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Preface

This volume contains the papers presented at WINE 2014, the 10th Conference
on Web and Internet Economics, held during December 14-17, 2014, at the
Academy of Mathematics and Systems Science (AMSS), Chinese Academy of
Sciences, Beijing, China.

Over the past decade, researchers in theoretical computer science, artificial
intelligence, and microeconomics have joined forces to tackle problems involv-
ing incentives and computation. These problems are of particular importance
in application areas like the Web and the Internet that involve large and di-
verse populations. The Conference on Web and Internet Economics (WINE) is
an interdisciplinary forum for the exchange of ideas and results on incentives
and computation arising from these various fields. This year, WINE was held
in cooperation with the ACM and was co-located with the 11th Workshop on
Algorithms and Models of the Web Graph (WAW 2014).

WINE 2014 received 107 submissions. All submissions were rigorously peer
reviewed and evaluated on the basis of originality, soundness, significance, and
exposition. The Program Committee decided to accept 32 regular and 13 short
papers. We allowed the accepted papers to be designated as working papers.
For these papers, only 1-2 pages of an extended abstract are published in the
proceedings. This allows subsequent publication in journals that do not accept
papers where full versions have previously appeared in conference proceedings.
Of all the accepted papers, four are working papers. The conference program
also included six invited talks by Robert Aumann (Hebrew University), Xiaotie
Deng (Shanghai Jiao Tong University), Noam Nisan (Microsoft Research), Chris-
tos Papadimitriou (University of California at Berkeley), Andrew Chi-Chih Yao
(Tsinghua University), and Peng Ye (Alibaba Group). In addition, WINE 2014
featured three tutorials on December 14: Computation of Equilibrium in Asym-
metric First Price Auctions, by Nir Gavish (Technion),Theoretical Analysis of
Business Models, by Kamal Jain (eBay Research), and Price of Anarchy and
Stability, by Martin Gairing (University of Liverpool).

The successful organization of WINE 2014 is a joint effort of many people
and organizations. In particular, we would like to thank Baidu, Microsoft Re-
search, Google, and Facebook, for their generous financial support to WINE
2014, the Academy of Mathematics and Systems Science and Tsinghua Uni-
versity for hosting the event, as well as the Operation Research Community
of China and National Center for Mathematics and Interdisciplinary Sciences
of China for their great support. In addition, we would like to acknowledge
the Program Committee for their hard work in paper reviewing, Springer for
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helping with the proceedings, and the EasyChair paper management system for
providing quality and flexible support during the paper review process.

October 2014 Tie-Yan Liu
Qi Qi
Yinyu Ye
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Cake Cutting Algorithms for
Piecewise Constant and Piecewise Uniform Valuations

Haris Aziz! and Chun Ye?

! NICTA and UNSW, Sydney, Australia NSW 2033
haris.aziz@nicta.com.au
2 Columbia University, New York, NY 10027-6902, USA
cy2214@columbia.edu

Abstract. Cake cutting is one of the most fundamental settings in fair divi-
sion and mechanism design without money. In this paper, we consider differ-
ent levels of three fundamental goals in cake cutting: fairness, Pareto optimality,
and strategyproofness. In particular, we present robust versions of envy-freeness
and proportionality that are not only stronger than their standard counter-parts
but also have less information requirements. We then focus on cake cutting
with piecewise constant valuations and present three desirable algorithms: CCEA
(Controlled Cake Eating Algorithm), MEA (Market Equilibrium Algorithm) and
MCSD (Mixed Constrained Serial Dictatorship). CCEA is polynomial-time, ro-
bust envy-free, and non-wasteful. Then, we show that there exists an algorithm
(MEA) that is polynomial-time, envy-free, proportional, and Pareto optimal.
Moreover, we show that for piecewise uniform valuations, MEA and CCEA are
group-strategyproof and are equivalent to Mechanism 1 of Chen et. al.(2013). We
then present an algorithm MCSD and a way to implement it via randomization
that satisfies strategyproofness in expectation, robust proportionality, and una-
nimity for piecewise constant valuations. We also present impossibility results
that show that the properties satisfied by CCEA and MEA are maximal subsets
of properties that can be satisfied by any algorithm.

1 Introduction

Cake cutting is one of the most fundamental topics in fair division (see e.g., [7, 17]). It
concerns the setting in which a cake is represented by an interval [0, 1] and each of the
n agents has a value function over the cake that specifies how much that agent values a
particular subinterval. The main aim is to divide the cake fairly. The framework is gen-
eral enough to encapsulate the important problem of allocating a heterogeneous divis-
ible good among multiple agents with different preferences. The cake cutting problem
applies to many settings including the division of rent among housemates, disputed land
between land-owners, and work among co-workers. It is especially useful in scheduling
the use of a valuable divisible resource such as server time.

In this paper, we approach the cake cutting problem from a mechanism design per-
spective. We assume that each cake recipient, which we will refer to as an agent, has
a private value density function over the cake. Throughout the paper we focus on the
fundamental classes of value functions called piecewise constant value density func-
tions.We also consider piecewise uniform valuations which are a restricted class of

T.-Y. Liu et al. (Eds.): WINE 2014, LNCS 8877, pp. 1-14, 2014.
© Springer International Publishing Switzerland 2014



2 H. Aziz and C. Ye

piecewise constant valuations. We consider three of the most enduring goals in mecha-
nism design and fair division: fairness, Pareto optimality and strategyproofness. Since
many fair division algorithms need to be deployed on a large scale, we will also aim
for algorithms that are computationally efficient. Strategyproofness has largely been
ignored in cake-cutting barring a few recent exceptions [9, 10, 14, 15, 20]. The main re-
search question in this paper is as follows: among the different levels of fairness, Pareto
optimality, strategyproofness, and efficient computability, what are the maximal set of
properties that can be satisfied simultaneously for piecewise constant and piecewise
uniform valuations? Our main contribution is a detailed study of this question includ-
ing the formulation of a number of desirable cake cutting algorithms satisfying many
of the properties. A few works that are directly relevant to this paper are [8, 9, 10, 11].
Chen et al. [9, 10] presented a deterministic, strategyproof, polynomial-time, envy-free
and Pareto optimal algorithm for piecewise uniform valuations. They left open the prob-
lem of generalizing their algorithm for piecewise constant valuations. Cohler et al. [11]
and Brams et al. [8] formulated linear programs to compute envy-free allocations for
piecewise constant valuations. However, the algorithms are not Pareto optimal in gen-
eral. Two of the algorithms in our paper rely on transforming the problem of allocating
a cake to agents with piecewise constant value density functions to an equivalent prob-
lem of allocating objects to agents where each agent has a homogeneous preference
for each object. The transformation is done by pre-cutting the cake into subintervals
using the union of discontinuity points of the agents’ valuation function. This transfor-
mation allows us to adopt certain well-known results of random assignment and market
equilibrium to the problem at hand.

Drawing the connection between cake cutting and random assignment, we present
CCEA (Controlled Cake Eating Algorithm) for piecewise constant valuations. CCEA
is polynomial-time and satisfies robust envy-freeness and robust proportionality, which
are stronger than the notions of fairness that have been considered in the cake cut-
ting literature. The main idea of an allocation being robust envy-free/proportional is
that even if an agent re-adjusts or perturbs his value density function, as long as the
ordinal information of the function is unchanged, then the allocation remains envy-
free/proportional.! CCEA depends on a reduction to the generalizations [1, 13] of the
PS (probabilistic serial) algorithm introduced by Bogomolnaia and Moulin [4] in the
context of random assignments.>

If we insist on Pareto optimality, then we show that there exists an algorithm
which we refer to as the MEA (Market Equilibrium Algorithm) that is deterministic,
polynomial-time Pareto optimal, envy-free, and proportional for piecewise constant
valuations. The main computation of MEA lies in solving the Eisenberg-Gale con-
vex program for market equilibrium. Although similar ideas using linear programs
and market equilibria have been used explicitly to compute envy-free allocations in

! Although full information is a standard assumption in cake cutting, it can be argued that it is
unrealistic that agents have exact vNM utilities for each segment of the cake. Even if they do
report exact vNM utilities, they may be uncertain about these reports.

2 The CC algorithm of Athanassoglou and Sethuraman [1] is a generalization of the EPS al-
gorithm [13] which in turn is a generalization of PS algorithm of Bogomolnaia and Moulin

(4].
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cake-cutting[11, 8], they do not necessarily return a Pareto optimal allocation. In a
recent paper, Tian [20] characterized a class of strategyproof and Pareto optimal mech-
anisms for cake cutting when agents have piecewise uniform valuation functions. The
algorithm of Tian involves maximizing the sum of concave functions over the set of fea-
sible allocations. It is worth noting that MEA when restricted to the piecewise uniform
valuation setting is a special case of his algorithm. We show that for piecewise uniform
valuations, CCEA and MEA not only coincide but are also group-strategyproof. Pre-
viously, Chen et al. [9, 10] presented a deterministic, strategyproof, polynomial-time,
envy-free and Pareto optimal algorithm for piecewise uniform valuations. We prove
that for piecewise uniform valuations, CCEA and MEA are in fact equivalent to their
algorithm and are group-strategyproof instead of just strategyproof.

Although CCEA and MEA are desirable algorithms, they are not strategyproof for
piecewise constant valuations. This is because the incentive of the agents for the piece-
wise uniform valuation setting is rather limited: each agent only cares about obtaining
as much of their desired pieces of the cake as possible. On the other hand, for piecewise
constant valuations, agents also care about the tradeoff in quantities of having pieces at
different levels of desirability. Another difficulty of obtaining a strategyproof algorithm
via the aforementioned transformation is that the discontinuity points of each agent’s
valuation function is private information for the agent. In particular, unlike the setting
of allocating multiple homogenous objects, where it suffices for an algorithm to output
the fractional amount of each object that an agent will receive, the method of conversion
from fractions of intervals into an actual allocation in terms of the union of subintervals
is also a necessary step of the algorithm, which may be subject to strategic manipula-
tion by the agents. To drive this point further, in the paper we give an example of an
algorithm that is strategyproof in the random assignment setting, but is no longer strate-
gyproof if we implement the conversion process from fractions of intervals to the union
of subintervals in a deterministic fashion.

To tackle this difficulty, we present another algorithm called MCSD (Mixed Con-
strained Serial Dictatorship) which is strategyproof in expectation, robust proportional,
and satisfies unanimity. For the important case of two agents®, it is polynomial-time,
and robust envy-free. To the best of our knowledge, it is the first cake cutting algorithm
for piecewise constant valuations that satisfies strategyproofness, (ex post) proportion-
ality, and (ex post) unanimity at the same time. MCSD requires some randomization
to achieve strategyproofness in expectation. However, MCSD is deterministic in the
sense that it gives the same utility guarantee (with respect to the reported valuation
functions) over all realizations of the random allocation. Although MCSD uses some
essential ideas of the well-known serial dictatorship rule for discrete allocation, it is
significantly more involved. In contrast to serial dictatorship, MCSD achieves ex post
fairness. Our main technical results are as follows.

Theorem 1. For piecewise constant valuations, there exists an algorithm (CCEA) that
is deterministic, polynomial-time, robust envy-free, and non-wasteful.

Theorem 2. For piecewise constant valuations, there exists an algorithm (MEA) that
is deterministic, polynomial-time, Pareto optimal, and envy-free.

3 Many fair division problems involve disputes between two parties.
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Table 1. Properties satisfied by the cake cutting algorithms for pw (piecewise) constant valu-
ations: DET (deterministic), R-EF (robust envy-freeness), EF (envy-freeness), R-PROP (robust
proportionality), PROP (proportionality), GSP (group strategyproof), W-GSP (weak group strat-
egyproof), SP (strategyproof), PO (Pareto optimal), NW (non-wasteful), UNAN (unanimity) and
POLYT (polynomial-time)

Restriction DET R-EF EF R-PROP PROP GSP W-GSP SP PO NW UNAN POLYT
Algorithms

CCEA - + + + + + + + +
CCEA pw uniform + + + + + + + + 4+ + + +
MEA + - + - + - + + + +
MEA pw uniform + + + + + + + + o+ + + +
MCSD - + + + +

MCSD pw uniform - + + + 4+ + -
MCSD 2 agents - + + + + + + +

Theorem 3. For piecewise uniform valuations, there exist algorithms (CCEA and
MEA) that are deterministic, group strategyproof, polynomial-time, robust envy-free
and Pareto optimal.

Theorem 4. For piecewise constant valuations, there exists a randomized implemen-
tation of an algorithm (MCSD) that is (ex post) robust proportional, (ex post) sym-
metric, and (ex post) unanimous and strategyproof in expectation. For two agents, it is
polynomial-time, robust proportional and robust envy-free.

Our positive results are complemented by the following impossibility results. These
impossibility results show that the properties satisfied by CCEA and MEA are maximal
subsets of properties that can be satisfied by any algorithm.

Theorem 5. For piecewise constant valuation profiles with at least two agents, there
exists no algorithm that is both Pareto optimal and robust proportional.

Theorem 6. For piecewise constant valuation profiles with at least two agents, there
exists no algorithm that is strategyproof, Pareto optimal, and proportional.

Theorem 7. For piecewise constant valuation profiles with at least two agents, there
exists no algorithm that is strategyproof, robust proportional, and non-wasteful.

Some of our main results are also summarized in Table 1. Some of our results even
extend to more general domains with variable claims and private endowments. As a
consequence of CCEA and MEA, we generalize the positive results regarding piecewise
uniform valuations in [9, 10] and piecewise constant valuations in [11] in a number of
ways such as handling richer cake cutting settings, handling more general valuations
functions, achieving a stronger fairness concept, or a stronger strategyproofness notion.

2 Preliminaries

Cake cutting setting. We consider a cake which is represented by the interval [0, 1]. A
piece of cake is a finite union of disjoint subintervals of [0, 1]. The length of an interval
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I = [x,y] is len(I) = y — x. As usual, the set of agents is N = {l,...,n}. Each agent
has a piecewise continuous value density function v; : [0, 1] — [0, o). The value of a
piece of cake X to agentiis Vi(X) = fx vi(x)dx = Y jex f] vi(x)dx. As generally assumed,
valuations are non-atomic (V;([x, x]) = 0) and additive: V;(XUY) = Vi(X)+ Vi(Y) where
X and Y are disjoint. The basic cake cutting setting can be represented by the set of
agents and their valuations functions, which we will denote as a profile of valuations. In
this paper we will assume that each agent’s valuation function is private information for
the agent that is not known to the algorithm designer. Each agent reports his valuation
function to the designer.

Preference functions. In this paper we will only consider piecewise uniform and piece-
wise constant valuation functions. A function is piecewise uniform if the cake can
be partitioned into a finite number of intervals such that for some constant k;, either
vi(x) = k; or vi(x) = 0 over each interval. A function is piecewise constant if the
cake can be partitioned into a finite number of intervals such that v; is constant over
each interval. In order to report his valuation function to the algorithm designer, each
agent will specify a set of points {d, ..., d,,} that represents the consecutive discontinu-
ity points of the agent’s valuation function as well as the constant value of the valuation
function between every pair of consecutive d;’s. For a function v;, we will refer by
V; = i) 2 vi(y) >0 &= vi(x) 2 vi(y) >0 Vx,y € [0, 1]} as the set of density
functions ordinally equivalent to v;.

Properties of allocations. An allocation is a partition of the interval [0, 1] into a set
{X1,...,Xn, W}, where X; is a piece of cake that is allocated to agent i and W is the
piece of the cake that is not allocated. All of the fairness and efficiency notations that
we will discuss next are with respect to the reported valuation functions. Within the
cake cutting literature, the most important criteria of a fair allocation are envy-freeness
and proportionality. In an envy-free allocation, we have Vi(X;) > Vi(X;) for each pair
of agent i, j € N, that is every agent considers his allocation at least as good as any
other agent’s allocation. In a proportional allocation, we have V;(X;) > }IV,-([O, 1]), that
is, each agent gets at least 1/n of the value he has for the entire cake. Envy-freeness
implies proportionality provided that every desirable part of the cake is allocated. An
even stronger condition that envy-freeness is equitability which requires that each agent
is indifferent between his allocation and the allocations of other agents.

An allocation is Pareto optimal if no agent can get a higher value without some other
agent getting less value. Formally, X is Pareto optimal if there does not exists another
allocation Y such that V;(Y;) > V;(X;) forall i € N and V;(Y;) > Vi(X;) forsomei € N. In
the case where Pareto efficiency cannot be satisfied, we also consider a weaker notion of
efficiency called non-wastefulness. For any S C [0, 1], define D(S) = {i € N|V(S) > 0}.
An allocation X is non-wasteful if for all S C [0, 1], S € Ujep(s)X;. In other words, an
allocation is non-wasteful if every portion of the cake desired by at least one agent is
allocated to some agent who desires it.

For fairness, we do not only consider the standard notions envy-freeness and pro-
portionality but we also propose the concept of robust fairness — in particular robust
envy-freeness and robust proportionality. An allocation satisfies robust proportionality

if for all 7, j € N and for all v} € Vi fx vi(x)dx = 1/n fol vi(x)dx. An allocation satisfies
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robust envy-freeness if for all 7, j € N and for all v} € v, fx vi(x)dx = fx vi(x)dx. The

main idea of an allocation being robust envy-free is that even if an agent re-adjusts or
perturbs his value density function, as long as the ordinal information of the function is
unchanged, then the allocation remains envy-free. The main advantages of robust envy-
freeness are less information requirements and envy-freeness under uncertainty. It also
addresses a criticism in cake cutting models that an agent has the ability to ascribe an
exact number to each tiny segment of the cake.* Note that even equitability does not
imply robust envy-freeness because by perturbing the valuation function, equitability
can easily be lost.

Let us fix a piecewise constant value density function v. Let (I}, I, ..., I;) be the
positively valued intervals induced by the discontinuity points of the value function
sorted in the order of decreasing preference, that is, v(x) is higher on /; than it is on
I;if i < j. Let x and x’ be two allocation vectors whose i-th component specifies the
length of /; that is allocated to the agent, then we say that x stochastically dominates
x" with respect to the preference ordering if Z{zl X; > Z{zl x; forevery j = 1,...,k
It can be shown that an allocation x for the agent with valuation function v is robust
envy-free if and only if it stochastically dominates any other allocation x” with respect
to the preference ordering. Moreover, it can be shown that an allocation x is robust
proportional if and only if 3/, x; > 1/n Y/ |l for every j = 1,...,k. Both robust
envy-freeness and robust proportionality require each agent to get a piece of cake of the
same length if every agent desires the entire cake.

Properties of cake cutting algorithms. A deterministic cake cutting algorithm is a map-
ping from the set of valuation profiles to the set of allocations. A randomized cake
cutting algorithm is a mapping from the set of valuation profiles to a space of distribu-
tions over the set of allocations. The output of the algorithm in this case for a specific
valuation profile is a random sample of the distributional function over the set of alloca-
tion for that profile. An algorithm (either deterministic or randomized) satisfies property
P if it always returns an allocation that satisfies property P. A deterministic algorithm
is strategyproof if no agent ever has an incentive to misreport in order to get a bet-
ter allocation. The notion of strategyproofness is well-established in social choice and
much stronger than the notion of ‘strategyproofness’ used in some of the cake-cutting
literature (see e.g., [6]), where truth-telling is a maximin strategy and it need not be
dominant strategy incentive compatible. Similarly, a deterministic algorithm is group-
strategyproof if there exists no coalition S € N such that members of S can misreport
their preferences so that each agent in S gets at least as preferred an allocation and at
least one agent gets a strictly better payoff. A deterministic algorithm is weak group-
strategyproof if there exists no coalition S C N such that members of S can misreport
their preferences so that each agent in S gets a strictly more preferred allocation. A
randomized algorithm is strategyproof in expectation if the expected utility from the
random allocation that every agent receives in expectation under a profile where he re-
ported truthfully is at least as large as the expected utility that he receives under a profile

4 Let us say that a cake is part chocolate and part vanilla. An agent may easily state that chocolate
is more preferable than vanilla but would require much more effort to say that if the vanilla
piece is a times bigger than the chocolate piece then he would prefer both pieces equally.
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where he misreports while fixing the other agents’ reports. We say that a cake cutting
algorithm satisfies unanimity, if when each agent has positive valuation for at most 1/n
of the cake and the interval of the cake for which he has positive valuation does not
intersect with intervals of the cake for which other agents have positive valuation, then
each agent is allocated the whole interval for which he has positive valuation.

Relation between the properties of cake cutting algorithms. We highlight some impor-
tant relations between the main properties of cake cutting algorithms.

Remark 1. For cake cutting, a) Envy-freeness and non-wastefulness = proportional-
ity; b) Robust proportionality = proportionality; c) Robust envy-freeness = envy-
freeness; d) Robust envy-freeness and non-wastefulness = robust proportionality;
e) Group strategyproofness = weak group strategyproofness — strategyproof-
ness; f) Pareto optimality = non-wastefulness = unanimity; g) two agents,
proportionality = envy-freeness; k) two agents, robust proportionality = robust
envy-freeness.

The free disposal assumption. We may assume without lost of generality that every
part of the cake is desired by at least one agent. If that is not the case, then we can
discard the parts that are desired by no one and rescale what is left so that we get
a [0, 1] interval representation of the cake. Notice that this procedure preserves the
aforementioned properties of fairness and efficiency. The free disposal assumption is
necessary to ensure the algorithm of Chen et al. [10], which is a special case of two of
our algorithms, to be strategyproof for piecewise uniform valuations. The existence of a
non-free disposal algorithm that satisfies all of the desirable properties in the piecewise
uniform setting remains an open question. Now we are ready to present our algorithms.

3 CCEA — Controlled Cake Eating Algorithm

CCEA (Controlled Cake Eating Algorithm) is based on CC (Controlled Consuming) al-
gorithm of Athanassoglou and Sethuraman [1]. Since the original PS algorithm is also
known as the simultaneous eating algorithm, we give our algorithm the name Controlled
Cake Eating Algorithm. CCEA first divides the cake up into disjoint intervals each of
whose endpoints are consecutive points of discontinuity of the agents’ valuation func-
tions. We will refer to these intervals as intervals induced by the discontinuity points.
The idea is to form a one-to-one correspondence of the set of cake intervals with a set
of houses of an assignment problem. In an assignment problem, we have a set of agents
and a set of houses. Each agent has a preference ordering over the set of houses. Given
two houses /1 and A’, we will use the notation z z; A’ to indicate that agent i prefers &
over /. In our case, the preferences of agents over the houses are naturally induced by
the relative height of the piecewise constant function lines in the respective intervals.
The technical heart of the algorithm is in CC (Controlled Consuming) algorithm of
Athanassoglou and Sethuraman [1]. Note that even though in the standard assignment
problem, each house has a size of one and each agent has a demand of one house, the
CC algorithm still applies in the case where the intervals corresponding to the houses
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have different lengths and there is no constraint on the total length of an agent’s alloca-
tion. Once CC has been used to compute a fractional assignment p, it is straightforward
to compute a corresponding cake allocation. If an agent i gets a fraction of house 4},
then in the cake allocation agent i gets the same fraction of subinterval J;.

Input: Piecewise constant value functions.
Output: A robust envy-free allocation.
1 Divide the regions according to agent value functions. Let ¢ = {/J,,..., J,} be the set of
subintervals of [0, 1] formed by consecutive discontinuity points.
2 Consider (N, H, =, size(-)) where

- H={h,...,h,} where h; = J; foralli € {1,...,m}
— % is defined as follows: & x; A’ if and only if v;(x) > v;(y) forx e hand y € /’;

. len(J) .
size(h;) = —— m,jufnu,))) for all h; ¢ arg max ey, m(len(J;));
3 Discard the houses that give every agent a utility of zero from H to obtain H’.
4 p«— CC(N,H’, z, size(-))

5 For interval Jj, agent i is an allocated subinterval of J;, denoted by Jj., which is of length
pin;/ size(h;) X len(J;). For example, if J; = [a;, b;], then one possibility of J; can be [a; +
it Pin;/ size(hy) x len(J ), a; + Sy Piny [ size(hj) X len(J)].

X; — UL, Jjforallie N

6 return X = (Xy,...,X,)

Algorithm 1. CCEA (Controlled Cake Eating Algorithm)

CCEA satisfies the strong fairness property of robust envy-freeness.

Proposition 1. For piecewise constant valuations, CCEA satisfies robust envy-freeness
and non-wastefulness.

Proposition 2. CCEA runs in time O(n’m? log(n®/m)), where n is the number of agents
and m is the number of subintervals defined by the union of discontinuity points of the
agents’ valuation functions.

Although CCEA satisfies the demanding property of robust envy-freeness, we show
that CCEA is not strategyproof even for two agents. Later (in Section 5), we will present
a different algorithm that is both robust envy-free and strategyproof for two agents.

Proposition 3. For piecewise constant valuations, CCEA is not strategyproof even for
two agents.

If we restrict the preferences to piecewise uniform valuations, then CCEA is not
only strategyproof but group-strategyproof. We first show that in this restricted setting,
CCEA is in fact equivalent to the algorithm of [9].

Lemma 1. For piecewise uniform value functions, CCEA is equivalent to Mechanism
1 of Chen et al. [9].
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Since the set of valuations that can be reported is bigger in cake cutting than in the as-
signment problem, establishing group strategyproofness does not follow automatically
from group-strategyproofness of CC for dichotomous preferences (Theorem 2, [5]). We
show that that CCEA and hence Mechanism 1 of Chen et al. [9] is group strategyproof
for piecewise uniform valuations.’

Proposition 4. For piecewise uniform value functions, CCEA is group strategyproof.

For piecewise uniform valuations, CCEA is also Pareto optimal. The result follows
from Lemma 1 and the fact that Mechanism 1 of Chen et al. [9] is Pareto optimal.

Proposition 5. For piecewise uniform value functions, CCEA is Pareto optimal.

4 MEA — Market Equilibrium Algorithm

In the previous section we presented CCEA which is not Pareto optimal for piecewise
constant valuations. If we relax the robust notion of fairness to envy-freeness, then we
can use fundamental results in general equilibrium theory to formulate a convex pro-
gram that always returns an envy-free and Pareto optimal allocation as its optimal solu-
tion. For each valuation profile, let J = {Jy, ..., J,;} be the intervals whose endpoints are
consecutive points in the union of break points of the agents’ valuation functions. Let
x;; be the length of any subinterval of J; that is allocated to agent j. Then we run a con-
vex program to compute a Pareto optimal and envy-free allocation. Once we determine
the length of J; to be allocated to an agent, we allocate any subinterval of that length
to the agent. We will call the convex program outlined in Algorithm 2 as the Market
Equilibrium Algorithm (MEA). MEA is based on computing the market equilibrium via
a primal-dual algorithm for a convex program that was shown to be polynomial-time
solvable by Devanur et al. [12].

Proposition 6. MEA is polynomial-time, Pareto optimal and envy free.

We mention here that the connection between cake cutting and computing market
equilibria is not completely new: Reijnierse and Potters [16] presented an algorithm to
compute an approximately envy-free and Pareto optimal allocation for cake cutting with
general valuations. However their algorithm is not polynomial-time even for piecewise
constant valuations [21]. MEA requires the machinery of convex programming. It re-
mains open whether MEA can be implemented via linear programming. Cohler et al.
[11] presented an algorithm that uses a linear program to compute an optimal envy-free
allocation. The allocation is Pareto optimal among all envy-free allocations. However
it need not be Pareto optimal in general. Similarly, Brams et al. [8] used a similar con-
nection to a linear Fisher market as MEA to compute a maxsum envy-free allocations.
However the allocation they compute may not be Pareto optimal even for piecewise uni-
form valuations (Theorem 7, [8]). Although MEA is not robust envy-free like CCEA,
it is Pareto optimal because it maximizes the Nash product. What is interesting is that

5 Chen et al. [9] had shown that their mechanism for piecewise uniform valuations is
strategyproof.
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Input: Cake-cutting problem with piecewise constant valuations.
Output: A proportional, envy-free, and Pareto optimal allocation.
1 LetJ ={Jy,...,J,} be the intervals whose endpoints are consecutive points in the union of
break points of the agents’ valuation functions. Discard any interval that gives an utility of
zero to every agent. Let x;; be the length of any subinterval of J; that is allocated to agent j.

2 li — len(J i)
3 Solve the following convex program.

min — Z log(u;)
j=1

Stowp= Y vpxy Vj=looom Y xy<h Vi=loom x;20 Vi

i=1 j=1

4 Let u;, xi*j be an optimal solution to the convex program. Partition every interval J; into n
subintervals where the j-th subinterval Jij has length xl*j

5 7Y «— Ul',';]];." be the allocation of each j =1,...,n.
6 return Y = (Yy,...,Y,).

Algorithm 2. MEA (Market Equilibrium Algorithm)

under uniform valuations, both MEA and CCEA are equivalent. In the next result we
demonstrate this equivalence (Proposition 7). The proof requires a careful comparison
of both CCEA and MEA under uniform valuations.

Proposition 7. For piecewise uniform valuations, the allocation given by CCEA is
identical to that given by MEA.

Corollary 1. For piecewise uniform valuations, MEA is group-strategyproof.

Thus if we want to generalize Mechanism 1 of Chen et al. [9] to piecewise con-
stant valuations and maintain robust envy-freeness then we should opt for CCEA. On
the other hand, if want to still achieve Pareto optimality, then MEA is the appropriate
generalization. In both generalizations, we lose strategyproofness.

5 MCSD — Mixed Constrained Serial Dictatorship Algorithm

Thus far, we presented two polynomial-time algorithms, each of which satisfies a dif-
ferent set of properties. CCEA is robust envy-free and non-wasteful, whereas MEA is
Pareto optimal and envy-free. This naturally leads to the following question: does there
exist an algorithm that satisfies all of the properties that CCEA and MEA satisfy? The
answer is no, as there is no algorithm that is both Pareto optimal and robust proportional
(Theorem 5). Similarly, there is no algorithm that satisfies the properties MEA satisfies
along with strategyproofness (Theorem 6). Lastly, there is no algorithm that satisfies the
properties CCEA satisfies plus strategyproofness (Theorem 7). Consequently, we may
conclude that the properties satisfied by CCEA and MEA are respectively maximal
subsets of properties that an algorithm can satisfy for piecewise constant valuations.
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We saw that CCEA and MEA are only strategyproof for piecewise uniform valua-
tions. In light of the impossibility results established, it is reasonable to ask what other
property along with strategyproofness can be satisfied by some algorithm. It follows
from (Theorem 3, [19]) that the only type of strategyproof and Pareto optimal mecha-
nisms are dictatorships. Chen et al. [10] raised the question whether there exists a strat-
egyproof and proportional algorithm for piecewise constant valuations. The algorithm
MCSD answers this question partially.

Before diving into the MCSD algorithm, it is worth noting that there is a fundamen-
tal difference between the setting of assignment objects to agents where the agents have
homogeneous preferences over the objects and the cake cutting setting. In the former
setting, the objects that we are allocating are well defined and known to the public. On
the other hand, in the cake cutting setting, the discontinuity points of each agent’s val-
uation function is private information for the agent. In order to illustrate this difficulty,
consider the uniform allocation rule. The uniform allocation rule (that assigns 1/n of
each house) is both strategyproof and proportional in the random assignment setting.
However it cannot be adapted for cake cutting with piecewise constant valuations since
strategyproofness is no longer satisfied if converting 1/n of each interval (induced by
the agent valuations) to actual subintervals is done deterministically. Chen et al. [10] re-
sorted to randomizing the conversion process from fractions of intervals to subintervals
in order to make the uniform allocation rule strategyproof in expectation.

Proposition 8. No deterministic algorithm that implements the uniform allocation rule
can be strategyproof if it also satisfies the free disposal property.

In order to motivate MCSD, we first give a randomized algorithm that is strate-
gyproof and robust proportional in expectation. The algorithm is a variant of random
dictatorship. Under random dictatorship, if the whole cake is acceptable to each agent,
then each time a dictator is chosen, he will take the whole cake which is unfair ex post.
We add an additional requirement which is helpful. We require that each time a dictator
is chosen, the piece he takes has to be of maximum value 1/n length of the total size
of the cake. This algorithm Constrained Random Serial Dictatorship (CRSD) draws a
random permutation of the agents. It then makes the allocation to agents in the order
that the lottery is drawn. Every time that it is agent i’s turn to receive his allocation,
CRSD looks at the remaining portion of the cake and allocates a maximum value 1/n
length piece of the cake to agent i (breaking ties arbitrarily). Notice that CRSD is strat-
egyproof, as in every draw of lottery, it is in the best interest of the agents to report
their valuation function truthfully in order to obtain a piece that maximizes his valu-
ation function out of the remaining pieces of cake. We will see, through the proof of
Proposition 10, that CRSD is robust proportional in expectation.

MCSD is an algorithm that derandomizes CRSD by looking at its allocation for all
n! different permutations and aggregating them in a suitable manner. The algorithm is
formally presented as Algorithm 3. Although MCSD does not necessarily require n!
cuts of the cake, it is #P-complete to implement [3, 18] and may take exponential time
if the number of agents is not a constant.

Proposition 9. For piecewise constant valuations, MCSD is well-defined and returns a
feasible cake allocation in which each agent gets a piece of size 1/n.
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Input: Cake-cutting problem with piecewise constant valuations.
Output: A robust proportional allocation.

1 for each 7 € [TV do

2 C «— [0, 1] (intervals left)

3 fori=1tondo

4 X;’;(z) «—— maximum preference cake piece of size 1/n from C

5 C<—C—X,’:(l.);i<—i+1.

6 end for

7 end for

8 Construct a disjoint and exhaustive interval set ¢’ induced by the discontinuity points in

agent valuations and the cake cuts in the n! cake allocations.
9 Y; «— empty allocation for each i € N.
10 for each J; = [a;, bjl € 7’ do
11 for each i € N do

count(i,J ;)

12 Let p;; = """ where count(i, J;) is the number of permutations in which i gets J;.
13 Generate A;; C J;, which is of length p;;|J;| according to some subroutine.

14 Yi — Yi U Al/

15 end for

16 end for

17 return Y = (Yy,...,Y,)
Algorithm 3. MCSD (Mixed Constrained Serial Dictatorship)

Proposition 10. For piecewise constant valuations, MCSD satisfies robust proportion-
ality and symmetry.

Unlike CRSD, MCSD interprets the probability of allocating each interval to an
agent as allocating a fractional portion of the interval to that agent. Unless the actual
way of allocating the fractions is specified, one cannot discuss the notion of strate-
gyproofness for MCSD because a deviating agent is unable to properly evaluate his
allocation against his true valuation function in the reported profile. Contrary to intu-
ition, MCSD may or may not be strategyproof depending on how the fractional parts of
each interval are allocated.

Remark 2. MCSD is not strategyproof if the fraction of each interval of _#" is allocated
deterministically.

In light of this difficulty, we will implement a method (Algorithm 5) that randomly
allocates the fractions of intervals to agents. For every interval, the method chooses a
starting point in the interval uniformly at random to make the cut. Agent 1 receives the
left-most subinterval from the starting point with length dictated by MCSD, followed by
agent 2, so on and so forth. To generate this starting point for all subintervals, it suffices
to use a single bit of randomness together with the proper dilation and translation for
every interval. With this implementation, MCSD is strategyproof in expectation.

Proposition 11. MCSD implemented with the aforementioned random allocation rule
is strategyproof in expectation.

Although MCSD is strategyproof in expectation, it fails to satisfy truthfulness based
on group-based deviations no matter how the fractions of each interval are allocated.
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—

: Generate U; ~ uniflaj, b;].
2: Fora; < x <2b; —aj,let mod (x) = xif a; < x < bjand x — (b; — a;) if x > b;. Let

i-1 i

Ay =1 mod (U;+ ) piyb;—ay), mod (Us+ Y piyb; - a))]
k=1 k=1

if mod (U; + X2\ pij(b; —a;)) < mod (U + 3i_, pii(bj — a;)) and

i-1

A;j =la;, mod (U;+ Z prjbj—aNIU[ mod (U; + Z Pnj(bj — aj)), b;] otherwise.

k=1 k=1

Algorithm 4. A subroutine that converts fractional allocation into subintervals via randomization

Proposition 12. For cake cutting with piecewise constant valuations, MCSD is not
weakly group-strategyproof even for two agents.

Moreover, for cake cutting with piecewise uniform valuations, MCSD is not weakly
group-strategyproof since RSD is not for random assignment for dichotomous prefer-
ences [5]. On the fairness front, even though MCSD satisfies both proportionality and
symmetry, it does not satisfy the stronger notion of envy-freeness.

Proposition 13. MCSD is not necessarily envy-free for three agents even for piecewise
uniform valuations.

Another drawback of MCSD is that it is not Pareto optimal for piecewise constant
valuations. However for two agents, it is robust envy-free and polynomial-time.

Proposition 14. For two agents and piecewise constant valuations, MCSD is (ex post)
robust envy-free, and polynomial-time but not Pareto optimal.

6 Conclusion

We presented three deterministic cake-cutting algorithms — CCEA, MEA, and MCSD.
We then proposed a specific randomized version of MCSD that is truthful in expecta-
tion. All the algorithms have their relative merits. Some of our results also extend to
the more general cake-cutting setting in which agents do not have uniform claims to the
cake or when agents are endowed with the cake pieces [2]. Cake cutting is a fundamen-
tal problem with numerous applications to computer science. In order for theory to be
more relevant to practice, we envision exciting work in richer models of cake cutting.
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1 Introduction

In the crude oil market the equilibrium price is set by the interplay of supply and de-
mand. Since there are several ways for transporting crude oil from an oil-producing
country to an oil-importing country, the market for crude oil seems to be an oligopoly
with almost a single worldwide price!. In particular, the major portion of the market
share belongs to the members of the Organization of Petroleum Exporting Countries
(OPEC). The worldwide price for crude oil is mainly influenced by OPEC, and the few
fluctuations in regional prices are negligible.

The power of an oil-producing country, in market for crude oil, mainly depends on
its resources and its cost of production rather than its position in the network. 2

The market for natural gas behaves differently from that for crude oil and matches
our study well. Unlike the crude oil market with a world-wide price, the natural gas
market is segmented and regional [40, 35]. Nowadays, pipelines are the most efficient
way for transporting natural gas from one region to another. This fragments the market
into different regional markets with their own prices. Therefore, the market for natural
gas can be modeled by a network where the power of each country highly depends
on its position in the network. For example, an importing country with access to only
one exporting country suffers a monopolistic price, while an importing country having
access to multiple suppliers enjoys a lower price as a result of the price competition. As
an evidence, EU Commission Staff Working Document (2006) reports different prices
for natural gas in different markets, varying from almost 0 to C300 per thousand cubic
meters [15].

In this paper we study selling a utility with a distribution network—e.g., natural gas,
water and electricity—in several markets when the clearing price of each market is de-
termined by its supply and demand. The distribution network fragments the market into
different regional markets with their own prices. Therefore, the relations between suppli-
ers and submarkets form a complex network [11, 39, 10, 18, 15]. For example, a market
with access to only one supplier suffers a monopolistic price, while a market having
access to multiple suppliers enjoys a lower price as a result of the price competition.

Antoine Augustin Cournot introduced the first model for studying the duopoly com-
petition in 1838. He proposed a model where two individuals own different springs of
water, and sell it independently. Each individual decides on the amount of water to sup-
ply, and then the aggregate water supply determines the market price through an inverse
demand function. Cournot characterizes the unique equilibrium outcome of the market
when both suppliers have the same marginal costs of production, and the inverse de-
mand function is linear. He argued that in the unique equilibrium outcome, the market
price is above the marginal cost.

Joseph Bertrand 1883 criticized the Cournot model, where the strategy of each player
is the quantity to supply, and in turn suggested to consider prices, rather than quantities,
as strategies. In the Bertrand model each firm chooses a price for a homogeneous good,
and the firm announcing the lowest price gets all the market share. Since the firm with
the lowest price receives all the demand, each firm has incentive to price below the

! An oligopoly is a market that is shared between several sellers.
2 However, political relations may also affect the power of a country.
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current market price unless the market price matches its cost. Therefore, the market
price will be equal to the marginal cost in an equilibrium outcome of the Bertrand
model, assuming all marginal costs are the same and there are at least two competitors
in the market.

The Cournot and Bertrand models are two basic tools for investigating the competi-
tive market price, and have attracted much interest for modeling real markets; see, e.g.,
[11, 39, 10, 18]. In particular, the predictive power of each strongly depends on the na-
ture of the market, and varies from application to application. For example, the Bertrand
model explains the situation where firms literally set prices, e.g., the cellphone market,
the laptop market, and the TV market. On the other hand, Cournot’s approach would be
suitable for modeling markets like those of crude oil, natural gas, and electricity, where
firms decide about quantities rather than prices.

There are several attempts to find equilibrium outcomes of the Cournot or Bertrand
competitions in the oligopolistic setting, where a small number of firms compete in
only one market; see, e.g., [27, 36, 34, 21, 20, 41]. Nevertheless, it is not entirely clear
what equilibrium outcomes of these games are when firms compete over more than
one market. In this paper, we investigate the problem of finding equilibrium outcomes
of the Cournot competition in a network setting where there are several markets for a
homogeneous good and each market is accessible to a subset of firms.

The reader is referred to the full version of the paper to see a warm-up basic ex-
ample for the Cournot competition in the network setting. In general due to interest of
space, all missing proofs and examples are in the longer version of this paper on arXiv
(http://arxiv.org/abs/1405.1794).

1.1 Related Work

Despite several papers that investigate the Cournot competition in an oligopolistic set-
ting (see, e.g., [36, 21, 20, 41]), little is known about the Cournot competition in a
network. Independently and in parallel to our work, Bimpikis et al. [6] (EC’14) study
the Cournot competition in a network setting, and considers a network of firms and mar-
kets where each firm chooses a quantity to supply in each accessible market. The core
of their work lies in building connections between the equilibrium outcome of the game
and paths in the underlying network, and changes in profits and welfares upon coalition
of two firms. While Bimpikis et al. [6] (EC’14) only consider the competition for lin-
ear inverse demand functions and quadratic cost functions (of total production), in this
study, we consider the same model when the cost functions and the demand functions
may have quite general forms. We show the game with linear inverse demand functions
is a potential game and therefore has a unique equilibrium outcome. Furthermore, we
present two polynomial-time algorithms for finding an equilibrium outcome for a wide
range of cost functions and demand functions.

While we investigate the Cournot competition in networks, there is a paper which
considers the Bertrand competition in network setting [3], albeit in a much more re-
stricted case of only two firms competing in each market. While we investigate the
Cournot competition in networks, there is a recent line of research exploring bargaining
processes in networks; see, e.g., Bateni et al. [4], Kanoria et al. [24], Farczadi et al.
[16], Chakraborty et al. [9]. Agents may cooperate to generate surplus to be divided
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based on an agreement. A bargaining process determines how this surplus is divided
between the participants.

The final price of each market in the Cournot competition is one that clears the mar-
ket. Finding a market clearance equilibrium is a well-established problem, and several
papers propose polynomial-time algorithms for computing such equilibria. Examples
include Arrow-Debreu market and its special case Fisher market (see related work on
these markets [14, 13, 23, 12, 19]). The first polynomial-time algorithm for finding an
Arrow-Debreu market equilibrium is proposed by Jain [23] for a special case with lin-
ear utilities. The Fisher market, a special case of the Arrow-Debreu market, attracted a
lot of attention as well. Eisenberg and Gale [14] present the first polynomial-time al-
gorithm by transferring the problem to a concave cost maximization problem. Devanur
et al. [13] design the first combinatorial algorithm which runs in polynomial time and
finds the market clearance equilibrium when the utility functions are linear. This result
is later improved by Orlin [33].

For the sake of completeness, we refer to recent works in the computer science lit-
erature [22, 17], which investigate the Cournot competition in an oligopolistic setting.
Immorlica et al. [22] study a coalition formation game in a Cournot oligopoly. In this
setting, firms form coalitions, and the utility of each coalition, which is equally divided
between its members, is determined by the equilibrium of a Cournot competition be-
tween coalitions. They prove the price of anarchy, which is the ratio between the social
welfare of the worse stable partition and the social optimum, is ©(n?/®) where n is
the number of firms. Fiat et al. [17] consider a Cournot competition where agents may
decide to be non-myopic. In particular, they define two principal strategies to maximize
revenue and profit (revenue minus cost) respectively. Note that in the classic Cournot
competition all agents want to maximize their profit. However, in their study each agent
first chooses its principal strategy and then acts accordingly. The authors prove this
game has a pure Nash equilibrium and the best response dynamics will converge to
an equilibrium. They also show the equilibrium price in this game is lower than the
equilibrium price in the standard Cournot competition.

1.2 Results and Techniques

We consider the problem of Cournot competition on a network of markets and firms
(NCC) for different classes of cost and inverse demand functions. Adding these two di-
mensions to the classical Cournot competition which only involves a single market and
basic cost and inverse demand functions yields an engaging but complicated problem
that requires advanced techniques to analyze. For simplicity of notation we model the
competition by a bipartite graph rather than a hypergraph: vertices on one side denote
the firms, and vertices on the other side denote the markets. An edge between a firm
and a market shows that the firm has access to the market. The complexity of finding
the equilibrium, in addition to the number of markets and firms, depends on the classes
that inverse demand and production cost functions belong to.
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Cost functions Inverse demand functions Running time Technique

Convex Linear O(E®) Convex optimization, Poten-
tial game formulation
Convex Strongly monotone marginal Reduction to a nonlinear
revenue function® poly(£) complementarity problem
Convex, separable Concave O(nlog? Qmax) Supermodular optimization,

nested binary search

We summarize our results in the above table, where F denotes the number of edges
of the bipartite graph, n denotes the number of firms, and Q,.x denotes the maximum
possible total quantity in the oligopoly network at any equilibrium. In our results we
assume the inverse demand functions are nonincreasing functions of total production in
the market. This is the basic assumption in the classical Cournot Competition model:
As the price in the market increases, it is reasonable to believe that the buyers drop out
of the market and demand for the product decreases. The classical Cournot Competi-
tion model as well as many previous works on Cournot Competition model assumes
linearity of the inverse demand function [6, 22]. In fact there is little work on general-
izing the inverse demand function in this model. The second and third rows of the table
show we have developed efficient algorithms for more general inverse demand func-
tions satisfying concavity rather than linearity. The assumption of monotonicity of the
inverse demand function is a standard assumption in Economics [2, 1, 30]. We assume
cost functions to be convex which is the case in many works related to both Cournot
Competition and Bertrand Network [28, 42]. In a previous work [6], the author consid-
ers NCC, however, assumes that inverse demand functions are linear and all the cost
functions are quadratic function of the total production by the firm in all markets which
is quite restrictive. Most of the results in other related works in Cournot Competition
and Bertrand Network require linearity of the cost functions [3, 22]. Next comes a brief
overview of our results.

Linear Inverse Demand Functions. In case inverse demand functions are linear and
production costs are convex, we present a fast algorithm to obtain the equilibrium. This
approach works by showing that NCC belongs to a class of games called potential
games. In such games, the collective strategy of the independent players is to maximize
a single potential function. The potential function is carefully designed so that changes
made by one player reflects in the same way in the potential function as in their own util-
ity function. Based on network structure, we design a potential function for the game,
and establish the desired property. Moreover, in the case of convex cost functions, we
prove concavity of the designed potential function (Theorem 6) concluding convex op-
timization methods can be employed to find the optimum and hence, the equilibrium of
the original Cournot competition. We also discuss uniqueness of equilibria if the cost
functions are strictly concave. We prove the following theorems in Section 3.

Theorem 1. NCC with linear inverse demand functions forms a potential game.

3 Marginal revenue function is the vector function mapping production quantities on edges to
marginal revenue along them.
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Theorem 2. Our designed potential function for NCC with linear inverse demand func-
tions is concave provided that the cost functions are convex. Furthermore, the poten-
tial function is strictly concave if the cost functions are strictly convex, and hence the
equilibrium for the game is unique. In addition, a polynomial-time algorithm finds the
optimum of the potential function which describes the market clearance prices.

The General Case. Since the above approach does not work for nonlinear inverse
demand functions, we design another interesting but more involved algorithm to cap-
ture more general forms of inverse demand functions. We show that an equilibrium
of the game can be computed in polynomial time if the production cost functions are
convex and the revenue function is monotone. Moreover, we show under strict mono-
tonicity of the revenue function, the solution is unique, and therefore our results in
this section is structural; i.e., we find the one and only equilibrium®*. For convergence
guarantee we also need Lipschitz condition on derivatives of inverse demand and cost
functions. We start the section by modeling our problem as a complementarity prob-
lem. Then we prove how holding the aforementioned conditions for cost and revenue
functions yields satisfying Scaled Lipschitz Condition (SLC) and semidefiniteness for
matrices of derivatives of the profit function. SLC is a standard condition widely used
in convergence analysis for scalar and vector optimization [43]. Finally, we present our
algorithm, and show how meeting these new conditions by inverse demand and cost
functions helps us to guarantee polynomial running time of our algorithm. We also give
examples of classes of inverse demand functions satisfying the above conditions. These
include many families of inverse demand functions including quadratic functions, cubic
functions and entropy functions. The following theorem is the main result of Section 4
which summarizes the performance of our algorithm.

Theorem 3. A solution to NCC can be found in polynomial number of iterations under
the following conditions:

1. The cost functions are (strongly) convex.

2. The marginal revenue function is (strongly’ ) monotone.

3. The first derivative of cost functions and inverse demand functions and the sec-
ond derivative of inverse demand functions are Lipschitz continuous.

Furthermore, the solution is unique assuming only the first condition. Therefore, our
algorithm finds the unique equilibrium of NCC.

Cournot Oligopoly. Another reasonable model for considering cost functions of the
firms is the case where the production cost in a market depends only on the quantity
produced by the firm in that specific market (and not on quantities produced by this
firm in other markets). In other words, the firms have completely independent sections

4Tt is worth mentioning that Bimpikis et al. [6] prove the uniqueness of the equilibrium in a
concurrent work.

5 For at least one of the first two conditions, strong version of condition should be satisfied, i.e.,
either cost functions should be strongly convex or the marginal revenue function should be
strongly monotone.
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for producing different goods in various markets, and there is no correlation between
production cost in separate markets. In this case the competitions are separable; i.e.,
equilibrium for NCC can be found by finding the quantities at equilibrium for each
market individually. This motivates considering Cournot game where the firms compete
over a single market. We present a new algorithm for computing equilibrium quantities
produced by firms in a Cournot oligopoly, i.e., when the firms compete over a single
market. Cournot Oligopoly is a well-known model in Economics, and computation of
its Cournot Equilibrium has been subject to a lot of attention. It has been considered in
many works including [37, 25, 32, 29, 8] to name a few. The earlier attempts for calcu-
lating equilibrium for a general class of inverse demand and cost functions are mainly
based on solving a Linear Complementarity Problem or a Variational Inequality. These
settings can be then turned into convex optimization problems of size O(n) where n
is the number of firms. This means the runtime of the earlier works cannot be better
than O(n?) which is the runtime of the most efficient algorithm known for convex opti-
mization. We give a novel combinatorial algorithm for this important problem when the
quantities produced are integral. Our algorithm runs in time O(n1og?(Qmax)) Where
Qmax 18 an upper bound on total quantity produced at equilibrium. The following is the
main result of Section 5.

Theorem 4. A polynomial-time algorithm successfully computes the quantities pro-
duced by each firm at an equilibrium of the Cournot oligopoly if the inverse demand
function is nonincreasing, and the cost functions are convex. In addition, the algorithm
runs in time O(n log? (Qmax)) where Quax is the maximum possible total quantity in
the oligopoly network at any equilibrium.

2 Notations

Suppose we have a set of n firms denoted by F and a set of m markets denoted by M.
A single good is produced in each market. Each firm may or may not be able to supply
a particular market. A bipartite graph is used to demonstrate these relations. In this
graph, the markets are denoted by the numbers 1,2, ..., m on one side, and the firms
are denoted by the numbers 1, 2, ..., n on the other side. For simplicity, throughout the
paper we use the notation i € M meaning the market ¢, and ; € F meaning firm j.
For firm j € F and market ¢ € M there exists an edge between the corresponding
vertices in the bipartite graph if and only if firm j is able to produce the good in market
1. This edge will be denoted (¢, 7). The set of edges of the graph is denoted by £, and the
number of edges in the graph is shown by E. For each market : € M, the set of vertices
Naq(4) is the set of firms that this market is connected to in the graph. Similarly, Nz (j)
denotes the set of neighbors of firms 7 among markets. The edges in £ are sorted and
numbered 1, ..., F, first based on the number of their corresponding market and then
based on the number of their corresponding firm. More formally, edge (¢,7) € € is
ranked above edge (I,k) € £ifi < lori = [ and j < k. The quantity of the good
that firm j produces in market ¢ is denoted by g;;. The vector q is an E/ x 1 vector that
contains all the quantities produced over the edges of the graph in the same order that
the edges are numbered.
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The demand for good ¢ denoted by D; is > JEN M () Tig- The price of good 7, denoted
by the function P;(D;), is only a decreasing function of total demand for this good and
not the individual quantities produced by each firm in this market. For a firm j, the
vector s; denotes the strategy of firm j, which is the vector of all quantities produced
by this firm in the markets Nz (j). Firm j € F has a cost function related to its strategy
denoted by c;(s;). The profit that firm j makes is equal to the total money that it obtains
by selling its production minus its cost of production. More formally, the profit of firm

J is T = ZiEN]:(j) Pi(Di)Qij - Cj(Sj).

3 Cournot Competition and Potential Games

In this section, we design an efficient algorithm for the case where the price functions
are linear. More specifically, we design an innovative potential function that captures
the changes of all the utility functions simultaneously, and therefore, show how finding
the quantities at the equilibrium would be equivalent to finding the set of quantities
that maximizes this function. We use the notion of potential games as introduced in
Monderer and Shapley [31]. In that paper, the authors introduce potential games as the
set of games for which there exists a potential function P* such that the pure strategy
equilibrium set of the game coincides with the pure strategy equilibrium set of a game
where every party’s utility function is P*.

Next we design a potential function for NCC if the price functions are linear. Inter-
estingly, this holds for any cost function meaning NCC with arbitrary cost functions is
a potential game as long as the price functions are linear. Furthermore, we show when
the cost functions are convex, the potential function is concave, and hence any convex
optimization method can find the equilibrium of such a Network Cournot Competition.
In case cost functions are strictly convex, the potential function is strictly concave. We
show the equilibrium that we find is the one and only equilibrium of the game. The
pure strategy equilibrium set of any potential game coincides with the pure strategy
equilibrium set of a game with the potential function P* as all parties’ utility function.

Theorem 5. NCC with linear price functions (of quantities) is a potential game.

We can efficiently compute the equilibrium of the game if the potential function P* is
easy to optimize. Below we show that this function is concave.

Theorem 6. The potential function P* from the previous theorem is concave provided
that the cost functions of the firms are convex. Moreover; if the cost functions are strictly
convex then the potential function is strictly concave.

The following well-known theorem discusses the uniqueness of the solution to a
convex optimization problem.

Theorem 7. Let f : K — R™ be a strictly concave and continuous function for some
finite closed convex space K € R™. Then the convex optimization problem max f(x) :
x € K has a unique solution.



Network Cournot Competition 23

By Theorem 6, if the cost functions are strictly convex then the potential function is
strictly concave and hence, by Theorem 7 the equilibrium of the game is unique.

Let ConvexP(E, (a1, ..., am), (B1,--,Pm), (c1,...,¢pn)) be the following con-
vex optimization program:

min —Z |:aiz %ij — @:Z ai; — Bi Z ij ik _Z cj(sj') ] .

N
ieMbeNu()  JeNm) kS jeNu() IN7(5)]
subject to ¢ >0 Y(i,j) € E.

Note that in this optimization program we are trying to maximize P* for a bipartite
graph with set of edges &, linear price functions characterized by the pair («;, 3;) for
each market 7, and cost functions ¢; for each firm j. This algorithm has a time complex-
ity equal to the time complexity of a convex optimization algorithm with E' variables.
The best such algorithm has a running time O(E?) [7].

4 Finding Equilibrium for Cournot Game with General Cost and
Inverse Demand Functions

In this section, we focus on a much more general class of price and cost functions.
Our approach is based on reducing NCC to a polynomial time solvable class of Non-
linear Complementarity Problem (NLCP). First in 4.1, we introduce our marginal profit
function as the vector of partial derivatives of all firms with respect to the quantities
they produce. Then in 4.2, we show how this marginal profit function helps in reducing
NCC to a general NLCP. We also discuss uniqueness of equilibrium in this situation.
Unfortunately, in its most general form, NLCP is computationally intractable. For a
large class of functions, though, these problems are polynomial time solvable. In 4.3,
we rigorously define the conditions under which NLCP is polynomial time solvable. We
then present our algorithm with a theorem, showing it converges in polynomial number
of steps. To show the conditions required for quick convergence are not restrictive, we
refer the reader to the full version of this paper on arXiv, where we explore a wide range
of important price functions that satisfy them.

Assumptions. Throughout the rest of this section we assume that the price functions are
decreasing and concave and the cost functions are strongly convex (to be defined later).
We also assume that for each firm there is a finite quantity at which extra production
ceases to be profitable even if that is the only firm operating in the market. Thus, all pro-
duction hence supply quantities are finite. In addition, we assume Lipschitz continuity
and finiteness of the first and the second derivatives of price and cost functions. We note
that these Lipschitz continuity assumptions are very common for convergence analysis
in convex optimization [7] and finiteness assumptions are implied by Lipschitz continu-
ity. In addition, they are not very restrictive as we do not expect unbounded price/cost
fluctuation with supply change. For sake of brevity, we use the terms inverse demand
function and price function interchangeably.
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4.1 Marginal Profit Function

For the rest of this section, we assume that P; and ¢; are twice differentiable functions

of quantities. For a firm j and a market ¢ such that (¢, j) € £, we define f;; = — g;:;
—P,(D;)— 61;;, q(f_"') qij+ quJ . Recall that the price function of a market is only a function
of the total proéiuction in that market and not the individual quantities produced by
6125571) = al?;(l(fi) V4, k € Naq(i). Therefore, we replace these
terms by P/(D;) to obtain fi; = —P;(D;) — P/(Di)ai; + i -

Let vector I be the vector of all f;;’s corresponding to the edges of the graph in
the same format that we defined the vector q. Note that F' is a function of q. Moreover,
we separate the part representing marginal revenue from the part representing marginal
cost in function F'. More formally, we split F' into two functions R and S such that F' =
R + S, and the element corresponding to the edge (¢,5) € & in the marginal revenue

aﬂ'j

function R(q) is 1ij = — o0y = —P;(D;) — P'(D;)q;;, whereas for the marginal cost

individual firms. Thus

function S(q) is s;; = gch

ij "

4.2 Non-linear Complementarity Problem
We now formally define NLCP, and prove our problem is an NLCP.

Definition 1. Let I : R™ — R" be a continuously differentiable function on RY}. The

complementarity problem seeks a vector x € R™ that satisfies x > 0, F(x) > 0, and
2T F(z) =0.

Theorem 8. The problem of finding the vector q at equilibrium in the Cournot game is
a complementarity problem.

Definition 2. F : K — R" is said to be strictly monotone at z* if ([F(z)—F (z*)]T, x—
x*) > 0,Vx € K. Then, F is said to be strictly monotone if it is strictly monotone at any
x* € K. Equivalently, F is strictly monotone if its Jacobian matrix is positive definite.

The following theorem is a well known theorem for Complementarity Problems.

Theorem 9. [26] Let F : K — R"™ be a continuous and strictly monotone function
with a point x € K such that F(x) > 0 (i.e., there exists a potential solution to the
CP). Then the Complementarity Problem introduced in Definition 1 characterized by
Sfunction F' has a unique solution.

Hence, the Complementarity Problem characterized by function F' has a unique solu-
tion under the assumption that the revenue function is strongly monotone (special case
of strictly monotone). In the next subsection, we aim to find this unique equilibrium of
the NCC problem.

4.3 Designing a Polynomial-Time Algorithm

In this subsection, we present an algorithm to find the equilibrium of NCC, and establish
its polynomial time convergence by Theorem 10. This theorem requires the marginal
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profit function to satisfy Scaled Lipschitz Condition (SLC) and monotonicity. We first
introduce SLC, and show how the marginal profit function satisfies SLC and mono-
tonicity by Lemmas 1 to 5. We present in in Lemma 5 the conditions that the cost and
price functions should have in order for the marginal profit function to satisfy SLC
and monotonicity. Finally, in Theorem 10, we show convergence of our algorithm in
polynomial time.

Before introducing the next theorem, we explain what the Jacobians VR, V.S, and
VF are for the Cournot game. First note that these are F x E matrices. Let (i,5) € £
and (I, k) € € be two edges of the graph. Let e; denote the index of edge (i, j), and ey
denote the index of edge (I, k) in the vector as we discussed in the first section. Then the
element in row e; and column es of matrix VR, denoted VR, .,, is equal to a i We
name the corresponding elements in V F' and V.S similarly. We have VF' = VR + )
asFF=R+S.

Definition 3 (Scaled Lipschitz Condition (SLC)). A function G : D — R", D C R"
is said to satisfy Scaled Lipschitz Condition (SLC) if there exists a scalar A > 0 such
that ¥V h € R",V = € D, such that | X ~'h| < 1, we have | X[G(z + h) — G(z) —
VG(2)h]|leo < MATVG(2)h|, where X is a diagonal matrix with diagonal entries

equal to elements of the vector x in the same order, i.e., X;; = x; for all i € M.

Satisfying SLC and monotonicity are essential for marginal profit function in The-
orem 10. In Lemma 5 we discuss the assumptions for cost and revenue function under
which these conditions hold for our marginal profit function. We use Lemmas 1 to 5 to
show F' satisfies SLC. More specifically, we demonstrate in Lemma 1, if we can derive
an upperbound for LHS of SLC for R and S, then we can derive an upperbound for
LHS of SLC for F' = R + S too. Then in Lemma 2 and Lemma 3 we show LHS of S
and R in SLC definition can be upperbounded. Afterwards, we show monotonicity of
S in Lemma 4. In Lemma 5 we aim to prove F satisfies SLC under some assumptions
for cost and revenue functions. We use the fact that LHS of SLC for F' can be upper-
bounded using Lemma 3 and Lemma 2 combined with Lemma 1. Then we use the fact
that RHS of SLC can be upperbounded using strong monotonicity of R and Lemma 4.
Using these two facts, we conclude F' satisfies SLC in Lemma 5.

Lemma 1. Let F, R, S be three R™ — R™ functions such that F(q) = R(q) + S(q),
Vq € R™. Let R and S satisfy the following inequalities for some C > 0 and ¥ h such
that | X ~1h| < 1:

| X[R(q+ h) — R(q)
[X[S(qg+h)—S(q)

~ VR(q)h]|| < C|hl|*,
— VS(@hll < ClIA]1%,

where X is the diagonal matrix with X;; = q;. Then we have:
IX[F(g+h) = F(g) = VF(q)h]|lo <2C||h]>.

The following lemmas give upper bounds for LHS of the SLC for S and R
respectively.
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Lemma 2. Assume X is the diagonal matrix with X;; = q;. ¥V h such that || X ~1h/|
1, there exists a constant C' > 0 satisfying: || X[S(q¢ + h) — S(¢) — VS(¢)h]||
Cllh|P>.

INIA

Lemma 3. Assume X is the diagonal matrix with X;; = q;. ¥ h such that | X ~1h|| <
1, 3C > 0 such that|| X [R(q+ h) — R(q) — VR(q)h]||s < C|/h|

If R is assumed to be strongly monotone, we immediately have a lower bound on
RHS of the SLC for R. The following lemma gives a lower bound on RHS of the SLC
for S.

Lemma 4. If cost functions are (strongly) convex, S is (strongly) monotone.

The following lemma combines the results of Lemma 2 and Lemma 3 using Lemma
1 to derive an upper bound for LHS of the SLC for F'. We bound RHS of the SLC from
below by using strong monotonicity of R and Lemma 4.

Lemma 5. F' satisfies SLC and is monotone if: (1) Cost functions are convex. (2)
Marginal revenue function is monotone. (3) Cost functions are strongly convex or
marginal revenue function is strongly monotone.

We wrap up with the description of the algorithm. The algorithm first constructs
the vector F' of length E. It then finds the initial feasible solution (F'(z), zo) for the
complementarity problem. (This solution should satisfy o > 0 and F'(zo) > 0.) If
finally run Algorithm 3.1 from [43] to find the solution (F'(z*),2*) to the CP char-
acterized by F', which gives the vector ¢ of quantities produced by firms at equilib-
rium. Lemma 5 guarantees that our problem satisfies the two conditions mentioned in
Zhao and Han 1999. Therefore, we can prove the following theorem.

Theorem 10. The algorithm converges to an equilibrium of Network Cournot Compe-
tition in time O (E? log(po/€)) under the following assumptions:

1. The cost functions are strongly convex.

2. The marginal revenue function is strongly monotone.

3. The first derivative of cost functions and price functions and the second deriva-
tive of price functions are Lipschitz continuous.

This algorithm outputs an approximate solution (F(q*), ¢*) satisfying (¢*)T F(¢*)/n <
e where 1y = (qo)T F(qo)/n, and (F(qo), qo) is the initial feasible point °.

For a discussion of price functions that satisfy the convergence conditions for our
algorithm, we refer the reader to the full version of the paper on arXiv.

5 Algorithm for Cournot Oligopoly

In this section we present a new algorithm for computing the equilibrium in a Cournot
oligopoly, i.e., when the firms compete over a single market. Computation of Cournot

® Initial feasible solution can be trivially found. E.g., it can be the same production quantity along
each edge, large enough to ensure losses for all firms. Such quantity can easily be found by
binary search between [0, Q].
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Equilibrium is an important problem in its own right. A considerable body of literature
has been dedicated to this problem [37, 25, 29, 8]. All earlier work computing Cournot
equilibrium for a general class of price and cost functions rely on solving a Linear
Complementarity Problem or a Variational Inequality which in turn are set up as con-
vex optimization problems of size O(n) where n is the number of firms in oligopoly.
Thus, the runtime guarantee of the earlier works is O(n?) at best. We give a novel
combinatorial algorithm for this important problem when the quantities produced are
integral. Our algorithm runs in time n logz(Qmax) where Q,nq. is an upper bound on
total quantity produced at equilibrium. There is always an upper bound for ()4, since
if Q = ), r q: is large enough the price function would become negative and no firm
has any incentive to produce a higher quantity. We note that, for two reasons, the re-
striction to integral quantities is practically no restriction at all. Firstly, in real-world
all commodities and products are traded in integral (or rational) units. Secondly, this
algorithm can easily be adapted to compute approximate Cournot-Nash equilibrium for
the continuous case and since the quantities at equilibrium may be irrational numbers,
this is the best we can hope for.

With only a single market present, we simplify the notation. Let [n] = {1,...,n}
be the set of firms competing over the single market. Let 9 = (q1,¢o, - - -, qn) be the
set of all quantities they produce, one quantity for each firm. Let Q = Zie[n] q;- In
this case, there is only a single inverse demand function P : Z — R>(, which maps
total supply, @, to market price. We assume that, P is a decreasing function of (). For
each firm ¢ € [n], the function ¢; : Z — R>( denotes the cost to firm ¢ for producing
quantity ¢; of the good. We assume convex cost functions. The profit of firm i € [n]
as a function of ¢; and @, denoted 7;(¢;, Q), is P(Q)q; — ¢i(g:). Also let fi(¢;, Q) =
mi(gi +1,Q + 1) — m;i(¢;, Q) be the marginal profit for firm ¢ of producing one extra
unit. Although the quantities are nonnegative integers, for simplicity we assume the
functions ¢;, P, m; and f; are zero whenever any of their inputs are negative. Also, we
refer to the forward difference P(Q + 1) — P(Q) by P'(Q).

Polynomial Time Algorithm. We leverage the supermodularity of price functions and
Topkis” Monotonicity Theorem [38] to design a nested binary search algorithm to find
the Cournot equilibrium. Intuitively, the algorithm works as follows. At each point we
guess Q' to be the total quantity of good produced by all the firms. Then we check
how good this guess is by computing for each firm the set of quantities that it can
produce at equilibrium if we assume the total quantity is the fixed integer QQ'. We
prove that for given @', the set of possible quantities for each firm at equilibrium is
a consecutive set of integers. Let I; = {q¢}, ¢} +1,...,¢* — 1,¢%} be the range of all
possible quantities for firm ¢ € [n] assuming @’ is the total quantity produced in the
market. We can conclude Q' was too low a guess if Zie[n] ¢! > @Q'. This implies our
search should continue among total quantities above Q)’. Similarly, if Zie[n] @ <Q,
we can conclude our guess was too high, and the search should continues among to-
tal quantities below Q'. If neither case happens, then for each firm ¢ € [n], there
exists a ¢; € I; such that Q' = Zie[n] ¢} and firm ¢ has no incentive to change
this quantity if the total quantity is @)’ and we have found an equilibrium. The pseu-
docode for the algorithm and its correctness is proved in the full version of this paper
(http://arxiv.org/abs/1405.1794).
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Abstract. In this paper we study the potential function in congestion
games. We consider both games with non-decreasing cost functions as
well as games with non-increasing utility functions.

We show that the value of the potential function &(s) of any outcome
s of a congestion game approximates the optimum potential value ®(s*)
by a factor ¥ which only depends on the set of cost/utility functions F,
and an additive term which is bounded by the sum of the total possible
improvements of the players in the outcome s.

The significance of this result is twofold. On the one hand it provides
Price-of-Anarchy-like results with respect to the potential function. On
the other hand, we show that these approximations can be used to com-
pute (1+¢) - Wr-approximate pure Nash equilibria for congestion games
with non-decreasing cost functions. For the special case of polynomial
cost functions, this significantly improves the guarantees from Caragian-
nis et al. [FOCS 2011]. Moreover, our machinery provides the first guar-
antees for general latency functions.

1 Introduction

A central problem in large scale networks like the Internet is network conges-
tion, or more generally contention for scarce resources. Congestion games were
introduced by Rosenthal [22] and provide us with a general model for the non-
cooperative sharing of them. In a congestion game, we are given a set of resources
and each player selects a subset of them (e.g. a path in a network). Each resource
has a cost function that depends on the load induced by the players that use
it. Each player aims to minimize the sum of the resources’ costs in its strategy
given the strategies chosen by the other players. A state in which no player can
improve by unilaterally changing its strategy is called a Nash equilibrium [21].
Congestion games always admit a pure Nash equilibrium, where players pick
a single strategy and do not randomize. Rosenthal [22] showed this by means
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of a potential function. Such a function has the following property: if a single
player deviates to a different strategy, then the value of the potential changes
by the same amount as the cost of the deviating player. Pure Nash equilib-
ria now correspond to local optima of the potential function. Games admitting
such a potential function are called potential games and each potential game is
isomorphic to a congestion game [20].

Besides establishing the existence of a pure Nash equilibrium, the potential
function has played an important role for proving various results in potential
games. Its use ranges from bounding the price of stability [9,11,13] to tracking
the convergence rate of best response dynamics [4,10].

Fabrikant et al. [15] showed that the problem of computing a pure Nash
equilibrium in congestion games is PLS-complete, that is, computing a pure
Nash equilibrium is as hard as the problem of finding a local optimum. PLS was
defined as a class of local search problems where local optimality can be verified
in polynomial time [18]. Computing a pure Nash equilibrium in congestion games
stays a hard problem even if the cost functions are linear [1]. Efficient algorithms
are only known for special cases, e. g. for symmetric network congestion games
[15] or when the strategies are restricted to be bases of matroids [1].

The hardness of computing a pure Nash equilibrium in congestion games mo-
tivates relaxing the Nash equilibrium conditions and asking for approximations
instead. One possible approximation is a p-approximate pure Nash equilibrium,
a state in which no player can improve by a factor larger than p. Without re-
stricting the cost (or utility) functions the problem of computing p-approximate
pure Nash equilibria in congestion games remains PLS-complete for any fixed p
[24]. However, the problem becomes tractable for certain subclasses of conges-
tion and potential games with varying approximation guarantees. For symmetric
congestion games certain best response dynamics converge in polynomial time
to a (1+4¢)-Nash equilibrium [10]. For asymmetric congestion games, it has been
shown that for linear resource cost functions a (2 + ¢)-approximate Nash equi-
librium can be computed in polynomial time [7]. More generally, for polynomial
resource cost functions with maximum degree d, the best known approximation
guarantee is d°(4) [7]. These results have recently been extended to congestion
games with weighted players [8]. For linear cost functions it is shown how to
compute a 3+2‘/5 + e-approximate equilibrium. For polynomial cost functions it
is proved that d!-approximate equilibria always exist and d24+°(4)_approximate
equilibria can be computed in polynomial time. The bounds for the existence of
approximate equilibria in weighted congestion games were improved by [17] to
d + 1 for polynomial cost functions and ;’ for concave cost functions. Existing
approaches [5,7] for computing p-approximate pure Nash equilibria (with small
p) heavily build on the ability to compute intermediate states that approximate
the optimum potential value and satisfy certain more local conditions. By fo-
cussing on approximating the potential function, our results significantly further
this line of research.

Our Contribution. In this paper we show that for any outcome s of a con-
gestion game the value of the potential function @(s) can be bounded by the
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optimum potential value @(s*), a factor ¥ which only depends on the set of
cost/utility functions F, and an additive term D(s,s*) which is bounded by
the sum of the total possible improvements of the players in the outcome s.
We consider both games with non-decreasing cost functions (Section 4.2), in
which players seek to minimize cost, as well as games with non-increasing utility
functions (Section 4.1), in which players seek to maximize utility. As a direct
corollary we get that any outcome s provides us with a bound on the optimum
potential value. For both cases we also present lower bounds. The lower bound
for non-increasing utility functions matches the upper bound. For non-decreasing
cost-functions, our lower bound is matching if some technical constraint on the
resource functions F is fulfilled.

To achieve this result we introduce a transition graph, which is defined on a
pair of outcomes s, s* and captures how to transform s into s*. On this transition
graph we define an ordered path-cycle decomposition. We upper bound the change
in the potential for every path and cycle in the decomposition, and lower bound
their contribution to the potential @(s). The result then follows by summing up
over all paths and cycles.

For games with non-decreasing cost functions, our result can be used to obtain
p-approximate equilibria with small values of p = Wx(1 + ) with the method of
[7]. Our technique significantly improves the approximation [7] for polynomial
cost functions. Moreover, our analysis suggests and identifies large and practi-
cally relevant classes of cost functions for which p-approximate equilibria with
small p can be computed in polynomial time .

For example, in games where resources have a certain cost offset, e.g., traffic
networks, the approximation factor p drastically decreases with the increase of
offsets or coeflicients in delay functions. In particular for congestion games with
linear functions with strictly positive offset, p is smaller than 2. To the best of
our knowledge this is the first work to show that p-approximate equilibria with
p < 2 are polynomial time computable without restricting the strategy spaces.

Other Related Work. Our bounds on the spread of the potential function
for two outcomes are related to results on the price of anarchy (PoA). The PoA
was introduced in [19] as the worst case ratio between the value of some global
objective function in a Nash equilibrium and its optimum value. Most results
on the PoA in congestion games use the total latency (i.e., the sum of the play-
ers’ costs) as the global objective function. For this setting, Christodoulou and
Koutsoupias [12] showed that the PoA for non-decreasing affine cost functions
is 5. Aland et. al. [2] obtained the exact value on the PoA for polynomial cost
functions. Roughgarden’s [23] smoothness framework determines the PoA with
respect to any set of allowable cost functions. These results have been extended
to the more general class of weighted congestion games [2,3,6,12].

For congestion games, the total latency and the value of the potential function
are related. So, for Nash [2,12,23] and approximate Nash equilibria [14], bounds
on the potential function can be derived from the corresponding results on the
price of anarchy. However, this approach yields much weaker guarantees than
our approach. Congestion games with non-increasing utility functions where the
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global objective is defined as the potential function are a subclass of valid utility
games as introduced by Vetta [25]. Thus the bound on the price of anarchy

from [25] for such games implies that ;éi)) < 2 for any pair of outcomes s,s*,

where s is a Nash equilibrium. Our result in Theorem 3 refines (as it holds for
all outcomes s) and improves (the factor of) this bound.

2 Notation

Congestion Games. A congestion game is a tuple I'=(N, E, (S;)ien, (fe)ecr))-
Here, N'={1,2,...,|N|} is a set of n players and E is a set of resources. Each
player chooses as her strategy a set s; C E,s; € S; from a given set of avail-
able strategies S; C 2F. Associated with each resource e € E is a non-negative
function f, : N — R*. We consider both cost minimizing and utility mazimiz-
ing congestion games, so these functions either describe costs or utilities to be
credited to the players for using resource e. An outcome (or strategy profile) is a
choice of strategies s = (s1, s2,...,5a7) by players with s; € S;. For an outcome
s define n.(s) = |i € N : e € s;] as the number of players that use resource e. In
cost minimizing games the cost for player i is defined by ¢;(s) = > ., fe(ne(s))
(in utility maximizing games u;(s) = )., fe(ne(s))). For two outcomes s and
s define D(s,s’) = > ,cnr(ci(s—i,s;) — ci(s)) (and analogously for utility max-
imizing games). Here, (s_;, s;) denotes the outcome that results when player i
changes its strategy in s from s; to sj.

Pure Nash Equilibria. A pure Nash equilibrium is an outcome s where no
player has an incentive to deviate from its current strategy. Formally, s is a pure
Nash equilibrium if for each player i € A and s} € S;, an alternative strategy
for player i, we have ¢;(s) < ¢;(s—;, s}) (or u;(s) > wu;(s—s, s})).

Approximate Pure Nash Equilibria. An outcome s is a p-approximate pure
Nash equilibrium if for each player i € N and s} € S;, an alternative strategy
for player i, we have ¢;(s) < p - ¢i(s—i, s}) (or ui(s) > p - wui(s—i, s})).

Potential Function. Congestion games admit a potential function @(s) =

YoecE Z?;(ls) fe(4) which was introduced by Rosenthal [22] and has the following
remarkable property: for any two outcomes s and (s_;, s;) that differ only in the
strategy of player ¢ € N, we have ®&(s) — P(s_;, s;) = ci(s) — ci(s—4, s;) (and
analogously for utility maximizing games). Thus, the set of pure Nash equilibria
corresponds to the set of local optima of the potential function. For any resource

e € E denote P.(s) = Z;L;(ls) fe(4) the contribution of e to the potential.

3 Path-Cycle Decomposition

In this section we introduce a directed multigraph G, called transition graph,
which is defined for two given strategy profiles s,s* and captures how to trans-
form s into s*. We then define a path-cycle decomposition of G which will be
important for our analysis in the following sections.
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Transition Graph. Given a congestion game and two strategy profiles s, s* we
construct a directed edge-weighted multi-graph G = G(s,s*). For each player
i € N, denote E} :=s; \ s7 and E? := s} \ s; and augment the smaller of those
sets with dummy resources with utility/cost function f.(x) = 0 until |E}| = |E?|.
The node set of G consists of all resources of the congestion game including the
dummy resources. For each player ¢ € A construct a perfect matching between
E} and E? and introduce |E}| = |E?| directed edges from E} to E? accordingly.
Denote A; the set of these directed edges and let A = U;enrA; be the multiset
consisting of all directed edges. We can think of each edge a € A; as being a
sub-player of player i € N. For each directed edge a = (e1,e2) € A, define
0o = fey(Ney(S) + 1) — fe, (ne, (s)) as the weight of a. For any set B C A of edges
denote D = ZaeB d,. This completes the construction of G.

Path-Cycle Decomposition. We now decompose G into directed cycles and
paths as follows:

— While there is a directed cycle C in G, remove C from G. Let C = {C4,C5,...}
be the set of removed cycles.

— For the remaining directed acyclic multigraph G/ = G — C iteratively find a
maximal path P, i.e., one which cannot be augmented further, and remove
it from G’'. Let P = { Py, P, ...} be the ordered set of removed paths.

We call (C,P) the ordered path-cycle decomposition of G. By construction, reas-
signing all sub-players a € A according to the path-cycle decomposition (C,P)
has the same effect on the potential as reassigning all players ¢ € N from s
to s*. However, the ordered path-cycle decomposition has some nice structural
properties which we will exploit for our results on approximating the potential.

4 Approximating the Potential

4.1 Non-increasing Utility Functions

Now, we study the difference of potential function values of two strategy profiles
s and s*. We begin with the easier case of non-increasing utility functions. We
show that the ratio of the potential values of s and s* can be bounded by D(s,s*)
and a parameter ¥ of the class of cost functions which is defined as follows.

Definition 1. For a class of functions F define
oo [ ) fn 1))
d S“p{ S 1)

Observe that W < 1. By reorganizing terms we directly get the following lemma.

:fEJ:,nEN}.

Lemma 2. For all f € F and n € N we have f(n+1) > f(n) — WF'Z%I o,
Theorem 3. Let F be a set of non-increasing functions. Consider a congestion
game with utility functions in F and two arbitrary outcomes s,s*. Then &(s*) <
(1+¥g)-PD(s) + D(s,s*).
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Proof. Given s, s* let (C,P) be the ordered path-cycle decomposition of the tran-
sition graph G(s, s*) as defined in Section 3. We will now reassign the sub-players
corresponding to cycles and paths in order. We upper bound their corresponding
change in the potential and lower bound their contribution to the potential &(s).
We split @.(s) equally among all players using e. Therefore, we further subdivide
. (s) with respect to the path-cycle decomposition C U P as follows: For every
B € CUP with e € B, denote @, p(s) the fraction of e with respect to B of
P.(s) and let Pp(s) = > . g Pe,B(s). Hence,

ne(s)

e 5(s) Z fe(i) (1)

Observe that @.(s) > > pceup Pe,B(s). For any B € C UP denote Ap(®) the
change in the potential due to the reassignment of sub-players in B at time of
the reassignment.

First consider the cycles in C. Observe that Ax(®) = 0 for all C € C. Consider
a directed cycle C of k € N nodes (k,k —1,...,1,k). With a slight abuse of
notation denote 6; = d(; ;1) for j € {2,...,k} and 01 = §(; ). Then by the
definition of ¢;, and by (1) and Lemma 2,

k k
> 2(‘&; - Djc(s) + fj(m)) - 2fj(nj) = —Ur - De(s). @)

Now cousider the paths in P = {Py, Py, ...}. Consider an arbitrary path P, € P
with & edges and P, = (k,k —1,...,1,0). Denote d; = d;,;—1) for j € [k].

Denote s the strategy profile of the players just before we reassign P;. By
the property that earlier reassigned paths (Pi,...,P;—1) could not be further
extended we know that nodes in the subpath (k,k —1,...,1) were not the final
node of some earlier path, while nodes in (k—1,...,1 O) were not the first node
of some earlier path This implies ng(5) < nk(s), n ( ) > no(s), and n; () = ny(s)
for all i € {1,...,k — 1}. We derive:

Ap, (@) = fo(no(s) + 1) — fi(nk(s))
< fo(no(s) +1) — fu(nk(s)) = fi(na(s)) + 01 — fr(nk(s))
SWI'@l,PZ(S)+f1(”1(5)+1)+51 fe(nk(s))

=Ur - D1 p,(s) + fa(na(s +Z5 — fe(ni(s
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Iterating the last two steps along the path P yields

k—1
Ap,(®) <Wr - ®5p,(s) + frlna(s +Zf5 — fr(n(s))
Jj=1 i=1
< Wz Bp,(s) + Dp, (3)

Combining (2) and (3), we get

D(s*) —B(s) = Y Ap(®) <Ur- Y Pp(s)+ > Dp

PeP PeP PeP

<Ugr- (@(s)—2@0(5)> +D(s,s") = Y Do

cecC cec

< Ugr- (@(s) - Z @C(s)> + D(s,s") + ¥r - Z D (s)

cec cec
=g d(s) + D(s,s")

or equivalently @(s*) < (14 ¥x) - &(s) + D(s,s*), as claimed in the theorem. O

Denote s; the best response of player i« € A to the outcome s. Then we can

upper bound D(s,s*) = >, n(ui(s—i,57) — ui(s)) < > icn(wils—i, 85) — ui(s))
which yields the following corollary:

Corollary 4. Given any outcome s denote s, the best response of player i € N
tos. Then, &(s*) < (14+Vr)-D(s) + > ;cpr(wi(s—i, 8;) —ui(s)). So, any outcome
s provides us with an upper bound on the maximum potential value.

The following theorem provides a matching lower bound, even for the case
that s is a Nash equilibrium.

Theorem 5. Given a class of non-increasing functions F, there is a congestion
game 'z with utility functions in F and two strateqy profiles s and s* with
D(s*) = (1 +PFx) - D(s) and ui(s—i, sy) — ui(s) = 0 for all players i.

4.2 Non-decreasing Cost Functions

We now consider the case of non-decreasing cost functions. As in the previous
section we reassign the sub-players corresponding to cycles and paths and upper
bound their corresponding change in the potential and lower bound their contri-
bution to the potential. Unlike before, we cannot split the potential of a resource
equally among the players using it. We have to differentiate whether a node in
the path-cycle decomposition is the start of some path or an intermediate node.
For non-decreasing cost functions the crucial parameter ¥r is defined as follows.

Definition 6. For a class of functions F define
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v :sup{(”m) St 1)~ £+ 25 10)
i fG)

By reorganising terms we derive the following lemma.

:fe]-',n,meN,n>m}

Lemma 7. For oll f € F and n,m € N with n > m we have

f(n+1)<(Wr—1)- Y1 f0) n (1_ > ien—mi1(4)

m
mf(n) )'nm'f (n)+f(n)
Theorem 8. Let F be a set of non-decreasing cost functions. Consider a con-
gestion game with cost functions in F and two arbitrary outcomes s,s*. Then

P(s) < Wr - P(s*) — D(s,s*).

Proof. Given s, s* let (C,P) be the ordered path-cycle decomposition of the tran-
sition graph G(s,s*) as defined in Section 3. As before let denote Ap(P) the
change in the potential due to the reassignment of sub-players in B € C U P
at time of the reassignment and & p(s) the contribution of e with respect
to B to P.(s) and Pp(s) = > . .5 Pe,p(s). For each resource e € E denote
me the number of times e is a start node of some path in P. Observe, that
me = max{0, ne(s) — ne(s*)}.

To simplify notation let n. := n.(s) and define o, = Z";ﬁfe‘,}’:‘zz:)fe(j), for
each resource e € E if me > 0 and o, = 1 if me = 0. If B € P is a path, e is the
start node of B then

1— e Ur - ae

-1
Pe,B(s) = e - fe(ne) — W1 fe(ne) = ( Wr—1 ) < fe(ne) (4)
In all other cases this contribution is

e fe(d) n 1— e Me

P = .
e.5(s) Ne — Me Ur—1 ne—me

< fe(ne). (5)
Observe that @.(s) > > pcoup Pe,B(S)-

First consider the cycles in C. Observe that Ac(®) = 0 for all C' € C. Consider
a directed cycle C of k € N nodes (k,k — 1,...,1,k). With a slight abuse of
notation denote d; = d(;;—1) for j € {2,...,k} and 6; = d(; ). Then by the
definition of ¢;, and by (5) and Lemma 7,

k k k
Do=) 6;=) filnj+1)=) fi(n))
j=1 j=1 j=1

k
< (= 1) Bi0() + F5(05)) = Y f(ng) = (Fr = 1) - @c(s). (6)
j=1
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Now consider the paths in P = {Py, Ps,...}. Consider an arbitrary path
Py € P with k edges. Name the nodes so that P, = (k,k — 1,...,1,0). Similar
as before, denote §; = d(; ;—1) for j € [k]. Denote § the strategy profile of the
players just before we reassign P;. By the property that earlier reassigned paths
(P1,...,Pr—1) could not be further extended we know that ng(5) > no(s). By
averaging over all events with node k as start node of some path in P we get

Ap, (@)= fir(nk(s)) = fo(no(8)+1) <ae- fi(nk) = fo(no+1)

2 W;_l Dy p, (s)+ fkyg/nk) —fo(no+1)
F F
:y'/;;l By p, (5)+ fk—1(7;1;—1+1) - ;’; — fo(no+1)
< p 9+ o (Skaflungfl) gy )
k
:g/';;l .jz;l@j’ﬂ (5)+ fk—lw(:;k—l) - é’; _fO(n0+1)’

where the last inequality follows with (5) and Lemma 7. Iterating along P, yields

k k
Ur—1 5j fo(n0+1)
< . ) _ _
Ap,(?) < vy ;:1: ?;.p,(s) ;:1 Uy + vy fo(no +1)
Uy —1 Dn,

Combining (6) and (7), we get

=3 An(@) w; 1 e ZpepD

Pep Pep vr
s*)— D
Sy'/; 1 ( Z@C > s*) WZCeC c
cec F
_Wf 1( Zq}c > *)*(WF;U'ZCec@C(S)
cec F
Ur—1 & D(s,s*)

= w]__ : (S)— W]-‘ )
or equivalently &(s) < ¥r - &(s*) — D(s,s*), as claimed in the theorem. O

Denote s; the best response of player ¢ € A to the outcome s. Then we can

lower bound D(s,s*) = >, y(ci(s—i,57) — ci(s)) > D ,cn(cils—i,si) — cils))
which yields the following corollary:

Corollary 9. Given any outcome s denote s; the best response of player i € N
to s. Then, &(s*) > Wlf (D(s) + D ienr(ci(s—i, i) — ci(s))). So, any outcome s
provides us with a lower bound on the minimum potential value.



Bounding the Potential Function in Congestion Games 39

We have a matching lower bound in the case in which the set of functions
F satisfies a technical condition. Let (f,n,m) be a tuple of parameters that
determine ¥ in Definition 6 and define Dy = (n —m)f(n+ 1) — nf(n).

With these parameters at hand, we are ready to present the matching lower
bound for families of functions F that satisfy Dz > 0.

Theorem 10. Given a class of non-decreasing functions F with Dy > 0 there
s a congestion game I'r with cost functions in F and two strategy profiles s and
s* with @(s) = ¥r - D(s*) and ¢;(s—i, s7) — ci(s) = 0 for all players i € N.

5 Computing Approximate Pure Nash Equilibria

We use our results to compute approximate Nash equilibria. Our approach is
based on the idea of [7] and we improve the analysis of their algorithm.

Input : A congestion game G = (N, E, (s;)ien, (fe)ecr) with n players and a
constant ¢ > max {1, log,, ¥r}
Output: A strategy profile s of G )
1 Setg=14n7 0@ =, 1, p= (ol —n7)  and A=maxees £(});
2 foreach u € N do set £, = ¢y (BR4(0)) Set fmin = minuen lu,
lmax = maxuen Lu, and set m =14 [logy pp2et+2 (Cmax/fmin)];
3 (Implicitly) partition players into blocks Bi1, Bz, ..., Bm, such that

u€B; &, € ([max (2A7’L2C+2)7i e (ZAnQCJrg)ﬂ‘H];

4 foreach u € N do set u to play the strategy s, < BR.(0) for phase i + 1 to
m — 1 such that B; #( do

5 while there exists a player u that either belongs to B; and has a p-move or
belongs to Biy1 and has a g-move do
u deviates to the best-response strategy su < BRu(s1,-..,5n).

