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Preface

The initiative for this book came from the PISA 2012 Mathematics Expert Group,
which had worked together with a team from the Australian Council for Educa-
tional Research (ACER) for nearly 4 years in the preparation of the OECD’s 2012
PISA survey. The mathematics assessment for the 2012 survey underwent substan-
tial changes, building on and further developing the structures and conceptua-
lisation of the 2003 survey (when Mathematics had last been the major domain)
and responding to the wide-ranging international feedback that had arisen in those
9 years. The Framework has grown steadily since its inception for the 2000 survey,
and its impact has expanded dramatically over this time. The item design has also
been substantially refined. The expert group came to realise that the work that goes
into an international survey such as PISA should be better known: hence this book.
We hope it is a contribution both to thinking about the most fundamental goals and
activities of mathematics education and toward better understanding the results of
the PISA surveys.

It has been a pleasure to work with a team of such talented, engaged, and well-
informed authors in the preparation of this book. Many chapter authors were also
members of the Mathematics Expert Group for the PISA 2012 survey and the
mathematics teams of international contractors for PISA 2012 led by ACER. We
thank them for contributions to the book as well as for their contribution to the
Mathematics Framework and items for the 2012 survey. Other authors have played
important roles in using PISA to improve mathematics education in their own
countries. The editors have also enjoyed bringing their own two different perspec-
tives together as they worked on this book: Ross’s experience as the leader of the
ACER team responsible for delivering the mathematics framework, items, and
coding since the first PISA survey and Kaye’s view from research, teaching, and
national policy and as chair of the Mathematics Expert Group for PISA 2012.

It is essential to acknowledge that many of the ideas in the book are the outcome
of the joint work of the members of all the Mathematics Expert Groups from PISA
2000 to PISA 2012. Their names are listed at the end of this Preface along with
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other key mathematics staff members of agencies contracted to develop and
implement PISA mathematics over its first several survey administrations.

We also acknowledge the valuable input of the Springer editors and especially of
the anonymous reviewers whose useful comments helped sharpen the text. It is a
special pleasure to acknowledge the work of Pam Firth from the University of
Melbourne for her able editorial and administrative assistance.

Opinions expressed in this book are those of the authors and do not imply any
endorsement by the Organisation for Economic Co-operation and Development
(OECD) or any other organization.

Melbourne, VIC, Australia Kaye Stacey
Camberwell, VIC, Australia Ross Turner
3 Dec 2013
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The Assessment of Mathematical Literacy:
Introduction to PISA and to This Book

Abstract This book gives the ‘inside story’ of the mathematics component of the
PISA survey, with contributions from authors directly involved in the international
PISA development and implementation, and national policy responses and practical
actions. This introductory chapter introduces the key ideas explored in the book,
and sets the context in which detailed commentary is provided in later sections. The
two main audiences for the book are identified as those with direct involvement or
concern with what happens in mathematics classrooms (that is, mathematics
teachers, curriculum developers, test developers and teacher educators), and those
with an interest in the policy environment within which mathematics education
occurs. The three main parts of the book are introduced. The first part describes the
key concepts of the Mathematics Framework and their evolution over the PISA
2000 to PISA 2012 survey administrations, including the literacy concept, the place
of mathematical modelling, and of mathematical competencies. The second part
gives an insider view of the development and implementation of the PISA survey,
including test item development and test administration, questionnaire develop-
ment and the new computer-based assessment of mathematics. The third part gives
a collection of reports and views about impacts of the PISA survey in 14 countries.
This introductory chapter also gives a very broad outline of the PISA surveys for
mathematics for readers unfamiliar with the details of this initiative.

Aims of This Book

This book aims to give the ‘inside story’ of the mathematics component of the
world’s largest educational survey—the assessment of mathematical literacy of
students around the world by PISA, the Programme for International Student
Assessment of the Organisation for Economic Co-operation and Development
(OECD). The editors and authors have been directly involved in creating the
PISA Mathematics Framework and mathematical literacy test items and designing

xi
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and implementing the associated quality control measures. Some contributors have
been through all first five administrations of the PISA survey: PISA 2000, PISA
2003, PISA 2006, PISA 2009 and PISA 2012. Other authors are also involved in
understanding and interpreting the results of the PISA surveys in their own countries
and in designing initiatives to improve their educational systems in response to PISA
results. The initiative for the book came from the PISA 2012 Mathematics Expert
Group, the members of which worked together with the team of international
contractors led by The Australian Council for Educational Research (ACER) for
nearly 4 years in the preparation of the Framework and items for the 2012 survey.
The conduct of international assessments involves many groups: the commissioning
governments, the psychometricians who ensure that the statistical basis of the survey
makes the results sufficiently authoritative for legitimate comparisons to be made,
the psychologists and educators who design the parameters and variables of interest
across the whole study, and groups in each participating economy who work with
schools and students and with the policy implications arising from the assessments.
Within this large mix, the Mathematics Expert Group is the voice of mathematics
educators, and this book looks at PISA mainly from their point of view.

All members of the Mathematics Expert Group felt strongly that the theoretical
and practical developments of PISA needed to be better known. Naturally the main
interest of PISA is in its results: the country achievements, rankings and trends over
time, the examination of equity, the links between performance and characteristics
of schools and teachers. However, this book is not about the results. Instead it has
been written in the belief that the results of PISA will be used most wisely by people
who understand what lies behind PISA, both in its conceptualisation and in the
practical issues of designing and conducting a valid and equitable survey of a
worthwhile construct.

The editors and authors had two particular sets of interests at the forefront of
their thinking as the included material was selected and presented: those with direct
involvement or interest in what happens in mathematics classrooms; and those with
an interest in the policy environment within which mathematics education and
testing occurs.

First, mathematics teachers, curriculum developers, test developers and teacher
educators will be interested in the detailed discussion of the mathematical literacy
concept, the processes of development of PISA mathematics tasks, the results of
research into key drivers of mathematical literacy and the way that literacy is expressed
in the behavioural repertoire of mathematics students; and the insiders’ insights into the
practical examples of mathematics tasks that have been used in the PISA surveys.

Second, the community of interests that has generated or supported the PISA
survey will also be interested in several aspects of this book. Those responsible for
guiding the development and implementation of PISA may enjoy their share of the
credit for producing such a significant program that has been so influential in
shaping educational practice in so many ways. One part of the book aims to
document ways in which this has happened, from experts around the world. At an
individual country level, those responsible for various aspects of educational policy
development may benefit from the observations presented here regarding the
specific ways in which PISA ideas and methodology have been, are being or
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could be used to drive educational improvement. There are many practical models
to follow.

The book is in three main parts. Part I begins with a discussion of the concept of
mathematical literacy. The origins of this concept are drawn together, along with
some of the closely related and often partially conflicting ideas that sit alongside
it. These are discussed to clarify the different terminology that has been used
particularly in recent years to discuss this part of the mathematics education
territory. The PISA Mathematics Framework is introduced as a significant mile-
stone in the development and also in the dissemination of these ideas, because the
survey is used so widely around the world (65 countries in 2012). The underlying
mathematical competencies on which mathematical literacy so strongly depends
are described in two chapters, along with a scheme for operationalising these
competencies so that the cognitive demand of items can be estimated. PISA
assesses 15-year-olds’ ability to apply knowledge and skills to real-life problems
rather than how well they have learned the school curriculum. For this reason, there
is a chapter that focuses on the links in the assessment between the real world and
the mathematical world. This first part concludes with a personal reflection from a
research mathematician on how his views of mathematics education have changed
as a result of his involvement with PISA mathematics. Although the value of
education for all is now widely acknowledged, exactly what type of mathematics
should be given the highest priority remains contested.

Part II provides significant detail on aspects of the development and implemen-
tation of the PISA survey, specifically the processes of mathematics item develop-
ment in paper-based and computer-based environments, coding of responses to
items, and questionnaire development. Some of the tricks of the trade used by one
of the world’s pre-eminent test development agencies are discussed; features and
characteristics of several publicly released PISA items are demonstrated; and issues
that affect the ways in which these mathematics items are used to measure levels of
mathematical literacy are canvassed. This part also describes how the PISA 2012
survey collected data to measure the opportunity students in participating countries
have had to learn mathematics involving the approaches promoted through PISA.
Evidence from sources such as this can assist countries to find the right balance of
PISA-like classroom activities with traditional approaches to mathematics, when
the goal is mathematical literacy. A major theme of this part is the range of quality
assurance measures that need to be applied so that the results of PISA are mean-
ingful, and the substantial international collaboration that is involved in doing this
complex task.

The third part of the book goes to the issue of impact. We present the viewpoints
of mathematics educators in various contexts in 14 countries to show how PISA and
its constituent ideas and methods have influenced teaching and learning practices,
curriculum arrangements, assessment practices at a variety of levels, and the
education debate more generally in different countries. Some of these contributions
may go some way to explaining why there has been improvement in PISA scores in
some countries over time and may provide models and ideas for policy makers who
wish to use PISA outcomes as a stimulus for further educational improvement.
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A Compact Introduction to PISA Surveys

This part gives a very brief introduction to the PISA program, designed to provide
background information for readers unfamiliar with PISA and pointing to later
sections of the book where particular issues mentioned are developed in greater
detail.

PISA stands for the Programme for International Student Assessment, which
was initiated by the Organisation for Economic Co-operation and Development
(OECD) in the 1990s to provide governments and other interested parties informa-
tion on the effectiveness of educational systems, especially in preparing students for
the challenges of their future lives. The foreword to the first report of results from
PISA sets out the agenda in these terms:

PISA represents a new commitment by the governments of OECD countries to monitor the
outcomes of educational systems in terms of student achievement on a regular basis and
within a common framework that is internationally agreed upon. PISA aims at providing a
new basis for policy dialogue and for collaboration in defining and operationalizing
educational goals—in innovative ways that reflect judgements about the skills that are
relevant to adult life. (OECD 2001, p. 3)

PISA surveys are conducted every 3 years, with a random sample of 15-year-old
students in OECD and partner countries and economies. This age group was chosen
because this is around the end of compulsory schooling in many countries. The first
PISA survey was in 2000, so that the 2012 survey was the fifth in the series and the
sixth is in 2015. This book has been prepared between the data collection for the
PISA 2012 survey and the announcement of its first results in December 2013.
Further analyses will be published for many years. Every survey administration
assesses reading literacy, scientific literacy and mathematical literacy, with a variety
of additional assessment components varying across survey administrations such as
problem solving, and optional components that also vary such as financial literacy.
The meaning of the phrase ‘mathematical literacy’ and the reasons for selecting this
as the construct to be assessed in the mathematics component of the PISA survey
feature prominently in this book, especially in Chap. 1. In addition to what are usually
referred to as the cognitive assessment components (the reading, mathematics and
science components that relate to recognised and established curriculum domains),
background questionnaires directed to schools and students gather data on the school
and home environment for learning. Results from PISA are used in many different
ways: to compare the performance of students from different countries, to examine
the differential performance of students belonging to different subgroups within a
country, to track changes in performance over time, and to link features of the
learning environment to student performance. Turner and Adams (2007) provide an
overview of many organisational and other aspects of PISA.

The surveys are designed so that scores from different survey administrations are
directly comparable, so it is now possible to examine trends in achievement over an
extended timeframe. In the case of mathematics, the full PISA mathematics scale
was developed from the PISA 2003 survey, so mathematics trends can be examined
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over more than a decade. Because sufficiently many trend items from previous
surveys are used within each survey, it is possible to say that a mathematics score of
500 (say) in PISA 2003 describes the same ability level as a score of 500 in PISA
2012. Of course, this is not true for country rankings, because the group of
participating countries varies. For example, Finland had a mean score of 536 in
PISA 2000 and was ranked fourth. Japan had a mean score of 536 in PISA 2012 and
was ranked seventh. The overall performance of Finland in 2000 and Japan in 2012
are the same, with the different rankings reflecting the significant increase in the
number of countries participating in PISA over that period.

In each survey administration, the major focus of the survey rotates through
reading literacy, mathematical literacy and scientific literacy. The 2003 and 2012
surveys focused on mathematical literacy, with the surveys in 2000, 2006 and 2009
providing a smaller volume of data on mathematics, and with the focus in those
years being on either reading or science. For 2003 and 2012, a large number of new
mathematical literacy items had to be created and trialled, and this process is
described later in this volume in Chap. 6 (by Ross Turner, in discussing test
development alongside other aspects of quality assurance in PISA) and Chap. 7
(by Dave Tout and Jim Spithill, from the ACER mathematics test development
team for PISA 2012). Mathematics items used in PISA surveys are also presented
and discussed in other chapters (including in Chap. 3 by Kaye Stacey as part of her
discussion of modelling within PISA mathematics, and in Chap. 8 by Caroline
Bardini as part of her discussion of features of the computer-based mathematics
option for PISA 2012). In the 2003 and 2012 survey administrations, the question-
naires for students and schools also emphasised mathematics and some of the
specifically mathematical probes are discussed in Chap. 10 in this volume by
Leland Cogan and William H. Schmidt.

PISA is a huge educational study. In 2012, for example, a random sample of just
under 519,000 students in 65 countries (including all 33 of the OECD member
countries) participated in the main survey covering mathematics, reading, science,
general problem solving and the core background questionnaires, with many
undertaking the optional components including computer-based assessment of
reading and mathematical literacy, financial literacy, parent questionnaires and
student questionnaires on familiarity with ICT and educational careers. All of
these instruments were prepared in up to 85 different national versions, including
versions translated into 43 different languages using rigorous processes to ensure
that they are free from cultural and linguistic biases, so that the data are as truly
comparable as possible.

PISA draws on the skills and knowledge of many experts around the world. The
2012 mathematics assessment required 115 new items to be created for the nine-
yearly in-depth study of mathematical literacy, alongside 36 items linked to earlier
administrations of the survey to enable estimation of trends. From a very large set of
raw ideas, new items proposed by teams around the world went into a large pool for
extended development and that pool was approximately halved for the field trial
and halved again for the main survey in the light of empirical results. Even before
selection for the field trial, items were subject to intensive scrutiny by PISA’s
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Mathematics Expert Group, by the item development teams, by external experts,
and by the national teams in every participating country. In 2012, test booklets also
included items specially tailored so that emerging economies with currently low
performing school systems were able to obtain more reliable data than had been
possible in the past.

The substantial length of time between data collection and the release of the first
results is in part due to the thorough procedures that are applied to checking the
adequacy of the achieved sample of students and schools, and to the sophisticated
statistical methods used to produce results, especially in order to make them
comparable from survey to survey. To improve the breadth of assessment of
mathematical literacy, each student does only a small selection of the full bank of
items for mathematics according to a rotated booklet design, within which booklets
are assigned randomly to sampled students. Student responses are ‘coded’
according to pre-defined response categories (see Chap. 9 in this volume written
by Agnieszka Sutowska).

There is a great deal of information freely available about PISA, past and present,
in accordance with OECD policy. The official OECD website (http://www.pisa.
oecd.org) includes general descriptions of the project, official reports, links to
operational manuals, survey instruments and all released items from previous
administrations, and secondary analyses of data on topics of interest. Some other
websites, including the website hosted by the Australian Council for Educational
Research, which led the international consortium of contractors for PISA from the
2000 to 2012 survey administrations, contain or link to copies of the numerous
national and international reports, research publications and commentaries, techni-
cal manuals and discussion documents and all released items (e.g. http://pisa-sq.
acer.edu.au and http://cbasq.acer.edu.au). It is possible to download databases and
manuals for analysis, or to submit a query to an automated data analysis service. In
addition to official sites, there are many reports of scientific procedures (e.g. Turner
and Adams 2007), secondary analyses of PISA data (e.g. Kotte et al. 2005; Grisay
and Monseur 2007; Willms 2010) and many reports with a policy or local focus (see,
for example, Oldham 2006; Stacey and Stephens 2008; Stacey 2010, 2011).

A difficult point for mathematics educators to accept is the precise goal of the
mathematics work in PISA. All the work carried out to bring PISA mathematics
into being is towards the goal of providing the best possible measure of mathemat-
ical literacy and its specified components. All of the items are selected on this
criterion. Items that do not contribute well are not used, even though they may
provide very interesting, important insights into student thinking. Moreover, items
have to be coded reasonably economically, so there remains a wealth of information
about student performance that is not captured for statistical analysis, although it
could possibly be made available for researchers. There are many questions about
particular aspects of mathematical thinking where the results of PISA items some-
times provide useful information, but this happens by accident not design, unless it
is directly related to the measurement of mathematical literacy.

PISA is not without criticism, but even this can often be seen as a positive result
of the OECD’s entry to this space. For example, criticisms have been made of
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technical and methodological aspects particularly of the analysis of PISA data (for
example, see Prais 2003; Goldstein 2004; Kreiner 2011 and a response to Kreiner
by Adams 2011). Some criticisms are based on a lack of knowledge of the quality
control measures used in item design and survey construction, a gap that this
volume hopes to fill. In particular, it is often assumed that no measures are taken
to minimise potential biases relating to culture and familiarity with the real-world
context. Criticisms have also been made regarding the accessibility of the PISA
survey in terms both of the cost of participation and the appropriateness of the test
items it uses for countries less wealthy and less developed than most OECD
member countries, an important issue that is taken up in several chapters of this
volume. A further form of criticism is based on views of the ways in which PISA
data are often used, especially where that use is limited to global comparisons of
performance with a ‘horse-race mentality’ rather than deeper use to understand the
correlates and drivers of performance in order to design system and other educa-
tional improvements. It is to be hoped that this volume will play a part in promoting
a more informed use of PISA results and constructs. Increased methodological
debate related to the conduct of educational surveys might well be seen as a positive
outcome of PISA; similarly the number and range of countries either joining PISA
or investigating alternative sources of the kind of measures that PISA generates
stands as testament to the fundamental importance of the aims of the PISA
enterprise. By explaining the inside view of the processes in creating a PISA survey,
this book may be seen as a contribution to deepening the nature of consideration and
debate about what positive lessons can be learned from PISA and its results.

About This Book

The remainder of this introduction briefly introduces each of the parts of the book in
turn. This book is divided into three parts. Part I is concerned with the ideas that are
central to PISA mathematics and how they link with other ideas within educational
thinking. Part II focuses on the implementation of the survey and Part III brings
together perspectives from people around the world who have used PISA initiatives
to improve mathematics education in their countries. The chapters differ signifi-
cantly in style, from broad scholarly surveys and reports of research methods to
accounts by individuals of their encounters with PISA ideas and work. Together it is
hoped that they provide readers with a rich account of many, but certainly still not
all, aspects of the large enterprise that is PISA mathematics.

Part I: The Foundations of PISA Mathematics

Part I reviews the main concepts and theoretical background for the mathematics
component of the PISA survey.
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Chapter 1 The Evolution and Key Concepts of the PISA Mathematics Frame-
works by Kaye Stacey and Ross Turner describes the key concepts of the Frame-
works and some of the history and origins of those ideas, within PISA and from
broader educational thinking.

Chapter 2 Mathematical Competencies and PISA by Mogens Niss describes the
origins of a set of mathematical competencies that take a central place in the PISA
Framework to describe what it means to ‘do mathematics’.

Chapter 3 The Real World and the Mathematical World by Kaye Stacey
describes how PISA theorises the link between mathematics and its use for practical
purposes through the mathematical modelling cycle, and how an assessment using
real-world contexts can be implemented fairly across groups and cultures.

Chapter 4 Using Competencies to Explain Mathematical Item Demand: A Work
in Progress by Ross Turner, Werner Blum and Mogens Niss describes research that
has shown how the PISA mathematical competencies can be used to understand
aspects of the cognitive demand of PISA mathematics tasks.

Chapter 5 A Research Mathematician’s View on Mathematical Literacy by
Zbigniew Marciniak presents a personal reflection on how involvement with
PISA mathematics has affected his views about what is important in mathematics
education. Including this reflection acts as a reminder that important theoretical
considerations actually have an impact on individuals involved in education. The
issues that it addresses have been at the heart of the ‘math wars’ that have raged in
many countries over several decades.

Part I1: Implementing the PISA Survey: Collaboration,
Quality and Complexity

Part II describes aspects of the implementation of the PISA survey from various
insider perspectives, showing the complexity of the PISA enterprise, the steps taken
to ensure quality of PISA outcomes and the extensive collaboration among a variety of
stakeholders and other players that takes place to make the enterprise such a success.

Chapter 6 From Framework to Survey Data: Inside the PISA Assessment Process
by Ross Turner introduces the major elements involved in the development and
implementation of each PISA survey.

Chapter 7 The Challenges and Complexities of Writing Items to Test Mathemat-
ical Literacy by Dave Tout and Jim Spithill provides an outline of the processes of
test development. It uses released PISA items to exemplify the processes.

Chapter 8 Computer-Based Assessment of Mathematics in PISA 2012 by
Caroline Bardini describes theoretical and practical issues related to the computer
delivery of PISA items and illustrates with several of the PISA 2012 items.

Chapter 9 Coding of Mathematics Items in the PISA Assessment by Agnieszka
Sutowska provides a very practical account of the way student responses to PISA
items are processed from the perspective of a PISA national assessment centre.

Chapter 10 The Concept of Opportunity to Learn (OTL) in International Com-
parisons of Education by Leland Cogan and William Schmidt discusses the
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development and inclusion of innovative questions related to opportunity to learn
mathematics in the student questionnaire for PISA 2012.

After the stages of item creation, the data collection and the coding that are
described in these chapters, a long and complex process of collating, cleaning,
processing and then reporting results ensues. Understanding the statistical pro-
cedures is also important to a well-informed interpretation of the PISA results.
This is beyond the scope of this book, but is well described in the technical manuals
written as part of the documentation for each PISA survey administration
(e.g. Adams and Wu 2002).

Part I11: PISA’s Impact Around the World: Inspiration
and Adaptation

Part IIT of the book is a collection of reflections on the impact that PISA has had on
individuals’ thinking, on education systems, and on teaching and learning practice
in 14 different countries.

Chapter 11 Applying PISA Ideas to Classroom Teaching of Mathematical
Modelling by Toshikazu Ikeda discusses the application of the ideas related to
mathematical modelling, as promoted in the PISA Framework, in classroom prac-
tice in Japan.

Chapter 12 The Impact of PISA on Mathematics Teaching and Learning in
Germany by Manfred Prenzel, Werner Blum and Eckhard Klieme, discusses the
changes instituted in German schools and systems as a direct consequence of
concern about Germany’s unexpectedly low initial PISA results.

Chapter 13 The Impact of PISA Studies on the Italian National Assessment
System by Ferdinando Arzarello, Rossella Garuti and Roberto Ricci describes
efforts to reform classroom practices in order to better prepare Italian students for
the kinds of thinking valued through PISA.

Chapter 14 The Effects of PISA in Taiwan: Contemporary Assessment Reform by
Kai-Lin Yang and Fou-Lai Lin describes contested plans in a high-performing
PISA country to introduce reforms arising from Taiwan’s PISA results.

Chapter 15 PISA’s Influence on Thought and Action in Mathematics Education,
compiled by Kaye Stacey, is a collection of shorter pieces that provide reflections
on aspects of the impact of PISA in ten countries. It speaks to the influence of PISA
ideas around the world as well as to its congruence with the major concerns of many
educators.

Final Reflections

Compiling this book marks the end of a long process for those of us working on
mathematics for PISA 2012. The framework has been revised so that it better
shows the connections among its elements, with work by the Mathematics
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Expert Group (MEG), ACER, and Achieve, and with input from experts around
the world. Organised by ACER, a huge number of items were developed by
teams around the world, critiqued numerous times including by teams in all
countries, selected by the MEG, translated into 43 languages, administered and
coded in the field trial in 65 countries and statistically analysed to provide data
for selection of items into the main survey, involving its major administration,
coding, statistical analysis and finally presentation of the first results in
December 2013. For most people, PISA begins at this point when the first results
are available.

These results are only worth the investment of so much effort if they can be used
for productive purposes to improve educational outcomes. This in turn depends on
the extent to which the processes that are followed provide confidence in the
reliability and integrity of the results, and whether PISA outcomes generate insight
into student performance. Whereas dealing with complexity is one theme of many
of the chapters, using strong quality assurance measures is another. We hope that
some of the qualms about PISA’s capacity to provide good measures across
countries will be alleviated by reading this book.

As is evident in many chapters of this book, the concept of mathematical literacy
is well founded within the tradition of mathematics education but is also a distinct
new contribution, especially because the PISA processes have forced some inte-
gration of analyses from across the globe. Around the world, countries are adopting,
and of course adapting, mathematical literacy as the major goal of schooling for
most students. Unlike some of its variants such as numeracy and despite the
impression given in some countries as a result of the words typically used to render
the terminology in different languages, mathematical literacy for all is not a low
level goal, but a high aspiration. In Part III, there are examples of countries where
PISA’s analysis of mathematical literacy is also forming a framework for national
curriculum development. The pool of publicly released items from PISA Mathe-
matics is now sizeable, and is also beginning to be used quite widely, in educational
research, for teacher professional development and as a model for assessment. In
other words, PISA has grown out of existing traditions and practices in mathematics
education, and in turn has influenced the directions in which mathematics education
is developing. Whilst close copying of PISA-style items is not sufficient to encour-
age strong mathematical literacy, because the inevitable constraints of providing
robust international assessment limit the range of such tasks, the released items
certainly provide ideas and directions for improving instruction. They can also
stimulate the production and classroom use of PISA-like tasks that develop math-
ematical modelling and mathematical literacy more richly. PISA also publishes all
databases, so further research on many fronts is supported. With well-informed
commentators, PISA can make a contribution far beyond the horse race results so
frequently represented in the media.

Working within PISA also makes it clear that one of the world’s largest educa-
tional research surveys cannot answer all of the research questions that need to be
answered. It cannot, for example, directly answer questions about the best direction
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for educational reform. However, we hope that this book contributes to widespread
better understanding of PISA results, so that they can be sensibly used as a basis for
the needed experimentation, study and policy development that can follow having the
strong measure of mathematical literacy that PISA surveys provide.

Melbourne Graduate School of Education Kaye Stacey
The University of Melbourne
Melbourne, VIC, Australia

International Surveys, Educational Ross Turner
Monitoring and Research

Australian Council for Educational Research

Melbourne, VIC, Australia
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Part I
The Foundations of PISA Mathematics

Introduction to Part I

In this part the inside story of the conceptualisation of mathematical literacy for
PISA for the first five surveys is presented. Authors have been directly involved in
creating the PISA Mathematics Framework, which specifies the assessment param-
eters and the nature of the mathematical literacy items. The key elements of the
Mathematics Framework for PISA 2012 are introduced in the context of a discus-
sion of the evolution of the Frameworks of the PISA survey from 2000. The
relationships between the literacy notion and other ideas underpinning the PISA
Framework, and the appearance of similar ideas elsewhere in the mathematics
education world show clearly that the developments here form part of an ongoing
historical progression in the thinking of policy-makers and educational practi-
tioners of all kinds that is aimed at improving the quality of mathematics education.

In Chap. 1, Kaye Stacey and Ross Turner put the 2012 Framework in its
historical context, emphasising the links between ideas harnessed in this Frame-
work and other contexts in which the same or similar ideas have been used. Two
major sets of ideas central to PISA mathematics since its inception are mathemat-
ical modelling and mathematical competencies.

In Chap. 2, Mogens Niss provides an extensive history of the development of the
competency notion for mathematics, which is the general attempt to describe
mathematics in terms of a small set of competencies involved in doing mathematics
rather than by naming the topics studied in mathematics courses. The importance of
this is that it focusses the attention of teachers, assessors and students on working
mathematically in the broadest sense, not just on knowing how to solve routine
problems. This description of competencies centres on the work of Niss himself and
colleagues in Denmark but links to some other well-known schemes are also
discussed. The chapter reports on the evolution of the competencies (renamed the
fundamental mathematical capabilities for PISA 2012) over the first fifteen or so
years of PISA’s existence from the more general schemes to one specifically
designed for PISA purposes. In conjunction with Chap. 4, this chapter offers an
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accessible and authoritative outline of the history, background and current devel-
opments of these influential ideas.

In Chap. 3, Kaye Stacey explains how mathematical modelling and
mathematisation fit within PISA mathematics, using a number of released PISA
items to illustrate the points made. The central idea of mathematical literacy is that
is it about the use of mathematics in people’s lives, and this raises issues of
authenticity and interest of the real-world contexts and the equity of assessment
using them. Assessing mathematics in context is more complicated than assessing
mathematical skills and routines. A further contribution of the chapter is in clari-
fying the meaning and use of many different terms (such as literacy, numeracy,
competency, modelling, mathematising) that are sometimes used in discussions
about PISA.

In Chap. 4, Turner, Blum and Niss present the story of ongoing research that has
exposed aspects of the role played by mathematical competencies in affecting the
empirical difficulty of PISA items, and therefore the expression of the literacy
construct of which PISA items are intended to provide indicators. The chapter
elaborates on the definition and operationalisation of the competencies and how this
has been used in task development. The detailed discussion of the thinking behind
the scheme and its modifications is invaluable for anyone aiming to understand the
role of competencies in doing mathematics. The final appendix, which defines the
competencies and the specifications of four levels for each, is a definitive guide for
researchers, teachers and test designers intending to use competencies to explain,
monitor or manipulate item demand.

Marciniak completes this part by providing in Chap. 5 a personal reflection from
the perspective of a pure mathematician on the changes in his thinking about
mathematics education that have resulted from his grappling with the main ideas
and practices of PISA mathematics, first as a national reviewer of draft PISA
material, and then as a member of the Mathematics Expert Group for the last four
survey administrations. The contribution belongs in this part because it is intimately
about what PISA should value most. Marciniak reflects on his growing realisation
that for most students at school, the goal of mathematical literacy is of greater
importance than promoting abstract mathematical thinking, and that the common
‘catch the fox’ approach to curriculum does not serve students well. This is an
individual account, contrasting in style to other chapters in this part, but it is
significant because of ongoing community debate about what should be the highest
priorities of school mathematics, and hence what type of mathematics PISA should
assess. Whilst the ‘math wars’ (Schoenfeld 2004) in the USA are extensively
documented aspects of this debate, many educators and professional mathemati-
cians around the world grapple with this issue. The beauty and structure of pure
mathematics and the opportunities for truly challenging problem solving attracted
many of us (including Marciniak) to work in mathematics, but mathematics as a
compulsory subject must place the highest priority on its usefulness.

There is a humorous saying in English that ‘a camel is a horse designed by a
committee’. As readers of this part encounter some of the extra camel humps in the
conceptual framework of PISA, they will see the signs that PISA has been designed
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by numerous committees, modified over time, and has taken on board suggestions
from around the world. But just as a real camel has characteristics that make it a
valuable and unique animal and not just a poorly designed horse, the PISA ‘camel’
is a strong and robust beast, fit to withstand the many perils in the desert of
international assessment. It has been designed through genuine collaborative think-
ing, rather than bureaucratic committee processes. It has amalgamated constructs
and ideas from many sources, expressed in many different educational traditions
and languages, to build a framework upon which an assessment of valuable learning
for citizens around the world can be founded.
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Chapter 1
The Evolution and Key Concepts of the PISA
Mathematics Frameworks

Kaye Stacey and Ross Turner

Abstract This chapter describes the purpose of the Framework for the PISA
surveys of mathematical literacy and its evolution from 2000 to 2012. It also
describes some of the analysis and scholarship on which the key constructs of the
Framework are based, and links to kindred concepts in the wider mathematics
education literature. The chapter does not intend to present the Framework but
instead to share insights into its creation by successive Mathematics Expert Groups.
The main Framework concept is that of mathematical literacy which has its roots
in recognition of the increasing importance of mathematical proficiency in the
modern world. The chapter describes mathematical literacy, its evolving definition
and the origin of the term within broadened notions of literacies and its relationship
to other terms such as quantitative literacy and numeracy. It describes the central
constructs of the Framework, which are used to describe what abilities make up
mathematical literacy and are also used to ensure that the item pool is comprehen-
sive and balanced. These are the real-world context categories that group the source
of mathematical challenges, the phenomenologically-based content categories, the
fundamental mathematical capabilities and a set of processes based on the mathe-
matical modelling cycle. The way in which new technologies have expanded the
view of mathematical literacy and how this has been assessed through the 2012
computer-based assessment of mathematics is also discussed.
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Introduction

Imagine you were asked to find out whether educational systems around the world
are doing a good job in preparing students for the challenges that they are likely to
face in their futures. You are almost certain to decide that the traditional ‘three
Rs’—reading, ’riting and ’rithmetic—remain highly important, along with other
capabilities about which there will be more debate. Now focus on arithmetic. Here,
you are likely to decide that restricting your investigation to arithmetic is definitely
out of date and that you need to investigate success in the broad field of mathemat-
ics. (Here, and almost everywhere else in this volume, this term ‘mathematics’
includes all branches of the mathematical sciences, including statistics.) This
needed breadth has been recognised for many years. For example, in 1989 the
National Council of Teachers of Mathematics commented:

To become mathematically literate, students must know more than arithmetic. They must
possess a knowledge of such important branches of mathematics as measurement, geom-
etry, statistics, probability, and algebra. These increasingly important and useful branches
of mathematics have significant and growing applications in many disciplines and occu-
pations. (NCTM 1989, p. 18)

Within this wide domain of mathematics, what sort of tasks should be posed to
answer the main concern of the OECD’s PISA survey for mathematics: have
students have been well prepared mathematically for future challenges (OECD
2000)? The main topic of this chapter is to discuss the PISA answer to this question:
that the highest priority for assessment is ‘mathematical literacy’ with its focus on
life after school, not just life at school. The chapter discusses the concept of
mathematical literacy from many points of view, including its history from before
PISA and as it developed through the 2000-2012 surveys. It provides an analysis of
the components of mathematical literacy (and their origins in many branches of
educational thought) and describes how this analysis is employed to create a
balanced assessment of mathematical literacy. The way in which PISA
operationalises these components of mathematical literacy is officially described
in the Mathematics Framework (see, for example, OECD 2013a), so the chapter
begins with a brief description of its purpose and history.

The Frameworks from PISA 2000 to PISA 2012

Much of the subsequent discussion in this chapter draws on the Frameworks for
mathematics for the PISA surveys from 2000 to 2012 (OECD 1999, 2004, 2006,
2009c, 2013a). These were created by the Mathematics Expert Groups (MEG)
appointed for each survey by the international contractors with the approval of
the PISA Governing Board. MEG members include mathematics educators, math-
ematicians and experts in assessment, technology, and education research from a
range of countries. The preface lists the membership from 2000 to 2012. External
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review of the Frameworks has been widely sourced over time, with the
U.S.A. group Achieve (www.achieve.org) co-ordinating major input for the PISA
2012 Framework. Whilst the Mathematics Framework has been revised and
published anew for each administration of the PISA survey, only the initial Frame-
work (OECD 1999) and the versions for PISA 2003 and PISA 2012 (OECD 2004,
2013a) when mathematics was the major survey domain represent significant
developments.

The purpose of the Framework is to set out the PISA approach and describe the
assessment instruments in terms of the processes that students need to perform, the
mathematical content that is relevant, and the real-world contexts in which knowl-
edge and skills are applied. This analysis of the concept of mathematical literacy
and what contributes to student success is used to ensure that the assessment gives a
sufficiently balanced and thorough coverage of the domain to gain the support of
countries participating in the PISA survey. The Mathematics Framework also
identifies mathematics-related aspects of the assessment of attitudes that contribute
to students using and further developing their capabilities.

The Frameworks for the first four surveys were developed by the MEGs under
the chairmanship of Professor Jan de Lange from the Netherlands. de Lange’s
leadership provided a strong link to the Freudenthal Institute’s approach to math-
ematics education, known widely as Realistic Mathematics Education (RME). The
first Framework was only partially developed, but it made a clear statement of the
centrality in PISA of the mathematisation of the real world that permeates de
Lange’s RME perspective (de Lange 1987). PISA was therefore able to capitalise
on an existing body of research and resources (see, for example, de Lange 1992). A
more complete development was undertaken for PISA 2003 and this second
Framework (OECD 2004) began to flesh out the description of the process of
doing mathematics and the competencies involved. The changes that were made
to the Frameworks for the 2006 and 2009 survey administrations were largely
cosmetic, but when mathematics was again the major survey domain for PISA
2012, the Framework (OECD 2013a) underwent a major revision. This chapter is
intended as a behind-the-scenes explanation of framework ideas: the published
Frameworks remain the authoritative source of the outcomes of that development.

What Is Mathematical Literacy?

The task for PISA, as set by the OECD is to discover whether students have been
well prepared mathematically for future challenges in life and work. What sort of
mathematical tasks should be posed to answer this question? Consider Pythagoras’s
theorem, arguably the most important theorem in all of mathematics, known for
over 3,000 years. It provides practical information for calculating distances and it is
used and generalised in many different branches of pure and applied mathematics.
It has about 370 known proofs. It also motivated Fermat’s Last Theorem, the most
famous of all mathematical problems. Certainly knowledge of Pythagoras’s
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Fig. 1.1 Diagrams for sample problems involving Pythagoras’s theorem

theorem is important, but what type of problems about it would be appropriate to
ask? Figure 1.1 offers a range of possibilities. All of these are valid questions that
students could be asked at school when studying Pythagoras’s theorem.

» Sample Problem 1. State Pythagoras’s theorem.

e Sample Problem 2. ABC (see Fig. 1.1a) is a triangle right-angled at C. AC has
length 7 cm. BC has length 12 cm. Calculate the length of side AB.

» Sample Problem 3. In triangle DEF (see Fig. 1.1b), angle F is 90°, angle D is 45°
and side EF is 150 m. Calculate the length of side DE.

» Sample Problem 4. A large kite is flying at an angle of 45° to the ground at height
of 150 m. How long is the rope tethering it?

e Sample Problem 5. KLM (see Fig. 1.1c) is a triangle right-angled at M. P is a
point on KM and Q is a point on LM. Prove that KQ?+LP?>=KL?+PQ>

e Sample Problem 6. Prove Pythagoras’s theorem.

Sample Problem 1 tests recall of fundamental knowledge that is required to
answer all of the sample problems that follow. Sample Problem 2 is a very
straightforward application of the theorem also requiring accurate calculation.
Sample Problem 3 draws in other geometric knowledge (triangle DEF is isosceles,
and so has two equal sides) before the knowledge of Pythagoras’s theorem as tested
in Sample Problem 2 can be used. Sample Problem 4 has the same mathematical
core as Sample Problem 3, but is presented in a context. Thus the problem solver
first has to uncover the mathematical structure within the real-world situation
described, introducing for himself or herself the triangle and the right angle using
real-world knowledge and deciding whether it is reasonable to consider the rope as
a straight line, at least as a first approximation. As with Sample Problem 3, the intra-
mathematical Sample Problem 5 requires devising a problem solving strategy,
although in this case it does not draw in knowledge beyond Pythagoras’s theorem.
Instead it requires the insight that Pythagoras’s theorem can be used in four
different right-angled triangles within the figure, followed by use of a little algebra.

Like Sample Problem 5, Sample Problem 6 is again in the intra-mathematical
world, connecting students’ experience to the great advance that the Pythagoreans
are credited with. They changed mathematics from the practice of rules for numer-
ical calculation to an intellectual structure by “examining its principles from the
beginning and probing the theorems in an immaterial and intellectual manner”
(Boyer 1968, p. 53). Depending on students’ mathematical experience, Sample
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Problem 6 may be answered by reproduction of ‘book knowledge’, or it may present
a substantial challenge. Questions like all of those above could potentially be asked
to investigate the effectiveness of educational systems.

In preparation for the first PISA assessment, the OECD and its Framework
developers needed to decide what subset and style of mathematics was the most
important for PISA to assess. The answer was summarised in the phrase ‘mathe-
matical literacy’. The key idea is to assess as directly as possible students’ ability to
use mathematics in solving problems arising in authentic real-world problems,
rather than to make unsupported inferences about that ability by examining only
the abstracted core mathematical knowledge and skills. The PISA 2000 report
explains that the term ‘literacy’ is used

to indicate the ability to put mathematical knowledge and skill to functional use rather than
just to master it within a school curriculum. (OECD 2000, p. 50)

Sample Problem 4 above is the closest to a PISA problem; in fact it is an
abbreviated version of an item from the PISA 2012 main survey, PM923Q03
Sailing ships Question 3, shown in Fig. 1.2. The Skysails Company http://www.
skysails.info/english/power/ makes sails to supply green power from the wind to
drive ships and for power generation at sea. This authentic situation provides the
stimulus for items involving percentage change (PM923Q01 Question 1), real-
world interpretation of algebraic formulas (PM923Q02 Question 2 not released),
Pythagoras’s theorem (PM923Q03 Question 3) and a multi-step calculation involv-
ing rates (PM923Q04 Question 4). Like Sample Problem 4, solving PM923Q03
Sailing ships Question 3 involves creating a mathematical model of the real
situation and then applying the same intra-mathematical thinking as in Sample
Problem 3 above, which in turn involves the component knowledge and skills of
Sample Problems 2 and 1. Items that test mathematical literacy involve the creation,
use or interpretation of a mathematical model for a real-world problem as well as
intra-mathematical thinking. PISA does not set out to test ‘book knowledge’ or
factual recall, except as part of solving a problem in an authentic situation, although
in some of the simplest items the real situation is, in fact, involved in only a minimal
way. These ideas are discussed fully in Chap. 3 of this volume.

A Continuum to Complex Mathematical Thinking

Can questions testing mathematical literacy involve intra-mathematical thinking
and proof of the complexity of Sample Problem 5 or Sample Problem 6 above?
Producing insightful solutions to complex problems can be part of mathematical
literacy, provided the need for the thinking emerges from a realistic context and
solving the problem could genuinely describe, explain or predict something about
that context. Mathematical literacy can also involve the presentation of convincing
arguments about those real situations, and the special proof-related nature of these
is a characteristic of mathematics.
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SAILING SHIPS

Ninety-five percent of world trade is moved by ~ Question 1: SAILING SHIPS it
sea, by roughly 50 000 tankers, bulk carriers One advantage of using a kite sail is that it flies
and container ships. Most of these ships use it flies at a height of 150 m. There, the wind

diesel fuel. speed is approximately 25% higher than down

on the deck of the ship.

At what approximate speed does the wind
blow into a kite sail when a wind speed of

24 km/h is measured on the deck of the ship?

Engineers are planning to develop wind power
support for ships. Their proposal is to attach

kite sails to ships and use the wind's power to
help reduce diesel consumption and the fuel's

impact on the environment. (oniginal image not shown) A. 6 km/h
(layout changed from original) B. 18 km/h
C. 25km/h
D. 30 km/h
E. 49 km/h
Question 3: SAILING SHIPS FMpsae

Approximately what is the length of
the rope for the kite sail, in order to
pull the ship at an angle of 45° and
be at a vertical height of 150 m, as
shown in the diagram opposite?

A 173 m
B. 212m
C. 285m
D. 300 m _
Note: Drawing not to scale.
@ by skysails
Question 4: SAILING SHIPS PM923Q04

Due to high diesel fuel costs of 0.42 zeds per litre, the owners of the ship NewWave
are thinking about equipping their ship with a kite sail.

It is estimated that a kite sail like this has the potential to reduce the diesel
consumption by about 20% overall.

Name: NewWave Load capacity: 12 000 tons

Type: freighter Maximum speed: 19 knots
Diesel consumption per year
without a kite sail:

Breadth: 18 metres  approximately 3 500 000 litres

Length: 117 metres

The cost of equipping the NewWave with a kite sail is 2 500 000 zeds.

(layout condensed)
After about how many years would the diesel fuel savings cover the cost of the kite
sail? Give calculations to support your answer.

Fig. 1.2 PM923 Sailing ships, released after PISA 2012 main survey (OECD 2013b)

When discussing complex mathematical thinking, an important caveat for the
implementation of PISA is that the questions are able to be solved by an adequately
large percentage of the target age group, under the conditions in which the survey is
administered. It is useless to include in the PISA survey questions with very high or
very low success rates because an item makes very little contribution to the
measurement if nearly all students obtain the same score. As a construct, there is
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no bound to the complexity of mathematical literacy items and it transcends age
boundaries, but the items used in the PISA survey must take the characteristics of
15-year-old students into account. Only a subset of mathematical literacy items can
be used with 15-year-olds.

Mathematical literacy, as defined by PISA, is not something that people have or
do not have, instead it is something that everyone possesses to a greater or lesser
degree. Proficiency lies along a continuum applying to very direct, simple tasks in
everyday situations through to situations involving the highest levels of technical
work. As noted by Marciniak (Chap. 5 of this volume), when judging the appro-
priateness of the mathematical content for PISA items, it is more important to select
items involving content that features prominently in functional use than advanced,
difficult content.

