Chapter 9
Quasistatic Problems

This chapter deals with the study of quasistatic contact problems with a nonlocal
Coulomb friction law. We first consider that the unilateral contact is modeled by
the Signorini conditions. In this case, a variational formulation (see [7]) involves
two inequalities with the simultaneous presence of the displacement field and of
the velocity field. More precisely, the friction law generates an inequality with the
velocity field as test function while the Signorini conditions lead to an inequality
with the displacement field as test function. Applying Theorem 4.19 (p. 77), a known
existence result (see [7]) is provided. We then prove, following the work [5],
convergence results for a space finite element approximation and an implicit time
discretization scheme of this problem. The last section is devoted, as in the work [6],
to the study of a boundary control problem related to a quasistatic bilateral contact
problem with nonlocal Coulomb friction.

Concerning the study of quasistatic contact problems in elasticity, we mention
the existence and/or uniqueness results obtained, in the case of a normal compliance
law, by Andersson [3] and Klarbring et al. [9], and, in the case of a local or nonlocal
Coulomb law with unilateral contact, by Cocu et al. [7], Andersson [4], Cocou
and Roca [8], Rocca [14]. For the study of quasistatic bilateral contact problems
involving viscoelastic or viscoplastic materials, we refer to Shillor and Sofonea [15],
Shillor et al. [16] and Amassad [1].

9.1 Classical and Variational Formulations

The quasistatic evolutionary of an elastic body in unilateral contact with a rigid
foundation is considered. We suppose that the volume forces f = f (x,¢) and the
surface tractions g = g(x,t) are applied so slowly that the inertial forces may be
neglected.
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192 9 Quasistatic Problems

With the notation adopted in Sect. 8.1, the classical formulation of the quasistatic
problem is obtained, as in the static case, by considering the equilibrium equations,
the constitutive equation, the kinematic relation, the boundary conditions, and the
initial condition.

Problem (2): Find a displacement field u = u(x, 1) : Q x [0, T] — R? such that

—dive = f inQx(0,7), 9.1)
1
o=0u)= e, €= E(Vu—kVuT) inQx(0,7), 9.2)
u=0 onlyx(0,7), 9.3)
o-v=g onlx(0,T7), 9.4)
u, <0, 0,<0, wuo,=0 onl,x(0,7), 9.5)

lo:| < w|Zoy| = u, =0

| = v d . Iy x 0, T s
ol = el o | = g = A= 0., = —da, O
(9.6)
u0) =uy inQ. 9.7)
where o/ = (ajjk;) is the fourth order tensor of elasticity with the elasticity
coefficients satisfying the symmetry and ellipticity conditions:
@jjkh = Qjipk = Qkpij » Y1 <1, j,k,h < d,
Ja > 0 tel que ajnisEn > al€?, V& = (&) e RY . 9.8)

In order to derive a variational formulation of the problem (9.1)-(9.7), we
suppose that

[ eW0.T:(L2(@)).

g € WO, T: (LX),

ajjk € L¥(Q), i, j, k.l =1,....d,

u e L®(T,), w>0ae. only

Z : H™Y2(I';) = L*(I') is a linear continuous operator. 9.9)

We shall use the notation

V={veH(Q)?:v=0ae. onTy},
K={eV;v,<0ae. only},

a(u,v) = /o(u)e(v) dx VYu,veV. (9.10)
Q
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Let F € W'2(0,T;V) where, for all t € [0,T], F(t) is the element of V
defined by

(F(ty,vy=| f@®)-vdx+ | gt)-vds VveV, 9.11)
[ |

I

where we have denoted by (-, -) the inner product over the space V.
We also put

W ={weV;diva(w) e (L}%(Q))}. 9.12)

For simplicity, we denote by (-, -) the duality pairing between (H ~'/?(T',))? and
(H'*(T,))? or between H~'/?(T,) and H'/*>(T';). Then, as we have precise in
Sect. 8.1, we have

(o(w)-v,v) = /a(w)e(f)) dx + /div ow)yvdx Vwe W, Vve (H*(T,)?
Q Q

where v € (H'(Q2))? satisfies ¥ = v almost everywhere on T',.
Therefore, we define the normal component of the stress tensor o,(w) €
H~'/2(I,) by

(oy(w),v) = /a(w)e(f))dx —+—fdiv owywdx VYwe W, Vve HY ()
Q Q

where ¥ € (H'(Q))¢ satisfies ¥, = 0 and v, = va.e. on I',.

It is easy to verify that, for any w € W, the above definitions of o (w) - v and
o, (w) are independent on the choice of v.

For all ® € V, we introduce the functional jg : K (®) x V — R defined by

Jo(u,v) = /ul%au(u)l lv|]ds VYue K(®) VveV, (9.13)

T
where
KO®)={weK;aw,¥)=(0.,¢¥), V¢ € V suchthat y = 0a.e.onI,}.

A variational formulation of this problem (see [7]) involves two inequalities and
the simultaneous presence of the displacement field and of the velocity field. More
precisely, the friction law generates an inequality with the velocity field as test
function while the Signorini conditions lead to an inequality with the displacement
field as test function. So, we shall consider the following weak formulation of
Problem (2).
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Problem (Q): Find u € W'2(0, T; V) such that

u0) =uy, u() e~K vVt € [0, TJ
a(u(t),v —a(1)) + jro@),v) — jre @), u(t))
> (F(t),v—u()) + (o,(m()),v, —it,(t)) VveV aete(0T)
(o, ((t)),z0 —uy(t)) >0 Vze K, Vte(0,T).
9.14)

Remark 9.1. 1f u verifies the first inequality of Problem (Q), then u(¢) € K (F (1)),
vVt €[0,T].

We suppose that the initial displacement uy € K satisfies the following
compatibility condition

a(uo,v) + jro(mo,v) > (F(0),v) VveKkK. 9.15)

In order to show that the classical formulation (2) and the variational formula-
tion (Q) are equivalent, we first prove the following result.

Lemma9.1. Let u € K N W be a regular function. Then, the following two
conditions are equivalent:

u, <0, o,(m) <0, u,0,(m) =0 onl, (9.16)
(oy(@#),zy —uy) >0 Vze K. (9.17)

Proof. If the unilateral contact conditions (9.16) hold, then we have

(ov@). 20 —iy) = (0v(@). 20) — (00 @), y) = (0, (@).2,) =0 Vze K.
Conversely, if (9.17) is satisfied, then, by taking z = 0 and z = 2u, we obtain
(ov (@), i,) =0, (9.18)
and hence, by the inequality (9.17), we get

(0,(@),z,) >0 Vze K. (9.19)

Finally, from the relations (9.18), (9.19) and the definition of K, we conclude the
proof. O
Following the standard procedure, we derive the next result.

Theorem 9.1. The mechanical problem (2) is formally equivalent to the weak
formulation (Q) in the following sense:

(i) If u is a sufficiently smooth function which verifies the mechanical problem
(9.1)—~(9.7), then u is a solution of the variational problem (9.14).
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(ii) If u is a regular solution of the variational problem (9.14), then u verifies
(9.1)—(9.7) in the distributional sense.

Proof. For simplicity, we shall omit the variable ¢.

(i) Multiplying Eq. (9.1) by v — &z with v € V and integrating by parts over €2, we
obtain

a(u,v—it)—/a-v(v—it)ds:/f(v—it)dx YveV,
Q

r

and so, by using (9.3) and (9.4), we get

a(u,v—it)—/(ov(vv—itv)%—orz(vf—itr)) ds = (F,v—u) VveV. (9.20)

r;

Hence, forv = ¢ + & with ¥ € V such that y = 0 a.e. on I',, we deduce that
ueK(F).
On the other hand, the Coulomb friction law (9.6) implies

fp (u,v)—fp (u,it)+/ o.(v.—1ut;)ds > 0 Vvsmooth function. (9.21)
I
Indeed, let us denote £ = u|Zo,|(|[v.| — |it.|) + 0. (v, —it;).
If |o.| < u|%o,|, thenit, = 0, and hence

E = —[o|[v:| + plZoy| |v:| = 0.
If |o.| = n|#o,|, then we have i1, = —Ao , and so
E=0v.+|o.||v:|] >0.

Combining (9.20) and (9.21), we deduce that u verifies the first inequality
of (9.14).

The second inequality of (9.14) is obtained from (9.5) and Lemma 9.1 for
u=u.

(ii) If we take v = & & ¢ in the first inequality of Problem (Q), with ¢ € (2(R2))¢
and we apply Green’s formula (8.7), then we obtain (9.1) in the distributional
sense.

It is immediate, from Lemma 9.1 and the second inequality of (9.14), that
the Signorini contact conditions (9.5) are satisfied.

