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Preface

This project was born during my sabbatical visit to ETH Ziirich in Spring of 2007,
and the first version of this manuscript appeared as a preprint in 2011. Sadly, I had
to complete it alone; Oscar Lanford passed away in November 2013. Collaborating
with Oscar was a true joy, and I miss him both as a colleague and as a friend. In
preparing the text for publication, I have attempted not to introduce changes into
Oscar’s writing style. Without his meticulous attention to detail, I may have
overlooked some bugs—hopefully, all of these are minor and will not detract from
the mathematical content of the book. I invite the reader to enjoy the depth of
Oscar’s insight into renormalization and the use of computer-assisted methods in its
study. I am grateful for having had the opportunity to work with him, I only wish
that we were able to finish this work together.

Toronto, June 2014 Michael Yampolsky
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Chapter 1
Introduction

Abstract The introduction contains a brief and informal description of the concept
of parabolic renormalization and of our main results.

Keyword Inou-Shishikura renormalization fixed point

Parabolic renormalization was first introduced by Shishikura in his celebrated work
[SH] on the Hausdorff dimension of the boundary of the Mandelbrot set. More
recently, the result of Inou and Shishikura [IS] on the convergence of parabolic
renormalization became a key to the construction of quadratic Julia sets of positive
measure by Buff and Chéritat [BS]. Thus, parabolic renormalization is clearly a
powerful and important tool; indeed, it is one of the most important analytic tools to
emerge in studying the measure and dimension of Julia sets. Yet it remains one of the
more difficult and subtle chapters of modern Complex Dynamics, still imperfectly
understood and in many ways mysterious.

Indeed, even the definition of parabolic renormalization is quite complicated.
Skipping all of the (important) details, we attempt to summarize it below, as follows.
Start with a simple parabolic germ of an analytic function at the origin of the form

f@) =z+a*+ Zanzn, with ay # 0.

n>3

Using a linear change of coordinates we assure without loss of generality thata, = 1.
The classical Leau-Fatou flower theorem (presented with great care in e.g. [Mill])
describes the local dynamics of f near the origin as follows. There exists a topological
disk P4, known as an attracting petal of f, such that f(P4) C P4 U {0}, and the
iterates f"(z) converge to O uniformly for z € P4. Moreover, every orbit of f which
converges to 0 eventually lands in P4. A repelling petal Pg of f is defined to be an
attracting petal for the local branch of f~! which fixes the origin. Together, Pg and
P4 form a punctured neighborhood of the origin.

© The Author(s) 2014 1
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2 1 Introduction

Fig. 1.1 Attracting and repelling petals of a simple parabolic germ of the form f(z) = z+z>+- - -,
and the corresponding Fatou coordinates

Inside a petal, the dynamics of f can be linearized. There exists a conformal map
¢a: Py — C,
which solves the Abel functional equation

ba(f(2)) = ¢a(z) + 1.

The map ¢4 is known as an attracting Fatou coordinate; it is defined uniquely up to
an addition of a constant. A repelling Fatou coordinate ¢ is similarly defined as a
solution of the Abel equation in a repelling petal. The petals can be chosen so that
the image ¢4 (P4) contains a sector {|Arg(z — C)| < w/2 + ¢} for a sufficiently
large C > 0 and some ¢ > 0, and similarly the image ¢g(Pr) contains a sector
{|Arg(z + C)| > /2 — &} (Fig. 1.1).

By design, the composition ¢4 o (¢r)~! commutes with the unit translation z
z+ 1. Using this fact, it is not difficult to see that it is defined for all z with |Imz| > M
for a sufficiently large value of M. If we denote

ixp(z) = exp(2miz),

then the composition
h=ixpogao (pr) ' oixp™! (1.1

defines a pair of analytic maps A", h™~ defined in punctured neighborhoods of 0 and
oo respectively. These maps have removable singularities at 0 and oo, and AT (0) = 0,
h™ (00) = oo. The multipliers of the fixed points 0 and oo are both nonzero.

The pair of analytic germs of 2™ at 0 and A~ at oo is Voronin’s form of the
Ecalle-Voronin conformal conjugacy invariant of f [Ec, Vor]. These germs are not
quite uniquely defined: a choice of additive constants in the definition of ¢4, ¢r
induces a pre- and post-composition of h with multiplications by nonzero complex
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numbers. Now let us say that f is renormalizable if
ht (@) =biz+byz* + -
with b> # 0. Then there is a unique choice of nonzero constants «, 8 for which
ahT™(B2) =z 42>+ 1.2)

We call the germ (1.2) the parabolic renormalization of f.

The term renormalization has an established meaning in dynamics: it stands for a
rescaled first return map. Although it is not at all obvious from the above description,
parabolic renormalization can be interpreted as a limiting case of an appropriately
conformally rescaled renormalization of almost parabolic germs (see e.g. [IS]).

In [IS], Inou and Shishikura demonstrated that the successive parabolic
renormalizations 22" (fy) of the quadratic polynomial fy(z) = z + z> converge
to an analytic map f, defined in a neighborhood of the origin, which satisfies the
fixed point equation

P(fe) = [ (1.3)

They proved that in a suitably restricted class of maps, fx is a globally attracting
fixed point of Z.

We note that in general the Eq. (1.3) has many different solutions. Indeed, Schitke
(private communication) has recently described a nondynamical construction of fixed
points of the operator &7 with an arbitrarily specified 42~. However, if our germ f
extends to an analytic map with nice global covering properties, then, generically,
its renormalizations will converge to fi.

This work grew out of our efforts to provide a natural geometric description for
the class of maps invariant under 2 (and, in particular, for the fixed point f itself),
and to carry out a computer-assisted study of f, and &?. We describe a natural class
of analytic maps Py which have a maximal analytic extension to a Jordan domain
satisfying the invariance property

y:Po—)Po.

The covering properties of amap f € Pg admit an explicit topological model, which
we describe in some detail. We prove that the Inou-Shishikura fixed point f of &
is contained in Py, and use the convergence result of [IS] to show that successive
renormalizations of any map f € Py converge to f.

When it comes to a numerical study of the action of &7, one encounters an immedi-
ate challenge: estimating the attracting and repelling Fatou coordinates of an analytic
germ in the definition (1.1) with sufficient precision. We approach their computation
from a new angle, utilizing an asymptotic series for a Fatou coordinate. The existence
of such an asymptotic series has at least in some cases been known from the work
of Ecalle [Ec] on Resurgence Theory. We give an elementary analytic proof of this
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fact in the general case. We then use the asymptotic series to design a computational
scheme for &, and use it to compute with high accuracy Taylor’s expansion of f;,
as well as to compute the boundary of its maximal domain of analyticity. We also
produce an explicit estimate of the spectral radius of the linearization D |, in a
suitable Banach ball.

We have strived to make our exposition self-contained. In Chap. 2 the reader will
find a detailed exposition of the local theory of simple parabolic germs. In addition
to standard material, in Sect. 2.2 we present a proof of the existence of an asymptotic
series of the Fatou coordinate at infinity, which plays a key role in our numerical
experiments. We make a brief note of the role this series plays in Ecalle’s Resur-
gence Theory for Fatou coordinates in Sect.2.2.1. In Sect.2.3, after a discussion
of Ecalle-Voronin conformal conjugacy invariants, the parabolic renormalization
operator &7 makes its first appearance. Chapter3 discusses global properties of
parabolic renormalization, starting with a detailed discussion of parabolic renor-
malization of the quadratic polynomial fy(z) = z + z> in Sect.3.2. We define the
class Py in Sect.3.5. Section3.6 contains the core of the proof of invariance of Py
under the action of 2. In Sect.3.7 we use the results of Inou and Shishikura to
show that parabolic renormalizations of a map in P converge to the Inou-Shishikura
fixed point f,. Chapter4 contains a numerical study of the parabolic renormalization
operator and its fixed point f,. Here we make use of the asymptotic series for the
Fatou coordinates of a parabolic germ. Some amusing examples are left for dessert
in Chap. 5.
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Chapter 2
Local Dynamics of a Parabolic Germ

Abstract We discuss the local dynamics of a simple parabolic germ and Fatou
coordinates, the asymptotics of a Fatou coordinate at infinity, and the definition and
basic properties of the parabolic renormalization of a simple parabolic germ.

Keywords Simple parabolic germ - Fatou coordinate - Resurgent series - Ecalle-
Voronin invariants * Parabolic renormalization

2.1 Fatou Coordinates

We briefly review the local dynamics of an analytic function f in the vicinity of a
parabolic fixed point at 0:

f(2) = e¥Plz 4+ 0.

We consider first the case g = 1, that is, f'(0) = 1, and we write

f@) =z+a" + 0", (2.1)

for some n € N and a # 0. The integer n 4+ 1 can be recognized as the multiplicity
of 0 as the solution of f(z) —z =0.

A complex number v of modulus one is called an attracting direction if the product
av" < 0, and a repelling direction if the same product is positive. The terminology
has the following meaning.

Proposition 2.1 Let { fX(z)} be an orbit in Dom(f) \ {0} which converges to the
parabolic fixed point 0. Then the sequence of unit vectors f*(z)/| f¥(z)| converges
as k — oo to one of the attracting directions.

We say in this case that the orbit converges to p from the direction of v.
If f has a parabolic fixed point at 0, it admits a local inverse there, by which
we mean a function g, defined and analytic in a neighborhood of 0, so that

© The Author(s) 2014 5
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6 2 Local Dynamics of a Parabolic Germ

g(f(2)) = z = f(g(z)) for z near enough to 0. The germ at O of a local inverse
is unique, but its domain of definition typically has to be chosen. A local inverse
also has a parabolic fixed point at 0; attracting directions for f are repelling for the
inverse and vice versa.

Definition 2.1 Let v be an attracting direction for f. An attracting petal for f (from
the direction v) is a Jordan domain P with closure in Dom( f') such that:

0eoP;

f is injective on P;

FP\{O) C P;

for any z € P, the orbit f k (z) converges to 0 from the direction v, and the
convergence of f¥ to 0 is uniform on P;

5. conversely, any orbit f*(z) which converges to z from the direction v is eventually
in P.

S

Similarly, U is a repelling petal for f if it is an attracting petal for some local inverse

gof f.
Judiciously chosen petals can be organized into a Leau-Fatou Flower at 0:

Theorem 2.1 There exists a collection of n attracting petals P{, and n repelling
petals P; such that the following holds. Any two repelling petals do not intersect,
and every repelling petal intersects exactly two attracting petals. Similar properties
hold for attracting petals. The union

(UP®) U (UP) U {0}

forms an open simply-connected neighborhood of 0.

The proof of this statement relies on some changes of coordinates. First: every germ
of the form (2.1) can be brought into the form

in a suitable conformal local coordinate change at 0. In fact, a straightforward induc-
tion shows the following:

Proposition 2.2 (cf. [Mill] Problem 10-d, [BE]) For every germ of the form (2.1)
there exists a unique « € C such that for every N € N greater than 2n + 1 there is
a locally conformal change of coordinates r, with ¥ (0) = 0, such that

Vofov ') =z4+"+a +0EY).

Further, there exists a formal power series W (z) = > po prz* that formally conju-
gates

lll o f‘o (I,_I(Z) — Z+Zn+l +aZ2ﬂ+1-
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Thus, the number o € C is a formal conjugacy invariant of f, and specifies its formal
conjugacy class uniquely.

For the next few paragraphs, we will take f to have the special form (2.2). The
attracting directions are then the nth roots of —1. We will describe some ways of
construction attracting petals for the attracting direction v; the adjustments necessary
to deal with repelling petals are routine. The reader is reminded that (2.2) is not the
general form of a mapping with a parabolic fixed point of order #; it has been cleaned
up by making a preliminary analytic change of coordinates to eliminate some powers
of z in its Taylor series.

The behavior of orbits of such an f near O is greatly clarified by making the
coordinate change

1
w=k()i=——:.
@ =-—
We are considering a particular attracting direction, and we take « to be defined
on the sector between the two adjacent repelling directions; it opens up this sector
to the complex plane cut along the positive real axis. With its domain of definition
restricted in this way, « is bijective, and its inverse is given by

1 1/n
K w) = (——) ,
nw

where the branch of the nth root is the one cut along the positive real axis and taking
the value v at —1.
Then

Fw):=ko forx '(w)

1 n+1 2n+1 3n+1 —n
1 1 n 1 n 1 n —1 n
=—\(-——) +(-——) +el-— +o(|—
n nw nw nw nw

We thus obtain

A
Fw)y=w+1+=+0(1/w?) asw— oo
w
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1 1
A:—(n+ —a).
n 2

Selecting a right half-plane H, = {Re z > r} for a sufficiently large r > 0, we have

where

Re F(w) > Rew + 1/2, and hence F(H,) C H,.

The domain « ~!(H,) is then an attracting petal for the attracting direction v. In the
case of a simple parabolic point, what we have just shown simplifies to the assertion
that any disk of sufficiently small radius, tangent to the imaginary axis from the left
at 0, is an attracting petal.

The petals just discussed—pullbacks of half-planes under k—have boundaries
tangent at the origin to directions e*/"y_ For many purposes, such as the proof
of Theorem 2.1, we will need petals with a strictly larger opening angle. There are
many ways to construct such petals; here is one which is convenient for our purposes.
Letn/2 <a <m, R > 0,and let

A, R) == {w: —a < Arglw — R) < o} (2.3)
(i.e., A(a, R) is the sector {—a < Arg(w) < «} translated right by R.) From
Fw)y=w+1+0/w),
there exists a Ry = Ro(«) so that
|Arg(F(w) —w)| < —a and Re(F(w)) > Re(w) +1/2 2.4)

for |[w| > Ry. If R is large enough, the domain A(¢, R) does not intersect the disk
{lw| < Ro}, so (2.4) holds for w € A(«a, R). For such R’s, by elementary geometric
considerations,

F (4@ ®) ¢ A B,

and F"(w) —> oo forall w € A(a, R). Further any A(«, R) contains a right half-
n— 00

plane and hence eventually contains any F-orbit converging to co. Finally, it can be
verified that the sequence of iterates F”* converges uniformly to co on A(«, R). We
omit this verification; it uses simplified versions of the ideas used in the proof of
Lemma 2.1. Thus, sets of the form « ! (A(a, R)) are attracting petals, symmetric
about the attracting direction under consideration, with tangents at the origin in
directions e**/"y_ It will be useful to have a general term for behavior for this: We
will say that a petal P with attracting or repelling direction v is ample if
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P D {z:|Arg(z/v)| <a/n,|z| <r}

for some o > /2 and sufficiently small .
The dynamics inside a petal is described by the following:

Proposition 2.3 Let P be an attracting petal for f. Then there exists a conformal
change of coordinates ¢ defined on P, conjugating f(z) to the unit translation
T:z—z+ L

Proof For a traditional proof, see e.g., [Mill] §10. We cannot resist giving a proof
based on quasiconformal surgery, which probably originated in the work of Voronin
[Vor]. For definiteness, we discuss the case of an attracting petal with attracting
direction v, and let

Fwy=w+1+01/w)

be as above. Also as above, we select a right half-plane H,. The main step will be to

prove the existence of ¢ for the special petal k ! H,, which we provisionally denote

by Pp. The case of a general petal will then follow by an easy extension argument.
As we know, F (E) C H,, so let us denote S to be the closed strip

S = H; \ F(H,).
Setting S = {Re z € [0, 1]}, let & be any diffeomorphism
h:S—S,
which on the boundary of the strip conjugates F to T':
T oh(w) =ho F(w), forall wwith Rew =r.

We will further require that the first partial derivatives of 4 and =" be uniformly
bounded in S. Verifying the existence of a diffeomorphism with these properties is
an elementary exercise which we leave to the reader.

The diffeomorphism 7 defines a new complex structure i = h,0p on S, which
we extend to the left half-plane {Re z < 0} by

why = (T™*u for T"(w) € S.

Gluing together H, with the standard complex structure and the half-plane {Re z < 1}
with structure p via the homeomorphism % (which is now analytic), and using the
Measurable Riemann Mapping Theorem, we obtain a new Riemann surface X . By the
Uniformization Theorem, X is conformally isomorphic either to C or to the disk. By
construction, X is quasiconformally isomorphic to C and therefore cannot be confor-
mally isomorphic to the disk. We can specify a conformal isomorphism @ : X — C
uniquely by imposing normalization conditions @ (0) = 0 and @(—1) = —1.
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The pair of maps 7T'|(re ;<0y and F|y, induces a conformal automorphism of X,
which we denote by F. Then @ o F o @~ is a conformal automorphism of C with
no fixed point. It is a standard fact that the only such automorphisms are translations,
and our choice of normalization for @ implies that

PoFod '=T. (2.5)
Butﬁ:FonH,CX,soweget
PoF=Tod onH,.

Moreover, the restriction of @ to H, is analytic in the standard sense. Thus, we set
¢ = ® ok on Py := k' H, and obtain

pof=¢+1 onh,

as desired. Since @ is a conformal isomorphism from X to C, the map ¢ is univalent
on Py.

This proves the existence of ¢ on the particular petal Py. We provisionally denote
the above ¢, which is defined on Py, by ¢o. We define

B/ :={z: f"(z) = 0 from the direction v}.

If z0 € B;,f , then f"(z9) € Py for sufficiently large n. If f"°(z0) € Py, then
(f n0)y=1 Py is an open set containing zo and contained in B , so BJ is open. Since
Py is mapped into itself by f, and since

¢o(f(2)) =¢o(z) +1 on Py,

d0(f"(z0)) — n takes the same value for all n for which f"(z9) € Py. We denote
this common value by ¢ (zp), thus obtaining a function ¢ defined on all of B{ and
extending ¢ defined on Py C Blf . Tautologically,

¢(f(2) =¢) +1.

If f™(z9) € Py, then f"(z) € Py on a neighborhood of zp, so ¢(z) =
¢0(f™(z)) — no on this neighborhood, which shows that the extended ¢ is ana-

Iytic, but not necessarily univalent, on all of vi .
Now let P be a general attracting petal with the same attracting direction v. By the

definition of a petal, P C B; , so we can restrict ¢ to P, thus obtaining an analytic
function satisfying

o(f(2) =¢()+1 onP.
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It remains to show that the restriction of ¢ to P is univalent. To see this, let z1, z2
be points of P with ¢(z1) = ¢(z2). For sufficiently large n, f"(z1) and f"(z) are
both in Py, so

Go(f"(z1) = ¢(z1) +n = $(z2) +1n = go(f"(22)).

But, by construction, ¢q is univalent, so f"(z;) = f"(z2). The argument so far
works for any pair z1, z2 in B,{ with ¢ (z1) = ¢(z2). Now, however, we use that
facts that z; and z» are both in the petal P, which is mapped into itself by f and on
which f is univalent. Hence, from f"(z1) = f"(z2) it follows that z; = z», proving
univalence of ¢ on P. ([l

We note for future reference a simple result which was proved in the course of
the preceding argument.

Proposition 2.4 Let v be an attracting direction for f, let P be an attracting petal
from the direction v, and let ¢ a univalent analytic function defined on P and satis-
fying the function equation

¢(f(2) =¢@) + 1.

Then ¢ has a unique extension to B{ satisfying this equation.

We define attracting Fatou coordinate (for the attracting petal P with attracting
direction v) to be a function ¢4 : P — C analytic and univalent on P and satisfying

da(f(2)) = pa(z)+1 on P.

As we have seen, such a function extends uniquely, via the above functional equation,
to all of B{ , and the extension restricts to an attracting Fatou coordinate on any other
petal with attracting direction v. Itis clear that if ¢4 is an attracting Fatou coordinate,
then so is ¢4 + ¢ for any constant c. We will see shortly that any two attracting Fatou
coordinates differ only in this way.

Any attracting Fatou coordinate can be written in the form ¢4 = @4 o k, where
@ 4 satisfies the functional equation

DPp(FW) =Pas(w)+1 (WithF =ko fo « las above)
on an appropriate F-invariant domain “near infinity”’. We will refer to such @4’s as
Fatou coordinates at infinity.

A repelling Fatou coordinate ¢ for f means an attracting Fatou coordinate for
an analytic local inverse g of f. If

f(Z)=Z+Z"+1+---,theng(z):z—zn+]+...’
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which can be brought back into the standard form by conjugating with z - —z
(n odd) or z +— i - z (n even). The above considerations then apply to define ¢,
repelling petals, etc. We note that:

e arepelling Fatou coordinate ¢y satisfies the same functional equation

Pr(f(2)) = dr(z) + 1

as does an attracting one, but the domains of definition are different, and

e the image of a repelling petal by a repelling Fatou coordinate is mapped into itself
by the unit /eft translation w — w — 1; the image of an ample repelling petal under
a repelling Fatou coordinate contains a left half-plane.

Again, it is useful to also consider repelling Fatou coordinates at infinity: If ¢g is a
repelling Fatou coordinate, the corresponding one at infinity is

DRr(w) = Prlkc ™' (W)

(but the appropriate branches of x~! are different from the ones in the attracting
case).

Our next step is to prove a crude asymptotic formula for a Fatou coordinate at
infinity. Itis advantageous here to deviate from what we have been doing. We consider
a mapping f of the form

f@ =2+ 4 frpp"? 4

i.e., we do not assume we have made a preliminary change of variable to eliminate,
e.g., the terms z/ for j between n + 1 and 2n + 1. We introduce F =k o f ok ™!
as before; this time, the behavior of F near infinity is

F(w) =w+v(w) where viw) = 1 +viw /" 4 oow 2" ...

the series converges for sufficiently large |w|. Let @ 4 be an attracting Fatou coordinate
at infinity. By what we have already proved, for any o < 7, there is an R so that @ 4
extends analytically to a univalent function on the set {|w| > R, —a < Arg(w) < «a}.

Proposition 2.5
D(w) —> 1 and ®Pp(w)/w— 1

uniformly as w — 00 in any sector {—a < Arg(w) < a} with @ < m. The same
limits hold for ® g, but with w — o0 in the opposite sector {—a < Arg(—w) < o}

This proposition is a less-precise version of Lemma A.2.4 of [Sh], and the argu-
ment we give is the first part of Shishikura’s proof of that lemma. Shishikura carries
the analysis further and is able to identify, in favorable cases, the first correction to
the indicated asymptotic behaviors. We do not give his full argument here, as we
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will prove Theorem 2.2, which gives more precise information about the asymptotic
behavior of Fatou coordinates.

Proof Fix e withm/2 < o < m,and leto < o1 < m. Take R; so that @4 is defined
and univalent in

S1:={lw| > Ry, —a1 < Arg(w) < a1}

and also so that |[v(w) — 1| < 1/4 on S;. For wyg € S1, denote by p = p(wp) the
distance from wy to the boundary of S1. We will investigate limits as |wg| — oo in
the strictly smaller sector —a < Arg(wg) < «; then there is a constant k > 0 so
that, asymptotically, p(wp) > k - |[wp|. In the following, we will frequently assume
that p(wp) is “large enough”. We will also use C to denote a generic “universal”
constant; different instances of C do not have to denote the same constant.

