Chapter 7
Maximum Likelihood: Basic Results

7.1 Basic Properties

As we have seen once we have an estimator and its sampling distribution we can
easily obtain confidence intervals and tests regarding the parameter. We now develop
the theory of estimation focusing on the method of maximum likelihood, which for
parametric models is the most widely used method. This will also supply us with a
collection of statistical methods for important problems.

For comparing two values of a parameter, 65 vs 62, a natural role is played by the
likelihood ratio

f(;02)
f(95591)

According to the Law of Likelihood the likelihood ratio represents the statistical
evidence in the data for comparing 65 to 6;.

.Z%(@g,&l;x) =

The score function is defined by

5(0:2) = 8ln[g2x;9)]

The score function plays a major role in the theory of maximum likelihood
estimation.

Example. Consider n iid normal random variables with parameters 6, 0> where o>
is known. Then

f(@;0) = (2m0®) 7" exp {—2; Z(w — 9)2}
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and

It follows that

As a random variable we have that the score function has expected value 0 and
variance n/o? when evaluated at the true 6.

Because of the Law of Likelihood a natural estimate of € is that value of § which
maximizes the likelihood or the log of the likelihood.

Assuming that In[f(x;0)] is differentiable with respect to € the maximum
likelihood estimate is then the solution to

Oln[f(z;0)]

00 =0

which is called the likelihood or score equation. If there are r parameters we
differentiate with respect to each and equate to 0, obtaining r equations. Note that
one needs to check the second derivative to ensure a maximum.

Example 1 (Binomial). . If X is binomial with parameter 6 then
n _
f(z;0) = ( >91(1—9)” Tr=01,...,n
x
First note that if z = 0 then f(0;6) = (1 — #)™ and in this case =01z =n

then f(n; ) = 6™ and in this case § = 1.

Forxz =1,2,...,n — 1 we have that

In[f (23 0)] = ln[(Z)] = 2In(0) + (n— 2)In(1 — 0)

and

Oln[f(z;0)] = n—z  x-—nb

a0 9 1-6  6(1-0)
It follows that

9\:5 forx =0,1,...,n
n
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Note that it is unbiased with variance 6(1 — 6)/n so that it is also consistent.
Example 2.. Let Y1,Ys,...,Y, be iid each normal with mean 1 and variance o2.

Then we have

Fy;0) = ﬁ(Zﬂ'aQ)_l/Q exp {_(y—/UZ}

P 202
— (2702)" /2 _Zi:l(y’b 1)
(2mo®) oxp{ ==

It follows that the log likelihood is given by

In[f(y;0) = *g In(27) — gln(JQ) — % Z(% — )2

Thus we have that

ol ;0 1
WSOl Loy
and
Dlrso) __ n | S
Oo? T 202 204

and it follows that

7.2 Consistency of Maximum Likelihood

1. Consider the case where there are only two possible values of the parameter 65
and 6 1-

2. Also suppose that we have n observations which are realized values of
independent and identically distributed random variables having density f(x; 0)
or f(x;61).

The maximum likelihood estimate is defined by

b 0o if f(x1,29,...,2n;02) > f(x1,22,...,2,;601)
0, otherwise
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1. Assume with no loss of generality that 5 is the true value of the parameter.
2. The maximum likelihood estimator is consistent if

Py, (0 =0;) — 1

We note that 6 = 6, if and only if

[z, 22,...,2,;02) _ ﬁ f(xi;02)
f

flxr, e, ...,y 61)

Equivalently

i=1

Now note that the random variables
f (Xz'; 92)]

Yi=ln {ﬂxi;al)

are independent and identically distributed.
Moreover

() = [ | B2 rasoan(an)

;01)
- [l
> [ (G 1) st

=0

(; 02)M(dx)

By the law of large numbers we have that
1 »
EZYZ» Ly Ee,(Y)>0
i=1
and hence

Py, (0 =6,) — 1

i.e., 0 is consistent:

1. The same proof holds provided the parameter space O is finite.
2. The more general case where © is an interval requires more delicate arguments
and is of technical, not statistical interest.
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7.3 General Results on the Score Function