In order to obtain (9.4), we multiply the relation (9.1) by v — &t withv € V,
and so, by integrating by parts and using the first inequality of (9.14), we obtain

Jr@.v)— jr.a)+ | (o -v)(v—a)ds— | g(v—it)ds
/ /

I

> (oy(w),vy, —it,) VYveV. 9.22)



196 9 Quasistatic Problems
By choosing v = it + ¢ with ¢ € (C*®(RQ))¢ and supp ¢ C T'j, we deduce

/((a-v)—g)-sods=0,
I

that is the relation (9.4). Thus, the relation (9.22) becomes

Jr@v) — jr (i) + / 6 e —it)ds =0 VweV. (9.23)
I

We now take v € V such that v, = =8¢ with§ € R;, ¢ € (C®(R))? and
supp ¢ C I'2. Aso,v;, = £60.¢, = £60.¢, we obtain

8/ (%o, | o] £ 019) ds —/ (10, | ity + 0 i) ds = 0 W5 = 0
Fz FZ
which gives

/(iw 4 1|%oy| gl ds = 0

)
/(afll, + w|Zo,| i |)ds <0
I

or, equivalently to
lo.| < p|%o,| (9.24)
and
0t + p|%oy| || <0. (9.25)
It is easy to see that the relations (9.25) and (9.24) give
ol + wlZo,| i | =0. (9.26)
Indeed, if |o0.| < w|#o,|, then, supposing that &, # 0, it follows that

0> o, + |0, |it;| > 0, which is a contradiction. It follows that &z, = 0.
If |o.| = u|%o,|, then it follows that 0 = o .it, + |0 .| |it,|, and so, there

exists A > 0 such that #, = —Ao .. Therefore, the friction conditions (9.6)
are satisfied and, by taking into account that u(0) = ug et u(¢) € K for all
t € [0, T], we conclude the proof. |

Using an implicit time discretization scheme (as in Sect. 4.3, p. 69), we obtain

.....



9.1 Classical and Variational Formulations 197

Problem (Q)\: Find ' ™' € K'*' such that

a@ 'y — o) + jrin @) — jpin @t ul)
> (F'y—ou') + (o,@*),v, —3ul) VveV, 9.27)
(0@ th),z, —uity >0 Vze K

where K't! = K(F'*') and u® = u,. By setting w = VAL + u', we deduce that
the problem (Q)! is equivalent to the following problem (Q)i.

Problem (Q): Find u’*' € K'*! such that

a@ ' w— ) + Jp @ w — ') — Jen @ u ! — i)
> (F ' w—u*)) + (0, ), w, —ult') VweV, (9.28)
(o,(W' T, z, — uiv"’l) >0 VzeKk.

In order to obtain an existence result for the problem (Q) (by applying The-
orem 4.19), we first prove the following equivalence result which states that the
hypothesis (4.105) of Theorem 4.19 is satisfied.

Theorem 9.2. For alli € {0,...,n — 1}, the problem (Q);l is equivalent to the
problem (R)} defined below.

Problem (R)}: Findu'*! € K'™! such that
a@ ' w—uithy 4 fpf+1 @t w—u')— fFf+| @ ui )
> (F*'w—ut) Vwek. (9.29)
To help the reader acquire a better understanding of the proof of Theorem 9.2, we

divide it into two steps, Propositions 9.1 and 9.2 below. For this reason we introduce
the following mechanical problem.

Problem (.2)' : Find a displacement field u' ! : @ — R such that

—dive@ ™) = £t inQ, (9.30)

ut'=0 only, (9.31)

o t).v=g*t onl, 9.32)

dtl <0, o,@*) <0, uo0,@t)=0 only, (9.33)

o @' *h)| < u|%o,@*")| and
lo ()| < u|%Zo, W' th)| = ut!' =ul onT,.
lo. @ ™) = p|%o,@™)| = IA >0, vt —ul = Ao ('t

(9.34)
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Lemma 9.2. Let ® € V andd € K be given and let u € K(®) be a regular
function such that

Jo@,w—d)— jo(@,i—d)+ /orf(ft)(w, —i,)ds>0 Vwe K. (9.35)
I

Then u verifies (in the distributional sense)

o, (@)| < | %o, @) = i, =d. onTy.  (9.36)

{ lo.(@)| < u|Zo, ()| and
lo.(@)| = p|Zo,@)| = IA>0, i, —d, = —ro.(&t)

Proof. If we take w = d + ¢ _ in (9.35), with ¢ € (C*®(RQ))?, supp ¢ C I'; and
§ > 0, we obtain

/MI%’(OU(ﬁ))I(IWr —d:|—|a; —d.|) + o (@)W, —i)ds

I

_s f (L]0, @)] |0, | + 0 (@)p) ds

/(M%(Ov(u)ﬂ lu, —d.|+o. (@)@, —d,;)ds>0 V§>0,

which gives, as |¢| > |@.|,

/ (W% (0, @) 0] + 0. (@)@)ds = 0 Vg € (C®(Q). suppe C T,

I
9.37)

and
[ @i @ .| + o @@ - do)as <o. 938)
I
Putting ¢ = £¢ in (9.37), it results
[ o2 @)] o] ds < [ WZ@,@)llplds Vo € (C(@)" . suppp C ;.
I I
i.e.

lo @) < ul|Z(o,@))]| . (9.39)
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Therefore, (9.38) implies
0> ulZ(o,@))| |t —d |40 (@)(u,—d ) > (u|Z%(0,@))|—|o . (@)]) |tt,—d | > 0

that is
wl%(o,@)| |u, —d .|+ o (@)@, —d.;)=0. (9.40)

If o, ()| < u|Z%(0,(@))|, then, supposing &, # d ., (9.40) gives
0= u|%Z(o,@))| |, —d | +0o (@)@, —~d.) > |o (@) |u,~d|+o. (@), ~d,)>0,
and so, we must have u, = d ;

If |o. ()| = n|%(o,(@))|, then (9.40) implies

lo (@) |, —d.|+ o (@)(u,—d.;)=0

and thus, there exists A > O such thatu, — d, = —1o . (u). O

Lemma 9.3. Let ® € V andd € K be given. Let u € K(O) be a sufficiently
smooth function which verifies (9.36). Then

Jo(,w—d)— jo@i—d)+ /ar(a)(wf —it;)ds > 0 Yw smooth function .

I
9.41)

Proof. Let w be a smooth function.
If |o.(@)| < n|%(o,(@))| and &, = d,, then one has

Jola.w—d) — Joli—d)+ /afoz)(wr —d,)ds
I

f(MI%(Ov(u))I we —d.[+o.(@)w:—d;))ds

/(MI%(GU(M))I —lo- @) w: —d[ds =0

If lo. ()| = n|%(o,(m))| and u, —d, = —Ao (), then one gets

Jola.w—d) — joli—d) + /af(a)(wz ) ds
I

- f (62 0)] [Wr — d| + 02 @) ws — o) ds > 0.
I

which completes the proof of Lemma. O
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Proposition 9.1. The problem (())}1 is formally equivalent (in the sense considered
in Theorem 9.1) to the mechanical problem (2)!.

Proof. Let u'™! be a regular solution of (Q)i. If we chose, in the first inequality
of (9.28), w = u't! 4 ¢ with ¢ € (2(R))¢ and we apply the Green’s formula, then
we obtain (9.30).

From the second inequality of (9.28) and Lemma 9.1 for & = u'™!, we
deduce (9.33).

Multiplying (9.30) by w —u’*! for w € V, integrating by parts and using against
the Green’s formula and the first inequality of (9.28), we get

iFi+|(ui+l,W—ui)—iFi+l(ui+],ui+1 _ui) +/O’1—(ui+l)(wf —uir—H)dS
I
+f(o(ui+l) wv—gthw—uthds >0 vYweV,

I

(9.42)

and thus, by taking w = u'*! £ ¢ with ¢ € (C*®(Q))? and supp ¢ C T, one
obtains (9.32). Therefore, the relation (9.42) implies

fFi+1 @ w—u')— fFi+1 @ ut —u)

—i—/af(u”l)(w, —uthds>0 vweV. (9.43)
I

Therefore, by Lemma 9.2 for ® = F'™! d = u' and it = u'*' € K(F't"),
it follows that the conditions (9.34) are satisfied. As u'™! € K C V, it yields the
condition (9.31) holds which completes the proof.

Conversely, let ' ™! be a sufficiently smooth solution of the mechanical prob-
lem (2)' . Then, by applying Lemma 9.1 for # = u'*!, it follows that ' ™! satisfies
the second inequality of (9.28).

Next, from (9.34), by Lemma 93 for ® = F'*! . d = 4’ andt = u't', we
obtain

Jpn @ w—u) — jon @t a Tt —
+/ar(ui+l)(wf —uthds>0 vweV. 9.44)
I

On the other hand, multiplying (9.30) by w — u’*! with w € V, integrating by
parts and using (9.32), we deduce

a(ui+1,w—ui+l):(Fi+1,w—ui+])—|—/at(u"+l)(wr—u"{H)ds
r;

+ (o, @, w, —uit)y VYweV. (9.45)
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Combining (9.44) and (9.45), we obtain the first inequality of (9.28) which
completes the proof. O

Proposition 9.2. The problem (f{)il is formally equivalent to the mechanical
problem (2)!..

