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Abstract. The comparison of random variables can be made by means
of stochastic orders such as expected utility or statistical preference. One
possible model when the random variables are imprecisely observed is to
consider fuzzy random variables, so that the images become fuzzy sets.
This paper proposes two comparison methods for fuzzy random variables:
one based on fuzzy rankings and another one that uses the extensions of
stochastic orders to an imprecise framework. The particular case where
the images of the fuzzy random variables are triangular fuzzy numbers
is investigated.We illustrate our results by means of a decision making
problem.
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1 Introduction

A decision making problem under uncertainty requires the choice between sev-
eral alternatives that are usually modeled by means of random variables; the
choice between them is made by means of stochastic orders [11]. When we have
imprecise information about the consequences of the different alternatives, we
need to consider a more general model, such as sets of random variables, random
sets, or, as we do in this paper, fuzzy random variables [6], where the images
are fuzzy sets instead of real numbers. In order to extend stochastic orderings to
this case, we follow in this paper two different avenues. On the one hand, based
on the idea behind statistical preference, we compare fuzzy random variables by
means of a choice model over their images, using fuzzy rankings, where by fuzzy
ranking we refer to a method for the comparison of fuzzy sets. On the other hand,
and similarly to expected utility, we can also compare fuzzy random variables
in terms of their expectations. Since the expectation of a fuzzy random variable
can be modeled by a possibility measure, we shall use the methods established
in [9,10] for the comparison of imprecise probability models.

The paper is organized as follows: Section 2 introduces the main notions about
fuzzy random variables and stochastic orders defined under imprecision. Then we
discuss the two approaches mentioned above for the comparison of fuzzy random
variables, and in Section 4 we investigate the particular case where the images
of the fuzzy random variables are triangular fuzzy numbers. Finally, Section 5
illustrates our methods in a decision making problem. The paper concludes with
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some additional remarks and a discussion of other approaches to this problem.
Proofs are omitted because of space limitations.

2 Preliminary Notions

2.1 Fuzzy Random Variables

Fuzzy random variables were introduced simultaneously by Kruse and Meyer
[6] and Puri and Ralescu [12]. In this paper, we follow the epistemic approach
considered in [6]. Let F(R) denote the set of all fuzzy sets on R.

Definition 1 ([6]). A fuzzy random variable is a map X : 2 — F(R) such that
the a-cuts X, are strongly measurable multi-valued mappings.

Following Kruse and Meyer, fuzzy random variables can be used to model the
imprecise knowledge about an unknown random variable Up. For any w € 2,0’ €
R, X (w)(w') can be interpreted as the acceptability degree of the proposition
“Up(w) = w'”. With a similar reasoning, it is possible to define a fuzzy set on
the class of measurable functions from {2 to R, ¢, that associates the value

pz(U) = mf{X(W)(Uw)) :w e 2}

for any measurable function U : {2 — R. Then, according to [6] this value can be
understood as the acceptability degree of the proposition “U = Uy”. Using the
fuzzy set pg it is possible to define the expectation of a fuzzy random variable
as the fuzzy set 'y with membership function:

Eg(r) =sup{ug(U): E(U) =r}. (1)
E(r) can be interpreted as the acceptability degree of the proposition “E(Up) =

7”7, This membership function can also be seen as a possibility distribution, and
as a consequence this expectation can be regarded as a possibility measure.

2.2 Stochastic Orders under Imprecision

Stochastic orders are methods for the comparison of random quantities. Here we
shall use expected utility, given by X =gy Y & E(X) > E(Y), and statistical
preference [2,3], that is based on a probabilistic relation. A probabilistic relation
on a set of alternatives A is a map defined from A? to [0, 1] such that Q(a,b) +
Q(b,a) = 1 for any (a,b) € A% where Q(a,b) measures the strength of the
preference of a over b. Statistical preference considers a set of alternatives formed
by random variables, and defines a probabilistic relation by Q(X,Y) = P(X >
Y)+ éP(X =Y). Then, X is statistically preferred to Y, denoted by X =gp Y,
ifQ(X,Y) > é In what remains we will use a well-known alternative expression
for statistical preference: X =gp Y if and only if P(X >Y) > P(Y > X).
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In a context of imprecision, it may be necessary to choose between sets of
random variables, instead of single ones. This problem was studied in some
detail in [9,10], and a number of extensions of a given stochastic order to the
imprecise case were considered. In the next definition, > denotes a stochastic
order that could be either the expected utility or statistical preference, as we
shall use in this paper, or any other stochastic order.

