On the Stochastic Least Action Principle
for the Navier-Stokes Equation

Ana Bella Cruzeiro and Remi Lassalle

Abstract In this paper we extend the class of stochastic processes allowed to
represent solutions of the Navier-Stokes equation on the two dimensional torus to
certain non-Markovian processes which we call admissible. More precisely, using
the variations of Ref.[3], we provide a criterion for the associated mean velocity
field to solve this equation. Due to the fluctuations of the shift a new term of pressure
appears which is of purely stochastic origin. We provide an alternative formulation
of this least action principle by means of transformations of measure. Within this
approach the action is a function of the law of the processes, while the variations are
induced by some translations on the space of the divergence free vector fields. Due to
the renormalization in the definition of the cylindrical Brownian motion, our action
is only related to the relative entropy by an inequality. However we show that, if we
cut the high frequency modes, this new approach provides a least action principle
for the Navier-Stokes equation based on the relative entropy.

Keywords Navier-Stokes - Entropy

1 Introduction

Let (W) be a suitably renormalized Brownian motion on the space of vector fields
on the two dimensional torus T2 with a well chosen Sobolev regularity. In the case
where (u;) is a deterministic vector field, it was shown that equations of the form

dg; = (cdW; + w;dt)(g:); g1 = e (1.1)
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could model the Navier-Stokes flows (see for instance the review article [2] and
references within). More precisely it was shown that (u;) solves the Navier-Stokes
equation if and only if a certain associated action is stationary. Subsequently, models
of the form

dg; = (odW; + 0y(w)dt)(g:); g: = e (1.2)

where considered in Ref. [1], together with a notion of generalized stochastic flows
with fixed marginals. In these latter models, the shift v, (w) is allowed to be random:
the drift changes from one realization of the noise to another which seems to fit
accurately with the microscopic models of the Navier-Stokes equation one encounters
in physics. In particular such processes are not necessarily Markovian.

In the case of (1.2) there is no reason why we should hope ¥(w) to solve the
Navier-Stokes equation for any w a.s., and we should focus on the mean velocity
field

w: (t,x) € [0, 11 x T? — u(t, x) = E,;[6,(x)] € T,T?

where 7 is the underlying probability on the canonical path space, and where 7, T>
is the tangent space at x.

We extend here the criterion of Ref.[2] from equations with the form (1.1) to
equations of type (1.2) for a wide class of stochastic drifts. Namely we focus on
drifts v associated with a probability n with finite entropy with respect to the law
of the renormalized Brownian motion on the corresponding path space. We exhibit a
class of such drifts (they will be called admissible) whose mean velocity field solves
the Navier-Stokes equation if and only if the associated action, which will be noted
S(n|w), is critical. We then prove that this notion naturally extends the variational
principle of Ref. [2]. One of the aspects of this model is to allow that the fluctuations
of the drift itself may contribute to the pressure. Then we provide an alternative
formulation to the least action principle by means of transformation of measure.
Howeyver in this case, due to the renormalization involved in the definition of the
cylindrical Brownian motion, our action for a process with law 7 is only related to
the corresponding relative entropy

— dn
Hnlp) = Ey [ln du}

by an inequality. Nevertheless, by introducing a cut-off, the action S(v|n) becomes
proportional to the relative entropy, and by cutting the high modes, we provide a
least action principle to the Navier-Stokes equation by means of the relative entropy.

The structure of this paper is the following. In Sect.2 we introduce the general
framework as well as the main notations of the paper. In Sect. 3 we provide a charac-
terization of solutions of the Navier-Stokes equation as critical flows of the action. In
Sect. 4 this criterion is proved to extend those of Refs. [2, 3]. In Sect. 5 we introduce
a cut-off in order to transform variations of the action in variations of the entropy.
(Sect. 6).
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2 Preliminaries and Notations

