Homogenization of the One-Dimensional Wave
Equation

Thi Trang Nguyen, Michel Lenczner, and Matthieu Brassart

Abstract We present a method for two-scale model derivation of the periodic
homogenization of the one-dimensional wave equation in a bounded domain. It
allows for analyzing the oscillations occurring on both microscopic and macro-
scopic scales. The novelty reported here is on the asymptotic behavior of high
frequency waves and especially on the boundary conditions of the homogenized
equation. Numerical simulations are reported.

1 Introduction

The paper is devoted to the periodic homogenization of the wave equation in a
one-dimensional open bounded domain where the time-independent coefficients are
e—periodic with small period ¢ > 0. Corrector results for the low frequency waves
have been published in [2, 7]. These works were not taking into account fast time
oscillations, so the models reflect only a part of the physical solution. In [3], an
homogenized model has been developed to cover the time and space oscillations
occurring both at low and high frequencies. It is comprised with a second order
microscopic equation with quasi-periodic boundary conditions but also with a first
order macroscopic equation which boundary condition was missing. Therefore,
establishing the boundary conditions of the homogenized model is critical and is
the goal of the present work. A generalization of the wave equation posed in R” has
also been considered in [4] but taking into account only e-periodic oscillations in the
space variables resulting in periodic conditions in the microscopic problem. Periodic
homogenization of the wave equation have been derived for other asymptotic
regime, for instance for long time in [5, 6, 8, 10].
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To this end, the wave equation is written under the form of a first order
formulation and the modulated two-scale transform W is applied to the solution
U¢ as in [3]. For n € N* and k € R, the nth eigenvalue /\’,j of the Bloch wave
problem with k-quasi-periodic boundary conditions satisfies A = A% in addition
Ak = Ak for k € Z/2, so the corresponding waves are oscillating with the same
frequency. The homogenized model is thus derived for pairs of fibers {—k, k} if
k # 0 and for fiber {0} otherwise which allows to derive the expected boundary
conditions. The weak limit of )« W U* includes low and high frequency waves,
the former being solution of the homogenized model derived in [2, 7] and the latter
are associated to Bloch wave expansions. Numerical results comparing solutions of
the wave equation with solution of the two-scale model for fixed € and k are reported
in the last section.

2 The Physical Problem and Elementary Properties

The physical problem We consider / = (0,7) C R a finite time interval and
2 = (0,a0) C RT a space interval, which boundary is denoted by 952. Here,
as usual ¢ > 0 denotes a small parameter intended to go to zero. Two functions
(a®, p*) are assumed to obey a prescribed profile a® := a (%) and p® :=p (f) where
p € L*® (R),a € W' (R) are both Y —periodic where Y = (0, 1). Moreover, they
are required to satisfy the standard uniform positivity and ellipticity conditions, 0 <
P’ <p<p'and0 < a’ < a < a', for some given strictly positive numbers p°, p',
a® and a'. We consider u° (¢, x) solution to the wave equation with the source term
f¢ € L?(I x £2), initial conditions u§ € H'(£2),v§ € L*(£2) and homogeneous
Dirichlet boundary conditions,

pfouuf — 0, (a0 u’) = f¢in I x £2,
u'(t=0,)=uj and d,u®(t =0,.) =v§in £2, (1
u®*=0on I x052.

L
o0 vao ()|
77 0x (Va*) 0
U¢ = (Vafdug, /pFvg) and F& := (0, f¢/./p°), we reformulate the wave
equation (1) as an equivalent system: (3, — A°) U® = Fé¢in I x ,U°(t =0) =
Ug in 2 and U] = 0 on I x 382 where Uj is the second component of U®. From

now on, this system will be referred to as the physical problem and taken in the
distributional sense,

By setting: U® := (\/ﬁaxu’“‘",\/ﬁatus), Af =

/ FE-w +U*- (3, — A% lI’dtdx—}-/U(f'lI/(t:O)dx:O, )
I1x82 2
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for all the admissible test functions ¥ € H'(I x £2)* such that ¥ (¢,.) € D (4¢)
for a.e. t € I where the domain D(A°%) := {(¢,¢) € L?(2)’|va‘p € H' (2),
¢/p € H} (£2)}. As proved in [3], the operator iA® with the domain D(A?) is
self-adjoint on L?(£2)>. We assume that the data are bounded || f*|l;2(;xq0) +
H 01, ||L2(_Q) + H V5 ||L2(_Q) < ¢y, then U? is uniformly bounded in L? (I x £2).

