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Abstract. In this paper, relation-based intuitionistic fuzzy rough
approximation operators determined by an intuitionistic fuzzy triangular
norm T are investigated. By employing an intuitionistic fuzzy triangular
norm T and its dual intuitionistic fuzzy triangular conorm, lower and
upper approximations of intuitionistic fuzzy sets with respect to an in-
tuitionistic fuzzy approximation space are first introduced. Properties of
T -intuitionistic fuzzy rough approximation operators are then examined.
Relationships between special types of intuitionistic fuzzy relations and
properties of T -intuitionistic fuzzy rough approximation operators are
further explored.
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1 Introduction

Rough set theory [8] is a new mathematical approach to deal with insufficient
and incomplete information. The basic structure of rough set theory is an ap-
proximation space consisting of a universe of discourse and a binary relation
imposed on it. Based on the approximation space, the notions of lower and up-
per approximation operators can be constructed. Using the concepts of lower
and upper approximations in rough set theory, knowledge hidden in information
tables may be unravelled and expressed in the form of decision rules.

One of the main directions in the research of rough set theory is naturally the
generalization of concepts of Pawlak rough set approximation operators. Many
authors have generalized the notion of rough set approximations by using non-
equivalence binary relations. Other authors have also generalized the notion of
rough set approximations into the fuzzy environment, and the results are called
rough fuzzy sets (fuzzy sets approximated by a crisp approximation space) and
fuzzy rough sets (fuzzy or crisp sets approximated by a fuzzy approximation
space). As a more general case of fuzzy sets, the concept of intuitionistic fuzzy
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(IF for short) sets, which was originated by Atanassov [1], has played a useful role
in the research of uncertainty theories. Unlike a fuzzy set, which gives a degree
of which element belongs to a set, an IF set gives both a membership degree and
a nonmembership degree. Obviously, an IF set is more objective than a fuzzy
set to describe the vagueness of data or information. The combination of IF set
theory and rough set theory is a new hybrid model to describe the uncertain
information and has become an interesting research issue over the years (see e.g.
[2, 3, 5, 6, 9–12, 14–17]).

It is well-known that the dual properties of lower and upper approximation
operators are of particular importance in the analysis of mathematical structures
in rough set theory. The dual pairs of lower and upper approximation operators
in the rough set theory are strongly related to the interior and closure operators
in topological space, the necessity (box) and possibility (diamond) operators
in modal logic, and the belief and plausibility functions in the Dempster-Shafer
theory of evidence. On the other hand, we know that there are a lot of triangular
norms which have been widely used in fuzzy set research. It should be noted that
fuzzy inference results often depend upon the choice of the triangular norm.
For analyzing uncertainty in complicated fuzzy systems, dual pairs of lower and
upper fuzzy rough approximations defined by arbitrary triangular norms in rough
set theory have been developed [7, 13]. According to this research line, the main
objective of this paper is to present the study of IF rough sets determined by
IF triangular norms. We will define a dual pair of lower and upper T -IF rough
approximation operators and examine their essential properties.

2 Basic Notions Related to Intuitionistic Fuzzy Sets

In this section we recall some basic notions and previous results about intuition-
istic fuzzy sets which will be used in the later parts of this paper.

Throughout this paper, U will be a nonempty set called the universe of dis-
course. The class of all subsets (respectively, fuzzy subsets) of U will be denoted
by P(U) (respectively, by F(U)). In what follows, 1y will denote the fuzzy single-
ton with value 1 at y and 0 elsewhere; 1M will denote the characteristic function
of a crisp set M ∈ P(U). For any A ∈ F(U), the complement of A will be
denoted by ∼ A, i.e. (∼ A)(x) = 1−A(x) for all x ∈ U .

We first review a lattice on [0, 1]× [0, 1] originated by Cornelis et al. [4].