2.1 A Basis of Vector Fields on the Two Dimensional Torus

Let M := T2 be the set of pairs (61, 62) of real numbers modulo 27, and denote
mr = /\L%AL where A\ is the Lebesgue measure on [0, 27]. Integration will often be
noted dx instead of mT(dx). A basis of the tangent space T,yM atx = (6, 62) € M is
given by (0;|y) := (3%[ lx=(6,,0,))- We define a scalar product (., .)7,» on each TxM
by setting (0;|x, Ojlx)1.m = 0%/ where 6/ = 1 if i = j and 0 if i # j. When there is
no ambiguity, we will sometimes note X.Y instead of (X, Y)7p for X, Y € T.M. If
X (M) consists of sections of TM, X(M) = {X : M — T(M)}, and considering its

L? equivalence class, we set

G=1Xe X)) div(X) =0and / X (0)[7, pydx < 00
M

which is a separable Hilbert space with the product
X, Y)g = /(X(X), Y (x))r,mdx
M

An Hilbertian basis of G is given by a subset (ea)gozl, whose definition is the fol-
lowing. Let k : a € N/ {0} — k(o) := (k1(a), k2(e)) € (Z x Z)/{(0,0)} be a

bijection such that |k()| := 1/klz(oz) + k()2 1 o0; we set

ea(x) =D a® ()l
J

where
(1 if (a, i) € (1, 1H U (2,2)
0 if (a,i) € (2, HU(1,2)
_ V2 (;@%ﬂ cos(k(m).x) if (a,i) = 2m+2,1),m> 1
S B o8 (k(m).x) if (o, i) = (2m +2,2),m > 1
ﬁﬁ%ﬂ sin(k(m).x) if (a,i) =Cm+1,1),m> 1
k —ﬁfll((m"?| sin(k(m).x) if (o, i) = @m +1,2),m > 1

and where, for k = (k1, ky) € Zx Z and x = (01, 62) € M, k.x := k10| +kp0>. Any
X € G can be written
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X@) =D Xl
J

where X;(x) = > (X, ea)ga™ (x). Let Y(x) := Zj Y;(x)0;|x be another vector
field: it is straightforward to check that we also have

(X,Y)g = / > X (x)Y! (x)dx
M

We recall the following formulae

div(X) := Z a/Xj,

J
AX = Z(Z 07 XDl
i

and
XV =D O Xi@iY) )l

J 1

2.2 The Group of the Volume Preserving Homeomorphisms

Let G be the group of the homeomorphisms of M which leaves mT invariant
G :={¢: M — M, homeomorphisms, p,m1 = mT}

We note e the identity on G and ¢.1 the group operation of ¢, 1) € G (given by
the composition of the two maps). We recall [6] that the subset of G consisting of
maps which are, together with their inverses, in the Sobolev class H”, forr > 2isa
Hilbert manifold and a topological group. It is not, strictly speaking, a Lie algebra
since left translation is not smooth. 7,G is given by the set of the vector fields
X :x €M — X, € TyM such that div(X) = 0. Let X € T,G, and let

c:teR—>ceG,cg=e

be a smooth curve on G to which X is tangent. We recall that, by setting ¢ : (¢, x) €
R x M — ¢;(x) € M, the value of X at x € M is given by

X(x) = 0ic(t, )|i=0 € TeM
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Furthermore X can be uniquely extended to a right invariant vector field XonG by
setting
X:90eG— X4 €TyG

where }?¢ is given by
Xy x €M — Xy(x) = X(p(x)) € TysM
ie. )?d) is tangent to the curve ¢? : t € R — ¢,.¢ € G. In particular for any smooth

fonM and x € M denote f* the map ¢ € G — f*(¢) := f(p(x)) € R. Then f* is
smooth on G and we have

XF) (@) 1= Xaf* = Ohf (1.6 |10 = Hf @(t, d()) 10 = X (G = X[)(H(x))

In the sequel we will simply write X instead of X since it will be clear from the context
whether we consider X as an element of the tangent space, or as a right-invariant
vector field on G. In order to kill the noise in the higher modes and to control the
integrability of the derivatives, we introduce the following Sobolev spaces (G)) x> 1
and the associated abstract Wiener spaces (W, Hy, f)).