Bloch waves We introduce the dual Y* = (—%, %) of Y. For any k € Y*,
we define the space of k—quasi-periodic functions L? := {u € LI (R) |
u(x + £) = u(x)e*™** ae. in R for all £ € Z} and set H} = L2 N H}_ (R)
for s > 0. The periodic functions correspond to k = 0. For a given k € Y*,
we denote by (AX, ¢X),en+ the Bloch wave eigenelements that are solution to
P(k) : =0y (ad,¢¥) = Akpgk in Y with ¢f € HX(Y) and H¢>{;||L2(Y) = 1.
The asymptotic spectral problem (k) is also restated as a first order system by

0 9, (.
setting Ay = | | ﬁy(ﬁ) T «/Lﬁ( 0 ﬁny) and
Tﬁay (\/E) O \/EHY 0
—is, /\k 9 k
ek = % ' /V ‘"'ﬁ ’ <¢|"|) where s, and ny denote the sign of n € Z*
’ N

and the outer unit normal of dY respectively. As proved in [3], iAy is self-adjoint
on the domain D (4) := {(¢.¢) € L (Y)*|Vap € H (Y),¢//pe H! (Y) C
L% (Y)?}. The Bloch wave spectral problem (k) is equivalent to finding pairs
()Lf‘nl,e’n‘) indexed by n € Z* solution to 2(k) : Are; = isy\/A,ex in
Y with e € H!(Y)’. We pose M} := {me Z*Mfm‘zkfn‘ and s, = S}
fy Pd’(fﬂ : ¢\]§n\dy and c(k,n,m) =
isn/ (2 A‘kn‘) Jy 8f, - ad, ¢k, —ad o, - of, dy forn,m € MF.

The modulated two-scale transform Let us assume from now that the domain
£2 is the union of a finite number of entire cells of size & or equivalently that the
sequence ¢ is exactly ¢, = - forn € N*. Forany k € Y*, we define I* = {—k,k}
if k # 0and I° = {0}. By choosing A = (0, 1) as a time unit cell, we introduce
the operator W : L2(I x 2)* - L2>(I x A x 2 x Y)?* acting in all time and

k
space variables, W 1= (1 =Y, [TF) Sf + Y, s Teo I, S; where the time
and space two-scale transforms T¢% and S +» and the orthogonal projector H,f onto
e,’j are defined in [3], see pages 11, 15 and 17, with oc,’j =2/, /Af‘n , and where it is

and introduce the coefficients b(k,n,m)

proved that | Weu[ 1o s pper) = Il

We define (%ﬁ v)(t,x) = v(t, ML,( x, 7) the operator that operates on functions
v(t,t,x,y) defined in I x Rx$2 x R. The notation O (¢) refers to numbers or
functions tending to zero when ¢ — 0 in a sense made precise in each case. The
next lemma shows that %ﬁ is an approximation of Ten* S " for a function which is
periodic in t and k—quasi-periodic in y, where Tean* ;. [2 (I x A) = L>(I) and
S§* L? (2 x Y) — L*(£2) are adjoint of T*% and S} respectively.
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Lemmal Let v € C'(IxAx2xY) a periodic function in t and
k—quasi-periodic in y, then TE“'I;*S;*V = Bkv + O (e) in the L* (I x £2) sense.
Consequently, for any sequence u® bounded in L* (I x §2) such that Tean Spu’
converges to uin L>(I x A x 2 x Y) weakly when & — 0,