We know that
/f@wmnm:1

for any density function f(x;#). Recall that for a function g we write

) [ [ g(z;0)dx g continuous
/g(x,@)d)\(a:) N { >~ g(x;0) g discrete

Assuming that we can differentiate under the integral or summation sign, we
have that

of (z;0) _
/47ﬁ—dM@_ﬂ

Now note that

Of (z;6) _ 9n[f(x;6)]
00 oL

f(x;0)

It follows that

Thus the expected value of the score function is 0.
If we differentiate again we have that

/ PI0),

67
Noting that
*f(x;:0) 0 [Qf(x;@)}
002 0 00
:g[am%gﬁﬂﬂmm]
we see that

92f(x:6) 0% In|f (x;0)] .
962 _[ 062 ]f@ﬁ)
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On[f(z;0)]] 0f (;0)
+[ 06 } 06

The right-hand side may be written as

[521H[f(w;9)}] F:0) + [mn[f(w;@)]

2
502 50 } f(z;0)

It follows that

{5 ) ()

‘W{amﬁwﬂﬂ}:_ﬂg{ﬁﬂﬂﬂaﬂq}

and hence

00 062

The quantity

k, { {32 1ng;(2m;e>]]}

is called the (expected) Fisher information and

- {62 mg;(f;a)]}

is called the (observed) Fisher information.

7.4 General Maximum Likelihood

1. Let X be a random variable with density f(z;6).

2. Assume that the parameter space © is an interval and that f(x;#) is sufficiently
smooth so that derivatives with respect to € are defined and that differentiation
under a summation or integral is allowed.

3. Finally assume that the range of X does not depend on 6.

Under weak regularity conditions it follows from the previous section that

e, [2eCs0)

B, { {Mn[f@(;(;e)]r} _ _Ee{[aQ mggc;e)]]}
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Thus the random variable

0(6) = {am[géx;e)}]

i.e., the score function has expected value and variance given by
Eo[U(0)] =0 ,Vo[U(0)] = i(6)

where

(0= 5, {[ZHl101] )

is the expected Fisher information for a sample size of one.

Example. If X is normal with mean # and variance o2 with o2 known then

In[f(z;0)] = f% In[270?] — %(z —0)?

and hence
Oln[f(x;0)] = -0
00 T g2
and
Inff(x;0)] 1
002 T g2
so Fisher’s information is
. 1
i) = —

Example. If X is Bernoulli 6 then
fla:0) =67 (1 —0)' "
and hence
In[f(x;0)] = xIn(f) + (1 — z) In(1 — 0)

It follows that
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Ohlf(5:0) @ 1-u

9 9 1-0
and
Phlf(w;0)]  x 1-x
00? 602 (1-0)?
so Fisher’s information is
i(0) = L + ! = !

0 1-0 0(1-0)

If we have a random sample X1, Xs, ..., X,, from f(x;6) and if

then
U(0) = }:&@)

is the sample mean of n iid random variables with expected value O and vari-
ance (0). It follows that

VU 5 N[0,i(6)]

by the central limit theorem.
Define the maximum likelihood estimate of 6 as that value of § which maximizes

f(x;0) or equivalently In[f(x; 8)].
Thus we solve
OIn[f(x;0)]
06

or when f(x;6) =[], f(xi;0) we solve

=0

Since we can write, using Taylor’s theorem,

du(0) o (0 —0)?
i (0 —0) +0(67)

w(8) = u(0) +

where
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. d*u(0)
v(0*) = 10
0=0*
and 0% is be/t\ween 0 and @.
Since u(#) = 0 we have
= awe) | G-0)]
(09)[ 20 + v(6%) 5 = —u(f)
It follows that
N ()
V(0 =0) = — duw)f 1 ey (0=0)
{_E a0 — 2v(07) }

Application of the results of the preceding section shows that

where i(0) is Fisher’s information for a sample of size 1.