7 return s

Algorithm 1. Computing approximate equilibria in congestion games

Algorithm 1 divides the set of players into polynomially many blocks depend-
ing on the costs of the players. For any strategy profile s we denote BR,,(s) the
best response of player u to s. Let BR,(0) be the best response of a player u
if no other player participates in the game. We partition the players into blocks

according to their costs in BR,,(0). The lower and upper bounds of theses blocks

((711)) The algorithm

proceeds in phases, starting with the blocks of players with high costs. Each
phase the players of two consecutive blocks B; and B;y; are allowed to make
approximate best response moves until they reach an approximate equilibrium.
The players in B; make p-approximate move with p being slightly larger than
U and the players in Block B;;; do g-approximate moves with ¢ being slightly
larger that 1. After polynomially many phases the algorithm terminates.

are polynomially related in n and A, where A = max.cg ’;e
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Theorem 11. For every constant ¢ > max{1,log, Wr}, the algorithm com-
putes a (14 O(n~°))Wr-approzimate equilibrium for every congestion game with
cost functions from F and n players. The algorithm terminates after at most
O (A3nPt3) best-response moves.

Proof. To prove the theorem we need several additional notations. Let b; be the
boundaries of the different blocks, exactly b; = 2An2“*2b; | with b; = fiay. In
addition to the set of players in a block B;, we define R; as the set of players
who move during the phase i of the algorithm. With s* we denote the strategy
profile after phase i, where s® gives the strategy profile after the execution of
step 4. For the following proof we will use sub games among a subset of players
F C N. All other players of N'\ F are frozen to their strategies. In this sub game
nf(s) =|i € F : e € s gives the number of players in F' which uses resource e in

strategy profile s and the latency function is defined as ff'(x) = f. (x—l—né\[\F(s))

with nje\f\F(s) =]t € N\ F : e € s;|. Then, the potential is defined as ¢p =

n¥(s) .
ZeeE Zj:l feF(J)
Firstly, we bound the potential value of an arbitrary g-approximate equilib-
rium with the minimal potential value:

Lemma 12. Let s be a q-approzimate equilibrium and s* be a strategy profile
with minimal potential then ®p(s) < 0(q)Pr(s*) for every F C N.

Proof. Since s is a g-approximate equilibrium, we have ¢;(s) < gc;(s—;, s7). Thus,

%

1-— 1-—
cilsiis)—ci(s) > Leis) > Lap(s).
q q

With the definition of D(s,s*), we get —D(s,s*) < nlgq@p(s) and using Theo-
rem 8 gives us

1—
@F(S) S Q}‘@F(S*) +n q q@F(S),

or equivalently

Ur
Pr(s) < Dr(s*).
F()_].*l;qn F( )

Together with our definition of 6(q) we have shown the lemma. o

Afterwards we denote the key argument where we show with the help of
Lemma 12 that the potential of the sub game is significantly smaller than b;.
Therefore, the costs experienced by players moving in phase ¢ are considerably
lower than the costs of any player in blocks By, ..., B;_1:

Lemma 13. For every phase i > 2, it holds that $g,(s~1) < Y.

ne
Further, we can show that for players in block B; neither its costs increase

considerably nor a deviation to another strategy with considerably lower costs is
interesting caused by the movements of the other players in all following rounds:
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Lemma 14. Let u be a player in the block By, where t < m — 2. Let 8], be a
strategy different from the one assigned to u by the algorithm at the end of phase
t. Then, for each phase i > t, it holds that
: : 11 @
euls) <p-ealsty )+ P E S e
k=t+1

Finally, we have to show that in the state s™ !, computed by the algorithm

after the last phase, no player has an incentive to deviate to another strategy
in order to decrease her costs by a factor of at least p (1 + fc). The claim is
obviously true for the players in the blocks B,,_1 and B,, by the definition of
the last phase of the algorithm. Let u be a player in block B; with t < m — 2
and let s], be any strategy different from the one assigned to u by the algorithm
after phase t. We apply Lemma 14 to player u. By the definition of b;, we have
> opiin b < 2byy1. Also, cu(s™ 1 s!)) > byyq, since u belongs to block By.

Hence, Lemma 14 implies that

2(p+1)

cu(s") Spren(sths) + T

_ 4 _
s ) <o (1 ) e ),
as desired. The last inequality follows since p > 1.

By the definition of the parameters ¢ and p, we obtain that the computed

ne

—1
state is a p-approximate equilibrium with p < <9(1q) —_ ) (1 + fc) , where

0(q) = 17W1fqn and ¢ = 1 +n~¢. By making simple calculations, we obtain
q

1 4 14 4 1
R () T O R G ) L
an:H —nT° " L+ — n n

The last inequality holds as ¢ > log,, ¥r.

We will consider the different phases of the algorithm to upper-bound the total
number of best-response moves. In line 4, n best-response moves are executed in
which each player deviates to her best strategy if there would not be any other
player. Afterwards, we have at most n remaining phases. We start by looking
at the first phase: Due to the definition of block B; and the relation between
the cost functions A, any player has a latency of at most Ab;. We can bound
the potential with @, (s°) < >, cp, cu(s”) < nAb;. On the other side no player
which moves has a latency smaller than b3, otherwise she would not change in
this phase. Hence, the decrease of the potential caused by each ¢—move is at
least (¢ — 1)bs. Therefore, we can bound the maximal moves in the first phase

with the definition of b; by 45 = 4A%p>et?,

For all other phase i > 2 Lemma 13 implies that &g, (s°"1) < Zi . Equivalently
to the first phase, each player in R; experiences a latency of at least b; 1o and
each move decreases the potential by at least (¢ — 1)b;+2. As result, the maximal
number of moves in each phase is bounded by nc(qfi)biﬂ = 4AZpiets,

Altogether, we can upper-bound the number of best-response moves during
the execution of the algorithm by O (A%n®e*+?). a
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Conclusions

We presented a novel technique to analyze the value of potential function &
of an arbitrary strategy profile. This allows for better bounds for computing
approximate pure Nash equilibria in congestion games. It would be interesting
to see whether our techniques can be extended to other classes of games — most
prominently weighted congestion games.
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Limiting Price Discrimination when Selling
Products with Positive Network Externalities*
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Abstract. Assume a seller wants to sell a digital product in a social
network where a buyer’s valuation of the item has positive network ex-
ternalities from her neighbors that already have the item. The goal of
the seller is to maximize his revenue. Previous work on this problem [7]
studies the case where clients are offered the item in sequence and have to
pay personalized prices. This is highly infeasible in large scale networks
such as the Facebook graph: (1) Offering items to the clients one after the
other consumes a large amount of time, and (2) price-discrimination of
clients could appear unfair to them and result in negative client reaction
or could conflict with legal requirements.

We study a setting dealing with these issues. Specifically, the item is
offered in parallel to multiple clients at the same time and at the same
price. This is called a round. We show that with O(log n) rounds, where
n is the number of clients, a constant factor of the revenue with price
discrimination can be achieved and that this is not possible with o(log n)
rounds. Moreover we show that it is APX-hard to maximize the revenue
and we give constant factor approximation algorithms for various further
settings of limited price discrimination.

1 Introduction

With the appearance of online social networks the issue of monetizing network
information arises. Many digital products such as music, movies, apps, e-books,
and computer games are sold via platforms with social network functionality.
Often these products have so called positive network externalities: the valuation
of a client for a product increases (potentially marginal) when a related client
(e.g., a friend) buys the product, i.e., a product appears more valuable for a client
if a friend already owns the same product. In the presence of positive network
externalities, motivating a client to buy a product by lowering the price he has
to pay could incentivize his friends to also buy the product. Consequently, it
could increase future revenue. Thus, when trying to maximize revenue there is
an interesting trade off between the current and the future revenue.

We follow the work of Hartline et al. [7] for modeling network externalities
and (marketing) strategies in social networks with the goal of maximizing the

* The research leading to these results has received funding from the European
Unions Seventh Framework Programme (FP7/2007-2013) under grant agreement
no. 317532.

T.-Y. Liu et al. (Eds.): WINE 2014, LNCS 8877, pp. 44-57, 2014.
© Springer International Publishing Switzerland 2014
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seller’s revenue. We model the seller’s information about the clients’ valuations
by using a directed weighted graph or, more generally, by using submodular set
functions. For our positive results we assume that the seller has only incomplete
information about the valuations, i.e., we are in a Bayesian setting where the
seller is given a distribution of each client’s valuation but not the valuation itself.
The seller’s strategy decides (a) when to offer the product to a client and (b) at
which price. Thus each strategy assigns each client a (time, price)-pair.

In [7] a setting with full price discrimination is studied where a seller offers
a product sequentially for a different price to different clients. (See [2,4,5] for
further work on settings with full price discrimination.) While it gives a good
baseline to compare with, this approach has multiple drawbacks. First, process-
ing one client after the other and waiting for the earlier client’s decision requires
too much time if the number of clients is large. Second, price-discrimination
could appear unfair to the clients and could result in a negative reaction of some
clients [10]; moreover, it might be in conflict with legal requirements. On the
other side offering all clients the same price (i.e., a uniform price) reduces the
revenue significantly, namely, by a factor of logn, as we show below.

Hence, we introduce rounds such that in a round the product is offered to a
set of clients at the same time and we consider strategies with a limited number
of rounds and/or limited price discrimination. Specifically we study k-round
strategies where the product is offered to the clients in k& rounds with 1 <
k < n such that only clients that have purchased the product in a previous
round can influence the valuation functions of the clients to whom the product
is offered in the current round. Following [7] the strategies offer the product only
once to each client to avoid that clients behave strategically, i.e., wait for price
decreases in the future. We study two types of k-round strategies: (1) k-PD
strategies where each client has a personalized price (limited number of rounds),
and (2) k-PR strategies where all clients in the same round are offered the
same price (limited number of rounds and limited price discrimination). Thus,
k-PR strategies generalize the simple uniform price setting, where one might
distribute free copies at the beginning and then charge everyone the same price.
The setting in [7] corresponds to the n-PR setting. Throughout the paper we use
R to denote the optimal revenue achievable by an n-PR strategy. To summarize
we study the natural question of how many different prices/rounds are necessary
and sufficient if we want to achieve a constant factor approximation algorithm.

Our main results are: (1) There is a logn-PR strategy that achieves a con-
stant factor approximation of R for very general valuation functions, namely
probabilistic submodular valuation functions. Thus only logn different prices
are necessary. We show that this result is tight (up to constant factors) in two
regards: (a) It cannot be achieved with o(logn) rounds, even for very limited
valuations with deterministic and additive externalities. (b) There exists a con-
stant ¢ such that it is NP-hard to compute a c-approximation of ]?Z, no matter
how many rounds, i.e., maximizing revenue in k-PR strategies (as well as k-PD
strategies) is APX-hard. (2) There is a 2-PR strategy that achieves an O(logn)-
approximation of R. (3) We give (nearly) 1/16-approximation algorithms for
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the maximum revenue achievable by any k-PR strategy when compared to the
optimal k-PR strategy (i.e., not compared with R).

All algorithms we present are polynomial in the number of clients. Inter-
estingly, all of them make very limited use of the network structure: They only
exploit information about the neighbors of a node and not any global properties.

Discussion of Related Work. In the presence of network externalities two main
types of revenue maximizing strategies have been used in the literature: strate-
gies with price discrimination (each client pays a different price), and strategies
with uniform price (every paying client pays the same price). We have already
mentioned the work of Hartline et al. [7] on price discriminating strategies with n
rounds (n-PD). They study so-called influence-and-exploit strategies consisting
of two steps: (1) the influence step, in which the product is given for free to a
set of influence nodes; and (2) the exploit step, in which clients are approached
sequentially and each client is offered the product at a personalized price. Hart-
line et al. give a randomized influence-and-exploit strategy that gives an , © ,-
approximation of the optimal revenue R. Note that the revenue of our general-
ization to k-PD in Section 3 is quite close to this as it gives an 467%;/(,671)-
approximation. In particular for k& > 10 our strategy k-PD(gq) achieves more
than 95% of the revenue of their strategy. Moreover with the improvements of
Theorem 3 and k > 10 we get even better constants than [7]. Additionally, Hart-
line et al. present an algorithm that, together with a novel result on submodular
function maximization [3], 0.5-approximates the optimal influence set.

Later, Fotakis and Siminelakis [5] studied a restricted model of client valu-
ations and improved the approximation algorithms of Hartline et al. [7]. Fur-
thermore, they study the ratio between the optimal strategies and the optimal
influence-and-exploit strategies. Babaei et al. [2] experimentally evaluated sev-
eral marketing strategies without an influence step, instead giving the most
influential clients discounts. They conclude that discounts increase the revenue
in the considered artificial and real networks.

Influence-and-exploit strategies with uniform prices have been studied by Mir-
rokni et al. [9]. They use generic algorithms for submodular function maximiza-
tion to obtain an influence set with at least 1/2 of the revenue of the optimal
uniform price influence-and-exploit strategy, not of R. In both, [7] and [9], similar
graph models with concave influences (CG) are introduced as model for network
externalities.

Akhlaghpour et al. [1] study a different scenario with uniform prices, without
any price discrimination: The product is offered on k consecutive rounds to all
clients for the same price, and a client buys the product when its value exceeds
the price for the day. They present an FPTAS for the Basic scenario, where
a client buying the product immediately influences the valuation of the other
clients who then may also buy the product in the same round. A round ends
(the price changes) when no client is willing to buy the product for the current
price. This model does not fit well to our assumptions of limited time and a large
network. In the Rapid scenario, where buyers on the same day do not affect each
other (like in our setting) they show that no constant factor approximation is
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possible and give an O(log,, n) approximation. The main difference to our setting
is that in [1] the product has to be offered to every client (not having the product)
in each round and thus there is no influence round where clients get the product
for free.

For non-digital goods Ehsani et al. [4] study revenue maximizing strategies
with both price discrimination and uniform prices with full information about
the clients valuations and with production costs per unit in a setting where
clients arrive randomly. They give an FPTAS for the optimal uniform price.
Recall that we are studying digital goods without full information about the
valuation functions.

Haghpanah et al. [6] study submodular network externalities for bidders in
auctions and provide auctions that give a 0.25-approximation of the optimal
revenue. In our models the strategies have to offer items in rounds since the
clients are only influenced by clients, who bought the product in a previous
round; that is an important difference to the auctions in [6].

Structure of the paper. In Section 2, we present our model for networks ex-
ternalities as well as the different kinds of marketing strategies we consider in
this paper. In Section 3, we study the effect of restricting the number of rounds,
i.e., the effect of offering the product to several clients in parallel, but allowing
full price discrimination. In Section 4 we compare the optimal revenue achiev-
able with individual prices against the optimal revenue achievable with uniform
prices. Efficiently computable k-PR strategies are studied in Section 5. In Sec-
tion 6 we discuss several extensions of our model. All omitted proofs are provided
in the full version available online.

2 Preliminaries

We are given a network G = (V, E) of n clients V and edges E C V x V that
represent their relationships. Suppose that we want to offer a digital product
(i.e., the unit costs of the product are zero and we can produce an arbitrary
number of copies) to each client i € V for some price p; € R>¢ and maximize
our revenue. We call a client that has bought our product active client or buyer;
otherwise we call him inactive client. We define the valuation of client i € V' by
v; : V\ {i} = R>o, such that the valuation of ¢ only depends on his neighbors,
i.e., for A being the set of active clients and N; being the set of neighbors of i in G
holds v;(A) = v;(ANN;). We try to exploit this dependency of the valuation on
the status of the neighbors (called externality) by offering the product to clients
in a certain order, i.e., we want to compute an order on the clients. Furthermore,
we restrict ourselves to a single offer to each client. We assume that clients
are individually rational and have quasi-linear utilities. Thus client ¢ buys the
product if and only if the price p; is not larger than the valuation v;(A).

Valuation Functions. We describe the different models for externalities for
a client 4 € V and his active neighbors B. Our main focus is on submodular!

1A set function f : 2° — R is called submodular if for all X C Y C S and each
z € S\Y it holds that f(X U{z}) — f(X) > f(Y U{z}) — f(Y).
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valuation functions, based on the intuition that the positive influence of a fixed
neighbor does not increase when the set of active neighbors grows. Next we
define the models we consider in the paper:

— Simple Additive Model (SA). There are non-negative weights w; ; and w; ;
for (i,j) € E. The valuation of i is given by v;(B) = }_,c p(iy Wi;-

— Deterministic Submodular Model (DS). There are monotone, submodular
set functions g; : V\{i} = Rx>g. The valuation of 7 is given by v;(B) = g¢;(B).

— Probabilistic Submodular Model (SM) [6]. The valuation of 4 is given by
v;(B) = U; - g;(B) where g; : V\ {i} — [0,1] is a (publicly known) monotone,
submodular function with ¢;(V \ {¢}) = 1 and the private value ¥; > 0 is
drawn from a (publicly known) distribution with the CDF F;.

In the first two models the seller has full information about the valuation while
in the SM-model she only knows the distribution. We have that the DS-model
generalizes the SA model and the SM-model generalizes both the SA and the
DS-model. To simplify the presentation in this paper we state positive results
for the SM-model and hardness results (whenever possible) for the SA-model.
For all the models we call v;(@) the intrinsic valuation of client ¢ € V. Note that
v;(V'\ {i}) is the maximum valuation of client 7 € V' in each model. We will use
this fact for upper bounds on the revenue any strategy can extract from a client.

Seller Information. By the previous definitions the valuation functions model
the information of the seller about the real valuation of the clients. If the seller
has full information, the seller maximizes her revenue by setting p;, = v;(B),
where B are the active neighbors of i € V. For the case of incomplete information
price setting is more challenging. In particular, multiple prices could maximize
the expected payment, the so-called myopic prices, and we do not know in general
how likely it is that the client accepts one of those myopic prices.

Definition 1. Given a client i € V', and the set of active clients B C V' \ {i},
the myopic prices of client i are defined as argmaxper.,p - P [vi(B) > p|. If
P [v;(B) > 0] = 0 we define zero as the unique myopic price.

The frequently used monotone hazard rate condition implies that there is a
fi.8()

1-Fi,B(y)
for y > 0. If the hazard rate of f; p is a monotone non-decreasing function of

y > 0 where y satisfies F; p(y) < 1 we say that F; p has a monotone hazard rate.
In the SM-model with monotone hazard rates we assume that for each i € V
the CDF F; has monotone hazard rate. Note that for full information models,
F,g(y) =0and f; p(y) =0 for all y < v;(B) and F; g(y) = 1 for all y > v;(B).

unique myopic price. The hazard rate of a PDF f; g is defined to be

Lemma 1 ([7]). In the SM-model with monotone hazard rates each client has
a unique myopic price which is accepted with probability at least i For a set of
active clients B we denote the unique myopic price of client ¢ as p;(B).

We will also assume that we can compute this myopic price in polynomial time.

(Marketing) Strategies. A marketing strategy determines in each round to
which clients and at what prices the product is offered in this round. This choice
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may depend on the already visited clients, the active clients and the number of
rounds remaining.

Definition 2. A k-round (marketing) strategy is a probabilistic function s that
maps (C, B, j) to (V;,p), where C CV are the clients visited so far, B C C are
the buyers in the previous rounds, j € [k| is the current round, V; CV \ C are
the clients in round j, and p: V; —R>q gives the prices for clients in Vj.2

In the following we consider two classes of k-round strategies, (i) one where
each client gets an individual price, i.e., the rounds only influence the valuations
and place no additional restrictions on the price, and (ii) one where the seller
must set uniform prices in each round, and for each of them also the subclass of
Influence and Exploit (IE)-strategies, where the seller offers the product for free
to the clients of the first round, i.e., the price in the first round is fixed to 0. In
1-round strategies the seller has to offer the product to all clients at the same
time and thus network externalities do not come into play at all.

Price Discrimination. [k-PD] This class contains all k-round strategies. If
we set k = |V| we get the class of all possible strategies. For k > 2 we consider
the subclass [k-PD™] of k-round influence and exploit strategies, where the seller
gives the product for free to the clients selected in the first round.

Uniform Prices Per Round. [k-PR]| This class contains all k-round uni-
form price strategies, where all clients visited in the same round are offered the
same price. For k > 2 the k-round uniform price influence and exploit strategies
[k-PR'] are the k-PR strategies with the first round having uniform price 0.

Given a strategy s we use R(s ) to denote the (expected) revenue obtained by s.
By Rk D, Rk D> Rk pr and Rk ‘> We denote the optimal revenues achievable
by the above classes of strategies, where R = Rn pp is the optimal revenue

achievable by any strategy. Restricted to k-rounds and uniform prices, our main
goals are to achieve constant factor approximations of R and Ry pr.

3 Strategies with Individual Prices

In this section we analyze k-PD strategies, i.e., k-round strategies with full price
discrimination. We first show that maximizing the revenue of such strategies is
computationally hard even in the SA-model; in particular, we show that it is NP-
hard to approximate better than within a factor of 34k/(1+ 34k). The reduction
uses the fact that even in the SA-model, the problem of maximizing the revenue
of k-PD generalizes MAXIMUM k-CUT, and the latter is APX-hard [8].

Theorem 1. Mazimizing the revenue of k-PD, resp. k- PD[E, is APX-hard in
the SA-model; it is NP-hard to 1+34k -approzimate Rk PD, TESD. Rk s for k>2.

2 In principle it suffices that s(+,+,J) is defined on the possible outcomes of round j—1.
In particular for j =1 it has only to be defined for s(0,0,1).
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On the positive side we generalize the result in [7] to the SM-model with
monotone hazard rates and to k rounds. Specifically, we show that the following
IE strategy gives a constant factor approximation of the optimal k-round revenue
as well as of the optimal revenue R and can be computed in polynomial time.
We will use these results in the following sections as they imply that any k-PR
strategy that is an a-approximation of Ry pp is an O(a)-approximation of R.

Algorithm 1 (Strategy k-PD(q)). Let ¢ be in [0, 1].
1. Assign clients in V independently with probability ¢ to set V3. Give the
clients in V; the product for free.
2. Partition the clients in V' \ V; into sets Va,...,V} s.t. each client is in Vj
independently of the other client with probability (1 —¢q)/(k —1).
3. Offer the clients in Vj; the product in parallel for their myopic price.

To analyze the strategy we first consider the expected payment 7;(S) = p;(S) -
P [v;(S) > p;(S)] we can extract from a client ¢ given the active clients S. By the
definition of the myopic price, we can show that p;(S) = p; (V' \ {i}) - g:(S). The
crucial idea in Lemma 2 is now that we can lower bound the expected revenue
m;(S) collected from client ¢ by the maximum revenue that can be collect from
i, namely 7; (V' \ {i}), multiplied by the probability 8 that a client is in S. Note
that 3 is a function of ¢q. Theorem 2 then determines the value 5, which in turn
sets ¢. Finally we use a well-known property of submodular functions [7] to lower
bound the revenue of k-PD(q).

Lemma 2. Let S C V \ {i} be the random set of clients and let each client
J € V\{i} be in S independently with a probability of at least B. Then it holds
that Eg [m;(S)] > 8- m(V \ {i}).

Theorem 2. Consider the SM-model with monotone hazard rates. For g =1 —
st Hhaa it follows that R(k-PD(q)) > &5, 4 R and thus also Ry.pp >
e(h-1) B
de(k—1)—2k+4 11
For k = 2, buyers are only influenced by clients in the influence set and The-
orem 2 gives a 2-PD strategy, i.e., 2-PD(0.5), which achieves at least 111 of the
optimal revenue (a similar result was given in [7]). However the main challenge in
the above algorithm is to exploit also the externalities from the other preceding
rounds. The 2-round case will be crucial for our k-PR-algorithm in Section 5.

Corollary 1. Given the SM-model with monotone hazard rates, it follows that
Ripp > REp > 1 - R for k > 2.

Fotakis and Siminelakis [5] show that myopic prices are not necessarily optimal
for IE-strategies. They provide IE-strategies, using lower prices, that beat those
of [7] if the valuations follow the uniform additive model. In the following we
generalize this idea to (a) submodular valuations with monotone hazard rates
and (b) to the k-round setting. That is, we consider strategies that use different
discount factors a; for different rounds j. To be more precise in each round the
seller charges every client only an oj-fraction of his myopic price. Moreover, we
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also consider different probabilities ¢; for a client being assigned to round j. The
next theorem shows that charging less than the myopic price can improve the
overall revenue.

Algorithm 2 (Strategy k-PD(q,a)). Let ¢ and & be vectors of length k with
entries in [0, 1] and let the entries of ¢ sum up to 1.

1. Partition V into sets Vi,...,V} s.t. each client 4 € V is in V} independently
of the others with probability g;.
2. Offer the clients 7 € V; the product in parallel for price «; - p; where p; is
the myopic price of client i.
Theorem 3. Given the SM-Model with monotone hazard rates, for each k there
exist vectors q,a& such that R(k-PD(g,&)) > Cy - R, where C3 = 0.279, C5 =
0.298, Cs = 0.308, and Cyp = 0.311.

Computing C}, is a multi-parameter optimization problem (with 2k parameters)
that we solved numerically. More details are provided in the full version. Finally,
note that the Algorithms 1 and 2 use the network structure only in the compu-
tation of the myopic prices, which only requires to know the active neighbors.

4 Comparing Individual Prices to Uniform Prices

In this section we study k-PR strategies where there are k£ rounds and in each
round we offer the product to a subset of the clients for a uniform price. We first
analyze the impact that restricting the strategies to be uniform price strategies
has on the optimal revenue for a constant number of rounds. We show that in
the SM-model the optimal revenue can decrease in the worst case by a factor of
©(1/n). Thus, if we do not make assumptions on the probability distributions
we cannot do better than in each round just selecting the most valuable client
and offer the product to him for his myopic price. However, if we consider the
SM-model with monotone hazard rates the optimal revenue can decrease in the
worst case by a factor of ©(1/logn). As a result we will focus on models with
monotone hazard rates in the remainder of the paper.

Theorem 4. Assume that the valuations of the clients follow the SM-model.

1. For everye >0 and k > 1 there exists a network and valuations v; such that
P e B
Repr < )¢ Rppp- R R
2. For any network and valuations v;, Ri_-pr }LRl_pD.

>
1 pIE 1D
Z nRQ—'PD Z 4nR'

3. For any network and valuations v;, ﬁé_EPR
The next theorem shows three points: (1) Even with monotone hazard rates,
no k-PR strategy can be better than a k/H,-approximation of ]3%_7)@ and, thus,
also of R. Recall, that the SA-model satisfies the monotone hazard rate condition
and is a special case of a DS and an SM-model and thus these negative results
also extend to these models. Thus without price discrimination within a round
no constant factor approximation of R with o(logn) different rounds exists.



52 L. Cigler et al.

(2) Even with only 2 rounds the optimal 2-PR strategy achieves an O(logn)
approximation of ]%_EPD, which, by Corollary 1, achieves a 4-approximation of
R. Thus, the optimal 2-PR strategy achieves an O(logn) approximation of R.
This is a large improvement over the negative result from Theorem 4, which
holds for valuations that do not have monotone hazard rates. However, we show
in the next section that computing the optimal 2-PR strategy is NP-hard.

Theorem 5. Assume that valuations of the clients follow the SM-model with
monotone hazard rates.

1. For/\each k > 1 there exists a network and valuations v; such that ﬁk_pn <
Pf Ry.pp (even in the SA-model).

2. For any network and valuations v;, Ripr > . 11{ Ripp.

3. For any network and valuations v;, Ry, > H R2 D

Recall that we want to achieve a constant approximation of R using a uniform
price strategy. Thus, in the next section we give a polynomial time computable
k-PR strategy, with k£ € ©(logn), that achieves a constant factor approximation.

5 Strategies with Uniform Prices

In the analysis of the algorithms in Section 3 we exploited that the expected
revenue from a client ¢ was submodular in the set of active neighbors. This is
not true in the PR setting, as we can only extract revenue from a client if his
valuation is larger than the uniform price. Still we can show the following: (1) We
give a polynomial-time approximation scheme (PTAS) for one round strategies in
the SM-model with monotone hazard rates, i.e., for finding the optimal uniform
price for one round. (2) We show that finding an optimal 2-PR strategy is not
only NP-hard but also APX-hard, even for the DS-model. (3) We give a constant
factor approximation of R with O(logn) rounds for valuations from the SM-
model with monotone hazard rates. (4) From Section 4 we know that k-PR
strategies, where k is a constant, lose a factor of logn of the optimum revenue
when compared to R. Thus, in this case the best we can hope for is a constant
factor approximation of Ry. pRr, not of R. We have two such results: (4a) We
give a (1/16 — ¢) approximation of Rj.pr for the SM-model with monotone
hazard rates. (4b) We show that under certain conditions we can even give
a (1/4 — ¢)-approximation of Ry.pr. Combined with Theorem 5 this gives an
O(log(n)/k)-approximation of R in k rounds.

We first give a PTAS for computing the optimal price for the one round
setting. This will be a useful tool for the 2-round setting.

Algorithm 3. Let c = (1 —¢)~! and £ > 0.
1. Compute pmax = max;cy p;-
2. For all j € {0,...,|log.(e-n)]}: X
Compute the expected revenue R; for the uniform price p; = "=,
3. Return p; with maximal R;.
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Theorem 6. Given the SM-model with monotone hazard rates, then for each
e > 0 Algorithm 3 gives a 1-PR strategy s (i.e., a uniform price), such that
R(s) > (1 —¢€) - Ri_pr in polynomial time.

The basic idea of the proof is that the optimal uniform price p* cannot be
less than pmax/(e-n) and if we pick a price within (1 —€) of p* we get a (1 —¢)-
approximation of ]/%1_7:73.

Next we show that for two rounds the problem becomes APX-hard. That is
it is NP-hard to approximate better than within a factor of 259/260. The proof
is via a reduction from the dominated set problem. In this reduction a client
has valuation 1 iff at least one of its neighbors is in the dominating set, and
0 otherwise. This function is not additive and thus the result requires the DS-
model (and not the SA-model).

Theorem 7. Mazimizing the revenue of 2-PR, resp. 2-PRF . is APX-hard for
the DS-model (and also for the concave graph models of [7,9]), in particular, it
is not approzimable within 259/260.

Next we present the constant factor approximation of Rfor ke 2(logn). In
the following strategy the set A of clients for the first round is given. We will
then choose A using the 2-PD'E-strategy of Theorem 2 to get the final result.

Algorithm 4 (Strategy k-PR(c,A)). Let A C V be the influence set and
¢ > 1 be a constant.
1. Give the product to all clients in A for free in the first round.
2. Set (p1, P2, - ., Pt) to the myopic prices of the clients in V'\ A for the influence
set A in descending order.

3. Set §; = {z | Cfil > pi > IZ} and select the first £ — 1 non-empty sets.
4. Each of these sets S; becomes a set of clients that is offered the product in

one round with uniform price p(j) = min;es; p;.

Our analysis of this strategy only collects revenue for clients in V'\ A and only
exploits externalities induced by clients in A, i.e., from clients in the first round.
Thus this algorithm would have the same performance if all nodes in V' \ A are
offered the item in the same round but with & — 1 different prices.

We denote by k-PR*(c,q) the strategy where the influence set A is chosen
randomly such that each client is in A with probability ¢, independently of the
other clients. For the clients in the selected sets S; we extract at least 1/c of the
revenue the optimal 2-PD strategy would extract from them. Additional in each
set there is one client that gets his myopic price (i.e., an additional (1 — 1/¢)
factor of his optimal revenue). We show in the proof below that this second
contribution can be used to compensate for the optimal revenue of the clients
which are not in a selected set, resulting in the bound of the next theorem.

Theorem 8. Let c > 1 be a constant. Given valuations from the SM-model with
monotone hazard rates then for every 2-PD'C strategy s with influence set A

the strategy (k+1)-PR(c, A) achieves at least min{ i, (ck71)£(;?;i)k)(cf1)} of the

revenue R(s) of s.
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Proof. Consider the set V' \ A = {1,...,n} and let p := (p1,p2,...,Pn) be the
vector of (myopic) prices induced by A. W.l.o.g., we assume that the prices and
the corresponding clients are sorted in a descending order. By the definition
R(s) =322 bi P lvi > pil.

For each client i we denote the price charged by the strategy (k+1)-PR(c, A)
by p}. The uniform price in round j is denoted by p(j). Then the revenue of
(k +1)-PR(c, A) is given by: R((k+ 1)-PR(c,4)) =>"_, p; - P[v; > p}]

Now, by construction of S;, either pf > p;/c in the case where 7 is in one of the
selected sets (the first k non-empty sets), or p; = 0 otherwise.

Let J be the set of the indices of the selected sets and [ the largest index
among them. Let m be the number of clients that are offered the product, i.e.,
m is the client with the lowest myopic price in .5;.

Consider suitable chosen @ < 1/¢. For each client ¢ in a selected set the
algorithm collects at least a revenue of ap; - P [v; > p;]. Additionally for each
J € J there exists at least one client 4; € S; who is charged his myopic price and
thus the algorithm collects the full revenue pi; - P [vij > ﬁij].

R((k+1)-PR(c,A) > Y api-Ploy>pi]+(1—a) > p(i) - P [vi, > p(j)]
1<i<m jeJ

The first term is an a-approximation for the revenue of the first m clients. We
next relate the second term to the revenue of the remaining clients and compute
an approximation factor a such that:

(1=) p(G)-Ploy, 2p()] >a Y pi-Ploi> 5]

jeJ m+1<i<n

By the definition of the sets, p(j) > Ic’j and by the monotone hazard rate condi-
tion P [v;, > p(j)] > 1/e. Thus

c p1(1—c7k py (ck —
S o) Plu, =p()] = > pre—it = hi(1 ) _ (e =1)

_ — 1
jeT I—k+1<j<l € (e=1) (e=1)cle

Using (a) m >k, (b) Plv; >p;] < 1 and (c) p; < pr-c'foralli>m+1
we get >or 1 Pi - Plog > pi] < (n — k)pre”t. When resolving the inequality

(eamel =1 > 2B o obtain a < () <Y elr, = B- Now setting
a =min(f, 1/c) yields the claim. O

If the number of rounds is £2(log n) and we are using the influence set from the
2-PD' strategy 2-PD(0.5) in Theorem 2 we get a constant factor approximation.

Corollary 2. Assuming valuations from the SM-model with monotone hazard
rates, R(((log.n) + 1)-PR*(c,1/2)) > R/(4c- e) for any constant ¢ > 1.

Proof. Consider the 2-PD'™ strategy s from Theorem 2, i.e., 2-PD(0.5), which
is a 1/4-approximation of R, i.e., R(s) > R/4. Using the influence set A from
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s, i.e., randomly picking nodes with probability 1/2, we get that k-PR(c, 4) is
equal to k-PR*(c,1/2). If we set k = log,n + 1 then Theorem 8 shows that
R(((log,n) + 1)-PR*(¢,1/2)) > R(S)/(c - e). Combining the two results we get
a 4;,C—approximation of R. |

To obtain a k-PR strategy that matches the bound of Theorem 5 one can
first construct the ((log,.n) + 1)-PR*(c, 1/2) strategy from above. Then for the
k-PR strategy one uses the same influence set for the first round and for the
remaining rounds one picks the k — 1 rounds with the highest expected payment
in the strategy ((log,n) + 1)-PR*(c,1/2).2

Now let us consider 2-PR strategies. Due to the results in Section 4, the
best we can hope for is a constant factor approximation of Repr, not of R
or of Ry pp. We first show that we can restrict ourselves to approximating the
optimal IE strategy, as a revenue optimal IE strategy is within half of the revenue
optimal 2-PR strategies. The proof idea is to design two IE strategies, one for
the case that at least half of the revenue of the optimal k-PR strategy comes
from the first round, and one or the case that it does not. In either case, at most
half of the revenue is lost.

Lemma 3. Given valuations v; from the SM-model, then ﬁ,ﬁEPR > é]/ik_pn.
Thus it suffices to approximate ﬁ}EPR. We give a simple 2-round algorithm for
the SM-model that is based on our 1-round strategy from Algorithm 3.

Algorithm 5 (Strategy PR’’()). Let € be in Ryy.

1. Assign each client in V' to an influence set A, s.t. each client is a member of
A independently of the others with probability 1/2. Give the product to the
clients in A for free in the first round.

2. Use Algorithm 3 to compute a (1 — €)-approximation of the optimal revenue
for the given influence set A.

In the analysis of Algorithm 5 we first bound the probability that the valu-
ation of a client is larger than a fixed uniform price. This is different from the
approach in Section 3, where it was sufficient to argue about the expected rev-
enue we collect from a client. Then we use a technique similar to [9] to show

that R(PR"?(¢)) is a (1/8 — ¢)-approximation of E;?PR.
Theorem 9. Given valuations v; from the SM-model with monotone hazard

rates, then R(PR"®(g)) > (s —¢)- ]/%EPR for every e > 0.

Together with Lemma 3 we then obtain that the above algorithm achieves at
least 1/16 of Ro_pr in the SM-model with monotone hazard rates. By Theorem 5,
REPR isa I}In -approximation of Ré_EPD the above strategy is thus also a O( I_}n )-

approximation of R.
Corollary 3. Given valuations v; from the SM-model with monotone hazard
rates, then R(PR%®(e)) > (152[;5) - RIE,, > (11/6%;?) - R for every e > 0.

3 The authors are grateful to an anonymous reviewer for pointing this out.
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The above results can be generalized to k-PR strategies.

Theorem 10. Given valuations v; from the SM-model with monotone hazard
rates, for any k > 2 and € > 0 there exists a polynomial-time computable k-PR
strategy s such that R(s) > (é — 5) ~R£{EPR and thus R(s) > (116 — 5) - Rppr.

The proof of Theorem 10 exploits that (i) we only lose a constant factor when
ignoring the influence between the latter rounds and that (ii) when given the
influence set and an instance without influence between the other clients we can
give an approximation scheme for the optimal uniform prices and compute the
corresponding round assignment.

Mirrokni et al. [9] study a different less general model, called concave graph
model (CG). They give an algorithm that, under certain assumptions, finds an
influence set A which achieves at least 1/2 of the revenue achieved by the optimal
influence set. We extend this result to 2-PR'F strategies in the SM-model. The
key ideas of the proof are that (1) if the seller charges a uniform price sufficiently
close to the optimal price then she only loses an ¢ of the revenue and (2) once
the seller has fixed the posted price, under the assumptions of the theorem, the
expected revenue is a submodular function of the influence set.

Theorem 11. Let p > 0, M, > 0 and M, > 0 such that M, < M, - p. For
each client, let their valuations follow the SM-model with the following additional
assumptions: g;(0) > p > 0, and ¥; is drawn from a probability distribution F;
whose probability density function f; is positive, differentiable, non-decreasing on
(0, M,) and for all z € (0, M,), fi(x) < f for some constant f, and F;(0) = 0,
F;(M,) = 1. Let the price be in the interval 0 < p < M,. Then for every ¢ =
o(|[V|71) there is an algorithm finding a 2-PR'F strategy s, i.e., an influence set
A* and a uniform price p* for the second round, such that R(s) > (é — s) ~§§_EPR.

By Lemma 3, the algorithm of Theorem 11 achieves at least (1/4 —¢) of Ropr.

6 Extensions of the Model

Our models and results can be extended in several directions.

First, one can consider more general classes of externalities. In the General
Monotone Model (GM) the valuation v;(B) of i is drawn from a (known) dis-
tribution with the CDF F; p such that P [v;(B) > p] > P [v;(B’) > p] for all
B’ C B and p € Rx¢. Notice that the proofs of Theorems 4 and 8 do not ex-
ploit the fact that the valuations are from the SM-model and thus extend to the
GM-model.

Second, the monotone hazard rate condition can be relaxed. For all theorems,
except Theorem 3, the crucial part we use is that there is a myopic price with a
certain acceptance probability. The exact approximation bound then depends on
this acceptance probability. If one can guarantee a higher acceptance probability
than 1/e also the presented approximation guarantees improve. For instance, if
one considers only uniform distributions for ¥; then the acceptance probability of
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the myopic price is 1/2 and the approximation guarantee of Theorem 1 improves
to (k—1)/(3k — 2).

Third, one can consider different classes of marketing strategies. For instance
strategies where clients are split into k groups and ! rounds such that (a) each
client belongs to exactly one group and round, (b) all clients in the same group
are offered the same price independent of their round and (c) only clients that
have purchased the product in a previous round can influence the valuation
functions of the clients in the current round, but this influence is independent of
their group. For instance, a group could model all clients that live in the same
country, preferred clients, or an age group. Our results extend to this setting
as well. That is, one can get a constant factor of R using O(logn) different
groups/prices, but not with o(logn) different groups/prices.
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Abstract. In an e-Nash equilibrium, a player can gain at most € by
unilaterally changing his behaviour. For two-player (bimatrix) games
with payoffs in [0, 1], the best-known e achievable in polynomial time
is 0.3393 [23]. In general, for n-player games an e-Nash equilibrium can
be computed in polynomial time for an € that is an increasing function
of n but does not depend on the number of strategies of the players.
For three-player and four-player games the corresponding values of € are
0.6022 and 0.7153, respectively. Polymatrix games are a restriction of
general n-player games where a player’s payoff is the sum of payoffs from
a number of bimatrix games. There exists a very small but constant
€ such that computing an e-Nash equilibrium of a polymatrix game is
PPAD-hard. Our main result is that an (0.5+ §)-Nash equilibrium of an n-
player polymatrix game can be computed in time polynomial in the input
size and ;. Inspired by the algorithm of Tsaknakis and Spirakis [23], our
algorithm uses gradient descent on the maximum regret of the players.

1 Introduction

Approximate Nash Equilibria. Nash equilibria are the central solution con-
cept in game theory. Since it is known that computing an ezact Nash equilib-
rium [9,5] is unlikely to be achievable in polynomial time, a line of work has arisen
that studies the computational aspects of approximate Nash equilibria. The most
widely studied notion is of an e-approzimate Nash equilibrium (e-Nash), which
requires that all players have an expected payoff that is within € of a best re-
sponse. This is an additive notion of approximate equilibrium; the problem of
computing approximate equilibria of bimatrix games using a relative notion of
approximation is known to be PPAD-hard even for constant approximations [§].
So far, e-Nash equilibria have mainly been studied in the context of two-player
bimatriz games. A line of work [11,10,2] has investigated the best € that can
be guaranteed in polynomial time for bimatrix games. The current best result,
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due to Tsaknakis and Spirakis [23], is a polynomial-time algorithm that finds a
0.3393-Nash equilibrium of a bimatrix game with all payoffs in [0, 1].

In this paper, we study e-Nash equilibria in the context of many-player games,
a topic that has received much less attention. A simple approximation algo-
rithm for many-player games can be obtained by generalising the algorithm of
Daskalakis, Mehta and Papadimitriou [11] from the two-player setting to the
n-player setting, which provides a guarantee of e = 1 — 711 This has since been
improved independently by three sets of authors [3,18,2]. They provide a method
that converts a polynomial-time algorithm that for finding e-Nash equilibria in
(n — 1)-player games into an algorithm that finds a 2iE—NaSh equilibrium in
n-player games. Using the polynomial-time 0.3393 algorithm of Tsaknakis and
Spirakis [23] for 2-player games as the base case for this recursion, this allows us
to provide polynomial-time algorithms with approximation guarantees of 0.6022
in 3-player games, and 0.7153 in 4-player games. These guarantees tend to 1 as
n increases, and so far, no constant € < 1 is known such that, for all n, an e-Nash
equilibrium of an n-player game can be computed in polynomial time.

For n-player games, we have lower bounds for e-Nash equilibria. More pre-
cisely, Rubinstein has shown that when n is not a constant there exists a constant
but very small € such that it is PPAD-hard to compute an e-Nash equilibrium [22].
This is quite different from the bimatrix game setting, where the existence of
a quasi-polynomial time approximation scheme rules out such a lower bound,
unless all of PPAD can be solved in quasi-polynomial time [21].

Polymatrix Games. In this paper, we focus on a particular class of many-
player games called polymatriz games. In a polymatrix game, the interaction
between the players is specified by an n vertex graph, where each vertex repre-
sents one of the players. Each edge of the graph specifies a bimatrix game that
will be played by the two respective players, and thus a player with degree d
will play d bimatrix games simultaneously. More precisely, each player picks a
strategy, and then plays this strategy in all of the bimatrix games that he is
involved in. His payoff is then the sum of the payoffs that he obtains in each of
the games.

Polymatrix games are a class of succinctly represented n-player games: a poly-
matrix game is specified by at most n? bimatrix games, each of which can be
written down in quadratic space with respect to the number of strategies. This
is unlike general n-player strategic form games, which require a representation
that is exponential in the number of players.

There has been relatively little work on the approximation of polymatrix
games. Obviously, the approximation algorithms for general games can be ap-
plied in this setting, but to the best of our knowledge there have been no upper
bounds that are specific to polymatrix games. On the other hand, the lower
bound of Rubinstein mentioned above is actually proved by constructing poly-
matrix games. Thus, there is a constant but very small € such that it is PPAD-hard
to compute an e-Nash equilibrium [22], and this again indicates that approxi-
mating polymatrix games is quite different to approximating bimatrix games.
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Our Contribution. Our main result is an algorithm that, for every d in the
range 0 < 6 < 0.5, finds a (0.5 + §)-Nash equilibrium of a polymatrix game in
time polynomial in the input size and ;. Note that our approximation guarantee
does not depend on the number of players, which is a property that was not
previously known to be achievable for polymatrix games, and still cannot be
achieved for general strategic form games.

We prove this result by adapting the algorithm of Tsaknakis and Spirakis [23]
(henceforth referred to as the TS algorithm). They give a gradient descent algo-
rithm for finding a 0.3393-Nash equilibrium in a bimatrix game. We generalise
their algorithm to the polymatrix setting, and show that it always arrives at a
(0.5 + 9)-Nash equilibrium after a polynomial number of iterations.

In order to generalise the TS algorithm, we had to overcome several issues.
Firstly, the TS algorithm makes the regrets of the two players equal in every
iteration, but there is no obvious way to achieve this in the polymatrix setting.
Instead, we show how gradient descent can be applied to strategy profiles where
the regrets are not necessarily equal. Secondly, the output of the TS algorithm
is either a point found by gradient descent, or a point obtained by modifying the
result of gradient descent. In the polymatrix game setting, it is not immediately
obvious how such a modification can be derived with a non-constant number
of players (without an exponential blowup). Thus we apply a different analy-
sis, which proves that the point resulting from gradient descent always has our
approximation guarantee. It is an interesting open question whether a better
approximation can be achieved when there is a constant number of players.

An interesting feature of our algorithm is that it can be applied even when
players have differing degrees. Originally, polymatrix games were defined only
for complete graphs [19]. Since previous work has only considered lower bounds
for polymatrix games, it has been sufficient to restrict the model to only includ-
ing complete graphs, or in the case of Rubinstein’s work [22], regular graphs.
However, since this paper is proving an upper bound, we must be more careful.
As it turns out, our algorithm will find a 0.5-Nash equilibrium, no matter what
graph structure the polymatrix game has.

Related Work. An FPTAS for the problem of computing an e-Nash equilib-
rium of a bimatrix game does not exist unless every problem in PPAD can be
solved in polynomial time [5]. Arguably, the biggest open question in equilib-
rium computation is whether there exists a PTAS for this problem. As we have
mentioned, for any constant € > 0, there does exist a quasi-polynomial-time al-
gorithm for computing an e-Nash equilibria of a bimatrix game, or any game
with a constant number of players [21,1], with running time kCUogk) for a k x k
bimatrix game. Consequently, in contrast to the many-player case, it is not be-
lieved that there exists a constant € such that the problem of computing an
e-Nash equilibrium of a bimatrix game (or any game with a constant number
of players) is PPAD-hard, since it seems unlikely that all problems in PPAD have
quasi-polynomial-time algorithms. On the other hand, for multi-player games,
as mentioned above, there is a small constant e such that it is PPAD-hard to
compute an e-Nash equilibrium of an n-player game when n is not constant.
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One positive result we do have for multi-player games is that there is a PTAS
for anonymous games (where the identity of players does not matter) when the
number of strategies is constant [12].

Polymatrix games have played a central role in the reductions that have
been used to show PPAD-hardness of games and other equilibrium prob-
lems [9,5,13,15,6]. Computing an ezact Nash equilibrium in a polymatrix game
is PPAD-hard even when all the bimatrix games played are either zero-sum games
or coordination games [4]. Polymatrix games have been used in other contexts
too. For example, Govindan and Wilson proposed a (non-polynomial-time) al-
gorithm for computing Nash equilibria of an n-player game, by approximating
the game with a sequence of polymatrix games [16]. Later, they presented a
(non-polynomial) reduction that reduces n-player games to polymatrix games
while preserving approximate Nash equilibria [17]. Their reduction introduces a
central coordinator player, who interacts bilaterally with every player.

2 Preliminaries

We start by fixing some notation. We use [k] to denote the set of integers
{1,2,...,k}, and when a universe [k] is clear, we will use S = {i € [k],i ¢ S} to
denote the complement of S C [k]. For a k-dimensional vector z, we use z_g to
denote the elements of 2 with with indices S, and in the case where S = {i} has
only one element, we simply write x_; for z_g.

Polymatrix Games. An n-player polymatrix game is defined by an undirected
graph (V, E) with n vertices, where every vertex corresponds to a player. The
edges of the graph specify which players interact with each other. For each i € [n],
we use N (i) ={j : (4,5) € E} to denote the neighbours of player i, and we use
d(i) = |N(i)| to denote player i’s degree.

Each edge (i,j) € E specifies that a bimatrix game will be played between
players ¢ and j. Each player ¢ € [n] has a fixed number of pure strategies m;, and
the bimatrix game on edge (4, j) € E will therefore be specified by an m; x m;
matrix A;;, which gives the payoffs for player ¢, and an m; x m; matrix Aj;,
which gives the payoffs for player j. We assume that all payoff lie in the range
[0,1], and therefore each payoff matrix A;; lies in [0, 1]™ %™,

Strategies. A mized strategy for player i is a probability distribution over player
i’s pure strategies. Formally, for each positive integer k, we denote the (k — 1)-
dimensional simplex by Ay := {z : x € R*¥, 2 > 0, Zle x; = 1}, and therefore
the set of strategies for player ¢ is A,,,. For each mixed strategy x € A,,, the
support of x is defined as supp(z) := {i € [m] : x; # 0}, which is the set of
strategies played with positive probability by .

A strategy profile specifies a mixed strategy for every player. We denote the
set of mixed strategy profiles as A := A,,, x...x 4A,,, . Given a strategy profile
x = (x1,...,o,) € A, the payoff of player i under x is the sum of the payoffs
that he obtains in each of the bimatrix games that he plays. Formally, we define:
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ui(x) = al Z Agjx;. (1)

JEN(4)

We denote by wu;(z},x) the payoff for player i when he plays z} and the other
players play according to the strategy profile x. In some cases the first argument
will be z; — z} which may not correspond to a valid strategy for player ¢ but we
still apply the equation as follows:

wi(z; — xh, x) == ] Z Ajjaj —ziF Z Az =iz, x) — ui (2], x).
JEN(3) JEN(7)

Best Responses. Let v;(x) be the vector of payoffs for each pure strategy of
player i when the rest of players play strategy profile x. Formally,

vi(x) = Z Ajjx;.

JEN(4)

For each vector x € R™, we define suppmax(z) to be the set of indices that
achieve the maximum of x, that is, we define suppmax(z) = {i € [m] : z; >
xj,Vj € [m]}. Then the pure best responses of player i against a strategy profile
x (where only x_; is relevant) is given by:

Br;(x) = suppmax Z Ajjx; | = suppmax(v;(x)). (2)
JEN(4)

The corresponding best response payoff is given by:

ul (x) = m}gx ( Z Aijxj)k = m}?x{(vi(x))k}. (3)

JEN (i)

Equilibria. In order to define the exact and approximate equilibria of a polyma-
trix game, we first define the regret that is suffered by each player under a given
strategy profile. For each player i, we define the regret function f; : A — [0, 1] as:

Fi) = g (400 = i) (@)

Note that here we have taken the standard definition of regret, and divided it
by the player’s degree. This rescales the regret so that it lies in the range [0, 1],
which ensures that our approximation guarantee is comparable with those in
the literature. The maximum regret under a strategy profile x is given by the
function f(x) where:

f(X) = max{fl(x),...,fn(x)}. (5)

We say that x is an e-approximate Nash equilibrium (e-NE) if we have f(x) <'e,
and x is an ezact Nash equilibrium if we have f(x) = 0.
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3 The Gradient

Our goal is to apply gradient descent to the regret function f. In this section,
we formally define the gradient of f in Definition 1, and give a reformulation of
that definition in Lemma 3. In order to show that our gradient descent method
terminates after a polynomial number of iterations, we actually need to use a
slightly modified version of this reformulation, which we describe at the end of
this section in Definition 5.

Given a point x € A, a feasible direction from x is defined by any other
point X’ € A. This defines a line between x and x’, and formally speaking, the
direction of this line is x’ — x. In order to define the gradient of this direction,
we consider the function f((1 —€)-x +€-x') — f(x) where € lies in the range
0 < e < 1. The gradient of this direction is given in the following definition.

Definition 1. Given profiles x,x" € A and € € [0, 1], we define:
Df(x,x'.€) == f((1—¢) x+e-x) - f(x).

Then, we define the gradient of f at x in the direction x' — x as:

1
D ) =li D ' €).
fiex) = lim L Df(x %)
This is the natural definition of the gradient, but it cannot be used directly
in a gradient descent algorithm. We now show how this definition can be re-
formulated. Firstly, for each x,x’ € A, and for each player i € [n], we define:

D) = o (s {(0:6)),) = wlonx) +wlo -~ ox)) . )

Next we define K(x) to be the set of players that have maximum regret under
the strategy profile x.

Definition 2. Given a strategy profile x, define K(x) as follows:

K(x) = {i € ], £i(x) = F(x)} = { € [nl, £i(x) = maxfj<x>}. ()

j€ln]
The following lemma provides our reformulation.

Lemma 3. The gradient of [ at point x along direction x' — x is:

Df(Xv X/) = zgllCa(}:{c) Dfi(Xv X/) - f(X)

In order to show that our gradient descent algorithm terminates after a poly-
nomial number of steps, we have to use a slight modification of the formula given
in Lemma 3. More precisely, in the definition of D f;(x,x’), we need to take the
maximum over the §-best responses, rather than the best responses.

We begin by providing the definition of the J-best responses.
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Definition 4 (§-best response). Let x € A, and let § € (0,0.5]. The §-best
response set Brd(x) for player i € [n] is defined as:

Br{(x) i= {j € [m] : (i(x); = wi(x) = 3-d(i) } .

Observe that we have multiplied ¢ by d(z), because d(7) is the maximum possible
payoff that player i can obtain. We now define the function D f?(x,x’).

Definition 5. Let x,x' € A, let € € [0,1], and let 6 € (0,0.5]. We define
Df?(x,x') as:

/ 1 / / /
fo(X,X ) = d(Z) (kerg?:;}gx {(UZ ))k} - ui(l'iax ) - ui(xivx) +ui(xiax)> :
(®)

Furthermore, we define Df°(x,x') as:

Df*(e.x') = mx Dff(x.x) ~ f(x). (9)

Our algorithm works by performing gradient descent using the function D f°
as the gradient. Obviously, this is a different function to D f, and so we are not
actually performing gradient descent on the gradient of f. It is important to
note that all of our proofs are in terms of Df°, and so this does not affect the
correctness of our algorithm. We gave Lemma 3 in order to explain where our
definition of the gradient comes from, but the correctness of our algorithm does
not depend on the correctness of Lemma 3.

4 The Algorithm

In this section, we describe our algorithm for finding a (0.5+¢)-Nash equilibrium
in a polymatrix game by gradient descent. Each iteration of the algorithm com-
prises of two steps. First we find the direction of steepest descent with respect
to Df°, and then we determine how far we should move in that direction. In
this section, we describe these two components, and then we combine them in
order to give our algorithm.

The Direction of Steepest Descent. We show that the direction of steepest
descent can be found by solving a linear program. Our goal is, for a given strategy
profile x, to find another strategy profile x' so as to minimize the gradient
Df°(x,x"). Recall that Df° is defined in Equation (9) to be:
Df(x,x') = max Df‘s(x x") — f(x).
1€ (x)

Note that the term f(x) is a constant in this expression, because it is the same
for all directions x’. Thus, it is sufficient to formulate a linear program in order
to find the x’ that minimizes max; ¢ (x) Df?(x,x'). Using the definition of Df?
in Equation (8), we can do this as follows.
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Definition 6 (Steepest descent linear program). Given a strategy pro-
file x, the steepest descent linear program is defined as follows. Find x' € A,
li,l2, - lik(x)|, and w such that:

minimize w
subject to  (vi(x')), <l; Yk € Brf(x), Vi € K(x)

1 , , '
(i) (L = wiws, x') — ug(2f, %) +us(x)) <w Vi € K(x)

x € A.

The [; variables deal with the maximum in the term maxkeBr§(x){(vi(x’))k},

while the variable w is used to deal with the maximum over the functions Df?.
Since the constraints of the linear program correspond precisely to the definition
of Df®, it is clear that, when we minimize w, the resulting x’ specifies the direc-
tion of steepest descent. For each profile x, we define Q(x) to be the direction
x’ found by the steepest descent LP for x.

The Descent Distance. Once we have found the direction of steepest descent,
we then need to know how far we should move in that direction. This can also be
formulated as a linear program. Formally, given a strategy profile x and a descent
direction x’, we wish to find the e that minimizes the value of f(x + e(x’ — x)).
The following definition shows how to write this as a linear program.

Definition 7 (Optimal distance linear program). Given two strategqy pro-
files x and X’ we define the following linear program over the variables €, w, and
li, lo, ooy I

vi(x +e(x' —x)) <1; Vi € [n]
1 , _
d(i) (li +ui(x + e(x’ — X))) <w Vi € [n]
e € [0,1].

To see that this is correct, observe that we have simply expanded f(x+e(x’ —x))
using Equations (5) and (4). The [; variables are used to handle the max used in
the definition of v} (x) from Equation (3), and the variable w is used to minimise
the overall expression. Thus, in the solution to this LP, we have that the variable
e will hold the value that minimises the expression f(x + e(x’ — x)).

The Algorithm. We can now formally describe our algorithm. The algorithm
takes a parameter 6 € (0,0.5], which will be used as a tradeoff between running
time and the quality of approximation.
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Algorithm 1

1. Choose an arbitrary strategy profile x € A.
2. Solve the steepest descent LP with input x to obtain x’ = Q(x).

3. Solve the optimal distance linear program for x and x’. Let € be the
value returned by the LP, and set x := x + ¢(x’ — x).

4. If f(x) < 0.5+ ¢ then stop, otherwise go to step 2.

A single iteration of this algorithm corresponds to executing steps 2, 3, and 4.
Since this only involves solving two linear programs, it is clear that each iteration
can be completed in polynomial time. The rest of this paper is dedicated to
showing the following theorem, which is our main result.

Theorem 8. Algorithm 1 finds a (0.5 + 6)-NE after at most O( . ) iterations.

To prove Theorem 8, we will show two properties. Firstly, in Section 5, we show
that our gradient descent algorithm never gets stuck in a stationary point before
it finds a (0.5 4+ §)-NE. To do so, we define the notion of a §-stationary point,
and we show that every d-stationary point is at least a (0.5 + ¢)-NE, which then
directly implies that the gradient descent algorithm will not get stuck before it
finds a (0.5 4 6)-NE.

Secondly, in Section 6, we prove the upper bound on the number of iterations.
To do this we show that, if an iteration of the algorithm starts at a point that
is not a §-stationary point, then that iteration will make a large enough amount
of progress. This then allows us to show that the algorithm will find a (0.5 + §)-
NE after O( 512) many iterations, and therefore the overall running time of the
algorithm is polynomial.

5 Stationary Points

Recall that Definition 6 gives a linear program for finding the direction x’ that
minimises D f%(x,x’). Our steepest descent procedure is able to make progress
whenever this gradient is negative, and so a stationary point is any point x for
which D f%(x,x’) > 0. In fact, our analysis requires us to consider d-stationary
points, which we now define.

Definition 9 (0-stationary point). Let x* be a mized strategy profile, and let
0 > 0. We have that x* is a §-stationary point if for all X' € A:

Df(x*,x") > —4.

We now show that every d-stationary point of f(x) is a (0.5 + §)-NE. Recall
from Definition 5 that:

) AN ) AN x).
Df (x,X)—ig}Ca&)Dfi (x,x") — f(x)
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Therefore, if x* is a d-stationary point, we must have, for every direction x’:

f(x*) < max Df>(x*,x')+ 6. (10)
1€X(x)
Since f(x*) is the maximum regret under the strategy profile x*, in order to
show that x* is a (0.5 + §)-NE, we only have to find some direction x’ such that
that max;cx(x) Df?(x,x") < 0.5. We do this in the following lemma.

Lemma 10. In every stationary point x*, there exists a direction X' such that:

max Df?(x*,x') <0.5.

1€(x)
Proof. First, define X to be a strategy profile in which each player i € [n] plays
a best response against x*. We will set x’ = *1* . Then for each i € K(x), we
have that Df?(x*,x'), is less than or equal to:

d(li) ( max {(Uz‘(igx ))k}fuz'(;p:’XJ;x )ui(xi;xi,x*)Jrui(xf,x*))

keBrf (x*)

1 1 _ N 1 . 1 .
=ty (e (), = a0 )

1 — * * — — *
< 2ati) <m<) (), 3+ x| {(066)),) = (o7, — i >)
= 2d1(i) (kegl?ic*) {(vi (i))k} — ul(xf,x)> because Z; is a b.r. to z*
< P max {(w®),}

X i

- Zd(l) kGBr?(x*) k

1 1
< -d(1) = .
< ga() 40 =y

Thus, the point x" satisfies max;cx(x) Dff(x*,x') < 0.5. O

We can sum up the results of the section in the following lemma.

Lemma 11. Every §-stationary point x* is a (0.5 + §)-Nash equilibrium.

6 The Time Complexity of the Algorithm

In this section, we show that Algorithm 1 terminates after a polynomial number
of iterations. Let x be a strategy profile that is considered by Algorithm 1, and
let x’ = Q(x) be the solution of the steepest descent LP for x. These two profiles
will be fixed throughout this section. Recall that Algorithm 1 moves from x to
the point X := x + €(x’ — x), where ¢ is found by solving the optimal distance
linear program. In this section, we show a lower bound on f(x+e€(x’—x))— f(x),
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which corresponds to showing a lower bound on the amount of progress made
by each iteration of the algorithm.

To simplify our analysis, we show our lower bound for € = 5_‘?_2, which will be
fixed throughout the rest of this section. Since € = 5i2 gives a feasible point in
the optimal distance linear program, a lower bound for the case where € = 5_‘?_2
is also a lower bound for the case where € solves the optimal distance LP.

We first prove a lemma that will be used to show our bound on the number of
iterations. To simplify our notation, throughout this section we define fnew =
f(x+e(x'—x)) and f := f(x). Furthermore, we define D = max;e[,) D f? (x,x’).
The following lemma gives a relationship between f and fiew-

Lemma 12. In every iteration of Algorithm 1 we have:
f,Lew—fSE(D—f)—I—GZ(l—D). (11)

In the next lemma we prove that, if we are not in a d-stationary point, then
we have a bound on the amount of progress made in each iteration. We use this
in order to bound the number of iterations needed before we reach a point x
where f(x) < 0.5+ 4.

Lemma 13. Fix where 0 < § < 0.5. Fither x is a d-stationary point

or:

_ 5
€= 5127

e < (1 - (5j2)2> f (12)

Proof. Recall from Lemma 12 the gain in each iteration of the steepest descent is:
frew — f < e(D— f)+€(1-D). (13)
We consider the following two cases:

a) D — f > —¢. Then, by definition, we are in a d-stationary point.
b) D — f < —¢§. We have set € = 5i2. If we solve for § we get that § =
Since D — f < —d, we have that (D — f)(1 — €) < —2e. Thus we have:

1—e"

(D—f)(e—1) > 2¢
0>(D—f)1—e)+2e
0>D—-f)+e2-D+f)
—ef—e>(D—-f)+e(1-D) (e >0)
—Ef—>e(D—f)+(1-D).

Thus, since €2 > 0 we get:

—Ef>e(D— f)+ (1 - D)
> frew — f According to (13).



Computing Approximate Nash Equilibria in Polymatrix Games 69

Thus we have shown that:

fnew - f S - sz
frew S(l - Gz)f-
Finally, using the fact that e = 5i2, we get that

5 2
f?LemS(l_(5+2) >f

So, when the algorithm has not reached yet a d-stationary point, there is a
decrease on the value of f that is at least as large as the bound specified in (12)
in every iteration of the gradient descent procedure. In the following lemma we
prove that after O( 512) iterations of the steepest descent procedure the algorithm
finds a point x where f(x) < 0.5+ 4.

Lemma 14. After O( 512) iterations of the steepest descent procedure the algo-
rithm finds a point x where f(x) < 0.5+ 6.

O

Proof. Let x1, X2, ..., X} be the sequence of strategy profiles that are considered
by Algorithm 1. Since the algorithm terminates as soon as it finds a (0.5+9)-NE,
we have f(x;) > 0.5+ J for every i < k. Therefore, for each i < k we we can
apply Lemma 11 to argue that x; is not a J-stationary point, which then allows
us to apply Lemma 13 to obtain:

Fxin) < (1 - (5j2>2> 7).

So, the amount of progress made by the algorithm in iteration 7 is:
5 \2
Fx0) = fxisn) = fx) - (1 (512 ) )
5 \2

5 2
> -0.9.
—(5+2) 05

Thus, each iteration of the algorithm decreases the regret by at least (5_‘?_2 )2-0.5.
The algorithm starts at a point x; with f(x;) < 1, and terminates when it
reaches a point x; with f(xx) < 0.5 4 0. Thus the total amount of progress
made over all iterations of the algorithm can be at most 1 — (0.5+ 0). Therefore,
the number of iterations used by the algorithm can be at most:

1-(05+0) _ 1-05

<5i2)2 0.5 - <5i2)2 -0.5

(§+2)2 6% 45 4
- 52 :52+52+52'
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Since § < 1, we have that the algorithm terminates after at most O( 512) itera-
tions. O

Lemma 14 implies that that after polynomially many iterations the algorithm
finds a point such that f(x) < 0.5+ ¢, and by definition such a point is a
(0.5 4 6)-NE. Thus we have completed the proof of Theorem 8.

7 Conclusions and Open Questions

We have presented a polynomial-time algorithm that finds a 0.5-Nash equilib-
rium of a polymatrix game. Though we do not have examples that show that
the approximation guarantee is tight for our algorithm, we do not see an obvious
approach to prove a better guarantee. The initial choice of strategy profile affects
our algorithm, and it is conceivable that one may be able to start the algorithm
from an efficiently computable profile with certain properties that allow a better
approximation guarantee. One natural special case is when there is a constant
number of players, which may allow one to derive new strategy profiles from a
stationary point as done by Tsaknakis and Sprirakis [23]. It may also be possible
to develop new techniques when the number of pure strategies available to the
players is constant, or when the structure of the graph is restricted in some way.

This paper has considered e-Nash equilibria, which are the most well-studied
type of approximate equilibria. However, e-Nash equilibria have a drawback:
since they only require that the expected payoff is within € of a pure best re-
sponse, it is possible that a player could be required to place probability on
a strategy that is arbitrarily far from being a best response. An alternative,
stronger, notion is an e-well supported approzimate Nash equilibrium (e-WSNE).
It requires that players only place probability on strategies that have payoff
within € of a pure best response. Every e-WSNE is an e-Nash, but the converse
is not true. For bimatrix games, the best-known additive approximation that
is achievable in polynomial time gives a (3 — 0.0047)-WSNE [14]. It builds on
the algorithm given by Kontogiannis and Spirakis that achieves a g—WSNE in
polynomial time [20]. Recently a polynomial-time algorithm with a better ap-
proximation guarantee have been given for symmetric bimatrix games [7]. Note,
it has been shown that there is a PTAS for finding e-WSNE of bimatrix games if
and only if there is a PTAS for e-Nash [9,5]. For n-player games with n > 2 there
has been very little work on developing algorithms for finding e-WSNE. This is
a very interesting direction, both in general and when n > 2 is a constant.
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Optimal Cost-Sharing in Weighted Congestion
Games
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Abstract. We identify how to share costs locally in weighted congestion
games with polynomial cost functions in order to minimize the worst-case
price of anarchy (PoA). First, we prove that among all cost-sharing meth-
ods that guarantee the existence of pure Nash equilibria, the Shapley
value minimizes the worst-case PoA. Second, if the guaranteed existence
condition is dropped, then the proportional cost-sharing method mini-
mizes the worst-case PoA over all cost-sharing methods. As a byproduct
of our results, we obtain the first PoA analysis of the simple marginal
contribution cost-sharing rule, and prove that marginal cost taxes are
ineffective for improving equilibria in (atomic) congestion games.

Keywords: cost-sharing, selfish routing, congestion games.

1 Introduction

Sharing Costs to Optimize Equilibria. Weighted congestion games [35] are a
simple class of competitive games that are flexible enough to model diverse
settings (e.g., routing [38], network design [3], and scheduling [26]). These games
consist of a ground set of resources E and a set of players N who are competing
for the use of these resources. Every player i € NN is associated with a weight
w;, and has a set of strategies P; C 2F, each of which corresponds to a subset
of the resources. Given a strategy profile P = (P;);en, where P; € P;. The
set of players S; = {i : j € P;} using some resource j € F generates a social
cost Cj(f;) on this resource (e.g., Cj(f;) = - f{), which is a function of their
total weight f; = 3, s, Wi this joint cost could represent monetary cost, or
a physical cost such as aggregate queueing delay [40]. The social cost of every
resource can be distributed among the players using it. As a result, each player
i suffers some cost ¢;;(P) from each of the resources j € P;, and its goal is to
choose a strategy that minimizes the cost > .. p ¢;;(P) that it suffers across all
the resources that it uses.
How can a system designer minimize the sum of the players’ costs

SN (P = D> Cilfy) (1)
€N jEP; JEE

over all possible outcomes P? The answer depends on what the designer can do.
We are interested in settings where centralized optimization is infeasible, and

T.-Y. Liu et al. (Eds.): WINE 2014, LNCS 8877, pp. 72-88, 2014.
© Springer International Publishing Switzerland 2014
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the designer can only influence players’ behavior through local design decisions.
Precisely, we allow a designer to choose a cost-sharing rule that defines what
share &;(i,5;) of the joint cost C;(f;) each player i € S; is responsible for
(s0 ¢;5(P) = &;(4,5;)). Such cost-sharing rules are “local” in the sense that they
depend only on the set of players using the resource, and not on the users of other
resources. Given a choice of a cost-sharing rule, we can quantify the inefficiency
in the resulting game via the price of anarchy (PoA) — the ratio of the total cost
at the worst equilibrium and the optimal cost. The set of equilibria and hence
the PoA are a complex function of the chosen cost-sharing rule.
The goal of this paper is to answer the following question.

Which cost-sharing rule minimizes the worst-case PoA in polynomial
weighted congestion games?

In other words, when a system designer can only indirectly influence the game
outcome through local design decisions, what should he or she do?

The present work is the first to study this question. Previous work on the
PoA in weighted congestion games, reviewed next, has focused exclusively on
evaluating the worst-case PoA with respect to a single cost-sharing rule. Previous
work on how to best locally influence game outcomes in other models is discussed
in Section 1.2.

Ezxample: Proportional Cost Sharing. Almost all previous work on weighted con-
gestion games has studied the proportional cost-sharing rule [4, 6, 18, 20, 21, 29,
30, 36]. According to this rule, at each resource j, each player ¢ € S; is responsi-
ble for a w;/ f; fraction of the joint cost, i.e., a fraction proportional to its weight.
The worst-case PoA is well understood in games with proportional cost sharing.
For polynomial cost functions C;(f;) of maximum degree d, the worst-case PoA
is ¢4, where ¢q = O(d/Ind) is the positive root of f4(z) = 2% — (z + 1)471 [2].
One of the main disadvantages of this cost-sharing rule is that it does not guar-
antee the existence of a pure Nash equilibrium (PNE), but the upper bounds
are still meaningful since they apply to much more general equilibrium concepts,
like coarse correlated equilibria, which do exist [37].

Example: Shapley Cost Sharing. The only other cost-sharing rule for which the
worst-case PoA of weighted congestion games is known is the Shapley cost shar-
ing rule. The cost shares defined by the Shapley value can be derived in the
following manner: given an ordering over the users of a resource, these users
are introduced to the resource in that order and each user is responsible for
the marginal increase of the cost caused by its arrival. The Shapley cost share
of each user is then defined as its average marginal increase over all orderings.
Unlike proportional cost sharing, this cost-sharing rule guarantees the existence
of a PNE in weighted congestion games [25]. The worst-case PoA of this rule
for polynomials of maximum degree d is Xg, where x4 = 0.9 - d is the root of
ga(r) =3 2% — (z +1)% — 1 [25].
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Other Cost-Sharing Rules. Without the condition of guaranteed PNE existence,
there is obviously a wide range of possible cost-sharing rules. The space of rules
that guarantee the existence of PNE is much more limited but still quite rich. [19]
showed that the space of such rules correspond exactly to the weighted Shapley
values. This class of cost-sharing rules generalizes the Shapley cost sharing rule
by assigning a sampling weight \; to each player i. The cost shares of the play-
ers are then defined to be an appropriately weighted average of their marginal
increases over different orderings (see Section 2.1); hence the “design space” is
(k — 1)-dimensional, where k is the number of players.!

1.1 Owur Results

Our two main results resolve the question of how to optimally share cost in
weighted congestion games to minimize the worst-case PoA.

Main Result 1 (Informal): Among all cost-sharing rules that guarantee the
existence of PNE, the worst-case PoA of weighted congestion games is minimized
by the Shapley cost sharing rule.

For example, the plot of Figure 1 shows how the worst-case PoA varies for a
well-motivated subclass of the weighted Shapley rules parameterized by a vari-
able v (details are in Section 2.1). The PoA of these cost-sharing rules varies and
it exhibits discontinuous behavior, but in all cases it is at least as large as the
PoA when the parameter value is v = 0, which corresponds to the (unweighted)
Shapley cost-sharing rule.

Main Result 2 (Informal): Among all cost-sharing rules, the worst-case PoA
of weighted congestion games is minimized by the proportional cost sharing rule.

In the second result, we generously measure the PoA of pure Nash equilibria
only in instances where such equilbria exist. That is, our lower bounds construct
games that have a PNE that is far from optimal. For the optimal rule (propor-
tional cost-sharing), however, the PoA upper bound applies more generally to
equilibrium concepts that are guaranteed to exist, including coarse correlated
equilibria.

As a byproduct of our results, we also obtain tight bounds for the worst-
case PoA of the marginal contribution cost-sharing rule (see Section 2.2). The
marginal contribution rule defines individual cost shares that may in general add
up to more than the total joint costs, but we show that, even if any additional
costs are disregarded, which reduces this policy to marginal cost taxes, the worst-
case PoA remains high.

! The sampling weights A; can be chosen to be related to the players’ weights w;, or
not. The joint cost is a function of players’ weights w;; the sampling weights only
affect how this joint cost is shared amongst them.
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Fig. 1. PoA of parameterized weighted Shapley values for quadratic resource costs

1.2 Further Related Work

This paper contributes to the literature on how to design and modify games
to minimize the inefficiency of equilibria. Several previous works consider how
the choice of a cost-sharing rule affects this inefficiency in other models: [33] in
participation games; [11, 15] in the network cost-sharing games of [3]; [32, 31, 22]
in queueing games; and [28] in distributed welfare games. Closely related in
spirit is previous work on coordination mechanisms, beginning with [12] and
more recently in [23, 5, 24, 8, 13, 1, 14]. Most work on coordination mechanisms
concerns scheduling games, and how the price of anarchy varies with the choice
of local machine policies (i.e., the order in which to process jobs assigned to
the same machine). Some of the recent work comparing the price of anarchy of
different auction formats, such as [27, 7, 41], also has a similar flavor.

1.3 Organization of the Paper

In Section 2, we restrict ourselves to cost-sharing rules that guarantee the exis-
tence of PNE and we prove worst-case PoA bounds for such policies. In Section 3,
we remove this restriction and we provide lower bounds for the worst-case PoA
of arbitrary cost-sharing rules.

2 Cost-Sharing Rules That Guarantee PNE Existence

In this section we restrict our attention to cost-sharing rules that guarantee the
existence of a PNE. This class of cost-sharing rules corresponds to weighted
Shapley values, parameterized by a set of sampling weights \;, one for each
player i [19]. We focus on congestion games with resource cost functions C;(f;)
that are polynomials with positive coefficients and maximum degree d > 1, and
we provide worst-case PoA bounds parameterized by d. Note that every game
with such cost functions has an equivalent game such that all cost functions
have the form a - z* for a > 0 and k € [1,d] (each resource is decomposed into
many resources of this form that can only be used as a group). Hence, we will
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be assuming that all games studied in what follows have cost functions of the
form Cj(z) = o - 2% . We conclude this section with a byproduct of our results:
tight worst-case PoA bounds for the marginal contribution cost-sharing rule.

2.1 Weighted Shapley Values

We first describe how a weighted Shapley value defines payments for the players
S that share a cost given by function C(-). For a given ordering 7 of the players
in S, the marginal cost increase caused by player ¢ is C(f] +w;) — C(fF), where
fT denotes the total weight of the players preceding ¢ in 7. Given a distribution
over orderings, the cost share of player ¢ is given by

Er [C(fff +wi) — C(f)]. 2)

A weighted Shapley value then defines a distribution over orderings by assigning
to each player 7 a sampling parameter \; > 0: the last player of the ordering is
picked with probability proportional to its A;; given this choice, the penultimate
player is chosen randomly from the remaining ones, again with probability pro-
portional to its A;, and so on. Below we present an example of how the values
of the \;’s lead to the distribution over orderings of the players.

Ezxample 1. Consider players a,b,c, with sampling parameters 1, 2,3, respec-
tively. The probability that a is the last in the ordering is 1/(1+2+3). Similarly
we get 2/(1 + 2 + 3) for player b and 3/(1 + 2 + 3) for player c. Also, suppose ¢
was chosen to be the last, then the probability that b is the second is 2/(1 + 2),
while the probability that a is the second is 1/(1 4 2). This yields the following
distribution over orderings: 1/3 probability for ordering (a, b, ¢), 1/4 for (a, ¢, b),
1/6 for (b, a,c), 1/10 for (b,c,a), 1/12 for (¢,a,b), and 1/15 for (¢, b, a).

Defining a weighted Shapley value reduces to choosing a A; value for each
player i. In weighted congestion games the weight w; of each player fully defines
the impact that this player has on the social cost of the resources it uses. Hence,
this is the only pertinent attribute of the player and it would be natural to
assume that )\; depends only on the value of w;. Nevertheless, our results hold
even if we allow the value of \; to also depend on the ID of player i, which enables
treating players with the same weight w; differently in an arbitrary fashion.

We first focus on an interesting subclass of weighted Shapley values for which
A; is a function of w; parameterized by a real number ~y. In particular, we let the
sampling parameter \; of each player i be \; = A(w;) = w;. Within this class,
which contains all the previously studied weighted Shapley value variants, we
prove that the unweighted Shapley value is optimal with respect to the PoA. We
then extend this result, proving that the optimality of the unweighted Shapley
value remains true even if we let A; be an arbitrary continuous function.

A parameterized class of weighted Shapley values. For the weighted Shapley
values induced by a function of the form A(w;) = w;, we show that their PoA

lies between that of the (unweighted) Shapley value, i.e., approximately (0.9-d)4,
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and (1.4 - d)?. This class of \; values is interesting because it contains all the
well-known weighted Shapley values: If v = 0, then the induced cost-sharing
rule is equivalent to the (unweighted) Shapley value. With v = —1, we recover
the most common weighted Shapley value [39]. For v — 400 (resp. v — —00)
we get the order-based cost-sharing rule that introduces players to the resource
from smallest to largest (resp. largest to smallest) and charges them the increase
they cause to the joint cost when they are introduced. Also, as we show with
Lemma 1, this class of A; values is natural because these are the only ones
that induce scale-independent cost-sharing rules when the cost functions of the
resources are homogeneous (e.g., in our setting which has C;(z) = o xf)

Lemma 1. For any homogeneous cost function, the weighted Shapley value cost-
sharing rule is scale-independent if and only if N(w) = w? for some v € R.

The parameter v fully determines our cost-sharing rule. Higher values of );
for some player i imply higher cost shares so, if v > 0, this benefits lower weight
players, and if v < 0, this benefits higher weight players. We therefore use v in
order to parameterize the PoA that the cost-sharing rules of this class yield. The
following theorem, which follows directly from Lemma 2 and Lemma 3, shows
that, for any value of v other than 0, the PoA of the induced cost-sharing rule
is strictly worse. Figure 1 plots the PoA for d = 2.

Theorem 1. The optimal PoA among weighted Shapley values of the form
Mw;) = w] is achieved for v = 0, which recovers the (unweighted) Shapley
value. Hence, the optimal PoA is approzimately (0.9 - d)?.

Before presenting our lower bounds in Lemma 2 and Lemma 3, we begin with
an upper bound on the PoA of any weighted Shapley value, for polynomials with
maximum degree d.

Theorem 2. The PoA of any weighted Shapley value is at most
—d
(25 - 1) ~ (1.4-d)*.
Proof. Let P be a PNE and P* the optimal profile. We get

DCUN =YD 68 =)D &68) <> > &(0,5u{i}). (3)

jJEE JEEEN i€EN jEP; i€N jeP;

The inequality follows from the equilibrium condition on P. Note that, when
the cost-sharing method is a weighted Shapley value and the resource costs are
convex, the cost share of any player on any resource is upper bounded by the
increase that would be caused to the joint resource cost if that player was be the

last in the ordering. This means that for every j € P we get

& (1,95 U{i}) < Cj(fj +wi) = C(f)- (4)
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Combining (3) with (4), we get

SCH) <D s +wi) = Cilfy) (5)

JEE i€EN jepP;
=33 Gl +w) - Ci(fy) (6)
JEE i:jEP}
<Y Cilfy+ 1) = Ci(fy), (7)
JEE

where f7 is the total weight on j in P*. The last inequality follows by convexity
of the expression as a function of w;. We now claim that the following is true,
for any z,y > 0, and d > 1:

(+y)d =2t <Ayl +p-a? (8)

with
5 _ 9d-1)/d | (21/d _ 1)‘“‘”

We can verify this as follows. Note that, without loss of generality, we can set
y = 1 (equivalent to dividing both sides of (8) with y? and renaming x/y to q).
We can then see that the value of ¢ that maximizes (¢ + 1) — (2 + 1) - ¢%, and,
hence, is the worst case for (8), is ¢ = 1/(2'/¢ — 1), for which inequality (8) is
tight. Also, note that the expressions for A and [1 are increasing as functions of
d, which implies that the given values for degree d, satisfy (8) for smaller degrees

as well. This means we can combine (7), (8), and (9), to get

S CH) <Y NGl + - Ci(fy). (10)

JjEE jeE

and fi = 2(@=D/d _ 1 9)

. . S a —d
Rearranging, we get > . Ci(f5)/ 2ep Ci(ff) < A (a+1) = (2vd — 1),
which completes the proof. a

We now proceed with our lower bounds for v # 0.

Lemma 2. The PoA of any weighted Shapley value of the form A w;) = w],
for v >0 is at least

(25 - 1)7d ~ (1.4-d)? .

Proof. Define p = (2'/¢ — 1)~! and let T be a set of p/e players with weight e
each, where ¢ > 0 is an arbitrarily small parameter. Consider a player ¢ with
weight w; = 1 and suppose she uses a resource j with cost function Cj(x) = x4
with the players in T, for our weighted Shapley value with v > 0. We now argue
that, as we let € — 0, the cost share of i in j becomes (p+1)? — p?. Consider the
probability p that ¢ is not among the last ¢ - |T'| players of the random ordering
generated by our sampling weights (i.e., 4 is not among the first § - |T'| players
sampled), for some 6 < 1. This probability is upper bounded by the probability
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that 4 is not drawn, using our sampling weights, among everyone in T U {i},
0 -|T| = & - p/e times. Note that the sampling weight of ¢ is 1 and the total
sampling weight of the players in T is p - €~!. Hence, if v > 1, we get:

1 é-pfe 1 é-pfe
p S 1- S 1- i (11)
1+p-ert 1+p
which goes to 0 as ¢ — 0. Similarly, if v < 1, we get:
§-p/e

1 p 1
<|({1- < -5 - 12
p‘( 1+p~671) _eXp< € 1+p~671)’ (12)

which always goes to 0 as € — 0, for any arbitrarily small § > 0. Then, by letting
§ — 0, our claim that the cost share of i is (p+1)% — p? follows by the definition
of the weighted Shapley value. Similarly, it follows that if a player with weight w
shares a resource with cost function a-x% with p/e players with weight w € each,
her cost share will be a - w? - ((p +1)¢ — p?) (since scaling the cost function and
the player weights does not change the fractions of the cost that are assigned to
the players), which, for our choice of p is equal to a - w? - p?.

Using facts from the previous paragraph as building blocks, we construct a
game such that the total cost in the worst equilibrium is p? times the optimal.
Suppose our resources are organized in a tree graph G = (E, A), where each
vertex corresponds to a resource. There is a one-to-one mapping between the set
of edges of the tree, A, and the set of players of the game, N. The player i, that
corresponds to edge (4, j'), has strategy set {{j}, {j'}}, i.e., she must choose one
of the two endpoints of her designated edge. Tree G has branching factor p/e
and [ levels, with the root positioned at level 1.

Player weight. The weight of every player (edge) between resources (vertices) at
levels j and j + 1 of the tree is /1.

Cost functions. The cost function of any resource (vertex) at level j = 1,2,... 1—
1, is:
, 1 =t
Cj(x)—(p.ed_l> -z (13)
The cost functions of any resource (vertex) at level [ is equal to:
l pl-it .
C'(x) = (d=1)-=1) " (14)

Pure Nash equilibrium. Let P be the outcome that has all players play the
resource closer to the root. We claim that this outcome is a PNE. The cost
of every player, using a resource at level j < I, in P, is (p/e)¢~7. If one of
the players that are adjacent to the leaves were to switch to her other strategy
(play the leaf resource), she would incur a cost equal to (p/e)?~'*! which is
the same as the one she has in P. Consider any other player and her potential
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deviation from the resource at level j, to the resource at level j + 1. By the
analysis in the first paragraph of this proof (she would be a player with weight
€/~1 sharing a resource with p/e players with weight ¢/), her cost would be
(p-et=1)i . eG=1 . pd = (p/e)?=J which is her current cost in P. This proves
that the equilibrium condition holds for all players in P.

Price of anarchy. As we have shown, every player using a resource at level j
has cost (p/e)?~7 in P. There are (p/e)’ such players, which implies the total
cost of Pis (I — 1) - (p/e)?, since there are [ — 1 levels of nonempty resources,
and every level has the same total cost, (p/€)?. Now, let P* be the outcome that
has all players play the resource further from the root. In this outcome, every
player using a resource at level j = 2,...,1 — 1, has cost p~+! /e?=J+1 There
are (p/e)?~! such players, hence, the total cost at level j is (1/¢)?. Similarly, we
get that the total cost at level [ is (p/€)?. In total, the cost of P* is (I — 2) -
(1/€)2+ (p/e). We can then see that, as | — +oo, the ratio between the cost of
P and the cost of P* becomes p?. O

Lemma 3. The PoA of any weighted Shapley value of the form \(w;) = w],
for v <0 is at least d?.

Proof. We construct a game such that the total cost in the worst equilibrium
is d? times the optimal. Suppose our resources are organized in a tree graph
G = (E, A), where each vertex corresponds to a resource. There is a one-to-
one mapping between the set of edges of the tree, A, and the set of players
of the game, N. The player ¢, that corresponds to edge (j,j’), has strategy set
{{7},{4'}}, i-e., she must choose one of the two endpoints of her designated edge.
Tree G has branching factor 1/(d- €), with € > 0 an arbitrarily small parameter,
and [ levels.

Player weights. The weight of every player (edge) between resources (vertices)

at levels j and j + 1 of the tree is /1.

Cost functions. The cost function of any resource (vertex) at level j = 2,3,...,1,
is:

Cl(z) = (;1)” s (15)

The cost functions of the root is:
CY(x) = 2. (16)

PNE. Let P be the outcome that has all players play the resource further from
the root. We prove that this outcome is a PNE. The cost of every player that has
played a resource at level j is (d - €)7=2. If one of the players that are adjacent
to the root were to switch to her other strategy (play the root), she would incur
a cost equal to 1, which is the same as the one she has in P. Consider any other
player and her potential deviation from the resource at level j, to the resource at
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level j — 1. Since our construction considers € arbitrarily close to 0, the deviating
player will go last with probability 1 in the Shapley ordering (since v < 0) and
her cost will be equal to (d/e?=1)7=3 . (/71 + /=2)? — U~1d) = (d - €)I~2,
which is equal to her current cost in P. Hence, the equilibrium condition holds
for all players.

PoA. As we have shown, every player playing a resource at level j has cost
(d-€)’=2 in P. There are 1/(d-¢)7~! such players, hence, the total cost at level j
is 1/(d-€). Then, it follows that the total cost of P is (I—1)/(d-€). Now let P* be
the outcome that has all players play the resource closer to the root. Then the
joint cost at the root is 1/(d - €)?. The joint cost of every other resource at level
jis (d-€)7=2/d%, and the number of resources at level j is 1/(d-¢)?~1. Hence, we
get in total, that the cost of P* is (I —2)/(d%*!-€) +1/(d - €)¢. We can then see
that, as [ — 400, the ratio of the cost of P to the cost of P* becomes d?. a

We defer details on deriving the plot in Figure 1 to our full version.

Main result. We now state the main result of the section. The proof applies
arguments similar to the ones we used for Lemma 2 and Lemma 3 but on a more
technical level. We defer the details to the full version.

Theorem 3. The optimal PoA among weighted Shapley values induced by a
collection of continuous functions \;(+) is achieved by the (unweighted) Shapley
value.

