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Abstract. We characterize bent functions and plateaued functions in
terms of moments of their Walsh transforms. We introduce in any char-
acteristic the notion of directional difference and establish a link between
the fourth moment and that notion. We show that this link allows to iden-
tify bent elements of particular families. Notably, we characterize bent
functions of algebraic degree 3.

1 Introduction

Binary bent functions are usually called Boolean bent functions. These functions
were first introduced by Rothaus in [12]. Bent functions are closely related to
other combinatorial and algebraic objects such as Hadamard difference sets,
relative difference sets, planar functions and commutative semi-fields. Later,
this notion has been generalized to that of p-ary bent functions [11]. Several
studies on p-ary bent functions have been performed (a non exhaustive list is
[5,7-10,13]). Most of them concern constructions of bent functions or studies
of their properties. Another important family of binary functions is that of
plateaued functions [3]. Like the notion of bent function, the notion of plateaued
function can be generalized to p-ary plateaued functions (see [4] for instance).
In this paper, we establish characterizations of bent functions and plateaued
functions in terms of sums of powers of the Walsh transform (Theorems 1 and
3). We also introduce the notion of directional difference for p-ary functions,
generalizing the directional derivative of Boolean functions (Definition 1). We
then show that one can establish identities linking sums of fourth-powers of the
Walsh transform and directional derivatives of a p-ary function (Proposition 1).
We then deduce from our characterizations of all bent p-ary functions of alge-
braic degree 3 when p is odd (Theorem 4). We finally establish a link between
the bentness of all elements of a family of p-ary functions and counting zeros of
their directional differences (Theorem 6 and Corollary 2).

2 Notation and Preliminaries

Let p be a prime integer, n > 1 be an integer. We will denote F,» the finite
field of size p" and Fy. the set of nonzero elements of F». Let &, be a primitive
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pth-root of unity and set x,(a) = &;. Let f be a function from Fyn to Fj,. The
Walsh transform of f at w € IFp» is defined as

Gw) = " x(f@) = T8 (wa)).

T€F,n

Then f is bent if and only if |Waf(u))’2 = p" for every w € Fyn. It is said to be
reqular bent if there exists f* : Fn — F,, such that x7(w) = x,(f*(w))p? for all
w € Fpn. The function f* is called the dual function of f (in characteristic 2, all
bent functions are regular bent; when p is odd, regular bent functions can exist
only if p =1 mod 4). A function f : Fpn — F, is said to be weakly regular bent
if, for all w € Fpn, we have Yj(w) = ex,(f*(w))p? for some complex number
with |e’ =1 (in fact € can only be +1 or £4). For every function f from F,» to
F,, we have

> Xi(w) =" (f(0)). (1)

’wEIFpn
Set ’2\2 = zZ where Z stands for the conjugate of z. Then

S K] = (2)

weF,n

In the sequel, we shall refer to (2) as the Parseval identity. If |\ (w)| € {O,p";s }
for some nonnegative integer s then f is said to be s-plateaued. With this
definition, bent functions are O-plateaued functions (in the case where s = 0,
IX7(w)| € {0,p%} is equivalent to |x7(w)| = p?). The Parseval identity allows
to compute the multiplicity of each value of the Walsh transform (when p = 2,
a more precise statement has been shown in [2]).

Lemma 1. Let f : Fypn — F, be s-plateaved. Then the absolute value of the

Walsh transform Xy takes p"~* times the value pnTﬂ and p"™* — p" % times the
value 0.

Proof. If N denotes the number of w € F,n such that ‘@(w)’ = pnT“, then
Zwern |>/<}(w)|2 = p"**N. Now, according to Eq. (2), one must have that
p" TSN = p?", that is, N = p”~*. The result follows.

A map F from Fp» to Fp» is said to be planar if and only if the function from
Fpn to Fpn induced by the polynomial F(X + a) — F(z) — F(a) is bijective for
every a € Fy,.. We finally introduce the directional difference.