/ u® - %ﬁv dtdx — u- v dtdtdxdy when e — 0. 3)
I1x2 IXAX2XY

Note that for £ = 0, the convergence (3) regarding each variable corresponds to the
definition of two-scale convergence in [1]. The proof is carried out in three steps.
First the explicit expression of Ten*S *v is derived, second the approximation
of Te% *S;*v is deduced, finally the convergence (3) follows. For a function
v(t,7,x,y) definedin I x A x §2 x Y, we observe that

A T
A*BKy = Bk ((?k + B) v) and 9, (BLy) = B¢ ((8?1" + 3,) v) , @

n

where the operator B is defined as the result of the formal substitution of
x—derivatives by y—derivatives in Ay.

3 Homogenized Results and Their Proof

For k € Y*, we decompose

k k
25 = Bk 4 1% with hE = [“—} and I € [0,1), )
&

and assume that the sequence ¢ is varying in a set £, C R1* so that
lf—)lk when ¢ — O and ¢ € Ej with [¥ € [0,1). (6)

After extraction of a subsequence, we introduce the weak limits of the relevant
projections along e]; forany n € Z*,

F¥ .= lim T S5 Fe - X ™ ek dydr and UY, := lim | S{UE - ekdy.
e=>0 J Axy e—>0 Jy (7)

The next lemmas state the microscopic equation for each mode and the correspond-
ing macroscopic equation.

Lemma?2 Fork € Y* and n € 7%, let U® be a bounded solution of (2), there
exists at least a subsequence of T S LU? converging weakly towards a limit U,f
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in L>(I x A x 2 x Y)? when ¢ tends to zero. Then U,f‘ is a solution of the weak
formulation of the microscopic equation

0: .
(J—Ak)UHk:OmIXAX.QXY (8)

n

and is periodic in T and k—quasi-periodic in y. Moreover, it can be decomposed as

U,f (t,t,x,y) = Z ul; (t,x) ez"’”ﬂef7 (y) with ul; e L*(I x 2). )

peM

Lemma 3 In the condition of Lemma 2, for eachk € Y*, n € 7*, & € Ey, for each
ocelfandq e M, the macroscopic equation is stated by

> pens (b (0, p.q) S, — ¢ (0, p. q) 8xu‘]’,) = F7 in I x,

. (10)
ZpeM;g b (o, p,q) u, t=0= U&q in 2,

with the boundary conditions in case where there exists p € M,f such that
¢ (k.p.q) # 0and ¢f, (0) # 0,

. kg
D s e U B O €O = 0 on [ x 32, (1)
o€l peMy

The low frequency part Ug relates to the weak limit in L2 (I x £2 x Y)* of the
kernel part of Sy in the definition of W)’. It has been treated completely, in [2,
3]. Here, we focus on the non-kernel part of S}, it relates to the high frequency
waves and microscopic and macroscopic scales. In order to obtain the solution of

the model, we analyze the asymptotic behaviour of each mode through Te § & asin
Lemmas 2 and 3. Then the full solution is the sum of all modes. The main Theorem
states as follows.

Theorem 1 Fora given k € Y*, let U? be a solution of (2) bounded in L* (I x £2),
fore € Ey, asin(5,6), the limit GF of any weakly converging extracted subsequence
of Yy WEU® in L* (I x A x 2 x Y)* can be decomposed as

G*(t, 1, x,y) = xo (k) UY (t,x,y) + Z ul (¢, x) 2™ nTe? (y) (12)
o€lk nez*

where (ug)n , are solutions of the macroscopic equation, and the characteristic
Sunction yo (k) = 1 ifk = 0 and = 0 otherwise.