2.2 Marginal Contribution

We now focus on the marginal contribution cost-sharing rule which dictates
that every player i is responsible for the marginal increase it causes to the joint
resource cost. Namely, the cost share of player ¢ € S; on resource j is equal to
C;(f;)—C;(f; —w;). Although the marginal contribution rule does induce games
that always possess PNE, the total cost suffered by the players will, in general,
be greater than the total cost that they generate, something that places the
marginal contribution rule outside the scope of our model. To see this, note that
in (1) the left hand side can be larger than the right hand side when the marginal
contribution rule is used. In fact, for polynomial cost functions of maximum
degree d the total cost suffered can be up to d times the generated cost. The
following theorem, which is a byproduct of our previous results, provides the
exact worst-case PoA of this cost-sharing rule.

Theorem 4. The PoA of the marginal contribution Tule is
—d
(25 - 1) ~ (1.4-d)? .

Theorem 4, shows that the worst-case PoA of marginal contribution is equal to
that of the worst weighted Shapley value (see Theorem 2). In fact, this holds even
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if the equilibrium cost on each resource j is measured as } ;. ¢ §;(i,5;) instead
of Cj(f;), i-e., even if the additional costs that the marginal contribution rule
enforces are disregarded when evaluating the quality of the outcome. Measuring
the PoA with respect to the cost generated by the players (instead of the cost that
they actually suffer) can be motivated by thinking of the costs suffered by the
players as tolls that the system uses in order to affect the incentives of the players.
There has been a sequence of results focusing on designing tolls of this form in
order to optimize this PoA measure for atomic congestion games [10, 17, 9, 16],
and the marginal contribution rule is known as marginal cost pricing tolls in this
literature. In this context, Theorem 4 leads to the following corollary.

Corollary 1. There exists a weighted congestion game with marginal cost pric-
ing tolls that has a PNE with joint cost (2V/% — 1)=¢ times the optimal joint
cost.

3 Unrestricted Cost-Sharing Rules

In this section we consider any possible cost-sharing rule and show that the
price of anarchy is always at least ©(d/Ind)?. In fact, our lower bound is ap-
proximately (1.3-d/ In d)?, which is also the approximate value of the PoA of pro-
portional sharing. Before presenting this main result, we provide, as a warm-up,
the proof of a weaker, but still exponential in d, lower bound for all cost-sharing
rules; this simpler proof carries some of the ideas used in the more elaborate
proof of Theorem 5. A key idea in the proof is to define a tournament amongst
the players, with the winner of a match of players ¢, j corresponding to the player
with the larger cost share when ¢ and j are together. This tournament admits a
Hamiltonian path [34], which we use to construct a bad example.

Proposition 1. The PoA of any cost-sharing rule is at least 291,

Proof. The structure of this proof resembles the proof structure of the main
theorem of this section: we begin by partly defining the elements of the problem
instance (the number of players and resources, as well as the cost functions of
the resources), and then, using any given cost-sharing rule as input, we come up
with a set of strategies for each player. This way, even though the cost-sharing
rule may not be anonymous, we can still ensure that we “place” each players in a
role such that some inefficient strategy profile is a PNE for the given cost-sharing
rule.

Instance initialization: Our resources are organized as a line graph G = (E, A).
The edge between resources ¢ and 7+ 1 is a player that has to pick one of the two
resources. All players have unit weight. Call vertex (resource) 1, which has cost
C1(x) = z¢, the root. As we move along the path, resources are getting better
by a factor of 2¢=1, which means C;(z) = x%/20~1(@=1)_ Resource n is the only
exception and has the same cost function as its neighbor. For the instance to
be complete, we now also need to define what the strategy set of each player is.
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We are given identities of n — 1 players and we must decide how to place them
on the edges of G, i.e., determine who will be player i, the one that must choose
between resources 7 and 7 + 1.

Player placement: To determine the strategy sets of the players, we will first
define a permutation 7 and then we will let player 7 (%) be the 7(i)-th edge of G.
In choosing this permutation, we seek that the following property is satisfied for
alli=1,2,...,n — 1: when players 7 (i) and 7(i + 1) share one of the resources
in E, the cost-sharing rule? distributes at least half of the induced cost to player
m(2). We now show that a permutation satisfying this property always exists.

Consider a directed graph whose vertices correspond to the players of our in-
stance and a directed edge from 7 to ¢’ exists if and only if player 7 suffers at least
half of the cost induced when it shares a resource with player ¢’. This is a tour-
nament graph and hence it has at least one Hamiltonian path; starting from its
first vertex and following this Hamiltonian path implies a desired permutation.

Now that we have established existence of such a permutation m, we let each
player 7(i) pick between resources 7(7) and 7 (i + 1). Given the property that is
guaranteed by the permutation, it is not hard to verify that the strategy profile
P, which has total cost C, and according to which every player 7(¢) chooses
resource (i), is a PNE, while the strategy profile P* according to which every
player 7(i) chooses resource 7(i + 1) is the one that achieves the optimal total
cost. The corresponding total costs are

n n—1
Z 9-(d=1)-(G-1) 4pd 9-@-1-G-1 4 Z 9—(d—=1)-5
j=1 j=1
The ratio of the two approaches 2971 as n — +oo. a

The main result of this section strengthens this, more intuitive, lower bound
further. Let

(La) + 1)2@=DH — [ pg|? - (|pa] +2)¢

T(d) = d d-1 d—1 a’

([#a) + 1) = ([@a] +2)9" + ([¢a] + 1)1 = [dd]

where ¢4 corresponds to the solution of 2% = (z 4 1)?~!. The following theorem
shows that the PoA of any cost-sharing rule that may depend on the weights
and IDs of the players in an arbitrary fashion has a PoA of at least 7°(d), which

is approximately (1.3 -d/Ind)? and, in fact, is at least L¢de.
Theorem 5. The PoA of any cost-sharing rule is at least T(d).

2 Even though it is not necessary for our results we assume for simplicity that if
Cy (z) = - Cj(x), then for every i € T we have &;/(4,T) = a - &;(4,T). To see why
this is not necessary note that in any game we can substitute a resource with cost
function « - C(z) with « - M resources with cost functions C(x) which can only be
used as a group. Here M is a very large number and the incentive structure remains
unaltered.
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Proof. Our resources are organized in a graph G = (FE, A), which we describe
below. A vertex of the tree corresponds to a resource, and an edge in A corre-
sponds to a specific player, who must select one of the two endpoints of the edge
as her strategy. All but one of the vertices of G are part of a tree as follows. At
the root there is a complete d-ary tree with k 4+ 1 levels. The leaves of this tree
are roots for complete (d — 1)-ary trees with k& + 1 levels, and so on until the
final stage with unary trees with k 4 1 levels. The final vertex of G is isolated
and will have only self-loops (i.e., players that will only have this resource as
their possible strategy). The main idea is that in the optimal profile P*, all tree
players move away from the root and are alone, while in the worst PNE P all
tree players move towards the root and are congested. The purpose of the iso-
lated resource is to cancel out any benefit the cost-sharing rule could extract by
introducing major asymmetries on the players (using their IDs) as we will see
in what follows. The construction of our lower bound is a three-stage process.
During the first stage, we initialize our instance and set temporary cost functions
for the resources that yield the required PoA. During the second stage we start
with a very large number of players |N|, place a subset of them on the tree, and
fix the rest on the isolated resource. This placement of players will happen in
a way that will allow us to turn P into a PNE in the next stage. During the
final stage we tweak the cost functions on the tree in order to maintain the fact
that the profile with everyone moving towards the root is a PNE while, at the
same time, we manage to keep the total costs of the PNE and the optimal profile
intact.

Instance initialization: The cost function of resource j at level (d — i) -k + j
of the tree is initialized as (H;i:z‘ﬂ 1/(1+ 1) d=D-k=1) (/5 4 1)) d=D7 . g4,
The constant multipliers of % on the resources are not finalized yet and will
be altered during Stage 3 of our construction. The cost function of the extra
resource is constant § - ¢, with § arbitrarily small. With P and P* as above
we get a ratio of 7°(d) between the two total costs (see [18] for the detailed
calculation).

Player placement: Suppose the game has a very large number of players |N|.
Some of these players will be used to fill all slots of the tree and the rest will be
fixed on the 0-cost resource. The players on the 0-cost resource will clearly have
no impact on the PNE and optimal costs and their only purpose is to cancel out
any benefit the cost-sharing rule could extract by using the player IDs in order
to introduce asymmetry. Focus on a single resource of the tree. The structure of
the tree clearly dictates how many players should have that resource as the top
endpoint of the corresponding edge (we will call them the children players of the
resource) and that one player should have that resource as the bottom endpoint
of its corresponding edge (we will call this the parent player of the resource).
Our claim is that given a large enough number of players, we can always find a
subset of them to place on the tree such that for every vertex, the parent player
covers for at least its proportional share when all children and the parent are on
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the resource. We will call this the parent property. Once we prove this fact, we
will be ready to finalize the cost functions and prove our result.

Here we describe how the placement of players on the tree is performed. Let S
be the set of available players which is initialized to all players N and is updated
at each iteration. We will fill the edges of the tree in a bottom-up fashion. At
each iteration we select a resource j that has not been assigned children players
and has the maximum depth among such resources. We will select its children
players from S simultaneously. Suppose j must have ¢ children players. We must
find a group T of ¢ players, use them on these edges, and delete them from S.
Then we look at each player ¢ left in S. If ¢ pays at least its proportional share
when using j with the players in T', then ¢ remains in S, otherwise i is assigned
a unique possible strategy, which is the 0-cost resource and is removed from
S. This way we ensure that no matter what our future choices are, the parent
property will hold on resource j. We will pick the set 7" that maximizes the size
of S after its placement.

The key question is how much smaller does S become at each iteration? The
candidate sets of size t are (lfl). The number of times a t + 1-th player pays its
fair share and can be a parent of a t-sized group is at least the number of groups

of size t + 1, i.e., (Jf'l) This means there is a set T for which there exist at

least (tlfll)/(lfl) = (|S] —1t)/(t+1) players that can be used as its corresponding
parent. So the set S is getting smaller by a factor that is a function of d at each
iteration and the number of iterations is a function of d and k. This means we

can take the initial | V| large enough so that we can complete the process.

Cost function update: Recall P is the strategy profile such that every player
on the tree picks the resource closer to the root. We want this to be a PNE.
We know that, because of Stage 2, the parent property holds on every resource,
hence every deviation has a player pay at least its proportional share on its new
resource. We can also see that the initial cost functions are such that if a player
pays its proportional share in P, then the deviation is at least tight (possibly
the deviation costs more depending on what the cost-sharing rule does, but it
is at least tight due to the parent property). To ensure that P is a PNE in our
construction we make the following update on the cost functions. We start from
the root and move towards the leaves examining every player i. If player i pays
v; times its proportional share on its resource in P, then the cost function of
the resource j it can deviate to, and the cost functions of the resources of the
whole subtree rooted at j, are multiplied by ~;. Given the facts described above
with respect to the parent property and the cost functions, it follows that P is
a PNE in our game.

Recall P* is the profile such that every player picks the resource that is further
from the root. At this point, all that is left to show is that the total cost of P
and P* do not change after we update the cost functions. Since, both in P and
in P*, at every level the total weight on every resource is the same, the initial
multipliers of every resource cost function were identical, and the sum of the
scaling factors we applied is equal to 1, it follows that the total costs remain
unchanged. O
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Abstract. We study procurement games where each seller supplies mul-
tiple units of his item, with a cost per unit known only to him. The buyer
can purchase any number of units from each seller, values different com-
binations of the items differently, and has a budget for his total payment.
For a special class of procurement games, the bounded knapsack problem,
we show that no universally truthful budget-feasible mechanism can ap-
proximate the optimal value of the buyer within Inn, where n is the total
number of units of all items available. We then construct a polynomial-
time mechanism that gives a 4(1 + Ilnn)-approximation for procurement
games with concave additive valuations, which include bounded knapsack
as a special case. Our mechanism is thus optimal up to a constant fac-
tor. Moreover, for the bounded knapsack problem, given the well-known
FPTAS, our results imply there is a provable gap between the optimiza-
tion domain and the mechanism design domain. Finally, for procurement

games with sub-additive valuations, we construct a universally truthful
2

budget-feasible mechanism that gives an O(hiog1 "

g logn

polynomial time with a demand oracle.

)-approximation in

Keywords: procurement auction, budget-feasible mechanism, optimal
mechanism, approximation.

1 Introduction

In a procurement game/auction, m sellers compete for providing their items
(referred to as products or services in some scenarios) to the buyer. Each seller
7 has one item and can provide at most n; units of it, with a fixed cost ¢;
per unit which is known only to him. The buyer may purchase any number of
units from each seller. For example, a local government may buy 50 displays
from Dell, 20 laptops from Lenovo, and 30 printers from HP.! The buyer has a
valuation function for possible combinations of the items, and a budget B for the
total payment he can make. We consider universally truthful mechanisms that
(approximately) maximize the buyer’s value subject to the budget constraint.
Procurement games with budgets have been studied in the framework of
budget-feasible mechanisms (see, e.g., [35, 19, 17, 10]). Yet most studies focus

! In reality Dell also sells laptops and Lenovo also sells displays. But for the purpose
of this paper we consider settings where each seller has one item to supply, but has
many units of it. However, we allow cases where different sellers have the same item,
just as one can buy the same laptops from Best Buy and/or Walmart.

T.-Y. Liu et al. (Eds.): WINE 2014, LNCS 8877, pp. 89-105, 2014.
© Springer International Publishing Switzerland 2014
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on settings where each seller has only one unit of his item. Thus there are only
two possible allocations for a seller: either his item is taken or it is not.? When a
seller has multiple units and may benefit from selling any number of them, there
are more possibilities for him to deviate into and it becomes harder to provide
incentives for him to be truthful. To the best of our knowledge, this is the first
time where multi-unit budget-feasible mechanisms are systematically studied.

Multi-unit procurements with budgets can be used to model many interesting
problems. For example, in the classic bounded knapsack problem the buyer has
a value v; for one unit of item 4, and his total value is the sum of his value for
each unit he buys. In job scheduling, the planner may assign multiple jobs to
a machine, with different values for different assignments. As another example,
in the Provision-after-Wait problem in healthcare [11], the government needs to
serve n patients at m hospitals. Each patient has his own value for being served
at each hospital, and the value of the government is the social welfare.

1.1 Owur Main Results

We present our main results in three parts. Due to lack of space, most of the
proofs are provided in the full version of this paper [14].

An impossibility result. Although budget-feasible mechanisms with constant ap-
proximation ratios have been constructed for single-unit procurements [35, 17,
our first result, formally stated and proved in Section 3, shows that this is im-
possible in multi-unit settings, even for the special case of bounded knapsack.

THEOREM 1. (rephrased) No universally truthful, budget-feasible mechanism can
do better than a Inn-approrimation for bounded knapsack, where n is the total
number of units of all items available.

This theorem applies to all classes of multi-unit procurement games considered
in this paper, since they all contain bounded knapsack as a special case.

An optimal mechanism for concave additive valuations. A concave additive val-
uation function is specified by the buyer’s marginal values for getting the j-th
unit of each item %, v;;, which are non-increasing in j. The following theorem is
formally stated in Section 4.

THEOREM 2. (rephrased) There is a polynomial-time mechanism which is a 4(1+
Inn)-approzimation for concave additive valuations.

Our mechanism is very simple. The central part is a greedy algorithm, which
yields a monotone allocation rule. However, one needs to be careful about how to
compute the payments, and new ideas are needed for proving budget-feasibility.

Since bounded knapsack is a special case of concave additive valuations, our
mechanism is optimal within a constant factor. More interestingly, given that
bounded knapsack has an FPTAS when there is no strategic considerations, our
results show that there is a gap between the optimization domain and the mech-
anism design domain for what one can expect when solving bounded knapsack.

2 In the coverage problem a player has a set of elements, but still the allocation is
bimodal for him: either his whole set is taken or none of the elements is taken.
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Beyond concave additive valuations. We do not know how to use greedy algo-
rithms to construct budget-feasible mechanisms for larger classes of valuations.
The reason is that they may not be monotone: if a player lowers his cost, he
might actually sell fewer units. This is demonstrated by our example in Section
5.1. Thus we turn to a different approach, random sampling [10, 24, 18, 16, 6, 7].
The following theorem is formally stated in Section 5.3.

THEOREM 5. (rephrased) Given a demand oracle, there is a polynomial-time

log2 n

mechanism which is an O(loglogn

)-approzimation for sub-additive valuations.

A demand oracle is a standard assumption for handling sub-additive val-
uations [19, 10, 8], since such a valuation function takes exponentially many
numbers to specify. Notice that for bounded knapsack and concave additive val-
uations our results are presented using the natural logarithm, since those are
the precise bounds we achieve; while for sub-additive valuations we present our
asymptotic bound under base-2 logarithm, to be consistent with the literature.

Our mechanism generalizes that of [10], which gives an O(log)fgo )
approximation for single-unit sub-additive valuations. Several new issues arise
in the multi-unit setting. For example, we must distinguish between an item
and a unit of that item, and in both our mechanism and our analysis we need
to be careful about which one to deal with. Also, we have constructed, as a
sub-routine, a mechanism for approximating the optimal single-item outcome:
namely, an outcome that only takes units from a single seller. We believe that
this mechanism will be a useful building block for budget-feasible mechanisms
in multi-unit settings.

1.2 Related Work

Various procurement games have been studied [30, 33, 32, 21, 22], but without
budget considerations. In particular, frugal mechanisms [5, 13, 20, 27, 36, 15, 28]
aim at finding mechanisms that minimize the total payment. As a “dual” prob-
lem to procurement games, auctions where the buyers have budget constraints
have also been studied [2, 23], but the models are very different from ours.
Single-unit budget-feasible mechanisms were introduced by [35], where the
author achieved a constant approximation for sub-modular valuations. In [17]
the approximation ratio was improved and variants of knapsack problems were
studied, but still in single-unit settings. In [19] the authors considered single-
unit sub-additive valuations and constructed a randomized mechanism that is
an O(log? n)-approximation and a deterministic mechanism that is an O(log® n)-
approximation. We notice that their randomized mechanism can be generalized
to multi-unit settings, resulting in an O(log® n)-approximation. In [10] the au-
thors consider both prior-free and Bayesian models. For the former, they provide
a constant approximation for XOS valuations and an O( 1o§ﬁ) g ,,)-approximation
for sub-additive valuations; and for the latter, they provide a constant approx-
imation for the sub-additive case. As mentioned we generalize their prior-free
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mechanism, but we need to give up a logn factor in the approximation ratio. It is
nice to see that the framework of budget-feasible mechanism design generalizes
to multi-unit settings.

In [25] the author considered settings where each seller has multiple items.
Although it was discussed why such settings are harder than single-item settings,
no explicit upper bound on the approximation ratio was given. Instead, the focus
there was a different benchmark. The author provided a constant approximation
of his benchmark for sub-modular valuations, but the mechanism does not run in
polynomial time. Also, budget-feasible mechanisms where each seller has one unit
of an infinitely divisible item have been considered in [3], under the large-market
assumption: that is, the cost of buying each item completely is much smaller
than the budget. The authors constructed a deterministic mechanism which is
a 1 — 1/e approximation for additive valuations and which they also prove to
be optimal. In our study we do not impose any assumption about the sellers
costs, and the cost of buying all units of an item may or may not exceed the
budget. Moreover, in [9] the authors studied online procurements and provided a
randomized posted-price mechanism that is an O(log n)-approximation for sub-
modular valuations under the random ordering assumption.

Finally, knapsack auctions have been studied by [1], where the underlying
optimization problem is the knapsack problem, but a seller’s private information
is the value of his item, instead of the cost. Thus the model is very different from
ours and from those studied in the budget-feasibility framework in general.

1.3 Open Problems

Many questions can be asked about multi-unit procurements with budgets and
are worth studying in the future. Below we mention a few of them.

First, it would be interesting to close the gap between the upper bound in
Theorem 1 and the lower bound in Theorem 5, even for subclasses such as sub-
modular or diminishing-return valuations, as defined in Section 2. A related
problem is whether the upper bound can be bypassed under other solution con-
cepts. For example, is there a mechanism with price of anarchy [29, 34] better
than Inn? How about a mechanism with a unique equilibrium? Solution concepts
that are not equilibrium-based are also worth considering, such as undominated
strategies and iterated elimination of dominated strategies. Another problem is
whether a better approximation can be achieved for other benchmarks, such as
the one considered in [25], by truthful mechanisms that run in polynomial time.

Second, online procurements with budget constraints have been studied in
both optimization settings [26] and strategic settings [9]. But only single-unit
scenarios are considered in the latter. It is natural to ask, what if a seller with
multiple units of the same item can show up at different time points, and the
buyer needs to decide how many units he wants to buy each time.

Finally, the buyer may have different budgets for different sellers, a seller’s
cost for one unit of his item may decrease as he sells more, or the number of units
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each seller has may not be publicly known?®. However, the last two cases are not
single-parameter settings and presumably need very different approaches.

2 Procurement Games

Now let us define our model. In a procurement game there are m sellers who
are the players, and one buyer. There are m items and they may or may not
be different. Each player ¢ can provide n; units of item ¢, where each unit is
indivisible. The total number of units of all the items is n = Y, n,;. The true
cost for providing one unit of item ¢ is ¢; > 0, and ¢ = (¢q,. .., ¢ ). The value of
¢; is player 7’s private information. All other information is public.

An allocation A is a profile of integers, A = (ay,...,an). For each i € [m],
a; € {0,1,...,n;} and a; denotes the number of units bought from player i. An
outcome w is a pair, w = (A, P), where A is an allocation and P is the payment
profile: a profile of non-negative reals with P; being the payment to player i.
Player i’s utility at w is u;(w) = P; — a;¢;.

The buyer has a wvaluation function V, mapping allocations to non-negative
reals, such that V(0,...,0) = 0. For allocations A = (ai,...,a,) and A’ =
(a),...,al,) with a; < a} for each i, V(A) < V(A’) —namely, V is monotone.*

The buyer has a budget B and wants to implement an optimal allocation,

A* e argmax V(A4),
A:Eie['m] ciai<B

while keeping the total payment within the budget. An outcome w = (A, P) is
budget-feasible if Zie[m] P, < B.

The solution concept. A deterministic revealing mechanism is dominant-strategy
truthful (DST) if for each player i, announcing ¢; is a dominant strategy:

ui(ci’clfi) > ui(cliv CLZ) VC/Z-, CLi'

A deterministic mechanism is individually rational if u;(c) > 0 for each i. A
randomized mechanism is universally truthful (respectively, individually rational)
if it is a probabilistic distribution over deterministic mechanisms that are DST
(respectively, individually rational).

A deterministic DST mechanism is budget-feasible if its outcome under c is
budget-feasible. A universally truthful mechanism is budget-feasible (in expecta-
tion) if the expected payment under ¢ is at most B.

3 In many real-life scenarios the numbers of available units are public information,
including procurements of digital products, procurements of cars, some arms trades,
etc. Here procurement auctions are powerful tools and may result in big differences
in prices, just like in the car market. However, there are also scenarios where the
sellers can hide the numbers of units they have, particularly in a seller’s market. In
such cases they may manipulate the supply level, hoping to affect the prices.

4 Monotonicity is a standard assumption for single-unit budget-feasible mechanisms.
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Definition 1. Let C be a class of procurement games and f(n) > 0. A univer-
sally truthful mechanism is an f(n)-approximation for class C if, for any game
in C, the mechanism is individually rational and budget-feasible, and the outcome
under the true cost profile ¢ has expected value at least Vf((’i;).

Remark 1. One can trade truthfulness for budget-feasibility: given a universally
truthful budget-feasible mechanism, by paying each player the expected payment
he would have received, we get a mechanism that is truthful in expectation and
meets the budget constraint with probability 1. As implied by Theorem 1, no uni-
versally truthful mechanism that meets the budget constraint with probability
1 can do better than a In n-approximation. Thus there has to be some trade-off.

Remark 2. We allow different players to have identical items, just like different
dealers may carry the same products, with or without the same cost. But we re-
quire the same player’s units have the same cost. In the future, one may consider
cases where one player has units of different items with different costs: that is,
a multi-parameter setting instead of single-parameter.

Below we define several classes of valuation functions for procurement games.

Concave additive valuations and the bounded knapsack problem. An impor-
tant class of valuation functions are the additive ones. For such a function V,
there exists a value v;, for each item ¢ and each k € [n;] such that, V(A4) =
Zie[m] Zke[ai] vi, for any A = (aq,...,an). Indeed, v is the marginal value
from the k-th unit of item ¢ given that the buyer has already gotten k—1 units, no
matter how many units he has gotten for other items. V' is concave if for each i,
Vi1 > Vig > -+ > Vs, ; Damely, the margins for the same item are non-increasing.

A special case of concave additive valuations is the bounded knapsack problem,
one of the most classical problems in computational complexity. Here, all units
of an item ¢ have the same value v;: that is, vi1 = vie = -+ = Vi, = v;.

Sub-additive valuations. A much larger class is the sub-additive valuations. Here

a valuation V' is such that, for any A = (a1,...,anm) and A’ = (a},...,al,),

V(AVA) <V(A)+V(A),

where V is the item-wise max operation: A V A" = (max{ai,a}},...,
max{am, a,,}).

Notice that the requirement of sub-additivity is imposed only across different
players, and values can change arbitrarily across units of the same player. Indeed,
when A and A’ differ at a single player, sub-additivity does not impose any
constraint on V(A) and V(A’), not even that there are decreasing margins. Thus
this definition is more general than requiring sub-additivity also across units of
the same player. Following the literature, we stick to the more general notion.



Truthful Multi-unit Procurements with Budgets 95

Between concave additivity and sub-additivity, two classes of valuations have
been defined, as recalled below.® To the best of our knowledge, no budget-feasible
mechanisms were considered for either of them in multi-unit settings.

— Diminishing return: for any A and A’ such that a; < @] for each 4, and for
any item j, V(A+e;) —V(A) > V(A +e;) — V(A'), where A + e; means
adding one extra unit of item j to A unless a; = n;, in which case A+e; = A.

— Sub-modularity: for any A and A', V(AVA)Y+V(ANA) <V(A)+V(4),
where A is the item-wise min operation.®

Diminishing return implies sub-modularity, and both collapse to sub-modularity
in single-unit settings. The reason for diminishing return to be considered sepa-
rately is that multi-unit sub-modularity is a very weak condition: when A and A’
differ at a single player, it does not impose any constraint, as sub-additivity. Di-
minishing return better reflects the idea behind single-unit sub-modularity: the
buyer’s value for one extra unit of any item gets smaller as he buys more.

Since the valuation classes defined above are nested:

bounded knapsack C concave additivity C diminishing return

C sub-modularity C sub-additivity,

any impossibility result for one class applies to all classes above it, and any
positive result for one class applies to all classes below it. Moreover, since sub-
additivity contains additivity, any positive result for the former also applies to
the latter.

Demand oracle. A sub-additive valuation function V may take exponentially
many numbers to specify. Thus following the studies of single-unit sub-additive
valuations [35, 10], we consider a demand oracle, which takes as input a set of
players {1,...,m}, a profile of costs (p1,...,pm) and a profile of numbers of
units (n1,...,nm)," and returns, regardless of the budget, an allocation
Ae argmax V(A) - Z a;p;.

A=(a1,...,am):a; <n;Vi i€[m)
It is well known that a demand oracle can simulate in polynomial time a value
oracle, which returns V(A) given A. Thus we also have access to a value oracle.

5 The literature of multi-unit procurements has been particularly interested in valua-
tions with some forms of “non-increasing margins”, thus has considered classes that
contain all concave additive valuations but not necessarily all additive ones.

5 The item-wise max and min operations when defining sub-additivity and sub-
modularity follow directly from the set-union and set-intersection operations when
defining them in general settings, and have been widely adopted in the literature
(see, e.g., [12] and [26]). One may consider alternative definitions where, for exam-
ple, V represents item-wise sum rather than item-wise max. However, we are not
aware of existing studies where the alternative definitions are used.

" In single-unit settings a demand oracle takes as input a set of players and the costs.
For multi-unit settings it is natural to also include the numbers of units.
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Our goal. We shall construct universally truthful mechanisms that are individ-
ually rational, budget-feasible, and approximate the optimal value of the buyer.
Our mechanisms run in polynomial time for concave additive valuations, and in
polynomial time given the demand oracle for sub-additive valuations.

Single-parameter settings with budgets. Since the cost ¢; is player i’s only private
information, we are considering single-parameter settings [4]. Following Myer-
son’s lemma [31] or the characterization in [4], the only truthful mechanisms are
those with a monotone allocation rule and threshold payments. In multi-unit
settings, each unit of an item ¢ has its own threshold and the total payment to
7 will be the sum of the thresholds for all of his units bought by the mechanism.
With a budget constraint, this characterization still holds, but the problem
becomes harder: the monotone allocation rule must be such that, not only (1) it
provides good approximation to the optimal value, but also (2) the unique total
payment that it induces must satisfy the budget constraint. Therefore, similar to
single-unit budget-feasible mechanisms, we shall construct monotone allocation
rules while keeping an eye on the structure of the threshold payments. We need
to make sure that when the two are combined, both (1) and (2) are satisfied.

3 Impossibility Results for Bounded Knapsack

The following observation for bounded knapsack is immediate.

Observation 1. No deterministic DST budget-feasible mechanism can be an
n-approzimation for bounded knapsack.

Proof. When m = 1, n; = n, v1 = 1 and ¢; = B, a DST mechanism, being
an n-approximation, must buy 1 unit and pay the player B. When ¢; = B/n,
the mechanism must still buy 1 unit and pay B, otherwise the player will bid B
instead. Thus the mechanism’s value is 1, while the optimal value is n. [

Clearly, buying 1 unit from a player i € argmax; v; and paying him B is an

n-approximation. For randomized mechanisms we have the following.
Theorem 1. No universally truthful mechanism can be an f(n)-approximation
for bounded knapsack with f(n) <lnn.

Proof. Consider the case where m = 1, n; = n, and v; = 1. For any b, ¢ € [0, B],
let u1(b; ¢) be the player’s expected utility by bidding b when ¢; = ¢. For each
k € [n], consider the bid f :let P* be the expected payment and, for each j € [n],
let p? be the probability for the mechanism to buy j units. When ¢; = f , the
optimal value is k& and

ko - k n
%;L]pj 2 py YRE ] (1)

as the mechanism is an f(n)-approximation. By universal truthfulness and indi-
vidual rationality, u1 (¥; 2) > ui(,%,; Z) Vk > 1 and ui(B; B) > 0. Namely,
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B B
Pk—k Zp;?-jzp’“l—k S pftj VE>1, and
JE[n] j

P'—BY pi-j>0.
j€ln]
Summing up these n inequalities we have

Sr-y PO EID DRI DD SF' 1

ke(n] €[n] ge[n] 1<k<n 1<k<n J€[n]

which implies

B B _
PLZnZP “J+ Z k:(k:Jrl)Zpk.]'

JjEn] 1<k<n €[n]

By Equation 1, we have

n 1 _ Blnn
P +Z k:+ Zk‘_ f(n) "

1<k<n ke[ 1]

By budget-feasibility, P" < B. Thus f(n) > Inn, implying Theorem 1. [

Remark 3. Notice that as long as the mechanism is truthful in ezpectation and
individually rational in ezpectation (namely, with respect to the players’ expected
utilities), the analysis of Theorem 1 implies that it cannot do better than a Inn-
approximation. Also notice that the impossibility result does not impose any
constraint on the running time of the mechanism.

Remark 4. When there is a single player, that player has a monopoly and it is
not too surprising that no mechanism can do better than a Inn-approximation.
For example, in frugality mechanism design in procurement games, it has been
explicitly assumed that there is no monopoly. However, when monopoly might
actually exist, it is interesting to see that there is a tight bound (by Theorems
1 and 2) on the power of budget-feasible mechanisms in multi-unit settings.

4 An Optimal Mechanism for Concave Additive
Valuations

We construct a polynomial-time universally truthful mechanism M 444 that is a
4(1 + ln n)-approximation for procurement games with concave additive valua-
tions. Our mechanism is very simple, and the basic idea is a greedy algorithm
with proportional cost sharing, as has been used for single-unit settings [17, 35].
However, the key here is to understand the structure of the threshold payments
and to show that the mechanism is budget-feasible, which requires ideas not seen
before. Moreover, given our impossibility result, this mechanism is optimal up to
a constant factor. In particular, it achieves the optimal approximation ratio for
bounded knapsack. The simplicity and the optimality of our mechanism make it
attractive to be actually implemented in real-life scenarios.
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Notations and Conventions. Without loss of generality, we assume v;; > 0 for
each item ¢ and j € [n;], since otherwise the mechanism can first remove the units
with value 0 from consideration. Because we shall show that M 444 is universally
truthful, we describe it only with respect to the truthful bid (¢q, ..., ¢,). Also, we
describe the allocation rule only, since it uniquely determines the threshold pay-
ments. An algorithm for computing the thresholds will be given in the analysis.
Finally, let ¢* € argmax; v;; be the player with the highest marginal value, e;«
be the allocation with 1 unit of item ¢* and 0 unit of others, and A; = (0,...,0)
be the allocation where nothing is bought. We have the following.

Mechanism M 44 for Concave Additive Valuations

1. With probability 2(1+11nn), go to Step 2; with probability ;, output e;x and
stop; and with the remaining probability, output A, and stop.
2. For each 7 € [m] and j € [n;], let the value-rate ri; = vij/c;.
(a) Order the n pairs (4, j) according to r;; decreasingly, with ties broken lex-
icographically, first by ¢ and then by j.
For any ¢ € [n], denote by (i¢, j¢) the ¢-th pair in the ordered list.
(b) Let k be the largest number in [n] satisfying v:’:k < Eegfﬂim .
(¢) Pick up the first k& pairs in the list: that is, output allocation A =
(a1,...,an) where a; = [{£: ¢ < k and i, = i}|.

Theorem 2. Mechanism M aqq Tuns in polynomial time, is universally truthful,
and is a 4(1 + Inn)-approximation for procurement games with concave additive
valuations.

Combining Theorems 1 and 2 we immediately have the following.

Corollary 1. Mechanism Maqq is optimal up to a constant factor among all
universally truthful, individually rational, and budget-feasible mechanisms for
multi-unit procurement games with concave additive valuations.

Remark 5. Theorems 1 and 2 show that multi-unit settings are very different
from single-unit settings. In single-unit settings various constant-approximation
mechanisms have been constructed, while in multi-unit settings an O(logn)-
approximation is the best, and our mechanism provides such an approximation.
Furthermore, for bounded knapsack, without strategic considerations there is
an FPTAS, while with strategic considerations the best is a In n-approximation.
Thus we have shown that bound knapsack is a problem for which provably there
is a gap between the optimization domain and the mechanism design domain.
Finally, it would be interesting to see how the constant gap between Theorems
1 and 2 can be closed, and whether there is a mechanism that meets the budget
constraint with probability 1 and achieves an O(logn)-approximation.

An optimal mechanism for symmetric valuations. A closely related class of valu-
ations are the symmetric ones: there exists vy, .. ., v, such that, for any allocation
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A with k units, V(A) = >,., v¢. In general, symmetric valuations are not con-
cave additive, nor are concave additive valuations necessarily symmetric. But
they are equivalent with a single seller. Thus the proof of Theorem 1 implies no
mechanism can do better than a In n-approximation for symmetric valuations, as
stated in the first part of the theorem below. Similar to our analysis of Theorem
2, one can verify that the following mechanism is a 4(1 + Inn)-approximation for
symmetric valuations: it is the same as M 444 except in Step 2, where k is set to
be the largest number in [n] satisfying ¢;, < f . We omit the analysis since it is
very similar to that of Maq4, and only present the following theorem.

Theorem 3. For symmetric valuations, no universally truthful mechanism can
be an f(n)-approximation with f(n) < lnn, and there exists a polynomial-time
universally truthful mechanism which is a 4(1 + Inn)-approximation.

5 Truthful Mechanisms for Sub-additive Valuations

5.1 The Non-monotonicity of the Greedy Algorithm

Although the greedy algorithm with proportional cost-sharing played an im-
portant role in budget-feasible mechanisms, we do not know how to use it for
multi-unit sub-additive valuations, since it is not monotone. Indeed, by lowering
his cost, a player ¢ will still sell his first unit as in the old allocation. But once
the rank of his first unit changes, all units after that will be re-ranked according
to their new marginal value-rates. Under the new ordering there is no guarantee
whether player ¢ will sell any of his remaining units. Below we give an example
demonstrating this phenomenon in settings with diminishing returns.

Example 1. There are 3 players,n; =1, no =n3=2,¢1 =c3 =1,co = 1+¢€for
some arbitrarily small € > 0, and B = 3 4 2¢. To highlight the non-monotonicity
of the greedy algorithm, we work through the algorithm and define the marginal
values on the way. The valuation function will be defined accordingly.

Given any allocation A and player i, denote by V' (i|A) the marginal value of
item 4, namely, V(A + ¢;) — V(A). The greedy algorithm works as follows.

— At the beginning, the allocation is Ag = (0,0, 0).

V(1]40) = 10, V(2|4g) = 10 + €, and V(3|4g) = 10 — €. Item 1 has the

largest marginal value-rate, thus A; = (1,0,0).

— V(1|A;) = 0 (item 1 is unavailable now), V(2|41) = 5+ 5¢, and V(3|4;) =
5 — e. Item 2 has the largest marginal value-rate, thus A; = (1,1, 0).

— V(1|43) =0, V(2|A2) = 1+ ¢, and V(3|A2) = 1 — €. Ttem 2 has the largest

marginal value-rate, thus As = (1,2, 0).

The budget is used up, the final allocation is Az, and player 2 sells 2 units.

Now let ¢, =1 — € < ¢o. The greedy algorithm works as follows.
— A9 =1(0,0,0).
— V(1|4p) = 10, V(2|Ap) = 10 + ¢, and V(3|4p) = 10 — €. Ttem 2 has the
largest marginal value-rate, thus A] = (0, 1,0).
Notice that player 2 sells his first unit earlier than before.
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V(1|4)) =5+ 4e, V(2]A]) = 5 — Be, and V(3| 4]) = 5 + 5e. Item 3 has the
largest marginal value-rate, thus A}, = (0,1, 1).

V(1145) =1—2¢, V(2|AL) =1 —¢€, and V(3|A}) = 1 +¢, thus A5 = (0,1, 2).
— The remaining budget is 3¢, no further unit can be added, and the final
allocation is A%5. But player 2 only sells one unit, violating monotonicity.

Given the marginal values, the valuation function is defined as follows:

V(0,0,0) = 0, V(1,0,0) = 10,V(0,1,0) = 10 + ¢, V(0,0,1) = 10 — €,
V(1,1,0) = 15+ 56, V(1,0,1) = 15 — ¢, V(0,2,0) = 15 — 4¢, V(0,1, 1) = 15 + 6¢,
V(0,0,2) = 15,

V(1,2,0) = 16 + 6¢, V(1,1,1) = 16 + 4¢, V(1,0,2) = 16,V (0,2, 1) = 16 + 5e,
V(0,1,2) =
V(0,2,2) =

0,1,2) = 16 + Te,
V(1,2,1) = V(1,1,2) = 16 + Te, V(1,2,2) = 16 + 7.

One can verify that V' is consistent with the marginal values and has diminishing
returns. Indeed, for any allocation with &k units for k£ from 0 to 4, the marginal
value of adding 1 more unit is roughly 10,5, 1, ¢,0, and thus diminishing.

Given the non-monotonicity of the greedy algorithm, we turn to another ap-
proach for constructing truthful mechanisms, namely, random sampling. We pro-
vide our main mechanism in Section 5.3. In Section 5.2 we first construct a
mechanism that will be used as a subroutine.

5.2 Approximating the Optimal Single-Item Allocation

From the analysis of Theorem 1, we notice that part of the hardness in designing
mechanisms for multi-unit settings comes from cases where a single player’s item
contributes a lot to the optimal solution. In order to obtain a good approxima-
tion, we need to identify such a player and buy as many units as possible from
him. More precisely, given the true cost profile (ci,...,c,), let

i** € argmax V (min{n,, LCBJ} “ei),
K3 1
where for any A € [n;], Ae; is the allocation with A units of item 4 and 0 unit of
others. Ideally we want to buy A** £ min{n;.-, | % |} units from ¢** and pay
him (at most) B. We shall refer to (¢**, A**) as the (;ptimal single-item allocation.
Notice that a similar scenario occurs in single-unit settings: part of the value
approximation comes from a single player i* with the highest marginal value. The
problem is, although the identity of player ¢* is publicly known, both ¢** and A**
depend on the players’ true costs and have to be solved from their bids. Below
we construct a universally truthful mechanism, Mone, which is budget-feasible
and approximates V(A**e;««) within a 1 + Inn factor. We have the following
theorem.

Theorem 4. Mechanism Monpe is universally truthful, individually rational,
budget-feasible, and is a (1 + lnn)-approzimation for V(N\**e;).
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Mechanism Monpe for Approximating the Optimal Single-item Allocation

With probability .1 ., do the following.

L. Let v; = V(min{ni,[? |} - ;) and order the players according to the v;’s
decreasingly, with ties broken lexicographically.
Let i** be the first player in the list and \** = min{n=, | Z |}.

2. Let k € [A\*"] be the smallest number such that player :** is still ordered the
first with cost cjux = ¥
Set 0, = f for each ¢ < k and 6, = Jf for each k+1 < /¢ < \**.

4. Output allocation A™e;«« and pay >, .. 0¢ to player i**.

w

Since the impossibility result in Theorem 1 applies to settings with a single
item, we have the following corollary.

Corollary 2. Mechanism Moy, is optimal for approzimating V (A**e;«+) among
all universally truthful, individually rational, and budget-feasible mechanisms.

Remark 6. As it will become clear from the analysis, Mo, does not require the
valuation to be sub-additive. The only thing it requires is that, for each player i,
V(Xe;) is non-decreasing in A\. Thus it can be used for valuations that are not
even monotone, as long as they are monotone across units of the same item.
Furthermore, given that (i**, \**) is the multi-unit counterpart of player *
in single-unit settings, and given the important role ¢* has played in single-unit
budget-feasible mechanisms, we believe mechanism Moy, will be a useful build-
ing block in the design of budget-feasible mechanisms for multi-unit settings.

5.3 A Truthful Mechanism for Sub-additive Valuations

Our mechanism for sub-additive valuations generalizes that of [10]. In particular,
the algorithm Ajpsq; and the mechanism Mpg,,q below are respectively variants
of their algorithm SA-ALG-MAX and mechanism SA-RANDOM-SAMPLE. Several
new issues arise in multi-unit settings. For example, we must now distinguish
between an item and a unit of that item. In the mechanism and its analysis,
we sometimes deal with an item —thus all of its units at the same time— and
sometimes deal with a single unit. Also, as discussed in Section 5.2, the role of
player ¢* with the highest marginal value is replaced by player **, and the way
1** contributes to the value approximation has changed a lot —this is where the
extra logn factor comes. Indeed, to construct and analyze our mechanism one
need good understanding of the problem in multi-unit settings. Our mechanism
Mg, is a uniform distribution between Mpggnqg and the mechanism Mo, of
Section 5.2. We have the following theorem.

Theorem 5. Mechanism Mgy, Tuns in polynomial time, is universally truthful,

(log n)*

and is an O(y,5,/,

valuations.

)-approzimation for procurement games with sub-additive
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Algorithm Apras

Since this algorithm will be used multiple times with different inputs, we specify
the inputs explicitly to avoid confusion. Given players 1, ..., m, numbers of units

ni,..

.y Mm, Costs c1, ..., Cm, budget B, and a demand oracle for the valuation func-

tion V/, do the following.

1.

Let n; = min{n;, LEJ} for each 4, i** = argmax, V(nje;), v* = V(njsxei==),
and V = {v*,20",...,mv*}.
For v € V from mv™* to v*,
(a) Set pi = . - ci for each player 7. Query the oracle with m players, number
of units n} and cost p; for each i, to find
S = (81, Ceey Sm) € arg maxA:(al,M’am):aigngw V(A) — Zze[m] a;ip;.
(When there are multiple optimal solutions, the oracle always returns the
same one whenever queried with the same instance.)
(b) Set allocation S, = A;. (Recall A, = (0,...,0) represents buying noth-
ing.)
(c) If V(S) < 3, then continue to the next v.
(d) Else, order the players according to s;c; decreasingly with ties broken lex-
icographically, and denote them by i1,...,%m.
Let k be the largest number in [m] satisfying »,, si,ci, < B, and let S,
be S projected on {i1,...,ix}: Su = V,., si,€i,, namely, S, consists of
taking s;, units of item i, for each ¢ < k, and taking 0 unit of others.
Output Syaz € argmax, ¢y, V(Sy).
(When there are several choices, the algorithm chooses one arbitrarily, but
always outputs the same one when executed multiple times with the same
input.)

Mechanism Mpgand

Put each player independently at random with probability 1/2 into group T,

and let 77 = [m] \ T

Run Aprqr with the set of players T, number of units n; and cost ¢; for each

1 € T, budget B, and the demand oracle for valuation function V. Let v be the

value of the returned allocation.

For k from 1 to 3, ni,

(a) Run Ape. with the set of players Tp = {i : i € T',c; < ¥}, number of
units n; and cost ’,f for each i € T}, budget B, and the demand oracle for

V. Denote the returned allocation by X = (x1,...,Zm), where z; = 0 for
each i & Tj.

(b) HV(X) > lgflljggg - v, then output allocation X, pay x; - ’: to each player
i, and stop.

Output A, and pay 0 to each player.
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Since diminishing return, sub-modularity, and additivity all imply
sub-additivity, we immediately have the following.

2
Corollary 3. Mgy is an O( Sggl:g)n)-appmmimation for procurement games with
diminishing returns, those with sub-modular valuations, and those with additive
valuations.

Remark 7. The worst case of the approximation above comes from cases where
V(A**e;+«) (and thus Mop.) is the main contribution to the final value. Unlike
single-unit settings, we need an additional log n factor because the optimal ap-
proximation ratio for V/(A\**e;«) is O(logn). For scenarios where the players’
costs are very small, in particular, where n;c; < B for each i, the optimal single-
item allocation (i**, A**) is publicly known, just as the player ¢* in single-unit
settings. In such a small-cost setting, which is very similar to the large-market
setting considered by [3] except that the items here are not infinitely divisi-
ble, the subroutine Moy, in Mgy, can be replaced by “allocating n;« units of
item ¢** and paying him B”, and the logn factor is avoided, resulting in an

( 101g01gi> g ,, )-approximation.

A small-cost setting is possible in some markets, but it is not realistic in many
others. For example, in the Provision-after-Wait problem in healthcare [11], it
is very unlikely that all patients can be served at the most expensive hospital
within the government’s budget. Also, in many procurement games, a seller, as
the manufacture of his product, can be considered as having infinite supply, and
the total cost of all units he has will always exceed the buyer’s budget. Thus one
need to be careful about where the small-cost condition applies.
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Abstract. We propose the study of computing the Shapley value for a
new class of cooperative games that we call budgeted games, and inves-
tigate in particular knapsack budgeted games, a version modeled after
the classical knapsack problem. In these games, the “value” of a set S of
agents is determined only by a critical subset T' C S of the agents and
not the entirety of S due to a budget constraint that limits how large
T can be. We show that the Shapley value can be computed in time
faster than by the naive exponential time algorithm when there are suf-
ficiently many agents, and also provide an algorithm that approximates
the Shapley value within an additive error. For a related budgeted game
associated with a greedy heuristic, we show that the Shapley value can
be computed in pseudo-polynomial time. Furthermore, we generalize our
proof techniques and propose what we term algorithmic representation
framework that captures a broad class of cooperative games with the
property of efficient computation of the Shapley value. The main idea is
that the problem of determining the efficient computation can be reduced
to that of finding an alternative representation of the games and an asso-
ciated algorithm for computing the underlying value function with small
time and space complexities in the representation size.

1 Introduction

The Shapley value is a well-studied solution concept for fair distribution of profit
among agents in cooperative game theory. Given a coalition of agents that col-
lectively generate some profit, fair distribution is important to maintain a stable
coalition such that no subgroup of agents has an incentive to unilaterally deviate
and form its own coalition. While the Shapley value is not a stability concept,
it uniquely satisfies a set of desirable properties for fair profit distribution based
on individual contributions. It has been shown useful on a wide range of coop-
erative games and, more recently, applied beyond the game-theoretic setting in
problems related to social networks [19, 17] and computer networks [14, 18].
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Efficient — (pseudo) polynomial time — computation of the Shapley value
has been studied for many classes of cooperative games. One such example is
weighted voting games that model parliamentary voting where agents are parties,
the weight of each party is the number of the same party representatives, and
a coalition of parties is winning (has value 1) if its total weight is at least some
quota, or losing (has value 0) otherwise. It was shown that computing the Shapley
value in the weighted majority games, where the quota is half the total weight of
all the agents, is #P-complete [8] and NP-hard [16]. Note, however, that there
is a pseudo-polynomial time algorithm using dynamic programming [15].

In another line of research, representation schemes for cooperative games have
been proposed in [7, 11, 12, 1]; if a given cooperative game has a small alternative
representation in one of these schemes, then the Shapley value can be computed
efficiently in time polynomial in the size of the alternative representation. For
example, we can represent a given cooperative game as a collection of smaller
cooperative games in multi-issue representation [7], or in terms of logic rules in
marginal contribution net representation [11].

We propose a new class of cooperative games that we call budgeted games and
study the Shapley value computation in these games. In cooperative games, the
value function v(S) for a coalition S is determined by all the agents in .S, but may
explicitly depend on a sub-coalition in some domains (e.g., [3, 5, 2]). We study
value functions conditioned on a budget B where v(,S) may be totally determined
by a potentially strict subset T C S of agents. That is, budget B models a
physical or budget constraint that may limit the actual value of a coalition to be
less than simply the total aggregate value of all the individual contributions and,
hence, the profit generation of a coalition is determined only by a sub-coalition
of the agents. There are many examples we can readily formulate as budgeted
games to model real-life scenarios:

(Graph Problems) Consider a network of nodes that correspond to facilities
and edges between them that correspond to communication links. This can
be modeled as a graph G with weights on nodes. For any subset S of nodes,
vp(9), the value created by set S under budget B, may be the maximum
weight of an independent set of at most B nodes.

— (Set Problems) Let each agent be a sales agent targeting a specific set of
customers. Then vp(S) may be the maximum number of customers that can
be targeted by a subset of size at most B of sales agents from S.

— (Packing Problems) Consider creating a task force from a pool S of available
agents where each agent is associated with some value and cost. Then vp(S)
may be the largest total aggregate value from a subset of the agents with
total cost at most B.

— (Data Mining Problems') Let each agent represent a document with some

quality measure with respect to a fixed search query. We may approximate

the total value of an ordered list of documents S, ordered by the quality

! This is the Shapley value computation problem for what is commonly known as the
Top-k problem.
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measure, by those that appear at the top of the list. Then, the corresponding
vp(S) is the sum of the top B quality scores of documents in S.

For the Shapley value to be useful in value division problems modeled as bud-
geted games, we cannot simply apply the formula for the Shapley value as it
would lead to an exponential time algorithm. Hence, it is important to under-
stand its computational complexity in these games, and we study the knapsack
version (equivalently, Packing Problems) in this paper. As far as we know, the
budgeted games have not been studied previously. A related class of games called
bin-packing games [9, 13, 20] has been studied for different solution concepts of
core and e-core.?

Our Contributions. First, we propose a new class of cooperative games, bud-
geted games, and investigate the computational complexity of the Shapley value
in a particular version of budgeted games. Second, we generalize our proof tech-
niques and propose a general framework, algorithmic representation, for coopera-
tive games. We note that all our algorithms have running times with a polynomial
dependence on the number of agents. More specifically, our contributions are as
follows:

— We study the knapsack version of budgeted games and show that computing
the Shapley value in these games is NP-hard. On the other hand, we show
that the Shapley value can be computed in time faster than by the naive
exponential time algorithm when there are sufficiently many agents.

— We provide an additive approximation scheme for the Shapley value via
rounding; our approach does not use the standard sampling and normal
distribution techniques [4, 10] in estimating the Shapley value.

— We consider the value function obtained by a 2-approximation greedy algo-
rithm for the classical knapsack problem and show that for this function, the
Shapley value can be computed in pseudo-polynomial time.

— We provide generalizations and present the algorithmic representation frame-
work that captures a broad class of cooperative games with the property of
efficient computation of the Shapley value. This includes many known classes
of cooperative games in [8, 15, 17] and those with concise representations us-
ing schemes in [7, 11, 1].

Due to space constraints, we refer to the long version of this paper [6] for more
details.

2 Preliminaries

We represent the profit distribution problem as a cooperative game (N,v) where
N is the set of agents and v : 2V — R is the characteristic function that assigns

2 While items and bins separate and bins model linear constraints in knapsack bud-
geted games, both items and bins are treated as agents and the goal is to share profit
among them in a fair way in bin-packing games.
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a value to each subset of agents, with v()) = 0. We also call v the value function
and use both characteristic and value functions interchangeably. For a subset of
agents S C N, we interpret v(S) as the value that these agents can generate
collectively; v(N) is the total value that the whole group generates.

The Shapley value [21] is a solution concept based on marginal contributions
that divides the total value v(NNV) into individual shares ¢1,..., ¢ n| satisfying
an intuitive notion of fairness. For i € N and S C N\ {i}, we define agent i’s
marginal contribution to S to be v(S U {i}) — v(S). The Shapley value is the
unique profit distribution solution that satisfies the following properties:

1. (Efficiency) > ey ¢i(v) = v(N);

2. (Symmetry) If v(SU {i}) —v(S) =v(SU{j}) —v(S) for all S C N\ {i,j},
then ¢;(v) = ¢;(v);

3. (Null Player) If (S U {i}) —v(S) =0 for all S C N\ {i}, then ¢;(v) = 0;

4. (Linearity) For any two cooperative games (IV,v) and (N, w) and their com-
bined game (N, v + w), ¢;(v) + ¢;(w) = ¢;(v + w) for all i € N.

The Shapley value for each agent i is computed as

s = ¥ PV s sy
SCN\{i}

Note the Shapley value is a weighted average of agent i’s marginal contribu-
tions. Equivalently, it can also be computed as ¢;(v) = \1\1f|! >wen V(PEU{i}) —
v(PL), where IT is the set of all [N|! permutations of the agents and P! is the
set of agents preceding agent 7 in the order represented by permutation 7.

There are two sources of computational complexity in the Shapley value: an
exponential number of terms in the summation and individual evaluations of
the characteristic function v. Directly applying the above equations leads to a
naive algorithm with running time at least exponential in the number of agents,
2(2IN1); furthermore, each individual evaluation of v can be expensive.

3 Knapsack Budgeted Games

A knapsack budgeted game (N, v) is a cooperative game with the alternative rep-
resentation given by a nonnegative integer tuple ({(l1,w1), ..., (I|n},wn|)}; lbin)
such that v(S) = maxg cg.(s/)<t,;, w(S") for all S € N, where I(S") =3, o Ik
and w(S") = ) ,cq wi. Bach agent 7 is described by (I;,w;) where I; and w;
are the agent’s length and weight, respectively. The variable [y, is the bin size
that restricts which set of agents can directly determine the value function v.
For a set of agents S, the value v(S) is determined by solving an optimization
problem where the total value of selected agents, possibly a strict subset of S,
is optimized subject to a budget constraint; the other unselected agents do not
contribute explicitly. Note the similarities with the classical knapsack problem
in which the objective is to find the maximum total value of items that can be
packed into a fixed size bin.
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Knapsack budgeted games are useful when the characteristic function v of a
cooperative game can be modeled as the objective value of an optimization prob-
lem subject to linear constraints. In this paper, we only consider the games with a
single linear constraint, but our results extend to knapsack budgeted games with
multiple linear constraints. In a knapsack budgeted game with multiple budget

constraints, each agent is associated with a length vector I = (I,...,1%) and a
weight and there is a budget constraint on each coordinate, i.e., IL, ... 0%,

assuming d budget constraints.

For an application, we can use knapsack budgeted games and the Shapley
value to model value division in a sport team. We would like to give out bonuses
proportional to the Shapley value solution. Assume each player i is associated
with a skill level w; and, in a game of the sport, at most B players from each
team can play. We model the value of the team as the total aggregate skill
level of its best B players, since they usually start and play the majority of the
games. Then, this is a knapsack budgeted game with skill levels as weights, unit
lengths, and [;; = B. Note the Shapley value of a player not in the top B may
be positive. Since he is still contributing to the team as a reserve player and
might be one of the top B players in a subset of the team, say available players
in an event of injury, he should be compensated accordingly.

In the following sections, we assume that the knapsack budgeted game (N, v)
has the representation ({(l1,w1),..., (N}, w|n|)}, lbin). We define wmax = [lbin -
max; w;/l;], which is an upper bound on the value v(NN). We use shorthand
notations [(S) = >, g lx and w(S) = Y, .gwy for any subset S. The set of
agents are ordered and labeled with 1,...,|N|. For a set of agents X and two
integers a and b, we use X, to denote the subset {i € X : a <4 < b}. To avoid
degenerate cases, we further assume 0 < I; < lp;, for all i. We use the indicator
function Id that equals to 1 if all the input conditions hold, or 0 otherwise.

4 The Shapley Value in Knapsack Budgeted Games

We present a hardness result, an algorithm for computing the Shapley value
exactly, and a deterministic approximation scheme that approximates within an
additive error.

4.1 Exact Computation

By the NP-completeness of the classical knapsack problem and the efficiency
property of the Shapley value, it follows that (see [6] for details):

Theorem 1. The problem of computing the Shapley value in the knapsack bud-
geted games is NP-hard.

While a polynomial time algorithm for computing the Shapley value may or
may not exist, the naive exponential time algorithm is too slow when |N]| is
large. When |N| is sufficiently large, especially when |N| >> lpi,, we show that a
faster algorithm exists:
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Theorem 2. In the knapsack budgeted games, the Shapley value can be com-
puted in time O(lpin(Wmax + 1)+ N|2) for each agent.

To prove Theorem 2, we associate each subset S C N with a vector from a
finite-sized vector space that completely determines an agent’s marginal contri-
bution to S. If the cardinality of the vector space is small and the partitions of
the 2/N1 subsets corresponding to the vectors can be found efficiently, we can
evaluate v once for each vector instead of once for each subset, reducing the
overall computation time. Note that the well-known dynamic programming al-
gorithm, call it A, for the classical knapsack problem can be used to compute
v; for a given S, the algorithm iteratively updates an integer array of length
Ibin + 1 holding the optimal values for the sub-problems with smaller bin sizes
and returns a final value determined by the array at termination.? We associate
with each subset S the final state of the array when A runs on S and determine
the cardinalities of resulting partitions using a dynamic program, different but
related to A; the dynamic program counts the number of optimal solutions to the
sub-problems grouped by objective value while 4 simply computes the optimal
solutions to the sub-problems.

We use the following lemma to prove Theorem 2; it shows that if the set of
possible marginal contribution values for agent 7 is small, then we can reduce
the number of evaluations of v by grouping subsets of N \ {i} by marginal
contribution value and evaluating v once for each group (see [6] for a proof).

Lemma 1. Assume there exist positive integers p; and partition functions P; :
2N\ — 1 i}, for i = 1,...,|N|, such that if Pi(S) = P,(S') for two
different S, 8" C N\ {i}, then v(S U {i}) — v(S) = v(S" U {i}) — v(S"). Let
m;(p) be agent i’s marginal contribution to S for all S satisfying P;(S) = p, and
c(i,s,p) = #{S C N\ {i} :|S| =s,P(S) =p} fori e N,0<s <|N|-1, and
1 < p < p;. Then, the Shapley value for agent i can be computed as

i N|-1 . I(|N|—s—1)!
i =30, G i s,p) T N T ma(p)

in time O(Pmax(t + q)|N|), where pmax = max; p;, t is an upper bound on the
computation time of the coefficients ¢, and q is the evaluation time of v.

We now prove Theorem 2 by applying Lemma 1:

Proof. (of Theorem 2) We compute the Shapley value for some fixed agent .
We define Vi, = maxgcausy<pw(S’), for A € N and 0 < b < lpin, and
vector Vg = (Vg,..., Vs, ), for subsets S C N. Let V be the finite vector
space {0, ..., Wmax P *! that contains vectors V. We use the 0-based index
to indicate coordinates of a vector in V; so, v(S) = Vs .., = Vg(lbin) for all S.
Given Vg, agent ¢’s marginal contribution to .S can be computed in constant time

3 Assume the agents in S are labeled 1, . .., |S| for simplicity. For 1 < j < |S|, we define
c(g,b) = maxs/cs, ;:1(s")<b w(S"). It has the recurrence relation c(j,b) = max{c(j —
1,b),c¢(j — 1,b — l;) + w;}. We compute c(j,b)’s and, hence, v(S) = ¢(|S], lbin) in
O(|S|lbin) time.
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as v(SU{i}) —v(S) = max{Vs(lpin — l;) + wi — Vs(lpin), 0}. Let this expression
be defined more generally as m;(v) = max{v(lpin — l;) + w; — v(lpin),0} for
ve.

We partition 2\ by the pair (|S|, V) so that for each possible (s, v) pair,
all subsets S satisfying |S| = s and Vg = v are grouped together. Clearly, the
marginal contribution of agent 4 is the same within each partition. To compute
the cardinality of each partition, we use dynamic programming. Let N’ = N\ {i},
ordered and relabeled 1,...,|N|—1.For0<j < |N|-1,0<s<j,and v €V,
we define &(j, s, v) = # {5 C Ni;:[S|=sVs= v}. Note ¢ has the recurrence
relation

e(j,s,v) =¢(j —1,5,v)+ Zu;UpDATE(uJ;,w;):v e(j—1,s—1,u),

with the base case ¢(0,0,0) = 1, where [} and w} correspond to the j-th
agent in order in N’ and UPDATE is an O(lpi,) algorithm that updates u
with the additional agent: 1) Initialize v = u; 2) For j = I}, ..., lbin, V(j) =
max{v(j),u(j — ) +wj}; and 3) Return v.

Using the recurrence relation, we compute ¢&(j, s,v) for all j, s, and v in time
O (lpin (Winax + 1)+ N|2). By Lemma 1,

N|-1 , H(N|—s—1)!
$i =2 vey ZL:‘O &(IN| = 1,5,v)" ||N\! i),

and the Shapley value can be calculated in time O((wmax + 1)"=F1|N|) using
the precomputed values of ¢. The computation of ¢ dominates the application
of the Shapley value equation, and the overall running time is O(lpin(Wmax +
1)lint1|N|2) per agent. 0

4.2 Additive Approximation

Similar to the fully polynomial time approximation scheme for the classical knap-
sack problem (see [22]), we show an approximation scheme for the Shapley value
by rounding down the weights w;’s and computing the Shapley value of the
cooperative game (N,v’) where v’ is an approximation of v. Our technique of
computing the Shapley value by approximating the characteristic function v is
deterministic and does not require concentration inequalities like the standard
statistical methods of sampling and normal distribution techniques in [4, 10].

The following lemma formalizes how an approximation of the characteristic
function v leads to an additive error in the Shapley value computation (see [6]
for a proof):

Lemma 2. If v/ is an a-additive approzimation of v, i.e., v'(S) < v(S) <
V'(S) + a for all S C N, then the Shapley value ¢} computed with respect to v’
s within an a-additive error of the Shapley value ¢; computed with respect to v,
for all i.

When w,ay is sufficiently larger than lp;,, the approximation scheme’s running
time is faster than that of the exact algorithm of Theorem 2:
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Theorem 3. In the knapsack budgeted games, the Shapley value can be com-
puted within an ewmax-additive error in O((lbinz/e—l—1)“’“‘"‘1 |N|?) for each agent,
where € > 0.4

Proof. We construct an approximate characteristic function v’ of v as follows.
Let € > 0 and k = ewpax/lbin. Note that when lbin2/6 < Wmax, k > 1. For
each agent i, let the rounded weight w] be | |. The lengths do not change. To
compute v’ (S), we compute the optimal set S’ C S, using dynamic programming,
with respect to the rounded weights wi, ..., w{y and let v'(S) =k} ;g wi. In
other words, v'(S5) = k-maxg cg.(sy<i,,, w'(S) for all S € N, where we use the
shorthand notation w'(S) = ;. g wy.

We show v(S) > v/'(S) > v(S) — €wmax, for all S C N. Let S be a subset
and Tp,T' C S be the optimal subsets using original and rounded weights,
respectively, such that v(S) = w(Tp) and v'(S) = k- w'(T”). Note that both
optimal sets have cardinality at most ln;,. Because of rounding down, w; —
kw} < k and ZjeTo w; — k ZjeTo w; < klpin. Since T” is optimal with respect
to the rounded weights, > w; > 3 ;) w). Then, v'(S) = k) o w) >
ijeTo w; > Z]ETO w; — klpin = v(S) — €Wmax. Since w; > kw; for all i,
v(S) = w(To) > w(T’) > kw'(T') = v'(S5). Hence, v' is an ewmax-additive
approximation of v. Then, the Shapley value computed with respect to v’ is
within €wpax of the original Shapley value by Lemma 2.

We now compute the Shapley value with respect to v’. For AC N, 0 < b <
Ibin, we define Vi, = maxgica.(sy<pw'(5'). For a subset S C N, we define
vector Vig = (Vgg,..., Vg, ). Note that wi = [/ | <[4~ ] = Ll‘:“J. Then,
we can upper bound w'(S) < lpin| " |, for all S. Let V' = {0, . .., lpin | "o» | o+
that vectors V' are contained in. Note v/(S) = k- Vg (Ipin) for all S. From vector
V', we can compute agent ¢’s marginal contribution to S with respect to v’ in
constant time: v'(S U {i}) — v'(S) = k - max{V’(lpin — l;) + w} — Vig(lpin),0}.

From here, we follow the proof of Theorem 2. We compute the analogue of
¢ in O((lpin? /€ + 1)1 N|?), and this is the dominating term in the Shapley
value computation with respect to v’. a

5 Greedy Knapsack Budgeted Games

Motivated by the approximation scheme in Theorem 3, we investigate greedy
knapsack budgeted games, a variant of knapsack budgeted games, and show the
Shapley value in these games can be computed in pseudo-polynomial time. A
greedy knapsack budgeted game has the same representation as the knapsack
budgeted games, but its characteristic function is computed by a 2-approximation
heuristic for the classical knapsack problem. We defer proofs to [6].

4 For agent i, its Shapley value ¢; is clearly in [0, Wmax]. Using the approximation
scheme, we can compute ¢; within ;wmax for instance. As long as € > lbinz/wmax,
the approximation scheme has a faster running time than the exact algorithm in
Theorem 2; this observation about € is also true for the fully polynomial time ap-
proximation scheme for the classical knapsack problem (see [22]).
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Algorithm 1. Greedy Heuristic A’(S, lbin)
1: Let a = argmax, g wk.
2: Select agents in S in decreasing order of '’ and stop when the next agent does not
fit into the bin of size lpin; let S’ be the sélected agents.
3: Return S’ if w(S") > wa, or {a} otherwise.

Theorem 4. In the greedy knapsack budgeted games (N,v) with v(S) =
A'(S, lbin) for all S, the Shapley value can be computed in O(lbin5wmax5|N\8) for
each agent, where the greedy heuristic A'(S,lyn) is computed as in
Algorithm 1.

While motivated by knapsack budgeted games, we use a different proof tech-
nique using the following lemma to prove Theorem 4. It generalizes the observa-
tion that in the simple cooperative game (N, v) where the agents have weights
wy, ..., wy| and the characteristic function v is additive, i.e., v(S) = >, g Wk,
the Shapley value ¢; is exactly w; for all 7.

Lemma 3. Assume that the cooperative game (N,v) has a representation
(M, w, A) where M is a set, w: M — R is a weight function, and A : 2N — 2M
is a mapping such that v(S) = ZeeA(S) w(e), VS C N. Let ci(i,s,e) = #{S C
N\ {i}:|S| =s,e € A(SU{i})} and c_(i,s,e) = #{S C N\ {i} : |S|=s,e €
A(S)}, fori e N,ee M, and 0 < s < |N| — 1. Then, the Shapley value for
agent © can be computed as

¢i = ZeeM ZLJX‘O_l(C-‘r (i’ S, e) —C— (i’ S, e)) S!(U\?‘J\?ﬁ_l)!w(e)'

in time O(t|M||N|) where t is an upper bound on the computation time of the
coefficients c4 and c_.

6 Generalizations

We present generalizations of our proof techniques and propose an unifying
framework that captures a broad class of cooperative games in which comput-
ing the Shapley value is tractable, including many known classes of coopera-
tive games in [8, 15, 17] and those with concise representations using schemes
in [7, 11, 1]. The main idea is that the problem of computing the Shapley value
reduces to that of finding an efficient algorithm for the cooperative game’s char-
acteristic function. More precisely, if a cooperative game (N, v) is described in
terms of an alternative representation I and an algorithm A with low time and
space complexities that computes v, formalized in terms of decomposition, then
we can compute the Shapley value efficiently. To illustrate the generalizations’
applicability, we use them to give examples of cooperative games in which the
Shapley value can be computed efficiently.

For each generalization, we consider two cases: the order-agnostic case in
which A processes agents in an arbitrary order, and the order-specific case in
which A processes in a specific order, like the greedy heuristic in Theorem 4.
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Algorithm 2. Computing A(I, S) with a decomposition (Asetup, Aupdate; Afinal)

Asetup(I) outputs I, x
for i € S do

X = Aupdate([/a 7;, X)
end for
Return Agna(I’,x)

Definition 1. Assume a cooperative game (N, v) has an alternative representa-
tion I and a deterministic algorithm A such that v(S) = A(I,S) for all S C N.
Algorithm A has a decomposition (Asetup; Aupdates Afinal) if A(I,S) can be com-
puted as in Algorithm 2. We denote the the running times of the sub-algorithms
of the decomposition tsetup, tupdate and tanal, respectively.

In Algorithm 2, x = (21,22,...) is a vector of variables that is initialized
to some values independent of subset S and determines the algorithm A’s final
return value. I’ is an auxiliary data structure or states that only depend on the
representation I and is used in subsequent steps for ease of computation; I’ can
be simply I if no such preprocessing is necessary. Theorem 2 can be generalized
as follows:

Theorem 5. Assume a cooperative game (N,v) has an alternative representa-
tion I and a deterministic algorithm A that computes v. If A has a decompo-
sition (Asetups Aupdate, Afinal) such that at most n(I) variables x are used with
each taking at most m(I) possible values as S ranges over all subsets of N, then
the Shapley value can be computed in O(tsetup + tupdatem™|N|? + tanam™|N|)
for each agent. In order-specific cases, for Steps 2-4 of Algorithm 2, the run-
ning time is O(tsetup + tupdatem>"|N|? + tanam>*|N|). Note that n and m are
representation-dependent numbers and the argument I has been omitted.

Proof. Given the alternative representation I, we compute the Shapley value of
agent 7. We associate v(S) with the final values, Xg final, of n(I) variables x in
A(I,S), for all S C N\ {i}. We partition 2V\{*} by the pair (|S|,Xs final) into
at most m"™|N| partitions, omitting the argument I from n and m. Let X be
the set of all possible final values of the variables x; note that its cardinality
is at most m™. We compute the cardinalities of the partitions using dynamic
programming. Let N’ = N \ {i}, ordered and relabeled 1,...,|N| —1, and ¢ =
IN|. For 0 < j < |[N|—-1,0 < s < j,and v € X, we define é(j,s,v) =
# {S C N{’j S| = $,X5,final = v}. Then, ¢ has the recurrence relation

é(ja S,V) = é(] - ]-v va) + Zu:Aupdate(I’,j,u)zv é(] —-1,s— ]-a 11)

with the base case ¢(0,0,s) = 1, where s is the initial states of variables x.
Using Agetup, we compute I’ and the initial values s in O(fgetup). Using the
recurrence relation and Aypdate, we compute ¢(j, s, v) for all j, s, and v in time
O(tupdatem™|N|?). Note that for a subset S C N\ {i}, we can compute agent i’s
marginal contribution to S, i.e., v(SU{i}) —v(S5), in O(typdate + tfinal) from the
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Algorithm 3. Computing A(S) with a per-element decomposition
{(A:etup? Aipdate’ Afeinal)}eefw

1: Initialize S’ =

2: for e € M do
3 ASetup(M, w) outputs I, x
4: For i € S: x = Aj gL', %)
5 If Aﬁnal(ll,x) = 1, S/ :S/U{e}
6: end for
7: Return S’

final values of x associated with the partition that S belongs to, i.e., Xg final; let
m;(v) be the agent i’s marginal contribution to subsets associated with v € X.
By Lemma 1,

N|-1 4 I(|N|—s—1)!
6i = Yyer Ly e(INI = 1,8,v) NG ma(v),

and the Shapley value can be calculated in time O((tupdate + thinal)m™|N|) using
the precomputed values of é. The overall running time is O (tsetup +tupdatem™ | N|?
+ (tupdate + tﬁnal)mn|ND-

Now assume that the agents have to be processed in a specific order deter-
mined by representation /. For a given S and its final values Xg final, we cannot
compute Xguyi},final @ Aupdate(I’; 7, X5 fina1) and compute agent i’s marginal con-
tribution to S, because it would violate the order if some agents in S have to
be processed after i. Instead, we associate S with the final values xg fna1 and
XSU{i},final and partition 2N\t by the tuple (IS, X5, final, XSU{i},final) into at
most m>?"|N| partitions, omitting the argument I. Following the same argument
as before, we get the running time O (tsetup + tupdate™>" | N |2 + tanam>"|N|). O

The following definition and theorem generalize Theorem 4 and can also be
considered a specialization of Theorem 5. See [6] for proof details.

Definition 2. Assume a cooperative game (N, v) has an alternative representa-
tion (M, w, A) as described in Lemma 3 such that v(S) = 3 ¢ o) w(e), for all
S C N. Algorithm A has a per-element decomposition (ASup: Afpdater Afinal)
for all e € M if A(S) can be computed as in Algorithm 3. We denote the upper
bounds, over alle € M, on running times of the sub-algorithms of the per-element
decomposition tsetup, tupdate AN thnal, respectively.

Theorem 6. Assume a cooperative game (N,v) has an alternative represen-
tation (M,w,A), as given in Lemma 3. If A has a per-element decomposition
(ASetups Anpdates Afinat) for all e € M such that at most n(M,w)
variables x are used with each taking at most m(M,w) possible values as S
ranges over all subsets of N and e over M, the Shapley value can be computed
in O((tsetup + tupdatem™ | N |2 + tanam™|N|)|M|) for each agent. In order-specific
cases, for Step 4 of Algorithm 3, the running time is O((tsetup +tupdatem"|N|?+
tinam>"|N|)|M]). Note that n and m are representation-dependent numbers and
the argument (M, w) has been omitted.
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The above definitions apply broadly and suggest the following framework for
cooperative games that we term algorithmic representation; we represent each
cooperative game (NN, v) in terms of an alternative representation I and an ac-
companying algorithm A that computes v. As we can represent any cooperative
game by a table with exponentially many entries for v values and a simple
lookup algorithm, the algorithmic representation always exist. The main chal-
lenge is to determine an “efficient” algorithmic representation for cooperative
games in general. The algorithmic representation framework subsumes the con-
cise representation schemes in [7, 11, 1] as these assume specific structures on the
alternative representation I. It also captures the notion of classes of cooperative
games for we can represent a class of cooperative games by a set of alternative
representations corresponding to those games in the class. In this framework,
Theorems 5 and 6 show that if the algorithms for computing v satisfy the de-
composability properties outlined in Definitions 1 and 2, then the Shapley value
can be computed efficiently as long as these algorithms are efficient.

Using the generalizations, we can reproduce many previous results on efficient
computation of the Shapley value up to a (pseudo) polynomial factor in the
running time.® As concrete examples, we prove several such results (and a new
one on the Data Mining Problem in Section 1). We defer proofs to [6]:

Corollary 1. (Weighted Majority Games) Assume a cooperative game (N,v)
has a representation given by |N|+ 1 nonnegative integers q, w1, ..., w | such
that v(S) is 1 if Y ,cqwi > q, or 0 otherwise. Then, the Shapley value can be
computed in pseudo-polynomial time O(q|N|?) for each agent. (Identical to [15])

Corollary 2. (MC-net Representation) Assume a cooperative game (N,v) has
a marginal-contribution (MC) net representation with boolean rules R = {r1,...,
rm } with each r; having value v; and of the form (p1 A...Apa A—mq A...A—ny)
such that v(S) = anssatisﬁes y, Vi forall S C N.S Then, the Shapley value can
be computed in O(m|N|*(max; |r;|)?) for each agent, where |r| is the number of
literals in rule r. (Compare to O(mmax; |r;|), linear time in the representation
size, in [11])

Corollary 3. (Multi-Issue Representation) Assume a cooperative game (N, v)
has a multi-issue representation with subsets C1,...,Cy C N and characteristic
functions v; : 2¢¢ — R for all i such that v(S) = Z§=1 v;(SNC;) for all S C N.
Then, the Shapley value can be computed in O(t2™2% 1€l | N |2 max; |C;|) for each
agent. (Compare to O(t2max:1C:l) i [7])

Corollary 4. (Data Mining Problem) Assume a cooperative game (N, v) has a
representation given by |N|+ 1 nonnegative integers k,wi, ..., wyy| such that

® The slightly slower running times can be attributed to our generalizations’ inability
to derive closed form expressions on a game-by-game basis; for instance, evaluating
the sum > | ¢ in O(n) instead of using the identity "(";1) =3 ", iin O(1). As
generalizations apply in a black-box manner, we argue the loss in running time is
reasonable for (pseudo) polynomial time computation.

SIfr = (1 A2A=3), then S = {1,2} satisfies r, but S = {1, 3} does not.
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v(S) = maxg g g/j<k w(S"). Then, the Shapley value can be computed in poly-
nomial time O(|N|?) for each agent. (This is our own problem.)

7 Further Discussion

We have introduced a class of cooperative games called budgeted games and
investigated the computational complexity of the Shapley value in the knapsack
version, knapsack budgeted games, in particular. We presented exact and ap-
proximation algorithms for knapsack budgeted games and a pseudo-polynomial
time algorithm for closely related greedy knapsack budgeted games. These algo-
rithms have only polynomial dependence on |N|, the number of agents, and are
more efficient than the naive exponential time algorithm when |N| is large. Our
results extend to knapsack budgeted games with multiple budget constraints. We
believe knapsack budgeted games are useful in modeling value division problems
in real-life scenarios and our algorithms applicable; for example, when finding a
profit distribution solution for a joint venture of, say, 100-plus agents.

We also provided generalizations and proposed the algorithmic representation
framework in which we represent each cooperative game in terms of an alterna-
tive representation and an accompanying algorithm that computes the underly-
ing value function. We formalized efficient algorithmic representations and used
the generalizations to show that computing the Shapley value in those coopera-
tive games with efficient algorithmic representations can be done efficiently. To
demonstrate the generalizations’ applicability, we proved old and new results on
the efficient computation of the Shapley value.

We note that further improvement to our algorithmic results might be possi-
ble. While the exact algorithm in Theorem 2 has polynomial time dependence
on |N|, it is not a pseudo-polynomial time algorithm and the hardness result in
Theorem 1 does not preclude the existence of a polynomial time algorithm for
the Shapley value computation in the restricted case of |N| > lp;,.” Similarly,
we do not know if the results in Theorems 3 and 4 are the best possible. We
pose these as open problems.

Finally, we believe our techniques can have applications beyond the games
considered in this paper and to other economic concepts such as the Banzhaf
index. It would be also interesting to investigate the computational complexity
of the Shapley value in other kinds of budgeted games.

Acknowledgements. We would like to thank Vasilis Gkatzelis for his helpful
comments.

" In this case, the O(|N|lpin) dynamic programming time algorithm for the classical
knapsack problem algorithm in Footnote 3 becomes an O(|N|?) algorithm, and the
classical knapsack problem can be solved in polynomial time.
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Abstract. Approximating the optimal social welfare while preserving
truthfulness is a well studied problem in algorithmic mechanism design.
Assuming that the social welfare of a given mechanism design prob-
lem can be optimized by an integer program whose integrality gap is at
most «, Lavi and Swamy [1] propose a general approach to designing
a randomized a-approximation mechanism which is truthful in expec-
tation. Their method is based on decomposing an optimal solution for
the relaxed linear program into a convex combination of integer solu-
tions. Unfortunately, Lavi and Swamy’s decomposition technique relies
heavily on the ellipsoid method, which is notorious for its poor practical
performance. To overcome this problem, we present an alternative de-
composition technique which yields an «(1 + €) approximation and only
requires a quadratic number of calls to an integrality gap verifier.

Keywords: Convex decomposition, Truthful in expectation, Mechanism
design, Approximation algorithms.

1 Introduction

Optimizing the social welfare in the presence of self-interested players poses two
main challenges to algorithmic mechanism design. On the one hand, the social
welfare consists of the player’s valuations for possible outcomes of the mech-
anism. However, since these valuations are private information, they can be
misrepresented for personal advantage. To avoid strategic manipulation, which
may harm the social welfare, it is important to encourage truthful participa-
tion. In mechanism design, this is achieved through additional payments which
offer each player a monetary incentive to reveal his true valuation. Assuming
that the mechanism returns an optimal outcome with respect to the reported
valuations, the well known Vickrey, Clarke and Groves (VCG) principle [2—4]
provides a general method to design payments such that each player maximizes
his utility if he reports his valuation truthfully. On the other hand, even if
the player’s valuations are known, optimizing the social welfare is NP-hard for
many combinatorial mechanism design problems. Since an exact optimization
is intractable under these circumstances, the use of approximation algorithms
becomes necessary. Unfortunately, VCG payments are generally not compatible
with approximation algorithms.

T.-Y. Liu et al. (Eds.): WINE 2014, LNCS 8877, pp. 120-132, 2014.
© Springer International Publishing Switzerland 2014
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To preserve truthfulness, so called maximal-in-range (MIR) approximation
algorithms must be used [5]. This means there must exist a fixed subset of out-
comes, such that the approximation algorithm performs optimally with respect
to this subset. Given that the players are risk-neutral, the concept of MIR algo-
rithms can be generalized to distributions over outcomes. Together with VCG
payments, these maximal-in-distribution-range (MIDR) algorithms allow for the
design of randomized approximation mechanisms such that each player max-
imizes his expected utility if he reveals his true valuation [6]. This property,
which is slightly weaker than truthfulness in its deterministic sense, is also re-
ferred to as truthfulness in expectation.

A well-known method to convert general approximation algorithms which
verify an integrality gap of a into MIDR algorithms is the linear programing
approach of Lavi and Swamy [1]. Conceptually, their method is based on the
observation that scaling down a packing polytope by its integrality gap yields
a new polytope which is completely contained in the convex hull of the original
polytope’s integer points. Considering that the social welfare of many combi-
natorial mechanism design problems can be expressed naturally as an integer
program, this scaled polytope corresponds to a set of distributions over the out-
comes of the mechanism. Thus, by decomposing a scaled solution of the relaxed
linear program into a convex combination of integer solutions, Lavi and Swamy
obtain an a-approximation mechanism which is MIDR.

Algorithmically, Lavi and Swamy’s work builds on a decomposition technique
by Carr and Vempala [7], which uses a linear program to decompose the scaled
relaxed solution. However, since this linear program might have an exponential
number of variables, one for every outcome of the mechanism, it can not be solved
directly. Instead, Carr and Vempala use the ellipsoid method in combination
with an integrality gap verifier to identify a more practical, but still sufficient,
subset of outcomes for the decomposition. Although this approach only requires
a polynomial number of calls to the integrality gap verifier in theory, the ellipsoid
method is notoriously inefficient in practice [8].

In this work, we propose an alternative decomposition technique which does
not rely on the ellipsoid method and is general enough to substitute Carr and
Vempala’s [7] decomposition technique. The main component of our decompo-
sition technique is an algorithm which is based on a simple geometric idea and
computes a convex combination within an arbitrarily small distance € to the
scaled relaxed solution. However, since an exact decomposition is necessary to
guarantee truthfulness, we slightly increase the scaling factor of the relaxed solu-
tion and apply a post-processing step to match the convex combination with the
relaxed solution. Assuming that e is positive and fixed, our technique yields an
a(1 + €) approximation of the optimal social welfare but uses only a quadratic
number of calls to the integrality gap verifier, with respect to the number of
positive components in the relaxed solution vector.

It turns out that our method has interesting connections to an old algorithm
of Von Neumann reproduced by Dantzig [9] !. At first sight, similarities in the

! We thank the anonymous referee of WINE 2014 who pointed us to this paper.
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sampling and geometric techniques used in both algorithms can be observed.
However, Von Neumann’s algorithm may sample fractional points whereas our
setting requires integral points. Due to these more involved constraints, a direct
usage of Von Neumann’s technique in our setting is impossible.

2 Setting

Integer programming is a powerful tool in combinatorial optimization. Using
binary variables to indicate whether certain goods are allocated to a player, the
outcomes of various NP-hard mechanism design problems, such as combinatorial
auctions or generalized assignment problems [1, 10], can be modeled as integer
points of an n-dimensional packing polytope X C [0, 1]™.

Definition 1. (Packing Polytope) Polytope X satisfies the packing property
if all points y which are dominated by some point x from X are also contained
in X

Vi, yeRYp: ze XAz >y=yeX.

Together with a vector € RZ; which denotes the accumulated valuations of
the players, it is possible to express the social welfare as an integer program of
the form max,ez(x) Y p_y Wkir, where Z(X) denotes the set of integer points in
X. Using the simplex method, or other standard linear programming techniques,
an optimal solution z* € X of the relaxed linear program max,c x ZZ=1 LT
can be computed efficiently for most mechanism design problems. Note that for
combinatorial auctions, where the dimension of X grows exponentially with the
number of available goods, special attention is necessary to preserve compu-
tational feasibility. One possible approach is the use of demand queries which
yields an optimal solution in polynomial time and with a polynomial number of
positive components [1].

The maximum ratio between the original program and its relaxation is called
the integrality gap of X. Assuming this gap is at most @« € R>;, Lavi and
Swamy [1] observe that the scaled fractional solution ””O: can be decomposed
into a convex combination of integer solutions. More formally, there exists a

convex combination A from the set 4 = {\ € Ri(ox) | 2vez(x)Ae = 1} such

that the point o()), which is defined as o(\) = Zzez(x) e, is equal to ¥
Regarding A as a probability distribution over the feasible integer solutions, the
MIDR principle allows for the construction of a randomized a-approximation
mechanism which is truthful in expectation.

From an algorithmic point of view, the main challenge in decomposing ”; is
the computation of suitable integer points. Since the size of Z(X) is typically
exponential in n, it is intractable to consider the entire polytope. Instead, Carr
and Vempala [7] propose the use of an approximation algorithm A : RZ, —
Z(X) which verifies an integrality gap of o to sample a more practical, but still
sufficient, subset of integer points.
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Definition 2. (Integrality Gap Verifier) Approzimation algorithm A veri-
fies an integrality gap of « if the integer solution which is computed by A is at
least o times the optimal relazed solution for all non-negative vectors u

RY, : > .
Vi e RS, a;ﬂkv‘l(u)k 2 ;He%%(;ltk%

As it turns out, Carr and Vempala’s approach only requires a polynomial number
of calls to to A with respect to n. In particular, this implies that the number
of integer points in A, which is defined as () = [{z € Z(X) | Ay > 0}, is
polynomial as well. Observe that for sparse x*, which are common in the case of
combinatorial auctions, it is only necessary to consider the subspace of positive
components in z*. This is possible since no point in Z(X) which has a positive
component k can contribute to X if 7 is 0. In either case, the fact that Carr
and Vempala strongly rely on the ellipsoid method indicates that their results
are more of theoretical importance than of practical use.

3 Decomposition with Epsilon Precision

The first part of our decomposition technique is to construct a convex combina-
tion A such that the point () is within an arbitrarily small distance € € Rs¢
to the scaled relaxed solution ””C: Similar to Carr and Vempala’s approach, our
technique requires an approximation algorithm A’ : R™ — Z(X) to sample inte-
ger points from X. It is important to note that A’ must verify an integrality gap
of a for arbitrary vectors p € R™ whereas A, only accepts non-negative vectors.
However, since X satisfies the packing property, it is easy to extend the domain

of A while preserving an approximation ratio of «.

Lemma 1. Approximation algorithm A can be extended to a new approrimation
algorithm A’ which verifies an integrality gap of « for arbitrary vectors p.

Proof. The basic idea of A’ is to replace all negative components of p by 0 and
run the original integrality gap verifier A on the resulting non-negative vector,
which is defined as &(u) = max({ux, 0}). Exploiting the fact that X is a packing
polytope, the output of A is then set to 0 for all negative components of u. More
formally, A’ is defined as

AE()e i >0

A(“)’“_{o if . < 0.

Since A’(p) is equal to 0 if py is negative and otherwise corresponds to
A(&())k, it holds that

oA () =D A (e =D &) AE ()
k=1 k=1 k=1
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Furthermore, since X only contains non-negative points, maxzex > r_; &(1) k@
must be greater or equal to maxzex > p_; ptkTk. Together with the fact that
A verifies an integrality gap of « for &(u) this proves that A’ verifies the same
integrality gap for u

a ) A () =y E(rAE(w)r > max > E(w)kax > max y .
k=1 k=1 k=1 k=1

a

Once A’ is specified, algorithm 1 is used to decompose :1; . Starting at the
origin, which can be expressed trivially as a convex combination from A due to
the packing property of X, the algorithm gradually improves o(A\*) until it is

sufficiently close to ”’2 . For each iteration of the algorithm, ;i* denotes the vector

which points from o(\?) to ””a . If the length of p? is less or equal to €, then o(\?)
must be within an e-distance to *  and the algorithm terminates. Otherwise, A’
samples a new integer point 2°*! based on the direction of x’. It is important
to observe that all points on the line segment between o(\?) and 2! can be
expressed as a convex combination of the form JA* + (1 — §)7(2*t1), where § is a
value between 0 and 1 and 7(z*!) denotes a convex combination such that the
coefficient 7(x*1) i1 is equal to 1 while all other coefficients are 0. Thus, by
choosing A**t! as the convex combination which minimizes the distance between
the line segment and ””C:, an improvement over the current convex combination
is possible. As theorem 1 shows, at most [ne~2] — 1 iterations are necessary to
obtain the desired e-precision.

Algorithm 1. Decomposition with Epsilon Precision
Input: an optimal relaxed solution z*, an approximation algorithm A’, a precision ¢
Output: a convex combination A which is within an e-distance to e
2% 0, A%« 7(20), u I(: —o(X%), i+ 0
while ||ut]]2 > € do
xiJrl «— A/ (/’Ll)
0« arg minge[o,l] [ Ia* - (50()‘i) +(1 - 5)$i+1)||2
XFL A (1 = )T
Mi-!—l — z(: _ U(Ai+l)
14— 1+1
end while
return )\

Theorem 1. Algorithm 1 returns a convex combination within an e-distance to

the scaled relazed solution ‘7‘; after at most [ne=2] — 1 iterations.