Definition 1. Let f : F,n — F,. The directional difference of f at a € Fpn is
the map Do f from Fpn to Fp defined by

Ve € Fpn, Dyf(z) = f(z+a) — f(z).
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3 New Characterizations of Plateaued Functions

Let p be a positive prime integer. For any nonnegative integer k, we set

Sk =Y [Gw)|™ and Tu(f) = Sk+1(f)

weF ,n

Sk(f)

with the convention regarding k& = 0 that So(f) = p™ (in this case, To(f) =
g;g;g = p"). Let us make a preliminary but important remark : for every integer

A and every positive integer k, it holds

> (I - 4) |G

wE]Fpn

= Spy1(f) = 248, (f) + A%Sp_1(f)- (3)

We are now going to deduce from (3) a characterization of plateaued functions
in terms of moments of the Walsh transform (in Sect. 4, we shall specialize our
characterization to bent functions, see Theorem 3).

Theorem 1. Let n and k be two positive integers. Let f be a function from Fpn
to F,. Then, the two following assertions are equivalent.

1. f is plateaued, that is, there exists a monnegative integer s such that f is
s-plateaued.

2. Tes1(f) = Ti(f).
Proof.

1. Suppose that f is s-plateaued for some nonnegative integer s, that is,
n+

|)’<}(w)‘ € {0,p"= }. Then, by Lemma 1,

— 2k n— s iy
Sk(f) = Z ’Xf(’w)| =p" % x pk(n+ ) :p(k+1)n+(k 1)
weF,n

Sk+1(f) — pnfs > p(k+1)(n+s) — p(k+2)n+ks
Sk:+2(f) — pn—s % p(k+2)(n+s) — p(k+3)n+(k+1)s.

Therefore

k+2)n+ks
— p( ) n+s

Telf) = Sermmromms =P

and
pUt3)nt(kt1)s

Ties1(f) = T Dntks =p"" = Ti(f).
2. Suppose Ti+1(f) = Tk(f). According to (3)
2
S (W@ =1 K5 )[*
weF,n

= Spra(f) = 2T0(F)Skr1 (f) + TE(f)Sk(f)
= Sk1(f) (Thr1 (f) — 2T%(f) + T1(f)) = 0
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proving that |X7(w)| € {0, /Tk(f)} for every w € Fyn. Thus,

3 G W)|? = Tu()#Hw € Fpr | |G (w)| = VT

we]Fpn
Now, the Parseval identity (2) states that
2
> G ="
weF,n

Therefore T}, (f) divides p?® proving that Ty (f) = p? for some positive integer

p. Now, one has #{w € Fpn||X7(w)| = /T (f)} = p*" = < p" which implies
that p > n, that is, p = n + s for some nonnegative integer s.

Remark 1. Specializing Theorem 1 to the case where k = 1, we get that f is
plateaued if and only if T5(f) = T1(f), that is

S3(f)S1(f) — S3(f) = p*"S5(f) — S3(f) = 0.

Remark 2. In the proof, we have shown more than the sole equivalence between
(1) and (2). Indeed, we have shown that if (2) holds then f is s-plateaued and

|XF(w)] € {0, /T ()}

In Theorem 1, we have considered the ratio of two consecutive sums Si(f). In
fact, one can get a more general result than Theorem 1. Indeed, for every positive
integer k and every nonnegative integer [, we have

> (Gt - A) (g 0

welen,
= Spy2-1(f) = 2ASkri-1(f) + A%Sk_1(f).

Then, one can make the same kind of proof as that of Theorem 1 but with (4)
in place of (3) (the proof being very similar, we omit it).

Theorem 2. Let n, k and | be positive integers and f : Fpn — F,. Then, the
two following assertions are equivalent

1. f is plateaued, that is, there exists a nonnegative integer s such that f is

s-plateaued.
Sky21(f) _ Ski(f)
Sk+1(f) —  Sk(f) -

4 The Case of Bent Functions

In this section, we shall specialize our study to bent functions and suppose that
p is a positive prime integer. In the whole section, n is a positive integer. In
Theorem 1, we have excluded the possibility to for the integer k to be equal to 0
because it does concern both plateaued functions and bent functions. In fact, if

we aim to characterize only bent functions, we are going to show that it follows

from comparing T3 (f) = gi—gg = 5;’255) to To(f) = g(‘)g}cg =p".
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Theorem 3. Let n be a positive integer. Let f be a function from Fpn to Fp.
Then .
S:(f)= Y i) =p™
weF,n
and f is bent if and only if Sa(f) = p*".
Proof. If we apply (3) with A =p™ at k = 1, we get that

S (Kr@)f —p7) = Sa() ~ 2" 50(0) + 9" So(1).