Formal Definitions

For PISA 2000 mathematical literacy was defined as:

an individual’s capacity to identify and understand the role that mathematics plays in the
world, to make well-founded mathematical judgements and to engage in mathematics, in
ways that meet the needs of that individual’s current and future life as a constructive,
concerned and reflective citizen. (OECD 1999, p. 41)

For PISA 2006 mathematical literacy was revised to:

an individual’s capacity to identify and understand the role that mathematics plays in the
world, to make well-founded judgements and to use and engage with mathematics in ways
that meet the needs of that individual’s life as a constructive, concerned and reflective
citizen. (OECD 2006, p. 72)

The definition has again been revised for the 2012 Framework (OECD 2013a)
but in all of these revisions, there has not been an intention to change the underlying
construct. For 2012 the revision, in response to international comment, was
intended to clarify the ideas underpinning mathematical literacy so that they can
be more transparently operationalised and to identify more clearly the fundamental
and growing role that mathematics plays in modern society. The formal PISA 2012
definition of mathematical literacy is as follows:

Mathematical literacy is an individual’s capacity to formulate, employ, and interpret
mathematics in a variety of contexts. It includes reasoning mathematically and using
mathematical concepts, procedures, facts, and tools to describe, explain, and predict
phenomena. It assists individuals to recognise the role that mathematics plays in the
world and to make the well-founded judgments and decisions needed by constructive,
engaged and reflective citizens. (OECD 2013a, p. 25)

All of these definitions are built on the consensus of the governments supporting
PISA and most research literature that all adults, not just those with technical or
scientific careers, now require a more sophisticated level of mathematical literacy
than in the past (see, for example, Autor et al. 2003).
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The first sentence of the 2012 definition identifies mathematical literacy as a
capacity of individuals and asserts the centrality of working in context, as described
above. It asserts that mathematical literacy is very closely related to mathematical
modelling, because formulating mathematical models, employing mathematical
knowledge and skills to work on the model and interpreting and evaluating the
outcome are its essential processes. The second sentence explains that all aspects of
mathematics are involved in mathematical literacy, whether through specific math-
ematical concepts and techniques or generic mathematical reasoning. The defini-
tion also highlights the functional purpose of mathematical literacy: to increase
understanding of real-world phenomena and hence to support sound decision
making across all areas of life. This is not a new idea. One of the reports that
followed the release of the PISA 2003 outcomes (OECD 2009b) cites Josiah Quincy
writing in 1816 of the importance of “political arithmetick’ to fulfil the duties of a
citizen conscientiously. Both the published Framework for PISA 2012 (OECD
2013a) and Stacey (in press) unpack further aspects of this definition.

Why Call It ‘Mathematical Literacy’?

The name ‘mathematical literacy’ has come to be associated with PISA, as part of
its broadened understanding of literacy in modern society (OECD 1999), but it has a
longer history. Ray Adams, the International Project Director contracted by the
OECD to lead development and implementation of the first five PISA survey
administrations, reminisced that he suggested the name ‘mathematical literacy’ at
the beginning of work on PISA (as part of the broad notion of literacy as described
below for all PISA domains) but he does not recall a specific source. In fact, the
phrase was already being used, although it was not widespread. Turner (2012)
points to usage in the 1940s without definition. The introduction to the famous
NCTM Standards (National Council of Teachers of Mathematics 1989) reports how
they began with a Commission charged with creating “a coherent vision of what it
means to be mathematically literate” (p. 1) and went on to summarise the term as
denoting:
an individual’s ability to explore, to conjecture, and to reason logically, as well as to use a

variety of mathematical methods effectively to solve problems. By becoming literate, their
mathematical power should develop. (NCTM 1989, p. 6)

This early definition includes two features of the use of the word ‘literacy’: that it
involves functional use of knowledge (applying knowledge to solve problems—by
implication important problems) and that it increases the individual’s power.
Comber (2013), writing on the development of the reading-writing concept of
literacy and its relation to critical theory, notes that the term °‘literacy’ did not
come into common use until the middle of the twentieth century and then it was
used, especially as illiteracy, mainly in adult education and to describe the needs of
the developing world. She reports how critical theorists such as Paulo Friere



1 The Evolution and Key Concepts of the PISA Mathematics Frameworks 13

changed the view of literacy away from a skill to be mastered and instead put the
emphasis on engagement with the world in the expectation that literacy should
transform workers’ lives. When we translate into the context of mathematics, this
means to have the power to use mathematical thinking to solve real-world problems
to better deal with the challenges of life. The 2003 PISA Mathematics Framework
(OECD 2004) takes up the distinction made by Gee (1998) between the design
features of a language (e.g. its grammar) and the social functions of language. It
makes a parallel distinction between design features of mathematics (concepts,
procedures, conventions) and the functions that mathematics can serve in the wider
world. Like Gee, PISA emphasises how education must not focus on the design
features to the exclusion of the function. This is a broad theme across mathematics
education although rarely expressed in those terms.

Adopting the term ‘mathematical literacy’ was also strongly influenced by the
long-standing use of the term °‘scientific literacy’. Bybee (1997) provides a brief
history, dating ‘scientific literacy’ back to at least the 1950s. It denotes a familiarity
with science on the part of the general public and an orientation to helping people
understand the world they live in and to act appropriately (DeBoer 2000). It is part
of a push for a broad school treatment of science and its implications for society.
Turner (2012) gives a broad discussion of the links to scientific literacy, as well as
to the concepts that are discussed in the next section.

By 2012, mathematical literacy has become a common phrase: a search of the
index of the electronic pre-proceedings of the 2012 International Congress for
Mathematical Education showed it was used in 10 % of the 500 submitted papers.

Mathematical Literacy, Numeracy and Quantitative Literacy

There are at least two other terms in widespread use with strong links to mathe-
matical literacy: numeracy and quantitative literacy. Neither of these has a univer-
sally agreed definition. One advantage of PISA’s use of the initially less familiar
term ‘mathematical literacy’ is that consistent use of the PISA definition might
contribute to better communication within mathematics education.

The term ‘numeracy’ has been principally used in countries influenced by the
United Kingdom where it was coined as a mirror image to literacy in the Crowther
Report of 1959 with a broad meaning (Cockcroft 1982), quite closely related to
mathematical literacy. The influential Cockcroft Report noted a narrowing of the
term by 1982, and described the goal of numeracy as “an ‘at-homeness’ with
numbers and an ability to cope confidently with the mathematical demands of
everyday life” along with “an appreciation and understanding of information
which is presented in mathematical terms” (Cockcroft 1982, para 39, p. 11). It
went on to give a list of mathematics topics for lower achieving students, to be
taught alongside a range of applications. Numeracy continues to be used in several
different senses: as a minimum expectation for the mathematical knowledge of all
learners so that they can cope in the world, as a label for the mathematics learned in
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the early years of school (especially in the Number domain), or as a solid founda-
tion for meeting the mathematical demands of higher education and most work. In
summary, some uses of the term ‘numeracy’ are very close to PISA’s ‘mathematical
literacy’ and others are far away.

The report of the first OECD Adult Literacy Survey (OECD 1995) explains that
it follows earlier practice in dividing literacy into three domains: prose literacy,
document literacy and quantitative literacy. Quantitative literacy is described as:

the knowledge and skills required to apply arithmetic operations, either alone or sequen-
tially, to numbers embedded in printed materials, such as balancing a cheque book, figuring
out a tip, completing an order form or determining the amount of interest on a loan from an
advertisement. (OECD 1995, p. x)

This closely defined interpretation of ‘quantitative literacy’ contrasts with
broader uses of the term, especially in the U.S.A. such as that of the influential
report “Mathematics and Democracy: The Case for Quantitative Literacy” (Steen
2001). This describes examples across a wide range of aspects of life
(e.g. citizenship, personal finance, education, management) and skills drawing on
understanding of broadly interpreted branches of mathematics (e.g. arithmetic,
data, computers, statistics, modelling). It is close to PISA’s mathematical literacy.
The essential role of context in quantitative literacy is reiterated in many places in
the book, as in this passage:

... mathematics focuses on climbing the ladder of abstraction, while quantitative literacy
clings to context. Mathematics asks students to rise above context, while quantitative
literacy asks students to stay in context. Mathematics is about general principles that can
be applied in a range of contexts; quantitative literacy is about seeing every context through
a quantitative lens. (Hughes-Hallett 2001, p. 94)

Confusingly, the Steen report seems to use the terms ‘quantitative literacy’ and
‘numeracy’ synonymously. It sometimes uses the term ‘mathematical literacy’ to
relate only to intra-mathematical tools and vocabulary but elsewhere conveys the
PISA meaning. However, the report also contains a useful discussion of the origins
of all the terms, as does Turner (2012). In yet another variation, de Lange (2006)
sees the relationship somewhat differently with mathematical literacy the overarch-
ing concept, having subsets of quantitative literacy, spatial literacy and numeracy,
and the PISA phenomenological content categories contributing in different ways
to each these literacies.

The major difficulty with all of these words is that sometimes people use them in
a narrow sense, so that the broad ambitious sense of PISA’s mathematical literacy,
for example, is often not appreciated. This is an especially serious issue in some
languages. A strong criticism of the name ‘mathematical literacy’ comes from
countries particularly in the Spanish speaking world, but in other places too,
where the word ‘literacy’ has such an entrenched narrow meaning in their language
that it can be impossible to convey the broader meaning intended by PISA in local
and national educational debates. As Professor Maria Sanchez has put it in a
personal communication to Ross Turner (and cited in Turner 2012)
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The word for ‘literacy’ in Spanish is ‘alfabetizacion’. This concept leads to very basic
reading and writing abilities. So ‘alfabetizacién matematica’ would be interpreted as
knowing how to count and add, more or less, but no more than that.

The response in Uruguay, for example, to PISA’s use of the name ‘mathematical
literacy’ was to refer initially to ‘mathematical culture’, ‘scientific culture’ and
‘reading comprehension’. More recently the concepts of ‘cognitive competency’,
‘cognitive processes’, ‘developing of competencies for life’, have gained wider
acceptance, so they now refer to Competency in Mathematics, in Science and in
Reading. The French language has a similar difficulty with the term literacy
because the translation to ‘alphabétisation’ is narrow and very strongly linked to
reading and writing. Instead the term ‘culture mathématique’ is now being used in
reports from the French government such as that by Keskpaik and Salles (2013).
Keskpaik and Salles define ‘la culture mathématique’ by translating the official
PISA 2012 definition for mathematical literacy given above.

The international concerns have led to pressure to modify the PISA language. So
at the organisational level, the OECD has shifted its language towards referring to
PISA as an assessment of mathematics, science and reading; and where reference to
‘mathematics’ is not sufficient, to refer to ‘mathematical competence’. This is
intended to convey the same meaning as mathematical literacy but aims to avoid
the narrow connotations of that term. Nevertheless, within each of the survey
domains, the literacy reference has been retained at least in English and in lan-
guages that do not have such a strong association of literacy with only a basic level
of understanding. There is a possibility that the formal name may change in the
future: the Context Questionnaire Framework for PISA 2012, for example, uses the
phrase ‘mathematical competence’ instead (OECD 2013a, p. 183).

Mathematics and Mathematical Literacy: Set or Subset?

The quote from Hughes-Hallett above raises the question of whether mathematical
literacy, along with quantitative literacy and numeracy, are best considered as a part
of mathematics, or whether they are best considered as being larger than mathe-
matics or just different to it. For those who think that ‘mathematics’ is best
constrained to the abstract and theoretical, mathematical literacy interpreted
broadly must go beyond mathematics, because mathematical literacy tasks involve
linking the abstract with the real-world phenomena and making decisions based on
both. For others, mathematical literacy is that part of mathematics where the goal of
mathematical activity is functional and alongside this, there is a part of mathemat-
ical activity where the goal is to explore and understand abstract structures and
patterns for their own sake. Turner (2012) also discusses this question, as does Niss
in Chap. 2 of this volume.

The PISA definition of mathematical literacy does not directly address this
debate, and indeed the wording in the various definitions carefully steps around
it. However, the definitions make it clear that mathematical literacy is the ability to
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use mathematical content (concepts, facts, procedures and tools) in real situations.
It is also clear that teaching the school subject ‘Mathematics’ must address more
than an ‘abstract structures and skills’ curriculum to develop students’ mathematical
literacy. Writing the preface to “Mathematics and Democracy” (Steen 2001), Orrill
observes:

An important theme of this volume, then, is that efforts to intensify attention to the
traditional mathematics curriculum do not necessarily lead to increased competency with
quantitative data and numbers. While perhaps surprising to many in the public, this
conclusion follows from a simple recognition—that is, unlike mathematics, numeracy
does not so much lead upward in an ascending pursuit of abstraction as it moves outward
toward an ever richer engagement with life’s diverse contexts and situations. When a
professional mathematician is most fully at work, [the process becomes abstract]. The
numerate individual, by contrast, seeks out the world and uses quantitative skills to come to
grips with its varied settings and concrete particularity. (Orrill 2001, p. xviii)

Analysing Mathematical Literacy

The PISA Mathematics Framework defines mathematical literacy and the domain
of mathematics for the PISA survey and describes the approach of the assessment.
Figure 1.3 shows an overview of the main constructs of the 2012 Framework
(OECD 2013a) and how they relate to each other.

The outer-most box in Fig. 1.3 shows that mathematical literacy is required to
meet a challenge that arises in the real world. These challenges are categorised in
two ways: by the nature of the situation (the context category) and the major
domain of mathematics involved (the content category). The middle box highlights
the nature of mathematical thought and action that needs to be used in solving this
challenge. This is described in three ways: by mathematical content, by the funda-
mental mathematical capabilities that constitute mathematical activity and which
are described in detail in Chaps. 2 and 4 of this volume (by Niss and by Turner,
Blum and Niss respectively), and by the processes of mathematical modelling
(discussed in detail in Chap. 3 of this volume by Stacey). The innermost box
illustrates how the problem solver goes through these mathematical modelling
processes in solving a problem.

A major purpose of the Framework is to specify the breadth of contexts, of
mathematical thought and action and of solution processes that are included in the
survey and the balance between them in the items. Figure 1.4 shows that there are
six factors for which the Framework specifies the proportion of the items in the
survey, relating to mode of assessment, content, context, process, response type,
and difficulty (which is measured on a continuum rather than discretely). As well as
being combined to make the overall score and ranking, three of these factors were
separately reported for the 2012 survey: the continuing paper-based assessment and
the new optional computer-based assessment (see below and also in Chap. 8), the
content categories (four) and the processes (three). Reporting by process is a new
feature of PISA 2012 that is discussed below. It has been introduced in order to give
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Table 1.1 Metadata for PM923 Sailing ships (PISA 2012 main survey)

PM923 Sailing ships

Question 1 Question 3 Question 4
Assessment mode Paper-based Paper-based Paper-based
Process category Employ Employ Formulate
Content category Quantity Space and Change and

shape relationships

Context category Scientific Scientific Scientific
Response format Multiple Multiple choice | Constructed response

choice
Cognitive demand (item -0.9 -0.3 1.8
difficulty)

a better description of the abilities that underlie mathematical literacy. Previously
PISA frameworks discussed processes by grouping items into ‘competency classes/
clusters’ according to whether they required reproduction, connections or reflec-
tion, but outcomes were not reported using that classification. In Chap. 2 of this
volume, Niss describes how the competency classes were linked to the other
Framework elements. An early version of the competency classes as lower, middle
and higher levels of assessment is found in de Lange (1992).

Each PISA item is classified according to these six factors, to ensure the
balance of the assessment, and for aggregation of scores from designated items
for reporting. Table 1.1 shows the relevant metadata for the three released items
of PM923 Sailing ships. The assessment mode and response format are easily
decided. The categorisations for process, content and context are determined by
the Mathematics Expert Group and sometimes involve ‘on balance’ decisions.
The cognitive demand is the item difficulty derived in advance of the main survey
item selection from the field trial using Rasch-based item response theory (see, for
example, Adams and Wu 2002). An average item has difficulty 0, items more
difficult than average have positive scores and very difficult items have a score
over 3.

Real-World Context Categories

Four context categories identify the broad areas of life from which the problem
situations in the items may arise. For PISA 2012 these are labelled Personal,
Societal, Occupational and Scientific. This is a simplification of the names for
categories used in earlier PISA surveys, with minor adjustments of the scope of
each. Formal definitions are given in the PISA 2012 Framework (OECD 2013a).
Briefly, problems in a personal context arise from daily life with the perspective of
the individual being central. Problems in a societal context arise from being a
citizen, local, national, or global. Problems in an occupational context are from the
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world of work and problems in a scientific context (such as PM923 Sailing ships in
Fig. 1.2) apply mathematical analysis to science and technology. From 2012, the
Scientific category also includes problems entirely about mathematical constructs
such as prime numbers (previously in the educational/occupational category), but
because mathematical literacy is for functional use, extremely few PISA items are
entirely intra-mathematical.

Earlier versions of the Framework described the different context categories as
being of varying ‘distance from the student’ (with personal the closest, and scien-
tific the furthest), which some observers criticised because of the great individual
variation in students’ experiences. This description was not used in 2012: instead
the categories were effectively defined through multiple exemplifications. The four-
way context categorisation is not rigorously defined, and can often be debated. Its
only purpose is to ensure balance in the items of the PISA survey—they should
arise from all the areas where mathematical literacy is important in order to fully
represent the construct while engaging the interest of many types of students. The
Framework specifies that about 25 % of the items should belong to each category.

Stacey’s Chap. 3 of this volume addresses the contentious issue of selecting
contexts for items that are authentic and relevant to students around the world, and
Chaps. 6 (Turner) and 7 (Tout and Spithill) explain how this relevance is monitored
by ratings from every participating country.

Content Categories

The outermost box of Fig. 1.3 shows that PISA problems are also categorised
according to the nature of the mathematical phenomena that underlie the challenges
and consequently the domains of mathematics that their solutions are likely to call
upon. Starting from the 2003 survey, there have been four categories and approx-
imately 25 % of items in the survey belong to each. The content categories of the
PISA 2012 Framework (OECD 2013a) have previously been labelled ‘big ideas’ for
PISA 2000 (OECD 1999) and ‘overarching ideas’ for the 2003, 2006 and 2009
surveys (OECD 2004, 2006, 2009c).

These content categories have a reasonable correspondence with divisions of the
traditional school curriculum. So the items allocated to the content category
Quantity tend to draw heavily on topics encountered under the headings of Number
and Measurement, Space and shape items on Geometry, Uncertainty and data
items on Probability and Statistics and Change and relationships on Algebra and
Functions. However, the origin of the content categories is not from the school
curriculum or from inside the discipline of mathematics. Instead, it reflects a
movement towards phenomenological organisation that is intended to stress the
underlying phenomena with which mathematics is concerned and to emphasise the
unity of mathematics where ideas from different branches often work together to
illuminate phenomena. Mathematical literacy tasks arising in real life often require
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mathematical concepts and procedures from various school or university topics to
be used together. PISA items sometimes do.

It is also often the case that different good solutions can draw on different topics.
For example PM923Q03 Sailing ships Question 3 could be solved by geometry and
Pythagoras’s theorem, but it might also be solved by making a scale drawing.
PM977Q02 DVD Rental Question 2 (see Chap. 9 this volume or OECD 2013b)
can be solved for full credit using either algebra or arithmetic reasoning. These
difficulties are reduced by classifying PISA items on the underlying phenomenon
that lies at the heart of the problem, rather than by the topic deemed by some expert
to be appropriate.

As shown in Table 1.1, PM923Q01 Sailing ships Question 1 is categorised as
Quantity because the essence is in the relative magnitude of the two wind speeds
and the resultant percentage calculation. PM923Q03 Sailing ships Question 3 is
categorised as Space and shape because of the geometric reasoning involved.
PM923Q04 Sailing ships Question 4 is categorised as Change and relationships
because the underlying challenge is to work with the savings as they increase over
time. Because real-world challenges can involve many different thinking skills,
on-balance decisions about where the main cognitive load arises often need to be
made in this and other categorisations. As the PISA 2009 Framework explains:

Each overarching idea represents a certain perspective or point of view and can be thought
of as possessing a core, a centre of gravity, and somewhat blurred outskirts that allow for
intersection with other overarching ideas. (OECD 2009a, p. 94)

Experience has shown that the four content categories, broadly interpreted, work
well for an assessment of 15-year-olds. They provide sufficient variety and depth to
reveal the essentials of mathematics and to stimulate the breadth that a good
measure of mathematical literacy requires. They readily encompass the major
problem types addressed within the compulsory years of school. It is frequently
the case that more than one of the content categories is relevant to a proposed item,
but it has never been the case that a potential item has been rejected because it
cannot be placed within a content category. Theoretically, however, there is no
claim that the four PISA content categories capture all of the phenomena that
inspire mathematics. An exhaustive list would not be possible because of the
breadth and variety of mathematics (OECD 2009b). As an example, the new
phenomenon of ‘information’ as it applies to computer science and digital technol-
ogy and modern biology (coding, security, transmission etc.) is now inspiring a
great deal of mathematics but it is not clearly within any of the PISA content
categories. However, experience has shown that the potential items (hence
approachable by 15-year-olds) that have involved this phenomenon have had
other characteristics that enable them to be placed within the current four catego-
ries. It is more usual for more than one of the content categories to be relevant to a
proposed item than for none of them to be obviously relevant.
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Behind Phenomenological Categorisation

The phenomenological organisation of mathematics has arisen in trying to identify
unifying themes in the ever expanding and increasingly diversified discipline of
mathematics. Steen (1990) edited a book that explored the ‘developmental power’
of five deep mathematical ideas (dimension, quantity, uncertainty, shape and
change) relating to different types of pattern and which “nourish the growing
branches of mathematics” (p. 3). He also identified other ‘deep ideas’ such as
symmetry and visualisation, which recur in all parts of mathematics. Steen’s five
selected deep ideas have some commonality with the PISA content categories and
indeed they are acknowledged as a source in the 2000, 2003, 2006 and 2009
frameworks.

PISA mathematics has also drawn inspiration from the Realistic Mathematics
Education approach work of the famous Freudenthal Institute in the Netherlands, of
which Jan de Lange, the Chair of the Mathematics Expert Group for the PISA
2000-2009, was a member (see, for example, de Lange 1987). Freudenthal (1991)
saw mathematical concepts, structures, ideas and methods as serving to organise
phenomena from the real world and from mathematics itself. For teaching, he
valued problem situations that could be easily used by teachers to create in students
the need to organise phenomena mathematically. Oldham (2006) explores these
links.

There have been different approaches to describing mathematics from the
problems that inspire it. For example, Bishop (1991) studied the mathematics of
many different human cultures, aiming to identify universal characteristics.
Because many cultures do not have a readily identifiable symbolic aspect to their
mathematics, even the definition of mathematics is unclear, so deconstructing this is
one of Bishop’s aims. Bishop identified six ‘environmental activities’ (counting,
measuring, locating, designing, playing and explaining) and claims that these are
probably universal. Through many examples, he describes how these activities lead
to the development of mathematics. In different cultures the end product mathe-
matics may be different, but Bishop sees the commonality in the activities and the
environmental needs that motivate them. Counting and measuring correspond
broadly to PISA’s Quantity and locating and designing correspond broadly to
PISA’s Space and shape. However, Bishop’s description of playing links it to
many underlying phenomena and he especially links explaining to classification
and logic. Explaining in PISA fits better into the fundamental mathematical capa-
bilities (see below). Bishop’s cultural activity approach shares with PISA’s phe-
nomenological approach the intention to identify the human activities and concerns
behind mathematics.

There are several consequences of PISA’s decision to organise not around
traditional curriculum topics but around the phenomena that inspire mathematics.
One consequence, consistent with PISA’s remit from the OECD to assess capacity
to meet future challenges, is that there is no intention to systematically test a
common core curriculum of participating countries as is done in TIMSS. Instead
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PISA item writers begin by identifying problem situations that involve mathemat-
ical thinking. They aim for authentic situations, with obvious face validity, even if
practical aspects of item presentation mean that considerable modification is
needed. Tout and Spithill describe these processes in Chap. 7 of this volume.

Although PISA does not set out to test curriculum knowledge systematically,
school curricula impinge strongly on the item writing and item selection process.
An assessment of 15-year-olds must take into account the mathematics that they are
likely to have learned, even though problems can often be solved without what
teachers might think is the targeted knowledge. From a measurement perspective, it
is useless to have items with only a tiny success rate. To this end, the PISA 2012
Framework, more than any of the earlier versions, includes a list of broadly
described topics that might be required (e.g. ‘linear and related equations and
inequalities’, ‘basic aspects of the concept of probability’), supported by a survey
of the mathematics standards for 11 high performing educational jurisdictions. This
does not constitute a ‘PISA curriculum’ that is systematically tested, but it does
guide item writers and gives participating countries better information about
expected content. Topics do not belong to only one content category. Percentage
calculations for example are likely to be common in problems inherently about
quantity and also in problems about change. PM923 Sailing ships Questions 1 and
3 illustrate this (see Fig. 1.2 and Table 1.1). When the final item selection is being
made, there are also checks to ensure that a good range of mathematical topics are
involved, and that no particular mathematical skills are over-represented in the
items. Turner in Chap. 6 of this volume describes such measures.

The Processes of Doing Mathematics

The mathematics frameworks for all PISA surveys have identified three key aspects
of mathematical literacy items: the context and the content (as discussed above) and
what is frequently called a ‘process dimension’ of mathematics—the activities that
constitute doing and applying mathematics beyond Gee’s (1998) ‘design features’
of mathematics. This dual nature of mathematics as content and process has long
been widely recognised. For example, Georg Pélya (1962) who inspired much of
the problem solving movement in mathematics education wrote:

Our knowledge about any subject consists of information and of know how. If you have
genuine bona fide experience of mathematical work on any level, elementary or advanced,
there will be no doubt in your mind that, in mathematics, know-how is more important than
mere possession of information. . . .What is know-how in mathematics? The ability to solve
problems—not merely routine problems but problems requiring some degree of indepen-
dence, judgment, originality, creativity. (p. vii)

The influential US report Adding It Up (Kilpatrick et al. 2001) lists five strands
of mathematical proficiency: conceptual understanding, procedural fluency, strate-
gic competence, adaptive reasoning and productive disposition. The first two
strands relate to mathematical content (Pdlya’s ‘information’) and the third and
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fourth describe mathematical process (Pdlya’s ‘know-how’), and the fifth describes
the intention to use these effectively (which is measured in PISA through the
questionnaires). Around the world, there are many ways of describing this
content-process distinction, and as is evident from Part III of this volume, PISA
has been another prompt to highlight this.

Figure 1.3 depicts mathematical thought and action in three components. The
first corresponds to the content aspect of mathematics (concepts, knowledge and
skills) and the other two correspond to the process of solving problems with
mathematics: the fundamental mathematical capabilities and the three ‘processes’
of solving real problems. The fundamental mathematical capabilities describe
mathematical actions that are involved in any mathematical activity, whilst the
three processes refer to stages of action in solving real problems. Because of their
centrality to the theorisation of PISA mathematics, they are each discussed below,
and Chaps. 2 and 3 explore them in greater depth.

Fundamental Mathematical Capabilities

The PISA Frameworks described the fundamental mathematical capabilities
differently over the years. This old idea is newly named for PISA 2012 to avoid
conflicts within OECD material over the meaning of the previously used term
(‘competency’). They describe the type of activities that underlie any type of
mathematical thought and problem solving. Abstract ideas have to be represented
concretely (e.g. by a graphs or symbols), arguments have to be constructed,
strategies for solving problems have to be described, calculations have to be carried
out etc. The description of these mathematical thoughts and actions in PISA had its
immediate roots in the work of Niss and colleagues in Denmark (Niss 1999; Niss
and Hgjgaard 2011), who devised a set of eight competencies that together consti-
tute mathematical competence. In Chap. 2, Niss gives a history of this development
in Denmark and analyses how the Danish scheme was adopted and adapted in
PISA. It also provides a useful guide to the confusing terminology changes that
have beset this work. In Chap. 4 Turner, Blum and Niss describe how the funda-
mental mathematical capabilities can be used to describe the cognitive demand of
mathematical tasks, in particular PISA items. They present empirical evidence that
the difficulty of PISA items can in large part be predicted by analysing the items to
see how deeply they call on each of the fundamental mathematical capabilities. As
well as providing a useful tool for item and survey construction, understanding what
contributes to increased demand for a capability can guide teachers towards what
needs to be taught in mathematics, beyond just more content.

The fundamental mathematical capabilities cannot be individually assessed and
reported by PISA, because from a psychometric point of view there are too many of
them, and because they are rarely activated in isolation. Hence the ‘process’ aspect
of mathematics is being reported for PISA 2012 through the more global Formu-
late—Employ—Interpret scheme that is described below. However, the work that
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Proficiency in Mathematical Literacy
At Level 5 students can develop and work with
_models for complex situations, identifying
Mathematisation constraints and specifying assumptions. They can
select, compare, and evaluate appropriate Devising
problem-solving strategies for dealing with | strategies
complex problems related to these models.
Students at this level can work strategically using
. broad, well-developed thinking and reasoning Reasoning
Representation | sktfis approprlatellnkedrepresentattons symbolic
and formal characterisations, and insight
~ pertaining to these situations. They begin to reflect
Communication on their work and can formulate and commumcate
' their interpretations and reasoning.

Symbols etc

Proficiency in Change and Relationships

At Level 3, students can typically solve problems
that involve working with information from two
related representations (text, graph, table,
formulae), requiring some interpretation, and
using reasoning in familiar contexts. They show
. some ability to communicate their arguments.
I Communication ] Students at this level can typically make a
. _straightforward modification to a given functional
| Mathematisation I model to fit a new situation; and they use a range
of calculation procedures to solve problems,
including ordering data, time difference

calculations, substitution of values into a formula, | Symbols etc I
or linear interpolatfcn.[

Fig. 1.5 Sample proficiency level descriptions showing references to fundamental mathematical
capabilities

[ Representation

Reasoning

Devising
strategies

has been done in describing low and high level activation of the fundamental
mathematical capabilities is the key to creating informative descriptions of the
proficiency levels of students. Figure 1.5 shows two examples of how the funda-
mental mathematical capabilities appear in the description of proficiency—for
overall proficiency for Level 5 and for the Change and relationships content
category at Level 3 (OECD 2013d). The formal proficiency descriptions are
given in the centre of the figure and the underlined sections point out the links to
the capabilities. The different levels of activation of the capabilities become evident
by comparing the descriptions across levels (see, for example OECD 2013d). In
Chap. 4, Turner, Blum and Niss describe the increasing levels of activation of the
capabilities from both theory driven and data driven approaches. Although they are
not used formally for reporting or for balancing the item pool (as shown in Fig. 1.4),
the fundamental mathematical capabilities are an essential feature of the Mathe-
matics Framework and central to mathematical literacy.
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Three Processes Linked to the Mathematical Modelling Cycle

Since 2000, PISA has reported by mathematics content categories, but reporting by
the processes of mathematics is needed to provide countries with a full picture of
the mathematical literacy of their students. This was an important innovation for
PISA 2012 (OECD 2013a). The inner-most box of Fig. 1.3 portrays a model,
idealised and simplified, of the stages through which a problem solver moves
when exhibiting mathematical literacy. Mathematical literacy often begins with
the “problem in context.” The problem solver identifies the relevant mathematics in
the problem situation, formulating the situation mathematically by imposing math-
ematical concepts, identifying relationships and making simplifying assumptions.
This is the process of Formulating situations mathematically, abbreviated to ‘For-
mulate’. The problem solver has thus transformed the ‘problem in context’ into a
mathematical problem, which is hopefully amenable to mathematical treatment.
This is the process that both Sample Problem 4 (discussed earlier in this chapter)
and PM923Q03 Sailing ships Question 3 (Fig. 1.2) involve and Sample Problem
3 (discussed earlier) does not.

The downward-pointing arrow in the inner-most box of Fig. 1.3 depicts the next
process of Employing mathematical concepts, facts, procedures, and reasoning
(abbreviated to Employ) to obtain mathematical results within the mathematical
world of abstract objects. For Sailing ships Question 3, this is equivalent to solving
Sample Problem 3. Next, the mathematical results are interpreted in terms of the
original situation to obtain the ‘results in context’. In the Sailing ships question, the
numerical answer is interpreted as the length of the rope in metres. Furthermore, the
adequacy of these results (and hence of the model) should be evaluated against the
original problem. A serious solution of the Sailing ships question would need to
take into account the precise purpose of solving the problem and consequently the
required accuracy of the result. Is the amount of rope for tethering the kite at either
end significant? Is it reasonable to assume the tethering rope lies in a plane? Does
the deviation of the straight line model from a more accurate catenary matter? If it
does matter, a new cycle of mathematical modelling may begin. In the context of a
PISA assessment, these two stages have been combined to make one process
Interpreting, applying, and evaluating mathematical outcomes, abbreviated to
Interpret. This is because there are limited opportunities for any serious evaluation
under the conditions of a PISA survey, in a short time by students sitting at a desk
without additional resources. The key idea for PISA is to report separately on the
two processes of moving between the real world and the mathematical world
(Formulate, Interpret) and the process of working within the mathematical world
(Employ).

In PM923 Sailing ships (Fig. 1.2), the judgement was made that for Question
1 and Question 3, the main demand was in carrying out the intra-mathematical work
(see Table 1.1). PM923Q01 Question 1 requires a very small amount of formula-
tion, discarding the extraneous information about 150 m height and seeing that the
required quantity is 25 % more than the deck wind speed. Calculating this
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accurately is likely to be the major demand in this easy item. Similarly the intra-
mathematical work is likely to be the most demanding aspect of PM923Q03
Question 3 (as discussed for Sample Problem 4 above). However for PM923Q04
Question 4, it is not the calculations, but identifying the relationships involved and
how to put them together to build a solution that has been judged to be the most
demanding aspect, and so Question 4 has been classified as Formulate in Table 1.1.
Student performance on Question 4 is then pooled with performance on other items
classified as Formulate to give a measure of proficiency on this process. Countries
can use this measure to understand how well their students are learning to transform
real problems into a form where mathematical analysis can be applied.

Just as the fundamental mathematical capabilities are used to describe overall
proficiency, the degree of activation of them can be used to describe the levels of
proficiency of students in the three processes. For example, among other capabil-
ities, students who are at Level 4 of Formulate are described in the PISA 2012
report (OECD 2013d) as being able to link information and data from related
representations (representation fundamental mathematical capability). This is
higher activation than using only one representation.

The modelling cycle is a central aspect of the PISA conception of students as
active problem solvers, and tasks that fully assess mathematical literacy will most
probably involve all of these processes in the full modelling cycle. These are
generally the favourite items of members of the Mathematics Expert Group.
However, in the PISA survey it is important for the underlying psychometrics
that students complete a large number of independent items in a short time.
(Students in 2012 were presented with from 12 to 37 mathematics items, according
to which particular booklets they were randomly assigned from the booklet rotation
design.) Consequently, in most PISA items, the student is involved in only part of
the modelling cycle. Items are classified according to the process that presents the
highest demand for mathematical literacy within the item. This issue is explored in
Chap. 3. In Chap. 11 in this volume, Ikeda discusses how tasks that focus on part of
the modelling cycle can be an important part of teaching mathematical modelling.
Of course over time, teaching must also give students extensive experience of tasks
involving the whole modelling cycle.

The Framework specifies that about half of the mathematics items used in the
PISA survey are classified as Employ and about one quarter are in each of the
Formulate and Interpret categories. Mathematisation and the mathematical model-
ling cycle have always had a substantial role in the PISA frameworks but 2012 was
the first survey to report results according to the modelling cycle processes.
Because of its centrality to PISA, Chap. 3 of this volume by Stacey discusses the
theoretical background and practical considerations of the assessment of mathe-
matics as applied in the real world.
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Computer-Based Assessment of Mathematics

For the first time, PISA 2012 supplemented the paper-based assessment with an
optional computer-based assessment of mathematical literacy, abbreviated to
CBAM. In 2012, 32 countries took up this option. This follows two earlier PISA
initiatives: the computer-based assessment of science beginning in 2006 and a
digital reading assessment beginning in 2009. CBAM items are presented on a
computer, students respond on the computer, and they can also use pencil and paper
to assist their thinking. In Chap. 7 of this volume Tout and Spithill describe the
development of CBAM items, and in Chap. 8 Bardini analyses their characteristics.

Computer technology can alter assessment from the points of view of the student
and the assessor. It can alter all phases of assessment: how tasks are selected
(e.g. they might be automatically generated from an item pool), how they are
presented, how students should operate while responding and with what tools,
how the evidence provided by students is identified, and how this evidence is
accumulated across tasks (Almond et al. 2003). The review by Stacey and Wiliam
(2013) provides a wide range of examples of fruitful directions for these potential
improvements, which range from simple changes in items to assessment of authen-
tic tasks by collaborative groups in virtual environments. For PISA, these changes
are just beginning.

In 2015, students in most countries will take the PISA mathematical literacy
assessment at a computer. Items previously used in the paper-based survey will be
presented on computer (OECD 2013c). An equivalent paper-based assessment will
be used in countries without adequate infrastructure in schools. The advantages
anticipated from this approach stem from simplified survey administration and
greatly simplified processing of survey responses. The intention is that as far as
possible the measure of mathematical literacy remains comparable with that of
previous paper-based surveys despite the change in delivery mode (and this will be
monitored).

Importantly, CBAM in PISA 2012 had a different philosophy. Just as the PISA
Digital Reading survey was a response to the observation that in all walks of life,
citizens now use digital resources to obtain information and communicate with
friends and businesses, CBAM was a response to the changing face of mathematical
literacy in a technology-rich world, where computerisation is rapidly changing the
face of occupational, social and personal life (Frey and Osborne 2013). Conse-
quently, a main task of the 2012 Mathematics Framework development was to
define the new proficiency to be assessed by CBAM. What should the items and the
assessment process be like?

Computer technology provides a communications infrastructure as well as a
substantial computational infrastructure. Technology can support remarkable
changes in the presentation of items and in the way students operate on them. It
can provide simple computational aids (such as the many online calculators that
abound on commercial websites) or it can provide open computational tools of
remarkable power, including spreadsheets, function graphing, statistical software
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and computer algebra systems. The 2012 Framework embraced all of these aspects
as theoretically part of CBAM.

One function of CBAM was recognised as enhancing the assessment of ‘tradi-
tional” mathematical literacy beyond what can be achieved with a paper-based
assessment. In this function, computer-based assessment can extend the range of
phenomena that inspire viable PISA items, for example by using a dynamic
stimulus for an item involving movement or by providing a rotatable three dimen-
sional image to mimic the way in which a real object can be handled, or by
realistically including modern-day website interactions. By having enhanced visual
presentation and action responses, computer-based assessment may incidentally
reduce the influence of verbal ability on mathematics scores. Chapters 7 and 8 give
many examples.

The second function of the Framework analysis for CBAM was to demonstrate
how mathematical literacy may itself be changing in a computationally rich world.
This required considerations of changes in the workplace as well as changes in
mathematical practice. The impact of computer technology on the ways in which
individuals use mathematics, and consequently should learn it, has long been
discussed and continues to evolve. Over the previous 40 years, the practical
importance of pen and paper arithmetic algorithms has withered to close to zero,
being gradually replaced by mental computation and estimation when feasible,
backed up by computer or calculator use (Cockcroft 1982). This trend is acceler-
ating, and applying now to mathematical routines across all topics (e.g. algebra,
statistics, data presentation, functions) not just basic arithmetic.

The explicit mathematics of computation is increasingly embedded in the tools
we use and consequently is increasingly invisible in people’s lives. Shopping
provides a daily reminder. It is no longer the shop assistant but the computerised
technology at the cash register that weighs vegetables, multiplies weights by unit
costs to get the prices, adds them up to get the bill and subtracts to calculate the
change. The computer takes over the computational load so that what many people
regard as ‘the mathematics’ is no longer evident.

Changes in mathematics in the workplace go beyond this. It is not just that the
shop assistant no longer works out the bill. Behind the scenes, the shop manager has
access to a vast web of data on purchasing and products. This needs to be
insightfully utilised to run a business effectively. We now live increasingly in a
society “drenched in data” (Steen 1999, p. 9) where

computers meticulously and relentlessly note details about the world around them and
carefully record these details. As a result, they create data in increasing amounts every time
a purchase is made, a poll is taken, a disease is diagnosed, or a satellite passes over a section
of terrain. (Orrill 2001, p. xvi)

Handling these large data sets or their automatically generated summary data
(e.g. in control systems) and interacting flexibly and intelligently with them will
increasingly become a common stimulus for employing mathematical literacy. The
National Research Council’s study of massive data analysis (2013) points to the
technical challenges but it also points to the centrality of inference, having people
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who can turn data into knowledge. Sound inference is an aspect of mathematical
literacy, with or without computer-based assessment. In the introduction, the
National Research Council (2013) observes that there were six fields strongly
affected by massive data analysis at the turn of the century when the quotes
above by Steen and Orrill were written, and thirteen strongly affected by 2012.

After analysing the mathematical literacy required in industry and business to
respond to the new data-rich, visualisation-rich and computationally-rich environ-
ment, Hoyles et al. (2010) coined the term ‘techno-mathematical literacies’ to
describe the inter-dependence of mathematical literacy and the use of information
technology for employees at all levels in the workplace. In responding to computer-
based items, students encounter cognitive demands from three sources:

e from using the technology itself (e.g. using a mouse, knowing computer con-
ventions such as the back button for moving around websites)

¢ from mathematical literacy inherent in the problem independent of technology

« from the techno-mathematical literacies at the interface of mathematics and
technology.

The intention is that the first of these should be minimised, the second is familiar
and the third is rapidly becoming part of mathematical literacy. Using specialised
workplace systems and also open mathematical tools, especially for statistics,
graphing, data handling, three dimensional visualisation and algebra requires both
the understanding of the underlying mathematics as well as being able to think in
the ways that using the technology demands. Some of the challenges and opportu-
nities in assessing mathematics supported by such tools are reviewed by Stacey and
Wiliam (2013). CBAM is an expansion of existing policies of PISA mathematics
has had for allowing calculator use: students should make sensible choices to use or
not to use their tools as the problem requires; it is not calculator use itself that is
tested. Despite all the changes and new opportunities afforded by the increasing use
of computers including in the assessment context, it was judged that the major
categorisations of the items, as shown in Fig. 1.4, could be taken across to apply to
CBAM, without major change.

The optional CBAM of 2012 was a small first step towards developing the new
assessment, constrained by both the complexity of delivering an untried component
and the likely abilities of students around the world in this new area. However, it
was an important step. Full participation in society and in the workplace in this
information-rich world requires an expanded view of mathematical literacy.

Surveying Attitudes and School Context

In addition to measuring students’ mathematical literacy, PISA uses questionnaires
for students and schools to measure the attitudes towards learning that are likely to
make them successful life-long learners and to gather information that can help
explain what promotes good outcomes of schooling. Attitudes and emotions
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(e.g. self-confidence, curiosity) are not defined as components of mathematical
literacy. This contrasts with some frameworks that are focused on teaching. For
example, Kilpatrick et al. (2001) identify ‘productive dispositions’ as one of the
strands on mathematical proficiency. PISA does not include these personal qualities
as part of mathematical literacy, but recognises that it is unlikely that students who
do not exhibit productive dispositions will develop their mathematical literacy to
the full (OECD 2006).

For mathematics, the Context Questionnaire Framework for PISA 2012 specifies
“information about students’ experience with mathematics in and out of school
[...], motivation, interest in mathematics and engagement with mathematics” as
well as aspects of learning and instruction, learning and teaching strategies and
links to school structures and organisation (OECD 2013a, p. 182). Questions about
motivation and intentions to work hard and to continue with the study of mathe-
matics at school are seen as especially important, not just because there is a positive
correlation between attitudes and performance, but also because of the concern by
governments around the world to boost the STEM workforce (science, technology,
engineering and mathematics). The PISA 2012 Framework (OECD 2013a)
provides the reasons behind the choices of questionnaire themes and items. In
Chap. 10 of this volume, Cogan and Schmidt describe one of the most interesting
aspects for PISA 2012, the innovative investigation of opportunity to learn with
specific regard to items varying on dimensions relevant to mathematical literacy.

Conclusion

This chapter has offered an introduction to the assessment frameworks for the
first several PISA surveys and their key concepts, and given insight into the
underpinning ideas and some of the related scholarship that have influenced
the Mathematics Expert Groups from 2000 to 2012 in framework development.
Preparation of the framework involves two main tasks: to clearly define the domain
that is to be assessed, and to analyse the domain so that the resulting item set
provides comprehensive coverage of the domain from multiple points of view and
so that descriptions of students’ increasing proficiency reveal the fundamental
capabilities that contribute to success.

It is perhaps worth explicitly noting that decisions made in an assessment
framework really affect the results of that assessment. Making different choices
of what to assess, or choosing a different balance of the items in various categories
makes a difference in all outcomes, including international rankings. One illustra-
tion of this is that the two major international surveys of mathematics, PISA and
Trends in Mathematics and Science Study (TIMSS) produce different international
rankings. In contrast to PISA’s focus on mathematical literacy, TIMSS begins with
a thorough analysis of the intended school curricula of participating countries and
designs items to test this (Mullis et al. 2009). The systematic differences in results
have been analysed in many publications (e.g. Wu 2010). Within the PISA
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approach, changing the proportions of items in each Framework category would
also change results, because countries vary in their performance across categories.
For these theoretical and practical reasons, the choices made in devising the PISA
Frameworks matter.

As outlined above, there have been many changes in the Mathematics Frame-
works but this is best seen as a process of evolution in response to feedback from
many sources, rather than revolution. The core idea of mathematical literacy has
been strongly held through the 2000-2012 surveys, extended now to encompass the
new directions that arise as the personal, societal, occupational and scientific
environment is gradually transformed by technology.

References

Adams, R., & Wu, M. (Eds.). (2002). The PISA 2000 technical report. Paris: OECD Publications.

