Chapter 9
Other Estimation Methods

9.1 Estimation Using Empirical Distributions

9.1.1 Empirical Distribution Functions

Suppose that we have sample data z;, 9, . . ., z, assumed to be observed values of
independent random variables each having the same distribution function ' where

F(z) =P(X <)
Define new random variables Z; as the indicator functions of the interval

(—o0, 2], i.e.,

1X; <z
Zi _ [
(@) { 0 otherwise

Note that the Z;(x) are independent and are Bernoulli random variables with
parameter F'(z), i.e.,

P(Zi(z) = 1) = P(X; < z) = F(x)

It follows that, for any fixed x, we have that
n
Sp(x) = Z Z;(x)
i=1
has a binomial distribution with parameters F'(x) and n.
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Definition 9.1.1. The empirical distribution function, F), () is defined as

The empirical distribution function is the natural estimator of F, the population
distribution function, for the following reasons:

1. F,(x) is unbiased, i.c.,
E[F,(z)] = F(z) forany z

2. The variance of F),(z) is given by

3. ﬁn(x) is consistent, i.e.,
F,(z) -2 F(x) for any z

The above results follow from the fact that nﬁn(x) = S, is binomial with
parameters n and F'(x).
There are two important additional properties of F,, (x):

1. Glivenko-Cantelli Theorem
Under the assumption of iid X;’s we have

sup |F,(z) — F(z)] -2 0

i.e., the maximum difference between ﬁn(x) and F'(x) is small for large n.
2. Dvoretzky—Kiefer—Wolfowitz (DKW) Inequality
Under the assumption that the X;’s are iid

P <sup |y () — F(z)| > e> < 2e72"¢ for any € > 0
The implication of the last result is that if we define
L(z) = max{F,(z) — €,, 0} and U(z) = min{F,(z) + e,, 1}

where

_/In(2/a)
= 2n
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then we have that
P{L(z) < F(z) <U(z) forallz} >1—«

i.e., we have a 100(1 — «)% confidence interval for F'(x).

1. The previous two results, particularly the first, have been called the fundamental
theorems of mathematical statistics because they show that we can, with high
probability, learn about F' using a random sample from a population assumed to
have distribution F'.

2. In most statistical applications we can do better (use smaller n) since we assume
that F' is specified by a small number of parameters.

3. In fact, in many cases, we are not interested in F itself but some other function
such as the mean or variance of the population.

9.1.2 Statistical Functionals

In mathematics a functional is a function whose domain is a set of functions.

Definition 9.1.2. A statistical functional, 6 = T(F), is any function of the
distribution function F'.

Almost any parameter of interest is a statistical functional, e.g., the mean,
median, and quantiles. Since the sample distribution function is the natural estimate
of the distribution function the following gives the natural estimates of statistical
functionals.

Definition 9.1.3. The plug-in estimator of the statistical functional § = T'(F) is

~

0, = T(F,)

i.e., to estimate T'(F’) plug in (substitute) F, for F.

9.1.3 Linear Statistical Functionals

One important class of statistical functionals are the linear statistical functionals.

Definition 9.1.4. A linear statistical functional is a statistical functional of the
form

T(F)= /r(a:)dF(ac) for some function r
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where by [ r(z)dF(x) we mean
;{ r(z)f(x) or /xGX r(z) f(z)dz

depending on whether F' is discrete or continuous.
For linear functionals we have the following two important results:

(i) The plug-in estimator for a linear functional is

T(F,) = r(X;)

n

i=1

(ii) Assuming that we can find an estimate, s.¢., of the standard error of T' (ﬁn), an
approximate 100(1 — «) confidence interval for T'(F') is given by

T(Fn) + Zl—a/2§-—a
The reason for the second statement is that it is often true that

se

We then use the standard pivotal argument for the normal distribution to obtain
the approximate confidence interval for T'(F').

9.1.4 Quantiles

One other class of statistical functionals is of major importance, the quantiles of a
distribution.

