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Abstract. In this paper, a novel robust finite-horizon Kalman filter is developed
for discrete linear time-varying systems with missing measurements and norm-
bounded parameter uncertainties. The missing measurements are modelled by a
Bernoulli distributed sequence and the system parameter uncertainties are in the
state and output matrices. A two stage recursive structure is considered for the
Kalman filter and its parameters are determined guaranteeing that the cova-
riances of the state estimation errorsare not more than the known upper bound.
Finally, simulation results are presented to illustrate the outperformance of the
proposed robust estimator compared with the previous results in the literature.
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1 Introduction

The Kalman filter which is based on the minimization of the filtering error covariance
is the popular tool for the state estimation through the noisy observations. The key
assumptions in the standard Kalman filtering are that the perfect model of the under-
lying system is priory known and all the measurements are available[1]. However, in
the many real-world applications, for instance in the networked control systems, unre-
liability of the communication channels together with modeling uncertainties imposes
significant challenges in the optimal state estimation [2-4].

The initial work on the filter design problem with missing measurements can be
traced back to [5], and [6], where a binary sequence specified by a probability distri-
bution were utilized todescribe the missing data. On the other hand, robust Kalman
filter with a guaranteed bound on the filtering error covariancefor systems with time-
varying norm-bounded uncertainties in the state and output matrices were proposed in
[7,8] and [9], for discreet and continues time systems; respectively.

Only a few papers have considered the common case wherein the problem of miss-
ing observations is combined with the norm-bounded modeling uncertainties. The
infinite-horizon optimal filter was derived in [10], for discrete-time systems with
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stochastic missing measurements and parameter uncertainties. However, finite-
horizon filters leads to better transient performance if the noise inputs are notstatio-
nary. Then, for linear discrete time-varying systems with time-varying norm-bounded
uncertainty in the state matrix and missing measurements a robust finite-horizon
Kalman filter was introduced in [11_ENREF_15]. In[12], robust finite- horizon Kal-
man filter was developed for the more comprehensive system withnorm-bounded
uncertainty in the state and output matricessuffering from missing measurements. In
[13], within the different framework, robust state estimator was suggested for the
systems with missing measurements based on minimizing the sensitivity of the esti-
mation errors to the parameter variations.

In this paper, robust finite-horizon filtering problem is derived for uncertain time-
varying linear system with intermittent measurements. The state and output matrices
of the system model are subject to norm bounded uncertainty and missing data are
described by Bernoulli distributed random sequence. Unlike [11] and [12], a two
stage recursive structure is adopted for the robust Kalman filter and furthermore, a
different augmented state space model is utilized to extract a procedure to determine
filter parameters. Finally, simulation results are presented to illustrate that the intro-
duced estimator leads to the remarkably improved performance compared to the pre-
viously developed approach in [12].

The rest of the paper is organized as follows: The estimation problem is formulated
in the section II. In section III, the optimal estimator is derived for the uncertain sys-
tem with missing observations. In section IV, numerical benchmark examples are
presented to illustrate the outperformance of the proposed approach. Section V con-
cludes this note.

Notations: R denotes real numbers set. Prob{} represents the probability of the

stochastic variable. E{}is the mathematical expectation. The superscript © stands for

the matrix transposition.

2 Problem Setup

Consider the following class of the uncertain linear discrete-time stochastic systems:

x(t+1)= (A, +AA)x(t)+ B w(t) €))
with the measurement equation
Y@ =y,(C,+AC)x(t) +v(t) 2)

where, x(1)e R"is the state vector, y(f)e R"is the measured output,
w(t)e R" and v(t)e R" are the process and measurement noise, respectively. It’s
assumed that w(f) and v(t) are uncorrelated white noises with zero means and va-
riances Q and R. A,,B, and C, are known real time-varying matrices with appropri-

ate dimensions. AA, is a real-valued uncertain matrix satisfying:

H
il B R PN Y
ACr Hz,t
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Here, H,,,H,,and E, are known time-varying matrices of appropriate dimensions
and F represents time-varying uncertainties. The output sequence is defined in (2).
Some measurement data may be lost. The stochastic variable y, which takes the val-
ues 0 and 1, is a Bernoulli distributed variable with mean /L. It is assumed that 7, is
uncorrelatedwith w(z) ,v(¢#) and initial state x,. From the properties of the Bernoulli
distribution, thefollowingrelationshold:

Prob{y, =1} = E{y,} = . Prob{y, =0} =1-E{y,} =1-u

E{(% —,u)Q} =(1— )y . Also, it is assumed that: E{F,} =0 and E{FtF,} =19,.