Definition 1. Denote

L∗ = {(x1, x2) ∈ [0, 1]× [0, 1] | x1 + x2 ≤ 1}. (1)

A relation ≤L∗ on L∗ is defined as follows: ∀(x1, x2), (y1, y2) ∈ L∗,

(x1, x2) ≤L∗ (y1, y2) ⇐⇒ x1 ≤ y1 and x2 ≥ y2. (2)
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The relation ≤L∗ is a partial ordering on L∗ and the pair (L∗,≤L∗) is a complete
lattice with the smallest element 0

L∗ = (0, 1) and the greatest element 1
L∗ =

(1, 0) . The meet operator ∧ and the join operator ∨ on (L∗,≤L∗) linked to the
ordering ≤L∗ are, respectively, defined as follows: ∀(x1, x2), (y1, y2) ∈ L∗,

(x1, x2) ∧ (y1, y2) = (min(x1, y1),max(x2, y2)),
(x1, x2) ∨ (y1, y2) = (max(x1, y1),min(x2, y2)).

(3)

And for any index set J and aj = (xj , yj) ∈ L∗, j ∈ J , we define

∧

j∈J

aj =
∧

j∈J

(xj , yj) = (
∧

j∈J

xj ,
∨

j∈J

yj),
∨

j∈J

aj =
∨

j∈J

(xj , yj) = (
∨

j∈J

xj ,
∧

j∈J

yj).
(4)

Meanwhile, an order relation ≥L∗ on L∗ is defined as follows: ∀x = (x1, x2), y =
(y1, y2) ∈ L∗,

(y1, y2) ≥L∗ (x1, x2) ⇐⇒ (x1, x2) ≤L∗ (y1, y2), (5)

and
x = y ⇐⇒ x ≤L∗ y and y ≤L∗ x. (6)

For (x1, x2) ∈ L∗, we define the complement element of (x1, x2) in L∗ as
follows:

1
L∗ − (x1, x2) = (x2, x1). (7)

Since ≤L∗ is a partial ordering, the order-theoretic definitions of conjunction
and disjunction on L∗ called IF triangular norm (IF t-norm for short) and IF
triangular conorm (IF t-conorm for short) are introduced as follows:

Definition 2. An IF triangular norm (IF t-norm for short) on L∗ is an increas-
ing, commutative, associative mapping T : L∗×L∗ → L∗ satisfying T (1

L∗ , x) = x
for all x ∈ L∗.

Definition 3. An IF triangular conorm (IF t-conorm for short) on L∗ is an
increasing, commutative, associative mapping S : L∗ × L∗ → L∗ satisfying
S(0

L∗ , x) = x for all x ∈ L∗.

Obviously, the greatest IF t-norm (respectively, the smallest IF t-conorm)
with respect to (w.r.t.) the ordering ≤L∗ is min (respectively, max), defined by
min(x, y) = x ∧ y (respectively, max(x, y) = x ∨ y) for all x, y ∈ L∗.

An IF t-norm T and an IF t-conorm S on L∗ are said to be dual if

T
(
x, y

)
= 1

L∗ − S(1
L∗ − x, 1

L∗ − y), ∀x, y ∈ L∗,
S
(
x, y

)
= 1

L∗ − T (1
L∗ − x, 1

L∗ − y), ∀x, y ∈ L∗. (8)

Each IF t-norm T can be associated two functions T1, T2 : L∗ × L∗ → [0, 1]
which are defined as follows:

T
(
a, b

)
= (T1(a, b), T2(a, b)), ∀a, b ∈ L∗. (9)



656 W.-Z. Wu et al.

Likewise, from an IF t-conorm S on L∗, we can derive two functions S1, S2 :
L∗ × L∗ → [0, 1] which satisfy the following equation.

S
(
a, b

)
= (S1(a, b), S2(a, b)), ∀a, b ∈ L∗. (10)

Since T and S are increasing, by Eq. (2) we can conclude

Proposition 1. If T is an IF t-norm on L∗ and S the IF t-conorm on L∗

dual to T , then T1 and S1 are increasing and T2 and S2 are decreasing for both
arguments.

Proposition 2. If T is an IF t-norm on L∗, and S is the IF t-conorm on L∗

dual to T . Then
(1) S1(a, b) = T2(1L∗ − a, 1

L∗ − b), for all a, b ∈ L∗.
(2) S2(a, b) = T1(1L∗ − a, 1

L∗ − b), for all a, b ∈ L∗.
(3) T1(a, b) = S2(1L∗ − a, 1

L∗ − b), for all a, b ∈ L∗.
(4) T2(a, b) = S1(1L∗ − a, 1

L∗ − b), for all a, b ∈ L∗.