Definition 9.1.5. If F' has a density function f then the pth quantile of F' is
defined by

The plug-in estimate of the p quantile is
T(F,) = inf{z : F,(z)>p}

and is called the pth sample quantile.
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The following are important quantiles:

p Name

Estimate
1—10 — 1% Deciles Sample deciles
i, i Quartiles | Sample quartiles
% Median

Sample median

9.1.5 Confidence Intervals for Quantiles

LetXl,Xg,..

., X, be independent with distribution function F'. Suppose that we
want a confidence interval for 7),,, the pth quantile of F, i.e.,

p=F(np) =PX; <np)
Define 71, Zs, ..., Z, by

7 _ 1if X; <mnp
¢ 0 otherwise

The Z; are independent Bernoulli with

It follows that

Sp = Z Z; is binomial (n, p)

=1

Now define the order statistics, X,,1, X2,

..., Xpnn, as the ordered values of
Xy, Xo,..., X, from smallest to largest.
Note that

Sp>2j = Xp; <np
and
Spn<k—-1 <= Xp21n
These last two facts allow us to determine confidence limits for 7, since

P(Xnj <mp < Xnp) =P(j < Sn <k —1)
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The last probability can be obtained from the binomial distribution with
parameter p, i.e.,

P(j < Sy <k —1) =P(S, <k —1) —P(S, < j— 1)
Thus all we need to do is find j and k such that
P(S, <k—-1)-P(S,<j—-1) >1—«

and we will have a 100(1 — «)% confidence interval for 1,.

This interval is nonparametric since we do not need to assume the specific form
of F'. In cases where we are willing to assume a specific form for F' we can do
better, i.e., have a shorter confidence interval.

Where to start for 5 and £? Note that

S, —np

———— =~ N(0,1)
np(1l —p)
so that
k—1-—
P(S,<k-1) ~ P|lz< "
np(1 —p)
ie.,
E—1 = np+z1_q2vVnp(l —p)

Similarly

J—1 = np—2z1_qs np(1 —p)

Start with this j and & and iterate.

9.2 Method of Moments

The method of moments is related to the plug-in method. If
a; = E(X7)

the plug-in method of estimation equates o; to the sample moment

where x; denotes the ¢th observation from a random sample. This defines the
estimate of «;
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The method of moments uses the fact that the population moments are functions
of the parameters 6 and solves the equations

Oéj((g) :aj fOI‘j = 1,2,...,]{
assuming that there are k parameters
01,05,...,0;

The method of moments enjoys some reasonable properties in the frequentist
paradigm:

1. Consistency, i.e., @L L5 0
2. Asymptotic normality, i.e.,

~

Vb, —0) -4 N(0,%)

where ¥ is determined by the solution to the equations defining the estimates.

9.2.1 Technical Details of the Method of Moments

Consider n iid random variables X1, X5, ..., X, and define the sample moments by
Yl—lznjx YQ—li:XQ Yk—lznjx’“
- n 4 (2] - n 4 79ttty - n 4 7
i=1 i=1 i=1
and let

ar = E(X") and p, = E(X — p)" where p = E(X)
be the corresponding population moments (moments of the distribution of X).

Provided that the expected value of X2 exists the central limit theorem
guarantees that

are jointly asymptotically normal. More precisely,

ValY —E(Y)] -5 N(0, %)
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where

and X is given by

var(X)  cov(X,X?) - cov(X, XF)
cov(X2 X) var(X?) ---cov(X? XF)

cov(X¥ X) cov(X*, X2) .- var(XF)

To obtain approximations to the sampling distributions of method of moment
estimators we use the Delta method. Let g be a continuous and differentiable
function and define

99(y1,Y2,---,Yk)

dy1
99(y1,Y2;--,Yk)

L Yk)
Vyla) = oua

99(y1,Y2,--,Yr)
9y Y1=0,y2=02,...,yp =0

then the Delta method applies and we have that

Valg(X X2, XN = glas, ag, .. ap)]
converges in distribution to a

N (0,6?)
distribution where

0> =V, ()EV,(a)