U)E]Fpn

Now, So(f) = p™ and S;(f) = p* (Parseval identity, Eq.2). Hence

> (IG@)f —p) = $a() — ™ )

weF,n

2
Since (‘)’(}(w)lz - p") > 0 for every w € Fpn, it implies that So(f) > p3".

Now, f is bent if and only if |)’(?(w)f2 = p" for every w € Fpn. Therefore, f is
bent if and only if the left-hand side of Eq. (5) vanishes, that is, if and only if

Sy(f) = p*".

In characteristic 2, identities have been established involving the Walsh trans-
form of a Boolean function and its directional derivatives (see [1,3]). For instance,
for every Boolean function f, S3(f) and the second-order derivatives of f have
been linked. We now show that one can link Sy(f) and the directional difference
defined in Definition 1.

Proposition 1. Let n be a positive integer. Let f be a function from Fpn to Fp.

Then .
oG =" Y xe(DaDyf (). (6)
weF,n (a,b,r)eﬂfgn
Proof. Since fz|4 = 2%%? where 7 stands for the conjugate of z and , = ;17 we
have
— 4
> KW
wEF,n
= > > Xp (f(21) = f(z2) + flxs) — flza)
welF,n (271,1’2,:1}3,:64)6]172”
—T?"gn (w(xy — xo + 23 — x4))).
Now,

ptifaxy —zo+ax3—24=0
0 otherwise.

Z Xp(— T’”gn (w(zy — 22 + 23 — 24))) = {

U)E]Fpn
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Hence,
S| =" > xp(Fmn) = fla) + flas) — flar — x2 + x3)).
welyn (Il,IQ,Is)GFin

Now note that

Dyy 2y Day—ay f(21) = f(21) + f23) — f22) — f21 + 23 — 22).

Then, since (z1, z2,x3) — (r1, 22 — 21,23 — x2) is a permutation of ]an, we get

Yol =" Y xp(DaDuf(x)).

weF,pn (a,b,z)€F?,

Remark 3. In odd characteristic p, when f is a quadratic form over Fy», that is,
f(z) = ¢(z, z) for some symmetric bilinear map ¢ from Fpn X Fyn to Fpn, then,
flz+y) = f(z)+ f(y)+2¢(x,y). Let us now compute the directional differences
of f at (a,b) € Fpn :

Dyf(x) = f(z +b) = f(z) = f(b) + 2¢(b, x)
DuDyf(z) = 2¢(b, x + a) — 2¢(b, z) = 26(b, a).

According to Proposition 1, one has

So(f)=p" D xp(26(b,a))

3
(a,b,w)E]Fpn

:p2n Z Z XP(2¢(bﬂ a))

bE]Fpn aE]Fpn

Now, classical results about character sums over finite abelian groups say that

S xu(26(b,)) = {p” if (b, ) = 0

0 otherwise.
aG]FPn

Hence, ,

Sa(f) = p*"#rad(9)
where tad(¢) stands for the radical of ¢ : tad(¢) = {b € Fpn | #(b, ®) = 0}. One
can then conclude thanks to Theorem 3 that f is bent if and only if rad(¢) = {0}.

Suppose that p is odd and consider now functions of the form

n—1 n—1

" i pd Lk i g
f(I) = T’I”g Z aijkxp +pi+p + Z bij.’lﬁp P . (7)
i,5,k=0 1,7=0
i#5,J 7k kF i#]
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We are going to characterize bent functions of that form thanks to Theorem 3
and Proposition 1. But before, let us note that we can rewrite the expression of
f as follows