For the first step, we use the Koebe Distortion Theorem. If [w — wg| < p — 2, so
the disk of radius 2 about w is in Sy, then the mapping

DPa(w+a) — Pa(w)
@ (w)

is analytic and univalent on {|a| < 2} and has unit derivative at the origin. A simple
rescaling of the Koebe Theorem to adapt it to the disk of radius 2 gives a universal
constant C > 0 so that

DPa(w+a) — DPa(w)

c™' for3/4 5/4.
@A(w) > or3/4 < |al <5/

We insert @ = v(w) into this estimate, use |1 — v(w)| < 1/4 to ensure that 3/4 <
[v(w)| < 5/4, and use also the functional equation

Paw+v(w)) = Pa(F(w)) = Pa(w) + 1
to get
|®,(w)| < C for|w—wp| < (p —2).
Applying the Cauchy estimates gives a bound

C
[Py (w)| < > for|w —wo| < p/2

(with a different C).
Next we apply Taylor’s Formula with Integral Remainder to write
1
DPawo+a) = Pa(wo) +a-@ (wo) +a*>- | (1 —5)@"(wo+s-a)ds.
s=0
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Again, we set a = v(wg) and use @4 (wo + v(wp)) = @4 (wp) + 1 to get

1

1 = v(wo) @y (wo) = (v(wp))? /(1 —5)®"(wo + 5 - a)ds.
s=0

Since the estimate |®’; (w)| < C/p holds for all w appearing in the integral on the
right, we get

[1 = v(wo) - @ (wo)| < C/p(wo).
We have already remarked that p(wg) > k|wg| as wg — o0 in the sector
{—a < Arg(wg) < a},
SO
|@, (wo) — v(wo) ! | = O(Iwo|™") in that sector.

This establishes the asserted convergence of @/, ; the assertion about @ (w) /w follows
by integration. (]

Equipped with this information about the asymptotic behavior of Fatou coordi-
nates, we can now show that the image of a Fatou coordinate is large enough. As
usual, it suffices, up to insertion of some minus signs, to consider the attracting case.
Let @4 be an attracting Fatou coordinate, and let 0 < @ < . Then, for sufficiently
large R, @4 extends analytically to a univalent function on

S:={w:|wl >R, —a < Arg(w) < a}.
Proposition 2.6 Let 0 < ag < a. Then, for sufficiently large Ry,
PA(S) D So :={lwl < Ro, —ap < Arg(w) < ap}.

Proof Let wo € Sp; we want to investigate solutions to the equation @4 (w) = wy
which we rewrite as

w=wo+w—Da(w) =: Yo(w).

The idea is to apply the Contraction Mapping Principle to ¥, using the fact that
Yi(w) = 1 — @', (w) which is small for w large. To do this, we need to find a domain
mapped into itself by ¥ and on which ¥ is contractive. Suppose we can find a
8 > 0 so that

o [ (w)| < 1/2for |w—wp| <§
e |Wy(wg) —wpl| < 8/2.
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Then, for |[w — wo| < §,

[Po(w) — wo| < [Wo(w) — Wo(wo)| + [Po(wo) — wol
< (1/2) - |w—wol +8/2 <8/2+8/2 =3,

so the disk of radius § about wg will be mapped to itself, and ¥, will have a unique
fixed point in this disk.

We implement this strategy as follows. First, we arrange, by making R larger if
necessary, that |®’, (w) — 1| < 1/2 on S. We write

& = sin(x — ap),
and we note that, by elementary geometry, [w — wp| < € - wo implies
|[Arg(w/wo)| < & — ap.

If we further take Ry > (1 — &)~ !R, then the disk of radius § := & - |wg| about
wy is contained in S, for any wo € Sp. Recall that we have already arranged that
|¥;| < 1/2 on S. Finally, we apply Proposition 2.5 to see that by taking Ry large
enough, we can arrange that

|®4(wo) —wol < (1/2) - & - |wg| forallwy € Sp.

All the elements for the above contraction argument are now in place, and we can
conclude that for every wgy € Sp, there is a unique w with @ 4(w) = wq in

{lw —wol < glwol} C S.

This proves the assertion @ 4(S) D Sp. O
It follows from this proposition that we have

Proposition 2.7 The image under ¢ 4 of any ample petal of f contains a right half-
plane.

A similar assumption holds for ample repelling petals, but with the image under ¢g
covering a left half-plane.

Let P be an attracting petal. We define a relation on P by z1 ~ z» if z1 and z»
are on the same orbit, that is, if either z, = f/(z1) or z1 = f/(z2) (with j > 0). It
is easy to check that this is an equivalence relation.

Consider the quotient P/~. The canonical projection ¥ : P — P/~ is locally
injective, and it is straightforward to verify that there is a unique way to give P/~ a
Riemann surface structure, in such a way as to make 7 analytic and therefore a local
conformal isomorphism.
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Let P; be another attracting petal contained in P. Since the orbit of every point
z € P eventually lands in Pp, the inclusion P; < P induces a conformal homeo-
morphism

PI/NT) P/~

Now if P, is any attracting petal with the same attracting direction as P, the inter-
section P N P, is also a petal. Hence

P/ =P/~ (PNP)/~.

Thus, the quotient P~ does not depend on the choice of the petal P but only on the
choice of the attracting direction v corresponding to P. We will write

P/.=F).

We will omit v from the notation when the choice of the attracting direction is clear
from the context (for instance, when there is only one attracting direction).

Let ¢4 be an attracting Fatou coordinate defined on some petal P. It is easy to
verify, using the injectivity of ¢4 on P, that two points z; and z, are equivalent if
and only if ¢4 (z1) — ¢a(z2) € Z. Hence, ¢4 defines, by passage to quotients, an
injective mapping ¢4 from %) to C/Z. If we take P to be an ample petal, then it
follows from Proposition 2.7 that ¢4 takes on all values in C /Z. Thus:

Proposition 2.8 The map ¢ 4 is a conformal isomorphism from the Riemann surface
©) to C/Z.

In light of the preceding proposition, we will call ¢} the attracting cylinder
corresponding to the direction v.

The repelling cylinder €y, for f is the attracting cylinder for a local inverse of f,
fixing the origin.

If P is an attracting petal, we will call the half-open domain

Ca=P\fP

a fundamental attracting crescent, the name reflecting its shape. A fundamental
repelling crescent means a fundamental attracting crescent for a local inverse of f.

Proposition 2.9 For any attracting petal P in the direction v, the fundamental cres-
cent C 4 projects bijectively onto the attracting cylinder €. More concretely: Every
point of P lies on a forward orbit starting in C 4, and distinct points of C have
disjoint forward orbits.

Proof From the requirement that " converge uniformly to 0 on P—condition (4)
in of our definition of petal—it follows that no point of P admits an arbitrarily
long backward orbit in P. Thus, every point of P lies on the forward orbit starting



2.1 Fatou Coordinates 17

outside P; the first point on this orbit inside P is in Cy4. Let z1, 22 be points of Cy4
whose forward orbits intersect. From the injectivity of f on P, we have, possibly
after interchanging z; and z», that f"(z;) = z» for same n > 0. If n > 0, then
720 = f"(z1) € f(P), contradicting zo € Cy, so the only possibility left is n = 0,
ie., z1 = 22. [

We note the following standard fact:

Proposition 2.10 Let h : C* — C* be an injective holomorphic map. Then either
h(z) = cz or h(z) = c/z for a nonzero constant c.

Proof Such an h is in particular an analytic function with isolated singularities at
0 and oo (and nowhere else). By injectivity, neither singularity can be essential,
so h extends to a meromorphic mapping of the Riemann sphere to itself, i.e., to a
rational function. Injectivity on the sphere with two points deleted implies that this
rational function has degree one, i.e., is a Mobius transformation. In particular, the
extended function maps the sphere bijectively to itself, so either 4(0) = 0, in which
case h(oo) = oo, or h(0) = oo. In the first case, h(z)/z is bounded at co and has
a removable singularity at 0, so by Liouville’s Theorem, 4(z)/z = c. In the case
h(0) = oo, applying the above to z +— h(1/z) gives h(z) = c/z. ]

A corollary of the above result is a uniqueness statement for Fatou coordinates:

Proposition 2.11 Let P be an attracting petal of f, and let ¢ and ¢, be attracting
Fatou coordinates on P, i.e., univalent analytic functions satisfying ¢;(f(z)) =
¢i(2) + 1. Then ¢>(z) — ¢1(z) is constant on P.

Proof By Proposition 2.8, ¢ and ¢, both induce conformal isomorphisms from %4
to C/Z. It will be more convenient to work with the punctured plane C* instead of
C/Z. The function

ixp(z) := exp(2miz)
induces, again by passage to quotients, a conformal isomorphism from C/Z to C*,
80 ixp o ¢p1 and ixp o ¢y both induce conformal isomorphism €4 — C*. Hence, the
prescription

h:expmip1(2))) — exp(lrigy(z)) forallz € P

defines a conformal isomorphism & : C* — C*. By Proposition 2.10, there are two
possibilities:

1. there is a nonzero constant, which we write as exp(2mic), so that
exp(2ric) - expRmigp1(z) = exp(Lmwigy(z)) forallz € P

or
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2. there is a constant ¢ so that
exp(2mic) - exp(—2mwipi(z)) = exp(migr(z)) forallz € P.

In the first case,
¢2(z) —p1(z) —c € Z forallz € P.

But the expression on the left is continuous, and an integer-valued continuous func-
tion on a connected set must be constant, so

¢2(2) = ¢p1(z) + ¢ +ng forallz € P, for somengy € Z

which is what we wanted to prove.
In the second case, similarly,

¢2(2) = —¢1(2) +c+ng forallz € P,

and this contradicts

D1(f(2) —¢1(2) =1 =da2(f(2) — ¢2(z) forz e P,

so this case is excluded. O

The critical values of Fatou coordinates are simply related to those of f.
Proposition 2.12 Let ¢4 be an attracting Fatou coordinate defined on Blf . Then

critical values of ¢ 4 all have the form

¢a(v) —n  withv a critical value of f in Blf andn > 1.

If f: B{ — B‘{ is surjective, all numbers of this form are critical values.
Proof Iterating the functional equation for ¢4, differentiating, and applying the chain
rule gives

n—1

d .
du(2) = EdﬁA(f”(Z)) =4 (f"@) [ ] £/(F .

j=0

For given z and sufficiently large n, f"(z) is in an attracting petal, which implies
o (f"(2)) # 0. Thus z is a critical point of ¢4 if and only if there exists j > 0 such
that f7(z) is a critical point of f. Forsucha j, f/*1(z) = vis a critical value of f.
Since

$a() =a(fI @) =G+ 1D =dam) — (G + 1D,

the assertion follows. O
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For completeness, let us note how the situation changes if f(0) is a gth root of
unity e>™P/4 with ¢ # 1. A fixed petal for the iterate f¢ corresponds to a cycle
of g petals for f. It thus follows that ¢ divides the number n of attracting/repelling
directions of 0 as a fixed point of f9.

2.2 Asymptotic Expansion of a Fatou Coordinate at Infinity

We will now specialize to the case ¢ = 1 and n = 1. By rescaling, we can then bring
the coefficient of z2 to 1, and the normal form (2.2) becomes

f@) =z4+22+a’+ 0@H. (2.6)

We will say in this case that O is a simple parabolic fixed point of f. There is one
attracting direction (—1) and one repelling direction (+1).

If the domain of definition Dom( f) > 0 1is fixed, we let B/ c Dom( f), as before,
denote the basin of the parabolic point at the origin. The immediate basin of 0, which

we denote B({ , is the connected component of B/ that contains an attracting petal.
The change of variables ¥ moving the parabolic point to oo becomes simply

1 O 1
k() =——, Kk (W) =——,
Z w

and we have
1\"! A . _
Fw)=—(/f(=—) =w+1l+=—4+0w™?), withdA=1-aq,
w w

and F(w) — w is analytic at oo.
We showed earlier (Proposition 2.5) that any attracting Fatou coordinate at infinity
@ 4 for such an f satisfies

D4(w) =w+o(w) asw — oo appropriately.
We will prove shortly a much more precise result: an asymptotic expansion giving
@ 4 up to corrections of order w—" for any n. Before we do this, we investigate formal
solutions to the functional equation
P(F(w) =P(w) + 1,
satisfied by both attracting and repelling Fatou coordinates.

Proposition 2.13 There is a unique sequence by, by, . . . of complex coefficients such
that
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[ee)
Bps(w) = w — Alog(w) + D _bjw™J 2.7)
j=1
satisfies

Dps 0 F(W) = @pe(w) + 1 in the sense of formal power series. (2.8)

Furthermore, if we set

n

@, (w) :=w — Alogw+ > bjw 7, (2.9)
j+1
then
D, (Fw)) — @, (w) — 1 = O(w™ ")y, (2.10)

The logarithm appearing in (2.7), and all other logarithms in this section, are to be
understood as the principal branch, i.e., the branch with a cut along the negative real
axis and real values on the positive axis. Because of the logarithmic term, @, as
written is not exactly a formal power series in w™!. To work around this, we rewrite
the equation @ps o F' = Pps + 1 formally as

Fw)—w—1—Alog(F(w)/w) = > b; (F(w)*f — w*f) 2.11)
j=1

Since F'(w)/w is analytic at co and takes the value 1 there, log(F (w)/w) is analytic
at oo and vanishes there. Furthermore, the formal identity

log(F(w)) — log(w) = log(F(w)/w)

holds literally on {—«a < Arg(w) < «, |w| > R} for sufficiently large R, for any
o < m. Itis Eq.(2.11) that we really solve.

The left-hand side of (2.11) is analytic at oo, and vanishes to second order
there:

Fw)—w—1=—Aw'+0w™>) and log(Fw)/w)=w"'+0w™?)

Further, F(w)™/ — w™/ is analytic at infinity and vanishes to order j + 1 there, so

e e]

> by (Fon ™ —w)

j=1
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is indeed a formal power series in w™! which begins with a term in w2, Furthermore,
the coefficient of w—/~! in the expression on the right in (2.11) can be written as

—jbj + afunction of by, ..., bj_1.

Thus, since the left-hand side of (2.11) is known, the b;’s can be determined succes-
sively, and by induction on j, they are uniquely determined. The assertion about the
order of the error term @, (F (w)) — @, (w) — 1 also follows, since

i b (F(w)_j —w_j>
j=n+1

begins with a term in w™ "2,

Theorem 2.2 Let by, by, ... be as in Proposition 2.13, and let @ 4 be an attracting
Fatou coordinate at infinity. Then, for any n,

n
p(w) =w— Alogw+ Cx+ D bjw 7 + O(jw|~"*D) (2.12)
j=1
uniformly as w — 00 in any sector —a < Arg(w) < o with o < 7.

We collect the main estimates needed for the proof of Theorem 2.2 in the following
lemma:

Lemma 2.1 -
DIF W)™ = 0w~ ") )
=0
and
‘(Fj)/(w)’ is bounded uniformly in j, 11))

both estimates holding uniformly for w — oo in any sector {—a < Arg(w) < «a}
witha < 1.

Proof We fix an ¢ < 7, and we choose an o] with ¢ < a1 < m; it saves trouble
later if we also require that 7 — «; < /6. Next we fix an Ry large enough, so that

|[F(w) — (w4 1)| < sin(r — ay) (2.13)
holds for |w| > Rp; then we fix an R; so that the translated sector

Aoy, Ry) = {w: —a; < Arglw — Ry) < o1}
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does not intersect the disk of radius R about 0. Then (2.13) holds on A(«q, R;), so

F maps A(ag, Ry) to itself; also, since m — o1 < /6, we also have, again from
(2.13),

1
[Fw) —w—1]| < 3 on A(ay, Ry), (2.14)

from which it follows that
Re(F(w) > Re(w) +1/2 forw € A(ay, Ry), (2.15)
and also
— (T —a1) < Arg(F(w) —w) < (m — ay). (2.16)
We will prove estimates (I) and (Il) forw — ocoin A(xy, R))N{—a < Arg(w) < a};
this does what we want, since every w with —a < Arg(w) < « and sufficiently large

modulus is in A(xy, Ry).
Changing notation slightly, we want then to estimate

> IF (wo)| ™
j=0

for large wy, given that
—a1] < Arg(wp — R) <a; and — o < Arg(wg) < o
where, crucially, o1 > . We write
Fj(wo) =:w; =iuj +ivj.

In the calculation which follows, we adopt the convention that K denotes some
constant depending only on «, o and m. Different instances of K are not necessarily
the same constant. All inequalities involving wq are only asserted to hold for |wg|
large enough.

We first treat the case —m /4 < Arg(wp) < /4, i.e., |vo| < ug. Then, by (2.15),

Wil >uj >uo+ j/2,

SO

o0

oo
S hwil ™ <> o+ /27" < Kug ™D < Ko~
j=0 =0
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in the last step, we used |vg| < ug to estimate ug > |wp|/ /2. This proves the desired
estimate in this case.

There remain the possibilities 7 /4 < Arg(wg) < « and —a < Arg(wg) < —m /4.
The estimates in the two cases are essentially the same; for definiteness we assume
that the first holds, i.e., that wy is in the upper half-plane. By (2.16) the w; are all
contained in the translated sector {—(7r — ;) < w —wg < +(r — «1)}. This sector
intersects the diagonal line {Re(w) = Im(w)} in a segment (w_, wy) (labeled so
that [w_| < |w4|). It is easy to show, either by elementary geometry or by writing
explicit formulas, that

[W_| > K 'wol and |Wy| < Klwol.

Since uj+1 > uj + 1/2, the wj, which start above the diagonal line, will get to and
stay below it after finitely many steps. Let jjo be the first index for which w; is below
the diagonal. Using the above upper bound on |w |, we get a bound

Jo < K|wol

The line segment from w ;1 to w, intersects the diagonal line between w_ and W .
Since

Wijp = wjo—1l = [F(Wjs—1) = wj—1] < 3/2,

we have
Wil = W-| =3/2 = K~ 'jwol = 3/2 = K~ |wol.

By the first case

o0

D Iwil ™™ < Klwjpl TP < K jwol~, 2.17)

J=Jo

All the w; lie above (or on) the line through wy with direction oy — 7 (and the

origin lies below this line.) Using Arg(wg) < « < o, the distance from this line

to the origin satisfies a lower bound K ~!|wg|. Hence each [wj| > K~ 1wol. Since
Jo = Klwol,

Jo—1

—m
> sl < o (KM wol) = (K wol) - (K™ wol ™) < Kol .
j=0

Combining this estimate on the sum of the first jy terms with the estimate (2.17) on
the sum of the rest gives
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o0
D IFT (wo)| ™™ < Klwo| "
=0
(for sufficiently large |wg|), so (I) is established. (II) follows easily from (I) together
with the estimate
F'(w) = 14 0(w| ™),

the chain rule, and standard manipulations for reducing estimates on products to
estimates on sums.

Proof (Theorem 2.2) Let m/2 < o < m. By an argument already used several times,
we can choose R sufficiently large so that

|[F(w) —w — 1| <sin(r — «) and Re(F(w) > Rew +1/2
for all
we A(a, R) := {—a < Arg(w — R) < a}.

As usual, it follows from the first of these inequalities that F'(A(«, R)) C A(w, R).
We are going to prove

Da(w) = DP,(w) + O(w|~ ") asw — oo in A(e, R)
(where @, is defined by (2.8)); this assertion for all o implies the assertion of the
theorem for all «.
We set
c(w) i =Dpa(w) — @, (w) and u,(w) := @, 0 F(w) — D, (w) — 1.
By Proposition 2.13, u,, is analytic at infinity with
n (W) = ™" (2.18)
A simple calculation gives
cno Fw) =cp(W) —un(w);

iterating gives

k—1

cn o FXw) = caw) = D~ un(F/(w));

J=0
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reorganizing and differentiating gives

k—1

W) = D ul, (F1(w)) - (F7) (w) + ¢, (F*(w)) - (F¥)'(w).

Jj=0
By differentiating (2.18)
/ — —(n+3)
u,(w) = O(lw| )as w — 00,

so, by Lemma 2.1,
0 . .
D (FIw)) - (F1) ()| < oo.

j=0

By Proposition 2.5
@ (w) —> 1 as Re(w) - +o0,
and the same is true for @,, by an elementary calculation; hence
c,(w) — 0 as Re(w) = +oo.
Thus, we can let k — oo in (2.19) to get
00
cpw) =D u, (F/(w) - (F7)' (w).
j=0
Applying both parts of Lemma 2.1 to this representation,
|/ (w)| < const|w|~ "2
for all w € A(a, R). It follows from this estimate that the limit
uli)rréo cn(u+1iv)
exists and is independent of v. We denote this limit by C 4. Then

o]

chn(u+iv) =Cy —/c,’l(a +iv)do,

u

25

(2.19)

(2.20)
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so by integrating (2.20) we get

lca(w) — Cal < constjw|~"FD

for all w € A(w, R), which is what we set out to prove. O

We insert here a simple remark which we will want to refer to repeatedly. We say
that an analytic function f : U — C is real-symmetric if the Taylor coefficients of
f are real at some point x € U N R. Note, that we do not require that U itself be a
real-symmetric domain. Similarly, if x is a point in R, we say that an analytic germ
f(z) at x is real-symmetric if its coefficients are real.

Proposition 2.14 Let f be a real-symmetric analytic germ of the form (2.6), and let
¢4 be an attracting Fatou coordinate for f. Then there is a pure imaginary constant
¢ so that

$4(2) = $a@) +c onBy.

Furthermore, the coefficients A, by, by, ... of Theorem 2.2 are real.
Similar assertions hold for a repelling Fatou coordinate.

Proof Let P be a small attracting petal invariant under complex conjugation (e.g.,
a small disk tangent to the imaginary axis at the origin.) Since f commutes with
complex conjugation,

2 ¢a@)

is another univalent analytic function defined on P and satisfying the usual functional
equation ¢ (f(z)) = ¢(z) + 1. By uniqueness up to an additive constant of the Fatou
coordinate (Proposition 2.11), there is a constant ¢ so that

$4(2) = pa(z) +¢ onP.
In the usual way, this identity extends to all of B({ by repeated application of the

functional equation. Applying the identity at any real point x shows that c is pure
imaginary. We omit the proofs of the other assertions, which are even simpler. [

2.2.1 A Note on Resurgent Properties of the Asymptotic
Expansion of the Fatou Coordinates

Let us briefly mention a very different approach to the construction of the asymptotic
series (2.12) originating in the works of Ecalle [Ec].
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Recall (see e.g., [Ram]) that a formal power series Zf,f;l amx~™ is of Gevrey order
k if

1 . ..
lam| < CA"™(n!)x for some choice of positive constants C, A.