Proof. Tf w'*! is a regular solution of (R)i, then, with a similar proof as for
Proposition 9.1, one obtains (9.30). Therefore, from (9.30) and (9.29), one gets

Jpn @t w—u') — jon @ w T —ul) + /a(uH") v(w—u'Thds
Ir;
+ /(a(u"“) wv—gthw—uthds >0 VvYweKk, (9.46)

I

from which, by taking w = u'*! & ¢ with ¢ € (C*°(RQ))¢ and supp ¢ C I}, one
deduces (9.32). Thus, the relation (9.46) becomes

fFi+1(ui+l,w _ui) _ fFf+|(ui+l,ui+1 _ui)

+ /(Ov(ui+1)(wv - uf)‘H) +o (@ tHw, — ui“)) ds>0 Vwe K. (947)

I

By choosing w = 8¢, v +uit! with ¢ € (C*®(R))¢, ¢, <0on T, and§ > 0, it
follows

S/GV(uiﬂ)cpv ds > /av(ui+1)ui+1ds V6 >0

I‘2 Fz

which gives

/av(ui+l)¢vds20 VoeV, p, <0only,
I ' ' (9.48)
<7v(u’+1)u;Jrl ds <0,

r;

and, as u't! € K, we obtain (9.33).

Now, if we choose in (9.47), w = u’ !

n

v + v withv € K arbitrary, we obtain

fFf+1(ui+1,v—ui)—fFi+|(ui+l,ui+1—ui)+/of(ui""l)(v,—ui"'l)ds >0 VvekK
I

which gives, together with Lemma 9.2, for ® = F'™!, d = u’ and it = u'*' | the
conditions (9.34).
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Conversely, if ' ! is a sufficiently smooth function which verifies (2)’, then,

n’
from Lemmas 9.3 and 9.1, we obtain

fF;+1(ui+l,w —ul)— ]7Fi+l(ui+l’ui+l — )

Jr/orf(u"“)(wr —uthds>0 VweKk (9.49)
I
and
/av(ui"'l)(wu —uthds>0 vVweKk. (9.50)
I

Next, by arguing as in the proof of Proposition 9.1, we conclude that u'*" is a
solution of (R)! which completes the proof. O

Proof of Theorem 9.2. Using Propositions 9.1 and 9.2, the assertion follows.
However, we remark that if u'*! is a solution of (Q), then, obviously, u'*! is
a solution of (Ii);. Hence, in order to prove the condition (4.105), it would have
been enough to prove that (Ii):1 = (2) = (Q):1 |

In the sequel we shall use the similar definitions to (4.118) (p. 72), i.e.

u,(0) = @t,(0) = u’,

F,(0)=F(©0)=F",

(1) = u'+!

,t)=u + @ —t)ou' ;Vie{0,1,....n—1} Ve, tit],

F,@) = Fi*!

(9.51)

Therefore, u, € L>(0,T;V) and &, € W'2(0,T; V) satisfy, for all ¢ € [0, T], the
following incremental problem.
Problem (Q),: Find u,, € K(F ,(t)) such that

a (unm, v %anm) e (). 7)

~ d d
_jF,l(t) (un(t)9 d_tan(t)) 2 (Fn([)’v - Eﬁn(t)) (952)
+ <ov(un @), v, — %ﬁw(z)> YvevVv,
(0 (U, (t)). 20 —upy(t)) >0 Vze K.

We have the following convergence and existence result.

Theorem 9.3. Suppose the hypotheses (9.8) and (9.9) hold and that meas T'y > 0.
Then, there exists a constant (11 > 0 such that for any u € L*°(I';) with u > 0
a.e. on I'y and ||[t||Loory) < W1, the problem (Q) has at least one solution. More
precisely, there exists a subsequence {(u,, , uy,, }x such that
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u,, (t) = u(t) stronglyinV Vvtel0,T],
ft,, — u strongly in L*(0,T; V),

d
Eﬁ”" — @t weakly in L*(0,T; V)

as k — oo, where u is a solution of the problem (Q).
Proof. By putting

J(@®,v.w) = joe(r.w)—(O.w) VO eV, K VWweK(@®), VweV, (9.53)
it follows that

/(@1 v1,w2) + j(@2,v2,w1) — j(O1,v1.w1) — j(O2,v2,w))|

= /M(|%UV(V1)| - |%O—U(V2)|)(|wl‘[| - |w2r|)ds + (@)1 —O,,w; — w2)
I
< C ||M||L°°(Fz)/ | %oy (v1) — Zo,(v2)| w1 —wa|ds + [|©1 — Oy lwi —wa|
T

< GlpllLeo @y (1O1 — O + [[vi = walDl[wi — w2l
Vw,- € V, VVI' € K(@,), VW,’ € V, i=1,2,

(9.54)
where Cy, C, are positive constants and || - || denotes the norm over V.
In order to apply Theorem 4.19, we put
b(@O,v,w) = (0,(v),w,) VO eV, 6 Vvre K(®), VweV, (9.55)

H = L*(I),
B(®,v) = 1| Zo,(v)] VO eV, ¥ve K(©).

Therefore, the problem (Q) can be written under the form (4.107) (p. 68) and the
problem (Q)il can be written under the form (4.103) (p. 68), i.e.

ui-H c K(FI-H)
a@ ' w—uwtY) + J(F it w—ul) — j(FH w1 it — )
> b(Fi+l’ui+1’w —ut) YweV,
b(Fi+1,ui+1,z _ ui-H) >0 VzeKk.
(9.56)
The hypothesis (4.105) is satisfied due to Theorem 9.2. The other hypothe-
ses (4.83)—(4.90), (4.96)—(4.98), (4.100), and (4.101) of Theorem 4.19 are easy to
prove, and so, the assertion follows. d
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9.2 Discrete Approximation

This section deals with the discretization of the problem (Q) written under the form

u(0) =uy, u(t) e K(F(t)) Vte[0,T],

a(t),v —a(t)) + j(F (1) u(r),v) — j(F (1), u(t),u(r)) 9.57)
>b(f(@),u(),v—u)) VYveVaein(0,T), '
b(F(t),u(t),z—u())>0 VzeK, Vte|[0,T],

with j and b defined by (9.53), respectively, (9.55).

We shall prove a convergence result for a method based on an internal approxi-
mation in space and a backward difference scheme in time.

Let 7, = (T}) e #, be a family of regular triangulations of € such that

Q= U T;,
J€In
iNT; =@ VNi,je f,i#].

We define the following sets
Vip="{m € (CO(Q)"; v/ T; € (PI(T;))*, Vj € I, v =00nTo},

K, = {vh eVyu: v fOOHFQ}
S, = {‘L’h € LZ(FZ); Th/Fzyj € P()(Fz_j) V] € fh such that Fg_j 75 @}

where Py (w) denotes the space of polynomials of degree lower or equal to k on
and F2,j = Fz N T]
As in Sect. 7.3, p. 128, we consider the following semi-discrete problem.

Problem (Qy): Find u;, € W'2(0, T; V) such that
uh(O) = Uoy, uh(t) [S Kh(F(t)) Vite [O,T],

a(up(t),vi —up(t)) + j(F @), up(t),vi) — j(F (1), up(t), (1)) (9.58)
> b(F(t),u(t), vy —up(t)) Vv, eVy,aete(0,T),
b(F@t),uy(t),zy —up(t)) >0 Vz,e K,, Vtel[0,T].

and, fori € {0,1,--- ,n — 1}, the following full discretization of Problem (Q).
Problem (Ry)i: Find u} "' € K *' such that

i+1 i+1 . i+1 i+1 i
{a(uh i = + JFT g owy, — ) (9.59)

—j(Fi+1,u2+l,u2+1 —u) >0 Vw,ecK,.
We also suppose that u2 = u, satisfies the compatibility condition

uop € Ky (F(0)),
a(uon,v) + j(F(0),upp,v) >0 VYve K.
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Theorems 7.5 (p. 128) and 7.6 (p. 131) give convergence and existence results
for these problems.

In order to solve the problem (Ry)i, we suppose that u is constant and we choose
as a regularization mapping &, the projection on the finite dimensional space Sy, for
a given hg (see [10]). Thus within finite element approximation, the regularization
can be considered as a natural consequence of the discretization.

In the sequel, for simplicity, we shall omit the index #. We shall denote the
solution #' ™! of (Ry)i by u! !, fori € {0,1,-,n — 1}. We also remark that, from
the definition of the set K i+ and Remark 9.1, it follows that for the solution z!*!
we have

JFTL ul T yy = /Mﬂav(u’+l)|v,|ds YveV.
)
Let us denote
j@thy) = —/,u%av(uffl) vi|ds VveV.
I

Therefore, the problem to solve can be written as
i+1 c Kit!,

a(u’Jrl w—u ™) + i@ w—ul) — j@ T uit —ul) (9.60)
>(F't'w—u)VwekK.

