dl))VZQfg(dl))Vs"fn(dl))) ~

X (- ((d2Vg' f1(d2)) V52 fo(d2)).. Vg™ fr(d2))-..),

because = is a congruence in NDAcc(V, A). Taking into account that f €
FnNS(V, A), we conclude that

S, o £ ) |

and
S;},ug,...,un (f, fl, . fn)(dg) ~ S;l’u%m’u" (f, f17 ey fn)(dl)

Thus SE"" " (f, f1, ..., fn) € FnNS(V, A).

Similarly it is straightforward to show that superposition into a predicate
preserves nominative stability.

Besides, it is easy to check that

{True, Lp,IsEmpty} U{ul |ue VT} C PrNS(V, A)

and
{Llp, Empty} C FnNS(V, A).

We conclude that PrNS(V, A) and FnNS(V, A) are closed under all com-
positions of NGA%(V, A), so they form a sub-algebra. O
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Let us define the following equivalence relation on FnNS(V, A):

f=rg

(where f,g € FnNS(V, A)), if d; = dy and f(dy) | implies f(dy) = g(da).
Also, let us define the following equivalence relation on PrNS(V, A):

P1 =P P2

(where p1,pe € PrNS(V, A)), if di =~ dz and p(d1) | implies p1(di) = p2(d2).
Let
NGANS®(V, A) =

< PTNS(Va A)’ FTLNS(‘/, A)7 \/7 -, e, IFa WH7 ) (Asgu)u€V+7
(S%)EGU7 (SI,ED)I_LEUW Id? TTue, J—F7 J—P’ (U!)UGVJr ) Emptya ISEmPtZ/ >

be the sub-algebra mentioned in Theorem 3.
Theorem 4. The relations =, =p are congruences on NGANS*(V, A).

We omit the proof, as it can be easily obtained from Theorem 1.
This theorem allows us to construct a factor algebra.

Let NGANSZ(V, A) be the factor algebra of NGANS®(V, A) by the con-
gruences =p and =p.

Theorem 5. The algebras NGALg(V, A), NGAL(V, A), and NGANSL(V, A)
are isomorphic.

Proof (Sketch). Using Lemmas 1 and 2 it is straightforward to show that the alge-
bra NGANSZ(V, A) is isomorphic to NGALg(V, A) and NGA%-(V, A). Thus
NGAZ4(V,A) and NGA%.(V, A) are isomorphic. O

The obtained result has several interpretations and possible applications. Firstly,
a programmer can construct a nominative stable program oriented on a certain
hierarchical naming structure of input data, but this program would give equiva-
lent results, if input data were changed to equivalent data. Such stability simpli-
fies programming with complex data making it “softer” because the programmer
should not remember the current structure of data. Secondly, the class of such
programs can be correctly implemented using nominative data from the class
TNDge (or TNDgg) only. Third, the obtained result gives a perspective for
reduction of formulas of a logic over hierarchical nominative data to formulas of
a logic over “flat” data, which is closer to classical logic.

11 Conclusions and Future Work

We have investigated basic properties of nominative functions and predicates
from the perspective of the abstract algebra. We have defined basic compositions
of such functions and predicates and introduced a two-sorted algebra which
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generalizes Glushkov algorithmic algebras. An advantage of this generalization
is that its functions are defined over nominative data which give a natural and
adequate representation of data structures commonly used in programming (as
we have demonstrated in Sect. 6). We have considered an equivalence relation on
nominative data with complex names and the notions of nominative stability of
nominative functions and predicates and proved the set of a nominative stable
functions and the set of nominative stable predicates form its sub-algebra.

In the forthcoming papers we plan to continue our study of theoretical aspects
of composition-nominative approach and describe practical applications of this
approach.
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