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Abstract. In this paper, we investigate the exponential synchroniza-
tion of coupled stochastic and switched neural networks (CSSNNs) with
mixed time-varying delays. By exerting impulsive controller to the con-
sidered dynamical systems in each switching interval, and combining the
multiple Lyapunov theory, we obtain a class of sufficient exponential syn-
chronization criteria in terms of nonlinear equations and LMIs, which are
easy to check. A simple example is presented to show the application of
the criteria obtained in this paper.
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1 Introduction

Synchronization is an important and interesting collective behavior in coupled
networks, and the study on synchronization of coupled neural networks can help
us understand brain science and design coupled neural networks for real world
applications. So synchronization of coupled neural networks has become a hot
topic and been extensively investigated in recent years [1-8]. It is well known that
time delays are unavoidable in the information processing of neurons due to var-
ious reasons, so most of the above-mentioned literatures are on synchronization
of delayed neural networks.

It should be noted that because of link failures and the creation of new links in
the information processing of neurons, the communication topology may change
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in time, thus it is more natural and important to design switching signal when
modeling real-world networks. There have been some works on the synchroniza-
tion of switched neural networks, see for example, [9-11]. On the other hand,
impulsive control has been proved to be an important and economical control
method, because it acts only at the discrete times and synchronize the cou-
pled systems quickly. Recently, hybrid impulsive switched systems have received
increasing attentions due to their wide applications in various fields, one can
refer to [12,13]. Zhang et al. have investigated in [13] the exponential synchro-
nization of coupled impulsive switched neural networks by using average dwell
time approach and comparison principle, but the coupling is linear and coupling
delay was not taken into account in the associated networks. As discussed in
[14], sometimes state variables x;(¢) may be unobservable, but g(x;(t)) can be
observed easily, so nonlinear coupling is more practical. Additionally, Haykin
pointed out in [15] that synaptic transmission is a noisy process brought on by
random fluctuations from the release of neurotransmitters and other probabilis-
tic causes. Practically, the stochastic phenomenon often appears in the electrical
circuit design of neural networks. Hence, stochastic disturbances should also be
considered in the dynamical behaviors of neural networks. However, the authors
of [13] did’t consider stochastic perturbation either.

Motivated by above discussions, this paper aims to analyze the exponential
synchronization of nonlinearly coupled impulsive switched neural networks with
stochastic perturbation and mixed time-varying delays. The rest of this paper
is organized as follows: in Section 2, we first give the problem statement, and
then present some definitions, lemmas and assumptions required throughout this
paper; in Section 3, we will give a novel criterion to ensure the exponential syn-
chronization for the considered neural networks in terms of LMIS and nonlinear
equations; in Section 4, a simple example is provided to show the application of
the theoretical results obtained in this paper.

2 Preliminaries

In this paper, we consider the following switched coupled neural networks with
stochastic perturbations and impulsive effects:

dai(t) = [-Cx;(t) + Bf (t,xi(t)) + Djf(t, xi(t — 7(t)))]dt
+§(t’ xi(t)7 z;i(t — p(t)))dw(t) + ;1 a’ij,o’(t)ﬁ(xj (t)dt, t# Lk iy, (1)
{I)i(tkylk) = (1 + Mlk)-ri(t];lk)7 t= tk7lk

where t € [tg,tgps1),i =1, , N, z;(t) = [z (t), -+ ,2in(t)]T € R™ is the state
of the ith node at time ¢; 7(t), p(t) are the time-varying connected delay of neurons
and coupled delay of nodes, respectively, and satisfying 0 < 7(t) < 7,0 < p(¢t) < p

with 7, p are positive constants; o(t) : [0, +00) — M = {1,2,--- ,m} is a piece-
wise right-continuous function representing the switching signal. The switching
time instants ¢y satisfy 0 = tp < t1 < -+ <t < tgy1 < ---, lim ¢ = +o0

k—+oc0
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and O<i]£1f {tk+1 — tx} > N where X = max{, p}; {tk1,.lx € N} C [ti,trt1)
<k<oo

are impulsive instances satisfying ¢, < tx1 < tro < -+ < gy < - < tpg,
and acl(t;lk) = 2;(tr1, ); 1, is the impulsive strength satisfying (1 + 1, )? < p <
1; C =diag{c1, - ,cn}, e > 0(l =1, -+ ,n) denotes the rate with which the I-th
neuron x;(t) reset their potential to the resting state when disconnected from the
networks and inputs, B, D € R™"*"™ denote the connection weight matrices of the