It is easy to see that the solution ' ™! € K i+1 6f (9.60) is the fixed point of the
mapping 7 : S — S defined by 7 (r) = u't!(r), forall r € S, where u!*1(r) is
the unique solution of the following variational inequality:

i+1(r) e Ki+1
Q@ (). w — ) + p(rw — (1) — (T ) — ) 06D
_(Fl+1’ ’+1(r))Vw€K

where
o(r,w) = —/M%av(r)|w,| ds VweV.
I

This problem is equivalent, for r € S given, to the following minimization
problem under constraints:

F (" (r)) = min 7 (v)



206 9 Quasistatic Problems

where
1 . .
F(v) = Ea(v,v) +o(r,y—u (r)— (F'ty) VveV.

This problem is very similar to a static problem except from the fact that the
known solution #!, of the previous step appears in the friction term. The influence of
the loading history, due to the velocity formulation of the friction, is characterized
by this extra term. The convex K remains unchanged from one step to the next. This
minimization problem can be solved by a Gauss—Seidel method with projection.
This method is robust and very easy to implement on this kind of problem when
dealing with the non-differentiable part relating to the friction term. Details on the
convergence of the algorithm by using an Aitken acceleration procedure can be
found in [5] or [13].

9.3 Optimal Control of a Frictional Bilateral
Contact Problem

We consider a mathematical model describing the quasistatic process of bilateral
contact with friction between an elastic body and a rigid foundation. Our goal is to
study a related optimal control problem which allows us to obtain a given profile
of displacements on the contact boundary, by acting with a control on another part
of the boundary of the body. Using penalization and regularization techniques, we
derive the necessary conditions of optimality.

As far as we know, there are few results concerning the optimal control of
quasistatic frictional contact problems. We mention here the work of Amassad et
al. [2] which treats a quasistatic bilateral contact problem with given friction, and
so, an optimal control problem governed by a variational inequality which has, in
addition, a unique solution.

9.3.1 Setting of the Problem

Let us consider a linearly elastic body occupying a bounded domain @ € R, d =
2,3, with a Lipschitz boundary I' = Ty UT; U T, where Ty, T';, T’ are open and
disjoint parts of I', with meas (I'y) > O.

The body is subjected to the action of volume forces of density f given in
Q x (0, T) and surface tractions of density g applied on I'y x (0, T'), where (0, T')
is the time interval of interest. The body is clamped on 'y x (0, 7T) and, so, the
displacement vector u vanishes here. On I'; x (0, T'), the body is in bilateral contact
with a rigid foundation, i.e. there is no loss of contact between the body and the
foundation. We suppose that the contact on I'; is with friction modeled by a nonlocal
variant of Coulomb’s law. We suppose that f and g are acting slow enough to allow
us to neglect the inertial terms.



9.3 Optimal Control of a Frictional Bilateral Contact Problem 207

The classical formulation of this mechanical problem, with the notation of
Sect. 8.1, is:
Problem (.#): Find a displacement vector u = u(x,t) : 2 x [0, T] — R¢ such that

—dive = f inQx(0,7),
o=o0(u) =€,
u=0 onlyx(0,T),
o-v=g onl;x(0,7),
u, =0, (9.62)
lo:| < ulZo,| on T, x (0,T)
|o'r| <M|%0v| = u, =0 ' '
lo.| = u|Zo,| = IA >0, u, =—Aa,
u(0) =uy inQ.

with & = (a;jxs) satisfying the conditions (9.8).
In order to write a variational formulation for the problem (%), we define the
following Hilbert spaces:

V={pe[H Q)] :v=0ae.onTy;v, =0ae. only},
W ={eV:dve@) e (L*(R))?},

endowed with the inner products

(u,v)y = /e,j(u)eij(v) dx Vu,veV,
Q
@, v)w = W,v)y + (dive (u),dive (v)) 2@ Yu,veW.

We make the following regularity assumptions on the data

feWh0,T; (L))",

g € W20, T; (LX(T)?),

aijii € L*(Q), i, j. k.l =1,....d,

weL*®T,), w>0ae only,

# : H™Y/2(T,) — L*(T",) is a linear compact operator ,
uy eV,

(9.63)

where H~'/2(T,) is the dual space of HY*(I,) = {v € H*’(I"); v =
0 a.e. on I'\I'L}.

Let F € W'2(0,T;V), where, for all t € [0,T], F(¢) is the element of V
defined by (9.11) and let the symmetric, V -elliptic, continuous bilinear form a :
V x V — R defined by (9.10);. We also denote by j : W x V — R the functional
defined by
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ju,v) = /p,|%o,)(u)| v.|ds YueW VvelV. (9.64)
I

The weak formulation of problem (.%), in terms of displacements, is the
following quasi-variational inequality.

Problem (S): Find u € W'2(0, T; V) such that

a((@),v—u(r))+ j@),v) — j@),a@)) = (F(@),v—a))y
VveV,aete(0,T),
u(0) = uy.

We suppose that the initial displacement uy, € V satisfies the following
compatibility condition

a(ug,v) + j(uo,v) = (F(),v)y VveV. (9.65)

We have the following existence result.

Theorem 9.4. There exists u; > 0 such that for all p € L°°(I) with p > 0
a.e. on I'y and ||pt||oory) < 1, the problem (S) has at least one solution u €
W20, T: V).

Proof. In order to apply Theorem 4.19, we put

K=KO®)=W VO eV,

DKZWXV,

H=L*Ty), B(O,v)=pul%o,(r) YO eV, VveW,
JjO,v,w)=jlr,w)—(O,w)y VO, weV VveW,
b(O,v,w)=0 VO, weV VveW.

It is easy to verify that the hypotheses (4.83)—(4.90), (4. 96) (4.98), and (4.100)
are satisfied. In addition, both the problems (Q%) and (R%), p. 68, become the
following problem

ueWw
aw,v—u)+ ju,v—d)— jw,u—d)> (F,v—u) VveV,

and so, the hypothesis (4.105) is satisfied. As for u; sufficiently small the hypoth-
esis (4.101) is verified, the existence of a solution of the problem (S) follows from
Theorem 4.19. o

In the sequel we shall suppose that ||p|[zoory) < p1 with ;> 0 sufficiently
small such that the problem (S) has at least one solution.
The following results will be frequently used.
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Lemma 9.4. The functional j, defined by (9.64), has the properties:

jw,v)>=0 VweW,VveV, (9.66)
Jwov) —jw,v) < jw,vi—vy) YweW Vv,vmeV 9.67)
jw,0)=0 YweW. (9.68)

Moreover, for all s € [0, T], we have

S s
liminf f FOna (), va(0)) dt = [ Jon(e).v(0) dr
n—>oo

0 0
Yw, — w weakly in L*>(0,T; W), Yv, — v weakly in L*>(0,T; V),

(9.69)
and

5 N

Jim [ o @mar = [ oo 070)

0 0
Vw, — w weakly in L>(0,T; W), Yv, — v weakly in V.

Proof. The properties (9.66), (9.67), and (9.68) are obvious.
In order to prove (9.69), we write

/ (W (1), v (1)) — jW (1), v, (1)) dt
0

- / [ (10, (9, (1)) — B, WD) () ()] ds di

0 I

= O/I//'”%O'V(W”(l)—w([)” |(vn)r(t)|ds ds

N
< / el oo 120 09 (1) — W) 20 [0 (O g2y
0

< Cu|Zo,(Wn — W)l 120.7;200)) Wnll 200,70y < Cill ZowWn — W)l 200, 7502(1y) »

and hence, as the operator & is compact, it follows that

nlggo/ (Jwn (), vy (1)) — jw(2),v,(1))) dt =0 Vs €[0.T]. 9.71)
0
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On the other hand, for any w € L2(0,T;W), the mapping v +—

A

/ Jjw(t),v(t)) dt is convex l.s.c. on L2(0, T; V), thus
0

A A

lizrglgf/j(w(t),vn(t))dtz /j(w(t),v(t))dt. 9.72)

0 0
By combining the relations (9.71) and (9.72), we get:

N

linn_l)g.}f/j(wn([)’vn(l))d[ Znli)rgof(j(wn([)’vn(t))_j(w(t)vvn([))) d
0

0
K K

wiimint [ 000 a0)ar = [ )0 ar

0 0

Next, we have

s

[J(wn(t),vn)dt—/j(w(z),v)dt
0

0

s N A A

< / JOmn (1)) di — / J O (0).9) di| + / J O (t).v) d / JOow (o). v) dr
0 0 0 0
< Cillve = vllL2ryye + CollZovwy, — W)l L20,7;02(m0))

and hence, from the compactness of the trace map from V into (L?(I';))¢, the proof
is completed. o

Now, we are interested in finding the surface tractions g acting on I'; so that
the resulting displacement on the contact boundary I'; is as close as possible to
a given profile u,, while the norm of these surface forces remains small enough.
The mathematical formulation of this problem is a state-control boundary optimal
control problem where the state is solution of the implicit evolutionary quasi-
variational inequality (S).