7.5 Cramer-Rao Inequality

If t(x) is any unbiased estimator of 6 i.e.
Et(X) =0

then
/t(m)f(x;ﬂ)d)\(x) =40

Assuming that we can differentiate under the integral or summation sign, we
have that

[P s pyine) =1

and hence

cfom [z
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It follows that

>1

v { 0L

or

1
VIHX)] 2 77
where I(0) is the expected Fisher information. Thus the smallest variance for an
unbiased estimator is the inverse of Fisher’s information. This result is called the
Cramer—Rao inequality.

Since 1/1(0) is the large sample variance of the maximum likelihood estimator
we have the result that the method of maximum likelihood produces estimators
which are asymptotically efficient, i.e., have smallest variance.

7.6 Summary Properties of Maximum Likelihood

1. Maximum likelihood have the equivariance property: i.e., the maximum likeli-
hood estimate of g(0), g(8), is g(6).
2. Under weak regularity conditions maximum likelihood estimators are

consistent, i.e.,
0 L5 0
3. Maximum likelihood estimators are asymptotically normal:
V(@ —60) ~% N(0,v(6))

where v(f) is the inverse of Fisher’s information.
4. Maximum likelihood estimators are asymptotically efficient, i.e., in large
samples

o~ ~

V(#) <V(0)

where 6 is any other consistent estimator which is asymptotically normal.

The regularity conditions under which the results on maximum likelihood
estimators are true consist of conditions of the form:

(i) The range of the distributions cannot depend on the parameter.
(ii) The first three derivatives of the log likelihood function with respect to € exist
are continuous and have finite expected values as functions of X.
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7.7 Multiparameter Case

All of the results for maximum likelihood generalize to the case where there are p
parameters 61,05, ... ,0,. Let

0
02
0= .
Op
If the pdf is given by
f(x;0)
the maximum likelihood or score equation is

9 In[f(x;0)]

50,
Oln[f(x;0
om[f(x:0) | 2ol

= = O
00 :
dIn[f(x;6)]
90,

Fisher’s information matrix

has ¢ — j element given by

Note that it is a p X p matrix.
Under regularity conditions, similar to those for the single parameter case we
have

1. The maximum likelihood estimate of (@), g/(\H), is g(a)
2. Maximum likelihood estimators are consistent, i.c.,

6 0
3. Maximum likelihood estimators are asymptotically normal:

~

(60 —00) ~ N(0,V,(60))

where V,,(0g) is the inverse of Fisher’s information matrix. We can replace 6,
by 6 to use this result to determine confidence intervals.
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7.8 Maximum Likelihood in the Multivariate Normal

Let y1,y2,...,y, be independent each having a multivariate normal distribution
with parameters p and 33, i.e.,

ey ) = (20) et (D) exp {3~ )72 - )}

The joint density is thus

(v, B) = (21) " 7 [det(Z)] " exp {—; Z(Yi — ) TS Yy — N)}

i=1

We will show that the maximum likelihood estimates of p and X are

1 n
ﬁ:yzﬁzyi
i=1

and

i.e., the 7 — k element of S is

% Z(yij —9;)(Yir — i)

i=1
essentially the sample covariance between the jth and kth variable.

The first step is to note that

n

S yi—mw) =y —p)

i=1
can be written as

Yyi-9 = yi - +nF-w' =T -w
=1

or

ntr [S7'S] +n(y —p) "2y - )
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where the trace of a square matrix, tr(A4), is the sum of the diagonal elements, i.e.,

p
tI‘(A) = Z A4
i=1

Thus the joint density fy (y; p, 2) = can be written as

n

(2m)~ # [det(2)] % exp {—%u (58] - %

y-n'=(y- u)}

It follows immediately that the maximum likelihood estimate of 4 is ¥ and the joint
density at ;& and X = S is thus

Fy(yii, ) = (2m) % [det(8)]F exp {5 |

The ratio

~

Sy (y;p, %)
is thus equal to
[det(S)]~% exp {2
det(®)] T exp {5 [27S] - 3y -0 =7 - )}

which is greater than or equal to
det(37'8)"F exp {7 + Jur [278]