Consider the asymptotic expansion (2.7) for the Fatou coordinates, and denote

o
ve(w) = ijw_j, 50 that @ps(w) = w — Alog(w) + v (w).
j=l1
As was shown by Ecalle for the case A = 0 [Ec] and Dudko and Sauzin in the general
case [DS1], we have the following.
Theorem 2.3 The asymptotic series vy, = Z?‘;l b jw_j is of Gevrey order 1.

Recall that the Borel transform of a formal power series

o0
hy = E amx ™"
m=1

consists in applying the termwise inverse Laplace transform:

amé-mfl
- —
(m—1)!

amx~ ™

In the case when the formal power series is of Gevrey order 1, this yields a series

— amé‘m_l
Z (m—1

m=1

which converges to an analytic function fz({) in a neighborhood of the origin.

The following theorem describes the phenomenon of resurgence associated with
the asymptotic series vy, discovered by Ecalle [Ec]. Ecalle presented the proof for
the case when A = 0, and so the logarithmic term is absent in (2.7), and he outlined
an approach to it in the general case. An independent proof in the general case was
recently given by Dudko and Sauzin [DS1].

Theorem 2.4 The Borel transform v of the formal power series v, analytically
extends from the neighborhood of the origin along every path which avoids the
points 2wiZ*. Furthermore, let Sy o be any sector

Sp.e = {|Arg(¢) — 6| < &} such that Sy . N 2mwiZ*} = 9,

and let y be any path as above which eventually lies in Sy .ps (see Fig.2.1). Denote
VY the analytic continuation along y. Then VY is a function of exponential type:
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Fig. 2.1 An analytic
continuation along a path y
has an exponential type in a
sector Sy, whose closure
does not contain any of the 6i Se 8
points 27 Z* ’

21

-2Ti

IhY ()] < Cexp(DI¢]),

where the constant C and D depend only on 6 and ¢. In particular, h has an analytic
continuation h to the right half-plane {Re ¢ > 0} and an analytic continuation h~
to the left half-plane {Re ¢ < 0}.

Consider the standard Laplace transforms

00 0
Lt (w) :/e—wffz(g)d; and &L~ (w) = /e—wffz(g)d;.
0 —00

Note that
vi=2" T and v = 20"

are defined for Re w sufficiently large. The resurgent properties of v, are completed
by the following refinement of Theorem 2.2:

Theorem 2.5 [DS1] The analytic functions
Dy(w)=w— Alogw + vi(w) and Pr(w) = w — Alogw + v~ (w).

Furthermore, let @ < 1 /2. Then there exist positive constants B = B(«), C = C(«)
such that

n
Ds(w) — W—Alogw+2bjw_j < C" '+ DY|w|~ D
j=I

uniformly in a sector {|Arg(w)| < w/2 + « and |w| > B}, and similarly for ®g.
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It follows from Theorem 2.5 and a Stirling formula estimate that the first n terms of
the asymptotic series v, are useful for numerically estimating the Fatou coordinates
for |w| > const - n.

The values of the constants in Theorem 2.5 can be estimated explicitly. Dudko
[Du] shows the following. Let us write

Fw)=w+ 1+ a(w), where a(w) = Aw™l 4 O(w_2),

and introduce functions

o
b(w)=aw—-1) = chw*k, and
k=1

14+w b ~
m(w) = —Alog (LU 4 pi) = > dew .
1 —w!
k=1
Let Co, B > 0 be such that for all k € N,

x| < CoB*~! and |dy| < CopF".

Finally, let S be such that [D(¢)| < S for |¢] < 2. Set

CBot )G+ D+ 1

B

ia X
S 3

Then foralln € N

n ) CO 8 n+1
D (w) — | w—Alogw + ijw_J <{S+ p— (&) (n + Dljw| ="+

j=1

uniformly in a sector {|Arg(w)| < /2 + « and |w| > B}, and similarly for @.

2.3 Ecalle-Voronin Invariants and Definition of Parabolic
Renormalization

The Riemann surface C/Z has two punctures at the upper end (Im z — +00), and
at the lower end (Im z — —o0). Filling them with points & and © respectively, we
obtain the Riemann sphere. The mapping

ixp(z) = exp(2miz),

conformally transforms C/Z +— C*, sending ® — 0 and & — oo.
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Consider a germ f with a simple parabolic fixed point at 0, normalized as in (2.6).
Let P4 and Py be a pair of ample petals for f, and denote f~! the local branch of
the inverse which fixes the origin. Note that f~! extends univalently to Pg U f (Py).
Fix a choice of the Fatou coordinates ¢4 and ¢g.

The forward orbits originating in P4 are parametrized by points in the attracting
cylinder €. Similarly, £~ !-orbits in Pk are parametrized by points in €. By the
definition of an ample petal, P4 N Pgr # @. Let z be any point in the intersection of
the petals. It is trivial to see that the correspondence

r() > Pa(2)

defines a mapping from a subset of € to €4. We denote this mapping by A. It is
more convenient for us to pass to C* from C/Z via the exponential, and consider the
mapping h formally defined as

h = (ixp o ¢4) o (ixp o Ppr) . (2.21)

We note:
Lemma 2.2 The mapping h is analytic.
Furthermore,

Lemma 2.3 The domain of definition of h contains a punctured neighborhood of 0,
and a punctured neighborhood at infinity. The singularities of h at 0 are removable,
the analytic extension taking the value 0 at 0. Similarly, h has a pole at cc.

Proof By local theory, P4 N P contains the (upward-facing) circular sector
fw:0<|w|l <r,m/2 -5 < Arg(w) < /2 + §}

for sufficiently small r, for any § < 7 /2. By Proposition 2.6 and the crude asymp-
totic estimate ¢r(z) &~ —1/z as z — 0 staying away from the positive real axis
(Proposition 2.5), it follows that the image under ¢ of this sector contains the upper
half-strip

Pr(PANPR)D{x+iy:0<x<1,y> R} (2.22)

for sufficiently large R, so the domain of definition of h contains a punctured neigh-
borhood

{z:0 < |z] < exp(—27 R).
By Proposition 2.5 the infimum of Im(¢4(x + iy)) over the strip on the right of

(2.22) goes to +00 as R — o0, so h(z) — 0 as z — 0, as claimed. The proofs for
the assertions about oo are similar. O
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Let us analytically continue h to the origin and to infinity. We denote h™*(z) the
analytic germ of h at 0, and 27 (z) the analytic germ at co. When necessary to
emphasize the dependence on the germ f we will write h s and h?

It is easy to see the following.

Proposition 2.15 The germs h™, h™ do not depend on the choice of petals P4 and
Prg.

By Proposition 2.11, an attracting (repelling) Fatou coordinate differs from our choice
of ¢4 (¢r) by an additive constant. A trivial verification shows that replacing ¢4 by
¢4 + c4 and ¢dg by ¢ + cg changes h* to

w > AahE 0 w) (2.23)
with
Aa =expmicy), Ar =exp(2micg). (2.24)

The scale change factors A4 and A can be given arbitrary nonzero values by the
appropriate choices of cg and cy4.

We are going to show that the zero of 2™ at 0 and the pole of &~ at oo are simple.
We will see this by deriving a useful explicit formula for the respective leading
coefficients. To write this formula, we need to introduce some notation. Writing
just the first few terms in the asymptotic approximations to the Fatou coordinates
(Proposition 2.2):

$a() = -1+ Alog(—2) + Ca + 0(2)

: (2.25)
Pr(z) = —7 + Alog(z) + Cr + 0(2)

where

e A =1 — o, with « the coefficient of z> in the Taylor expansion for f at O;

e the logarithms mean the standard branch, i.e., the branch with a cut along the
negative real axis and real values on the positive real axis;

e Cg and Cy4 are complex constants (specifying the normalization of the Fatou
coordinates);

e the term O(z) in the first equation means a quantity that goes to zero at least as
fast as |z] as z — 0 inside any sector of the form {z # 0 : —a < Arg(z) < «o}
with o < 7 (a left-facing sector), and O (z) in the second means as z — 0 in any
similarly defined right-facing sector.

Proposition 2.16

(hH'(0) = exp(—2A7r2 +27i(Ca — Cp))
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and

lim @

=00 7

= exp(+2An% + 27i(Ca — Cp)).

In particular, h has a simple zero at 0, h™ a simple pole at oo, and
(h)(0) - (h™)'(00) = exp(—4n2A). (2.26)
Proof To prove the formula for (h™1)'(0), we look at points z(¢) of the form it, with
¢t small and positive; such w’s are in B({ N Pg for any ample petal Pg. Inserting into
(2.25) and using log(+£it) = log(t) £ im/2,
Pr(z(1) =it '+ Alogt +iAn/2 4+ Cr + O(1)
daz(t) =it~ + Alogr —iAT/2 + Cs + O(1).

We put w(t) := exp2midr(z(t))); then AT (w(t)) = expRmipa(z(1))), so

ht (w(t
b wln) =expni(—iAn + C4 — Cr + O(1))),
w(t)
and so
Rt (w(t
(h")'(0) = lim hOvn) exp(—2A7n% +27i(C4 — CR)),
=0t  w(t)
as asserted. The assertion about 2~ is proved by a similar calculation. O

Let us say that two pairs of germs at zero and infinity (ht, hy) and (h, h, ) are
equivalent if there exist nonzero constants A4 and A g so that

hE(z) = Aahf (g 2).

In view of the following, let us call the equivalence class of the germs hy = h? the

Ecalle-Voronin invariant of f. By (2.26) the Ecalle-Voronin invariant determines the
formal conjugacy class of the simple parabolic germ f. A much stronger result is
due to Voronin [Vor] (an equivalent version was formulated by Ecalle [Ec]).

Theorem 2.6 Tivo analytic germs f1 and f> of the form (2.6) are conjugate by
a local conformal change of coordinates ¢(z) with ¢(0) = 0 if and only if their
Ecalle-Voronin invariants are equal.

Sketch of proof The proof of the “only if” direction is very easy—essentially a
diagram-chase. We assume
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fi= gp_l o fr o onaneighborhood of 0,

where ¢ is analytic at 0 with ¢(0) = 0, ¢’(0) > 0. We label various objects attached
to f1 and f, with indices 1 and 2 respectively. Because the assertion concerns germs,
we can cut down the domains of the various functions appearing as convenient. We
set things up as follows:

e We fix a domain for ¢ so that it is univalent.

e We fix a domain for f> contained in the image of ¢, on which f, is univalent, and
so that the image of f> is contained in the image of ¢.

e We take for the domain of f; the preimage under ¢ of the domain of f>. Then the
equation

fi=¢ o frogp

is exact, including domains.
It is then obvious that:

e ¢ maps any ample petal for f] to an ample petal for f>. We fix any ample repelling

petal P](el) to use in the construction of hy, and we use Pl(f) = (pPI(el) as arepelling
petal to construct hy.

o If ¢f) is an attracting Fatou coordinate for f> defined on B/ 2, then qbf) o isan
attracting Fatou coordinate for f], and similarly for repelling Fatou coordinates.
To construct Ecalle-Voronin pairs for the two mappings, we choose any attracting
Fatou coordinate d)f) for f> and use ¢£‘1) = ¢§12) o ¢ for f1 (and similarly for
repelling Fatou coordinates).

With things organized this way, an entirely mechanical verification shows that h;
and h, are identical pairs of germs.

Conversely, assume that the Ecalle-Voronin invariants of f; and f» are equal. By
fixing the constants in Fatou coordinates for the two mapping appropriately, we can
arrange that

hi =hy and hy =h; (2.27)

on neighborhoods of 0 and oo respectively. Fix also small attracting and repelling
petals, for instance,

Pr=—Py={z:—-1/z € A(a, R)},

with A(«, R) as defined in (2.3), @ some number in (7r/2, ), and R large enough.

With these choices, Pg N P4 has only two components, an upper one contained in

U™ and a lower one contained in U ~. Then (q&ff))_] of 1(41)) conjugates f] to f» on

P4, and correspondingly, ((bg))_l o ( g)) conjugates fi to f> on Pg.From (2.27) it

follows, possibly after adding appropriate integers to the various Fatou coordinates,
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that the two conjugators agree on P4 N Pg. Putting them together, we obtain a
conjugator on P4 U Pg, a punctured neighborhood of 0. It is easy to see, using the
asymptotic estimates for Fatou coordinates, that this conjugator extends analytically
through O with the value O there. ]

In fact, all equivalence classes of pairs of germs actually occur as Ecalle-Voronin
invariants.

Theorem 2.7 Let ht be an analytic germ at 0, with a simple zero there, and let
h™ be a meromorphic germ at oo with a simple pole there. Denote A+ = (h™)(0),
AT = (h7) (00), and let

AT AT =i
Then there exists a simple parabolic germ f(z2) at the origin of the form
f@Q=z4+2+A=-A) +--

whose Ecalle-Voronin invariant is the equivalence class of (h*, h™).

Sketch of proof We follow the argument given in [BH]. Let us choose the lifts H* (w)
of the germs h* via the exponential map

e2m’Hi(w) — hi(eZm'w)'

For a sufficiently large value of R > 0, the maps H™ are defined in the half-planes
vE = {&=Imw > R}. Denote U + = H*(V*)—these domains are invariant under
the translation w — w + 1 and contain half-planes {£Imw > R’}. We have

1
HE*w) =w+ o log(A%) + o(1);

let us select the branches of the logarithm so that log(A*A™) = 472A. Fix w* =
H*(R+iR). We define V as the union of V* and the left half-plane {Re(w) < —R}
and U as the union of U and the half-plane to the right of the line passing through
wt and w™. Let ¥ denote the Riemann surface obtained by gluing V and U via H ™,
H™ (see Fig.2.2). The result follows from the following claim:

Claim For sufficiently large values of R, the Riemann surface ¥ is conformally
isomorphic to C \ D.

The proof of the claim is fairly straightforward, so we leave it to the reader. Let us
show how to complete the argument assuming the claim. Let us select a large enough
value of R, and let x : ¥ — C\ D be the conformal isomorphism with x’(c0) > 0.
Denote

V' =V\{-R—1<Re(w) < —R},
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1% N U
V+ H S U+
Imw=R
Imw=-R
V" H-
Rew=-R

Fig. 2.2 An illustration of the proof of Theorem 2.7

and let ¥ be a subsurface of ¥ obtained by replacing V with V. The unit translation
w > w+ I maps V' — V and U — U and commutes with H*. Hence it induces
an analytic map F : ¥/ — ¥ . Itis easy to see that

. A 1
Fw=xoFox 'w=w+14+=+o0(—).
w w

Indeed, the projections to V and U are the Fatou coordinates at infinity for F, and
H* are the changes of coordinates between V and U. By construction,

1
f@)=—5—7
F(-1
is an analytic germ at the origin with the desired properties. O

We are finally ready to define parabolic renormalization:

Definition 2.2 We say that a parabolic germ f(z) of the form (2.2) is renormaliz-
able if for some—and hence for all—choices of normalization of ¢4 and ¢g, the
coefficient of z? in the Taylor series of 2T at 0 does not vanish.

Then, by the rescaling formulas (2.23) and (2.24), there exist choices of the nor-
malizations of the attracting and repelling Fatou coordinates so that the corresponding
h™ has the form

W) =w+wh+-- (2.28)
i.e., so that h™ has a normalized simple parabolic fixed point at 0. The rescaling

factors A4 and Ag that accomplish this are uniquely determined; the corresponding
additive constants c4 and cg are uniquely determined modulo Z.
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Definition 2.3 For a renormalizable germ f(z) of the form (2.6), we will call the
analytic germ of the unique rescaling of 2™ with the form (2.28) the parabolic
renormalization of f. We will use the notation & f for the parabolic renormalization.

We thus have
Pf=ixpopao (pr) ' oixp!, (2.29)

with ¢4, ¢r the appropriately normalized Fatou coordinates and with suitably
selected branches of the inverses.

2.4 Analytic Continuation of Parabolic Renormalization

Parabolic renormalization, as defined above, maps a renormalizable analytic germ f
at the origin of the form (2.6) to a germ Z2(f) of the same form. We will change the
point of view now, and talk about an analytic map f, defined in a domain Dom(f) >
0, whose germ at O is of the form (2.6). Note that we do not impose any conditions
on the naturality of the domain Dom( f) at this point. The map f may analytically
extend beyond Dom( f), however, when considering orbits of points under f, we
restrict ourselves only to the orbits which do not leave Dom( f).

Here, and elsewhere in the book, for a map f with a natural domain of definition
we use the notation Z( f) instead of Dom( f).

As before, we denote BY C Dom( f) the basin of 0, and B({ C B/ the immediate
basin of 0, that is, the connected component of B/ which contains an attracting
petal. Let us fix an attracting Fatou coordinate ¢4 and extend it to all of B/ via the
functional equation. We also choose a repelling petal Pr and fix a repelling Fatou
coordinate ¢ on it.

We make the following simple observation:

Lemma 2.4 Letz, € B/ N Pg and let 7o € Pg, and assume

ixp(¢r(z1)) = ixp(Pr(22)).
Then z, € B' and

ixp(¢a(z1)) = ixp(¢a(z2))-
Proof From the assumption,

¢r(z2) — Pr(z1) =:m € L.

We consider separately m > 0 and m < 0. In the first case, ¢r(f " (z2)) = ¢r(z1).
Since f ™" (z2) and z; are bothin Pg, and since ¢ is univalenton Pg, f =" (z2) = z1,
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hence zo = f™(z1),8022 € B/ and da(z2) = Pa(z1) +m and the asserted equality

holds.
Now suppose m < 0, and let p := —m > 0. Then ¢pr((f~7(z1) = ¢r(z2), and,
arguing as above, z1 = f?(z2), s0 z2 € B/ and, again, the asserted equality holds.
O

The above lemma implies the following.

Corollary 2.1 The pair of analytic germs h extends to
2(h) = {w = ixp o pr(z) | where z € B/ N PR} U {0, oo}.

Furthermore, we have the following.

Proposition 2.17 The domain % (h) does not depend on the choice of the repelling
petal Pg.

Proof Suppose Pl(el) is another repelling petal, and write h!) for the corresponding
function. If w € Z(h), then w can be written as ixpo ¢g(z), with z € B /N Pg. For

large enough n, f~"(z) € P(l), and, since f"(f"(z)) =z € B/, then f(z) €
Bf . Hence w = ixp o ¢r(f"(z)) € 2(hV) and

h (w) = ixp o g4 (f "(2)) = ixp o pa(z) = h(w).
This shows that Z(h) = Z2(h"). O
Since the derivative of the local inverse never vanishes, we have:

Lemma 2.5 The only possibilities for critical values of h in 2 (h) are the images
under ixp of the critical values of ¢ o. More explicitly: v is a critical value of h if and
only if it can be written

v = ixp o ¢a(zc)

where z. is a critical point of f belonging to B and admitting a backward orbit
converging to 0.

We further prove:

Theorem 2.8 Suppose Bg is a Jordan domain, such that ¢ o cannot be analytically

continued through any point of 83({. Then the pair of germs h = (h™, h™) has
a maximal domain of analyticity 2 (h), which is a union of two Jordan domains
W* 5 0and W™ 3 oo. Furthermore, let Pg be a repelling petal for f. Then

99(h) Cixpo ¢pr(3B] N Pg).



38 2 Local Dynamics of a Parabolic Germ

Proof Let Pg be a repelling petal which maps under ¢ to a left half-plane. After
shrinking Pg if necessary, we further assume that f (Pg) is also a petal. For purposes
of this proof, f~! and q);l will mean the (two-sided) inverses of the respective
restrictions to Pg. By local theory, Pr U {0} contains a neighborhood of 0 in BBf
The component of BBf N (Pg U {0}) contalmng 0 is therefore a Jordan arc, which

we denote by . The intersection Pg N (BB \ &) is compact and does not contain
0, so Re(¢r(.)) is bounded below on it. Hence, for B sufficiently negative, the arc

7 i=¢r (Rew=p)

is disjoint from aB({ \ o. We give the arc ¥ the clockwise orientation, which means

that Im(¢g(.)) goes to +o00 at the beginning of y. The arc ¥ must intersect Bof ;

otherwise, it (with 0 appended) would bound a repelling petal contained in B! ', which
is impossible by local theory. Thus

W+7N0B] C5.

Let y denote the initial segment of ¥ up to its first intersection with B({ , and
denote the first intersection point by z;. We have set things up so as to guarantee

that z; € o. Then f_ly is another arc in Bof N Pg, running from O to f_l (z1), and

disjoint from y. Let o denote the subarc of BB({ running from z; to f~!(z;) (with
end-points included this time). Then

S=y+o—fy

(meaning: first traverse y, then o, then f~'y backwards) is a Jordan curve. Since
8 \ {0} is contained in the Jordan domain Pg, the domain A bounded by § is also
contained in Pg. Since Pg is contained in the petal f(Pr), the Fatou coordinate ¢
is analytic on A \ {0}, and

W :=ixpopr(AUy U fly) (2.30)

is contained in Z(h). We will argue that W U {0} is a Jordan domain, and that it is
equal to W. The main steps are to show the following.

1. W is a connected open punctured neighborhood of 0.
2. ixpo ¢g maps o to a Jordan curve .
3. The boundary of W is & U {0}.

Since W is the image under ixpo ¢g of a subset of Pg N Bf, W C 2(h). On the

other hand, & is contained in the image of 8BO and hence disjoint from Dom( f). By
the Jordan curve theorem, C \ ¢ has exactly two connected components. As W U {0}
is connected, open, and disjoint from &, it is contained in one of these components;
we temporarily denote the containing component U. If W were not all of U, then its
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relative boundary in U would have to be nonempty, contradicting (3). Thus, W U {0}
is a Jordan domain. Further, W C 2(h) and ¢ does not intersect Z(h), so W must
be a component of Z(h), i.e., must be W \ {0}.

To prove (1): By definition (2.30) is the continuous image of a connected set and so
connected. The image of A U y under ¢ contains an upper half-strip

fu+iv:—1<u<pB,v>R}

for a sufficiently large R, and this half-strip maps under ixp to a punctured disk about
0, so W is a punctured neighborhood of 0.

To show that W is open, it suffices to show that the image of y under ixpo ¢g,
which is the same as the image of £~ !y, is in the interior of W. This follows from
the way ixpo ¢r glues together the two edges. Roughly, any sufficiently small disk
about a point of the image of y is the disjoint union of three parts, respectively the
images under ixp o ¢ of

e a differentiably-distorted half-disk in A with diameter along y,
e another differentiably-distorted half-disk in A with diameter along f 'y,
e a subarc of y.

Thus, any such disk is contained in the interior of W.
To prove (2), we need

Lemma2.6ixp o ¢g isinjectiveono \{z1, f~'(z1)} (that s, on o with its end-points
deleted).

We postpone the proof and proceed to deduce (2) from the lemma. Composing
ixpo ¢g with a continuous parametrization of o gives a continuous mapping from
the parameter interval [0, 1] to C which is injective except for sending 0 and 1 to the
same point. In an obvious way, this produces a continuous injective mapping of the
circle T to C, that is, a parametrized Jordan curve in C.