neurons, f(t,x;(t)) = (fi(t,x; (), , fult,z:(t)))T € R™ is the activation func-
tion of the neurons; (¢, x;(t), z;(t — p(t))) € R™*™ is the noise intensity function
matrix; w(t) = (w1 (t), wa(t), -, wm(t))? € R™ is a Brownian motion defined on

a complete probability space (2, F, P) with a nature filtration {F; };>¢ satisfying
E(w;(t)) = 0, E(w3(t)) = 1, E(w;(t)wi(t)) = 0 (j # k). The configuration cou-
pling matrices A,+) = (@ij,0(1)) Nxn are defined as follows: if there is a directed
edge from node j to node i, then a;; ,(¢) > 0, otherwise, a;; »(+) = 0, and a;; (1) =
N - - -
= X o fori=1, Ny h(z;(t) = (ha(z;(1)), - ha(z;(t)))" € R is
J=1,j#i
the inner coupling vector function between two connected nodes ¢ and j.

The initial condition of system (1) is given by x;(t) = ¢;(t) € C([—X, 0], R"™),
where C'([—R, 0], R™) is the set of continuous functions from [—X, 0] to R™. Let s(t)
be a solution of the following stochastic delayed dynamical system of an isolate
neural network:

ds(t) = [~Cs(t)+Bf(t, s(t)+Df (t, s(t—7(t)ldt+3(t, s(t), s(t—p(t)))dw(t), (2)

which is the same as other neural networks. s(¢) can be any desired state: equi-
librium point, a nontrivial periodic orbit, or even a chaotic orbit. In this paper,
we hope to force the network (1) to globally exponentially synchronize with s(t).
The initial condition (2) is given by s(t) = ¢(t) € C([-X, 0], R").

Let e(t) = w(t)—s(0), f(t ex(t)) = (¢, es(t)+5())— < (1)), g(t, eilt
(1)) = g(t, ei(t) + s(t), ei(t = 7(t) + s(t — 7(¢))) — g(t, 5(t), s(t — 7(1))), ( -
p)) = hleg(t = p(t)) + s(t = p(t))) = h(s(t = p(t)));elt) = (6 (1),
e eh @), CN = In@C,BY = Iy@B,DN = In®D, A = A®I,, F(t,e )
(f (t 61(75)) Tt en(®)T He(t — p(t)) = (AT (ea(t — p(t))),--,h
(en(t — p(t ))))TvG(tae(t)ae(t = 7(t)) = diag{g(tei(t), ex(t — 7(t )))
glt,en(t),en(t—7(t))},dW(t) = 1y ®dw(t), where 15y = (1,1,-- 1)T,U(t) =
rp € M, t € [t tr+1). Then we can write the error system of the coupled neural
networks (1) in the following compact form when ¢ € [tg, tp41):

de(t) = [-CNe(t) + BN F(t,e(t)) +DNF(t,e(t —7(t)))dt
+G(t,e(t), e(t —7(1)dW (t) + Ay H(e(t — p(t))]dt, tF# try — (3)
e(tin) = (14 )e(t ,k) t=tru,

Definition 1. The dynamical neural networks (1) is said to be globally expo-
nentially synchronized to s(t) in mean square if for any initial condition x;(to),
there exist constants A > 0 and M > 1 such that the following inequality is
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satisfied fort > tq:

(ZHCE (@)l ) sup (Z”m ol ) Alt—to)

to—R<1<to

Definition 2. [10]: An impulsive sequence ¢ = {t1,t2, -} is said to have aver-
age impulsive interval T, if there exist positive integer 0 and positive constant
T, such that

Tt s nymy < Tt

a a

+4, VI'>t>0,

where Ng(T,t) denotes the number of impulsive times of the impulsive sequence
{t1,ta, -} on the interval (t,T).