2.3 Sobolev Vector Fields

To any positive real number A > 1 we associate a sequence (A, )qcN defined by

L
K

where [.] is the floor function and where K () is chosen so that

> a™l(x) a™ ) _ gy
~ VA VA

Such a K () exists from standard results on Riemann series since A > 1, and we
have K(\) 1 oo as A | 1. For A > 1, let S be the positive, definite, trace class
operator defined by
1
Syxi= 3 xeeidgei

. 1
1

and let
G = /S\(9)
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which is an Hilbert space for the scalar product (., .)g, characterized by
< Sxx, SAy> = (X, ))g-
ax

A natural Hilbertian basis of G is given by (H 3)30:1 where

H) := 2.3
o« = (2.3)
We set o
A a,
(0%
so that N
ZAgy,.(x)AgJ(x) = gt (2.4)
«
and

Hy(0) = D AL (001
J

Since /S is Hilbert-Schmidt, it is well known that |.|g is a measurable semi-norm
on the Hilbert space G (see [9]). In particular (G), G) is an abstract Wiener space
[9, 12], which allows to regard the cylindrical Brownian motion below as a Brownian
sheet (note that we could have defined a Wiener measure directly on the Wiener space
(G, G), but we won’t use this in the sequel since we are interested in the path space).

2.4 Associated Wiener Spaces

The space
. 1
Hy:=1h:[0,11— G\ :h:= /hsds,/lhsléAds < 0
0 0

is an Hilbert space whose product will be noted (., .) . On the other hand the space
W= Co (10, 1], G)

is a separable Banach space for the uniform convergence norm. We denote by i) the
injection of H) in W. Since for A > 1 |.|g is a measurable semi-norm on G, it is a
classical result on Wiener spaces that (i), W, H)) is also an abstract Wiener space. If
1 is the standard Wiener measure on W for the A.W.S. (W, H), i), we recall that
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under this probability the coordinate process t — W;(w) = w(t) € G is an abstract
Brownian motion with respect to its own filtration (F;) (see for instance [10, 12]).
From the It6 Nisio theorem, we have ) —a.s.

W, =Y W/H,
[0}

with W2 := EHQ(W,), and where {g(X ),Xeg ,\} is the isonormal Gaussian process
on Gy. We recall that under iy, {0(X)(Wy), X € Gy, s € [0, 1]} is a Gaussian process

with covariance R N
E[6X)(W)o(Y)(W)] = (s AD)(X, Y)g,

so that (W) is a family of real valued independent Brownian motions under /).
Under p), the coordinate process t — W, is called the cylindrical Brownian motion.
The difference with respect to the case where the state space is finite dimensional is
that it is a renormalized sum of independent Brownian motions, the renormalization
appearing in (2.3). Forameasure n < pyandau € Lg (n, Hy), the stochastic integral
Wy = fol uusd Wy is well defined as an abstract stochastic integral [10, 12]. Let n
be a probability which is absolutely continuous with respect to u). Then there is a
unique v € Lg(n, H)) such that n — a.s.

d 2
£ ‘= exp W — % (2.5)
duy 2

Moreover W' := Iy — v is a (F;)-Brownian motion on (W, F, 7). We call v the
velocity field associated to 7. The famous formula of [7] (which in fact holds in a
more general framework: [10, 12]) reads

1
2HMuN) = E, / |6/, dt (2.6)
0

where

dn ]
H =FE,|lIn—
(M) n [ iy

is the relative entropy of 7 with respect to p). Note that since Gy € G C T,G it
makes sense to consider (Xf)(¢) for ¢ € G, for f smooth on G and for X € G) or
Xed.
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3 Navier-Stokes Flows with Stochastic Drifts

Henceforth and until the end of Sect. 5 we assume that the renormalization sequence
is fixed for a A > 2, and we drop the indices \ of the notations except for G.