More generally if g1, g2, ..., g, are continuous and differentiable functions let
g =(91,92,---,9,) and let

991(y) 9g92(y) ... 99-(y)

0y1 oY1 oY1

991(y) 9g92(y) ... 99-(y)

N Jg(y) _ 0y 0y 0y
V)= Y= | e

991(y) 9g92(y) ... 99-(y)

Yk OYk Yk

be evaluated at
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Y1 = Qq,Y2 = Qg,..., Y = O
to obtain V4 (ax), then
—1 —2 —k
gl(Xannv"'vXn) _gl(a17a27"'aak)

—1 =2 —k
g?(XnaXn7"'7Xn) _92(a17a27- ..,Oék)

-1 =2 —k
gT(XnaXnv"'aXn) _gT(a17a2a"'aak)

converges in distribution to a
N (0,V)
distribution where

V=V, (a)ZV,(a)

9.2.2 Application to the Normal Distribution

The following are some general relationships between the central moments (the p’s)
and the moments (the a’s) which are valid for any distribution.

=0
ap = i
p2 = oy — i
oy = g + i

ps = as — 3ag + p3

ag = p3 + 3a?p — pb

pa = g — 4azp + 6agpu? — 3u*
g = pa + dosp — 6o p® + 3t

Suppose now that X is normal with mean y and variance o2. Then we have

p1 =0
o = o2
u3 =0

s = 30
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and hence for the normal distribution

ap = i

s = 02 + 2

as =302+ 1

ay = pt +6p20? + 30t

It follows that

var(X) = o2
cov(X, X?) = BE(X3) — BE(X?)E(X)
=30+ — (0% + 1)
= 2uo?

var(X?) = B(X*) — [B(X?)]?
= pu* + 64202 4 30* — (0% + p?)?

= 20t + 4p?0?
Thus
X - E(X)
n -
vn lXQ — E(X?)

converges in distribution to

N 0 o? 2uo?
0] [2u0? 20* 4 4p2o?

Example 1. Asymptotic distribution of s2. If we let

9(51752) _ 52 _ [:El]2
Then
—1 =2 1 ¢ 2 2 1 & 2
9@ 7 = > @t - (@)= (@i - )
i=1 =1
and hence
a —=1 =2
oz
99z, 7*) _
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Evaluating at ! = y and 7% = 02 + p? yields

dg(p,0%)
o 2
and
Oo?

It follows that the asymptotic distribution of S? satisfies
Vn(S? = o) -5 N(0,0?)

where
2 2
9 o 2uo —2u
=|—2u,1
v =2u, ]{2;402 204—1—4/1202} { 1 }

][]

=204

Since X' = X and S? are independent it follows that their joint distribution

satisfies
X —pu d 0] [ 0
arAE I (HR)

Example 2 (Effect size). The effect size is defined as

7

o
It is a widely used measure of the importance of a variable. If we let

— 2 — .2\ —1/2

9(@,s%) =7 (s?)

then we have a natural estimate of the effect size based on the method of moments.
Note that

g (T, 52 _
g(af ):(52) 1/2

d9(T, s?)

ez = T T2
S
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Evaluating these at T = 4 and s> = 0 we have

dg(p,0®) 1
ou o
and
dg(p,0®) — p
Oo? 203

It follows that

where
which reduces to

Example 3 (Coefficient of variation). The coefficient of variation is defined as

g

"
and is a widely used measure of variability.

If we let cv = %/s then we have a natural estimate of the coefficient of variation.
It follows that

Vi(2-2) 4 Noad)

where

which reduces to
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9.3 Estimating Functions

The method of moments and maximum likelihood are examples of obtaining
estimates using estimating functions.

Definition 9.3.1. A function g such that the equation

defines  as an estimate of 6 is called an estimating function. The equation itself
is called an estimating equation.