— P T PR p" D +p?
f(x)="Tr} E @il +Trh E bija
i,5,k=0 i,j=0
i#£j,j#k k#i 1#£]
n—1 ) o ) n—1 ) )
_ " pt 14pd TipphTt p" 0 P’
- T’I"p Z Qi L + T’I"p sz.T
i,j, k=0 i,j=0
i34 57k kA i#i
_ pn p,,( pj—z_"_pk,fz pn B p’L+pJ
—Trp T g Qg T —i—Trp bijx
i.j k=0 i,j=0
i#5,j 7k k#i i#]

In the second equality, we have used the fact that Trgn is invariant under the
Frobenius map x — zP. Set

1 i —i j—i —i —i j—i
zb(x’y) = 5 Z afjk (pr ypk + xpk pr )
1,j,k=0
1], Fk, kF#i
1 n—l o o
n 2 J J v
Ow,y) = ST [ D bis(a?y” +a”y”)
i,j=0
i#]

Therefore, a function f of the form (7) can be written

fla) = Trl (zy(z, 2)) + ¢(, ) (®)

where ¢ : Fpn — Fpn is a symmetric bilinear map and ¢ : Fpn — Fpn is a
symmetric bilinear form. We can now state our characterization.

Theorem 4. Suppose that p is odd. Let ¢ be a symmetric bilinear form over
Fpn X Fpn and 1 be a symmetric bilinear map from Fpn X Fpn to Fpn. Define
[ iFpn =Ty by f(z) =Trh (z¢(z,2)) + ¢(x,2)) for x € Fyn. For (a,b) € Fpn,
set Lo p(x) = Trgn (¥(a,b)x + ap(b,x) + by(a,x)). For every a € Fpn, define
the vector space R, = {b € Fpn | Loy, = 0}. Then f is bent if and only if
{a € F;D"’(b(a’ .)’ﬁa = 0} = {O}

Proof. According to Theorem 3 and Proposition 1, f is bent if and only if

> xp(DeDaf(z)) = p™. (9)

(a,b,x)€FS,
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Now, for (a,b) € F2.,
Dof(x) =Trl ((x + a)f(a+z,a + z) — 2(x, 7))

16(z + 0,3 +0) — B, 7)

= Trgn (a¢(x, x) 4+ 2z(a, ) + 2ap(a, x) + 21 (a, a) + arp(a, a))
+2¢(a,z) + ¢(a,a).

DyDq f(x) = TrE" (2a1p(b, z) + arp(b, b) + 2bt(a, ) + 229 (a, b) + 2bi(a, b)

+2a1p(a, b) + b (a,a)) + 2¢(a, b))

= 2o (x) + T8 (atp(b,b) + bio(a, a) + 2(a + b)1h(a, b)) + 24(a,b).

Note that, £, is a linear map from F,n to Fpn. Furthermore, for any a € Fpn
and b € K,, one has

lap(a) = Tr8" ($(a,b)a + arp(b, a) + bip(a,a)) = 0,
lap(b) = Trl" ($(a,0)b + atp(b,b) + bp(a, b)) = 0
which implies, summing those two equations, that

Trfjn (ap(b,b) + 0p(a,a) + 2(a + b)1p(a,b)) = 0.

Hence,
> xwDeDaf@) = Y xp(20(a,0) D xp(2lap(x))
(a,bz)€F3, (a,b)eF3, T€Fpn
=" Y, > w(26(a,b)).
(IGFPH bER,

Now, for every a € Fyn, the map b € R, — ¢(a,b) is linear over K,. Therefore

> wista) = {00 g, =0

0 otherwise
be ﬁa

Hence, according to (9), f is bent if and only if

> xp(DaDyf(x)) =p" > #Rq =p™",

3
(a,b,2)EF3, a€Fyn, ¢(a,0)| o, =0

that is, if and only if|

Z #Ra = pn.

a€Fpn, d(a,e)

. =0
fa

Now, if @ = 0, then Ky = F» because £y, = 0 for every b € F,». Therefore, f is

bent if and only if
> #Ra =0

G.G]F;n , ¢(a,e) |ﬁa =0

which is equivalent to #R, = 0 for every a € Fy. such that ¢(a, .)‘ﬁ =0.
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We now turn our attention towards maps from Fp» to Fpm. Let us extend
the notion of bentness to those maps as follows.