Proof. For a = (a1, a2), b = (b1, b2) ∈ L∗, by Eqs. (7) and (8), we have

S
(
a, b

)
= (S1(a, b), S2(a, b)) = 1

L∗ − T (1
L∗ − a, 1

L∗ − b)
= 1

L∗ − (T1(1L∗ − a, 1
L∗ − b), T2(1L∗ − a, 1

L∗ − b))
= 1

L∗ − (T1((a2, a1), (b2, b1)), T2((a2, a1), (b2, b1)))
= (T2((a2, a1), (b2, b1)), T1((a2, a1), (b2, b1)))
= (T2(1L∗ − a, 1

L∗ − b), T1(1L∗ − a, 1
L∗ − b)).

Thus (1) and (2) hold. Similarly, we can conclude (3) and (4).

Definition 4. [1] Let a set U be fixed. An IF set A in U is an object having the
form

A = {〈x, μ
A
(x), γ

A
(x)〉 | x ∈ U},

where μ
A
: U → [0, 1] and γ

A
: U → [0, 1] satisfy 0 ≤ μ

A
(x) + γ

A
(x) ≤ 1 for all

x ∈ U, and μ
A
(x) and γ

A
(x) are, respectively, called the degree of membership

and the degree of non-membership of the element x ∈ U to A. The family of all
IF subsets in U is denoted by IF(U). The complement of an IF set A is defined
by ∼ A = {〈x, γ

A
(x), μ

A
(x)〉 | x ∈ U}.

It can be observed that an IF set A is associated with two fuzzy sets μ
A
and

γ
A
. Here, we denote A(x) = (μ

A
(x), γ

A
(x)), then it is clear that A ∈ IF(U) iff

A(x) ∈ L∗ for all x ∈ U . Obviously, a fuzzy set A = {〈x, μA(x)〉 | x ∈ U} can be
identified with the IF set of the form {〈x, μ

A
(x), 1 − μ

A
(x)〉 | x ∈ U}. Thus an

IF set is indeed an extension of a fuzzy set.
Some basic operations on IF(U) are introduced as follows [1]: for A,B,Ai ∈

IF(U), i ∈ J , J is an index set,
• A ⊆ B iff μA(x) ≤ μB (x) and γA(x) ≥ γB (x) for all x ∈ U,
• A ⊇ B iff B ⊆ A,
• A = B iff A ⊆ B and B ⊆ A,
• A ∩B = {〈x,min(μA(x), μB (x)),max(γA(x), γB (x))〉 | x ∈ U},
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• A ∪B = {〈x,max(μ
A
(x), μ

B
(x)),min(γ

A
(x), γ

B
(x))〉 | x ∈ U},

• ⋂

i∈J

Ai = {〈x, ∧
i∈J

μ
Ai
(x),

∨

i∈J

γ
Ai
(x)〉 | x ∈ U},

• ⋃

i∈J

Ai = {〈x, ∨
i∈J

μAi
(x),

∧

i∈J

γAi
(x)〉 | x ∈ U}.

For (α, β) ∈ L∗, ̂(α, β) will be denoted by the constant IF set: ̂(α, β)(x) =
(α, β), for all x ∈ U. For any y ∈ U and M ∈ P(U), IF sets 1

y
, 1

U−{y} , and 1
M

are, respectively, defined as follows: for x ∈ U ,

μ
1y
(x) =

{
1, if x = y,
0, if x �= y.

γ
1y
(x) =

{
0, if x = y,
1, if x �= y.

μ
1U−{y}

(x) =

{
0, if x = y,
1, if x �= y.

γ
1U−{y}

(x) =

{
1, if x = y,
0, if x �= y.

μ1M
(x) =

{
1, if x ∈ M,
0, if x /∈ M.

γ1M
(x) =

{
0, if x ∈ M,
1, if x /∈ M.