Thus, the physical solution U*¢ is approximated by two-scale modes
U (t.x) ~ o (k) U (Z,x, f) + Y WXV (f) Wy
¢ celk nez* &

The remain of this section provides the proofs of results.
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Proof of Lemma 2 The test functions of the weak formulation (2) are chosen as
we = BEY(1,x) fork € Y*, n € Z* where ¥ € C®(I x A x2 xY)?
is periodic in 7 and k—quasi-periodic in y. From (4) multiplied by e, since
k
(2—’,’? — Ak) ¥ is periodic in t and k—quasi-periodic in y and Teo S;US—>U,
in L2(I x Ax 2 xY)* weakly, Lemma 1 allows to pass to the limit in
the weak formulation, [}, 1,0y Uf- (z_%_Ak) Ydtdrdxdy = 0. Using the
assumption U} € D (Ax) N L? (I x 2 x Y; H' (A)) and applying an integration
by Parts, fpapnr (— 2 + Ak ) UkWdidedsdy+ [ gy Ut-Werdrdsdy —
[rxaxoxay UK - na, wdtdrdxdy = 0. Choosing W € L*(I x £2; H} A x Y) comes
the strong form (8). Since the product of a periodic function by a k—quasi-periodic
function is k—quasi-periodic then n 4, ¥ is k—quasi-periodic in y. Therefore, U,f is
periodic in 7 and k—quasi-periodic in y. Moreover, (9) is obtained, by projection.

Proof of Lemma 3 Fork € Y*, let (A" ,e”) be the Bloch eigenmodes
h IP‘ P pEM,f,(TEIk

of the spectral equation 2 (o) corresponding to the eigenvalue /\f‘n‘. We pose
e (t,x) = Y e BIWC € H' (I x £2)” as a test function in the weak formu-
lation (2) with each ¥7 (¢t,7,x,y) = quM,ﬁ‘ @ge (1,x) eZi”“'/Teg () where g7, €
H' (I x £2) and satisfies the boundary conditions Y oetk gems eZi”SQf/(Sag)(p;€ (t, x)
i (X) = O(e) on I x 3£2. Note that this condition is related to the second
component of ¥* only. Since oy = oc,’f and s, = s, forallg € M7 ando € [ k,
so e 7sal/(€%) o () can be eliminated. Extracting a subsequence ¢ € Ej, using
the o—quasi-periodicity of qb“;‘ and (5,6), @7, converges strongly to some ¢7 in
H' (I x £2), then the boundary conditions are

) kg
DR A RO AT V) S@2TTE _ 0on T x 982, (14)
o€l*,geMy

Applying (4) and since (ng—Aa) wo=0 for 0 € I¥, then in the weak
formulation it remains Y. [, o, F*-BWZ +U*- B0, — B) Wdtdx —

oelk
Jo U - BIW? (t = 0)dx = 0. Since (9, — B) W7 is o0—quasi-periodic, so passing
to the limit thanks to Lemma 1, after using (7) and replacing the decomposition of

ue, > ([1xpb (0, p,@)u-3,97 —c (0, p,q) u, - 27 — FJ -¢f didx—
oel* {p.qteM?

Jo Ug,eq (1 =0) dx)= 0 for all @7 eH' (I x ) fulfilling (14).

Moreover, if ugjeH ''(I x £2) then it satisfies the strong form of the inter-
nal equations (10) for each 0 € I¥, g € M7 and the boundary conditions
Y 0pq € (0D, @) usps = 0on I x 352 for ¢7 satisfies (14).

In order to find the boundary conditions of (u‘;) , we distinguish between the

0.p

two cases k # 0 and k = 0. First, for k # 0, Af‘n‘ is simple so M* = {n}.
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Introducing C = diag (¢ (o,n,n)),, B = diag (b (o,n,n)),, U = (u")g, F =

(F7) s Uo = (Ug,) e ¥ = (95), @ = (5, (0 ese@2m1"x/e) | Eq. (10) states
under matrix form Bo,U+Cd,U = F in | X.Q and BU (t = 0) = Up in £2 which
the boundary condition is rewritten as CU (z, x) W (t,x) =0on I x 352 for all ¥
such that @ (x).¥(t,x) = 0 on I x 052. Equivalently, CU (¢, x) is collinear with
_ Ik ke