Assumption 1: Assume that thgre exist diagonal matrices L; and Lo such
that for Va,y € R™, the function f(¢,-) and h(-) satisfy the following Lipschitz
conditions:

1£t,2) = Ft o)l < Lz = y)ll; [1a(z) = h(y)] < | Lol = )]

Assumption 2: Assume that there exist positive constants 7;, 72 such that

trace{[3(t, 21, 1) = §(t, z2,32)]" - [3(t, 01, 31) = §(t, 72,2)] |
<m |lz1 —will® + n2 |z2 — v2|?, V1,91, 32,92 € R, t € R,

Lemma 1. [13]: Let 0 < 7;(t) < 7, F(t,u, U1, - ,Upm) : RT x Rx--- xR
—_———

m—+1
be nondecreasing in u; for each fived (t,u,ty, - ,Uj—1, Uig1, " s Um), & = 1,

,m, and Ix(u) : R — R be nondecreasing in u. Suppose that

{ D+u(t) < F(t7 u(t)v u(t - Tl(t))a o 7u(t - Tm(t)))
u(t]) < (u(ty ), ke No
and

{ DFou(t) > F(t,v(t),v(t —11(t)), - ,v(t — 7n(t)))
v(th) = L(v(t;)), ke Ny

where the upper-right Dini derivative is defined as DV y(t) = limj,_o+
Then u(t) < v(t) for — <t <0 implies that u(t) < v(t) fort > 0.

y(tt+h)—y(t)
7 .

Lemma 2. [17]: For any real matrices X,Y and any positive matriz U, the
following inequality holds:

2XTy < XTux +YTU Y.
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3 Exponential Synchronization Analysis

Theorem: Under Assumptions 1-2, the coupled neural networks (1) can be
globally exponentially synchronized to s(t), if there exist positive constants
€111 E2,r1, €3,r),» POSitive matrices P, € RNV xnN satisfying P, < 0, I,n with
0., are positive constants, such that the following conditions are satisfied:

¢117Tk PTkBN PrkDN Prch"‘k‘ O O
(BN)TPT;C *El,rkInN 0 0 0 0
— (DN)TP’% 0 _SZ,TkInN 0 0 0
(Hl) (b’r‘k, - A;{;c Pfrk 0 0 —€3.1, InN 0 0 < 0,
0 0 0 0 ®s5, O
0 0 0 0 0 D,

where rE € m, (1)1177% = 72PTkCN + E1,rp (L?Ll)N + 7719TkInN + O[rkprk and
@55,7‘;€ =E€2,r (L?Ll)N + 7729rkInN - 5r;€ Prkyq)G(S,Tk = €31 (LgLZ)N — Vry Prk~

(Hy)  —a+ 3L+ u7°(B+7) <0,
here o = mi = et Y = i
where o = min {ar, },§ = max {f, },7 = max {7}

(Has) A—L >0,
where A is the sole positive solution of the equation —« + l;—“ + A+ p0(Be M +
'VeAp) =0, T=p>" max{g, eAN}vﬁ = Trl?éi%t{)‘maz(Pm)}vB = T?Einm{)‘min(Prk)}'

Proof: Define the following Lyapunov functions for system (3):
V(t) - eT(t)PT‘ke(t)at € [tkatk+l)a ke N+~

Differentiating V'(¢) along the trajectories of system (3) for ¢ € [tg, tx+1), we can
obtain

dV (t) = LV (t)dt + 2T (t) P, G(t, e(t), e(t — T(t)))dW (t). (4)
By applying the Ité’s formula to V() we can obtain
LV (t) = 2T (t)P, [-CNe(t) + BNF(t,e(t)) + DV F(t,e(t — 7(t)))]
+trace[GT (t, e(t), e(t — 7(t))) P, G(t, e(t), e(t — 7(t)))]
1267 ()P Ar H(elt — p(t))).
By using Lemma 2 and Assumption 1 we get
2¢T (t)P,, BN F(t,e(t))
" )P, BN (P, BN) e(t) + &1, FT (¢, e(t))F(t,e(t))

IN

E1,ry,
1

€1,y

IN

" ()P, BY (P, BY) e(t) + €1, 0" (8)(LY L1)Ve(t). ()
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Similar to (5), we can obtain the following inequalities:
el (t)P., DV F(t,e(t — 7(t)))

< éeT(t)PrkDN(PrkDN)Te(t) +eane’ (t—T() (L] L1)Ve(t — (1)), (6)

eT(t)PTkATkH(e(t - p(t)))
€7 ()P, Ar, AT PTe(t) + 5,0, €7 (t = p(t) (LT La)Ne(t = p(t)).  (T)

<
6377'k

According to Assumption 2 we have

trace[GT (t,e(t), e(t — (1)) P, G(t, e(t), e(t — 7(t)))]
29> (m eI + 2 flestt = 7()]?)
= b, (m e (t)e(t) +ne € (L = T()elt — 7(1))). (8)