Proof. Clearly, algorithm 1 terminates if and only if the distance between o (\?)
and ¥ becomes less or equal to e. Thus, suppose the length of vector pt s still
greater than e. Consequently, approximation algorithm A’ is deployed to sample
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a(X\Y)

Fig. 1. Right triangle between the points I(:, a(AL) and 2!

a new integer point x'*!. Keeping in mind that A’ verifies an integrality gap of
a, the value of 2! must be greater or equal to the value of ¥ with respect to
vector pt

n n n n *
D omrt =Y A (e Z max > pl >y
k=1 k=1 k=1 k=1

Conversely, since the squared distance between () and "’; is greater than €2,
and therefore also greater than 0, it holds that the value of o(u*) is less than
the value of ¥ with respect to vector p*

k=1
o 0< 3 () —2" oy, + o)
k=1
—_ 3 (%(y)k o)) < i ((‘26)2 - xofg(x)k)
k=1 k=1
- S o (e < 3
k=1 k=1

As a result, the hyper plane {z € R™ | Y70 ) ppar = >3, ,u}fof} separates
o(\Y) from 2! which in turn implies that the line segment conv({o(\?), z+1})
intersects the hyperplane at a unique point z*+!.

Since the hyperplane is orthogonal to x*, the points % , o()}) and 21 form
a right triangle, as figure 1 illustrates. Furthermore, the altitude of this triangle
minimizes the distance from the line segment conv({o(\?),z'™!}) to * and
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therefore corresponds to the length of new vector pi*'. According to the basic
relations between the sides in a right triangle, the length of u“+! can be expressed

as
2l e a1l
I _J 7 Y St
2
I

willy 41 ==l

Unfortunately, the exact position of zi*!, depends on the implementation A’.
To obtain an upper bound on the length ™! which does not rely on z*+!, it is
helpful to observe that the altitude of the triangle grows as the distance between
21 and f; increases. However, since both points are contained in the standard
hyper cube [0, 1], the square of this distance is at most n

n n
A D I G 1 I ST
k=1

which means that the maximum length of p*+! is given by

|~ 2 <
. Iz =
24 0% = =42 ]+

Il ==+ elen

e ll3 + 115 = =215 fllly +
lelalls ==+l | llelen
112 * . — 112 .

el + 11 =24, il +

It is important to note that this upper bound on the length of p**!, which is
illustrated in figure 2, only depends on the previous vector x* and the dimension
n. Solving the recurrence inequality yields yet another upper bound which is
based on the initial vector ;° and the number of iterations 4

e e
> i 2
" HMZ_IHQ +n
n

!

B
lelly =1l
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a(\%)

Fig. 2. Upper bound on the distance between o (") and xa* for the first 7 iterations

el ~ el
112 o112
_ T
el
- 1013
= wil, < .
W=\ e

Considering that the squared length of vector u”, which corresponds to the

distance between % and the origin, is at most n

n

TE\2 "
= (%) < >1=n,
k=1

k=1
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it follows that

(s \/n2 _ |
I, < \“ OH - ni+n_\/i+1'

Finally, this proves that the distance between o(\) and ”; must be less or equal
to € after not more than [ne=2] — 1 iterations, at which point the algorithm

terminates
[ne=21-1 n
HM Hzg\/lJr([neql) e

At this point, it should be mentioned that the upper bound on the number of
iterations given in theorem 1 can be further refined with a simple modification of
A’. Due to the packing property of X it is possible to set all components of A’ (u?)
which correspond to a component of value 0 in z* to 0 as well. Given that y°

a

equal to ””C: and all other ! are defined recursively as the difference between
Ioj and a convex combination of ""; —ptand A’ (u?), every vector i+ must share

the 0 components of x*. As a result, the new A’ preserves the approximation
ratio and algorithm 1 still works as expected. Furthermore, only integer points
from the subspace of positive components in z* are considered, which means that
the convergence of algorithm 1 depends on the number of positive components
in z* rather than n.

4 Exact Decomposition

Although the convex combination A which is returned by algorithm 1 is within
an e-distance to :1; , an exact decomposition of the relaxed solution is necessary
to guarantee truthfulness. Assuming that an additional scaling factor of y/ne is
admissible, the second part of our decomposition technique shows how to convert

A into a new convex combination \” such that o(\"”) is equal to a(lfi/m). Note

that this additional scaling factor depends on e, which means that it can still
be made arbitrarily small. In particular, running algorithm 1 with a precision

of \/En, instead of €, reduces the factor to € and yields a decomposition which

is equal to However, since this new precision is not independent of n

oz(glc+s) .
anymore, the maximum number of iterations is increased to [n( \/e”)—2‘| -1,
which is quadratic in n. It is helpful to observe that the techniques which are
introduced in this chapter can be adapted easily to the subspace of positive
components in x*. Hence, all complexity results carry over directly from n to
the number of positive components in x*.

To adjust o(\) component-wisely, it is helpful to consider the integer points
e® € {0,1}". For every dimension k, the kth component of e is defined to be 1
while all other components are 0. Since X has a finite integrality gap and also
satisfies the packing property, all points e* must be contained in X.
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Lemma 2. The polytope X contains all points e*.

Proof. For the sake of contradiction, assume there exists a dimension k for which
e” is not contained in X . Since X satisfies the packing property, this implies that
there exists no point in X whose kth component is 1, in particular no integer
point. As a result, the optimal solution for the integer program with respect to
the vector e must be 0

k
max e;r; = max g = 0.
Z T et
Keeping in mind that X has an integrality gap of at most «, it immediately
follows that the optimal solution for the relaxed linear program with respect to

e* must also be 0

n
max g efxl =maxx, = 0.
rzeX . zeX

However, this implies that the kth component of every point in X is 0, which
contradicts the fact that X is n-dimensional. a

Applying theorem 2, our decomposition technique uses the points e to construct
an intermediate convex combination A’ such that o(\') dominates % .
a(l++/ne)
Theorem 2. Conver combination A can be converted into a new conver combi-
nation X' which dominates . * .
a(l++/ne)

Proof. According to lemma 2, the points e* are contained in Z(X). Thus, they

can be added to A to construct a positive combination A+, _; |xof —o(N)g|T(e¥)

. . *
which dominates

a()\ + z": ’322 — U(A)k‘r(ek)) =o(A\) + (i ’922 —o(A) ’ek)
k=1 k=1
o (5 o))
k=1
=o(\) + f —o(N)

Since the sum over the additional coefficients Y ,_, \Ia’: — 0 (M| is equivalent
to the L1 distance between o(\) and ”; , it is bounded by the Hoélder inequality

n * *

317 et =7 ot < a7 ~ota, < e

«
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As a result, scaling down the positive combination by a factor of 1+ /ne yields a
new positive combination which dominates a jf J/ne) and whose coefficients sum
up to a value less or equal to 1. To ensure that this sum becomes exactly 1, the

coefficients must be increased by an additional value of \/ne— p_, moi” —o(AN)k|-
An easy way to achieve this is by adding the origin, which is trivially contained
in Z(X) due to the packing property of X, to the positive combination. Thus,

the desired convex combination A corresponds to

A Yo | = o e|r(eh) + (Ve = Y0 [ = o (Vi) (0)
1+ /ne '
O

In the final step, our decomposition technique exploits the packing property
of X to convert A into an exact decomposition of a fi/ns) . A simple but general
approach to this problem is provided by algorithm 2. Given a point € X which
is dominated by o()\’), the basic idea of the algorithm is to iteratively weaken
the integer points which comprise A’ until the desired convex combination A" is
reached. As theorem 3 shows, this computation requires at most |1)(\)|n + "22+ "

iterations.

Algorithm 2. From a Dominating to an Exact Decomposition
Input: a convex combination X', a point x which is dominated by o ()\’)
Output: a convex combination A\ which is an exact decomposition of x
N XN i—0
for all1 <k <ndo
while O’()\i)k >z do
y < pick some y from Z(X) such that /\2 >0and yp =1
if )\; > U()\i)k — 1 then
AL N = (0(A)k = 20)7(y) + (0N )i — 2)T(y — €F)
else
N X = Nor(y) + NoT(y — €¥)
end if
14 1+1
end while
end for
return \*

Theorem 3. Assuming that o(\') dominates the point xz, algorithm 2 converts
N into a new convex combination X' such that o(X") is equal to x. Furthermore,

the required number of iterations is at most |P(X)|n + "2;”.

Proof. In order to match o(\') with x, algorithm 2 considers each dimension
k separately. Clearly, while o(A\?);, is still greater than xj, there must exist at
least one point y in A\* which has a value of 1 in component k. If )\Z is greater or
equal to the difference between o(\");, and xy, it is reduced by the value of this
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difference. To compensate for this operation, the coefficient of the point y — e¥,
which is trivially contained in X due to its packing property, is increased by the
same value. Thus, the value of (A1)} is equal to

(N1, = a(Af)k - (CT(AZ:)IC — 2Tk + (0N )k — 2)7(y — ")
= oA\ — ((\' )k — x)

k>

which means that the algorithm succeeded at computing a matching convex
combination for z at component k. It should be noted that the other components
of X1 are unaffected by this update.

Conversely, if Al is less than the remaining difference between (A, and
zy, the point y can be replaced completely by y — e*. In this case the value of
o(\*1), remains greater than xy,

(A1), —U()\Z)k—)\Z (y )k—‘r)\;T( — M) —a()\’)k—)\ > Tp

Furthermore, the number of points in A**! which have a value of 1 at component
k is reduced by one with respect to A\’. Considering that the number of points
in A’ is finite, this implies that the algorithm must eventually compute a convex
combination A’ which matches x at component k.

To determine an upper bound on the number of iterations, it is helpful to
observe that the size of the convex combination can only increase by 1 for every
iteration of the for loop, namely if )\L is greater than the difference between
(A", and zp. As a result, the number of points which comprise a convex com-
bination during the kth iteration of the for loop is at most (\') + k. Since this
number also gives an upper bound on the number of iterations performed by the
while loop, the total number of iterations is at most

S|+ k) = nlo(n \+Zk—n\w N
k=1
O
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Abstract. We examine strategy-proof elections to select a winner amongst a set
of agents, each of whom cares only about winning. This impartial selection prob-
lem was introduced independently by Holzman and Moulin [5] and Alon et al. [1].
Fischer and Klimm [4] showed that the permutation mechanism is impartial and
;-optimal, that is, it selects an agent who gains, in expectation, at least half the
number of votes of the most popular agent. Furthermore, they showed the mecha-
nism is 172 -optimal if agents cannot abstain in the election. We show that a better
guarantee is possible, provided the most popular agent receives at least a large
enough, but constant, number of votes. Specifically, we prove that, for any € > 0,
there is a constant N, (independent of the number n of voters) such that, if the
maximum number of votes of the most popular agent is at least N then the per-
mutation mechanism is (? — €)-optimal. This result is tight.

Furthermore, in our main result, we prove that near-optimal impartial mecha-
nisms exist. In particular, there is an impartial mechanism that is (1 — €)-optimal,
for any € > 0, provided that the maximum number of votes of the most popular
agent is at least a constant M.

1 Introduction

Imagine an election where the voters are the candidates and each voter is allowed to vote
for as many of the other candidates as she wishes. Now suppose each voter cares only
about winning. The goal of the mechanism is to elect the candidate with the maximum
support. To achieve this, we desire that the election mechanism be strategy-proof. Thus,
we want an impartial mechanism, where voting truthfully cannot affect an agent’s own
chances of election.

This problem, called the impartial selection problem, was introduced independently
by Holzman and Moulin [S5] and Alon et al. [1]. In addition to elections, they were
motivated by nomination mechanisms for prestigious prizes and committees, hyperlink
formations, and reputation systems in social networks. Fischer and Klimm [4] also pro-
posed the use of such mechanisms for peer review evaluation processes.

The impartial selection problem can be formalized via a directed graph G = (V, A).
There is a vertex v € V for each voter (candidate) v, and there is an arc (u,v) € Aif u
votes for v. The aim is to maximize the in-degree of the selected vertex, and we say that
an impartial mechanism is a-optimal, for o < 1, if the in-degree of the vertex it selects
is always at least «v times the in-degree of the most popular vertex.

Unfortunately, Holzman and Moulin [5] and Alon et al. [1] observed that a deter-
ministic impartial mechanism must have an arbitrarily poor approximation guarantee c.

T.-Y. Liu et al. (Eds.): WINE 2014, LNCS 8877, pp. 133-146, 2014.
(© Springer International Publishing Switzerland 2014
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Specifically, a deterministic mechanism may have to select a vertex with zero in-degree
even when other vertices receive votes; or it may be forced to select a vertex with in-
degree one whilst another vertex receives n — 1 votes! This negative result motivated
Alon et al. [1] to study randomized impartial mechanisms. In particular, they examined
a simple mechanism dubbed the 2-partition mechanism. This mechanism independently
assigns each vertex to one of two groups {V1, Va}. Then, only the arcs from vertices
in Vi to vertices in V5 are counted as votes. The vertex with the maximum number
of counted votes in V5 is selected (breaking ties arbitrarily). It is straight-forward to
verify that this mechanism is impartial and is }l-optimal. They further conjectured the
existence of an ;-optimal impartial randomized mechanism.

This conjecture was recently proven by Fischer and Klimm [4]. Specifically, they
proved that the permutation mechanism is impartial and é—optimal. This election mech-
anism examines the vertices in a random order, and can only count the votes of a vertex
that go to vertices behind it in the ordering. (See Section 3 for a detailed description
of the mechanism and a short proof of Fischer and Klimm’s result.) Interestingly, the
factor ;-approximation guarantee is tight. Consider an n-vertex graph containing only
a single arc (u, v). Then, unless u is before v in the random permutation the mechanism
will select a vertex with in-degree zero. Thus the expected in-degree of the vector is at
most one half.

Observe that this tight example is rather unsatisfactory. It is extremely unnatural
and relies on the fact that every vertex bar one abstains from voting. Indeed, Fischer
and Klimm [4] showed that without abstentions the permutation mechanism is at least
172 -optimal. They leave open the possibility that the permutation mechanism actually
proffers a better approximation guarantee than 172 . They do prove, however, that without
abstentions the permutation mechanism can be no better than g—optimal. Moreover,
Fischer and Klimm [4] provide an even stronger inapproximation bound: no impartial
mechanism can be better than Z-optimal, even without abstentions.

This appears to severely limit the potential for progress. But, again, the lower bounds
are somewhat unsatisfactory. The issue now is not low out-degrees (that is, abstentions)
but rather low in-degrees. The lower bounds are all based on instances with extremely
small maximum in-degree A~. Specifically, the factor ; optimal example [1] for the
permutation mechanism with abstentions has A~ = 1; the factor g optimal example
[4] for the permutation mechanism without abstentions has A~ = 3; the factor Z op-
timal example [4] for any randomized mechanism without abstentions has A~ = 2.
Of course, in applications with a large number n of voters, we would anticipate that
the most popular agent receives a moderate number of votes. Do these inapproximabil-
ity bounds still apply for these more realistic settings? Interestingly, the answer is no,
even for cases where the most popular agent receives only a (large enough) constant
number of votes. Specifically, we first prove that the permutation mechanism is nearly
3-optimal in such instances.

Theorem 1. For any € > 0, there is a constant N, such that if A~ > N, then the

permutation mechanism is (3 — €)-optimal.

This result is tight. We show that the permutation mechanism cannot produce a guaran-
tee better than Z regardless of the magnitude of A~
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This result suggests that it may be possible to find a mechanism that beats the Z—
inapproximability bound of [4], even for constant maximum in-degree. This is indeed
the case and spectacularly so. There is an impartial mechanism, which we call the slic-
ing mechanism, that produces a near optimal approximation guarantee.

Theorem 2. For any € > 0, there is a constant M, such that if A= > M. then the
slicing mechanism is (1 — €)-optimal.

The slicing mechanism differs from previous mechanisms in that it adds an initial sam-
pling phase. In this first phase, it samples a small fraction of the vertices. It then uses the
votes of these vertices to build a non-random ordering of the other vertices. This spe-
cific ordering is exploited in the second phase to elect a vertex with very high expected
in-degree.

These results, as in previous works [1,4,5], relate to single-winner elections. Some of
the motivating applications, however, involve multiple-winner elections. We remark that
our main result can be generalized to multiple-winner elections via small modifications
to the mechanism.

2 The Model

We begin by formalizing the impartial selection problem and introducing some neces-
sary notation. An election is represented via a directed graph G = (V, A). The number
of vertices of GG is denoted by n, and each vertex represents an agent (voter/candidate).
An agent can make multiple votes, but cannot vote for herself nor vote more than once
for any other agent. Thus, the graph G is loopless and contains no multiple arcs.

A vertex u is an in-neighbor of v (resp. out-neighbor of v) if there is an arc uv € A
(resp. vu € A). In this case, we say that u votes for v. Given a subset Y C V and
v € V, the in-degree of v in Y, denoted by d;,(v), is the number of in-neighbors of
v in Y. For simplicity, we denote dy, (v), the in-degree of v, by d~ (v). The maximum
in-degree of any vertex in G is denoted in by A~ (G), or simply by A when there is no
ambiguity.

A mechanism is impartial if, for every vertex v, the probability of selecting v is not
modified when the out-neighborhood of v is modified. That is, if v changes its votes
then this does not affect the probability of v being elected. More formally, take any pair
of graphs G and G’ on the same vertex set V. Let v be a vertex. Then we require that
the probability that v is elected in G is equal to the probability that v is elected in G’,
whenever the sets of out-neighbors of « and v are equal for every u # v.

Given 1 > a > 0, an impartial mechanism is «-optimal if for any graph G, the
expected degree of the winner differs from the maximum degree by a factor of at most
«, that is,

> vey @~ (v) - Pr(v is the winner)
A >«

3 The Permutation Mechanism

In this section, we analyze the permutation mechanism of Fischer and Klimm [4]. This
election mechanism examines the vertices in a random order {1, 7o, ..., 7, }. At time



136 N. Bousquet, S. Norin, and A. Vetta

t, the mechanism selects a provisional leader y; amongst the set IT, = {my,...m}.
At time ¢ 4+ 1 the mechanism then examines 4. If w41 receives at least as many
votes from IT; \ y: as y; from the set of voters before him then 7y is declared the
provisional leader y;41. Otherwise y;4+1 := y;. The winner of the election is y,. A
formal description of the permutation mechanism is given in Procedure 1 (where d;
denotes the in-degree of the provisional leader). Given an integer n, the set {1,2,...,n}
is denoted by [n].

Procedure 1. The Permutation Mechanism
Input: A directed graph G = (V, A).
Let 7 be a random permutation of V' = [n)].
Y1 < T1;
di + 0;
fori =1ton — 1do
if dl_Yi\{yi}(ﬂ-iJrl) Z di then
Yi+1 & Ti41;
dit1 < dp, (Tit1)
else
Yi+1 < Yis
d2‘+1 < di
end if
end for
output y,

Observe that the permutation mechanism is impartial because it has the following
property: the votes of a vertex are only considered after it has been eliminated. Specifi-
cally, the votes of 7, are considered at time 7 > ¢ only if 7; is not the provisional leader
at time 7 — 1. But, if 7y is not the provisional leader at time 7 > ¢ then it cannot be
elected. This ensures that eliminated agents have no interest to lie, i.e. the mechanism
is impartial. Fischer and Klimm [4] proved this mechanism is %—optimal using an intri-
cate analysis based upon viewing the permutation mechanism as a generalization of the
2-partition mechanism. First, we present a simpler proof of their result.

Theorem 3. [4] The permutation mechanism is é-optimal.

Proof. Let v be a vertex with maximum in-degree A. Now suppose exactly j of its
in-neighbors appear before v in the random ordering 7. In this case, at the time v is
considered it has received at least j — 1 valid votes (one of the j votes may not be
counted if it comes from the provisional leader).

Suppose v is now declared the provisional leader. Then all j of these votes become
valid. (Indeed, if one of the in-neighbors of v was the provisional leader, this is no
longer the case.) On the other-hand, suppose v is now declared a loser. Then, because
ties are broken in favor of newly examined vertices, the provisional leader must already
be receiving at least j valid votes. Thus in either case, the final winner y,, must also
receive at least j valid votes (the in-degree of the provisional leader is non-decreasing).
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Now with probability A}H’ exactly j of its in-neighbors appear before v, for any

A+1
votes. O

0 < j < A. Thus, in expectation, the winner receives at least Lo ZjA:O j= %A

As discussed in the introduction, the factor ;—approximation guarantee in Theorem 3 is
tight. This tightness is slightly misleading, though. Recall that the tight example was a
graph with just a single arc. Under a natural assumption that the maximum in-degree is
large enough, the permutation mechanism is i—optimal. Specifically,

Theorem 1. For any € > 0, there is a constant N, such that if A~ > N, then the
permutation mechanism is (3 — €)-optimal.

The Z bound in Theorem 1 is tight in a very strong sense. There are tight examples for
any choice of A, no matter how large; see Theorem 4. The proof of Theorem 1 has two
basic components. The first is the basic observation, used above in the proof of Theorem
3, that the mechanism will perform well if the vertex v of highest in-degree has many in-
neighbors before it in the random permutation. The second is the observation that if the
mechanism does well when v does not participate then it will do at least as well when
v does participate. In order to be able to apply these two observations simultaneously,
however, we must show random permutations are "well-behaved". Specifically, we say
that a permutation 7 of [n] is (4, €)-balanced if, for every 0 < k < n,

I[Amﬂklz@—e)A

and we want to show that a random permutation is typically balanced.
To do this, we need the following result, which provides a large deviation bound for
the size of intersection of two sets of fixed cardinalities.

Lemma 1. For every €1 > 0, there exists Ny such that for all positive integers N1 <
A < nand k < n the following holds. If X C [n] are chosen uniformly at random
subject to | X| = A, then

kA

Pr HXQ[ICH— ’ZElA:| < €1 (1)

n
Due to space restriction, the proof of the following lemma is not included in this ex-
tended abstract '.

Lemma 2. For every 0 < ey < 1, there exists No such that, for all n > A > N», at
least (1 — €3) - n! permutations of [n] are (A, e2)-balanced.

Proof. Let N7 be chosen to satisfy Lemma 1 with ¢; := 643. We choose Ny >
max(Ny, if) Let k1, k2, ...,k € [n] be a collection of integers such that for every
k € [n] there exists ¢ € [I] satisfying 0 < k — k; < €2 - . Clearly such a collection

3
can be chosen with [ < < é , where the last inequality holds as n > 13

n
le2-n/3]

" A complete version of this paper can be found at http: //arxiv.org/abs/1407.8535
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Let 7 be a permutation of [n] chosen uniformly at random. By Lemma 1 and the choice
of N> we have

Pr |:[A]QH}CL|§ <IZ—61>'A:| < €1 2)

forevery 1 <i <.

We claim that if [[A] N [Ty, | > (’fL —€1) - Aforevery 0 < i <l then |[A] N II}| >
(F —e€)-Aforevery0 < k < n.Indeed, given k leti € [[] satisfy 0 < k—k; < ez~ .
Then

ki
[anml > [anm) = (5 -a)-4
2
> k_ez_q A ke € A
n 3 n 3 4

o(-0)-a
n

as claimed. By the union bound applied to (2) we have

. ki 4 €2
Pr|Vi:i<l: |[AlNI,| > L, G A>T -1l >1— -
€2
=1-e (3
The lemma immediately follows from (3) and the claim above. a

We are now ready to prove Theorem 1.

Proof of Theorem 1. Let N3 be chosen to satisfy Lemma 2 with €3 := 5. We show
that N, := max(Na, [fz 1) satisfies the theorem. Let v be a vertex of G with in-degree
A := A~ (G). We assume that V(G) = [n], where v is vertex n, and [4] is the set
of in-neighbors of v. For a permutation 7, let d(7) denote the in-degree of the winner
determined by the mechanism.

Let 7’ be a fixed (A, e2)-balanced permutation of [n — 1]. We claim that

Eld(r) | 7|y = 7] > (i - e/2> CA 4)

Note that the theorem follows from (4), as the probability that 7|, 1) is not (4, e2)-
balanced is at most ¢, by the choice of N, and thus

Eld(r)] > (1_62).(i_e/2)-A > (2—6>A

It remains to prove (4). Let w be the winner when the permutation mechanism is applied
to G \ v and 7', and let 2 be the number of votes w receives from its left (i.e. from
vertices before it in the permutation). Let 7 be a permutation of [n] such that 7|, 1) =
7. It is not hard to check that if at least (z + 1) in-neighbors of v precede v in 7 then
v wins the election. Moreover, whilst the addition of vertex v can change the winner
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(and, indeed, produce a less popular winner), it cannot decrease the “left” degree of
any vertex. Thus, the (new) winner has still in-degree at least x after the addition of v.
So, as 7’ is (4, e3)-balanced, we have |[A] N I, | > ¢cA — e2A > x + 1, whenever
¢ > “X' + €. Furthermore, Pr[r(v) > cn] > 1 — c. Thus the probability that v wins
the election is at least 1 — (z + 1)/A — €o. It follows that

r+1 rz+1
(5t ea) e (1275 )

2 _
A (a:+1)AA+(a:+1)x_62A

<2_62_2>'A+(x_j/2)22(i_;>'A 0

The Z bound provided in Theorem 1 is tight for any A.

Eld(7) | 7[jn—1) = 7]

IV

Y

v

Theorem 4. For every 0 < ¢ < 1/4 and every N > 0, there exists a directed graph G
such that A= (G) > N and the expected degree of the winner selected by the permuta-
tion mechanism is at most (3 + €) A~ (G).

Proof. Without loss of generality we assume that N > 1/¢. Let G’ be a directed graph
such that n := [V(G')| > (N + 1)(N? + N +1)-In !, and d~(v) = d*(v) = N for
every v € V(G’). Let G be obtained from G’ by adding a new vertex vy and 2N — 1
directed edges from arbitrary vertices in V(G’) to vp. Thus A := A~ (G) = d~ (vp) =
2N — 1.

Now, in G’ one can greedily construct a set Z of at least n/(N? + N + 1) vertices,
such that no two vertices of Z have common in-neighbors and no two vertices of Z are
joined by an edge. After a vertex z € Z is chosen, simply remove z, the in-neighbors
and out-neighbors of z, and the out-neighbors of z’s in-neighbors (the inequality is
satisfied since the in-neighbors have a common out-neighbor). Then recurse. Let 7 be
a permutation of V(G) chosen uniformly at random. Let X, denote the event that a
vertex v € V(G’) is preceded by all of its in-neighbors in 7. Clearly Pr[X,] = N}H
for every v € V(G’), and moreover, by construction of Z, the events { X, },cz are
mutually independent. Hence

. . ] N 1 (N+1)-In'!
U NXyl2>21—1(1-— >1—-(1-

>1—e

Note that if the event U, ¢y ()X, occurs then one of the vertices of G’ receives N
votes in the permutation mechanism. By symmetry the probability that vg is preceded
by at most (N — 1) of its in-neighbors in 7 is equal to 1/2. Thus vy is not selected as a
winner with probability at least 1/2 — e. We deduce that the expected in-degree of the
winner is at most

1 A+1 1 3 1 3
— . A= A —eN < - A O
(2 6) 9 +<2+6> (4+6) € +4_<4+6>



140 N. Bousquet, S. Norin, and A. Vetta

Procedure 2. The Slicing Mechanism

SAMPLING PHASE
[Sample] Draw a random sample X, where each vertex is sampled with probability e.
forallv € V \ X do
[Estimated-Degree.] de (’U) — 1 . d; (U)
end for

SLICING PHASE
[Slices] Create 7 = [ ] sets {S1,...,S-} initialized to empty sets.
A+ max, e\ x (de(v))
forallv € V'\ X do
fori =1toTdo
if (1 — 1)€? - Ae < de(v) < i€? - A. then
Si + S; U{v}
end if
end for
end for

ELECTION PHASE
[Revealed Set] R +— X
[Provisional Winner] Yo <— argmaxueV\R (d7_€ (u)) [Break ties arbitrarily.]
for i = 1to 7 do
forallv € S; \ {yi—1} do
R + R U {v} with probability (1 — €).

end for
/ — . N "
Y; argmaquV\R(dR(u)) [Break ties arbitrarily.]
R+ (RUU,, Si) \ {vi} [Only y;_1 canbe in S; with j < 4]
[Provisional Winner] ¥; <— argmax,, EV\R (d7_2 (u)) [Break ties arbitrarily.]
R + (RUUjSi Si)\{yi} [Only y; can be in U;j<;S;]
end for

The elected vertex is y-.

4 The Slicing Mechanism

In this section, we present the slicing mechanism and prove that it outputs a vertex
whose expected in-degree is near optimal.

Theorem 2. For any € > 0, there is a constant M. such that if A~ > M. then the
slicing mechanism is (1 — €)-optimal.

The constant M, is independent of the number of vertices and is a polynomial func-
tion of i We remark that we have made no attempt to optimize this constant. The
slicing mechanism is formalized in Procedure 2.

This mechanism consists of three parts which we now informally discuss. In the
first part, the sampling phase, we independently at random collect a sample X of the
vertices. We use arcs incident to X to estimate the in-degree of every other vertex in
the graph. In the second part, the slicing phase, we partition the unsampled vertices into
slices, where each slice consists of vertices with roughly the same estimated-degree.



A Near-Optimal Mechanism for Impartial Selection 141

The third part, the election phase, selects the winning vertex. It does this by considering
each slice in increasing order (of estimated-degrees). After the i-th slice is examined the
mechanism selects as provisional leader, y;, the vertex that has the largest number of
in-neighbors amongst the set of vertices R that have currently been eliminated. The
winning vertex is the provisional leader after the final slice has been examined.

We emphasize, again, that the impartiality of the mechanisms follows from the fact
that the votes of a vertex are only revealed when it has been eliminated, that is, added
to R. Observe that at any stage we have one provisional leader; if this leader changes
when we examine a slice then the votes of the previous leader are revealed if its slice
has already been examined.

4.1 Analysis of the Sampling Phase

Observe that the sampling phase is used to estimate the in-degree of each unsampled
vertex v. Since each in-neighbor of v is sampled in X’ with probability €, we anticipate
that an e-fraction of the in-neighbors of v are sampled. Thus, we have an estimated in-
degree d.(v) := ! - d3(v), for each vertex v € V' \ X. It will be important to know
how often these estimates are (roughly) accurate. In particular, we say that a vertex v is
é-well-estimated if |d.(u) — d(u)| < éd(u).

We will be interested in the case where ¢ < e. (In particular, we will later select
€ = 6: .) Before analyzing the probability that a vertex is é-well-estimated, recall the
classical Chernoff bound.

Theorem 5. [Chernoff bound]
Let (X;)i<n be n independent Bernouilli variables each having probability p. Then

52pn

Pr| Y X, —pn| > épn] < e 3

Corollary 1. For any vertex v of in-degree at least Ay = max (2109, 9;42 ), the proba-
bility that v is not é-well-estimated is at most d(i)(j.

Proof. The proofis an application of Theorem 5. For every in-neighbor u; of v, the ver-

tex u, is sampled with probability e. Denote by X; the Bernoulli variable corresponding

to “u; is in X’ which has value 1 if u; € X and 0 otherwise. The variables X; are ob-

viously independent and identically distributed. Note that > X; = € - do(u) and its

expectation is € - d(u).

¢ ~d(u)) — Pr (|e cde(u) — € d(u)| > & d(u))

€

S o ezgiu) S o= éZééAO'\/d(u) S 6_\/d(u)
1

d(u)b

Pr (|d.(u) — d(w)] >

<

Here the first inequality is an application of Theorem 5 with § = E The second in-
equality holds because d(u) > Ag. The third inequality follows as Ay > 9;: . Finally,
the fourth inequality holds since \/d(u) > 61In(d(u)) when d(u) > Ay > 2109. O
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Lete := 6: . We will be interested in the probability that every vertex of high degree
in a local region is é-well-estimated. Specifically, let x be a vertex of maximum in-
degree A. Denote by N ~%(z) the set of vertices which can reach z with an oriented
path of length at most k. For instance, N~!(x) is the in-neighborhood of = plus .
Applying the union bound with Corollary 1, we obtain:

Corollary 2. Let x be a vertex of in-degree A. If A > Ay = max( f;), 3) then, with

probability (1—¢), any vertex of N —3(z) of in-degree at least €* - A is é-well-estimated.

Proof. Since €2 - A > Ay, Corollary 1 ensures that a vertex of in-degree at least €2 - A
is not é-well-estimated with probability at most (EQIA)G . There are at most 1 + A+ A% +

A3 < 3. A3 vertices in N~3(z) since A > 2. The union bound implies that every
vertex in N ~3(x) with in-degree at least ¢2A is é-well-estimated with probability at

least (1 — 6??26 ). As A > 635 , the conclusion holds. m]

It the rest of this section we will make a set of assumptions. Given these assumptions,
we will prove that the mechanism outputs a vertex of high expected in-degree. We will
say that the mechanism “fails" if these assumptions do not hold. We will then show that
the probability that the mechanism fails is very small. The two assumptions we make
are:

(A1) Vertex « is not sampled. This assumption fails with probability e.

(A2) Every vertex in N~2(x) with in-degree at least 2 - A is regionally well-
estimated. Here, we say a vertex is regionally well-estimated if its degree is é-well-
estimated and all its in-neighbors of in-degree at least €2A are also é-well-estimated.
Corollary 2 ensures that all the vertices of N ~2(z) of degree at least €2 - A are re-
gionally well-estimated with probability (1 — ¢). Thus, this assumption also fails with
probability at most €.

4.2 Analysis of the Slicing Phase

Now we consider the slicing phase. In this phase we partition the unsampled vertices
into groups (slices) according to their estimated degrees. The width of a slice is the
difference between the upper and lower estimated-degree requirements for vertices in
that group. We will need the following bounds on the width of a slice.

Lemma 3. The width of any slice is at least (1 — €)e? - A and at most € - A.

Proof. By assumption, the vertex x of maximum degree is é-well-estimated. Thus,
A > (1 — &) - A. Therefore the width of any slice is at least (1 — €)e? - A.

On the other-hand, take any vertex u. At most A of w’s in-neighbors can be sampled
because it has degree at most A. It follows that d.(u) < f. Thus, A, < f, and the
width of any slice is at most € - A. O
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4.3 Analysis of the Election Phase

We are now ready to analyze the election phase. Initially we reveal every vertex in the
sample X. The vertex yo with largest estimated-degree is then the provisional winner.
We then treat the slices in increasing order of estimated-degree. When we the slice .S;
has been considered, all the vertices in .5; except at most one (if it is the provisional
winner y;) have been revealed. For technical reasons, we will denote by Sj the set X
Observe that the set R is the set of already revealed (eliminated) vertices.

Now let S<; = UszSj, and denote by d;(u) = [{v € S<¢ : vu € A} the number
of in-neighbors of v that are in S, for j < £. Then we begin by proving two lemmas.
The first, Lemma 4, states that if a vertex u € Sy has a large d¢—1(u) then the elected
vertex has large in-degree. The second, Lemma 5, guarantees that the elected vertex has
a large in-degree (with high probability) if there are many regionally well-estimated
vertices in Sy with large dy(u). These lemmas will be applied to a vertex x of in-degree
A: either many in-neighbors of x are in slices before x and Lemma 4 will apply, or many
in-neighbors of x are in its slice and we will apply Lemma 5 to this set of in-neighbors.

Lemma 4. Take u € Sypq1. If de(u) = d, the elected vertex has in-degree at least d — 1.

Proof. When we select the provisional winner y, all vertices of S<, = UfZOSj (but
at most one, yé, if it is in this set) have been revealed. Now u € Sy41 is an eligible
candidate for y,. Thus, at that time, dx (y¢) > di(u) > de(u) —1 = d — 1. Since
the in-degrees of the provisional winners can only increase, the elected vertex ¥, has is
in-degree at least d — 1. Note that the minus one comes from the fact that y; can be an
in-neighbor of . O

Lemmas5s. Let A > Ay = 1342. If there exists an integer £ and a set Z C Sy of size
at least e A of regionally well-estimated vertices with dy(z) > (1 — 3€) A + 1 for every
z € Z, then with probability at least (1 — €) we have d(y;) > (1 — 5¢) A.

Proof. First, by selecting a subset of Z if necessary, we may assume that Z = [eA].
Now we define a collection of bad events and show that d(y,;) > (1 — 5¢) A if none of
these events arise. We then show the probability that any of these bad events occurs is
small.

Let By be the event that every vertex in Z is placed in R when we sample the vertices
of slice . We may assume the provisional leader yy_1 is notin Z. Thus, since |Z| > €A,
the probability of event By is at most

(1_6)5A — esA-ln(l—e) < €_€2A < ;

Here the first inequality holds since In(1 — €) < —e. The second inequality holds as
A> 2>

Now take any z € Z and let U, be the set of in-neighbors of z in S<¢ \ {ye—1}. We
have |U,| > (1 —3¢) - A. Let B, be the event that less than (1 — 5¢) - A vertices of |U,|
are in R at the time we sample the vertices of slice £.

To analyze the probability of this event consider any u; € U,. Now, if u; € S; for
j < L then u; is already in R. Otherwise, if u; € Sy then it is now added to R with
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probability (1 — €). So consider a random variable Y; which has value 1 if u; € R after
this sampling and 0 otherwise. Note the Y; are not identically distributed. So let X; be
variables which are independent and identically distributed and such that X; = Yj if
u; € Sy and X; has value 1 with probability (1 — €) otherwise. We have

P Y <(l—e— & U] SPI}_Xi < (1—e =) |U:]]

K3
< e—éz(l—e)-|Uz\/3 < e—ééQ(l—e)(l—fie)A

<e2vac !

- — 3A
Here the first inequality follows from Theorem 5. The second inequality holds as |U| >
(1 — 3¢)A. The third inequality holds by the choice v/ A > g > The
fourth one is satisfied since A > 100.

We now apply the union bound to the events Bo U |J,., B.. Since Z = [eA],
none of these events occur with probability at least 1 — E?Xl — 5 = 1 —e Thus,
with probability at least 1 — e, after the sampling of the slice Sy, there is a vertex
z € Z that is not in R but that has at least (1 — 5¢) - A in-neighbors in R. The new
provisional leader y, must then satisfy d(y;) > dx(2) > (1 — 5¢)A, as required,
since (1 —5€)- A< (1 —€e—¢&)-|U,|. O

6
é2(1—e€)(1-3¢)"

Proof of Theorem 2. We may now prove that the slicing mechanism is nearly optimal.
We assume that A > M, = max(A;, As) and that € < é. Let o be a vertex of in-
degree A. We assume that x is not selected in X' during the sampling phase and that
all the vertices of N ~2(z) with in-degree at least ¢2A are regionally well-estimated.
We need the following claim, where k denotes the integer such that the vertex x of

maximum in-degree is in S}.
Claim. Let u be a vertex in N ~3(x) that is not in S<. Then u € Sj41.

Proof. Take a vertex u € N~3(z). If d~(u) < €2A, then its estimated degree is at
most €A < d.(z). Thus now we can assume that d~ (u) > €2A and then u is é-well-
estimated by assumption on x. First observe that the set of possible estimated degrees
of u intersects at most two slices. To see this note that the range of d.(u) is less than
2¢ - A as u is é-well-estimated. On the other-hand, by Lemma 3, the width of a slice is
atleast (1 — €)e? - A. Since é = E: we have

1
2eA < 262A < (1-9¢eA

Since the range is less than the width, the observation follows.

The vertex x of maximum degree is é-well-estimated and is in the slice k. Therefore,
because u is é-well-estimated (and necessarily d(u) < d(x)), there must be a slice
smaller than or equal to k in its range of u. Thus w cannot be in a slice with index
exceeding k + 1. O

Assume first that there exists a set Z; of at least €A vertices of N ~2(z) such that
Z1NS; = P fori < k. The claim ensures that Z; C Sy, 1. By considering a subset of
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71, we may assume that |Z;| = eA. (We assume that eA is an integer, for simplicity.)
Then, forany z € Z1, we have d.(z) > d.(z) since z is in the slice after z. Moreover, as
x and z are é-well-estimated, the facts that |d.(z)—d(z)| < éAand |d.(z)—d(z)| < €A
imply that

dz) > (1-20)A > (1—-¢A

Furthermore, by the above claim, we must have that di 1 (z) = d(z). Consequently, we
may apply Lemma 5 to the set Z;. This ensures that the in-degree of the elected vertex
is at least (1 — 5¢) A with probability at least (1 — ).

On the other hand, assume that now less than €A vertices of N ~2(z) are in Si1. In
particular, we have dy(x) > (1 — €)A. If dp—1(x) > (1 — 4€) - A + 1 then the elected
vertex has degree at least (1 — 4¢) A by Lemma 4.

So, assume that d_1 (z) < (1—4¢)A. Then at least 3¢ A in-neighbors of x are in Sk.
Denote by Zs a set of €A in-neighbors of = in S. Every vertex z € Z, has in-degree
atleast (1 — e — 2€)A > (1 — 2¢) A + 1; this follows because both x and z are é-well-
estimated and because the width of a slice is at most eAA (Lemma 3). For any z € Z,
since at most eA of the in-neighbors of z are in Sy.y1, we have di(z) > (1 — 3e) A+ 1.
Moreover, by assumption all the vertices of Z5 are regionally well-estimated. Hence,
by Lemma 5, with probability at least (1 — €), the degree of the elected vertex is at least
(1 —5¢)A, as desired.

Consequently, the slicing mechanism typically outputs a near-optimal vertex. So
what is the probability that assumptions made during the proof fail to hold? Recall
that Assumptions (A1) and (A2) fail to hold with probability at most 2¢. Given these
two assumptions, Lemma 5 fails to output a provisional leader with in-degree at least
(1 — 5¢) - A with probability at most e. Thus the total failure probability is at most 3e.
Consequently, the expected in-degree of the elected vertex is at least (1 — 3¢)(1 — 5e) -
A > (1 — 8¢)A, which concludes the proof of Theorem 2. O

We conclude with some remarks. Here M, = O( 618 ); the degree of this polynomial
can certainly be improved as we did not attempt to optimize it.

The slicing mechanism can be adapted to select a fixed number c of winners rather
than one. Let us briefly explain how. Instead of selecting only one provisional winner
y during each iteration of the election phase, we can select a set of size ¢ containing
unrevealed vertices maximizing d .

Let x1,...,x. be the c vertices of highest in-degree. With high probability all the
vertices of N ~2(x;) are regionally well-estimated for every i < ¢ and with high prob-
ability none of them are selected during the sampling phase. Now consider two cases:
either N ~2(z;) contains many vertices of degree almost A, and then an adaptation of
Lemma 5 ensures that with high probability c vertices are not sampled during the sam-
pling of the election phase and the ¢ elected vertices have large degree. Or N ~2(x1)
has few vertices of degree almost A and then when the slice of z is considered, if z; is
not selected, then all the selected vertices have degree almost A by Lemma 4. A similar
argument can be repeated for every vertex x;.
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Abstract. We study revenue maximization in settings where agents’
valuations exhibit positive network externalities. In our model, items
have unlimited supply, and agents are unit demand. In a departure
from previous literature, we assume agents have value based external-
ities, meaning that their valuation depends not only on their own sig-
nal, but also on the signals of other agents in their neighborhood who
win the item. We give a complete characterization of ex-post incentive
compatible and individually rational auctions in this setting. Using this
characterization, we show that the optimal auction is in fact determin-
istic, and can be computed in polynomial time when the agents’ signals
are independent. We further show a constant factor approximation when
the signals of agents are correlated, and an optimal mechanism in this
case for a constant number of bidders.

1 Introduction

There are many goods and services for which the utility of an individual con-
sumer increases with the number of consumers using the same good or service.
This phenomenon is called positive externalities in the economics literature.
There have been extensive studies on various settings of positive externalities
in both the economics and computer science communities. Most of the literature
so far has focused on the cardinality based utility model given by Katz et al. [11],
where the utility of an agent is of the form r 4+ v(y) — p. Here r is the agent’s
intrinsic type, i.e., her private information about the good. The quantity y is the
number of agents using the good; v is an non-decreasing function that measures
the externalities by the number of agents using the good; p is the price for the
good. Such a model of externality is motivated by several factors:

— The physical effect of the number of buyers on the quality of the good. For
example choosing a telephone network over other competing brands depends
on the number of users each network has.

* Supported by an award from Cisco, and by NSF grants CCF-0745761, CCF-1008065,
CCF-1348696, and I1S-1447554; and by grant W911NF-14-1- 0366 from the Army
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— An indirect effect that gives rise to consumption externalities. For example
the amount of software available in different operating systems is a function
of the number of people using them.

— The availability and quality of post-purchase services depend on the size of
the community using the good.

1.1 Value Based Externality Model

The cardinality based externality model discussed above assumes the externality
leads to an additive increase in value depending on the number of users who
obtain service. This implicitly assumes agents are identical in terms of how much
they use the service. In several scenarios, the extent to which agents use the
service is itself a function of their intrinsic value for the good. This motivates us
to introduce the value based externality model. Agents are unit demand. Given
the agents’ intrinsic types {s;}, suppose the set of agents winning the item is W.
Then, the valuation for agent i € W is v;(s;, W) = hi(si) + > jcw ji 9i5(5)-
On the other hand, for i ¢ W, we have v;(s;, W) = 0. Since we consider positive
externalities, we assume the functions h; and g;; are non-negative and non-
decreasing.

As an example to illustrate the usefulness of this model, suppose agent 4
is deciding to adopt a social network. The agent’s type is her signal s;. This
signal stands for how much she plans to use social networks. Furthermore, the
agent receives externalities if her friend j also uses the same social network. The
amount of externality received by 4 from j is determined by how much j plans to
use the same network (g;;(s;)). Therefore, under the value based utility model,
the agent’s utility depends linearly on her friends’ private information about how
much they use the social network.

Note that the value based utility model naturally captures the network ex-
ternality case, where the agents are located in a network G(V, E), and receive
externality only from neighbors in the network. Our valuation function is not
only a generalization of cardinality based externality functions, but also of the
weighted sum values model introduced in [15,12], generalized to the setting with
network externalities.

1.2 Summary of Results

In this paper, we consider the Bayesian setting, where the agents’ intrinsic types
are assumed to be drawn from a known distribution. We assume there is unlim-
ited supply of the item, and agents are unit demand. The goal of the auctioneer
is to design an incentive compatible and individually rational mechanism that
optimizes expected revenue, where the expectation is over the distribution of
types, as well as the randomness introduced by the mechanism. Our solution
concept will be ex-post, meaning that even when agents know the signals of the
other agents, truthfulness and rationality hold in expectation over the random-
ness introduced by the mechanism. For formal definitions, see Section 2.
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We present a characterization of ex-post (randomized) mechanisms in Sec-
tion 3. Using this characterization, we show in Section 4 that when the intrinsic
types of the agents are drawn from a regular product distribution, the optimal
auction can be computed in polynomial time. Our characterization allows us to
define a virtual value on each agent’s private signal in a standard way. However,
the winning set can have agents to have negative virtual values if they produce
enough externalities. We show that despite this difficulty, we can modify the
densest subgraph algorithm [5] in an interesting way to compute the minimal
densest subgraph, and this allows us to design the optimal, polynomial time
computable mechanism.

In Section 5 we show how to achieve near optimal ex post revenue when the
distributions are correlated. Our mechanism takes the better of two deterministic
mechanisms. One mechanism focuses on extracting revenue from the intrinsic
value, the other one from the externalities. We show that the better of these two
mechanisms produces at least 411 of the optimal revenue.

We finally show an LP formulation whose size is polynomial in the size of
the support of the joint distribution of the signal space. We round the solution
to this LP to obtain an optimal mechanism when there a constant number of
agents with correlated signals. More interestingly, this algorithm shows that the
optimal ex-post incentive compatible and individually rational mechanism is
always deterministic, i.e., there is no gap between the revenues of the optimal
deterministic and randomized mechanisms.

1.3 Related Work

The seminal work by Myerson [13] pioneered the study of optimal auctions in
the Bayesian setting, where the bidders’ values are assumed to be drawn from
known distributions. In this setting, Myerson showed that any incentive compat-
ible and rational mechanism satisfies monotonicity of the expected allocations of
a bidder, and a relation between price and allocation. However with value-based
externalities, a bidder’s value also depends on her neighbor’s private informa-
tion. We therefore assume an agent’s type (a.k.a. signal) is drawn from a known
distribution, and her value is determined by her own signal, together with her
neighbors’ signals. The common approach when an agent’s value depends not
only on her own type but also on others’ types is called the interdependent val-
ues setting. The key difference between the interdependent value model and the
externalities model is that, in the interdependent value model, an agent can
influence another agent even when she does not win the auction. However in
the externalities model, an agent can influence another agent only if both of
them win the items. Nevertheless our study is closely related to the literature
of interdependent values, here we mention the most relevant works [15,12,6].
Roughgarden et al. [15] develop an analog to the Myerson’s characterization for
interdependent values under a matroid constraint. We show a similar character-
ization in the value based utility model. In terms of approximation algorithms,
Li [12] showed a constant approximation for MHR distributions with interde-
pendent values under a matroid constraint and Chawla et al. [6] generalized
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this result to arbitrary distributions building on a result due to Ronen [14]. We
show a constant approximation to the externality model when the signals are
correlated using the result in [6] as a subroutine.

Network externalities effects received much attention in recent years. These
models generalize the classical model of Katz et al. [11], the value of player
is her intrinsic value plus a function of the total number of winners. The work
of [10,3,1,8,9] extends this model to the setting where agents are located in
a network, and derive utility from the set of winners in their neighborhood.
However, in all this work, the externality function only takes the identity of the
winners into account, and does not take the types (signals) of the neighbors
into account. In particular, the work of Haghpanah et al. [9] considered two
interesting valuation functions which they call concave externalities and step-
function externalities. In concave externalities, the value of an agent is a function
of the set of the neighboring winners; in step-function externalities, the value of
an agent is her own type if she and one of her neighbors win at the same time.
Under their valuation model they studied the near optimal Bayesian incentive
compatible mechanisms. We depart from this literature in considering the setting
where the externality depends on the signals of the winning agents, and not
just their identities. As mentioned before, with type-dependent externality, the
valuation of an agent becomes multi-dimensional (depending on the types of
other agents).

We finally note that in the ex-interim setting, the Bayesian optimal mechanism
can be designed in polynomial time using the techniques in [4,2], even when the
agents’ signals are correlated. Similarly, for independent signals, it is not too
hard to compute a constant approximation using techniques such as [10,9]; the
hard part is to obtain an optimal auction.

2 Preliminaries

In this paper, we consider unconstrained environments, where the auctioneer can
serve any subset of the agents simultaneously. As mentioned before, in our setting
there are n unit-demand agents, and an unlimited supply of a homogeneous item.

Player types. An agent’s type stands for all the private information about the
good that is available to the agent. We denote bidder ¢’s type by s;. We call
s = (s1,82,...,8n) the signal profile of all the bidders. And we denote (s}, s_;)
as the signal profile when we change bidder i’s signal from s; to s} and keep
signals of all other bidders the same.

As in the optimal auction design literature, we assume that the signals s is
drawn from a known distribution with probability density function (PDF) f.
In Section 4 the distribution is a product distribution over the bidders, and
is regular. In Section 5 we allow the distribution to be general and possibly
correlated across bidders. We denote the marginal PDF and CDF of bidder
as fi(si|s—;) and Fj(s;|s—;) respectively, where we drop s_; if the marginals are
independent. For analytic convenience, we assume the type space is continuous
unless otherwise stated; our results easily extend to discrete type spaces.
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Player values. As mentioned in the introduction, given an unconstrained envi-
ronment and a signal profile s, when the winning set is W the valuation for a
winning agent i € W is v;(si, W) = hi(si) + 2w ;41 9i(85)- If @ does not win,
i ¢ W, we have v;(s;, W) = 0. The functions h; and g;; are non-negative and
non-decreasing.

Auction. An auction or a mechanism is specified by an allocation rule x and a
payment rule p. We allow the mechanisms to be randomized, so that when the
reported signal profile is s, we denote x;(s) the probability that agent ¢ wins.
Denote p;(s) as the payment of agent i. The utility of an agent is her value minus
her payment. An auction is deterministic if z;(s) only takes value 0 or 1. Denote
Y;,;(s) the probability that both agent ¢ and j win.

Solution Concepts. In this paper we focus on ex post incentive compatible (IC)
and ex post individual rational (IR) auctions. There are three popular notions of
equilibria. In this paper we focus on ex post IC and IR mechanisms. We denote
Wi the winning set when agent ¢ tells the truth s;, and W5 is the winning set
when she misreports s;. An auction is Fz post IC if for all agents i, reported
signal profiles s,

zi(s)v(s, W) — pi(s) > (s, s—i)v(s, Wa) — pi(s;, 5-4)

Note that this solution concept is defined agnostic to the prior distribution,
which may not even be common knowledge. Ex post individually rational (IR)
means that the agents do not receive negative utility, so that the condition
x;(s)v(s, W) — pi(s) > 0 always holds.

Optimal Auction Design. The total expected revenue of an auction is E,[> ", pi(s)].
The expectation is taken over all the possible signal profile s, according to the
distribution with PDF f, as well as the randomness introduced by the mechanis.
In this paper we focus on achieving optimal expected revenue when s is drawn
from independent regular distributions and near optimal expected revenue when
s is drawn from correlated distributions.

3 Characterization of Ex-Post Mechanisms

In this section we develop a characterization of ex post IC and IR mechanisms
for the value based utility model. We note that this characterization holds for
both independent and correlated distributions over the signal profile.

Theorem 1 (characterization). A (possibly randomized) mechanism is ex
Post IC IR if and only if it satisfies the following two conditions:

1. (Monotonicity) z;(s) < xz;(s") for all s = (s;,s_;) and s’ = (s}, s_;) where
8; < 845
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2. (Payment Identity) Fizing the signals of the other agents, the expected
payment of agent i is

pi(s) = h(si)xi(s) — / W (2)(wi(z,5-0))dz + Y g(s5)yis ()
0 i
Proof. We focus on agent ¢ and drop the subscripts in h;(s;) and g¢;;(s;). Consider
any ex-post IC and IR mechanism. The IC conditions imply:

h(si) - zi(s) + Y 9(55) - yis(5) = pi(s) = hise) - @i(s) + Y g(s5)  wis(s') —pals))

J#i Jj#i
h(sp) - 2i(s)) + Y g(s5) - yi(s") = pi(s') > hlsh) - wi(s) + Y g(s5) - wi(s) —pals)
Jj#i Jj#i

From these two inequalities it is easy to derive that:
wi(s)(h(si)) — h(s)) = wi(s)(h(s:) — h(s;))
Therefore x;(s) < z;(s") since s; < s}, showing monotonicity.
The above two inequalities imply:
D Wi (8) = i (9))g(s;) + (wils) — wi(s))h(s:)
JF#i
<pils) = pils) <) (Wi (5') — i (5))g(s5) + (wi(s) — wi(s))h(s})
J#i
Since we assumed the type space is continuous, we have:
dpi(s) dZﬁsi!](Sj)yij(s) dz;(s)
ds; B ds; ds;

Taking the integral, we have:

pi(s) = pi(0,5-;) + /OSi g(s;) dzyzj(Z,Sﬂ‘) + /OSi h(z) dxi(z,5-5)

J#

+ h(si)

= h(si)zi(s)) - /O W (2)zi(z, 5-0))dz + ) g(s7)yi(s)

J#

The second equality is true because we assume ¢ pays 0 when she reports 0. This
shows that the payment identity holds.

Suppose a mechanism satisfies monotonicity and the payment identity. Plug-
ging in the payment identity into the ex post IC condition, we need to show:

nlstosa) (05— his)) = [ WGz, -)d

The monotonicity condition now implies the above inequality directly. This
shows that any mechanism that satisfies monotonicity and the payment identity
is ex-post IC and IR.
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4 Optimal Mechanism for Independent, Regular Signals

Using the characterization developed so far, we design an optimal auction when
the distributions of the agents’ signals are independent and regular. We show
that the payment identity implies we can perform optimization for each signal
profile individually. For each signal profile, the resulting problem is a densest sub-
graph problem, which has an optimal solution computable in polynomial time [5].
However, in order to preserve monotonicity, we need a densest subgraph with a
specific property, that we term the minimum densest subgraph. We show that
even this solution is poly-time computable, which yields the desired mechanism.

Definition 1. Let f; and F; denote the PDF and CDF of the distribution of s;,

which are assumed to be independent for different i. We define @;(s;) = hi(s;) —
I}F(‘;(S)) hi(s:). We say @;(s;) is the virtual value for agent i when she reports s;.

A distribution is said to be regular if when s; > s}, then v;(s;) > pi(s}).

4.1 Revenue Expression

Lemma 1. Fizing s_;, the expected payment of agent i is Eg[pi(s)] =
Es [pi(si)zi(s) + > iz vii(5)gi5(s5)]-

Proof. Since we fix s_; we replace x;(s), pi(s) and y;;(s) by zi(s:), pi(s:) and
¥ij(s:) in this proof. By Theorem 1,

h
B, [pi(s)] = / RCICE
h z
= [ @m = [ n@om -+ (s (s

i#]

By integration by parts and changing the order of integration of the second term:

/Ziom(z)hi(z)f(z)dz—/ / f(2)dzhi( db—l—/z Zy” 52)gi;(s;) f(2)dz

0 izj

Renaming the variables, we get:

pz Sz

h
Vf(2)dz — /:0 zi(2)[1 — F(2)]hi(2)dz

h
Sz xz d2+/ Zym Sz gz] S5 f( )dZ
#=0 iz;

[ + Z%] gzy 5]

i#]

= [
/ yzg s2)9i5(s;)f (2)dz
/
E,,
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Corollary 1. The expected revenue of an ex post IC' and IR mechanism is

Ey[Rev] = E5[30] wil(si)wi(s) + 20,2(9i5 (s5) + gji(si))yi; (5)]

We call the sum in the expectation virtual surplus.

4.2 Linear Program

We call following linear program as the linear program for signal profile s.

maximize Z wi(si)x; + Z 9ji(5i) + 9ij(55))vij

i=1 i#£]

subject to x; > yi; ]
xj > Yij JEFE]
0<z; <1 , Vi

Lemma 2. The optimal value of the linear program for signal profile s is an
upper bound on the optimal expected revenue from any ex post IC IR mechanism.

Proof. Take any ex post IC IR mechanism and set the linear program variables
according to the allocation rules of the mechanism. We can easily see the linear
program constraints are satisfied. By Corollary 1 we have that objective of the
linear program is the expected revenue of the mechanism. Therefore the optimal
value of the linear program for signal profile s is an upper bound for the optimal
expected revenue from any ex post IC IR mechanisms.

The linear program for signal profile s encodes a relaxation of the densest
subgraph problem (see [5]), which we define below.

Densest Subgraph Problem. Let G = (V, E) be an weighted undirected graph,
and let S = (Vg, Es) be a subgraph of G. We define the density to be the sum
of the weights induced by S. The densest subgraph problem asks to find the
subgraph S which maximizes the density. Note that there are different definitions
of density in the literature. In a LP relaxation of the densest subgraph problem,
we have a variable z; for vertex ¢, which is 1 if ¢ belongs to the solution, and a
variable y;; for edge (7, 7) if both ¢ and j are in the solution. The constraints are
exactly those in the LP written above. We can therefore view the LP for signal
profile s as solving a densest subgraph problem on the agents.

Lemma 3. [5] The linear program relaxation for densest subgraph problem has
an optimal integral solution which can be found in polynomial time.

Proof. Take an fractional optimal solution to the above linear program #;, ¥;;
with optimal value v. Choose a number r € [0,1]. We call V;, = {i : z; > r} and
E, = {(¢j) : y;j > r}. Round z; for all ¢ € V;. to 1, and set all other z; to 0.
It is easy to see that y;; = 1 if and only if (ij) € E,, since y;; = min{z;, x;}.
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Define function f(r) =3¢y, wi(si) + 2 1 jyer, (95i(si) + gi5(s;)). We have that
oo Fr)dr = SO0y @ilsi)ds + 32,05(g5i(50) + 9i4(s7))yi; = v. Therefore there
must be at least one r such that f(r) > v. In other words the LP has an integral
optimal solution. To find the right » one need only to look for all distinct V.
sets. Note that there are at most n such sets. For details please see [5].

Definition 2. We call the winning set found by the integral optimal solution
(with optimal value v) found in Lemma 3 as a densest subgraph. Among all
densest subgraphs let V, be the set that has the smallest cardinality. We say that
V.-(s) is the minimum densest subgraph with density v for signal profile s.

Lemma 4. The minimum densest subgraph can be computed in polynomial time.

Proof. Let G denote the original problem instance. Denote d be any number that
is smaller than the difference between the optimal solution to G, and the solution
with next highest density. Add a term —e Z?Zl x; to the objective function in the
linear program, where € = d/n?. Modify this instance to G’ where we subtract
€ from the weights on all the vertices. By our choice of ¢, it is easy to see that
the densest subgraphs for G and G’ differs at most d/n. Therefore the densest
subgraph for instance G’ can only be selected from the integral solutions for G.
The modified LP finds the optimal integral solution for G’, hence it computes
the minimum cardinality solution to instance G.

Lemma 5. For any signal profile s and agent i, if agent i belong to the minimum
densest subgraph V,.(s), fixing s—_;, if agent i increases her signal to s; > s;, and
denote the new signal profile s’. Then in the new instance, i € V,.(s').

Proof. First, the minimum densest subgraph V;.(s) is unique for any signal profile
s. Suppose not. Let there be V. # V!, and denote the induced edge sets E, and
E!. Suppose that

D wils)+ Y (giilsi)+gii(s) =D @ilsi)+ Y (gjilsi)+gij(s5)) =v

i€Vr (i.7)EE, vy (@.9)€E;

It is easy to see that since gj;(s;) > 0 Vi, j, we have

Yoo+ D (gilsi) +gii(sy) > v

i€V,UV/ (i,§)EE,UE!,

unless
S owils)+ Y (gjilsi) +gii(s) =0
i€V, =V (i,))EE—E!,
However it contradicts the fact that both V, and V;! are minimum densest sub-
graphs.

Next, denote ¢}(s;) the new virtual value for agent j when i increased her
signal. Note that ¢’(s;) = @;(s;) Vj # i since the signals are independent, and
vi(s:) < ¥i(s;) by regularity. Suppose i € V,.(s) but ¢ ¢ V,.(s), we have that:
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Oilsi)+ Y (gri(s5) + girlsw))

JEVR(s") (4,k)EE(s")

/
> Oilsi)+ Y. (gri(s5) + gin(sk))
JEVr(s) (4,k)EEN(s)
> wi(si)+ D (gki(s5) + gin(sk))
JEVr(s) (4,k)EE(s)
> pilsi)+ Y. (gri(s5) + gin(sk))
JEVr(s) (J,k)EE(s")

!
= D G+ D (gri(si) + ginlse)
JEV(s) (J,k)EE(s")

The last equality holds because by our assumption, i ¢ V,.(s’) and the fact that
©5(s5) = wj(s;) Vj # i. This implies V;.(s) and V;.(s’) are two distinct minimum
densest subgraphs for signal profile s. This contradicts the fact that the minimum
densest subgraph is unique for any input s. This completes the proof.

Algorithm 1. Mechanism 1 for Independent Signals
1. Ask for the signal profile s = (s1, S2, ..., Sn).
2. Compute the ¢ virtual values based on s.
3. Solve the linear program for signal profile s. Calculate the threshold
signals(corollary 4.2).
4. Allocate according to the minimal densest subgraph Vi (s), and make
payments p; = v;((s;,s—:), Vr(s)) where sj is the threshold signal and V..(s) is
the minimum densest subgraph for signal profile s.

Our mechanism is illustrated in Mechanism 1. We now show several prop-
erties of this mechanism. First, as a corollary of Lemma 5, we have that if we
maximize the objective in the above linear program by choosing the minimum
densest subgraph for all signal profiles s, then if an agent 7 increases her signal,
her allocation is non-decreasing. Therefore, the allocation rule in Mechanism 1
satisfies the monotonicity condition in Theorem 1.

Fixing the signal profile s_;, to calculate the correct payment for agent ¢ we
have to compute the minimum signal s} for agent ¢ for her to be selected by the
minimum densest subgraph. As a direct consequence of Lemma 5, we have the
following corollary.

Claim. Fixing s_; the threshold signal s} for which agent ¢ remains in the min-
imum densest subgraph can be computed in polynomial time.

Proof. By lemma 5 we can use binary search to find the minimum s} so that
agent ¢ remains in the minimum densest subgraph in at most O(logh) linear
programming computations where h is the maximum possible value for any
signals.
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Putting all this together, we have the following theorem. As a corollary, we
also observe that the optimal mechanism is also deterministic.

Theorem 2. Mechanism 1 is ex post IC and IR, polynomial time computable,
and it achieves optimal expected revenue among all ex post mechanisms when
the signal profile s is drawn from a regular product distribution.

5 Mechanisms for Correlated Signals

In this section we present ex post mechanisms when the signals of the agents
are correlated. For small type spaces, this mechanism is optimal, while it is
an approximation algorithm for implicitly specified type spaces. We use the
conditional virtual values as defined in [15].

Definition 3. [15] For correlated signals, we define
1-— FZ‘(SZ“S,Z‘)
fi(sils—i)
as the conditional virtual value for agent i when she reports s;. As before, we

call the sum of the conditional virtual values together with the externalities the
virtual surplus.

pi(sils—i) = hi(si) — hi(si)

Using Theorem 1, we have the following lemma, whose proof is identical to
Lemma 1.

Lemma 6. Fizing s_; the expected payment of agent i is

E(Silsfi)[ i(s]s—i)] = E(51|S 1)[‘;02(31‘3— (s +Zy1] gu 5]
J#£i

Here, x;(s) is the probability that agent i gets the item when the signal profile
is s; and y;;(s) is the corresponding probability that both agents ¢ and j get the
item. Therefore, the expected revenue of an ex post IC and IR mechanism with
correlated signals is

E[Rev] = Z@z (sils—i)wi(s) + > (95(55) + 9ji(5:))yi; (5)]
i#]

The approach in the previous section does not extend to correlated signals.
Since when a winning agent increases her signal, the conditional virtual values
for the other agents in the winning set also change. As a result, the agent can be
rule out from the new optimal winning set. Nevertheless we can develop optimal
and near optimal ex post IC IR mechanisms below.

Definition 4. For signal profile s we define the auction H(s) to be the auction
in which each agent’s value is simply hi(s;). We denote Rev(H (s)) the optimal
expected ex post revenue for auction H(s). Let G(s) = 32 ,;(9ii(s5) + gji(si))-
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5.1 Optimal Mechanism for Constant Number of Bidders

We now present an optimal mechanism that runs in polynomial time under the
following assumptions. Bidder i’s signal s; € @Q; = {0,1,2,...,R;}, and let T =
x_1Q; denote the joint type space, that has size O(R™), where R = max; R;.
We assume n is constant, so that |T| = O(R") is poly-bounded. We assume
f(s) >0 for all s € T. The definition of conditional virtual value (Def. 3) easily
extends to such discrete spaces. Using the revenue formula, Lemma 6, and the
monotonicity characterization Theorem 1, it is easy to check that the following
integer program encodes the optimal mechanism.

Maximize Eser | Y @i(sils_i)zi(s)+ Y vij(s)(gi(s;) + gji(si))
@ (i4),i#]
xi(8) > i (s) Vi, j,s €T
xj(8) > yij(s) Vi, j,s €T
xi(si,8—i) > wi(s),s—;) Vi,s_i, R>s; > 5, >0
zi(s),yi;(s) € {0,1} Vi, j,s €T

Here, the third set of constraints encodes monotonicity; the first and second
set of constraints simply encodes that agents obtain externality from each other
only if they both receive the item. We relax the final constraints so that the
variables are real values in [0, 1]. Since the support of the signals, |T|, is poly-
nomial size, the above LP has polynomial size and can be solved in polynomial
time. Using the same technique as in the proof of Lemma 3, we choose an r
uniformly at random in [0, 1]. For every variable, if its value is at least r, we set
that variable to 1, else we set it to 0. It is easy to check that the resulting integer
solution satisfies all the constraints, and its objective is the same as the LP in
expectation. Hence, we have a valid mechanism that satisfies monotonicity, and
whose expected revenue has the same as the LP solution. We omit the details,
and note that with some technical work, this result also extends to arbitrary
discrete type spaces with poly-bounded support.

As a consequence, since the above LP has an integral optimum solution, we
have the following.

Theorem 3. For the value based utility model, there is no gap between the ex-
pected revenue of the optimal deterministic and randomized mechanisms.

5.2 Approximation Algorithm for the General Case

We now present an approximation algorithm when there are polynomially many
bidders, and the type space of the signals is continuous. We use the VCG-L
mechanism of Chawla et al. [6] as a subroutine.

Note that for items with unlimited supply, the VCG — L auction simply
offers each agent a posted price which is the conditional monopoly price for that
agents’ marginal distribution, given the signals of the other agents. For the sake
of completeness, we state the result of Chawla et al. [6].
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Algorithm 2. Mechanism 2 for Correlated Signals

1. Run the mechanism that yields higher expected revenue (over all signal
profiles).

2. Either allocate to all agents and charge each agent i } ., gi;(s;); or
3. Run the VCG — L [6] auction for correlated private values on H(s).

Theorem 4. [6] The VCG — L auction with conditional monopoly reserves ob-
tains at least half of the optimal revenue under a matroid feasibility constraint
when the agent have correlated private values.

Lemma 7. The optimal expected ex post revenue for correlated signal profile s
is at most Rev(H (s)) + G(s).

Proof. For any signal profile s, let M be any ex post IC IR mechanism for valua-
tions which externalities. Denote M’s allocation rule and payment rule by (z, p).
We can construct a mechanism for auction H(s) by keeping the allocation rule
of M exactly the same and let the winning set be W. Subtract the externalities
from the payments of all winning agents in M, that is the new payment for any
winning agent ¢ in H(s) is p; = pi — > ;; jew 9i,j(8;). We call the new mech-
anism M’. By Theorem 1, p, = h(sf) < h(s;). Therefore M’ is ex post IR for
H(s). On the other hand it is also easy to see M’ is ex post IC for H(s) since M’
satisfies the two conditions in Theorem 1 for the auction H (s) with zero external-
ity. We denote the expected payment from M’ by E,[>, pj(s)] and the expected
payment from M by E[Y . pi(s)] . Therefore by definition of Rev(H/(s)),we
have Es[} >, pi(s)] — G(s) < Es[32; pi(s)] — Z(i,j),j;&z‘,i,jew(gz‘,j(sj) + gji(si) =
E >, pi(s)] < Rev(H(s)) since G(s) is an upper bound on the amount of ex-
ternality subtracted. Therefore we have Es[Y". pi(s)] — G(s) < Rev(H(s)).

Theorem 5. Mechanism 2 is ex post IC IR, and a 4 approximation to the ex-
pectation of the optimal ex post revenue.

Proof. We first observe that mechanism 2 is ex post IC and IR. It takes the bet-
ter of two deterministic ex post IC IR mechanisms. By Lemma 7, the optimal
expected revenue is upper bounded Rev(H(s)) + G(s). If step 2 is used, the rev-
enue is REV =37, :(9i,j(s5) + g5.i(s:)) = G(s). If step 3 is used, by Theorem 4
we have the revenue REV, > Rev(H (s)). Overall we have the expected revenue
REV =max(REVy, REV2) > 1/4E,[(G(s) + Rev(H(s)))]-
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Abstract. We study uncoordinated matching markets with additional
local constraints that capture, e.g., restricted information, visibility, or
externalities in markets. Each agent is a node in a fixed matching network
and strives to be matched to another agent. Each agent has a complete
preference list over all other agents it can be matched with. However,
depending on the constraints and the current state of the game, not all
possible partners are available for matching at all times.

For correlated preferences, we propose and study a general class of he-
donic coalition formation games that we call coalition formation games
with constraints. This class includes and extends many recently studied
variants of stable matching, such as locally stable matching, socially sta-
ble matching, or friendship matching. Perhaps surprisingly, we show that
all these variants are encompassed in a class of “consistent” instances
that always allow a polynomial improvement sequence to a stable state.
In addition, we show that for consistent instances there always exists
a polynomial sequence to every reachable state. Our characterization is
tight in the sense that we provide exponential lower bounds when each
of the requirements for consistency is violated.

We also analyze matching with uncorrelated preferences, where we
obtain a larger variety of results. While socially stable matching always
allows a polynomial sequence to a stable state, for other classes different
additional assumptions are sufficient to guarantee the same results. For
the problem of reaching a given stable state, we show NP-hardness in
almost all considered classes of matching games.

1 Introduction

Matching problems are at the basis of many important assignment and alloca-
tion tasks in computer science, operations research, and economics. A classic
approach in all these areas is stable matching, as it captures distributed control
and rationality of participants that arise in many assignment markets. In the
standard two-sided variant, there is a set of men and a set of women. Each man
(woman) has a preference list over all women (men) and strives to be matched
to one woman (man). A (partial) matching M has a blocking pair (m,w) if both
m and w prefer each other to their current partner in M (if any). A matching
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M is stable if it has no blocking pair. A large variety of allocation problems in
markets can be analyzed using variants and extensions of stable matching, e.g.,
the assignment of jobs to workers, organs to patients, students to dormitory
rooms, buyers to sellers, etc. In addition, stable matching problems arise in the
study of distributed resource allocation problems in networks.

In this paper, we study uncoordinated matching markets with dynamic match-
ing constraints. An underlying assumption in the vast majority of works on stable
matching is that matching possibilities are always available — deviations of agents
are only restricted by their preferences. In contrast, many assignment markets
in reality are subject to additional (dynamic) constraints in terms of informa-
tion, visibility, or externalities that prohibit the formation of certain matches (in
certain states). Agents might have restricted information about the population
and learn about other agents only dynamically through a matching process. For
example, in scientific publishing we would not expect any person to be able to
write a joint paper with a possible collaborator instantaneously. Instead, agents
first have to get to know about each other to engage in a cooperation. Alterna-
tively, agents might have full information but exhibit externalities that restrict
the possibility to form certain matches. For example, an agent might be more
reluctant to accept a proposal from the current partner of a close friend knowing
that this would leave the friend unmatched.

Recent work has started to formalize some of these intuitions in generalized
matching models with dynamic restrictions. For example, the lack of information
motivates socially [5] or locally stable matching [4], externalities between agents
have been addressed in friendship matching [3]. On a formal level, these are
matching models where the definition of blocking pair is restricted beyond the
condition of mutual improvement and satisfies additional constraints depend-
ing on the current matching M (expressing visibility /externalities/...). Conse-
quently, the resulting stable states are supersets of stable matchings. Our main
interest in this paper are convergence properties of dynamics that evolve from it-
erative resolution of such restricted blocking pairs. Can a stable state be reached
from every initial state? Can we reach it in a polynomial number of steps? Will
randomized dynamics converge (with probability 1 and/or in expected poly-
nomial time)? Is it possible to obtain a particular stable state from an initial
state (quickly)? These questions are prominent also in the economics literature
(for a small survey see below) and provide valuable insights under which condi-
tions stable matchings will evolve (quickly) in uncoordinated markets. Also, they
highlight interesting structural and algorithmic aspects of matching markets.

Perhaps surprisingly, there is a unified approach to study these questions
in all the above mentioned scenarios (and additional ones) via a novel class
of coalition formation games with constraints. In these games, the coalitions
available for deviation in a state are specified by the interplay of generation and
domination rules. We provide a tight characterization of the rules that allow to
show polynomial-time convergence results. They encompass all above mentioned
matching models and additional ones proposed in this paper. In addition, we
provide lower bounds in each model.
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Contribution and Outline. A formal definition of stable matching games, so-
cially stable, locally stable, and friendship matching can be found in Section 1.1.
In addition, we describe a novel scenario that we term considerate matching.

In Section 2 we concentrate on stable matching with correlated preferences,
in which each matched pair generates a single number that represents the utility
of the match to both agents. Blocking pair dynamics in stable matching with
correlated preferences give rise to a lexicographical potential function [1,2]. In
Section 2.1 we present a general approach on coalition formation games with
constraints. These games are hedonic coalition formation games, where deviat-
ing coalitions are characterized by sets of generation and domination rules. We
concentrate on classes of rules that we term consistent. For correlated preferences
all matching scenarios introduced in Section 1.1 can be formulated as coalition
formation games with constraints and consistent rules. For games with consis-
tent rules we show that from every initial coalition structure a stable state can
be reached by a sequence of polynomially many iterative deviations. This shows
that for every initial state there is always some stable state that can be reached
efficiently. In other words, there are polynomial “paths to stability” for all con-
sistent games. Consistency relies on three structural assumptions, and we show
that if either one of them is relaxed, the result breaks down and exponentially
many deviations become necessary. This also implies that in consistent games
random dynamics converge with probability 1 in the limit. While it is easy to
observe convergence in expected polynomial time for socially stable matching,
such a result is impossible for all consistent games due to exponential lower
bounds for locally stable matching. The question for considerate and friendship
matching remains an interesting open problem.

In Section 2.2 we study the same question for a given initial state and a given
stable state. We first show that if there is a sequence leading to a given stable
state, then there is also another sequence to that state with polynomial length.
Hence, there is a polynomial-size certificate to decide if a given (stable) state
can be reached from an initial state or not. Consequently, this problem is in
NP for consistent games. We also provide a generic reduction in Section 2.2 to
show that it is NP-complete for all, socially stable, locally stable, considerate,
and friendship matching, even with strict correlated preferences in the two-sided
case. Our reduction also works for traditional two-sided stable matching with
either correlated preferences and ties, or strict (non-correlated) preferences.

In Section 3 we study general preferences with incomplete lists and ties that
are not necessarily correlated. We show that for socially and classes of considerate
and friendship matching we can construct for every initial state a polynomial
sequence of deviations to a stable state. Known results for locally stable matching
show that such a result cannot hold for all consistent games.

Related Work. For a general introduction to stable matching and variants of
the model we refer to textbooks in the area [26]. Over the last decade, there
has been significant interest in dynamics, especially in economics, but usually
there is no consideration of worst-case convergence times or computational com-
plexity. While the literature is too broad to survey here, a few directly related
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works are as follows. If agents iteratively resolve blocking pairs in the two-sided
stable marriage problem, dynamics can cycle [25]. On the other hand, there is
always a “path to stability”, i.e., a sequence of (polynomially many) resolutions
converging to a stable matching [28]. If blocking pairs are chosen uniformly at
random at each step, the worst-case convergence time is exponential. In the case
of weighted or correlated matching, however, random dynamics converge in ex-
pected polynomial time [2,27]. More recently, several works studied convergence
time of random dynamics using combinatorial properties of preferences [20], or
the probabilities of reaching certain stable matchings via random dynamics [8].

In the roommates problem, where every pair of players is allowed to match,
stable matchings can be absent, but deciding existence can be done in polyno-
mial time [23]. If there exists a stable matching, there are also paths to stabil-
ity [13]. Similar results hold for more general concepts like P-stable matchings
that always exist [21]. Ergodic sets of the underlying Markov chain have been
studied [22] and related to random dynamics [24]. Alternatively, several works
have studied the computation of (variants of) stable matchings using iterative
entry dynamics [7,9,10], or in scenarios with payments or profit sharing [3,6,18].

Locally stable matching was introduced by [4] in a two-sided job-market
model, in which links exist only among one partition. More recently, we studied
locally stable matching with correlated preferences in the roommates case [16],
and with strict preferences in the two-sided case [19]. For correlated preferences,
we can always reach a locally stable matching using polynomially many resolu-
tions of local blocking pairs. The expected convergence time of random dynam-
ics, however, is exponential. For strict non-correlated preferences, no converging
sequence might exist, and existence becomes NP-hard to decide. Even if they ex-
ist, the shortest sequence might require an exponential number of steps. These
convergence properties improve drastically if agents have random memory.

Friendship and other-regarding preferences in stable matching games have
been addressed by [3] in a model with pairwise externalities. They study existence
of friendship matchings and bound prices of anarchy and stability in correlated
games as well as games with unequal sharing of matching benefits. In friendship
matching, agents strive to maximize a weighted linear combination of all agent
benefits. In addition, we here propose and study considerate matching based on
a friendship graph, where no agent accepts a deviation that deteriorates a friend.
Such ordinal externalities have been considered before in the context of resource
selection games [17].

Our general model of coalition formation games with constraints is related
to hedonic coalition formation games [11,12,14]. A prominent question in the
literature is the existence and computational complexity of stable states (for
details and references see, e.g., a recent survey [29]).

1.1 Preliminaries

A matching game consists of a graph G = (V, E) where V is a set of vertices
representing agents and E C {{u,v} | u,v € V,u # v} defines the potential
matching edges. A state is a matching M C FE such that for each v € V we
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have [{e | e € M,v € e}| < 1. An edge e = {u,v} € M provides utilities
bu(e),b,(e) > 0 for u and v, respectively. If for every e € E we have some
bu(e) = by(e) = b(e) > 0, we speak of correlated preferences. If no explicit
values are given, we will assume that each agent has an order > over its possible
matching partners, and for every agent the utility of matching edges is given
according to this ranking. In this case we speak of general preferences. Note that
in general, the ranking is allowed to be an incomplete list or to have ties. We
define B(M,u) to be by(e) if u € e € M and 0 otherwise. A blocking pair for
matching M is a pair of agents {u, v} &€ M such that each agent u and v is either
unmatched or strictly prefers the other over its current partner (if any). A stable
matching M is a matching without blocking pair.

Unless otherwise stated, we consider the roommates case without assumptions
on the topology of G. In contrast, the two-sided or bipartite case is often referred
to as the stable marriage problem. Here V' is divided into two disjoint sets U and
W such that E C {{u,w}| u € U,w € W}. Further we will consider matchings
when each agent can match with up to k different agents at the same time.

In this paper, we consider broad classes of matching games, in which additional
constraints restrict the set of available blocking pairs. Let us outline a number
of examples that fall into this class and will be of special interest.

Socially Stable Matching. In addition to the graph G, there is a (social)
network of links (V, L) which models static visibility. A state M has a social
blocking pair e = {u,v} € E if e is blocking pair and e € L. Thus, in a social
blocking pair both agents can strictly increase their utility by generating e (and
possibly dismissing some other edge thereby). A state M that has no social
blocking pair is a socially stable matching. A social improvement step is the
resolution of such a social blocking pair, that is, the blocking pair is added to
M and all conflicting edges are removed.

Locally Stable Matching. In addition to G, there is a network (V, L) that
models dynamic visibility by taking the current matching into account. To de-
scribe stability, we assume the pair {u,v} is accessible in state M if v and v
have hop-distance at most 2 in the graph (V, L U M), that is, the shortest path
between w and v in (V, LUM) is of length at most 2 (where we define the shortest
path to be of length oo, if u and v are not in the same connected component). A
state M has a local blocking pair e = {u,v} € E if e is blocking pair and u and
v are accessible. Consequently, a locally stable matching is a matching without
local blocking pair. A local improvement step is the resolution of such a local
blocking pair, that is, the blocking pair is added to M and all conflicting edges
are removed.

Considerate Matching. In this case, the (social) network (V, L) symbolizes
friendships and consideration. We assume the pair {u,v'} is not accessible in
state M if there is agent v such that {u,v} € M, and (a) {u,v} € L or (b)
{v,v'} € L. Otherwise, the pair is called accessible in M. Intuitively, this implies
a form of consideration — formation of {u, v’} would leave a friend v unmatched,
so (a) w will not propose to v’ or (b) v/ will not accept u’s proposal. A state
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M has a considerate blocking pair e = {u,v} € E if e is blocking pair and it is
accessible. A state M that has no considerate blocking pair is a considerate stable
matching. A considerate improvement step is the resolution of such a considerate
blocking pair.

Friendship Matching. In this scenario, there are numerical values a,, > 0
for every unordered pair u,v € V, u # v, representing how much » and v care
for each other’s well-being. Thus, instead of the utility gain through its direct
matching partner, u now receives a perceived utility By(M,u) = B(M,u) +
ZveV\{u} O B(M,v). In contrast to all other examples listed above, this def-
inition requires cardinal matching utilities and cannot be applied directly on
ordinal preferences. A state M has a perceived blocking pair e = {u,v} € E if
B,(M,u) < Bp(M\{e | ene # 0})U{e},u) and B,(M,v) < B,((M \ {¢' |
ene’ # 0})u{e},v). A state M that has no perceived blocking pair is a perceived
or friendship stable matching. A perceived improvement step is the resolution of
such a perceived blocking pair.

2 Correlated Preferences

2.1 Coalition Formation Games with Constraints

In this section, we consider correlated matching where agent preferences are
correlated via edge benefits b(e). In fact, we will prove our results for a straight-
forward generalization of correlated matching — in correlated coalition formation
games that involve coalitions of size larger than 2. In such a coalition formation
game there is a set N of agents, and a set C C 2V of hyper-edges, the possible
coalitions. We denote n = |[N| and m = |C|. A state is a coalition structure
S C C such that for each v € N we have [{C | C € S,v € C}| < 1. That is,
each agent is involved in at most one coalition. Each coalition C' has a weight or
benefit w(C) > 0, which is the profit given to each agent v € C'. For a coalition
structure S, a blocking coalition is a coalition C' € C\ § with w(C) > w(Cy)
where v € C,, € S for every v € C which is part of a coalition in §. Again, the
resolution of such a blocking coalition is called an improvement step. A stable
state or stable coalition structure S does not have any blocking coalitions. Cor-
related matching games are a special case of coalition formation games where C
is restricted to pairs of agents and thereby defines the edge set E.

To embed the classes of matching games detailed above into a more general
framework, we define coalition formation games with constraints. For each state
S we consider two sets of rules — generation rules that determine candidate
coalitions, and domination rules that forbid some of the candidate coalitions. The
set of undominated candidate coalitions then forms the blocking coalitions for
state S. Using suitable generation and domination rules, this allows to describe
socially, locally, considerate and friendship matching in this scenario.

More formally, there is a set T'C {(7,C) | T C C,C € C} of generation rules.
If in the current state S we have 7 C S and C' ¢ S, then C becomes a candidate
coalition. For convenience, we exclude generation rules of the form (§, C') from T
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and capture these rules by a set C; C C of self-generating coalitions. A coalition
C € C4 is a candidate coalition for all states S with C' ¢ S. In addition, there
isaset D C {(T,C) | T C C,C € C} of domination rules. If T C S for
the current state S, then C' must not be inserted. To capture the underlying
preferences of the agents, we assume that D always includes at least the set
Dy = {({C1},C2) | w(Ch) > w(Cs),C1 N Cy # 0,01 # Ca} of all weight
domination rules.

The undominated candidate coalitions represent the blocking coalitions for
S. In particular, the latter assumption on D implies that a blocking coalition
must at least yield strictly better profit for every involved agent. Note that in
an improvement step, one of these coalitions is inserted, and every coalition that
is dominated in the resulting state is removed. By assumption on D, we remove
at least every overlapping coalition with smaller weight. A coalition structure is
stable if the set of blocking coalitions is empty.

Note that we could also define coalition formation games with constraints for
general preferences. Then D,, = {({C1},C2) | C1NCy # 0,C1 # Co,Fv € Cy :
wy(Cy) > wy(Cs2)}. However, a crucial point in our proofs is that in a chain
of succeeding deletions no coalition can appear twice. This is guaranteed for
correlated preferences as coalitions can only be deleted by more worthy ones.
For general preferences on the other hand there is no such argument.

In the following we define consistency for generation and for domination rules.
This encompasses many classes of matching cases described above and is key for
reaching stable states (quickly).

Definition 1. The generation rules of a coalition formation game with con-
straints are called consistent if T C {({C1},Cq) | C1 N Cy # B}, that is, all
generation rules have only a single coalition in their precondition and the candi-
date coalition shares at least one agent.

Definition 2. The domination rules of a coalition formation game with con-
straints are called consistent if D C {(S,C) | S cC,Ce(C,C ¢ §,35 € S :
SNC # 0}, that is, at least one of the coalitions in S overlaps with the dominated
coalition. Note that weight domination rules are always consistent.

Theorem 1. In every correlated coalition formation game with constraints and
consistent generation and domination rules, for every initial structure S there
18 a sequence of polynomially many itmprovement steps that results in a stable
coalition structure. The sequence can be computed in polynomial time.

Proof. At first we analyze the consequences of consistency in generation and
domination rules. For generation rules we demand that there is only a single pre-
condition coalition and that this coalition overlaps with the candidate coalition.
Thus if we apply such a generation rule we essentially replace the precondition
with the candidate. The agents in the intersection of the two coalitions would
not approve such a resolution if they would not improve. Therefore, the only
applicable generation rules are those where the precondition is of smaller value
than the candidate.
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Now for domination rules we allow an arbitrary number of coalitions in the
precondition, but at least one of them has to overlap with the dominated coali-
tion. In consequence a larger set of coalitions might dominate a non-existing
coalition, but to remove a coalition they can only use the rules in D,,. That is
due to the fact that when a coalition C' already exists, the overlapping coalition
of the precondition cannot exist at the same time. But this coalition can only
be created if C' does not dominate it. Especially C' has to be less worthy than
the precondition. Thus the overlapping precondition alone can dominate C' via
weight.

The proof is inspired by the idea of the edge movement graph [15]. Given a
coalition formation game with consistent constraints and some initial coalition
structure Sy, we define an object movement hypergraph

Gmov - (Va Vga Tmova Dmov)~

A coalition structure corresponds to a marking of the vertices in Gj,0,. The
vertex set is V = {vgc | C € C}, and V; = {vc | C € Cy} the set of vertices
which can generate a marking by themselves. The directed exchange edges are
Tmov = {(vey,ve,) | ({Ch}, Co) € E,w(C1) < w(C2)}. The directed domination
hyperedges are given by Dy,o, = D1 U Dy, where D1 = {({vs | S € S},v¢) |
(8,C) € D}. This covers the rule that a newly inserted coalition must represent
a strict improvement for all involved agents. The initial structure is represented
by a marking of the vertices Vo = {vc | C € Sp}.

We represent improvement steps by adding, deleting, and moving markings
over exchange edges to undominated vertices of the object movement graph.
Suppose we are given a state S and assume we have a marking at every vc
with C' € §. We call a vertex v in G, currently undominated if for every
hyperedge (U,v) € Dyop at least one vertex in U is currently unmarked. An
improvement step that inserts coalition C' is represented by marking ve. For
this vo must be unmarked and undominated. We can create a new marking
if vo € V,. Otherwise, we must move a marking along an exchange edge to
ve. Note that this maps the generation rules correctly as we have seen, that we
exchange the precondition for the candidate. To implement the resulting deletion
of conflicting coalitions from the current state, we delete markings at all vertices
which are now dominated through a rule in D,,,,. That is, we delete markings
at all vertices v with (U,v) € D and every vertex in U marked.