To prove (3): it is nearly obvious that & and O are contained in the boundary of W.
To prove the converse, let w be a boundary point of W; let (w,,) be a sequence in W
converging to w; and, for each n, let z,, be a point of A U y with
Wn = IXp 0 @R (2n).
By compactness of A, we can assume, by passing to a subsequence, that
Zn — z € A.

If z =0, then z, — 0O inside A U y, which implies

Im(¢R (Zn)) — 00,
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which implies
w, — 0,1e,w=0.

Otherwise, w = ixp o ¢r(z). Since w ¢ W, z cannot be in A, or in y, or in f’ly,
and we have already dealt with the possibility z = 0, so we are left only with z € o,
which implies

w=1ixpo ¢r(z) €0.

Modulo the proof of Lemma 2.6, this shows that W is a Jordan domain and also
gives a useful representation for W as the image under ixp o ¢g of a fundamental

domain for f in E)Bof . From this latter representation, it is evident that if ixpo ¢4

cannot be analytically continued through aB; , then h* = h|+ cannot be analyti-
cally continued through d W. Thus, all the assertions about 4 are proved,; the proofs
of those about &~ are similar. (]

Proof (Lemma 2.6) We use the same notation as in the proof of Proposition 2.8.
Recall that & denotes the component of Bof N Pr which contains the parabolic point 0.
Deleting 0 splits & into two subarcs, denoted by o1 ; we will say later which is which.
We parametrize o as t +> o (f) : t— < t < t;, with parameter r = 0 corresponding
to the parabolic point 0, and with & corresponding toz > 0. Since f~! maps P into
itself and & into BBOf , it maps & into itself. Using the parametrization, we conjugate
f~!on & to a one-dimensional mapping

@) =53,

where j(.) is a continuous injective mapping of the parameter interval into itself,
with j(0) = 0.

Claim j (.) is increasing, i.e., (loosely) f is orientation-preserving on B(')f .

We assume the claim for the moment. Since " converges uniformly to O on Pg,
0<j@) <t forO <t < ty.

Recall that ¥ is the image under gbgl of an appropriate vertical line and that y is

the initial segment of ¥, up to z1, its first point of intersection with B({ . We choose
the labelling of the components of & \ {0} so that z; € 5. Then f~!(z}) is also in
o1 and, from the conjugacy to j(.), the subarc of & from z; to f ’l(zl) with one
endpoint included and the other not is a fundamental domain for the action of f~! on
1. In particular, two distinct points on this arc have disjoint f~! orbits and hence
distinct images under ixp o ¢g.

It remains to prove the claim. We know that f~! maps & into itself and hence
maps &, either into itself, or into &_. From injectivity of f~! on &, we will be done
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if we show that the first alternative holds:
%5 ca,.

By connectivity, this will follow if we show that f~!&, N &, is nonempty.

The labelling of the components of & \ {0} is chosen by requiring that » meet o+
before o_. The closed path made by following y from O to its first meeting point z;
with o, then o back to 0, is a Jordan curve; denote the domain it bounds by U. The
first place o_ meets ¥ is outside U’ since o— does not intersect the boundary of U,
all of o_ is outside of U. Thus, any continuous path in Pg which starts in U and
reaches G_ must intersect &, first. It is easy to see, using local theory, that 1y
starts out in U. The first place where f~'y intersects & is £~ '(z1), so

fleyednfla.,
completing the proof. (I

Let us introduce a model for the dynamics of a map on its immediate basin. We
use the notation B : D — D for the quadratic Blaschke product

32241
3422

B(z) = (2.31)

We prove:

Theorem 2.9 Let f be an analytic function with a normalized simple parabolic
point at the origin. Assume that the immediate basin Bg is simply-connected, and
f: Bg — B({ is a degree-2 branched covering map. Then there is a conformal

isomorphism ¢ : B({ — D so that
f:(p_l oBog onB({,

where B(z) is as in (2.31). In particular, any two analytic maps satisfying the con-
ditions of the theorem are conformally conjugate on their respective By’s.

Proof For each sufficiently large j € N, let o; denote that component of the inter-

section with B({ of the circle of radius 1/; about 0 which contains —1/j. Thus for
large j, the arc o is almost the whole circle: a small closed arc near the positive real

axis has been cut out. It is immediate that each o; is a crosscut of B({ and that o;’s
for different j’s are disjoint (see Fig.2.3a). Let N; be the crosscut neighborhood of
o; that does not intersect o;_1. It is evident that 0; 1 C N;. The diameter of o is
at most 2/j — 0, hence the crosscut neighborhoods N; form a fundamental chain.
It is clear that the impression of this fundamental chain contains 0. Recalling that a
prime end is an equivalence class of fundamental chains, we denote by 0 the prime
end containing the above fundamental chain.
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Fig. 2.3 An illustration of the proof of Theorem 2.9

By the Riemann Mapping Theorem, there is a conformal isomorphism ¢ from B({
to D, mapping the unique critical point of f in Bf to 0. By Carathéodory theory, ¢

extends to map the set of prime ends of Bf homeomorphically to the unit circle. We
can further require that the extension of ¢ send 0to 1; with this additional condition,
@ is unique.

We use z,, p—e> 0 as an abbreviation for the assertion that Zp 1s eventually in N; for

each j. From the construction of the topology on the space of prime ends and of the
Carathéodory extension, we extract the following:

Continuity at 0 Let (z,,) be a sequence in Bf. Then ¢(z,) — 1ifandonlyifz, —> 0.
In view of the construction of the crosscuts o, it might appear at first glance that the

requirement that z, — 0 be more or less the same as the requirement that z, — 0.
p.e.

However, proving this requires more control over the structure of 9 Bg than we have.
We next develop a convenient condition which suffices to guarantee convergence of

@(zy) to 1.
Let Pg be a repelling petal which maps under ¢ to a left half-plane

fu+iv:u< g}

To give some room for maneuver, we assume that there is a larger petal P, mapping

to the half-plane {u < B’} for some B’ > B. For the next few paragraphs, d)}l will
denote the inverse of the restriction of ¢ to Pg.

We next need to argue that Im(¢r) is bounded on Pg \ B(‘)f . More precisely, let
M be a positive number such that if z € Pg with

| Im(¢r(2))| = M,

then z € B (see Fig.2.3b).
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Now let A :={z € Pg : | Im(¢r(2)| < M}. (I

Lemma 2.7 If (z,) is a sequence in B({ \ A such that z,, — 0, then z, ;) 0.
Proof (Lemma 2.7) Recall the definition of the crosscut neighborhoods N; above,
and let D; denote the open disk of radius 1/j about 0. Let y; and y, denote the
segments of the upper and lower edges of A which start at 0 and extend to the first
point where the edges in question meet the bounding circle of D;.

Then y; and y, are crosscuts of N;; deleting them splits N; into 3 subdomains,
one of which is bounded by y1, ¥, and a left-facing arc of the circle bounding D;.
All we want to extract from the above is that this latter domain is contained in N;.
On the other hand, elementary topological considerations, resting on the fact that the
two edges of A are smooth arcs tangent to the positive imaginary axis at 0, show that
the domain described above is D\ A for large enough j. In short,

D;\ A CN; forsufficiently large ;.

Now fix j large enough so that the above holds. If z,, converges to 0 staying outside
of A, itis eventually in D;\ A, hence, eventually in N ;. This holds for all sufficiently
large j, so z, —> 0, as asserted.

p-e

We return to the proof of Theorem 2.9. By assumption, f : Bof — B({ is a degree-2
branched covering, and B is the conjugate of f on Bof under a conformal isomorphism
@ B(')f — ID. Thus, B is a degree-2 branched covering of D to itself. It is a standard

fact, following from an easy application of the Schwarz Lemma, that such a B has
the form

Zz—(l

B(z) = ’
(z)=e T

where a € D and 6 € R. By this formula, B extends analytically to a neighborhood
of the closed disk. To complete the proof, we just need to determine 6 and a.

For any zg € B({ , ™ (zo) converges to 0 from /t\he negative real direction, so z,, is

eventually outside A, and, by Lemma 2.7 z,, — 0, so
p.e

¢(f"(z0)) = B"(¢(z0)) = 1,
from which it follows that 1 is a fixed point of B:
B(1) =1.

Since B maps the unit circle to itself, preserving orientation, B'(1) is real and positive.
Since the orbit B" (¢(z9)) — 1, it is not possible that B'(1) > 1.
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Now specialize to zo € Bg N Pr with Im(¢r(z0)) > M. Let f —1 denote the
inverse of the restriction of f to Pg. Then, for any n > 0, f"(z9) € Pr and
Im(¢r(f " (z0)) = Im(¢pr(z0)) > M, so f"(z9) € Bof \ A. Since z is in the
repelling petal Pg, f~"(z0) — 0, so,by Lemma 2.7, y_, := ¢(f"(z0)) — 1. The
sequence (y_j,) is a backward orbit for B: B(y_,—1) = y—,. The existence of just
one backward B-orbit converging to the fixed point 1 of B implies

e B’(1) cannot be < 1, so B/(1) must be equal to 1,

e B”(1) cannot be non-zero; if it were, any backward orbit converging to 1 would
have to do so from the positive real direction, in particular, from outside D, whereas
our sequence y_, is inside .

We thus have the general algebraic formula for B(z) and the conditions:
B(h=1, B'1)=1, B"(1)=0;

routine algebra then shows that B(z) must be as in the statement of the theorem. [J



Chapter 3
Global Theory

Abstract We discuss the covering properties of the parabolic renormalization of
the quadratic map and describe a class of maps with global covering properties and
Jordan basins, invariant under the parabolic renormalization operator.

Keywords Branched covering - Map of finite type + Koebe function - Parabolic
basin - Renormalization-invariant class

3.1 Basic Facts About Branched Coverings

We give a brief summary of relevant facts about analytic branched coverings. A more
detailed exposition is found e.g., in Appendix E of [Mill].

For a holomorphic map f : X — Y between two Riemann surfaces, a regular
value is a point y € Y for which one can find an open neighborhood U = U (y) such
that

o) Lu

is a covering map. The complement of this set consists of the singular values of f,
and will be denoted Sing(f).

By definition, y € Y is an asymptotic value of f if there exists a parametrized
path

y :(0,1) = X, such that liIP fy@®) =y,
t—>1-—

and such that lim,_, {— y () does not exist in X. We will be concerned with the
situation when X is a proper subdomain of the Riemann sphere. In this case, the
non-existence of the limit can be replaced with

y(n) — 9X.
t—>1—

We will denote Asym( f) C Y the set of all asymptotic values of f.
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46 3 Global Theory

Recall that yg € Y is called a critical value (or a ramified point) of f if there
exists xo € X such that yo = f(xp), and the local degree of f at x¢ is n > 2. Thus,
in local coordinates, one has

f(x) —yo =c(x —x0)" +--- where n > 2.

The point xq is called a critical point of f (or a ramification point). We denote
Crit(f) C X the set of the critical points of f. One then has:

Proposition 3.1 For a holomorphic map f : X — Y between Riemann surfaces,

Sing(f) = Asym(f) U f(Crit(f)):

that is, the set of the singular values of f is the closure of the union of its asymptotic
and critical values.

Recall that a nonconstant map g : S; — S between two Hausdorff topological
spaces is called proper if the preimage of every compact set of S, is compact in Sj.
It is easy to see the following.

Proposition 3.2 Let f : X — Y be aproper holomorphic map of Riemann surfaces.
Let W be anonempty connected open subset of Y, and let V be a connected component
of f~Y(W). Then f : V. — W is also proper.

For a holomorphic map f : X — Y, define the degree of f at y € Y (denoted
deg, (f)) as the possibly infinite sum of the number of preimages of y in X, counted
with multiplicity. It is not difficult to see that a proper analytic map has a well-defined
local degree:

Proposition 3.3 If f : X — Y is a proper analytic map between Riemann surfaces,
and Y is connected, then deg, () is finite and independent of y (and can be denoted
as deg(f)).

As a consequence, note the following.

Proposition3.4 If f : X — Y is a nonconstant proper analytic map between
Riemann surfaces, and Y is connected, then f(X) =Y.

Proposition 3.5 Let g : S| — Sy be a proper continuous map between Hausdorff
topological spaces which is everywhere alocal homeomorphism. Then f is a covering
map.

In particular, putting together Proposition 3.3 and Proposition 3.5, we have

Proposition 3.6 Let f : X — Y be a proper analytic mapping between Riemann
surfaces. Let Y be connected, and set d = deg(f). Then

[ X\Crit(f) — Y\ f(Crit(f))

is a degree d covering.
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In view of the above, a proper analytic map is sometimes called a branched covering
of a finite degree. Generalizing to the case when the local degree is infinite gives the
following definition:

Definition 3.1 A holomorphic map f : X — Y between Riemann surfaces is a
branched covering if every point y € Y has a connected neighborhood U = U (y)
such that the restriction of f to each connected component of f~!(U) is a proper
map.

As a canonical example, consider the case X =Y = C. Nonconstant rational maps
f are clearly branched coverings; and every branched covering is, in fact, a rational
map.

Let us formulate another general lemma which we will find useful:

Lemma 3.1 Let f : U — V be a proper analytic map between connected sub-
domains of C. Assume that f has a single critical value v € V, and that V is a
topological disk. Then U is also a topological disk, and f has only one critical point
win U, such that f~'(v) = {u).

Proof Set V=V\{y}and U = f_l(V). By Proposition 3.6, the map f : U—>V
is a covering. The domain V is homeomorphic to D\{0}. By standard facts about
coverings of D\{0}, the domain U is also homeomorphic to the punctured disk.
Moreover, denoting 7y and 7, conformal homeomorphisms mapping D\{0} to 1%

and U respectively, we see that

Ny (f(2) = const - (17 (2))" ford > 2. O

3.2 Parabolic Renormalization of the Quadratic Map

A key example for our investigation is the quadratic polynomial
fox) =z 2+ 22

It is well known that

e The basin of attraction B/0 =: By of the parabolic point is connected.
e f: By — By is abranched covering of degree 2.

We will prove more detailed or more general versions of these assertions later; see,
in particular, the proof of Theorem 3.2, so we will not repeat the proofs here.

By a trivial computation, —1/2 is a critical point of fy; it is the only one in the
finite plane, and the corresponding critical value is —1/4. Let ¢4 be an attracting
Fatou coordinate for fy, defined on all of By. Using Proposition 2.12 and taking into
account the surjectivity of fy on By, we get
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Proposition 3.7 The critical points of ¢4 are the preimages, under iterates of fo,
of the critical value —1/4:

Crit(¢a) = Un=1fy "(=1/4).

All critical points have local degree 2, and their images are integer translates of each
other:

PA(Crit(¢a)) = {¢pa(=1/4) —n,n = 1}.

By standard results of complex dynamics,

Crit (¢4) = Crit (¢4) U J(fo)- (3.1

In fact (cf. [Do2]), ¢4, mapping By to C, is a branched covering (but we will not
need this result).
Our next objective is the following:

Theorem 3.1 Let (ht, h™) be an Ecalle-Voronin pair for fy (i.e., one constructed
with some choice of normalization for ¢ and ¢r ). Then the germs h™* (at 0) and h™
(at 00) have maximal analytic continuations to Jordan domains W+ and W~ (in the
sphere C).

See Fig.4.1. Theorem 3.1 follows from Theorem 2.8 and a well-known folklore
result:

Theorem 3.2 The Julia set of the quadratic polynomial fo(z) = z + z* is a Jordan
curve. Orbits starting inside this curve converge to 0; those starting outside converge
to 0o. The dynamics of fy restricted to the Julia set is topologically conjugate to the
angle-doubling map of the circle; specifically, there exists a unique continuous map
p : J(fo) = T such that

0(fo(z)) = 2p(z) modl.

In the next subsection, we will provide a proof of Theorem 3.2; while it is fairly
standard, the strategy used will be useful to us later in a more complicated situation.

3.2.1 The Julia Set of fo(z) =z + z2 Is a Jordan Curve

We begin by defining several useful local inverse branches of fj by choosing the
appropriate branches of the square root in the formal expression

fotwy = Vw174 —1)2. (3.2)

We first cut the plane along the positive real ray R = [—1/4, +00) and denote
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g0:C\R—- H
the inverse branch with nonnegative imaginary part. Similarly, we define
g1 :C\R - —H

to be the inverse branch with negative imaginary part, so that g1 = 1 — go.

Finally, we define an inverse branch g which fixes the parabolic point z = 0. We
slit the plane along the ray (—oo, —1/4], and select the branch of the square root in
(3.2) with nonnegative real part. In this way, we get

g:C\(—00, —1/4] > {Rez > —1/2}.

We note that Taylor expansion of g at w = 0 begins with w — w? + - - -, and thus it
also has a parabolic fixed point at the origin.

When needed, we will continuously extend the three inverse branches defined
above to the edges of the slits.

Proposition 3.8 The branch g maps C\(—o0, 0] into itself.

Proof As already noted, the image of g is contained in the half-plane

{Rez > —1/2}.
Furthermore, since g is a branch of the inverse of fy, if g(w) € [—1/2,0), then
w € fo([—1/2,0)) = ([—1/4,0) C (—o0, 0), so the image under g of C\(—o0, 0]
does not intersect [—1/2, 0), and thus is contained in C\ (—o0, 0].

Applying the Denjoy-Wolff Theorem, we obtain:

Corollary 3.1 The successive iterates g" converge to the constant 0, the parabolic
point, uniformly on compact subsets of C\ (—o0, 0].

Next, we observe:

Proposition 3.9 The intersection
J(fo)NR = {-1,0}.
Proof Indeed, if x > 0, then
f(x)=x +x2 > x, and, furthermore, f"(x) > x+ nx? — oo,
and hence (0, co0) C F(fp). Since

Jo((=00, =1)) = (0, 00),
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the same holds for (—oo, —1). Finally, fy maps the interval (—1, 0) to itself and
fo(x) > x for x in this interval, so f' (x) — 0. Hence, (—1,0) C F(f) as well, as
claimed.

Define
A:={z:1/2<|z+1/2]| <2}.

i.e., A is an annulus, centered at the critical point —1/2, with inner radius 1/2 and
outer radius 2. We collect some elementary facts about this annulus into the following
proposition:

Proposition 3.10

1. If|z+1/2] > 2—i.e., if 7 is outside the annulus, then | fo(z) +1/2| > |2+ 1/2],
so fo(z) is again outside the annulus, and | fif (z) + 1/2| goes monotonically
to oQ.

If|z+1/2| < 1/2—i.e., if z is strictly inside the annulus, then | fo(z)+1/4| < 1/4.
If 1z +1/2] < 1/2, then fi'(z) — 0.

Iff(x) €A thenz e A ie, fy'A CA.

J (fo) is contained in the closure A of A.

SR L

Proof Ttems (1) and (2) follow from elementary estimates. For (3), since the open disk
of radius 1/4 about —1/4 is contained in the open disk of radius 1/2 about —1/2, this
latter disk is mapped intoitself by fo and hence by allitsiterates f'. In particular, this
sequence of iterates is uniformly bounded on the disk in question and so, by Montel’s
Theorem, is a normal family. Furthermore, elementary considerations show that for
-1 <x <0, f§(x) — 0.1t follows then from Vitali’s Theorem that f' converges
to the constant 0 uniformly on compact sets of the open disk {|z + 1/2| < 1/2}.

From (1) and (2), if z ¢ A, then fy(z) ¢ A, which is tautologically equivalent to
(4). Finally, from (1), if z is outside A, then fi (@) = 00,502z ¢ J(fo), and, from
(3), if z is inside A, f3'(z) = 0, and so, again, z ¢ J(fo).

To prove Theorem 3.2, we are going to show that f;" A are a decreasing sequence
of topological annuli which shrink down to a Jordan curve J. Points inside J are
attracted to the parabolic point; those outside are attracted to co. Thus, the Jordan
curve J contains the Julia set. Our argument also shows that the preimages (of
arbitrary order) of the parabolic point 0 under fj are dense in J, so the Julia set is
all of J.

We define first

Ap:={z€A :Imz>0} and A :={z€A :Imz <0},
and then, for any n = 2, ... and any sequence ipij ...i,—1 of n 0’s and I’s,

Aiiy iy =z €Ay foj(z) € Aij for 1 < j < n}.
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/|

level 2 level 3

level 4 level 5

Fig. 3.1 There are 2" puzzle pieces of level n. In the picture for level n, we also show the outlines
of the puzzle pieces of level n — 1, each of which contains two pieces of level n. The pieces of
level n can be labeled (successively, counterclockwise, starting from the positive real axis) with
0, 1,...,2" — I; the labeling used in the text is the binary representation of this one

We will refer to the sets A, ;, , as puzzle pieces (of level n) (Fig.3.1). It is easy to
see that

® Ajyi,...i,_; isdecreasinginn: Ay i, D Ajy iy
o fAji iy =Ad iy
[ ) Aioil iy = giOAil ins and hence
Aigiy iy = 8ip© &1 © 0 8&i; 1 Adjijyy iy forl<j<n—1L

The main step in the argument is to show that the diameters of the puzzle pieces
Aiyiy..i,_; gOto zero as n — oo, uniformly in ipiy .. .i,—1. The strategy that we use
is standard,; it also appears in, e.g., [Lyu], Proposition 1.10.

Concretely, we define

On i= Sup {diam(Aiomin_l) 2ig...iyp—1 € {0, 1}"}.
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Since A;y..i,_; D Aj,..i,, the sequence pj, is non-increasing in 7, so

Py = lim p, (3.3)

n—o0

exists.
We will prove:

Proposition 3.11 The limit p, = 0.

The first step is to argue that it suffices to consider binary sequences one at a time:

Lemma 3.2 There is an infinite sequence igiy .. .1, ... so that
diam(A;y;,..i,) = p« foralln,

i.e., a single descending chain of puzzle pieces with diameter converging to p.

Proof (Lemma 3.2) A simple diagonal argument gives the existence of a sequence
igi1 ...1Ik ... such that for all k,

gy
1 00 seelk— 10l g

lim sup {diam(AiO ) il €10, 1}"} > Py

Since diam(A;;, ...;,_,) 1S non-increasing in n, it follows that
diam(A;;, ;) > ps forallk,

proving the lemma.

Proof (Proposition 3.11) We assume the contrary, that p,, > 0 and we fix a sequence
ipiy ... as in the Lemma 3.2, i.e., so that diam(A;;, ...;,_,) does not go to zero as
k — 00. We consider separately the three cases:

1. i; is eventually 0;
2. ij is eventually 1;
3. i; takes both values 0 and 1 infinitely often.

We start with case (3). There are then infinitely many j’s so that
ij=0 and ij41 =1.
Let jj; be a strictly increasing sequence of such j’s. Then, for each «,
J—ji = 8ig ©8iy 0+ 08ij_,

is an analytic branch of the inverse of foj" mapping Ao bijectively to A;; . Lt The
closure of Ay does not intersect the closure of the postcritical set of fy; welet U be a
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bounded simply connected open neighborhood of Ay, disjoint from the postcritical
set. Then each f_;, has an extension to a branch of the inverse of f3*, defined and
analytic on U; we denote this extension also by f_j,.