Almond, R. G., Steinberg, L. S., & Mislevy, R. J. (2003). A four-process architecture for
assessment delivery, with connections to assessment design. Los Angeles: University of
California Los Angeles Center for Research on Evaluations, Standards and Student Testing
(CRESST).

Autor, D., Levy, F., & Murnane, R. (2003). The skill content of recent technological change: An
empirical exploration. Quarterly Journal of Economics, 118(4), 1279-1334.

Bishop, A. (1991). Mathematical enculturation: A cultural perspective on mathematics education.
Dordrecht: Kluwer.

Boyer, C. (1968). A history of mathematics. New York: Wiley.

Bybee, R. (1997). Achieving scientific literacy: From purposes to practices. Portsmouth:
Heinemann.

Cockcroft, W. (1982). Mathematics counts. Report of the committee of inquiry into the teaching of
mathematics in schools under the chairmanship of Dr W. H. Cockcroft. London: Her Majesty’s
Stationery Office. http://www.educationengland.org.uk/documents/cockcroft/cockcroft1982.
html#03. Accessed 10 Nov 2013.

Comber, B. (2013). Critical theory and literacy. In C. A. Chapelle (Ed.), The encyclopedia of
applied linguistics (pp. 1-10). Oxford: Blackwell Publishing Ltd. doi:10.1002/
9781405198431.wbeal0287.

DeBoer, G. E. (2000). Scientific literacy: Another look at its historical and contemporary meanings
and its relationship to science education reform. Journal of Research in Science Teaching, 37
(6), 582-601.

de Lange, J. (1987). Mathematics—Insight and meaning. Utrecht: Rijksuniversiteit Utrecht.

de Lange, J. (1992). No change without problems. In M. Stephens & J. Izard (Eds.), Reshaping
assessment practices: Assessment in the mathematical sciences under challenge. Proceedings
from the first national conference on assessment in the mathematical sciences (pp. 46-76).
Melbourne: ACER.

de Lange, J. (2006). Mathematical literacy for living from OECD-PISA perspective. Tsukuba
Journal of Educational Study in Mathematics, 25, 13-35. http://www.criced.tsukuba.ac.jp/
math/apec2006/Tsukuba_Journal_25.pdf

Freudenthal, H. (1991). Revisiting mathematics education—China lectures. Dordrecht: Kluwer.

Frey, C. B., & Osborne, M. A. (2013). The future of employment: How susceptible are jobs to
computerisation? Oxford Martin School working paper. http://www .futuretech.ox.ac.uk/sites/
futuretech.ox.ac.uk/files/The_Future_of Employment_ OMS_Working_Paper_0.pdf.
Accessed 29 Sept 2013.


http://www.educationengland.org.uk/documents/cockcroft/cockcroft1982.html#03
http://www.educationengland.org.uk/documents/cockcroft/cockcroft1982.html#03
http://dx.doi.org/10.1002/9781405198431.wbeal0287
http://dx.doi.org/10.1002/9781405198431.wbeal0287
http://www.criced.tsukuba.ac.jp/math/apec2006/Tsukuba_Journal_25.pdf
http://www.criced.tsukuba.ac.jp/math/apec2006/Tsukuba_Journal_25.pdf
http://www.futuretech.ox.ac.uk/sites/futuretech.ox.ac.uk/files/The_Future_of_Employment_OMS_Working_Paper_0.pdf
http://www.futuretech.ox.ac.uk/sites/futuretech.ox.ac.uk/files/The_Future_of_Employment_OMS_Working_Paper_0.pdf

32 K. Stacey and R. Turner

Gee, J. (1998). Preamble to a literacy program. Madison: Department of Curriculum and
Instruction.

Hoyles, C., Noss, R., Kent, P., & Bakker, A. (2010). Improving mathematics at work: The need for
techno-mathematical literacies. London: Routledge.

Hughes-Hallett, D. (2001). Achieving numeracy: The challenge of implementation. In L. A. Steen
(Ed.), Mathematics and democracy: The case for quantitative literacy (pp. 93-98). Princeton:
National Council on Education and the Disciplines. http://www.maa.org/sites/default/files/pdf/
QL/MathAndDemocracy.pdf. Accessed 28 Sept 2013.

Keskpaik, S., & Salles, F. (2013). Note d’information. Les éléves de 15 ans en France selon PISA
2012 en culture mathématique : baisse des performances et augmentation des inégalités depuis
2003. Paris: DEPP B2 Ministére éducation nationale.

Kilpatrick, J., Swafford, J., & Findell, B. (2001). Adding it up: Helping children learn mathemat-
ics. Washington, DC: National Academy Press.

Mullis, I. V. S., Martin, M. O., Ruddock, G. J., O’Sullivan, C. Y., & Preuschoff, C. (2009). TIMSS
2011 assessment frameworks. Boston: TIMSS & PIRLS International Study Center.

National Council of Teachers of Mathematics. (1989). Curriculum and evaluation standards for
school mathematics. Reston: Author.

National Research Council. (2013). Frontiers in massive data analysis. Washington, DC: National
Academies Press.

Niss, M. (1999). Kompetencer og uddannelsesbeskrivelse [Competencies and subject description].
Uddannelse, 9, 21-29.

Niss, M., & Hgjgaard, T. (Eds.). (2011). Competencies and mathematical learning: Ideas and
inspiration for the development of teaching and learning in Denmark (IMFUFA tekst).
Roskilde: Roskilde University.

Oldham, E. (2006). The PISA mathematics results in context. The Irish Journal of Education (Iris
Eireannach an Oideachais), 37, 27-52.

Organisation for Economic Co-operation and Development (OECD). (1995). Literacy, economy,
and society: Results of the first International Adult Literacy Survey. Paris: OECD Publications.

Organisation for Economic Co-operation and Development (OECD). (1999). Measuring student
knowledge and skills: A new framework for assessment. Paris: OECD Publications.

Organisation for Economic Co-operation and Development (OECD). (2000). Measuring student
knowledge and skills: The PISA 2000 assessment of reading, mathematical and scientific
literacy. Paris: PISA, OECD Publishing. doi:10.1787/9789264181564-en.

Organisation for Economic Co-operation and Development (OECD). (2004). The PISA 2003
assessment framework: Mathematics, reading, science and problem solving knowledge and
skills. Paris: PISA, OECD Publishing. doi:10.1787/9789264101739-en.

Organisation for Economic Co-operation and Development (OECD). (2006). Assessing scientific,
reading and mathematical literacy: A framework for PISA 2006. Paris: PISA, OECD Publish-
ing. doi:10.1787/9789264026407-en.

Organisation for Economic Co-operation and Development (OECD). (2009a). PISA: Take the test.
Paris: OECD Publications. http://www.oecd.org/pisa/pisaproducts/Take%20the%20test%20e
9%20book.pdf. Accessed 17 May 2014.

Organisation for Economic Co-operation and Development (OECD). (2009b). Learning mathe-
matics for life: A perspective from PISA. Paris: OECD Publications.

Organisation for Economic Co-operation and Development (OECD). (2009c¢). PISA 2009 assess-
ment framework: Key competencies in reading, mathematics and science. Paris: OECD
Publications. doi:10.1787/9789264062658-en.

Organisation for Economic Co-operation and Development (OECD). (2013a). PISA 2012 assess-
ment and analytical framework: Mathematics, reading, science, problem solving and financial
literacy. Paris: OECD Publishing. doi:10.1787/9789264190511-en.

Organisation for Economic Co-operation and Development (OECD). (2013b). PISA 2012 released
mathematics items. http://www.oecd.org/pisa/pisaproducts/pisa2012-2006-rel-items-maths-
ENG.pdf. Accessed 8 Oct 2013.


http://www.maa.org/sites/default/files/pdf/QL/MathAndDemocracy.pdf
http://www.maa.org/sites/default/files/pdf/QL/MathAndDemocracy.pdf
http://dx.doi.org/10.1787/9789264181564-en
http://dx.doi.org/10.1787/9789264101739-en
http://dx.doi.org/10.1787/9789264026407-en
http://www.oecd.org/pisa/pisaproducts/Take%20the%20test%20e%20book.pdf
http://www.oecd.org/pisa/pisaproducts/Take%20the%20test%20e%20book.pdf
http://dx.doi.org/10.1787/9789264062658-en
http://dx.doi.org/10.1787/9789264190511-en
http://www.oecd.org/pisa/pisaproducts/pisa2012-2006-rel-items-maths-ENG.pdf
http://www.oecd.org/pisa/pisaproducts/pisa2012-2006-rel-items-maths-ENG.pdf

1 The Evolution and Key Concepts of the PISA Mathematics Frameworks 33

Organisation for Economic Co-operation and Development (OECD). (2013c). PISA 2015 draft
mathematics framework. Paris: OECD. http://www.oecd.org/pisa/pisaproducts/Draft%20PISA
%202015%20Mathematics%20Framework%20.pdf. Accessed 25 Oct 2013.

Organisation for Economic Co-operation and Development (OECD). (2013d). PISA 2012 results:
What students know and can do (Vol. 1): Student performance in mathematics, reading and
science. Paris: PISA, OECD Publishing. doi:10.1787/9789264201118-en.

Orrill, R. (2001). Mathematics, numeracy and democracy. In L. A. Steen (Ed.), Mathematics and
democracy: The case for quantitative literacy. New Jersey: NCED.

Polya, G. (1962). Mathematical discovery. On understanding, learning and teaching problem
solving. New York: Wiley.

Stacey, K. (in press). The international assessment of mathematical literacy: PISA 2012. In
S. -J. Cho (Ed.), Selected regular lectures from the 12th international congress of mathemat-
ical education. Seoul: International Committee on Mathematical Instruction (ICMI).

Stacey, K., & Wiliam, D. (2013). Technology and assessment in mathematics. In M. A. Clements,
A. Bishop, C. Keitel, J. Kilpatrick, & F. Leung (Eds.), Third international handbook of
mathematics education (pp. 721-752). Springer: New York.

Steen, L. (Ed.). (1990). On the shoulders of giants: New approaches to numeracy. Washington,
DC: National Academy Press.

Steen, L. A. (1999). Numeracy: The new literacy for a data-drenched society. Educational
Leadership, 57(2), 8-13.

Steen, L. A. (Ed.). (2001). Mathematics and democracy: The case for quantitative literacy. New
Jersey: National Council on Education and the Disciplines. http://www.maa.org/sites/default/
files/pdf/QL/MathAndDemocracy.pdf. Accessed 28 Sept 2013.

Turner, R. (2012). Mathematical literacy: Are we there yet? Paper presented at ICME-12, Topic
Study Group 6: Mathematics literacy. Seoul, July 2012. http://works.bepress.com/ross_turner/
22. Accessed 24 Nov 2013.

Wu, M. (2010). Comparing the similarities and differences of PISA 2003 and TIMSS. OECD
Education working papers, no. 32, OECD Publishing. doi:10.1787/5km4psnm13nx-en.


http://www.oecd.org/pisa/pisaproducts/Draft%20PISA%202015%20Mathematics%20Framework%20.pdf
http://www.oecd.org/pisa/pisaproducts/Draft%20PISA%202015%20Mathematics%20Framework%20.pdf
http://dx.doi.org/10.1787/9789264201118-en
http://www.maa.org/sites/default/files/pdf/QL/MathAndDemocracy.pdf
http://www.maa.org/sites/default/files/pdf/QL/MathAndDemocracy.pdf
http://works.bepress.com/ross_turner/22
http://works.bepress.com/ross_turner/22
http://dx.doi.org/10.1787/5km4psnm13nx-en

Chapter 2
Mathematical Competencies and PISA

Mogens Niss

Abstract The focus of this chapter is on the notion of mathematical competence
and its varying role in the PISA mathematics frameworks and reports of PISA
results throughout the first five survey administrations, in which mathematical
literacy is a key concept. The chapter presents the genesis and development of
the competency notion in Denmark, especially in the so-called KOM project, with a
view to similar or related notions developed in different environments and contexts,
and provides a detailed description of the eight competencies identified in the KOM
project. Also the relationship between the mathematical competencies and the
fundamental mathematical capabilities of the PISA 2012 Framework is outlined
and discussed.

Introduction

The notion of mathematical competence—which will be introduced and discussed
in greater detail below—has been present in some way or another in all the PISA
mathematics frameworks from the very beginning in the late 1990s. However, the
actual role of mathematical competencies in the PISA frameworks and in the
reporting of PISA outcomes has been subject to considerable evolution across the
five PISA surveys completed so far; that is, until 2013.

These facts provide sufficient reason for including a chapter on the role of
mathematical competencies within PISA in this book. The structure of the chapter
is as follows. After this introduction comes a section in which the genesis of the
notion of mathematical competence is presented and its history briefly outlined. It
may be worth noticing that the inception of this notion—in the specific version
presented in this chapter—took place more or less at the same time but completely
independently of the launching of PISA in 1997. Subsequently, the trajectories of
development of mathematical competencies and PISA, respectively, became
intertwined in several interesting ways. The section to follow next considers further
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aspects of the notion of mathematical competence in a general setting not specif-
ically focused on PISA. Then comes the core of this chapter, namely an analysis and
discussion of the changing role of mathematical competencies within PISA, both in
relation to the mathematics frameworks of the different PISA survey administra-
tions, and to the reporting of PISA outcomes. That section also includes a discus-
sion of the transformation of the original competencies into a particular set of
competencies that have proved significant in capturing and characterising the
intrinsic demands of PISA items.

Brief History of the General Notion of Competencies
and a Side View to Its Relatives

Traditionally, in most places mathematics teaching and learning have been defined
in terms of a curriculum to be taught by the teacher and achieved by the student.
Typically, a curriculum used to be a sequence—organised by conceptual and
logical progression—of mathematical concepts, terms, topics, results and methods
that people should know, supplemented with a list of procedural and technical skills
they should possess. In curriculum documents, the generally formulated require-
ments are often accompanied by illustrative examples of tasks (including exercises
and problems) that students are expected to be able to handle when/if they have
achieved the curriculum.

However, there have always been mathematics educators (e.g. Hans Freudenthal
(1973, 1991), who kept emphasising that mathematics should be perceived as an
activity) who have insisted that coming to grips with what it means to be mathe-
matically competent cannot be adequately captured by way of such lists. There is
significantly more to be said, they believe, in the same way as no sensible person
would reduce the definition of linguistic competence in a given language to lists of
the words, orthography and grammatical rules that people have to know in that
language. Already in the first IEA study (Husén 1967), the precursor to and
generator of the later TIMSS studies, mathematics is defined by way of two
dimensions, mathematical topics and five cognitive behaviour levels:

(a) knowledge and information: recall of definitions, notations, concepts; (b) techniques
and skills: solutions; (c) translation of data into symbols or schemas and vice versa;
(d) comprehension: capacity to analyse problems, to follow reasoning; (e) inventiveness:
reasoning creatively in mathematics. (Niss et al. 2013, p. 986)

Heinrich Winter (1995) spoke about three fundamental, general experiences that
mathematics education should bring about: coming to grips with essential phenom-
ena in nature, society and culture; understanding mathematical objects and relations
as represented in languages, symbols, pictures and formulae; fostering the ability to
engage in problem solving, including heuristics.

Also, the notions of numeracy, mathematical literacy, and quantitative literacy
have been coined so as to point to essential features of mathematical mastery,
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geared towards the functional use of mathematics, that go beyond factual knowl-
edge and procedural skills (see also Chap. 1 in this volume). Moreover, newer
curriculum documents such as the NCTM Standards of 1989 (National Council of
Teachers of Mathematics 1989) also involve components that are not defined in
terms of factual knowledge and procedural skills. The Standards identify five
ability-oriented goals for all K-12 students: (1) that they learn to value mathematics,
(2) that they become confident in their ability to do mathematics, (3) that they
become mathematical problem solvers, (4) that they learn to communicate mathe-
matically, and (5) that they learn to reason mathematically (NCTM 1989, p. 5).

Let these few examples suffice to indicate that lines of thought do exist that point
to (varying) aspects of mathematical mastery that go beyond content knowledge
and procedural skills. The notion of mathematical competence and competencies
was coined and developed in the same spirit, albeit not restricted to functional
aspects as above.

From the very beginning, the graduate and undergraduate mathematics studies at
Roskilde University, Denmark, designed and established in 1972-1974, and con-
tinuously developed since then, were described partly in terms of the kinds of
overarching mathematical insights and competencies (although slightly different
words were used at that time) that graduates were supposed to develop and possess
upon graduation. Needless to say, the programme documents also included a list of
traditional mathematical topics that students should become familiar with. For a
brief introduction to the mathematics studies at Roskilde University, see Niss
(2001). In the 1970s and 1980s aspects of this way of thinking provided inspiration
for curriculum development in lower and upper secondary mathematics education
in Denmark.

In the second half of the 1990s executives of the Danish Ministry of Education
wanted the Ministry to chart, for each school subject, what was called ‘the added
value’ generated within the subject by moving up through the education levels,
from elementary and primary (Grades K-6), over lower secondary (Grades 7-9)
through to the upper secondary levels (Grades 10-12 in different streams), with a
special emphasis on the latter levels. It was immediately clear to the mathematics
inspectors and other key officers in the Ministry that the added value could not be
determined in a sensible manner by merely pointing to the new mathematical
concepts, topics and results that are put on the agenda in the transition from one
level or grade to the next. But what else could be done? The officers in the Ministry
turned to me for assistance, and after a couple of meetings I devised a first draft of
what eventually became a system of mathematical competencies. The underlying
thinking was greatly influenced by the philosophy underpinning the mathematics
studies at Roskilde University. The fundamental idea was to try to answer two
questions.

The first question springs from noting that any observer of mathematics teaching
and learning in the education system, at least in Denmark, will find that what
happens in elementary and primary mathematics classrooms, in lower secondary
classrooms, in upper secondary classrooms and, even more so, in tertiary class-
rooms, displays a dramatic variability, not only because the mathematical topics
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and concepts dealt with in these classrooms are different, but also, and more
importantly, because topics, concepts, questions and claims are dealt with in very
different ways at different levels—in particular when it comes to justification of
statements—even to the point where mathematics at, say, the primary level and at
the tertiary level appears to be completely different subjects. So, given this vari-
ability, what is it that makes it reasonable to use the same label, mathematics, for all
the different versions of the subject called mathematics across education levels?
Differently put, what do all these versions have in common, apart from the label
itself? Next, if we can come up with a satisfactory answer to the question of what
very different versions of mathematics have in common, the second question is then
to look into how we can use this answer to account, in a unified and non-superficial
manner, for the obvious differences encountered in mathematics education across
levels.

As we have seen, the commonalities in the different versions of mathematics do
not lie in any specific content, as this is clearly very different at different levels.
Whilst it is true that content introduced at one level remains pertinent and relevant
for all subsequent levels, new content is introduced at every level. The general
rational numbers of the lower secondary level are not dealt with at the primary
level. The trigonometry or the polynomials of the upper secondary level have no
presence at the primary or lower secondary levels. The general vector spaces,
analytic functions or commutative rings of the tertiary level have no place at the
upper secondary level. In other words, in terms of specific content, the only content
that is common to all levels are small natural numbers (with place value) and names
of well-known geometrical figures. Well, but instead of specific content we might
focus on more abstract generic content such as numbers and the rules that govern
them, geometric figures and their properties, measure and mensuration, all of which
are present at any level, albeit in different manifestations. Yes, but the intersection
would still be very small, as a lot of post-elementary mathematics cannot be
subsumed under those content categories. Of course, we might go further and
adopt a meta-perspective on content, as is done in PISA, and consider phenome-
nological content categories such as Space and shape, Change and relationships,
Quantity, and Uncertainty and data, all of which are present at any level of
mathematics education. However, this does not in any way imply that these
categories cover all mathematical content beyond the lower secondary level. For
example, an unreasonable amount of abstraction and flexibility of interpretation
would be required to fit topics such as integration, topological groups or functional
analysis into these categories. Finally, one might consider taking several steps up
the abstraction ladder and speak, for example, of mathematics as a whole as the
science of patterns (Devlin 1994, 2000), a view that does provide food for thought
but is also so abstract and general that one may be in doubt of what is actually being
said and covered by that statement. If, for instance, people in chemistry, in botany,
or in art and design wished to claim—which wouldn’t seem unreasonable—that
they certainly profess sciences of patterns, would we then consider these sciences
part of mathematics? Probably not.



2 Mathematical Competencies and PISA 39

Instead of focusing on content, I chose to focus on mathematical activity by
asking what it means to be mathematically competent. What are the characteristics
of a person who, on the basis of knowledge and insight, is able to successfully deal
with a wide variety of situations that contain explicit or implicit mathematical
challenges? Mathematical competence is the term chosen to denote this aggregate
and complex entity. I wanted the answers to these questions to be specific to
mathematics, even if cast in a terminology that may seem generalisable to other
subjects, to cover all age groups and education levels, and to make sense across all
mathematical topics, without being so general that the substance evaporates. The
analogy with linguistic competence touched upon above was carried further as an
inspiration to answering these questions. If linguistic competence in a language
amounts to being able to understand and interpret others’ written texts and oral
statements and narratives in that language, as well as to being able to express
oneself in writing and in speech, all of this in a variety of contexts, genres and
registers, what would be the counterparts with regard to mathematics? Clearly,
people listen, read, speak and write about very different things and in very different
ways when going to kindergarten and when teaching, say, English history to PhD
students. However, the same four components—which we might agree to call
linguistic competencies—play key parts at all levels.

Inspired by these considerations, the task was to identify the key components,
the mathematical competencies analogous to linguistic competencies, in mathemat-
ical competence. The approach taken was to reflect on and theoretically analyse the
mathematical activities involved in dealing with mathematics-laden, challenging
situations, taking introspection and observation of students at work as my point of
departure.

It is a characteristic of mathematics-laden situations that they contain or can give
rise to actual and potential questions—which may not yet have been articulated—to
which we seek valid answers. So, it seems natural to focus on the competencies
involved in posing and answering different sorts of questions pertinent to mathe-
matics in different settings, contexts and situations. The first competency then is to
do with key aspects of mathematical thinking, namely the nature and kinds of
questions that are typical of mathematics, and the nature and kinds of answers that
may typically be obtained. This is closely related to the types, scopes and ranges of
the statements found in mathematics, and to the extension of the concepts involved
in these statements, e.g. when the term ‘number’ sometimes refers to natural
numbers, sometimes to rational numbers or complex numbers. The ability to relate
to and deal with such issues was called the mathematical thinking competency. The
second competency is to do with identifying, posing and solving mathematical
problems. Not surprisingly, this was called the mathematical problem handling
competency. It is part of the view of mathematics education nurtured in most places
in Denmark, and especially at Roskilde University, that the place and role of
mathematics in other academic or practical domains are crucial to mathematics
education. As the involvement of mathematics in extra-mathematical domains
takes place by way of explicit or implicit mathematical models and modelling,
individuals’ ability to deal with existing models and to engage in model
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construction (active modelling) is identified as a third independent competency, the
mathematical modelling competency. The fourth and last of this group of compe-
tencies focuses on the ways in which mathematical claims, answers and solutions
are validated and justified by mathematical reasoning. The ability to follow such
reasoning as well as to construct chains of arguments so as to justify claims,
answers and solutions was called the mathematical reasoning competency.

The activation of each of these four competencies requires the ability to deal
with and utilise mathematical language and tools. Amongst these, various repre-
sentations of mathematical entities (i.e. objects, phenomena, relations, processes,
and situations) are of key significance. Typical examples of mathematical repre-
sentations take the form of symbols, graphs, diagrams, charts, tables, and verbal
descriptions of entities. The ability to interpret and employ as well as to translate
between such representations, whilst being aware of the sort and amount of
information contained in each representation, was called the mathematical repre-
sentation competency. One of the most important categories of mathematical
representations consists of mathematical symbols, and expressions composed of
symbols. The ability to deal with mathematical symbolism—i.e. symbols, symbolic
expressions, and the rules that govern the manipulation of them—and related
formalisms, i.e. specific rule-based mathematical systems making extensive use
of symbolic expressions, e.g. matrix algebra, was called the mathematical symbols
and formalism competency. Considering the fact that anyone who is learning or
practising mathematics has to be engaged, in some way or another, in receptive or
constructive communication about matters mathematical, either by attempting to
grasp others’ written, oral, figurative or gestural mathematical communication or by
actively expressing oneself to others through various means, a mathematical com-
munication competency is important to include. Finally, mathematics has always,
today as in the past, made use of a variety of physical objects, instruments or
machinery, to represent mathematical entities or to assist in carrying out mathe-
matical processes. Counting stones (calculi), abaci, rulers, compasses, slide rulers,
protractors, drawing instruments, tables, calculators and computers, are just a few
examples. The ability to handle such physical aids and tools (mathematical tech-
nology in a broad sense) with insight into their properties and limitations is an
essential competency of contemporary relevance, which was called the mathemat-
ical aids and tools competency. In the next section, a figure depicting the compe-
tencies as the petals of a flower is presented (Fig. 2.1).

We now have identified eight mathematical competencies, which are claimed to
form an exhaustive set of constituents of what has been termed mathematical
competence. The first published version of these competencies (in Danish) can be
found in Niss (1999) in a journal published then by the Danish Ministry of
Education. Each of the competencies can be perceived as the ability to successfully
deal with a wide variety of situations in which explicit or implicit mathematical
challenges of a certain type manifest themselves. By addressing and playing out in
mathematics-laden situations, the competencies do not deal with mathematics as a
whole. Therefore, the set of competencies was complemented with three kinds of
overview and judgement concerning mathematics as a discipline: the actual use of



2 Mathematical Competencies and PISA 41

The competency flower

Fig. 2.1 The ‘competency flower’ from the KOM project

mathematics in society and in extra-mathematical domains, the specific nature and
characteristics of mathematics as a discipline compared and contrasted with other
scientific and scholarly disciplines, and the historical development of mathematics
in society and culture.

Soon after, in 2000, a Danish government agency and the Danish Ministry of
Education jointly established a task force to undertake a project to analyse the state
of affairs concerning the teaching and learning of mathematics at all levels of the
Danish education system, to identify major problems and challenges within this
system, especially regarding progression of teaching and learning and the transition
between the main sections of the system, and to propose ways to counteract, and
possibly solve, the problems thus identified. I was appointed director of the project
with Tomas Hgjgaard Jensen serving as its academic secretary. The project became
known as the KOM project (KOM = Kompetencer og matematiklering, in Danish,
which means “Competencies and the learning of mathematics”), because the main
theoretical tool adopted by the task force to analyse mathematics education in
Denmark was the set of eight mathematical competencies, and the three kinds of
overview and judgement, introduced above. More specifically, the actual presence
and role of the various competencies in mathematics teaching and learning at
different levels were analysed. This allowed for the detection of significant differ-
ences in the emphases placed on the individual competencies in different sections
of the education system. This in turn helped explain some of the observed problems
of transition between the sections as well as insufficient progression of teaching and
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learning within the entire system. The competencies were also used in a normative
manner to propose curriculum designs, modes and instruments of assessment, and
competency-oriented teaching and learning activities from school to university,
teacher education included. In the next section we shall provide a more detailed
account of further aspects of the competencies and their relationship with mathe-
matical content. The formal outcome of the KOM project was the publication, in
Danish, of the official report on the project (Niss and Jensen 2002). However,
during and after the completion of the project a huge number of meetings, seminars
and in-service courses were held throughout Denmark and in other countries to
disseminate and discuss the ideas put forward by the project. Also, the project
informed—and continues to inform—curriculum design and curriculum documents
in mathematics at all levels of the education system in Denmark. An English
translation of the most important sections of the KOM report was published in
2011 (Niss and Hgjgaard 2011).

Concurrently with the KOM project similar ideas emerged elsewhere in the
world. To mention just one example, consider the influential Adding It Up (National
Research Council 2001), produced by the Mathematics Learning Study Committee
under the auspices of the National Research Council, edited by Kilpatrick,
Swafford and Findell, and published by the National Academies in the USA. In
this book we read the following (p. 116):

Recognizing that no term captures completely all aspects of expertise, competence, knowl-
edge, and facility in mathematics, we have chosen mathematical proficiency to capture
what we believe is necessary for anyone to learn mathematics successfully. Mathematical
proficiency, as we see it, has five components, or strands:

» conceptual understanding—comprehension of mathematical concepts, operations, and
relations

» procedural fluency—skill in carrying out procedures flexibly, accurately, efficiently,
and appropriately

» strategic competence—ability to formulate, represent, and solve mathematical
problems

* adaptive reasoning—capacity for logical thought, reflection, explanation, and
justification

» productive disposition—habitual inclination to see mathematics as sensible, useful, and
worthwhile, coupled with a belief in diligence and one’s own efficacy.

These strands are not independent; they represent different aspects of a complex whole.
(National Research Council 2001, p. 116)

Although different in the specifics from the conceptualisation put forward by the
competency approach, which focuses on what it takes to do mathematics, the
approach in Adding It Up is an attempt to capture what it takes to /earn mathemat-
ics, and hence what is characteristic of an individual who has succeeded in
learning it.

A more recent attempt, in some respects closer to that of the competency
approach, can be found in the first part of the US Common Core State Standards
Initiative, which identifies (2010, pp. 1-2) what is called eight “Standards for
Mathematical Practice” common to all (school) levels as below.
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» Make sense of problems and persevere in solving them.

¢ Reason abstractly and quantitatively.

¢ Construct viable arguments and critique the reasoning of others.
¢ Model with mathematics.

» Use appropriate tools strategically.

¢ Attend to precision.

» Look for and make use of structure.

e Look for and express regularity in repeated reasoning.

Since the first inception of the competency approach to mathematics, the KOM
project and its ramifications have been subject to a lot of further development and
follow-up research in various parts of the world. This, together with experiences
gained from various sorts of uses of the competency approach in different places
and contexts, has given rise to conceptual and terminological development and
refinement. This is not the place to elaborate on these developments. Suffice it to
mention that one modification of the scheme is essential in the research done by
some of the MEG members to capture and characterise item difficulty in PISA, see
the next section and in Chap. 4 of this volume.

Further Aspects of the Notion of Competency

It should be underlined that the eight competencies are not mutually disjoint, nor
are they meant to be. (Note differences here with the closely related scheme for item
rating in Chap. 4 of this volume.) On the contrary the whole set of competencies has
a non-empty intersection. In other words, the competencies do not form a partition
of the concept of mathematical competence. Yet each competency has an identity, a
‘centre of gravity’, which distinguishes it from the other competencies. The fact that
all competencies overlap can be interpreted such that the activation of each
competency involves a secondary activation of the other competencies, details
depending on the context. Consider, for example, the modelling competency.
Working to construct a model of some situation in an extra-mathematical context
presupposes ideas of what sorts of mathematical questions might be posed in such a
context and of what sorts of answers can be expected to these questions. In other
words, the thinking competency is activated. Since the very purpose of constructing
a mathematical model is to mathematise aspects and traits of the extra-
mathematical situation, leading to the posing of mathematical problems that then
have to be solved, the problem handling competency enters the scene. Carrying out
the problem solving processes needed to solve the problems arising from the
mathematisation normally requires the use of mathematical representations, as
well as manipulating symbolic expressions and invoking some formalism, along-
side using mathematical aids and tools, e.g. calculators or computers, including
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mathematical software. In other words the representation competency, the symbols
and formalism competency, and the aids and tools competency are all activated as
part of the process of solving the problem(s) posed. In order to validate, and
eventually justify, the solutions and answers obtained as a result of the modelling
steps just mentioned, the reasoning competency has to be activated. Finally,
beginning and undertaking the modelling task usually requires activation of the
receptive side of the communication competency, whereas presenting the model-
ling process, the model constructed, the model results and their justification, to
others activates the constructive side of the communication competency.

In the KOM project we chose to represent the set of competencies as the
competency flower shown in Fig. 2.1. Each petal represents a competency. They
are all distinct petals although they overlap. The density of the shading of each petal
is maximal in the middle, at the ‘centre of gravity’, and fades away towards the
boundary. The centre of the flower is the non-empty intersection of all the compe-
tencies. Even though a given petal may seem to have a larger intersection with its
two neighbours than with the other petals, this is not meant to point to a closer
relationship amongst neighbouring petals than amongst other sets of petals.

Possessing a mathematical competency is clearly not an issue of all or nothing.
Rather we are faced with a continuum. How, more specifically, can we then
describe the extent of an individual’s possession of a given competency? The
approach taken by the KOM project was to identify three dimensions of the
possession of any competency, called degree of coverage; radius of action; and
technical level.

A more detailed description of each of the competencies includes a number of
aspects employed to characterise that competency. Take, for instance, the repre-
sentation competency. One of its aspects is to interpret mathematical representa-
tions. Another aspect is to bring representations to use, a third is to translate
between representations, whereas a fourth aspect is to be aware of the kind and
amount of information about mathematical entities that is contained—or left out—
in a given representation. Moreover, all of these aspects pertain to any specific
mathematical representation under consideration. The degree of coverage of a
given competency, in this case the representation competency, then refers to the
extent to which a person’s possession of the competency covers all the aspects
involved in the definition and delineation of that competency. The more aspects of
the competency the person possesses, the higher the degree of coverage of that
competency with that person.

Each competency is meant to deal with and play out in challenging mathematics-
laden situations that call for the activation of that particular competency. Of course,
there is a wide variety of such situations, some more complex and demanding than
others. For example, the communication competency can be put to use in situations
requiring a person to show and explain how he or she solved a certain task, but it can
also be put to use in situations where the person is requested to present and defend
his or her view of mathematics as a subject. The radius of action of a given
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competency refers to the range of different kinds of contexts and situations in which
a person can successfully activate the competency. The wider the variety of
contexts and situations in which the person can activate the competency, the larger
the radius of action of that competency with that person.

Different mathematics-laden situations give rise to different levels of mathemat-
ical demands on a given competency. The symbols and formalism competency, for
instance, can be activated in situations that require dealing with arithmetic opera-
tions on concrete rational numbers using the rules that govern the operations. It can
also be activated, however, in situations that require finding the roots of third degree
polynomials, or the solution of separable first order differential equations. The
technical level on which an individual possesses a given competency, in this case
the symbols and formalism competency, refers to the range of conceptual and
technical mathematical demands that person can handle when activating the com-
petency at issue. The broader the set of demands the person can handle with respect
to the competency, the higher the technical level on which the person possesses that
competency.

The three dimensions of the possession of a competency allow us to characterise
progression in competency possession by an individual as well as by groups or
populations. A person’s possession of a given competency increases from one point
in time to a later point in time, if there is an increase in at least one of the three
dimensions, degree of coverage, radius of action or technical level, and no decrease
in any of them at the same time. This can be extended to groups or entire
populations if some notion of average is introduced. Taking stock of the change
of average competency possession for all eight competencies across groups or
populations allows us to capture progression (or regression for that matter) in
mathematical competence at large for those groups or populations. The three
dimensions can also be used to compare the intended or achieved mathematical
competency profiles of different segments of the education system, or even of
different such systems. It is worth noting that such comparisons over time within
one section of the education system, or at the same time between segments or
systems, attribute at most a secondary role to mathematical content.

One issue remains to be considered. What is the relationship between
mathematical competencies and mathematical content? In the same way as it
is true that linguistic competencies are neither developed nor activated in
environments without the presence of spoken or written language, mathematical
competencies are neither developed nor activated without mathematical content.
Since one and the same set of mathematical competencies are relevant from
kindergarten to university, and vis-a-vis any kind of mathematical content, we
can neither derive the competencies from the content, nor the content from the
competencies.

The position adopted in the KOM project is that the eight competencies and any
set of mathematical content areas, topics, should be perceived as constituting two
independent, orthogonal spaces.
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Analysis and Discussion of the Role of Competencies
Within PISA

It should be borne in mind when reading this section that for all official PISA
documents published by the OECD the final authorship and the corresponding
responsibility for the text lie with the OECD, even though the international con-
tractors under the leadership of the Australian Council for Educational Research, in
turn seeking advice from the Mathematics Expert Group, was always, of course, a
major contributor to the publications ‘behind the curtains’.

In the first PISA survey administration, in 2000, mathematics was a minor
assessment domain (reading being the major domain). The initial published version
of the Framework (OECD 1999), gives emphasis to a version of the eight mathe-
matical competencies of the KOM project. In the text they actually appear as “skills’
(‘mathematical thinking skill’, ‘mathematical argumentation skill’, ‘modelling
skill’, ‘problem posing and solving skill’, ‘representation skill’, ‘symbolic, formal
and technical skill’, ‘communication skill’, and ‘aids and tools skill’) but under the
section headed ‘Mathematical competencies’ (p. 43), the opening paragraph uses
the term ‘competency’. This is the first indication of reservations and (later)
problems with the OECD concerning the term ‘mathematical competency’. In the
Framework, ‘mathematical competencies’ was presented as one of two major
aspects (p. 42), the other one being ‘mathematical big ideas’, along with two
minor aspects, ‘mathematical curricular strands’ and ‘situations and contexts’.
Together these aspects were used as organisers of the mathematics (literacy)
domain in PISA 2000. Based on the point of view that the individual competencies
play out collectively rather than individually in real mathematical tasks (p. 43), it
was not the intention to assess the eight competencies individually. Instead, it was
decided to aggregate them (quite strongly) into what were then called ‘competency
classes™—Class 1: reproduction, definitions, and computations; Class 2: connec-
tions, and integration for problem solving; Class 3: mathematical thinking, gener-
alisation and insight. The Framework emphasises that all the skills are likely to play
arole in all competency classes. The degree of aggregation of the competencies into
competency classes is very high, so that the competency classes take precedence as
an organising idea, while the competencies are recognised to play a component role
in all mathematical activity.

Soon after, in a precursor publication to the official report of PISA 2000, (OECD
2000) the terms ‘competencies’ and ‘skills’ of the Framework were replaced with
the term ‘mathematical processes’ (p. 50). The headings are unchanged, except that
the word ‘skill’ is omitted in each of them. Similarly, the ‘competency classes’,
including the very term, were preserved but now referred to as ‘levels of mathe-
matical competency’.

The first results of PISA 2000 were officially reported in 2001 (OECD 2001). As
to the competencies, they almost disappeared in that report. The notion of mathe-
matical processes as composed of different kinds of skills was preserved. The
competency classes of the 1999 Framework were changed to ‘competency clusters’
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simply labelled ‘reproduction’, ‘connections’ and ‘reflection’ (p. 23). Apart from
that no traces of the competencies are left in the report, including in Chap. 2 in
which the findings concerning mathematical literacy are presented.

Mathematics was the major domain in PISA 2003. In the Framework (OECD
2003), it is interesting to observe that the eight mathematical competencies are back
on stage in a slightly modified version. In outlining the main components of the
mathematics assessment, the Framework reads:

The process of mathematics as defined by general mathematical competencies. These
include the use of mathematical language, modelling and problem solving skills. Such
skills, however, are not separated out in different text [sic, should be test] items, since it is
assumed that a range of competencies will be needed to perform any given mathematical
task. Rather, questions are organised in terms of ‘competency clusters’ defining the type of
thinking skill needed. (OECD 2003, p. 16)

This short text, six lines in the original, succeeds in interweaving process,
competencies and skills, whilst letting questions be organised by way of compe-
tency clusters that define thinking skills. However, in the chapter devoted to
mathematical literacy (Chap. 1), there is a clearer—and much more detailed—
account of the competencies and their role in the Framework. Taking its point of
departure in mathematisation, focusing on what is called, there, °‘the
mathematisation cycle’ (p. 38), (and called the modelling cycle in the PISA 2012
Framework (OECD 2013), see also Chap. 1 of this volume) the role of the
competencies is to underpin mathematisation. The Framework reads:

An individual who is to engage successfully in mathematisation in a variety of situations,
extra- and intra-mathematical contexts, and overarching ideas, needs to possess a number
of mathematical competencies which, taken together, can be seen as constituting compre-
hensive mathematical competence. Each of these competencies can be possessed at differ-
ent levels of mastery. To identify and examine these competencies, OECD/PISA has
decided to make use of eight characteristic competencies that rely, in their present form,
on the work of Niss (1999) and his Danish colleagues. Similar formulations may be found
in the work of many others (as indicated in Neubrand et al. 2001). Some of the terms used,
however, have different usage among different authors. (OECD 2003, p. 40)

The Framework moves on to list the competencies and their definition. These are
“Thinking and reasoning’, ‘Argumentation’, ‘Communication’, ‘Modelling’, ‘Prob-
lem posing and solving’, ‘Representation’, ‘Using symbolic, formal and technical
language and operations’, and ‘Use of aids and tools’ (pp. 40-41). The three
competency clusters of the PISA 2000 report (reproduction, connections, and
reflection) were preserved in the PISA 2003 Framework, but whilst the competen-
cies didn’t appear in the description of these clusters in PISA 2000, they were
indeed present in PISA 2003. For each of the three clusters, the ways in which the
competencies manifest themselves at the respective levels are spelled out in the
Framework (OECD 2003, pp. 42-44 and 46-47, respectively).

How then, do the competencies figure in the first report on the PISA 2003 results
(OECD 2004)? In the summary on p. 26 the competencies as such are absent; only
the competency clusters are mentioned. In Chap. 2, reporting in greater detail on the
mathematics results, the competencies are only listed by their headings (p. 40) when


http://dx.doi.org/10.1007/978-3-319-10121-7_2
http://dx.doi.org/10.1007/978-3-319-10121-7_1
http://dx.doi.org/10.1007/978-3-319-10121-7_1
http://dx.doi.org/10.1007/978-3-319-10121-7_2

48 M. Niss

the report briefly states that they help underpin the key process, identified as
mathematisation. In the description of the competency clusters (pp. 40—41) there
is no mention of the competencies. Even though competencies are referred to in the
previous paragraph (p. 40), they do not appear in the competency clusters. The
description of the six levels of general proficiency in mathematics (p. 47) employs
some elements from the competency terminology. So, the re-introduction of the
competencies into the Framework of PISA 2003 was not really maintained in the
reporting of the outcomes.

Apart from what seems to be a general reservation within the OECD towards
using the notion of competency in relation to a specific subject—they prefer to use
the term to denote more general, overarching processes such as cross-curricular
competencies (OECD 2004, p. 29)—there is also a more design-specific and
technical reason for the relative absence of the competencies in the report. The
classification system for PISA items (that which is called the metadata in Chap. 7 of
this volume) did not include information on the role of the eight competencies in the
individual items. An item was not classified with respect to all the competencies,
only assigned to one of the three competency clusters and other characteristics such
as overarching idea, response type etc. This means that there were no grounds on
which the PISA results could attribute any role to the individual competencies
except in more general narratives such as the proficiency level descriptions. In
retrospect one may see this as a deficiency in the Framework. If the eight compe-
tencies were to play a prominent role in the design of the PISA mathematics
assessment, each of the competencies, and not only the competency clusters,
would have to be used in the classification of all the items.

In 2009 the OECD published an in-depth study on aspects of PISA 2003
mathematics done by a group of experts from within and outside the MEG in
collaboration with the OECD (2009a). In this report, the eight competencies
re-emerge under the same headings as in the 2003 Framework, and with the
following opening paragraph:

An individual who is to make effective use of his or her mathematical knowledge within a

variety of contexts needs to possess a number of mathematical competencies. Together,

these competencies provide a comprehensive foundation for the proficiency scales
described further in this chapter. To identify and examine these competencies, PISA has

decided to make use of eight characteristic mathematical competencies that are relevant
and meaningful across all education levels. (OECD 2009a, p. 31)

On the following pages (pp. 32-33) of the report, each of the competencies is
presented as a key contributor to mathematical literacy.

Science was the major domain in PISA 2006, whereas mathematics was a minor
domain so the 2006 Framework (OECD 2006) was pretty close to that of 2003 for
mathematics. The central mathematical process was still mathematisation, depicted
by way of the mathematisation cycle (p. 95). The competencies were introduced as
one of the components in the organisation of the domain:

The competencies that have to be activated in order to connect the real world, in which the
problems are generated, with mathematics, and thus to solve the problems. (p. 79)
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Otherwise, the role and presentation of the competencies (pp. 96—98) resembled
those of 2003, as did the three competency clusters and the description of their
competency underpinnings.

The reporting of the mathematics outcomes of PISA 2006 (OECD 2007) is rather
terse, focused on displaying and commenting on a set of items and on presenting the
six proficiency levels, the same as used in 2003. In the report, there is no explicit
reference to the competencies, even though words from the competency descrip-
tions in the Framework are interspersed in the level descriptions. In this context it is
interesting to note that the term ‘competencies’ does in fact appear in the very title
of the report, but in the context of science, “PISA 2006. Science Competencies for
Tomorrow’s World”.

As regards the competencies, the PISA 2009 Mathematics Framework (OECD
2009Db) is very close to 2003 and 2006, with insignificant changes of wording here
and there. It is interesting, though, that the heading of the section presenting the
competencies has been changed to “the cognitive mathematical competencies”. The
overall reporting of the 2009 mathematics outcomes (OECD 2010) does not deviate
from that of 2006. The same is true of the role of the competencies.

In PISA 2012, mathematics was going to be the major domain for the second
time. In the course of the previous PISA survey administrations certain quarters
around the world had aired some dissatisfaction with the focus on mathematical
literacy and with the secondary role attributed to classical content areas in the
assessment framework. It was thought, in these quarters, that by assessing mathe-
matical literacy rather than ‘just mathematics’, the domain became more or less
misrepresented. With reference to the need to avoid monopolies, there were also
parties in OECD PISA who wanted to diversify the management of PISA, which
throughout the life of PISA had taken place in a Consortium (slightly changing over
time) led by the Australian Council for Education Research (ACER). Several
authors of chapters in this book have personally witnessed expressions of dissatis-
faction with aspects of the design of PISA mathematics and an increasing ensuing
pressure on those involved in PISA mathematics to accommodate the
dissatisfaction.