Observe that T}y, forms a DAG as the generation of the candidate coalition
deletes its overlapping precondition coalition and thus the rule will only be ap-
plied if the candidate coalition yields strictly more profit for every agent in the
coalition.

Lemma 1. The transformation of markings in the object movement graph cor-
rectly mirrors the improvement dynamics in the coalition formation game with
constraints.

Proof. Let S be a state of the coalition formation game and let C' be a blocking
coalition for S. Then C can be generated either by itself (that is, C' € Cy) or



Matching Dynamics with Constraints 169

through some generation rule with fulfilled precondition ¢’ € S, and is not
dominated by any subset of S via D. Hence, for the set of marked vertices
Vs = {ve | C € S} it holds that ve can be generated either because ve €
Vg or because there is a marking on some vor with (ver,ve) € Thmow, and is
further not dominated via D. Hence, we can generate a marking on vg. It is
straightforward to verify that if vc gets marked, then in the resulting deletion
step only domination rules of the form {({vs},vr) | S,T € C,SNT # § and
w(S) > w(T)} are relevant. Thus, deletion of markings is based only on overlap
with the newly inserted coalition C. These are exactly the coalitions we lose
when inserting C' in S.

Conversely, let Vs be a set of marked vertices of Gy, such that S = {C |
ve € Vs} does not violate any domination rule (i.e., for every (U,C) € D,
we have U € S or C ¢ S). Then S is a feasible coalition structure. Now if
ve is an unmarked vertex in Ginen, then C' ¢ S. Furthermore, assume ve is
undominated and can be marked, because vc € V; or because some marking
can be moved to ve via an edge in T}, Thus for every {S¢,C} € D ve being
undominated implies S¢ ¢ S. The property that v can be marked implies that
C is self-generating or can be formed from S using a generation rule. Hence C'
is a blocking coalition in §. The insertion C' again causes the deletion of exactly
the coalitions whose markings get deleted when vo is marked. a

To show the existence of a short sequence of improvement steps we consider
two phases.

Phase 1. In each round we check whether there is an exchange edge from a
marked vertex to an undominated one. If this is the case, we move the
marking along the exchange edge and start the next round. Otherwise for
each unmarked, undominated v € V; we compute the set of reachable posi-
tions. This can be done by doing a forward search along the exchange edges
that lead to an unmarked undominated vertex. Note that the vertex has to
remain undominated when there are the existing markings and a marking on
the source of the exchange edge. If we find a reachable position that domi-
nates an existing marking, we create a marking at the associated v € V;; and
move it along the exchange edges to the dominating position. Then we start
the next round. If we cannot find a reachable position which dominates an
existing marking, we switch to Phase 2.

Phase 2. Again we compute all reachable positions from v € V. We iteratively
find a reachable vertex ve with highest weight w(C), generate a marking at
the corresponding v € V,; and move it along the path of exchange edges to
ve. We repeat this phase until no reachable vertex remains.

To prove termination and bound the length, we consider each phase separately.
In Phase 1 in each round we replace an existing marking by a marking of higher
value either by using an exchange edge or by deleting it through domination by
weight. Further the remaining markings either stay untouched or get deleted.
Now the number of improvements that can be made per marking is limited by
m and the number of markings is limited by n. Hence, there can be at most
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mn rounds in Phase 1. Additionally, the number of steps we need per round is
limited m again, as we move the marking along the DAG structure of exchange
edges. Thus, phase 1 generates a total of O(n - m?) steps.

If in Phase 1 we cannot come up with an improvement, there is no way
to (re)move the existing markings, no matter which other steps are made in
subsequent iterations. This relies on the fact that the presence of additional
markings can only restrict the subgraph of reachable positions. For the same
reason, iteratively generating the reachable marking of highest weight results
in markings that cannot be deleted in subsequent steps. Thus, at the end of
every iteration in Phase 3, the number of markings is increased by one, and all
markings are un(re)movable. Consequently, in Phase 2 there are O(m - n) steps.

For computation of the sequence, the relevant tasks are constructing the graph
Gmov, checking edges in Ty, for possible improvement of markings, or con-
structing subgraphs and checking connectivity of single vertices to V. Obviously,
all these tasks can be executed in time polynomial in n, m, |T| and |D| using
standard algorithmic techniques. a

Next, we want to analyze whether consistency of generation and domination
rules is necessary for the existence of short sequences or can be further relaxed.

Proposition 1. If the generation rules contain more than one coalition in the
precondition-set, there are instances and initial states such that every sequence
to a stable state requires an exponential number of improvement steps.

The proof uses a coalition formation game with constraints and inconsistent
generation rules obtained from locally stable matching, when agents are allowed
to match with partners at a hop distance of at most £ = 3 in (V, LUM). For this
setting in [16, Theorem 3] we have given an instance such that every sequence to
a stable state requires an exponential number of improvement steps. Note that
the example is minimal in the sense that now we have at most 2 coalitions in
the precondition-set. The detailed proof can be found in the full version.

Proposition 2. If the generation rules have non-overlapping precondition- and
target-coalitions, there are instances and initial states such that every sequence
to a stable state requires an exponential number of improvement steps.

The construction used for the proof exploits the fact that if precondition- and
target-coalition do not overlap the precondition can remain when the target-
coalition is formed. Then the dynamics require additional steps to clean up the
leftover precondition-coalitions which results in an exponential blow-up. The
entire proof as well as a sketch of the resulting movement graph can be found in
the full version.

Proposition 3. If the domination rules include target-coalitions that do not
overlap with any coalition in the precondition, there are instances and starting
states such that every sequence cycles.

Consistent generation and domination rules arise in a large variety of settings,
not only in basic matching games but also in some interesting extensions.
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Corollary 1. Consistent generation and domination rules are present in

— locally stable matching if agents can create k = 1 matching edges and have
lookahead £ =2 in G = (V,MUL).

— socially stable matching, even if agents can create k > 1 matching edges.

— considerate matching, even if agents can create k > 1 matching edges.

— friendship matching, even if agents can create k > 1 matching edges.

Due to space restrictions we cannot give a detailed description of the embed-
ding into coalition formation games with constraints. In most cases the embedding
is quite straightforward. Agents and edge set are kept as well as the benefits. The
generation and domination rules often follow directly from the definitions. The ex-
act embedding for every type of game can be found in the full version. Additionally
an exemplar proof for correctness is stated.

Unlike for the other cases, for locally stable matching we cannot guarantee
consistent generation rules if we increase the number of matching edges. The
same holds for lookahead > 2. In both cases the accessibility of an edge might
depend on more than one matching edge. There are exponential lower bounds
in [16,19] for those extensions which proves that it is impossible to find an
embedding with consistent rules even with the help of auxiliary constructions.

2.2 Reaching a Given Matching

In this section we consider the problem of deciding reachability of a given stable
matching from a given initial state. We first show that for correlated coalition
formation games with constraints and consistent rules, this problem is in NP. If
we can reach it and there exists a sequence, then there always exists a polynomial-
size certificate due to the following result.

Theorem 2. In a correlated coalition formation game with constraints and con-
sistent generation and domination rules, for every coalition structure S* that is
reachable from an initial state Sy through a sequence of improvement steps, there
is also a sequence of polynomially many improvement steps from So to S*.

For the proof we analyze an arbitrary sequence of improvement steps from Sy
to §* and show that, if the sequence is too long, there are unnecessary steps, that
is, coalitions are created and deleted without making a difference for the final
outcome. By identifying and removing those superfluous steps we can reduce
every sequence to one of polynomial length. The detailed proof can be found in
the full version.

For locally stable matching, the problem of reaching a given locally stable
matching from a given initial matching is known to be NP-complete [19]. Here
we provide a generic reduction that shows NP-completeness for socially, locally,
considerate, and friendship matching, even in the two-sided case. Surprisingly,
it also applies to ordinary two-sided stable matching games that have either
correlated preferences with ties, or non-correlated strict preferences. Observe
that the problem is trivially solvable for ordinary stable matching and correlated
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preferences without ties, as in this case there is a unique stable matching that
can always be reached using the greedy construction algorithm [2].

Theorem 3. It is NP-complete to decide if for a given matching game, initial
matching My and stable matching M*, there is a sequence of improvement steps
leading form My to M*. This holds even for bipartite games with strict correlated
preferences in the case of

1. socially stable matching and locally stable matching,
2. considerate matching, and
3. friendship matching for symmetric a-values in [0, 1].

In addition, it holds for ordinary bipartite stable matching in the case of

4. correlated preferences with ties,
5. strict preferences.

3 General Preferences

In this section we consider convergence to stable matchings in the two-sided
case with general preferences that may be incomplete and have ties. For locally
stable matching it is known that in this case there are instances and initial
states such that no locally stable matching can be reached using local blocking
pair resolutions. Moreover, deciding the existence of a converging sequence of
resolutions is NP-hard [19].

We here study the problem for socially, considerate, and friendship matching.
Our positive results are based on the following procedure from [2] that is known
to construct a sequence of polynomial length for unconstrained stable matching.
The only modification of the algorithm for the respective scenarios is to resolve
“social”, “considerate” or “perceived blocking pairs” in both phases.

Phase 1. Iteratively resolve only blocking pairs involving a matched vertex
w € W. Phase 1 ends when for all blocking pairs {u, w} we have w € W
unmatched.

Phase 2. Choose an unmatched w € W that is involved in a blocking pair.
Resolve one of the blocking pairs {u, w} that is most preferred by w. Repeat
until there are no blocking pairs.

It is rather straightforward to see that the algorithm can be applied directly
to build a sequence for socially stable matching.

Theorem 4. In every bipartite instance of socially stable matching G = (V =
UUW, E) with general preference lists and social network L, for every initial
matching My there is a sequence of polynomially many improvement steps that
results in a socially stable matching. The sequence can be computed in polynomial
time.
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For extended settings the algorithm still works for somewhat restricted social
networks. For considerate matching we assume that the link set is only within
LC(UxU)U (U x W), i.e., no links within partition W.

Theorem 5. In every bipartite instance of considerate matching G = (V =
UUW, E) with general preference lists and social network L such that {w,w'} ¢ L
for all w,w’ € W, for every initial matching My there is a sequence of poly-
nomially many improvement steps that results in a considerate matching. The
sequence can be computed in polynomial time.

We also apply the algorithm to friendship matching in case there can be
arbitrary friendship relations au, ./, @y > 0 for each pair u,u’ € U. Here we
allow asymmetry with . # @ . Otherwise, for all u € U,w,w’ € W we
assume that o, = 0,u = ' = 0, i.e., friendship only exists within U.

Theorem 6. In every bipartite instance of friendship matching G = (V. =
UUW, E) with benefits b and friendship values a such that au, .+ > 0 only for
u,uw’ € U, for every initial matching My there is a sequence of polynomially
many improvement steps that results in a friendship matching. The sequence
can be computed in polynomial time.

The algorithm works fine with links between partitions U and W for the
considerate setting, but it fails for positive o between partitions in the friendship
case. We defer a discussion to the full version of the paper.

Acknowledgment. Part of this research was done at the Institute for Mathe-
matical Sciences of NUS Singapore, and at NTU Singapore. The authors thank
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Abstract. We consider the fundamental mechanism design problem of
approximate social welfare mazximizationunder general cardinal preferences
on afinite number of alternatives and without money. The well-known range
voting scheme can be thought of as a non-truthful mechanism for exact
social welfare maximization in this setting. With m being the number of al-
ternatives, we exhibit a randomized truthful-in-expectation ordinal mech-
anism with approximation ratio £2(m~3/%). On the other hand, we show
that for sufficiently many agents, the approximation ratio of any truthful-
in-expectation ordinal mechanism is O(m72/ 3) . We supplement our results
with an upper bound for any truthful-in-expectation mechanism. We get
tighter bounds for the natural special case of m = 3, and in that case fur-
thermore obtain separation results concerning the approximation ratios
achievable by natural restricted classes of truthful-in-expectation mecha-
nisms. In particular, we show that the best cardinal truthful mechanism
strictly outperforms all ordinal ones.

1 Introduction

We consider the fundamental mechanism design problem of approximate social
welfare mazximization under general cardinal preferences and without money. In
this setting, there is a finite set of agents (or woters) N = {1,...,n} and a
finite set of alternatives (or candidates) M = {1,...,m}. Each voter i has a
private valuation function w; : M — R that can be arbitrary, except that it is
injective, i.e., it induces a total order on candidates. Standardly, the function
u; is considered well-defined only up to positive affine transformations. That is,
x — au;(z)+b, for a > 0 and any b, is considered to be a different representation
of u;. Given this, we fix a canonical representation of u;. The two most widely
used cannonical representations in literature are unit-range (i.e. ¥4, u;(j) € [0, 1]
and max; u;(j) = 1, min; u;(j) = 0) [1-4, 6, 8, 9] and unit-sum (i.e. Vj,u;(j) €
[0,1] and >, w;(j) = 1) [7, 8, 13]. In this paper we will assume that all u; are
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canonically represented using the unit-sum representation, because it is arguably
more suited for social welfare maximization. Intuitively, agents should not be
“punished” for liking a lot of different outcomes. We shall let V;,, denote the set
of all unit-range canonically represented valuation functions.

We shall be interested in direct revelation mechanisms without money that
elicit the wvaluation profile u = (u1,us,...,u,) from the voters and based on
this elect a candidate J(u) € M. We shall allow mechanisms to be random-
ized and J(u) is therefore in general a random map. In fact, we shall define a
mechanism simply to be a random map J : V;;," — M. We prefer mechanisms
that are truthful-in-expectation, by which we mean that the following condition
is satisfied: For each voter 4, and all u = (u;,u—;) € V,,,”* and @; € V,,, we have
Elui(J(uiyu—;)] > Elui(J(@;,u—;)]. That is, if voters are assumed to be ex-
pected utility maximizers, the optimal behavior of each voter is always to reveal
their true valuation function to the mechanism. As truthfulness-in-expectation
is the only notion of truthfulness of interest to us in this paper, we shall use
“truthful” as a synonym for “truthful-in-expectation” from now on. Further-
more, we are interested in mechanisms for which the expected social welfare,
ie., B[ u;(J(u))], is as high as possible, and we shall in particular be inter-
ested in the approximation ratio of the mechanism, trying to achieve mechanisms
with as high an approximation ratio as possible. Note that for m = 2, the prob-
lem is easy; a majority vote is a truthful mechanism that achieves optimal social
welfare, i.e., it has approximation ratio 1, so we only consider the problem for
m > 3.

A mechanism without money for general cardinal preferences can be naturally
interpreted as a cardinal voting scheme in which each voter provides a ballot
giving each candidate j € M a numerical score between 0 and 1. A winning
candidate is then determined based on the set of ballots. With this interpretation,
the well-known range voting scheme is simply the determinstic mechanism that
elects the socially optimal candidate argmax;eas Y, ui(j), or, more precisely,
elects this candidate if ballots are reflecting the true valuation functions wu;.
In particular, range voting has by construction an approximation ratio of 1.
However, range voting is not a truthful mechanism.

As our first main result, we exhibit a randomized truthful mechanism with
an approximation ratio of 0.37m~3/%. The mechanism is ordinal: Its behavior
depends only on the rankings of the candidates on the ballots, not on their nu-
merical scores. We also show a negative result: For sufficiently many voters and
any truthful ordinal mechanism, there is a valuation profile where the mech-
anism achieves at most an O(m~2/3) fraction of the optimal social welfare in
expectation. The negative result also holds for non-ordinal mechanisms that are
mized-unilateral, by which we mean mechanisms that elect a candidate based on
the ballot of a single randomly chosen voter. Finally, we prove that no truthful
mechanism can achieve an approximation ratio of 0.94.

We get tighter bounds for the natural case of m = 3 candidates and for
this case, we also obtain separation results concerning the approximation ratios
achievable by natural restricted classes of truthful mechanisms. In particular, the
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best mixed-unilateral mechanism strictly outperforms all ordinal ones, even the
non-unilateral ordinal ones. The mixed-unilateral mechanism that establishes
this is a convex combination of quadratic-lottery, a mechanism presented by
Freixas [9] and Feige and Tennenholtz [6] and random-favorite, the mechanism
that picks a voter uniformly at random and elects his favorite candidate.

1.1 Background, Related Research and Discussion

Characterizing strategy-proof social choice functions (a.k.a., truthful direct rev-
elation mechanisms without money) under general preferences is a classical topic
of mechanism design and social choice theory. The class of truthful deterministic
mechanisms is limited to dictatorships, as proven by the celebrated Gibbard-
Satterthwaite theorem [10, 20]. On the other hand, the class of randomized
truthful mechanisms is much richer [2], as suggested by the following character-
ization for randomized ordinal mechanisms:

Theorem 1. [11] The ordinal mechanisms without money that are truthful un-
der general cardinal preferences' are exactly the convex combinations of truthful
unilateral ordinal mechanisms and truthful duple mechanisms.

Here, a unilateral mechanism is a randomized mechanism whose output depends
on the ballot of a single distinguished voter i* only. A duple mechanism is an
ordinal mechanism for which there are two distinguished candidates so that all
other candidates are elected with probability 0, for all valuation profiles.

One of the main conceptual contributions from computer science to mecha-
nism design is the suggestion of a measure for comparing mechanisms and finding
the best one, namely the notion of worst case approximation ratio [16, 18] relative
to some objective function. Following this research program, and using Gibbard’s
characterization, Procaccia [17] gave in a paper conceptually very closely related
to the present one but he only considered objective functions that can be de-
fined ordinally (such as, e.g., Borda count), and did in particular not consider
approximating the optimal social welfare, as we do in the present paper.

Social welfare maximization is indeed a very standard objective in mechanism
design. In particular, it is very widespread in quasi-linear settings (where valu-
ations are measured in monetary terms)(see [15, 19]). On the other hand, in the
setting of social choice theory, the valuation functions are to be interpreted as
von Neumann-Morgenstern utilities (i.e, they are meant to encode orderings on
lotteries), and in particular are only well-defined up to affine transformations.
In this setting, the social welfare has to be defined as above, as the result of
adding up the valuations of all players, after these are normalized by scaling
to, say, the interval [0,1]. A significant amount of work considers social welfare
maximization in the von Neumann-Morgenstern setting. [5, 7, 8, 13].

! without ties, i.e., valuation functions must be injective, as we require throughout
this paper, except in Theorem 6. If ties were allowed, the characterization would be
much more complicated.
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It is often argued that while an underlying cardinal utility structure exists, it
is more reasonable to only ask individuals to only provide a ranking of the candi-
dates, rather than exact numerical values. This makes ordinal mechanisms par-
ticularly appealing. The limitations of this class of mechanisms were considered
recently by Boutilier et al. [5] in a very interesting paper closely related to the
present one, but crucially, they did not require truthfulness of the mechanisms
in their investigations. On the other hand, truthfulness is the pivotal property in
our approach. Perhaps the most interesting question to ask is whether truthful
cardinal mechanisms [4, 9, 22], can outperform truthful ordinal ones, in terms
of social welfare. We answer this in the positive for the case of three alterna-
tives. Exploring the limitations of truthful cardinal mechanisms is impaired by
the lack of a characterization similar to the one of Theorem 1 for the general
case. Obtaining such a characterization is a major open problem in social choice
theory and several attempts have been made throughout the years [3, 4, 9, 12].
Our results imply that one could be able to sidestep the need for such a charac-
terization and use direct manipulation arguments to obtain upper bounds and
at the same time highlight what to look for and what to avoid, when trying to
come up with “good” cardinal truthful mechanisms.

Our investigations are very much helped by the work of Feige and Tennen-
holtz [6] and Freixas [9]. In particular, our construction establishing the gap
between the approximation ratios for cardinal and ordinal mechanisms for three
candidates is based on the quadratic lottery, first presented in [9] and later in
[6]. Most of the proofs are omitted due to lack of space but appear in the full
version.

2 Preliminaries

We let V,,, denote the set of canonically represented valuation functions on M =
{1,2,...,m}. That is, V,, is the set of injective functions u : M — [0, 1] with
the property that 0 as well as 1 are contained in the image of u.

We let Mech,, ,, denote the set of truthful mechanisms for n voters and m
candidates. That is, Mech,y, ,, is the set of random maps J : V;,," — M with the
property that for voter i € {1,...,n}, and all u = (u;,u—;) € V;,,”" and 4; € V,,,
we have Efu;(J(u;, u—;)] > Elu;(J(@;, u_;)]. Alternatively, instead of viewing a
mechanism as a random map, we can view it as a map from V,,,” to 4A,,, the
set of probability density functions on {1,...,m}. With this interpretation, note
that Mech,,_, is a convex subset of the vector space of all maps from V,,,” to R™.
We shall be interested in certain special classes of mechanisms. In the following
definitions, we throughout view a mechanism J as a map from V,,,” to 4A,,.

An ordinal mechanism J is a mechanism with the property: J(u;,u_;) =
J(u}, u_;), for any voter i, any preference profile u = (u;, u_;), and any valuation
function w) with the property that for all pairs of candidates 7, j/, it is the case
that u;(5) < u;(y’) if and only if u;(j) < u}(j'). Informally, the behavior of an
ordinal mechanism only depends on the ranking of candidates on each ballot;
not on the numerical valuations. We let Mechy), ,, denote those mechanisms in
Mech,, ., that are ordinal.
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Following Barbera [2], we define an anonymous mechanism J as one that
does not depend on the names of voters. Formally, given any permutation m
on N, and any u € (V,,)", we have J(u) = J(7 - u), where 7 - u denotes the
vector (uy(;)i_;. Similarly following Barbera [2], we define a neutral mechanism
J as one that does not depend on the names of candidates. Formally, given any
permutation o on M, any u € (V;,,)", and any candidate j, we have J(u),(;) =
J(uroo,uz00,...,u,00);.

Following [4, 11], a unilateral mechanism is a mechanism for which there
exists a single voter i* so that for all valuation profiles (u;+,u_;») and any al-
ternative valuation profile v’ ,. for the voters except ¢*, we have J(uj, u_;x) =
J(ug=,u’_;.). Note that i* is not allowed to be chosen at random in the defini-
tion of a unilateral mechanism. In this paper, we shall say that a mechanism is
mized-unilateral if it is a convex combination of unilateral truthful mechanisms.
Mixed-unilateral mechanisms are quite attractive seen through the “computer
science lens”: They are mechanisms of low query complexity; consulting only
a single randomly chosen voter, and therefore deserve special attention in their
own right. We let Mech,), ,, denote those mechanisms in Mech,,, ,, that are mixed-
unilateral. Also, we let Mech,)", denote those mechanisms in Mech,, ,, that are
ordinal as well as mixed-unilateral.

Following Gibbard [11], a duple mechanism J is an ordinal?> mechanism for
which there exist two candidates j; and ji so that for all valuation profiles, J
elects all other candidates with probability 0.

We next give names to some specific important mechanisms. We let UJ, |, €
Mech}", be the mechanism for m candidates and n voters that picks a voter
uniformly at random, and elects uniformly at random a candidate among his
q most preferred candidates. We let random-favorite be a nickname for U}n,n
and random-candidate be a nickname for U? . We let Dg, , € Mechy, ,,, for
[n/2] +1 < g < n+ 1, be the mechanism for m candidates and n voters that
picks two candidates uniformly at random and eliminates all other candidates. It
then checks for each voter which of the two candidates he prefers and gives that
candidate a “vote”. If a candidate gets at least ¢ votes, she is elected. Otherwise,
a coin is flipped to decide which of the two candidates is elected. We let random-
magority be a nickname for Dyﬁ 12+ Note also that Dyitlis just another name
for random-candidate. Finally, we shall be interested in the following mechanism
Qn for three candidates shown to be in Mechg,, by Feige and Tennenholtz [6]:
Select a voter uniformly at random, and let o be the valuation of his second
most preferred candidate. Elect his most preferred candidate with probability
(4 —a?)/6, his second most preferred candidate with probability (1 +2«)/6 and
his least preferred candidate with probability (1 — 2« + a?)/6. We let quadratic-
lottery be a nickname for Q),,. Note that quadratic-lottery is not ordinal. Feige
and Tennenholtz [6] in fact presented several explicitly given non-ordinal one-

voter truthful mechanisms, but quadratic-lottery is particularly amenable to an

2 Barbera et al. [4] gave a much more general definition of duple mechanism; their
duple mechanisms are not restricted to be ordinal. In this paper, “duple” refers
exclusively to Gibbard’s original notion.



180 A. Filos-Ratsikas and P.B. Miltersen

approximation ratio analysis due to the fact that the election probabilities are
quadratic polynomials.

We let ratio(.J) denote the approximation ratio of a mechanism J € Mech,;, ,,
when the objective is social welfare. That is,

ratio(J) = inf B[y Ung(u))] .
ueV,™ maxjens » o, wi(J)

We let 7, denote the best possible approximation ratio when there are n
voters and m candidates. That is, 7n n = SUDP jcMech,, , Tatio(J). Similarly, we
let 77, = SUD ; \fech© ratio(J), for C being either O, U or OU. We let 7y,

m,n -
denote the asymptoticaily best possible approximation ratio when the number
of voters approaches infinity. That is, 7, = liminf,,_, . 7., », and we also extend
this notation to the restricted classes of mechanisms with the obvious notation
T, T and roY.

The importance of neutral and anonymous mechanisms is apparent from the
following simple lemma:

Lemma 1. For all J € Mechy, ,, there is a J' € Mechy, , such that J' is
anonymous and neutral and so that ratio(J') > ratio(J). Similarly, for all J €
Mechy, ,,, there is J' € Mechy, ,, so that J' is anonymous and neutral and so

that ratio(J') > ratio(J), for C being either O, U or OU.

Lemma 1 makes the characterizations of the following theorem very useful.

Theorem 2. The set of anonymous and neutral mechanisms in Mechy"  is

equal to the set of convexr combinations of mechanisms U, ,,, for q € {1,...,m}.
Also, the set of anonymous and neutral mechanisms in Mech,, , that can be
obtained as convex combinations of duple mechanisms is equal to the set of convex
combinations of the mechanisms D, ., for ¢ € {|n/2]+1, [n/2]+2,...,n,n+1}.

The following corollary is immediate from Theorem 1 and Theorem 2.

Corollary 1. The ordinal, anonymous and neutral mechanisms in Mech,, ,, are
ezactly the convexr combinations of the mechanisms UY, ., forq € {1,...,m} and
Di, o, forq € {[n/2] +1,[n/2] +2,...,n}.

We next present some lemmas that allow us to understand the asymptotic
behavior of 7, », and ry, ,, for fixed m and large n, for C being either O, U or
ou.

Lemma 2. For any positive integers n,m, k, we have rp gn < Tmp and vy, 1, <
ro ., for C being either O, U or OU.

IA

Lemma 3. For any m,n > 2,e > 0 and all n’ > (n — 1)m/e, we have 1,
Tmn + € and r%’n, < Tffw + €, for C being either O, U, or OU.

In particular, Lemma 3 implies that ry, , converges to a limit as n — oo.
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2.1 Quasi-Combinatorial Valuation Profiles

It will sometimes be useful to restrict the set of valuation functions to a certain
finite domain R, j for an integer parameter k > m. Specifically, we define:

1 2 k—1
Rm’k—{ueVmu(M)g{(),k,k,..., 1 ,1}}

where u(M) denotes the image of u. Given a valuation function u € Ry, , we
define its alternation number a(u) as

Jj+1

L eu(n],

a(u) = #{j € {0.....k = 1}|[7 €u(M)] &
where & denotes exclusive-or. That is, the alternation number of v is the number
of indices j for which exactly one of j/k and (j+1)/k is in the image of w. Since
k> m and {0,1} C u(M), we have that the alternation number of u is at least
2. We shall be interested in the class of valuation functions C, ; with minimal
alternation number. Specifically, we define:

Cm g = {u € Ry i|a(u) =2}

and shall refer to such valuation functions as quasi-combinatorial valuation func-
tions. Informally, the quasi-combinatorial valuation functions with sufficiently
small k, have all valuations as close to 0 or 1 as possible.

The following lemma will be very useful in later sections. It formalizes the
intuition that for ordinal mechanisms, the worst approximation ratio is achieved
in extreme profiles, when all valuations are either very close to 1 or very close
to 0.

Lemma 4. Let J € Mech,, , be ordinal and neutral. Then

ERCimy wi(J(w)]

ratio(J) = lll?gl}g.}f ue(%'l,l,?k)" S (1)

The idea of the proof is that starting from a valuation profile, we can iductively
“shift” blocks of valuations towards 0 or 1, without increasing the approximation
ratio and this way transform the profile into a quasi-combinatorial profile. This is
possible because since the mechanism is ordinal, this “shift” leaves the outcome
unchanged. See the full version for the full proof.

3 Mechanisms and Negative Results for the Case of
Many Candidates

We can now analyze the approximation ratio of the mechanism J € Mechy",
that with probability 3/4 elects a uniformly random candidate and with prob-
ability 1/4 uniformly at random picks a voter and elects a candidate uniformly
at random from the set of his |m!/2] most preferred candidates.
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Theorem 3. Let n > 2,m > 3. Let J = UM, + U}n"il . Then, ratio(J) >
0.37m=3/4,

Proof. For a valuation profile u = (u;), we define g(u) = E[Zgﬁlqu?é()“))]. By
i=1 Wi

Lemma 4, since J is ordinal, it is enough to bound from below g(u) for all
u € (Cpp)™ with k& > 1000(nm)?. Let € = 1/k. Let § = me. Note that all
functions of u map each alternative either to a valuation smaller than § or a
valuation larger than 1 — 6.

Since each voter assigns valuation 1 to at least one candidate, and since J
with probability 3/4 picks a candidate uniformly at random from the set of
all candidates, we have E[Y."" , u;(J(u))] > 3n/(4m). Suppose Y i u;(1) <
2m~Y4n. Then g(u) > S 3/4 and we are done. So we shall assume from now
on that

zn:ui(l) > o2m~Y4n, (1)

Obviously, Y7, u;(1) < n. Since J with probability 3/4 picks a candidate
uniformly at random from the set of all candidates, we have E[Y ! | u;(J(u))] >
e >y wild)- Soif 3o i ui(j) > 1nm!/*, we have g(u) > gm*3/4, and we are
done. So we shall assume from now on that

Z u;(j) < nm1/4 (2)

Still looking at the fixed quasi-combinatorial u, let a voter i be called generous
if his Lml/ 2| + 1 most preferred candidates are all assigned valuation greater
than 1 — §. Also, let a voter ¢ be called friendly if he has candidate 1 among
his [m!/2| most preferred candidates. Note that if a voter is neither generous
nor friendly, he assigns to candidate 1 valuation at most §. This means that the
total contribution to Y. ; u;(1) from such voters is less than nd < 0.001/m.
Therefore, by equation (1), the union of friendly and generous voters must be a
set of size at least 1.99m~1/4n,

If we let g denote the number of generous voters, we have 3, . u;(j) >
gm'/?(1 — &) > 0.999gm'/?, so by equation (2), we have that 0.999gm!/? <
énml/‘l. In particular g < 0.51m~*n. So since the union of friendly and gen-
erous voters must be a set of size at least a 1.99m~/*n voters, we conclude
that there are at least 1.48m~'/4n friendly voters, i.e. the friendly voters is at
least a 1.48m~1/% fraction of the set of all voters. But this ensures that U}n"i/ﬂ
elects candidate 1 with probability at least 1.48m~'/4/m!/? > 1.48m=3/%. Then,
J elects candidate 1 with probability at least 0.37m~3/4 which means that
g(u) > 0.37m=3/%, as desired. This completes the proof. a

We next state our negative result. We show that any convex combination of
(not necessarily ordinal) unilateral and duple mechanisms performs poorly. The
proof is omitted due to lack of space, but can be found in the full version of the

paper.
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Theorem 4. Let m > 20 and let n = m — 1 + g where g = |m?/3|. For any
mechanism J that is a convex combination of unilateral and duple mechanisms
in Mechy, », we have ratio(J) < 5m—2/3,

Corollary 2. For all m, and all sufficiently large n compared to m, any mech-
anism J in Mechy), . UMechy, . has approzimation ratio O(m=2/3).

Proof. Combine Theorem 1, Lemma 3 and Theorem 4. O

As followup work to the present paper, in a working manuscript, Lee [14]
states a lower bound of Q(m*Q/S) that closes the gap between our upper and
lower bounds. The mechanism achieving this bound is a convex combination of
random-favorite and the mixed unilateral mechanism that uniformly at random
elects one of the m!'/3 most preferred candidates of a uniformly chosen voter.
The main question that we would like to answer is how well one can do with
(general) cardinal mechanisms. The next theorem provides a weak upper bound.

Theorem 5. All mechanisms J € Mech,y, ,, with m,n > 3 have ratio(J) < 0.94.

Recall that in the definition of valuation functions u;, we required u; to be
injective, i.e. no ties are not allowed. This requirement is made primarily for
convenience, and all results of this paper can also be proved for the setting with
ties. In contrast, allowing ties seems crucial for the proof of the follwing theorem,
yielding a much stronger upper bound on the approximation ratio of any truthful
mechanism than Theorem 5:

Theorem 6. Any voting mechanism in the settting with ties, for m alternatives
and n agents with m > nlV™+2 has approzimation ratio O(loglogm/logm).

The proof uses a black-box reduction from the one-sided matchings problem
for which Filos-Ratsikas et al. [8] proved a O(1/4/n) upper bound. Ideally, we
want all negative result to hold for the setting without ties and the positive ones
to hold for the setting with ties. We leave a “no-ties” version of Theorem 6 for
future work.

4 Mechanisms and Negative Results for the Case of
Three Candidates

In this section, we consider the special case of three candidates m = 3. To
improve readability, we shall denote the three candidates by A, B and C, rather
than by 1,2 and 3. When the number of candidates m as well as the number of
voters n are small constants, the exact values of 73, ,, and 2", can be determined.
We describe a general method for how to exactly and mechanically compute 7y, ,
and rp%, and the associated optimal mechanisms for small values of m and n. The
key is to apply Yao’s principle [21] and view the construction of a randomized
mechanism as devising a strategy for Player I in a two-player zero-sum game G

played between Player I, the mechanism designer, who picks a mechanism J and
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Player II, the adversary, who picks an input profile u for the mechanism, i.e.,
an element of (V;,,)™. The payoff to Player I is the approximation ratio of J on
u. Then, the value of G is exactly the approximation ratio of the best possible
randomized mechanism. In order to apply the principle, the computation of
the value of G has to be tractable. In our case, Theorem 2 allows us to reduce
the strategy set of Player I to be finite while Lemma 4 allows us to reduce the
strategy set of Player II to be finite. This makes the game into a matrix game,
which can be solved to optimality using linear programming. The details follow.

For fixed m,n and k > 2m, recall that the set of quasi-combinatorial valuation
functions Cp, ; is the set of valuation functions w for which there is a j so that
S(u) = {0, 4, 2,....," "YU {k_i‘H, k_i'”, ..., "1 1}, Note that a quasi-
combinatorial valuation function w is fully described by the value of k, together
with a partition of M into two sets My and M7, with Mj being those candidates
close to 0 and M; being those sets close to 1 together with a ranking of the
candidates (i.e., a total ordering < on M), so that all elements of M; are greater
than all elements of My in this ordering. Let the type of a quasi-combinatorial
valuation function be the partition and the total ordering (Mg, M7, <). Then,
a quasi-combinatorial valuation function is given by its type and the value of
k. For instance, if m = 3, one possible type is ({B},{4,C}, {B < A < C}),
and the quasi-combinatorial valuation function u corresponding to this type for
k = 1000 is u(A) = 0.999, u(B) = 0, u(C) = 1. We see that for any fixed value
of m, there is a finite set T, of possible types. In particular, we have |T3| = 12.
Let n: T,, x N — Cy, 1 be the map that maps a type and an integer k into the
corresponding quasi-combinatorial valuation function.

For fixed m,n, consider the following matrices G and H. The matrix G has a
row for each of the mechanisms Uy, ,, for ¢ = 1,...,m, while the matrix H has
a row for each of the mechanisms U, ,, for ¢ = 1,...,m as well as for each of
the mechanisms Dy, ., for ¢ = [n/2] +1,[n/2] +2,...,n. Both matrices have
a column for each element of (7,,)". The entries of the matrices are as follows:
Each entry is indexed by a mechanism J € Mech,, ,, (the row index) and by a
type profile t € (T,,)" (the column index). We let that entry be

B uiJ ()]

C = lim
It k—o0 MaX;e M 2?11 uf(])’

where uf = n(t;, k). Informally, we let the entry be the approximation ratio of
the mechanism on the quasi-combinatorial profile of the type profile indicated
in the column and with 1/k being “infinitisimally small”. Note that for the
mechanisms at hand, despite the fact that the entries are defined as a limit,
it is straightforward to compute the entries symbolically, and they are rational
numbers. We now have the following lemma.

Lemma 5. The value of G, viewed as a matrix game with the row player being
the mazximizer, is equal to R, . The value of H is equal tory, ,,. Also, the optimal
strategies for the row players in the two matrices, viewed as convex combinations
of the mechanisms corresponding to the rows, achieve those ratios.
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When applying Lemma 5 for concrete values of m, n, one can take advantage
of the fact that all mechanisms corresponding to rows are anonymous and neu-
tral. This means that two different columns will have identical entries if they
correspond to two type profiles that can be obtained from one another by per-
muting voters and/or candidates. This makes it possible to reduce the number
of columns drastically. After such reduction, we have applied the theorem to
m =3 and n = 2,3,4 and 5, computing the corresponding optimal approxima-
tion ratios and optimal mechanisms. We leave the details for the full version and
instead now turn our attention to the case of three candidates and arbitrarily
many voters. In particular, we shall be interested in r§ = liminf, , 79, and
rgY = liminf, ;o r9},. By Lemma 3, we in fact have r§ = lim, o 7%, and
r$Y = limy, 00 79;,. We present a family of ordinal and mixed-unilateral mech-
anisms .J,, with ratio(.J,,) > 0.610. In particular, r§¥ > 0.610. The coefficents ¢y
and co were found by trial-and-error; we present more information about how in
the full version.

Theorem 7. Let ¢ = 17577076367671519 ~ 0.489 and cy = 18507677317174589 ~ 0.511. Let J, =

¢+ Upn+co-UZ .. For all n, we have ratio(J,) > 0.610.

Proof. By Lemma 4, we have that

ratio(J,,) = liminf min E[Z’:nl ui(Jn(w))] .
k—o0 UE(C;;,)\;)" Zi:l UZ(A)

Recall the definition of the set of types T of quasi-combinatorial valuation func-

tions on three candidates and the definintion of 7 preceding the proof of Lemma

Bl ?ML(Jn(U))] _

5. From that discussion, we have liminfj . minye(c,, ,)» i (A) =

minge () iminfy o Bl ~ f;(iﬁx()um’ where u; = n(t;, k). Recall that |T3] =
12. Since J,, is anonymoué to determine the approximation ratio of .J, on
u € (Cp i)™, we observe that we only need to know the value of k and the
fraction of voters of each of the possible 12 types. In particular, fixing a type
profile t € (Cy, i)™, for each type k € T3, let z; be the fraction of voters in u of
type k. For convenience of notation, we identify T3 with {1,2,...,12} using the
scheme depicted in Table 1. Let w; = limg_o0 D1y u;(i), Where u; = n(t;, k),
and let p; = limg_,o Pr[E;], where E; is the event that candidate j is elected

by J,, in an election with valuation profile u where u; = n(t;, k). We then have

lim infy,_ o B "if;E{ASU))] (pa-wa+pp-wp+pc-we)/wa. Also, from Table

1 and the definition of .J,,, we see:
wa = n(x1 + T2 + T3 + Ty + 5 + Tg)
wp =n(r1 + 5 + x6 + x7 + x5 + T11)
=n(ry + 27 + 9 + T10 + T11 + T12)
(01 +Cg/2)($1 —+ 2o + X3 +1’4) (02/2)($5+.’£6+.’£9 +1’10)
pp = (1 + c2/2) (x5 + 26 + x7 + x8) + (c2/2) (21 + 22 + 11 + T12)
= (c1 + c2/2) (w9 + w10 + 711 + T12) + (c2/2) (73 + T4 + 27 + 28)



186 A. Filos-Ratsikas and P.B. Miltersen

Table 1. Variables for types of quasi-combinatorial valuation functions with € denoting

1/k

Candidate/Variable =1 z2x3 ©4 *5 T T7 Ts To Tio Ti1 T12

A 1 11 1 1—ee 0 01—¢€ € 0 O
B l—e€e 0 O 1 1 1 1 0 0 1—¢€¢ €
C 0 0 el—e 0 O01l—€ee€e 1 1 1 1

Thus we can establish that ratio(J,) > 0.610 for all n, by showing that the
quadratic program “Minimize (pa-wa+pp-wp+pc-we)—0.610w 4 subject to x1+
To+---+x120 =1,21,22,...,212 > 07, where wa,wp,wc,pa, s, pc have been
replaced with the above formulae using the variables x;, has a strictly positive
minimum (note that the parameter n appears as a multiplicative constant in the
objective function and can be removed, so there is only one program, not one for
each n). This was established rigorously by solving the program symbolically in
Maple by a facet enumeration approach (the program being non-convex), which
is easily feasible for quadratic programs of this relatively small size. O

We next present a family of ordinal mechanisms J;, with ratio(J},) > 0.616. In
particular, 9 > 0.616. The proof idea is the same as in the proof of Theorem 7
althought the existence of duple mechanisms requires some additional care. The
details are left for the full version.

Theorem 8. Let ¢j = 0.476, ¢y = 0.467 and d = 0.057 and let J,, = ¢} - U3, +
AU, +d- D%%ZJH. Then ratio(J,) > 0.616 for all n.

We next show that r§¥ < 0.611 and r{ < 0.641. By Lemma 3, it is enough
to show that r§7. < 0.611 and rg,,. < 0.641 for some fixed n*. Therefore, the
statements follow from the following theorem. We leave the proof for the full
version.

Theorem 9. 7953009 < g%g%;’g < 0.611 and r§ 93000 < 3411 < 0.641.

We finally show that r§ is between 0.660 and 0.750. The upper bound follows
from the following proposition and Lemma 3.

Proposition 1. r§, < 0.75.

The lower bound follows from an analysis of the quadratic-lottery [6, 9]. The
main reason that we focus on this particular cardinal mechanism is given by the
following lemma. The proof is a simple modification of the proof of Lemma 4
and is omitted here.

Lemma 6. Let J € Mechs,, be a convex combination of @ and any ordinal
and neutral mechanism. Then

ratio(J) = liminf  min E[Ziil ui(J(u))}.
k—oo ue(Cm )™ Y ;g ui(1)
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Theorem 10. The limit of the approximation ratio of Q, as n approaches in-
finity, is exactly the golden ratio, i.e., (v/5 —1)/2 ~ 0.618. Also, let J,, be the
mechanism for n voters that selects random-favorite with probability 29/100 and
quadratic-lottery with probability 71/100. Then, ratio(J,) > g’g = 0.660.

Proof. (sketch) Lemma 6 allows us to proceed completely as in the proof of
Theorem 7, by constructing and solving appropriate quadratic programs. As the
proof is a straightforward adaptation, we leave out the details. O

Mechanism J,, of Theorem 10 achieves an approximation ratio strictly bet-
ter than 0.641. In other words, the best truthful cardinal mechanism for three
candidates strictly outperforms all ordinal ones.

5 Conclusion

By the statement of Lee [14], mixed-unilateral mechanisms are asymptotically
no better than ordinal mechanisms. Can a cardinal mechanism which is not
mixed-unilateral beat this approximation barrier? Getting upper bounds on the
performance of general cardinal mechanisms is impaired by the lack of a char-
acterization of cardinal mechanisms a la Gibbard’s. Can we adapt the proof of
Theorem 6 to work in the general setting without ties? For the case of m = 3,
can we close the gaps for ordinal mechanisms and for mixed-unilateral mecha-
nisms? How well can cardinal mechanisms do for m = 37 Theorem 5 holds for
m = 3 as well, but perhaps we could prove a tighter upper bound for cardinal
mechanisms in this case.
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Abstract. We study competitive resource allocation problems in which
players distribute their demands integrally over a set of resources subject
to player-specific submodular capacity constraints. Each player has to pay
for each unit of demand a cost that is a non-decreasing and convex function
of the total allocation of that resource. This general model of resource allo-
cation generalizes both singleton congestion games with integer-splittable
demands and matroid congestion games with player-specific costs. As our
main result, we show that in such general resource allocation problems a
pure Nash equilibrium is guaranteed to exist by giving a pseudo-polynomial
algorithm computing a pure Nash equilibrium.

1 Introduction

In an influential paper, Rosenthal [23] introduced congestion games, a class of
strategic games, where a finite set of players competes over a finite set of re-
sources. Fach player is associated with a set of allowable subsets of resources
and a pure strategy of a player consists of an allowable subset. In the context
of network games, the resources may correspond to edges of a graph and the
allowable subsets correspond to the paths connecting a source and a sink. The
utility a player receives by using a resource depends only on the number of
players choosing the same resource and each player wants to maximize (min-
imize) the utility (cost) of the sum of the resources contained in the selected
subset. Rosenthal proved the existence of a pure Nash equilibrium. Up to day
congestion games have been used as reference models for describing decentral-
ized systems involving the selfish allocation of congestible resources (e.g., selfish
route choices in traffic networks [4,25,29] and flow control in telecommunication
networks [17,18,27]) and for decades they have been a focal point of research in
(algorithmic) game theory, operations research and theoretical computer science.
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In the past, the existence of pure Nash equilibria has been analyzed in
many variants of congestion games such as singleton congestion games with
player-specific cost functions (cf. [11,16,21,22]), congestion games with weighted
players (cf. [1,2,5,10,13]), nonatomic and atomic splittable congestion games
(cf. [4,14,18,29]) and congestion games with player- and resource-specific and
variable demands (cf. [12]).

Most of these previous works can be classified according to the following two
categories: (i) the demand of each player is unsplittable and must be completely
assigned to exactly one subset of the allowable subsets; (ii) the demand of a
player may be fractionally split over the set of allowable subsets. While these
assumptions and the resulting models are obviously important (and also realistic
for some applications), they do not allow for the requirement that only integral
fractions of the demand may be assigned to allowable subsets of resources. This
requirement is clearly important in many applications, where the demand repre-
sents a collection of indivisible items or tasks that need to be placed on subsets
of resources. Examples include the scheduling of integer-splittable tasks in the
context of load balancing on server farms (cf. [19]) or in logistics where a player
controls a fleet of vehicles and each must be assigned to a single route.

Although Rosenthal proposed congestion games with integer-splittable de-
mands as an important and meaningful model already back in 1973 — in his
first work on congestion games [24] even published prior to his more famous
work [23] — not much is known regarding existence and computability of pure
Nash equilibria. Rosenthal gave an example showing that in general, pure Nash
equilibria need not exist. Dunkel and Schulz [7] strengthened this result showing
that the existence of a pure Nash equilibrium in integer-splittable congestion
games is NP-complete to decide. Meyers [20] proved that in games with linear
cost functions, a pure Nash equilibrium is always guaranteed to exist. For sin-
gleton strategy spaces and non-negative and convex cost functions, Tran-Thanh
et al. [28] showed the existence of pure Nash equilibria. They also showed that
pure Nash equilibria need not exist (even for the restricted strategy spaces) if
cost functions are semi-convex.

Our Results. We introduce congestion games on integral polymatroids, where
each player may fractionally assign the demand in integral units among the
allowable subsets of resources subject to player-specific submodular capacity
constraints. This way, the resulting strategy space for each player forms an inte-
gral polymatroid base polyhedron (truncated at the player-specific demand). As
our main result, we devise an algorithm that computes a pure Nash equilibrium
for congestion games on integral polymatroids with player-specific non-negative,
non-decreasing and strongly semi-conver cost functions. The class of strongly
semi-convex functions strictly includes convex functions but is included in the
class of semi-convex functions (see Section 2.2 for a formal definition). The run-
time of our algorithm is bounded by n%*! . m%§°*!, where n is the number of
players, m the number of resources, and ¢ is an upper bound on the maximum
demand. Thus, for constant §, the algorithm is polynomial.
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Our existence result generalizes that of Tran-Thanh et al. [28] for singleton
congestion games with integer-splittable demands and convex cost functions and
that of Ackermann et al. [1] for matroid congestion games with unit demands and
player-specific non-decreasing costs. For the important class of network design
games, where players need to allocate bandwidth in integral units across multiple
spanning trees of a player-specific communication graph (cf. [3,6,9]), our result
shows for the first time the existence of pure Nash equilibria provided that the
cost on each edge is a strongly semi-convex function of total bandwidth allocated.

Techniques. Our algorithm for computing pure Nash equilibria maintains data
structures for preliminary demands, strategy spaces, and strategies of the players
that all are set to zero initially. Then, it iteratively increases the demand of a
player by one unit and recomputes a preliminary pure Nash equilibrium (with
respect to the current demands) by following a sequence of best response moves
of players. The key insight to prove the correctness of the algorithm is based
on two invariants that are fulfilled during the course of the algorithm. As a
first invariant, we show that, whenever the demand of a player is increased by
one unit, there is a best response that assigns the new unit to some resource
without changing the allocation of previously assigned demand units. As second
invariant, we obtain that, after assigning this new unit to some resource, only
those players that use this particular resource with increased load may have an
incentive to deviate. Moreover, there is a best response that has the property
that at most a single unit of demand is shifted to some other resource. Given
the above two invariants, we prove that during the sequence of best response
moves a carefully defined vector of marginal costs lexicographically decreases,
thus, ensuring that the sequence is finite.

The first invariant follows by reducing an integral polymatroid to an ordinary
matroid (cf. Helgason [15]) and the fact that for a matroid, a minimum inde-
pendent set Iy with rank d can be extended to a minimum independent set I
with rank d+ 1 by adding a single element to I;. The second invariant, however,
is significantly more complex since a change of the load of one resource results
(when using the matroid construction in the spirit of Helgason) in changed ele-
ment weights for several elements simultaneously. To prove the second invariant
we use several exchange and uncrossing arguments that make use of the submod-
ularity of the rank functions and the fact that a non-optimal basis of a matroid
can be improved locally. This is the technically most involved part of our paper.

We note that the above invariants have also been used by Tran-Thanh et
al. [28] for showing the existence of pure Nash equilibria in singleton integer-
splittable congestion games. For singleton games, however, these invariants follow
almost directly. The algorithmic idea to incrementally increase the total demand
by one unit is similar to the (inductive) existence proof of Milchtaich [21] for
singleton congestion games with player-specific cost functions (see also Ackerman
et al. [1] for a similar proof for matroid congestion games). The convergence proof
for our algorithm and the above mentioned invariants, however, are considerably
more involved for general integral polymatroids.
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Besides providing new existence results for an important and large class of
games, the main contribution of this paper is to propose a unified approach to
prove the existence of pure Nash equilibria that connects the seemingly unrelated
existence results of Milchtaich [21] and Ackerman et al. [1] on the one hand, and
Tran-Thanh et al. [28] on the other hand.

2 Preliminaries

In this section, we introduce polymatroids, strong semi-convexity, and congestion
games on integral polymatroids.

2.1 Polymatroids

Let N denote the set of non-negative integers and let R be a finite and non-empty
set of resources. We write N shorthand for NIZl. Throughout this paper, vectors
x = (z,)rer will be denoted with bold face. An integral (set) function f : 2% — N
is submodular if f(U)+ f(V) > f(UUV)+ f(UNV) for all U,V € 2. Function
f is monotone if U C V implies f(U) < f(V), and normalized if f(0) = 0. An
integral submodular, monotone and normalized function f : 2% — N is called an
integral polymatroid rank function. The associated integral polyhedron is defined
as

Py = {XG N . Zx,« < f(U) for each U C R}.
relU

Given the integral polyhedron Py and some integer d € N with d < f(R), the
d-truncated integral polymatroid P¢(d) is defined as

Ps(d) = {x e NR . Zx,« < f(U) for each U C R,Zwr < d}.
relU reR

The corresponding integral polymatroid base polyhedron is

Bs(d) = {X e NE . Zxr < f(U) for each U C R,Zxr = d}.

relU reR

2.2 Strongly Semi-convex Functions

Recall that a function ¢ : N — N is convez if c(x +1) —¢(x) < e(x+2) —c(x +1)
for all 2 € N. A function c is called semi-convez if the function x - ¢(z) is convex,
ie.,

(+ De(x+ 1) —ze(z) < (x4 2)c(z +2) — (x4 De(xz + 1)

for all x € N.
For the main existence result of this paper, we require a property of each
cost function that we call strong semi-convezity, which is weaker than convexity
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but stronger than semi-convexity. Roughly speaking, it states that the marginal
difference c(a + z)x — c(a + x — 1)(x — 1) does not decrease as a or z increase.
We also introduce a slightly weaker notion, termed wu-truncated strong semi-
convexity, where strong semi-convexity is only required for values of x not larger
than u.

Definition 1 (Strong Semi-Convexity). A function ¢ : N — N is strongly
semi-convex if

cla+x)z—cla+x—1)(z-1)<clb+yy—clb+y—1)(y—1) (1)

forallz,y e Nwith1 <z <y and all a,b € N with a < b. For an integer u > 1,
¢ is u-truncated strongly semi-convex, if the above inequality is only required to
be satisfied for all x,y € N with 1 <z <y <wu and all a,b € N with a <b.

We note that a similar definition is also given in Tran-Thanh et al. [28]. It is not
hard to show that strong semi-convexity is indeed strictly weaker than convexity.
In the interest of space, we defer a formal proof to the full version of the paper.

Proposition 1. FEvery convexr and non-decreasing function ¢ : N — N is also
strongly semi-convex, but not vice versa.

Finally, we remark that every non-decreasing function is 1-truncated strongly
semi-convex.

Remark 1. A function is 1-truncated strongly semi-convex if and only if it is
non-decreasing.

2.3 Congestion Games on Integral Polymatroids

In a congestion game on integral polymatroids, there is a non-empty and finite
set N of players and a non-empty and finite set R of resources. Each resource
is endowed with a player-specific cost function ¢;, : N = N, r € R,¢ € N and
each player ¢ is associated with a demand d; € N, d; > 1 and an integral poly-
matroid rank function f : 2% — N that together define a d;-truncated integral
polymatroid P (d;) with base polyhedron B« (d;) on the set of resources. A
strategy of player ¢ € N is to choose a vector x; = (z;,)rer € B (di), ie.,
player i chooses an integral resource consumption z;, € N for each resource
r such that the demand d; is exactly distributed among the resources and for
each U C R not more than f()(U) units of demand are distributed to the re-
sources contained in U. Using the notation x; = (x;)rer, the set X; of feasible
strategies of player 7 is defined as

Xi =B (di) = {xi e NR . in,r < f(i)(U) for each U C R, in,r = di}.
relU reR

The Cartesian product X = Xien Xi of the players’ sets of feasible strategies

is the joint strategy space. An element x = (x;);en € X is a strategy profile.
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For a resource r, and a strategy profile x € X, we write x,, = >,y @ . The
private cost of player ¢ under strategy profile x € X is defined as m;(x) =
> rer Cir(%7) 2 p. In the remainder of the paper, we will compactly represent
the strategic game by the tuple G = (N, X, (d;)ien, (Ci,r)ieN reRr)-

We use standard game theory notation. For a player ¢ € N and a strategy
profile x € X, we write x as (x;,x—;). A best response of player i to x_; is a
strategy x; € X; with m;(x;,x—;) < mi(y:,x—;) for all y; € X;. A pure Nash
equilibrium is a strategy profile x € X such that for each player i the strategy
X; is a best response to x_;.

Throughout this paper, we assume that the player-specific cost function c¢;
of each player i on each resource r is u; ,-truncated strongly semi-convex, where
w;r = f@({r}). Note that u; , is a natural upper bound on the units of demand
player i can allocate to resource r in any strategy x; € X;.

Assumption. For alli € N,r € R, the cost function ¢; , : N = N is non-negative,
non-decreasing and wu; .-truncated strongly semi-convex, where u; , = £ ({r}).

2.4 Examples

We proceed to illustrate that we obtain the well known classes of integer-splittable
singleton congestion games and matroid congestion games as special cases of con-
gestion games on integer polymatroids.

Ezample 1 (Singleton integer-splittable congestion games). For the special case
that, for each player i, there is a player-specific subset R; C R of resources
such that fO({r}) = d;, if r € R;, and f@({r}) = 0, otherwise, we obtain
integer-splittable singleton congestion games previously studied by Tran-Thanh
et al. [28]. While they consider the special case of convex and player-independent
cost functions, our general existence result implies existence of a pure Nash
equilibrium even for player-specific and strongly semi-convex cost functions.

Ezample 2 (Matroid congestion games with player-specific costs). For the special
case, that for each player i, f(*) is the rank function of a player-specific matroid
defined on R, and d; = f (i)(R), we obtain ordinary matroid congestion games
with player-specific costs and unit demands studied by Ackermann et al. [1] as
a special case.

Note that the rank function rk : 2 — N of a matroid is always subcardinal,
ie., tk(U) < |U| for all U C R. Thus, we obtain in particular that rk({r}) <1
for all » € R. This implies that our existence result continues to hold if we only
require that the player-specific cost functions are 1-truncated strongly semi-
convex, which is equivalent to requiring that cost functions are non-decreasing
as in [1]. Like this, we obtain the existence result of [1] as a special case of
our existence result for congestion games on integer polymatroids. As a strict
generalization, our model includes the case in which players have a demand
d; € N that can be distributed in integer units over bases (or even arbitrary
independent sets) of a given player-specific matroid. A prominent application
arises in network design (cf. [3,6,9]), where a player needs to allocate bandwidth
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along several spanning trees and the cost function for installing enough capacity
on an edge is a convex function of the total bandwidth allocated.

3 Equilibrium Existence

In this section, we give an algorithm that computes a pure Nash equilibrium
for congestion games on integral polymatroids. Our algorithm relies on two key
sensitivity properties of optimal solutions minimizing a linear function over an
integral polymatroid base polyhedron (see Lemma 1 and Lemma 2 below). Af-
ter reducing the usual reduction of integer polymatroids to ordinary matroids
(cf. [15]), Lemma 1 follows more or less directly from the respective property for
matroids. The proof of Lemma 2 is considerably more involved and relies heavily
on uncrossing arguments. The two lemmata will be proven formally in Section 4.

3.1 Key Sensitivity Results

For two vectors x;,y; € N we denote their Hamming distance by H(x;,y;) =
> rer |Tir — yir| Lemma 1 shows that, whenever a strategy x; minimizes the
cost of player i over the base polyhedron By (d;), then we only need to increase
z; r for some r € R by one unit to obtain a strategy y; minimizing the player’s
cost over the base polyhedron By (d; + 1).

Lemma 1 (Demand Increase). Let x; € By (d;) be a best response of player i
to x_; € X_;. Then there exists a best response y; € Bfm(di + 1) to x—; such
that H(x;,y:) = 1.

The second result shows that, when some other player j # i increases her
demand for some resource r that is also used by player ¢ with at least one unit,
then player ¢ can simply shift one unit from resource r to some resource s € R
in order to retain minimal costs.

Lemma 2 (Load Increase). Let x; € By (d;) be a best response of player i to
x_; € X_; and for each resource r let a, = Z#i xjr be the induced allocation.
If for a resource r, the value a, is increased by 1, then there exists a best response
yi € By (d;) towards the new profile with H(x;,y;) € {0,2}.

3.2 The Algorithm

Both sensitivity results are used as the main building blocks for Algorithm 1
that computes a pure Nash equilibrium for congestion games on integral polyma-
troids. Algorithm 1 maintains preliminary demands, strategy spaces, and strate-
gies of the players denoted by d; < d;, X; = X;(d;), and x; € X;, respectively.
Initially, the preliminary demand d; of each player i is set to zero. Trivially, for
this game the strategy profile where the strategy of each player equals the zero
vector is a pure Nash equilibrium.
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Then, in each round, for some player i, the demand is increased from d; to
d; + 1, and a best response y; € X(d; + 1) with H(x;,y;) = 1 is computed,
see Line 5 in Algorithm 1. By Lemma 1, such a best response always exists.
In effect, the load on exactly one resource r increases and only those players j
with z;, > 0 on this resource can potentially decrease their private cost by
a unilateral deviation. By Lemma 2, it is without loss of generality to assume
that a best response of such players consists of moving a single unit from this
resource to another resource, see Line 8 of Algorithm 1. As a consequence, during
the while-loop (Lines 7-10), only one additional unit (compared to the previous
iteration) is moved preserving the invariant that only players using a resource
to which this additional unit is assigned may have an incentive to profitably
deviate. Thus, if the while-loop is left, the current strategy profile x is a pure
Nash equilibrium for the reduced game G = (N, X, d, (¢;»)icn rer). Now we are
ready to prove the main existence result.

ALGORITHM 1. Compute PNE
Input: G = (N, X, (di)ien, (Ci,r)ieN,reRr)
Output: pure Nash equilibrium x
1 d; + 0,X; «+ X;(0) and x; < O for all i € N;
2 fork=1,...,% . ydido

3 Choose i € N with d; < d;;

4 JZ (—d;+].; XZ (—Xl(dz),

5 Choose a best response y; € X; with H (y;, z;) = 1;

6 Xi < Yi;

7 while 3i € N who can improve in G = (N, X, d, (¢ci,r)ienrer) do
8 Compute a best response y; € X; with H(yi, x;) = 2;

9 Xi < Yi;
10 end
11 end

12 Return x;

Theorem 1. Congestion games on integral polymatroids with player-specific
non-negative, non-decreasing, and strongly semi-convex cost functions possess
a pure Nash equilibrium.

Proof. We prove by induction on the total demand d = ), d; of the input
game G = (N, X, (d;)ien, (¢i,r)icN,rer) that Algorithm 1 computes a pure Nash
equilibrium of G.

For d = 0, this is trivial. Suppose that the algorithm works correctly for
games with total demand d — 1 for some d > 1 and consider a game G with total
demand d. Let us assume that in Line 3, the algorithm always chooses a player
with minimum index. Consider the game G’ = (N, X, (d}):en, (¢ir)ienN rer) that
differs from G only in the fact that the demand of the last player n is reduced
by one, i.e. d; = d; for all i < n and d), = d, — 1. Then, when running the
algorithm with G’ as input, the d — 1 iterations (of the for-loop) are equal to the
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first d — 1 iterations when running the algorithm with G as input. Thus, with
G as input, we may assume that after the first d — 1 iterations, the preliminary
strategy profile that we denote by x’ is a pure Nash equilibrium of G’.

We analyze the final iteration k = d of the algorithm in which the demand
of player n is increased by 1 (see Line 4). In Line 5, a best reply y, with
H(x,,yn) = 1 is computed which exists by Lemma 1. Then, as long as there
is a player 7 that can improve unilaterally, in Line 8, a best response y; with
H(y;,x;) = 2 is computed which exists by Lemma 2.

It remains to show that the while-loop in Lines 7-10 terminates. To prove
this, we give each unit of demand of each player i € N an identity denoted by
i, =1,...,d;. For a strategy profile x, we define r(i;,x) € R to be the resource
to which unit i; is assigned in strategy profile x. Let x! be the strategy profile
after Line 8 of the algorithm has been executed the I-th time, where we use the
convention that x° denotes the preliminary strategy profile when entering the
while-loop. As we chose in Line 5 a strategy of player n with Hamming distance
one, there is a unique resource rg such that xQO =z, + 1 and 20 = 2! for all
r € R\ {ro}. Furthermore, because we choose in Line 8 a best response with
Hamming distance two, a simple inductive claim shows that after each iteration I
of the while-loop, there is a unique resource r; € R such that xil =z, + 1 and
zl =a! forallr € R\ {r}.

For any x! during the course of the algorithm, we define the marginal cost of
unit ¢; under strategy profile x! as

i@, +1)af, —cip@)) (af, — 1), if r=r(ij,x)#n.

)

) Iyl I _ r . — (i _
A, (Xl) _ {Q,r(%«) L cir(z, — 1) ($m« 1), ifr=r(,x)=mn @)

Intuitively, if 7(i;,x) = 1, the value 4A;, (x) measures the cost saving on resource
r(i;,%) if 4; (or any other unit of player ¢ on resource r(i;,x)) is removed from
r(ij,x). If r(i;,x) # 1, the value 4A;, (x) measures the cost saving if i; is removed
from r(i;,x) after the total allocation has been increased by one unit by some
other player. For a strategy profile x we define Ax) = (Aij (X))i=1,....n=1,....ds
to be the vector of marginal costs and let A(x) be the vector of marginal costs
sorted in non-increasing order. We claim that A(x) decreases lexicographically
during the while-loop. To see this, consider an iteration ! in which some unit i;
of player 7 is moved from resource r;_1 to resource ;.

For proving A(x!) <jex A(x!71), we first observe that we only have to care
for A-values that correspond to units 7; of the deviating player ¢, because for
all players h # i we obtain Ap,(x'7!) = Ay, (x!) for all j = 1,...,ds. This
follows immediately if h; is neither assigned to r;_1 nor to r;. If h; is assigned
to r;—1 or ry, then we switch the case in (2), and the claimed equality still holds.
It remains to consider the A-values corresponding to the units of the deviating
player i. Recall that the deviation of player ¢ consists of moving unit i; from
resource r;_1 to resource r;. We obtain

Aij (Xl_l) =Cir_, (xl )xl —Cir_y (xl - 1) (xl - 1)

ri—1/ YT -1 1,T—1

l l l l l
> Ci""l, (x’l‘l + ]‘) (l,i,’l‘l, + ]') - Ci,Tl (:Erl)xi,rl = AZJ (X )’
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where the inequality follows since player i strictly improves. For every unit i,,
of player i that is assigned to resource 7; as well, i.e, 7(im,x!) = r(i;,x) = r,
we have A; (x') = A;,, (x') since the A-value is the same for all units of a single
player assigned to the same resource. The A-values of such units i,, might have
increased, but only to the A-value of unit ;.

Next, consider the A-values of a unit i, assigned to resource r;_1, i.e.,
7(im,x') = r(ij,x!) = r,_1. We obtain

Ap, (x') = iy (a7, ) (@0, — 1) = ciny (2, — 1) (24, —2)

Ti—1 4,T—1 Ti—1 4,T—1
S civrl—l(xi‘lfl)xé,mfl - civrl—l(‘r'lr‘l,1 - 1) ("I"é,f‘l,1 - 1) = Aim (Xlil)’

where for the inequality we used that ¢; ,(zr,_,) > ¢ir(@r,_, — 1) as ¢;» is non-
decreasing.

Altogether, the A-values of all units of all players h # i have not changed,
for player i, the A-values of remaining units assigned to resource r;_; decreased,
and the A-values assigned to resource r; increased exactly to 4A;; (x!) which is
strictly smaller than A;, (x'~1). Thus, A(x') <jex A(x'™1) follows. O

The following corollary states an upper bound on the number of iterations of
the algorithm in terms of § = max;cn d;.

Corollary 1. The number of iterations is at most n®T *mo6%+1, which yields a
polynomial algorithm computing a pure Nash equilibrium for constant d.

Proof. We analyze the worst-case runtime of Algorithm 1. To this end, let us fix
an iteration of the for-loop. In the proof of Theorem 1, we showed that during
this iteratioe, for each player, the sorted vector of marginal costs as defined
in (2) decreases lexicographically during the while-loop. Moreover, the marginal
cost of a particular unit of demand i; of player ¢ assigned to a resource r does
not depend on the aggregated demand ) jeN Tir of all players for resource r,
but only on the number of units of demand z;, assigned to r by player i. We
derive that for each player ¢ and each resource r at most d; different marginal
cost values can occur. This observation bounds the number of different marginal
cost vectors of player i by (m - d;)%, where m = |R|. Since the marginal cost
vectors lexicographically decrease, the total number of iterations of the while-
loop for each iteration of the for-loop is bounded by Y,y (m - d;)%. Setting
§ = max;en d;, this expression is bounded by (n - m - §)?, where n = |N|. Using
that there are ), \ d; < n -4 iterations of the for-loop, one for each unit of
demand in the game, we obtain the following corollary. O

4 Sensitivity Analysis for Integral Polymatroids

It remains to show the key sensitivity results of Lemma 1 and Lemma 2. For
ease of notation, let us drop the index i form the statements of the lemmata and
let us consider a fixed integral polymatroid base polyhedron

Bs(d) = {X e NE . Zxr < f(U) for each U C R,Zxr = d}.

relU reR
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w.r.t. some submodular, monotone, and normalized function f : 2% — N, and
some demand value d € N.

We identify the points in By(d) with a set family F(d) on a largely extended
ground set E as follows: For each resource r € R, let u, = f({r}) and let
K, ={r1 < ... <y} beatotally ordered set (chain) with |u,| distinct elements
T1y...,Ty,. Let further £ = UreRKT be the disjoint union of these chains.
Then, P = (F, =) is a partially ordered set (poset) where two elements e, e’
are comparable if and only if they are contained in the same chain K, for some
r € R. Furthermore, let D(P) denote the set of ideals of P, i.e., D(P) consists
of all subsets I C FE such that for each e € I all elements g < e also belong
to I. Note that there is a one-to-one correspondence between the sets in D(P)
and the integral points in {x € N : . < f({r}) Vr € R}. As a consequence,
the feasible points in the integral polymatroid Py can be identified with the set
family

F={FeD(p):||J K NF| < fU)for cach U C R}. (3)
reU

Accordingly, the vectors contained in the polymatroid base polyhedron Bj(d)
for d € N can be identified with the set family

F(d) = {Fe]-‘: |F| :d}. (4)

In fact, it is known (see, e.g., [26] and [15]) that any integral polymatroid P
can be reduced to an ordinary matroid M = (F,r) on ground set E with rank
function r : 2F — N defined via

=g UK
- reT

for all U C E. It turns out that the independent sets in M of cardinality d are
exactly the ideals in F(d) as defined above. Applying this kind of transformation
for each player i, we can identify the strategy set By« (d;) of each player i with
the set family F;(d;), and this set family, in turn, with the matroid M; = (E;, r;).

With this notation, let us now return to the problem of finding a best re-
sponse x; of player i towards a strategy profile a = x_; € N of the remaining
players. Note that, for a € N, the player-specific strongly semi-convex cost
functions ¢;» : N — N induce weight functions w? : E — N on the ground set
constructed above via

+ /(1))

wi(ry) = teir(ar +t) — (t—Dejp(ar+t—1) forallre Rt e{l,...,d;}.

Hence, finding a best response x; € B (d;) reduces to the problem of minimiz-
ing a linear function over the independent sets of cardinality d; of the matroid
M; = (E;,r;) associated with the submodular function f @,

However, the ground set E; can be of exponential size, so that it is not a priori
clear whether the matroid greedy algorithm minimizes a linear weight function
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over the base polyhedron B« (d;) in strongly polynomial time. Still, since we
assume that the cost functions ¢;, : N — N are strongly semi-convex, it follows
that the induced weight functions w2 : E — N are admissible in the sense that
e < g implies w;(e) < w;(g).

Given an ideal F' € D(P), we denote by F't the set of <-maximal elements in
F, and by (E'\ F')~ the set of <-minimal elements in F'\ F. For F(d) as defined
in (4), and any admissible weight functions w : E — N, Faigle [8] showed that
the following ordered greedy algorithm determines an ideal of minimal weight in
F(d) (provided F(d) # 0):

ALGORITHM 2. Ordered Greedy Algorithm
1 F <+ 0
2 for k=1,...,ddo
3 Let ey « argmin{w(e) :e € (E\ F)” and F +e € F};
4 F +— F +eyg;
5 end
6 Return F;

In fact, the greedy algorithm determines in each iteration £ < d an ideal of
minimal weight in F(k). The following proposition arises as a consequence of
the discussion above and implies Lemma 1.

Proposition 2. Let F C D(P) as defined in (3), k € N, and w : E — R
admissible. Suppose F' is of minimal w-weight in F (k). Then there exists e €
E\ F such that F + e is of minimal w-weight in F(k + 1)

Due to the reduction of integral polymatroids to ordinary matroids, most of
the structural properties of matroids carry over to integral polymatroids. For
example, the following proposition follows as a consequence of the well-known
fact, that for any basis B of an ordinary matroid M which is not of minimal
weight, there exists a local improvement step towards a basis B —e+ f of smaller
weight.

Proposition 3. Suppose F' € F(k) is not of minimal w-weight for some ad-
missible function w : E — R. Then there exists some local improvement step
F — F —e+g e F(k) such that w(e) > w(g).

The possibility to improve a non-optimal basis by local steps, as well as the
possibility to uncross tight constraints due to the submodularity of the rank
functions, are the main ingredients of the proof of the following theorem, which
implies Lemma 2. We defer the proof to the full version of the paper.

Theorem 2. Let F' € F(k) be of minimal weight w.r.t. the admissible weight
Sfunction w. If the weight function w differs from w only on chain K- such that

_ _Jw(rk), if v £ ¥,
o(re) = {w(rkﬂ), else,

then there exists F' = F — e + g € F(k) of minimal weight w.r.t. .
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Abstract. We consider Approval Voting systems where each voter de-
cides on a subset of candidates he/she approves. We focus on the opti-
mization problem of finding the committee of fixed size k, minimizing the
maximal Hamming distance from a vote. In this paper we give a PTAS
for this problem and hence resolve the open question raised by Carragia-
nis et al. [AAAT’10]. The result is obtained by adapting the techniques
developed by Li et al. [JACM’02] originally used for the less constrained
Closest String problem. The technique relies on extracting information
and structural properties of constant size subsets of votes.

1 Introduction

Approval Voting systems are widely considered [2] as an alternative to traditional
elections, where each voter may select and support at most some small number of
candidates. In Approval Voting each voter decides about every single candidate
if he approves the candidate or does not approve him/her. A result is obtained
by applying a predefined election rule to the set of collected votes.

In this paper we study the problem of implementing an appropriate election
rule and focus on the Minimax objective [3]: we minimize the biggest dissatis-
faction over voters. The resulting optimization problem is denoted M AV, and it
is to select a committee composed of exactly k candidates, and minimizing the
maximal symmetric difference between the committee and the set of approved
candidates by a single voter.

Using the string terminology, votes are encoded as strings, and the goal is to
find a string encoding a committee minimizing the maximal Hamming distance
to an input string. Unlike in the related Closest String problem, in M AV there
is also a constraint: the selected committee must be of fixed size k, and hence in
the string terminology there must be exactly k ones in the string.

1.1 Related Work and Our Results

Many different objective functions have been proposed and studied in the context
of selecting the committee based on the set of votes collected in an Approval Vot-
ing system [1,2]. Clearly, optimizing the sum of Hamming distances to all votes
is an easy task and can be done by simply selecting the k candidates approved by

T.-Y. Liu et al. (Eds.): WINE 2014, LNCS 8877, pp. 203-217, 2014.
© Springer International Publishing Switzerland 2014
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the largest number of voters. By contrast, Minimax Approval Voting was shown
by LeGrand [6] to be NP-hard. LeGrand et al. [7] obtained 3-approximation by
a very simple k-completion algorithm. Next, Carragianis et al. [5] gave the cur-
rently best 2-approximation algorithm. The algorithm was obtained by rounding
a fractional solution to the natural LP relaxation of the problem, and obtained
approximation ratio essentially matches the integrality gap of the LP.

In this paper we give a PTAS for the Minimax Approval Voting problem. Our
work is based on the PTAS for Closest String [8], which is a similar problem
to M AV but there we do not have the restriction on the number of 1’s in the
result. Technically, our contribution is the method of handling the number of 1’s
in the output. We also believe that our presentation is somewhat more intuitive.

Approval Voting systems are also analyzed in respect of manipulability, see
e.g., [1] or [5]. In particular, [5] proved that each strategy-proof algorithm for
M AV must have approximation ratio at least 2 — which implies that our
PTAS cannot be strategy-proof.

2
k+1

1.2 Definitions

We will use the following notation:

n — number of voters,

m — number of candidates,

s; € {0,1}™ — a vote of voter %,

s;[j] = 1 if voter i approves candidate j,

s;[7] = 0 if voter i does not approve candidate j,

S ={s1,89,...,8,} — the set of collected votes,

s = |{j : s[j] = 1}| - the number of 1’s in s.

For 2,y € [0,1]™ we define a distance d(z,y) = 37" z[j] = ylj]| = llz =yl
For z,y € {0,1}™, d(x,y) is called the Hamming distance.

Definition 1

OPT = min max _d(z,s;)
z€{0,1}™ ie{1,2,...,n}
W=k

Let sopr be an optimal solution, i.e., max;c(1,2.... n} d(sSopT,5i) = OPT.

WLOG we assume that n > k. If not, we copy the first string k — n + 1 times.

1.3 The Main Idea Behind Our Algorithm

The general idea behind our PTAS is to find a small enough subset X of votes
that is a “good representation” of the whole set of votes S. Then the candidates
are partitioned into those for which voters in X agree and the rest of candidates.
For the “consensus candidates” we fix our decision to the decision induced by
votes in X (additionally correcting the number of selected candidates in the
“consensus” set). Next, we consider the optimization problem of finding a proper
subset of the remaining candidates to join the committee. The key insight is
that there exists a small enough subset X such that the induced decision for the
“consensus candidates” will not be a big mistake.
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1.4 Organization of the Paper

First, in Section 2 we formalize the information we may extract from subset of
votes, and introduce a measure of inaccuracy of such a subset. Next, in Section 3
we prove the existence of a small subset of votes with stable inaccuracy. In
Section 4 we show that the optimization problem of deciding the part of the
committee not induced by the subset of votes can be approximated with only a
small additional loss in the objective function. Finally, in Section 5 we give an
algorithm considering all subsets of a fixed size and show that, in the iteration
when the algorithm happens to consider a subset with stable inaccuracy, it will
produce a (1 + ¢)-approximate solution to M AV.

2 Extracting Information from Subsets

We consider subsets of votes and analyze the information they carry. We measure
the inaccuracy of this information with respect to the set of all votes. We show
that there exists a small subset with stable inaccuracy, i.e., the drop of inaccuracy
after including one more vote is small.

Let us define an inaccuracy function ina : 25 — Rsq that measures the
inaccuracy if we will consider subset Y C S instead of S. The smaller the ina(Y)
is the better the common parts of strings in Y represent sopr.

Definition 2. For all Y C S,Y # 0 we define functions t(Y') € {0,1}" and
ina(Y) € Ry as follows:

)l =11 if Yyey yli] =
soprlj] otherwise,
ma(Y) = d(t(Y), 50PT)~
Intuitively ¢(Y) is the optimal solution sppr changed at positions where all
strings from Y agree. Also we define the pattern of a subset of votes.

Definition 3. For allY C S,Y # 0 we define pattern p(Y') € {0,1,x}™ as:

0 if Vyey y[j]zo
() =41 ifYyey yli]=1
*  otherwise.

Wy

It represents positions that all strings in Y agree. “x” encodes a mismatch.
Note that (from Definitions 2 and 3) #(Y") is an optimal solution sppr over-
written by a pattern p, on no-star positions:

(t0) ] = {SOPTU] it (p(¥)) ] = »

(p(Y)) [j] otherwise.

The inaccuracy function has the following properties:
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Lemma 1. V, ¢s, for all sequences {s;,} =Y1 C Y2 C--- C Y, =5 we have
OPT > ina(Yr) 2z ina(Ya) = -+ 2 ina(Y,) =0

Proof. 1t is easy to see that
ina(Y1) def. d( (Y1), sopT) = d(t({sil}),SopT) = d(sil,sopT) < OPT,

ina(Yy) = ina(S) = d(sopr, sopr) = 0.

Still we need to prove ina(Y;) = ina(Y;y1). Pattern p(Y;41) is built on strings
from Y; C Yi41 and strings from Y1 \ Y;. So p(Yiy1) has at least as many x
as p(Y;) has. Therefore ¢(Y;4+1) has at least as many positions as ¢(Y;) has that
agree with optimal solution sopr, so d(t(Yi), sopT) > d(t(YiH), sopT). Using
definition of the inaccuracy function (Definition 2) we prove the lemma. |

Intuitively ina(Y) —ina(Y U{y}) is the decrease of the inaccuracy from adding
element y to set Y. We will show that, when adding one more element y to sets
Y, Z such that Y C Z, the inaccuracy decrease more in a case of adding y to the
smaller set Y than adding y to the bigger set Z.

Lemma 2. If we artificially extend the ina(-) function for the empty set:
ina(0) = 2- OPT, then function ina(-) is supermodulart, i.e.,

Vyczcs Vses na(Z) —ina(ZU{s}) <ina(Y)—ina(Y U{s}) (1)

Proof. Let fix Y, Z and s such that Y C Z C S and s € S.

Case 1: Z =)
Then also Y = (), and inequality (1) holds obviously.

Case 2: Z#0,Y = 0:
We have:

ina(Z) —ina(ZU{s}) < OPT =

=2-OPT — OPT <ina(0) —ina({s}) = ina(Y) — ina(Y U{s}), (2)

because we use respectively: Lemma 1 and the fact that Z has at least one
element; definition of ina(-) for empty set and upperbound for ina(-) function;
assumption that Y = (.

! According to [11], f : 2° — R is supermodular iff
Vy,zcs f(Y) + f(Z) < f(Y UZ) + f(Y N Z) which is equivalent with
HZ) = f(ZU{s}) < f(Y) = fF(Y U{s}).

Vyczcs Vses
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Case 3: Z #0,Y # 0
From definition of ina(-) we have:

ina(Z) —ina(Z U{s}) = d(t(Z), sopr) — d(t(Z U {s}),sopr) =

counting a difference by considering two cases for value of sppr we obtain
- ‘{j soprli] = LAHZ U ()] = LAHZ)]] = 0}]+
+ [{5 s soprlil =0AHZU{sHIl =0 A2l = 1}| =
using definition of function #(-):
= {7 soprli] = 1As[i] = 1A Viez z[j] = 0}’4'

+ |{i s s0prlil =0 A sli] =0 Yoz 2lj] = 1} <

taking an universal quantifier over a smaller subset we obtain:

< |{: soprli) = 1A s[i) = 1A Vyey ylj] = 0} |+

+ {5+ soprli] =0 As[i] = 0A Vyey ylj] = 1}] =
reversing all previous transformations finally we obtain:

=ina(Y) —ina(Y U{s}).

3 Existence of a Stable Subset

Lemma 3. For any fited R € N34 there exists a subset X C S,|X| = R such

that
Vees\x  ina(X) —ina(X U {s}) < O;T. (3)

We say such X is OII;T -stable.

It means that there exists such a subset of votes X that adding one more vote
into X the inaccuracy decreases by at most OgT.

Proof. First, we construct S, satisfying (3) with at most R elements.

Let us construct a sequence of subsets S C Sy C ... C S, = 5,|5;| =i. We
take S; = {s;, }, where s;, is any element of S and for r € {2,3,...,n} we take
Sy = Sr—1U{s;,} where s;_is such a vote that after adding it the inaccuracy
function decreases the most, i.e.,

= argmax (ina(Sy—1) — ina(S,—1 U{s})). (4)
s€ES\Sr—1

8

r
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ina(Sy)
OPT-f-=--=---- - e

Fig. 1. The ina(-) function for the sequence of subsets S1 C S C ... C S, =S5
We have

min
re{l,2,...,R}

R
na(S,) —ina(Sr4+1) < ]1% <Z ina(Sy) — ina(S,«H)) =

1. ) OPT
= R(ma(Sl) —ina(Sp41)) < R (5)
because (from Lemma 1) we know that ina(S1) < OPT and ina(Sg4+1) = 0. Let
r be a minimizer for the left-hand side of (5), then (by the choice of s;. in (4))
we have:

OPT
, . <
Sér}ga\ué (ina(Sy) — ina(S, U{s})) < R

; (6)

thus S, satisfies (3), see Figure 1. If S, has less elements than R we can extend
S, to an R-elements subset X by adding any elements of S. It follows from the
supermodularity of ina(-). From Lemma 2 we have:

Vees\s, ina(X) —ina(X U{s}) <ina(S;) — ina(S, U {s}),
and hence also:

sg}ga\)é,. (ina(X) — ina(X U {s})) < Slerr}ga\ué (ina(S,) —ina(S, U{s})). (7
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Finally, taking (6) and (7) we obtain:

. . OPT
Sglsa\)g( (ina(X) — ina(X U {s})) < R

Of course we cannot construct such a subset efficiently if we do not know sopr.
How to find a proper subset X7 For constructing our PTAS we will fix R € N3,
and consider all subsets Y C S with cardinality R. There is less than nft e
Poly(n) such subsets. For clarity, we will use Y C S in arguments valid for all
subsets considered by the algorithm, and X C S for a OgT—stable subset of
votes.

For a fixed Y C S,Y # (), WLOG we reorder candidates in such a way that
p(Y) is a lexicographically smallest permutation:

p(Y)=x%%...%x00...011...1.

The first part (from the left) is called “star positions” or “star part”. The re-
maining part is called “no-star part”. We define p*)(Y") as the number of * in
p(Y) and we denote it S:

B=p0) = |{i: (M) = +} |

In our PTAS we essentially fix the “no-star part” of the answer to the pat-
tern p(Y") and optimize over the choices for the “star part” of the outcome. If
the number of stars or number of 1’s on star positions of sppr is small enough,
then there is only Poly(m,n) possible solutions and we can consider all of them.
Let us analyze the size of the “star part”.

Lemma 4. For allY C S we have
8=p"(¥) < |Y]-OPT

The proof is easy and you can find it in arXiv version of the paper [4].
Note that for X from Lemma 3 we have

p*)(X) <|X|-OPT = R-OPT. (8)

Let us now introduce some more notation. Assuming Y C S and hence also
B = p™(Y) are fixed, we will use the following notation to denote the “star
part” and the “no-star part” of a string = € {0,1}™:

' =z[1]-z[2] ... =z[B],

" =z[B+1]-z[B+2] ... z[m],

W

where“” is a concatenation of strings (letters). So we divide x into two parts:
x=a 2"
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Let us now define a k-completion of x € {0,1}™ (definition from [7]) to be a
y € {0,1}™ such that y") = k and d(y, x) is the minimum possible Hamming
distance between x and any vector with k of 1’s. To obtain a k-completion we
only add or only delete a proper number of 1’s. To be more specific in this paper
we assume the k-completion is always obtained by changing bits at positions
with the smallest possible index?.

In the following lemma we will show that for the pattern from a stable subset
X we can change the number of 1’s in the “no-star part” to the properly guessed
number of 1’s loosing only twice the stability constant.

Lemma 5. If X C S is (e1 - OPT)-stable, 2" is a k"-completion of (p(X))H,
where k" = (s} pp)V), then

Vieq1,2,...ny d(sopr - 2", s:) < (1+2€1) - OPT 9)

Proof. WLOG there is insufficient number of 1’s in no-star part of pattern p(X),
ie, k" > ((p(X))”)(l). The other case is symmetric.

Let us fix s; € S and consider all combinations of values in strings (p(X))

2", s, st pr at the same position j. a, € N, for a € {1,2,---,12}, counts the

number of positions j with combination a, see Table 1:

"
9

Table 1. Combinations of values in strings (p(X))”,2", s, s pr. There is only 12
combinations (no 2* = 16), because by the assumption k¥ > ((p(X))")") we never
change from 1 in ((p(X))")™ to 0 in 2”.

combinations

index of a combination 1 2 3 4 5 6 7 8 9 10 11 12
(P(X)"1] 0 00O0O0O O 01 1 1 1

2"[4] 0o00O0O11111 1 1 1

7 [4] 0101010101 0 1

sHprldl 0011001100 1 1
number of occurrences @1 a2 a3 (4 a5 g 7 g g (1 11 V12
d(z"[j], s7[4]) 0101101010 1 O
d(sSprlil, s34 0110011001 1 0

We have:
d(2",s]) = |{j : 2"[j] # &1} =
we consider two cases for value of sppr at position j:
= {5 2"lj] # s U A (Z"1) = sopr V 2"[4] # sopr)}| =
we divide it into two components:
=|{j : sopr = 2"[j] # s} j] H+
+{s: 2"[j] # 57 [j] = sopr)}| =

2 Any other deterministic rule would work for us just as well.
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we use case counts from Table 1 to count positions in both components:

= (a2 + a7+ a1 +az+as +a —az —ag —aig) + (@ +as +ag) =
~ ~ PN ~ - ~ ~ -
first component =0 second component

and we use the definition of the Hamming distance:
= (d(sppr,si) — as — ag — a10) + (a4 + as + ayg). (10)

Since (")) = k" = (s)pr) ™,

12
Zak =a3+ag+ar+ag+ai;p + @i
k=5
a5 = Q3 + oy — g — Qg — Q1p- (11)
Also
a4 +ag+ag < e - OPT, (12)

because X is €; - OPT-stable. Now we are ready to prove equation (9).

def.

10
d(sopr - 2" 5:) "L d(sppr, 8)) + d(2",57) ‘=)

10 11
=1 d(sopr;s;) +d(sHpr, i) — az — ag — a0 + o + a5 + )

= d(SOPTa Si) +2( a4 —0g — 011()) < (1 + 261) -OPT.
~ - ~~~

~
<OPT a2y
< er-0OPT

4 An Auxiliary Optimization Problem

In this section we will consider the optimization problem obtained after guessing
the number of 1’s in the two parts and fixing the “no-star part” of the outcome.
It has variables for all the positions of the “star part” and constraints for all the
original votes s; € S.
Let us define the optimization problem in terms of the integer program
TP13)-a7) (Y, k) by (13)-(17):
min g (13)

(s)W =¥ (14)

Vie(r.2,.my d(s'ss7) <q—d(shrq,s]) (15)
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q=0 (16)

Vie(1,2,...8} s'[j] € {0,1} (17)

where Y C S,k = k'+£k", and s’} . is the k”-completion of (p(Y"))”. Recall that
B =p)(Y) and (p(Y))” is the “no-star part” of the pattern p(Y").
In the LP relaxation (17) is replaced with:

Vieqi,2,..50 s €10,1] (18)

Lemma 6. Vren.,,vcs,|Y|<R.keN,e>0 we can find (1+ 2¢2)-approzimation so-
lution for IP(13)7(17)(Y, k") by solving the LP and considering at most

3R1In(2) 3R2 In(6)
(3n) <2? 4+ m 2?  cases.

Proof. Let us fix constants ez € (0, é) (for eq > é we could use 2-approximation
from [5]). Consider three cases:

Case 1: B< 3R1In(3n)

(€2)?
There is 27 possibilities for s'.

3R 1In(3n)

28 <2 ()2

3R1n(2) 3R1In(2)

_ eln(3n) (22> = (3n) > € Poly(n),

because ez and R are fixed constants. So we will check (in polynomial time) all
possibilities for s’ and we will find optimal solution for the integer program.

Case 2: k' < 31%(21)12(6)

There is Poly(m) possibilities for s’ because we can upperbound the number of
possibilities of setting 1’s into S positions by:

5 , 3R2 In(6) 3R2 In(6)
<k> <B¥<B @ <m 2 € Poly(m),

because €5 and R are fixed constants.