3.1 Constraints on the Kinematics: Regular and Admissible
Flows

Definition 1 A probability 7 which is absolutely continuous with respect to y with
finite entropy (H(n|p) < 00) is called a regular flow if u € C'([0, 1] x M) and
dt- a.s. O € G, where u(t, x) := E, [V;(x)], and where v := fo Vsds is the velocity
field of 7 (see (2.5)). We call u the mean velocity field of . Moreover we say that a
regular flow is admissible if there is a Cl([0, 11 x M) mapping p* : [0, 1] xM — R
such that

Cov(V:(x)) = p*(t, )14

ie. fori,j e NN[1,d]
E, [ (500 — ) (00 — ) | = e, 57 G

where (ﬁi'(x))' denotes the jth (ran_dom) component of (1'){) at x i.e. it is such that
U (x) = 3; 0 (0)9x, and where u; (x) := Ey [0} (x)].

3.2 Constraints on the Dynamics: Critical Flows

Definition 2 Let 7 be a regular flow whose velocity field is denoted by v" (see (2.5)).
For any k € C1([0, 1]; G) we set

1

Ak
LiS(lp) = E, / / < 0/ (x), Ok + (0. V)k + - >Tm dx | dt
0 M

The probability 7 is said to be critical if and only if for any k € C(]) ([0, 11, G)
Ly S(nlp) =0

where
cl(10,11,9) == {k e C1([0,11:G) : k(0, ) = k(1,.) = o}
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The dynamic of the mean velocity field of a critical flow is given by the following
theorem

Theorem 1 Let 1 be a regular flow with a velocity field v and a mean velocity field

u € Gy. Then ) is critical (Definition 2) if and only if there is a function p(t, x) such
that

A
Byt + Ep (0 (x).V) 0, (x)] = 7” — VB(t, ) (3.8)
In other words, let
Bt x) 1= Eyl((5,(6) — t:(x)).V) (0 (x) — 4y (x))] (3.9)

Then u solves, in the weak L* sense, the following equation :
A
By + (y. V)u = 7” _Vp-f (3.10)

Proof Foranyk € Col ([0, 1]; G) we have k(0, .) = k(1,.) = 0,sothatan integration
by parts yields

1
LiS(nlp) = —//(8,u+E,][(b,.V)i),] - %) (t,x).k(t, x)dxdt  (3.11)
M 0

from which we obtain (3.8). Since

B(t, x) == Ey [[0:(x) — ur (). V) [V (x) — u; ()]

= Ey[(0:(x). V)0, (0] + (u (x).V)ur (%) = Eyy [(0: (). Vg (0)] = Eyy [(u(x). V)0, (0)]
Ey [0 (). V)0 ()] 4 (u (). V)ug (x) — (Ey [0r(0)] .Vt (x) = (u(x).V)Ey [0 (x)]
Ey [(00(x). V)0 (x)] = (ur (x). V)4 (x)

we obtain (3.10) from (3.8). O

3.3 Navier-Stokes Flows

Definition 3 A regular flow 7 (see Definition 1) is a Navier-Stokes flow if its mean
velocity field u solves the Navier-Stokes equation, i.e. if and only if there is a function
p [0, 1] x M — R which is such that u solves, in the weak L? sense, the Navier-
Stokes equation

Au
O+ uNVNu = 5~ Vp
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we have:

Corollary 1 An admissible flow is a Navier-Stokes flow if and only if it is critical.

Proof Letn be an admissible flow. We recall that by definition there exists a mapping
p* such that
Cov(¥(x)) = p*(x, Dlg (3.12)

where v ;= fo‘ vsds is the velocity field of ) (see (2.5)). We also recall that
u(t, x) := Ep[v,(x)]
The idea is to apply Theorem 1 and to set
p=p"+Pp
We have

Bl(t, x) = D 9Cov(iy(x))"
J

Indeed (repeated indices are summed over) we have

G = By [ (0 — ) 9 (i100 - o) |
= 0, [ (10 — ) (@ = d@)] = B, [ (40 = @) 9 (¥ - ) ]
=0, [ (10 — ) (@ = )] = B, [ (40 = @) div (006 = x|
= 058, [ (3100 — ) (00 — ) |