We next want to argue that the f_;, are uniformly bounded on U and hence form
a normal family there. We can see this as follows: Let U be a neighborhood of co
which is forward-invariant under fj and disjoint from U. Then, if fj, (z) isin U (for
some k and some z € U), we will have, since fj, is an inverse branch of foj" and U
is forward invariant,

2= f{(f-p @) €U,

which is impossible since by hypothesis z € U and U is disjoint from U. Thus, the
sets f_ ;U are all disjoint from U, s0 ( Jf—j) is uniformly bounded on U, as desired.

By Montel’s Theorem, there is a subsequence of (jx) along which fj converges
uniformly on compact subsets of U. By adjusting the notation, we can assume that
the sequence (f_j,) itself converges; we denote its limit by 4. Since

diam(f_j, Aor) = diam(Aj, i, )

does not go to zero as k — o0, and since f_; converges uniformly on the closure
of A1, the limit 4 is nonconstant.

Let zo := go(g1(—1)) € Ao1 N J(fo). Since the Julia set if backward-invariant
under fp and closed, then

wo = h(zo) = lim f_j (zo)
k— 00
is again in the Julia set. Since 4 is nonconstant, #Ag is an open neighborhood of
wo; let W be another open neighborhood whose closure is compact and contained in

hAy. A straightforward application of Rouché’s theorem shows that

f—j:Aor D W for sufficiently large k.
Since f_j, is a branch of the inverse of f| j", it follows that

fojk W C Ag; for all sufficiently large k. 3.4)
We are going to deduce from (3.4) that
[fow)+1/2| <2 forwe Wandn > 0,
which by Montel’s theorem contradicts the fact that wg € W is in the Julia set.

Suppose therefore that | fi (w) + 1/2| > 2 for some w € W and some n. Then, by
Proposition 3.10 (1),
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| fJEw) +1/2] > 2 for all k with ji > n.
Since
lz4+1/2] <2 forallz € A,

this contradicts (3.4), and so completes the proof in case 3.
We turn next to case (1) above, and deal first with the situation i; = 0 for all j.
We write temporarily

AM = Ag... 0= (80)"*Aco.
——

nterms

Now go maps Aqg into itself, and gg = g on Agg, SO we can write
A(l’l) — gn_2A0()-

By Corollary 3.1 and local properties of parabolic dynamics near 0,

¢""2 — 0 uniformly on A,

)
diam(A™) - 0 asn — oco.
Next consider sequences of the form ipig ...it00..., and use the formula

Aio...iko -0 = 8ip© &, 00 gl.kA(")_

nterms

The mapping g;,0g;, o- - -0g;, extends to be continuous on Aqo, and diam(A™) — 0
by what we just proved, so

diam(A; ;. 0...0) > 0 asn— oo.

n terms

A similar argument, using g; = g on A shows that

diam(A;

ioigl---1)—> 0 asn— oo.

n terms

Leti = (i j)j-v:o be a finite or infinite sequence (N < oo) of 0’s and 1’s. We
interpret it as a binary representation of an element of the circle R/Z:
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N
i = ZijZJ'HmodZ.
j=0

For any such dyadic sequence,

A_i() ) Ai()il 2D Ai()"'ill

D...

is a nested sequence of compact sets in C with diameter going to 0, so its inter-
section contains exactly one point, which we denote by z(i). Since any A;, ;
contains gj,gi, - -- &,_, (—1) € J(fo), each Z(i) € J(fp). It is immediate from the
construction that i — (i) is continuous from {0, 1} to C. It is not injective, but its
non-injectivity is of a simple and familiar nature:

Lemma 3.3 Let i = igiy...i,—1 and i' = iyi|...i;_, be two finite dyadic
sequences of equal length such that

AiNAy # 0.

Then eitheriy =i, ori, =1, £27".

The proof is a straightforward induction in n which we leave to the reader. As a
corollary, we get:

Corollary 3.2 Letiand i be two infinite dyadic sequences. Then
z2() = z(") ifandonlyif i, =1,.
Proof Foranyi=iy...i,...,and any n
li, —io...in—1,l =277
Hence, if i, # i, and n is large enough so that
iy — i) >3 %27,
then

. . ./ ./ —n
|10...zn_12 —10...tn712| > 27"

which by Lemma 3.3 implies that A;,...;,_; and A;, ;»  are disjoint, and hence that
2(0) # 240,

Conversely, if i, = i’,, then either i = i’ or, possibly after interchanging the two
sequences, i has the form igiy ...i,—10111... and i’ the form ipi; . ..i,—11000...,
and from this it follows easily that Aj,...;, and A;/_;, intersect for all n and hence
that Z(i) = z(i).
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Hence, there is an injective mapping 6 — z(6), from the circle R/Z to C, such
that

z(i) = z(i,) foralli.

Proposition 3.12 The mapping z(.) is a homeomorphism from the circle onto the
image J of i — Z(i). In particular, J is a Jordan curve.

Proof z(.) is injective by construction, and its continuity follows easily from the
fact that diam(A;,...;,_,) — 0. It is therefore a homeomorphism by the standard
topological fact that an injective continuous mapping from a compact space (to a
Hausdorff space) is a homeomorphism.

It remains to show
Proposition 3.13 J = J(fp) = ﬂnzo fo_"Z.
Proof We show the following.

1. J C J(fo), B
2. J(fo) € Nso fo "A,
3. Npso fo"AC J.

(1) If z € J, then {z} = () Ajy..i, , for some sequence ipij .... Since Aj,..i, ,
contains g;,o---og; ,(—1) € J(fo), and since diam(4;,..;, ,) = 0,z € J(fo) =

J(fo).
(2) This proof has essentially already been given: If z ¢ ﬂnZO fo " A, then some

fo @) ¢ A, 50, by the elementary properties of the basic annulus A (Proposition
3.10), fO" (z) converges either to 0 or to 0o, so z ¢ J(fo)-
(3) Assume z € (,=¢ fy " A. i.e.. f§'(z) € A for all n. We consider two cases:

e fy(z) ¢ Rforalln. Puti, =0 of I according to whether f(z) is in the upper or
lower half-plane. Then z € A;..;,_, foralln, so z = z(@i) € J.

e fy(z) € R for some n. The intersection of A with R is the union of the two
intervals [—2.5, —1] and [0, 1.5], and the first of these maps into the positive real
axis, which is mapped into itself. Hence f'(z) is eventually in [0, 1.5]. But the
only orbit staying forever in [0, 1.5] is the fixed point 0, so z must be a preimage
of finite order of 0. It is then straightforward to show that there is a sequence of
the form igiy . ..i,—1000... with z = Z(i).

This completes the proof of Theorem 3.2. We note further that
fo(z(Gipitiz...)) = Z(iyiz...) for all binary sequencesioiy ...,

from which it follows that we have

Proposition 3.14 The map 6 +— z(0) conjugates 6 — 2 -0 on R/Z to fy on its
Julia set J (fp).
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3.3 Covering Properties of the Ecalle-Voronin Invariant of f;

For a parabolic germ f(z) of the form (2.2) we will denote hy its Ecalle-Voronin
invariant. We remind the reader that the pair of germshy = (h™, h™) is defined up to
pre- and post-composition with a multiplication by a nonzero constant.

‘We approach the discussion of covering properties of h z indirectly, by introducing
a different, more convenient, dynamical model.

By the Riemann Mapping Theorem, there is a conformal isomorphism ¥ from
By to the cut plane C\[0, oo) sending —1/2 (the critical point of fy) to —1. These
conditions do not fix ¥ uniquely, but it is not difficult to see that i/ can be cho-
sen so that /'(—1/2) > 0 and, under this condition, becomes unique. Because of
uniqueness, and because By and the cut plane are invariant under complex conju-
gation, ¥ commutes with complex conjugation. It must therefore map (—1, 0) to
(—00, 0), these being respectively the real points of By and those of the cut plane.
Since ¥'(—1/2) > 0, ¥ is strictly increasing on (—1, 0), and lim,_, - ¥ (x) = 0.

Define an analytic mapping K of the cut plane to itself by

K=vo fooy L (3.5)
So defined, K is a real-symmetric analytic degree-2 branched covering:
K : C\[0, co) — C\[0, c0).

By construction, —1 is a critical point of %, and the corresponding critical value is
Y (—1/4). There is a simple explicit formula for /.

Proposition 3.15 The mapping K (z) is the Koebe function

Z

K(Z) = m

(3.6)

Proof For x € [0, c0) and small positive ¢, K (x + ie) and K(x — ig) are complex
conjugates. As ¢ — 0T, x + ie converges to the boundary of the cut plane, so
1//_1 (x +ie) converges to the boundary of By, so f()(l//_l (x +ie)) also converges to
the boundary of By, so K (x +i¢) converges to the boundary [0, oo] of the cut plane.

We apply the Schwarz reflection to see that K can be extended analytically through
[0, 00). The above argument does not rule out that K (x + ie) goes to co. To get
around this, we recall that K is a degree-2 branched covering, and that, on a small
disk about the critical point —1, it takes on every value near the critical value K (—1)
twice. Hence, K (x + i¢) stays away from K (—1), so Schwarz reflection can be
applied without difficulty to the function 1/(K (—1) — K(z)), which is bounded on
a neighborhood of the positive axis.

Thus, K extends to a meromorphic function on the finite plane. Since 1 /(K (—1) —
K (2)) is bounded near oo, K is also meromorphic at co, and hence, it is a rational
function. Since it takes each finite nonreal value exactly twice, it has degree 2. It
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never takes on a value in [0, oo] anywhere off [0, oo] so it must map [0, oo] to itself,
with each point having two preimages, counted with multiplicity. As x runs up the
positive axis, K (x) starts at 0 and runs up, reaching co at some finite a; it then runs
back down, approaching 0 as x — oo. The pole at a must have order 2, so K(z)
must have the form

K@) = (b +cz+d)/(z —a).

From K (0) = K(oc0) =0, we have b = d = 0. Thus,
K(z) =cz/(z — a)2

for some constant ¢, which clearly must be positive. By a simple calculation, a
function of this form has only one (finite) critical point at —a, so a = 1. It remains
only to show ¢ = 1.

We saw above, from elementary considerations that ¢ (x) — Oasx — 0. Hence,
for small negative x,

K" (Y (x) = ¥ (f5 (x)) = 0,

so there are at least some K -orbits converging to O; this rules out ¢ > 1, so we need
only show that ¢ < 1 is also impossible.

By Theorem 3.2, and the Carathéodory Theorem, ¥ has a continuous extension
to the boundary J(fp) of By, which we continue to denote by . The extension
is not a homeomorphism; it identifies complex conjugate pairs on J(fp). A useful
invertibility property can be formulated as follows: J(fp)\—1, O is a disjoint union
of two Jordan arcs, and the extended vy maps each of these arcs homeomorphically
to (0, 0o). Note that the conjugation equation, written as

Koy =v¢of,

extends by continuity to By. Because fy on J (fo) is conjugate to s > 2s on T, there
exist infinite backward orbits for fy in J(fo) which converge to 0, i.e., sequences
205 2—15 2-2, ... With z_,41 = f(z—,) and z—, — 0. Then ¥ (z—,) — 0 and
KW (z—n) = ¥(2—n+1), thatis, (¥ (z—y,) is a backward orbit for K converging to 0.
This rules out ¢ < 1, so the only remaining possibility is ¢ = 1, so the formula (3.6)
is proved. (]

We note several other contexts in which the Koebe function (3.6) comes up. It is, of
course, the essentially unique univalent function on the unit disk which saturates the
Koebe distortion estimates. (See, for example, [Co], Theorem 7.9 and p. 31.)
Furthermore, and perhaps more instructively for our study, one can deduce from
the above discussion that K (z) is the conformal mating (see [Dol]) of the map fo
with the Chebysheff quadratic polynomial f_5(z) = z* — 2.
We next develop an important piece of technique:

Proposition 3.16 Let fi, f> each have a normalized simple parabolic point at 0,
and assume that their restrictions to their respective principal basins are conformally
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conjugate, i.e., that there is a conformal isomorphism ¢ : B({ I B({z so that

fi=¢ ' ofrop onBll. (3.7)

1

Assume further that ¢ and ¢~ extend continuously to the boundary point 0 of B({ !

respectively Bgé. Then there is a conformal isomorphism  : W;I — W)}’;, sending
0 to 0, and a nonzero constant v so that ‘
+ _ +
hf1 —v-hfzow.

We begin with a few simple remarks. From the continuity of ¢ at 0, it follows that
¢(0) =0,

9(0) = lim ¢(f{'(2)) = f3(¢(z) =0 foranyz € B'.

It is easy to verify, again making use of continuity of ¢ at 0, that ¢ maps attracting
petals for f] to attracting petals for f», and that ¢ ! maps attracting petals for f» to
attracting petals for f. For the proposition to make sense, we have to have chosen
normalizations for attracting and repelling Fatou coordinates for the two mappings,
but the choices are obviously immaterial. We fix, however we like, the normalization
of ¢>£‘2). Then qﬁf) o ¢ is an attracting Fatou coordinate for f7, so by the uniqueness
of Fatou coordinates (Proposition 2.11), ¢>1(42) op — ¢g) is constant. For notational
simplicity, we may assume

1 2
o4 =04 o

this has the effect of making the constant v in the proposition equal to one.

The situation with repelling Fatou coordinates is more complicated. It is not true
that ¢ maps repelling petals to repelling petals, since ¢ is only available on B({ " and
repelling petals are not contained in By. What we have to work with instead is the
weaker observation that ¢ maps f]-orbits coming out from 0 in B({ " to the same kind
of orbits for f,. To exploit this observation, we need to develop some technique for
a single function with a simple parabolic fixed point.

Let f have the form (2.1); let Pg be a repelling petal for £, and write £~ for the
inverse of the restriction of f to Pr. We define

Pr:={ze€ Pr:f"(x) € B] forn=0,1,...}.

In the usual way, it is straightforward to show that the image under ixp o ¢g of Pr

is independent of the petal Pg. We denote this image by W; since Pr C Pg N B,
W is contained in Z(hy).
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Lemma 3.4

ey
(@)

Lett +— r(t), 0 <t < 1 be a continuous arc in Pg N B with 7(0) € ﬁR. Then
(1) € Pg.
Pg is open (so its image w under ixp o ¢g is also open).

(3) A connected component of W is also a connected component of 2 (h). In other

“
(&)

words, a component of 2 (h) is either dlSJomt from W or contained in it.

If there is a continuous path T in Pg N Bo from z to f~1(2), then zZ€ Pg.
The components WH\{0} and W ~\{oo} of Z(h) are contained in w.

Proof

(D

2
3)

“4)

®)

Ifr(1) ¢ ﬁR, there must be an n so that =" (7 (1)) ¢ B({. Fix such an n, and let

fo == inf{t : " (x (1) ¢ BJ}.

Since 7(.) and f~! are continuous and Bof is open,

f"(z(t9)) € 9B] c 9B/,

so in particular f7"(t(ty)) ¢ B/ . But B/ is backward-invariant under f and
the path 7 is by assumption in B/, so this is a contradiction.

Ifzo € Pg and z is near enough to zo, then the straight-line segment [z, z] is in
PrN Bf and so, by 1), in Pg.

Since W is contained in Z(h), each component of W is contained in a component
of Z(h). Let U be a component of W and V the component of % (h) which
contains it. If U is not all of V, the relative boundary must be nonempty, i.e.,
there must exist a wg € (dU) N V. This wy is in Z(h), so it can be written
as wo = ixp o ¢r(z0) with zg € Pg N B/. Let D be an open disk about zg,
small enough to be contained in Pgx N B/ and also so that IXp o ¢g maps it
homeomorphically into V. Since ixp o ¢g(D) contains points of W, D contains
points of Pg, and it then follows from 1) that D C PR, SO Z0 € PR, SO wg € W
contradiction.

We argue by induction on n that f~"t C B({ for all n. This is true by
hypothesis for n = 0. Suppose it is true for n but not for n + 1. Then
F((0)) = (1) € BY, but f-(z(19)) € dB] for some 1.
Then f~"+D(z(19)) ¢ B/, which contradicts 7(fy) € B/ by backward invari-
ance of Bf. The contradiction proves f "1 C B({ for all n, so in particular,
7@ (0) = f7"(2) € B] foralln,ie.z € Pr.

Since the resulting domain W does not depend on the repelling petal used to
construct it, we may assume that Pg is ample. Then a sector

{z:0<|z] < p, /2 — 5 < Arg(z) < /2 + 6},
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with p and § small enough, is contained in Pg N B(')f - By (4) there is a sector of

this form but with smaller § and p which is contained in Pg, and by the proof of
Proposition 2.3, the image under ixp o ¢r of this smaller sector is a punctured
neighborhood of 0. Thus, W intersects WT\{0}, so by 3), WH\{0} is one of the
components of W. The proof for W™\{oo} is similar. (]

We return to the proof of Proposition 3.16; we are now ready to construct the
mapping . We fix repelling petals P,(el) for f1 and P](ez) for f>. The situation is the
familiar one: We need these petals to make a construction, but the objects constructed

turn out not to depend on them. We let ¢(1) be a repelling Fatou coordinate for
f1 defined at least on Pl(e ), and 51mllarly 45(2) for f». Let wy € W], and write

wo = ixp o qﬁﬁe) (zo) with zg € Pl(el). Then z_, := f~"(zo) is an outcoming orbit
in B({ . Because ¢ conjugates f] to f> (on their respective principal basins) and is
continuous at 0, y_, = ¢(z_,) is an outcoming orbit for f>. For sufficiently large n,
Y_p isin Plgz). Take any ng so that y_,, € Plgz) for n > ng, and set

Y (W) = ixp o ¢ (V_ny) € Wa.

It is easy to check that the result does not depend on the choices of repelling petals,

preimage zo, or number ng of steps back before applying ixp o qb( ). so we have
constructed a mapping from Wi to Ws. Each of the steps

_ . 2
WO > 20 > Zong = £ "0(20) = Yoo > ¥ (Wo) = iXp 0 ¢%) (V_ny)

can be done in a neighborhood of each of the points involved by applying a local
conformal isomorphism, so ¥ (.) is a local conformal isomorphism. Carrying out
the same construction with f and f> interchanged and ¢ ~Lin the role of ¢ produces
a mapping from W to W which inverts V¥, so ¥ is a global conformal isomorphism.
Furthermore,

ho (¥ (wo)) = ixp 0 ¢ (y_ng) = ixp 0 T (@ (y—ny))
= ixp o ¢\ (z_ny) = ixp 0 ¢\ (z0) = hy (wp).

The mapping ¥ just constructed is a more global version of the one in the propo-
sition. To complete the proof of the proposition, we need to show that
1. v maps W \{0} to W \{0}.
2. Y extends analytlcally tomap 0 to 0
Proof of (1) Since ¢ : Wi — Whisa homeomorphlsm it maps components to

components. We know from 3 of Lemma 3.4 that W1 \{0} is a component of Wy;
we have only to show that the component it maps to is W2 \{0}. To do this, choose

ample petals Pf(xl) and P(l) for f1,and letr — A (¢) be an arc in P(l) N P(l) , ending
at 0, which is mapped by ¢ A) to an upward vertical ray. By the asymptotic estimate
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for Fatou coordinates, A projects under ixp o d)g) to an arc A, in W; ending at 0. Let
A2 := @ o Aqp. Itis then immediate that A, maps under ¢1(42) to an upward vertical ray.

Claim A, is tangent to the positive imaginary axis at 0.

Accepting the claim for the moment: We can then project A, under ixp o ¢§3) to an
arc Ay in W>. By the asymptotic estimates on Fatou coordinates, A, ends at 0. By the
construction of ¥,

Ja =1 ok
Thus: 1p(W1‘|r \{0}) intersects W2+ and hence by connectedness,
¥ (W,N\0) = W, \{0).

Proof of claim It would be immediate if we knew that a terminal subarc of A; is
contained in an attracting petal. Rather than prove this directly, we argue as follows.

Let Plf‘z) be an attracting petal for f> which maps under qbf) to a right half-plane.

Since A is contained in B, there is an n so that f((0) € Pf). Since Re(qﬁf) ) is
constant on Ay, A2(¢) stays in P/(‘Z), and as already noted approaches 0 ast — 17. By

the crude estimates on Fatou coordinates, f3' oA is tangent to the positive imaginary
axis at 0. Applying an analytic local inverse of f> n times proves the claim.

Proof of (2) This can be proved in a straightforward way using crude local estimates
on Fatou coordinates, but it is quicker to argue that

Y= (h;r y o hi’ on a punctured neighborhood of 0,

(where (h;r )~ ! means an analytic local inverse of A3, which exists since h; has a
simple zero at 0) and to note that the right-hand side is analytic at 0. To prove the
preceding equation, we invoke the general formula hT = h;‘ o ¥ and note that by
(1), ¢ and (h;’)*1 o hf agree at points of the form iy () for ¢ near enough to 1. The
assertion then follows by analytic continuation. The proof of Proposition 3.16 is thus

completed. ([

Definition 3.2 For K asin (3.6), let us select a real symmetric Fatou coordinate ¢>II§ ,
and a Fatou coordinate ¢>§ , so that

hy(0)=1 and 2(h};) =D, Z(hy)=C\D, where hx = (h}, h%).

We will denote this normalized map hg by k = (k™, k™) for the remainder of this
book.
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In view of the above discussion, we note:

Proposition 3.17 There exist v # 0 and 6 € R such that
hy =v-koy(e?%z), where y : D — W

is the conformal Riemann mapping, which satisfies v (0) = 0, ¥'(0) > 0.
We show the following.
Theorem 3.3 hy, has

e exactly one critical value v := ixp o ¢pa(—1/4);
e exactly two asymptotic values O and oo.

Proof To show that the above-defined v is the only possible critical value of h 7, we
write

hy = (iXp o ¢A) o (ixp o ¢R)_17

for an appropriate branch of the inverse. Whatever inverse branch is used, its deriva-
tive does not vanish. Hence, a critical value of h , is a critical value (ixp o¢ A), i.e.,
the image under ixp(.) of a critical value of ¢4. Since —1/4 is the unique critical
value of fy, it follows from Proposition 2.12 that the critical values of ¢4 have the
form ¢4 (—1/4) —n,n > 1. Since ixp( . ) is 1-periodic, v is the unique critical value
of ixp o ¢p4.

We turn to determining the asymptotic values of h ;. We show that the asymptotic
values of the restriction hg, |y, 4 are {0, oo}; the argument for hg, |y, is identical.
To simplify geometric considerations, we invoke Proposition 3.17, and present the
proof for k.