We introduce the following control and, respectively, observation spaces:

Hy = W20, T (LA(T')?).

H, = L2(0, T; (L2(T)) ©.73)

and we define, for § > 0 and u, € H, given, the cost functional J : Hg x
W20, T;V) — R, by:

B

1
J(g.w) = Slu—uqlf, + el (9.74)
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Due to the lack of uniqueness of solution for the quasi-variational inequality (S),
the cost functional J, instead of depending, as usual, only on the “real” control g,
depends also on the state u. For this reason, it is convenient to rewrite the variational
problem (8S), for g € Hyg, in the following form.

Problem (S)#: Find u € W'2(0, T; V) such that

a((t),v—u()) + j@(t),v) — j@),u@)) > (F@),v —u())y
VveV,aete(0,T)
u(0) =u,

where

(FE@),v)y = | f@)-vdx+ [ g(t)-vds VvelV.
[ oo

I

We formulate now the control problem as follows:

Problem (CS): Find (g*,u*) € ¥,4 such that

J(g*,u") = min J(g,u),
(g.u)€Y44

where
Yaa = {(g,u) € Hy x W'2(0, T; V) ;u is a solution of (S)¥ }.

Remark 9.2. Let us assume that there exist (g*,u™) € ¥, such that J(g*,u*) =

min J(g,u) and a function g, € Hg such that (g,,u4) € %,4. Then,
(&.u)€Y4a

B

1 B
J(g" u™) = S |lu” —ualq, + Ellg*llﬁg = J(gqua) = E”gd”%Ig

and, hence,

2 2 2
™ —ually, < BUlgaln, — g™ n,) -

Therefore, for B arbitrarily small, we may hope to obtain, on the contact boundary,
a displacement field u as closed as we want to the desired value u,.

As one can see, although the functional J has good properties on Hy X
W12(0,T;V), the existence of a solution of the control problem (CS) cannot
be obtained directly, since the correspondence control +— state is a multivalued
mapping. In order to overcome this difficulty, we approximate the optimal control
problem (CS) by a family of penalized optimal control problems, governed by a
variational inequality.
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We start by introducing a new control space:
H, = L*(0,T;W).
Now, for (g,w) € Hy x Hy,, we consider the variational inequality which models
the problem (%) in the case of Tresca friction.
Problem (S)®": Find u € W'2(0, T; V) such that
a(u(t),v—u()) + jw@).v) = jow(),u(1)) = (FE@),v — i)y

VveV,aete(0,T)
u0) =uy.
Using the same techniques as in [7] or Sect.4.3 and taking into account the
positivity of j, one can prove the following existence result.
Proposition 9.3. For (g,w) € Hg x Hy, given, there exists a unique solution u®""

of Problem (S)®™". Moreover, we have

. g - g
@5 "l 20,750y < CUF 20,750y + Wl 20.7:v) »

with C a positive constant.
In the sequel, for (g,w) € Hg x H,, given, we will denote by u#"* the unique

solution of Problem (S)%"".

Let us fix € > 0. We introduce the penalized functional J. : Hg x Hy — R by

1
Jo(g.w) = J(g.ut") + [ut" — wli, (9.75)

and we consider the control problem
Problem (CS).: Find (g7, w}) € Hy x Hy, such that
Je(gr.w)) =min{J(g.w); (g.w) € Hy x Hy}.
The following result establishes the existence of an optimal solution for this

penalized control problem.

Proposition 9.4. Let (9.63) and (9.65) hold. Then, for all ¢ > 0, there exists a
solution (g*,w¥) of problem (CS)..

Proof. Let{(gZ,w!)}, C Hg x Hy, be a minimizing sequence for the functional J.
Then, from the definition (9.75) of J,, we deduce

lim J.(g7.w!) = inf{J.(g.w). (g.%) € Hgx Hy} €[0.4+00).  (9.76)
n o0
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which implies that the sequence {g”}, is bounded in Hy. Obviously, the sequence
{F"}, defined by

(F2(t),v)v —/f(t) vdx+/g (t)-vds 9.77)

I

is also bounded in W12(0, T; V).
Thus, there exists (g*, F}) € Hg x W'2(0,T;V) such that, passing to a
subsequence still denoted in the same way, we have

g! — g7 weakly in Hy , (9.78)

F" —~ F* weakly in W'%(0,T; V), (9.79)

where

(FX(1), v)V—[f(t) vdx+/g (t)-vds.
I
Let u’ = u¢*: Taking v = 0 in (S)¥*"*, integrating by parts on [0, s] with
s € [0, T'] and taking into account the properties (9.66), (9.68) of the functional j,
we have

s s
[aw.azana < [Fraiopa. (9.80)
0 0
By using the V-ellipticity of a(-, -), we obviously obtain
N N

1 [d
a (1), i (o) de = = [ Saqr o), ure))de
/ 2 0/ d 9.81)
 au().u(5)) — alug. o) _ alul(s)[ — alup.u)
2 = 2 ‘

On the other hand, we have

s

: d .
/ (F (). i (1) di| = / SOy - [ B (). )y dr

0
= C | I(F(s).ul(s))y — (F(0). ul(0)y] +/||F (l)llvdf+/||u (O} d

IFEGI5 | Slul&I5 | IFLO)F L e O3
( % T 2 T 2

S
+ / VO dr + / )] dr
0 0

<C




214 9 Quasistatic Problems

By choosing 0 < § < % in the last relation, from (9.80), (9.81) and Young’s

inequality, we get

S
g )15 < C | lluollyy + IFEGIT + IF O + / IF 2 @)1I5 de
0

4 / )13 de |
0

and hence, by using Gronwall’s inequality and the boundedness of {F”},, it
follows that

l 1 < € (14 IFLO} + 1E 20 rw) € Yse0.T]. (982

Therefore, the sequence {u’}, is bounded in L°°(0, T; V). In addition, from
(S)%<™<, we have

e 1, = luZl + [ dive @),

2
L2(0,T;V) 0,T5(L2(Q)9)

— nj2 2
- ”ug ”LZ(O,T;V) + ||f||L2(0.T;(L2(Q))d) S C s

which, from the definition of J. and the boundedness (9.76) of J,, implies that the
sequence {w” }, is bounded in Hy,.
Now, from Proposition 9.3, we obtain

N | 200,750y < C . (9.83)

Thus, we deduce that there exist the elements u} € W1'2(0, T;V)andw! € H,,
and the subsequences, still denoted by {u!}, and {w”},, such that

w! — w’ weakly in Hy , (9.84)
u" — u* weakly * in L>®°(0,T:V),
u§ - iti weakly in L2(0,T; V). ©-85)
Using the embedding W'2(0, T; V) < C([0, T]; V), we also have
u!(t) —u(t) weaklyinV VvVt €[0,T]. (9.86)

Now, we shall prove the strong convergence of u” to u in L*(0,T; V). Putting
v = 0andv = 2" (¢) in (S)¥<™*, one obtains:

a@l(@),v)+ jwi@),v) = (FL(t),v)y VYveV, aete(0,T),
Taking v = —v, it follows that

a@l(),v)—jwi(t),v) <(F.(t),v)y VveV, aete(0T). (9.87)
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Passing to the limit with » — oo in this inequality and taking into account the
convergences (9.85), (9.84), and (9.79), we obtain

a@l(t),v)— jwi(@),v) < (FX@).v)y VveV, 6 aet1te(0,T). (9.88)
Setting v = u! (t) —ul(¢) in (9.87) and v = u} (t) —ul(¢) in (9.88), we get

allul(t) —uF @)} < a@l () —ul(t),ul(t) —uk(t))
< Cllullzoo(ry) (120, W) I 12(ry) + 120 WEO) | 12(ry)) N0l (1) — wl @)l 12y
+lglt) - gf(f)”(LZ(rl))d fleel () — "j(f)”(LZ(rl))d < Cllui(t) — u:(f)”(LZ(F))d )

which, with (9.86) and the compactness of the trace map from V to (L*(T"))?,
implies

u!(t) — uX(t) stronglyin V.Vt €[0,7]. (9.89)

Hence, by Lebesgue’s Theorem 3.4, we obtain the strong convergence:
u" — u* strongly in L*(0,T; V). (9.90)

We shall prove that u} = u? Ewe and, from the uniqueness of the solution, we
shall conclude that the convergences (9.78), (9.84), (9.85), and (9.89) hold true for
the whole sequences.