This is not the place to go into details with evidence and reflections concerning
the activities that took place behind the public stage of PISA, but one result of these
activities was that PISA mathematics 2012 was launched in a somewhat different
setting to what was the case in the previous survey administrations. First, a new
agency Achieve, from the USA, was brought in to oversee, in collaboration with
ACER, the creation of a new Mathematics Framework, especially with regard to the
place of mathematical content areas. Secondly, a number of new MEG members
were appointed to complement the set of members in the previous MEG which was
rather small because mathematics was a minor domain in PISA 2006 and 2009. The
opening meeting of the new MEG was attended by a chief officer of the OECD who
gave clear indications of the desired change of course with respect to PISA
mathematics 2012.

The process to produce a Framework for PISA 2012 mathematics became a
lengthy and at times a difficult one, in particular because it took a while for the
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MEG to come to a common understanding of the boundary conditions and the
degrees of freedom present for the construction of the Framework. After several
meetings and iterations of draft texts, the MEG eventually arrived at a common
document—submitted to the OECD in the northern autumn of 2010—which was to
everyone’s satisfaction, even though several compromises had of course to be
made, but at a scale that was acceptable to all members, as well as to Achieve,
ACER and eventually the PISA Governing Board.

Some of the compromises were to do with the competencies and their role in the
Framework. We shall take a closer look at these issues below. Before doing so, it is
worth mentioning that as the very term ‘mathematical competencies’ was not
acceptable to the OECD for PISA 2012, the term chosen to replace it was ‘funda-
mental mathematical capabilities’, whilst it was acknowledged that these had been
called ‘competencies’ in previous Frameworks (OECD 2013, pp. 24 and 30). As
will be detailed below, the names, definitions, and roles of these capabilities have,
in fact, been changed as well.

Technically speaking the definition of mathematical literacy in the 2012 Frame-
work (p. 25) appeared to be rather different from the ones used in previous
Frameworks. However, in the view of the MEG the only difference was that the
new definition attempted to explicitly bring in some of the other Framework
elements in the description so as to specify more clearly, right at the beginning in
the definition, what it means and takes to be mathematically literate. So, the change
has taken place on the surface rather than in the substance.

In the introduction to the Framework (OECD 2013, p. 18), the mathematical
processes are summarised as follows:

Processes: These are defined in terms of three categories ( formulating situations mathe-
matically; employing mathematical concepts, facts, procedures and reasoning; and
interpreting, apply [sic] and evaluating mathematical outcomes—referred to in abbreviated
form as formulate, employ and interpret)—and describe what individuals do to connect the
context of a problem with the mathematics and thus solve the problem. These three
processes each draw on the seven fundamental mathematical capabilities (communication;
mathematising; representation; reasoning and argument; devising strategies for solving
problems; using symbolic, formal and technical language and operations; using mathe-
matical tools) which in turn draw on the problem solver’s detailed mathematical knowledge
about individual topics.

The role of the fundamental mathematical capabilities—a further modification
of the eight mathematical competencies of the KOM project and of the previous
four Frameworks—in the 2012 Framework is to underpin the new reporting cate-
gories of the three processes (Formulate—Employ—Interpret) (see Chap. 1 of this
volume.) A detailed account of how this is conceptualised is given on pages 30-31
and in Fig. 1.2 in the Framework (OECD 2013). Apart from the change of
terminology from ‘mathematical competencies’ to ‘fundamental mathematical
capabilities’, which is primarily a surface change, what are the substantive changes
involved—signalled by the new headings of the fundamental capabilities—and
what caused them? (As ‘competency’ is the generally accepted term in several
quarters outside PISA, we continue to use this term rather than fundamental
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mathematical capabilities in the remainder of this chapter.) There are three such
changes. First, there are some changes in the number and names of the competen-
cies. For example, in the particular context of PISA it was never possible to really
disentangle the mathematical thinking competency from the reasoning competency,
especially as the former was mainly present indirectly and then closely related to
the latter. It was therefore decided to merge them under the heading ‘reasoning and
argument’. This change is predominantly of a pragmatic nature.

The second, and most significant, change is in the definition and delineation of
the fundamental capabilities. In the first place, this change is the result of research
done over almost a decade by members of the MEG with the purpose of capturing
and characterising the intrinsic mathematical competency demands of PISA items
(see Chap. 4 in this book). The idea is to attach a competency vector, the seven
components of which are picked from the integers 0,1,2,3, to each item. Over the
years, in this research, it became increasingly important to reduce or remove
overlap across the competency descriptions, primarily in order to produce clear
enough descriptions for experts to be able to rate the items in a consistent and
reliable manner. It was also because the scheme was used to predict empirical item
difficulty, which imposed certain requirements in order for it to be psychometrically
reliable. This means that the fundamental mathematical capabilities are defined and
described in such a way that overlap between them is minimal. This is in stark
contrast to the original system of competencies, all of which, by design, overlap.
Even though there is a clear relationship between the eight competencies and the
seven fundamental mathematical capabilities (e.g. ‘communication’ corresponds to
‘communication’, ‘modelling’ corresponds to ‘mathematising’, ‘thinking and rea-
soning’ together with ‘argumentation’ correspond to ‘reasoning and argumenta-
tion’) the correspondence between the two sets is certainly not one-to-one. In the
final formulation of the 2012 Framework it was decided to use the descriptions and
delineations from the PISA research project to define the fundamental mathematical
capabilities. This implies that the set of mathematical competencies does not make
the set of fundamental mathematical capabilities superfluous, nor vice versa. They
have different characteristics and serve different purposes, namely providing a
general notion of mathematical competence and a scheme to analyse the demands
of PISA items, respectively. From that perspective it can be seen as a stroke of luck
that the requirement to introduce a new terminology eventually served to avoid
confusion of the scheme of the KOM project (and the earlier versions of the PISA
Framework) and the 2012 Framework.

The third change was one of order. The fundamental mathematical capabilities
of the 2012 Framework occur in a different order than did the mathematical
competencies of the previous survey administrations. The reason for this reordering
was an attempt to partially (but not completely) emulate the logical order in
which a successful problem solver meets and approaches a PISA item. First, the
problem solver reads the stimulus and familiarises himself or herself with what
the task is all about. This requires the receptive part of ‘communication’. Next,
the problem solver engages in the process of mathematising the situation
(i-e. ‘mathematising’), whilst typically making use of mathematical representations


http://dx.doi.org/10.1007/978-3-319-10121-7_4

52 M. Niss

(i.e. ‘representation’) to come to grips with the situation, its objects and phenomena.
Once the situation has been mathematised, the problem solver has to devise a
strategy to solve the ensuing mathematical problems (i.e. ‘devising strategies for
solving problems’). Such a strategy will, more often than not, involve ‘using
symbolic, formal and technical language and operations’, perhaps assisted by
‘using mathematical tools’. Then comes an attempt to justify the solutions and
mathematical conclusions obtained by adopting the strategy and activating the
other capabilities (i.e. ‘reasoning and argument’). Finally the problem solver will
have to communicate the solution process and its outcome as well as its justification
to others. This takes us back to ‘communication’, now to its expressive side.

At the time of writing this chapter, the official report of PISA 2012 had not yet
been published. So, it is not possible to consider the way in which the three
processes and the fundamental mathematical capabilities fare in the reporting.
This is, of course, even more true of PISA 2015 and subsequent PISA survey
administrations, which are in the hands of a completely different management,
even though my role as a consultant to the agency in charge of producing the PISA
2015 Framework allows me to say that this Framework is only marginally different
from the PISA 2012 Framework.

Concluding Remarks

This chapter has attempted to present the genesis, notion and use of mathematical
competencies in Denmark and in other places with a side view to analogous ideas
and notions, so as to pave the way for a study of the place and role of mathematical
competencies and some of their close relatives, fundamental mathematical capa-
bilities, in the Frameworks and reports of the five PISA survey administrations that
at the time of writing have almost been completed (September 2013). The chapter
will be concluded by some remarks and reflections concerning a special but
significant issue of the relationship between competencies (capabilities) and the
entire Framework. In a condensed form this issue can be phrased as a question:
‘what underpins what?’

From the very beginning of PISA the approach to the key constituent
of the mathematics assessment, i.e. mathematical literacy, was based on mathemat-
ical modelling and mathematisation of situations in contexts, although the specific
articulation of this in the Framework varied from one survey administration to the
next, as did the related terminology. In other words, modelling and mathematisation
were always at the centre of PISA. However, the eight mathematical competencies,
and most recently the seven fundamental capabilities, were part of the Frameworks
as well. Now, do we detect here a potential paradox or some kind of circularity,
since modelling (mathematising) is one of the eight competencies (seven capabil-
ities) underpinning the whole approach, above all modelling? It is not exactly
surprising that a set of competencies that includes modelling can serve to underpin
modelling. If modelling is in centre, why do we need the other competencies then?
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Alternatively, would it have been better (if possible) to specify mathematical
literacy in terms of the possession of all the mathematical competencies, without
focusing especially on the modelling competency, the possession of which would
then become a corollary?

Let us consider the first question. When it comes to the eight competencies, it
was mentioned in a previous section that the fact that they all overlap means that
even when the emphasis is on one of the competences, the others enter the field as
‘auxiliary troops’ in order for the competency at issue to be unfolded and come to
fruition. It is therefore consistent with this interpretation to have the entire system
of competencies underpin the modelling competency. One might say, though, that
were it only for PISA, in which the emphasis is on the modelling competency, that
competency might have been omitted from the list in order to avoid the tiny bit of
circularity that is, admittedly, present. However, as the competency scheme is a
general one used in a wide variety of contexts, and not only in PISA, it would be
unreasonable to remove it from the list solely because of its special use in PISA.
What about the seven fundamental mathematical capabilities in the 2012 Frame-
work, then? Here the circularity problem has actually disappeared, at least termi-
nologically speaking, because the seven capabilities do not contain one called
modelling, only mathematising (and in a more limited sense than it sometimes
has), and because the term mathematising is not used in the modelling cycle in the
Framework, as it has been replaced by ‘formulating situations mathematically’. So,
in the 2012 Framework it is indeed the case that the capabilities underpin this
process as well as the other two, ‘employing mathematical concepts, facts pro-
cedures and reasoning’, and ‘interpreting, applying and evaluating mathematical
outcomes’.

As to the second question, since the eight competencies are meant to constitute
mathematical competence and mastery at large, the option mentioned would have
amounted to equating mathematical literacy and mathematical competence. This is
certainly a possible but not really a desirable option. The perspective adopted in
PISA, right from the outset, was not to focus on young people’s acquisition of a
given subject, such as mathematics, but on their ability to navigate successfully as
individuals and citizens in a multifaceted society as a result of their compulsory
schooling. This zooms in on putting mathematics to use in a variety of mainly extra-
mathematical situations and contexts, in other words the functional aspects of
having learnt mathematics. This is what mathematical literacy is all about, being
brought about by way of modelling. I, for one, perceive mathematical literacy as a
proper subset of mathematical competence, which implies that for someone to be
mathematically competent he or she must also be mathematically literate. Even
though mathematical literacy does indeed draw upon (aspects of) all the compe-
tencies, it does not follow that all the competencies are represented at a full scale
and in an exhaustive manner. So, the converse implication, that a mathematically
literate person is also necessarily mathematically competent, does not hold.
Mathematical competence involves operating within purely mathematical struc-

tures, studying intra-mathematical phenomena such as the irrationality of /2 and 7
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even though this is never really required in the physical world, and at a higher level
understanding the role of axioms, definitions and proofs.

These remarks are meant to show that what at face value may appear, to some,
as a kind of circularity or inconsistency in the PISA Frameworks concerning
mathematical literacy, mathematical competence and competencies, fundamental
mathematical capabilities, modelling and mathematising are, as a matter of fact,
basically logically coherent in a closer analysis.

It will be interesting to follow, in the years to come, how mathematical compe-
tencies are going to be developed from research as well as from practice perspec-
tives. At the very least, putting the competencies on the agenda of mathematics
education has offered new ways of thinking about what mathematics education is
all about.
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Chapter 3
The Real World and the Mathematical World

Kaye Stacey

Abstract This chapter describes the way in which PISA theorises and
operationalises the links between the real world and the mathematical world that
are essential to mathematical literacy. Mathematical modelling is described and
illustrated and the chapter shows why it is used as the cornerstone to mathematical
literacy. It discusses how this concept has developed over the PISA Frameworks
from 2000 to 2012, culminating in the reporting in PISA 2012 of student profi-
ciency in the three modelling processes of Formulate, Employ and Interpret.
Consistent with the orientation to mathematical modelling and mathematisation,
the authenticity of PISA items is given a high priority, so that students feel that they
are solving worthwhile, sensible problems. The use of real-world contexts is
regarded as essential to teaching and assessing mathematics for functional purposes
and in assisting in motivation of students, but potential problems of cultural
appropriateness and equity (through familiarity, relevance and interest) arise for
an international assessment. This is the case for countries as a whole and also for
subgroups of students. Relevant research and the PISA approach to minimising
potential biases are discussed.

Introduction

The emphasis of PISA’s mathematical literacy is on “mathematical knowledge put
to functional use in a multitude of different situations” (OECD 2004, p. 25). It
follows from this that presenting students with problems in real-world contexts is
essential. PISA has steered away from the dubious route of inferring students’
ability to solve problems in real-world contexts from a measure of students’ ability
to perform mathematical procedures in the abstract (e.g. solving equations,
performing calculations). The use of real-world contexts and how this interacts
with the world of mathematics is therefore the theme of this chapter.
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Within the mathematics education world, the process of applied problem solving
(solving problems that are motivated by a concern arising outside of the world of
mathematics itself) has for many years been widely described by means of the
‘mathematical modelling cycle’ (Blum and Niss 1991). The process of mathemat-
ical modelling is described in this chapter, which discusses the concept from the
theoretical perspective as well as explaining in detail how it is linked to mathemat-
ical literacy and PISA items.

Whereas mathematising the real world and using mathematical modelling to
solve problems always been a cornerstone of PISA (although variously named in
the various surveys), this was not evident in the reporting of PISA results, which
gave only overall scores for mathematical literacy and scores for the four content
categories (Space and shape; Quantity etc.). However, in PISA 2012 the modelling
cycle has also been used to provide an additional reporting category for student
proficiency. The major reason for this was to describe more precisely what pro-
ficiencies make up mathematical literacy, and to report how well different groups of
students do on each of these. More detailed reporting gives educational jurisdictions
better information from PISA about the strengths of their students.

The PISA 2009 survey of science (OECD 2010) reported the degree to which
three scientific competencies are developed: identifying scientific issues,
explaining phenomena scientifically and using scientific evidence. What is a par-
allel way of thinking about the constituents of mathematical literacy? The answer,
from the modelling cycle, is discussed in this chapter. The purpose of this chapter is
therefore:

» to describe mathematical modelling and to show why it is the key to PISA’s
mathematical literacy

» to demonstrate with sample PISA items how mathematical literacy is connected
with modelling

e to discuss the reporting in PISA 2012 according to the three mathematical
processes of Formulate, Employ and Interpret

¢ to link mathematical literacy and mathematical modelling with mathematisation

» to discuss item design issues concerning the use of real-world contexts in PISA
problems, especially related to authenticity and equity.

Mathematics is a difficult subject to learn because all mathematical objects are
abstract: numbers, functions, matrices, transformations, triangles. Even though we
can identify triangle-like shapes around us, we cannot see the abstract ‘object’ of a
triangle; we must impose the mental concept of triangle on the real-world thing.
Perhaps surprisingly mathematics derives much of its real-world power from being
abstract: abstract tools developed in one context can be applied to many other
physical phenomena and social constructs of the worlds of human experience and
science. This is what mathematical modelling does. A problem arising in the ‘real
world’ is transformed to an intra-mathematical problem that can be solved
(we hope) using the rules that apply to abstract mathematical objects and which
may have been first derived or discovered for quite a different area of application.
Then the solution is used for the real-world purposes. This real world includes
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personal, occupational, societal and scientific situations, not just physical situa-
tions; a convention that is summarised in PISA’s Personal, Societal, Occupational
and Scientific context categories (see Chap. 1). Critically also and perhaps para-
doxically, the real world for mathematics is not confined to what actually exists.
Ormell (1972) describes the greatest value of mathematics as providing, through its
modelling capability, the ability to look at possibilities; testing out the details of
not-yet-actualised situations. A great deal of investigation of the feasibility and
necessary characteristics of the sails described in PM923 Sailing ships (see Chap. 1
of this volume) would be done mathematically, long before any sail is
manufactured.

Mathematical Modelling

What Is a Mathematical Model?

In the past, a mathematical model was a physical object, often something beautiful
to be admired or used for teaching. For example, Cundy and Rollett’s book entitled
“Mathematical Models” (1954) gave detailed instructions for making a wide variety
of mathematical models, such as Archimedean and stellated polyhedra and link-
ages, and for drawing loci. Now, reflecting common usage, the Wikipedia article on
mathematical models briefly dismisses this former understanding in one sentence.
Instead the article defines a mathematical model as “a description of a system using
mathematical concepts and language” and explains the purposes of modelling as
“A model may help to explain a system and to study the effects of different
components, and to make predictions about behaviour.” One quick search of an
online job advertisement agency using the term “mathematical modelling” showed
that there are vacancies today in my region for mathematical modellers in banking,
finance and accounting, agriculture, gambling and online gaming, mechanical
engineering, software engineering, marketing, mining and logistics. It is clear
from this that mathematical modelling is essential to business and industry.
The primary meaning of the word ‘model’ (as a noun) now refers to

¢ the set of simplifying assumptions (e.g. which variables are important in the
situation for the problem at hand, what shape something is),

« the set of assumed relationships between the variables, and

e the resulting formula or computer program or other device that is used to
generate an answer to the question.

Models can be extraordinarily complex, such as the highly sophisticated models
that are used for predicting the weather. They can summarise profound insights into
the nature of the universe, such as Newton’s three laws of motion. Models can also
be very simple, like many of the rules of thumb and instructions that we use on a
daily basis. I make tea in a teapot by remembering the rule “one [spoonful of tea] for
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Conventional Oven. Put sausage rolls on tray in centre of oven. Heat approxi-
mately 25 minutes or until hot right through. To heat when unfrozen, reduce heat-
ing time to 15 minutes.

Microwave Oven. Microwave on full power for required time. 2 sausage rolls for

1'% minutes. 4 sausage rolls for 2%/2 minutes. 6 sausage rolls for 3%2 minutes.
Allow to stand for one minute. Serve.

Fig. 3.1 Instructions for heating on a packet of Aunty Betty’s frozen sausage rolls

each person and one for the pot”. This is a simple linear model taught to me by my
grandmother, based on assumptions of the volume of teapots and preferred strength
of tea, and validated by experience. I drive keeping a gap of 2 seconds between the
next car and mine: an easily memorised and implemented rule to follow (especially
as it is independent of speed) that has been derived from the relationship between
stopping distances and speed and based on assumptions about good driving condi-
tions, typical braking force, reaction time etc. Figure 3.1 shows the instructions
written on a packet of frozen sausage rolls. For the microwave oven, the time is
modelled as a linear function of the number of sausage rolls. For a conventional
oven, the model for the heating time is independent of this variable. These math-
ematically distinct models reflect the very different physical processes of heating in
the two ovens, by exciting water molecules with microwaves or from a heat source.
They also rely on many simplifying assumptions and relationships, including the
size, shape and ingredients of the sausage rolls, the heating capacity of ovens, and
food safety (hot enough on the inside to kill germs, but not too hot to burn the
mouth). Of course, Aunty Betty herself, in designing the instructions, probably
adopted an empirical method, heating sausage rolls and testing the temperature
against food safety rules (also perhaps expressed as mathematical models). The
normal consumer just needs to follow the instructions to work out the cooking time;
a caterer may need to modify the rule for heating a very large number of sausage
rolls. Many of the real situations in which mathematical literacy is required arise in
the role of ‘end user’ of a model.

The Modelling Cycle and PISA’s Model of Modelling

M154 Pizzas was released after the PISA 2003 survey (OECD 2006b, 2009b). It
illustrates the main features of mathematical modelling in a simple way. For anyone
feeding a large group of hungry people with pizza, this is a real-world problem. In
my city, pizza diameters are often advertised alongside the cost. Note that a zed is
the unit of currency in the imaginary Zedland where PISA items are often set, in
order to standardise the numerical challenges for students around the world.
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M154 Pizzas. A pizzeria serves two round pizzas of the same thickness in different sizes.
The smaller one has a diameter of 30cm and costs 30 zeds. The larger one has a diameter of
40cm and costs 40 zeds.

M154Q01. Which pizza is better value for money? Show your reasoning.

A solution involves taking the real-world concept of value for money and
describing it mathematically: perhaps as area of pizza per zed (or alternatively
zeds per square centimetre, volume per zed, zeds per cubic centimetre). Assuming
that the pizza is circular completes the formulation stage: the real-world problem
has been transformed into a mathematical problem. Next the calculations can
proceed (exactly or approximately) and the comparison of areas of pizza per zed
(say) can be made. This is the stage where mathematical techniques come to the
fore, in solving the mathematical problem to obtain a mathematical result. After
this, the desired real-world solution is identified (the pizza with higher numerical
area per zed) and interpreted as a decision that the larger size is better value for
money. (Of course, the problem can also be solved algebraically without any
calculation comparing the quadratic growth of area with diameter with the linear
growth of cost, and similar modelling considerations apply). Next the real-world
adequacy and appropriateness of the solution is examined. If only large pizzas are
purchased, can everyone get the menu choice that they want? Will too much be
purchased? This means that the idea of value for money may need to be more
complex than square centimetres per zed. Where M 154 Pizzas stops, in real life a
new modelling cycle may begin with modified variables, assumptions and relation-
ships (e.g. at least five different pizzas are required for this party) to better aid the
“well-founded judgments and decisions” that feature in PISA’s definition of math-
ematical literacy (OECD 2013a).

When mathematics was first a major domain for the PISA survey in 2003, the
Framework (OECD 2004) included a model of the modelling cycle (although there
it was called the mathematisation cycle following the RME tradition as in de Lange
(1987)). This cycle described the stages through which solving a real-world prob-
lem proceeds. Figure 3.2 shows the graphics depicting it that appeared in the 2006

Real world Mathematical world

5 4+ A

Fig. 3.2 The mathematisation (modelling) cycle (OECD 2006a, p. 95)
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Framework (OECD 2006a). Models of the modelling (mathematisation) cycle have
long been used in discussing its teaching and learning and there are many varia-
tions, which bring in various levels of detail (e.g. Blum et al. 2007; Stillman
et al. 2007). A diagram that depicts the modelling cycle in essentially the same
way as PISA does was published by Burkhardt in 1981 and there may be earlier
occurrences.

The first feature of this diagram is the division into two sides. On the real world
side, the discourse and thinking are concerned with the concrete issues of the
context (pizzas, money). On the mathematical world side, the objects are abstract
(area, numbers) analysed in strictly mathematical terms. Within the ovals are the
states that the modelling cycle has reached, and the arrows indicate the processes of
movement between these states. The numbers on the diagram give an explanation
of the activities that constitute the arrows. The first arrow (labelled (1), (2), (3))
represents the formulation process during which the mathematical features of the
situation are identified and the real-world problem is transformed into a mathemat-
ical problem that faithfully represents the situation: (1) starting with a problem
situated in reality, (2) organising it according to mathematical concepts and iden-
tifying the relevant mathematics involved and (3) trimming away the reality by
making assumptions, generalising and formalising. The problem solver has thus
moved from real-world discourse to mathematical-world discourse. The ‘problem
in context’ (best value for money) has been transformed into a mathematical
problem about abstract mathematical objects (area, numbers, rates) that is hopefully
amenable to mathematical treatment. The arrow within the mathematical world
(4) represents solving the mathematical problem (calculating then comparing the
areas per zed). The arrow labelled (5) indicates the activity of making sense of the
mathematical solution in terms of the real situation, and considering whether it
answers the real problem in a satisfactory way (e.g. large pizzas may not give
enough variety).

A more picturesque description of the same modelling cycle was given by
Synge:

The use of applied mathematics in its relation to a physical problem involves three steps.

First, a dive from the world of reality into the world of mathematics; two, a swim in the

world of mathematics; three, a climb from the world of mathematics back into the world of
reality, carrying the prediction in our teeth. (Synge 1951, p. 98)

Apart from the diagram having undergone reflection in a horizontal axis, Fig. 3.2
is extremely similar to Fig. 3.3, which shows the diagram and terminology for
the modelling cycle used in the PISA 2012 Framework. In labelling the arrows,
the PISA 2012 diagram links directly to the reporting of student proficiency in the
separate processes that will be discussed below. There are two arrows that move
between the real world and the mathematical world: Formulate and Interpret.
The Employ arrow represents solving actions that lie entirely within the mathemat-
ical world. Within the real world is the Evaluate arrow. Here the result obtained
from the model is judged for its adequacy in answering the real-world problem.
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Problemin Formulate Mathematical
context problem
Results in Interpret Mathematical
context results )

Fig. 3.3 PISA 2012 model of mathematical modelling (OECD 2013a)

If the solution is satisfactory, the modelling ends. If it needs improvement, a
modified problem in context has been established, and the cycle begins again
probably building in assumptions and relationships that better reflect the real
situation.

Both Figs. 3.2 and 3.3 depict an idealised and simplified model of solving a
real-world problem with mathematics. In reality, problem solvers can make
many movements back and forth rather than steadily progressing forward through
the modelling cycle. A result may be found to be unrealistic at the evaluation
stage leading to a move forward to a new formulation or instead there may be a
move backwards to check calculations or carry them out with greater precision.
A formulated model may lead to equations that cannot be solved, prompting a move
backwards from Employ to Formulate to search for assumptions and relationships
that will lead to a more tractable mathematical problem. Indeed, the Formulate and
Employ processes need to be closely intertwined because in formulating a mathe-
matical model the problem solver is wise to keep an eye on the technical challenges
that lie ahead.

In addition to these back and forth movements between processes, there are
deeper ways in which the simple division into the real world and the mathematical
world does not reflect reality. Reasoning from the context can be an aid to finding
the mathematical solution (“I must have made a mistake because I know mass does
not affect the result, so the m’s in my formula should cancel”). Furthermore,
understanding details of the mathematical solution can be essential to interpreting
the findings sensibly (e.g. “I ignored the quadratic terms so I could solve the
equations, so it is not surprising that my results show that the quantities are linearly
related.”; “T assumed cars go through the traffic lights at a rate of 30 per minute, so it
is not surprising that as the time that the lights are set on green increases, the
number of cars that could pass through the lights tends asymptotically towards
30 x 60 per hour™.)

The mathematical modelling cycle is also affected when people work together,
perhaps in employment, with some people creating models and others using them
possibly in a routine way. Not all use of mathematics involves the full modelling
cycle, which is the key observation when discussing the link between mathematical
literacy and modelling below.
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Mathematical Literacy and Mathematical Modelling

What is the relationship between PISA’s mathematical literacy and mathematical
modelling, which is described as its cornerstone and key feature (OECD 2013a)?
Two facts are immediately clear. On the one hand, almost by definition, mathe-
matical modelling and mathematical literacy are strongly connected. The definition
of mathematical literacy (OECD 2013a) includes to “describe, explain and predict
phenomena” and to assist in making “well-founded judgements and decisions”. The
Wikipedia modelling page quoted above includes a very similar list: “explain a
system, study the effects of different components, and to make predictions about
behaviour.” On the other hand, most people in real life, and especially 15-year-old
students working under test conditions, would only rarely engage in the full
modelling cycle as described above except in very simple instances of it. For
example, only mathematically adept customers probably consider the functional
variation described above when buying pizzas, and then probably only if they have
to buy a lot. It is, however, much more critical that the pizzeria owner understands
the mathematical model for ordering ingredients and setting prices. What is the
resolution to this paradox that mathematical modelling is key to mathematical
literacy, that everyone needs mathematical literacy, yet most people rarely engage
in the whole modelling cycle? In most cases, people exercising their mathematical
literacy are engaged in just a part of the modelling cycle with other parts greatly
abbreviated. Examples follow.

In very many instances where mathematical literacy is required, people use
mathematical models that are supplied to them, greatly truncating the Formulate
process. Using the ‘rule-of-thumb’ models referred to above are simple examples.
I want to heat five sausage rolls in the microwave. I read the instructions on the
packet. Implicitly I assume linear interpolation, so I just have to calculate the time
halfway between the times for four and six sausage rolls. Some PISA items are of
this ‘using models’ type. An Occupational example, the item PM903QO03 Drip rate
Question 3 (OECD 2013a) requires calculation of the volume of a drug infusion
given the drip rate, the total time, the drop factor and a formula that connects these
four variables together. In a question such as this, the Formulate and Interpret
processes are greatly truncated and the cognitive demand comes almost entirely
from the Employ process (substituting values, changing the subject of the formula,
and calculation).

In many other instances where mathematical literacy is required, the formulation
process is greatly truncated because the relevant mathematical models have been
explicitly taught and practised at school (e.g. calculating distance from speed and
time, area of composite shapes, converting units, percentage discounts for shop-
ping, using scales on maps, reading a pie chart). A very common instance in PISA,
as in real life, is where proportional reasoning is required. M413QO01 Exchange
Rate Question 1 (OECD 2006a, 2009a) stated that 1 Singapore dollar was worth 4.2
South African rand and asked how many South African rand would be received for
3,000 Singapore dollars. It was the third easiest item in the PISA 2003 survey
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(OECD 2009a). The cognitive demand for formulating this problem is very low
because conversion of units is a commonly taught application of rate (proportional
reasoning), and because the item is set up to go directly from 1 SGD to 3000 SGD.

Reading information from charts and graphs is a common instance of mathe-
matical literacy for citizens and employees, and there are many PISA items testing
this, such as PM918Q02 Charts Question 2 (see Fig. 3.4). Items like this almost
exclusively involve the Interpret process of the modelling cycle. (Note that the
interpret process does not involve the receptive communication of reading the
question, but is about understanding the real-world meaning of the results.) Rele-
vant mathematical information is presented (often in a graph, a timetable, a
diagram) and has to be used quite directly with little processing to answer a question
of interest. PM918Q02 Charts Question 2 was an easy item with 79 % of students
correct in the field trial. To link this into the modelling cycle, I imagine that this
information has been assembled, perhaps by a newspaper or by a sales team. They
have formulated the situation mathematically by making a series of choices
(e.g. what and how many variables, aggregation by month better than by week,
selecting a clustered column graph) and then creating a graph. The end user
(perhaps a band manager) and in this case also the PISA test taker exhibiting
mathematical literacy, has to interpret this mathematical product, selecting the
two data series in question, and compare the heights of the columns visually,
starting from January. This activity lies just at the end point of the modelling
cycle. In summary, using mathematical literacy can involve full engagement with
the mathematical modelling cycle, but most frequently it involves just a small part
of it in real life and in PISA.

PISA Assessment and the Modelling Cycle

As noted above, in PISA 2012 the modelling cycle has been used to provide a new
reporting category. The intention is to describe what abilities make up mathemat-
ical literacy and the degree to which students possess them. As discussed in Chap. 2,
this is well described by the fundamental mathematical capabilities (called compe-
tencies in Chap. 2 and earlier Frameworks), and Turner, Blum and Niss in Chap. 4
provide empirical evidence for this claim. However, reporting against six or more
capabilities is impractical because there are just too many and also because they
normally occur together in problem solving.

Instead, PISA 2012 uses the processes Formulate—Employ—Interpret of the
modelling cycle for reporting. All three can generally be identified in solving a
problem, but because of the constraints of the PISA assessment (e.g. time) it is
nearly always possible to identify that the main demand of an item lies with one of
them. As noted in the section above, this also reflects much use of mathematics in
real life: some aspects of the modelling cycle are so truncated as to be barely present
for the end user. Items that mainly focus on the arrow labelled Formulate in Fig. 3.3
are used to measure student performance in Formulating situations mathematically.
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CHARTS

In January, the new CDs of the bands 4U2Rock and The Kicking Kangaroos were
released. In February, the CDs of the bands No One’s Darling and The Metalfolkies
followed. The following graph shows the sales of the bands’ CDs from January to
June.

Sales of CDs per month
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Question 2: CHARTS PM918Q02

In which month did the band No One’s Darling sell more CDs than the band The
Kicking Kangaroos for the first time?

A No month
B March

C April

D May

Question 5: CHARTS PM918Q05

The manager of The Kicking Kangaroos is worried because the number of their CDs
that sold decreased from February to June.

What is the estimate of their sales volume for July if the same negative trend
continues?

70 CDs
370 CDs
670 CDs
1340 CDs

ocOoo>

Fig. 3.4 Two questions from the unit PM918 Charts (OECD 2013b)
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Items that focus on the Employ arrow are used to report on the process formally
labelled Employing mathematical concepts, facts, procedures, and reasoning.
Finally, one process Interpreting, applying, and evaluating mathematical outcomes,
abbreviated to Interpret, is constructed from items that mainly focus on the
interpreting and evaluating arrows. These have been combined because the oppor-
tunities for any serious evaluation under the conditions of a PISA survey are
severely limited: items are completed in a short time by students sitting at a desk
without additional resources.

Above, examples of PISA items that are close to real-world situations and were
very strongly focused on just one process were given: PM903QO03 Drip rate
Question 3 and M413Q01 Exchange Rate focused on the Employ process and
PM918Q02 Charts Question 2, focused on the Interpret process. M537Q02 Heart
beat Question 2 (OECD 2006a, 2009a) is an example of an item strongly focused on
the Formulate process. The stimulus gave the formula

recommended maximum heart rate = 208 — (0.7 x age)

and the information that physical training is most effective when heartbeat is at
80 % of the recommended maximum. The question asked for a formula for the heart
rate for most effective physical training expressed in terms of age. In this item, full
credit was obtained by students who left the expression without expansion. For
example, both of the equations heart rate = (208 —0.7 x age) x 0.8 and
h=166 — 0.6a were scored with full credit. Consequently, the main cognitive
demand was focused in formulating the new model.

The above PISA items are easy to allocate to just one process, but not all items
are like this. The psychometric model used by PISA requires that items be allocated
to only one of the three processes, so the following examples illustrate how
on-balance judgements are made for items involving more of the modelling pro-
cess. Three straightforward decisions are illustrated first, followed by the difficult
case of PM918Q05 Charts Question 5.

PM995Q03 Revolving Door Question 3 (see Fig. 3.5) involves proportional
reasoning, but this item is far from a routine application. Students have to construct
a model of the situation (probably implicitly) to go from total time (30 min) to total
revolutions (120) to total entry options (360) to total people (720). Although each of
these relationships is a standard proportional reasoning situation, they need to be
assembled systematically to solve the problem. The item is classified as Formulate
because the demand from this process was judged to be greater than from the
calculation (Employ) and interpreting of the answer in real-world terms is very
straightforward (Interpret).

The item PM995Q02 Revolving door Question 2 (see Fig. 3.5) was one of the
most difficult items in the field trial, with only 4 % of students successful. This item
makes heavy demands at the formulation stage. It addresses the main purpose of
revolving doors, which is to provide an airlock between inside and outside the
building and it requires substantial geometric reasoning followed by accurate
calculation. The real situation has to be carefully analysed and this analysis needs
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REVOLVING DOOR

A revolving door includes three wings which rotate within a circular-shaped space.
The inside diameter of this space is 2 metres (200 centimetres). The three door
wings divide the space into three equal sectors. The plan below shows the door
wings in three different positions viewed from the top.

Entrance
/ \ Wings
——
Exit
Question 1: REVOLVING DOOR FANDSQ01-0°1:8

What is the size in degrees of the angle formed by two door wings?

Size of the angle: .....cceevevneeiniieiecees 9

Question 2: REVOLVING DOOR PM993Q02-0 1 9

The two door openings (the dotted arcs in the diagram) are the | Possible air flowin
same size. If these openings are too wide the revolving wings this position.
cannot provide a sealed space and air could then flow freely
between the entrance and the exit, causing unwanted heat loss or
gain. This is shown in the diagram opposite.

What is the maximum arc length in centimetres (cm) that each
door opening can have, so that air never flows freely between the
entrance and the exit?

Maximum arc length: ................... €M

Question 3: REVOLVING DOOR PM995Q03

The door makes 4 complete rotations in a minute. There is room for a maximum of
two people in each of the three door sectors.

What is the maximum number of people that can enter the building through the door
in 30 minutes?

A. 60
B. 180
C. 240
D. 720

Fig. 3.5 The unit PM995 Revolving door (OECD 2013b)
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to be translated into geometric terms and back again to the contextual situation of
the door multiple times during the solution process. As the diagram supplied in the
question shows (see Fig. 3.5) air will pass from the outside to the inside, or vice
versa, if the wall between the front and back openings is shorter than the circum-
ference subtended by one sector. Since the sectors each subtend one third of the
circumference, and there are two walls, together the walls must close at least two
thirds of the circumference, leaving no more than one third for the two openings.
Assuming symmetry of front and back, each opening cannot be more than one sixth
of the circumference. There is further geometric reasoning required to check that
the airlock is indeed maintained if this opening length is used. The question
therefore draws very heavily on the reasoning and argument fundamental capabil-
ity. It is unclear in this problem when the formulation ends and the employing
process begins, because of the depth of geometric reasoning required. A careful
analysis of the solution of an individual in terms of the modelling cycle would
probably find it often moving from the Formulate arrow (what does it mean in
mathematical terms to block the air flow?) to the Employ arrow and back again. The
decision to place this item in the Formulate process indicates a judgement that the
most demanding aspect is to translate into geometric terms the requirement that no
air pass through the door. However, working within the mathematical world is also
demanding in this case. Allocating to Formulate is supported by the observation
that it is more likely that a student will have failed to make progress on this item in
the Formulate process, rather than have succeeded there and been unable to solve
the intra-mathematical problem.

PM918Q05 Charts Question 5 (see Fig. 3.4) illustrates that the allocation to one
of the three processes is sometimes unexpectedly complex. To solve this problem,
first the phrase “same negative trend” needs to be formulated mathematically, and
there are several choices. Formulating graphically might lead the student to phys-
ically or mentally draw a line of best fit through the tops of the Kicking Kangaroos
columns for February to June, extend the line to where July would be and observe
that it will be of height not much below 500 (hence answer B correctly). Alterna-
tively, a gradient for the line could be calculated and applied to calculate a value for
July. Formulating numerically, a student may calculate an average drop per month
and reduce the June sales by this amount. The interpretation of the answer obtained
by any of these processes is simple. The test designers allocated this item to the
Employ process, deciding that the main cognitive demand is in carrying out any one
of these strategies, rather than in deciding that the drop should equal the average
drop of previous months (or equivalently that the downwards trend in the sales
figures should be linear). If the latter decision were made, the problem could have
been classified as Formulate.

Given the somewhat involved problem analysis above, it was surprising to find
that PM918Q05 Charts Question 5 was an easy item, with about 70 % of students
correct at the field trial and the main study. Statistically the item behaved extremely
well. The students with the correct answer B (370) had the highest ability on all
other items, the approximately 20 % of students with answer C (670) had a lower
ability overall, and the approximately 5 % answering each of A (70) and D (1,340)
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had much lower ability again. These good item statistics indicate that the multiple-
choice format is working well: students are using their mathematical literacy
proficiency to choose the alternative. But what part of this proficiency is most
critical? The most common wrong answer was C (670), which is very close to the
sales in June. Students giving this answer probably do not have a mathematical
concept of ‘trend’. Probably they have interpreted “same negative trend” as just a
continuation of the same bad sales situation, and not even looked for the decreasing
data series. This is a failure related to Formulate, not to Employ. Amongst students
who had a more mathematical concept of trend, the high success rate indicates that
many of them were probably able to select answer B (370) on qualitative rather than
quantitative grounds. Two choices, B (370) and D (70) were below the June sales
figures; choosing B over D is likely to have been supported by reasoning along the
lines described above, but done much less precisely without much cognitive
demand on the Employ process. In summary, it is likely that the major cognitive
demand in this item has arisen in Formulate and not in the allocated Employ. This is
a speculative argument based on an interpretation of the item statistics, but it
indicates some of the difficulties that can arise in allocating items to just one of
the three mathematical processes. In-depth exploration of item performance from
this point of view, using the publicly available PISA 2012 international data base,
may prove fruitful in understanding items better, and for research.

Using Reported Measures of Mathematical Processes
in Teaching

Reporting PISA results by these processes of mathematical literacy may assist
educational jurisdictions to review curriculum and teaching. For example a country
that has low scores on the Formulate process might decide to emphasise this
process more in schools, especially by more often beginning with problems in
context that need some substantial formulation. This will also involve class discus-
sion about how an element of the real-world context is best described in mathe-
matical terms (e.g. value for money in M154 Pizzas). Teachers may explicitly
consider teaching strategies that help students identify mathematical structure and
connect problem elements such as the Singapore model method (Fong 1994). A
focus on formulation will also involve problems where the solver has to identify
multiple relationships (complex or simple) and decide how to put them together, as
in PM942Q02 Climbing Mount Fuji Question 2 discussed in Chaps. 4 and 8 of this
volume. Teachers can discuss the assumptions behind the models that are used.
Even the simplest word problems involve assumptions that are usefully discussed
with students and doing this alerts students to how this is essential for applying
mathematics. This process can be used to make seemingly unauthentic word
problems more realistic. With the pizza problem, students could discuss the
assumption that pizzas are circular, the assumption that it is the area of pizza to
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eat that matters, and how the solution would be modified to find value for money of
liquorice strips given their length or value for money of oranges used for juice given
their diameters. Research into the teaching of mathematical modelling (see, for
example, Blum 2011; Blum et al. 2007) gives many more suggestions. In Chap. 11
of this volume Ikeda shows how using PISA items that focus on particular aspects
of the modelling cycle (such as the formulating aspect) can be useful for teaching.
Zulkardi in Chap. 15 of this volume describes the creation of PISA-like tasks which
reflect life in Indonesia. There is now a big bank of released PISA items to inspire
such efforts (e.g. OECD 2013a).

There is no claim that PISA is a full assessment of mathematical modelling. As is
evident from the large body of educational research on modelling and applications
(e.g. Blum et al. 2007) both teaching and assessment require students to engage
with extended tasks even involving multiple trips around the modelling cycle.
Along with many other authors, this point is made by Turner (2007) in his
presentation of PISA problems with rich classroom potential. Extended tasks can
share the PISA philosophy, but they can move considerably away from the PISA
format. This is because PISA items must be exceptionally robust. As discussed in
Chaps. 6 (by Turner), 7 (by Tout and Spithill) and 9 (by Sutowska) of this volume,
they must be suitable for translation into many languages, appropriate for students
in many cultures, involve mathematical concepts and processes that are likely to be
familiar to students around the world, be able to be consistently scored by many
separate teams of markers in an efficient manner, be able to be completed by
students within a tight timeframe, have psychometric properties that fit the mea-
surement model well, be self-contained and require very few resources for com-
pletion. However, outside of these constraints, many more possibilities exist for
designing tasks for teaching and assessing mathematical literacy in a richer way.

In his review of large scale assessment, de Lange (2007) cites initiatives from
around the world that assess modelling more completely. Frejd (2013) in an
extensive review of the impressive array of recent work compares frameworks
and atomistic with holistic approaches. The article recommends that an elaborated
judgement of the mathematical and realistic quality of the models produced is
required for classroom assessment to improve.

Modelling and Mathematisation Within Mathematics
Education

This section aims to clarify the two terms ‘mathematisation’ and ‘modelling’,
which readers of the PISA Mathematics Framework will observe have been used
with both the same and different meanings at various stages (see also Chaps. 2 and 4
of this volume). They also have various meanings within the broader field of
mathematics education. This section exposes and explains these different
meanings.
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Within mathematics education, Kaiser and Sriraman (2006) point out how the term
‘modelling’ is applied in multiple ways with various epistemological backgrounds
to curriculum, teaching and classroom activities. At one end of the spectrum is
realistic or applied modelling, and PISA belongs here. This endeavour is dominated
by pragmatic goals of solving real-world problems and gaining understanding of the
real world. Applied modelling in education was given early prominence by Henry
Pollak’s survey lecture at ICME-3 in 1976 (Pollak 1979; Blum et al. 2007). Also
related to PISA’s philosophy through its literacy focus is modelling used for socio-
critical goals, with an emancipatory perspective achieved through the capacity to
better deal with and understand the world (see also Chap. 1 in this volume). Blum
and Niss (1991) point out some of the varying goals and emphases within this
tradition of applications and modelling.