Definition 9.3.2. The estimating function g is an unbiased estimating function if

Elg(Y;0)] =0 forall 6

9.3.1 General Linear Model
Example 1. In a general linear model, i.e.,

E(Y)=X3 ; var(Y) =01
where Y isn x 1, Xisn X (p + 1), the estimating function

g(y;B8) =X"(y - XB)

defines the least squares estimate of 3.

9.3.2 Maximum Likelihood

Example 2. If Y has density f(y ; ) the estimating function

gly; 0) = 76111[‘);%’; %)

defines the maximum likelihood estimate of 6.
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9.3.3 Method of Moments

Example 3. LetYy,Ys,...,Y, beiid f(y; 0) and define

5 Lz i .
7= 2= (6) = Bg(Y)

Then the estimating function g(y; @) with rth component equal to

3? — Hr (0)

defines the moment estimator of 6.

9.3.4 Generalized Linear Models

Example 4. Let Y1,Ys,...,Y, be independent where f; is of the exponential
type, i.e.,

yit; — b(0;)

filyi; 0) = eXp{{ (0)

| +atws o)}
Then it is easy to show that

pi = E(Y;) = b1 (6)

A function A such that
h(pi) = h[b™M (6;)] = x| B

is called a link function and n; = h(y;) is called a linear predictor.
The link is called canonical if

ni=x;8=0
and in this case
pi(B) = b1 (6,)
For canonical links the maximum likelihood estimating equations are given by
i l:yi _,U/i(/B):| 90; -0
1 awle) |05

forj=1,2,...,p
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Note that
opi(B) _ 1 2)/p 9
= b2 (p;
0p; ( )8,Bj
so that
8”
00, laxg]ﬁ)

ap; — b (6;)

Thus the maximum likelihood equations are

for j=1,2,...,p

B

=1

where v; is the variance of Y;. In matrix form the maximum likelihood equations are

5 {a,gémr {yi—giw)] o

v
i=1 v

These equations specialize to the general linear model, the logistic regression
model, the log linear model, and many other commonly used models.

Each of the above examples yields an unbiased estimating function. In R we have
the packages LM and GLM.

9.3.5 Quasi-Likelihood

Example 5. The estimating function
n a/M ,6 T ~
> {()} v (yi — 1i(B))

where v; is the variance of Y; defines the quasi-likelihood estimator and it can be
used regardless of whether the family is of the exponential type since it depends
only on the mean and variance of Y;.

9.3.6 Generalized Estimating Equations

Example 6. Consider clustered data (either defined as repeated measures over time
on the same individual or as clusters defined by family or environmental facts).
Specifically let the observations (responses) from the ith cluster be

(yihyi%“'ayini) fori = 1723"'7m
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Let
E(Yi;) = pi; where h(pi;) = x50
where £ is a link function and let
pi(0) " = (in (8), iz (8), ., prin, (9))
fori =1,2,...,m

The GEE estimating equations are defined by

Z PMZ ] VY] [y — pa(0)] = 0

In R there is a package GEEpack (and others). These methods were introduced
by Liang and Zeger. See Diggle et al. [11] for details.

9.4 Generalized Method of Moments

Suppose there exists a function g X x © +— RP such that

tg(0o) = E{g(X,00)} =

where f14(6p) # 0 for 6 # 6.
The generalized method of moments replaces [E by F, the sample average, to
obtain

i 6) =+ " 9(Xi.0)

Then 8 is chosen to minimize
~ T ~
fig(0) Wiy ()

where W is a weighting matrix (assumed positive definite). The optimum choice of
W is ¥ where

3 = Vary, {agg;, f) }
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Under weak conditions, such a 8 satisfies:

» Consistency
* Asymptotic normality, i.e.,

~

V(@ - 8) -5 MVN(0,GTEG)

where

~ 0g(Y,0)
G="5

All of these facts arise from routine Taylor’s expansions. In R there is a package
GMM.

9.5 The Bootstrap

Most estimation methods have the property that they produce estimators which have
the property that

so that

~

9n + Zlfa/gs.e.(é\n)

is an approximate 100(1 — «)% confidence interval for 6.