Definition 2 ([10, Def. 5]). Consider two sets of random variables X, and
a stochastic order =. We say that:

— X is =1-preferred to Y if U =V for anyU € X and V € ).

— X is =o-preferred to Y if there is U € X such that U =V for any V € ).
— X is =g-preferred to Y if for any V € Y there is U € X such that U = V.
— X is =y4-preferred to Y if there are U € X and V € Y such that U = V.
— X is =5-preferred to Y if there is V € Y such that U =V for any U € X.
— X is =g-preferred to Y if for any U € X there is V € Y such that U = V.

When the extended stochastic order is either expected utility or statistical pref-
erence, we shall use the notation =gy, or =sp,, respectively.

Some stochastic orders, such as expected utility, compare two random vari-
ables by means of their associated probability distributions. For those, the defi-
nitions above can be used to compare sets of probability distributions, also called
credal sets. This allows us to compare imprecise probability models, such as pos-
sibility measures. Indeed, the credal set associated with a possibility measure IT
is given by:

M(IT) = {P probability | P < IT}.

Then, we can compare two possibility measures IIx and IIy by means of their
associated credal sets. Our next result considers the extensions of expected util-
ity, and uses IIx *gu, IIy to denote M(IIx) =gy, M(IIy) for i = 1,...,6.
Recall also that the conjugate function IV of a possibility measure II, given by
N(A) =1—II(A°) for every A, is usually named necessity measure.

Proposition 1. For any two possibility measures Ilx and Iy, with conjugate
necessity measures Nx and Ny, respectively, it holds that:

— HX tEUl HY <~ (C) /’deHX > (C)/deNy,

IIx =gy, IIy & IIx =gy, Iy < (C) /iddNX > (C)/iddNy;

IIx =gy, IIy & (C’)/idde > (C’)/iddﬂy;
— IIx tEUs Iy & IIx EEUG Iy & (C) /deHX > (C)/deﬂy,

where (C) [ fdu denotes the Choquet integral of f with respect to the non-
additive measure u, and id denotes the identity function id(x) = x.
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3 Comparison of Fuzzy Random Variables

As we mentioned in Section 2.2, two possible ways of comparing two random
variables X,Y are expected utility and statistical preference, given by:

Xz Y & E(X) > E(Y). (2)
XrspY © Pw: X(w) 2Y(w)}) > P{w:Y(w) > X(w)}). (3)

In this section, we extend these two orders to fuzzy random variables. In the case
of expected utility, the comparison of the expectations leads us to the comparison
of possibility measures; concerning statistical preference, the comparison of the
images of fuzzy random variables motivates the use of fuzzy rankings.

3.1 Comparison by Means of Fuzzy Rankings

Fuzzy rankings are methods for the comparison of quantities modeled by means
of fuzzy sets, in that they measure to what extent one fuzzy set is larger than
the other. Consider two fuzzy random variables, X,Y modeling the imprecise
knowledge of respective random variables X,Y. Then for every w in the initial
space X (w) and Y (w) are the fuzzy sets that represent the degree of acceptability
of the propositions “X (w) = w” and “Y(w) = w’”, for any w’ € R. In order to
compare the fuzzy random variables X and 17, we can compare the fuzzy sets

X(w) and Y (w) for every w € £2. This leads at once to the following definition:

Definition 3. Let )Z', Y0 F(R) be two fuzzy random variables on a prob-
ability space (2, A, P), and let 7= be a fuzzy ranking. We say that X is -
statistically preferred to Y, and denote it X =¥ Y, when

PlweR: X(w) ZY(W)}) > PHwe 2: V(W)= X(w)}).
When the fuzzy ranking - is complete, that is, if it allows the comparison of
every pair of fuzzy sets, we obtain the following result.

Proposition 2. Let 77 be a complete fuzzy ranking, and define:
~ ~ ~ ~ 1 ~ ~
QX,Y) =P({w: X(w) = Y(w)}) + , P({w: X(w) ~ Y (w)}).