For s € [0, T], from the convergences (9.85), (9.90), (9.84), (9.79) and the
properties (9.69), (9.70), we have

N

lim [ a@!@).al@))dt = [ a(@](z),a}(t))dt, (9.91)
o | f

0

s

li)rgofa(ug(t),v(t)) dt = [a(uj(z),v(z))dz Vv e L*(0,T;V), (9.92)
0 0

s

nli)n;c/(F’e’(t),v(t))V dt:/(F;‘(z),v(z))th Ve LX0,T;V),  (9.93)
0 0

A

nli)ngo/j(wZ(t),v(t))dt =/j(w:(t),v(t))dt Vv e L%(0,T;V), (9.94)
0 0

s s

lin;gf/j(wﬁ(t),ag(t)) dr > /j(wj(t),iaj(t)) dr. (9.95)

0 0
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Next, since we can write

N s

[ (F (). (1)) dt = (F"(s).u(5))y — (F"(0). o)y d — / E" (). (1) di |
0 0
it follows that

N N
Jim [(F20.a0w a = [(FI0.a O ar. (9.96)
0 0
Now, by passing to the limit in (S)%<™* with n — oo, one obtains

s S s

/ a(w? (). v(t) — () di + / JOOE (). v(1)) di — / JOOE (). i (1)) di

0 0 0

> /(Fj(z),v(z) —af(t)ydt VYvel*0,T;V), Vs e0,T].
0

(9.97)
Then, as usually, taking v € L?(0, T; V) defined by
z fort € [s,s + h],
1) =
v { u’ (1) otherwise,
with an arbitrary z € V and & > 0 such that s + & < T, one obtains
s+h s+h s+h
[ awoz-izoa+ [z [ wio.aoa
et s § (9.98)

> /(F:(r),z—a:(r))ydz VzeV, V¥sel0,T),

N

which leads us, by passing to the limit with 4z — 0, to the following inequality

>(F(t),z—u (t))y VzeV aer€(0,7). '

Moreover, the pointwise convergence (9.89) and the initial condition u?(0) = uo
. * _ * _ g¥ ¥ . % . .
give us u; (0) = uy and, so, u} = uf< "<, ie. u’ is the unique solution of problem

n

(8) .
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In order to end the proof of our existence result, let us notice that, from (S)# ewe
and (9.99), it follows that

[l — ”: In, = llu; — u: ”LZ(O,T;V)y
which obviously, from (9.90), gives
u! — u’ strongly in Hy, .

Therefore, since the norm is weakly lower semicontinuous, from the conver-
gence (9.84), we get

TP S 1
l}lrg}gfzﬂwé —ulllf, = —€||w: —ul g, - (9.100)

Finally, by using the convergences (9.90), (9.78) and the relation (9.100), we
have

inf{Je(g.w): (g.w) € Hy x Hy}
n—00 n—>00

and hence, we conclude

Je(gX.wl) =min{J.(g.w); (g.w) € Hy x Hy}.

O
Lemma 9.5. If (gZ,wY) is an optimal control for (CS), and u¥ = u® W then
tim w? — u? |, = 0. (9.101)
Proof. Indeed, if (g,u) € ¥ 4, then@t € Hy, 1 = u8¥ and, hence,
Je(gX.w)) < Je(g.a) = J(g.0). (9.102)
Consequently, from the definition of J,, we get
W} —u?lf, < 2eJ(g2 w)) <2eJ(§.@),
which implies (9.101). O

We are now in the position to prove the main result of this section, the existence
of a solution to the optimal control problem (CS).
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Theorem 9.5. Fore > 0, let (g7, w}) € Hy x Hy, be an optimal control of (CS),
and u} = u8<We . Then, there exist the elements u* € W1’2(0, T;V)and g* € Hy
such that

gt — g weakly in Hg,
w* — u* strongly in Hy,

¢ ’ 9.103
u* — u* weakly in W'2(0,T;V), ( )
u* — u* stronglyin L*(0,T;V).

Moreover, (g*,u*) € ¥4 and

ling) J(gtwhH)=J(g"u") = ( min J(g.u). (9.104)
€—> g y

M)EVqd

Proof. From the definition and the boundedness (9.102) of J.(gZ,w}), it follows
that the sequence {g*}. is bounded in H,. Therefore, there exists g* € Hg such
that, up to a subsequence, we have

gr — g* weakly in Hy . (9.105)
So,
F* — F* weakly in W'(0, T, V), (9.106)
where
(FX(t),v)v :/f(t)-v dx+/g:(t)-v ds (9.107)
Q I
and

(F*@),vyyv=| f@)-vdx+ | g*@)-vds.
[rima- ]

I

Using the same arguments as in the proof of Proposition 9.4, we deduce

uf — uw* weakly * in L*(0,T:V),
i’ — u* weakly in L2(0,T; V),
u! — u* strongly in L*0,T;V),
wr — w* weakly in Hy, ,

(9.108)

with u* € W'2(0, T; V) and w* € Hy,.
Passing to the limit with € — 0 in the integral form of (S)% "¢, we deduce that
ut =uf " As

|uf —u*|ln, = llu} — u*”LZ(O,T;V)»
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we have
u’ — u* strongly in Hy ,
and thus, from (9.101), we get (9.103),, w* = u* and (g*,u™) € ¥,4.

Next, from the definition of J., we have

1
I R, = el W) — (g2 u)
< J(g*u*) = J(glul) =J(g" u")—J(gI u7),

50,
1
0 < lim sup 2—||w;’= —ul < J(g*.u") —limi(glfJ(g:,u:) <0,
e—>0 € v €—>
ie.
lim l||w* —u|} =0 (9.109)
e—~0¢e ¢ € 1Hy ’ '

Finally, it is easy to see that

J(g*. u*) < liminf J (g} . w)) < limsup J.(g7,w)) <limsup J.(g*,u™)
€0 €—>0 €e—>0

= J(g".u")
and
Je(gew) = Je(g.u)=J(g.u) V(g.u)€ Vo,
which give us
J(g" ") = lim Je(glwe) < J (&) V(i) € Vi -

So, (g*,u*) is an optimal control for the cost functional J and the minimal value
of J. converges to the minimal value of J. O

9.3.2 Regularized Problems and Optimality Conditions

Until now, we have reduced our optimal control problem to one governed by a
variational inequality of the second kind. Unfortunately, the problem (CS),, despite
the fact that it is simpler than the initial one, still involves a non-differentiable
functional J.. Therefore, to attain our main goal, the obtaining of the optimality
conditions, we shall consider a family of regularized problems associated with
(S)%", defined, for p > 0, by
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Problem (S)%™: Findu € W'?(0, T'; V) such that

p@(r).v —a(t))y +a(t),v —u(t)) + j (w),v) — jPw(t),u(t))
> (Fé@t),v—ut))y VveV,aete(0,T),
u(0) = uy,

where, forw € W, {j?(w,)}, is a family of convex functionals j*(w,-) : V — R,
of class C?2, i.e. the gradients with respect to the second variable, V,j?(w,") : V —
V*and V3jP(w,") : V — Z(V, V™), are continuous. In addition, we suppose that
the following conditions hold true:

JPw.0)=0 YweW, (9.110)

[jPw,v) — jw,v)| < Cplwlly YweW, VveV (9.111)
T T

nlggo/(sz"(wn(t),un(t)),V> dr = f(sz"(W(t),u(t)),v) d ©.112)

0 0
Y (W, u,) — (w,u) weakly in Hy x L*>(0,T;V), Vv eV,

where C is a constant independent of v and (-, -) denotes the duality pair between
V*and V.

Remark 9.3. 'We can choose
jPw,v) = /M%’av(w)l Op(v:)ds Y(w,v)e W xV, (9.113)
I

where the function 6, : R” — R is an approximation (see [12] or [1]) of the function
| -] : R?” — R, satisfying the following properties:

8, is a convex, nonnegative function of class C 2
6,(0) =0,

Op(u) — |u|| < Cop,

6,)v| < Cibl.

0/ @+ q)| = C:plvl gl

9.114)

with Cy, C;, and C;(p) positive constants.
Then, after some computations, it follows that

(257w} = [ ult, 018w -veds

I
(V3. wp.q) = [ W06 @0, - g,)ds

I
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For instance, if we take
1—'3”—') it <,
- p 1Y
%) = (|v|
0

1
?—5) if pl|=p,

[v|>

(9.115)

then 9;) and 9;)’ are defined by (8.156) and (8.157) (p. 182), and if we choose

6,00 = Vo2 + P2~ p. 9.116)

then one has:

and

) = e (v )
p = VP2 + lu(x)|? P>+ u(x)> )’

It is easy to see that, in both cases, the functional j,, defined by (9.113), satisfies
the properties (9.110)—(9.112) and, in addition, we have

[V2jPw.u)-v| < Ci|ly|l VYuv eV,
(V3jPw.u)-v.q)| < Colvll gl Vu,v.q eV,
with C; = Cy(w) > 0 and C, = Cy(w, p) > 0.