= 9;Cov (i1 (x))"/

Assumption (3.12) then yields 3 (¢, x) = O;p* i.e.
8= Vp* (3.13)
O

Remark 1 Note that by this proof, for critical flows, p* appears as a part of the
pressure which is originated from the stochastic model. Specifically it expresses the
fluctuations of the drift itself. Indeed by (3.13) and (3.9) for an admissible flow n we
have

Vp*(t, x) = Ey[(0:(x). V)0, ()] — (ur(x). V) (x) (3.14)

where p* is the function associated to the admissible flow 7 by formula (3.7).
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4 Interpretation of Critical Flows by Means of the Stochastic
Exponential

In this section we prove that the quantities L;S(n|u) defined in Definition 2 can still
be interpreted in terms of certain variations along deterministic paths which extend
those of Ref. [3].

4.1 The Stochastic Exponential

Let Cg = C, ([0, 1], G) be the space of continuous paths starting from e and with
values in G. The coordinate function (¢,~) € [0, 1] x Cg — ~7/(w) generates a
filtration () and we denote F¢ := F, G

Proposition 1 The equation
dXt = OdBt; X() =e (415)

has a continuous strong solution on the space (W, F W ,u) with the canonical Brown-
iant — W; € G. We note g this solution. By this we mean that for p—a.s. g € Cg
and, for any smooth f on G,

t
Far=f©+ 3 [ @apig)oaw,
“ 0

where o denotes the Stratonovich integral.
Proof See [11]. O
Girsanov theorem on (W, H, p) implies the following:

Proposition 2 Let 1) be a probability which is absolutely continuous with respect to
w whose velocity field is noted v, and set W := Iy — v. Then (g, W) is a solution of

dX; = (odB; + 0,dt); Xo = e (4.16)
on (W, F.,n).

Proof We have

Wy =" 0(Ho)(Wo)Ho — D (v, Ha)\Ho = . 0(Ho) (Wy)Ho

«

Since Wm = U, W‘* = E(Ha)(W) are independent Brownian motions on
(W, H,n), by 1td’s formula we have, n — a.s.,
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1

1
flg) =f(e) + / > (Hof)(g) 0 dW + > / (Hof )(95) (Vs Ha) g, ds
« « 0

0

i.e.

Flgn =f(e) + / (Hof)(g) 0 AW + / (B0 (@)f) (g5)ds 0

Proposition 3 Let 1) be a probability absolutely continuous with respect to p, v :=

f vyds the associated velocity field, W = Iy — v and Wo‘ = 5(Ha)(W) For any
smooth function f on [0, 1] x M we have n—a.s.

t

A 7 _
[t gx) =f(Q0,x) +/ (Ef + (0. V)f + 0f) (0, ga(x)) do + / Z(Haf)(U, 9o (x))dW !
0 (e}

0

(4.17)
and n—a.s.

lim E,, [f(t +0, g5 () —f(t, g1 (x))

5 'ft] = (8,f+ (Vs (w).V)f + i) (@, gr(x))

(4.18)

Proof Letx € M, f € C°°(M). The main part of the proof will be to prove that

S HH @) = (A @) (4.19)

To see this recall that f* : ¢ € G — f(¢p(x)) € R. We have

(Hof)(¢) := Ha(9)f" = Ha($())f = (Hof ) (9(x)) = (Hof)* () (4.20)

so that by iterating (4.20) we obtain

D HINP) = D (HI) () 4.21)
On the other hand
D (HAN(@6() = (Af)(6(x)) (4.22)

Indeed by using the fact that for any « the vector field H* is divergence free together
with (2.4) we obtain

D HAf =D AOi(Huf)

a,j
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= D AMAG0f) + A% (A (Dif)

a,i,j
=D @2 + DAY QA" (Of)
i a.ij
= Af + DA (A (Of)
a,i,j
= O + D GAVANNOf) = D _(GAT)AN O )
a,i,j a,i,j
= Af + Z 0O AYA™HOf ) — Z(div(ﬂ“)A“”’(&f)
_ Af i, « «,i