The aim of this note is to design finite-horizon robust Kalman filter for discrete-
time systems with parameters uncertainty and missing observations. The structure of
the proposed robust Kalman filter is given in (3) and (4). The estimation of the state
is computed by the following recursive equations:

&(t]r) = &(t[r=1)+ K, (x(0) — uC (et =1)) 3)
R(e+1J0= A O F| =)+ L (y() - uC 5|t =1) @)

where x(¢) is the estimate of the state x(¢), and A,,Lt and K, are time-varying filter

parameters are determined such that filtering error e(t) = x(t)—fc(t|t), and prediction

error e(t)=x(t)—x(t

t—1) variances be smaller than positive-definite matrices (:)(t)

and 2(1),(0 <1 < N), respectively:
E{(x(t) = &(t|m)(x(t) - 3(t])" } < ©() ©)
E{(x(r) — (|t = 1)(x(r) - (|t — 1) } <Z(0) (6)

3 Filer Design

In this section a procedure is developed to obtain the parameters of the two stage
Kalman filter defined in (3) and (4). First, the upper bounds of the filtering and pre-
diction covariance matrices presented in (5) and (6)are determined in the form of
discrete time Riccarti-like difference equation.

3.1 Preliminaries

In this subsection, some preliminaries are introduced which will be used in derivation
of the main results. First, new augmented state vectors and are defined as follows:

e(t) - e()
40} —[MIJ, 40! —L?(t't_l)} @)

Then, by combination of (1)-(4), the augmented system equations can be written as
follows:
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S+ =(A,+H FEN®)+A, L)

o (8
+A,l()+G, (@)
Ca+)=(A,+H ,FE)E 1) +A,L() ©
+ A5 +G, (1) +G,,w(1)
where
I-uKC 0 —uLC  A-A -K -L
Aﬂ{ HK/C, }’AM{A LG, AcA, ,le{ ’},sz{ }
IUKtCr I ,ULrC, Ar Kt Lr
-K.C, -KC, B,
Ael = ~ ~ ’Ecl = ECZ = [Et Et]’GWZ =
K,C, K,.C, 0

-LC, -LC —uK H,, H, -uk,H,,
Aez — t ~r r~ t , Hc1 — ﬂ 2, i ch _ 1, lu 2,
LC, LC, UK H,, UK H,,
i -nK,AC, —-nKAC, | - -nLAC, —-nLAC, I
= = n
| nK,AC nKAC |7? | nLAC nLAC
which A, Ael A, and A, are stochastic matrix sequences with the zero mean

and 77 = (¥, — u),C =n1C, . The covariance matrices of the augmented state vector in

(8) and (9) are represented as:
O+ =E{{n" ()] (10)
S+ =E{{N 1] (11)

According to the equations (8) and (10) the Lyapunov equations for the filtering

covariance matrix can be obtained as the following:
O(t+1)=(A, +H, FE)Et)A, +H FE,) (12)
+G,RG), +y, +7,

Similarly, regarding to the equations (9) and (11) the Lyapunov equations for the

prediction covariance matrix can be attained as follows:
B(+1) = (A, + HoFEE((A, +H FE,) (13)
+ GVZRGVTI + ¢t + ¢t + GwZQGZ;Z

where:
v, =E{A,ZnA]}
-KC, -KCl. [-kC -KkCT
=0 (1)
Kf Ct Kf Ct Kt C)‘ Kf Ct
v, =E{A~e1i(t)f{51} =
_KtHZrEr _KrHZtEt = _KrHZrEt _KtHZtEr i
o ’ ’ (¢ ’ |
KtHZ,tEt KtHZ,tEt KtHZ,tEt KtHZ,tEt
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¢ =E{A,Z0A],}=