Case 3: 5 > 3RIn(3n) A K> 3R? In(6)

(e2)? (e2)?
We denote an optimal solution of the IP13)_17,(Y, k") by ((s)TF,¢'F). Let us
use LP relaxation and denote an optimal solution of the LP by ((s’)LP, qLP).

Obviously we have ¢“* < ¢'F. We can solve the LP in polynomial time but

we may obtain a fractional solution. We want to round it independently. We
will use a randomized rounding defined by distributions on each position j €

{1,2,...,8}:

P(s'lj] =1) = (s)*7lj),  P(s'li] = 0) =1~ (s")""[j]. (19)
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We can estimate the expected value of a distance to such a random solution s’

<
N
m
-~
—
o
o
&
—
QU
A
||rD
is)

B .
= IE[Z( x(si[j] = 0) - s'[4] + xs=1)-1 =5 )] lin._of E

, B
S sl =0) B[]+ xsill=1 ER-sf) )P

B
DS =0 OH + =1 (1 ()P 1))
S N R ) (20)

d(s',s;) is a sum of 8 independent 0-1 variables. For €’ € (0, 1) using Chernoft’s
bound [9] we have:

P(d(s’, ) > (1+¢) Eld(s, s;)]) < exp (é(a)Q CE[d(s, s;)]) .

If we take ¢ = then we obtain:

E[d(S’ 55 )]

)2 - (¢1P)? o o
exXp <_; : (]E[)d(s’(qs’,)i > > P(d(s ,s7) = Eld(s',s))] + e .qIP) >

(20
> P(d(s,5) > ¢ = d(shpen i) + 2 a'"). (21)

We want to know an upperbound for the probability that we make an error
greater than es - g for at least one vote:

A LP (21)
P(Hie{l,Q,...,n} cd(s',sh) = q" —d(shpa. sT) e df ) <

21 1 (e2)?-(¢'F)? 1,
< n-exp (3- E[d(s, s!)] > <n-exp (3(62) 'QIP>, (22)

where the last inequality is because of:

(20)
E[d(s',s})] < ¢ —d(shpes)) <a'"

?<1
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We want to further upperbound the probability in (22). From the assumption
about § and from Lemma 4 we have:

1 Lem.4
3R<en§§’”) <B < [Y|-OPT<R-OPT <R-¢'", equivalently
2
1 1
Lomeex (_3(62)2 ,qIP) . (23)

So, finally we have:

(22),(23) 1
<

P<3ie{1,2,...,n} cd(s' s)) 2 " —d(shpg st) + e g ) 3" (24)
So with probability at least g we obtain:
! 1 ! ! (24)
Vie(i,2,.ny A(s" - Shpg,s) = d(s',s7) +d(sh g, s) <
(24) IP IP
q"" —d(shrgrs)) + e +d(shresi) < (1 +e)-q . (25)

We can also obtain a wrong number o 1’s. The solution s;; . for that is to take
the k’-completion of s’. We will show that the additional error for such operation
is not so big. Expected number of 1’s in s’ is equal k’:

B
E[(s)V)] def g/ Z | oot E Z ] def (S/)LP)(l) 14,

Jj=1 j=1

We Want to know how much we lose taking the k’-completion. Similar as before,
(s")™) ZB s'[7] is a sum of 8 independent 0-1 variables. For €’ € (0, 1) using
Chernoft’s bound [9] we have:

P ((8/)(1) >(1+€")- k:’) < exp (_;(6//)2 . k’) ,

1
P ((s’)(l) <(1-€")- k;') < exp (—2(6")2 . k:’) .
Taking both inequalities together, ¢’ = 2 and using assumption k&’ > SEZ:;Z(G)
we have:

P ([ ® —w

> e”~k:’) < 2-exp (—;(6”)2~k‘/) <

1 (62)2 / 1
<2- — K <
P ( 3 R 3
So with probability at least g the error from taking the k’-completion is not

" / / € Lem.4 € IP
greater than €’ - k' = % - k' < G - < B Y[-OPT <e-OPT < e3¢
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Combining the above with (25) we obtain a (1 4+ 2e3)-approximate solution
with probability at least g,) We may derandomize the algorithm analogously to
how it was done in the PTAS for the Closest String problem [8]. For more on
derandomization techniques see [10]. ]

5 Algorithm and Its Complexity Analysis

Now we are ready to combine the ideas into a single algorithm.

Algorithm. ALG(R)
Input: S = {si,s2,...,8n} € {0,1}™)",0< k< m,R &€ N3,
Output: sarg € {0,1}™

1: for each R-element subset Y = {s;,, Siy,...,8i5} C S do
2:  for each division k into two parts k = k' + k" do

3: s'ara < k"-completion of (p(Y))”
(if not possible, then skip this inner iteration)
4: s’y + approximation solution of IPq3,_a7,(Y, k") using Lemma 6

(if LP13y_(16y,(18)(Y k') infeasible, then skip this inner iteration)
5 evaluate s'y;c - s4rc by computing max;e(1,2,...,n} A(54, shre - Sara)
6 end for
7: end for
8: sara < the best solution from a loop in lines 1-7

It remains to argue that for a large enough parameter R the above algorithm
will at some point consider a subset of votes X that leads to an accurate enough
approximation of the Minimax objective function of our problem.

Theorem 1. V.c(o,1) we may compute a (1 + €)-approximate solution to Mini-
maz Approval Voting in O(Poly(n, m)) time.

Proof. Let ¢g = § < ;’

By Lemma 3, there exists an GO'OQP T _stable set of votes X C S of cardinality
[ X|=R=[2].

Consider algorithm ALG(R). In one iteration it will consider X and ', k" such
that (sppp)M) = k. Recall that s’4; . is the specific k”-completion of (p(X))H.
By Lemma 5 we have:

d(sopr - shrc: 5i) < (L4 €) - OPT,

hence (s’ =shpr,q=(1+¢€)- OPT) is a feasible solution to IP13-17) (X, k)
and the optimal value of 1P j3_17,(X,k’) is at most (1 +€o) - OPT.

By Lemma 6 with e = ¢ we find a (14€p)-approximate solution (s;\LG, QALg)
to IP13_17)(X,k’). So we have:

o<1

garLc < (1+60)-(1+60)~0PT6< (1+360)0PT:(1+6)0PT
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It remains to observe, that sarc = 4. - AL 1S a solution to M AV of cost
JALG &< (1 + 6) -OPT.

The algorithm examined O(nf) = O(nrf]) € O(Poly(n)) subsets Y, O(m)
choices of k' and each time considered

108-767-1n(2) 108-7 6712 1n(6)

o) ((3n) 2 4m e ) € O(Poly(n,m)) cases.

6 Concluding Remarks

We showed the existence of a PTAS for Minimax Approval Voting by considering
all subsets of a fixed size R. If not the discovered supermodularity for the in-
accuracy function ina(-), we would simply consider all subsets of size at most
R. Although the supermodularity was not essential for our result, it shows that
larger subsets of votes are generally more stable (in the sense of definition in
Lemma 3). It seems to suggest that an algorithm considering a smaller number
of larger subsets of votes would potentially be more efficient in practice. Perhaps
the most interesting open question is whether by randomly sampling a number
of subsets of votes to examine, one could obtain a more practical FPRAS for
the problem.

Another interesting direction is the optimization of the Minimax objective
function subject to a restriction that the voting system must be incentive com-
patible. According to [5] the best possible approximation ratio in this setting is
between 2 — kil and 3 — kil, and a natural challenge is to narrow this gap.

Finally, we know the complexity of the two extreme objectives, i.e., Minimax
and Minisum. The latter is easily optimized by selecting the & most often ap-
proved candidates. The optimization problem for intermediate objectives such
as optimizing the sum of squares of the Hamming distances remains unexplored,
and it would be interesting to learn which objective functions are more difficult
to approximate than Minimax in the context of Approval Voting systems.

Acknowledgments. We want to thank Katarzyna Staniewicz for many help-
ful proofreading comments. Also we want to thank reviewers for their valuable
suggestions. Krzysztof Sornat was supported by local grant 2139/M/IT/14.
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Abstract. Online Matching has been a problem of considerable interest
recently, particularly due to its applicability in Online Ad Allocation. In
practice, there are usually multiple objectives which need to be simulta-
neously optimized, e.g., revenue and quality. We capture this motivation
by introducing the problem of Biobjective Online Bipartite Matching.
This is a strict generalization of the standard setting. In our problem,
the graph has edges of two colors, Red and Blue. The goal is to find a
single matching that contains a large number of edges of each color.

We first show how this problem is a departure from previous settings:
In all previous problems, the Greedy algorithm gives a non-trivial ratio,
typically 1/2. In the biobjective problem, we show that the competitive
ratio of Greedy is 0, and in fact, any reasonable algorithm would have
to skip vertices, i.e., not match some incoming vertices even though they
have an edge available.

As our main result, we introduce an algorithm which randomly dis-
cards some edges of the graph in a particular manner — thus enabling
the necessary skipping of vertices — and simultaneously runs the color-
oblivious algorithm RANKING. We prove that this algorithm achieves a
competitive ratio of 3 — 4/4/e ~ 0.573 for graphs which have a perfect
matching of each color. This beats the upper bound of 1/2 for determin-
istic algorithms, and comes close to the upper bound of 1—1/e ~ 0.63 for
randomized algorithms, both of which we prove carry over to the bicri-
teria setting, even with the perfect matching restriction. The technical
difficulty lies in analyzing the expected minimum number of blue and
red edges in the matching (rather than the minimum of the two expec-
tations). To achieve this, we introduce a charging technique which has a
new locality property, i.e., misses are charged to nearby hits, according
to a certain metric.

Along the way we develop and analyze simpler algorithms for the
problem: a deterministic algorithm which achieves a ratio of 0.343, and
a simpler randomized algorithm, which achieves, intriguingly, precisely
the same ratio.
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1 Introduction

Online Matching and Allocation is a topic that has received considerable interest
in the recent past, both due to its practical importance in Internet Ad allocation,
and also due to purely theoretical interest and advances that it has generated.
The classic problem was introduced in [10]: There is a graph G(U,V, E), with
only U known in advance, and vertices from V arriving online in an adversarial
order. As a vertex v € V arrives, its incident edges are revealed. The online algo-
rithm can match v to some neighbor u € U which has not yet been matched (if
any such exist), or choose to leave v unmatched. Each match made is irrevocable,
and the goal is to maximize the size of the matching obtained.

Several simple ideas, such as an arbitrary choice of available neighbor (Greedy)
or a random choice (Random) provide a competitive ratio of 1/2, but no greater.
The algorithm provided in [10], called RANKING, first permutes the vertices of
U in a random permutation, and then matches each arriving vertex to that
available neighbor which is highest according to the permutation. This algorithm
is optimal, providing a ratio of 1 — 1/e.

Motivated by applications in Internet advertising — in which U corresponds to
advertisers, and V' to arriving ad slots — many different variations of this problem
have been studied recently, which includes different matching constraints, as well
as different input models (we describe some of this related work in Section 2).

In this paper, we introduce a new direction in this literature. In all the variants
studied so far, the constraints of the problem vary, but there is one objective
function, namely the weight of the matching. However, in practice, there are
typically multiple objective functions which an algorithm designer needs to con-
sider, e.g. quality, ROI, revenue, efficiency, etc. These objective functions may
not always be well-aligned, and the designer needs to achieve a good balance
among them as prescribed by business needs. Sometimes, the different objective
functions correspond to the value provided to different agents; in which case, fair-
ness motivates balancing of the different objectives. In this paper, we introduce
a new problem which captures this motivation.

1.1 Model and Problem Definition

We consider the basic setting of online bipartite matching, to which we introduce
the most natural notion of multiple objectives, as follows: There is a bipartite
graph G(U,V, E) with |U| = |V| = n, where each edge is colored either Red
or Blue. As before, U is known in advance, and the vertices of V' arrive online
together with their incident edges. The goal is to find a large matching that
“balances” the two colors, as described next.

Given a matching in G, let RIM be the number of Red edges in the matching
and let BIM be the number of Blue edges in the matching. Also let R be the
size of the maximum matching in the graph G restricted to its Red edges and
let B be the size of the maximum matching on the Blue edges of G. Then, we
define the objective function value for this matching as



220 G. Aggarwal et al.

. [BIM RIM

min { B R }

The competitive ratio of an online algorithm is defined as the minimum over

all inputs, of the ratio of the objective value of the matching generated by the

algorithm to the optimal offline objective value (i.e., of the best matching for
this objective function).

For randomized algorithms, the objective function is an expectation-over-

min formulation, where the expectation is over the internal randomness of the

algorithm:
BIM RIM
E i 1
Xp{mln{ B’ R }] (1)

Note that we do not define it as the minimum of the two expectations: This is
an easier objective, and is not appropriate for our motivation. Indeed, to opti-
mize the Min-of-Exps objective, one could simply flip a coin in the beginning to
choose one of the two colors to optimize, and run the single-color algorithm for
edges of that color. This would give a Min-of-Exps ratio of (1 —1/e)/2. Clearly,
the Exp-of-Mins objective is 0 for this algorithm.

The Perfect-Matching Restriction. We next describe a restriction on prob-
lem instances, which we call the perfect-matching restriction. In this, input in-
stances contain a perfect matching on Red edges as well as a perfect matching
on Blue edges, i.e. B =R = n. With this assumption, optimizing the objective
function reduces to optimizing

Exp [min{BIM, RIM}]

Also, with this assumption, it is not hard to show that there exists a matching
with n/2 — o(n) Red as well Blue edges, giving us the following Proposition
(proof can be found in the full paper).

Proposition 1. When R = B = n, the optimal offline value of min{ BIM, RIM}
is between n/2 — O(y/n) and n/2.

Note: We will work with this restriction in this paper'. When working under
the restriction, for the given instance, we pick a perfect matching on Red edges,
and a perfect matching on Blue edges, which we will refer to as the (canonical)
Red and Blue perfect matchings in the graph. For w € U UV we define Ny(w)
as the match of w in the Blue perfect matching, and N, (w) as the match of w
in the Red perfect matching.

A General Open Problem: The above formulation is the simplest one that
captures the essence of the bi-objective motivation. The following weighted gen-
eralization, called online bi-weighted bipartite matching problem, captures the

! In the full paper, we describe the results without the restriction.
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full extent of the motivation. Each edge e has two weights: w1 (e) and wa(e). A
matching M also has two weights: wi (M) and we (M), which are the sums of
the respective edge weights in the matching. The goal is to output a matching
M which maximizes min{w; (M), ws(M)}. This problem immediately inherits
the impossibility results for the classic edge-weighted matching problem in the
adversarial arrival model, in which deterministic hardness follows from instances
where a large weight edge may or may not arrive at the end (for randomized
hardness, see [1]). In fact, the general problem has to be considered either in
the random arrival [13] or the free-disposal model [7], and we leave this as an
interesting future direction.

1.2 Results and Key Ideas

Our main result is a randomized algorithm that achieves a factor of 3 —4/4/e ~
0.573 under the perfect-matching restriction (we show a hardness of 1 — 1/e ~
0.63). This algorithm, called LEFTSUBGRAPHRANKING randomly drops some
arriving edges, and runs RANKING ([10], defined in Section 3) on the remaining
graph in a color-oblivious manner.

Algorithm. LEFTSUBGRAPHRANKING

1. Each vertex in U picks a color uar, and throws away incident edges of that color.
2. Run RANKING on the resulting subgraph.

This artificial dropping of edges is essential — simply running RANKING gives
a ratio of 0. The particular manner in which the edges are dropped is also
important, and not all natural methods perform well. We also describe two
other algorithms, ¢-BALANCE and p-PROBGREEDY (these are defined formally
in the later sections). The former is deterministic, and aims explicitly to balance
the colors. It achieves a ratio of 0.343, under the perfect-matching restriction
(against a hardness result of 0.5). The latter is a simple randomized algorithm
which, intriguingly, achieves the same ratio.

We also study the problem without the perfect-matching restriction. We
show in the full paper that no randomized algorithm can do better than 0.43,
and describe an algorithm, called DISJOINTRANKING, which achieves a ratio
of (1_2 /¢) ~ 0.158. No determimistic algorithm can achieve a non-trivial ratio
(better than 0).

We highlight a few key ideas behind the algorithm design and analysis:

1. Need to Skip: The biobjective problem is a departure from previous ver-
sions of online matching in the following way: In all previous problems, the
Greedy algorithm gives a non-trivial ratio, typically 1/2 (due to some sort
of a maximal matching argument). In the biobjective problem, we show that
the competitive ratio of Greedy is 0. In fact, for an algorithm to do better
than 0, it has to sometimes artificially skip vertices, i.e., not match an in-
coming vertex even though it has an edge available. This is true even under
the perfect-matching restriction for deterministic algorithms (proof in Sec-
tion 3.1). Under the restriction, a randomized algorithm which does not skip
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can do no better than 1/2. This is therefore a new constraint on algorithm
design, which leads us to understand the question of when and how should
the algorithm skip vertices.

2. Locality of Charging: For the analysis of our main algorithm (in Sec-
tion 4), we use a charging argument (similar to the analysis in [10]). With 2
colors, we are able to charge each miss to 2n hits, instead of just n, giving a
factor of 3 — 4/4/e for the minimum of the expectations of the two colors.
However, when we try to bound the expectation of the minimum color, even
with this augmented charging map, some of the hits get charged twice (once
each from misses of Red and Blue). This will lead to a factor of 1—2/e ~ 0.26.
To overcome this problem, we introduce the notion of locality of charging,
whereby misses in a given event map to hits in “nearby” events (according to
an appropriately-defined metric). This lets us show that the number of hits
that get double-charged are small, giving us a nearly identical competitive
ratio of 3 —4/y/e — o(1) for the expectation of the minimum.

3. Unchargeable Hits: We analyze ¢-BALANCE (can be found in the full pa-
per) using a charging argument that starts off as usual — for every miss, we
can point to a hit, namely its perfect matching neighbor (of the appropri-
ate color) that must have been matched. This, by itself, gives a very weak
bound; the new idea is that, instead of allowing every hit to be charged by a
miss, we identify a set of unchargeable hits that cannot be charged by misses.
Thus the misses are upper bounded by a subset of hits, leading to a better
bound on the competitive ratio.

Figure 1 summarizes our results.

With perfect-matching restriction Without perfect-matching restriction

Lower Bound Upper Bound Lower Bound Upper Bound
Det. w/o Skips 0 0 0 0
Deterministic 0.343 0.5 0 0
Rand. w/o Skips ? 0.5 0 0
Randomized 3-4/\/e~0573 1-1/e~0.63 71/9 ~0.158 0.43

Fig. 1. Table of Results

2 Related Work

Motivated by applications in Internet advertising, several variants and general-
izations of Online Matching have been studied recently, starting with the “Ad-
words” problem ([15], [4]), which generalized the setting to that with bids and
budgets. Further generalizations included the Weighted-Vertex Matching prob-
lem [1], weighted edges with free-disposal (“Display Ads”) [7], among many
others. There have also been variants which study stochastic inputs for all these
settings, as well as stochastic rewards (we do not mention all the references,
since this literature is quite extensive by now, see [14] for a survey). Ours is an
orthogonal direction, in introducing multiple objectives to this set of problems.
We have started with the basic matching problem, but the question extends to
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the entire set of variants. In a recent paper, [12] also studied a bi-objective ver-
sion of online (weighted) matching. In that paper, the goal is to maximize the
cardinality of the matching along with its weight. Similar to ours, their model is
also motivated by internet advertising, but besides the motivation, the two pa-
pers have pursued two drastically different directions and have used orthogonal
techniques. One major difference from our setting is that their two objectives
are in alignment, rather than in conflict, since adding an edge to the matching
contributes both to the cardinality and the weight objective.

In another thread of work, there is a long research tradition of studying com-
binatorial optimization problems with multiple objectives, initiated by the paper
of Papadimitriou and Yannakakis [17], which identifies a relaxed notion of Pareto
set (the set of all solutions that are not dominated by any other in all objectives).
Our problem fits only loosely in this literature: being an online problem, we are
interested in implementing one balanced solution as the vertices arrive, not the
entire Pareto set of trade-offs.

A similar motivation to ours can be found in a series of papers [5,6,2], which
study the problem of designing an auction to balance revenue and efficiency.
From a practical view, the importance of multiple objectives like quality, ROI
and revenue in budgeted ad allocation, were described in [9].

An unrelated set of online problems with two objectives were studied in [8]. A
related offline problem of exact matchings, i.e. finding a matching with exactly k
Red edges was studied in [16,11,18], and the problem of approximately sampling
and counting exact matchings was studied in [3].

3 Algorithm Evolution

In this section, we present a natural progression of algorithms, leading up to our
main randomized algorithm. This sequence is ordered in increasing complexity of
ideas employed by the algorithms, and is intended to provide intuition building
towards the final algorithm. We start by showing that the simplest idea of Greedy
does not give any non-trivial ratio.

3.1 Greedy Does Not Work, and the Need to Skip

As for any matching problem, we start by trying a greedy algorithm. However,
we quickly note that any algorithm that always matches an incoming vertex if
at least one incident edge is available (i.e., its other end point in U is not yet
matched), has a competitive ratio no better than 0.

Similarly, one can prove that a randomized algorithm which does not skip will
achieve a ratio no more than 1/2.

Thus our first important observation is that any online algorithm has to some-
times skip, i.e., keep the arriving vertex unmatched even though it has an avail-
able neighbor. Note that this is very different from all previous settings in online
matching and allocation problems, where greedy algorithms (which do not skip)
achieve a competitive ratio of 1/2.
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Consider the instance on the left. Any algorithm, deterministic orrandomized, which
never skips matching an incoming vertex, is forced to pick all the Blue edges, and
no Red edges. The instance on the right has one extra edge and satisfies the perfect-
matching restriction. Note that any deterministic algorithm which does not skip will
again pick only blue edges (wlog assume it picks the blue edge for the first arriving
vertex).

Proposition 2. An algorithm that always matches an arriving vertex with an
available edge cannot achieve a competitive ratio better than 0. This also holds
for deterministic algorithms under the perfect-matching restriction, while a ran-
domized algorithm that always matches an arriving vertex with an available edge
cannot achieve a competitive ratio better than 1/2 under the restriction.

3.2 Algorithm c-Balance

The observation that we need to skip leads us to our first algorithm, called c-
BALANCE, which skips in order to keep the two colors nearly balanced at all
times.

We define CurrentBlue (resp. CurrentRed) as the number of Blue (resp. Red)
edges in the current matching produced during the algorithm. We also define
the following operations:

— NoPreference: Match the arriving vertex to any available neighbor (irre-

spective of color).
— OnlyBlue (resp. OnlyRed): Match the arriving vertex via an available Blue

(resp. Red) edge. If only Red (resp. Blue) edges are available then leave the
vertex unmatched.

A natural approach is to do OnlyRed when the current matching has more
blue edges than red, do OnlyBlue when it has more red edges and NoPreference
otherwise. We will show that this achieves a competitive ratio of 1/3.

We observe that this algorithm attempts to keep the two colors perfectly bal-
anced, and skips an arriving vertex whenever the colors are unbalanced and no
edge of the lagging color is available. We next try to give the algorithm some
leeway in how balanced the two colors need to be during its run. To do that we
introduce two new operations:

— PreferBlue (resp. PreferRed): If a Blue (resp. Red) edge is available, match
the arriving vertex via one of them. Else match it via a Red (resp. Blue) edge,
if one is available.
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We are now ready to describe c-BALANCEZ.

Algorithm. c-BALANCE
For each arriving vertex v, switch case:
1. CurrentBlue = CurrentRed: NoPreference
2. CurrentBlue > c - CurrentRed: OnlyRed
3. CurrentRed > c- CurrentBlue: OnlyBlue
4. CurrentRed < CurrentBlue < c¢- CurrentRed: PreferRed
5. CurrentBlue < CurrentRed < c- CurrentBlue: PreferBlue

This algorithm tries to pick up some extra edges of the leading color (in case
the arrival of edges of the leading colors slows down in the future), but not too
many (as picking edges now reduces available vertices on the left, reducing the
opportunity to pick lagging-color edges in the future). We present the result
here, but postpone the full analysis to the full paper.

Proposition 3. ¢-BALANCE achieves a competitive ratio of (1+C§f2+c), for1 <
c < 2, and this analysis is tight.

The competitive ratio is maximized at ¢ = v/2, giving the algorithm a compet-
itive ratio of 0.343. We note that while ¢c-BALANCE seems more flexible than
simple balancing (and its analysis is much more difficult), it does not perform
significantly better.

We note the following hardness result here, discussed in greater detail in the
full paper.

Proposition 4. FEven under the perfect-matching restriction, no deterministic
algorithm can achieve a competitive ratio better than 1/2.

It seems hard to reduce the performance gap for deterministic algorithms, and
we shift our attention to randomized algorithms.

3.3 A Simple Randomized Algorithm

A natural first attempt to balance the two colors using randomness is the fol-
lowing: for each arriving vertex, match via a Red edge w.p. 1/2 and match via a
Blue edge w.p. 1/2. Note that this algorithm skips a vertex when it has available
edges of a single color, but it chooses the other color. This achieves a competitive
ratio of 1/3, with probability almost 1. Next, we consider a generalization of the
above algorithm:

This algorithm sometimes skips vertices even when edges of both colors are
available. Surprisingly, it does better for some values of p.

2 Note that in the existing literature, balance typically refers to balancing the spend
or the load on different vertices — here it refers to balancing the two colors in the
current matching.
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Algorithm. p-PROBGREEDY

For each arriving vertex v:
w.p. p, match v via an available Red edge, if any.
w.p. p, match v via an available Blue edge, if any.
w.p. 1 — 2p, leave v unmatched.

1-p)
+p

ability almost 1. This is mazimized at p = /2 — 1, giving p-PROBGREEDY a
competitive ratio of 0.343.

Proposition 5. p-PROBGREEDY has a competitive ratio of 2p1( with prob-

We postpone the proof to the full paper. Amazingly, this is the same bound
as that achieved by ¢-BALANCE for p = lic. We do not know if there is a
deeper connection between the two algorithms, and we leave this possibility
as an intriguing open question. Although p-PROBGREEDY did not achieve a
better competitive ratio than c-BALANCE, it is simpler in that is does not need
to keep any state. Also, the analysis for p-PROBGREEDYis significantly simpler
than that of ¢-BALANCE. The next question to ask is whether there is another

randomized algorithm that actually improves the competitive ratio.

3.4 Our Final Algorithm

We recall the classic randomized algorithm for online bipartite matching (with-
out colors), namely RANKING [10], defined below. This algorithm by itself has

Algorithm. RANKING
1. Pick a permutation o of the vertices in U uniformly at random.
2. For each arriving vertex:

Match it to the highest available neighbor (according to o).

a competitive ratio of 0, which can be seen again from the instance in the figure
in Section 3.1. With probability almost 1, one of the first few arriving vertices
will pick its Blue neighbor, and after that, every vertex is forced to pick its Blue
neighbor. Is there a way to extend RANKING for our biobjective problem?

In our first attempt, DISJOINTRANKING, we do precisely this, by removing
edges from the graph in order to break up the biobjective instance into two
disjoint instances, one of each color, and then use RANKING on each instance
independently. It is easy to see that this algorithm can be run online.

Algorithm. DISJOINTRANKING

1. Each vertex in UUYV picks a color uar, and throws away incident edges of that color.
Note that only those edges that are not thrown away by either endpoint survive.

2. Run Algorithm RANKING on the resulting subgraph.
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Proposition 6. DISJOINTRANKING achieves a competitive ratio of 1721/6 ~
0.316.

To see this, observe that the first step creates a subgraph with two vertex
partitions, such that no edges go from one part to the other, the edges within
one part are all Blue, while the edges within the other part are all Red. Since
each edge survives with probability 1/4, the Blue (resp. Red) part will contain
a Blue (resp. Red) matching of size n/4 — O(y/n). Also, running RANKING on
the subgraph is equivalent to running it on each part separately. Hence, we will
obtain a matching with ~ (1 —1/e)’} Blue edges and Red edges each, giving a
competitive ratio of 1_21/6 ~ (.316.

Thus DISJOINTRANKING is even worse than our previous algorithms, and this
is because it throws away 3/4 of the edges and loses a factor of 1/2 immediately
(since the size of the guaranteed matching drops to n/4 and OPT is n/2). So one
can try and throw away fewer edges. One way to do this is to let vertices of only
one side (either U or V') pick a color at random and throw away incident edges of
that color. This gives us two algorithms, namely LEFTSUBGRAPHRANKING and
RIGHTSUBGRAPHRANKING, defined below:

Algorithm. LEFTSUBGRAPHRANKING (resp. RIGHTSUBGRAPHRANKING)

1. Each vertex in U (resp. V') picks a color uar, and throws away incident edges of that
color.

2. Run Algorithm RANKING on the resulting subgraph.

These algorithms throw away fewer edges than DISJOINTRANKING, thereby
ensuring a matching having ~ n/2 edges of each color in the resulting subgraph.
So we can hope for an online algorithm that gets a matching with ~ (1—1/e)n/2
edges of each color, achieving a ratio of 1 — 1/e. However, we have lost the parti-
tion into a Red and a Blue instance and the analysis needs to take into account
the interaction between edges of different colors in the resulting subgraph. This
interaction results in some loss. We prove the following in Section 4.

Proposition 7. The competitive ratio of LEFTSUBGRAPHRANKING is 3 — 4/
Ve ~0.573, and this analysis is tight.

Although RIGHTSUBGRAPHRANKING is very similar, our analysis does not
carry over immediately. The reason is that the analysis of LEFTSUBGRAPHRANK-
ING (just like the analysis of RANKING) maps a miss of vertex u on the permuted
side to the hit of N, (u) or Np(u). Since in RIGHTSUBGRAPHRANKING, the non-
permuted side picks the colors to throw away, this charging does not work any
more — a vertex u on the permuted side might have a miss even when neither
of N, (u) or Ny(u) was a hit, if NV, (u) chooses to throw away its Red edges and
Niy(u) chooses to throw away its Blue edges. We leave the analysis of RIGHT-
SUBGRAPHRANKING as an interesting open question, as also the analysis of
these algorithms without the perfect-matching restriction.

We show the following hardness bound in the full paper.
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Proposition 8. Fven under the perfect-matching restriction, no randomized al-
gorithm can achieve a competitive ratio greater than 1 —1/e.

So an obvious open question is to close the gap for randomized algorithms. If
there is a better algorithm, is it a different generalization of RANKING? Another
open question is how do the algorithms extend to k& > 2 colors? We believe
that the ratio of LEFTSUBGRAPHRANKING only improves as k increases; we can
prove that the Min-of-Exps objective improves, but it remains open to analyze
the Exp-of-Mins objective.

4 Analysis of LeftSubgraphRanking

In this section we prove the main result of this paper on the performance of
LEFTSUBGRAPHRANKING.

Theorem 1. For any constant € > 0, and sufficiently large n, the competitive
ratio of LEFTSUBGRAPHRANKING is at least 3 — je — 4e — \1/%

We will begin by showing that for each color, the expected number of edges
of that color in the matching produced by the algorithm is at least (3 — je)g.
Note that this, by itself, does not imply a competitive ratio of 3 — je, as we need
to bound the expectation of the minimum color’s edges. However, this is clearly
necessary. We will later show (in Section 4.2) how to use locality of charging to
prove an almost identical ratio for the expectation of the minimum color’s edges,
giving Theorem 1.

4.1 Bounding the Minimum of the two Expectations

To prove a bound on the expected number of edges of a given color, we use
a charging argument, which builds upon the charging argument for RANK-
ING (see [1] for one such proof). We consider the (offline) misses of a particular
color, say Red, and charge them to hits of both colors. First we try to use the
same charging map as for RANKING — charge each miss to n hits in permuta-
tions obtained by moving the (perfect-matching) neighbor of the neighbor of the
missed vertex. This does not quite work: Note that each vertex throws away its
Red edges with probability 1/2, so only n/2 vertices are trying to pick up a Red
edge. Since there could be as many as as n/2 Blue hits, we do not get anything
non-trivial from this argument. In order to make it work, we map each miss to
2n hits in permutations obtained not only by moving the vertex but also by
changing its color preference. For this map, a given hit might get charged by two
misses, but it gets charged only once by the misses of a given color.

We now dive into the proof. The probability space of the algorithm consists
of all tuples (o, A), where o is a permutation of U and X € {r,b}" is the vector
of colors chosen by vertices in U (in this section, we will use r and b to denote
color Red and Blue respectively). In order to describe the charging argument,
we make the following definitions.
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Definition 1. For any permutation o, w € U and i € [n], let o', be the permu-
tation obtained by removing u from o and inserting it back into o at position i.
Likewise, for any \, u € U and d € {r,b}, let A% be such that \%(u) = d and
M (v) = A(v) for all v # u.

Definition 2 (Set of Misses and Hits). Define Q¢ (resp. R{) as the set of
all event—position triples (o, A\, t), s.t. the vertex in position t in o (say u) has
Mu) = d, and was matched (resp. unmatched) under (o, ). Formally:

Q= {(o,\t) : o(u) =t, Mu) = d and u is matched in the event (o, \)}
R = {(o,\t) : o(u) =t, Mu) =d and u is unmatched in the event (o,\)}

Recall that Ng(u) denotes the partner of u in the perfect matching of color
d. We are now ready to define the main charging map v from a miss to a set of
hits.

Consider a triple (o, A, t) s.t. that vertex u at position ¢ in ¢ is unmatched
and let d = A(u). Then, we define the d-ChargingMap of the triple (o, A,t) as
the set of all triples (0/, X, s), such that o/ = o’ for some i € [n] and X = A&
for some d’ € {r,b}, and s is the rank of the vertex to which Ng(u) is matched
in the event (o/, \').

Definition 3 (Charging Map). For every (o, \,t) € R, define the map

Ya(o,\, t) = {(ai,)\zl,s) :1<i<n, de{rb}, olu)=t,

and Ny(u) is matched to v’ with o, (u') = s in the event (o), /\il)}

The following lemma proves that the above charging maps are well-defined
(i.e. s always exists) and that s < ¢ for all such mappings. This essentially follows
the standard alternating path argument for RANKING (see e.g. [1]), except that
we also need to argue that the same holds even when u flips its color and throws
away a different set of edges. The proof can be found in the full paper.

Lemma 1. For any permutation o and coloring X, if vertex u has rank t in
o and is left unmatched in the event (o,)), then Ny,)(u) is matched to some
node u' in the event (o, \2) and some node u" in the event (¢, \I), for any
1 <i < n. Moreover, o' (u') <t and o' (u") < t.

We next show that for a fixed ¢, the set-values ¥4(o, \,t) are disjoint for
different o or . The proof is in the full paper.

Lemma 2. If (o, A, s) € ¥a(o’, N, t) and (o, A, s) € va(a”, N’ t), then o' = o”
and N = \'.

With Lemma 1 and 2, we are now ready to prove the bound on the expectation
of each color. The full proof is postpone to the full paper.

Lemma 3. Both the number of red matches and the number of blue matches are

at least (3 — je)n
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4.2 Bounding the Expectation of the Minimum Color

In order to bound the expectation of the number of matches of the minimum color,
we need to consider two parts of the probability space — the events for which Red
is the trailing color (where we need to count the number of Red matches) and the
events for which Blue is the trailing color (where we need to count the number
of Blue matches), breaking ties arbitrarily. However in doing so, a new difficulty
arises — when we were bounding the expected number of matches of one color, we
were guaranteed that the charging maps for all misses of that color are disjoint.
However, this is no longer true when we look at the charging maps for Red misses
for some of the events and the charging map for Blue misses for the remaining
events — the same hit might appear in the charging map for some Blue miss and
for some Red miss. Simply allowing hits to be double-charged will lead to a large
loss in competitive ratio, giving a ratio of 1 — 2/e ~ 0.26.

The key insight that helps us overcome this problem and show essentially the
same bound for expectation of the minimum color, with a loss of only lower
order terms, is that our charging map has the property of locality, i.e. misses in
a given event map to hits in “nearby” events.

To be more concrete, let A(g, A) be the difference between the number of Red
matches and Blue matches in the matching produced by the algorithm for the
event (o, \). We observe that our charging map is local w.r.t. A, i.e. misses in
an event (o, A) map to hits in events whose A value is within 2 of A(o, ), as
shown in a lemma in the full paper. If we partition the events by their A value,
we want to count the number of Blue misses for events whose A value is positive
and the number of Red misses for the rest. By the lemma, we know that Blue
misses of interest charge to events whose A value is at least -1, while the Red
misses of interest charge to events whose A value is at most 2. So the only events
whose hits get double-charged are those whose A value is in {—1,0,1,2}. If we
could show that the number of hits in such events is small, we will be done.

Unfortunately, we do not know how to show this. What we can show, instead,
is that there is some k € [1,4+/n] s.t. the probability mass of hits in events with
A value in {k, k+1,k+2,k+ 3} is no more than \/1”, as shown in the full paper.
So if we look at the charges from Blue misses in events with A value greater

Tight example: Interestingly, our analysis is tight. Consider the following family of
graphs. Let the upper triangular entries (without the diagonal) and the bottom left entry
of the adjacency matrix filled with Red edges, and the rest filled with Blue edges. This
guarantees two perfect matchings. But running LEFTSUBGRAPHRANKING on this graph

gives no more than (3 — je )n red matches; details can be found in the full paper).
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than k£ + 1, and the charges from Red misses from the remaining events, we will
double charge only a small number of the hits, thereby giving us the required
bound. The full proof can be found in the full paper.
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A large fraction of online advertisement is sold via repeated second price auc-
tions. In these auctions, the reserve price is the main tool for the auctioneer to
boost revenues. In this work, we investigate the following question: Can chang-
ing the reserve prices based on the previous bids improve the revenue of the
auction, taking into account the long-term incentives and strategic behavior of
the bidders?

In order to set the reserve price effectively, the auctioneer requires informa-
tion about distribution of the valuations of the bidders. A natural idea, which
is widely used in practice, is to construct these distributions using the history
of the bids. This approach, though intuitive, raises a major concern with re-
gards to long-term (dynamic) incentives of the advertisers. Because the bid of
an advertiser may determine the price he or she pays in future auctions, this
approach may result in the advertisers shading their bids and ultimately in a
loss of revenue for the auctioneer.

To understand the effects of changing reserve prices based on the previous
bids, we study a setting where the auctioneer sells impressions (advertisements
space) via repeated second price auctions. We demonstrate that the long-term
incentives of advertisers plays an important role in the performance of these
repeated auctions by showing that under standard symmetry and regularity as-
sumptions (i.e., when the valuations of advertisers are independently and iden-
tically distributed according to a regular distribution), the optimal mechanism
is running a second price auction with a constant reserve and changing the re-
serve prices over time is not beneficial. However, when there is uncertainty in
the distribution of the valuations and competition among the bidders, we show
that there can be substantial benefit in learning the reserve prices using the pre-
vious bids. To this end, we propose a simple dynamic reserve mechanism called
the threshold mechanism that achieves near optimal revenue, while retaining
(approximate) incentive compatibility.
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Abstract. Traditional incentive-compatible auctions [6,16] for selling
multiple goods to unconstrained and budgeted bidders can discriminate
between bidders by selling identical goods at different prices. For this
reason, Feldman et al. [7] dropped incentive compatibility and turned
the attention to revenue maximizing envy-free item-pricing allocations
for budgeted bidders. Envy-free allocations were suggested by classical
papers [9,15]. The key property of such allocations is that no one en-
vies the allocation and the price charged to anyone else. In this paper
we consider this classical notion of envy-freeness and study fized-price
mechanisms which use nondiscriminatory uniform prices for all goods.
Feldman et al. [7] gave an item-pricing mechanism that obtains 1/2 of
the revenue obtained from any envy-free fixed-price mechanism for iden-
tical goods. We improve over this result by presenting an FPTAS for
the problem that returns an (1 — €)-approximation of the revenue ob-
tained by any envy-free fixed-price mechanism for any € > 0 and runs in
polynomial time in the number of bidders n and 1/e even for exponen-
tial supply of goods m. Next, we consider the case of budgeted bidders
with matching-type preferences on the set of goods, i.e., the valuation of
each bidder for each item is either v; or 0. In this more general case, we
prove that it is impossible to approximate the optimum revenue within
O(min(n, m)*/27¢) for any € > 0 unless P = NP. On the positive side,
we are able to extend the FPTAS for identical goods to budgeted bidders
in the case of constant number of different types of goods. Our FPTAS
gives also a constant approximation with respect to the general envy-free
auction.

1 Introduction

In this paper we address the problem of selling m identical goods to a set of n
bidders. Bidder i € {1,...,n} has his own valuation per good v; and a total bud-
get b; that he can spent. This setting was introduced in the context of designing
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Large-scale Data Analysis”, ERC StG project PAAIl 259515, and FET IP project
MULTIPEX 317532.
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truthful auctions to sell multiple ad slots [6]. In a later paper [7] a serious short-
coming of previous mechanisms was observed. Many of the auctions, e.g., the
VCG mechanism [5,11,16] (for bidders with unlimited budgets) or the ascending
auction [6,14] (for bidders with budgets), sell the same product at different prices.
Moreover, this is strictly needed if we insist on incentive-compatible auctions as
shown in [6]. Usage of nonuniform prices is called price discrimination [3]. Price
discrimination is problematic as pointed out by economic literature [1,2], and in
some cases also forbidden by international commerce law [10].

The approach suggested in [7] was to turn the attention to revenue maxi-
mizing auctions that are envy-free rather than incentive compatible. Here, we
take a next step in this direction. We consider auctions that are as nondiscrim-
inatory as possible by being envy-free and by using uniform prices. We note
that in recent studies (e.g., [12] and much subsequent work) envy-freeness has
been defined in a much more restrictive manner than the classical notion from
economic theory [9,15]. It requires that goods are given prices, and that the al-
location to a bidder is a set of goods that maximizes the bidder’s utility, subject
to these good prices. The reason why the classical notion of envy-freeness was
abandoned is probably due to its immanent hardness. For example, if we need to
maximize bidders’ utilities then given the prices of goods finding envy-free allo-
cation becomes a maximum matching problem. On the other hand, without this
restriction, we prove that it is impossible to get a £2(min(n, m)'/?~¢)-fraction of
the optimum revenue, for any € > 0 unless P=NP.

Envy-free allocations are defined in the most intuitive way as suggested by
classical papers [9,15]. The key property of such allocations is that no one en-
vies anyone else. Bidder i is allocated a set of goods X; and is asked to pay
some amount p;, with the restriction that p; < b;. Bidder i utility is defined as
wi(Xi,pi) = vi|X;| — pi. This is called multi-unit auction, whereas we assume
that |X;| < 1 when bidders have unit demands. We say that bidder i envies
bidder ¢’ if p;» < b; and w; (X, pir) > wi (X4, p:), i-e., bidder ¢ could be allocated
bundle of +/ and in such a case the utility of bidder 7 would increase.

The results of [7] when casted to our setting imply that it is possible to con-
struct an efficient envy-free fized-price auction that approximates maximum rev-
enue of general envy-free auction. The fized-price auction assumes that p; = p|X;|
for some fixed p. Quite surprisingly, such a restricted auction, can extract 1/2 of
the revenue of the optimum envy-free auction. These results rise an interesting
question whether such efficient, and nondiscriminatory auctions, can actually
be constructed in an optimal or nearly optimal way? We answer this question
affirmatively and present an FPTAS for multi-unit auctions, i.e., we compute
price p and allocation X; for each bidder so that selling at a fixed-price p gives
revenue no less than an (1 —e¢)-fraction of the revenue of any envy-free fixed-price
outcome. The running time of the algorithm is polynomial in both n and 1/¢
and it does not depend on the total supply of goods on sale.

We extend the basic setting also to the case of non-identical goods, thus ad-
dressing one limitation of previous works [6,7,14] which considered only identical
goods. In our generalized multi-good setting, we consider the case that there are
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c types of goods and the supply of good i is m;. Here, we use m = > . m;.
Denote by S; the types of goods of interest for bidder i, i.e., his valuation for
items of types S; is v;, whereas other items have value 0 for him. Such valuations
are called matching-type preferences and were for example considered in [8]. Let
us denote by X; a multiset of S; that is allocated to bidder i. We say that an
allocation Xj is rational at price p for bidder i if X; only contains goods that
are in the preference set of bidder 7, and utility of bidder 7 is nonnegative. The
notion of envy-freeness is extended to the multi-good case by defining that bid-
der ¢ envies bidder ¢ if allocating X; to 4 is rational and increases the utility
of bidder 7. In the unit demand case, we present the following results for the
revenue maximizing envy-free fixed-price outcomes in the multi-good setting:

1. We prove that the problem can be solved optimally in polynomial time.
2. We observe that our solution gives O(logn)-approximation with respect to
the optimum envy-free allocation, and this essentially is the best possible.

In the non-unit-demand case, we prove the following:

1. For a non-constant number of different types of goods, we prove that it is
NP-hard to approximate the optimum revenue with a factor better than
£2(min(n, m)*/2=¢). This statement holds even for general non-fixed-price
envy-free auctions.

2. We extend the FPTAS for identical goods to the case of a constant number
of different types of goods. This holds even when the supply of goods of each
type is exponential.

3. We observe that the FPTAS gives O(c)-approximation with respect to the
optimum envy-free revenue where there are c¢ different types of goods.

While we present the first positive results for the multi-good setting with a
constant number of goods, it is quite interesting to observe that our hardness
result is not restricted to fixed-price auctions. Hence, even in this restricted
case we are coping with the hard core of the problem, what means that even
without this assumption it is impossible to obtain qualitatively better results. On
the positive side our O(c)-approximation algorithm for ¢ types of goods works
independently from the number of bidders and goods.

2 Preliminaries

An auction with budgets is denoted by A =< n,c, M,S,v,b >. There are n
bidders and ¢ different goods. Throughout the paper, we use the notation [n] and
[c] to denote the sets {1,...,n} and {1,...,c} respectively. M =< mq,...,m, >
indicates the amount of supply of each good. For every j € [c], there are m; copies
of good j. The total supply of all goods is denoted by m = Zje[c] m;. S =<
S1,...,S, > indicates the preference set of each bidder. For every i € [n], S; is
the subset of goods in which bidder 7 is interested. Finally, v =< vy,...,v, >
indicates the valuation and b =< b1,...,b, > indicates the budget of each
bidder. For every i € [n], bidder i has a valuation of v; for each copy of goods in
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his preference set S; and a budget b;. Given price p, the demand of a bidder 7 is
defined as:

Di(p) = min(LijJ,ZjeSi mj), ifv;>p
! 0, ifv; <p

When there is no ambiguity on the price, we simply use D; instead of D;(p).

A mechanism maps every auction A to an outcome < X, p >, where X =<
Xi,..., X, > is an allocation mapping goods to bidders and p € R is a fixed
price for every goods. Note that for every i € [n], X; =< z},...,2¢ > where
bidder i gets xf copies of good j. Let X; be the set of goods allocated to bidder
i,ie, X;={j € [c]|xf > 0}. An outcome < X, p > must satisfy all the following
conditions:

1. limited supply: for every j € [c], it holds Zie[n] xf <myj;
2. bidder rationality: for every i € [n], and every j € [¢], if xf > (0 then j € S;
and v; > p;

3. budget constraint: for every i € [n], it holds p - > z < b;.

]6[0
Given outcome < X,p >, the utility of bidder i is defined as: u;(Xj,p) =
(vi —p) > es, @1~ The revenue (X, p) of the auction is the sum of payments of

all the bidders, i.e., 7(X,p) =p> ;e Z;es x. When the price and allocation
are clear from the context the revenue is snnply denoted by r.

Given price p, we partition bidders as follows. Bidders with v; = p are called
value-limited bidders, and are denoted by VL, = {i € [n]|lv; = p}. Similarly,
bidders with v; > p are called non-value-limited bidders, and are denoted by
NV L, ={i€ [n]|lv; > p}. Finally, bidders with v; < p are called exited bidders,
and are denoted by E, = {i € [n]|v; < p}. When there is no ambiguity on the
price, we will remove the subscript from the sets.

We consider the following notion of envy-freeness. Given an outcome < X, p >,
we say bidder i envies bidder ¢’ if all following conditions hold: i) X/ is a rational
allocation to bidder i , i.e., X;» C S;; ii) bidder 4 has enough budget for the bundle
Xy, i.e., b; > pzjesi/ x],; iil) u (X, p) > ui (X, p).

An outcome is envy-free if for every pair of bidders i,i’ € [n], bidder i does
not envy bidder 7’.

Definition 1. The revenue mazximizing envy-free fized-price auction with bud-
gets: given < n,c, M,S,v.b >, design an algorithm to compute an envy-free
outcome < X, p > that mazimizes auctioneer’s revenue r(X,p).

3 Envy-Free Revenue Maximizing Fixed-Price
Multi-good Auctions for Unit-Demand Bidders

In this section, we consider envy-free fixed-price auction with budgets when all
bidders have unit demands, that is, bidders are only interested in obtaining at
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most one copy of a good in their preference sets. Here, envy-freeness implies that
bidder ¢ will be allocated one good if another bidder i’ gets some good j € S;
and the price is not higher than min{w;, b;}. We present an algorithm optimizing
the revenue among all fixed-price outcomes. Despite the fact that our auction is
fixed-price, we prove that it is able to extract O(logn) of the optimum envy-free
revenue. We assume in this section for all i € [c] we have m; < n, as higher
supply of goods is not needed in the unit demand case.

We model auctions for the unit-demand case as bipartite graphs. Specifically,
given a price p, the demand graph G, is a bipartite graph (V = {1,...,n},U =
{1,...,m}, E), where {1,...,m} contains m; identical vertices for good j and
E contains an edge (i, ) if and only if j € S; and min{v;,b;} > p. We identify
vertices in V' with bidders. We define non-value-limited subgraph Gj, of G, to
contain only bidders that are non-value-limited.

Denote for a set S C V(G), vg(S) = {v: (u,v) € E(G) and u € S}. A set of
vertices S C V is said to be tight in G if and only if |vg(S)| > |S|. We observe
that we cannot sell goods to all bidders in S if S is not tight in G}, because we
will not be able to satisfy the demand of everybody in S. On the other hand,
it is not necessarily true that we can satisfy all bidders in a given tight set .S,
because S can contain subsets that are not tight. Using the tools from matching
theory we will prove the existence of canonical tight sets in G;, that can be
fully satisfied. We define surplus of S C V UU in G as minpcg [va(T)| — |T.
By Hall’s marriage theorem a set S C V' that has positive surplus in G has a
perfect matching onto v¢(.S). The following is a consequence of Gallai-Edmonds
decomposition theorem in the case of bipartite graphs.

Theorem 1 (Theorem 3.2.4 from [13]). Let G = (V,U, E) be a bipartite
graph. V' can be partitioned into three subsets Cy, Ay, Dy and U can be parti-
tioned into three subsets Cy, Ay, Dy such that:

- I/C;(Dv) = AU and Vc;(DU) = Av,
— surplus of Cy in G[Cy U Cy] is 0,
— surplus of Ay in G[Ay U Dy] is positive,
— surplus of Ay in G[Ay U Dy] is positive.

We observe the following. Due to lack of space, We defer the proofs of some
theorems, lemmas or corollaries to the full version of the paper.

Corollary 1. Let Ay be given by Theorem 1 for Gi,. No good from Ay can be
sold in any envy-free allocation at price p.

By Hall’s marriage theorem we know that the matching M that is needed in
the following observation always exists.

Corollary 2. Let Cy and Ay be given by Theorem 1 for Gi,. Let M be a match-
mng in G; that matches Cy with Cy and Ay with Dy then M induces an envy-
free allocation at price p.

In other words M is the maximum size matching in G}, \ Ay. So far we have
considered only non-value-limited bidders in G;. Adding value-limited bidders
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can increase the number of goods we can sell and can lead to higher revenue.
Still no good in Ay can be sold. Potentially, in G, \ Ay there can be a maximum
size matching such that it does not induce an envy-free allocation. However, this
can be countered using the following well known fact.

Corollary 3 (Corollary 3.1.6 from [13]). If a set of vertices is covered by
some matching then it is also covered by some maximum matching.

By applying this corollary to M in G, we know that there exits a maximum
size matching M’ in G}, \ Ay that matches all vertices in Cy and Ay. Hence,
M’ induces the maximum revenue envy-free allocation at price p. We note that
the constructions of Theorem 1 and Corollary 3 can be executed in polynomial
time. Now, we can observe that the set of candidate fixed-prices is small.

Lemma 1. The set of candidate fixed-prices for the unit-demand case is given
by Uze[n] min(vi, b,)

Algorithm 1. Optimal Revenue Maximizing Envy-free Fixed-price for
Unit-Demanded Bidders

Input: <n,c,M,S,v,b >.

Output: a price p, an allocation X =< Xy,...,Xn >, the optimum revenue r.
1 Let p be the set containing {min(v;,b;)}, r =0
2 while p # () do
3 Choose some y € p, p=p \ {v};

4 Construct the demand graphs Gy and G, with respect to y;

5 Use Theorem 1 to find Ay in Gy;

6 Find maximum size matching M of G; \ Au;

7 Extend M to maximum matching M’ in G, \ Ay using Corollary 3;
8 if y|M'| > r then

9 Set p=y, r=y|M'|;
10 forie {1,...,n} do
11 if j € M’ then
12 Set z} = 1if (i,5) € M’ ;

The main result in this section is the following theorem, which directly follows
lemmas and corollaries above.

Theorem 2. Algorithm 1 outputs, in polynomial time, an envy-free outcome
which optimizes auctioneer’s revenue among all envy-free fized-price outcomes.

Next theorem shows that our auction is O(log n)-approximate with respect to
the general envy-free auction. This is essentially best possible by the log'~(n +
m)-inapproximability [4].

Theorem 3. Algorithm 1 outputs, in polynomial time, an envy-free outcome
which is O(log n)-approzimate with respect to the optimum envy-free revenue.
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Proof. Consider the optimal allocation X; and optimal pricing p;. Assume that
in this allocation bidders are sorted in descending order by p;. Consider a random
number [ that is selected uniformly at random form the set [1,...,2log(n)], and
consider price p; = g}. Let us denote by 71(p) the number of bidders who pay in
optimum allocation no less then p. We observe that

n 2log(n) 2log(n)

R _ P _
OPT = i(p)(pi—piv1) <2 D Alp0p+n gy 000, <2 D Alp)pt
i=1 =1 =1

OPT

Additionally note that for each p; selling goods to bidders with p; > p; at
fixed price p; is envy-free. Hence, choosing random p; gives fixed-price O(logn)-
approximation in expectation with respect to the optimal envy-free pricing. By
the optimality of our algorithm this bound in expectation is turned into worst-
case bound. a

4 Envy-Free Fixed-Price Multi-unit Auctions with
Budgets

We now turn to envy-free fixed-price auction with budgets when bidders are not
unit-demand, that is, bidders are interested in obtaining goods in their preference
sets as much as possible within their budgets. In this section, we present a Fully
Polynomial Time Approximation Scheme (FPTAS) for the case when only single
type of good is available in a limited supply of m copies. This setting is often
referred to as multi-unit auction. Note that in the indivisible environment the
easier approaches that are usually used for divisible goods do not work any
more. The presence of discontinuity points that produce discrete jumps in the
demand functions force us to carefully analyze the prices. In particular, when the
number of goods is small a rough analysis can blemish the approximation ratio.
We denote by < XOPT pOPT > the revenue maximizing envy-free outcome.
In this section the allocation is described by a vector of natural numbers that
represents how many copies each bidder gets, i.e., XOPT =< 297 x,OLPT >.
Bidder 7 gets x?PT copies of the good and pays pOPTxZ-OPT. For the optimum

revenue we have rOFT = pOPT Z?=1 xiOPT. The proposed FPTAS considers the

following two cases with regard to X°F'T: i) more than ": goods are allocated

. . . n 2 ..
in the revenue maximizing envy-free outcome, that is m > >0 z@P7 > ™ i)

2 . . . . .
at most " copies are allocated in the revenue maximizing envy-free outcome,

that is S0, 29T < ":. The distinction between these two cases is important.
In the first case, when the number of copies is not polynomial in n, the proposed
FPTAS achieves a revenue at least (1 — €)r9FT by restricting attention to a
polynomial number of prices. On the other hand, in the second case, a dynamic
programming is used to extract a revenue of 7?7 through the enumeration of
all possible outcomes.
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2

4.1 The Case of m > >  «9FPT > "

In this case, the number of copies sold can be non-polynomial.. Hence, we cannot
enumerate all possible sensible prices, i.e., prices that match a discontinuity
point in a demand function. The proposed algorithm overcomes this problem by
finding a polynomial number of prices that could extract an (1—e¢) fraction of the
optimum revenue. We assume for convenience 0 < v1 < wvs < ... < wvy,. It is easy
to see that p©TT € [0,v,]. Set vg = 0, and let us define IT; = (v;_1,v;]. There
exists exactly one IT; such that p®F'T € IT;. Denote by A; = {i’ € [n]lvir > v;_1}
the set of bidders with valuations higher than v;_;.
Furthermore, for each interval IT;, we define a price

n2 n2

o eXaby, et

~ min{v;, 7Y, it TN >

bi = 6'Ej€Ai bj
n2

U3, if <wiot

Note that price p; € II; and p; = v; if v;_1 = v;. Algorithm 2 computes the
revenue obtained for each price in {p;}?_;. Given a price in {p; }?_; the Algorithm
2 checks if the cumulative demand of the bidders is greater than the available
supply or not. If the cumulative demand is less than the available supply (lines
6-7), all the bidders receive their demands. If the cumulative demand is greater
than the available supply (lines 8-10), the algorithm computes an upper bound on
the number of goods that each bidder can obtain in order to keep the allocation
envy-free. Then a bidder receives number of items equal to the minimum between
his demand and the computed upper bound. Algorithm 2 computes the revenue
obtained this way for all candidate prices, and the maximum revenue is returned
as output.

We show that the revenue r produced by Algorithm 2 is an (1 — €) approx-
imation to the optimum revenue r®7. The proof is split into two parts: i) we

Aal b
‘ ZJ;{” 7 ii) we later address the

first consider the case of p®F7 € IT; and p; =
case of pOFT € II; and p; = v;.
We use the following lemma as a tool to prove the first case.
E'ZjeAi bj ZjEAi bj
n? :

and p°FT € II;, then rOFT > n

Lemma 2. Ifp; =

Proof. If p; = ‘ E’niAl * then there is enough copies to satisfy the demands of
all bidders in A;, those with v;; > p; :

. n2
> Di(m) ZLJ<Zj:€.

i€A; i€A; pi
Note that essentially those bidders are the ones in A4;. Thus, we have r¢F7 >

6'Ej ;bj
Z]eA L J Di = Z]eA ( 71) Di 2 Z]eA —n-p; = ZjeAi bj* 761Al =

djea, Z:L (n —¢€). From n 2 2 we have n — € > 1 and the lemma follows. O

S b
Lemma 3. If p©FT ¢ II; and p; = “Lica; bi , then rALG > (1 — €)rOPT,

n2
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Algorithm 2. Envy-free Fixed-price Multi-unit Auction with Budgets
2
izt > ")

€

Input: <n,c=1,M=<mi=m>S=<S1=...=5 ={1} >,v,b>.
Output: a price pALG, an allocation XALYG =< g0LC¢ | 24L¢ 5 the revenue

T,ALG

1 Set pAL¢ =0, XALG =< 0,...,0 > and rAL¢ =0
2 Let p = {p1,...,Pn} be the set of candidate prices;
3 while p # () do

4 Pick a price p € p;

5 Set X =<21=0,...,2,=0>,r=0;

6 if 32,c4 Di(p) < m then

7 For each i € A, set x; = D;(p), and set r =p >, , Di(p);

8 else

9 For any k € {1,...,m}, let t} = {i € A|D;(p) > k};
10 Let I = max{z|>_7_, [t!| < m and [tZ| > 0};
11 For each j € A, set x; = min{l, D;(p)}, and set r =p>_._ , z;;
12 if » > r*LC then

13 Set < pALG XALG pALG 5 p X 1 >;

14 Setp=p\p;

bj = b; _
Proof. 1971 <3 ic 0, b = Yjea, 5, P < jea (g J+1) P S Xjeq, w800
_ _ _ e-z. b;
Di —+ ZjEAi Di = TALG + Z]‘eAi D S TALG +n- Jn€2A1 J S TALG +e€- TOPT.
The first inequality comes from the assumption that p®FT € IT;, and the last
inequality is implied by Lemma 2. Hence, we have r4LG > (1 — ¢)rOPT, O

Now we move to the second part of the proof. This is the case that pF7T e II;
and p; = v;. We first observe the following:

3 b
Lemma 4. The optimal price p°FT ¢ II; if “Liea; b < Vi—1.

n2

S b
Proof. Assume that ‘ Z’:{” 7 < w1 < pOPT it implies that there is less than

": copies sold in the optimal allocation. It contradicts the assumption that

at least "62 goods are allocated in the optimal revenue maximizing envy-free
outcome. ad

Lemma 4 allows us to only prove the revenue guarantee of Algorithm 2 in
the case when pOPT e Il;, p; = v; and 62’;‘” bi > v;. In this case, it could
be that the total demand of bidders in A; exceeds the number of copies, that is
>jea, Di(i) = ”: > m. Denote by t = {i € {1,...,n}|D;(p) > k} the set of
bidders with demand at least k and | = max{z| ijl \tf\ < m and [t2] > 0, }.
Algorithm 2 allocates to each bidder i € A; a supply of min{l, D;(p)} copies at

price p.
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Lemma 5. If pOFT ¢ II; and p; = v;, 749 > (1 — €)rOPT,
Proof. Consider the following cases:

— Y ien Di(vi) > m. In this case, the Algorithm 2 sells at least m — n items
at price p;. The revenue from Algorithm 2 is given by

7,ALG > (m OPT OPT

—n)-p; > (m—n)-p =m-p —n-pOPT > (1—¢€).rOFT
Recall that the revenue maximizing outcome allocates at least ”: items.
Hence, the last inequality follows from rOFT < m - pOPT and n - p?F7T <

2
€- ne _pOPT <e- TOPT.
— > .-~ Di(v;) < m. In this case, we have enough copies to satisfy the demand
i€EN
of all bidders at price v;. Algorithm 2 sells at least ": —n copies at price v;.
Now, we can bound the 9 f as follows: ,
FOP _ j = ALG
i < ZJEA - Zaefh p P S ZjEAz‘(LZ{‘J +1)-pi < ZjEAi L '
Di —I—Z:jeAipZ = TALG + deAi v; < rALG 4oy, < pALG 4 pOPT ' The
first inequality comes from the assumption that p©FT € II;, and the last

inequality is implied by rO*T > "

S b
Above two cases conclude that setting p; = v; when EZJnEZA’ 7 > w; could
achieves a (1 — €)-approximation to the optimal revenue. a

Lemma 6. < XALG pALG > s enyy-free.

Proof. When price p; produces a total demand less than the number of available
items, i.e., > ;.4 Di(pi) < m, we satisfy all the demands. Hence, no bidder
envies anyone. When 7, D;(p;) > m, for every i € A;, it holds that either
bidder 7 obtains D;(p;) items or bidder 4 receives the maximum number of items
among all bidders. It concludes that allocation < XALC pALG > ig envy-free.
]

Now we present the main theorem that follows from previous lemmas.

Theorem 4. When there are more than ":) copies sold in the revenue maximiz-
ing envy-free outcome in multi-unit auctions, Algorithm 2 outputs, in polynomial
time, an envy-free outcome that achieves an (1 — €)-approzimation to the opti-
mum envy-free fixed-price revenue.

n OPT 2
4.2 The Case of ) ;" | x; <"
Now we consider the other case when at most ™ copies of the good are allocated
in < XOPT p,OPT ~ We first present a dynamlc programming that maximizes
the revenue when a price is given. Since there is only a polynomial number of

possible prices for p©F7T, i.e., pOFT ¢ UL ({ }] 1 U{v;}), one can simply run
the dynamic programming for every p0851ble prlce and output the optimum rev-
enue. Now let us concentrate on the problem of computing the maximum revenue
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when a price is given. We first sort bidders by their demands. Without loss of
generality, we assume D;(p) < ... < D,(p). Recall that V'L is the set of value-
limited bidders, and NV L is the set of non-value-limited bidders. Both sets VL
and NV L are also sorted by non-decreasing demand at price p. Let VL(¢) be
the ith value-limited bidder, and NV L(i) be the ith non-value-limited bidder.
The dynamic programming fills a 4-dimensional table ¢[é][j][k][h] of boolean val-
ues representing the existence of an envy-free allocation where exactly h copies
are allocated among the first ¢ value-limited bidders plus the first j non-value-
limited bidders, and the maximum number of copies allocated to a bidder is k.
The correctness of the dynamic programming relies on the following claim.

Claim 1. There exits a revenue maximizing envy—free allocation XOPT such
that the followmg conditions hold: z) 2PFPT < 2QPT <. < 20PT; i) xVL(l) <

OPT < <

Ty L(2) S xVL(\VL\ ; i) xNVL( S xNVL(Q) S xNVL(|NVL\)

The dynamic programming proceeds in rounds. In the current round either
the next value-limited or the next non-value-limited bidder is considered:

— The bidder considered in the current round is value-limited. If the maximum
number of copies already allocated to value limited bidders [1,...,i— 1] and
non-value-limited bidders [1,. .., 7] is k and t[i—1][j][k][h — k] is true, then we
can allocate k copies to value-limited bidder j. The resulting allocation is still
envy-free. On the other hand, if the maximum number of copies allocated
is less than k then we must ensure that giving k copies to value-limited
bidder j does not violate envy-freeness. That implies that all non-value-
limited bidders [1, ..., j] have budgets less than kp.

— The bidder considered in the current round is non-value-limited. Similar to
the previous case, if the maximum number of copies already allocated to a
bidder is k and t[i][j — ¢][k][h — k] is true, then we can allocate k copies to
this bidder. The resulting allocation is still envy-free. On the other hand,
if the maximum number of copies already allocated to a bidder is less than
k, we must ensure that giving k copies to this value-limited bidder does
not affect envy-freeness. This essentially means that the already allocated
non-value-limited bidders have budgets less than kp.

The recursive formula is given as follows.
tfi] k][R = [(z’ > 0) A (k < Dyr) A (h > k)N
(4 = OGIKIR — K]V (\/ thi = GIRIR = kA (k> Davig) )|V
k' <k
[(j > 0) A (k < Dnvigy) A (h > k)A
(#615 — ik)R = k) v (\/ #illi = k) =K A (k> Dyvigy)) |
k' <k

Finally, the revenue maximizing envy-free allocation on the given price is the
entry of the table with TRUFE value in ¢[|V L||[| NV L||[-][h] that maximizes the
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total number of allocated copies of the good h < m. By using this dynamic
programing, one could achieve the optimum envy-free fixed-price revenue.

2 . . . .
Theorem 5. When there are at most ™. copies sold in the revenue mazimiz-
ing envy-free outcome n multi-unit auctions, Tunning dynamic programming on

prices in | J;— 1({ } <, U{w}) and outputting the mazimum revenue, achieves
the optimum envy free fixed-price revenue, in polynomial time in terms of n
and €.

5 Envy-Free Revenue Maximizing Fixed-Price Multi-good
Auctions with Budgets and Matching Preferences

In previous section we presented encouraging results for the case when there is
only a single type of good in the auction. Here, we extend these results to the
setting when there are different types of goods and bidders have matching-type
preferences, i.e., the valuation of bidder i for all copies of goods in S; C [¢] is v;
and 0 for goods not in 5;. We start with the hardness result for this case.

Theorem 6. When there are non-constant number of types of goods, the opti-
mum revenue in any envy-free multi-good auctions with budgets cannot be ap-
prozimated within O(min(n, m)/?=¢) for any € > 0 unless P = NP.

5.1 An FPTAS for a Constant Number of Types of Goods
The main result in this section is the following theorem.

Theorem 7. When the number of types of goods is a constant, there exists an
algorithm outputs, in polynomial time in terms of n and €, an envy-free fized-
price outcome that achieves an (1 — €)-approximation to the optimum envy-free
fized-price revenue.

The algorithm could be seen as a generalization of the results in Section 4.
Due to the space limit, we only discuss the ideas of how to extend our techniques
in Section 4 to obtain an FPTAS in this setting. As before, the proposed FPTAS
considers two cases regarding XOFT,

OPT Allocates More Than "62 Copies of Goods. An important difference

S by
with respect to the multi-unit case is the following. When p; equals to ‘ ZJniA’ !

n2

it is possible that there is no feasible allocation that sells copies of goods at
price p;. This is because the cumulative demand for a subset of goods could be
greater than the number of copies of the goods. Hence, in order to find a price at
which ”2 can be sold and to keep the envy-freeness of the allocation, we transfer
the problem to a min-cost max-flow problem. When the maximum flow is not
equal to ”6 the solution of min-cost max-flow identifies the subset of bidders

’

who do not obtain l]’[_j’_ copies of goods. Then, the algorithm iteratively updates

n2

pi by decreasing a particular amount until p; is out of the range of II; or "

copies of goods can be sold.
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OPT Allocates at Most ": Copies of Goods In order to cope with this
setting, the dynamic programming needs to ensure envy-freeness between differ-
ent types of bidders. Bidders belongs to the same type if their preference sets
are the same. Envy-freeness implies that, when bidder ¢ is allocated to a copy
of good j € S;, bidder ¢’ must also be allocated a copies of j' € Sy if j € Sy.
To achieve it, the dynamic programming considers different type bidders whose
preference sets intersect. To be more specific, to guarantee that the allocation
is envy-free, when bidder 7 is assigned a bundle of goods, the dynamic program-
ming checks envy-freeness in the way that all those bidders with preference sets
including the bundle, i.e., preference sets are the supersets of the bundle, prefer
their bundles to the bundle assigned to bidder i or they cannot afford to buy
bidder i’s bundle. Therefore, the dynamic programming has 2¢ — 1 parameters
to indicate the largest bundles assigned to each type of bidders.

5.2 A c-Approximation for a Constant Number of Types of Goods

Finally, by the results in [7], we complement our study with the following
corollary.

Corollary 4. The optimal envy-free fized price auction is O(c)-approximate
with respect to the optimal envy-free auction.

6 Open Problems

Here, we rise several interesting open problems for further investigation:

— First of all, we have not yet been able to prove NP-hardness of revenue
maximizing fixed-price envy-free auctions with budgets in the multi-unit
case.

— Second, it is left open to find any approximation for the case of a non-
constant number of types of goods.

— Third, we do not know the ratio between the revenue that is extracted from
a fixed-price and a non-fixed price auction for the case of a non-constant
number of types of goods. Despite the inapproximability result, the ratio
might even be O(logn) as in the unit-demand case, since even for fixed-price
it can be N P-hard to decide whether there exists an envy-free allocation.
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Abstract. We propose a truthful-in-expectation, (1— i)—approximation
mechanism for the generalized assignment auction. In such an auction,
each bidder has a knapsack valuation function and bidders’ values for
items are private. We present a novel convex optimization program for
the auction which results in a maximal-in-distributional-range (MIDR)
allocation rule. The presented program contains at least a (1 — i) ratio
of the optimal social welfare. We show how to implement the convex
program in polynomial time using a fractional local search algorithm
which approximates the optimal solution within an arbitrarily small er-
ror. This leads to an approximately MIDR allocation rule which in turn
can be transformed to an approximately truthful-in-expectation mecha-
nism. Our contribution has algorithmic importance, as well; it simplifies
the existing optimization algorithms for the GAP while the approxima-
tion ratio is comparable to the best given approximation.’

Keywords: Generalized assignment problem, Truthful-in-expectation,
Mechanism design, Convex optimization.

In algorithmic mechanism design, a mechanism designer wishes to solve an op-
timization problem, but the inputs to this problem are the private information
of self-interested players. The mechanism designer must thus design a mecha-
nism that solves the optimization problem while encouraging the agents to reveal
their information truthfully. The game-theoretic solution concept of truthfulness
guarantees that an agent is better off truthfully interacting with the mechanism
regardless of what the other agents do.

We consider the generalized assignment problem as a combinatorial auction.
In the generalized assignment problem (GAP), a set of items should be assigned
to a set of bidders in order to maximize total valuation. Each bidder associates a
different value and weight to each item and has a limited capacity. We can assign
each bidder any subset of items that does not exceed the bidder’s capacity. For
every such subset, the bidder’s valuation is additive in the values of items in the
subset. We assume bidders’ valuations for items to be private while weights and
capacities are publicly known. Our goal is to find an allocation and payment rule
which constitute a truthful-in-expectation mechanism for the GAP.

L A full version at
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The well-known Vickrey-Clarke-Groves (VCG) technique provides truthful-
ness as well as social welfare maximization in every combinatorial auction. The
VCG technique, however, is applicable only when the optimal social welfare can
be computed efficiently. Yet, in many cases, including our problem, optimizing
social welfare is computationally intractable which makes the VCG technique
inapplicable.

From an algorithmic point of view, the generalized assignment problem has
been studied extensively in the literature. An approximation factor of (1 — i) +p
with p > 0, is the best given approximation ratio for the GAP. The presented
algorithms, however, are not directly applicable for mechanism design as they
rely on non-monotone rounding procedures.

MIDR or maximal-in-distributional-range is the only known general approach
for designing randomized truthful mechanisms. An MIDR algorithm fixes a set
of distributions over feasible solutions (the distributional range) independently
of the valuations reported by the self-interested players, and outputs a random
sample from the distribution that maximizes expected (reported) welfare.

In order to achieve a MIDR, we directly optimize over the outcome of the
rounding procedure, rather than over the outcome of the relaxation algorithm.
To this end, we formulate the GAP as a convex optimization problem where the
objective function equals the expected value of the rounding procedure. This is
similar to the technique used in [1] for finding a truthful-in-expectation mecha-
nism for players whose valuations are of a special type of submodular functions.
We notice that our technique allows to guarantee non-negativity of payments
and individual rationality, ex post, while in [1], these important properties are
provided only ex ante.

We are able to approximate the proposed convex optimization problem within
an arbitrarily small error, in the sense of an FPTAS. This in fact leads to an
approximate MIDR. Taking into account the black box transformation of an
approximately MIDR, allocation rule to an approximately truthful-in-expectation
mechanism known in the literature, we immediately achieve a (1 — €)-truthful-
in-expectation mechanism for the GAP.

We also emphasize the algorithmic importance of our result. Our algorithm
has advantages over the existing optimization algorithms in terms of runtime
and simplicity. It does not employ the ellipsoid method or any other LP solving
algorithms. Additionally, the exact specification of the proposed objective func-
tion enables to calculate the gradient of the objective function explicitly which
helps in designing a simpler algorithm for the problem.
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Abstract. We study the problem of finding a subgame-perfect equilibrium in re-
peated games. In earlier work [Halpern, Pass and Seeman 2014], we showed how
to efficiently find an (approximate) Nash equilibrium if assuming that players are
computationally bounded (and making standard cryptographic hardness assump-
tions); in contrast, as demonstrated in the work of Borgs et al. [2010], unless
we restrict to computationally bounded players, the problem is PPAD-hard. But
it is well-known that for extensive-form games (such as repeated games), Nash
equilibrium is a weak solution concept. In this work, we define and study an ap-
propriate notion of a subgame-perfect equilibrium for computationally bounded
players, and show how to efficiently find such an equilibrium in repeated games
(again, making standard cryptographic hardness assumptions). As we show in
the full paper, our algorithm works not only for games with a finite number of
players, but also for constant-degree graphical games.

1 Introduction

Computing a Nash equilibrium (NE) (or even an ¢-NE) in a (one-shot) game with only
two players is believed to be computationally intractable (formally, it is PPAD-Hard) [3,
4]. However, in real life, games are often played repeatedly. In infinitely repeated games,
the Folk Theorem (see [12] for a review), which shows that the set of NE is large, gives
hopes that it might be easier to find one. In two-player repeated games, Littman and
Stone [11] show that this is indeed the case, and describe an efficient algorithm for
finding a NE, which uses the ideas of the folk theorem. Unfortunately, Borgs et al. [2]
show that if the game has three or more players, then even in the infinitely repeated
version it is PPAD-Hard to find even an e-NE for an inverse-polynomial e.
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If we take seriously the importance of being able to find an ¢-NE efficiently, it is
partly because we have computationally bounded players in mind. But then it seems
reasonable to see what happens if we assume that the players in the game are them-
selves computationally bounded. As we show in a recent paper [8], this makes a big
difference. Specifically, we show that if we assume that players are resource bounded,
which we model as probabilistic polynomial-time Turing machines (PPT TMs) with
memory, and restrict the equilibrium deviations strategies to those that can be imple-
mented by such players, then there exist an efficient algorithm for computing an e-NE
in an infinitely repeated game. Our equilibrium strategy uses threats and punishment
much in the same way that they are used in the Folk Theorem. However, since the play-
ers are computationally bounded we can use cryptography (we assume the existence of
a secure public key encryption scheme) to secretly correlate the punishing players. This
allows us to overcome the difficulties raised by Borgs et al. [2].

While NE has some attractive features, it allows some unreasonable solutions. In
particular, the equilibrium might be obtained by what are arguably empty threats. This
actually happens in our solution (and in the basic version of the folk theorem). Specif-
ically, players are required to punish a deviating player, even though that might hurt
their payoff. Thus, if a deviation occurs, it might not be the best response of the players
to follow their strategy and punish; thus, such a punishment is actually an empty threat.

To deal with this (well known) problem, a number of refinements of NE have
been considered. The one typically used in dynamic games of perfect information is
subgame-perfect equilibrium, suggested by Selten [14]. A strategy profile is a subgame-
perfect equilibrium if it is a NE at every subgame of the original game. Informally, this
means that at any history of the game (even those that are not on any equilibrium path),
if all the players follow their strategy from that point on, then no player has an incen-
tive to deviate. In the context of repeated games where players’ moves are observed (so
that it is a game of perfect information), the folk theorem continues to hold even if the
solution concept used is subgame-perfect equilibrium [1, 5, 13].

In this paper, we show that we can efficiently compute a computational subgame-
perfect e-equilibrium. (The “computational” here means that we restrict deviating play-
ers to using polynomial-time strategies.) There are a number of subtleties that arise in
making this precise. While we assume that all actions in the underlying repeated game
are observable, we allow our TMs to also have memory, which means their action does
not depend only on the public history. Like subgame-perfect equilibrium, we would
like our solution concept to capture the intuition that the strategies are in equilibrium
after any possible deviation. This means that in a computational subgame-perfect equi-
librium, at each history for player ¢, player ¢ must make a (possibly approximate) best
response, no matter what his and the other players’ memory states are.

Another point of view is to say that the players do not in fact have perfect informa-
tion in our setting, since we allow the TMs to have memory that is not observed by the
other players, and thus the game should be understood as a game of imperfect informa-
tion. Subgame perfection is still defined in games of imperfect information, but in many
cases does not have much bite (see [10] for a discussion on this point). For the games
that we consider, subgame-perfect equilibrium typically reduces to NE. An arguably
more natural generalization of subgame-perfect equilibrium in imperfect-information
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games would require that if an information set for player ¢ off the equilibrium path is
reached, then player ¢’s strategy is a best response to the other players’ strategies no
matter how that information set is reached. This is quite a strong requirement. (see
[12][pp. 219-221] for a discussion of this issue); such equilibria do not in general exist
in games of imperfect information.! In our setting, a “situation” includes the players’
state of memory; after a deviation, players have no idea how the state of memory of
other players may have changed. Thus, the nodes in a player’s information set are char-
acterized by the possible memory states of the other players. Since in a computational
subgame-perfect equilibrium, at each history for player ¢, player ¢ must make a best
response no matter what the memory states of the other players are, it captures the
strong requirement mentioned above. Despite this, we show that in a repeated game, a
computational subgame-perfect e-eqilibrium exists and can be found efficiently.

To achieve this we use the same basic strategy as in [8], but, as often done to get
a subgame-perfect equilibrium (for example see [5]), we limit the punishment phase
length, so that the players are not incentivized not to punish deviations. However, to
prove our result, we need to overcome a significant hurdle. When using cryptographic
protocols, it is often the case (and, specifically is the case in the protocol used in [8])
that player ¢ chooses a secret (e.g., a secret key for a public-key encryption scheme)
as the result of some randomization, and then releases some public information which
is a function of it (e.g., a public key). After that public information has been released,
another party j typically has a profitable deviation by switching to the TM M that can
break the protocol—for every valid public information, there always exists some TM
M that has the secret “hardwired” into it (although there may not be an efficient way
of finding M given the information). We deal with this problem by doing what is often
done in practice: we do not use any key for too long, so that j cannot gain too much by
knowing any one key.

A second challenge we face is that in order to prove that our proposed strategies are
even an e-NE, we need to show that the payoff of the best response to this strategy is not
much greater than that of playing the strategy. However, since for any polynomial-time
TM there is always a better polynomial-time TM that has just a slightly longer running
time, this natural approach fails. This instead leads us to characterize a class of TMs we
can analyze, and show that any other TM can be converted to a TM in this class that has
at least the same payoff. While such an argument might seem simple in the traditional
setting, since we only allow for polynomial time TMs, in our setting this turns out to
require a surprisingly delicate construction and analysis to make sure this converted TM
does indeed has the correct size and running time.

There are a few recent papers that investigate solution concepts for extensive-form
games involving computationally bounded player [9, 6, 7]; some of these focus on cryp-
tographic protocols [9, 6]. Kol and Naor [9] discuss refinements of NE in the context
of cryptographic protocols, but their solution concept requires only that on each history
on the equilibrium path, the strategies from that point on form a NE. Our requirement
is much stronger. Gradwohl, Livne and Rosen [6] also consider this scenario and offer
a solution concept different from ours; they try to define when an empty threat occurs,

! Indeed, that is part of why notions like sequential equilibrium [10] are typically considered in
games of imperfect information.
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and look for strategy profiles where no empty threats are made. Again, our solution
concept is much stronger.

2 Preliminaries

We briefly review some relevant material regarding games and subgame-perfect equilib-
rium. This material largely repeats definitions from [8]. For a more detailed description
and for the definition of the cryptographic primitives we use, see the full paper.

2.1 One-Shot games

We define a game G to be a triple ([c], A, @), where [¢] = {1, ..., c} is the set of players,
A; is the set of possible actions for player i, A = A; X ... x A, is the set of action
profiles, and @ : A — R€ is the utility function (@;(@) is the utility of player i). A
(mixed) strategy o; for player 7 is a probability distribution over A;, that is, an element
of A(A;) (where, as usual, we denote by A(X) the set of probability distributions over
the set X). We use the standard notation #_; to denote vector & with its ith element
removed, and (2, Z_;) to denote Z with its ith element replaced by =’

Definition 1. (Nash Equilibrium) o = (o1, ...,0.) is an e-NE of G if, for all players
i € [c] and all actions o}, € A;, E,_,[u;(a,d_;)] < Eq[u;(@)] + €.

A correlated strategy of a game G is an element o € A(A). Itis a correlated equi-
librium if, for all players ¢, they have no temptation to play a different action, given that
the action profile was chosen according to o. That is, for all players ¢ for all a; € A;
such that o; (CLZ) >0, Ea‘|ai ui(ai, a_z) > Eg|ai ui(a;, a_z)

Player ¢’s minimax value in a game G is the highest payoff ¢ can guarantee himself
if the other players are trying to push his payoff as low as possible. We call the strategy
1 plays in this case a minimax strategy for i; the strategy that the other players use is
1’s (correlated) punishment strategy. (Of course, there could be more than one minimax
strategy or punishment strategy for player ¢.) Note that a correlated punishment strategy
can be computed using linear programming.

Definition 2. Given a game G = ([c], A, U), the strategies 5_; € A(A_;)
that minimize maxX, c(a,) E(or 5_,)[wi(@)] are the punishment strategies against
player i in G. If 5_; is a punishment strategy against player i, then mm;(G) =
maxgea, Ez_,[ui(a,a_;)] is player i’s minimax value in G

To simplify the presentation, we assume all payoffs are normalized so that each
player’s minimax value is 0. Since, in an equilibrium, all players get at least their mini-
max value, this guarantees that all players get at least 0 in a NE.

2.2 Infinitely Repeated Games

Given a normal-form game G, we define the repeated game G*(§) as the game in which
G is played repeatedly ¢ times (in this context, G is called the stage game) and 1 — §
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is the discount factor (see below). Let G*°(§) be the game where G is played infinitely
many times. An infinite history / in this game is an infinite sequence (@°, a',...) of
action profiles. Intuitively, we can think of @ as the action profile played in the ¢*"
stage game. We often omit the ¢ in G°°(¢) if it is not relevant to the discussion. Let
Hge be the set of all possible histories of G*. For a history h € Hge let G (h) the
subgame that starts at history h (after |h| one-shot games have been played where all
players played according to h). We assume that G is fully observable, in the sense
that, after each stage game, the players observe exactly what actions the other players
played.

A (behavioral) strategy for player ¢ in a repeated game is a function ¢ from histories
of the games to A(A4;). Note that a profile & induces a distribution pz on infinite histo-
ries of play. Let p% denote the induced distribution on H', the set of histories of length
t. (If t = 0, we take HY to consist of the unique history of length 0, namely ( ).) Player
i’s utility if & is played, denoted p; (&), is defined as follows:

oo

pi(@) =08 (1=0)" > p5(h-a)ui(a).

t heHt,GcA

Thus, the discount factor is 1 — §. Note that the initial ¢ is a normalization factor. It
guarantees that if u;(@) € [by,bs] for all joint actions @ in G, then ’s utility is in
[b1, b2], no matter which strategy profile & is played.

In these game, a more robust solution concept is subgame-perfect equilibrium [14],
which requires that the strategies form an ¢-NE at every history of the game.

Definition 3. A strategy profile & = (01, ..., 0.), is a subgame-perfect e-equilibrium of
a repeated game G, if, for all players i € [c], all histories h € Hgeo where player i
moves, and all strategies o’ for player i, p((o')",&",) < pl(c") + €, where p is the

utility function for player i in game G (h), and o is the restriction of o to G*=(h).

3 Computational Subgame-Perfect Equilibrium

In this section we define our solution concept, and show that it can be computed effi-
ciently in a repeated game. We capture computational boundedness by considering only
(possibly probabilistic) polynomial time TMs, which at round ¢ use only polynomial in
nt many steps to compute the next action, where n is the size of G (the max of the
number of actions and the number of players in G). The TM gets as input the history
of play so far and can also use internal memory that persists from round to round. A
strategy for player ¢ is then a TM M;. Given a strategy profile M, as above, we can
define the induced distribution p; and player ¢’s payoff p; (]\Zi ).

We would like to define a notion similar to subgame-perfect equilibrium, where for
all histories A in the game tree (even ones not on the equilibrium path), playing &
restricted to the subtree starting at h forms a NE. This means that a player does not
have any incentive to deviate, no matter where he finds himself in the game tree.

As we suggested in the introduction, there are a number of issues that need to be
addressed in formalizing this intuition in our computational setting. First, since we con-
sider stateful TMs, there is more to a description of a situation than just the history;
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we need to know the memory state of the TM. That is, if we take a history to be just a
sequence of actions, then the analogue of history for us is really a pair (h, ) consisting
of a sequence h of actions, and a profile of memory states, one for each player. Thus, to
be a computational subgame-perfect equilibrium the strategies should be a NE at every
history and no matter what the memory states are.

Since a player’s TM cannot observe the memory state of the other players’ TMs, the
computational game is best thought of as a game of imperfect information, where, in
a given history i where ¢ moves, i’s information set consists of all situations where
the history is h and the states of memory of the other players are arbitrary. While
subgame-perfect equilibrium extends to imperfect information games it usually doesn’t
have much bite. In our setting it reduces to just a NE.

Instead, in games of imperfect information, the solution concept most commonly
used is sequential equilibrium [10]. A sequential equilibrium is a pair (&, 1) consisting
of a strategy profile ¢ and a belief system i, where p associates with each information
set I a probability () on the nodes in I. Intuitively, if I is an information set for
player ¢, p(I) describes i’s beliefs about the likelihood of being in each of the nodes in
I. Then (&, ) is a sequential equilibrium if, for each player ¢ and each information set 1
for player 4, o; is a best response to &_; given i’s beliefs i (I). However, a common crit-
icism of this solution concept is that it is unclear what these beliefs should be and how
players create these beliefs. Instead, our notion of computational subgame-perfection
can be viewed as a strong version of a sequential equilibrium, where, for each player @
and each information set [ for ¢, o; is a best response to _; conditional on reaching I
(up to €) no matter what ¢’s beliefs are at .

As a deviating TM can change its memory state in arbitrary ways, when we argue that
a strategy profile is an e-NE at a history, we must also consider all possible states that
the TM might start with at that history. Since there exists a deviation that just rewrites
the memory in the round just before the history we are considering, any memory state
(of polynomial length) is possible. Thus, in the computational setting, we require that
the TM’s strategies are an e-NE at every history, no matter what the states of the TMs
are at that history. This solution concept is in the spirit of subgame-perfect equilibrium,
as we require that the strategies are a NE after every possible deviation, although the
player might not have complete information as to what the deviation is.

Intuitively, a profile M of TMsis a computational subgame-perfect equilibrium if for
all players 4, all histories » where ¢« moves, and all memory profiles 1 of the players,
there is no polynomial-time TM M such that player i can gain more than € by switching
from M, to M. Unfortunately, what we have just said is meaningless if we consider only
a single game. The notion of “polynomial-time TM” does not make sense for a single
game. To make it precise, we must consider an infinite sequence of games of increasing
size (just as was done in [8], although our current definition is more complicated since
we must consider memory states).

For a memory state m and a TM M let M (m), stand for running M with initial
memory state m. We use M (171) to denote (My(m,), ..., M.(m.)). Let piG";(M) de-
note player i’s payoff in G°°(8) when M is played.

Definition 4. An infinite sequence of strategy profiles M I,Mz,..., where
M* = (MF,...,MF), is a computational subgame-perfect e-equilibrium of an
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infinite sequence G°,GS°, . .. of repeated games where the size of Gy, is k, if, for all
players i € |[c], all sequences hy € Hese,ho € Hgge, . . . of histories, all sequences
mt,m2, ... of polynomial-length memory-state profiles, where mk = (m¥,...,mb),
and all non-uniform PPT adversaries M (polynomial in k and t, as discussed above),
there exists ko such that, for all k > ko,

piGZ"(hk),é(M( ) Mk (—»k )) <ka (he), S(Mk(rﬁk)) + E(k‘)

We stress that our equilibrium notion considers only deviations that can be imple-
mented by polynomial-time TMs. This differs from the standard definition of NE (and
from the definition considered in [2]). But this difference is exactly what allows us to
use cryptographic techniques. It is also the reason that we need to consider a sequence
of games of growing sizes instead of a single game. We allow the deviation to be a
non-uniform PPT, which can be viewed as a sequence of TMs whose running time is
bounded by some common polynomial (see the full paper for a formal definition).