We need a number of elementary facts about K which we summarize below for
ease of reference:

Proposition 3.18 The Koebe function K (z) = z/(1 — 2)? is a degree-2 ramified
cover C — C; its critical values are —1 /4 and oo; the corresponding critical points
are —1 and +1. The interval [0, o] is fully invariant under h; the interval (—oo, 0]
is forward invariant.

The interval [—oo, —1/4] contains both of the critical values of %, so 4 is a cover in
the strict sense above C\(—oo, —1/4]. In other words: & admits two analytic right-
inverses defined on the cut plane C\(—oo, —1/4]. One of these inverse branches
sends 0 to 0; the other sends O to its other preimage co. At the cost of introducing
a little ambiguity, we will write simply K ~! for the inverse branch which is regular
at 0. A straightforward elementary calculation shows that the preimage of (—oo, 0]
under £ is the unit circle, so the image of K —1 s the unit disk D.

Proposition 3.19 The inverse branch K~ maps the open upper (respectively lower)
half-plane into itself. It also maps C\(—o0, 0] into itself. The sequence of iterates
(K=Y converges uniformly to 0 on compact subsets of C\(—o0, 0]. Any repelling
Fatou coordinate extends to a univalent analytic function on C\(—oo, 0].
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Proof The proof may be given as an application of the Denjoy-Wolff Theorem,
however, a more direct argument is possible in our case.

Elementary considerations show that the upper half-plane is mapped into itself
by K ', and similarly for the lower half-plane. Furthermore,

K~ C\(=00, 0] —> C\(—00, 0].

By Montel’s theorem, the sequence of iterates (K ~!)" is a normal family on
C\(—00, 0]. Elementary considerations show that (K ~1)"(x) — 0 for x real, pos-
itive, and small. By Vitali’s theorem, (K ~1)" converges uniformly to 0 on compact
subsets of C\ (—o0, 0].

The preceding assertion says that

BE™ = C\(~00,0].

Note that any K ~!-orbit starting in (—1/4,0) gets in finitely many steps into
(—1, —1/4], which is outside Z(K~"). Thus, (—1/4, 0), although in Z(K~"), is
outside of BX ™. Using repeatedly the functional equation

or(K™'(2)) = ¢r(2) — 1,

we see that any repelling Fatou coordinate extends (uniquely) to a function defined
on all of C\(—o0, 0] and satisfying the above functional equation everywhere. The
extended function is analytic; from the univalence of K ~! and the fact that repelling
Fatou coordinates are univalent on small petals, the extended function is also univa-
lent. (]

Next we introduce, in the context of the particular mapping K, a useful
dynamically-defined family of arcs which come up, with minor variations, at a num-
ber of places in this work. Let o be a real number so that

Re(@a(=1)) < a <Re(pa(=1/4)) (= Re(pa(=1)) + D). (3.8)

Proposition 3.20 There is an attracting petal P which maps under ¢ 4 to the right
half-plane {u +iv : u > «}.

For « a sufficiently large real number, this proposition is part of the local theory of
parabolic fixed points. Showing that in the present situation, any @ > Re(¢4(—1))
is large enough depends on some covering properties of K. We omit the proof here.

The boundary of P can be written as {0} U y, where y is an arc in the cut
plane C\[0, oo) which approaches the parabolic point O at both ends. The arc y is
a component of the preimage under ¢4 of the vertical line {« +iv : —00 < v <
oo}; we give it the counterclockwise orientation, corresponding to the decreasing
orientation for the vertical line: Im(¢4(z)) runs from 400 to —o0 as z traverses y
in the counterclockwise sense. This can be seen using the crude asymptotic formula
¢a(z) = —1/z, valid for small z not too near to the positive real axis.



3.3 Covering Properties of the Ecalle-Voronin Invariant of f; 65

We will speak of an arc s — o (s), defined and continuous for 0 < s < 1, i.e.,
without beginning or end point, as an open arc. We say that such an arc starts at zg
if limg_, g+ 0 (s) = zo and that it ends at z; if lim,_, ;- o (s) = z1.

Proposition 3.21 With y as above:

1. the preimage of y under K" is a disjoint union of 2" smooth arcs in the cut plane.
Each of the component arcs starts from and ends at a preimage of the parabolic
point 0. The complex conjugate of a component arc of K="y is a component arc;

2. the component arcs of K™"y do not intersect the real axis;, each of them lies
either entirely in the upper half-plane or entirely in the lower half-plane;

3. one of the component arcs of the preimage of y under K, equipped with the
pullback of the orientation of y under h, lies in the upper half-plane, starts at 0,
and ends at co. The other component is the complex conjugate of this one, with
its orientation reversed. It lies in the lower half-plane and runs from oo to 0.

Proof For a postcritical point z = K" (—1),n > 0,

Re(¢a(2)) = Re(@pa(K"(—1)) =Re(pa(=1)) +n #«,

by the condition (3.8) on «. Hence, the postcritical set does not intersect y, so K" is
a strict cover of degree 2" over y, i.e., (K ”)’1 y has 2" components, each of which
is a smooth open arc. Since y starts from and ends at 0, each component starts from
and ends at a preimage, of order < n, of 0 (Fig.3.2).

Since K commutes with complex conjugation, Re(¢4(Z)) = Re(¢4(z)). Hence,
the image of P under complex conjugation, which is again a petal, is mapped by ¢4

\0
T

Fig. 3.2 A few preimages of y under the iteration of K (Proposition 3.21)
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to the same right half-plane as P, so P is invariant under complex conjugation, so its
boundary y is also invariant. Again, using the fact that K commutes with complex
conjugation, the preimage under K" of y is invariant, so the complex conjugate of
each component arc is a component arc.

To show that preimages of y do not intersect R, it is easy to show, using the
estimate ¢4 (z) = —1/z, that x — Re(¢4 (x)) is strictly increasing for x small and
negative. Using ¢4 (x) = ¢4 (K" (x)) —n, and the fact that all iterates K" are strictly
increasing on (—1, 0), we see that Re(¢ 4 (x)) is strictly increasing on all of (—1, 0).
On the other hand, K is strictly decreasing on (—oo, —1) and maps this interval
onto (—1/4,0), so, again applying ¢4 (x) = ¢a(K (x)) — 1, Re(¢a(x)) is strictly
decreasing on (—oo, —1). In particular,

Re(pa(x)) = Re(pa(—1)) forx € (—00,0).
If K"(z) € y (withn > 0),

Re(¢a(2)) =Re(@pa(K"(2))) —n=0a —n
<a—1<Re(@a(-1) = mig Re(pa(x)).

Thus, the preimage under K” of y does not intersect the negative real axis. Since y
does not intersect [0, oc], which is fully invariant, the preimage does not intersect it
either, and hence does not intersect R.

By condition (3.8) on «, the critical value —1/4 of K is in P, so the Jordan curve
made by appending O to y, the boundary of P, runs once around the critical value.
Hence, lifts of y under K do not close. One of the two lifts starts at O; it cannot end
at 0 and so must end at oo, which is the other preimage of 0. Since this lift starts in
the upper half-plane and, by assertion (2), does not intersect the real axis, it must lie
in the upper half-plane. (]

We denote by

e o the component of K ~!y starting at 0, i.e., the component in the upper half-plane;

e y| the component of K 'y, which begins at 0. Then y; also lies in the upper
half-plane and ends at 1, the preimage of oo;

e > the component of K ~'y; which starts at 0. Again, y» lies in the upper half-
plane; it ends at the unique preimage x> of 1 in (0, 1), whose value can easily be
computed to be (3 — «/g)/Z.

Then {0} U y1 U {1} U ¥ is a Jordan curve; we denote its interior by Pg.
Lemma 3.5 Py is an attracting petal for K.

Proof Since

o d(K™'Pp)=K~'(@Pg) = {0} Uy U{x2} U2,
e x2 €(0,1) C Pg,
e y» Uy, does not intersect 9 P,
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it follows that the closure of K ! Py is contained in Pg U {0}. By local theory, y
is tangent to the imaginary axis at 0; from this it follows that every K ~!-orbit with
initial point not in (—oo, 0] is eventually in Pg.

It remains only to verify condition (4) of Definition 2.1. We showed above,
using Vitali’s theorem, that (K ~!)" converges uniformly to 0 on compact subsets
of C\(—o0, 0]. Since d Pg is tangent to the imaginary axis at 0, it follows from
local theory that (K ~!)" converges uniformly to 0 on the intersection of Pk with a
sufficiently small disk centered at 0; uniform convergence on all of Pg follows. [

Note the mixed character of Pg: although it is a repelling petal, its boundary is
defined as a curve with constant Re(¢4), except at the two points O and x», where
the ¢4 is not defined.

By Proposition 2.9, Cgr := Pgr\ K (Pg) projects bijectively to the repelling cylin-
der %r and hence is mapped bijectively by ixp o ¢z to the punctured plane C\{0}.
We write C;g and C for the intersections of Cg with the open upper and lower
half-planes respectively; then

Cr=C}U(x, )UCy.

iXp o ¢4 is analytic on C IJg and on Cp but cannot be continued analytically through
any point of (x2, 1). Thus, the image under ixp o ¢g of C ; (respectively Cp) is wt
(respectively W ™). By an argument given above for ¢4,

®r(Z) = ¢r(z) + ¢ with ¢ a pure imaginary constant,

so the imaginary part of ¢g is constant on (0, 00), and hence ixp o ¢ maps [r7, 1]
to a circle centered at the origin. We chose the real part of the additive constant in
¢g so that ¢g is real on (0, 00); then

Wt =D\{0} and W~ = C\D.

We now have all the pieces in place to prove that the only asymptotic values of
k are 0 and oo. We assume that s — ©(s),s € [0, 1) is a continuous arc in W+
converging to the unit circle as s — 1 (but not necessarily to an particular point of
the circle) such that k(z(s)) converges as s — 1 to a finite nonzero value zo,, and
we show this leads to a contradiction. We select an « as in (3.8) and also so that

1
—A1g(z00) — & ¢ Z.
2

Sincek(t(s)) — zo0, We can, by deleting an initial segment of T and reparametrizing,
assume that

%Arg(H(r(s)) —a¢Z forO0<s <. 3.9)
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Recall that ixp o ¢ maps C ;g bijectively to W. We denote by 7 (s) the image of
7(s) under the inverse of this bijection. We claim that the 1ift 7(.) is continuous. To
see this, we note that

k(1 (5)) = exp(2miga(T(s))),

so by (3.9).
Re(pa((s) —a ¢ Z for0<s <1, (3.10)

that is, the values of 7 (s) lie in the interior of P, not on the “edges”. Since ixpo¢p is
alocal homeomorphism everywhere in the interior of C;{, continuity of 7 (s) follows.
We recall that P denotes here the attracting petal mapped by ¢4 to the half-plane
{Re(w) > a}. Since the orbit of the initial point 7(0) of the lift is eventually in P,
and since Re(¢4(7(0)) — o ¢ Z, there exist positive integers n and m such that

K'70)eC:={zeP:a+m <Re(pa(z)) <a+m-+1}.

Because of (3.10), 7(s) never intersects either boundary arc of the crescent C, and
so by continuity,
T(s):=K"(T(s)) e C for0<s < 1.

Because the base arc t(s) (in W) approaches the unit circle as s — 1, T(s)
approaches [x», 1], so because [0, co] is mapped to itself by K, T(s) approaches
[0, oc] as s — 1. We thus have the following situation:

1. s — T(s) is a continuous arc in the crescent C.
2. s — T(s) approaches [0, co] as s — 1.
3. ixp(¢A(T(s))) approaches a finite nonzero limit zg as s — 1.

It is now easy to show that these three assertions lead to a contradiction. We first
argue that (1) and (2) imply

[Im(¢4 (T ()| — oo. (3.11)

Then k(z(s)) = exp(2mwigpa(T)(s)) converges to 0 (if Im(¢p4(T)(s)) — +00) or to
00, contradicting (3).

To prove (3.11), for sufficiently small positive ¢, there is an attracting petal P,
mapped homeomorphically by ¢4 to the half-plane {Im(w) > « — €}. Letr be a
positive real number and let R, denote the preimage under the restriction of ¢4 to
such a P of the compact rectangle

fu+ivia+m<u<aoa+m+1,—r <v=rh
Since R, is compact and disjoint from [0, oo], its distance from [0, oo] is strictly

positive. By (1), if [Im(¢4 (T(s))| < r,then T(s) € R,. Hence, by (2), [Im(¢p4 (7 (s))|
is eventually > r. Since this is true for all r, (3.11) holds.
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It is evident that {0, co} C Asym(H). Indeed, for small enough ¢ > 0, the
projection of y; N D (1) by ixp o ¢g is a simple curve in D whose image under H
lands at 0; similarly y» yields a curve whose image under H lands at co.

Now let

7:[0,1) > D= 2(H)

be a curve such that 7(¢) converges to the unit circle T as ¢t — 1—. Let
7:00,1) c C\Rxg
be a component of its lift under ixp o ¢g, parametrized so that
7(t) > Rspas t > 1 —. (3.12)

Let C’ be a connected component of K" (C) for n € Z. We will say that the curve
T crosses C' if there exist 1] # 1, € (0, 1) and n € Z such that

T:(,0) — C', K"(Z(n)) €y, and K"(T(12)) € h(y).
Note that every time 7 crosses some C’, the image k(z) winds once around the

cylinder C/Z ~ @\{O, oo}. Hence, we have the following two possibilities:

1. 7 crosses finitely many connected components of U,c7 K" (C);
2. lim,—, 1 k(z(¢)) € {0, oo}.

In case (2), we are done.

Standard considerations of dynamics on J (K') imply that forevery x € Rxo which
is not a preimage of 0, there exists an infinite sequence of cross-cuts Iy = K "% (y;)
for some choice of the inverse branch and i = 1,2, such that denoting Nj the
cross-cut neighborhood of I in @\Rzo, we have

NeNR 3 {x).

In view of (1) and (2) this implies that x cannot be accumulated by 7. Since points
x as above form a dense set on R, we see that there exists a limit

s = lim 7(¢) and s € UK "(0).
t—1—

In view of (1), this implies that

llirﬂ k(t(2)) € {0, oo}.
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3.4 Parabolic Renormalization of fj

‘We now have

Proposition 3.22 The maps fo and K are both renormalizable.

Proof The arguments are identical, so we only argue for fy. Let us replace hy, by
chy, if needed so that h/fo (0) = 1. We have to show that the coefficient a in the
Taylor expansion

hy,(2) =z+az’ + -

is not equal to 0, or in other words, that z = 0 is a simple parabolic point of h .
Let Py be an attracting petal of z = 0. For n > 1, denote P_, the component of the
preimage (h fo)_l (P_(n—1)) that contains P_,_1). We claim that there exists n such
that P_, contains the unique critical value v of hz. Assume the contrary. Then for
every n, the domain P_, is a topological disk. Denote

By=UP_, C W".
The Fatou coordinate ¢4 of h 7 extends to all of By via the functional equation

$aohyf(z) =¢a() +1

as an unbranched analytic map. It is trivial to see that its image is the whole complex
plane C, and hence By must be a parabolic domain. This is impossible, however, as
By is a subset of a Jordan domain Wt c C.

Now assume that @ = 0. Then the parabolic point z = 0 has at least two
distinct attracting directions v, v € S'. Consider corresponding attracting petals
P Ii N Pﬁ = ). As we have shown above, the critical value v must be contained in
the intersection of their preimages. This leads to a contradiction, as in this case

limh?o(v)/|h?0(v)| =y = . O

Recall that the parabolic renormalization
FEL@(fo):W+—>@

is the unique rescaling of hs whose Taylor expansion at the origin has the form
F(z) =z + 2>+ ---. We now turn to discussing the dynamics of F.

Definition 3.3 The points z € W whose orbits do not escape W form the filled
Julia set K (F). Its boundary J (F) is the Julia set.

Lavaurs [Lav] has shown the following.

Theorem 3.4 ([Lav]) The interior of the filled Julia set K (F) coincides with the
basin of the parabolic point 0. Repelling periodic orbits of F are contained in J (F)
and are dense in J(F).
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Let P° = P, be an attracting petal of F. For n € N inductively define P™"
to be the connected component of the inverse image F~!(P~~1) which contains
P~=D_The same considerations as in the proof of Proposition 3.22 imply:

Proposition 3.23 There exists n € N such that P™" is a topological disk which
contains v in its closure.

3.4.1 A Note on the General Theory for Analytic Maps of Finite
Type

As the previous example clearly demonstrates, when f has global covering prop-
erties, we can expect the Ecale-Voronin map & s to also possess a well-understood
global covering structure. The appropriate setting for a global structure theory for
Ecalle-Voronin maps is that of analytic maps of finite type, developed in A. Epstein’s
thesis [Ep]. While we will not need these results in our investigation, we will briefly
mention some of them below for the sake of completeness of the exposition.

Definition 3.4 ([Ep]) Let f : W — X be an analytic map between two Rie-
mann surfaces. Assume further that X is compact and W lies in some compact
surface Y. Suppose that f is nowhere constant, and that every isolated singular-
ity of f is essential. We say that f is a map of finite type if Sing(f) is a finite
set.

Rational endomorphisms f : C - Care obviously maps of finite type. Epstein
demonstrated:

Theorem 3.5 ([Epl) If an analytic map f with a parabolic cycle is of finite type, then
the corresponding Ecalle-Voronin maps & 't Wy — Cinherit the same property.

Epstein further showed that the familiar properties, such as the density of repelling
periodic points and topological minimality, hold for Julia sets of analytic dynamical
systems of finite type. Most importantly, he proved that the Fatou-Sullivan structure
theory holds for Fatou sets of such dynamical systems:

Theorem 3.6 ([Epl) Every connected component of the Fatou set of a map of finite
type is pre-periodic. All periodic Fatou components are either basins (attracting or
parabolic), or rotation domains (Siegel disks or Herman rings).

3.5 A Class of Analytic Mappings Invariant Under &/

3.5.1 Definition of Py

We will now specialize to a much narrower class of analytic maps with parabolic
orbits. As before, we write
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fox) =z +2%

and we set

F = 2(fo) and Wp = 2(Z(fo))-

Definition 3.5 We will let P be the class of analytic germs f(z) at the origin which
have maximal analytic extensions

f:2(f)—C

such that
D 2(f) is a simply-connected domain;
(I) denoting by ¢ ¢ the Riemann mapping
gr:D— D(f), withgs(0) =0 and ¢/(0) >0,
we have
fopsrz)=v-Fo or(e¥97), forv#£0, 6eR.
Note that denoting by ¢ and ¢’ the unique critical values of f and F = 22( fy)

respectively, we get the rescaling factor as v = ¢/cF .

If we again let k be the normalized hk for the Koebe function K (z), then, by Propo-
sition 3.17, the property (II) in the above definition is equivalent to the following:

(I’) denoting by ¢ ¢ the Riemann mapping
¢r:D— 2(f), withgs(0) =0 and ¢/(0) >0,

we have _
fopr(z) =v-k(e*?7), forv#0, 6eR.

We note:
Proposition 3.24 For all f € P we have f”(0) # 0.

Proof Suppose f”(0) = 0. By multiplying by a nonzero constant, if necessary, we
may reduce the proof to the case when f'(0) = 1, so that f(z) = z +az" + ---
for n > 2. A Leau-Fatou flower of f hasn — 1 > 2 attracting petals. Since f has a
single critical value ¢/, there exists an ample petal P4 such that

PaNUen fo ) = 0.
Let ¢4 be an attracting Fatou coordinate defined on P4. Set Py = P4 and inductively

define P_,, as the component of the preimage f “L(p_ (n—1)) which contains P_,_)
for n € N. The function ¢4 analytically extends via the functional equation
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¢ao f(2) =¢alx)+1

to the union
U=UP_, C 2(f).

A simple induction shows that ¢4 is univalent on P_,, and hence on all of U. On
the other hand, ¢4 (U) = C, which is impossible since U is a hyperbolic domain. [J

Definition 3.6 We define P as the set of maps f € P of the form
f@=z++--

at the origin.

We further define P C P as the collection of maps [ € P such that the domain
2(f) has locally connected boundary. Finally, Py C P consists of maps whose
domain of definition is Jordan.

Since F = Z(fp) € Py, we have
Proposition 3.25 The class Py is nonempty.
We now set out to prove the following theorem:

Theorem 3.7 Every f € Py is renormalizable, and the parabolic renormalization
P(f) € Py.

Let f € P and let P be an attracting petal of the parabolic point z = 0. Forn > 1
let P_, be the component of f -1 (P_(n—1y) which contains P_,_1). We let

Bl =ur_,,

and call it the immediate basin of 0. We note:

Proposition 3.26 For [ € P the unique critical value ¢/ € B({ . Moreover, there

exists an attracting petal Py C B'Of which is a topological disk containing ¢! in its
interior.

Proof Assume thatv ¢ B({ . The attracting Fatou coordinate ¢£ extends from Py to
all of B({ via the functional equation

¢lof@)=¢l@) +1.

A simple induction shows that P_,, is an increasing sequence of topological disks,
on each of which ¢4 is univalent. Hence, ¢4 restricted to B(‘)f is a conformal homeo-
morphism onto the image. Yet it is clear that the image of ¢4 restricted to B({ is the

whole of C, which contradicts the fact that B({ is a hyperbolic domain. The second
part of the statement is elementary, and is left to the reader. O
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Pushing the argument a little further, we have:

Proposition 3.27 For f € P the immediate basin B({' is simply connected and

contains exactly one critical point of f. The restriction f : Bof — B({ is a degree-2
branched covering.

Proof By Proposition 3.26, there exists n such that P_,, contains the critical value
¢/ . Inductively applying Lemma 3.1, we see that for k € N, the domain P_ (k) 1s
a topological disk, and f : P_¢,44) — P—(u4+k—1) is a branched covering of degree
2 with a single, simple critical point. t

The proof of Theorem 3.7 will rely on the following key result, which is a direct
analogue of Theorem 3.2.
Theorem 3.8 Let f € Py, and denote B?p the immediate basin of the parabolic
point 0 of f. Then B? is a Jordan domain. Denote f the continuous extension of f

to 8B({.. There exists a homeomorphism p : BBOf — T such that

0(f(2)) = 2p(z) modl.

The proof of Theorem 3.8 is quite involved, as it will require a detailed under-
standing of the covering properties of a map in Py. Let us show how Theorem 3.8
implies Theorem 3.7:

Proof Consider a Riemann map
v:D— B({

which maps 0 to the sole critical point of f inside B({ . By Theorem 3.8 and
Carathéodory Theorem, the Riemann map has a continuous extension to a home-
omorphism 7 : D — B({ .

Let us further normalize the Riemann map D — Bg by requiring that v(1) = 0.