Then Q()Z',f/) + Q(?,X’) =1 V)Z', 17, and X is = -statistically preferred to Y if
and only if Q(X,Y) > % Moreover, if 7 extends the natural order on R, then
7 -statistical preference is an extension of statistical preference given by Eq. (3).

3.2 Comparison by Means of Stochastic Orders

Another way of comparing fuzzy random variables is by extending appropriately
the order associated with expected utility, given by Eq. (2). Consider two fuzzy
random variables X and 17, and let E'g, By be their respective fuzzy expec-
tations, given by Eq. (1). These expectations are fuzzy sets, or, equivalently,
possibility measures. It leads to the following definition.
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Definition 4. We say that X is preferred to Y with respect to the i-th extension
of expected utility, and denote it X =gy, Y, when Eg =gu, By, where =gy, is
given in Definition 2.

This result, together with Proposition 1, reduces the comparison of fuzzy
random variables to the comparison of appropriate Choquet integrals. For a
thorough discussion of the interpretation behind the different extensions >guy,,
fori=1,...,6, we refer to [9,10].

4 Particular Case: Triangular Fuzzy Random Variables

In this section we study the particular case where the images of X and Y are tri-
angular fuzzy numbers. Recall that A = (a1, a2, ag) is a triangular fuzzy number
when its membership function is given by:

r—a
o for a1 < z < as.

Alw) = a“::;z for as < z < as. (4)
0 otherwise.

4.1 Fuzzy Rankings on Triangular Fuzzy Random Variables

Fuzzy rankings usually take a simple expression when applied to triangular fuzzy
numbers. Here we consider two well-known fuzzy rankings, introduced by Dubois
and Prade in [5].

Definition 5 ([5]). Let A, B be two fuzzy numbers, and define:
— Possibility of Dominance: PD(A, B) = sup(rmn(A(x) B(y))).-

— Necessity of Strict Dominance: NSD(A B) = 1—sup(min(A(x), B(y))).
<y

Then we denote A =pp B when PD(A,B) > PD(B,A) (and similarly for
NSD). In case of triangular fuzzy numbers, these definitions can be simplified:

Lemma 1. Let A = (a1,a2,a3) and B = (b1,bs,b3) be two triangular fuzzy
numbers. It holds that A =pp B < A =nsp B < as > bs.

Proof. This is a consequence of Eq. (4) and Definition 5.
Using this result, we can simplify Definition 3 for these fuzzy rankings.

Proposition 3. Given two triangular fuzzy mndom variables X and Y such
that X (w) = (a%,a¥,a¥) and Y (w) = (b4, b5, b5) Yw € 12,

f(ngf/@)?zﬁSDf/@P({weQ;a;zbg})zp({weQ;bWMQ})

Note also that both PD and N.SD are complete fuzzy rankings, and then Propo-
sition 2 can be applied.
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4.2 Stochastic Orders on Triangular Fuzzy Random Variables

We now turn on the comparison of triangular fuzzy random variables by means of
the generalizations of expected utility. We begin by showing a well-known result
that easily allows to compute the expectation of a triangular fuzzy number.

Proposition 4 ([4,7]). Consider a fuzzy random variable X such that X (w) is
a triangular fuzzy number (ay, a% , ay) for any w. Consider the functions fi(w) =
af, fa(w) = a and f3(w) = a¥, for any w € £2. Then, Eg = (e1, ez, e3) is also
a triangular fuzzy number, where e; = E(f1), ea = E(f2) and es = E(f3).

Next we show that Definition 4 can be simplified in this case. The proof follows by
considering the interpretations of Definition 2 in the case of expected utility (see
for instance [9, Remark 3]), and the formulas of the ‘best’ and ‘worst’ alternatives
in the credal set associated with a possibility measure in the particular case of
triangular fuzzy numbers.

Proposition 5. Consider two possibility measures IIx and IIy whose associ-
ated fuzzy sets are the triangular fuzzy numbers (a1, az,a3) and (b1,ba,bs), re-
spectively. Then:

— IIx =gy, IlIy & a1 +az > by + bs.
— IIx =gu, IlIy & IIx =gu, Iy & a2 + a3 > by + b3.
— IIx =gy, IIy & ax + a3 > by + bo.
— IIx =gy, Iy & IIx =gue Iy < a1 +az > by + ba.