Finally by putting together (4.21) and (4.22) we get (4.19) which yields

[, g:(x0) =1, g0)

t t
— s g0) + / (Hof %) (g5) 0 AW + / Qo™ + Vof") (g0)do

1
A
=f (s, gs(x)) +/ (5f+ (%-V)f-i-aaf) (0, go(x))do
t

+ / > (Hafo)(go(x))dWS

N

On the other hand by the Girsanov theorem, (VT’;) is a (F;)-Brownian motion on
(W, n) so that (4.18) follows from (4.17). O

4.2 Perturbations of the Energy Along Deterministic Paths

Fork € C°([0, 11, G)\), k := fo l'csds, we define e(k) to be the solution of the ordinary
differential equation on G

d(e;(k)) = (kedt) (e, (k)); eo = e

i.e. for any smooth F : G — R,

1
F(ei(k)) = F(e) + /(ksF)(es(k))d& (4.23)
0
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Note that e (0y) = e i.e. the exponential of the function which is constant and equal
to Oy is constant and equal to e. We denote by (e} (k)) the ith component of (e;(k))
in the canonical chart.

Proposition 4 If n is a probability of finite entropy with respect to p, for any k €
C(l)([O, 11, G») we have

1 2
d |D"e,(ek).gi (0.
Lk3(77|M)=EE,] / (M/ 5 9OF v ) dt | |eeo (4.24)
0

where LS (1| 11) has been defined in Definition 2 and where D" e, (ek).g,(x) is defined
a.e. by

e, 5(k).gry5(x) — €i(ek).gi (x)
)

De;(¢k).g;(x) := Zgi_ff})En |: f,] il gy
’ (4.25)

Proof By (4.18) of Proposition 3 we first obtain

Aei (ek)
2

D'e;(ek).gi(x) := D (a,e;'(ek) + (0, (W). V)el (k) +

i

) (9: X)) 0il g, )
(4.26)

On the other hand let x € M and denote by f a smooth function on M. Considering
F :=f"in (4.23) we have

t
fle(ek)(x)) =f(x) + € / (k) (es (k) (x))ds
0

Since e (0y)(x) = e(x) = x, we get :

t
d .
ak:(lf (er(ek)(x)) = / (ksf ) (x)ds = (ki) (x)
0
so that 4
d—lezoez(ek)(X) = ki(x) 4.27)
€
By (4.26) and (4.27) we obtain

d . Ak
ED"ez(ek)-gz(x)lgo = (8tkt +0,.Vk + Tl) (g9:(x)) (4.28)
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For convenience of notations we denote by A the right hand term of (4.24). By first
differentiating the product, then by applying (4.26) at e = 0, then by applying (4.28),
and finally by using that g, preserves the measure we obtain

d
A=E, (D"g,(x), D, ()¢ () =07, oyl | dt
de
I . d
— E, (90(91(6)), —=Dey(ek). g1 (X)]e=0) 7, ol | d
de
- 1
. ) Ak,
=K, / (W/Wt(gt(x))y (atkt + 0.V + T) (911, (mdx | dt
L0
I . . Ak,
=E, / (/(vt(x), Orky(x) + 0. Vi (x) + T(x))T"'de dt

which proves (4.24). O

S Variations of the Energy Along Translations

Let 7 be a probability which is absolutely continuous with respect to 1 (as mentioned
in the beginning of Sect.3 we work with a fixed A > 2) and with velocity field v".
The stochastic action of 7 is defined by

10913
S(n|w) ::En/ > ds (5.29)
0

The motivation for this definition is that, by taking ¢ = 0 in (4.26) and using the fact
that g, preserves the measure, we also have

D795 3
Sl = Ey / (M/ ! ——— % ax | ds

with the notations of Proposition 4. By (2.6), Gy C ¢ implies that whenever the
entropy is finite we have

Slp) < o0
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as well. More accurately, by a classical result on abstract Wiener spaces together
with (2.6), there exists a ¢ > 0 such that for any n < p

Slp) < cHnlw)

In this section we introduce another kind of variations for the functional S(n|u),
namely we study its variations along translations, These variations are generally dif-
ferent from those introduced above; however, when restricted to admissible flows,
they are the same. We also investigate similar variations for the relative entropy.
Proposition 5 computes the values of the variations of these quantities along deter-
ministic translations.