Obviously, the regularized problem (S)5™ can be equivalently written as the
following variational equality.

Problem (.)%": Findu € W'2(0, T; V) such that
p),v)v +a(r).v) + (V2 jP(w(t), u(t)).v)

= (Fé(@),v)y,VveV, 6 aete(0,T),
u0) =uy.

We have the following existence and uniqueness result.

Proposition 9.5. Let (g,w) € Hy x Hy, and p > 0. Then, there exists a unique
solution u3™ € W'2(0, T; V) of Problem ()5

Proof. Arguing as in [2], one can prove the following main steps of the proof.

(1) Forany & € W'2(0, T; V), the problem

Vie € WI2(0,T;V)
pOEY (), v)y + (Vo P (w(1),v8r (1)),v) = (F5©,») 9.117)
—a(ee(t),y) Vv eV, Vi e(0,T),

has a unique solution v5y" € W2(0, T; V).
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(2) Letusy :[0,T] — V be the function defined by

1

uty () = / &L (s)ds +ug. (9.118)
0

Then uf),;,w e W22(0,T;V) and uf,',;tw(O) = uy.
(3) We denote by A, : W20, T;V) — W'2(0, T; V) the mapping defined by

Ap(@)(t) =udy(t)  Yee WY(0,T:V), Vi €[0.T]. (9.119)

One can prove that the map A, has a unique fixed point a*. Therefore, the
function ui&‘i defined by (9.118), is a solution of Problem (.#)5™. Finally, by
using Gronwall’ inequality and the properties (9.110)—(9.112) of the function
Jo» from the formulation ()5, the uniqueness follows. O

The regularized problem (S)5™ approximates the penalized problem (S)*" in
the following sense.

Proposition 9.6. Let (g,w) € Hy x Hy,. For p > 0, let us™ be the unique solution
of problem (S)5™. Then

us™ — uf"  strongly in L>(0,T;V),

9.120
uf” —af"  weakly in L*(0,T;V), ( )

uf" being the unique solution of (S)®™". Moreover, there exists a constant C > 0,
independent of p, such that

||“‘§'w - ug"w||L°°(0,T;V) <C.p (1 + ||ﬂg’w||2LZ((),T;V)) ) ©.121)

Proof. Using the property (9.111) of j and taking v = @5™ in (S)*™ and v = a*™"
in ()5, we get

p [ g™ @I at + 5 e 6) )1
0
< / PR (1) 8 (6)) — jOw0). i (1)) dr
0 N S
4 / R GE (1)) — P On(0). G (1) de + p [ @™ (1), a8 (1)) di
0 0
< Cp / WOl dt +p / & ()l 8 ©)lly de
0 0

S S
v ) 1 .
o|cot s [ligr ol a+ o [lar o). vse o).
0 0



9.3 Optimal Control of a Frictional Bilateral Contact Problem 223

which implies, for v > 0 conveniently chosen, that
188 172072 < CA A+ 1811750, 79) (9.122)

and
™ () —uf* ()} < Co(l + 1@ 52 o) Vs €[0.7].

a

Now, we formulate an optimal control problem, governed by the regularized
problem (S)f;’w, in which the cost functional is defined similarly to J., the only
difference being that the state is, in this case, the solution of an equation. More
precisely, we introduce the regularized functional:

1
Jep(g’ W) =J(gv ug,W) + Z”w - ui’w”%Iw

B

1 » 1 ,
=§||u§’ —uylf, + 5||g||%1g + ZHW —ud” [, - (9.123)

us™" being the unique solution of the regularized problem (S)f) " or, equivalently,

of the variational equation (.)5".
For any p > 0, we consider the corresponding regularized optimal control
problem.

Problem (CS),,: Find (g7,.w,) € Hg x H,, such that
Jep(g2,w:,) = min{Je,(g,w); (g,w) € Hg x H,}.

Theorem 9.6. For p > 0, there exists a solution (g?,, w,) of Problem (CS).,.

Proof. Let{(g¢,,w¢,)}» be a minimizing sequence for the functional J.,. From the

definition of J,, it follows that there exists g:‘p € Hyg such that, up to a subsequence,
we have

g!, — g, weakly in Hy . (9.124)

Let u;, = ulo™e . Putting v = g, (1) in (Y)i“’ ™ and taking into account
that (9.110) implies

(VojP(w,u),u) >0, Vw,u) e W xV, (9.125)

we get
N 1 N
) o , )
p [Nty @ ar + S < Jatu.u) + [(FL0).it, o) o
0 0

s S
v . 1
<C+ 5/ i, () |I5 dr + 5/ IF 2,015 dr .
0 0
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where

(FI,0)v)yy=[ f@)-vdx+ | gl (t)-vds. (9.126)
= [ 10 v

Iy
Thus, with (9.124), it follows that
e, ()} = € Vs e[0.7T],
lw? o000y < C (9.127)
621250 70y < C-

with C and C, positive constants. So, up to a subsequence, we have

u' — u:p weakly *in L>®°(0,T;V),

€p
ug,(t) = ul (1) weaklyin V. Vi € [0,77], (9.128)
i"gp — il:p weakly in L2(0,T: V).

Therefore, since
2 . 2
”u’elp”%-[w = ”uZp”LZ(O,T;V) + ||pu2p - f ”LZ(O,T;(LZ(Q))d) ’
we conclude that the sequence {uZp }n 1s also bounded in Hy, and, from the definition

and the boundedness of {Jc,(g¢,, we,)}n, it follows that the sequence {w¢,}, is
bounded in Hy,. So, up to a subsequence, we have

Wi, = w:p weakly in Hy, , (9.129)
with w;"p € Hy,.
Now, passing to the limit with n — oo in (Y)i“’ " and using the conver-

gences (9.124), (9.129), (9.128), and (9.112), we obtain that u:p = u%™% . From
the uniqueness of the solution, we deduce that all the above convergences hold on
the whole sequences.

Next, from (S)%%* and (S)#%", we obtain

(ugp—u:p~¢)Hw = (ugp_u:p’¢)L2(O,T;V)+p(i‘2p_il:pv(p)LZ(O.T;(LZ(Q))d) Vo € Hy,
which, together with (9.128), 3, implies

*

u;, — u., weakly in Hy, .

n
€p
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Therefore, by using the convergence (9.129), one gets

o1 1
timinf 5w, =l |, = 5 Iw5, —ulyl, (9.130)

Finally, using the weakly lower semi-continuity of J¢, and (9.130), one deduces

inf{-]ep(ng) ) (g,w) € Hg X Hw}

= Illi>n010 Jép(gZp’ WZP) 2 l}llnj)gf Jép(g};lpw pr Z Jep(g:pv w:p)
and so, we conclude
Jep(gZ,,we,) = min{Je, (g, w); (g.w) € Hy x H )} .

a

The following property of the solution of the regularized problem (S)ﬁ'w will
allow us to prove an important result of this section, stated in Theorem 9.7, which
gives the asymptotic behavior of the regularized optimal controls of problem (CS),,.

Proposition 9.7. Let {(g,.w,)}, C Hg x Hy, be such that
(g,.wn) — (g.w) weakly in Hg x Hy, .

Then,

u/l‘s;nvw” N uf;*w weakly in Wl'z(O, T:V),

us"™" being the unique solution of (S)5*" and us™ the unique solution of S)5".

Proof. Letu, = u,"*". Takingv = it, in ()3""" and using the positivity (9.125),
we deduce, for all s € [0, T'], that

N s s
. o 1 v .
p [ im0t + Sl = 50 [ 1P O + 5 [ i@l ar+ .
0 0 0
which, for v > 0 conveniently chosen, implies
la () < CA+ [F& o) Vs € [0.T]

”un Iliz(O.T;V) f Cp(l + ”an ”iz(O,T;V)) .
Thus, there exists u € W'2(0, T; V) such that, up to a subsequence, we have

u, — u weakly *in L>°(0,T:;V),
u, — u weakly in W'2(0,T; V). (9.131)
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Finally, by passing to the limit in (#)5"™", with n — oo, and using (9.131),
(9.112) and the hypotheses on {g,,}, and {w, },, we getu = us". O
Now, we state the following convergence result.
Theorem 9.7. Let (g{,,w?,) be a solution of problem (CS),, and u?, = ui“’ e
Then,

g, — g weakly in Hy
w, = w; weakly in Hy , (9.132)
u¥ — u* weakly in W'2(0,T; V),

€p €
* * . .
where u¥ = uf< <. Moreover, (g*,w}) is an optimal control for J. and

fn 85y 02 = TG = )

Proof. Let (g.i) € ¥4q. Obviously, & = u#*¥ and, from Proposition 9.6, we have

— @ strongly in L=(0,T; V),
—~u weakly in L?(0,T;V).

us

S =™

O 0D I

s
Therefore, we obtain

B

‘ - N A I ea - - o -
tim o8 = timy (5 -y 5l + 5 g, ) = 8.