3.1 Computing a Subgame-Perfect e-NE

Let A? C A; be a non-empty set and let A} = A; \ A%.% A player can broadcast an m-
bit string by using his actions for m rounds, by treating actions from A? as 0 and actions
from A} as 1. Given a polynomial ¢ (with natural coefficients), let (Gen, Enc, Dec) be
a multi-message multi-key secure ¢-bit (see the full paper for the definition), if the
security parameter is k, the length of an encrypted message is z(k) for some polynomial
z. Let s¢ = (s1,82...,5m) be a fixed sequence of action profiles. Fix a polynomial-
time pseudorandom function ensemble { PSs : s € {0,1}*} (again, see the full paper
for the definition).
For a game G such that |G| = n, and a polynomial ¢, consider the following strategy
oNE:L and let M be the TM that implements this strategy. This strategy is simi-
lar in spirit to that proposed in [8]; indeed, the first two phases are identical. Phase 1
explains what to do if no deviation occurs: play sq. Phase 2 gives the preliminaries of
what to do if a deviation does occur: roughly, compute a random seed that is shared with
all the non-deviating players. Phase 3 explains how to use the random seed to produce
a correlated punishment strategy that punishes the deviating player. The key difference
between the strategy here and that in [8] is that this punishment phase is played for only
£(n) rounds. After that, players return to phase 1. As we show, this limited punishment
is effective since it is not played long enough to make it an empty threat (if £ is chosen
appropriately). Phase 4 takes care of one minor issue: The fact that we can start in any
memory state means that a player might be called on to do something that, in fact, he
cannot do (because he doesn’t have the information required to do it). For example, he
might be called upon to play the correlated punishment strategy in a state where he has
forgotten the random seed, so he cannot play it. In this case, a default action is played.

1. Play according to sq (with wraparound) as long as all players played according to
sq in the previous round.

% We assume that each player has at least two actions in G. This assumption is without loss of
generality—we can essentially ignore players for whom it does not hold.
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2. After detecting a deviation by player j # 7 in round t:

(a) Generate a pair (pk;, sk;) using Gen(1"™). Store sk; in memory and use the
next [(n) rounds to broadcast pk;, as discussed above.
(b) If i = j 4+ 1 (with wraparound), player ¢ does the following:

— i records pk;: for all players j' ¢ {i,5};

— ¢ generates a random n-bit seed seed;

— for each player j' ¢ {i, j}, i computes m = Encpy,, (seed), and uses the
next (¢ — 2)z(n) rounds to communicate these strings to the players other
than ¢ and j (in some predefined order).

(c) If i # j + 1, player i does the following:

— 4 records the actions played by j+1 at time slots designated for  to retrieve
Encpy, (seed);

— ¢ decrypts to obtain seed, using Dec and sk;.

3. Phase 2 ends after ¢(n)+(c—2)z(n) rounds. The players other than j then compute
PSseeq(t) and use it to determine which action profile to play according to the
distribution defined by a fixed (correlated) punishment strategy against j. Player j
plays his best response to the correlated punishment strategy throughout this phase.
After ¢(n) rounds, they return to phase 1, playing the sequence sq from the point
at which the deviation occurred (which can easily be inferred from the history).

4. If at any point less than or equal to ¢(n) + (¢ — 2)z(n) time steps from the last
deviation from phase 1 the situation is incompatible with phase 2 as described
above (perhaps because further deviations have occurred), or at any point between
d(n) + (c — 2)z(n) and ¢(n) + (¢ — 2)z(n) + £(n) steps since the last deviation
from phase 1 the situation is incompatible with phase 3 as described above, play a
fixed action for the number of rounds left to complete phases 2 and 3 (i.e., up to
d(n)+ (¢ —2)z(n) 4+ £(n) steps from the last deviation from phase 1). Then return
to phase 1.

Note that with this strategy a deviation made during the punishment phase is not pun-
ished. Phase 2 and 3 are always played to their full length (which is fixed and predefined
by ¢ and z). We say that a history & is a phase 1 history if it is a history where an honest
player should play according to sq. History h is a phase 2 history if it is a history where
at most ¢(n)+ (c—2)z(n) rounds have passed since the last deviation from phase 1; & is
a phase 3 history if more than ¢(n) + (¢ —2)z(n) but at most ¢(n) + (¢ —2)z(n) +£(n)
rounds have passed since the last deviation from phase 1. No matter what happens in
phase 2 and 3, a history in which exactly ¢(n) + (¢ — 2)z(n) + £(n) round have passed
since the last deviation from phase 1 is also a phase 1 history (even if the players deviate
from phase 2 and 3 in arbitrary ways). Thus, no matter how many deviations occur, we
can uniquely identify the phase of each round.

We next show that by selecting the right parameters, these strategies are easy to
compute and are a subgame-perfect e-equilibrium for all inverse polynomials e.

3 If more than one player deviates while playing sq, the players punish the one with the smaller
index. The punished player plays his best response to what the other players are doing in this
phase.
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Definition 5. Let G, 1 .., be the set of all games with c players, at most n actions per
player; integral payoffs,* maximum payoff a, and minimum payoff b.>

Our proof uses the following three lemmas proved in [8]. The first lemma shows
that, given a correlated strategy o in a game G, players can get an average payoff that
is arbitrarily close to their payoff in o by playing a fixed sequence of action profiles
repeatedly.

Lemma 1. For all a, b, ¢, all polynomials q, all n, all games G € Ggp cn, and all
correlated strategies o in G, if the expected payoff vector of playing o is &, then there
exists a sequence sq of action profiles of length w(n) = 2((a—b)q(n) + 1)n, such that
Sforall § < 1/f(n), where f(n) = 2(a — b)w(n)q(n), if sq is played infinitely often,
then player i’s payoff in G (9) is at least §; — 1/q(n), no matter at which point of the
sequence play is started.

To explain what we mean by the phrase “no matter at which point of the sequence
play is started”, suppose that the sequence sq has the form (@, . . ., ds). Then the result
holds if we start by playing d; or if we start by playing d4 (and then continue with @,
a1, do, and so on).

The next lemma shows that, for every inverse polynomial, if we “cut off”’ the game
after some appropriately large polynomial p number of rounds (and compute the dis-
counted utility for the finitely repeated game considering only p(n) repetitions), the
difference between a player’s utility in the infinitely repeated and the finitely repeated
game is negligible; that is, the finitely repeated game is a “good” approximation of the
infinitely repeated game.

Lemma 2. For all a, b, ¢, all polynomials q, all n, all games G € Gg b cpn, all 0 < § <
1, all strategy profiles M, and all players 1, the difference between i’s expected utility

—

pi[M] in game G'™/91(5) and p;[ M) in game G*(8) is at most a,/2™.
The last lemma shows that the punished player’s expected payoff is negligible.

Lemma 3. Forall a, b, ¢, all polynomials t and f, all sequences of games G1,Gs, . ..
such that Gy, € Ga pcn, and all players i, if the players other than i play Z\ZZ?M, then
for all non-uniform polynomial time TMs M, there exists a negligible function € such
that if i uses M and M deviates from the phase 1 sequence before round t(n), then i’s
expected payoff during phase 3 is less then e(n).

We first show that for any strategy that deviates while phase 1 is played, there is a
strategy whose payoff is at least as good and either does not deviate in the first polyno-
mially many rounds, or after its first deviation, deviates every time phase 1 is played.
(Recall that after every deviation in phase 1, the other players play the punishment phase
for £(n) rounds and then play phase 1 again.)

* Our result also hold for rational payoffs, except then the size of the game needs to take into
account the bits needed to represent the payoffs.

> By our assumption that the minimax payoff is 0 for all players, we can assume a > 0, b < 0,
and a — b > 0 (otherwise @ = b = 0, which makes the game uninteresting).
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We do this by showing that if player ¢ has a profitable deviation at some round ¢ of
phase 1, then it must be the case that every time this round of phase 1 is played, ¢ has
a profitable deviation there. (That is, the strategy of deviating every time this round of
phase 1 is played is at least as good as a strategy where player ¢ correlates his plays
in different instantiations of phase 1.) While this is trivial in traditional game-theoretic
analyses, naively applying it in the computational setting does not necessarily work. It
requires us to formally show how we reduce a polynomial time TM M to a different
TM M’ of the desired form without blowing up the running time and size of the TM.

For a game G, let H, éﬁi’f be the set of histories A of G*° of length at most n f(n)
such that at (the last node of) h, oV%+¢ is in phase 1. Let R(M) be the polynomial that

bounds the running time of TM M.

Definition 6. Given a game G, a deterministic TM M is said to be (G, f,n)-well-
behaved if, when (M, criVZE ’Z) is played, then either M does not deviate for the first
nf(n) rounds or, after M first deviates, M continues to deviate from sq every time
phase 1 is played in the next n f(n) rounds.

Lemma 4. For all a, b, ¢, and all polynomials f, there exists a polynomial g such
that for all n, all games G € G p.cn, all h € HE™ all players i, and all TMs M,

there exists a (G(h), f,n)-well-behaved TM M’ such that piGh’l/f(") (M, ]\;I'ZNE‘Z) >
p O 0 887, and R, M| < g(ROM))

Proof. Suppose that we are given G € Gy pcn, b € HE™S and a TM M. We can
assume without loss of generality that M is deterministic (we can always just use the
best random tape). If M does not deviate in the first nf (n) rounds of G(h)>° then M’
is just M, and we are done. Otherwise, we construct a sequence of TMs starting with
M that are, in a precise sense, more and more well behaved, until eventually we get the
desired TM M.

For t1 < ta, say that M is (t1,t2)-(G, f,n)-well-behaved if M does not deviate
from sq until round ¢;, and then deviates from sq every time phase 1 is played up to
(but not including) round 2 (by which we mean there exists some history in which
M does not deviate at round ¢5 and this is the shortest such history over all possible
random tapes of MZ?E‘E). We construct a sequence My, Mo, ... of TMs such that (a)
M, = M, (b) M is (t%,t5)-(G, f,n)-well-behaved, (c) either £ > t; or tit1 = #}
and t5™ > 14, and (d) piGh’l/f(")(MiH, Moy > p,»Gh’l/f(")(Mi, M. Note
that if t; > nf(n) orta > t1 + nf(n), then a (t1,t2)-(G, f,n)-well-behaved TM is
(G, f,n)-well-behaved.

Let t < nf(n) be the first round at which M deviates. (This is well defined since
the play up to ¢ is deterministic.) Let the history up to time ¢ be ht. If M deviates every
time that phase 1 is played for the n f (n) rounds after round ¢, then again we can take
M’ = M, and we are done. If not, let ¢’ be the first round after ¢ at which phase 1
is played and there exists some history of length ¢’ at which M does not deviate. By
definition, M is (t,t')-(G, f,n)-well behaved. We take M; = M and (t1,t3) = (t,t').
(Note that since M E?M are randomized during phase 2, the first time after ¢ at which
M returns to playing phase 1 and does not deviate may depend on the results of their
coin tosses. We take ¢’ to be the first time this happens with positive probability.)
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Let s"” be M’s memory state at a history k*. We assume for ease of exposition that
M encodes the history in its memory state. (This can be done, since the memory state
at time ¢ is of size polynomial in ¢.) Consider the TM M that acts like M up to round
t, and copies M s memory state at that round (i.e., sh"). M"" continues to plays like M
up to the first round # with t < #' < t + nf(n) at which oVF+* would be about to
return to phase 1 and M does not deviate (which means that M plays an action in the
sequence sq at round t'). At round ¢/, M sets its state to s"" and simulates M from
history At with states s"(*); so, in particular, M" does deviate at time ¢’. (Again, the
time ¢ may depend on random choices made by M Z;VE'Z. We assume that M deviates
the first time M is about to play phase 1 after round ¢ and does not deviate, no matter
what the outcome of the coin tosses.) This means, in particular, that M"" deviates at any
such t'. We call M" a type 1 deviation from M.

aht Rt — NE
If p 1/f(")(M” M" ) > piG ’1/f(")(M, ME?M), then we take My =
M. Note that t2 = tI = t, while t3 > t} = ¢/, since M" deviates at . If

G 1/f(")(M” M"Nb Z) pZ 6" 1/ 1 (n )(M M" ) then there exists some history
h* of both M and M” such that ¢ < || < t+ nf( ), M deviates at h*, M does
not, and M has a better expected payoff than M" at h*. (This is a history where the
type 1 deviation failed to improve the payoff.) Take M to be the TM that plays like
MZ" e up to time ¢, then sets its state to s, and then plays like M with state s
in history h*. We call M5 a type 2 deviation from M. Note that M does not devi-
ate at h' (since M did not deviate at history h*). Let &' = (1 — §)I""I=I1"|_ Clearly

6’piG 1/f(”)(M M = p?h*’l/f(")(M M”I-VE’Z) since M7, acts the same
in G and G"". Since M" plays like M(sht) at h*, 4 1/f(")(M” M"N“) =
g piGht /5 (M, M fi ) Combining this with the previous observations, we get that
tht’l/f(”)(MQ,]\Zf?E‘e) > pZ.Ght’l/f(")(M, M™Y. Also note that 2 > ¢}. This

1
completes the construction of M>. We inductively construct M; 1, ¢ = 2,3, ..., just as
we did Mo, letting M; play the role of M.

Next observe that, without loss of generality, we can assume that this sequence arises
from a sequnce of type 2 deviations, followed by a sequence of type 1 deviations: For
let j; be the first point in the sequence at which a type 1 deviation is made. We claim
that we can assume without loss of generality that all further deviations are type 1
deviations. By assumption, since M, gives ¢ higher utility than M; _4, it is better to
deviate the first time M}, _; wants to play phase 1 again after an initial deviation. This
means that when M;, wants to play phase 1 again after an initial deviation it must
be better to deviate again, since the future play of the M Z?E’Z is the same in both of
these situations. This means that once a type 1 deviation occurs, we can assume that all
further deviations are type 1 deviations.

Let M; be the first TM in the sequence that is well behaved. (As we observed earlier,
there must be such a TM.) Using the fact that the sequence consists of a sequence of
type 2 deviations followed by a sequence of type 1 deviations, it is not hard to show
that M; can be implemented efficiently. First notice that M;, is a TM that plays like

% 7,4 . . . . . .
M7 " until some round, and then plays M starting with its state at a history which
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is at most (n.f(n))? longer than the real history at this point. This is because its initial
history becomes longer by at most n f (n) at each round and we iterate this construction
at most n f (n) times. This means that its running time is obviously polynomially related
to the running time of the original M. The same is true of the size of M}, , since we
need to encode only the state at this initial history and the history at which we switch,
which is polynomially related to R(M)(n).

To construct M;, we need to modify M, only slightly, since only type 1 deviations
occur. Specifically, we need to know only t;l and to encode its state at this round.
At every history after that, we run M, (which is essentially running M on a longer
history) on a fixed history, with a potential additional step of copying the state. It is
easy to see that the resulting TM has running time and size at most O(R(M)). O

We now state and prove our theorem, which shows that there exists a polynomial-
time algorithm for computing a subgame-perfect e-equilibrium by showing that, for all
inverse polynomials €, there exists a polynomial function ¢ of € such that ¢™V%" - is a
subgame-perfect e-equilibrium of the game. The main idea of the proof is to show that
the players can’t gain much from deviating while the sequence is being played, and also
that, since the punishment is relatively short, deviating while a player is being punished
is also not very profitable.

Theorem 1. For all a, b, ¢, and all polynomials q, there is a polynomial f and a
polynomial-time algorithm F' such that, for all sequences G1,Gs, ... of games with
G7 € Gap,c,; and for all inverse polynomials 6 < 1/f, the sequence of outputs of
F given the sequence G1,Ga,. .. of inputs is a subgame-perfect ;-equilibrium for

G$°(01),G(62), . - -

Proof. Given a game G™ € G(a, b, ¢, n), the algorithm finds a correlated equilibrium o
of G™, which can be done in polynomial time using linear programming. Each player’s
expected payoff is at least 0 when playing o, since we assumed that the minimax value
of the game is 0. Let » = a — b. By Lemma 1, we can construct a sequence sq of length
w(n) = 4(rng(n) + 1)n° and set f'(n) = 4rw(n)q(n), so that if the players play
sq infinitely often and § < 1/f’(n), then all the players get at least —1/2¢(n). The
correlated punishment strategy against each player can also be found in polynomial
time using linear programming.

Let m(n) be the length of phase 2, including the round where the deviation oc-
curred. (Note that m(n) is a polynomial that depends only on the choice of en-
cryption scheme—that is, it depends on ¢, where a ¢-bit public-key encryption
scheme is used, and on z, where z(k) is the length of encrypted messages.) Let
£(n) = nq(n)(m(n)a + 1), let o, be the strategy Me™" described above, and let
£(n) = max(3rq(n) (¢(n) + m(n)), f'(n)).

We now show that 03,03, ... is a subgame-perfect (1/¢)-equilibrium for every in-
verse polynomial discount factor § < 1/ f. We focus on deviations at histories of length
< 5(’;), since, by Lemma 2, the sum of payoffs received after that is negligible. Thus,
there exists some ng such that, for all n > ng, the payoff achieved after that history is
less than 1/q(n), which does not justify deviating.

We first show that no player has an incentive to deviate in subgames starting from
phase 1 histories. By Lemma 4, it suffices to consider only a deviating strategy that after
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its first deviation deviates every time phase 1 is played; for every deviating strategy,
either not deviating does at least as well or there is a deviating strategy of this form that
does at least as well. Let i1 be the history in which the deviation occurs and let M be
the deviating strategy. Notice that M can always act as intended at such histories;
it can detect it is in such a history and can use the history to compute the next move
(i.e., it does not need to maintain memory to figure out what to do next).

The player’s payoff from (M, M E?E'e) during one cycle of deviation and punishment
can be at most a at each round of phase 2 and, by Lemma 3, is negligible throughout
phase 3. (We use €, to denote the negligible payoff to a deviator in phase 3.) Thus, the
payoff of the deviating player from (M, M Z;VM) from the point of deviation onwards
is at most

’»nf(n)—\hlhl

m(n)+e(n)
(U= )M () m(ma + eneg) S (1= d{m))mIHEN 4 )
t=0
< (1= () ") (B(m)(m(m)a + eueg) 3 (1 = )P gy
t=0

where €], , 18 the expected payoff after round n f (n). By Lemma 1, no matter where in
the sequence the players are, the average discounted payoff at that point from playing
honestly is at least —1/2¢(n). Thus, the payoff from playing (M”NE’[) from this point
onwards is at least —(1 — §(n))!"11)1/2¢(n). We can ignore any payoff before the
deviation since it is the same whether or not the player deviates. and also divide both

sides by (1 — &(n))"1); thus, it suffices to prove that

Sm)m(n)a+ cueg) (1= D) HIHON gl <
t=0 q

m(n)a+teneg

The term on the left side is bounded by O(nq(n)(m(n)a+1) ), and thus there exists n1
Zq%n) (In fact, for all
constants ¢, there exists n. such that the left-hand side is at most cq(n) for any n > n..)

We next show that no player wants to deviate in phase 2 or 3 histories. Notice that
since these phases are carried out to completion even if the players deviate while in
these phases (we do not punish them for that), and the honest strategy can easily detect
whether it is in such a phase by looking at when the last deviation from phase 1 oc-
curred. First consider a punishing player. By not following the strategy, he can gain at
most r for at most £(n) +m(n) rounds over the payoff he gets with the original strategy
(this is true even if his memory state is such that he just plays a fixed action, or even if
another player deviates while the phase is played). Once the players start playing phase
1 again, our previous claim shows that no matter what the actual history is at that point,
a strategy that does not follow the sequence does not gain much. It is easy to verify
that, given the discount factor, a deviation can increase his discounted payoff by at most
in this case. (Notice that the previous claim works for any constant fraction of

such that, for all n > nq, the term on the left side is smaller than

1
q(n)
1/q(n), which is what we are using here since the deviation in the punishment phase
gains 1/cq(n) for some c.)
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The punished player can deviate to a TM that correctly guessed the keys chosen (or
the current TM’s memory state might contain the actual keys and he defects to a TM
that uses these keys) , in which case he would know exactly what the players are going
to do while they are punishing him. Such a deviation exists once the keys have been
played and are part of the history. Another deviation might be a result of the other TMs
being in an inconsistent memory state, so that they play a fixed action, one which the
deviating player might be able to take advantage of. However, these deviations work (or
any other possible deviation) only for the current punishment phase. Once the players go
back to playing phase 1, this player can not gain much by deviating from the sequence
again. For if he deviates again, the other players will choose new random keys and a
new random seed (and will have a consistent memory state); from our previous claims,
this means that no strategy can gain much over a strategy that follows the sequence.
Moreover, he can also gain at most r for at most £(n) +m(n) rounds which, as claimed
before, means that his discounted payoff difference is less than q(ln) in this case.

This shows that, for n sufficiently large, no player can gain more than 1/¢(n) from
deviating at any history. Thus, this strategy is a subgame-perfect 1/g-equilibrium. O
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Abstract. A major challenge faced by the marketers attempting to optimize their
advertising campaigns is to deal with budget constraints. The problem is even
harder in the face of multidimensional budget constraints, particularly in the pres-
ence of many decision variables involved, and the interplay among the decision
variables through these such constraints. Concise bidding strategies help adver-
tisers deal with this challenge by introducing fewer variables to act on.

In this paper, we study the problem of finding optimal concise bidding strate-
gies for advertising campaigns with multiple budget constraints. Given bid
landscapes—i.e., predicted value (e.g., number of clicks) and cost per click for
any bid—that are typically provided by ad-serving systems, we optimize the value
given budget constraints. In particular, we consider bidding strategies that consist
of no more than £ different bids for all keywords. For constant k£, we provide
a PTAS to optimize the profit, whereas for arbitrary k£ we show how constant-
factor approximation can be obtained via a combination of solution enumeration
and dependent LP-rounding techniques.

Finally, we evaluate the performance of our algorithms on real datasets in two
regimes with 1- and 3-dimensional budget constraint. In the former case where
uniform bidding has provable performance guarantee, our algorithm beats the
state of the art by an increase of 1% to 6% in the expected number of clicks.
This is achieved by only two or three clusters—contrast with the single cluster
permitted in uniform bidding. With only three dimensions in the budget constraint
(one for total consumption, and another two for enforcing minimal diversity),
the gap between the performance of our algorithm and an enhanced version of
uniform bidding grows to an average of 5% to 6% (sometimes as high as 9%).
Although the details of experiments for the multidimensional budget constraint
to the full version of the paper are deferred to the full version of the paper, we
report some highlights from the results.

1 Introduction

The Internet has become a major advertising medium, with billions of dollars at stake;
according to the recent IAB report [18], Internet advertising revenues in the United
States totaled $31.7 billion in 2011 with sponsored search accounting for 46.5% of this
revenue. Search engines provide simple ways to quickly set up an advertising campaign,

T.-Y. Liu et al. (Eds.): WINE 2014, LNCS 8877, pp. 263-276, 2014.
(© Springer International Publishing Switzerland 2014
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track expenses, monitor effectiveness of the campaigns, and tinker with campaign pa-
rameters, and this has made it relatively easy even for small advertisers to enter online
advertising market. Even with all available tools to monitor and optimize ad campaigns,
proper allocation of the marketing budget is far from trivial. A major challenge faced
by the marketers attempting to optimize their campaigns is in the sheer number of vari-
ables they can possibly change. The problem is even more challenging in the presence
of multiple budget constraints; i.e., in setting up a campaign that aims to target vari-
ous categories of users or queries, or target a diverse set of demographics, the goal of
an advertiser may be to allocate at least a fraction of its budget to each category, and
therefore it may be facing several budget constraints at the same time. Even within a
single advertising channel on a particular search engine, the advertiser can optimize by
reallocating the budget across different keywords, choosing a particular bidding strat-
egy to use within a single ad auction, deciding on the daily advertising budget or what
demographics of users to target. This is in particular challenging in the presence of
many decision variables involved and an interplay among these variables. To deal with
the challenge, we propose concise bidding strategies to help advertisers by introducing
fewer variables to act on. The idea is to consider the set of keywords that an advertiser
may be interested in bidding on, and partition them into a small number of clusters
such that the advertiser is going to have the same bid on each cluster. Such concise
bidding strategies are inspired by uniform bidding strategies that have been shown to
achieve relatively good results [11]. In this paper, we develop near-optimal concise bid-
ding strategies for allocating advertising budgets across different keywords in a general
setting in the presence of multiple budget constraints. In the following, we first motivate
the problem and give an overview of our contributions, before elaborating on our model
and our results in the following sections.

Setting. Any online advertising market such as sponsored search consists of three main
players: Users, Advertisers, and Publishers (or search engines). In sponsored search,
users pose queries on a search engine like Bing or Google, declaring their intention and
interests. Advertisers seek to place ads and target them to users’ intentions as expressed
by their queries, and finally publishers (or search engines in the case of sponsored
search), provide a suitable mechanism for showing ads to users, through an ad-serving
system. A common mechanism for allocating ads to users is based on having advertis-
ers bid on the search query issued by the user, and the search engine run an auction at
the time the user poses the query to determine the advertisements that will be shown
to the user. A lot of research has focused on the algorithmic and game-theoretic prob-
lems behind such advertising markets, both from the publisher/search engine’s point of
view [1, 22,7, 19, 5, 6, 12], and advertiser’s point of view [4, 11, 21, 23, 20, 8, 2]. In
this paper, we focus on optimization problems faced by advertisers.

More specifically, when a user submits a search query to a search engine, she receives
next to the search results a number of ads. If the user finds any of the ads interesting
and relevant, she may click on the ad. Advertisers interested in a search query submit
their bids and the auction determines (1) which ads “win” to be displayed to the user,
and (2) how much each is charged. Charging can be based on “impressions” (each
time the ad being displayed to the user), “clicks” (only if the the user clicks on the
ad), or “conversions” (only if the user purchases the product or installs the software).
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In sponsored search, advertisers mainly pay if the user clicks on their ad (the “pay-per-
click” model), and the amount they pay is determined by the auction mechanism, but
will be no larger than their bid.

While the impact of a bidding strategy is a complicated phenomenon based on com-
plex dynamics among other advertisers’ bidding strategies and the arrival pattern of user
queries, search engines help advertisers optimize their campaigns by providing general
statistics about the final predicted cost and value (e.g., number of clicks) of a bidding
strategy. In particular, they provide for each advertiser a set of bid landscapes' [11] for
keywords; i.e., for each keyword w, advertisers get bid landscape functions value,, and
cost,, corresponding to different bids on keyword w.

For ease of presentation, here we mostly focus on the most common case of cost-
per-click (CPC) charging and consider the bid landscapes for cost and number of clicks,
however, unlike most previous work [11, 20], our results directly apply to more general
pay-per-impression or pay-per-conversion models along with other value functions, and
even to settings with nonconcave value or cost functions.

To set up an advertising campaign, advertisers specify a set of user queries (or key-
words), determine a bid for each type of query/keyword, and declare an upper bound
on their advertising budget for the campaign. Next, we discuss these constraints.

Multidimensional Budget Constraints. Budget constraints play a major role in setting
up an online advertising campaign, both from the auctioneer point of view and from
advertiser’s marketing strategy. It gives advertisers a robust knob to hedge against the
uncertainty in the cost and benefits of the advertising campaign. In fact, some automated
tools provided by search engines ask for a budget as part of the input, e.g., [13, 14].
While setting up an advertising campaign, marketers often aim to target a diverse set
of demographics, and therefore need to spread their budget spent on various keywords.
One way to enforce a diversified spent is to set an upper bound on the budget spent on
a subset of keywords corresponding to a subcategory of users targeted in the campaign
or a particular category of keywords.

As an example, consider an advertising campaign by a real-estate agency website to
generate customers (or leads) for rentals in three of the boroughs in New York City,
namely, Manhattan, Brooklyn, and Queens. Given a $1000 daily budget for the whole
campaign, the advertiser might want to diversify the campaign throughout different bor-
oughs, and therefore, spend at most $500 of the budget for the keywords related to Man-
hattan, at most $400 for those related to Brooklyn, and at most $250 for those related
to Queens. Moreover, the advertiser might want to diversify among the different rental
types as well, and to spend at most $700 on the keywords relevant to condominiums
and/or apartments and at most $600 on those searches relevant to townhouses and/or
houses. By this example, we would like to emphasize that even very natural preferences
such as the above (and consequently, their relevant budget constraints) could have very
complicated structures. In particular, the budget constraints are not limited to the special
multidimensional case in which the constraints are only defined over disjoint subsets of
keywords. As a result, different budget constraints interact with each other and their
corresponding decisions would affect one another. We want our model to be able to

! Also referred to as “bid simulator” or “traffic estimator” [15, 16].
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capture such general multidimensional budget constraints. We describe the details of
these budget constraints in Section 2.

Concise Bidding Strategies. Advertisers usually need to submit their bidding strategy
to the search engine ahead of time, so that whenever a relevant query enters the system,
the auction can run in real time. Advertisers can optimize their campaigns by reallo-
cating their budget across different keywords, choosing a particular bidding strategy to
use, or deciding on what demographics of users to target. This optimization is partic-
ularly challenging when facing many decision variables or the interplay among them
through the multidimensional budget constraints. To deal with this challenge, we pro-
pose concise bidding strategies by introducing fewer variables to act on. The idea is
to represent the bidding strategy by a small number of bids with each bid acting on a
cluster of keywords, i.e., partitioning the target set of keywords into a small number of
clusters so that the advertiser is going to have the same bid on each cluster.

Such concise bidding strategies are already studied in the context of uniform bidding
strategies, introduced by the seminal paper of Feldman et al. [11]. In uniform bidding
strategies, the advertiser bids uniformly on all keywords. Uniform bidding, although
naive at first glance, has been shown to achieve relatively good results, both in theory
and practice [11, 20]. In fact, the simplicity of uniform bidding along with its reasonable
performance make it a desirable solution in practice which is robust and less reliant on
the uncertain information provided by the advertising tool. Using such strategies, ad-
vertisers understand what their campaign is doing and where it is spending the budget.
Although effective in simplistic setting, uniform bidding mainly applies to a specific
setting with a single budget constraint and concave cost and value functions. Search
engines do give advertisers the ability to bid differently on each keyword. Employing
more complicated bidding strategies—in particular, using this ability to bid differently
on different keywords—may benefit the advertiser, search engine users, and the search
engine company. However, finding a different bid value for each keyword will result in
information overload for the advertiser. It may make the campaign management over-
whelming and impossible. Therefore, we take a middle-ground approach, and instead
of declaring only one bid for all keywords, we cluster the keywords into a small number
of subsets and apply a uniform bidding strategy on each subset, i.e., we use k distinct
bids and let each bid act on an appropriate subset of keywords.

Goal. Given all the above, our goal is to help advertisers find optimal concise bidding
strategies respecting multiple budget constraints. Given a number k, a set of keywords
relevant to an ad campaign, a value bid landscape and multiple budget landscapes for
each keyword, the advertiser’s goal is to find k clusters of keywords, and a bid for each
cluster so as to maximize the value the advertiser receives from this bidding strategy
(e.g., the expected number of clicks) subject to its budget constraints.

Our Results and Techniques. In this paper, we propose concise bidding strategies,
and develop an algorithm to find optimal concise bidding strategies for allocating ad-
vertising budgets across different keywords in a general setting in the presence of
multiple budget constraints. We formalize the concise bid optimization problem with
multiple budget constraints as motivated and sketched above, and formally defined in
Section 2, and present approximation algorithms for this problem. The problem with
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super-constant number of budget constraints r does not admit a reasonable approxi-
mation algorithm as it is harder than set packing. The latter is known not to have any
w(r!=¢) approximation unless NP C ZPP [17]. In this paper, we focus on the problem
with a constant number of budget constraints 7.

Our main theoretical contribution in this paper is a constant-factor approximation
for arbitrary number of clusters k. This constant-factor approximation algorithm is ob-
tained using a dependent LP-rounding technique (performed in three phases) combined
with solution enumeration. The linear-programming (LP) formulation of this problem
and the dependent-rounding approach used to obtain an integral solution are of indepen-
dent interest. The rounding algorithm is very simple to implement and is linear-time,
however, its analysis uses a new technique to bound the loss incurred.

For the case of constant number of clusters k, we provide a polynomial-time approx-
imation scheme (PTAS) to optimize the value. This PTAS is based on a careful dynamic
program that enumerates various ways to satisfy the budge constraints. If a factor 1 + ¢
violation of budget constraints is permitted, it is relatively easy to extend the standard
PTAS for the knapsack problem to solve our problem with multiple budget constraints.
However, to eliminate the budget violations completely is pretty involved and requires
careful enumeration and modification of the residual instance.

Finally, we evaluate our algorithms on real data sets and compare their performance
with the uniform bidding strategy. Even in a simple setting of maximizing the expected
number of clicks subject to one budget constraint (for which uniform bidding is prov-
ably good), we show that using a small number of clusters can improve the expected
number of clicks by 1% to 4%. We see more improvement with increasing number of
clusters when the budget constraint is more tight. We also evaluate our algorithm in data
sets with more budget constraints, and notice significant improvement (as high as 20%)
compared to uniform bidding. Moreover, we observe that we lose less than 1% when
we round the solution from fractional LP solution to a feasible integral solution. In the
interest of space, some of the proofs will be deferred to the full version of the paper.

1.1 Related Work

As a central issue in online advertising, optimizing under budget constraints have been
studied extensively both from publishers’ (or search engines’) point of view [19, 5,
6, 12], and from advertisers’ point of view [4, 11, 21, 23, 20, 8, 2]. One well-studied
problem from publisher’s perspective is to deal with online allocation of ads in the
presence of budget constraints [19, 5, 10, 9], and another line of research is dedicated
to designing efficient mechanisms addressing incentive issues, and respecting budget
constraints [6, 12]. More relevant to this paper, the bid optimization with budget con-
straints has also been studied from advertisers’ perspective: either in a repeated auction
setting [4], or in the context of broad-match ad auctions [8], or the case of long-term
carryover effects [2].

This work is most related to the seminal paper of Feldman et al. [11] in which the au-
thors propose uniform bidding as a means for bid optimization in the presence of budget
constraints in sponsored-search ad auctions. Our results differ from those of Feldman
et al. [11] and Muthukrishnan et al. [20] in several aspects: The uniform bidding result
and its guaranteed approximation ratio of 1 — 1/e applies to CPC settings where the
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goal is to maximize the expected number of clicks and the cost and click landscapes
follow a specific structure. Besides, those results apply only in the case of one budget
constraint and (the proofs) do not easily generalize to settings with multiple budget con-
straints. Our results however apply to any set of monotone cost and value bid landscape
functions (e.g., for the case of maximizing conversions), and more importantly handles
multiple budget constraints. In addition, we compare our solution to the best solution
with the same number of clusters, however, Feldman et al. compare their solution to
the optimum of the knapsack problem with arbitrarily number of clusters and also in
a more general query language model. As a result, we can get a PTAS for the case of
constant number of clusters, but Feldman et al. can only get a 1 — 1/e approximation
ratio. In fact, generalizing the results of Feldman et al. to multiple budget constraints is
not possible, and we needed a new solution concept and a set of tools and techniques
for this problem.

2 Preliminaries

Let [k] for an integer k denote the set {1,2,...,k}. We denote a vector v by v to
emphasize its multidimensionality. The length of the vector is omitted and understood
from the context; it is r, unless otherwise specified, since our vectors are mostly used for
capturing the multidimensional resource constraints. To denote different components of
a vector v of length r, we use the notation v(%) for ¢ € [r]. For any real number z, the
vector z is one all whose components are z. The length of these vectors is understood
from the context. We say v < w if they have the same length and every component of
v is at most the corresponding component of w. Otherwise, we can write v £ w.

2.1 Formal Problem Definition

In order to optimize their campaigns, we assume that advertisers get “bid land-
scapes” [11] as an input: For each keyword w, they get (i) a monotone nonnegative
function value,, that maps any bid value to the expected value (e.g., number of clicks),
and (ii) a nonnegative function cost,, mapping any bid value to an r-dimensional cost
vector incurred by the advertiser. These functions are left-continuous, but they do not
necessarily satisfy Lipschitz smoothness conditions. (See [11] for an example of how
these are derived.)

In addition, we have an r-dimensional budget limit vector (or resource usage vector),
and a number k indicating the number of clusters we can produce in our suggested
bidding strategy. The bid clustering problem is formally the following:

Problem 1. Given are an integer k, a number r of budget constraints (resources), a real
vector L € R", a set K of keywords as well as value and cost landscape functions
value,, : bids — R and CT>stw : bids — R” for each keyword w € K. Find a partition
of K into k clusters /1, Ka, ..., K, and a set of bids b; for i € [k] such that the
expected resource consumption of the advertiser is no more than his budget vector L,
ie., Zie[k] Y wek, (fgcw (b;) < L, and the advertiser’s value (e.g., expected number
of clicks), i.e., Zie[k] > wer, value, (b;) is (approximately) maximized. We can also
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consider a weighted objective where clicks coming from different keywords may be of
varying degrees of importance.

.\ —
For ease of exposition, we use the shorthands ¢}, = costgq) () to refer to each budget
constraint limit and p;, = value;(b) for values. We also refer to each of the r budget
constraints as a resource constraint, i.e., the gth resource (or budget) constraint is the

following: Zie[k] Y wek, cTs?cz(.q) (b) < LY. Finally, throughout this paper, we use n =
|| to denote the number of keywords, &k for the number of clusters, and r for the
number of budget (or resource) constraints.>

2.2 Approach

As discussed earlier, we know that if r, the number of different budget constraints (or re-
source constraints) is not a constant, the bid-clustering problem even with no restriction
on the number of clusters is inapproximable. This is due to the fact that this problem
is harder than the set packing or the independent set problem which is known to be
inapproximable within a factor better than n!~¢ unless NP C ZPP [17]. As a result,
henceforth we assume that 7 is a small constant. In fact, the running times of our algo-
rithms depend exponentially on this parameter. We note that all the previous work in
advertising bid optimization only consider the case of r = 1 [11, 20, 8, 2].

Uniform resource limits. First note that we can assume without loss of generality that
the resource usage limit vector L = 1. To see this, note that we consider each resource
separately. Therefore, if a resource limit ¢ in L is positive, we can scale it to 1 while

modifying costgf) appropriately for all w € K. On the other hand, a limit of zero in L for

some resource ¢ implies that we cannot place a bid b on a keyword w if costgg ) (b) > 0.

Hence, by setting such values of costgg) (b) to oo we can change the limit of ¢ in L to 1.

Small set of potential bids. We next show that, although the cost and value landscapes
have a continuous nature (provided to us, perhaps, by oracle access), we can settle with
a polynomial-size description thereof while incurring a small loss in the guarantees. In
particular, we show that there are only a polynomial number of different bid values that
matter. The proof of the following lemma can be found in the full version of the paper.

Lemma 1. Givenanyd > 0, we can find (in polynomial time) a set B of size poly(n, é)
such that there exists a (1 — §)-approximate solution (to the problem) all whose bids
fall in B.

In what follows, we consider two input regimes and present algorithms for each. For
the general case, we present a constant factor approximation algorithm. If k, the number

2 Note that different resource constraints are not for disjoint sets of keywords; had this been the
case, the problem would have been decomposed into separate single-resource special cases. We
emphasize, however, that in the example provided, different resource constraints correspond
to different markets, each drawing from all keywords, albeit with different coefficients. These
techniques can be potentially used to obtain lower bounds on each resource consumption, in
effect, capturing diversification objectives better.
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of permissible clusters, is a constant, the following theorem guarantees the existence of
a polynomial-time approximation scheme (PTAS) based on dynamic programming for
the problem. The proof is deferred to the full version of the paper.

Theorem 1. There is a polynomial-time approximation scheme for the bid-clustering
problem if k is a constant.

3 Approximation Algorithm

In the following, we approach to the bid-clustering problem by solving a very simple
linear-programming relaxation and then applying a three-stage dependent randomized
rounding scheme. Even though the analysis is not straightforward, the algorithm is very
simple to implement and use in practice.

3.1 Linear Programming Relaxation

Here we introduce a linear-programming relaxation for the problem. We will argue that
we only need to round this LP for the case that each bid has a small contribution to
the solution, otherwise, a PTAS from Theorem 1 suffices to find a good solution for
keywords with big contributions in the solution.

Consider a variable x;, for each keyword i € KL =~ MaX Zi,b DibTib (1)
and each relevant bid b € B. In the integer linear  s.t. 37, , chxy < L9 g € [r]
program, x;;, denotes whether the advertiser should Sy <k Vi
place a bid b on keyword 7 and in the LP relax- - .
ation, we relax it to a positive real variable. In ad- Tip Sy Vib
dition, there is a variable ¥ for each relevant bid b, w <1 Vb
denoting whether there is a cluster with bid b. To Zb iy <1 Vi (2)
make the LP more concise and readable, we use the zivyyy >0 Vi, b.(3)

shorthands p;;, = value;(b) and ¢}, = cAos%tZ(-Q) (b).
For the case when all ¢}; < €L, this LP has a small integrality gap, and the LP can
be rounded to obtain an approximation ratio of 0.54 — e. In fact, this can be done if
ol = 2 Zgbmib < eL9 for all b and ¢; see Section 3.2.
To solve the problem, we consider two cases. First, if there is a solution of value at
least Sopt (3 to be determined later) for which the above condition holds, we can add
cg < €L conditions to the LP as follows.

Jchain <eL Wy,  Vb,q. 4)

and then solve and round the LP to get a guarantee of 5(0.54 — ¢).

Second case happens when there is a solution of value at least (1 — 3)opt that uses
only large-cost clusters, i.e., each cluster of the solution has cost at least eL(?) for some
g. In this case, there will be at most 7~ clusters in the solution, therefore, we can use
Theorem 1 to get an approximation ratio of 1 — 8 — €. Letting 8 = 1_15 4» and outputing
the best solution of the two methods yields an approximation ratio of 1 — 5 ~ 0.3506

for the general case of the problem.
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3.2 Rounding the LP

The above LP is rounded in three stages. In the first stage, we modify the fractional
solution so that only k nonzero y; variables remain. This is done carefully without
losing more than 1 — ¢ factor in the objective value. At this point, we have an LP
solution that is almost feasible—some constraints (2) may be violated. The second stage
addresses this issue by modifying x;; variables so that, at the end, all LP constraints are
satisfied. The third stage, which we may even skip depending on the type of solution we
need, is a standard randomized assignment of each keyword to one bid, and may lose
up to a factor 1 — e.

Stage 1: Rounding y; Variables. Variables y; are considered one by one, and are
rounded to either zero or one, and the value of the remaining (i.e., as of now uncon-
sidered) variables y; are adjusted accordingly. In particular, each variable y;, when
considered, is rounded up to one with probability y; and is rounded down to zero with
probability 1 — ;. The remaining y; variables are scaled such that their sum stays the
same. During the process, x;; variables are also scaled such that each x;;, /y, remains a
constant throughout. This process is a martingale, hence we have concentration bounds
for Zb cgyb (if all individual contributions are small). We scale down all x;; variables
by a factor 1 + ¢, so that the cost constraints are satisfied.

Let LP be the objective value of the linear program. Further, denote by LPY the
objective values for the LP solutions after stage [ € [3]. Notice that, although LP itself

is a certain value, each LP® is a random variable. We have E {LP(D} > 1ie LP.

Stage 2: Modifying x;; Variables to Get a Feasible Solution. Note that after round-
ing the g, variables and scaling the x;;, variables appropriately, some constraints (2) may
be violated. In particular, for certain keywords 4, we may have ), x;; > 1. For each
such keyword, we scale down all x;;, variables at the same rate to obtain » pTip = 1.
Clearly, these operations do not violate any new constraints, and fix all the violated ones,
hence the result is a feasible solution. It only remains to show the loss in the objective
due to these operations is not too much. More specifically, we prove the following.

Lemma 2. We have E {LP(Z)] > M\E {LP(I)] for a positive constant value of X\ =
0.539968.

Here, we provide a weaker proof of the above lemma for A = 411' At the end of the
proof we discuss the ideas to strengthen our analysis to A = 0.539968. The complete
proof is deferred to the full version of the paper.

Define random variable X;; to be x;;,/y, with probability y, and zero otherwise.
Let random variable X; denote Zb X;p. Furthermore, define random variable P, =
> » PivbXip, Which is the contribution of keyword ¢ to the objective value after Stage 1.

Note that E [X;3] = 2, B[P} = 3, piv v, and E [LP“)} =Y, E[P].

Consider the contribution of all keywords ¢ with X; > 2 to the value of LP™ . Let
random variable P; denote this contribution. By the following inequalities, we show
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that E[P;] < E[P;]/2, which means that in expectation at least half of the value of
LP™ comes from keywords ¢ with X; < 2.
E [PZ} —E[P|X;>2] -Pr[X,>2—FE

X;>2 ~PI‘[XZ‘>2]

> pinXin
b

= E[paXa|X: >2] - Pr[X; > 2| (5)
b

= E[paXa|Xi > 2A Xy > 0] - Pr(Xy > 0] Pr [ X; > 2[X; > 0]
b

=) E {pibX"b Xi > 2N Xp = xib] -Pr |:Xib = wib} -Pr |:Xi > Q‘Xib = ﬂb}
’ v Yo Yo
- Zpibxib Yy - Pr {Xi > Q‘Xib = x“’]
b Yb Yo
b Tip Tip E {Xi_b’Xib = :r;;:}
= 2 oo Pr {X; T ] <D pintin - ziy
b Yb Yb . 92— e
1— Tib 1 1
= ibbib oy < T -, = BB 6
_Eb:pbxb Q—Zi;”_zb:pb“ o = o ElR (6)

Now, note that in Stage 2, for each keyword ¢ with X; > 1 we scale down all X,
variables by X;. Hence, for each keyword ¢ with X; < 2, we lose at most a factor of
2 in the scaling process of Stage 2. However, Inequality (6) shows that at least half of
the value of E[LP™] is coming from such keywords. Hence, a quarter of E[LP})] is
preserved after Stage 2, or, A > 411'

The above analysis is suboptimal for two reasons. First, it ignores the contribution
of pipxsp to the objective if X; happens to be greater than two. Second, it treats all key-
words ¢ for which X; < 2 similarly, and divides all of them by two although some may
only require a small scaling factor (or none at all). The deferred analysis takes advantage
of these observations and some concentration bounds to achieve A = 0.539968.

Stage 3: Rounding x;, Variables. We can simply pick one bid b for each keyword
1 with probability proportional to x;;. This independent rounding enjoys concentration
properties (via Chernoff bounds) for total value as well as the cost vector. This follows
from the assumption that no ¢}, or p;;, is larger than € or eopt, respectively, otherwise
we would use the PTAS in Theorem 1. Therefore, we argue that, with high probability,
both are within a factor 1 + € of the semi-integral LP solution. Then, since individual
contributions to cost are small, we can remove, and throw away a small portion of the
cost with a loss in value that is no more than a 1 — € factor.
The discussions in this section so far can be summarized in the following theorem.

Theorem 2. The above algorithm provides a 0.54-approximate integral solution to the
LP (1)-(3) with additional constraints (4). This, combined with Theorem 1, can be used
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to obtain a 0.35-approximate solution for the general concise bidding problem, i.e.,
LP (1)-(3).

In the full version of the paper, we provide an instance of the aforementioned LP
with an integrality gap of 0.63.

4 Experimental Study

In order to evaluate the practical performance of our algorithms, we apply our algo-
rithms to real datasets collected from a sponsored search advertising system, and com-
pare our results with a baseline method, i.e., uniform bidding. For a set of (randomly
selected, anonymous) advertisers, we consider a set of queries on which they might
wish to advertise. We use a traffic estimator tool to estimate the number of clicks the
advertiser will get and the cost he will have to pay when he bids a bid b. Such tools are
provided for major sponsored search advertising systems [3, 15].

The datasets contain varying number of queries (from tens to tens of thousands). For
each query we obtain estimates of clicks and cost for bids in the range [$0.10, $2].

We then run our algorithms, an appropriate version of the uniform bidding algo-
rithm and an algorithm that computes the optimal bid for each query against each of
the datasets. We apply these algorithms at different budget values to see the impact of
changing the budget in the relative performance of different algorithms.

4.1 A One-Dimensional Budget Constraint

Our initial experiments involve only one budget constraint. Note that this is the setting
in which the uniform-bidding algorithm was proposed and analyzed [11].

We first see how the total amount of clicks that can be obtained grows as the number
of permitted bids increases.

Figure 1 plots the performance of
the bid allocation we find for different
number of bids. It shows how the ob- o2
jective value of the fractional LP for
each dataset grows with the number of
clusters. This interesting point confirms
the intuition that additional clusters al- 555
low for more refined bidding on various
queries, hence better performance. We —_
also note that, conveniently, with a few 1 3 3

. Number of clusters
clusters, we can achieve the almost op-
timal solution, and there is no need for Fig. 1. Comparison of performance by number of
a complicated strategy. clusters for all datasets

Next we consider the deterministic solutions constructed by our algorithm for each
of these datasets. The values in the figures are normalized with respect to the optimal
solution that chooses an individual bid for each query. We report performance of our
algorithm for number of clusters k = 1,2, 3, 4. We also report the performance of our
implementation of uniform bidding that chooses an optimal set of two bids, with some
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Fig. 2. Plots comparing performance of various algorithms on the three datasets. The z axis has
budget in dollars, whereas the y axis shows the percentage of the (unrestricted) optimal solution.

probability chooses the first bid for all queries and otherwise chooses the other bid for
all queries. This algorithm was described and analyzed in [11].

Plots in Figure 2 compare the performance of integer solutions produced by LP
rounding with the uniform bidding benchmark.

We see that all algorithms perform equally well at high budgets or when the instance
is fairly small, where even the optimal fractional solution is almost integral. On the other
hand at lower values of budget and specially in the larger instances, we see superiority
of our algorithms as the number of clusters grows. In particular, for the large dataset
L, we see improvements of 4% to 6% in the expected number of clicks compared to
the uniform bidding strategy when we increase the number of clusters to four. For other
datasets which are smaller the average improvement in number of clicks is about 1%.

4.2 A Multidimensional Budget Constraint

A virtue of our algorithm is that it is naturally taking care of the setting where multiple
budget constraints are present. These additional budget constraints may arise when an
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advertiser, considering the semantic meaning of different queries, wishes to restrict how
much of her budget is spent on specific queries or domains. In the full version of this
paper we report detailed results of evaluating our algorithms on experimental data in
the presence of multidimensional budget constraint.

5 Conclusion and Future Directions

We formulate the problem of finding the concise bidding strategy for advertisers in order
to obtain the maximum number of clicks (or maximize other monotone profit function)
subject to a multidimensional budget constraint.

When the budget constraint has constant dimension, we propose a polynomial-time
approximation scheme. Otherwise, we present an LP-rounding algorithm that is both
fast and simple to implement. While the approximation guarantee for this algorithm
is &= 0.54, it performs much better in practice. In particular, even for the case of a
one-dimensional budget constraint, our algorithm beats the state of the art algorithm
(uniform bidding) by 1% to 6%. Conveniently this is achieved by very concise bidding
strategies that use only two or three different bids (where uniform bidding uses one).
The gap between the performance of our algorithm and the enhanced uniform bidding
widens in the case of having a small number (e.g., two) extra dimensions in the budget
constraint to guarantee diversity for advertisement targeting. In this case, our algorithms
outperforms the state of the art by an average of 5% to 6% (and sometimes up to 9%).

One obvious future direction would be to improve the analysis of our LP rounding.
We conjecture that the integrality gap is 1 — i and that our current rounding approach
indeed achieves this approximation factor.

Another possible research direction is to investigate the effect of k& (the maximum
number of possible bids provided to the advertiser) on the optimum solution of the prob-
lem. Currently, we assume that the value of k is given, and based on that we provide a
set of—at most—=k bids to the advertiser to choose the bid from. However, it is not clear
how the value of & itself should be determined. The trade-off here is between simplicity
(i.e., lower values k that lead to a more concise set of possible bids) and performance
(higher values of k& which lead to a broader set of feasible solutions and consequently,
improve the optimum solution). One approach to this question would be to examine the
value of the optimum solutions for different values of k. A preliminary study of this
question for one-dimensional budget constraints (as reported in Figure 1) suggests that
the expected marginal gain from allowing one more possible bid (i.e., adding one unit to
k) is diminishing. In other words, the expected profit is a concave function of k. Also,
the reported result suggests that the marginal gains rapidly diminish and most of the
gain is captured by going from k£ = 1 to k = 2, where we go from “forcing the solution
to use the single bid available” to “allowing the solution to optimize over two available
bids”. Formalizing these observations would be very helpful in providing better insight
about the nature of the problem and the challenges we face.
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Abstract. We consider (approximate) revenue maximization in mechanisms
where the distribution on input valuations is given via “black box” access to sam-
ples from the distribution. We analyze the following model: a single agent, m
outcomes, and valuations represented as m-dimensional vectors indexed by the
outcomes and drawn from an arbitrary distribution presented as a black box. We
observe that the number of samples required — the sample complexity — is tightly
related to the representation complexity of an approximately revenue-maximizing
auction. Our main results are upper bounds and an exponential lower bound on
these complexities. We also observe that the computational task of “learning” a
good mechanism from a sample is nontrivial, requiring careful use of regular-
ization in order to avoid over-fitting the mechanism to the sample. We establish
preliminary positive and negative results pertaining to the computational com-
plexity of learning a good mechanism for the original distribution by operating
on a sample from said distribution.

1 Introduction

In the general (quasi-linear, independent-private-value, Bayesian) mechanism design
setting, a principal must choose from one from a set A of outcomes, and there are n
bidders each of whom has a valuation v; : A — R mapping outcomes to real val-
ues. These valuations are private, and the mechanism designer only knows that each
v; is drawn from a prior distribution D; on valuations. Based on these distributions,
the mechanism designer must design a mechanism that determines, for each profile of
bidder valuations, an outcome which may be probabilistic — a lottery — and a payment
from each player. The rational behavior of the bidders is captured by two sets of con-
straints: Incentive constraints require that no bidder can improve his expected utility
by behaving according to — i.e. “reporting to the mechanism” — another valuation v}.
Individual Rationality constraints require that bidders never lose from participating in
the mechanism. Under these two sets of constraints the mechanism designer’s goal is to
maximize his expected revenue.

Myerson’s classical work [18] completely solves the problem for the special case of
single parameter valuations, where each v; is effectively captured by a scalar. In this
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case, the optimal mechanism has a very simple form and is deterministic. It turns out
that this completely breaks down once we leave the single-parameter settings and it is
known that deterministic mechanisms can be significantly inferior to general ones that
are allowed to allocate lotteries [4, 11,16, 17, 19], and that good revenue may require
complex mechanisms [14]. Moreover, this is so even in very simple settings such as
auctions with a single bidder and two items.

It is well known that even in the general multi-parameter case, the revenue maximiz-
ing mechanism is obtained using linear optimization [4]. While this may seem encour-
aging for both characterization and computation of the optimal mechanism, there is a
rub: this LP formulation hides several exponential blowups in the natural parameters in
most settings. Two types of such blowups, and how to overcome them, have received
considerable attention recently: an exponential blowup in n, the number of bidders, that
is a result of the fact that we have variables for each profile of valuations (e.g. [1,2,6,8]),
and the fact that, in the case of various multi-item auctions, m, the size of the outcome
space, is naturally exponential in the number of items (e.g. [7, 10, 12]).

In this paper we study a third type of exponential blowup who’s consequences are
not yet fully understood: the size of the support of each D; — the size of the valuation
space — is naturally exponential in the number of outcomes m. Formally, it is often a
continuum since a valuation assigns a real value to each alternative, but even once we
discretize (as we certainly will have to do for any computational purpose), the valuation
space is still exponential in m. Does this exponential blowup necessarily translate to the
computational task, or can revenue be maximized in time polynomial in m?

For most bite of our main result, which is negative, we focus on the simplest scenario
of this type, one that exhibits only this exponential blowup in the size of the valuation
space, and no others. Specifically, we have a single bidder bidding for m abstract al-
ternatives in A. For a single bidder, this setting is essentially equivalent' to an auction
setting studied e.g. in [4, 11] in which A is a set of items for sale, a “unit demand” bid-
der is interested in acquiring at most a single item and has a potentially different value
v(j) for each item j € A. Furthermore, for a single bidder, an auction is just a pricing
scheme, giving a menu that assigns a price for each possible lottery (z1...x,,) where
x; > 0is the probability of getting item j and Z]EA z; < 1.

As observed in [4], if D (the prior distribution over v) happens to have a “small”
support then the linear program is small and we are done. However, this is typically
not the case: even if we restrict all item values to be 0 or 1 there are 2™ possible
valuations and the linear program is exponential. This raises the question of how D is
represented. Sometimes D admits some special structure — e.g. it may be a product
distribution over item values — permitting a succinct representation. In other cases
it may come from “nature” and we will, in some sense, have to “learn” D in order
to construct our mechanism. Both of these scenarios can be captured by a black box
sampling model in which our access to D is by means of a sequence of samples v, each
drawn independently at random from D. Can we design an (approximately) revenue-
maximizing auction for D using a reasonable number of samples?

! The formal distinction is that in the unit-demand setting, there is special outcome * with fixed
value v(*) = 0, denoting not allocating any item.
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The focus of this paper is the general case in which D is not necessarily a product
distribution. Revenue maximization for product distributions was previously studied
by [9, 11] who together achieve a polynomial-time constant-factor approximation, and
by [5] who design a quasi-polynomial-time (1 + €) approximation to the revenue of
deterministic auctions. It is known, however, that the general case of correlated distri-
butions is harder, e.g. deterministic prices can not provide a constant approximation [4].

The most natural approach for maximizing revenue for a distribution D given as a
black box would be to sample some polynomial number of valuations from it, construct
a revenue maximizing auction for this sample, and hope that the constructed auction
also has good revenue on the original distribution D. This, however, may fail terribly
even for symmetric product distributions as shown in Proposition 3.

The astute reader will recognize this failure as a classic case of over-fitting: the opti-
mal mechanism for the sample is so specifically targeted to the sample that it loses any
optimality for the real distribution D. The remedy for such over-fitting is well known:
we need to “discourage” such tailoring and encourage “simple” auctions. At this point
we need to specify what “simple” auctions are, a question closely related to how auc-
tions are represented. The simplest answer is the “menu-complexity” suggested in [14]:
we measure the complexity as the number of possible allocations of the auction, i.e. as
the number of entries in the menu specifying the auction. More complex representations
that may be more succinct for some auctions are also possible. Our lower bounds will
apply to any auction representation language. Formally, an auction representation lan-
guage is an arbitrary function that maps binary strings to auctions. The complexity of an
auction in a given language is just the length of the smallest binary string that is mapped
to this auction. Thus for example the menu-size of an auction corresponds to complex-
ity in the representation language where the menu-entries are explicitly represented by
listing the probabilities and price for each entry separately.?

Our Results

Fixing an auction representation language, we consider the following sample-and-
optimize template for revenue maximization that takes into account the complexity
of the output auction (in said representation language). The same idea is used in the
context of prior-free mechanism design by [3]. In our setting, beyond the dependence
on complexity of the auction, the number of samples needs to depend (polynomially)
on three other parameters: the number of items m, the required precision €, and the
range of the values. Specifically, assume that all valuations in the support of D lie in the
bounded range 1 < v(j) < H for all j. Since most of the expected value of a valuation
may come from events whose probability is O(1/H), it is clear that we will need 2(H)
samples to even notice these events.’

2 Counting bits, we are off from just counting the number of menu entries by a factor of
O(mloge) where € is the precision in which real numbers are represented. We will focus
on exponential versus polynomial complexities, so do not assign much importance to this gap.

3 This also explains why bounding the range of valuations, as we do, is required for the sampling
question to make any sense. Equivalently, we could have instead bounded the variance of D
without significantly changing any of our results.
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Sample-and-Optimize Algorithm Template

1. Sample t = poly(C,m, e, H) samples from D.
2. Find an auction of complexity at most C' that maximizes (as much as possible) the
revenue for the uniform distribution over the sample and output it.

To convert this template to an algorithm, one must specify C' and show how to compute
an auction of complexity C' which achieves high revenue on the sample. (Note that with-
out the complexity bound, even fully maximizing revenue is efficiently done using the
basic linear program, but this does not carry-over to complexity-bounded maximiza-
tion.) Once the complexity is bounded, at least information-theoretically, the “usual”
learning-like uniform convergence bounds indeed apply and we have:

Proposition 1. Fix any auction representation language, and take an algorithm that
follows this template and always produces an auction that approximates to within an «
factor the optimal revenue from the sample over all auctions of complexity C. Then the
produced auction also approximates to within a factor of (1 — €)« the revenue from the
real prior distribution D over all auctions of complexity C. (see full version)

Thus we get approximate revenue maximization over all complexity-C' auctions.
However, if this limited class is inferior to general auctions, this does not yield ap-
proximate revenue maximization over all auctions, which is our goal. The following
questions thus remain:

1. What is the complexity C required of an auction in order to obtain good revenue?
What approximation can we get when we require C' to be polynomial in H and m?

2. What is the computational complexity of step 2 of the algorithm template, i.e. of
constructively finding a mechanism that maximizes revenue over mechanisms of
bounded complexity C?

We provide definitive answers to the first question and preliminary answers to the sec-
ond. Apriori, it is not even clear that any finite complexity C' suffices for getting good
revenue (for fixed H and m). Previous work ( [12]) implies that arbitrarily good ap-
proximations are possible using menu-size complexity that is polynomial in H and
exponential in m and for the special case m = 2 even poly-logarithmic size in H, [14].
This is done by taking the optimal auction and “rounding” its entries. This is trick-
ier than it may seem since a slight change of probabilities may cause a great change
in revenue, so such proofs need to carefully adjust the rounding of probabilities and
prices making sure that significant revenue is never lost.* We describe a general way to
perform this adjustment, allowing us to tighten these results: we get poly-logarithmic
dependence in H for general m, stronger bounds for “monotone” valuations, and do
it all effectively in a computational sense. Monotone valuations are restricted to have
v(1) <v(2) < ... < v(m), and naturally model cases such as values for a sequence of
ad-slots or for increasing numbers of items in a multi-unit auction.

# Technically, there is no countable e-net of auctions in the sense of approximating the revenue
for every distribution. Instead, one needs to construct a “one-sided” net.
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Theorem 1. For every distribution D and every ¢ > 0 there exists an auction with
1\ O(m)

log H Hogemﬂog € whose revenue is at least

menu-size complexity at most C = <

(1 — €) fraction of the optimal revenue for D. For the special case of distributions over
“monotone” valuations, menu-size complexity of at most C' = mO((log® Htlog? €) /%)
suffices. Furthermore, in both cases these auctions can be computed in
poly(C, H, et m) time by sampling poly(C, H, e~', m) valuations from D.

So in general a menu of complexity exponential in m suffices. A basic question is
whether complexity polynomial in m suffices (in terms of menu-size or perhaps other
stronger representation languages). The “usual tricks” suffice to show that an O(log H )-
approximation of the revenue is possible with small menus.

Proposition 2. For every distribution D there exists an auction with m menu-entries
(and with all numbers represented in O(log H) bits) that extracts §2(1/ log H) fraction
of the optimal revenue from D. Furthermore, this auction can be computed in polyno-
mial time from poly(H ) samples. (see full version)

Can this be improved? Can we get a constant factor approximation with polynomial-
size complexity? Our main result is negative. Previous techniques that separate the rev-
enue of simple auctions from that of general auctions do not suffice for proving an
impossibility here for two reasons. First, these bounds only apply to menu-size com-
plexity and not to general auction representations; this is explicit in [14] and implicit
in [4].5 Second, these bounds proceed by giving an upper bound to the revenue that
a single menu-entry can extract. Since small menus can extract an O(1/log H) frac-
tion of the optimum revenue, such techniques can have no implications for sampling
complexity since, as mentioned above, §2(H) is a trivial lower bound on the sampling
complexity. Our main result shows that even for a small range of values H, auctions

may need to be exponentially complex in m in order to break the O (10; H) barrier.

Theorem 2. For every auction representation language and every 1 < H < 2m/400
there exists a distribution D on [1..H|™ such that every auction with complexity at most

2m/400 pas revenue that is at most an O ( logl H) fraction of the optimal revenue for D.

Notice that this immediately implies a similar exponential lower bound on the num-
ber of samples needed: since we allow any auction description language, simply listing
the sample is one such language for which the lower bound holds.

Next, we examine our second question, regarding the computational complexity of
“fitting” an auction of low complexity to sampled data. We show that it is N P-hard to
compute an approximately optimal auction of a specified menu size.®

Theorem 3. Given as input a sample of valuations and a menu-size C, it is NP-hard to

approximate the optimal menu with size C' to within any factor better than 1 — i HI; L

3 Since these papers exhibit an explicit distribution providing the separation, the optimal auction
can always be specified in some language by just listing the few parameters of said distribution.
% Here, we expect stronger auction representation languages to only be harder to deal with.
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This hardness result does not preclude a satisfactory answer to our original goal
of effectively finding an auction that approximates the revenue also on the original
distribution D since for that it suffices to find a “small” auction with good revenue on
the sample, rather than the “smallest” one. Thus a bi-criteria approximation to step 2
suffices, and may be algorithmically easier: find a menu of size poly(C,m, H) which
approximates the revenue of the best menu of size C over a given sample. Whether this
bi-criteria problem can be solved in polynomial time is left as our first open problem.

Our second open problem concerns the question of structured distributions, specifi-
cally product distributions over item values studied in [5,9, 11]. Proposition 1 implies
that, as these distributions can be succinctly represented, polynomially many samples
suffice for finding a nearly optimal auction for product distributions.” It is not clear,
however, how this can be done algorithmically and whether the simple menu-size auc-
tion description language suffices for succinctly representing the (approximately) opti-
mal auction. Constant factor approximation with small menu-size (even deterministic
menus) follow from [9, 11], but a (1 + ¢)-approximation is still open.

2 Preliminaries

2.1 The Model

In the single-buyer unit-demand mechanism design problem, or the pricing problem for
short, we assume that there are m “items” or “outcomes” [m] = {1,...,m}, and a sin-
gle risk-neutral buyer equipped with a valuation v € R’". Additionally, we assume the
existence of an additional outcome * for which a buyer has value 0 — e.g. the outcome
in which the player receives no item. We assume that v is drawn from a distribution D
supported on some family of valuations VV C R,

We adopt the perspective of an auctioneer looking to sell the items in order to max-
imize his revenue. After soliciting a bid b € V, the auctioneer chooses an allocation,
namely a (partial) lottery z € A,,, = {x € R7" : 3, 2; < 1} over the items, and a pay-
ment p € R, . Formally, the auctioneer’s task is to design a mechanism, equivalently,
an auction, (z,p), where z : ¥V — A,,, maps a player’s reported valuation to a lottery
on the m items, and p : V — Ry maps the same report to a payment. When each
allocation in the range of z is a deterministic choice of an item, we say the mechanism
(or auction) is deterministic, otherwise it is randomized.

To simplify our results, we usually assume that players’ valuations lie in a bounded
range. Specifically, we require that the support V of our distribution is contained in
[1, H]™, for some finite upper-bound H which may depend on the number of items
being sold. Given this assumption, we restrict our attention without loss of generality
to mechanisms with payment rules constrained to prices in [1, H] U {0}. Moreover, we
assume without loss of generality that p(v) = 0 only if x(p) = 0.8

7 This is directly implied when the item values have finite (polynomial) support; the techniques
used in section 4.1 suffice for showing it in general.

8 An optimal mechanism satisfying these two properties always exists for all the problems we
consider.
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Whereas our complexity results are independent of the representation of D, our al-
gorithmic results hold in the black-box model, in which the auctioneer is given sample
access to D, and otherwise knows nothing about D besides its support V.

2.2 Truthfulness and Menus

We constrain our mechanism (z,p) to be truthful: i.e. bidding b = v maximizes the
buyer’s utility v-2(b) — p(b). The well known characterization below reduces the design
of such a mechanism to the design of a pricing menu.

Fact 1. A mechanism (x,p) is truthful if and only if there is a menu M C A, x R of
allocation/price pairs such that (z(v),p(v)) € argmax, ,yer{v- = —p}.

We adopt the menu perspective through much of this paper, interchangeably referring to
a mechanism (aka auction) and its corresponding menu M. When interpreting a menu
M as a mechanism, we break ties in v - z — p in favor higher prices. When every
allocation in the menu is a deterministic choice of an item, we call M an item-pricing
menu, otherwise we call it a lottery-pricing menu.

We also require our mechanisms to be individually rational. To enforce this, we
assume that (0,0) is in every menu. As described in Section 2.1, we usually restrict
valuations to [1, H]™ and payments for non-zero lotteries to [1, H]. Therefore, we think
of a menu as a subset of A, x [1, H], and include (0, 0) implicitly.

2.3 Auction Complexity and Benchmarks

Given a mechanism M and valuation v, we use Rev (M, v) to denote the payment of
a buyer with valuation v when participating in the mechanism. Given a distribution
D over valuations, we use Rev(M,D) = E,.p Rev(M,v) to denote the expected
revenue generated by the mechanism when a player is drawn from distribution D. We
use Rev(D) to denote the supremum, over all mechanisms M, of Rev(M, D). When
M is a family of mechanisms, we use Rev(M, D) to denote sup,,c 1 Rev(M, D).

Recall that a auction description language is just a mapping from binary strings to
mechanisms. L.e. it is simply a way of encoding menus in binary strings. The represen-
tation complexity of an auction in such a language is simply the length of the shortest
string that is mapped to it. For this paper, the only important property of auction de-
scription languages is that there are at most 2¢ auctions of complexity C. (Of course,
in applications we will also worry about its expressive power, its computational diffi-
culty, etc.) The simplest auction description language allows describing an auction by
directly listing its menu entries one by one. Each menu entry is composed of m + 1
numbers, and if all the numbers can be presented using O(r) bits of precision, then the
total complexity of a k-entry auction in this format is O(kmr). In this paper we never
need more than r = O(log m + log H + log e ~!) bits of precision, so the gap between
menu-size (the number of menu entries) and complexity using this language (the total
number of bits used in such a description) is not significant.

We use Revy (D) to denote the maximum revenue of a mechanism with complexity
at most k. When using menu-size complexity, we say M is a k-menu if |M| < k, and
use My to denote the set of all k-menus, and M, to denote the set of all menus.
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3 Sampling vs. Auction Complexity

3.1 Opver Fitting with Complex Auctions

In this subsection we will consider the basic sampling algorithm that makes a small
number of samples and optimizes the auction for this sample.

Naive Sample-and-Optimize Algorithm

1. Sample t = poly(m) samples from D.
2. Find an auction that maximizes revenue for the uniform distribution over samples.

We will show that this does not work even for symmetric product distributions. Let
& > 0 be some small constant and let D be the distribution on valuations where item
values are chosen identically and independently at random as follows: with probability
d: v(j) = 1; with probability 6 /m: v(j) = 2; and otherwise: v(j) = 0. We will show
that optimizing for a sample may give very low revenue on D itself:

Proposition 3. Take a polynomial-size sample, with high probability, there is an auc-
tion that is optimal for the sample and yet its revenue from D is O(9). (see full version)

3.2 Uniform Convergence over Simple Auctions

When we limit the “complexity” of the auction that our algorithm is allowed to produce
to be significantly smaller than the sample size, we can guarantee that the produced
auction approximately maximizes revenue for the original distribution D. Since there
can not be too many auctions of low complexity, this follows by a standard application
of tail bounds and the union bound as in [3].

Sample-and-Optimize Algorithm Template

1. Sample t = poly(C,m, e, H) samples from D.
2. Output an auction of complexity at most C' that approximately maximizes the rev-
enue for the uniform distribution over the sample.

Proposition 1. Fix any auction representation language, and take an algorithm that
follows this template and always produces an auction that approximates to within an «
factor the optimal revenue from the sample over all auctions of complexity C. Then the
produced auction also approximates to within a factor of (1 — €)« the revenue from the
real prior distribution D over all auctions of complexity C. (see full version)

4 Constructions of Simple Approximating Auctions

4.1 From Rounding Lotteries to ‘“Rounding” Auctions

When trying to approximate a given auction, it is natural to simply round all entries in
the menu and hope that this does not hurt the revenue significantly. As mentioned in the
introduction, this is not trivial since tiny decreases in probabilities or tiny increases in
price may be the “last straw” chasing away bidders that made knife’s-edge choice of the
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entry. This subsection shows that, never the less, this may be done with a little further
tweaking: once we have a good way to round lotteries we can “round” entire menus,
losing an approximation factor that is polynomially related to the rounding error.

Several previous works (e.g. [3, 15]) have considered discretization of pricing mech-
anisms, most of which operate on item prices and therefore admit simpler “covers” of
the space of mecanisms. Recently, [8] applied some of these ideas to lottery pricing,
though their lemma is not at the level of generality required for our purposes. In par-
ticular, if we use their lemma directly, the additive loss in revenue due to discretization
could be e H, which cannot guarantee any multiplicative approximation ratio.

Definition 1. Let V' be a set of valuations, and L be a set of lotteries. We say that L
e-covers V if for every lottery x € A,, there exists a lottery T € L such that for every
veVwehavethatr -v>2-v> (1l —€)z-v—¢

Lemma 1. Let L be a set of lotteries that e-covers a set of valuations V', for every
menu M there exists a menu M all of whose entries have lotteries in L and have prices
represented in O(log e~ +log H +log m) bits such that for everyv € V RGU(M, v) >
(1—€)Rev(M,v)—€, where € = O(log H+/€). Moreover, if the calculation of T from
x is efficient then so is the calculation of M from M. (see full version)

4.2 Approximations for General Valuations

So at this point we know that we just need to worry about rounding lotteries. Once we
round all values to a small number of discrete values, we will get a small number of lot-
teries. Unfortunately, we need to use both an additive and multiplicative approximation
error: the multiplicative approximation error allows a large additive error when values
are close to H; and the additive error saves us from having to approximate multiplica-
tively very small probabilities. Combining these two notions of error allows us to make
do with O(log H/¢) discrete levels of approximation.

Proposition 4. Let R, be the set of real numbers containing zero and all integer powers
of (1 —¢) in the range [e/(Hm), 1], and let L. be the set of lotteries all of whose entries
are in R.. Then L e-covers the set of all valuations v € [1, H|™. Moreover, calculating
T from x can be done efficiently. (see full version).

Corollary 1. There exists an e-cover of the set of all valuations v : {1..m} — [1, H]
whose size is ((logm + log H + loge™1)/e)™.

Corollary 2. (Part I of theorem 1 from the introduction) For every distribution D on
[1, H|™ and every ¢ > 0 there exists an auction with menu-size complexity at most
C = log H+log m+loge™?! O(m)

. whose revenue is at least (1 —¢€) fraction of the optimal

revenue for D. Furthermore, this auction can be computed effectively (in polynomial
time in its size) from a sample of size poly(C,m, H,e™1).

Proof. Combining corollary 1 using O((¢/ log H)?) in place of € with lemma 1 we get
the existence of mechanism with menu-size complexity of ((logm + log H)/e)?(™)
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whose approximation error (both additive and multiplicative) is e. The additive approx-
imation error of the whole mechanism is subsumed by the multiplicative one since
optimal revenue is at least 1. We now plug this family of low complexity mechanisms
into proposition 1, and obtain the required result, in the information-theoretic sense.

To compute the actual menu, we solve the linear program on the sample (that is of
size polynomial in C, thus exponential in m), obtain the optimal mechanism M for the
sample, and then round it to a mechanism M that provides the required approximation
for the sample and — since it is of the right complexity — also for the distribution.

4.3 Approximations for Monotone Valuations

In this section, we consider a limited class of valuations and show that for distributions
over this class a much smaller complexity is needed. The class we consider fixes an
order on items, without loss of generality, the order 1, ..., m. A valuationv € [1, H]™
is monotone if v; < v;yq fori € {1,...,m — 1}. Monotone valuations are natural in
contexts such as multi-unit auctions, where m identical goods are being sold, and an
outcome corresponds to the number of goods allocated to the buyer. In this setting, v; is
the player’s value for ¢ goods. Monotone valuations then correspond to a free disposal
assumption in multi-unit auctions.

Next we show that for monotone valuations, we can find a small e-cover of all lot-
teries, which implies, using our “Rounding Lotteries to Rounding Auctions” paradigm,
small complexity auctions that approximate revenue well for all monotone valuations.
This family of auctions has menu-size complexity polynomial in m when € and H are
constant, and quasi-polynomial when H is polynomial in m (and e poly-logarithmic).

Theorem 4. (Part Il of theorem I from the introduction) If D is supported on monotone
log3 H+log2 e—1
valuations then for every € > 0 there exists a menu M with C = mO( e2 )

entries (and with all numbers with O(log m + log H + log e~ 1) bits of precision) such
that Rev(M,D) > (1 — e€)Rev(D). Furthermore, this auction can be computed in
poly(C, H,e~1, m) time by sampling poly(C, H, e, m) valuations from D.

As in the proof of corollary 2, using lemma 1 and proposition 1, this theorem follows
from the following lemma (proof in full version):

. . -1
Lemma 2. For every €, there is a set of lotteries L whose size is m©((log H+loge™7)/€)
that e-covers the set of all monotone valuations with v : {1..m} — [1, H]. Moreover,
calculating T from x can be done efficiently.

5 Lower Bound for Auction Complexity

Before we embark on our lower bound, we note the matching upper bound.

Proposition 2. For every distribution D there exists an auction with m menu-entries
(and with all numbers represented in O(log H) bits) that extracts §2(1/ log H) fraction
of the optimal revenue from D. Furthermore, this auction can be computed in polyno-
mial time from poly (H) samples. (see full version)
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Theorem 2. For every auction representation language and every 1 < H < 2m/400
there exists a distribution D on [1..H|™ such that every auction with complexity at most

2m/400 has revenue that is at most an O < !

log H) fraction of the optimal revenue for D.

Proof. We will construct the distribution D probabilistically. Our starting point will be a
fixed baseline distribution B that takes an “equal revenue” one-dimensional distribution
and spreads it symmetrically over a random subset of the items. Each valuation in the
support of B is specified by a set S C {1..m} of size exactly k = m/3 and an integer
scale value 1 < z < log H. The valuation will give value 2% for every item in S
and value 1 for every other item. The probability distribution over these is induced by
choosing S uniformly at random among sets of size k£ and choosing z as to obtain an
“equal revenue distribution” Pr{z = x] = 27*. We can view this distribution over
the v’s as choosing uniformly at random from a multi-set V' of exactly (')(H — 1)
valuations (for every set S of size k we have H/2 copies of a valuation with value
2, H/4 copies of a valuation with value 4 ... and a single copy of a valuation with
value H). The point is that due to symmetry, it can be shown that, just like in the
corresponding single dimensional case, Rev(3) is constant (despite the expected value
being O(log H)). This is proven formally in lemma 3 below.

Taking the point of view of B being a random choice of a valuation from the multi-set
V', we will now construct our distribution D as being a uniform choice over a random
subset V' of V, where V' is of size |[V'| = K = 27/19° We will now be able to
provide two estimates. On one hand, since V"’ is a random sample from V, we expect
that every fixed mechanism will extract approximately the same revenue from D as
from B. This can be shown to hold, w.h.p., simultaneously for all mechanisms in a
small enough family and thus all mechanisms with sub-exponential complexity can only
extract constant revenue. On the other hand, as V"’ is sparse, w.h.p. it does not contain
two valuations whose subsets have a large intersection. This will suffice for extracting at
east half of the expected value as revenue, an expected value that is O(log H ). Lemma
4 below proves the former fact and lemma 6 below proves the latter.

Lemma 3. Let B denote the distribution above then Rev(B) < 2.

Proof. We will prove this by reduction the the single dimensional case where Myerson’s
theorem can be used. Let us define the single dimensional distribution G that gives value
27 with probability 2% for z € {1...log H}. The claim is that Rev(B) < Rev(G) < 2.
Since G is single dimensional, the second inequality follows from Myerson’s result
stating that a single price mechanism maximizes revenue, as it is easy to verify that
every possible single price gives revenue of at most 2.

To prove the first claim we build a single-parameter mechanism for G with the same
revenue as a given multidimensional one for /5. Given a value 27 distributed as in G, our
mechanism chooses a random subset S of size k£ and constructs a valuation v by com-
bining the given single-parameter value with this set, so now v is distributed according
to 3. We run the mechanism that was given to us for 5 and when it returns an lottery
a = a(v), we sell the item in the single parameter auction with probability >, ¢ a;,
asking for the same payment as asked for the lottery a in the B-auction. Now notice
that the same outcome that maximizes utility for v also maximizes utility for the single
parameter buyer.
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Lemma 4. Let M be the set of mechanisms with complexity at most 2™/*%° and choose
the distribution D as described above then, w.h.p., Rev(M, D) < 3.

Proof. As |[M| < 227"/400, it follows from the following lemma and union bound.

Lemma 5. Fix some mechanism M and choose the dsistribution D as described above
m /300
then PriRev(M,D) > 3] < exp(—K/H?) < 2-2"*"

Proof. Let rpr(v) be the revenue that M extracts on valuation v. By definition
Rev(M,B) = Eycvry(v) while Rev(M, D) = E,cyrar(v) (where the distribution
is uniform over the multi-sets V" and V"’ respectively). Lemma 3 bounded the former:
Rev(M, B) < 2. Since we are choosing V" to be a random multi-set of size K and since
for all v we have 0 < rjs(v) < H then we can use Chernoff bounds to bound the prob-
ability that the expectation of ), (v) over the sample V" is larger than its expectation
over the population V to be Pr[|Eycv/ras(v) — Eyevra (v)| > 1] < exp(—K/H?).

Lemma 6. Choose the distribution D as described above then, w.h.p, Rev(D) >
log H/2.

Proof. We will use the following property that holds, w.h.p., for V': for every two
different valuations in V"’ the sets of items S and T associated with them satisfy |S N
T| < m/6. The reason that this property holds is that for any fixed 7', since S is a
random set of size /3 the probability that |SNT|/|T| > 1/2is exp(—|T|) < 27™/4°,
Now we can take a union bound over all K2 = 2/50 possible pairs of .S and 7.

Using this property of D here is a mechanism that extracts as revenue at least half of
the expected value of v, i.e. at least (log H)/2 revenue: we have a menu entry for each
element v € V’. For v that gives value 27 to the set S, this entry will offer every item
in S with probability 1/|S| = 3/m, and will ask for payment of 2! for this lottery.
Clearly if v chooses this entry it gets net utility of exactly 2!, we need to show that
the net utility from any other menu entry is less than this. Observe that v’s value from
a menu entry that corresponds to a set 7' is exactly 2% - |S N T'|/|T’| which due to our
property is bounded from above by 271

6 Computational Complexity

In this section, we examine the computational complexity of the algorithmic task as-
sociated with Proposition 1 when valuations lie in [1, H]™. We restrict our attention
to the menu-complexity model. The computational bottleneck is Step 2 of the algo-
rithm, which computes a C-menu maximizing revenue for the uniform distribution
over samples. Specifically, it requires the solution of the following optimization prob-
lem M AXREV. An instance of M AX REV is given by an integer C' and a sample
X = {v1,...,v,} C [1, H]™. Feasible solutions of M AX REV are menus with at
most C entries, and the objective is to maximize revenue for a buyer drawn uniformly
from X. We leave essentially open the exact computational complexity of approximat-
ing M AX REV, yet make some progress by showing the problem APX-hard.

Theorem 3. Given as input a sample of valuations and a menu-size C, it is NP-hard to

approximate the optimal menu with size C' to within any factor better than 1 — i HI; L
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Proof. We reduce from a promise problem of the NP-hard optimization problem max
cover. For convenience, we use the equivalent hitting set formulation of max cover. The
input is a family S = {S1,...,S,} of subsets of [m], and an integer k, and the output
is a “hitting set” T' C [m] of size at most k& maximizing the number of sets S € S with
which 7" has a non-empty intersection — we say those sets .S are “hit” by 7. We use
the fact that it is NP-hard to distinguish between instances of hitting set in which the
optimal solution hits all sets in S, and instances in which the optimal solution hits less
thanal — i + € fraction of the sets in S, for any constant € > 0 (see Feige [13]).
Given an instance (S, k) of hitting set, we produce an instance (X, C) of MAX REV
as follows. We let C' = k, and for each S; € S we include a valuation v; € X
such that v;(j) = H for j € S;, and v;(j) = 1 otherwise. If there is a hitting set
T of size k which hits every S; € S, then the item-pricing C-menu {(e;, H) : j € T},
which prices every item 7 € T at H, generates a revenue of H from every valuation
v; € X. On the other hand, we show that if there is a C-menu with average revenue
atleast R = H — (! —¢)(H — 1) over X, then there is a hitting set of size k hit-
ting at leasta £71 =1 — i + € fraction of the sets in S. Consider such a C-menu

H—1
M = {(x1,p1),...,(xc,pc)}, and draw an item j; from each lottery z; in M.° Let
T = {j1,...,jc} be the resulting random hitting set of size < C' = k. It suffices to

show that 7 hits at least an ﬁj fraction of the sets in S in expectation.

R= ?i",% Rev(M,v;) < ?i",% I?Safc Vi - Tt ( by individual rationality )
= ?inf% mEX [H - x(S;) +1-2z([m]\ Si)]  (x:(S) denotes Zjes x4(j))
< ?inf%r{l:al}{ [H - 2(S;) + 1 — 24(S:)] (because 3 x4(j) < 1)
= 17+ (H-1) ?l”,% rgl%lxxt(sz)
=14+ (H - 1)a§g r{lEiXPI‘[jt € S (because j; ~ ¢ )
<14 (H- 1);3%PrTOSZ- #10]

The reader might have noticed that step 2 of the ‘Sample-and-Optimize’ algorithm
template, requiring the solution of an instance of M AX REV, is too restrictive as
stated. An auctioneer may constrain the complexity of his sought mechanism either
because it is believed that such a mechanism is approximately optimal'®, or because
computational and/or practical considerations limit the auctioneer to only “simple”
mechanisms. In both cases, it is perhaps more natural to seek a bicriteria guarantee:
a mechanism of complexity polynomial in C, m, and log H which nevertheless ap-
proximates the revenue of the best mechanism of complexity C'.

To illustrate this idea, consider the following variant of the ‘Sample-and-Optimize’
algorithm with step 2 replaced by its bicriteria version:

1. Sample t = poly; (C,m, e~ !, H) samples from D;

? Since our lotteries are partial (i.e. >_; ®¢(j) < 1) some of the items j;: may be the “null” item.
10 For product distributions, such belief can be formally proved.
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2. Find an auction of complexity at most polys(C, m, e~ !, log H) that approximates
the optimal auction of complexity C' on the ¢ samples;

Using the same idea in the proof of Prop 1, we can see that, in order to avoid over-
fitting for auctions of complexity at most polys(C,m, e~ log H), a sample size of
poly1(C,m, et H) suffices, as long as poly; is a larger polynomial than polys. An
a-approximation for the bicriteria M AX REV problem implies one in the black-box
model. We leave the approximability of the bicriteria M AX REV as an open question.
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Abstract. A durable good is a long-lasting good that can be consumed
repeatedly over time, and a duropolist is a monopolist in the market of
a durable good. Theoretically, less is known about durable goods than
their more well-studied counterparts, consumable and perishable goods.
It was quite startling, therefore, when Ronald Coase (1972) conjectured
that a duropolist has no monopoly power at all! Specifically, a duropolist
who lacks commitment power cannot sell the good above the competitive
price if the time between periods approaches zero. The Coase conjecture
was first proved by Gul et al. (1986) under an infinite time horizon model
with non-atomic consumers. Remarkably, the situation changes dramat-
ically for atomic consumers and an infinite time horizon. Bagnoli et al.
(1989) showed the existence of a subgame perfect Nash equilibrium where
the duropolist extracts all the consumer surplus, provided the discount
factor is large enough. Thus, for atomic consumers, the duropolist may
have perfect price discriminatory power! Observe that, in these cases,
duropoly profits are either arbitrarily smaller or arbitrarily larger than
the corresponding static monopoly profits — the profit a monopolist for
an equivalent consumable good could generate. Neither situation accords
in practice with the profitability of durable good producers. Indeed we
show that the results of Gul et al. (1986) and Bagnoli et al. (1989) are
driven by the infinite time horizons. For finite time horizons, duropoly
profits for any equilibrium satisfying the standard skimming property
closely relate to static monopoly profits. In particular, for atomic agents,
we prove that duropoly profits are always at least as large as static
monopoly profits, but never exceed double the static monopoly profits.

1 Owur Results

Bagnoli et al. (1989) studied very small examples of the durable good monopoly
problem with finite time horizon and atomic consumers. They showed that in
such games with two or three consumers, it is possible to obtain subgame perfect
equilibria where the duropolist extracts more revenue than the static price strat-
egy. Several questions arise immediately from their work. Does this phenomenon
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arise for more natural games where the number of consumers and the number of
time periods is much larger than three? If so, how would a duropolist actually
compute a profit maximizing strategy? Finally, from an optimization perspec-
tive, can we quantify ezactly how much more profit a duropolist can obtain at
equilibria in comparison to a static monopolist?

Our main contributions is to answer those three questions. To achieve this, we
first characterize the class of subgame perfect equilibria that satisfy the standard
skimming property: high-value consumers buy before lower-valued consumers.
Our main result is then that, at equilibria, duropoly profits are at least static
monopoly profits but at most twice static monopoly profits, regardless of the
number of consumers, their values, and the number of time periods. We also prove
that this factor two bound is tight. To conclude the paper, we examine subgame
perfect equilibria in the absence of the skimming property. We provide the first
example of a subgame perfect equilibrium in which the skimming-property does
not hold. Furthermore, we conjecture that amongst all equilibria that maximize
duropoly profits at least one satisfies the skimming property. We prove this
conjecture is true for the case of two time periods.

We believe that our results shed light into this classical problem in at least
three ways. First, this is the first theoretical result that concurs with the prac-
tical experience that duropolists and static monopolists have comparable prof-
itability. Second, our result shows that a duropolist can obtain at least half the
optimum profit by mimicking a static monopolist via a price commitment strat-
egy. From a practical perspective this is important because a price commitment
strategy can generally be implemented by the duropolist very easily. Finally, the
standard view in the literature is that the surprising and well-known result of
Bagnoli et al. (1989), namely that the duropolist can extract all consumer sur-
plus, is due to the assumption of atomic consumers. Our results showed that their
result is, in fact, driven by the infinite time horizon. For finite time horizons, the
power of a duropolist is limited.