The IF universe set is U = 1
U
= ̂(1, 0) = 1̂

L∗ = {〈x, 1, 0〉 | x ∈ U} and the IF

empty set is ∅ = ̂(0, 1) = 0̂L∗ = {〈x, 0, 1〉 | x ∈ U}.
By using L∗, IF sets on U can be represented as follows: for A,B,Aj ∈

IF(U)(j ∈ J, J is an index set), x, y ∈ U , and M ∈ P(U)
• A(x) = (μ

A
(x), γ

A
(x)) ∈ L∗,

• U(x) = (1, 0) = 1
L∗ ,

• ∅(x) = (0, 1) = 0
L∗ ,

• x = y =⇒ 1y (x) = 1
L∗ and 1

U−{y}(x) = 0
L∗ ,

• x �= y =⇒ 1
y
(x) = 0

L∗ and 1
U−{y}(x) = 1

L∗ ,
• x ∈ M =⇒ 1

M
(x) = 1

L∗ ,
• x /∈ M =⇒ 1M (x) = 0

L∗ ,
• A ⊆ B ⇐⇒ A(x) ≤L∗ B(x), ∀x ∈ U ⇐⇒ B(x) ≥L∗ A(x), ∀x ∈ U ,
•( ⋂

j∈J

Aj

)
(x) =

∧

j∈J

Aj(x) =
( ∧

j∈J

μ
Aj
(x),

∨

j∈J

γ
Aj
(x)

) ∈ L∗,

•( ⋃

j∈J

Aj

)
(x) =

∨

j∈J

Aj(x) =
( ∨

j∈J

μAj
(x),

∧

j∈J

γAj
(x)

) ∈ L∗.

For two IF sets A, B ∈ IF(U), we define two IF sets A ∩T B and A ∪S B as
follows:

(A ∩T B)(x) = T (A(x), B(x)), x ∈ U,
(A ∪S B)(x) = S(A(x), B(x)), x ∈ U.

(11)

It can easily be verified that

A ∪S B =∼ ((∼ A) ∩T (∼ B)). (12)

3 T -Intuitionistic Fuzzy Rough Approximation Operators

In this section, by employing an IF t-norm T and its dual IF t-conorm S on L∗,
we will define the lower and upper approximations of IF sets w.r.t. an arbitrary
IF approximation space and discuss properties of T -IF rough approximation
operators.
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Definition 5. Let U and W be two nonempty universes of discourse. A subset
R ∈ IF(U ×W ) is referred to as an IF binary relation from U to W , namely,
R is given by

R = {〈(x, y), μ
R
(x, y), γ

R
(x, y)〉 | (x, y) ∈ U ×W}, (13)

where μ
R

: U × W → [0, 1] and γ
R

: U × W → [0, 1] satisfy 0 ≤ μ
R
(x, y) +

γR(x, y) ≤ 1 for all (x, y) ∈ U × W . We denote the family of all IF relations
from U to W by IFR(U × W ). An IF relation R ∈ IFR(U × W ) is said to
be serial if

∨
y∈W R(x, y) = 1L∗ for all x ∈ U . If U = W , R ∈ IFR(U × U) is

called an IF binary relation on U . R ∈ IFR(U × U) is said to be reflexive if
R(x, x) = 1

L∗ for all x ∈ U . R is said to be symmetric if R(x, y) = R(y, x) for
all x, y ∈ U . R is said to be T -transitive if

∨
y∈U T (R(x, y), R(y, z)) ≤

L∗ R(x, z)
for all x, z ∈ U , where T is an IF t-norm.

Throughout this section, we always assume that T is an IF continuous t-norm
on L∗ and S the IF t-conorm dual to T .

Definition 6. Let U and W be two non-empty universes of discourse and R
an IF relation from U to W , then the triple (U,W,R) is called a generalized IF
approximation space. For A ∈ IF(W ), the T -lower and T -upper approximations
of A, denoted as R(A) and R(A), respectively, w.r.t. the approximation space
(U,W,R) are IF sets of U and are, respectively, defined as follows:

R(A)(x) =
∧

y∈W

S(1
L∗ −R(x, y), A(y)), x ∈ U. (14)

R(A)(x) =
∨

y∈W

T (R(x, y), A(y)), x ∈ U. (15)

The operators R, R : IF(W ) → IF(U) are, respectively, referred to as T -
lower and T -upper IF rough approximation operators of (U,W,R), and the pair
(R(A), R(A)) is called the T -IF rough set of A w.r.t. (U,W,R).