This specifies the mapping uniquely, and we denote it by 7.
By Theorem 2.9,

32241
34727

(Iﬁf)_l ofoyyr=B:D—0D, where B(z) =

Let us set
X=1vpo@Wn " : Bl — B

By the discussion above, this mapping is a conjugacy:

X0f|30=f00X|B()-
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Let us denote (h+, h™) the Ecalle-Voronin invariants of f. By Proposition 3.16,
the germ h+ has a maximal analytic continuation to a map in P. By Proposition
3.24, the map f is renormalizable and Z(f) € P. Finally, by Theorem 2.8 the
germ 7™ has a maximal analytic continuation to a Jordan domain 2 (h*), and hence
Z(f) € Po. (]

Let f € Py. By definition of parabolic renormalization, for any repelling petal P 1{
the projection of the intersection PI{ N Bof by ixp o gb',’; lies in the domain Z(Z(f)).
We remark that it covers all of it:

Remark 3.1 For any choice of 24 , the projection
ixpo ¢l (Pl N BJ) U0, o0}
is a union of two disjoint Jordan domains W+ > 0 and W~ 3 oo with
W =2(2(f).

We begin the proof with a lemma:

Lemma 3.6 Let D be a Jordan domain containing 0 such that

o ¢/ ¢ D;
e there exists a Jordan arc t > ¢/ in C\D running to oo such that T N B({ is
connected.

Analytically extend g to D. If w € B({ N D, then g(w) € B({ .

Proof Standard considerations imply that g extends to a branch g of f~! that is
defined and analytic on C\t. Note that B({ \ 7 is also connected. For a point zg on the
negative real axis and near to 0, the asymptotic development for the attracting Fatou

coordinate (Proposition 2.5) implies that zg and g(zo) & zo both lie in Bg .

Letz e B({ \7; then there is a Jordan arc y in B({ \t from zg to z. By the covering
properties of f, there is a unique lift y of y starting at g(z¢). Furthermore, this lift

is contained in B({ , S0 its endpoint is in Bg . On the other hand, for g as above,

s gy ()

is another lift with the same starting point. By uniqueness of lifts, it coincides with
7. In particular, the endpoint of 7 is g(z). Since we already know that  lies in B! ,

it follows that g(z) € B({. In particular, if z € D, then g(z) = g(2), so g(z) € Bf,
as asserted. O

Proof (Remark 3.1) Extend the local inverse g to all of PI{ . If necessary, replace PI{
with g”(PI{) for a sufficienly large n € N to guarantee that there exists a domain D
as described in Lemma 3.6 such that PI{ Cc D.
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Denote
W =ixpo¢h(P) NBJ) and V =ixpo¢L(P{\BJ).

Lemma 3.6 implies that W and V are disjoint. The common boundary J = W = 9V
is the projection
J =ixpooh(Pl naBY).

By Theorem 3.8, J is a union of two disjoint Jordan curves. Hence, W is a union
of two Jordan domains W* 3 0 and W~ 3 oo, bounded by the components of J.
On the other hand, Z(Z2(f)) is also a Jordan domain, which does not intersect J.
Hence, it is contained in the component of W which surrounds 0, and is, in fact,
equal to it by the maximality of the analytic continuation of Z2(f). U

3.6 The Structure of the Immediate Parabolic Basin
ofaMapinP

In this section we will prove several results about lifts of parametrized paths of the
form .
s:[0,1] = C.

We will alvAvays assume s(¢) to be continuous on (0, 1). We will say that s lands at a
pointa € Cif

lirrés(t) =a forb e {0,1}.
—

We will generally use the same letter s to denote the function s(¢) and the curve
s([0, 1]) which is its range. We will call the image of the open interval (0, 1) under

s(t) an open path, and will denote it by 5. Several times we will encounter the situation
when there is a domain W C C and a curve

s: 0, )~ W,
which lands at a point w € dW (to fix the ideas, assume that s(0) = w). If w has

more than one prime end in W, then there is a unique prime end w such that for every
prime end neighborhood N (W), we have s N N (w) # . In this case, we will write
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Let f € P. Lets — y(s) be a continuous path such that:

y(0) =y(1) =0;

y(s) # ¢/ forall s € (0, 1);

the winding number W (y, ¢/) = 1;

there is an ¢ € (0, 7 /2) such that y N D, (0) lies in the sector

{Arg(z) € (- —¢&, — + &)}

Standard path-lifting considerations imply that there exists a unique continuous
mapping s — y (s), defined for 0 < s < 1 such that

y(0) =0, and f(y(s)) =y(s) forO<s < 1.

We claim:
Proposition 3.28 We have the following.

1. For any loop y as above, there exists a limit

1 €d9(f) = lim 7(s).

2. This point (which we will denote t7) is the same for all loops y satisfying the
above properties.
3. For f = F = P(fy), the point t¥ is the projection of the inverse orbit

Z-n = (80)"(=1)

by ixp o ¢g.
4. Similarly, for f = H = 2 (h), the point t*! is the projection of the inverse orbit

i—n = K_n(l)»

where the inverse branch is selected to preserve the interval (0, 1).

Proof (Proposition 3.28) We will prove (1)-(3) for f = F = Z(fy). By the defini-
tion of P and by the Carathéodory Theorem, this will imply (1) and (2) in the general
case. The proof of (4) follows along the same lines as the proof of (3), and will be
left to the reader.

Let us begin by selecting a simple curve o C C that connects 0 and oo, does not
intersect with y except at the endpoint 0, and such that an analytic branch of the
logarithm defined on a neighborhood of o has bounded imaginary part.

Recall that the attracting Fatou coordinate ¢>£° holomorphically extends to the

whole immediate basin B({O via the equation
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1 o foz) = oL (2) + 1.

This extension is a branched covering B(‘)f ® — C with simple ramification points at
preimages of the critical point —1/2.

Itis elementary to see what the lift of o to the dynamical plane of f looks like. We
summarize its properties below, and invite the reader to verify them. Let us denote

o = a\{0, col.

The preimage of & under ixpo¢ f:o is a countable collection of disjoint simple curves
Usoj. We will denote the closure of soj by s;. Itis obtained by adjoining two endpoints

tos j: two elements of the grand orbit U~ ( fo) " (0), that are not necessarily distinct
(Fig.3.3).

The curves s; form a grand orbit under fj as well. The connected components

S; of B"\Us;

Fig. 3.3 An illustration of the proof of Proposition 3.28
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are mapped by the attracting Fatou coordinate ¢>£0 onto curvilinear strips S; C C of
infinite height and of unit width. The strips S; are bounded by unit translates of the
same curve 6 C C. Let us enumerate these strips in such a way that

T:S; — S'i+1, where T (z) =z + 1.
For a fixed S‘,- we have

sup (Re(x) —Re(y)) < oo.
x,yeS‘i

This is where we have used the assumption on the branches of log in (@\a. Thus for
every £ € Z, the union U;>,S; contains a right half-plane.

Now let us take any component S; C B({O. The above observation implies that for
any £ € N,

L (Ui fE(S)) D {Rez > A}

for some A € R. Note that if £ is large enough, then U=, f(f(Si) does not contain

any preimages of —1/2, and hence the restriction of 453;0 to it is unbranched. Denote
the boundary components of S; ¢ by s and f(s). Then s bounds an attracting petail
P, and

P = U= fE(S)).

We now complete the proof as follows. Fix
S = Sive = P\ fo(P).

The curve )3 = y((0, 1)) has a univalent pull-back D C S. We continuously extend
it to a parametrized loop
v:[0,1] > SU{0}

which starts and ends at the parabolic point 0.

Denote Pp = P and, for j € N, let P_; be the connected component of
(fo)*l (P_(j—1)) which contains P_(;_1). By Proposition 3.26, there exists n € N
such that P_,, is an attracting petal such that the critical value —1/4 is contained in
P_y\P_(;—1). Denote vp = vand for 1 < j <nletv_; C P_j\P_(j_1) be the
univalent pull-back of v_(; 1. The curve v_, is a parametrized loop

vy 110, 11— B with v_,(0) = v_,(1) = 0.
By the choice of n, the winding number

W, —1/4) = 1.
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Consider the parameterized curve
V_n+1) C P4\ P
such that v_¢,4+1)(0) = 0 and
Jo(v—(u+1)) = v_p.

Evidently,
Vot (1) = —1,

which is the other preimage of the parabolic point z = 0 under fy. To complete the
argument, let us now consider the connected component W of

BI\P—i1) O W
which contains the “upper” preimage of —1, the point

—1++/3i
—2 S

7.1 H,

in the boundary. Let v_,2) C W be the next preimage,
JoW—m+2)) = V_@u+1), Withv_(,42)(0) =0 and v_g42)(1) =z-1.
The inverse branch gg of the quadratic map fp univalently extends to a map
g W—->W.

For k > 3 denote v_ k) the preimage of v_,1x—1) by this branch. By the Denjoy-
‘Wolff Theorem,
V—_(n+k) — 0.

Furthermore, v_, ) is disjoint from P_, ). For any given ample repelling petal
P there exists k such that v_¢, 1) C Pg. Consider the projection

7 =ixp o o (V_nii)).
By construction, it satisfies the properties (1)—(3). U

To help understand the shape of the immediate basin of F' € Py, let us look at the
drawing in Fig. 3.4. Itillustrates the case F = Z2(f) (the reader may think of ' = fj,
to fix the ideas). The left figure shows a fragment of the boundary of the immediate
basin Bof near the parabolic fixed point 0. If we look on the right, we see a schematic
picture of the Jordan domain 2(Z2(f)). The point 170 ¢ 02(Z(f)) is the “tip of
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Fig. 3.4 The formation of a
“tail” in the immediate Bf
parabolic basin of Z2( f) 0

ixpo $R

the tail” of the immediate basin B(')@ /) On the left the reader can see how the tail is
formed. The lift of the basin Bof fits inside a suitable repelling crescent C s , reaching
to the upper tip of the crescent (which under ixp o ¢1€ becomes the parabolic point
z = 0 on the right). The point (/) lifts under ixp o 4)}; toan f*-preimage w € C £
of the parabolic point 0. The lift of the immediate basin B(')@(f VtoC }; reaches to w;
its shape near w is a conformal image of the shape near O (a tail). The map ixpo ¢>£ is

conformal in a neighborhood of w, and hence the basin B(’)gz /) also has a tail ending

att? (),

3.6.1 Definition of Py and Puzzle Partitions

Definition 3.7 We let Py to be the collection of maps f € P for which the point ¢/
is accessible from the complement of the domain Z(f). We thus have

Py CP; CP.

Theorem 3.8 will follow from a stronger statement:

Theorem 3.9 Let f € Py, and denote B(} the immediate basin of the parabolic point
O of f. Then B? is a Jordan domain. Denote by f the continuous extension of f to
aBOf . There exists a homeomorphism p : 38({ — T such that

o(f(2)) = 2p(z) modl.

Let us make a new definition. Let f € P;. Consider an attracting petal P f( that

contains the unique critical value ¢/ & Bg .Lett C Bg be a simple curve that
connects ¢/ with the parabolic point 0 and has the property f(t) C t. To fix the
ideas, we will take this curve to be the horizontal ray
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{Re(z) > Re(@ (c))), Im(z) = Im(p (c/)))

in the Fatou coordinate. Using Proposition 3.28, and passing from a curve around
the critical value to a slit connecting the critical value with a parabolic point, we see:

Proposition 3.29 There exists a unique simple curve I'"* connecting t¥ with 0 such
that

frm =rx.

By definition of Py, the tip of the tail 1! € 99(f) is accessible from outside Z( f).
Let us continue /"™ by attaching a simple curve 1" connecting ¢/ to oo without
intersecting Z( f). Let us further require that I"°"* coincides with a negative real ray
in a neighborhood of co.

Definition 3.8 We call I" = I"in U "W the primary cut of f.
We prove the following:
Proposition 3.30 Let f € Py. There exists a domain U C C such that:

(1) U is a Jordan domain;

Q) UcC2(f)anddU UdD(f) = {t!};

3) AU c fL I Uaz(f))andU D I'";

@ U>sc/;

(5) there is a single critical point pT € I'™ of f inside U.
Finally, there is a simple arc Fi”l c f~NIr'™NU with endpoints u™, u™ € U
such that Fi”l N " = {pT} for which the following holds:

(6) consider the Jordan domain U’ which is the connected component of U \I“i"1

whose boundary does not contain the point t/. Then
frUNI™ — 2O\

is a univalent map.

In view of the definition of Py, it suffices to prove a slightly more general statement

for f = F = Z(fy):

Proposition 3.31 Let F = Z2(fy). Consider any simple arc y = y1 U y» and any
Jordan curve Tt with the following properties:

1 is a simple arc which connects 0 and t* ;

y2 is a simple arc which connects t¥ and oo;

the curve y| approaches 0 within a sector {Arg(z) € (/2,31 /2)};
the curve y, approaches oo within a sector {Arg(1/z) € (/2,37 /2)};
the curve T separates ¢t from oo and t Ny = {tF}.
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There exists a domain U such that:

U is a Jordan domain,

U C P(F)and 3U UdZ(F) = tF;

AU C F~lgr U 1);

U contains a single critical point p*;

there is a simple arc § C U which is a preimage of y|, has endpoints on the
boundary of U, and intersects y; at the critical point p¥ only. If we let U’ be the
component of U\8 not containing t* on the boundary, then the map

Nk e =

F:U — 2(F)\F($)
is univalent onto the image.

Proof Let us again begin by selecting a simple curve o C € which connects 0 and
00, and does not intersect with y except at the point 0, and which intersects t at a

single point, such that an analytic branch of the logarithm defined on a neighborhood
of o has a bounded imaginary part.

___These points are identified on
_ —the repelling Fatou cylinder

A pull-back of
. the boundary of D (F')

Fig. 3.5 An illustration for Proposition 3.30 and Proposition 3.31. The pull-back of C\I" for
F=2(fo)



84 3 Global Theory

Let us parametrize y: .
y(@) 10,11 - C

sothat y(0) =0and y(1) = o0

With a slight abuse of notation we use the same notation for the preimages of o
and y, etc. as in the proof of Proposition 3.28. Let S_,, be the fundamental crescent
P_,\ f(P_,) which contains the critical value —1/4. The corresponding component
v_, C S_, of the lift of y is a simple arc that passes through —1/4, and whose two
ends land at O (Fig.3.5).

There are two prime ends of the point 0 in the crescent S_,,. We denote the “upper”
one by O_n, and the “lower” one by 0_,,. They correspond to the points 0 and oo

respectively in the quotient €4 =~ C. We write

V_n(t) vt 0%, and v_,(1) v 0-,.

Writing S_(n4k) = P—(n+k) \ P—(n+k—1), We see that
Jo:S—@m+n = S-n
is a double covering, branched at
—1/2 —1/4 €v_,.

We thus obtain two parametrized curves v! (n+1) and v2 (n+1 @s the lifts of v_,, by

fo. The intersection
ol 02
Vo) NV gy = —1/2.

For j < n + 1, we denote 0" i 0” j the “upper” and the “lower” prime ends of 0 in
S_;, so that

fo: 0%, =05,
The other preimage of 0in 9.5_ ;1) is the point —1. We use — lf(Hl) and — lf(nH)
to denote its two prime ends in S_(,41), labeled so that the Carathéodory extension

fo maps

-1t 0, and —1 — 0-,

(n+1) :<n+1)

We have

—(n+1)(t) —> 0* —(n+1) and v_(q11(®) t—>—l>— _1:(n+1);

+
v (n+1)(t) 0+—1_(n+1) and  v_(,41)(?) —> O_(n+1)
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Denote S_(,4+x) C W the pull-back of S_,4x—1) by the inverse branch g, and

1.2
Vol © S—nth)

the corresponding preimage of v_,. A trivial induction shows that there are exactly
three points

{0, a—utk), f@—@mtr)} C IS—(nrh),

that map to O under fé‘. Furthermore, a_,+k) has two prime ends in S_(,4¢); the
points 0 and fo(a—,+k)) each have a single prime end. We denote ajf( ) the prime

end mapped to Ojfn by the Carathéodory extension fgc.
We have

1 )
V_ (et (D) o 0_(uir and v_gp1)(?) vl Jola—@—r));

2 + -
V—(n+k)(t) t—>—0:— a’i iy and  v_ (k) (1) t—>—l>— a4y

Each of the sets v_; is composed of two parts, v_; 1 and v_; >, which are the
preimages of y; and y, respectively. For j < n, they intersect at a single point b_;
for j > n there are two such points bl I b?

Denote k_(u4k) C S—_(utk) the preimage of 7. Elementary considerations of
monodromy, which we spare the reader, imply that k_ ;) is a union of two simple
arcs: one connecting 0 with bl_(n oy the other with b2_(n oy and otherwise disjoint

from v_§n+k)..We denote them as k1 (n-+h) and K% (n-+h) respectively. .
Considerations of the Denjoy-Wolff Theorem imply that for every ample repelling

petal Pg, there exists k such that S_,x) C Pg. Let us project the picture in S_ ;41

back to C using ixp o ¢£0. The points a_, 1) and fo(a_(,4«)) are identified in the

projection. We obtain a Jordan domain U, bounded by the projections of (n+h)

Kz(n k) V=(nth),2- It satisfies the properties (1)—(5) by the construction. O

Corollary 3.3 Let f € Py, and let U be the domain constructed in Proposition 3.30.
We have

° B({ cU;
e 3B N32(f) = (/).

Proof Since B({ does not intersect with ' U 92 (f) and U C f~'(Iouty
09(f)), we have Bg C U. Hence,

IB{ N32(f) C {t'}.
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On the other hand, the cut I'" ¢ Bof , hence
tf e ﬁ S BB(')f ,

which completes the argument. ]

3.6.2 The Immediate Basin of a Map in Py Is a Jordan Domain

We are now in a position to begin the proof of Theorem 3.9, which in turn implies
Theorem 3.8. Let us fix F € Py and let U be the domain constructed in Proposition
3.30. The preimage F~1(I"in) N B(f consists of the curve I''™ and a simple curve
Finl; the two curves cross at the critical point pf e B(f . To fix the ideas, let us
parametrize

rn.[0,1] — B2,

so that I''™(0) = 0 and I''"(1) = /. Let 51 < s2 € (0, 1) be such that
r'(sp) =cf, ris) =pr.

By elementary path-lifting considerations, the curve Finl isacross-cutin U. Let V
be the connected component of U \1“1”l which does not contain ¥ in its boundary.

By construction (Proposition 3.30), there exists a univalent branch G of F~! that
maps . .
PN ([s1, 1) = VAT ([s1, 52]).

We note:
Proposition 3.32 The inverse branch G maps the domain 2(F)\I'™" inside itself.

Let I(t) be a simple path such that [(0) = u, I(1) = F(u) € 0%(F), and

INU = ¢. Since Z(F) is a Jordan domain, the inverse branch G has a continuous
extension to the boundary point u. Set ug = u, and denote by u_,, the orbit of ug
under G. The curve [ has a univalent pull-back I_; C V such that /_; 0) =u_q and
[_1(1) = u. We let

Iy =G(U_—1)) forn=>2.

Set
A = Unzll_n.

We parametrize this curve by (0, 1] so that

1 1
A e e— =1_ i—1 forj > 2.
([] J—ID u=h
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Thus, A(1/j) = u_;. By Proposition 3.32 and the Denjoy-Wolff Theorem we have

Proposition 3.33 The curve A is disjoint from B(f , and lands at 0:

lim A(r) = 0.
t—0—

Definition 3.9 We call the curve I” = I" U A the secondary cut.

Letut,u™ € dU be the two endpoints of I" ln] , labeled in such a way that u™ is

encountered first, when going around dU in the positive direction from 7/, Denote
the connected components of U \f by UT, U™, sothat U* 5 u®,

Consider the inverse branch of f which maps Bg \I" in([O, s1]) into Bg NnNUT,
and let G be its univalent extension to

Go: U\(AUT™([0,51])) — U™.
Replacing U™t with U~ we similarly define an analytic branch of F~!

G1:U\(AUT™(0,s1]) — U~.

Let P C B be an attracting petal that contains ¢’
0 gp

a connected component of F ~L(P) such that

in its interior, and let P_; be

PC P
As shown in (Fig.3.6), We set
A=U\P_.

Let
Ag=ANUT and A|=ANU".

Ifipiy .. .1, is an arbitrary sequence of n + 1 0’s and 1’s, we define
Aigiy iy =1z € Ao : f/(z) € Ay, forl < j<n}.

The proof of Theorem 3.9 now follows the same lines as in Sect. 3.2.1. It follows
from the definitions that

® Ay, .., is decreasing in n: A, ;. C A,
o FAji..i, =Ai .i;
] Aioil ip = GioAi1 ins and hence

celn—1>

Ai()il iy — Gi() o Gi1 ©---0 GinflAina
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rin

Fig. 3.6 The domain A

or, more generally,

A,'O,'1 I Gio o G,‘l o---0 G,'j_lA,'jin_",'n forl < J=<n-— 1.

We show that the diameters of the puzzle pieces A;;,. i, g0 to zero as n — 00,
uniformly in ipiy . . .i,. More precisely, let us define
Pn i= Sup {diam(AiO,_,in) 2 ... ip €10, 1}”+1} .
Since A;y..i, D Ajy..i,,,» the sequence p, is non-increasing in n, so

Py = lim p, (3.13)

n—-oo

exists.
We will prove

Proposition 3.34 The limit p, = 0.
In the same way as Lemma 3.2, we have
Lemma 3.7 There is an infinite sequence ipiy . . .iy . .. so that
diam(A;y,...i,) = p« for all n.
Proof (Proposition 3.34) Let us assume the contrary: p, > 0.

We fix a sequence ipij ... as in the Lemma 3.2, and we split the proof into three
cases:
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1. i is eventually O;
2. ijis eventually 1;
3. neither of the above holds.

We start with case (3). There are then infinitely many j’s so that
ij =0 and ij+1 =1.
Let ji be a strictly increasing sequence of such j’s. Then, for each k,

f—jk = Gio OG,‘1 o---0 Gijk—l

is an analytic branch of the inverse of foj" mapping Ao bijectively to A, i, .,
The closure of Ag; does not intersect the postcritical set of f. We now use a version

of the argument we gave in the proof of Proposition 3.11.

We let Q be a simply connected open neighborhood of Ag; disjoint from the
postcritical set. Then each f_j, extends to an analytic branch of the inverse of F I
defined on Q (and we denote this extension also by f_ ;).

By Montel’s Theorem, there is a subsequence of (ji) along which f_;, converges
uniformly on compact subsets of U in the spherical metric on C. By adjusting the
notation, we can assume that the sequence (f_j,) itself converges to an analytic
function which we denote by A. Since

diam( f_, Ag1) = diam(A; .

"ijk+l)

does not go to zero as k — oo, the function % is nonconstant.

Let zo := Go(u™) € Ag1 N BB({ . By invarince of the basin boundary, we have
wo = h(zg) € BB({ . Since & is nonconstant, 2(Ag;) contains an open neighborhood
W of wg. Let V. € W be a smaller open neighborhood of wg. Then, an arbitrary large
iterate FJk maps V inside Q, which is impossible, since f(u~) = tf e 02(f).