-Lc, -Lc . [-Lc, -Lc, T
o ()
LIC! LICI LIC! LIC!
¢ =E{A, S0AL}=
_LrHZrEt 'LtHZtEr o _LtHZrEr 'LtHZtEr i
0 ' ' X(t ' '
L!HZ,lEI L!Hz,lEf L!HZ,lEI L!Hz,lEf
where O = u(1- ) . The following theorem which introduces two RDEs is ob-

tained for equations (12) and (13).
Theorem 1: If there exist positive scalar a such that a 'I - E_X(t)E!, >0, where

X(¢) is symmetric positive-definite matrix, then
O(+1)=A XA, +A Z)E (a1 -E Z(t)E")"
XE XA +y, +y, +G RG  +a'H_ H
(t+1)= A, XA, + A ZE (a1 -E Z()E])
XE XA, +¢ +@ +a'H, H',+G,,RG", +G,,0G",
and O(1) < O(r) and £(r) < X(r) ,where  O(r) and 3(r) satisfy (12) and (13),
respectively.
Proof: The proof can be done along the lines of [2] and [11].

Briefly, the upper bounds of the prediction and filtering covariance matrices are
written as follows:

(14)

5)

E{g“(r)g“T(t)}s[l olew|r o] =6 (16)
E{f(:)fT(t)}s[z olz[r o =) (17)

3.2  Design of Robust Kalman Filter Parameters

In this subsection,the upper bounds of the filtering and prediction covariances are
computed in the form of Riccati-type equation. Then, the optimal values of the pro-

posed Kalman filter parameters in (3) and (4), fl, ,L,and K, , are determined such that
minimize tr(f(t)) and 1r(O(1)) .

Theorem 2: Suppose a, be a sequence of positive scalars. Let X(¢) and P(¢) are the
positive-definite solutions of the following recursive equations:

I(t+1)=BOB +a;'H, H, +AZ()(I+E M EX(t))A
~ (AT +ETM'EX(0)C +a uH, H! )A;' (18)
X(UAZW)I +EM'EX(1))C! +a ' uH, H, )
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A, =’ CI(t)(1+ E,"‘M;IE,E(:)) C" +(-wuH, EPHE H!,)
+(1-muC,PC/ +R+a ' 1°H, H,,
P+ =A (P (0)-a,E'E) Al +aH, H, +BOB  (19)
wherein M, =a ' -EX()E’ >0 and P '(t)—a,E'E, >0 . The Kalman filter pa-

rameters in (3) and (4) are as follows:

A=A +a (A -ulLC)X(E'M'E, (20)
L =WAXOI +E'M'EXt)C +a'uH, H; A, 1)
where
K, = =) (1+E/ M, EZ(1))C]E; (22)
in which

E = uC,(1+Z(E/M™'E,)X(1)C] + (- pw)uH, E,P()E] H],
+(-uC,PC' +R+a' ’H, H;,
M,=a'I-EP(t)E'
Proof: Regarding (13) and (15), the X(¢) can be rewritten as follows [8]:

%, (0 ZIZ(I)}_{E(I) 0 }

(1) = { _
2,0 Z,0) 0 P(0)-Z(t)

whereinZ(r) and P(t) are defined in (18) and (19), respectively. In order to de-
termine K, that minimizes (:)(t) , its first variation is computed as follows:

900(t +1)
oK

t

= (1_#)IU(KICIRC1T + Ker,rEzP(t)EzTH;,z)

+(I—uK,C)HI(t)E' M EX(1)(—uC,)" (23)
+K R+ (I - uK,C)X(t)(~uC,)" =0
Then, the K,in (22) is achieved by straightforward manipulation of (23).On the
other hand, considering the equations (15), (17), we have:
M +1)=[1 0]=n[1 0]
= (A = A)E() - PO)A —A) +(A - uLOZ()(A, - uLC,)

+(1-Ou(L,C,PeNLC) +LH, EPt)LH, E) )+LRL (24)