Theorem 1. Let (U,W,R1) and (U,W,R2) be two IF approximation spaces, if
R1 ⊆ R2, then

(1) R1(A) ⊆ R2(A) for all A ∈ IF(W ).
(2) R2(A) ⊆ R1(A) for all A ∈ IF(W ).

Proof. It can be deduced directly from Definition 6.

Definition 7. If U, V,W are three nonempty sets, R1 is an IF relation from U
to V , and R2 is an IF relation from V to W , we define an IF relation from U
to W , denoted R1 ◦R2, called the T -composition of R1 and R2 as follows:

R1 ◦R2(x, z) =
∨

y∈V

T (R1(x, y), R2(y, z)), ∀(x, z) ∈ U ×W. (16)
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Theorem 2. Let (U, V,R1) and (V,W,R2) be two IF approximation spaces, then
(1) R1 ◦R2(A) = R1(R2(A)) for all A ∈ IF(W ).
(2) R1 ◦R2(A) = R1(R2(A)) for all A ∈ IF(W ).

Proof. (1) For any u ∈ U , we have

R1(R2(A))(u) =
∨

v∈V

T (R1(u, v), R2(A)(v))

=
∨

v∈V

T (R1(u, v),
∨

w∈W

T (R2(v, w), A(w)))

=
∨

v∈V

∨

w∈W

T (R1(u, v), T (R2(v, w), A(w)))

=
∨

w∈W

∨

v∈V

T (T (R1(u, v), R2(v, w)), A(w))

=
∨

w∈W

T (
∨

v∈V

T (R1(u, v), R2(v, w)), A(w))

=
∨

w∈W

T (R1 ◦R2(u,w), A(w))

= R1 ◦R2(A)(u).

Thus, R1 ◦R2(A) = R1(R2(A)).
(2) It is similar to the proof of (1).

Theorem 3. Let (U,W,R) be an IF approximation space, T an IF t-norm on
L∗, and S the IF t-conorm dual to T , then

(IFL1) R(A) =∼ R(∼ A) for all A ∈ IF(W ).
(IFU1) R(A) =∼ R(∼ A) for all A ∈ IF(W ).

Proof. For any A ∈ IF(W ) and x ∈ U , by Eq. (4) and Proposition 2 we have

R(∼ A)(x) =
∨

y∈W

T (R(x, y), (∼ A)(y))

=
∨

y∈W

(T1(R(x, y), 1
L∗ −A(y)), T2(R(x, y), 1

L∗ −A(y)))

= (
∨

y∈W

T1(R(x, y), 1
L∗ −A(y)),

∧

y∈W

T2(R(x, y), 1
L∗ −A(y)))

= (
∨

y∈W

S2(1L∗ −R(x, y), A(y)),
∧

y∈W

S1(1L∗ −R(x, y), A(y)))

= 1
L∗ − (

∧

y∈W

S1(1L∗ −R(x, y), A(y)),
∨

y∈W

S2(1L∗ −R(x, y), A(y))).

Thus

(∼ R(∼ A))(x) = 1
L∗ −R(∼ A)(x)

= (
∧

y∈W

S1(1L∗ −R(x, y), A(y)),
∨

y∈W

S2(1L∗ −R(x, y), A(y)))

=
∧

y∈W

(S1(1L∗ −R(x, y), A(y)), S2(1L∗ −R(x, y), A(y)))

=
∧

y∈W

S(1
L∗ −R(x, y), A(y))

= R(A)(x).

Therefore, we conclude (IFL1). Similarly, we can prove that (IFU1) holds.
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Properties (IFL1) and (IFU1) in Theorem 3 show that the T -IF rough ap-
proximation operators R and R are dual with each other. The following theorem
presents some basic properties of T -IF rough approximation operators.

Theorem 4. Let (U,W,R) be an IF approximation space. Then the upper and
lower T -fuzzy rough approximation operators defined in Definition 6 satisfy the
following properties: For all A,B ∈ IF(W ), Aj ∈ IF(W )(∀j ∈ J, J is an index
set), M ⊆ W, (x, y) ∈ U ×W and all (α, β) ∈ L∗,

(IFL2) R( ̂(α, β) ∪S (A) = ̂(α, β) ∪S R(A).