At the other end of the spectrum lies what Kaiser and Sriraman (2006) call
educational modelling. Here modelling serves the educational goals of developing
mathematical theory and fostering the understanding of concepts by starting with
real-world situations. The Realistic Mathematics Education tradition at the
Freudenthal Institute is the prime example of this approach. Real-world situations
are carefully selected to become the central focus for the structuring of teaching and
learning a topic, and they provide for students what are now often called ‘models of’
and ‘models for’ mathematical concepts that students can use in a process of guided
re-invention of mathematics (Gravemeijer and Stephan 2002). The real-world
phenomenon models the abstract construction, rather than vice versa as in applied
modelling. Classroom materials from the Freudenthal tradition provide many
examples of this ‘conceptual mathematisation’. For example, de Lange (1987)
explains how a situation of aquatic plants growing over a pond, simplified so that
the area is doubling every day, can be used to introduce logarithms to students. He
defines the base 2 logarithm of a number 7 to be the time taken for 1 square metre of
plants to grow to n square metres. From this definition, students can be guided to
discover that the logarithm of 16 is 4 (because the area goes successively from 1 to
2 to 4 to 8 to 16 over 4 days) and can generalise this property. They can also
discover the addition law for logarithms. For example, they can discover that log 5
+log 7=1og 35 because the plants grow from 1 square metre to 5 square metres in
log 5 days and in the next log 7 days they grow by another factor of 7. The other
properties of logarithms can be deduced in this way, using the real situation as a
model for the mathematical theory.

In summary, within the mathematics educational world, modelling is used in
multiple senses, which reflect different goals and purposes for using real-world
situations in teaching. At one end of the spectrum, which lies entirely within
schools, knowledge of the real-world situation is exploited to teach mathematics.
The real world ‘models’ the mathematical world. At the PISA end of the spectrum,
lying inside and outside schools, knowledge of abstract mathematics is exploited to
better understand the real world. The mathematical world models the real world.
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Within schools, the modelling goes in both directions. For nearly everyone, in life
beyond school, there is only one direction and that is reflected in the approach taken
in PISA. One of the arguments for educational modelling is that it better equips
students for applied modelling by contributing “significantly to both the meaning-
fulness and usability of mathematical ideas” (de Lange 1987, p. 43) and conse-
quently many educational projects include both educational and applied modelling
(e.g. Garfunkel’s work in the Consortium for Mathematics and Its Applications
COMAP).

Mathematisation in PISA and Elsewhere

The term ‘mathematisation’ has regularly been used in PISA Frameworks. In the
Frameworks of 2003, 2006 and 2009 (OECD 2004, 2006a, 2010) it is used to mean
the key process behind the Framework (which is called mathematical modelling in
the 2012 Framework, aligning it more closely with international usage). In the 2012
Framework mathematisation labels the fundamental mathematical capability of
moving in either direction between the real world and the mathematical world. In
previous PISA Frameworks this was labelled the modelling competency, some-
times with a broader meaning. The translation back to real-world terms is also
sometimes called de-mathematising (e.g. OECD 1999, p. 43). These changes have
arisen because PISA is a collaboration involving people from different scholarly
and educational traditions who use different natural and technical languages to
describe what they do. These terminology changes are also discussed by Niss in
Chap. 2 and in Chap. 4 by Turner, Blum and Niss in this volume. The present
chapter uses the PISA 2012 terminology.

Within the Freudenthal Realistic Mathematics Education tradition, the term
‘mathematisation’ has a central role, referring to a very broad process by which
the real world comes to be viewed through mathematical lenses. Mathematics is
created in this human endeavour, with the overarching purpose of explaining the
world and thereby giving humanity some measure of control over it. This is a
philosophical position on the nature and origin of mathematics, as well as a
principle guiding teaching. Mathematisation can happen ‘locally’, when a mathe-
matical model for solving a specific problem is created or ‘globally’ for developing
a mathematical theory (e.g. logarithms as above) or to tie theories together. It also
refers to the process of guided re-invention, when a carefully selected real-world
context is used in teaching.

Researchers working within this tradition also distinguish horizontal
mathematising which works between reality and mathematics, in both directions,
and vertical mathematising where working within the mathematical world provides
solutions to problems (locally) or globally develops theory (e.g. generalising log-
arithms and deducing theorems about them). In Figs. 3.2 and 3.3, horizontal
mathematisation in a local situation is depicted by the two horizontal arrows, and
vertical mathematisation is depicted by the one vertical arrow in the mathematical
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world. However, RME’s ‘global’ meaning of mathematisation goes considerably
beyond its use in any PISA Framework. In mathematisation, a real-world context
can be the inspiration for a mathematical theory or an application of it, or both.

Setting PISA Items in Real World Contexts

Real-world contexts have been at the heart of the mathematical modelling and
mathematical literacy discussed above. This section draws on the PISA experience
and also the research literature as the specific focus moves from mathematical
modelling and turns to some of the challenges that arise from the decision to set
(almost) all PISA items in real-world contexts.

The word ‘context’ is used in several ways in describing educational assessment.
Frequently ‘context’ refers to the conditions under which the student operates.
These range from very broad features (e.g. the type of school and facilities), through
specific aspects applying to all students (e.g. the purpose of the assessment, done by
groups or individuals, timed or not) to the very individual (e.g. this student had a
headache). Within PISA mathematics, however, ‘context’ (and alternatively ‘situ-
ation’) refers specifically to those aspects of the real world that are used in the item.
In mathematics education, this is sometimes called the ‘figurative context’, or the
‘objective figurative context’ contrasting with the ‘subjective figurative context’
which refers to the individual’s own personal interpretation of that real-world
situation. For M154 Pizzas the context includes all the aspects of purchasing pizzas
(e.g. that they are a round food, with the most delicious part only on the top), and
also more general aspects of shopping including the concept of value for money
(which is mathematised as a rate).

Roles of Context in the Solution Process

Knowledge of context can impinge on solutions in many ways. PISA’s approach
follows that of de Lange (1987). There is a graduation in the importance of the
context in solving PISA items. At the lowest level is a unit such as PM918 Charts
(see Fig. 3.4) which, as noted above, could have been set in many different contexts
with minimal change. This is not to say the context is fully irrelevant to the
students’ endeavours, even at this lowest level. For a student to feel that they
understand the question requires generic real-world knowledge such as why
bands are associated with CDs, recognising the abbreviated months of the year,
and appreciating that no one is actually kicking kangaroos. Even though knowledge
like this does not seem to contribute, students do not do well when they do not
understand the basic premises of an item. I recall a boy who told me he could not do
a word problem because he did not know what a ‘Georgina’ was—this girl’s name
written in the problem was irrelevant to the solution but it stopped him making
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CAR DRIVE

Kelly went for a drive in her car. During the drive, a cat ran in front of the car. Kelly
slammed on the brakes and missed the cat.

Slightly shaken, Kelly decided to return home.

The graph below is a simplified record of the car's speed during the drive.

Kelly’s drive
72
60
Speed 48 / | :
(km/h) 36 | .
24 / ] : \

12 1 1
0 /i ] 1 l \
9:00 9:04 9:08 9:12

Time

Fig. 3.6 Stimulus for PISA 2006 unit M302 Car drive (OECD 2006b)

progress. As discussed elsewhere, an attractive context may also encourage stu-
dents to try harder to solve the problem.

The next level of context use is common in PISA items, where specific features
of the context need to be considered in deriving the solution. Appropriate rounding
of numbers is frequent e.g. to answer with a whole number of discrete objects
(e.g. see PM977Q02 DVD rental Question 2 in Chap. 9 of this volume). The PISA
2006 item M302Q02 Car drive Question 2 (see Fig. 3.6) asked students to give the
time when Kelly braked to miss the cat. This requires making the real-world link
between braking and decreasing speed, and identifying this feature on the graph.

In a few PISA items, students have to bring into their solutions quite specific
real-world knowledge. For example, in the item M552 Rock concert from the field
trial for PISA 2003 (OECD 2006a, 2009a) students were given the dimensions of a
space for a rock concert, and asked to estimate the number of people it could hold
when full with all fans standing. This item required students to make their own
estimate of the amount of space that a person would take up in such a concert—
information that was not supplied in the item. This has been described as ‘second
order’ use of context (de Lange 1987). Another example of this higher demand of
involvement with the context, this time involving Interpret, is from the item M179
Robberies (OECD 2006a, 2009a) where students have to comment on an interpre-
tation of a truncated column graph, as shown in Fig. 3.7. Both avoiding the visual
trap arising from the truncated columns, and deciding whether the increase should
be regarded as large or not, depend on mathematical ability. In essence, this is the
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Question 1: ROBBERIES M179Q01- 01 02 03 04 11 12 21 22 23 99
A TV reporter showed this graph and said:

“The graph shows that there is a huge increase in the number of robberies from
1998 to 1999."

520 —
Year 1999
Number of 515 —
robberies per
year
510 — Year 1998
505 —

¢

Do you consider the reporter’s statement to be a reasonable interpretation of the
graph? Give an explanation to support your answer.

Fig. 3.7 M179 Robberies (OECD 2006b)

ability to see the relevance of both the absolute change and the relative change.
Beyond this, the answer also depends on real-world judgements about the robberies
context (Almuna Salgado 2010). There would be very different considerations if the
graph referred to the number of students attending a school, or the number of parts
per million of a toxic chemical in drinking water. Lindenskov in Chap. 15 reports
some Danish students’ responses to this item.

Measuring students’ capacity to solve problems with second order use of context
is valuable because it is rare that all the data required is given clearly in a problem in
real life. In solving M552 Rock concert, PISA students needed to make an estimate
based on body size and personal experience. Outside of the test situation, a real life
concert organiser needs to recognise the risks of high crowd density and find
published guidelines on crowd safety. In both cases, the problem solver must
identify what further information is needed and then access the best available
source.

Achieving Authenticity of Context

The definition of mathematical literacy requires that the items used in PISA are
authentic: as far as possible they should present students with the challenge of using
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mathematics in the way in which it is likely to be used in life outside school.
Moreover, items should not just be authentic; they should appear to be authentic so
that students feel they are engaged in a sensible endeavour. PISA item writers and
selectors give this a high priority so this is one of the criteria on which all countries
rate the suitability of items. As is evident from the reports in Chaps. 13, 14 and 15 of
this volume, this focus on authentic items has been an important contribution of
PISA to mathematics teaching in some countries, which have used items as a model
for redesigning school tasks.

Achieving authenticity in items is a complex endeavour. Palm (2006) has
created a framework for the characteristics that make a school task authentic. The
event should be likely to happen and the question posed should concord with the
corresponding out-of-school situation. The purpose of finding a solution needs to be
as clear as it would be in the real situation. The language use (e.g. terminology,
sentence structure etc.) should match that used in the real situation. The information
and data given in the question should be of the type available in the real situation,
and the numbers should be realistic. Students should be able to use methods that are
available in the real-life setting, not just particular school content, the validity of
solutions should be judged against real-world criteria, and the circumstances of
performing the tasks (e.g. with calculators) should mimic the real situation. Because
PISA attends to these features, it is likely that the item style maximises the chances
that students will respond in a realistic way. Many genuine situations are used, such
as those in the unit PM923Q03 Sailing ships (see Chap. 1 of this volume). M154
Pizzas gains authenticity by giving the diameter of the pizzas, which I often see
alongside prices on the menus in pizzeria. Of course, authenticity is curtailed in an
international assessment. One small example is that prices in M 154 Pizzas are in the
fictional currency of PISA’s fictional country Zedland because using realistic prices
in the many different currencies around the world would introduce a myriad of
variations in the computational difficulty of items. Chapter 7 in this volume gives
further examples of this issue.

Palm (2008) provides some evidence that students are indeed more likely to
attend to the real-world aspects of the situation when word problems give more
details of the situation and attend to the aspects above, although a well-designed
study by De Bock et al. (2003) showed that increasing the authenticity of the
context by using videos in fact reduced students’ success in choosing of sensible
models that reflected the real-world situation faithfully. They concluded students
may not have expected to process the video information deeply. This is one of many
instances where further research would be informative.

Palm’s framework has been developed to guide attempts to make school tasks
more authentic, and to investigate the well-known phenomenon of students not
using their real-world knowledge sensibly within school mathematics. There are
many studies that document this, from countries around the world, using word
problems such as the one following, where less than 20 % of student solutions were
judged realistic:
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Steve has bought 4 planks of 2.5 m each. How many planks of 1 m can he get out of these
planks? (Verschaffel et al. 1994, p. 276)

Verschaffel et al. (2009) examine this phenomenon from many points of view.
They show how unrealistic problems are a long standing feature of school, by
giving historical examples of unrealistic word problems parodied by Lewis Carroll
and Gustave Flaubert. From a socio-cultural point of view, students’ lack of sense
making is in part a reaction to this divorce of school from real life. However, it is
also a result of students’ superficial mathematisation of the real situations presented
even in simple word problems. The extensive series of studies reported in
Verschaffel et al. (2009) provide guidance on improving the authenticity of school
mathematics even when using simple word problems. Greater effects are likely to
come from incorporating realistic modelling into school mathematics, but this is a
larger challenge. Studies such as that by Stillman and Galbraith (1998) analyse the
ways in which students can be assisted to deal with the cognitive and metacognitive
aspects of such complex problems.

It is easy to criticise test items as not being authentic. A salutary experience
happened to me many years ago. Some children came home from school and saw
the quarterly telephone bill lying on the table. They were shocked to see that the bill
was for what seemed to them to be an enormous amount of money. Simplifying the
situation, I explained that we had to pay some money to have the telephone and then
a certain amount for each call. I intended to leave the discussion there, but the
10 year old wondered aloud how many phone calls the family must have made each
day and the children then speculated amongst themselves about this. Shortly after, I
wrote a problem for some experimental lessons with the same data and asked ‘how
many calls per day’. In his feedback, I was surprised to see that the teacher
commented especially on this one problem, lamenting the fact that mathematics
was full of unrealistic problems that did not interest students, and commented that
no child would ever want to know this. Just as a flower withers after it has been
picked, a real-world problem often does not stay alive when it is written down on
paper. If the techniques adopted by PISA item writers (see Chap. 7 in this volume)
are more successful in creating ‘face authenticity’ of items for students, they could
be used in classroom instruction to good effect.

Using Contexts for Motivation

In mathematics teaching, contexts are used for multiple reasons. They are essential
to teach students to apply what they learn, and as discussed earlier in this chapter
the conceptual mathematisation of a real problem can be used for students to
re-invent mathematics through educational modelling. Many teachers also believe
that contexts can create positive affect and hence stimulate students’ effort to learn
and solve problems. Students’ genuine interest in a real-world context such as a
sustainability issue or the direct relevance of a context to students’ lives
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(e.g. planning a school event) can be harnessed to increase motivation (see, for
example, Blum and Niss 1989). Additionally, attractive contexts are very often used
simply to enhance the image of mathematics, which some people think is dull, by
associating it with pleasurable things (Pierce and Stacey 2006).

Within PISA, contexts are used because doing so is inherent in the definition of
mathematical literacy, but there is also a hope that careful choice of contexts that
are attractive to 15-year-olds may increase motivation to work at the items. For
example, the mathematical core of the unit PM918 Charts could have been tested in
many different contexts, so the choice of music bands is likely to have been
influenced by the interests of the intended audience of 15-year-olds. Beyond the
use of attractive contexts to increase motivation, major issues with the use
of contexts are their authenticity (discussed above) and their equity, which is
discussed below.

PISA’s approach to ensuring the items are as attractive, as equitable and as
authentic as possible is three pronged (see also Chaps. 6 and 7 in this volume).

1. Expert opinion on authenticity, interest (and hence motivation) and the equity
factors (familiarity and relevance including to subgroups) is sought on each item
from every country. Countries also report any cultural concerns to ensure that
items do not touch on contexts that are considered inappropriate for use in
schools (e.g. gambling, contexts that are potentially distressing).

2. The items use many different contexts and are balanced across the four context
categories (Personal, Societal, Occupational, Scientific) to minimise the chance
of systematic bias arising from the particular contexts chosen.

3. Empirical data from the field trial are used to eliminate from the main survey
those items that are easier or harder than expected in some countries, or that
show a large gender difference because in these items factors of familiarity
or interest or relevance may be differentially affecting performance. One of
the reasons for the large item pool taken to the field trial is to allow for this
culling. The final findings of overall gender differences are made more robust
because the main survey includes only items that did not show large gender
differences.

Ensuring Equity

The construction of PISA items must ensure that the survey provides a valid
measure of mathematical literacy across countries and groups of students within
countries. This is a demanding condition. The use of contexts is essential to PISA,
yet it is known that individual students will bring differing background knowledge,
interpretations and experiences into the solving process. These differences will
affect the survey results when they systematically affect countries or subgroups of
interest. Because PISA is not concerned with assessment outcomes of individual
students but pools their results, it is not important that every item is fair to every
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student (that would be impossible) but it is important that, as a whole, every
reported group of items is fair to all the targeted groups of students.

Several broad aspects of problems in context are likely to affect an equitable
assessment of mathematical literacy: reading demands, the cultural and individual
familiarity of the contexts and students’ interest in the context. High reading
demand was a criticism of early PISA problems, and so attention has been given
to simplifying the reading in later surveys. In Chap. 7 of this volume, Tout and
Spithill describe some of the rules that are followed. Some strategies for reducing
the reading demand reduce authenticity. For example, it is somewhat artificial to
provide information question by question as it is required, rather than all together in
the stimulus material for a unit. Such competing demands have to be weighed
according to their likely effect on the assessment as a whole.

It is clear that the contexts used in PISA must be familiar to the students, at least
in the sense that a short text can provide enough information to have students feel
confident that they understand the question. In a well-designed study Chipman
et al. (1991) found a very small positive effect of context familiarity on word
problem performance, with unfamiliarity promoting omission. For tackling PM995
Revolving Door, having seen a revolving door probably gives a small advantage,
especially in the initial stages of making sense of the diagrams. However, not
everyone who uses a revolving door appreciates how the design blocks the flow
of air, and this fact may explain why field trial results did not show differential
performance between countries where these doors might be common or not (beyond
that predicted by their performance on the item set as a whole).

Critical to PISA is the potential effect of differential familiarity and interest of
problem context on performance of countries (addressed through the ratings by
each country) and on the subgroups of students for which results are reported such
as girls and boys. The research on this is not conclusive. One very frequently cited
small scale study is by Boaler (1994), who reported that girls were more likely than
boys to be distracted by elements of a context in which they were interested and
hence not perform so well. Low and Over (1993) found that girls were more likely
than boys to incorporate irrelevant information into solutions (regardless of their
interest in the context), although this finding may be an artefact of teaching since
the boys and girls were from different (single-sex) schools. On the other hand, the
large study by Chipman et al. (1991) found no effect on performance of using
problems stereotyped as interesting and familiar to the same or opposite gender or
designed to be gender neutral. Familiarity (separately measured) assisted both
genders. A recent Dutch study (Hickendorff 2013) of over 600 children found no
differential effect of using problems in context for either gender or language ability.
This study also found no difference in difficulty between ‘naked number’ items and
word problems, which the author attributed to the Realistic Mathematics Education
curriculum in the Netherlands having developed in students a good ability to model
real situations. For the purposes of PISA’s assessment of mathematical literacy, it is
not important whether students perform better or worse on problems in context than
on ‘naked number’ problems, which is what has concerned some researchers.
Instead what is important for PISA is that choice of context does not systematically
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affect the performance of identified groups of students. There are some studies such
as that by Cooper and Dunne (1998) that show social class can influence how
students work with problems in context, with students of lower social class more
likely to draw on their real-world knowledge than the mathematical information
specified in the problem statement. If this is a general effect that reflects a difference
in ability to use mathematics in context, then it is important that PISA measures
it. If it is an artefact of the artificial setting of the assessment, research is needed to
eliminate it. We do not know.

Knowledge of the findings of individual studies (rather than the body of evi-
dence) and an acute awareness of the great variety of interests and life experiences
around the world have stimulated some critiques of the use of context in PISA
problems and claims that a meaningful international assessment using problems in
context is impossible. de Lange (2007) reviews these and concludes

Authors also get quite excited about the role of contexts in large-scale assessments. There
are many good reasons to do so, as we still fail to understand quite often the actual role the
context plays in a certain problem. . ... And I would like to add: we cannot say anything
firm about the relationship ‘context familiarity’ to ‘success rate’. (p. 1119)

If there are real differences in the mathematical literacy of the targeted groups,
then it is important that PISA identifies them. If the differences are due to particular
choices in item construction and do not reflect the mathematical literacy construct,
it is important that they are eliminated.

In summary, using real-world contexts in items is essential for PISA but raises
some important issues. There is potential to motivate students to work hard solving
the problems through using attractive contexts, but there is also potential for
introducing biases into the assessment. Expert opinion and statistical testing are
used by PISA to minimise this threat. Overall, item writers pay serious attention to
the authenticity of PISA items, to give as good a measure as possible of students’
proficiency to use mathematics beyond school.

Conclusion

The purpose of this chapter has been to examine the links between mathematics
and the real world, as they are evident in PISA’s concept of mathematical literacy,
and to present relevant research and conceptual frameworks. The use of real-world
contexts in the teaching and assessment of mathematics has a long history,
especially through the use of word problems, which are frequently lampooned
for lacking authenticity and relevance. The movement towards mathematical
modelling takes the real context seriously. Within mathematics teaching, mathe-
matical modelling goes well beyond the learning of applied mathematics, where
techniques for standard problems in areas of application (such as physics) are
taught and practised, aiming to teach students to develop their own mathematical
models, and to interpret results in real-world terms, as well as to solve the
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intra-mathematical problems involved. Mathematical literacy lies within this con-
cept of mathematical modelling. The chapter also discussed the way in which the
PISA teams have worked within the strong constraints of an international assess-
ment to develop survey items that use real-world contexts in a way that motivates
students to solve the items, and to make these items as equitable as possible taking
into account their varying familiarity, interest and relevance to groups of students.
The high authenticity of PISA items, especially considering the constraints of the
international assessment situation, have provided a model and resources for
authentic problem solving in schools that is relatively easy to implement, as well
as resources to inspire more extended problem solving.
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Chapter 4
Using Competencies to Explain Mathematical
Item Demand: A Work in Progress

Ross Turner, Werner Blum, and Mogens Niss

Abstract This chapter describes theoretical and practical issues associated with
the development and use of a rating scheme for the purpose of analysing mathe-
matical problems—specifically, to assess the extent to which solving those prob-
lems calls for the activation of a particular set of mathematical competencies. The
competencies targeted through the scheme are based on the mathematical compe-
tencies that have underpinned each of the PISA Mathematics Frameworks. The
scheme consists of operational definitions of the six competencies (labelled as
communication; devising strategies; mathematisation, representation; using sym-
bols, operations and formal language; and reasoning and argument), descriptions
of four levels of activation of each competency, and examples of the ratings given
to particular items together with commentary that explains how each proposed
rating is justified in relation to the competency definition and level descriptions.
The mathematical problems used so far to investigate the action of those compe-
tencies are questions developed for use in the PISA survey instruments from 2000
through to 2012. Ratings according to the scheme predict a large proportion of the
variation in difficulty across items, providing evidence that these competencies are
important elements of students’ problem solving capabilities. The appendix gives
definitions of each competence and the specification of each of four levels for each.
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Introduction

In Chap. 2 of this volume, Mogens Niss describes a set of competencies that have
been central to the definition of mathematical literacy within the PISA context, and
have been increasingly instrumental to the design of PISA mathematics items.
Indeed Niss’s work outlines what might be referred to as a ‘competence model’
of mathematical proficiency, in which proficiency can be seen as a function of the
extent to which an individual possesses and is able to mobilise certain mathematical
competencies. Investigative work described in the present chapter shows how these
competencies can help to understand the cognitive demand and predict the empir-
ical difficulty of PISA mathematics items. This in turn suggests that the competen-
cies form a very important part of the cognitive actions taking place when
individuals attempt to solve certain types of mathematical problems. That kind of
knowledge has also been of assistance to test item developers, by helping them in
targeting their development work more efficiently. It is also likely to be of rele-
vance to mathematics teachers as they design teaching and learning activities to
improve the mathematical proficiency of their students. This chapter describes the
development and key features of a scheme for evaluating PISA test items according
to the extent to which the processes of solving the problems demand activation of
the mathematical competencies (called the fundamental mathematical capabilities
in the PISA 2012 Framework). The development work is ongoing; nevertheless use
of the scheme has already borne fruit.

Background and Context

The processes and outcomes of survey instrument development, survey implemen-
tation, data generation, and data analysis associated with the PISA survey have
presented many opportunities for participating countries and others involved in
PISA to investigate a wide variety of educational and technical matters. The PISA
Mathematics Expert Group (subsequently referred to as the MEG) in October 2003
began an investigation of the PISA items that had been developed for use in the
2003 survey when mathematics first took its place as the major PISA test domain.
Initially, the focus of that investigation was on aspects of item and test validity that
had been raised a year previously as an issue requiring attention in the item
development process. Several questions were posed by the MEG members as part
of its process of test item development. To what extent did the test items under
development reflect the Framework? To what extent did the items give an indica-
tion of mathematical literacy? Would the PISA measure of mathematical literacy be
confirmed through other tests of mathematical literacy? Do PISA results predict
something about later levels of mathematical proficiency, for example adult math-
ematical literacy?
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The posing of those questions led to some concentrated work by different
members of the MEG to investigate aspects of the validity of the PISA mathematics
test instrument then under development. One direction in particular lay in examin-
ing factors related to the empirical difficulty of PISA mathematics items. In an
unpublished discussion paper developed on this topic, Blum and de Lange noted
that while certain factors that make mathematics items more or less difficult could
not be easily investigated in a large-scale study such as PISA (in particular, personal
factors such as “individual pre-knowledge or individual motivations/emotions”),
what could be investigated is

... on the one hand, to describe as precisely as possible certain external features of items as
well as the cognitive demands that items impose on the problem solver and, on the other
hand, to establish statistical correlations between characteristics of items and the empirical
item difficulty (in the whole population). This can be done by methods such as regression
analysis.

They also noted that

In order to describe cognitive demands of items one needs to have at one’s disposal
appropriate “competence models” (like the one we have developed for PISA mathematics).
Then one has to compile, for each item, ideal typical solution processes and to identify
those “competence elements” (knowledge & skills, images/“Vorstellungen”, abilities/com-
petencies) that have to be activated during these processes, including the cognitive level of
this activation. If one distinguishes for each competency (for instance: mathematical
argumentation) let’s say three levels (0— not necessary, 1—moderately necessary, 2—
substantially necessary) then for each item and each competency there is a certain number
(describing the cognitive level of activation of this competency for solving this item).
(Blum and de Lange, unpublished MEG meeting document, October 2003)

This discussion set the scene for an investigation of the relationship between the
competence model underpinning the PISA Mathematics Framework on one hand
(some set of competencies underpin mathematical literacy, and those competencies
need to be activated by individuals in order for them to solve mathematical
problems), and the empirical difficulty of PISA mathematics test items on the
other. The central question posed in designing the investigation was whether and
how the mathematical competencies needed to solve PISA problems were
connected to the empirical difficulty of the problems. Two kinds of connection
were envisaged. First, if solving one problem requires drawing on a wider range of
competencies than solving another problem, how would that difference be reflected
in the relative difficulty of the two problems? Second, to the extent that different
levels of activation of a particular competency could be identified (for example no
activation at all, activation to a small degree, activation to a large degree) would the
degree of activation of competencies required for a particular problem be related to
the difficulty of that problem?

Blum and de Lange argued that the choice of variables to use in such an
investigation should largely be a theoretical matter, and proposed as a starting
point considering a set of variables that flowed out of task analysis work done
previously in the German context in the COACTIV project (Neubrand et al. 2013),
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Table 4.1 Initial set of variables proposed for item difficulty research (Blum and de Lange 2003)

Variable

Possible level definitions

Surface features of
items

1. Mathematical topic

1 Arithmetic, 2 algebra, 3 geometry,
4 probability and statistics

2. Overarching idea

1 Quantity, 2 change and relationships,
3 space and shape, 4 uncertainty

3. Item format type

1 Multiple choice, 2 closed constructed,
3 open constructed

4. Context type

0 zero, 1 intra-mathematical, 2 quantities,
3 close to reality, 4 authentic

Cognitive demand
characteristics of
items

5. Concept images
(“Grundvorstellungen™)
needed

0 none, 1 only one elementary, 2 several
elementary or one non-elementary, 3 more

6. Extent of solution

1 only one step, 2 two or three steps,

process 3 more

7. Argumentation compe- | 0 none, 1 moderate, 2 substantial

tency needed

8. Modelling competency |0 none, 1 moderate, 2 substantial

needed

9. Communication com- 0 none, 1 moderate, 2 substantial

petency needed

10-14 ... See remaining | 0 none, 1 moderate, 2 substantial

PISA competencies

combining surface features of the items and several cognitive characteristics. The
set of variables proposed for consideration at that time are presented in Table 4.1.

The conception of the investigation planned at that time was to identify a set of
factors, or variables, which would be a mixture of surface features and cognitive
dimensions, and to rate items according to the applicable characteristics and the
demand for activation of the cognitive dimensions as part of the solution process,
resulting in a several-dimensional vector that would describe important aspects of
the cognitive demand of each item. The terminology of item demand was
established as a reference to the number and nature of aspects of the item that
were called in to play as part of the solution process and the level at which the
aspects were called in to play. There was a clear expectation that the process of
examining and assigning ratings to items would lead to further consideration of the
competence model being used, and an iterative process of refinement and develop-
ment would likely ensue. Indeed that is exactly what has occurred.

Features of an Item Analysis Scheme

Following that initial discussion among members of the MEG, a research team
comprising some members of the MEG continued to develop and refine a scheme
for evaluating mathematics problems. The main objective was to better understand
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the drivers of item difficulty. The scheme would consist of a set of variables,
operational definitions of those variables, and descriptions of levels within each
variable. The particular variables chosen for investigation arose from the PISA
competence model referred to earlier.

In the original proposal, several item characteristics had been suggested as
variables alongside mathematical competencies. Specifically, as shown in Table 4.1,
inclusion of information about surface features of mathematics tasks such as the
question format, content category, context type, or mathematical topic area had
been proposed. However, the process of developing and selecting items for use in
the PISA survey instruments involved consciously balancing several of those
surface factors with respect to item difficulty as far as was possible (OECD 2003
p. 50). A design objective was to produce items within each category that had as
wide a range of difficulties as possible, in order to avoid the unintended possibility
that student performance on different items may be systematically affected by
factors unrelated to the measured construct. For example items allocated to the
four context categories (see Chap. 1, this volume) defined in the Framework need to
span the difficulty spectrum, but these categories are not seen as fundamental to the
mathematical literacy construct. Similarly, the item developers consciously aimed
to have as full a range of difficulties as possible for items presented in each of the
item format types (such as multiple-choice format, and open-ended items). For this
reason it was not expected that surface characteristics such as these would contrib-
ute useful information in the analysis of the relationship between item cognitive
demand and empirical item difficulty.

For the purpose of this investigation, the initially proposed variables were
reduced to a set of six variables based on a reconfiguration of the ‘Niss competen-
cies’ that had been a central element of the PISA Mathematics Framework since
PISA’s inception (for example, as originally articulated for PISA (OECD 1999) and
in the most recent Framework (OECD 2013b)). The origin of this set of competen-
cies, and their use and development over several PISA survey administrations, is
discussed in detail by Niss in Chap. 2. Using the six competencies and a procedure
for assigning ratings to mathematics test items according to the extent to which
solving each item calls on activation of each of the defined variables, has generated
sets of ratings that have been used as data to examine the relationship between
demand for activation of the competencies in solving PISA mathematics items, and
the empirical difficulty of those items as measured through the various PISA survey
administrations.

Building Competency Definitions and Level Descriptions

The eight mathematical competencies of the first PISA Framework (OECD 1999)
provided a starting point for building a scheme to analyse the competency-related
demands imposed by the solution processes needed for a range of mathematical
tasks. To build a scheme that would be as compact and manageable as possible
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within the context of an international survey, those eight competencies were
reconfigured as six in the initial PISA version of the scheme: reasoning and
argument (including mathematical thinking, reasoning, argumentation, and justifi-
cation); communication; modelling; representation; problem solving; and using
symbolic, formal and technical language and operations (abbreviated as ‘symbols
and formalism’). Thus the two Niss competencies (see Chap. 2) of mathematical
thinking and mathematical reasoning were combined into one, and the mathemat-
ical aids and tools competency was dropped as being inappropriate in the context of
PISA tasks, which at that time were all paper-based. Operational definitions of each
of the chosen competencies were devised, together with a description of four levels
of activation of each competency. The initial definitions and descriptions are
reproduced in Appendix 1.

However, the initial definitions and level descriptions have undergone signifi-
cant and progressive change over a period of years in which the scheme has been
put to use to analyse PISA mathematics tasks. For example, the competency that
was initially labelled modelling was first defined as “Mathematising, interpreting,
validating.” Subsequently, the label was changed to mathematising and the defini-
tion has become “Translating an extra-mathematical situation into a mathematical
model, interpreting outcomes from using a model in relation to the problem
situation, or validating the adequacy of the model in relation to the problem
situation.” The following section of this chapter describes the issues thrown up
for the investigators to consider as they applied the scheme, generated sets of item
ratings, and analysed those ratings.

Two sets of ratings and their statistical analysis have been reported publicly,
with both of them providing similar pictures of the strengths and weaknesses of the
scheme as it developed during the period in which those two phases of the research
were conducted.

The first results were presented at the PISA Research Conference in Kiel,
Germany, in 2009 and subsequently published in the Proceedings (Turner
et al. 2013). That analysis was based on two sets of ratings of the 48 mathematics
items that had been used in both the PISA 2003 and PISA 2006 survey instruments:
the first set of ratings provided by eight raters working independently; and the
second set being ratings of the same 48 items 2 years later by a different (but
overlapping) set of raters, again completing the task independently, and using a
scheme that had changed in only very minor ways. The items were rated according
to their demand for activation of the six aforementioned competencies, in accor-
dance with competency definitions and descriptions of four possible levels of
activation of each of the competencies. The ratings by individual raters for each
item were averaged to provide the final rating for each competency for the item.

Analysis of the data showed that a regression model that included the ratings for
just three of the six competencies (those labelled reasoning and argument, symbols
and formalism, and problem solving) could account for more than 70 % of the
variability of item difficulty across this set of 48 items (for details, see Turner
et al. 2013).
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A reasonable level of consistency was achieved among the different raters, but
there was enough evidence of idiosyncrasy on the part of individual raters and
inconsistency across the raters in relation to particular items to suggest that the
shared understanding of the meaning of the competencies and the standards defined
by the level descriptions of each competency could be further enhanced. In partic-
ular, discussion among the raters demonstrated that in some cases similar ratings
had been assigned for very different reasons, while in other cases assigned ratings
were widely divergent. The success of the regression model showed that when
ratings were averaged across a small group of raters, useful data were derived, but
considerable variability was observed across the raters indicating there was room
for further refinement of the scheme. The observation that three of the competencies
did not appear to contribute usefully to the prediction model provided some
direction as to which of the competency definitions could usefully be revised.

A third set of ratings was reported publicly in late 2011. The ratings had been
produced in 2011 by five members of the research team using a revised version of
the scheme, independently analysing a total of 196 test items that had been newly
developed for possible use in the 2012 PISA survey. The scheme as used in that
exercise was described by Turner (2012) and data were analysed as reported by
Turner and Adams (2012). From that analysis, a prediction model with reasonably
good properties that involved three of the competencies, devising strategies (which
was a re-named and differently defined version of the former problem solving
competency), communication, and symbols and formalism, was shown to account
for some 74 % of the variation in difficulty of those test items, an even higher
proportion than in the first published analysis.

The analysis showed that significant overlap existed between the newly defined
variables devising strategies, mathematising, and reasoning and argument, so only
one of these was included in the prediction model. The communication competency
now seemed to be contributing usefully to the prediction (whereas it had not in the
earlier analysis) and the symbols and formalism competency continued to contrib-
ute. Two of the competencies, representation and mathematisation, were found in
both sets of analysis not to contribute useful information to the prediction model
(in the case of mathematisation, information that was not already captured by other
competencies in light of the very high observed correlations). Nevertheless it was
evident from the two sets of analyses that adjusting the wording of the definitions,
and the descriptions of levels of operation of each competency, had led to a marked
change in the way the scheme had functioned, although the good prediction of
difficulty was maintained.

While the scheme had been further developed as these rating and analysis
exercises went on, the two phases of rating and analysis pointed to several features
of the definitions and descriptions as being potentially problematic. A more focused
review of the category definitions and level descriptions was instituted as a result.

The first issue was that there was not sufficient agreement on the boundaries
between related categories. In the original set of competency definitions
(in Appendix 1) the text clearly anticipates overlap, which is consistent with the
assumption of overlap in the KOM competency scheme described by Niss in
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Chap. 2 of this volume. For example, both the reasoning and argumentation and the
representation competency definitions include the rather confusing statement ‘can
be part of problem solving process’ without in any way attempting to clarify when
an item demands reasoning and argumentation, or representation, and when it
demands problem solving; nor did it show the relationship between these aspects of
cognitive demand, and any implications this relationship might have for the item
rating task, thereby leaving the door wide open for different interpretation by raters.
Similarly, the problem solving definition includes the phrase ‘and implementation
of the mathematical solution processes, largely within the mathematical world’ and
that wording opens the way to significant overlap with the symbols and formalism
competency, and perhaps others. A further example of lack of clarity in the
distinctions between competencies is in the original symbols and formalism defini-
tion, which includes the phrase ‘using particular forms of representation. . .” without
clarifying at all where this competency ends and where the representation compe-
tency begins. The formulations used in that set of definitions did not sufficiently
clarify the boundaries among the competencies.

The problem, though, continued to be apparent in the revised descriptions. For
example, there was no clear agreement on where the strategic thinking involved in
devising a suitable strategy for solving a problem and monitoring its implementa-
tion ended, and where processes of mathematical reasoning to solve the problem
commenced. It was also clear that the definition of mathematising did not support a
sufficiently consistent interpretation, so that in some cases one rater may have used
the mathematising competency while another may have used the symbols and
formalism competency to describe essentially the same aspect of mathematical
thinking and processing, namely setting up a formula or an algebraic expression
as a mathematical model of a given real-world situation. It became clear that further
work was needed to better delineate the meaning of each the competencies in order
to give them operational definitions that identified and were built on separate
aspects of each process.

A second problematic feature, closely related to the first, stemmed from the
observation that typically more than one of the competencies as they were defined
at that time was required to solve a problem. When the activation of several
competencies is necessary to solve a problem, as is typically the case in PISA
tasks, identifying which one competency is the most important, or which of the
competencies are more important than others, proved very difficult, and different
raters frequently made different judgements about this. Operation of a ‘halo effect’
might lead raters to rate an item at a similar level for each relevant competency, for
example for very demanding items to assign high ratings to all competencies just
because the item seems relatively difficult, or to assign all low ratings for a very
straightforward and easy item. This would lead to high correlation between the
ratings for each competency and this was likely a major cause of the outcomes of
the statistical analysis of the first sets of ratings that showed the best predictive
model required only three of the competencies. Whilst the instructions for the rating
exercise had recommended that the rater should identify which single competency
is the most central to the item, and treat other related competencies by separating
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out their unique contribution over and above that which is already covered by the
‘main’ competency, this proved a difficult judgement to make in practice. Indeed
some of those involved in the rating exercise questioned whether such a goal could
or should be achieved at all. This raised questions about whether six competencies
were required or whether perhaps fewer would be sufficient. For example, if it is
always or almost always true that reasoning and devising strategies occur together,
perhaps they should be combined into a single more general competency that
encompasses them both. This question reinforced the need to further explore
separation of the competency definitions. This experience also highlighted the
fact that the procedure to be adopted when making the ratings was an essential
part of the scheme.

A third feature that appeared to cause difficulties to users of the scheme was the
way in which the level of demand for each competency was described. Two aspects
of this issue were identified. The first followed from the observation that several of
the adjectives used to describe different levels of activation of each competency
were rather generic, relative terms that did not convey sufficient objective meaning
to different users of the scheme. For example, words like ‘simple’ and ‘complex’
did not support consistent interpretation and categorisation of problem solving
events, and words like ‘familiar’ have a curricular or experiential connotation that
is counter to the cognitively oriented definitions of the competency levels. Certainly
words such as these would tend to mean something very different for students at
different stages of their education. The decision was taken to revise the level
descriptions to minimise the incidence of unclear adjectives of this kind, and
where that proved difficult, to provide further examples in order to clarify the
intended meaning of those words. But a second and more fundamental question
requiring an answer was just what aspects of each competency change as the level
of activation changes. A further aspect of an overhaul of the level descriptions,
therefore, was to have a fresh look at what aspects of demand for each competency
would most effectively capture gradations in the degree of demand.

Since the first attempt to operationally define the variables and levels, the current
authors and their research collaborators have made ongoing attempts to revise the
definitions and descriptions in order to reduce the impact of the three issues
identified in the preceding paragraphs. Appendix 2 presents the current set of
competency definitions and level descriptions, which reflect the progress made to
date in the refinement of the scheme in an attempt to address the problems identified
through its early uses. The following sections describe how these issues were
confronted as the scheme was developed.

One further factor that causes some of the observed variability in the ratings
assigned by different raters to particular items is that for some items, different
methods of solution may call for the activation of the competencies in a different
combination or at different levels. It is recognised, therefore, that some degree of
variability in rating outcomes is inevitable. For PISA ratings, the advice was to rate
the solution which was judged by the rater to be most likely given by 15-year-old
students.



94 R. Turner et al.
Competency Definitions

For a scheme such as this to work well, there is clearly a need to devise operational
definitions of the six competencies that will maximise the distinctions between
competencies, and will therefore help users of the scheme to treat particular aspects
of problem demand more reliably and consistently. Ideally, when a specific cogni-
tive demand within a solution is identified, the associated competency will be
unambiguous and should support consistent ratings. Making these definition is an
especially challenging task when, as in PISA, end users will have different lan-
guages and education traditions.

In Table 4.2, the development of the operational definition of the communication
competency is traced as a first example of how the definitions have changed over
time. The set of definitions shows the development from the initial version (Appen-
dix 1) to the current version (Appendix 2), and all of the intervening versions. The
definitions have become progressively longer as more and more features have been
added in an attempt to delineate the competency. From the beginning, this compe-
tency included both a receptive and an expressive component. The expressive
component expanded early and remained unchanged after that. But the receptive
component has continued to change to clarify which elements of the question
statement should be taken into account as part of the competency, and towards its
main emphasis being on understanding and interpreting the situation presented.
This leads to additional descriptive material (in Appendix 2) supporting the 2013
definition that aims to put the focus of the receptive aspect of this competency on
understanding what the task asks the problem solver to achieve, and not on the

Table 4.2 Development of communication definition

Communication

2005a | Decoding and interpreting stimulus, question, task; expressing conclusions

2005b | Decoding and interpreting stimulus, question, task; explaining one’s work, expressing
conclusions

2006 | Decoding and interpreting statements, questions and tasks; including making sense of
the information provided; presenting and explaining one’s work or reasoning

2007 | Decoding and interpreting statements, questions and tasks; including imagining the
situation presented so as to make sense of the information provided; presenting and
explaining one’s work or reasoning

2011a | Decoding and interpreting statements, questions, tasks and objects; imagining and
understanding the situation presented and making sense of the information provided;
presenting and explaining one’s mathematical work or reasoning

2011b | Reading, decoding and interpreting statements, questions, tasks and objects; imagining
and understanding the situation presented and making sense of the information pro-
vided; presenting and explaining one’s mathematical work or reasoning

2013 | Reading and interpreting statements, questions, instructions, tasks, images and objects;
imagining and understanding the situation presented and making sense of the infor-
mation provided including mathematical terms referred to; presenting and explaining
one’s mathematical work or reasoning
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Table 4.3 Development of the devising strategies for solving problems definition

Devising strategies for solving problems (originally labelled ‘Problem solving’)

2005 | The planning, or strategic controlling, and implementation of mathematical solution
processes, largely within the mathematical world

2006 | Selecting or creating a mathematical strategy to solve problems arising from the task or
context; successfully implementing the strategy

2007 | Selecting or devising, as well as implementing, a mathematical strategy to solve prob-
lems arising from the task or context

2013 | Selecting or devising a mathematical strategy to solve a problem as well as monitoring
and controlling implementation of the strategy

Table 4.4 Development of the mathematising definition

Mathematising (originally labelled ‘modelling’)

2005 | Mathematising, interpreting, validating
2006 | Mathematising an extra-mathematical situation, or making use of a given or constructed
model by interpreting or validating it in relation to the context

2007 | Mathematising an extra-mathematical situation (which includes structuring, idealising,
making assumptions, building a model), or making use of a given or constructed model
by interpreting or validating it in relation to the context

2013 | Translating an extra-mathematical situation into a mathematical model, interpreting
outcomes from using a model in relation to the problem situation, or validating the
adequacy of the model in relation to the problem situation

interpretation of (for example) the mathematical content of any representations
present. Understanding the goal of the task is an essential precursor to the detailed
mathematical thinking and work needed to achieve that goal, with the expectation
that the subsequent thinking and work would form part of other competencies.

In Table 4.3, the development of the devising strategies competency is traced.
The label of the problem solving competency was changed to solving problems
mathematically and then to devising strategies for solving problems. This change
reflected a shift in emphasis from a focus on the processes and steps of a problem
solution to the processes of planning how to go about solving a problem, planning a
solution path, and monitoring the implementation of the strategy. The change was
intended to help users focus on the strategic thinking required, and therefore help
avoid some of the previous overlap particularly with the reasoning, the modelling,
and the symbols and formalism activities that flowed from a focus on implemen-
tation of the strategy implied by the original label.