+a'(H,,-uLH, YH,, -uLH,,) +BQB

+AP(t)= LCZ(0)+ A (X() - PO)E M, 'E,

X (A P(t)— HLCZ(t)+ A (X(t) - P(1)))"

To determine the A, , the first variation of TII is set to be zero:
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oIl(z +1) A=
— = (A -A)E1) - P
% (A —A)E@)—P)UT)
+(AP(t)— uL,CE() + A, (X(1) - P(1))) (25)
XE"M'E ((Z(1)— P(1)))" =0
Rearranging the (25) leads to:
A =(AU+POEME)-uLCXZ(t)E'M'E,)

_ - (26)
X (I =(Z(t)= P(t)E M,'E)"!
Adding and subtracting of E(I)Ef M . IE, in (26) yields:
A=A +(A -uLC)I()E'M'E, o
x(I—(Z(1)— P(1)E'M'E,)"
On the other side, the following relation is true [8]:
E'M'E = E'M'E[I+X(t)- P())E'M'E,T"! 28)

=[[+E'MEX(t)-Pt)]"'E'ME,
I-E(t)-PO)E'M'E =[1+E(t)- P(1))E'M'E,]" (29)
Combining (27)-(29) the equation (20) is obtained. Substituting (20) into (24), we
have:
[z +1) = (A — uL,CHE()U + E"M'EZ())(A, - uL,C,)"
+ (1 LC,P()LCY +LH, EP(t\LH, E)) (30)
+a'(H,, - uLH,,)H,, —uLH, ) +BOB +LRL
The matrix L, is computed by taking the first variation of I1 in (30) as follows:
oll(k +1)
oL

1

= Lth + a:1 (Hl,t _IULtHZ,t )(IUHZt )T
+(A —LC)Z(O)I+E'M'EX()(-uC,)  (31)
+(1-)u(L,C,P(t)C" + L H,E P(t)(H,E) )=0

The matrix L in (21) is easily derived from (31). Substituting (21) into (30) leads

to (18).The covariance matrix of the state is as follows:
P(t+1) = E{x(t+Dx" (t+1)}

=E{((A +AA)x(1)+ Bw,)(A +AA)x(t)+ Bw,)" } (32)

= (A,+H,F.E)P(t) (A,+H,FE)" +BOB’'
Relation (32) can be transformed to (19) [12].

4 Simulation Example

we consider the following uncertain discrete-time systems with missing measure-
ments [12]:
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@+ny=||O O1sin®) +0'5F[02 0.1] |x(t) + A0
V=02 os |7 o | Y 05"

y()=7,(0.5+0.3sin(61) 1]+4F,[0.2 0.1])x(r)+v(t) The noise signals
E =sin(0.6¢)
w(t) and W) are uncorrelated with zero-mean and unity covariances. The scalar

binary stochastic variable y, isBernoulli distributed. Figuresl and 2compare the
error variances of the results obtained by the proposed method and the one in [12]

1.5 T T - T
Error variance

upper-bound

The rebust Kalman filter The proposed robust

Variances and their upper bounds

0S5 proposed in[12] Kalman filter 1
0 1 1 1 1
0 100 200 300 400 500
tistep
Fig. 1. Comparison of the error variances for the first state
1 T T T T
[*a]
E os} .
S 0.
[=]
=]
= E Error variance
2 06 1 upper-bound &
= F
= o osm SRR e s s m me g
B e i L e o T s e e
o] 7l e i & o e =5 s == . Py 7 N T TR
2 A
e e
SO herobustial filt T i
=3 erobus alrmar-tier The proposed robust
proposed inf12] Kalman filter

a] 100 200 300 400 500
tstep

Fig. 2. Comparison of the error variances for the second state
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by 100 times Monte-Carlo test, with ¢ =0.8 and a, =3 . The outperformance of the
introduced procedure is evident.

5 Conclusions

In this paper, a novel approach has been developed to design a finite-horizon robust
Kalman filter for uncertain linear discrete time-varying systems subject to intermitten-
tobservations and time-varying norm-bounded uncertainties in the state and output
matrices. Filter parameters are determined such that the upper bound on the estima-
tion error covariance matrix be minimal. The illustrative examples verified the advan-
tages of the proposed filter.
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