(IFU2) R
( ̂(α, β) ∩T A

)
= ̂(α, β) ∩T R(A).

(IFL3) R(
⋂

j∈J

Aj) =
⋂

j∈J

R(Aj).

(IFU3) R(
⋃

j∈J

Aj) =
⋃

j∈J

R(Aj).

(IFL4) A ⊆ B =⇒ R(A) ⊆ R(B).
(IFU4) A ⊆ B =⇒ R(A) ⊆ R(B).
(IFL5) R(

⋃

j∈J

Aj) ⊇
⋃

j∈J

R(Aj).

(IFU5) R(
⋂

j∈J

Aj) ⊆
⋂

j∈J

R(Aj).

(IFL6) R(W ) = U .
(IFU6) R(∅

W
) = ∅

U
.

(IFL7) R(1
W−{y})(x) = 1

L∗ −R(x, y).

(FU7) R(1
y
)(x) = R(x, y).

(IFL8) ̂(α, β) ⊆ R( ̂(α, β)).

(IFU8) R( ̂(α, β)) ⊆ ̂(α, β).
(IFL9) R(1

M
)(x) =

∧

y/∈M

(1
L∗ −R(x, y)).

(IFU9) R(1
M
)(x) =

∨

y∈M

R(x, y).

(IFL10) R(1
W−{y} ∪S

̂(α, β))(x) = S(1
L∗ −R(x, y), (α, β)).

(IFU10) R(1
y
∩T

̂(α, β))(x) = T (R(x, y), (α, β)).

Proof. The proof for properties of the upper T -IF rough approximation operator
can be found in [17], and properties of lower T -IF rough approximation operator
can be deduced directly by employing the dual properties (IFL1) and (IFU1) in
Theorem 3.

By using Theorem 5 in [17] and the dualities in Theorem 3, we can obtain
following Theorems 5-8, which show that properties of some special IF relations,
say serial IF relations, reflexive IF relations, symmetric IF relations, and T -
transitive IF relations, can be equivalently characterized by properties of the
T -IF rough approximation operators.
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Theorem 5. Let (U,W,R) be an IF approximation space, then

R is serial ⇐⇒ (IFL0) R( ̂(α, β)) = ̂(α, β), ∀(α, β) ∈ L∗.
⇐⇒ (IFU0) R( ̂(α, β)) = ̂(α, β), ∀(α, β) ∈ L∗.
⇐⇒ (IFL0)

′
R(∅W ) = ∅U .

⇐⇒ (IFU0)
′
R(W ) = U.

Theorem 6. Let (U,R) be an IF approximation space (i.e. R is an IF relation
on U), then

R is reflexive ⇐⇒ (IFLR) R(A) ⊆ A, ∀A ∈ IF(U).
⇐⇒ (IFUR) A ⊆ R(A), ∀A ∈ IF(U).

Theorem 7. Let (U,R) be an IF approximation space, then

R is symmetric ⇐⇒ (IFLS) R(1
U−{x})(y) = R(1

U−{y})(x), ∀(x, y) ∈ U × U.

⇐⇒ (IFUS) R(1
x
)(y) = R(1

y
)(x), ∀(x, y) ∈ U × U.

Theorem 8. Let (U,R) be an IF approximation space, then

R is T − transitive ⇐⇒ (IFLT) R(A) ⊆ R(R(A)), ∀A ∈ IF(U).
⇐⇒ (IFUT)R(R(A)) ⊆ R(A), ∀A ∈ IF(U).

4 Conclusion

We have studied a general type of relation-based intuitionistic fuzzy rough sets de-
termined by IF triangular norms with their dual IF triangular conorms. We have
introduced a dual pair of T -lower and T -upper IF rough approximation operators
induced from a generalized IF approximation space.We have presented some prop-
erties of T -lower and T -upper IF rough approximation operators and have also ex-
amined essential properties of T -IF rough approximation operators corresponding
to some special types of IF binary relations. For further study, we will investigate
more mathematical structures of the T -IF rough approximation operators.
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