Proposition 5 Let 1 be a probability absolutely continuous with respect to (i with
velocity field v and mean velocity ug(x) := E,,][ijg(x)]. If S(nlp) < oo we have,

1

d .
28 raplile=o = / (s, Is)gds (5.30)
0

and if H(n|p) < oo we have
1

d .
S H(ralile—o = / (s, ) g, ds (531)
0

where 1 is the image measure of 1) by the mapping T, defined by

ThiweW—>w+heW

Proof A straightforward application of the Cameron-Martin theorem shows that for
any h 1= fo hgds € H, the velocity field field v™" of 7,7 is given by

‘UThn frd Th o) 1}77 o) T_h frd U’7 0] T_h + h (532)

Hence by (5.29) we have

1

S(mnlp) = Ey /

0

-7 L2

Us +hs|g

—2d
) S

which yields (5.30). Similarly (5.31) follows by (2.6) and (5.32). O

Let

Cy(10, 11, Gry2) = {k € C"(10, 1], Grs2) : k(0, ) =k(1,) =0} (5.33)
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and let IT be the Helmoltz projection on divergence free vector fields. We set

Ky = 'h = /izs(w)ds

0

S

. A
Jk € Cy([0, 11, Gag2), ds — a.s., hy = Osky + TT((us.V)ks) + 2

(5.34)

so that it makes sense to say that any & € ICg is associated toa k € C(')‘([O, 11, Gr+2).
For n sufficiently large we have X7 C H.

Proposition 6 Let ) be a smooth flow whose mean velocity field is given by u. Then
u solves the Navier-Stokes equation if and only if for any h € ICg

d
d_S(Tehnl,UNe:O =0
€
Proof By Proposition 5, and by definition of IT, for any % (which is associated to k)
we have

1

d Ak
%S(Tghn|u)|6=o = // (3sk + (. V)k) + 7) (s, x).u(s, x)dxds (5.35)
M 0

1

= // (&k + W.V)k + A?k) (s, x).u(s, x)dxds (5.36)
M 0

and, since k(0, .) = k(1,.) = 0, the result directly follows from an integrating by
parts. (]

We now relate these variations to the ones of Sect.4. Namely we prove that,
for admissible flows, these variations of measure by quasi-invariant transformations
yield exactly the same variations as the exponential variations of Sect. 4.

Proposition 7 Let n be an admissible flow. Then, for any h € ICg (see (5.34))
associated with a k € Cg([0, 1], Gy12) (see (5.33)) we have

d
oS Tentlle=0 = LSl p)
Proof Let u be the mean velocity field of 7). Since 7 is admissible we have, by (3.14)

(ur, (e Vykeyg = —((ue.Vyug, k)g = _E71[<(i)t~v)i)tv ki)gl = ET/[<i)t1 (V.- V)ki)g]



180 A.B. Cruzeiro and R. Lassalle

Hence, using (5.36),

—S(Tshﬁlu)le 0=E /(/ 0/ (), Ok + (0] V)k+—)Tde dr

which is exactly the definition of L;S(n|u) (Definition 2). [l

6 Generalized Flows with a Cut-off

In Sect. 5 we have seen that in the infinite dimensional case, the relative entropy was
generally not proportional to the action S(-|x). The reason is that the renormalization
procedure gives a different weight to the different modes: hard modes have a weaker
weight in the energy than in the relative entropy. However if instead of renormalizing
we introduce a cutoff, and rescale the noise accordingly, S(-| ) becomes proportional
to the relative entropy H(-|x). Within this framework, we investigate the existence
of generalized flows with a given marginal.