The development of the mathematising competency definition is tracked in
Table 4.4. The term ‘modelling’ carries certain baggage with it so that in the
minds of many people it would include all aspects of the modelling cycle (including
the formulating, mathematical processing, interpreting and validating aspects). The
changes to the label and to the operational definition here were intended to narrow
the focus to the parts of the modelling cycle (see Chap. 3) that are about the direct
interface between the context and its mathematical expression, hence to only the
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Table 4.5 Development of the representation definition

Representation

2005 | Concrete expression of an abstract idea, object or action; a transformation or mapping
from one form to another; can be part of modelling or problem solving

2006 | Interpreting, translating between, and making use of given representations; selecting or
devising representations to solve problems or to present one’s work

2007 | Interpreting, translating between, and making use of given representations; selecting or
devising representations to solve problems or to present one’s work. The representations
referred to are depictions of mathematical objects or relationships, which include equa-
tions, formulae, graphs, tables, diagrams, pictures, textual descriptions, concrete
materials

2011 | Interpreting, translating between, and making use of given mathematical representations;
selecting or devising representations to capture the situation or to present one’s work.
The representations referred to are depictions of mathematical objects or relationships,
which include symbolic or verbal equations or formulae, graphs, tables, diagrams

2013 | Decoding, translating between, and making use of given mathematical representations in
pursuit of a solution; selecting or devising representations to capture the situation or to
present one’s work

steps of transforming some feature of the problem context into a mathematical form
(the process Formulate of Chap. 1) or interpreting mathematical information in
relation to the elements of the context it reflects (the process Interpret of Chap. 1).
The critical defining feature identified in clarifying this competency lies in the
active connection of a real-world context with a mathematical expression of some
feature of the context. A benefit of this would be to separate the intra-mathematical
processing work, the manipulation of mathematical representations, and perhaps
the mathematical reasoning elements from the way the mathematisation compe-
tency should be used within this scheme.

Changes over time to the definition of the representation competency are
presented in Table 4.5. This competency is one that appears to have contributed
little to understanding the drivers of item difficulty, yet it is seen as an important
mathematical competency and so arguably should remain in the scheme. The
development of the definition shows a number of features and different attempts
to resolve potential overlap and confusion in its use. The original definition referred
to both modelling and problem solving without attempting to clarify the particular
aspects of those activities that should be considered as part of the representation
competency. The confusion with the mathematising variable is also evident in the
original level descriptions for representation where the relationship between the
representation and the feature being represented are prominent. The key elements
around which clarification has been sought are the need to include both devising
mathematical representations and using given representations, as well as a delin-
eation of which problem elements should be regarded as mathematical representa-
tions for the purposes of this scheme. In the explanatory text written to support
interpretation of the current version (presented in Appendix 2), the words decoding,
devising, and manipulating are included to guide the user to a clearer understanding
of what actions are relevant, in addition to the demand of linking different
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Table 4.6 Development of the using symbol, operations and formal language definition

Using symbols, operations and formal language

2005 | Activating and using particular forms of representation governed by special rules
(e.g. mathematical conventions)

2006 | Understanding, manipulating, and making use of symbolic expressions (including using
arithmetic expressions and carrying out computations), governed by mathematical con-
ventions and rules; understanding and utilising constructs based on definitions, rules and
formal systems

2011 | Understanding and implementing mathematical procedures and language (including
symbolic expressions and arithmetic operations), governed by mathematical conventions
and rules; understanding and utilising constructs based on definitions, rules and formal
systems

2013 | Understanding and implementing mathematical procedures and language (including
symbolic expressions, arithmetical and algebraic operations), using the mathematical
conventions and rules that govern them; activating and using knowledge of definitions,
results, rules and formal systems

representations to each other; and the list of included mathematical entities is
further clarified. In particular, the potential overlap between interpreting and
using mathematical representations on the one hand, and the interpretation involved
in the communication competency is addressed; as is the potential overlap between
the use of symbolic forms of representation as part of this competency or part of the
symbols and formalism competency.

In Table 4.6, the developmental stages of the using symbols, operations and
formal language competency definition are presented. This competency was orig-
inally labelled as using symbolic, formal and technical language and operations
following the full name used in the PISA Framework, but has generally been
referred to as the symbols and formalism competency. It has consistently come
out as a strong predictor of item difficulty, and is clearly a key element of a
competency-based scheme since mostly at least some formal or technical opera-
tions have to be carried out in conjunction with other activities in order to solve a
mathematical problem. The potential overlap with the mathematising competency
was addressed through the text that locates the Formulate process (including with
symbolic expressions) in mathematising, and the manipulation of symbolic expres-
sions (within the Employ process of Chap. 1) in the symbols and formalism
competency. The potential overlap with the representation competency was dealt
with by removing the reference to representations from the original definition and
shifting the focus of this competency to applying procedures, rules and conventions.

Finally, the development of the reasoning and argument definition is recorded in
Table 4.7. This definition is probably the one that has changed least, other than to
give more prominence to the inferential thinking needed to form or evaluate
conclusions and arguments. It remains to be seen to what extent the current
definition will stand up to use in the context of revisions to the other competencies
when the scheme is next tested. It seems likely that further development may be
warranted given that this competency has not consistently contributed to the
prediction models so far used.
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Table 4.7 Development of the reasoning and argument definition

Reasoning and argument

2005 | Logically rooted thought processes that explore and connect problem elements to work
towards a conclusion, and activities related to justifying, and explaining conclusions; can
be part of problem solving process

2007 | Logically rooted thought processes that explore and link problem elements so as to make
inferences from them, or to check a justification that is given or provide a justification of
statements

2013 | Drawing inferences by using logically rooted thought processes that explore and connect
problem elements to form, scrutinise or justify arguments and conclusions

Level Descriptions

How can different levels of demand for activation of a mathematical competency be
identified? This is the second major element of the item analysis scheme, after the
general competency definitions. For the scheme to work well it is essential to have a
set of level descriptions based on a well-founded and useable set of factors that
capture significant aspects of the cognitive requirements of the competencies. They
would be factors that do not occur, or that apply at only a low level, with problems
for which the competency is less relevant, and that are needed at demonstrably
higher levels of intensity in problems where it is more relevant.

In this section, the features used to define the different levels of demand for the
six competencies are described. In the following section, Applications of the
Scheme, some examples are provided to exemplify application of the scheme to a
selection of PISA mathematics problems.

For the communication competency, the level of demand for the receptive aspect
is described in terms of the complexity of material to be interpreted in understand-
ing the task, the need to link multiple information sources or to move backwards
and forwards between information elements (referred to as ‘cycling’). The level of
demand for the constructive aspect focuses on the nature and complexity of the
parts of the solution process and the explanations or justifications of the result that
have to be actively communicated. As with each of the competencies, the descrip-
tions of four levels aim at identifying steps of progression between none or very
little of this competency being required, and a substantial requirement for its
presence.

In the May 2013 level descriptions (see Appendix 2), the lowest level (level 0)
involves understanding short sentences or phrases that give immediate access to the
context, where all information is relevant to the task (and no irrelevant information
needs to be sifted out) and where the information given is well matched to the task
demand. The problem is presented in direct terms that are easily understood and
interpreted, without the need for re-reading the text several times in order to
understand it, and without the need to forge essential connections between different
information elements in the problem statement. At this lowest level the constructive
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aspect would involve only writing a word, a short phrase or a single number as the
problem solution.

The scheme’s highest level (level 3) involves understanding more complex text,
for example where different information elements need to be understood and linked
together in order to proceed, where some of the information may be irrelevant so
that a selection and identification process is required, and where logical relation-
ships, for example in the wording of the problem, are more involved. For the
constructive aspect, an extended presentation of the solution process may be
required, or a coherent explanation or justification of the solution proposed.

The descriptions of levels for the devising strategies competency have gone
through changes that reflect the substantively changed operational definition to
focus on strategic thinking aspect of problem solving and not on problem solving in
a more complete sense. Specifically, the wording in the original level descriptions
that implies carrying out the strategy devised has been changed. The main challenge
here, however, is to identify a plausible gradation of demands. The main variable
used to build this gradation is the complexity of the strategy. This has been
quantified in terms of the number of identifiably separate stages in the solution
process, and complexity is further heightened when those stages themselves involve
multiple steps. As part of that complexity, the metacognitive monitoring process
needed to keep the solution process on track has also been identified as a contributor
to increased demand.

The lowest described level (level 0) for this competency is an example where
virtually none of the competency is required. The strategy needed is either stated or
obvious from the wording of the problem. The description of level 3 for devising
strategies refers to a multi-stage strategy that may involve multiple sub-goals. As
well as the heightened need for metacognitive control processes at this level, a third
indicator of increased demand is in the possible need to evaluate or compare
different strategies. These aspects of the description focus on the possibility of a
high level of reflection on the problem solving process.

The mathematising variable has two separate elements, so the descriptions of
graded levels need to pick up both the formulating aspect (transforming features
of the context into mathematical form) and the interpreting or validating aspect
(discussing the contextual meaning of calculated or given mathematical informa-
tion). Heightened demand for the formulating aspect is expressed mainly in terms
of the degree of guidance provided in the problem statement as to what are the
required elements of a mathematical model (assumptions, variables, relationships
and constraints). Gradations in the interpreting or validating aspect are arguably
less clearly delineated, but the gradation is expressed in terms of the directness of
the connection between the mathematical information and the related context, or
the degree of creativity required to make that connection. A further element of
demand lies in the possible need to evaluate or compare different models, once
again implying the need for reflection at higher levels of activation of this
competency.

Level O for this competency again involves no mathematisation (the situation is
purely intra-mathematical, so no translation is required, or the relationship between
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the mathematical expression of the context and the context itself is not needed to
solve the problem). The highest level described envisages the construction of a
model where little guidance is given regarding the assumptions, variables, relation-
ships and constraints needed, which must therefore be defined by the problem
solver; or validation or evaluation of models in relation to the situation is needed;
or there is a need to link or compare different models.

The graded levels of the representation competency are based on the complexity
of information and interpretation needed in relation to the mathematical represen-
tations to be used, the number of different representations that need to be employed
and related to each other, and whether there is a need to construct or create an
appropriate representation (rather than using given representations) to support the
problem solution process.

The lowest described level (level 0) for this competency involves either no use of
representations, or very minimal use such as extracting a single numerical value
from a familiar table or chart or from text. The level 3 description refers to the need
to use multiple representations of complex entities, to compare or evaluate repre-
sentations (requiring a degree of reflection that can be a feature of higher level
demand in a number of competencies), or to create or devise a representation that
captures a mathematical entity.

For the using symbols, operations and formal language competency, the
described levels are based on the degree of mathematical complexity and sophis-
tication of the mathematical content and procedural knowledge required. This
competency is clearly subject very much to the educational level of the problem
solvers being considered, and the descriptions of levels of activation in the PISA
context need to take into account the wide range of levels observed among 15-year-
olds in participating countries. Any adaptation of the scheme needs to take the
target age range into account for all competencies, but particularly for this one.

The level 0 description is expressed in terms of elementary mathematical facts
and definitions, and short arithmetic calculations involving only easily tractable
numbers (for example, a requirement to add a small number of one- or two-digit
whole numbers) and the use of mathematical rules and procedures that are likely to
be very familiar to most 15-year-olds such as the formula for the area of a rectangle.
The level 3 description refers to using multi-step formal mathematical procedures
that combine a variety of rules, facts, definitions and techniques; and using complex
relationships involving variables.

The descriptions of levels of activation of the reasoning and argument compe-
tency have changed substantially since the initial set of descriptions (in Appendix 1)
to reflect the focus of the definition on forming inferences, rather than on general
thinking and reasoning steps that might come in to any part of a problem solving
process. The levels are described in terms of the nature, number or complexity of
elements that need to be drawn together to formulate inferences, and the length and
complexity of the chains of inferential reasoning needed.

The description of level 0 envisages inferences of only the most direct kind from
given information that lead straight to the required conclusions. The level 3 descrip-
tion requires creating or using linked chains of inferences; checking or justifying
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inferences; or synthesising and evaluating conclusions and inferences in such a way
that draws on and combines multiple elements of complex information. As with
other higher-level descriptions this one implies a level of reflection typical of the
more demanding levels of activation of a competency.

Application of the Scheme

In this section, a number of PISA problems are presented, an ideal-typical solution
process is proposed for each, and a set of ratings for each competency is proposed
along with explanation as to why those ratings have been chosen.

M413001 Exchange Rate Question 1

The first problem, M413Q01 Exchange rate, is shown in Fig. 4.1. This problem
originated in the PISA 2003 survey. The problem scenario involves a student
preparing to go on exchange from her home country to another country, and
needing to change money from one currency to the other. Reading the problem,
the two countries are mentioned, together with the names and abbreviations of the
two currencies; a conversion rate is given in the form of an equation showing what
one unit of the home currency becomes in the other currency; and the question asks
how much money the student would get in exchange for 3,000 units of the home
currency. To solve the problem, the given model (the exchange rate equation) needs
to be used along with some proportional reasoning to scale the 3,000 units up by the
amount of the rate. The calculation needed is to multiply 3,000 by 4.2, giving
12,600 ZAR as the required answer. How does the item analysis scheme apply to
this problem?

Students need to read and understand the text (e.g. recognising that ‘dollar’ and
‘rand’ are the names of currencies and that SGD and ZAR are their abbreviations,
and understanding the link to the equation) and to decide what information is
relevant and what is not relevant (e.g. the time period of 3 months is irrelevant to
a conversion at the current exchange rate) in order to understand exactly what is
required (conversion of 3,000 SGD to ZAR). The material is presented in the order
in which it will be used, the text is reasonably straight-forward but with the need to
identify and link relevant information, and the solution required is an amount of
money. All these features reflect the level 1 description of the communication
competency. The strategy needed to solve the problem involves using the given
equation to scale up the conversion from 1 unit to 3,000 units, which is a straight-
forward single-stage strategy that fits the level 1 description of the devising
strategies competency. To implement that strategy, two main competencies are
called in to play. Firstly mathematising is needed to transform the given equation
into a proportional model enabling the required calculation, and setting up the
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Exchange rate

Mei-Ling from Singapore was preparing to go to South Africa for 3 months as an
exchange student. She needed to change some Singapore dollars (SGD) into
African rand (ZAR).

Question 1

Mei-Ling found out that the exchange rate between Singapore dollars and South
African rand was
1 SGD = 4.2 ZAR

Mei-Ling changed 3000 Singapore dollars into South African rand at this exchange
rate.
How much money in South African rand did Mei-Ling get?

Fig. 4.1 M413Q01 Exchange rate Question 1 (OECD 2006)

proportional model requires reference to the obvious contextual elements (the two
currencies and the money amounts), which fits the level 2 description. Then using
symbols, operations and formal language is required in order to implement the
required calculation (multiplication of a decimal fraction), which fits the level 1
description. The conversion rate equation is a representation of a mathematical
relationship, but this aspect of the problem has been taken into account in relation to
the other competencies, hence representation should be rated at level 0, as should
the reasoning and argument competency, since the general reasoning needed has
been accounted for through the other competencies, and no additional inferences
are required.

PM942 Climbing Mount F uji

Three items from the unit PM942 Climbing Mount Fuji (OECD 2013a) are
presented in Figs. 4.2, 4.3, 4.4, and 4.5. This unit was developed for the PISA
2012 survey and used in the main survey. For each problem, a solution process is
outlined, and proposed competency ratings are discussed.

The first question, shown in Fig. 4.2, requires calculation of an average number
of climbers per day for a given period. To calculate this, the number of climbers is
needed (this is given directly for the specified period) along with the number of days
(which can be calculated from the dates given). So a strategy would be to find the
total number of days, and combine this with the total number of people to calculate
(or estimate approximately) the average people/day rate.
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Climbing mount fuji

Mount Fuji is a famous dormant volcano in Japan.

Py

Question 1

Mount Fuji is only open to the public for climbing from 1 July to 27 August each
year. About 200 000 people climb Mount Fuji during this time.
On average, about how many people climb Mount Fuji each day?

A 340
B 710
C 3400
D 7100
E 7400

Fig 4.2 PM942Q01 Climbing Mount Fuji Question 1 (OECD 2013a)

Climbing Mount Fuji
Question 2

The Gotemba walking trail up Mount Fuji is about 9 kilometres (km) long.
Walkers need to return from the 18 km walk by 8 pm.

Toshi estimates that he can walk up the mountain at 1.5 kilometres per hour on
average, and down at twice that speed. These speeds take into account meal breaks
and rest times.

Using Toshi’s estimated speeds, what is the latest time he can begin his walk so that
he can return by 8 pm?

Fig. 4.3 PM942Q02 Climbing Mount Fuji Question 2 (OECD 2013a)

From 1 July to 27 August we have all of July and 27 days of August. There are
31 July days (this is real-world knowledge that must be brought to the problem), and
the 27 August days (inferred directly from information given). The total (from an
arithmetic calculation adding two two-digit numbers) is 58.
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Fig. 4.4 Calculation process for PM942Q02 Climbing Mount Fuji, Question 2

Climbing Mount Fuji
Question 3

Toshi wore a pedometer to count his steps on his walk along the Gotemba trail.

His pedometer showed that he walked 22 500 steps on the way up.

Estimate Toshi’s average step length for his walk up the 9 km Gotemba trail. Give your
answer in centimetres (cm).

Answer cm

Fig. 4.5 PM942Q03 Climbing Mount Fuji Question 3 (OECD 2013a)

A model is needed to express the people per day rate, which can be established
by applying a fairly obvious definition to express the rate as the number of people
divided by the number of days (for the same period). This is a simple model with
constraints and variables given directly in the question. The model can be written as
average rate = number of people/number of days.

For the rate calculation, one suitable approach might be to calculate 200,000/60
(=3,333), and 200,000/50 (=4,000), and see if only one of the options lies between
them. Three thousand four hundred is the only option that lies between these, so
response C should be selected.

For communication, contextual information must be read and some can safely be
ignored (for example, Mount Fuji’s name, its dormancy, and its location). The task
objective is expressed simply and clearly, with the need only to recognise the two
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critical bits of information (how long it is open, and the number of visitors in that
time), and to form an ‘average’. No expressive communication is required. The
communication level required is more than zero because of the extraneous infor-
mation, and the two elements to be combined, but definitely not higher—no cycling
through the material is needed because of the simple and straight-forward presen-
tation of information. Level 1 is proposed.

A strategy is needed, involving two distinct but straightforward steps: find the
number of days, and combine that with the number of people to form a rate (and
then compare these with the given response options). The strategy is not explicitly
stated in the text, but not far from obvious; nevertheless it does involve two steps,
and hence fits the level 2 description.

A model must be constructed for the rate, but the variables to use seem obvious
(people, days), indeed for some students this would constitute a definition; and it
also seems a small assumption to suppose that the average number of people per day
can reasonably be estimated from the stated period in which Mount Fuji is open to
the public. The question can safely be interpreted to mean ‘average people per day
for the open period’ rather than to consider applying the average across the rest of
the year when no people would be visiting. This fits level 1 for mathematising.

Reading numbers directly from the text is similar to reading isolated values from
a graph or table. No transformation into any other specific form is needed, other
than to do what is required for the modelling step and for the calculation. The
level O description for representation fits well.

For the using symbols, operations and formal language competency, some
level O calculation is needed (adding two 2-digit numbers), along with some
external knowledge (the number of days in July), and the division calculation
might lead to decimal results. On balance, level 1 seems to apply.

The reasoning and argument competency is proposed at level O, since the
general reasoning steps involved in the assumption about the period for which the
calculation is needed are taken as part of mathematising, and other general reason-
ing steps are taken as part of the strategic thinking and the calculations. No
additional reasoning steps are involved.

PM942Q02 Climbing Mount Fuji, Question 2

The second question from this unit, shown in Fig. 4.3, involves planning a climb up
the walking trail and back to ensure returning by a specified time. The walk
comprises two components each 9 km in length, but they are traversed at different
speeds hence taking different times. A constraint given in the stimulus is the 8 pm
‘latest return time’.

Information is also given about the speed for the two segments of the walk, one
being double the other, and that information should be useful for calculating the
time it will take, and counting back by that amount from the 8 pm limit. This
strategy should be effective. The phrase ‘latest time’ can be interpreted to mean the
time without any rests (other than meal breaks and rest times mentioned in the
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question as already included in the given average speeds) and with no stopping at
the top.

A small sketch such as that shown in Fig. 4.4 helps to represent the given
information and to transform the context information (distance at specified speed)
to a mathematical form that will provide a way to calculate the time taken
(S = D/T). It is helpful to rearrange that formula to D/S = T, in order to calculate
the time taken in each of the two components of the walk. This is done for each
component, and the two results combined give a total time of 9 h. Finally, the total
9 h needs to be ‘subtracted’ from the end time. Nine hours before 8:00 pm is
11:00 am, giving a ‘latest departure’ of 11:00 am.

Some cycling among text elements is needed to understand the task—it contains
multiple elements that need to be linked (the distances given, the time constraint,
the speed information, and the objective of the question). No expressive demand is
made beyond presenting a simple numeric answer. Level 2 seems appropriate for
communication.

For devising a strategy, the solution strategy is somewhat involved, since it has
two separate stages: using the given distance and speed data for each segment of the
walk to calculate the total walking time, then putting this with the timing constraint
to calculate a start time. This is more than the level one description, fits the level 2
description quite well, but probably does not yet amount to the complex multi-stage
strategy envisaged for level 3.

Two distinct modelling steps occur here. The first is in formulating the distance/
speed/time relationship mathematically (here the constraints are clear, and the
variables are spelled out fairly directly); and the second is in translating the
calculated distance into a ‘latest departure time’, which uses reference to the latest
finish time and an assumption like ‘no more breaks or rests’ in order to implement
the ‘latest time’ condition. Having both of these modelling steps leads to level 2 for
mathematising, but each of them separately might constitute only level 1.

Even though the solution process described includes construction of a simple
representation of the given information to help understand and think through the
relationships, this was not required and therefore should not be counted as part of
the item demand. In this case, level O is appropriate for representation.

For using symbols, operations and formal language level 2 is proposed. The
solution process outlined involved writing down, then manipulating the formula
connecting D, S, T, and substituting into it (twice); then performing a reasonably
simple time subtraction. ‘Employ multiple rules, definitions, etc. (including
repeated application of lower level calculation)’ seems to fit better than ‘apply
multi-step formal procedures combining a variety of rules, facts, etc.” Each of these
by itself might fit level 1, but the requirement for the repeated substitution and the
time calculation takes it beyond level 1.

General reasoning steps are needed to formulate a strategy, establish the models
needed, and to carry out the calculations required, but no further inferences are
needed, so the reasoning and argument competency is proposed as level 0.
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PM942Q03 Climbing Mount Fuji, Question 3

In the third question of this set, data from a pedometer are given showing the total
number of steps taken by a walker, and the question asks for an estimate of that
walker’s average step length. Given that it takes 22,500 steps to walk the total
distance, the average step length will be the distance divided by 22,500. The
calculation can be completed by converting 9 km into centimetres (it is 900,000)
and dividing this by 22,500, the number of steps, giving an average step length of
40 cm.

The communication competency is proposed as level 1 because of the need to
link the separate elements in the question statement. The receptive aspect involves
recognising one sentence as providing contextual information that is not relevant to
answering the question, and bringing together information in three other sentences
in order to know what is needed, including the instruction about units. The
constructive aspect involves presenting a simple numerical result.

The strategy to calculate an average step-length is a single stage strategy to
combine the given elements (divide the total distance by the number of steps). This
strategy is not explicitly given, but it seems straight forward. The devising strate-
gies competency is therefore proposed as level 1.

The situation model described earlier (distance walked = total distance covered
by 22,500 steps) leads directly to the required mathematical model (average step
length = distance divided by number of steps), which uses only given variables, and
the required relationship seems obvious. This leads to level 1 for mathematising.

No additional representations are given or required other than extraction of data
for the model and for the calculation, so level 0O is appropriate.

Level 2 is proposed for using symbols, operations and formal language, which
involves a division with large numbers, either after a conversion of units or
followed by such a conversion to ensure that the required units are obtained (this
step involves drawing on relevant knowledge), and this constitutes ‘using multiple
rules, definitions, results . . . together’ so level 2 rather than level 1 (as each of these
calculation steps would be by itself).

A small inference is made using reasoning about one aspect of the problem by
using two mathematical entities (count, distance in the required units) to calculate
the value required (length per step). This fits with the level 1 description for
reasoning and argument. Other general reasoning steps (particularly to support
the unit conversion) have been taken into account in the previous competency.

Future Steps

The scheme as currently described is presented in Appendix 2. It includes intro-
ductory text explaining for each variable some broad features, specific advice about
what is and what is not included in the scope of the variable, a summary of the
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features that drive change across the levels of the variable, a variable definition, and
level descriptions.

For these revisions to be tested, a set of annotated items now must be developed
to exemplify each competency definition and the assignment of levels for each
competency, to guide future uses of the scheme. Some examples have been
provided in the previous section of this chapter. While it might be expected that
any future use of the scheme would generate results at least as good as those
produced in the applications of the previous versions, that expectation must now
be tested empirically. Results of that analysis should inform the research team as to
the directions needed to further develop and improve the scheme and its documen-
tation. A description of how the scheme is most effectively applied is also needed,
since it seems likely that different application methods can lead to different rating
outcomes.

A number of wider developments should also be considered. Some action has
been taken by independent research teams to apply the scheme, and the results of
such independent use will certainly be informative in planning further documenta-
tion and development of the scheme. Wider use of the scheme would be very
beneficial.

Further research into the drivers of demand within each of the competencies
would also be highly beneficial. For example, the elements that make up the
descriptions of the four levels of activation of each competency may not yet
focus on the most important variables underpinning gradations in competency
demand.

It is an open question as to whether the scheme could be used to analyse the
mathematical demand of items other than PISA-like items, and items designed for
use by students at a different age. The kinds of modification needed for other
applications such as these warrants investigation.

Of course other potential uses of the scheme might be the subject of future
research. It has already been shown that the use of the scheme can help to improve
the targeting of test development procedures, and can improve the efficiency and
effectiveness of test development processes (see Chap. 7 by Tout and Spithill in this
volume). A similar kind of use could be made by test developers and by teachers in
devising assessment items, to check that the items meet criteria related to difficulty
and that they elicit mathematical behaviours related to each of the competencies.

One potential importance of the results described in this chapter and in other
reports of the analysis of ratings generated from the scheme as it has developed, lies
in the implications for mathematics classroom teaching and learning practice. It
seems clear that the six competencies described here are very strongly related to the
cognitive action taking place as students attempt to solve mathematics problems. It
seems obvious, particularly if this finding is reproduced by other researchers, that
these competencies should legitimately be taking a prominent place in mathematics
teaching and learning, and efforts should be directed to the conscious and visible
development of these mathematical competencies among our students. Emphasis is
already given to teaching the elements of the symbols and formalism competency
and perhaps also the representation competency. Teaching and practising
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mathematisation requires extensive use of real-world problems, which happens in
some but not all mathematics classrooms. Opportunities for practising the commu-
nication competency, as well as devising strategies and reasoning and argument
are perhaps less commonly observed. An important challenge for the future will be
to ensure that teachers teach and provide practice opportunities for each of these
competencies, as a way of building levels of mathematical literacy in our students.

Appendix 1: Initial Competency Definitions and Level
Descriptions (April 2005)

Reasoning and Argumentation: Logically rooted thought processes that explore and connect
problem elements to work towards a conclusion, and activities related to justifying, and
explaining conclusions; can be part of problem solving process

0: Understand direct instructions and take the actions implied

1: Employ a brief mental dialogue to process information, for example to link separate
components present in the problem, or to use straightforward reasoning within one aspect of the
problem

2: Employ an extended mental dialogue (for example to connect several variables) to follow or
create sequential arguments; interpret and reason from different information sources

3: Evaluate, use or create chains of reasoning to support conclusions or to make generalisa-
tions, drawing on and combining multiple elements of information in a sustained and directed
way

Communication: Decoding and interpreting stimulus, question, task; expressing conclusions

0: Understand short sentences or phrases containing single familiar ideas that give immediate
access to the context, where it is clear what information is relevant, and where the order of
information matches the required steps of thought

1: Identify and extract relevant information, and use links or connections within the text, that
are needed to understand the context, or cycle between the text and other related representation/
s; some reordering of ideas may be required

2: Use repeated cycling to understand instructions and decode the elements of the context;
interpret conditional statements or instructions containing diverse elements; actively
communicate a constructed explanation

3: Create an economical, clear, coherent and complete presentation of words selected to
explain or describe a solution, process or argument; interpret complex logical relations
involving multiple ideas and connections

Modelling: Mathematising, interpreting, validating

0: Either the situation is purely intra-mathematical, or the relationship between the real
situation and the model is not needed in solving the problem

1: Interpret and infer directly from a given model; translate directly from a situation into
mathematics (for example, structure and conceptualise the situation in a relevant way, identify
and select relevant variables)

2: Modify or use a given model to satisfy changed conditions; or choose a familiar model
within limited and clearly articulated constraints; or create a model where the required
variables, relationships and constraints are explicit and clear

3: Create a model in a situation where the assumptions, variables, relationships and constraints
are to be identified or defined, and check that the model satisfies the requirements of the task;
evaluate or compare models

(continued)
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Problem solving: The planning, or strategic controlling, and implementation of mathematical
solution processes, largely within the mathematical world

0: Direct and obvious actions are required, with no strategic planning needed (that is, the
strategy needed is stated or obvious)

1: Identify or select an appropriate strategy by selecting and combining the given relevant
information to reach a conclusion

2: Construct or invent a strategy to transform given information to reach a conclusion; identify
relevant information and transform it appropriately

3: Create an elaborated strategy to find an exhaustive solution or a generalised conclusion

Representation: Concrete expression of an abstract idea, object or action; a transformation or
mapping from one form to another; can be part of modelling or PS

0: Handle direct information, for example translating directly from text to numbers, where
minimal interpretation is required

1: Make direct use of one standard or familiar representation (equation, graph, table, diagram)
linking the situation and its representation

2: Understand and interpret or manipulate a representation; or switch between and use two
different representations

3: Understand and use an unfamiliar representation that requires substantial decoding and
interpretation, or where the mental imagery required goes substantially beyond what is stated

Symbols and Formalism: Activating and using particular forms of representation governed by
special rules (e.g. mathematical conventions)

0: No mathematical rules or symbolic expressions need to be activated beyond fundamental
arithmetic calculations, operating with small or easily tractable numbers

1: Make direct use of a simple functional relationship (implicit or explicit); use formal
mathematical symbols (for example, by direct substitution) or activate and directly use a formal
mathematical definition, convention or symbolic concept

2: Explicit use and manipulation of symbols (for example, by rearranging a formula);
activate and use mathematical rules, definitions, conventions, procedures or formulae using

a combination of multiple relationships or symbolic concepts

3: Multi-step application of formal mathematical procedures; working flexibly with functional
relationships; using both mathematical technique and knowledge to produce results

Appendix 2: Competency Definitions and Level Descriptions
(May 2013)

Communication: The communication competency has both ‘receptive’ and ‘constructive’
components. The receptive component includes understanding what is being stated and shown
related to the mathematical objectives of the task, including the mathematical language used,
what information is relevant, and what is the nature of the response requested. The constructive
component consists of presenting the response that may include solution steps, description of the
reasoning used and justification of the answer provided.

In written and computer-based items, receptive communication relates to understanding text
and images, still and moving. Text includes verbally presented mathematical expressions and
may also be found in mathematical representations (for example titles, labels and legends in
graphs and diagrams).

(continued)
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Communication does not include knowing how to approach or solve the problem, how to make
use of particular information provided, or how to reason about or justify the answer obtained;
rather it is the understanding or presenting of relevant information. It also does not apply to
extracting or processing mathematical information from representations. In computer-based
items, the instructions about navigation and other issues related to the computer environment
may add to the general task demand, but is not part of the communication competency.

Demand for the receptive aspect of this competency increases according to the complexity of
material to be interpreted in understanding the task; the need to link multiple information sources
or to move backwards and forwards (to cycle) between information elements. The constructive
aspect increases with the need to provide a detailed written solution or explanation.

Definition: Reading and interpreting statements, questions, instructions, tasks, images and
objects; imagining and understanding the situation presented and making sense of the infor-
mation provided including the mathematical terms referred to; presenting and explaining one’s
mathematical work or reasoning.

0: Understand short sentences or phrases relating to concepts that give immediate access to the
context, where all information is directly relevant to the task, and where the order of infor-
mation matches the steps of thought required to understand what the task requests. Constructive
communication involves only presentation of a single word or numeric result

1: Identify and link relevant elements of the information provided in the text and other related
representation/s, where the material presented is more complex or extensive than short
sentences and phrases or where some extraneous information may be present. Any constructive
communication required is simple, for example it may involve writing a short statement or
calculation, or expressing an interval or a range of values

2: Identify and select elements to be linked, where repeated cycling within the material
presented is needed to understand the task; or understand multiple elements of the context or
task or their links. Any constructive communication involves providing a brief description or
explanation, or presenting a sequence of calculation steps

3: Identify, select and understand multiple context or task elements and links between them,
involving logically complex relations (such as conditional or nested statements). Any con-
structive communication would involve presenting argumentation that links multiple elements
of the problem or solution

Devising strategies: The focus of this competency is on the strategic aspects of mathematical
problem solving: selecting, constructing or activating a solution strategy and monitoring and
controlling the implementation of the processes involved. ‘Strategy’ is used to mean a set of
stages that together form the overall plan needed to solve the problem. Each stage comprises a
sub-goal and related steps. For example a plan to gather data, to transform them and to represent
them in a different way would normally constitute three separate stages.

The knowledge, technical procedures, mathematising and reasoning needed to actually carry
out the solution process are taken to belong to those other competencies.

Demand for this competency increases with the degree of creativity and invention involved in
identifying a suitable strategy, with increased complexity of the solution process (for example
the number, range and complexity of the stages needed in a strategy), and with the consequential
need for greater metacognitive control in the implementation of the strategy towards a solution.

Definition: Selecting or devising a mathematical strategy to solve a problem as well as
monitoring and controlling implementation of the strategy.

0: Take direct actions, where the solution process needed is explicitly stated or obvious

1: Find a straight-forward strategy (usually of a single stage) to combine or use the given
information

2: Devise a straight-forward multi-stage strategy, for example involving a linear sequence of
stages, or repeatedly use an identified strategy that requires targeted and controlled processing

(continued)



112 R. Turner et al.

3: Devise a complex multi-stage strategy, for example that involves bringing together multiple
sub-goals or where using the strategy involves substantial monitoring and control of the
solution process; or evaluate or compare strategies

Mathematising: The focus of this competency is on those aspects of the modelling cycle that
link an extra-mathematical context with some mathematical domain. Accordingly, the
mathematising competency has two components. A situation outside mathematics may require
translation into a form amenable to mathematical treatment. This includes making simplifying
assumptions, identifying variables present in the context and relationships between them, and
expressing those variables in a mathematical form. This translation is sometimes referred to as
mathematising. Conversely, a mathematical entity or outcome may need to be interpreted in
relation to an extra-mathematical situation or context. This includes translating mathematical
results in relation to specific elements of the context and validating the adequacy of the solution
found with respect to the context. This process is sometimes referred to as de-mathematising.

The intra-mathematical treatment of ensuing issues and problems within the mathematical
domain is dealt with under other competencies. Hence, while the mathematising competency
deals with representing extra-mathematical contexts by means of mathematical entities, the
representation of mathematical entities is dealt with under the representation competency.

Demand for activation of this competency increases with the degree of creativity, insight and
knowledge needed to translate between the context elements and the mathematical structures of
the problem.

Definition: Translating an extra-mathematical situation into a mathematical model,
interpreting outcomes from using a model in relation to the problem situation, or validating the
adequacy of the model in relation to the problem situation.

0: Either the situation is purely intra-mathematical, or the relationship between the extra-
mathematical situation and the model is not relevant to solving the problem

1: Construct a model where the required assumptions, variables, relationships and constraints
are given; or draw conclusions about the situation directly from a given model or from the
mathematical results

2: Construct a model where the required assumptions, variables, relationships and constraints
can be readily identified; or modify a given model to satisfy changed conditions; or interpret a
model or mathematical results where consideration of the problem situation is essential

3: Construct a model in a situation where the assumptions, variables, relationships and
constraints need to be defined; or validate or evaluate models in relation to the problem
situation; or link or compare different models

Representation: The focus of this competency is on decoding, devising, and manipulating
representations of mathematical entities or linking different representations in order to pursue a
solution. By ‘representation of a mathematical entity’ we understand a concrete expression
(mapping) of a mathematical concept, object, relationship, process or action. It can be physical,
verbal, symbolic, graphical, tabular, diagrammatic or figurative.

Mathematical tasks are often presented in text form, sometimes with graphic material that only
helps set the context. Understanding verbal or text instructions and information, photographs and
graphics does not generally belong to representation competency—that is part of the commu-
nication competency. Similarly, working exclusively with symbolic representations lies within
the using symbols, operations and formal language competency. On the other hand, translation
between different representations is always part of the representation competency. For example,
the act of transforming mathematical information derived from relevant text elements into a
non-verbal representation is where representation commences to apply.

While the representation competency deals with representing mathematical entities by means
of other entities (mathematical or extra-mathematical), the representation of extra-mathematical
contexts by mathematical entities is dealt with under the mathematising competency.

(continued)



4 Using Competencies to Explain Mathematical Item Demand: A Work in Progress 113

Demand for this competency increases with the amount of information to be extracted, with
the need to integrate information from multiple representations, and with the need to devise
representations rather than to use given representations. Demand also increases with added
complexity of the representation or of its decoding, from simple and standard representations
requiring minimal decoding (such as a bar chart or Cartesian graph), to complex and less
standard representations comprising multiple components and requiring substantial decoding
perhaps devised for specialised purposes (such as a population pyramid, or side elevations of a
building).

Definition: Decoding, translating between, and making use of given mathematical represen-
tations in pursuit of a solution; selecting or devising representations to capture the situation or to
present one’s work.

0: Either no representation is involved; or read isolated values from a simple representation, for
example from a coordinate system, table or bar chart; or plot such values; or read isolated
numeric values directly from text

1: Use a given simple and standard representation to interpret relationships or trends, for
example extract data from a table to compare values, or interpret changes over time shown in a
graph; or read or plot isolated values within a complex representation; or construct a simple
representation

2: Understand and use a complex representation, or construct such a representation where some
of the required structure is provided; or translate between and use different simple represen-
tations of a mathematical entity, including modifying a representation

3: Understand, use, link or translate between multiple complex representations of mathematical
entities; or compare or evaluate representations; or devise a representation that captures a
complex mathematical entity

Using symbols, operations and formal language: This competency reflects skill with activat-
ing and using mathematical content knowledge, such as mathematical definitions, results (facts),
rules, algorithms and procedures, recalling and using symbolic expressions, understanding and
manipulating formulae or functional relationships or other algebraic expressions and using the
formal rules of operations (e.g. arithmetic calculations or solving equations). This competency
also includes working with measurement units and derived quantities such as ‘speed’ and
‘density’.

Developing symbolic formulations of extra-mathematical situations is part of
mathematisation. For example, setting up an equation to reflect the key elements of an extra-
mathematical situation belongs to mathematisation, whereas solving it is part of the using
symbols, operations and formal language competency. Manipulating symbolic expressions
belongs to the using symbols, operations and formal language competency even though they are
mathematical representations. However, translating between symbolic and other representations
belongs to the representation competency.

The term ‘variable’ is used here to refer to a symbol that stands for an unspecified number or a
changing quantity, for example C and r in the formula C =2zr.

Demand for this competency increases with the increased complexity and sophistication of the
mathematical content and procedural knowledge required.

Definition: Understanding and implementing mathematical procedures and language (including
symbolic expressions, arithmetic and algebraic operations), using the mathematical conventions
and rules that govern them; activating and using knowledge of definitions, results, rules and
formal systems.

0: State and use elementary mathematical facts and definitions; or carry out short arithmetic
calculations involving only easily tractable numbers. For example, find the area of a rectangle
given the side lengths, or write down the formula for the area of a rectangle

1: Make direct use of a simple mathematical relationship involving variables (for example,
substitute into a linear relationship); use arithmetic calculations involving fractions and

(continued)
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decimals; use repeated or sustained calculations from level 0; make use of a mathematical
definition, fact, or convention, for example use knowledge of the angle sum of a triangle to find
a missing angle

2: Use and manipulate expressions involving variables and having multiple components

(for example, by algebraically rearranging a formula); employ multiple rules, definitions,
results, conventions, procedures or formulae together; use repeated or sustained calculations
from level 1

3: Apply multi-step formal mathematical procedures combining a variety of rules, facts,
definitions and techniques; work flexibly with complex relationships involving variables, for
example use insight to decide which form of algebraic expression would be better for a
particular purpose

Reasoning and argument: This competency relates to drawing valid inferences based on the
internal mental processing of mathematical information needed to obtain well-founded results,
and to assembling those inferences to justify or, more rigorously, prove a result.

Other forms of mental processing and reflection involved in undertaking tasks underpin each
of the other competencies. For example the thinking needed to choose or devise an approach to
solving a problem is dealt with under the devising strategies competency, and the thinking
involved in transforming contextual elements into a mathematical form is accounted for in the
mathematising competency.

The nature, number or complexity of elements that need to be brought to bear in making
inferences, and the length and complexity of the chain of inferences needed would be important
contributors to increased demand for this competency.

Definition: Drawing inferences by using logically rooted thought processes that explore and
connect problem elements to form, scrutinise or justify arguments and conclusions

0: Draw direct inferences from the information and instructions given

1: Draw inferences from reasoning steps within one aspect of the problem that involves simple
mathematical entities

2: Draw inferences by joining pieces of information from separate aspects of the problem or
concerning complex entities within the problem; or make a chain of inferences to follow or
create a multi-step argument

3: Use or create linked chains of inferences; or check or justify complex inferences; or
synthesise and evaluate conclusions and inferences, drawing on and combining multiple
elements of complex information, in a sustained and directed way
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Chapter 5
A Research Mathematician’s View
on Mathematical Literacy

Zbigniew Marciniak

Abstract This chapter provides a personal account of how the views of a pure
mathematician on good mathematics education for all students changed through
experiences with PISA. Marciniak describes those elements of his own mathemat-
ics education that attracted him to mathematics and his own disregard for applica-
tions to the real world. His close experience of how students perform on PISA
problems have highlighted the difference between significant mathematics and
complicated mathematics, and the weakness of educational systems that use a
‘catch the fox’ paradigm designed primarily for the most talented. It is not true
that students who can solve advanced problems can necessarily solve problems that
appear simple when analysed only from the point of view of the required mathe-
matical tools. Marciniak has changed his view so that he now sees the ability to
employ mathematics when necessary to be the crucial aim of mathematics educa-
tion for all.

The Charm of Mathematics

As is probably typical for professional mathematicians, mathematics has occupied
most of my adult life. It charmed me with its unique beauty in my youth and has
kept me under its spell ever since. People outside mathematics usually do not
realise that working in pure mathematics has a lot to do with emotions. We usually
pick our problems guided solely by curiosity and their aesthetic beauty. However,
the ‘queen of sciences’ likes to be misleading: ideas elude us for a long time as
splendid concepts and then most of them end up as misconceptions stemming from
a well-hidden error. Nevertheless, once in a while, we are lucky: the idea is right
and we get a solution that has previously escaped the efforts of our colleagues. The
strike of adrenaline on such, unfortunately rare, occasions is the best reward for the
earlier struggles.
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This kind of intimate cohabitation with mathematics is probably partly respon-
sible for the fact that research mathematicians, especially those in pure mathemat-
ics, have quite a strong view of what they mean by mathematics and that makes
them (us) quite reluctant to negotiate that view. As being a mathematician includes
a permanent self-education process, we perceive mathematics as a path, along
which we started our travel some years ago. In consequence, we cannot clearly
distinguish our initial mathematical education from our further self-development
process as a conscious researcher. One thing, however, is clear to us: our mathe-
matics education was the right one! The proof is that it got us where we are today.

It is quite easy to describe those elements of my mathematics education that
‘tasted’ the best and which probably made me a mathematician. First of all, those
experiences offered me the beauty of mathematics, its clarity and precision. Sec-
ondly, as opposed to many other school subjects, mathematics did not refer to any
other authority. I was able to judge the truth by myself, according to very simple
and clear rules. Next, I was challenged with very nice problems for which I did not
know the answer, but which would eventually give in to the pressure of my
thinking. Success here makes you feel that there are no obstacles that cannot be
eventually overcome. In all of this work, for me, the critical feature was the beauty
of the problem and the surprise that it was hiding; the realistic context of the
problems was something that I did not care about.

What Is Good Mathematics Education?

I do still believe that an education like the one I received is the optimal education
path for a future pure mathematician. However, many of my pure mathematician
colleagues very strongly believe that this is the universal prescription for good
mathematics education for everyone. I have to admit that for many years my own
opinions on good mathematical education were similar. However, my encounter
with PISA has changed my opinions on that matter; it stimulated my thinking on the
subject and I came to the conclusions presented below.