We turn next to case 1 above, and deal first with the situation i; = 0 for all j. We
write

AM = Ag... 0= (Go)" *Ac.
——

nterms

Now G( maps Ay into itself, and Gy = G on A, so we can write

A" = (G)"*An.
By the Denjoy-Wolff Theorem applied to g and local dynamics near the parabolic
point 0,

(G)""% — 0 uniformly on Aqp,

SO
diam(A™) - 0 asn — oo.
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Next consider sequences of the form ipi; ...it00..., and use the formula
Ajyi0...0=GigoGj o 0G, A",
——

nterms

The mapping G;,0G;, o- - -0G;, extends to be continuous on Agg, and diam(A™) —
0 by what we just proved, so

diam(AiO_"iko_,.o) — 0 asn — oo.

nterms

A similar argument, using G| = G on A1 shows that

diam(A; ;1...1) —> 0 asn— oo
~——

ik

nterms

Thus, in all three cases, diamA;, ; — 0asn — oo, contradicting the construction
of ipiy - - -, so the proposition is proved. (]

Leti = (ij)j-v:o be a finite or infinite sequence (N < oo) of 0’s and 1’s. We
interpret it as a binary representation of a number in [0, 1]:

N
i, = Zijzf € [0, 1].
j=0

For any such dyadic sequence,
Aio D A,'O,'1 DD Aio---in D...

is a nested sequence of compact sets in C with diameter going to 0, so its intersection
contains exactly one point, which we denote by Z(i). It is immediate from the con-
struction that i > (i) is continuous from {0, 1}Z to C. It is not injective, however,
this ambiguity is easily tractable:

Lemma 3.8 Suppose i = igi1...in—1 and i = iji|...i,_, are two finite dyadic
sequences of an equal length, and

AiNAy # 0.

Then either i, =15, ori, =1, £27".

The proof is a straightforward induction in n, and is left to the reader.
As a corollary, we get:

Corollary 3.4 Letiandi be two infinite dyadic sequences. If iy # ', then A;,...;,
and A,-(/)M,»’/, are disjoint for large enough n.
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Proof Foranyi=1igy...i,...,and any n
iy —io...in—1,l =277,
so, if n is large enough so that
li, =51 >3 x27",

then
. . ./ ./ —n
|l()...ln_12—lo...ln_12|>2 ,

which by Lemma 3.3 implies that A;;...;,_, and A,-(/)_,,i/ _, are disjoint, as asserted. [J

Putting together what we know about the map i — Z(i), we finally obtain:

Proposition 3.35 The angles i, = 1, if and only if (i) = z({’). Hence there is a
Sfunction 6 +— z(0) from the circle R/Z to C so that

The function z( .) is continuous, bijective, and maps the circle onto
J = ﬁn((F_")|UK)-

‘We thus have

Corollary 3.5 The set J is a Jordan curve.

Proposition 3.36 Let F : J — J be defined as F(1¥) = 0, and coincide with F
elsewhere on J. The map i, — z(i) is a conjugacy between 0 +— 20 and F(z):

FE@d) =22 1y).

Let us denote B the connected component of @\J which contains ¢ By construc-
tion, B N BY # §. By the Maximum Principle,

F:B — B.
By the classification of dynamics on a hyperbolic domain,
BcCB{.
On the other hand, preimages of ¢/ are dense in J = 8 B, and hence

B nJ =0
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Fig. 3.7 Several components of the parabolic basin of f € Py
We conclude:

and thus Theorem 3.9 is proven.

We illustrate the topological structure of the parabolic basin of amap f € &2 (Py)
in Fig.3.7. We have indicated the immediate basin By as well as several components
of f~1(By). To better understand those, we have drawn the preimage f —1(C) of the
circle

C = {lzl =lel},

which cuts across the only critical value ¢ of f. These critical level curves partition
the domain W into univalent preimages of the disks Dt = Dj¢(0) and D~ = C\D+.

Two smooth branches in the preimage f~!(C) may intersect at a ramification point
of f (all of the ramification points are simple). Each critical component of f~'(Bo)
has one of these branch points, and touches 0 W in two points (“preimages” of the
asymptotic value 0). The non-critical components of f ~1(By) arrange themselves
in sequences along the critical level curves, as shown.

3.7 Convergence of Parabolic Renormalization

By definition of the class P, every map f € Py can be decomposed as

f=v-P(fo)oes™2): 2(f) - C,
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where v = ¢/ /CW (o) We will denote v/ f = gp}l Thus, ¢ ¢ conformally maps the
unit disk D onto Wy = Dom( f) with ¢ ¢(0) = O and 1// (0) > 0. We will topologize
Py by identifying it with the space of thus normahzed conformal maps of the unit
disk:

S Yy,

equipped with the compact-open topology.
Let us state an obvious consequence of the Koebe Distortion and Ascoli-Arzela
Theorems:

Lemma 3.9 Let. be afamily of univalent maps h : D — C with h(0) = 0. Assume
further that there exist positive constants 0 < a < b such that a < |h'(0)| < b for
every h € .. Then the family . is equicontinuous on compact subsets of D.

Suppose further that there exists M > 0 such that |h(0)] < M forall h € .&.
Then the family . is precompact in the sense of locally uniform convergence.

In what follows it will be useful for us to distinguish between analytic maps defined
in a neighborhood of the origin, and germs of analytic maps at the origin, that is,
elements of C{z}. A map f will always have a specified domain (not necessarily
natural in any sense). The germ of f at z = 0 will be denoted f . Let us denote by W
the class of maps f : 2y — C where f is a simple parabolic germ at the origin of

the form f () =z+z%+---and 2 2 0is a connected subdomain of C such that:

1. f:(£27\{0})) — C* is a branched covering;
2. flgq, has a single critical value and all critical points of f are simple.

Note that in the definition of a map f : 2y — Cin W we do not assume any
maximality of the choice of the domain £2 ;. In particular, the same map can have two
different restrictions satisfying the above conditions that correspond to two different
points in W.

The celebrated result of H. Inou and M. Shishikura [IS] can be stated as follows.

Theorem 3.10 ([IS]) There exists a class ¥ of analytic maps
f:Df—C

(with a specified domam) with a simple parabolic fixed point at the origin, of the
form f (z) = 2+ 22 + - - - such that the following properties hold:

o forevery f : Q2 — Cin W with the exception of f(z) =z + 22, the map f has
a restriction to a domain D ¢ which belongs to F;

o the domain Dy contains a simple critical point vy of f, whose image c y also lies
inDy;

e cvery f € F is renormalizable and & (F) C (F);

o P (F) is compact in the sense of compact-open topology;

e there exists amap f, € F which is a fixed point of the parabolic renormalization:

@(f*) = fe
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e for fo(z) =z + 22 there is a domain Dy such that P(fo) analytically continues
to Dy and

Z(fo)lp, € F;

e furthermore,

P"(fo) = feinF;

e there is a structure of an infinite-dimensional complex-analytic manifold on F
which is compatible with the local-uniform norm, in which & is a contraction.

We conclude the following.

Corollary 3.6 The fixed point f, has an analytic extension to a mapping in Py
which we will denote in the same way. It is also fixed under &2, considered as a
transformation Py — Po. Moreover, f is the unique fixed point of & in Py, and for
every f € Py

P — fy

uniformly on compact sets.

Proof By Theorem 3.10, for every f € Py and every n € N, the renormalization
P"(f) has a restriction to an analytic map f, € Fand f, — f in F. By Theorem
3.7, the fixed point f, € Py.

Furthermore, by Lemma 3.9 and Theorem 3.10, for every f € Py the sequence
P"(f) is precompact in Py, and hence

P = [

in Py (and hence uniformly on compact subsets of Z( f)). O



Chapter 4
Numerical Results

Abstract We develop a computational scheme for the parabolic renormalization
operator which is based on the asymptotics of the Fatou coordinates at infinity, and
apply it to numerical computations of the basin and the domain of the renormalization
fixed point and of the spectrum of the parabolic renormalization operator at the fixed
point.

Keywords Spectrum of the renormalization operator - Universality

4.1 A Computational Scheme for &/

Having mentioned the resurgent properties of the asymptotic expansion of the Fatou
coordinate, we proceed to describe the computational scheme for & (see Fig. 4.1).
We begin with a germ of an analytic mapping

f@=z4+22+0E

defined in a neighborhood of the origin. Applying the change of coordinates w =
k(z) = —1/z, we obtain

A 1
F(W)=W+1+—+O(—2)
w w

defined in a neighborhood of co. We again use the notation @ 4 (w) for the function
that conjugates F' with the unit translation

Pa(F(w)) = Pa(w) +1

for Rew > 1. We let @ (w) be the solution of the same functional equation for
Rew <« —1. These changes of coordinate are well-defined up to an additive constant,
and

Pa) =k""oPaok(z), $r(z) =k oDrok(2).
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Fig. 4.1 The domain of analyticity of & fy(z) for fo(z) = z + 22, with the immediate parabolic
basin indicated
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As we have seen in Theorem 2.2, the function @ 4 (w) has an asymptotic devel-
opment

o0
Ds(w) ~w— Alogw + consty + Zbkw_k.
k=1

The coordinate @ (w) has an identical asymptotic development, differing only by
the value of constg. While this may seem surprising at first glance, recall that these
functions are Laplace transforms of different analytic continuations of the Borel
transform of the same divergent series (plus the w — A log w + const term).

We select a large integer M (in practice, M = 100). We will use the asymptotic
expansion to estimate @4 (w) for w > M and @g(w) for w < —M. Consider an
iterate N ~ 2M such that

Re F¥(w) > M forRew € [-M — 1, —M].
Let v(z) be the function
v(z) =ixpo @40 FN o (@p) ' oixp ' (2).
It differs from the parabolic renormalization Z2(f) only by rescaling the function
and its argument:
P(f)(2) = a1v(aoz).

Now consider a contour I" connectingw = —M — 1 + iH with F(w) &~ —M + iH
which is mapped onto the circle S, = {|z| = p} for a small value of p by ixp o @.

Select n € N and consider the »n points in S, given by x; = pexp(2rk/n), k =
0,...,n — 1. We then evaluate the first n coefficients in the Taylor expansion of 7

at the origin
oo
(@) =Y rjz/
Jj=0

using a discrete Fourier transform. Specifically, we calculate

n—1 n—1
sk=v00) ~ D rja)) =D rjpl exprkj/n),
j=0 j=0

and apply the inverse discrete Fourier transform:

n—1

1 .
T~ W ; sk exp(—2mkj/n).
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Since

D)) = sjaags’,
j=1

we have 51
ajaops; = 1, and further ag = —.
852

This step completes the computation of the Taylor expansion of Z(f).

4.1.1 Computing f,

In computing the fixed point f,(z) we find it more convenient to work with the
representation of a germ f(z) = z +z2 + - - - in the form

f(z) = zexp(fiog(2)),

where fiog is a germ of an analytic function at the origin with fioe(z) =z +---. We
then rewrite the parabolic renormalization operator in terms of its action on fjog:

Prog(fiog) (@) = Qi) ' @4 0 FN o (@) oixp™!(2) —ixp ' (2).

This helps to avoid the round-off error which arises from the growth of f, near the
boundary d Dom( f5).

Modifying the scheme described above for the operator &0, we calculate the
fixed point by iterating 2 starting at fo(z) = z + z°:

Empirical Observation 4.1
fe@) ~ 2422 4+ 0.(514 — 0.0346i)z> + - - - .

Our calculations appear reliable up to the size of the round-off error in double-
precision arithmetic (~1071%) in the disk of radius » = 5 around the origin. As we
will see below, the true radius of convergence for the series for f; is approximately
41 (see the Empirical Observation 4.4).

We also estimated the leading eigenvalue of D. 2|, :

Empirical Observation 4.2 The eigenvalue of D 2| s, with the largest modulus is
A~ —0.017 4+ 0.040i, |A] &~ 0.044.

The small size of A explains the rapid convergence of the iterates of & to the fixed
point. To obtain this estimate, we write
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oo
f@) =z+2"+ > coeffy ()2,
k=3

and consider the spectrum of the N x N matrix A = (a;;); j=3..N+3, With

. coeff; (P (fi + ez')) — coeff; (fi)
[/ = ’
&

which serves as a finite-dimensional approximation to D Z|, .

4.2 Computing the Domain of Analyticity of f,

4.2.1 Computing the Tail of the Domain Dom( f,)

Computing the tail using an approximate self-similarity near the tip Let us
denote

t, = t/* = aDom(f.) N BY"

the endpoint of the tail of the immediate basin of f,. Let Cg be a repelling funda-
mental crescent of f, and let w € Cg have the property

t, =1ixp o pr(w).

Let k£ > 2 be such that
k _ k—1 —
fe w) =0, sothat £, (w) = t,.

Denote y the local branch of f, =1 Wwhich sends t« to w. Then the composition

V=iXpo¢proy
is an analytic map defined in a neighborhood of the endpoint ¢, which fixes it:

V(ty) = ty.

This point can be found numerically:

Empirical Observation 4.3

ty &~ —779.306 — 643.282i, and V' (t,) ~ 0.232 + 0.264i.
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Thus, we have identified the endpoint of the largest tail of Dom( f;). This construction
also gives us the means to compute the tail itself. This can be done by successively

applying v to the immediate basin 24 *, thus pulling it in towards #,.
Now let g € Cg be any other preimage of 0:

fiq) =1, forsomeq e N.

Then v = ixp o ¢r(q) is the endpoint of a different tail in dDom( f;). It can be
computed by first pulling back the tail of Bof * using the inverse branch

f*fl Tl > g,

and then applying ixp o @g.

Computing the tail using the functional equation for an inverse branch A more
careful analysis of the tail can be done as follows (Fig.4.2). Denote by & the local
branch of f*’] defined in a slit neighborhood D, (0) \ [0, r) for some small value
of r, that sends O — .. We can write the renormalization fixed point equation for
this particular branch:

E=yrokoy,’, (4.1)

where g = x oixpo¢r, and w;l is the appropriately chosen branch of (ixpog,) ™!
(thus the “self-similarity” of the tail is exponential, rather than linear). We are going
to use the renormalization equation (4.1) inductively to compute & (z) for sufficiently
small values of z, and thus plot the tail.

Representing the numbers in the image of the tail Numerical computations indi-
cate that the value of r = 0.0002 is sufficiently small for our needs, and for |z| < r
the difference between the left and the right sides of (4.1) is of the order of 107!
The values of z for which we would like to evaluate £(z) become too small to be
represented by the standard double precision numbers (and even too small for their
logarithms to be so represented). We write

s(t) = exp(2mt),
and choose 7 so that
exp(—2mf) = 0.0002, thatisf = 1.3555....
We then represent a small positive number x as

1

sz,

for the unique choices of t € [7, s(f)), and an iterate k € N.
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X

Dom(fy)

Fig. 4.2 The inverse branches used in computing the tail of Dom( f)

We can write any complex number z with |z| < r uniquely as

exp(2mif)
=(k,t,0))=——, 0<6 < 1.
7= ) K0 <
Note that this representation of small numbers makes it very easy to compute loga-
rithms. In particular,
ixp~ L ((k, 1,0)) =60 +is* L (0).

The next step in applying (4.1) is to apply d)Xl to the right-hand side of the equation.
From the first two terms in the asymptotics of

1
¢a(z) = ——+ O(log|z|) forsmall z,
b4

it follows that |

1 _
Pa 0= = o oe oD

for large |y|.

A numerical estimate shows that for |y| > 10'8, the O(log |y|) term dissapears into
the round-off error when added to y. Thus

1

- k—1
e mi N = (k= 1,1, 1/4),
arisk T o W= /4

V(Ko 1,0) ~
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Fig. 4.3 The domain of analyticity of f, and the boundary of the immediate parabolic basin B({*.
In the second figure, a part of the critical level curve of f is also indicated
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Fig. 4.4 A blow-up of the boundary of the immediate basin of f in the vicinity of the parabolic

point

provided sk_l(t) > 1018, A direct estimate shows that for either k > 3, or k = 2
and ¢t > 18log 10/2m ~ 6.596, the last inequality will hold.

The size of the domain of analyticity To draw the pictures of the domain of analyt-
icity of the fixed point of f, (Figs.4.3 and 4.4) we employed the following strategy.
First, a periodic orbit of period 2 in d By was identified. Its preimages give a rough
outline of 9 By, but become sparse near the “tails”, which are not visible in this ini-
tial outline. At the next step, the large “tail” of By is computed as described above.
Finally, its preimages are used to fill in the remaining gaps in 9 By.
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As the final step, we calculate the boundary of Dom( f) as
o Dom( f;) = ixp o ¢r(d By N Pg).

An empirical estimate of the inner radius of Dom( f,.) around the origin allows us to
formulate the following observation (see Fig.4.3):

Empirical Observation 4.4 The radius of convergence of the Taylor expansion of
f« at the origin is R =~ 41.



Chapter 5
For Dessert: Several Amusing Examples

Abstract We present several borderline examples illustrating the necessity of the
conditions in the definition of the renormalization-invariant class.

Keywords Parabolic basin boundary - Mating

5.1 Example of a Map with a Simply-Connected Parabolic Basin
Whose Boundary Is Not Locally Connected

Theorem 5.1 There exists a quadratic rational map R : cC->¢C of degree 2 with
the following properties:

e R has a simple parabolic fixed point at oo with a proper immediate basin B(f of
degree 2;
e the boundary of the immediate basin B(f is not locally connected.

We begin by recalling:

Proposition 5.1 There exist « € R\Q such that no fixed point of multiplier e*™'¢
for a rational function of degree d can be locally linearizable.

The first proof of this result is due to Cremer [1927], who gave a sufficient condition
for « (see [Mill], Theorem 11.2).

Let us fix o as in Proposition 5.1 and set A = ¢>7i®,

Proposition 5.2 There exists a quadratic rational map R with a simple parabolic
point with multiplier 1 at oo, and a Cremer point with multiplier A at 0.

Proof The reader may find a detailed discussion of the dynamics of quadratic rational
maps in Milnor’s paper [Mil2]. Below we give a brief summary of some relevant facts.
Every quadratic rational map F has three fixed points, counted with multiplicity. Let
U1, 12, 3 denote the multipliers of the fixed points.

01 =M1+ M2+ U3, 02 =12 + H1U3 + 23, 03 = [L1U2[U3

be the elementary symmetric functions of these multipliers. O
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Proposition 5.3 ([Mil2], Lemma 3.1) The numbers o, 03, 03 determine F up to a
Mobius conjugacy, and are subject only to the restriction that

o3 =0 — 2.

Hence the moduli space of quadratic rational maps up to Mobius conjugacy is canon-
ically isomorphic to C?, with coordinates o1 and o».

Note that for any choice of 1¢1, up with 1y # 1 there exists a quadratic rational
map F, unique up to a Mobius conjugacy, which has distinct fixed points with these
multipliers. The third multiplier can be computed as 3 = (2—pu1—p2)/(1—p1pn2).

Thus there exists a quadratic rational map R with fixed points at 0, co such that
R’(0) = A and R’'(c0) = 1. The map R has only two critical orbits, and at least one
of them has to contain the Cremer fixed point O in its closure. Thus the parabolic
basin of co can contain only one critical value, and hence oo is a simple parabolic
point.

Let us fix R as in Proposition 5.2. The following is an immediate consequence of
Montel’s Theorem:

Proposition 5.4 The Julia set
J(R) = dB{.

Let us now argue by way of contradiction and assume that BB§ is locally con-
nected. It is elementary to see that Bé? is simply-connected. Denote D : T — T the
doubling map D(x) =2x mod 1.

Proposition 5.5 There exists a continuous surjective map y : T — 8B§ such that
yoD=Roy.

Proof We use the fact that R is conformally conjugate to the Koebe function K on
the immediate basin Bée s

YoRoy ' =K,
and apply the Carathéodory Theorem to the conformal map . ]

Let us denote W = y_l (0). We claim:
Proposition 5.6 The set of angles W is finite.

To prove this first note that R is a local homeomorphism at 0 and therefore it induces
a homeomorphism on W. The proposition now follows from the following general
fact (see e.g. [Mill], Lemma 18.8):

Lemma 5.1 Let X be a compact metric space and let h : X — X be a homeomor-
phism. If h is expanding then X is finite.
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We conclude:
Corollary 5.1 There exists a periodic angle x € W.
We are now set to prove Theorem5.1:

Proof Let ¢ be as in Proposition 5.5 and let
t=vy'(R) c BE.

Let us denote U™, U~ the components of B(f \£. To fix the ideas, assume that the
angle x from Proposition 5.1 corresponds to a prime end p in the Carathéodory
completion of U™, and has period m under the doubling map. Let Q : UT — U™
be the branch of R~ whose Carathéodory extension fixes p. By the Denjoy-Wolff
Theorem, all orbits of Q converge to 0. Hence, 0 has a nonempty basin under Q, and
thus is either repelling or parabolic for R, which contradicts our assumptions. [

We finally note, that up to a conjugacy by z + az with a € C*, our map R has

the form s
-+ Az
R(z) = .
@ z+1

5.2 Example of a Map in P\ Py

We begin by showing:

Theorem 5.2 There exists a quadratic rational map R with a simple parabolic fixed
point whose immediate basin Bée is simply connected and has a locally connected
boundary, which is not a Jordan curve.

We find our example in the family of quadratic rational maps

Ra@) = 5~
= Ay

which was considered in [AY]. For a # 0 the map R, has two simple critical points
c1 = —1 and ¢p = oo. The latter one is periodic with period 2:

o0 01— oo.

Fix agp = 32/27 and let R = R,,. The rational function R has a parabolic fixed
point zop = —4/3 with multiplier 1. Since there is a single critical orbit of R which
may be attracted by zg, the point zg is a simple parabolic fixed point. Elementary
considerations imply that B(f is simply-connected, itis bounded since a neighborhood
of oo belongs to the basin of the super-attracting cycle of period 2.
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By Montel’s Theorem Z)B§ = J(R). The rational map R can be described as a
conformal mating of the basilica z — z> — 1 and the parabolic map z — z + z°.
The Julia set of R is locally connected by [TY].

The other fixed point of R is @ = 2/3. It is repelling: R’ («) = —5/4. Tt is
elementary to verify that the interval [0, «] is invariant under the second iterate of
R, and that

R*(x) < x forx € (0, ).

Hence, the interval (0, o) belongs to the super-attracting basin, and so does the
interval («, 00). The point « is on the boundary of the immediate basin B(f and
hence must be accessible from B(f. By real symmetry, « is bi-accessible from B(f.
Consider the parabolic renormalization F = £?(R). Preimages of « are dense in
8352, and therefore the boundary Z(F') contains locally conformal preimages of a
neighborhood of « in J(R). In particular, d Z(F') contains bi-accessible points, and
therefore is not Jordan. On the other hand, d Z(F) is a locally homeomorphic image
of a locally connected set, and hence is locally connected. Thus, F € P\Py. Note
that by Theorem 3.9, the parabolic renormalization & (F) € Py.
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