This ratio is greater than or equal to 1 if and only its logarithm is greater than or
equal to 0. The logarithm is

g {~In[det(=7'S)] —p+u[E7'S]}

If A1, A2, ..., Ay are the characteristic roots of >7!S then it can be shown that
1. \; > Oforeachi
2. det(Z7'S) =17, \
3.u(Z7tS) =" N\

i=1

It follows that the log of the ratio is greater than or equal to

Z{;ln()\,;)ngz;/\i}
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or
n (&
3 {Z Ai—1- ln()‘i)]}
i=1
which is greater than or equal to zero since
a —1—1n(a) > 0 for any positive real number

Thus the maximum likelihood estimators for the multivariate normal are

fi=y and =8
We usually use

n

n—1

as the estimator so that the estimated components of 3 are exactly the sample
covariances and variances.

7.9 Multinomial

Suppose that X1, X5, ..., X} have a multinomial distribution, i.e.,
ko gui
flz1,xa, ..., xk;01,09,...,0;) =n! ,732"
i=1 """
where

k
0<z;<n eachi=1,2,...,kand inzn
i=1
and
k
0<6;<1eachi=12,... kand Y 0;=1
i=1

Note that

k-1 k-1
szl—ZQi and xk.:n—in
i=1 i=1
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The maximum likelihood estimates of the €; are found by taking the partial
derivatives of the log likelihood with respect to 6; for i = 1,2,...,k — 1 where
the log likelihood is

k k
In[f(x, 0] = In(n!) — Z In(z;!) + Z x; 1In(6;)

i=1

Since 0, =1 —01 — 0y —--- — 0;,_1 we have

oln[f(x,0)] x; xy
00; 0 Oy

fori =1,2,...,k — 1. It follows that the maximum likelihood estimates satisfy
xié\k :@xk fori =1,2,....,k—1
Summing from 7 = 1 to k — 1 yields

(n — w}g)é\;@ = (1 — é\}g)xk

and hence
n@k = Tk
so that
Lilk —@xk or @ ——
n n

The second derivatives of the log likelihood are given by

02 In[f(x,0)] T;  Xp

002 02 0,

which has expected value

nb; nby n n

20 0 o

and
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which has expected value

nby, n

07 o

Thus Fisher’s information matrix, Z(0), is given by

1 1 1 1

o te 6 oy

1 1 1 i

—_ —_= + —_ . —_

O 62 O O

Z0)=n . :
1 1 AU | 1
0 O Or_1 + O

Fisher’s information can be written in matrix form as

n D) + HiuT
k

where D(0) isa k — 1 x k — 1 matrix with diagonal elements 61,605, ... ,0;_1 and

1is a k — 1 column vector with each element equal to 1.
The general theory of maximum likelihood then implies that

V(@ -6) -5 N(0,[i(6) ")

where () is Fisher’s information matrix with n = 1.
It is easy to check that

[((0) ' =D(8) —66"

or
01(1—01) —61602 -+  —0105_1
(O] = —9:291 02(1 :—92) _92‘:9k—1
91;191 —91@;192 s O (1 - Ok—1)
which we recognize as the variance covariance matrix of Xq, Xo, ..., X1

Standard maximum likelihood theory implies that

Now note that
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is equal to

n(@—0)" |DO)" R 6 —6)
Dk

and hence to

n@-0)DO) " (0-0)+—(0-0)T117(0 - 0)

This last expression simplifies to

k-1 2 k-1 2
(91' 902 o n )
n; 0; + 0y 1:1(91 6:)

k-1
(r; —n0)> n ~
— (0, — 0
2 s + 9k< e — Ok)
and to
k-1

(x; — nb;)? n (2 — nby)?
nb; nly,

-
Il
-

This finally reduces to

(mi — ’Il(gi)Q

M=

1

<.
Il

Noting that E(X;) = nf; = E; this last formula may be written as

(X; —E;)?
E;

-

Il
—

7

which is called Pearson’s chi-square statistic. For large n, it has a chi-square
distribution with k£ — 1 degrees of freedom.
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