Definition 2. Let I' be a Boolean map from Fyn to Fpm. For every A € Fp,.,
define fx : Fpn — Fp as : fa(z) = Tr2" (AF(z)) for every & € Fyn. Then F is
said to be bent if and only if fx is bent for every A € Fy..

Theorem 3 implies
Theorem 5. Let F' be a map from Fpn to Fpm. Then, F is bent if and only if
D Salf) =" 1), (10)
AEF

Proof. According to Theorem 3, for every A € Fy.., fy is bent if and only if
S5(fr) = p3™ which gives (10). Conversely, suppose that (10) holds. Theorem 3
states that Sa(fy) > p3" for every \ € Fpm. Thus, one has necessarily, for every
A€ Fyn, Sa2(fa) = p*" implying that fy is bent for every A\ € F,n, proving that
F is bent.

We now show that one can compute the left-hand side of (10) by counting the
zeros of the second-order directional differences.

Proposition 2. Let F' be a Boolean map from Fyn to Fpm. Then

D Sa(f) = p"tN(E) - p*"

AEF:m
where N(F) is the number of elements of {(a,b,x) € F3. | Do DyF(x) = 0}.

Proof. According to Proposition 1, we have

Z Sg(f)\):pn Z Z Xp(DanfA(x))'

AEF?, AEF? a,b,w€Fyn

Next, Dy Dy fr = TrE" (ADy Dy F). Therefore

Yoo S =" D> > xe(Trh (ADuDyF(2))).

AEFEm a,b,z€Fpn AEF
That is
S s = Y (X wT 0DDFE)) -t
AEF?, a,b,x€Fpn  AEF,m

We finally get the result from

. 0 if DaDyF(z) # 0
P —
)\GZF: Xp (T?"p ()\DanF($))) - {pm if DanF({,C) -0
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We then deduce from Theorem 3 a characterization of bentness in terms of zeros
of the second-order directional differences.

Theorem 6. Let F be a map from Fyn to Fpm. Then F is bent if and only if
m(F) — pSn—m +p2n _p2n—m'

Proof. F'is bent if and only if all the functions fx, A € F}., are bent. Therefore,
according to Proposition 3, if F' is bent then

> Salfn) =™ —1)p*"
)\eIE‘;m
Now, according to Proposition 2, one has
S Salfa) =pHR(F) — pt
AEF?
We deduce from the two above equalities that
N(EF) =p~ """ + (™ — 1)p°")
— anfm _|_p2n _ p2n7m.
Conversely, suppose that 9(F) = p3"~™ + p?™ — p?"~™_ Then
D Salfa) =p " TN(F) = ptt = pt 4 pP T — pPn = ptt =P (p™ — 1),
AEF*,,
p
We then conclude by Theorem 5 that F' is bent.

Note that when a =0 or b =0, D, D, F is trivially equal to 0. We state below a
slightly different version of Theorem 6 to exclude those trivial cases to charac-
terize the bentness of F'.

Corollary 1. Let F' be a map from Fpn to Fym. Then F is bent if and only
if M(F) = p™(p™ — D)(p™~™ — 1) where M*(F) is the number of elements of
{(a;b,2) € Fpn x Fyn X Fyn | Do Dy F(7) = 0}.

Proof. Tt follows from Proposition 2 by noting that {(a, b, z) € IF;’, D,DyF(x)=
0} contains the set {(a,0,z), a,z € Fyn, } U{(0,a,), a,z € Fpn} whose cardi-
nality equals p™(1 + 2(p™ — 1)) = 2p?" — p"™. Hence, the cardinality of OM*(F)
equals p?m—m + p2n _ p2n—m _ (2p2n _ pn) — p3n—m _ p2n—m + pn _ p2n —
" = 1)+ pt (L= p") =p" (" = D" 1),

In the particular case of planar functions, Theorem 1 rewrites as follows

Corollary 2. Let F': Fpn — Fpn. Then, F is planar if and only if, Dy Dy F' does
not vanish on Fyn for every (a,b) € Fr. x Fr..

Proof. F is planar if and only if F' is bent ([6, Lemma 1.1]). Hence, according
to Corollary 1, F' is planar if and only if 9t*(F') = 0 proving the result.
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