6.1 General Framework for a Cut-off at Scale n

We recall that (e,) denotes the Hilbertian basis of G of Sect.2. By induction we
define (1))}, by Iy = 1 and

Iy =min ({m > 1 : [k(m)| > |k(I)[})

For N € N, N > 1 we set
n:=2ly

We define G" = Vect(ey, ..., e,) C G and recall that we work under the hypothesis
ea(x) = D a" (1))l
J
The cut-off has been chosen so that 3S(N) such that

Z a® (x)a® (x) = S(N)§™

a=1
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where S(N) 1 co. We note
. 1
Hy,:={h:[0,11 > G". h :=/izsds,/|izx|éds < o0
0 0

and (., .)g, the associated scalar product. We set W,, := C([0, 1], G") endowed with
the norm of uniform convergence, and i, the Wiener measure on (W,, H,) with a
parameter

2v

T S(V)

o(N) :
t — W, is the coordinate process. Define g" to be the solution of
dgi == (odW;)(g]); gy = e

on the Wiener space (W,,, Hy, 1, i.e., satisfying, for every smooth f,

t

Fa =f@+ [ Xteagh o dw;

0 a=l1

where W = (W;, eq)G,. We are now working with the Wiener measure with
parameter o (N). Still by the Girsanov theorem, for any 1 < u, there is a unique

v e Lo(n, H,,) such that
d cN)|vlF
4 _ exp oWy -
du 2

and W := Iy — o(N)v is a Brownian motion with parameter o (N) under 1. We call
v the velocity field of n. Furthermore, Follmer’s formula (c.f. [8]) then reads

lviZ,
Hlpm) = o(N)E, )

Hence (g, W) is a solution to
dg} = o(dW/ 4+ a(N)vudt))(g); gy = e

on the probability space (W,,, ) for the filtration generated by the coordinate process
t - Wy, i.e., for every smooth f,
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t n ! n
1 =1 @+ [ Xtean)a) 0 +o@) [ D eaf) 00 en)ds
0 a=1 0 a=1

Within this framework, by an admissible flow we mean a probability n of finite
entropy with respect to 7 satisfying the same conditions as in Definition 1 with

(resp. G,) instead of p (resp. of G).

6.2 Variations of the Action

We now define the action for the cutoff n € N by

1 1

pl! n 2 1 N |2 g2
SOlln) = Ey {/ | ‘i‘ |gd5} =Ey [/ lg(;vbds} = o(N)E, {/ |v2|gds:|

0 0 0

Therefore
Slpn) = o(NYH | pn) (6.37)

Similarly to Proposition 7 we note

Kg(n) := {h € Hy : 3k € CJ([0, 11, G"), ds — a.s., hy = Osk + m, TT((0(N)us. V)K) + VAk}

where 7, is the orthogonal projection 7, : G — G,, and we say thata h € Kg (n) is
associatedto a k € Cé([O, 11, G™).

Proposition 8 For any smooth flow n
u'(t, x) == o (N)Ey[v(x)]

solves the Navier-Stokes equation if and only if for any h € ICg (n) we have

d
_H(lemun)“e:() =0
de

forany hassociatedwithak € C& ([0, 11, G™). Moreover whenever 1) is an admissible
flow, and h € ng(n) is associated to k € C(l)([O, 11, G™) we have

1 2
d d |Dnet(€k)-g;1(x)|7" oM
a0 = E, / (M/ A
0

where the notations are those of Sect. 4.
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Proof The first part of the proof is the same as in Proposition 6. We now prove the
second part of the claim which is similar to Proposition 7. As in the first subsection

we have
n

Z e2f = S(N)ASf

a=1

Therefore by setting

4t E, [ Iy ( Ju IDen(ek).gr I, de) i] _E, [ g ( L 1D7g? (x)lsz(x)de) dz]

and using the fact g; preserves the measure we get

1
A=E, [/ (0¢, Otk + o (N)V;. Vk + VAk)gdl:|
0

If n is assumed to be admissible, then similarly to the proof of Proposition 7 we
obtain

d
A= H(Tehmﬂn)”ezo O
de

Concerning existence of Lagrangian Navier-Stokes flows with a cut-off they have
been shown to exist in Ref.[4] for deterministic L? drifts. Examples of random
solutions of Navier-Stokes equations were constructed in Ref.[5] but we did not
prove existence of the corresponding flows.
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