A full version of this paper is available at http://arxiv.org/abs/1409.7979
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Abstract. We examine the Fisher market model when buyers, as well as
sellers, have an intrinsic value for money. We show that when the buyers
have oligopsonistic power they are highly incentivized to act strategically
with their monetary reports, as their potential gains are unbounded. This
is in contrast to the bounded gains that have been shown when agents
strategically report utilities [5]. Our main focus is upon the consequences
for social welfare when the buyers act strategically. To this end, we define
the Price of Imperfect Competition (PolIC) as the worst case ratio of the
welfare at a Nash equilibrium in the induced game compared to the
welfare at a Walrasian equilibrium. We prove that the PolC is at least ;
in markets with CES utilities with parameter 0 < p < 1 — this includes
the classes of Cobb-Douglas and linear utility functions. Furthermore, for
linear utility functions, we prove that the PolC increases as the level of
competition in the market increases. Additionally, we prove that a Nash
equilibrium exists in the case of Cobb-Douglas utilities. In contrast, we
show that Nash equilibria need not exist for linear utilities. However, in
that case, good welfare guarantees are still obtained for the best response
dynamics of the game.

1 Introduction

General equilibrium is a fundamental concept in economics, tracing back to
1872 with the seminal work of Walras [20]. Traditionally, the focus has been
upon perfect competition, where the number of buyers and sellers in the market
are so huge that the contribution of any individual is infinitesimal. In particular,
the participants are price-takers.

In practice, however, this assumption is unrealistic. This observation has mo-
tivated researchers to study markets where the players have an incentive to act
strategically. A prominent example is the seminal work of Shapely and Shu-
bik [17]. They defined trading post games for exchange markets and examined
whether Nash equilibria there could implement competitive equilibrium prices
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and allocations. Another example, and a prime motivator of our research, is
the Cournot-Walras market model introduced by Codognato and Gabszewicz [6]
and Gabszewicz and Michel [10], which extends oligopolistic competition into
the Arrow-Debreu setting. The importance of this model was demonstrated by
Bonniseau and Florig [2] via a connection, in the limit, to traditional general equi-
libria models under the standard economic technique of agent replication. More
recently, in the computer science community, Babaioff et al [3] extended Hur-
wicz’s framework [12] to study the welfare of Walrasian markets acting through
an auction mechanism.

Our interest is in analyzing the robustness of the pricing mechanism against
strategic manipulation. Specifically, our primary goal is to quantify the loss in
social welfare due price-making rather than price-taking behaviour. To do this,
we define the Price of Imperfect Competition (PolC) as the ratio of the social
welfare at the worst Nash equilibrium to the social welfare at the perfectly-
competitive Walrasian equilibrium.

Two remarks are pertinent here. First, we are interested in changes in the wel-
fare produced by the market mechanism under the two settings of price-takers
and price-makers. We are not interested in comparisons with the optimum social
welfare, which requires the mechanism to possess the unrealistic power to per-
form total welfare redistribution. In particular, we are not concerned here with
the Price of Anarchy or Price of Stability. Interestingly, though, the ground-
breaking Price of Anarchy results of Johari and Tzitsiklis [15] on the propor-
tional allocation mechanism for allocating one good (bandwidth) can be seen
as the first Price of Imperfect Competition results. This is because in their set-
ting the proportional allocation mechanism will produce optimal allocations in
non-stategic settings; in contrast, for our markets, Walrasian equilibrium can be
arbitrarily poor in comparison to optimal allocations.

Second, in some markets the Price of Imperfect Competition may actually
be larger than one. Thus, strategic manipulations by the agents can lead to
improvements in social welfare! Indeed, we will discuss examples where the social
welfare increases by an arbitrarily large factor when the agents act strategically.

In this paper, we analyze the Price of Imperfect Competition in Fisher markets
with strategic buyers, a special case of the Cournot-Walras model. This scenario
models the case of an oligopsonistic market, where the price-making power lies
with the buyers rather than the sellers (as in an oligopoly).! Adsul et al. [1]
study Fisher markets where buyers can lie about their preferences. They gave
a complete characterization of its symmetric Nash equilibria (SNE) and showed
that market equilibrium prices can be implemented at one of the SNE. Later
Chen et. al. [5] studied incentive ratios in such markets to show that a buyer
can gain no more than twice by strategizing in markets with linear, Leontief and
Cobb-Douglas utility functions. In upcoming work, Branzei et al [4] study the
Price of Anarchy in the game of Adsul et al. and prove polynomial lower and

! The importance of oligopsonies was recently highlighted by the price-fixing behaviour
of massive technology companies in San Francisco.
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upper bounds for it. Furthermore, they show Nash equilibria exist for linear,
Leontieff, and Cobb-Douglas utilities.

In the above games (and the Fisher model itself), only the sellers have an
intrinsic utility for money. In contrast, we postulate that buyers (and not just
sellers) have utility for money. Thus, buyers may also benefit by saving money for
later use. This incentivizes buyers to withhold money from the market. This de-
fines our Fisher Market Game, where agents strategize on the amount of money
they wish to spend, and obtain utility one from each unit of saved money. Con-
trary to the bound of two on gains when strategizing on utility functions [5],
we observe that strategizing on money may facilitate unbounded gains (see the
full paper). These incentives can induce large variations between the allocations
produced at a Market equilibrium and at a Nash equilibrium. Despite this, we
prove the Price of Imperfect Competition is at least ; for Fisher markets when
the buyers’ utility functions belong to the utililty class of Constant Elasticity
of Substitution (CES) with the weak gross substitutability property — this class
includes linear and Cobb-Douglas functions.

1.1 Overview of Paper

In Section 2, we define the Fisher Game, give an overview of CES utility func-
tions, and present our welfare metrics. In Section 3, we prove that Price of
Imperfect Competition is at least %, for CES utilities which satisfy the weak
gross substitutability property. In Section 4, we apply the economic technique
of replication to demonstrate that, for linear utilities, the PolC bound improves
as the level of competition in the market increases. In Section 5, we turn our
attention to the question of existence of Nash equilibria. We establish that Nash
equilibria exist for the subclass of Cobb-Douglas utilities. However, they need
not exist for all CES utilities. In particular, Nash equilibria need not exist for
linear utilities. To address this possibility of non-existence, in Section 6, we ex-
amine the dynamics of the linear Fisher Game and provide logarithmic welfare
guarantees.

2 Preliminaries

We now define the Fisher market model and the corresponding game where
agents strategize on how much money to spend. We require the following no-
tation. Vectors are shown in bold-face letters, and are considered as column
vectors. To denote a row vector we use 2. The i*" coordinate of x is denoted

by x;, and x_; denotes the vector = with the i*” coordinate removed.

2.1 The Fisher Market

A Fisher market M, introduced by Irving Fisher in his 1891 PhD thesis, consists
of a set B of buyers and and a set G of divisible goods (owned by sellers). Let
n = |B| and g = |G|. Buyer i brings m,; units of money to the market and wants
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to buy a bundle of goods that maximizes her utility. Here, a non-decreasing,
concave function U; : RY — R, measures the utility she obtains from a bundle
of goods. Without loss of generality, the aggregate quantity of each good is one.

Given prices p = (p1,...,pq), Where p; is price of good j, each buyer demands
a utility maximizing (an optimal) bundle that she can afford. The prices p are
said to be a market equilibrium (ME) if agents can be assigned an optimal bundle
such that demand equals supply, i.e. the market clears. Formally, let z;; be the
amount of good j assigned to buyer i. So @; = (21, ..., Tig) is her bundle. Then,

1. Supply = Demand: Vj € G, >, x;; = 1 whenever p; > 0.
2. Utility Maximization: x; is a solution of max U;(2z) s.t Zj pizij < my.

We denote by y;; the amount of money player ¢ invests in item j after prices are
set. Thus y;; = p;jzi;. Equivalently y;; can be thought of as player i’s demand
for item j in monetary terms.

Utility Functions

An important sub-class of Fisher markets occurs when we restrict utility func-
tions to what are known as Constant Elasticity of Substitution (CES) utilities
[18]. These functions have the form:

Ui(:) = (3 wiyly)

for some fixed p < 1 and some coefficients u;; > 0. The elasticity of substitution
for these markets are 1i . Hence, for p = 1, i.e. linear utilities, the goods are
perfect substitutes; for p — —oo, the goods are perfect complements. As p — 0,
we obtain the well-known Cobb-Douglas utility function:

Ui(z;) = H z;
J

where each u;; > 0 and Zj u;; = 1. In this paper, we will focus on the cases of
0 < p <1 and the case p — 0. These particular markets satisfy the property of
weak gross substitutability, meaning that increasing the price of one good cannot
decrease demand for other goods. It is also known that for these particular
markets, one can determine the market prices and allocations by solving the
Eisenberg-Gale convex program (see [8], [9], [14]):

max (z:mZ log Ui (x;) : inj <1,Vj; z; > O,Vz’,j.) (1)

7 (3

2.2 The Fisher Game

An implicit assumption within the Fisher market model is that money has an
intrinsic value to the sellers, stemming from its potential use outside of the
market or at a later date. Thus, money is not just a numéraire. We assume



298 R Mehta et al.

this intrinsic value applies to all market participants including the buyers. This
assumption induces a strategic game in which the buyers may have an incentive
to save some of their money.

This Fisher Game is a special case of the general Cournot-Walras game in-
troduced by Codognato, Gabszewicz, and Michel ([6], [10]). Here the buyers can
choose some strategic amount of money s; < m; to bring to the market, which
will affect their budget constraint. They gain utility both from the resulting mar-
ket equilibria (with s; substituted for m;) and from the money they withhold
from the market. Observe, in the Fisher market model, the sellers have no value
for the goods in the market. Thus, in the corresponding game, they will place
all their goods on sale as their only interest is in money. (Equivalently, we may
assume the sellers are non-strategic.)

Thus, we are in an oligopsonistic situation where buyers have indirect price-
making power. The set of strategies available to buyer i is M; = {s > 0| s < m;}.
When each buyer decides to spend s; € M;, then p(s) and x(s) are the prices
and allocations, respectively, produced by the Fisher market mechanism. These
can be determined from the Eisenberg-Gale program (1) by substituting s; for
m;. Thus, total payoff to buyer i is

Ti(s) = Ui(wi(s)) + (mi — si) (2)

Our primary tool to analyze the Fisher Game is via the standard solution con-
cept of a Nash equilibrium. A strategy profile s is said to be a Nash equilib-
rium if no player gains by deviating unilaterally. Formally, Vi € B, T;(s) >
Ti(s',s_;), Vs’ € M;. For the market game defined on market M, let NE(M)
denote its set of NE strategy profiles.

The incentives in the Fisher Game can be high. In particular, in the full paper,
we show that for any L > 0, there is a market with linear utility functions where
an agent improve his payoff by a multiplicative factor of L by acting strategically.

The Price of Imperfect Competition
The social welfare of a strategy is the aggregate payoff of both buyers and sellers.
At a state s, with prices p = p(s) and allocations x = x(s), the social welfare is:

W(s) = Z(UZ(X,) +m; — Si) + ij = ZUi(Xi) + Zmz (3)

i€eB JEG i€B i€B

Note, here, that the cumulative payoff of sellers is ) jegPi = > icB Si-

The focus of this paper is how strategic manipulations of the market mecha-
nism affect the overall social welfare. Thus, we must compare the social welfare
of the strategic Nash equilibrium to that of the unstrategic market equilibrium
where all buyers simply put all of their money onto the market. This latter
equilibrium is the Walrasian equilibrium (WE). This comparison gives rise to
a welfare ratio, which we term the Price of Imperfect Competition (PoIC), the
ratio of the minimum welfare amongst strategic Nash equilibria in the market
game to the welfare of the unstrategic Walrasian equilibrium. Formally, for a
given market M,
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PoIC(M) = min Wis)
seNEM) W(m)
Thus the Price of Imperfect Competition is a measure of how robust, with re-
spect to social welfare, the market mechanism is against oligopsonist behaviour.
Observe that the Price of Imperfect Competition could be either greater or less
than 1. Indeed, in the full paper, we show that a Nash Equilibrium may produce
arbitrarily higher welfare than a Walrasian Equilibrium. Of course, one may
expect that welfare falls when the mechanism is gamed and we do present an
example in the full paper where the welfare at a Nash Equilibrium is slightly
lower than at the Walrasian Equilibrium. This leads to the question of whether
the welfare at a Nash can be much worse than at a market equilibrium. We will
show that the answer is no; a Nash always produces at least a constant factor
of the welfare of a market equilibrium.

3 Bounds on the Price of Imperfect Competition

In this section we establish bounds on the PolC for the Fisher Game for CES
utilities with 0 < p < 1 and for Cobb-Douglas utilities. The example discussed
above shows that there is no upper bound on PolC for the Fisher Game. Thus,
counterintuitively, even for linear utilities, it may be extremely beneficial to
society if the players are strategic.

In the rest of this section, we demonstrate a lower bound of ; on the PolC.

Consider a market with Cobb-Douglas or CES utility functions (where 0 <
p < 1). The key to proving the factor % lower bound on the PoIC is the following
lemma showing the monotonicity of prices.

Lemma 1. Given two strategic allocations of money s* < 's, then the corre-
sponding equilibrium prices satisfy p* < p, where p* = p(s*) and p = p(s).

Proof. We break the proof up into three classes of utility function.

(i) Cobb-Douglas Utilities

The case of Cobb-Douglas utility functions is simple. To see this, recall a result
of Eaves [7]. He showed that, when buyer ¢ spends s;, the prices and allocations
for the Fisher market are given by

U5 Si
J Ez: 171 1] Zk Upj Sk ( )

It follows that if strategic allocations of money increase, then so must prices.

(ii) CES Utilities with 0<p<1

Recall that market equilibria for CES Utilities can be calculated via the
Eisenberg-Gale convex program (1). From the KKT conditions of this program,
where p; is the dual variable of the budget constraint, we observe that:

v, pi>0=3my =1
v(i, %), i <p; and x> 0=

Ui(ac)f’xi;p

SiUij
Ui,(ac)Pw};”

)
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Claim. If players have CES utilities with 0 < p < 1 and s > 0, then z;; >
0, V(Z,j) with ui; > 0.

Proof. Consider the derivative of U; with respect to z;; as z;; — 0:

aUz g . P U % 1=p

lim (@:) = lim Y Ef ) = +o0 (6)
z;5—0 6.’1’,‘1‘7 x;5—0 xz] P

The claim follows since p; < . s; and is, thus, finite. O

We may now proceed by contradiction. Suppose 3k s.t. pr < p;. Choose
a good j such that g 7 is minimal and therefore less than 1, by assumption.
J
Take any player i such that u;; > 0. By the above claim, we have z;;, z; > 0.
Consequently, by the KKT conditions (5), we have:

U (x:)P U ()P
v, = 0 g SO )
pj z] Si p] Z] Si

Taking a ratio gives:
1

pbjx r _ Uz(:c;“)”sz

P fjl P Uilx)rs;

Indeed, this equation also holds for every good t € G with u;; > 0. Next consider
the following two cases:

Case 1: z;; < z7; for some player i.
From (8) we must then have that U;(z;) > U;(z}). However, by the minimality
of p’ , and since (8) holds for every ¢t € G with u; > 0, we obtaln i < a, for

all such t. This implies U;(x;) < U;(x}), a contradiction.

Case 2: z;; > zj; for every player i.

Since p; > pj, We must have p7 > 0. By (5) it follows that >, z7; = 1. But
now we obtain the contradiction that demand must exceed supply as >, x;; >

Zixfj =1L

(iii) Linear Utilities
We begin with some notation. Let S; = {j € G : z;; > 0} be the set of goods
purchased by buyer ¢ at strategy s. Let §;; = "” be the rate-of-return of good
J for buyer ¢ at prices p. Let 8; = max;cg Bij be the bang-for-buck buyer ¢ can
obtain at prices p. It can be seen from the KKT conditions of the Eisenberg-Gale
program (1) that at {p, x}, every good j € S; will have a rate-of-return equal to
the bang-for-buck (see, for example, [19]). Similarly, let S}, 5} be correspondingly
defined for strategy s*.

Note that, assuming for each good j, 3¢, u;; > 0, we have that p, p* > 0. Thus,

we can partition the goods into groups based on the price ratios Z? . Suppose
J

there are k distinct price ratios over all the goods (thus k& < g), then partition
the goods into k groups, say G, ..., G such that all the goods in a group have



To Save Or Not To Save: The Fisher Game 301

the same ratio. Let the ratio in group j be A; and let Ay < Ay < -+ < A,. Thus
Gy are the goods whose prices have fallen the most (risen the least) and Gy, are
the goods whose prices have fallen the least (risen the most).

Let 7y = {i: 35 € Gi,x;; > 0} and Z} = {i : 3j € Gk, a7 > 0}. Thus Z
and Z; are the collections of buyers that purchase goods in G, in each of the
allocations. Take any buyer i € Z}; so there is some good j € S N Gy.

IfS; N U?;ll Gy # 0 then buyer ¢ would not desire good j at prices p;. To see
this, take a good j' € S; N Ulz;ll Ge. Then B;; = 8; > fBi;. Therefore

’U,Z‘j/ > ’U,Z‘j/ ’U,Z‘j/

5i2p;f/ T A1 Dy ” Ak - Dy
:1.uij/ S 1.uij
DV S VR
=% = g
Dj

This contradiction tells us that S; C Gy and I} C Zj. It follows that Uiezr S; C
Gi.. Putting this together, we obtain that

disi< Y s < > p 9)

1€L} i€Ty JE€GK

Now recall that all goods must be sold by the market mechanism (as p, p* > 0).
Thus the buyers Z; must be able to afford all of the goods in Gi. Thus

282‘2 Zp§=Ak-ij (10)

i€ JEGK J€Gk

But s7 <'s; for all i. Consequently, Inequalities (9) and (10) imply that A\, < 1.
Thus no price in p* can be higher than in p. a

First we use Lemma 1 to provide lower bounds on the individual payoffs.

Lemma 2. Let s; be a best response for agent i against the strategies s_;. Then
T:(s) > max(U;, m;), where U; is her utility at the Walrasian equilibrium.

Proof. Clearly T;(s) > m;, otherwise player i could save all her money and
achieve a payoff of m;. For Ti(s) > U;, let p = p(m) and = x(m) be the
prices and allocation at Walrasian equilibrium. If buyer ¢ decides to spend all
his money when the others play s_;, the resulting equilibrium prices will be less
than p, by Lemma 1. Therefore, she can afford to buy bundle x;. Thus, her best
response payoff must be at least U;.

It is now easy to show the lower bound on the Price of Imperfect Competition.

Theorem 1. In the Fisher Game with Cobb-Douglas or CES utilities with 0 <
p <1, we have PolC > é That is, W(s*) > %W(m), for any Nash equilibrium

*

G
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Proof. Let p* = p(s*) and * = x(s*). Let p and @ be the Walrasian equilibrium
prices and allocations, respectively. At the Nash equilibrium s* we have T;(s*) >
max(m;, U;(x;)) for each player i, by Lemma 2. Thus, we obtain:

QZTi(s*) > ZUi(:ri)+Zmi (11)

Therefore W(s*) > JW(m), as desired. O

4 Social Welfare and the Degree of Competition

In this section, we examine how the welfare guarantee improves with the degree
of competition in the market. To model the degree of competition, we apply
a common technique in the economics literature, namely replication [17]. In a
replica economy, we take each buyer type in the market and make N duplicates
(the budgets of each duplicate is a factor N smaller than that of the original
buyer). The degree of competition in the resultant market is N. We now consider
the Fisher Game with linear utility functions and show how the lower bound on
Price of Imperfect Competition improves with V.

Theorem 2. Let s* be a NE in a market with degree of competition N. Then

1

W) = (- )

W(m)
In order to prove Theorem 2, we need a better understanding of how prices

adjust to changes in strategy under different degrees of competition. Towards
this goal, we need the following two lemmas.

Lemma 3. Given an arbitrary strategic money allocation s. If player i increases
(resp. decreases) her spending from s; to (1 4 0)s; then the price of any good
increases (resp. decreases) by at most a factor of (1+96).

Proof. We focus on the case of increase; the argument for the decrease case
is analogous. Suppose all players increase their strategic allocation by a factor
of (1 + §). Then the allocations to all players would remain the same by the
market mechanism and all prices would be scaled up by a factor of (1+4). Then
suppose each player k # i subsequently lowers its money allocation back down
to the original amount s;. By Lemma 1, no price can now increase. The result
follows. O

Lemma 4. Given an arbitrary strategic money allocation s in a market with
degree of competition N. Let buyer i be the duplicate player of her type with the
smallest money allocation s;. If she increases her spending to (1+ N - §)s; then
the price of any good increases by at most a factor (1 +9).
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Proof. We utilize the symmetry between the N identical players. Let players
i1 = 1,12,...,in be the replicas identical to player i. If each of these players
increased their spending by a factor of (1 + 0) then, by Lemma 3, prices would
go up by at most a factor (1 + ¢). From the market mechanism’s perspective,
this is equivalent to player 7 increasing her strategic allocation to s; +6-), si, .
But this is greater than (1 + N - ¢)s;. Thus, by Lemma 1, the new prices are
larger by a factor of at most (1 + ). O

Now let € = x(m) and &* = x(s*). Since we have rational inputs, x and x* must
be rational [14]. Therefore, by appropriately duplicating the goods and scaling
the utility coefficients, we may assume that there is exactly one unit of each good
and that both x and x* are {0, 1}-allocations. Recall from the proof of Lemma 1
our definition of S;, S and f;, 8F. Under this assumption, S; = {j € G : x;; = 1}
and similarly for S}. We are now ready to prove the following welfare lemma.

Lemma 5. For any Nash equilibrium {s*,p*,x*} and any Walrasian equilib-
rium {s = m, p,x}, we have

ZZuijz<1]b>~ZZuij (12)

i€B jES; i€B jeS;

Proof. To prove the lemma we show that total utility produced by goods at NE,
after scaling by a factor NA_7 1» is at least as much as the utility they produce at
the Walrasian equilibrium. We do this by partitioning goods into the sets S;. We
then notice that for each good, the player who receives it at NE must receive
utility from it in excess of the price he paid for it. In many cases, this price is
more than the utility of the player who receives it in Walrasian equilibrium and
we are done. Otherwise we will set up a transfer system where players in NE
who receive more utility for the good than the price paid for it transfer some of
this excess utility to players who need it. This will ultimately allow us to reach
the desired inequality.

For the rest of this proof wlog we will restrict our attention to Nash equilibria
where each identical copy of a certain type of player has the same strategy. We are
able to do this as the market could treat the sum of these copies as a single player
and thus we are able to manipulate the allocations between these players without
changing market prices or the total utility derived from market allocations. Thus
if our argument holds for Nash equilibria where identical players have the same
strategy, it will also hold for heterogeneous Nash equilibria. Now take any player
i. There are two cases:

Case 1: 57 = m;.
By Lemma 1, we know that

> s > m (13)

jes s, jESFNS;
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Therefore, by the assumption that s} = m,;, we have

Z pj =mi — Z pj=s; — Z pj < 8j = Z pj = Z P

JES\ST jeSINS; jesrns; jesyns; JESI\S,
(14)
Thus buyer ¢ spends more on S} \ S; than she did on S; \ S;. But, by Lemma 1,
she also receives a better bang-for-buck on S} \ S; than on S; \ SF, as 8 > f;
(Lemma 1). Let 8 = 1+ €. Thus, at the Nash equilibrium, her total utility on

Yoowg = Y Bepy = (1+g) DB

JESF\S: JESH\S; JESI\S,

Of this utility, buyer ¢ will allocate p; units of utility to each item j € S} \ S;.
The remaining €; - p; units of utility derived from good j is reallocated to goods
in Si \ SZ*

Consider the goods in ;. Clearly goods in S; NS} contribute the same utility
to both the Walrasian equilibrium and the Nash equilibrium. So take the items
in S; \ SF. The buyers of these items at NE have obtained at least Zjesi\sg P;
units of utility from them (as 8 > 1, Vd). In addition, buyer ¢ has reallocated
€f Zjes*\si p; to goods in S; \ S}. So the total utility allocated to goods in

? ;
i

doomites dop= doptas Yop = 0+a) Y op

JESI\SY JESI\S: JESI\SY JESI\SY JES\SY
* *
=p; - E P = E Uij
JESiI\S} JESiI\S}

Here the first inequality follows by (14) and the final inequality follows as 5 >
1;?', for any good j ¢ S;. Thus the reallocated utility on S; at NE is greater
J

than the utility it provides in the Walrasian equilibrium (even without scaling
by NJX1)'

Case 2: 57 <m;.

Suppose buyer ¢ increases her spending from s¥ to (1+ N -§)-s¥. Then the prices
of the goods she buys increase by at most a factor (1 4+ §) by Lemma 4. Thus
her utility changes by

1+N-§

(i = (L0 N)os)) #5767 | s

—(my— s —sF B <0

?

where the inequality follows as s* is a Nash equilibrium. This simplifies to

1+ N-
sie(-omae (7)) <0

Now suppose (i) s; = 0. In this case we must have u;;/pj < 1 for every good
j. To see this, we argue by contradiction. Suppose uij/p;‘f = 1+ € for some good
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Jj. Notice that if player ¢ changes s} to v the price of good j can go up by at
most v as we know each price increases by Lemma 1 and the sum of all prices is
at most 7 higher (by the market conditions). Thus, if player i puts v < € money
onto the market then good j will still have bang-for-buck greater than 1 and so
player ¢ will gain more utility than the loss of savings. Thus, s} cannot be an
equilibrium, a contradiction.

Thus w;; < p; < u;«; where i* is the player who receives good j at NE.
Therefore this player obtains more utility from good j than player i did in the
Walrasian equilibrium, even without scaling or a utility transfer.

On the other hand, suppose (ii) s; > 0. This can only occur if we have both
B > 1 and
5. (N 1 1)-6

+90
Therefore 1 < 8f < (146) - (1+ ,',). Since this holds for all §, as we take

0 — 0 we must have 8] < NJ\_fl. Thus 1;: < N]\il for every good j. Thus if we
J

multiply the utility of the player receiving good j in the Nash equilibrium by

Nj\l , he will be getting more utility from it than player ¢ did in the Walrasian

equilibrium. 0

<§-N (15)

Proof of Theorem 2. Given the other buyers strategies s*; suppose buyer %
sets s; = m;. Then, by Lemma 1, prices cannot be higher for (m;, s*;) than at
the Walrasian equilibrium p(m). Therefore, by selecting s; = m;, buyer i could
afford to buy the entire bundle S; at the resultant prices. Consequently, her best
response strategy s; must offer at least that much utility. This is true for each
buyer, so we have

i€B j€G i€B jeG
Thus
W(s) =D > jusg el + Y mi = 3| (mi—s))+ Y wig -l |+ )
i€EB jEG i€B ieB Jj€G ieB
=D 9) NURIES B an)
i€B jeG i€B

On the other hand, Lemma 5 implies that
* * 1
Wist) = 0N g+ Yo 2 <1 _ N) N e+ Y (18)
i€B jeg i€B ieB jeg ieB
Taking a convex combination of Inequalities (17) and (18) gives

W) 2 (o= 4 0-0) X S ug b Emet (=) s

i€EBjEG ieB i€B
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> (a-(l—]i])—i—(l—a))~ZZuij-x¢j+a'Zmi

i€EBjEG i€B
o
:(17N>~Zzuij-$¢j+a~zmi (19)
i€EBjEG i€B

Thus plugging o = NIL in (19) gives

W(s") = (1N1+1>~ DD iy mi | = (1N1+1)~W<m>

i€EB jEG ieB

This completes the proof. a

5 Existence of Nash Equilibria

We have demonstrated bounds for the Price of Imperfect Competition in the
Fisher Game under both CES and Cobb-Douglas utilities. However, these welfare
results only apply to strategies that are Nash equilibria. In the full paper, we
prove that Nash equilibria exist for the Cobb-Douglas case, but need not exist
for linear utilities. For games without Nash equilibria, we may still recover some
welfare guarantees; we discuss this in Section 6, by examining the dynamics of
the Fisher Game with linear utilities.

6 Social Welfare under Best Response Dynamics

Whilst Nash equilibria need not exist in the Fisher Game with linear utilities,
we can still obtain a good welfare guarantee in the dynamic setting. Specifically,
in the dynamic setting we assume that in every round (time period), each player
simultaneously plays a best response to what they observed in the previous
round. Dynamics are a natural way to view how a game is played and a well-
studied question is whether or not the game dynamics converge to an equilibrium.
Regardless of the answer, it is possible to quantify the average social welfare over
time of the dynamic process. This method was introduced by Goemans et al in
[11] and we show how it can be applied here to bound the Dynamic Price of
Imperfect Competition - the worst case ratio of the average welfare of states in
the dynamic process to the welfare of the Walrasian equilibrium.

For best responses to be well defined in the dynamic Fisher Game, we need
the concept of a minimum monetary allocation s;. Thus we discretize the game
by allowing players to submit strategies which are rational numbers of precision
up to @. This has the added benefit of making the game finite. In the full paper,
we prove the following bound on the Dynamic Price of Imperfect Competition.

Theorem 3. In the dynamic Fisher Game with linear utilities, the Dynamic
Price of Imperfect Competition is lower bounded by Q(l/log(@{)) where M =
max; m;.
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Coalitional Games on Sparse Social Networks

Edith Elkind

University of Oxford, UK

Abstract. We consider coalitional games played on social networks (graphs),
where feasible coalitions are associated with connected subsets of agents. We
characterize families of graphs that have polynomially many feasible coalitions,
and show that the complexity of computing common solution concepts and pa-
rameters of coalitional games on social networks is polynomial in the number of
feasible coalitions. Also, we establish a connection between coalitional games on
social networks and the synergy coalition group representation [5], and provide
new complexity results for this representation. In particular, we identify a vari-
ant of this representation where computing the cost of stability [2] is easy, but
computing the value of the least core [12] is hard.

1 Introduction

Coalitional game theory models many aspects of collaboration among self-interested
agents. In the most basic model of a coalitional game, an arbitrary subset of players can
form a coalition in order to make a profit or share costs; the benefits from forming the
coalition are then split among the players. However, in practice not all subsets of players
can collaborate in a productive manner; e.g., it may be infeasible to form a coalition
where some of the agents do not get along with each other or lack communication
channels. For instance, in a parliamentary democracy we are unlikely to see a governing
coalition that includes an extreme right-wing party (R) and an extreme left-wing party
(L), but no centrist parties, even if R and L together have a majority of seats.

Such settings can often be described succinctly by explicitly specifying the social
network that governs the interaction among the agents: the agents are viewed as vertices
of a graph, an edge between two vertices indicates that the respective agents know each
other, and feasible coalitions are associated with connected subgraphs of this graph.
This graph is usually called the interaction graph. This model was proposed by My-
erson [14], and has received a lot of attention since then. It has been shown that the
structure of the interaction graph provides useful information about the game: for in-
stance, if this graph is a tree, the game is guaranteed to admit stable outcomes (i.e., has
non-empty core) [6], and, more generally, if it is close to being a tree (as measured by
its treewidth of pathwidth), it is inexpensive to stabilize by external subsidies [13].

One can also expect that the complexity of computing various solution concepts for
a given game (such as the core or the Shapley value) can be bounded in terms of natural
parameters of the interaction graph. Variants of the latter question were explored by a
number of authors in recent years, for various algorithmic problems, such as optimal
coalition structure generation [21] and computation of stable or fair outcomes [8,4,19].
While some of these papers deal with designing practical algorithms for reasonably
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large games, others focus on formulating conditions on the interaction graph that guar-
antee polynomial-time solvability of the problems they consider. In particular, Malizia
et al. [8] show that many natural core-related questions are A%'-hard (A% is a com-
plexity class that subsumes NP and coNP) even if the treewidth of the interaction graph
is 2. In contrast, Chalkiadakis et al. [4] observe that these questions become easy if the
interaction graph is a line or a cycle. They use a simple, but important observation that
in such games the number of feasible coalitions is polynomial (in fact, quadratic) in the
number of players, and combine it with the fact that many stability-related questions
can be captured by a linear program with one constraint for each feasible coalition (and
a small number of additional constraints).

Motivated by the observation of Chalkiadakis et al. [4], in this paper we explore the
following questions: (1) under which conditions on the interaction graph is the number
of feasible coalitions at most polynomial in the number of players? (2) which coali-
tional game theory concepts for games on social networks can be computed in time
polynomial in the number of feasible coalitions?

For the first question, we identify a number of simple checks that allow us to answer
it (either in the positive or in the negative) for many classes of graphs. For cases that
are not captured by these checks, we describe a procedure that is based on enumerating
polynomially many subsets of vertices and, for each subset, comparing two easy-to-
compute quantities. We believe that this analysis provides useful intuition about the
families of graphs with few connected coalitions.

For the second question, we consider both the setting where the value of each discon-
nected coalition is assumed to be 0 (we refer to such games as Demange games, as they
are considered in the seminal work of Demange [6]), and the setting where the value
of each disconnected coalition is computed as the sum of the values of its connected
components (we call such games Myerson games, as they are based on the same intu-
ition as the Myerson value [14]). For both settings, we consider a number of standard
computational tasks (finding an optimal coalition structure, checking if an outcome is
in the core, determining whether the core is non-empty, computing the value of the least
core, the cost of stability, the nucleolus, or players’ Shapley values), and show that they
admit algorithms whose running time is polynomial in the number of connected coali-
tions. While some of these algorithms have been suggested in prior work, others are
new, and for known algorithms we are sometimes able to provide simplified proofs of
correctness and/or better bounds on the running time.

Some of the results presented in this paper do not use the graph structure at all,
i.e., they hold for any family of coalitional games that can be described by a small
number of “base” coalitions (in the sense that the values of all other coalitions are
0, as in Demange games, or are set to the value of their best partition into base coalitions,
as in Myerson games). We classify our algorithmic results according to this criterion,
and, for those that rely on the graph structure, show that this reliance is necessary. To
this end, we prove hardness results for the respective computational problems under
the representation where the “base” coalitions are listed explicitly. The variant of this
model where the value of each coalition is computed as the value of its best partition
into base coalitions (i.e., the analogue of Myerson games) is exactly the well-known
synergy coalition group representation of Conitzer and Sandholm [5], and we obtain
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new computational complexity results for this representation. In particular, we identify
a variant of the synergy coalition group representation for which computing the cost of
stability is in P, whereas computing the value of the least core is NP-hard, thus obtaining
the first complexity-theoretic separation result between these two notions.

2 Preliminaries and Notation

We start by reviewing basic definitions of graph theory and coalitional game theory that
will be used in this paper.

Graph Theory. A graph is a pair I' = (N, E), where N = {1,...,n} is a finite set of
vertices and E = {ey, ..., en} is a list of edges. Each edge is labeled with an element
of N x N if e is labeled with (a,b), then a and b are said to be the endpoints of e.
An edge e is a loop if it is labeled with (a, a) for some a € N. The degree of a vertex
a € N is the number of non-loop edges in E that have a as one of their endpoints plus
twice the number of loop edges in F that are labeled with (a, a). Two edges e1,e2 € E
are said to be parallel if they are labeled with the same pair (a,b) € N x N. A graph
is said to be simple if it has no loops and no parallel edges; in a simple graph, we
associate each edge with its label, i.e., we write ¢ = (a,b). A path in a graph is a
sequence of edges ey, .. ., e, with the following property: there exists a set of vertices
{ag,a1,...,a} such that foreach i = 1,..., k the edge e; is labeled with (a;_1,a;);
the length of a path is the number of edges in it. A subset of vertices S C N is said
to be connected if for every pair of vertices a,b € S the graph G contains a path
between a and b. Given a set of vertices S C N of a simple graph (N, E), we let
N(S)={ae N |aec Sor(a,b) € FE forsome b € S}; we refer to the set N'(5) as
the neighborhood of S.

Coalitional Game Theory. A coalitional game is a pair G = (N,v), where N =
{1,...,n} is a finite set of players, and v : 2V — R is a characteristic function, which
associates every subset, or a coalition, of players S C N with its worth, or value, v(S).
The set NV is called the grand coalition. In what follows, we assume that v(.S) > 0 for all
S C N, and v() = 0. A coalition structure for G is a partition of players into disjoint
coalitions, i.e., a collection of subsets 7 = {S1,..., Sk} such that S; N S; = 0 for all
1<i,j <k,i#j,and U, S; = N. We denote the set of all coalition structures over

N by II(N), and extend this notation to subsets of N. The value of a coalition structure

m={S1,..., Sk} is the sum of values of the coalitions in 7: v(7) = Zle v(S;).

A game G = (N, v) is said to be superadditive if v(SUT) > v(S)+v(T) for every
pair of disjoint coalitions S, T C N it is said to be cohesive if v(N) > v(w) for every
m € II(N). A superadditive game is necessarily cohesive, but the converse is not true.
A related notion is that of an essential coalition: a coalition S is said to be essential
if v(S) > wv(nm) for all 7 € II(S). In a cohesive game, it is reasonable to assume
that the grand coalition forms. A payoff vector for a cohesive game G = (N, v) with
N ={1,...,n}isavectorp = (p1,...,pn) € R" suchthatp; +---+p, = v(N);a
payoff vector p is an imputation if p; > v({i}) for each i € N. We denote the set of all
payoff vectors for a game G by I(G). We associate outcomes of cohesive games with
payoff vectors, i.e., we assume that players form the grand coalition and share its payoff
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according to a payoff vector. In what follows, given a vector x = (x1,...,2,) € R”
and aset S C N, we write 2(S) to denote ), ¢ ;.

Given a cohesive game G, the set I(G) describes all possible outcomes of G. There
are several approaches to defining the most desirable among these outcomes; these are
known as solution concepts. In this paper, we consider several solution concepts for (co-
hesive) coalitional games, including the core, the least core, the nucleolus, the Shapley
value, and a related notion of the cost of stability.

The core is the set of all payoff vectors that are stable, in the sense that no coalition
has a profitable deviation: formally, a payoff vector p € I(G) is in the core of G if
p(S) > v(S) forall S C N. The core of a game G is captured by the following linear
feasibility program with variables p1, ..., py,.

= S ;
Do pi=v(N),  p;z0forallie N

Zz‘espi > v(S) forall S C N M

As the core of a game may be empty, it is often useful to consider relaxations of this
concept. In particular, for each € € R we define the e-core of G as the set of all vectors
in R”™ that satisfy a modification of the LP (1) where for each S C N the constraint
Y ics i > v(S)isrelaxed to ), ¢ pi > v(S) — €. The smallest value of & for which
the e-core is non-empty is known as the value of the least core [12], and is denoted by
e(@). Tt equals to the value of the following LP with variables p1, . .., pp, €.

min e
- S )
Do Pi=v(N),  p;z0forallie N
Z, pi >v(S)—eforall S C N )
€S

The set of all vectors p € R™ such that (p1,...,pn,e(G)) is a feasible solution of
LP (2) is known as the least core of G. Intuitively, this is the set of all payoff divisions
that are stable when a coalitional deviation carries a cost of (G).

The notion of the least core is based on the idea of punishing the agents for deviating;
alternatively, we can offer them an incentive to stay together, by providing a subsidy to
the grand coalition. This is captured by the notion of the cost of stability [2], which can
be defined as the value of the following linear program with variables p1, ..., p,, A:

min A
Z-eNpi:”(N)+A, p; > 0foralli € N
Z.espi > v(S) forall S C N 3)

We denote the cost of stability of a game G by A(G).

The nucleolus [16] is a single-point solution concept that refines the least core. It
is based on lexicographic minimization of coalitional deficits, i.e., the differences be-
tween the value of a coalition and the payoff it receives. Instead of providing a formal
definition, we describe a procedure for computing the nucleolus that was proposed by
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Kopelowitz [11] (see also [12]). Given a game G = (I, v), we construct a sequence
of linear programs LPNj, ..., LPNy, a sequence of values ¢q, .. ., €k, and a sequence
of sets of coalitions Qp, ..., Qk for some k > 1 so that LPNy has a unique feasible
solution (p, €); the resulting vector p (which is a payoff vector for G) is called the
nucleolus of G.

We define LPNj to coincide with LP (2), and set Qg = ), &g = —oo. For j > 1,
LPN; is constructed from LPN;_; by replacing each constraint of the form p(S) >
v(S) —e, S € Q;_1, with p(S) > v(S) = ;_1; note that LPN; = LPN. Further, ¢;
is defined to be the value of LPN;. It remains to describe how to construct Q;. Given
an optimal solution (p,¢;) to LPNj, let Q(p) be the set of coalitions such that the
respective constraint of LPNj is tight, i.e., p(S) = v(S) — ¢;. Let p; be an interior
optimizer for LPN;, i.e., Q(p;) C Q(p) for every p such that (p,¢;) is an optimal
solution to LPN;, and set Q; = Q(p;). It can be shown that Q; is well-defined (see,
e.g., [7]). Moreover, finding an interior optimizer for a given LP is as easy as finding an
arbitrary optimal solution to it; in particular, this can be done in polynomial time if this
LP admits a polynomial-time separation oracle [17].

We continue this procedure until each inequality of the form p(S) > v(S) — ¢ is
replaced with an equality; clearly, this happens after at most 2" steps. It can be shown
that the last LP has a unique solution (p, ); the payoff vector p is the nucleolus.! In
what follows, it will be convenient to modify LPN;, 7 > 0, by adding the constraint
€ > g;_1; this constraint may change the set of feasible solutions to LPN;, but does
not affect the set of optimal solutions. The advantage of adding this constraint is that
for the modified sequence of LPs it holds that the set of feasible solutions to LPNj is
exactly the set of optimal solutions to LPN;_;.

Besides stability, another important consideration in the analysis of coalitional games
is fairness, usually captured by the notion of the Shapley value [18]. Formally, the
Shapley value of a player ¢ in a coalitional game G = (N, v) is given by

sy = S 1S THINIZISDE ) uis iy @)

; |N!
SCN:ieS

The Shapley value of a player ¢ can be interpreted as his average marginal contribution,
where the average is taken over all permutations of players in /V; we refer the reader to
[3] for a discussion.

If a game is not cohesive, it may be suboptimal for the players to form the grand
coalition, as they can work more productively in smaller teams. For such games, a fun-
damental task is coalition structure generation, i.e., partitioning players into teams so
as to maximize the social welfare. Formally, the optimal coalition structure genera-
tion problem asks for a coalition structure 7 € arg max,¢ jr(n) v(7). Various stability-
related solution concepts can be extended to non-cohesive games by allowing the
players to form coalition structures [1]; however, we do not consider the associated
computational problems in this work due to space constraints.

! More precisely, this procedure computes the pre-nucleolus of the game. However, the two
notions often coincide, so in what follows we refer to the output of our sequence of LPs as the
nucleolus.
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When investigating the complexity of algorithmic problems associated with a coali-
tional game G = (NN, v), we assume that v takes values in the set of non-negative ratio-
nal numbers, and its values are represented in binary; also, we set V' = maxgcn v(S).

3 The Model

We will now formally define the two types of coalitional games on social networks that
will be studied in this paper. While both of them can be traced back to the seminal work
of Myerson [14], we refer to games of the first type as Demange games, to acknowledge
the fact that Demange [6] proved important results about the core of such games, and to
games of the second type as Myerson games, since they are based on the same intuition
as the classic Myerson value [14]. In both types of games, we are given a (simple,
connected) graph I that has the set of players N as its vertex set; the edges of I'
are interpreted as communication links between the players. Also, for both types of
games, the characteristic function v : 2V — R* U {0} is fully described by its values
on coalitions that are connected in I". However, Demange games and Myerson games
differ in their treatment of coalitions that are not connected: the former assign a value
of 0 to every such coalition, whereas the latter compute the value of such coalition as
the sum of the values of its connected components.

Formally, given a simple, connected graph I' = (N, E), let (I") be the collection of
all subsets of N that are connected in I', and let K (I") = |K(I")|; we omit I" from the
notation when it is clear from the context. A base game on I is a triple G = (N, v, I"),
where v : C(I') — Rt U {0} is a partial characteristic function. The Demange game
associated with a base game G = (N,v,I") is the triple G' = (N,v°, I"), where
v? @ 2V — R+ U {0} is a characteristic function given by v°(S) = v(S) if S €
K(I') and v°(S) = 0 otherwise. The Myerson game associated with a base game G =
(N,v, I')is the triple G = (N,v*, I'), where vt : 2V — RTU{0} is a characteristic
function given by v*(S) = Zle v(S;), where Sy, ..., Sy, is the list of the connected
components of S (in particular, v (S) = v(S) for all S € K(I")). We refer to both
Demange games and Myerson games as graph-restricted games. The graph I is called
the interaction graph for G, G°, and G™.

Both Demange games and Myerson games aim to capture the intuition that, to col-
laborate, agents should be able to communicate. However, in Demange games we make
the rather strong assumption that a disconnected coalition can earn no profit whatsoever,
whereas in Myerson games we allow the players in each connected component to work
on their own. The graph-restricted games studied by Greco et al. [8], Chalkiadakis et
al. [4] and Voice et al. [21] are Demange games (though, as we will see, for the optimal
coalition structure generation problem the two types of games are equivalent), whereas
Skibski et al. [19] consider both types of games.

Note that a Demange game is typically not superadditive, but it may still be cohesive.
When analyzing the complexity of computing solution concepts for graph-restricted
games, we assume that the input games are cohesive; however, we do not make this
assumption when we consider the optimal coalition structure generation problem, as
this problem is trivially solvable for cohesive games.
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4 Interaction Graphs with a Few Connected Subgraphs

In this section we present a characterization of graph-restricted games that have at most
polynomially many connected coalitions. This question is essentially graph-theoretic in
nature, as it does not refer to the properties of the characteristic function. As we are
interested in asymptotic results, we will consider families of simple connected graphs
(I'n)n>0, where I, has n vertices, and try to identify sufficient and necessary condi-
tions on such families for K (I7,) to be at most polynomial in 7.

Chalkiadakis et al. [4] observe that, if the degree of each vertex in I, is at most 2,
then K (I,) is polynomial in n. This suggests that vertices of degree 2 do not contribute
much to K (I7,), and motivates the following definition.

Definition 1. Given a simple graph I' = (N, E), its condensed graph I'* = (N*, E*)
is a weighted graph (N*, E*,v) that is defined as follows. Let N(2) = {a € N |
deg(a) = 2}. We set N* = N \ N(2). Further, for each pair of vertices a,b € N*
(wWhere a and b may be equal) and each path in I of the form (a,c1,. .., ck,b), where
k>0 ab€ N*andcy,...,c; € N(2), we include in E* an edge e between a and
b with weight v(e) = log(k + 1). We denote the set of positive-weight edges of I'*
by E*; note that ET = E* \ E. Given an edge ¢ € E™T that corresponds to a path
m=(a,c1,...,ck,b)in I, we set P(e) = {c1,...,ck}, and let w(e) = m.

Our first observation is that, if the number of vertices in I’} is superlogarithmic, then
K(I,) is superpolynomial.

Theorem 1. For every family of graphs (I,)n>0 where the respective family of con-
densed graphs (I )n>o, I = (N, EX, vy), satisfies |N| = w(logn), it holds that
K(I7,) is superpolynomial in n.

Proof. Karpov [10] shows that every simple connected graph with s vertices of degree 1
and 3 and ¢ vertices of degree 4 or more has a spanning tree with at least s/4+¢/3+3/2
leaves. This implies that for every n > 0 the graph I, has a spanning tree with at least
|N¥|/4 leaves. Deleting any subset of these leaves results in a connected subgraph of
I,; as the number of such subsets is at least 2INzI/4 = gw(log n)our claim follows. 0O

Theorem 1 is tight, as illustrated by the following example.

Example 1. Consider the family of graphs (I'X%),, ¢ (Fig-
ure 1). The n-th graph in this family consists of a clique of
size log n with a “tail” of length n — log n attached to one
of the vertices of the clique. A connected subgraph of I’k
consists of a (possibly empty) subset of the clique and a
contiguous segment of the tail, and therefore its size is at Fig. 1. I’ for n = 64
most 21°8™ . n2 = poly(n).

It is natural to conjecture that the converse of Theorem 1 is also true, i.e., if | N}}| =
O(logn), then K (I,) is polynomial in n. However, this is not the case: in fact, we can
construct a family of graphs (I7,),>0 with |N}| = 1 such that K(I3,) grows super-
polynomially.
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Example 2. Consider the family of graphs (I"1°%¢"), .o (Figure 2). The n-th graph in
this family has a central node a, and, for each ¢ = 1,. ..,k (where the value of k will
be specified later), there is a path P; consisting of £; € {[ ||, [} ]} vertices of degree 2
such that the first and the last vertex on this path are connected to a; the values ¢4, . . ., £,
are chosen so that the total number of vertices is n.

Observe that I') has a single vertex and & loop edges that start

and end at this vertex. Further, each list of numbers (s1, ..., sk)
with 0 < s; < ¢; fori = 1,...,k defines a distinct subgraph of
I', namely, the graph that contains a, and, for each i = 1,... k,

the path of length s; that starts at a and goes along P;. For k <
log n there are at least (1ogn)k > nF/2 such sequences. If k is not  Fig.2. I for
bounded by a constant, this quantity is superpolynomial. n=49, k=38

Thus, if | N;f| = w(logn), then K (I3,) is superpolynomial, but for smaller values of
| N%| no conclusion can be derived. Therefore, for |N;}| = O(logn), we have to look
at other parameters of I, (or I7). A natural next step is to consider the total weight
of edgesin I, ie., v(I}) = ZeeE; v(e). We will now show that v(I') is indeed a
very useful measure: if |[N*| = O(logn), then v(I7%) = O(logn) implies that K (I,)
grows at most polynomially, whereas v(I"*) = w(log®n) implies that K (I},) grows
superpolynomially.

We first prove the upper bound.

Proposition 1. For every family of graphs (I';)n>o with |[N}| = O(logn), v(I}) =
O(logn) it holds that K (I,) is at most polynomial in n.

Proof. Note first that, since the weight of each positive-weight edge is at least 1, I
contains at most O(log n) positive-weight edges.

Now, consider a connected subgraph I’ of I, and an edge e with v(e) > 0in I"}; let
w and v be the endpoints of this edge. It could the the case that I"’ is contained in 7 (e);
there are 0(22”(5)) such subgraphs. Now, suppose that this is not the case. If u,v € I,
then either I'" N (e) = w(e) or I'" N7 (e) consists of two contiguous segments of 7 (e):
one containing u and one containing v. If only one of u, v appears in I/, then I"" N7 (e)
consists of a single contiguous segment of 7 (e), and if none of them appears in 1™, then
I'" N x(e) is empty.

This argument shows that the number of connected subgraphs that are fully con-
tained in some path corresponding to a positive-weight edge of I, can be bounded
by ZeeE; 0(2%(9)) = O(logn) - O(22*(I2)) = poly(n). On the other hand, each
connected subgraph IV of I, such that I" Z 7(e) for every e € E can be uniquely
identified by specifying (a) the vertices of N;* that appear in I/, and (b) for each edge e
of I'* that has weight v(e) > 0 and endpoints u, v, the lengths of the segments (u, u)
and (v’, v) formed by the intersection of I and 7 (e), i.e., two numbers between 0 and
27(¢) Therefore, the total number of such subgraphs is at most

2!Nal T (29 +1)? = poly(n) - O(2*")) = poly(n). D
B

To prove the lower bound, we first consider graphs with many “heavy” edges.
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Ef| =

n

Proposition 2. For every family of graphs (I',)n>o with |N| = O(logn),
w(logn) it holds that K (I,) is superpolynomial in n.

Proof. Construct a spanning tree for I, It has [N;}| — 1 = O(logn) vertices, and
hence O(log n) edges. Therefore, there are w(log n) positive-weight edges not used by
the spanning tree. For every such edge e, pick a vertex on 7(e) that is adjacent to one
of the endpoints of e. Denote the set of all such vertices by M,,. Now, we can obtain a
connected subgraph of I, by taking all vertices in [V, and an arbitrary subset of M,,;
as |M,,| = w(logn), the number of distinct connected subgraphs that can be obtained
in this way is superpolynomial in 7. O

Corollary 1. For every family of graphs (I';)n>0 with |N}| = O(logn), v(I}) =
w(log? n) it holds that K (I',) is superpolynomial in n.

Proof. The proof follows immediately from Proposition 2 by observing that the weight
of each edge is at most logn and therefore v(I'*) = w(log® n) implies that I'* has
w(logn) edges with positive weight. 0

The proof of Corollary 1 uses a fairly crude argument. Nevertheless, the following
example shows that the bound of w(log? n) is tight.

(a) The graph I'S! (b) The graph 52
Fig. 3. Two families of caterpillars

Example 3. A caterpillar of length k& > 0 is a graph with the set of vertices A U B,
where A = {ai,...,ar}, B = {b1,...,b}, and the set of edges {(a;, b))} ; U
{(ai,a;11)}F=]". The edges of the form (a;, b;) are the legs of the caterpillar, and edges
of the form (a;, a;+1) form its spine. Consider two families of graphs, (I'°*1),,~ o and
([54%2),,~0, illustrated in Figure 3. The n-th graph in the first family is obtained by
taking a caterpillar of length k¥ = |logn| and subdividing its i-th leg into a path of
length ¢; € {|™2*],[™2*1}, whereas the n-th graph in the second family is ob-
tained by applying the same procedure to the edges in the caterpillar’s spine; /1, . . . ,
are chosen so that the total number of vertices is n. It is easy to see that K (') is
superpolynomial, but K (I"°*2) is polynomial in 7.

Example 3 illustrates that simply considering the topology of the condensed graph or
its total weight is not sufficient: the two families of graphs in this example are indistin-
guishable according to these criteria. However, Example 3, together with the proof of
Proposition 2, indicates that it may be useful to look at spanning trees of vertex subsets.
To pursue this approach, we need the following additional notation.

Given a graph I" and its respective condensed graph I'* = (N*, E* v), for every
connected subset S C N* we let vt (.9) be the total weight of edges in E* with at least
one endpoint in S and we let v~ (S) be the weight of a minimum-weight spanning tree
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of S. The following theorem only considers graphs with [N*| = O(logn), |[ET| =
O(logn), as we have argued that in all other cases the number of connected subgraphs
grows superpolynomially (Theorem 1 and Proposition 2). The proof (omitted) combines
ideas from the proofs of Propositions 1 and 2.

Theorem 2. Consider a family of graphs (I;,)n>0 with [N}| = O(logn), |E;f| =
O(logn). It holds that K (I,) is polynomial in n if and only if there exists an o > 0
such that for every subset S C N it holds that v (S) — v~ (S) < alogn.

5 Demange Games

In this section, we show that, given a Demange game G° = (N, %, I') with |[N| = n,
K (I') = K, we can solve computational problems associated with the notions defined
in Section 2 in time polynomial in K, n, and log V', assuming that we can compute the
value of every coalition in K(I") in unit time. We remark that it is possible to list all
connected subgraphs of a given graph I" = (N, F) in time O(K - |E|) (see, e.g., [19]),
so we will assume that we are explicitly given the list of all coalitions in /C, together
with their values.

Shapley Value. When computing the Shapley value of player ¢ in a Demange game
G° = (N,v°, I') via formula (4), we can ignore all terms in the summation such that
neither S nor S\ {4} are connected. Thus, we need to consider at most 2K terms, and,
for each term, perform poly(n, log V') computational steps. This implies the following
simple (folklore) result (see also [19] for a more practical algorithm).

Proposition 3. Given a Demange game G = (N,v°, I'), we can compute the Shapley
value of an arbitrary player in time K - poly(n,log V).

Optimal Coalition Structure Generation. Voice et al. [21] show how to adapt the stan-
dard dynamic programming algorithm for computing the value of an optimal coalition
structure to Demange games. The following result is implicit in their work.

Proposition 4. Given a Demange game G° = (N,v°, I'), we can find an optimal coali-
tion structure for G° in time K? - poly(n,log V).

Core, Least Core, and Cost of Stability. We have seen that checking non-emptiness of
the core, finding an imputation in the core, and computing the value of the least core or
the cost of stability reduces to solving LPs (1), (2), and (3), respectively. For a Demange
game (N, v°, I'), we can simplify these LPs by removing constraints associated with
disconnected coalitions. Indeed, if S ¢ K (and hence v°(S) = 0), then in LP (1) and
LP (3) the constraint p(S) > v°(S) is implied by the constraints p; > 0,7 € S, and in
LP (2) the constraint p(S) > v%(S) — ¢ is implied by the constraints p; > 0,4 € S,
when ¢ > 0 and by the constraints p; > v°({i}) — ¢, i € S, when ¢ < 0. Thus, we
can assume that our LPs have at most K + n + 1 constraints and n variables, and are
therefore polynomial-time solvable (see, e.g., [17]). Moreover, as the coefficients in the
right-hand side of each constraint are in {0, 1}, these LPs admit a strongly polynomial-
time algorithm [20]. A similar argument shows that, to check if a given payoff vector
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p is in the core, it suffices to verify that p; > 0 for all ¢ € N and p(S) > v(S) for
all S € K; the constraints associated with coalitions in 2%V \ K are implied by the non-
negativity constraints. These (folklore) observations imply the following proposition.

Proposition 5. Given a Demange game G° = (N, v°, I'), we can check non-emptiness
of the core, find an imputation in the core (if one exists), check if a given imputation
is in the core, and compute the value of the least core and the cost of stability in time
poly(K,n,logV).

Nucleolus. We can try to compute the nucleolus of a Demange game (N, v°, I') using
the same approach as for the least core, i.e., ignore the constraints associated with coali-
tions in 2V \ KC(I'). That is, all such constraints are dropped from LPNj and are not
taken into account when computing interior optimizers for each LP. As we start with K
inequality constraints for coalitions, we have to solve at most K LPs. Each of these LPs
has at most K + n + 2 constraints, so the running time of this procedure is polynomial
in K, n and log V. It remains to argue that the last LP is this sequence has a unique
solution, and that this solution coincides with the nucleolus.

This approach was first proposed by Huberman [9], who showed that, when the core
is non-empty, removing constraints associated with non-essential coalitions from LPN
does not affect the final outcome. Disconnected coalitions in Demange games are non-
essential, so his result applies in our case, too. However, in our setting we can prove
a stronger claim: our sequence of reduced LPs computes the nucleolus correctly even
when the core is empty. The proof of the following theorem (omitted) is similar to the
one given by Huberman.

Theorem 3. Given a Demange game G° = (N,v°, I'), we can compute its nucleolus
in time poly (K, n,log V).

6 Myerson Games

Recall that in Myerson games the value of each disconnected coalition is defined as the
sum of the values of its connected components. Thus, even if K (I") is small, there can
be many coalitions with non-zero value. We will now argue that, nevertheless, most of
the algorithms described in Section 5 extend to Myerson games.

Shapley Value. The Shapley value of a player in a Myerson game G* = (N,v™, I)
is exactly her Myerson value in the associated base game G = (N, v, I"), and Skibski
et al. [19] provide an algorithm for computing the Myerson value of each player in G,
which runs in time polynomial in K (I") and log V. We complement their results by
giving a closed-form expression for the Shapley value of player i in G.

Proposition 6. Given a Myerson game G = (N,vt, ') with|N| = n, let Sy, ..., Sk
be the list of connected coalitions in G, and for each j = 1,...,K let s; = |5,
n; =n — [N(S;)|, where N'(S) in the neighborhood of the coalition S in I'. Then the
Shapley value of player i in GT is given by

w6 = X3 ()T T ) ois ).

n!
j:ieS; £=0
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and therefore can be computed in time K - poly(n,log V).

Optimal Coalition Structure Generation. Consider a Myerson game G = (N, v, I")
and the Demange game G° = (N, v°, I') with the same base game (N, v, I'). It is easy
to see that G admits an optimal coalition structure in which all coalitions are con-
nected, as any disconnected coalition can be replaced with its connected components
without changing the value of the coalition structure. Therefore, a coalition structure
that is optimal for G° is also optimal for G*, and we can use the optimal coalition
structure generation algorithm from Section 5 without any changes.

Core, Least Core, Cost of Stability, and Nucleolus. It is not hard to give a direct proof
that Myerson games admit efficient algorithms for computational problems related to
the core. However, for expositional purposes we make use of the synergy coalition
group (SCG) representation for superadditive games that was introduced by Conitzer
and Sandholm [5]. Under this representation, a coalitional game is described by its
set of players N, a set of coalitions C = {C4,...,Cs}, which contains all singleton
coalitions, and a partial characteristic function v : C — Q* U {0}, which is described
by explicitly listing its values on the coalitions from C. The function v is extended
to 2V by setting v(S) = max ¢ sy v(r) forall S € 2V \ C. That is, if the value
of a coalition is not listed explicitly, it is computed as the value of its best partition.
While this representation is intended for superadditive games, it can be used for non-
superadditive games as long as all coalitions that “violate” superadditivity (i.e., all .S
such that v(S) < v(w) for some 7 € I1(S)) are included in C [15].

Now, if GT = (N, v™, I") is a Myerson game, we can obtain its SCG representation
by simply listing the values of all coalitions in K. Note that the resulting representation
(N,C,v) satisfies N € C. This is important since, in general, core-related problems
are computationally hard for coalitional games in SCG representation, but they become
polynomial-time solvable if N € C [5]. This easiness result is based on the observation
that constraints corresponding to coalitions in 2V \ C can be removed from LP (1).
Indeed, if S ¢ C, then v(S) = Zle v(S;) for some Sy,...,S; € C, so if a payoff
vector p satisfies p(S;) > v(S;) fori =1,..., k, we also have p(S) = Zle p(S;) >
25:1 v(S;) = v(S). In fact, this argument also applies to LP (3). We summarize these
observations as follows.

Proposition 7. Given a Myerson game GT = (N,v, I'), we can check non-emptiness
of the core, find an imputation in the core (if one exists), check if a given imputation is
in the core, and compute the cost of stability in time poly (K, n,logV).

We can also develop an efficient algorithm for the value of the least core, by reducing
this problem to that of optimal coalition structure generation. The algorithm described
in the proof of Proposition 8 (omitted) works for superadditive games, but it can be
extended to arbitrary cohesive games.

Proposition 8. Given a superadditive Myerson game G+ = (N,vt, I"), we can com-
pute the value of the least core in time poly (K, n,log V).

It is not clear if the algorithm for computing the nucleolus of Demange games (Sec-
tion 5) extends to Myerson games. However, we can use the fact that disconnected
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coalitions in a Myerson game are not essential, and apply the result of Huberman [9].
We obtain the following proposition.

Proposition 9. Given a Myerson game Gt = (N, vt I'), with a non-empty core, we
can compute its nucleolus in time poly (K, n,log V).

7 The Role of the Interaction Graph

The reader may have observed that some of our results do not rely on the graph struc-
ture at all, and only use the fact that the number of coalitions with non-zero value (in
Demange games) or the number of essential coalitions (in Myerson games) is bounded
by K. In particular, this applies to all algorithms in Section 5 except for the one for
optimal coalition structure generation, and to algorithms related to the core and the cost
of stability in Section 6. However, the rest of our algorithms make active use of the fact
that the coalitions in C correspond to connected subsets of vertices of a given graph. We
will now argue that this is necessary, by showing that the associated problems become
computationally hard if the set of “base” coalitions has no special structure.

Optimal Coalition Structure Generation. It is immediate that the optimal coalition
structure generation problem is NP-hard for coalitional games represented by the list of
coalitions with non-zero values, even if the size of this list is polynomial in the number
of players and the value of each coalition is 0 or 1; this can be shown by a straightfoward
reduction from EXACT COVER BY 3-SETS. Similarly, while this problem is easy for
Myerson games, it is NP-hard for the SCG representation (see [15]).

Shapley Value under SCG Representation. To compute the Shapley value in Myer-
son games, we use the graph-theoretic notion of a neighborhood. There is no obvious
analogue of this notion for the SCG representation, and, indeed, computing the Shapley
value under this representation turns out to be NP-hard. Interestingly, despite a consid-
erable number of papers on the SCG representation, this result appears to be new.

Theorem 4. Let (N,C,v) be an SCG representation of a coalitional game G, and let i
be an agent in N. Then deciding whether ¢;(G) = 0 is NP-hard even if G is superad-
ditive, N € C, and for each C € C the value v(C) is either 1 or 0.

Least Core under SCG Representation. To compute the value of the least core in
a Myerson game, we use the algorithm for optimal coalition structure generation as
a subroutine, so it is natural to expect that our approach does not extend to arbitrary
coalitional games under SCG representation. Indeed, we can show that computing the
value of the least core under SCG representation is NP-hard, even if N € C. Observe
that, in contrast, as argued in Section 6, when given an SCG representation (N, C,v)
with NV € C, we can compute the cost of stability in polynomial time. To the best of our
knowledge, this is the first example of a formalism for coalitional games under which
the computational complexity of the cost of stability differs from that of the least core,
and, as such, may be of independent interest.

Theorem 5. Let (N, C,v) be an SCG representation of a coalitional game G, and let €
be a positive rational number. Then deciding whether £(G) < € is coNP-hard, even if
G is superadditive, N € C, and v(C') is an integer between 0 and 3| N| for each C € C.
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Consumers adopting a new product; an epidemic spreading across a population;
a sovereign debt crisis hitting several countries; a cellular process during which
the expression of a gene affects the expression of other genes; an article trending
in the blogosphere, a topic trending on an online social network, computer mal-
ware spreading across a network; all of these are temporal processes governed by
local interactions of networked entities, which influence one another. Due to the
increasing capability of data acquisition technologies, rich data on the outcomes
of such processes are oftentimes available (possibly with time stamps), yet the
underlying network of local interactions is hidden. In this work, we infer who
influences whom in a network of interacting entities based on data of their ac-
tions/decisions, and quantify the gain of learning based on sequences of actions
versus sets of actions. We answer the following question: how much faster can
we learn influences with access to increasingly informative temporal data (sets
versus sequences)?

Clearly, having access to richer temporal information allows, in general, for
faster and more accurate learning. Nevertheless, in some contexts, the tempo-
rally poor data mode of sets could provide almost all the information needed
for learning, or at least suffice to learn key network relations. In addition, col-
lecting, organizing, storing, and processing temporally richer data may require
more effort and more cost. In some contexts, data on times of actions, or even
sequences of actions, is noisy and unreliable; for example, the time marking of
epilepsy seizure events is done by physicians on an empirical basis and is not
exact. In some other contexts, having access to time stamps or sequences of ac-
tions is almost impossible. For example, in the context of retailing, data exist on
sets of purchased items per customer (and are easily obtained by scanning the
barcodes at checkout); however, no data exist on the order in which the items
a customer checked out were picked up from the shelf (and obtaining such data
would be practically hard). In this light, the question of quantifying the gain
of learning with increasingly informative temporal data, and understanding in
what scenarios learning with temporally poor data modes is good enough, is
highly relevant in various contexts.

The overarching theme of our work is to quantify the gain in speed of learning
of parametric models of influence, due to having access to richer temporal infor-
mation. We seek to compare the speed of learning under three different cases of
available data: (i) the data provides merely the set of agents/entities who took
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© Springer International Publishing Switzerland 2014
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an action; (ii) the data provides the (ordered) sequence of agents/entities who
took an action, but not the times; and (iii) the data provides the times of the
actions. It is clear that learning is no slower with times than it is with sequences,
and no slower with sequences than with sets; yet, what can we say about how
much faster learning is with times than with sequences, and with sequences than
with sets? This is, to the best of our knowledge, a comparison that has not been
studied systematically before. In this paper, we focus on the comparison between
learning with sets and learning with sequences.

We propose a parametric model of influence which captures directed pair-
wise interactions and provide theoretical guarantees on the sample complexity
for correct learning with sets and sequences. Our results characterize the suffi-
cient and necessary scaling of the number of i.i.d. samples required for correct
learning. The asymptotic gain of having access to richer temporal data a propos
of the speed of learning is thus quantified in terms of the gap between the de-
rived asymptotic requirements under different data modes. We first assume prior
knowledge of a “super graph” that includes all the candidate edges, and we infer
which edges of the super graph truly exist; restricting to each edge having either
very large or no influence, we provide sufficient and necessary conditions on the
graph topology for learnability, and we come up with upper and lower bounds for
the minimum number of i.i.d. samples required to learn the correct hypothesis
for the star topology, for different variations of the learning problem: learning
one edge or learning all the edges, under different prior knowledge over the hy-
potheses, under different scaling of the horizon rate, and learning with sets or
with sequences. We then study more general networks and relax the assumption
that each edge carries an influence rate that is either very large or zero; we pro-
vide a learning algorithm and theoretical guarantees on the sample complexity
for correct learning in the hard problem of telling between the complete graph
and the complete graph that is missing one edge.

We also evaluate learning with sets and sequences experimentally. Given real
data on outcomes, we learn the parametric influence model by maximum like-
lihood estimation. The value of learning with data of richer temporal detail is
quantified, and our methodology is shown to recover the underlying network
structure well. The real data come from observations of mobile app installations
of users, along with data on their communications and social relations.

Link to full paper: http://web.mit.edu/ szoumpou/Public/learning
WINE2014 working paper.pdf
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Abstract. Online advertising is the main source of revenue for many
Internet firms; thus designing effective mechanisms for selecting and pric-
ing ads become an important research question. In this paper, we seek to
design truthful mechanisms for online advertising that satisfy Revenue
Monotonicity (RM) - a natural property which states that the revenue
of a mechanism should not decrease if the number of participants in-
crease or if a participant increases her bid. In a recent work Goel and
Khani [5], it was argued that RM is a desired goal for proper func-
tioning of an online advertising business. Since popular mechanisms like
VCG are not revenue-monotone, they introduced the notion of Price of
Revenue Monotonicity (PORM) to capture the loss in social welfare of
a revenue-monotone mechanism. Goel and Khani [5] then studied the
price of revenue-monotonicity of Combinatorial Auction with Identical
Items(CAII). In CAII, there are k identical items to be sold to a group
of bidders, where bidder ¢ wants either exactly d; € {1,..., k} number of
items or nothing. CAII generalizes important online advertising scenarios
such as image-text and video-pod auctions. In an image-text auction we
want to fill an advertising slot with either k text-ads or a single image-ad.
In video-pod auction we want to fill a video advertising break of k sec-
onds with video-ads of possibly different durations. Goel and Khani [5]
showed that no deterministic RM mechanism can attain PORM of less
than In(k) for CAIL i.e., no deterministic mechanism can attain more
than lnzk) fraction of the maximum social welfare. Goel and Khani [5]

also design a mechanism with PORM of O(In?(k)) for CAITL.

In this paper, first we overcome the impossibility result of Goel and
Khani [5] for deterministic mechanisms by using the power of random-
ization. We show that by using randomization, one can attain a con-
stant PORM; in particular, we design a randomized RM mechanism with
PoRM of 3 for CAII. Then, we study a more general Multi-group Combi-
natorial Auction with Identical Items (MCAII). In MCALII, the bidders
are partitioned into multiple groups, and the set of winners are con-
strainted to be from a single group. The motivation for MCAII is from
scenarios where the set of selected ads may be required to have the same
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format. We give a randomized mechanism which satisfies RM and IC
and has PORM of O(Ink). This is in contrast to log®(k) deterministic
mechanism that follows from [5].

1 Introduction

Many Internet firms including search engines, social networks, and online pub-
lishers rely on online advertising revenue for their business; thus, making online
advertising an essential part of the Internet. Online advertising consists of show-
ing a few ads to a user when she accesses a web-page from a publisher’s domain.
The advertising can happen in different formats such as text-ads, image-ads,
video-ads, or a hybrid of them.

A key component in online advertising is a mechanism which selects and
prices the set of winning ads. In this paper we study the design of mechanisms
for Combinatorial Auction with Identical Items (CAII). In CAII we want to sell
k identical items to a group of bidders; each demand a number of items from
{1,...,k} and has a single-parameter valuation for obtaining them. Although
CAIl is a well-motivated model on its own, we note that a few important adver-
tising scenarios such as image-text and video-pod auctions can be modeled by
CAIIL In image-text auction we want to fill an advertising box on a publisher’s
web-page with either one image-ad or k text-ads. We note that a large portion
of Google AdSense’s revenue is from this auction. Image-text auction is a spe-
cial case of CAII where participants either demand only one item (text-ads) or
all k items (image-ads). In video-pod auction there is an advertising break of
k seconds which should be filled with video-ads each with certain duration and
valuation.

When designing a mechanism, typically one focusses on attaining incentive-
compatibility, and maximizing social welfare and/or revenue. In a recent work,
Goel and Khani [5] argue that the mechanisms for online advertising should
satisfy an additional property of revenue-monotonicity. Revenue-monotonicity
is a natural property which states that the revenue of a mechanism should not
decrease as the number of bidders increase or if the bidders increase their bids.
The motivation is that any online firm typically has a large sales team to attract
more bidders on their inventory or they invest in new technologies to make bids
more attractive. The typical reasoning is that more bidders (or higher bids)
lead to more competition which should lead to higher prices. However, lack
of revenue-monotonicity of a mechanism is conflicting with this intuitive and
natural reasoning process, and can create significant confusion from a strategic
decision-making point of view.

Even though Revenue Monotonicity (RM) seems very natural, we note that
majority of the well-known mechanisms do not satisfy this property [11, 12, 5].
For example the famous Vickrey-Clarke-Groves (VCG) mechanism fails to satisfy
RM as adding one more bidder might decreases the revenue to zero. To see this,
consider two identical items to be sold to two bidders. One wants one item with
a bid 2, and the other one wants both items with a bid 2. In this case the
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revenue of VCG mechanism is 2 (for a proof, see for instance [10, Chapter 9]).
Now suppose we add one more bidder who wants one item with a bid of 2. In
this case the revenue of VCG goes down to 0!

It is known that if we require mechanisms to satisfy both RM and IC, not
only the mechanism cannot get the maximum social welfare but it can also not
achieve Pareto-optimality in social welfare [12]. In light of this, [5] introduced
the notion of Price of Revenue Monotonicity (PORM) to capture the loss in
social welfare for RM mechanisms. Here a mechanism has PORM of « if its
social welfare is at least (11 fraction of the maximum social welfare in any type
profile of participants. It is shown that, under a mild condition, the PORM of
any deterministic mechanism for the CAII problem is at least In(k), i.e., no
deterministic mechanism can obtain more than ln%k) fraction of the maximum
social welfare [5]. In fact this impossibility result holds even for the case when
participants demand either all the items or only one item. On the positive side,
[5] give a deterministic mechanism with PORM of O(In*(k)) for CAIIL. We note
that satisfying RM is hard especially since it is an across instance constraint.

This work is motivated by the desire to design better mechanisms for CAII.
However, the above impossibility result of [5] is a bottleneck towards this goal.
To overcome this, in this paper, we resort to randomized mechanisms. We say a
randomized mechanism satisfies RM if it satisfies RM in expectation!. Similarly,
a randomized mechanism has PORM of « if its expected social welfare is not
less than i fraction of the maximum social welfare. We significantly improve the
performance by designing a randomized mechanism with a constant PORM. In
particular, our randomized mechanism achieves a PORM of 3.

Finally, we study Multi-group Combinatorial Auction with Identical Items
(MCAII) that generalizes CAIL In MCAII bidders are partitioned into multiple
groups and the set of winners has to be only from one group. The motivation
is that the publisher sometimes require the ads to be of same format or size for
a given ad slot. We design a randomized mechanism for MCAII that satisfies
IC and RM with PORM O(log k). An easy corollary of [5] gives a deterministic
mechanism with a PORM O(log® k). We give evidence that this factor for ran-
domized mechanisms cannot be improved. The study of MCAII appears in the
full version of the paper.

2 Related Works

Goel and Khani [5] show that RM is a desirable property for web-centeric com-
panies and consider designing mechanisms which satisfy both RM and IC. They
introduced the notion of PORM and study CAII and a special case of it - namely,
image-text auction. They [5] give a deterministic mechanism with PORM of In(k)
and prove that no mechanism which satisfies RM and IC can obtain PORM of
better than In(k) under the following two mild conditions. The first condition
is anonymity which states that the outcome shouldn’t depend on the identities

! Since in a typical online advertising setting, there is a large number of auctions being
run everyday, we get sharp concentration bounds.
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of the bidders but their type profile. The second condition is independence of
irrelevant alternatives which states that decreasing the bid of any losing par-
ticipant should not hurt a winning participant. Goel and Khani [5] also give a
deterministic mechanism for CAII with PORM of O(In?(k)) that satisfies IC
and RM.

Rastegari et al. [12] show that for combinatorial auctions, no deterministic
mechanism that satisfies RM and IC can get weak maximality. A mechanism is
Weakly Maximal (WM) if it chooses an allocation which cannot be augmented
to make a losing participant a winner without hurting a winning participant.
Rastegari et al. [11] study randomized mechanisms for combinatorial auctions
which satisfy RM and IC. Note that a simple mechanism which chooses a max-
imal allocation uniformly at random ignoring the valuations of bidders satisfies
RM, IC, and WM. Rastegari et al. [11] add another constraint that a mechanism
has to also satisfy Consumer Sovereignty (CS) which means that if a bidder in-
creases her bid high enough, she can win her desired items. Now a new issue is
that there is no randomized mechanism which satisfies RM, IC, WM, and CS
[11]. In order to avoid this issue they relax CS constraint as follows. For each
participant ¢ there has to be A different valuations v; > v9 > ... > vy such that
for j € {1,..., A}, we have w;(v;) > w;(vj41) + 0 where w; is the probability
of winning for participant ¢ and o > 0. Roughly speaking relaxed CS constraint
means that if participant 7 increases her bid from zero to infinity she sees at least
A jumps of length ¢ in her winning probability. The idea of their mechanism is
that for each participant ¢ they find A constant values ¢;1 > ¢;2 > ... > ¢\
such that regardless of valuations of the other bidders; if the bid of bidder ¢ is
between c; ; and c; j41 then her winning probability is at least j * 0. In order to
find the constants for each participant they solve a LP whose constraints force
RM, IC, Relaxed CS, and WM. As you may notice although this mechanism
achieves WM, RM and relaxed CM, but can do very poorly in terms of PORM.
For example suppose you have n participants and each of them wants all items.
The valuation of each participant 7 is bigger than its highest constant ¢; ;. In this
case all the participants can win with probability at most 1/n. Now suppose that
the valuation of one of the participants is infinity. She still wins with probability
1/n which shows that the PoORM of their mechanism is at least n.

Dughmi et al. [4] show that VCG is revenue monotone if and only if the
feasible subsets of winners form a matroid. Ausubel and Milgrom [1] show that
if valuations of bidders satisfy bidder-submodularity then VCG satisfies RM. Here
valuations satisfy bidders submodularity if and only if for any bidder ¢ and any
two sets of bidders S, S with S C S’ we have WELFARE(SU{i}) — WELFARE(S) >
WELFARE(S’ U {i}) — WELFARE(S’), where WELFARE(S) is the maximum social
welfare achievable using only bidders in S. Note that we can restrict the set of
possible allocations in a way such that bidder-submodularity holds. Then we can
use VCG on this restricted set of allocations and hence achieve RM. However
we can show that it is not possible to get a mechanism with PORM better than
2(k) by restricting the set of allocations in order to get bidder-submodularity.
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Ausubel and Milgrom [1] design a mechanism which is in the core of the ex-
change economy for combinatorial auctions. A mechanism is in the core if there is
no subset of participants including the seller which can collude and trade among
each other such that all of them benefit more than the result of the mecha-
nism. Day and Milgrom [3] show that a core-selecting mechanism which selects
an allocation that minimizes the seller’s revenue satisfies RM given bidders fol-
low so called best-response truncation strategy. Therefore, the mechanism of [1]
satisfies RM if it selects an allocation that minimizes the seller’s revenue and
the participants follow best-response strategy, however, this mechanism does not
satisfy IC.

Another line of related works is around characterizing incentive compatible
mechanisms. The classic result of Roberts [13] tells that affine maximizers are the
only social choice functions which can be implemented using mechanisms that
satisfy IC when bidders have unrestricted quasi-linear valuations. Subsequent
works study some restricted cases, see e.g. [14, 8, 2, 15].

There is also a large body of research around designing mechanisms with
good bounds on the revenue. In the single parameter Bayesian setting Myerson
[9] designs a mechanism which achieves the optimal expected revenue. [6, 7]
consider optimizing revenue in prior-free settings (see e.g. [10] for a survey on
this).

3 Our Results and Overview of Techniques

To give intuition about our approach, we first start with ideas that will not work
but are potentially good candidates. To keep the explanation easier let us focus
on deterministic mechanisms. Note that the payment of each participant in a
deterministic mechanism which satisfies IC is her critical value, i.e., the minimum
valuation for which she still remains a winner. Assume that all participants
demand only one item. In this case we can simply give all the items to the
highest k bidders, which sets the critical value (the payment) of each winner to
the valuation of the (k + 1)th highest bidder. If we add one more participant
the valuation of the (k + 1)th highest bidder increases, therefore, the payment
of each winner increases and hence the mechanism satisfies RM.

Now assume we have two types of bidders: A bidder of type A who demand
all k items, and a bidder of type B who demands a single item. This scenario is
equivalent to the image-text auction for which there is a lower-bound of In(k)
for the PORM of deterministic mechanisms [5]. However using randomization
we can simply get a PORM of 2. Flip a coin and with probability half give all
items to the highest type A bidder and with probability half give k items to the
k highest bidders of type B. Here, the expected social welfare is at least half
of the maximum social welfare. Note that when the coin flip selects bidders of
type A the auction simply transforms to the second price auction of selling one
package of items which has RM. When it selects bidders of type B the auction
transforms to the case when all bidders demand one item which we explained
earlier and has RM. Therefore, the expected revenue is monotone and hence the
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mechanism satisfies RM. Expanding the above idea we can partition the bidders
into log(k) groups such that the bidders of each group i € log(k) has demand in
[2¢,2¢71). Then, we randomly select one group and choose the winners from the
selected group. However, this partitioning approach does not lead to a PORM
better than log(k).

As a second approach instead of partitioning the bidders and sort them by
their valuation, we can sort them according to their Price Per Item (PPI) which is
the valuation of a participant divided by the number of items she demands. Now
consider a simple greedy algorithm as follows. Start from the top of the sorted
list of bidders and at each step do the following. If the number of remaining
items is enough to serve the current bidder give the items to the bidder and
proceed; otherwise stop. Let us call the bidder at which the greedy algorithm
stops the runner-up bidder. Note that the runner-up bidder has the largest PP1
among the loser bidders and let p be her PpPI. If each of the winner participant
had PPI less than p then she could not win. Therefore, the critical value of each
winner participant is her demand multiplied by p. Although value p increases
if we add more bidders, the number of items sold might decrease. For example
consider the case when the bidder with the highest PPI demands all k items. In
this scenario she wins all items and pays k& multiplied by the PPI of the runner-
up bidder. Now if we add one more bidder whose PPI is more than the highest
bidder but demands only one item; the new bidder wins and we sell only one
item. This potentially decreases the revenue of the greedy mechanism.

For our mechanism we use a combination of the above ideas and an extra
interesting technique. We partition the bidders into two groups: high-demand
bidders who demand more than k/2 items, and low-demand bidders who demand
less than or equal to k/2 items. With probability 1/3 the winner is a high-demand
bidder with the largest valuation. Similar to the partitioning approach the critical
value of the winner is the second largest valuation of the high-demand bidders
which can only increase if we add more bidders. With probability 2/3 we do
the following with the low-demand bidders. First we run the greedy algorithm
over the low-demand bidders and find the runner-up bidder. The important
observation here is that because there is no high-demand bidder, the sum of
winners’ demands (A) is larger than k/2. Therefore we are sure that we sell
at least k/2 items where the price of each item is the PPI of the runner-up
bidder. Now we select each winner of the greedy algorithm with probability kf
as the true winner of our mechanism. This random selection makes sure that the
expected number of sold items is exactly k/2. The exact number /2 is important
since the expected revenue of the mechanism is k/2 multiplied by the PPI of the
runner-up bidder. Therefore as the PPI of the runner-up bidder increases if we
add more bidders the expected revenue is monotone.

Now we explain ideas used to design our mechanism for MCAII. We first note
that as a corollary of the result of [5], we get a deterministic mechanism with a
PORM of log? (n). In our mechanism, we assign a value to each group and use
it as the criterion in order to select the winner group. Note that a simple value
that can be assigned to each group is the maximum social welfare obtainable
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by the group. However, this way we cannot guarantee RM. Because suppose
participant i(9) of group G(9) increases her bid high enough which guarantees
that G9) wins against all other groups no matter what are the valuations of the
other participants of G(9). Therefore, the critical values of the other members
of G9) decreases as i(9) increases her bid and hence can decrease the revenue of
the mechanism.

We refer to our assigned value to each group as the Maximum Possible Rev-
enue of the Group (MPRG). As name MPRG suggests, it shows the maximum
revenue we can obtain from each group without the fear of violating RM. For
each j € {1,...,k} and group G let uﬁg) be the maximum price can be set for
a single item so that we can sell at least j items to low-demand bidders of group
G9). More formally, u'? is the maximum value where the sum of demands of

J
low-demand bidders whose PPI is larger than uﬁg) in group G is at least j.

The MPRG of group G9) is max(V(9), max;e(1,... k/2} J ° ug-g)) where V() is the
highest valuation of high-demand bidders. Intuitively, MPRG either sells items to
high-demand bidders and obtains revenue of at most V(9 or sells items to low-
demand bidders in which we can sell a number of items between 1 and k/2. We
select a group with the highest MPRG and choose the winners from this group.
We are able to show that we can obtain a revenue of at least the second highest
MPRG. We prove that our mechanism satisfies RM by showing that the second
highest MPRG increases if we add more bidders.

We show that the MPRG of each group is at least 1/In(k) fraction of the
maximum social welfare obtainable by the group. Therefore, as we select the
winning group using the MPRGs of groups, the PORM of our mechanism is
O(In(k)). We provide evidence that indeed the MPRG of each group is the closest
value to its social welfare that can be safely used for selecting the winning group
without violating RM. Moreover, any randomization over the groups for selecting
the winning one according to MPRG cannot improve the PORM factor.

4 Preliminary

Let assume we have a set of n bidders {1,...,n} and a set of k identical items.
Let type profile 6 be a vector containing the type of each bidder ¢ which we show
by 6;. Here 0; is pair (d;,v;) € [k] x RT where d; is the number of items she
demands and v; shows her valuation for getting d; items. Here we assume the
demands are publicly known because in our scenario they represent the length
of video-ads stored in database while the valuations are private to bidders.

Note that having higher valuation does not necessarily mean that the bidder
is more desirable to the seller as she might have a large demand. We define Price
Per Item (PPI) of bidder i to be ;' which we use in our mechanism to compare
bidders.

We show a randomized mechanism (M) by pair (w,p) where w;(0) shows
the winning probability of bidder i in type profile 8 and p;(6) is her expected
payment.
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We use the following Theorem in this paper frequently which is a well-known
characteristic of the truthful randomized mechanisms in the single parameter
model (see e.g.[10]).

Theorem 1. Randomized mechanism M = (w,p) is truthful if and only if for
any type profile 0 and any bidder i with type (d;,v;) the followings hold.

1. Function w; ((d;,v;),0—;) is weakly monotone in v;.
2. pi(0) = vi - wi(0) — [ wi ((di,t),0-;) dt

5 Combinatorial Auction with Identical Items

We build a randomized mechanism (M = (w, p)) satisfying revenue monotonicity
and incentive compatibility such that PORM(M) is equal to 3.

We call a bidder high-demand bidder if her demand is greater than |k/2]
otherwise we refer it as low-demand bidder. Mechanism M partitions the bidders
into two groups of low-demand and high-demand bidders and with probability
1/3 selects the winning set from the high-demand bidders and with probability
2/3 from the low-demand bidders.

We will see that mechanism M favors high-demand bidders with larger val-
uations and favors low-demand-bidders with larger PpIs while breaking the ties
by the index number of the bidders.

Definition 1. We say low-demand bidder l; is more valuable than low-demand
bidder ly and show it by (I = la) if PP, > PPI, V (PPI;;, = PPI;, Al < l2).
Similarly we call high-demand bidder hy is more valuable than high-demand
bidder ho and show it by (h1 = ha) if vn, > Vh, V (Uh, = Up, A h1 < ho).

Let’s assume that there are ¢ low-demand bidders and h high-demand bid-
ders. By adding some dummy bidders with demand 1 and valuation zero we
assume that the sum of demands of low-demand bidders is always greater than
k. Without loss of generality we assume that the first ¢ bidders are low-demand
bidders and ¢ = i + 1 for any ¢ € [¢ — 1] (the PPIs of the low-demand bidders
decreases by their index) and the remaining h bidders are high-demand-bidders
while ¢ = i+ 1 for any ¢ € {£+1,...n — 1} (the valuations of the high-demand
bidders decreases by their index).

Definition 2. We call low-demand bidder r the runner-up bidder if r is the
smallest value in set [€] for which Y, d; > k.

Later we will see that the runner-up bidder is the bidder with the largest PPI
and smallest index number who has zero probability of winning. We simply refer
to the runner-up bidder as r.

We define A to be Z::_ll d; which is the sum of demands of low-demand bidders
that have PPIs greater than or equal to that of » and have positive probability
of winning (see Fig 1).

Observation 1 We have [k/2] < A < k.
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Fig.1. Each rectangle corresponds to a bidder where the height, width, and area
represent PPI, demand, and valuation of the bidder respectively. The dark rectangle
corresponds to the runner-up bidder whose demand crosses the value k.

Proof. Inequality A < k is the direct result of the way we select runner-up bidder
r. Inequality [%7] < A follows from the fact that Y d; > k and the demand of
the runner-up bidder is less than or equal to L’;J by definition of low-demand
bidders. O

Now we are ready to precisely define how M selects and charges the set of
winners. With probability 1/3 M selects the most valuable high-demand bidder
(which is the high-demand bidder with largest valuation breaking the ties by
index). Therefore, the winning bidder in this case is ¢ + 1 and she pays vp42
which is the second highest valuation among high-demand bidders. Therefore
her expected payment is p%_l(H) ="

If we did not select the largest high-demand bidder then mechanism M uni-
formly at random selects the winner set from the first » — 1 low-demand bidders
where the probability of selecting each bidder ¢ € [r — 1] is [kgz] . In this case if
bidder ¢ gets selected she has to pay d; - PPI,.. Therefore, her expected payment
is pZM(Q) = 2{,’; 1{‘21 -d; - PPI,. since with probability 2/3 we select low-demand-
bidders and with probability [kf] bidder ¢ gets selected. The probability Ucf] is
selected in a way such that if the low-demand bidders win, the expected number
of allocated items is [k/2] since the sum of demands of the first r—1 low-demand
bidders is A and each of them gets selected with probability [kf] .

In summary the expected payments of the bidders in mechanism M is the
following.

0 (+1<i

Vot .
M B ] 1=0+1
Mgy = 1
PO =1, i 1)

2@‘21 -d; -PPI, 1<i<r

In the following first we prove that the allocation function of M is monotone
and then we show that the unique expected payments of the winners calculated
using Theorem 1 is equal to the expected payment of mechanism M which proves
that M truthful.
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Observation 2 w; ((d;,v;),0_;) is monotone in v;.

Proof. If bidder i is a high-demand bidder then clearly increasing her bid just
increases her chance to be the high-demand bidder with the largest valuation
and hence win with probability 1/3. If