The first remark is quite simple. In large part, my strong convictions about
mathematics are based on the appreciation of the beauty of mathematics. Can we,
however, expect that every student will share this view, even if we make the
(completely unrealistic) assumption that every teacher is able to present this
beautiful science as such? No reasonable person would expect that each student
will become a great fan of Bach or Picasso; the same must be true about mathe-
matics. Thus founding the teaching of mathematics on the aesthetic fascination
must, in general, end in failure.

Iremember getting my first contact with PISA. That was in Lisbon, in May 2002,
where the items prepared for the 2003 assessment were presented. (By the ways, it is
a good tradition of PISA to include mathematicians from the participating countries
in the large teams judging items.) Of course I knew there was a document called the
“Mathematics Framework”, but I was then convinced that the items will tell me all
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by themselves. To my surprise, and then disappointment, the items seemed to me
just trivial. They were not like the problems that I valued most—with purely
mathematical context, requiring a smart application of mathematics appropriate
to 15-year-olds. I shared this view with one of my colleagues from another country.
His reaction was very intelligent; he said: “I know what you mean. But, are you sure
that the students to whom you offer your problems would have no difficulties with
the items you consider trivial?”’ I knew right away that the answer must be negative.
I had seen the outcomes of the PISA 2000 assessment in Poland. Students, who
according to the school curriculum were expected to deal with reasonable facility
with complex problems about ‘speeds of trains going from city A to city B’, were
not able to correctly do simple percentages.

The above exchange touches on the fundamental problem of mathematics
education policy. Some people prefer what is referred to in Polish idiom as the
‘catch the fox’ paradigm: you set up the school program so that the most talented
profit most; the others just strive to get as much as they can. The talented students
are the leading hounds or maybe the fox—all the teacher’s attention is focused out
there at the front. The other students are the big pack of hounds, running along
behind the main action and keeping up as best they can. In the ‘catch the fox’
paradigm, it is assumed that talent is what matters and that others will fail on many
occasions, because their mental capacities simply do not allow them to master
solving sophisticated problems in the regular instruction time. They can get a
passing mark because a student needs to master only a certain part of the program
for that. This paradigm can be very comfortable for some program makers; any-
thing will fit, because the sky is the limit for the possibilities of the best. This
paradigm was present for decades in the Polish national curricula, especially in
secondary schools. A similar approach was also evident in other Central European
countries.

This system was also based on the assumption that a student who was asked to
solve sophisticated problems will be able to solve easy ones without much trouble.
PISA is a cold shower for those who believe that! Mathematics programs in most
countries offer at some point quite advanced mathematical procedures, like for
example investigating the variation of a function by studying its first and second
derivative. However, the very same students who can learn to do this may have
difficulties with calculating a given percentage of a number—a skill much more
often encountered in practical life. Even if it were the only advantage of the PISA
assessment, it would still be worthwhile participating, for the single reason to learn
this lesson.

Today, in European and many other countries, the idea of qualification frame-
works has become the main interface between education or training and the labour
market. In this setting, the language of learning outcomes becomes crucial. In other
words, the attention is shifting from the education process to its results. It is not so
important what we are trying to teach students and how complex is the mathematics
that is intended to be taught. Much more important is what the students are
effectively able to learn.



120 Z.. Marciniak

Mathematical Literacy as the Learning Outcome for All
Students

Then, sooner or later, one must ask the question about the purpose of teaching
mathematics to all students and about the expected learning outcomes of this
process. Clearly, only a very small fraction of them will become mathematicians
and even fewer pure mathematicians. What should all the others students learn?
From this perspective, I personally find the idea of mathematical literacy to be a
brilliant answer. It offers the following perspective on mathematical skills: they are
only worth as much as you are able to employ them when needed in your life.

It should be stressed right away, that this mathematical literacy point of view
defines no glass ceiling for the skills. Some people seem to think that all you need
from mathematics to deal with real life are the basic arithmetic operations with
percentage calculations at the most ambitious end of the list, and maybe the
measurement properties of the basic geometric figures. The term ‘literacy’ might
suggest that absolutely minimal skills are meant, as opposed to ‘illiterate’ which
means the lack of the most basic skills. As emphasised in Chap. 1 of this volume,
this is not the definition of the PISA Mathematics Framework (OECD 2013).

The PISA set of items shows how wrong those people are. PISA items cover a
very wide range of authentic situations, in which you have to invoke mathematical
thinking or operations in order to be successful. This process is nicely described in
the PISA 2012 Mathematics Framework (OECD 2013) in terms of the modelling
cycle. Many of the PISA items require the students to invoke mathematical reason-
ing or strategic thinking to solve them. In fact, after spending over 10 years working
on PISA items, as a member of the Mathematics Expert Group, I came across many
items that required mathematical reasoning and argumentation on a level quite
satisfactory even from the perspective of a pure mathematician. As one of many
good examples, I indicate unit M136 Apples (OECD 2006) as shown in Fig. 5.1.
The problem develops slowly through three steps; solving the last one requires
decent mathematical reasoning. This item was used in the main survey for PISA
2000 and then released. The difficulty of the item was 550 score points for Question
1 (above average), 665 score points for Question 2 and 672 score points of Question
3. OECD (2006) gives the coding scheme in full.

I find the ability to employ mathematics when necessary to do so to be the crucial
aim of mathematics education. Let us notice that it is valid also at the highest levels
of research: we admire our most talented colleagues (in the present and from the
past) for their ability to find a surprising connection within our domain and solve a
problem by employing a tool or idea that no one thought of trying before. The
history of pure mathematics is full of such breakthrough stories.

Let us teach all students to find their breakthrough solutions—of course with all
proportions preserved. To achieve this goal we should not rush to fill students’
heads with many dozens of new tools for the possible use in some future. Doing
mathematics exercises with new tools is like practising scales on a piano—master-
ing it gives an artisan’s satisfaction, but rarely an excitement. Pressing for more and
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A farmer plants apple trees in a square pattern. In order to protect the apple trees
against the wind he plants conifer trees all around the orchard. Here you see a
diagram of this situation where you can see the pattern of apple trees and conifer
trees for any number (1) of rows of apple trees:

n=1 n=2 n=3 n=4
XXX XXXXX XXXXXXX XXXXXXXXX
XeX Xe e X Xe L ] e X Xe L ] L ] e X
XXX X X X X X X
Xe ® X XxXe o ® X Xe [ ] ® ® X
XX XXX X X X X
Xe ® oX Xe o o oX
X = conifer tree BeRaSeSauis + 8
® = apple tree Xe o o ox
XXX XXX XXX

Question 1

Complete the table:

Number of apple trees Number of conifer trees
1 8
4

N[ |W(N =3

Question 2

There are two formulae you can use to calculate the number of apple trees and the
number of conifer trees for the pattern described above:

Number of apple trees = n?

Number of conifer trees = 8n

where 7 is the number of rows of apple trees.

There is a value of n for which the number of apple trees equals the number of
conifer trees. Find the value of n and show your method of calculating this.

Question 3

Suppose the farmer wants to make a much larger orchard with many rows of trees.
As the farmer makes the orchard bigger, which will increase more quickly: the
number of apple trees or the number of conifer trees? Explain how you found your
answer.

Fig. 5.1 M136: Apples (OECD 2006, pp. 11-14) (formatting condensed from original)

more tools in school curricula decreases the chance that our students find the taste of
mathematics at all. We, people doing research in mathematics, understand the
meaning of the taste of success very well.

The idea of evaluating mathematics skills through the ability to use them has
many advantages. First of all, it refers to the usefulness of mathematics and pro-
vides a proof of such. Many pure mathematicians tend to forget that most of the
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Fig. 5.2 Eratosthenes
calculates the
circumference of the earth

Alexandria Light from Sun

Moon
Equal angles to moon and sun

Fig. 5.3 Aristarchus’s diagram of moon, earth and sun

most important mathematical ideas were invented or discovered in the process of
solving real problems. The theorem about equal angles being created by a line
cutting two parallel lines was the basis for Eratosthenes’ ingenious calculation of
the Earth’s circumference around 240 BC (see Fig. 5.2). He knew about a deep well
in Syene where the sun only shone on the bottom at the solstice, and he knew the
distance of Syene from Alexandria, and could observe the angle of the sun there at
the critical moment. This information enabled him to get a very good estimate for
the circumference of the Earth.

The theorem of Thales on proportional segments on the arms of an angle cut out
by parallel lines was the main mathematical tool used by Aristarchus of Samos in
300 BC to estimate the distances of the Earth to the Sun and Moon. From his
discovery that the Sun was much larger and further away, he concluded that
probably it is the Earth that rotates around the Sun and not the other way around.
Because the angles are equal in Fig. 5.3 (known from solar eclipses), Thales’
theorem says that the ratio of the distance of the sun from the earth to the distance
of the moon from the earth is equal to the ratios of the sun diameter to the moon
diameter. He combined this information with other observations from eclipses and
the phases of the moon to draw his conclusion (Protasov 2010). How many teachers
of mathematics have ever heard of that? How many research mathematicians
remember that? Also many more fundamental examples can be offered from
modern times: the idea of a general smooth manifold and its geometry was
developed by Riemann and Poincare to satisfy the needs of advanced mechanics
and cosmology. Today is no different. The fast developing non-commutative
geometry, building the ideas corresponding to measure, topology, distance and
differential geometry in the context of non-commutative algebras is just a response
to the needs of quantum physics.
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I see deep sense in showing our students the relation of mathematics to real life.
In fact, many of them may be surprised how often they successfully invoke their
mathematical skills. In fact, any reasoning of the type “if. . .then...” or “it is not so,
because. . .” has some mathematics content.

The types of pure mathematics problems that I mentioned at the beginning of
this paper as enjoying so much, are artificially (and skilfully) composed like a chess
problem: you are given a position and perhaps must invent how to make the check-
mate in two moves. Whatever we say, it is just an intellectual game. Some people,
like me, find deep satisfaction in playing such games. All others like to see a
purpose.

Final Thoughts

Finally, I want to make two more points. The first is the following. Over the long
period of work in the PISA Mathematics Expert Group I have learned to appreciate
the really hard research in mathematics education. Compared to the problems those
people try to solve, my non-commutative algebra problems look like child’s toys:
clearly formulated, simply stated with the only catch being that no one knows how
to solve them. The mathematics educators’ problems have completely different
nature: the basic difficulty is probably to identify the problem. Even then, there are
many ‘ifs’ and ‘buts’, because it inevitably touches on diverse areas including
neuroscience, psychology or even sociology. And then a solution to such a problem
will have exceptions (counterexamples!) and yet it still has a value. I learned a great
lesson in this area. I was most fortunate to learn from the best of the best: Mogens
Niss, Werner Blum, Kaye Stacey, Ross Turner, Sol Garfunkel, Bill Smith—to name
a few of them. Thank you, friends!

And the last comment. Once we, the Mathematics Expert Group members,
accepted the mathematical literacy perspective, we got an unexpected bonus:
during more than 10 years of meetings I do not remember even a single discussion
concerning the differences of the content of mathematics curricula in different
countries. After all, what counts in PISA is the ability of a student to resolve a
situation, whichever mathematics tools stand at his/her disposal. The problems we
decided to offer to test the students were nearly always of the kind that several
different successful approaches were possible and could be effectively used by
students. By the way, that shows great flexibility of mathematics, even at the
elementary level. That is one more reason that I am proud of being a mathematician.
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Part I1
Implementing the PISA Survey:
Collaboration, Quality and Complexity

Introduction to Part 11

In this part aspects of the implementation of the PISA survey from various insider
perspectives are presented. The contributions provide insight from the perspective
of a leading test development agency and its collaborators, into the mathematics test
development for the world’s largest international educational survey. The main
themes that emerge from this part are collaboration, complexity and quality. Even
just in its mathematics component, through the stages of framework to items to
survey to data, the PISA survey requires collaboration of people from many
different countries and with many different skill sets. The contributions in this
part highlight the many different types of expertise required, as well as the way in
which collaboration and critique from around the world is brought in to optimise the
validity and relevance of the end product. The complexity of the undertaking is both
in the theoretical understanding of the task and also in the logistics of delivery that
arise, and several of the chapters describe some of these aspects. A raft of quality
assurance measures are employed so that the product of all this effort will provide
sound data for educational decision making. A further overarching message of this
part is that participation in the PISA survey provides an array of training and
development opportunities to individuals, organisations and systems. Later Part
IIT of this volume details how some of this learning is also now applied within
national assessments. In addition, PISA has provided an impetus to conceptual and
technical innovation and invention at various points of the survey process.

Ross Turner has led the development and delivery of the mathematics compo-
nent of PISA for the lead international contractors since 2000 not long after PISA’s
inception, and in the lead-up to the first PISA administration. He opens the part in
Chap. 6 with an overview of the different activities that various participants and
contributors engage in to bring the PISA mathematics survey to fruition. Some of
the mystery surrounding the development and implementation of this high profile
endeavour is exposed, and some commonly expressed concerns about PISA are
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answered. In Chap. 7, item developers Dave Tout and Jim Spithill use the stories of
two PISA items to provide insights into the intricate process of developing PISA
mathematics test items, both paper-based and computer-based. Those ideas are
picked up and developed in greater depth in Chap. 8 by Caroline Bardini who
provides additional examples, analysis and commentary related to the computer-
based assessment which was a new innovation for PISA 2012. In Chap. 9,
Agnieszka Sulowska offers an insightful overview, from the perspective of an
experienced national head of coding for four PISA surveys, of the processes and
issues involved in transforming student responses to the PISA mathematics items
into data for analysis. She explains how different this coding process is to the
process of a teacher marking student work. The chapter also illustrates the inves-
tigation into students’ mathematical thinking that is sometimes required for accu-
rate coding. In addition to practical advice for coding of large scale assessments,
and insights into how some PISA items operate in practice, this chapter is signif-
icant for its frank discussion of the complexity of the coding task, and the depth of
personal experience that it draws on. This part concludes in Chap. 10 with a
discussion of one set of the background questionnaire variables introduced into
the student questionnaire for PISA 2012. In their chapter, Lee Cogan and Bill
Schmidt provide important insights to the opportunity to learn sections of the
student questionnaire, giving a glimpse of the depth of thought and earlier research
that has gone into developing this crucial aspect of the battery of PISA survey
instruments. This chapter also highlights the different intentions between the two
major series of international mathematics achievement studies, PISA and TIMSS;
differences that are reflected in different approaches to opportunity to learn. The
curriculum-based TIMSS surveys aim to test content that students are very likely to
have had the ‘opportunity to learn’ while the PISA surveys start with the intention
to assess knowledge and skills that are judged most valuable. Information derived
from the conjoint analysis of responses to background questionnaire variables and
domain (mathematics) variables is what gives PISA much of its power to generate
insights leading to policy reform and innovation in teaching and learning.
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Chapter 6
From Framework to Survey Data: Inside
the PISA Assessment Process

Ross Turner

Abstract This chapter provides an overview of quality assurance mechanisms that
have been put into place by the international contractor responsible for
implementing the PISA survey. These quality assurance mechanisms aim to ensure
the fitness for purpose of the PISA data, derived from over 60 different countries
and from students instructed in over 40 different languages in a wide array of
schools from education systems that vary quite considerably. The mechanisms
reviewed include the frameworks that drive the content of the PISA survey instru-
ments, the processes followed in test item development, student sampling pro-
cedures, the mechanisms designed to guarantee comparability of the different
versions of test instruments that go into the field in participating countries, steps
to ensure test administration procedures are common across all test administration
centres, the mechanisms associated the processing and scoring of student responses
to the test questions, and processes related to capturing, processing and analysing
PISA data. This chapter also brings together into an accessible and consolidated
form, information that has been published in a variety of other documents, such as
in PISA operational manuals and technical reports. However, the chapter also
explains the significance of these processes and the reasons for the decisions, and
highlights how they are implemented for mathematics.

Introduction

How is it possible to implement a survey in more than 60 countries that generates
measures that are in any sense comparable? This is the challenge faced by the
international contractors responsible for implementation of the PISA survey.

This chapter outlines various steps taken by the Australian Council for Educa-
tional Research (ACER) and its international collaborators to implement PISA in
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such a way that meets this challenge based on ACER’s experience in delivering the
survey across its first five administrations. ACER has been the lead agency in an
international consortium awarded the contracts to deliver the first five administra-
tions of the PISA survey (in 2000, 2003, 2006, 2009 and 2012) on behalf of the
Organisation for Economic Co-operation and Development (OECD). The author
has been a senior manager within the ACER project team from early 2000, so has
seen the entire survey administration process from close quarters including two
complete survey administration periods in which mathematics was the major survey
domain. The story of PISA implementation has several threads. One important
thread relates to framework development (see Chap. 1) and the steps of develop-
ment of the items that end up in the PISA tests, which are discussed in more detail
by Dave Tout and Jim Spithill in Chap. 7 of this volume. But the generation of
comparable measures in such a large survey program also involves quality assur-
ance procedures related to every aspect of survey delivery: the sampling of survey
respondents, the preparation of translated versions of survey instruments, mecha-
nisms to ensure that test administration procedures are the same everywhere, steps
to ensure that survey responses are processed and scored using a common set of
standards, data capture procedures that ensure the integrity and confidentiality of
data generated by the survey, and data analysis methods that guarantee the national
and international reports that are generated are fit for purpose. This chapter brings
together into an accessible and consolidated form, information that has been
published in a variety of other documents, such as in PISA operational manuals
and technical reports that are all are available from the PISA website (www.oecd.
org/pisa). However, the chapter also explains the significance of these processes
and the reasons for the decisions, and highlights how they are implemented for
mathematics.

The Starting Point: An Assessment Framework

One essential requirement for a useful measurement of learning outcomes within
any domain is clarity about what will be measured. Assessment frameworks have
been developed with exactly this need in mind, in order to guide a vast array of
local, national and international assessment enterprises. The importance of assess-
ment frameworks is captured by Jago (2009) writing on the history of the frame-
works used in the USA’s National Assessment for Educational Progress (NAEP) in
a piece written for the 20th anniversary of the National Assessment Governing
Board.

[NAEP] frameworks describe the content and skills measured on NAEP assessments as
well as the design of the assessment. They provide both the “what” and the “how” for
national assessment. Representing the best thinking of thousands of educators, experts,
parents, and policymakers, NAEP frameworks describe a broad range of what students
learn and the skills they can demonstrate in reading, mathematics, writing, science, history,
civics, economics, foreign language, geography, and the arts. (Jago 2009 p. 1)
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The PISA Frameworks were initially developed for the first survey administra-
tion in 2000, covering the domains of Reading, Mathematics and Science (OECD
1999). The Frameworks have been revised, updated and expanded over the period
in which the PISA survey has existed, as the domains have evolved (for example as
digital technology has changed the way learning occurs and as computer-based
assessment components have been added) and as additional survey domains have
been added (for example as a separate problem solving component was added, first
in 2003 and again in a computer-based form for PISA 2012). A ‘questionnaire
framework’ has also been developed to provide the rationale for the collection of
various elements of background and contextual information gathered through a
suite of questionnaires used alongside the cognitive instruments.

The PISA frameworks specify what is to be measured in each of the assessed
domains. They define each assessment domain, and from the domain definitions the
frameworks spell out in considerable detail the constructs of interest and their key
components, the constraints within which those constructs will be understood and
approached, and the variables that will be built into the pool of test and question-
naire items developed to generate indicators of the constructs of interest. Each
framework provides a blueprint for test or questionnaire development in the
relevant test domain.

The Mathematics Framework, as discussed by Stacey and Turner in Chap. 1 of
this volume, defines mathematical literacy, the central construct of interest. It
outlines mathematical content categories, mathematical processes, and a range of
mathematical problem context types, which are taken as constraints within which
the assessment of mathematical literacy is to be understood and approached. The
Framework also sets constraints related to the range of students to be assessed
through PISA (15-year-olds in school) and the consequent span of the mathematical
literacy construct that will be targeted, as well as the kinds of mathematical
problems that can realistically be used in an assessment of this type. The Frame-
work describes how each of these variables will be arranged and balanced in a PISA
survey instrument.

Of course the PISA Frameworks are not handed down as if they were biblically
ordained laws. Rather, they are developed through widespread and ongoing con-
sultation processes that involve experts from all participating countries contributing
information about the priorities of the assessment domain and the potential basis for
an international comparative survey of such a scale. Framework drafts are devel-
oped, circulated for comment, and revised, and are only adopted when sufficient
buy-in has been achieved to permit the OECD’s PISA Governing Board to have
confidence that the Frameworks are sufficiently reflective of the interests of all
participants.

This consultative and inclusive approach to the development of the PISA
Frameworks sets a template of consultation and involvement that is reflected in
all aspects of PISA survey development and implementation.
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High Quality Survey Instruments

Assessment frameworks provide definition, and must be enacted through the survey
instruments developed to generate indicators of the constructs of interest. The
processes followed to develop PISA survey instruments further ensure that PISA
adheres to the highest standards of technical quality.

As the lead contractor appointed by the OECD to develop and implement the
first five administrations of the PISA survey, ACER has led the development of test
items in each of the survey domains and the formation of the test instruments so far
used in PISA. Typically this has been driven by a team of professional test
developers at ACER, working in collaboration with teams of professionals from
test development agencies in other locations and other countries, under the guid-
ance of a reference group of international experts. In the case of mathematics, the
international Mathematics Expert Group (MEG) includes mathematicians, mathe-
matics educators, and experts in assessment, technology, and education research
from a range of countries. Material and ideas for test items in each domain come
from a variety of sources: from team members of the various professional test
development agencies contracted to contribute, from members of the MEG, and
most importantly from teachers and other domain experts in participating countries.
All countries that participate in a particular administration of the PISA survey are
encouraged to submit items, and many have chosen to do so. These contributions
are typically sought through the PISA national centre, which coordinates and
manages all PISA-related processes within each participating country. Using mate-
rial from such a diverse range of sources helps to ensure richness and variety in the
pool of material from which a set of test items is built that expresses different
approaches and priorities in different countries, as well as different cultural and
educational practices, within the orientation and constraints set by the Framework.

The test development teams institute a rigorous process to turn ideas and
suggested items into test content. Typically, this starts with a rigorous ‘shredding’
of the draft item by a small panel of developers. That involves scrutinising the
material from several angles—clarity of wording, quality of accompanying stimu-
lus material, fit to the Framework, the range of possible responses to the item, and
so on. Items are then revised, and sent to one of the other teams to repeat the
process. Once draft items showing potential reach that stage, they are then subjected
to small-scale field testing with individual students, and with small groups of
students through ‘thinking aloud’ methods as described by Rowe (1985) and
cognitive interviews. Students of the same age as the intended target for the PISA
test are given the draft items, and asked to attempt the items and to ‘think aloud’ as
they do this in order to expose their thought processes as they tackle the problem.
The test developer records this or takes careful notes for later analysis, and then
further probes the students by asking them to articulate further their reaction to
particular elements of the problem, the solution method they used, and the steps
they took as they attempted the problem. In this way, further insights are gained into
the draft item and whether the item is triggering the kind of mathematical thinking
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and behaviour assumed or sought. Carrying out such a process with students in
different countries, and using material presented in different languages, gives
significant insight into the merits of the item and its likely usefulness to generate
indicators of the constructs of interest. In Chap. 7, Tout and Spithill illustrate this
development process with some sample items. A further stage in the development
of items uses field testing of sets of items with larger groups of students under test
conditions. Such a procedure can be used to trial different forms of an item (for
example to test alternative wording). Using several groups of students on whom to
field test sets of items is a way to generate useful comparative information about a
group of items (for example, the relative difficulty of items) and it can be very
helpful in the development or refinement of scoring rubrics that are used to identify
the set of possible responses to each item actually observed among responding
students.

At the conclusion of this item development process, source versions of the items
are prepared in both English and French, and sets of these items are then formed and
sent to participating countries for review. The reviews are normally undertaken by
national experts in the domain, who are asked to provide detailed feedback on each
item including: relevance of the item to the key OECD notion of ‘preparedness for
life’ from the perspective of each participating country; relevance of the item to the
local mathematics curriculum; likely interest level of the item to 15-year-old
students; the degree of authenticity of the item context from the perspective of
the country; whether there are any cultural concerns or other potential sensitivities
with the item; whether any translation issues are anticipated; whether any problems
are anticipated with the proposed response coding rubric; and a rating of the
country’s view of the priority for inclusion of the item in the final selection for
use in the PISA survey instruments. The information received from these reviews is
used to identify items that will be unacceptable to participating countries, and
contributes to the selection of items for possible use in the PISA survey.

As a final part of ensuring items of the highest possible quality are available for
use in the PISA survey, PISA employs a two-stage process in its implementation of
each administration of the survey: a field trial, and a main survey. In the year prior
to the main survey, an extensive field trial is administered in every country
participating in the survey. A large pool of test items that have successfully gone
through the development process described in the previous paragraphs is selected
for field testing. Those items are translated into the required national languages, and
the translations are verified according to a highly rigorous process, placed in test
booklets according to a rotated test design, and administered to several hundred
students in each country. Test booklets are formed by putting together four clusters
of items, with each cluster representing 30 min of test time, and following a linked
rotation design that ensures each cluster appears exactly once in each of the four
possible cluster positions, and exactly the same number of times in total, across the
set of booklets. Test administration procedures are developed centrally by ACER
and its collaborators, and national teams in each country are trained in those
procedures to ensure a high degree of consistency across participating countries.
Teams of mathematics experts in each country are trained to assign standard codes
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to each response observed to each item. For more detail of the coding process, see
Chap. 9 by Sulowska in this volume. Standardised data capture procedures are
implemented, so that ACER receives consistent and reliable data from all test
administration centres.

The field trial generates data that can be used for a variety of purposes. Some of
those relate to the operational issues involved in test administration within each
country, while others relate to the technical qualities of the test material. Extensive
analysis of the field trial item responses provides further information on the quality
of each country’s translation of the test material, and on the psychometric properties
of each item. This allows the test developers to understand how the items are likely
to actually perform when administered to 15-year-old students: which items gen-
erated useful data, what was the empirical difficulty of each item, did any of the
items perform differentially with boys compared to girls or with students in one
country compared to another (after adjusting for student ability) and so on. Data and
information generated from the field trial provide a very strong basis on which to
identify the best available items for possible inclusion in the main survey item pool.

After the field trial, a further review of items by experts at the national centre for
each participating country is conducted, generating fresh information based on
countries’ field trial implementation experience relating to any unanticipated trans-
lation issues, unexpected difficulties with the coding of student responses to items,
or any other problems identified, and providing a new set of priority ratings for
inclusion of each item in the main survey item selection.

By the time test items are chosen for inclusion in the main survey instruments,
they have been through a development and selection process designed to produce
items that are fit for purpose from the perspective of a variety of technical charac-
teristics, their useability for the intended target audience, and their acceptability to
relevant stakeholders.

Questions for use in the various background questionnaires are developed using
a similar mechanism. Those questions are based on a questionnaire framework that
provides a theoretical basis for the background variables of interest, which are used
to help understand which students perform at different levels, what characteristics
of the students’ backgrounds might explain differential performance, and in partic-
ular what factors that influence performance might be affected by particular aspects
of educational practice and policy settings at the local, regional or national levels.
Chapter 10 by Cogan and Schmidt in this volume describes the theoretical founda-
tion and development of the ‘opportunity to learn’ thread of these questionnaires.

Rigorous Scientific Student Samples

PISA survey instruments (the booklets containing questions about the assessed
domains, and the student background questionnaires) are administered to scientif-
ically sampled students in each participating country. Sampling standards are
designed by the PISA international contractor to ensure proper coverage of the
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population of interest, an acceptable level of accuracy and precision in the estimates
derived from PISA data, and adequate school and student response rates, and these
are applied in each participating country.

The PISA national centre in each participating country obtains a sampling frame
that lists all educational settings with students falling inside the age definition for
the survey, and provides this to the international PISA contractor that then checks
its accuracy. A limited number of school exclusions are permitted for well-defined
reasons such as inaccessibility through extreme remoteness, or the existence of
political turmoil in a particular part of the country that would make survey admin-
istration dangerous or impossible, and any such instances are documented. Steps are
taken by the PISA international contractor to verify the accuracy and completeness
of each country’s sampling frame from independent sources—for example, by
comparing the data in the sampling frame with other publicly accessible data.

Sampling for the PISA main survey in each administration then proceeds
through two main stages: the international contractor selects a random sample of
schools, with the probability of selection being proportional to the number of
eligible students; then for each of those sampled schools selects a random sample
of eligible students. The number of schools and students required is determined to
achieve an acceptable degree of precision in the estimates derived from the survey.
Typically about 150 schools are sampled, and within each school a sample of about
35 students are selected, meaning a total of a little over 5,000 students are typically
sampled in each participating country. Some countries increase their sample
because they are interested in finer-grained information about particular subpopu-
lations, for example several participants take a larger sample in order to get regional
or provincial estimates. In Chap. 13 of this volume, Arzarello, Garuti and Ricci
describe how such regional information has been used in Italy. Accuracy in the
estimates of the location of the measured population (mean score), and the precision
of those estimates (the narrowness of the range of possible estimates), are also
increased as countries take up the possibility of systematically applying stratifica-
tion variables to the sampling process, whereby schools are classified and sampled
according to variables on which they tend to be similar, such as school type, school
size, programme type, school funding source, or location variables. In some cases
countries have also used such stratification variables to provide greater detail in
their national PISA reports.

A key piece of information captured from every PISA survey administration site
is the number of sampled students who actually respond to the survey. Acceptable
response rates are defined at both the school and student levels, together with
mechanisms for sampling additional schools to substitute for sampled schools
that refuse to or cannot participate or where student response rates are unacceptably
low. The recorded response rates are used to determine whether the sampling
standards have been met in each participating country, and whether the student
response rate at each sampled school is sufficient to include data from that school.
There have been cases of countries having data excluded from the PISA interna-
tional reports and database because of failure to meet the response rate standards.
For example, data from the Netherlands were excluded from a large number of
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tables in the PISA 2000 international report, and only included as a separate line in
other tables with a footnote indicating “Response rate too low to ensure compara-
bility” (OECD 2001). Several countries have come close to achieving unacceptably
low response rates in one or more PISA administrations (including Australia, the
Netherlands, UK and USA) and such countries have to work hard to achieve
acceptable rates.

In addition, data about the number of respondent schools and students are used to
determine sampling weights that are the statistical mechanism applied to PISA data
to ensure the sample gives the most accurate possible estimates of the targeted
characteristics of the population of interest.

Linguistic Quality Control for Test Materials

A further area requiring explicit steps to guarantee the quality of survey instruments
in such a large international survey is the translation and adaptation of test materials
in the array of local languages of instruction used in participating countries. In this
section, two main aspects of quality assurance related to linguistic quality control in
PISA will be discussed. The first is the steps followed as part of the development of
test items to take language, cultural and translation issues into account in order to
anticipate and minimise potential translation difficulties. Second, the mechanisms
used to achieve the highest possible quality across the 85 different national versions
of survey instruments (tests and questionnaires) in the 43 different languages that
were used in the PISA 2012 survey administration are briefly reviewed.

Linguistic Quality Issues in the Design of Test Questions

PISA test materials may originate in any of a variety of languages and an early step
in item development is preparation of an English language version that reflects the
intentions of the item’s author and any modifications subsequently introduced by
the professional test development teams that work on the item. At an early stage, a
parallel French language version is also developed, and these two versions are
further adjusted to ensure their equivalence with the help of the advice of content
experts fluent in both English and French under the direct guidance of the test
developers. These two versions are referred to as the source versions of each item.
They are tied together using a version control process that means a change to one
version causes status changes that ensure the two source versions remain
synchronised.

Source versions of each item can be subject to change for a variety of reasons.
Some of those relate to specifically mathematical issues inherent in the item. Some
relate to the lessons learned about each item as it is used with individuals and
groups during the item development process. However another key source of input
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to items as they develop comes from the accumulated knowledge and wisdom of the
linguistic quality control experts engaged by ACER to provide advice on cultural
and language factors known to be critical to the design of good test questions that
will be used in different languages and different cultural contexts. The objective of
this advice is to ensure that the source versions of all test items can be rendered as
equivalently as possible into all of the target languages.

The linguistic quality advice given to test development teams covers a range of
technical matters, including syntactic issues, vocabulary issues, cultural issues, and
even matters related to the presentation of graphics. Guidelines relating to syntax
are important because different languages employ different syntactic rules and
structures, and this can threaten the equivalence of different language versions.
Experience has shown that certain syntactic forms should be avoided wherever
possible because the different forms used in different languages make translation
extremely difficult. One example is the need to avoid incomplete or hanging stems
in a question statement because different languages structure the missing part of an
incomplete stem differently. For example in English, the missing part can be at the
end, but in other languages such as Turkish the missing part must be at the
beginning. This applies particularly commonly to questions presented in multiple-
choice format. Another is the problem caused by use of the passive voice. Sentences
that contain more than one phrase expressed in the passive voice can be extremely
difficult to translate while retaining a comparable level of reading difficulty. Such
issues can generally be avoided by transforming the offending phrase or sentence
and using only direct wording expressed in the active voice. Another syntactic
problem arises from long or unduly complex sentences, since translation can make
these even longer and more complex. Often that problem can be solved simply by
breaking the long sentence into a number of shorter ones.

The phrasing of questions can also create translation difficulties in particular
languages. Questions in English beginning with ‘how’ (how much ..., how many
..., by how many times ...) can be difficult to translate into some languages.
Sometimes this can be resolved by changing to a ‘what. ..” question. For example
instead of asking ‘How much tax is on ...’ it is better to ask “What is the tax on . . .".
Instead of asking ‘How fast does the vehicle go .. .’, it is better to ask “What is the
speed of the vehicle. . .’. Questions beginning with ‘which’ (which of the following
...) cannot be used because in some languages a word denoting either singular or
plural is required, hence giving more information than is contained in the English
version. Expressing the source version as ‘which one of the following. . .” or ‘which
one or more of the following. . .” depending on what is intended usually gets around
this issue. A similar issue arises according to whether the language requires the
noun ending to change or not to change according to whether it is singular or plural.

Vocabulary-related issues can also cause translation problems. For example,
common names of plants and animals can be impossible to translate without clear
guidance on the object being named (for example, by including the object’s Latin
name in a translation note). Some technical terms, including mathematical terms,
can be difficult to translate where standard usage and definitions may not be in
common use in different countries. For example, different types of graphs or charts
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need to be referred to with care. Similarly, the word ‘average’ can be interpreted
differently according to different usage in mathematics classroom in different
countries. In some countries ‘average’ would refer to the arithmetic mean, but in
others its usage would be a more generic reference to measures of central tendency,
perhaps including the median in its interpretation. Words with a technical meaning
in English (for example ‘quadrilateral’) are rendered in some languages by words
that spell out key features of the definition (‘four sided figure’) so there would be no
point in asking a question that including testing whether the student knows the
meaning of such a word. Care must also be taken to decide on the implications of
using a word that may have an agreed technical definition, but for which common
usage may vary (for example, the word ‘weight” would more correctly be referred
to as ‘mass’, but such words may be understood differently according to common
usage). Common ways of expressing ranges of numbers (for example whether the
boundaries are included in a phrase such as ‘between A and B’) create issues both
for the wording of questions, and for the interpretation of responses. The use of
metaphors or other ‘figures of speech’ in the wording of questions is another issue
that can cause translation problems. For example, the phrase ‘helicopter view’ to
denote an overview of a situation without any details may not convey the same
meaning in so few words in other languages. Many metaphors tend to be language-
specific, and cannot always be translated without making the wording longer or
more complex.

A number of issues that might be regarded as cultural matters have also been
highlighted by the linguistic experts, often related to different levels of familiarity
with objects referred to in mathematics problems. For example, a question requiring
familiarity with a metropolitan rail system (such as an underground metro) might
present very different challenges for students living in a city with such a system
compared to students from a remote rural community. The extensive item review
processes in which all PISA countries participate tend to pick up those issues.
Nevertheless being aware of potential problems of this kind in advance can help to
avoid difficulties before they arise.

Finally, even matters related to the preparation of graphic materials need to be
considered from a linguistic quality point of view. Graphics typically contain labels
and other text, and these must be put together in such a way that they are easily
editable by those responsible for translation in each country. Not only that, but the
design of the graphic elements in the source versions must take account of language
variations such as the maximum length of words or phrases when translated, and the
direction in which text is written (left to right, or the reverse as in Arabic). Great
care is needed to ensure that graphics are designed to accommodate the different
language demands in such a way that the ease of use and interpretation of the
graphic is consistent across languages.
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Maximising the Linguistic Quality of National Versions

A major quality assurance challenge arises in relation to the need for each country
participating in PISA to prepare test materials in the local languages of instruction
that can be regarded as comparable to the source versions prepared by the interna-
tional contractor. Without this, PISA results would have no credibility.

A total of 18 countries involved in the PISA 2012 survey administration used
French or English language versions adapted directly from the appropriate source
version. Adaptations might include substituting familiar names for people referred
to, or changing to the local spelling standard. In all other countries, where other
language versions were needed (referred to as the target versions), translation
experts within each country were responsible for producing a local target language
version of each item. Different countries may have used slightly different processes
to achieve this. The recommended approach, used in several countries, is to use
both the English and French source versions independently to produce two target
versions that are then reconciled by an independent translation expert to form a
single version. In other countries, two independent translations were generated
from one of the source versions (either the French or the English language version),
each with cross-checking against the other source version, and the two versions
were reconciled by an independent translator into a single version. In several PISA
countries that share common languages, these translation tasks were shared by
experts in the cooperating countries.

The next stage in the process is to have each reconciled local version verified by
an independent expert. This work has been done by one of ACER’s consortium
partners (cApStAn Linguistic Quality Control) that employs language experts who
are all trained in application of the rigorous standards and procedures used in the
verification of translated PISA instruments. Personnel fluent in both the target
language and at least one, and often both, of the source version languages (English
or French) were engaged to undertake the verification, which consists of a detailed
comparison of the target and source versions. The team of verifiers met for face-to-
face training, and used a specially prepared set of training materials including a
common set of guidelines that defined exactly what kinds of things they should look
for in evaluating the quality of each translation, and lists of quite specific issues to
look for in relation to particular items for which potential translation problems had
previously been identified. Verifiers used a common set of categories that defined
exactly when an expert judgement was required to approve or reject a proposed
translation element, or to seek clarification of the reason for a proposed change, or
to refer proposed text to a central authority for further consideration. Categories
included such events as text being added that was not in the source version, text
missing that should have been there, layout changes, grammar or syntax errors,
consistency of word and other usage both within and across units, mistranslations
(so that the intended meaning is changed), and so on.

Some countries sharing a common language cooperated in a further procedural
variation, whereby the countries using a particular shared language cooperated to



138 R. Turner

prepare a single version that was verified according to the standard processes then
adapted (subject to an external approval process) to suit the particular needs of each
of the cooperating countries. A similar process also occurred where one country
borrowed a verified version from another country having a shared language, and
introduced approved adaptations where needed to make it suitable for local use.

Once the verifier interventions had been carefully considered by the national
translation experts in each country, and final test booklets were formed from the
verified target version, an external final optical check was carried out to ensure that
the materials had been correctly assembled into the student booklets, and to identify
any remaining errors that had been missed in the national centre.

The translation and verification process described here is undertaken in its fullest
and most rigorous form at the stage of preparing materials for the field trial. After
the field trial, when a selection from the test material is identified for use in the main
survey, a further lighter-touch verification is undertaken that focuses on any
changes made to the source versions of the items (or their response coding instruc-
tions), and on any errors identified in the local versions as a result of the field trial
experience. Because of the complexity of creating comparable items, items that do
not perform optimally at the field trial are almost always discarded rather than
changed for the main survey.

Common Test Administration Procedures

For an international survey to generate comparable data from the different countries
that participate, the procedures through which the survey is administered should be
as near as possible to the same in all countries. The PISA survey uses a variety of
processes designed to ensure common and high standards of test administration are
adhered to everywhere.

Each country that participates in the PISA survey appoints a survey administra-
tion team. In some cases this is a team assembled and trained by the PISA national
centre, in other cases dedicated test administration agencies might be appointed to
administer the survey. The international contractor (ACER and its collaborators)
has developed a detailed set of test administration procedures, which are
documented in a series of manuals. These are used as the basis for training
personnel from each participating country using a ‘train the trainer’ model, so
that those responsible for managing test administration in each country are given
the same training, and are provided with the same guidelines and instructions. The
instructions are explicit and detailed, and include a script that is used in every test
administration session in every participating country to introduce the test and get
students started on answering the survey questions.

Test administrators can be school personnel, or they can be external staff
employed specially to conduct test sessions in a number of schools. In the case
where internal school personnel are used as test administrators, guidelines are
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designed to ensure that teachers do not administer test sessions that contain students
they teach in any of the subject areas being tested.

The test administration guidelines cover such matters as protocols for contacting
schools to arrange the basic details such as location and time of each test session,
and permission from parents for the students’ participation in countries where this is
required; packaging, transport, delivery and storage of test materials to ensure they
remain secure prior to the test session; arrangements at the test centre on the day of
the test, including for example setting up the room, and carrying out pre-defined
testing of computer hardware to be used in the computer-based components of the
test; exactly how the test sessions are conducted, including for example procedures
for checking on the identity of students turning up to sit the test, ensuring that each
student is issued with the correct test booklet (the international contractor randomly
assigns booklets to individuals on the lists of sampled students), what the test
administrators are permitted to say to students who ask questions during a test
session, and monitoring student behaviour during the test; the forms used to record
attendance and to report other data from each test administration session;
collecting, packing and shipping completed and unused test materials; and pro-
cedures for conducting any follow-up test sessions required to ensure response
standards are met. Sometimes multiple visits to a school are required to reach the
desired response rate of the designated sample of students.

As well as mandating these common and standard procedures, the international
contractor also applies a system of quality assurance to monitor adherence to the
procedures. Independently of the test administration system in each country, the
international contractor employs and trains a small number of staff known as PISA
Quality Monitors in each country, who attend a sample of test administration
sessions to observe and record the procedures followed. The monitor prepares a
report of each session observed, and highlights any discrepancies between the
intended and implemented procedures. These reports are compiled by the interna-
tional contractor and are used in the data adjudication process, a technical process
undertaken by ACER and the PISA Technical Advisory Group to determine
whether or not data from each country meet the PISA Technical Standards and
are therefore fit for purpose.

Processing and Scoring Survey Responses

PISA survey instruments contain questions in a variety of formats. Some of them
can be machine-scored. For example, responses to the various kinds of multiple-
choice questions can be scanned directly into digital form, or they can be easily
captured by data entry personnel and recorded digitally in the data processing
system being used. No particular expertise is required to do this, and such processes
are used to capture data from about a half the questions from the PISA 2012
cognitive instruments (the paper-based mathematics, reading, science and financial
literacy questions in PISA) and from most of the questions used in the background
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questionnaires. PISA has implemented procedures designed to maximise the qual-
ity of data captured from these questions, including through the design of the
response spaces and instructions given to student about how they should record
their responses, and the provision of double data entry procedures as a quality
assurance option taken up by several countries.

The major challenge presented at the stage of processing and scoring survey
responses exists in relation to the (approximately) 50 % of items that require
manual intervention to interpret the student response and convert it to a digital
code. Ensuring quality and consistency in the way these responses are processed in
the more than 60 countries that participated in PISA 2012 uses a number of steps.

During item development, possible responses to each question are identified, and
these are categorised according to the level of knowledge of the variable measured
in the question that is indicated by each response. Dichotomous items have two
broad categories: those attracting full credit (for example the single correct answer
to a multiple-choice question), and those for which no credit is warranted (the
distracter response options). Some questions involve more than two response
categories, so that particular responses may be of a quality that is clearly interme-
diate between the full credit and no credit categories. In these cases, a partial credit
category can be defined. These ordered response categories, defined as part of the
item creation process, are a critical part of each item. The response categories are
described in the coding instructions for each item in relation to the particular
knowledge and understanding needed for that category to apply, and the coding
instructions also contain examples of particular responses given by students during
item development, or in previous administrations of the item, to facilitate classify-
ing observed responses into the defined response categories. The coding instruc-
tions for many of the released items have been published (see, for example, OECD
2009, 2013) and several are republished and discussed in Sutowska’s Chap. 9 of this
volume.

When the completed PISA test booklets are received for processing from each
test administration centre (most commonly these are schools) within each country,
after the field trial, and again after the main survey data collection is completed,
teams of coders are assembled and trained to carry out the task of looking at student
responses, assigning each response to one of the defined response categories for the
item, and giving it the appropriate response code. Typically, teams of experts in
each domain (for example, graduate students, or trainee teachers, or retired
teachers) are recruited and trained by personnel from each PISA national centre
to carry out this task. Those personnel had previously received training directly
from the domain experts of the international contractor—indeed usually by the lead
test developers in each domain—beginning a ‘train the trainer’ model. The con-
tractor’s domain leaders develop training materials that cover general issues in the
coding of student responses, as well as specific issues in the coding of each item.
They take the national coding team leaders through every item, teaching them how
each kind of response should be treated.