5 Example of Application in Decision Making

This section presents an application of the previous definitions to a decision
making problem. We use the setting considered in [8]: a company operating in
UK is considering the possibility of expanding to new markets. They consider
four alternatives:

A;: Expand to the French market.
A5: Expand to the German market.

Agj: Expand to the Italian market.
Ay4: Expand to the Spanish market.

The evaluation of the strategies depends on the economic situation for the next
year, that may take four different values:

S3: Good economic situation.
S4: Very good economic situation.

S;1: Bad economic situation.
Sa: Regular economic situation.

The probabilities for each state are estimated as 0.1, 0.3, 0.3 and 0.3, respec-
tively. Then, we can define the probability space (£2,P(£2),P), where 2 =
{81, S2,53,54}, and model each alternative as a fuzzy random variable taking
the following values, that represent the expected benefits:

S1 Sy S3 Sy
Al (02,03,04)  (0.6,0.7,0.8)  (0.2,03,04)  (0.5,0.6,0.7)
A (0.5,0.5,05)  (0.3,04,05)  (0.4,0.5,0.7)  (0.4,0.5,0.6)
Ay (0.1,02,04)  (0.6,0.8,0.9)  (0.8,0.9,1) (0.7,0.8,0.9)
Ay (0.3,04,05)  (0.3,04,0.6)  (0.5,0.5,0.5)  (0.3,0.4,0.5)
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Since these alternatives are triangular fuzzy random variables, we can apply the
results from Section 4. First of all, if we compare them pairwisely by means
of PD and NSD, Lemma 1 assures that the two fuzzy rankings reduce to the
comparison of the modal points of the triangular fuzzy numbers. The resulting
preference degrees are summarized in the following table:

Ay Az As Ay

Ay . 0.5 0.25 0.5
A 0.5 ‘ 0.25 0.75
As 0.75  0.75 . 1

Ay 0.5 0.25 0

Thus, we conclude that the best alternative is Ag, that is, to invest into the Ital-
ian market. If instead we compare these fuzzy random variables by means of the
generalized expected utility, we deduce from Proposition 4 that the expectations
of Ai,..., Ay are also triangular fuzzy numbers, and they are given by:

Ea, = (0.41,0.51,0.61)  E4, = (0.38,0.47,0.59).
Ea, = (0.64,0.77,0.88)  E4, = (0.38,0.47,0.59).

Then, applying Propositions 4 and 5, we obtain the following results:
Ay As As Ay

Ay . ZEUss —  “EUss
Ao - : —  ZEU.s
Az rrU, ZEU . “BU,
A - = =

Again Aj seems to be the most adequate option, because it is preferable to the
other alternatives with respect to the first extension of the expected utility (and
as a consequence also with respect to any of the other extensions).

6 Conclusions

Stochastic orders are methods for the comparison of random quantities. When
the random variables to be compared are imprecisely described, they can be
modeled by means of fuzzy random variables. This work presents a first ap-
proach to the extension of stochastic orders to the comparison of fuzzy random
variables. We have considered two possibilities: the comparison of the images of
the fuzzy random variables by means of a fuzzy ranking, and the comparison of
the expectations by means of stochastic orders on possibility measures. We have
investigated in more detail the particular case of fuzzy random variables whose
images are triangular fuzzy numbers, and showed that the proposed methods
can be simplified in that case. In addition, we have illustrated these methods in
a decision making problem.

There are still several open lines of research on the comparison of fuzzy random
variables. On the one hand, it is possible to extend other stochastic orders, such
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as stochastic dominance [11], to this context; on the other hand, we would like
to deepen into the comparison of the properties of the different fuzzy rankings
proposed in the literature with respect to this problem.

Finally, a different approach would be the comparison of fuzzy random vari-
ables by means of their a-cuts. In this case, the comparison is reduced to the
comparison of random sets, and we can consider notions of strong or weak pref-
erence, depending on whether the comparison holds for every or any a-cut. Note
also that the comparison of random sets can be made in two different ways: on
the one hand, we can consider a stochastic order on random variables, and apply
it to the sets of measurable selections by means of Definition 2 [9]; or we could
also consider other stochastic orders for random sets, such as the ones considered
in [1].
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