& (x) yielding the boundary condition u’,jq&l’; (0) X7 _k¢>‘n (0)e 27 =0
on [ x 952 after remarking that ¢ (k,n,n) # 0 and ¢ (k,n,n) = —c (—k,n,n).
Second, for k = 0, )\?n‘ is double A(I)nl = /\?m‘ so MK = {n,m}. With C =

(C (Os P> q))p,q’ B = (b (07 b, q))p,q’ U = (ug)p’ F = (qu)q’ Uo = (U&q)q,
v = ((pg) , P = (¢|0q\ (0)) , the matrix form is still stated as above which the
q q

boundary condition is ugqﬁl(z‘ 0) +u21¢>‘0m‘ (0) = Oon I x 382 after remarking that
c(0,p,p)=0andc(0,n,m) # 0.

Proof of Theorem For a given k € Y*, let U® be solution of (2) which is
bounded in L?(I x £2), then IWs Ul 12(1x axxy) is bounded for o € I*. So

there exists G¥ € L*(I x Ax 2 x Y)2 such that, up to the extraction of a
subsequence, >, c;x WEU* tends weakly to G¥ = yo (k) UYy + Y esk pezx UF
in L2(I x Ax £2 xY)* The high frequency part is based on the decomposition
(9) and Lemma 3.

Remark 1 This method allows to complete the homogenized model of the wave

equation in [3] for the one-dimensional case. Let K € N*, we decompose - =

[Sﬂf] + 1! with I! € [0, 1) and assume that the sequence ¢ is varying in a set Ex C

* 50 thatl1 — [' when & — 0 with [! € [0, 1). For any k € L%, defined in [3],
oy

we denote py = kK € N, so 22 = pi [ ] 4 pil! and pl} — I* := pl! when
& — 0 with the same sequence of ¢ € Eg.

4 Numerical Examples

We report simulations regarding comparison of physical solution and its approxima-
tion for I = (0,1), 2 = (0,1), p = 1,a = %(sin(Zny) +2), =0, =0,
&= % and k = 0.16. Since k # 0, so the approximation (13) comes

U =T, e 60V (T) Ay

The validation of the approximation is based on the modal decomposition of any
solution U® = )", c,« R} (1) V/ (x) where the modes V/* are built from the solutions
vé of the spectral problem 9, (a®d,v¢) = A%v¢ in £2 with v{ = 0 on 952. Moreover,
in [9], two-scale approximations of modes have been derived on the form of linear
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Fig. 1 Numerical results

combinations )« 07 (x) i (%) of Bloch modes, so the initial conditions of
the physical problem are taken on the form u§ (x) = Y, e+ gzt OF (X) 97 (2).
Two simulations are reported, one for an initial condition u; spanned by the pair
of Bloch modes corresponding to » = 2 when the other is spanned by three pairs
n € {2,3,4}. In the first case, the first component of U; approximates the first
component of a single eigenvector V,* approximated by (15) where all coefficients
u;, = 0forn # £2. Figure 1a shows the initial condition u. Figure 1b presents the
real part (solid line) and the imaginary part (dashed-dotted line) of the macroscopic
solution #* and also the real part (dotted line) and the imaginary part (dashed line) of
u* at space step x = 0.699 when Fig. Ic, d plot the real part of the first component
U} of physical solution and the relative error vector of U{ with its approximation
which L?(£2)-norm is equal to 7e—3 at ¢ = 0.466. For the second case where
uy = 0forn ¢ {£2, 3, £4}, the first component U and the relative error vector
of U with its approximation which L?(£2)-norm is 3.8e—3 are plotted in Fig. le,
f. Finally, for the two cases the L?([)-relative errors at x = 0.699 on the first
component are 8e—3 and 3.5e—3 respectively.
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