9.5.1 Basic Ideas

The bootstrap, developed by Bradley Efron, is a method which can be used, with few
assumptions, to estimate the standard error of a statistic and to calculate approximate
confidence intervals for the parameter the statistic estimates.

Assume that 7T, is a statistic, that is, 7}, is some function of the observed data
which is a random sample from F'. The variance of T;, and distribution of 7}, is of
interest.

We write

Vr(Ty)

to denote this variance and note that it depends on the unknown F'.
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The Bootstrap

e € )

Fig. 9.1 The bootstrap

DN =

The following two steps constitute the basis of the bootstrap (Fig. 9.1):

. Estimate V(7)) by V; (T5)
. Approximate V ( )by simulation

. The approximation error of F' by the sample distribution function is the most

likely of the approximations to be large since it requires that the sample
distribution function be close, in some sense, to the true distribution function.

. Thus it will work well if the sample is “representative” and if n is not too small.
. The approximation error of the sampling distribution of 7;,, assuming that F}, is

the true distribution function, by simulation is expected to be small.

9.5.2 Simulation Background

. IfY1,Ys, ..., Yp is arandom sample from a population with distribution G then

the law of large numbers implies that

B
23V s EY)

i=1

i.e., if we draw a (large) sample from population G we can approximate E(Y") by
the sample mean.

. This result is easily generalizable to any function of Y, say h(Y"), which has

finite mean, i.e.,

1 B
5 k() 5 Eh(Y))

. Assuming that variances exist it follows that

B B

converges in probability to E(Y?2) — [E(Y)]?, i.e., to V(Y).



9.5 The Bootstrap 119

4. Thus the sample variance of the Y;’s can be used to approximate the variance
of G. It follows that if we can simulate random samples from a population with
distribution G, then we can get a good approximation to the expected value and
variance of G.

R and other computer packages provide functions which allow selection of
random samples from a variety of distributions, e.g., rnorm, rgamma, rbinom, etc.
For other distributions and to understand how random samples are generated recall
the following basic result from probability theory.

If X is a random variable with a continuous distribution function F' then the
random variable U = F'(X) has a uniform distribution on the interval [0, 1].

Proof.

This result is called the probability integral transformation and provides,
among other things, a method of obtaining a random observation from any
continuous distribution. Simply generate a random uniform, then, F'~!(U)has
distribution F'. More generally, generate wuq,us,...,u,, independent with each
observation on a uniform on [0, 1]. Then

w1 =F~Yw), 20 = F ' (ug), ..., 20 = F ' (up)

is a random sample from F'.

Computer scientists have discovered much more efficient ways to generate such
samples, but the above result is important because it shows that we can always
simulate from any distribution function.

9.5.3 Variance Estimation Using the Bootstrap

It is clear from the previous section that we can use simulation to approximate
Vi (T},). This requires the simulation of the distribution of 7,, when the data are
assumed to have population distribution ﬁn

Note that F;, puts probability mass 1/n on each sample point. Thus, drawing an
observation from ﬁn is equivalent to drawing one point at random from the original
data set, i.e., to simulate
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X;, X35, X"

from F), it is sufficient to draw n observations from the original data set
T1,Z2,..., %, With replacement.

Assuming that F),, adequately estimates F' we thus have one sample from
the original distribution function. Hence we can, by simulation, approximate the
sampling variance of the statistic 75, .

Here is the bootstrap method for variance estimation.

1. Draw n observations x7,x3,...,z) at random, with replacement from the
original data set.
2. Compute the statistic T, = g(x7,25,...,2%).

3. Repeat steps 1 and 2 a large number, B, of times to obtain
* * ce ey T,;:B

nlr+n2>

called the bootstrap replicates and their sample mean.

4. The bootstrap estimate of the variance of T}, is then given by
1B
_ = * N\ 2
Varps = B i§71(Tni Tn)

Note that Ty, T, ..., T 5 can be used to estimate the distribution function of
T, (Fig.9.2).