It follows from (5)-(8) that for ¢ € [tk, tkt1),

LV (t) < eT(t){ P CN = (P CN)T + P, BN (P, BY)T

el,rk

+er(Li L)Y + —— P, DY (P, DM)T +

2,1 €3,k
Py fe(t) = € (D) Prye(t) + B e (t = 7(8) Prye(t = (1))
el (t = (1) [e2 (BT L)Y + Opm L = By P ] et = 7(1))
e (¢ = () |20 (LT L2)™ = 0, Py ] et = p(8))

e’ (t = p(t)) Prelt — p(t)
< —an V() + 8, V(E=7(1) + 7, V(T = p(1)). 9)

Integrating on both sides of (9) from ¢ to t + At for any At > 0 and taking
mathematical expectation. Let m(t) = EV (), associating with the properties of
the Ité’s integral and Dini derivation, we can derive from (9) that

Dtm(t) < —ap,m(t) + Brom(t — 7(t)) + vr.m(t — p(t)), t € [t thr1)-

When t = 1, , we can easily derive that

m(tk,lk) = (1 + :u’lk-)QE[eT(tlz,lk)Pﬁce(tl;lk)] < Mm(tl;,lk)'

For any € > 0, let y(t) be a unique solution of the following delay system:

P A AL P+ 0, mIyN

y(t) = —ay(t) + Byt — 7(t)) +yy(t — p(t)) + &, t # try,
Y(ten) = py(te,),  t =tk (10)
y(t) =m(t), t =N <t <ty
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By the formula for the variation of parameters, it follows from (10) that for
te [tkatk-‘rl)a

y@):f%ttwy@w4i/-P@ﬁ)Wy@*ﬂfﬁ)+7y®‘1ﬂﬁ)+ﬂd& (11)

tr

where P(t,s), t,s > tj is the Cauchy matrix of the linear system

y(t) = —ay(t), t # ti,
{y(tk,lk) = ,U'y(t;’lk% t="tg1,. (12)

According to the representation of Cauchy matrix, one can get the following
estimation:
P(t S) _ 7a(tfs)uN(5(s,t) < Mféefoz*(tfs)7
where o* = a — l"” . Define s(s) = ¢ — a* + pu~%(Bes™ + ve?). From (Hy) we
know s(0) = —a* +u‘5(6+7) < 0. Since $(s) > 0 and lir_&l 5(¢) = +00, there
S— 100
exists a unique A > 0 such that s(A) = 0, i. e., A — a* + u=%(B3e*™ + ve*?) = 0.
Let £ = u=0ly(te)|lx =% sup  |ly(t)|. In the following, we shall prove the
<t<t

L —N<t<tj
following inequality is satisfied:

3

<€e—>\t tk)+
vt arpd — B —xy

Cth =R <t <ty (13)
It is obvious that y(t) < p¢ < & < €e™ M) 4 o= — for tp =R <t < ty.
When ), < t < txy1, we will prove the inequality (13) is still satisfied by the
way of contradiction. If there exists a t* € (¢x, tx+1) such that
€

) > ge A —to) | ’

(14)
and
5
y(t) < et 4~ e (t,—N,t* 15
(t) g tE () (15)
Note that 7(¢) < 7, p(t) < p and e B+ ey = p®(a* — \), then by some simple
computation, we can derive from (11) and (15) that

y(t")
—a*(t*—t ¢ -5 —a*(t*— A by —XA(s—tg) OK*N%
<ge® ’”+/ plem T 6B+ €)M e ds
th a*p® — B —v
_ *_ £ £ —at(t*—ty,)
= &e AT —tk) 4 _ e k
arp’ = fB—y  atp’ =By
—A(t*—ty) €
< e + —
o’ = 3=y

which contradicts with (14). Thus, (13) is always satisfied for ¢, — N < ¢ < tg41.
Let € — 0, one can obtain y(t) < ée~*(*=%) Then it follows from Lemma 1 that
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m(t) < y(t) < e 2=t = p=9|m(ty)|lne A for t, < t < tpyr. We will
show by induction that

m(t) < p T m(to) lwe Tty St <, (16)

— -8 P AR = - _
where T = p max{g,e } and p ggg){t{)\max(Prk)},g rr,flelzrrlﬁ{Amm(Prk)}'