Since

Jep(g:pvw:p) E JE,D(gVﬁ) ’

it follows that the sequence {Jep(g:p,w:p)}p is bounded. Hence, the sequence
{g?,}, is bounded in H .

Next, putting v = 0 in (S)g:ﬂ’w:ﬂ, integrating by parts on [0, s] with s € [0, 7] and
taking into account the positivity and the property (9.110) of j,, we get

A

p [+ [as 0w < [Frozopa. 013
0 0

0

where

(FZ(0). )y = / F@) vy + /g:‘pm v ds.
Q

I
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Proceeding like in the proof of Proposition 9.4, we deduce that the sequence
{(u},, pi},)}, is bounded in L>°(0,T; V) x L*(0,T; V).
Thus, since

2 2 ' 2
”u:p”Hw - ”u:P”Lz(O,T;V) + ”pu:p - f”LZ(O,T;(LZ(Q))d) ’

it follows that the sequence {u,}, is also bounded in Hy. From the definition of J,
and the boundedness of the sequence {J,, (gjp, w:p)} p» it follows that the sequence
{w?,}, is bounded in Hy. Thus, there exist the elements g7 € Hg and w? € Hy, and
the subsequences, still denoted by {g/,}, and {w{,},, such that

g, — g weakly in Hg,

w:p — w} weakly in Hy, . (9.134)

Applying Propositions 9.6 and 9.7, we deduce

u* —u* weaklyin W'2(0,T;V), (9.135)

€p €

* * . .
where u} = uf< <. An easy computation gives

u’ —u’ weaklyin H,, . (9.136)

€p €

Let (g, w.) be a solution of problem (CS),, it = u#<*< and U, = u%"fve. From
Proposition 9.6, we get
ite, — U strongly in L*°(0,T; V),
i, — . weakly in L*(0, T; V), (9.137)

which, using (S)f_)'f“;f and (S)%<™, give
uc, — u. strongly in Hy, . (9.138)

Therefore, the convergences (9.134)—(9.138) lead us

*

Je(g:, w:) = li/r)ni(r)lfJep(g:p, w:p) < lim sup Jep(g:piwgp
- 0

p—
= 1imS(l)lP Jep(ge»we) = élir(l] Jep(gnge) = Je(gevwe) =< Je(g:’w:) )
p—>
9.139)

ie.

lin}) Jep(g2,we,) = Je(gZ,w?) = min{J(g.w); (g.,w) € Hy x Hy}.
p—>
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Finally, coupling the results proven in Theorems 9.7 and 9.5, we conclude that the
regularized optimal problems represent a good approximation for the initial control
problem.

Corollary 9.1. Let €, p > 0 and {g7,.w,}¢, be the sequence of solutions for
problems (CS),,. Then, there exists (g*,u™) € ¥4q, such that, up to a subsequence,
fore, p— 0, we have

g:, — g" weakly in Hg,
w:p — u* weakly in Hy, , (9.140)

u:‘p — u* weakly in W'2(0,T; V),

* g* w*
whereu;, = u®<"<. Moreover,

: * * 0\ * ok .
E,I;on(g“”w“’) =J(g",u") =, min  J(g,u). (9.141)

8.u)€Yqa

In the sequel, we are concerned with the obtaining of the optimality conditions
for the problem (CS),,, which means to derive the equations characterizing an
optimal control from the fact that the differential of J, vanishes at an extremum.
We shall use the following result due to Lions [11].

Theorem 9.8. Let & be a Banach space and X, Y two reflexive Banach spaces.
We consider two functions of class C', F : #xX — Y, and I BxX— R
We suppose that, for allh € 2,
(i) there exists a unique solution u” € X of equation .F (h,u") = 0;
0F
(ii) the operator a—(h, u") : X — Y is an isomorphism.
u

Then, the function J : 8 — R, defined by J(h) = _# (h, uh), is differentiable
and

—(h)(6h) = —Z—(h, sh) —(¢q", —(h, sh vV 5h € £,
“(h)(8h) = “Z—(h.u")(5h) <q apy () Vs

(9.142)
where the adjoint state q" € Y* is the unique solution of

<[‘W (h,uh):|* -qh,v> = %(h, u(v) VveX. (9.143)

ou ey 0

First, let us remark that, for (g,w) € Hg x H,, the regularized problem (S)i »
has a unique solution u5™ € W'2(0, T; V) satisfying u$ ™ (0) = uo. Then, uf"” =
uy + lif)’w, where itf:’w € W'2(0, T; V) satisfies
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p@E™ (1), v)y + a@s™ (1) + uo.v) + (Vo (w(t). us™ (1)), v)
=(F@),v)y VveV, ae.te(0,T), (9.144)
us”(0)=0.

In order to apply Theorem 9.8, we take

% =Hg xH,,,
X={peWh>0,T:V)NL*0,T;W); v(0) =0},
Y = L2(0,T: V*),
F: ABxX =Y,

T T

(F (g wou).v) = / PG (1) v(0))y di + [ aut) + o, v(0)) dr

0 0

T
+(V2j P w (), (1)), v(1)) dt — /(f(t)vv([))(Lz(Q))d d
0

T
- [E@r O dr Vo e L2O.TV).
0

F  BxX >R,

1
/(ngvu) = §||u+u()_ud”%{u+ ﬁ

1
S gl + 5ol + o —wls, -

We remark that

/(g,w,ftf;w) = Jep(g’ W) V(g,w) € Hg 2 HW'

In the sequel, to simplify the notation, we shall omit to write explicitly the indices
€,p, g,and w.
We state now the main result of this section.

Theorem 9.9. Let (g*,w*) € Hy xH,, be a solution of the optimal control problem
(CS).,- Then, there exist the unique elements u* € X and q* € Y* such that

T

T
p | @ @0).v@)y dr + | a@*(t) + uo,v(t))d
J J

0

T T
+ [ @@ o) d = [FOrDepd ©145
0 0

T

+ /(g*(:),v(z))(wmd dt Vvel*0,T:V),
0
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T T

/p(ﬁ(t),q*(t))vdt +/a(v(t),q*(t)) dr

0 0

T

+/(V22j(w*(t),it*(l))ﬁ(l) = Vo j(0). 0" (1)), g (1)) d (9.146)
0
T

= /(u*(t) +uy—uy, V(t))(LZ(r2))d dt VreX

and

B&*. &u, = (@". &) 201:2mryyr) Vg € Hg. (9.147)

Proof. Let u* be the unique solution of (9.144) corresponding to (g*,w*). Some
easy computations give:

U7 (g w* )0 = L o —w wm, Y < H.
8/ .

@(g W u*)(g) =p(g". g)n, Vg € Hy,

0

1
W(g*s“’*s”*)(u) = (u* +uy—uq,u)n, + g(u* +ug—w" uy, ueX,

%(g*w*,u*)(w),‘» = /(sz(w(l),it*(l))w(l)) dr V(w,v) € Hy x L*(0, T V),

T
/(g(t),v(t))(Lz(l—l)d dt Vg e Hy Vv € L*(0,T; V),

T

ik i%

<
(57 & vy ce.0)
(

0
T
(" W™ u*) @), > ) f @) () dr + / au(t). v(1)) di
0

0

+ [ (V3jw(t),a*(t))a(t),v(t))dt YueX, Yve L*(0,T;V).

o Sy

F
Thus, the operator 8—(g*, w*,u*) : X — Y is an isomorphism.
u

Using Theorem 9.8, the adjoint state ¢* € Y™ is defined as being the unique
solution of the following equation:

<|:8i(g w* u):| -q*,v>=%(g*,w*,u*)(v) vy e X.
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Therefore, we have

T

/[p(f’(f),q*(f)) +a(t). q* () + (V3 jw* (). &* () (5(), ¢*(1))] dr

0 . 1

= / [(u*(r) +uo —uq,v(t)) 12y + E(u’; + uy — w(t),v(t))W:| dr Vv e X.

Next, since h* = (g™, w™) is a solution of the optimal control problem (CS),,,
using Theorem 9.8, we obtain

dl . 37 . o, v 07 e\
T ®=" (0" u )(h)—{q oy (0w )(h))—o Vh=(g.w) € Hy x Hy
which gives

T

T
1
[ 2w @ w0 dr + Be™ m, = [0 Vo500 @)
0 0
_(q*»g)LZ(O,T;(LZ(I‘l))d) V(g.w) € Hy x Hy, .

Taking g = 0, we deduce

T
f L@ @b OO dt = [(070), V200G @) di Vv € 120, T:W)
0

St~

and, so, we obtain (9.146) and (9.147). O

The asymptotic analysis (Corollary 9.1) of smoother problems (CS),,, provides
that the sequence of optimal regularized controls { gZp, ufp}ep converges to an
optimal control (g*, u*) of the initial problem (CS). Therefore, the system (9.145)—
(9.147) can be useful in the numerical analysis of an optimal control.
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