9.6 Confidence Intervals Using the Bootstrap

9.6.1 Normal Interval

There are many ways to find confidence intervals using the bootstrap.
If the distribution of 7, = 6,, is approximately normal, then use

~

On + Zl—a/25-€C-bs

In the R function boot.ci this method is called “norm.”
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The Bootstrap Process

X4 Xo X Xn1 Xn
Random Sample of Size n from F
4""”;"’/ \4 i \‘;\\\*
bst(1) bst(2) bst(i) bst(B-1)  bst(B)

B Random Samples of Size n with Replacement from
(X4 X = X Xpog Xp)

Compute
glbst(1)]  glbst(2)] glbst(i)] glbst(B-1)] g[bst(B)]

Approximate Distribution of g(X)

Fig. 9.2 The bootstrap process

9.6.2 Pivotal Interval

Recall that a pivot, p(Y, #), is any function of a random variable Y and a parameter
6 such that the distribution of p(Y, 8) does not depend on 6.

Example. The best known example of a pivot is

where

and the Y;’s are iid each normal with mean p and known variance o2. The
distribution of Z,, is normal with mean O and variance 1 and does not depend on .
The standard inversion shows that

yn + Zl—(x/Qse

is a100(1 — )% confidence interval for .
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The pivotal method for the bootstrap defines
R, (0,0) =6, — 0

and assumes that it is a pivot with distribution function . If H is known, standard
inversion gives the confidence interval. Since H is unknown, it is estimated from
the quantiles of the bootstrap.

In the R function boot.ci, this interval is called “basic.”

9.6.3 Percentile Interval

Given the bootstrap replicates

~ ~
* *

Nx
nlr»“n2s - "enB

The percentile interval is simply defined as

(022 0]

where 0% /2 is the /2 quantile of the set of bootstrap replicates and 67 _ /2 is the
1 — «/2 quantile of the set of bootstrap replicates.

In the R function boot.ci this interval is called “perc.”

The R library boot has a wide variety of bootstrap functions.

9.6.4 Parametric Version

There is also a parametric version of the bootstrap in which we

1. Assume the model density is known.

2. Estimate parameters by maximum likelihood or some other methods.

3. Use the estimates to draw random bootstrap samples from the known distribution,
substituting the estimated parameter values for the parameters.

4. Use the resulting bootstrap distribution to assess standard errors, confidence
limits, etc.

5. This version is particularly useful to check on approximations such as the delta
method.
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9.6.5 Dangers of the Bootstrap

All you ever learn using the bootstrap, without further modeling assumptions, are properties
of Fy,. Unless you have a way of saying how much and/or in what ways knowledge of F’,
can be transformed into knowledge of F', the bootstrap can only tell you about F,, not
about F' [46].

9.6.6 The Number of Possible Bootstrap Samples

If we have a sample size of n there are only

2n—1
n—1
possible bootstrap samples. To see this imagine n boxes defined by n — 1 lines

The first bootstrap observation can be put one of the n boxes, the second into n + 1
possible positions, the third n + 2, . . ., the nth into 2n — 1 positions.

1. The total is

(2n —1)!

n(n =1+ (20 —1) = (20 = Doy =

2. The balls can be ordered in n! ways so that the total number of possible samples is
(2n—-1)!  (2n—1
(n—1n! \n-1
3. Thus it would be possible to enumerate all the possible samples.
Recalling that (Stirling’s Approximation)

rl &~ (27Tr)71/2rrefr

we have that

<2n - 1) _[2r(2n—1)]7V2(2n — 1) lem (D)

n—1) " [2xmn]'2nrer[2m(n — 1)]Y/2(n — 1)7—1

:[ o — 1 ]1/2 {n[2-1]}""

(D)=
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—x o

2mn(l — 1) [1- %]"*1

~1/292n—-1

Q

(mn)

Thus we have

n 5 10 15 20 30
Samples | 102 | 10° | 108 |10'! |10'7

One can also show that the original sample is the most probable of these to occur.
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