When t € [to, t1), m(t) < p~0||m(to)|xe~***). Assume (16) holds for 1 < k <
4,7 € NT then we will show that (16) holds for k = j + 1. Since

mt) < 5T (o) e 47800 = LI N ) e A1)
for tj41 — N <t <tj41, and note that ¢;11 < ¢j41,1, which follows that
T - _
m(tj+1) = E(e (tj+1)PT7‘+1e(tj+1)) = E( (t]+1)P7’j+l (t]+1))

< < u 00 [[m(to) e A 00,

m(t3+1)

hSHS]

then it follows that
lm(t; 1)l < CL7Im(to) e A1) = LI Im(tg) || we Aot —Fo),
Thus we can get

m(t) < p 0 m(tya)[we M) <m0 Imtg) [we A0 A )
= 700 Imto) [we T, i << tjpo

Thus, (16) can be derived for V¢ € [tg,tr+1) and Vk € NT by the induction
principle. For an arbitrarily given ¢t > tq, 3k € NT, such that ¢ € [t,tr11). Note
that k < Ns(¢,%0), then it follows from (16) that

m(t) < w2 T* mto) we 710 < TN It ) e A1)

ity A Ty9 A (-
< T (o)l = () (o) e,

_InY

where \* = ”T > (0. Then we have

é *
PE(le(®)]) < m(t) < (%) Jm(to) e ™ 71 < (- )" Eletto) e ),

which follows that

(Z o)~ 5OF) <3 s B(Y i) - sI)e ),
i=1

to—R<1<tg

where M = 2 ( )% > 1. This shows that the dynamical network (1) is globally

exponentlally synchromzed to s(t) in mean square. This completes the proof.
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4 Numerical Simulation

Ezample 1. In system (1), we select f(t,x;(t)) = (fi(t,z:(t)), fa(t, z:(t)))T and

Filt,zi(t) = L (8)+ L (|22 () 1] — i (t) - 1)), fot, (1) = B (Jzia(t)+1]
— |zi2(t) — 1]), which follows that Ly = diag{0.25,0.75}, Ly = diag{0.5,0.25}.
Let p;, = —0.1 for Vi, € Nt and C; = 4.55,Cy = 3.81,

G(t,xi(t), z;(t — 7(t))) = 0.1 = diag{z;(t), z;(t — 7(¢))}, 7(t) = 0.3sint,

0.8 0.9 1 05 0.5 0.4
plt) = 0.2cost, By = (—0.6 O.8> B2 = (—0.9 1 ) D1 = <0.8 0.5) ’

0005 ~0.90.5 0.4 1 0.4 06
Dy = (o'a oé) A, 0.8 —102|,4,=[06-1.105
o 0.5 0.5 -1 0.4 0.6 —1

Assuming that the coupled neural networks switches in a random order between
two networks, i. e., M = {1,2}. The switching scheme is shown in Fig. 1. Select
a; = 45,01 = v = 042,00 = 4.25,6, = 5 = 0.78, then by using Mat-
lab LMI tool we can obtain €13 = 1.3931,e12 = 1.2767,e21 = 0.5423,£22 =
0.9266,e3,1 = 1.4451,e3 = 3.1661,0; = 2.1717,0; = 1.6614,p = 0.6353,p =
1.3182. The impulsive sequence is constructed by taking 7, = 4.6 and § = 4,
then by solving the nonlinear equation —a + l”“ + A+ p70(Be N + yerr) =0,
we can get A = 0.3431. So by virtue of the Theorem in this paper, it can be
concluded that the considered network can be exponentially synchronized onto
the objective trajectory. The following Figure shows that the errors between the
networks’ states and converge to zero under the given conditions.

Fig.1. The switching scheme Fig.2. The state variablesx;,.(t)

5 Conclusion

The exponential synchronization of switched coupled neural networks with mixed
time-varying delays and stochastic disturbances is investigated in this paper.
The main contribution of this paper contains three aspects. Firstly, as discussed
in the section of Introduction, the network model considered in this paper is
more practical in real world. Secondly, different from the average dwell time
approach used in many existing literatures, there is no upper bound for switching
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interval, which is only assumed to be greater than the maximum of delays. As
for the impulsive scheme, the named average impulsive interval is utilized to get
less conservative synchronization criterion. Thirdly, by using multiple Lyapunov
function, we have shown that the exponential synchronization can be achieved
by solve some LMIs and nonlinear equations, which are easy to check.
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