Within each country, those team leaders pass on their learning to the local team
they assemble. In Chap. 9 Sulowska, the leader of the coding team in Poland,
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describes her experiences in this role. Team leaders often develop additional sets of
response examples to complement the material provided in the coding guides and
through the international training. They implement local quality management pro-
cedures to ensure that all members of the national coding team are applying
consistent standards as they work through the student material. In PISA 2012 an
online coding process was introduced that was taken up in several participating
countries, which used scanned images of student responses, and which allocated
responses to members of the coding team in a systematic way. Typically the process
involved coding all available responses to a particular item before moving on to the
next item, in order to help focus concentration on the particular issues associated
with each item, to rationalise coder training, and to remove the potential for bias
associated with coder perception of the set of responses in a particular student’s
question booklet. Control scripts (student responses for which correct response
codes were known in advance) were used periodically in the item allocation to
monitor consistency of standards, to identify individuals who were not applying the
standards correctly, and to identify items that were generating disagreement and
therefore may have warranted additional training.

The international contractor provided an additional service to support national
coding teams to complete their work. An international coder query service was
implemented, whereby student responses found by coding teams to be difficult to
classify, could be transmitted to ACER and the test developers could provide advice
on the correct coding. Those responses were circulated among all national coding
teams as a further means of achieving consistency of coding standards especially
for hard-to-code items.

As a final check on the consistency of coding within each national coding
operation and across the coding operations mounted in each country, ACER
implemented formal coder consistency studies. At the national level, a random
sample of student material was identified by ACER and national coding teams were
required to have four coders independently code each selected item. The resulting
data were analysed and reports were generated on the degree of consistency of
output of each national coding operation. At the international level, a further sample
of work from each national coding operation was identified by ACER for shipping
to a central location, and an independent team coded the sample of work. Again, the
data from this process were analysed to generate measures of the degree of
consistency of output across participating countries. The studies to monitor coder
consistency and the outcomes of these are reported in more detail in the various
PISA technical reports (e.g. Adams and Wu 2003).

Data Capture, Processing and Analysis

The final stages of preparing PISA data for reporting lie in the steps of data capture,
processing and analysis. Participating countries submit the data captured from the
test sessions they conduct in purpose-built data capture software that the
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international contractor provides to all countries. The software ensures that the data
entered into the various pre-defined fields meet the data definition requirements,
and permit subsequent processing using a suite of analysis tools that are built for the
purpose and applied across the entire dataset. The contractor’s sampling experts
first process the submitted data to ensure that the sampling plans were adhered to
and that the data represent the population in accordance with the sampling variables
defined earlier. A team of analysts at ACER check the data submitted by each
country for each variable to ensure consistency and completeness, and engage in a
dialogue with the data manager in each national centre to clarify any instances
where the submitted data appear to lack consistency or are incomplete. A prelim-
inary analysis of the data for each country is carried out, and detailed reports are
generated and delivered to each country to provide an opportunity for analysts in
each country to review their data and check any unexpected observations about the
data. At that stage, data are sometimes identified that indicate an unacceptable
degree of inconsistency, for example a particular item may have been unusually
difficult in a particular country, or responses to particular questions in the back-
ground questionnaire may appear to be inconsistent, and possible explanations are
then sought before a final decision about inclusion or exclusion of those data is
made by the PISA Technical Advisory Group during the data adjudication process.

The analytic methods used in PISA are similar to those used in other large-scale
surveys. They are designed to generate statistically the best possible estimates of
the population parameters targeted by the survey. Those tools and techniques are
described in a technical report published after each survey administration
(e.g. Adams and Wu 2003). The OECD makes all of the resulting data publicly
available for use by researchers and others.

Summary

The PISA survey is an enormous undertaking, involving the co-operation of a very
large number of people in many countries. While the stakes are not high for
individual students who participate, there is a growing interest in the kinds of
comparisons made from PISA data, and the kinds of policy decisions that are
taken by governments and education systems in response to PISA outcomes. As a
result, PISA and its outcomes are increasingly exposed to public scrutiny. What
comments and questions might we expect?

“PISA doesn’t test the things we are really interested in, and the test questions
they use do not match what students in our schools are taught.”

“How can it be fair that PISA students in countries as disparate as Albania,
Argentina, Australia, Austria and Azerbaijan undertake an assessment with test
items written by test developers in Australia?”

“I heard that students in one particular country do well in PISA because in that
country, only the very best students are chosen to undertake the PISA survey.”
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“In one country I know about, teachers help students with their PISA tests,
students are allowed to stay in the test session until they have completed their test
booklet no matter how long that takes, and then the teachers mark the students’
examination papers very leniently.”

This chapter was written to expose the myths such as those above that are voiced
about PISA, and to answer legitimate questions that potential users of PISA data
might have. The quality assurance mechanisms employed at each stage of the
development and implementation of the PISA survey result in the generation of
data that help to answer many questions about the state of educational outcomes
across a large part of the globe.
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Chapter 7
The Challenges and Complexities of Writing
Items to Test Mathematical Literacy

Dave Tout and Jim Spithill

Abstract The key to obtaining valid results from a large, international survey is
having access to assessment items that are fit for the intended purpose. They must
align with and incorporate the requirements of the relevant framework, give
students fair and reasonable opportunity to demonstrate their true level of perfor-
mance, cover a wide range of student abilities and mathematical literacy content,
and work well in many different languages and cultural contexts. This chapter
describes in detail the process that item writers from the PISA international
contractors applied to generate items for the 2012 survey, from initial draft to
final assessment, for both paper-based and computer-based items.

Introduction and Background

In PISA 2012 mathematical literacy was the major domain for the first time since
2003 so a comprehensive new set of items needed to be developed, including items
for the new optional computer-based assessment of mathematics known as CBAM.

The mathematics development work for PISA 2012 was shared among seven
different test development teams: the Leibniz-Institute for Science and Mathe-
matics Education (IPN) and Universitit Kassel both in Germany, Analyse des
systemes et des pratiques d’enseignement (aSPe) in Belgium, the Institutt for
Laererutdanning og Skoleutvikling (ILS) in Norway, the National Institute for
Educational Policy Research (NIER) in Japan, and the University of Melbourne
and the Australian Council for Educational Research (ACER) both in Australia.
Initial item drafts were also submitted by participating countries and these were all
reviewed by the international test development teams and then the most promising
of these developed for selection into the field trial and potentially the main survey.
The lead international contractor for PISA 2012, ACER, oversaw the process and
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managed the item development teams and the review processes as well as the
finalisation and preparation of the final survey instruments.

Because mathematical literacy was again the major domain, the item develop-
ment process benefited from input from such a diverse consortium. In total, drawing
from many more initial ideas, 345 new items were written for the paper-based
assessment, of which 172 advanced to the field trial, and 72 of those were used in
the main survey. The corresponding numbers for the computer-based assessment
were 122 new items, with 86 used in the field trial and 41 of those used in the main
survey.

The present authors, as test developers on this international assessment,
quickly learned about the complex process and sophistication of developing and
preparing suitable test items. It was a steep learning curve. It was not like a lot of
test development where test developers sit at their own desks, write some good
questions covering specified skills, submit them and then see them magically
appear in a final assessment. An item developer in PISA soon learned that this was
not the case.

This chapter focuses on the item development process, from the beginnings of an
item, through revisions, to potentially ending up as an item in the main survey. The
chapter attempts to describe the skills, knowledge and quality assurance processes
that guarantee that the final survey assesses what it is supposed to assess. The test
development process for PISA has to be particularly well developed because of the
constraints of a large international assessment and the scrutiny to which the surveys
are rightly subjected. For this reason, it was judged that this chapter should include
general aspects of test development relevant to many assessments, as well as
features specific to PISA.

The terminology that test developers use in PISA is that items begin with a real-
world stimulus, which may be long or short (see, for example, the first sentence and
image of Fig. 7.1). One or more questions then follow using the same stimulus
material. The set of questions that derive from the same stimulus make up a unit.
The unit PM942 Climbing Mount Fuji (OECD 2013b) shown in Fig. 7.1 has three
questions. The word ‘item’ refers to the stimulus, the question, and the instructions
for coding responses to the question.

Telling the Story: A Sample Unit

Throughout this chapter we will use one unit from the PISA 2012 survey to
illustrate the process of item writing. PM942 Climbing Mount Fuji originated at
ACER, and it has been chosen partly because it went through its full development in
the hands of the authors and colleagues, ending up in the main survey of 2012.
Figure 7.1 shows the final version of the unit. This chapter discusses the reasoning
behind its evolution from the initial version shown in Fig. 7.2: how the stimulus text
was tightened, how information in the stimulus was aligned more closely with its
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CLIMBING MOUNT FUIJI

Mount Fuji is a famous dormant volcano in Japan.
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Question 1

Mount Fuji is only open to the public for climbing from 1 July to 27 August each
year. About 200 000 people climb Mount Fuji during this time.
On average, about how many people climb Mount Fuji each day?

A 340
B 710
C 3400
D 7100
E 7400
Question 2

The Gotemba walking trail up Mount Fuji is about 9 kilometres (km) long.
Walkers need to return from the 18 km walk by 8 pm.

Toshi estimates that he can walk up the mountain at 1.5 kilometres per hour on
average, and down at twice that speed. These speeds take into account meal
breaks and rest times.

Using Toshi’s estimated speeds, what is the latest time he can begin his walk so
that he can return by 8§ pm?

Question 3

Toshi wore a pedometer to count his steps on his walk along the Gotemba trail.
His pedometer showed that he walked 22 500 steps on the way up.

Estimate Toshi’s average step length for his walk up the 9 km Gotemba trail.
Give your answer in centimetres (cm).

Fig. 7.1 Final version of PM942 Climbing Mount Fuji (OECD 2013b)
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CLIMBING MOUNT FUJI

Mount Fuji is open for walking from the 1 July to the 27 August each year.
About 200 000 people walk up Mount Fuji during this period each year.

Question 1

On average, about how many people walk up Mount Fuji each day during this

period?
A 340
B 700
C 3400
D 7000
Question 2

Toshi took 7 hours to walk to the top of Mount Fuji along the Gotemba trail.
The trail is 9.1 kilometres long.

What was Toshi’s average walking speed in kilometres per hour?

Give your answer to one decimal place.

Question 3

On his 9.1 km walk along the Gotemba trail, Toshi estimated that the length of
each of his steps was about 40 centimetres.

Using Toshi’s estimate, about how many steps did he take to walk to the top of
Mount Fuji along the Gotemba trail?

Fig. 7.2 Initial version of the PISA 2012 unit PM942 Climbing Mount Fuji

relevant question, and how questions were significantly revised and restructured to
better meet the intent and purposes of the PISA Mathematics Framework. The
rationale for decisions about the CBAM unit CMO013 Car cost calculator (ACER
2012) shown in Fig. 7.4 below will also be discussed.
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PISA Test Development Process

An extensive process helps to guarantee the quality of the items. This is outlined in
Fig. 7.3. ACER and the test development centres used a team approach to item
writing, whereby experienced test developers wrote the items (with initial ideas
from many sources) and met together to critique each other’s items, following
which the items were revised and improved. Then the revised items went through
further comprehensive reviews and revisions. This included what ACER calls
cognitive laboratories and pilots with potential test-takers, feedback from partici-
pating countries, and revisions made during a formal translation and review process
with language experts. After the review processes, a field trial was undertaken with
a sample of the target population in each participating country. The field trial data
were analysed psychometrically and the results of this analysis guided the selection
of the best performing items for the main survey. The final selection had to meet the
criteria established in the Mathematics Framework (OECD 2013a), the technical
requirements and the preferences as expressed by each country. The following
sections elaborate on these strategies and processes. Some of these processes are
also mentioned briefly in Turner’s Chap. 6 in this volume.

THE BEGINNING: Framework
development: what is being Training of item ' Initial item writing

assessed and why? Description writing team by teams
and elaboration.

' .

Use and refinement of Cognitive Review process:
fundamental mathematical laboratories / pilots panels
competencies to predict

item difficulty. I

\ Items revised
Items finalised and
trialled in field trial in all
countries.

Translation & Country reviews /
review Expert review

Psychometric analysis & Items selected, :

review for performance / deleted or fine- THF END‘; Final ite:1 set for
difficulty / faimess / », tuned. Expert review. ma.m study create. to .meet
reliability / validity. Scale development. Framework specifications.

Fig. 7.3 ACER’s test development process for PISA 2012
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Before Item Writing Begins: The Conceptual Framework

Test development and writing proceeded from the agreed conceptual framework
(OECD 2013a) that included a description of what was being assessed and
why and how. The PISA Mathematics Framework for each PISA survey was
developed by the Mathematics Expert Group (MEG), a team of international
experts from different countries, drawing on scholarship described in Chap. 1 of
this volume.

For test developers the Framework was the crucial document in that it
established the requirements for the items to be developed. As noted elsewhere
(see Chap. 1 of this volume), PISA is not a curriculum-based assessment. The PISA
definition and description refers to the ability of the student to cope with tasks that
are likely to appear in the real world, that contain mathematical or quantitative
information, and that require the activation and application of mathematical or
statistical knowledge and skills. This was the key challenge for test developers—to
write items testing mathematical literacy and not just standard school-based
mathematics.

The PISA Mathematics Framework (OECD 2013a) also specified the propor-
tions of items with certain characteristics in the final survey (see also Chap. 1 of this
volume). For example, approximately 25 % of items should be in the multiple-
choice format and approximately 25 % should belong to each of the four mathe-
matical content categories. Item developers needed to ensure that they provided the
Mathematics Expert Group with sufficient items in each cell of the specification
grid to allow for a good selection of items for the main survey.

The Item Writing Process

Item writing for PISA proceeded through the stages outlined in the diagram in
Fig. 7.3, and depended on a wide range of knowledge, experience and skills. This
section outlines the formal processes and mechanics of item writing that were
followed, and also its more creative and challenging aspects.

Test Development Teams’ Induction and Training

Before writing commenced for PISA 2012, key members of each of the test
development teams met and were introduced to the PISA Mathematics Framework
and trained in the item writing process, including the mechanics and quality
assurance processes, and approaches to writing successful items. Item writers in
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PISA needed to meet different cultural and linguistic demands, to address the
various requirements and specifications in the PISA Mathematics Framework,
and also to address specific new requirements and expectations for PISA 2012. A
similar training session was also provided to the National Program Managers and
relevant country personnel to support countries that intended to submit potential
items.

Based on feedback and reactions to previous PISA assessments, some specific
key challenges were set for PISA 2012 mathematical literacy test developers. These
included that the suite of new items should:

* be more realistic and authentic than items in previous surveys, which had been
produced for PISA 2003 when mathematics was first the major domain and test
developers were themselves coming to terms with the relatively new notion of
mathematical literacy

¢ make the contribution of school mathematics content more explicit and
more easily recognisable to external observers than in some items of previous
surveys

» include a greater number of more difficult items that allow capable students to
demonstrate their ability

* include a greater number of very easy items so that the level of performance of
students at the lowest levels could be better measured.

Examples of the impact of these requirements can be seen in the revisions made
to the unit PM942 Climbing Mount Fuji. The changes made to Questions 2 and
3 were explicitly made to make the questions more authentic. Also in the computer-
based unit, CM013 Car cost calculator (ACER 2012) shown in Fig. 7.4 below, there
were a number of questions developed to meet the second and third requirements in
the above list—to make the contribution of school mathematics content more
explicit and more easily recognisable, and to include a greater number of more
difficult items.

Optional Computer-Based Assessment

In PISA 2012, an optional computer-based assessment of mathematical literacy
(CBAM) was introduced for the first time. In CBAM, specially designed PISA units
are presented on a computer, and students respond on the computer. They are also
able to use pencil and paper to assist their thinking processes. The CBAM initiative
is further discussed in Chaps. 1 and 8 of this volume.

This required a new set of skills for the test development teams, as the CBAM
option provided opportunities for test developers to write items that were more
interactive and engaging, and which may move mathematics assessment away from
the current strong reliance on written, text-based stimuli and responses, potentially
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Car Cost Calculator CM013Q03 (format changed from original)

To promote train travel, the Zedtown Transportation Service is distributing a car cost calculator.

The calculator compares costs for car travel from home to work and back with the cost of a monthly
train ticket worth 98 zeds.

You can use the calculator by clicking and dragging the car to setthe distance from home to work.
The window CAR COSTS shows the monthly cost of going to work and back by car.

DISTANCE CAR COST

| -9 CALCULATOR
Home to work = \\.
s \\
>

27\

CAR COSTS A
116 zeds
Monthly cost going to '
work and back by car .

\\.

N W

MONTHLY TRAIN TICKET A ZEDTOWN
98 zeds

Zedtown Transportation Service

Question 3: CAR COST CALCULATOR CM013Q03

The formula for working out the car travel costs needs to take into account more than just the petrol
costs. The Zedtown Transportation Service adds an additional value of b zeds per month to the
monthly petrol costs to allow forother car costs such as insurance and registration.

The formula they use to work out the costsis: C=6d + b

Cis the total cost in zeds, d is the distance to work in kilometres, and b is the additional non-petrol
costs in zeds per month.

Use the car cost calculator to help you calculate the value of b.

The value of b = ........cccoeuu.. Z&dS.

Fig. 7.4 CBAM item CM013Q03 Car cost calculator Question 3 (ACER 2012)

enabling different student abilities to be assessed. The challenge posed to both the
test developers and the computer platform development team and programmers was
to make CBAM more than a version of the paper-based assessment transferred onto
a computer. The intention was to develop items that reflected the real-world use and
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application of mathematics within a computer-based environment, but also to take
advantage of the potential to assess aspects of mathematical literacy that could not
be assessed with paper-based assessment. The styles and types of items and
interactivity included: drag-and-drop items; the use of hot spots on an image to
allow students to respond non-verbally; the use of animations and representations of
three-dimensional objects that can be manipulated; the ability to present students
with sortable datasets; and the use of colour and graphics to make the assessment
more engaging.

With the above in mind, a classification scheme was developed by the ACER test
development team to classify the items that were developed. The non-mutually-
exclusive categories described were:

¢ animation and/or manipulation

« automatic calculation, where calculation was automated ‘behind the scenes’ to
support assessment of deeper mathematical skills and understanding

» drawing, spatial, visual cues and/or responses

e automatic function graphing and statistical graphing

¢ simulation of common computer applications (e.g. using the data sorting capa-
bility of an ‘imitation’ spreadsheet)

« simulation of web-based applications or contexts, with or without computer-
based interactivity (e.g. buying goods on line).

The following sections in this chapter apply to the writing of both paper-
based and computer-based mathematical literacy items. However, developing
CBAM items posed additional challenges especially as this was the first time
this assessment was offered. At first, the computer platform was still under
development, so it was unclear what interactivities would be supported and
not all the envisioned interactivities were eventually realised. For example,
there was no ability for students to enter mathematical symbols (apart from
the standard set of key-board symbols), expressions or formulae into the system.
The use of video or audio was not practical, especially because of the large
number of languages. Many of these limitations arose from the complexity of
providing a platform that could be used in a large number of countries around
the world, using equipment that a random sample of schools were highly likely
to possess at that time, and supervised by test administrators without special
computer expertise. The screen size (the available ‘real estate’) restricted the
number of words and images. It was necessary to allocate extra space in the
English source versions of each item to allow for the longer text forms that occur
in many other languages. The design process used mock-ups and story boards of
the items, and interactive items were sometimes programmed initially in Excel
or Word so that a meaningful item review process could be undertaken cost
effectively. Item writers had to work hard to communicate their vision to the
programmers, illustrators and designers.
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The Challenges and Complexities of Item Writing:
A Creative Science or Art?

When writing PISA mathematical literacy items, there was no single fixed process
to follow. There were certainly a number of processes and structures available that
supported the item writing process, and these are explained in more detail in this
section. The challenge for item writers was to create items that:

» were rich and interesting for 15-year-olds around the world and were neither too
hard nor too easy

* had obvious authenticity and did not pose seemingly artificial questions

e were as much as possible equally accessible and equitable for students of
different gender, culture, religion, living conditions

e used appropriate and accessible language.

Where and How to Begin?

One of the key creative aspects was to find a context with realistic and authentic
mathematical content likely to be accessible to and engage 15-year-olds across the
world. One approach was to start with a real-world context and develop it into a
unit. The problem with this was that often the real-world context was too compli-
cated and complex for 15-year-olds in a test situation. Often the mathematics was
too highly embedded in the context and to extract the mathematical model required
too much reading and understanding of the situation, which would block many
students from solving the problem. Another issue was that the mathematical
formulas and the required quantities or numerical information to be manipulated
in the real-world context were also complex and so calculation would be time
consuming and open to arithmetical errors, thereby clouding what the item
assessed. It was important to simplify the real-world context, the related stimulus
and its embedded mathematical information to make it accessible whilst still
maintaining the authentic aspect.

The CMO013 Car cost calculator unit (ACER 2012), the stimulus and one item of
which is shown in Fig. 7.4, is an example of a unit that began from a real world
experience. The idea was stimulated by a cardboard calculator handed out freely by
a transport authority. It then developed into a CBAM unit because the real manip-
ulative cardboard calculator stimulus could not be used in an international paper-
based assessment. The electronic version also had strong face validity: many
websites have similar features. This is an example of how online assessment
extends the range of authentic situations that can be used.

The interactive car cost calculator could be manipulated by the student to see
what impact the distance variable had on the cost of car travel and to gather data for
answering a number of questions. This allowed the student to focus on the
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functional relationship between the variables rather than using a formula or table of
values. This unit would have been much more difficult to write as a realistic paper-
based item, given the inability to ‘hide’ the formula behind the scenes.

Another approach to item development was to start with a mathematical concept
or content area and try to find an appropriate context based on an authentic real-world
task. The problem with this approach was that often this resulted in what is tradi-
tionally seen as a school, curriculum-based, word problem that has little real-world
relevance or authenticity. Many of the items submitted by countries were of this style,
and few such items were able to be developed for use in the PISA main survey.

An idea for a unit often developed from a test developer’s personal experiences
or interests, or from something they read or found—in the media, in the outside
world, at home, in the community or in a workplace. In other cases, often still based
on such an observation or interest, a test developer searched on the internet for
related examples or contexts that would be a suitable starting point and then turned
that into a useful context for asking mathematical literacy questions suitable and
relevant to 15-year-olds. The unit PM942 Climbing Mount Fuji is a good example.
The test developer was looking for a context that he could use to develop a unit
about walking (his personal hobby) to assess skills related to speed, distance and
time relationships. Units are likely to be more authentic and accurate if test
developers write about the things they know. Because he was aiming to engage
an international audience, he chose Mount Fuji as an iconic physical feature that
many students would know. Although not having personally walked Mount Fuji,
the writer was able to select and evaluate the information he found when
researching—he knew what he was looking for. In this sense the item writer
could guarantee that the context and the related mathematics were realistic and
dealt with factors that really have to be considered by walkers.

Some items started small and grew, while others started as a big idea that was
edited and reduced to suit the 15-year-old test taker. As mentioned above, simpli-
fication of the context and related stimulus was usually needed. It can often be
useful if the item writer has in mind a particular student they have taught when
trying to set an item at an easier or harder level within the overall set of items.
Sometimes to fill gaps in the item set, a test developer was required to write a unit
fitting Framework specifications e.g. to write items for a specific content category
(e.g. Change and relationships), context category (e.g. Occupational) and process
(e.g. Employ, perhaps using a formula) from the Framework (OECD 2013a).

Use of Visual Support

No matter which approach was used to develop the unit, there was always the need
for some form of visual support for the stimulus. This had been the case with earlier
PISA surveys, but was seen as a feature to be strengthened for the PISA 2012
survey, where there was a more extensive and consistent use of visual support by
the use of illustrations, diagrams, or photographs. This was used to increase
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accessibility of the problem, by tuning the student in to the context and thereby
helping to reduce the reading demand. In other words, the visual support helps
make the unit attractive to students and helps connect the content to the real world
and give the questions a purpose.

The Mechanics of Item Writing

Item writers were expected to provide a variety of items that met the framework
specifications for context, format, content, processes and fundamental mathemati-
cal capabilities as described in Chap. 1 in this volume. The list below gives a
number of requirements that needed to be operationalised through the test devel-
opment process.

e There needed to be a full range of difficulty so that all participating students
would find some items that gave them an opportunity to demonstrate what they
could do.

* A requirement of the psychometric model is that items should be independent of
each other to the maximum extent possible. In particular, a response to one item
in a unit must not be required in solving another item.

e Items should not require excessive computation. Whilst items could include
computations (as they might naturally arise in the context), the items were
generally not to test great computational dexterity.

e The level of reading required should not interfere significantly with a student’s
ability to engage with and solve an item. Practical guidelines were issued for this.

* No single item should take more than five minutes to complete, and no unit more
than 15 min so that students had sufficient time to attempt a range of independent
items. This is needed for the psychometric model. This criterion led to a number
of interesting items being discarded before the field trial.

« Items were to be culturally acceptable across participating countries, and should
be readily translatable.

« Student responses must be able to be consistently scored (coded) in an efficient
manner by teams around the world.

A standard Word template was provided so that all item writers wrote to the
same style and format. The template ensured that the item metadata was a consis-
tent reflection of the Framework. The template included a section for the coding of
each item (for further details see Sutowska’s Chap. 9 of this volume), a question
intent description and the Framework process, content and context categories.
Figure 7.5 shows the basic coding instructions of PM942Q02 Climbing Mount
Fuji Question 2. This information is provided for all newly released items
(e.g. OECD 2013b). The question intent is a brief description of what the student
has to do to solve the problem. For coding, the item writer needed to specify the
types of response that would receive Full Credit, Partial Credit (where relevant) or
No Credit. The template ensured that all these issues were addressed by the item
writer and discussed, reviewed and agreed upon in panel sessions.
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CLIMBING MOUNT FUJI SCORING 2
Question Intent

Description  Calculate the start time for a trip given two different speeds, a
total distance to travel and a finish time

Content Change and relationships
Context Societal
Process Formulate
Full Credit
Code 1 11 (am) [with or without am, or an equivalent way of writing
time, for example, 11:00]
No Credit
Code 0 Other responses.
Code 9 Missing.

Fig. 7.5 Scoring and Question Intent section of PM942Q02 Mount Fuji Question 2

The coding scheme for this question shown in Fig. 7.5 recognises that a student
who has arrived at a correct value of 11 has achieved the question intent and is not
penalised for omitting the time specification ‘am’ from their response. This is a
point of difference between mathematical literacy and common school mathematics
teaching practice, where teachers may well deduct marks if such information is not
written along with the numerical answer. In PISA it is a case of giving credit for
what a student can do. Teachers aim to develop good habits in their students, which
is different to the measurement aims of the PISA assessment.

The Metadata

Test developers must map each unit and item against the characteristics of the PISA
Mathematics Framework. These item characteristics become metadata for each
item. For PM942 Climbing Mount Fuji, the key item characteristics (metadata)
for the items, for both the final version (Fig. 7.1) and the initial version (Fig. 7.2) are
shown in Table 7.1. The process categorisation only occurs in the final version,
because initial test development began before this new aspect of the Framework had
been finalised. The estimated difficulty was obtained by test developers by rating
against the fundamental mathematical capabilities, as described below.

PM942Q02 was completely redesigned between the initial and final versions and
this increased its estimated difficulty substantially from 4 to 10. In the initial
version (see Fig. 7.2), time and distance were given directly, so the student had
the straightforward task of making a single calculation to find the average speed. In
contrast, the final version (see Fig. 7.1) demands two different time calculations
based on related speeds and then a calculation of a latest starting time, where even
the notion of ‘latest start’ is linguistically not simple for many students.
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Table 7.1 Item characteristics of final and initial versions of PM942 climbing Mount Fuji

Item

characteristics Question 1 Question 2 Question 3

Final version (see Fig. 7.1)

Mathematical Quantity C&R Quantity

content

Context Societal Societal Societal

Process Formulate Formulate Employ

Estimated 5 10 9

difficulty

Response type Multiple choice Constructed response Constructed response
(simple) expert manual

Initial version (see Fig. 7.2)

Mathematical C&R or quantity C&R C&R or quantity

content

Context Societal Societal Societal

Process Processes category definitions not finalised until after this stage

Estimated 4 2 4

difficulty

C&R Change and relationships

Item Format and Item Response Types

PISA had used items with different presentation formats and with a range

of
for

response format types for the earlier paper-based surveys, and these item
mat types were combined with new presentation formats developed for

PISA computer-based assessments in 2009 (science and electronic reading)
and 2012. The item response categories described and used for PISA 2012

we

re:

Constructed Response Expert—items where the student writes a response that
needs expert judgement for the coding. In PM942Q02 Climbing Mount Fuji
Question 2, the field trial data indicated students could sometimes add in
comments and valid variations. The complex coding process for these items is
described by Sutowska in Chap. 9 of this volume. Expert coded items are often
intended to measure higher level thinking, argument, evaluation and the appli-
cation of knowledge, and they might involve constructing mathematical expres-
sions or drawings and diagrams that necessitate the involvement of a suitably
expert person to assign observed student responses to the defined response
categories.

Constructed Response Manual—items that have a very limited range of possible
full credit responses (e.g. single number or name) but are best coded manually
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although extensive training is not required. PM942Q03 Climbing Mount Fuji
Question 3 (single number response) is an example. Items of this type work well
in place of a multiple-choice format that has too many or too few good
distracters, and they reduce the potential for guessing.

e Constructed Response Auto-coded—items that can be automatically coded. The
actual response is keyed in by a data entry operator as part of the processing of
responses, or in the case of computer-based items captured directly by the
computer. Many CBAM items were of this type, including CM013Q03 Car
cost calculator Question 3 (see Fig. 7.4).

¢ Simple Multiple Choice—items where there is one correct response that the
student selects (e.g. PM042Q01 Climbing Mount Fuji Question 1). This includes
both radio buttons and a drop down menu where there is a unique correct auto-
coded response.

» Complex Multiple Choice—items where the student responds to a set of multiple
choice statements (usually two or three) and selects one of the optional responses
to each (for example, ‘true’ or ‘false’). The item is only coded correct if all
responses are correct. Items of this type could be automatically coded and were
used in both the paper-based and computer-based assessments. They reduce the
effect of guessing.

» Selected Response Variations—these variations to the standard multiple-choice
formats above were only used in CBAM, and could all be coded automatically.

Preparing for Reliable Coding

In constructed response items the challenge for the item writer is that the question
stems need to be well structured with clear instructions to the student, as in
PM942Q02: ‘Using Toshi’s estimated speeds, what is the latest time he can begin
his walk so that he can return by 8 pm?’ Even with clear instructions, there are many
ways in which the student could write the time (e.g., 11 am, 11:00, 11 in the
morning, 11) and so manual coding of the responses is required. Because of this,
the item writer also needs to communicate explicitly with the coder through the
coding guide. The potential range of responses needs to be anticipated and then
documented fully for reliability and ease of coding. Further examples are discussed
by Sutowska in Chap. 9 of this volume.

Use of the Fundamental Mathematical Capabilities

Test developers estimated the item difficulty of each item before the empirical data
of the field trial was available using their professional judgement based on their
experience of students generally and in the cognitive laboratories in particular, and
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also created a score (see Table 7.1) by rating the items against the fundamental
mathematical capabilities, as described by Turner, Blum and Niss in Chap. 4 of this
volume. This procedure predicted for the Climbing Mount Fuji unit, that Question1
(PM942Q01) would be much easier than Question 2 (PM942Q02) or Question
3 (PM942Q03). In the field trial, the success rates across all countries were 46 % for
PM942Q01, 12 % for PM942Q02, and 11 % for PM942Q03 (full credit) and a
further 4 % with partial credit. This shows that using the rating scheme did predict
difficulty quite well and also that quite difficult items had total scores much below
the theoretical maximum rating of 18. The other use of the fundamental mathemat-
ical capabilities was to ensure that the sets of selected items were balanced across
different aspects of mathematical literacy. Additionally, questions could be devised
to highlight Reasoning and argument or Using symbolic, formal and technical
language and operations over other capabilities to round out the item set.

The Three Processes

An issue that affected test development was the determination, after some item
writing had commenced, to apply the new classification of items against the three
processes of mathematical literacy developed in the 2012 revision of the Frame-
work as explained by Stacey and Turner in Chap. 1 of this volume:

» Formulating situations mathematically
« Employing mathematical concepts, facts, procedures, and reasoning
» Interpreting, applying and evaluating mathematical outcomes.

For example, in PM942Q01 Climbing Mount Fuji Question 1 (see Fig. 7.1) the
main cognitive demand on students was to understand the problem and its real-
world meaning in order to recognise that they could use the dates to work out the
number of days that Mount Fuji is open, and divide the total number of people by
this number. This meant that it fell predominantly into the Formulate process. For
15 year old students, there was lower demand from the Employ (the calculation) and
Interpret processes. In contrast, in PM942Q03 Climbing Mount Fuji Question 3, the
mathematical process required was much more explicit and matched a standard
process for conversion within metric units. This item was hence classified as
Employ. As the test developers and the Mathematics Expert Group applied the
new classification to items from earlier PISA surveys, it emerged that it was not
always easy to draw sharp lines between the processes and the classification hinged
on what was judged to be the main cognitive challenge or impediment to a student
solving the problem. When writing new items for PISA 2012 after the Formulate—
Employ—Interpret classification definitions had become available, test developers
constructed items that focused more strongly on just one process. Within the
Mathematics Expert Group, there was agreement that tasks that best encapsulated
mathematical literacy in its fullest sense would usually involve aspects of all three
processes, since they reflected all stages of the mathematical modelling cycle.
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Classroom activities that use tasks like this are required to develop mathematical
literacy to the full. However, in the context of an assessment, items that measure
abilities in constituent processes are valuable. In Chap. 11 of this volume, Ikeda
discusses this issue more fully.

Review Processes

The Panel

After individual test developers drafted items they met as a panel (at least three
writers) to critique and review each other’s items. Panel members individually
examined the items before the panel meeting. Questions addressed during the panel
included the following:

Is the mathematics correct?

Does the content sit well with the PISA Framework?

Does the metadata accurately describe the item against the Framework criteria?
Is each question coherent, unambiguous and clear?

Is it clear what constitutes an answer: do students know exactly what they should
produce?

Is each question self-contained? If it assumes prior knowledge, is this
appropriate?

Are there dependencies between items (e.g. does one item give a clue for the
next one)? Would a different order of items with the unit help or hinder students?
Is the reading load as low as possible? Is the language simple and direct?

Are there any ‘tricks’ in the question that should be removed?

Are the distracters for the multiple-choice items plausible, or can better
distracters be devised?

Are the response categories complete and well defined, and is the proposed
coding easy to apply?

Is the context appropriate and relevant for the target group?

Is the context authentic?

Are the text and the questions fair? Are there any ethical matters or other
sensitivities that may be breached (for example, racial, ethnic, gender stereo-
types, and cultural inappropriateness)?

Do the questions relate to the essence of the stimulus?

Is the proposed scoring consistent with the underlying ability that is being
measured? Would students possessing more of the underlying ability score better
on this item than students with less?

Is it clear how the coding would be applied to all possible responses?

Could partial credit be given if part of the answer is achieved?

Are there any likely translation difficulties?

How would this item stand up to public scrutiny?
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Two to three hours were allocated for each panel to discuss 20 items. Discussion
within a panel meeting was direct and robust, and each member was expected to
comment on each item. Virtually no items escaped amendment of some kind. How
this process impacted on Climbing Mount Fuji is discussed in a later section.
Immediately after a review, resulting changes were implemented in the PISA
item development database while the discussions and amendments were fresh in
the test developer’s mind. The new versions were then cross-checked by another
panel member to ensure that they met the panel recommendations.

Some items required only minor changes, such as splitting long sentences with
conditional sub-clauses into shorter, more direct statements, using active rather
than passive voice, or moving stimulus material from the beginning of the unit to
be adjacent to the relevant item, and editing diagrams. Other items required major
changes. Items that could not be reworked to the satisfaction of the panel were
discarded. Such items tended to be not realistic, too difficult for the target
audience or too time consuming to solve. Sometimes a panel suggested an
additional item to complement a unit. In some multiple-choice items the
distracters were judged weak or artificial but the mathematics itself was interest-
ing and sound. Such items could be changed to a constructed response item or
multiple-choice options could be improved. In the case of complex multiple-
choice items, sometimes the item writer supplied three or four multiple-choice
statements all of which went to the field trial with a decision afterwards to
retain all or delete one or more. By using trial data on each statement, the
difficulty level and the other psychometric properties of the complete item
could be manipulated. This is one of the few item-level modifications that could
be safely made after the field trial. Everything in the main survey needs to have
been tested in advance.

Student Feedback from Cognitive Laboratories and Pilot Study

The items were also tested with local students of the target age group in cognitive
laboratories in the early stages and in later larger pilot work. A cognitive laboratory
involves a test developer meeting with three or four students, observing how they
work with the items and then discussing with them any issues that affected their
interpretations or approaches. Essentially this uses the long established ‘think
aloud’ interview methodology commonly used in mathematics education research
(Ginsburg et al. 1983). Student responses were then used for reworking or
discarding items.

The test developer explained first that it was the items that are being tested, not
the students. Students were given one unit at a time with the test developer
observing how they went about working it out and asking questions about their
actions and reasons. When all members of the group were finished there was group
discussion and feedback. Each student was asked to respond to these issues:
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« whether it was easy to follow the instructions

¢ whether the content or context was familiar

¢ whether the content was difficult or easy

« whether the unit was interesting or boring

» specific comments about the stem, the distracters in multiple-choice items, the
language used, and diagrams

e (for CBAM) ease of interactivity and navigation.

In a one hour session it was possible to cover about four or five units. For CBAM
items, feedback often resulted in improved and simplified instructions and
improved graphic design for the interactivity and navigation around the screen.
The quality of the feedback varied, of course, but there were numerous cases where
students were commended and humorously advised that a career as a test developer
might well await them, given their insight into the testing process.

The pilot study involved more than 1,000 students in 46 schools across Australia
where the lead international contractor (ACER) is located. These schools were not
reused in the Australian sample for the field trial or main survey. Students worked
through the near-final versions of the units allocated to 19 test booklets. The
responses were analysed to check that the items were behaving as expected.
Constructed responses were checked for the range of responses, expected and
unexpected. Experienced coders from other ACER teams also coded the responses,
and made valuable comments to simplify and clarify the coding guides. The
students’ responses were also used as examples within the coding guide and for
the coder training workshops.

Country Reviews

National Project Managers from OECD member countries and partner countries
and the Mathematics Expert Group reviewed items batch by batch and all their
feedback was considered by the development team. For each item, reviewers rated
each of the following criteria on a five point scale:

« What is the item’s relevance to preparedness for life?

* How well does the item sit within the curriculum expectations for 15-year-old
students in your country? (Although PISA is not curriculum based, it is neces-
sary that items can be solved using mathematics that students have learned).

» How interesting is the item?

» How authentic is the context?

» Are there any cultural concerns with the item?

* Do you foresee any translation problems with the item?

* Are there any coding concerns with the item?

* Does the stated question intent reflect the content of the item?
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Table 7.2 National program manager ratings for PM942 climbing Mount Fuji

Mean scores” PM942Q01 PM942Q02 PM942Q03
Relevance to preparedness for life 4.32 4.49 4.23
Within the curriculum 4.57 4.49 4.49
Interest level 3.83 3.94 3.83
Authentic context 4.36 4.45 4.11

“Range 1-5, with 5 best

Table 7.2 summarises the feedback from 47 member and partner countries for the
PM942 Climbing Mount Fuji unit (near final version) for the first four criteria above.
The mean scores showed that Climbing Mount Fuji was highly regarded as a strong
candidate for inclusion in the field trial. Fewer than 10 % of countries reported
concerns with the unit under these criteria. For PM942Q01 the concerns were about
the format of the date, and the interpretation of the phrase ‘On average, about . ... For
PM942Q02 there were comments about this being more of a science curriculum topic
than mathematics in their country, and comments about authenticity noting that
walking distances are often expressed in hours, not kilometres. For PM942Q03 the
concerns included whether it is necessary to insist on stating the answer in centimetres,
and that pedometers are not common so their function should be explained. This
feedback was used in the revision of the items, and in the translation notes to allow
customisation to local conventions, such as for representing time.

Translation Issues

The PISA 2012 survey was conducted in 39 different languages, so the need for
translation into those languages impacted on the wording and structure of units and
items. Through the comprehensive translation process and review system described
briefly by Turner in Chap. 6 of this volume, language structure, the meaning of
items, content and cultural issues are identified and addressed as an important
thread within the item development process.

The translation process required dialogue between developers and the Linguistic
Quality Control Agency (cApStAn) in Belgium under the guidance of the transla-
tion expert, also based in Belgium, engaged by ACER to oversee this process and to
provide definitive advice on technical matters related to the preparation of national
versions of each item. Agreed French and English ‘master’ versions of each item
were constructed for translation into local languages. The French translation man-
ager described how “English is concise but French is precise”. The rewording in
English that was often required to facilitate an unambiguous translation into French
often helped make the English clearer.

Over the many months of this overnight email dialogue between Belgium and
Melbourne a set of standards on structure and wording of items emerged. Some
examples were avoiding truncated stems for multiple-choice items, stating units in
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each option rather than in the question stem, and accommodating how some
languages (e.g. Slavonic) treat plurals. Item writers needed to accommodate vocab-
ulary differences (e.g. some languages do not have a word for ‘million’, some
languages use different words for concepts depending on the context, such as the
area of a shape versus the area of a country where the same word ‘area’ is used in
English). With CBAM units there was a limited amount of screen space, and
sentences that fitted that space in English may not fit after translation: writers had
to allow about 50 % more space for the translation than was needed for the original
English version. Graphics and other layouts had to accommodate languages that are
written right-to-left. Turner in Chap. 6 of this volume gives other examples.

The translation notes that accompanied each item specified what could be
changed. According to local usage, translators routinely changed the decimal
point or comma, used local conventions for operator symbols such as + or / for
division, and for writing dates and times. Translation notes specified when it was
appropriate to change the letters used for algebraic variables in formulas to agree
with the initial letters of the corresponding words (e.g. in F = ma the letters are the
initial letters of force, mass and acceleration) and whether to change metric to
locally used units. These translation notes are included in the released versions of
items (e.g. OECD 2013b).

The Impact of the Review: Climbing Mount Fuji

Comparing the final (Fig. 7.1) and initial (Fig. 7.2) versions of PM942 Climbing
Mount Fuji shows a number of changes. The initial stimulus contained some key
information that was moved to Question 1 where the data were needed. The data in
the stimulus were replaced by a short scene-setting sentence. In the final version,
the information for each item is presented within that item, which reduces the
reading demand. The graphic design team produced an illustration to make the
context more explicit and engaging, and experiences in the cognitive laboratories
indicated that illustrations did indeed have this effect. The words ‘walking’ and
‘walk’ were changed at the panel stage to ‘climbing’ and ‘climb’ in Question 1, to
be consistent with the unit title. Streamlining language in this way, so that different
words are not used for the same idea, improved student comprehension and
simplified translation.

Question 1 initially asked for an approximate answer rounded to the nearest ten,
hundred or thousand. The panel standardised the options at two significant figures.
The original option D 7,000 could have been the result of rounding either 7,143
(200,000 =+ 28, the sum of the dates given 1+27) or 7,407 (200,000 <27, from
ignoring the fact that the time period is over 2 months). This observation led to the
addition of distracter E in the final version. To simplify reading and translation, the
phrase ‘during this period’ was deleted because there is no other period during
which the trail is open to walkers.
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The initial version of Question 2 was thought to be too much a straightforward
school exercise where the context was not really needed, and hence it was not in the
PISA mathematical literacy style. There were also concerns from students in cog-
nitive laboratories about the item not addressing real-world considerations such as
meal breaks and rest times, and these considerations, when included in the thinking
of students analysing the problem at a more sophisticated level, caused wrong
answers. So the item was reworked into a more realistic scenario about planning a
walk up and down the Gotemba track, with different average speeds when walking
up or down the mountain, and then requiring the student to find the latest time to
begin the walk. In order that the mathematical reasoning rather than the numerical
calculations would provide the main challenge of this question, and to give a whole
number response that would be easy to code, the distance was realistically rounded
to 9 km, and the walking speeds were given as values that lead to whole number time
calculations: 9 <+ 1.5=6 and 9 = 3=3. It was also made explicit that the total
distance travelled was 18 km, so students would not be confused by the one-way trip
of 9 km in Question 3. The careful, but still realistic, choice of values enabled the
intent of the question to be met, with the focus on the Formulate process.

The original Question 3 of Fig. 7.2 met similar criticism of being artificial. In the
real world a walker who was interested in their number of steps would most likely
have a pedometer to count their steps. So Question 3 was turned around to give the
two most easily known pieces of data, total distance and total number of steps, then
asked for an estimate of average step length. The initial version had ‘to walk to the
top of Mount Fuji’ in Questions 2 and 3 but ‘walk up Mount Fuji’ in the stimulus. It
was decided to take out the reference to ‘top’ and refer to ‘up’ and ‘down’
throughout the unit. This streamlined the instructions, but also attended to a student
concern expressed in cognitive laboratories about people who might take the walk
but not make it all the way to the top.

In summary, the changes to Climbing Mount Fuji aimed to:

» make the unit realistic so that students could relate to the story, thereby helping
them to link the different questions as they worked through them

» be consistent and direct in the use of language, and be specific about measure-
ment units required for constructed response items

¢ remove unintended complications and ambiguities (e.g. whether meal breaks
needed to be added) by addressing them explicitly in the text

* make the calculations straightforward so that the unit and items could focus on
the mathematical literacy skills and processes being assessed.

From Field Trial to Main Survey

The field trial was the key winnowing stage for items. The MEG selected just over
180 new paper-based items and 90 computer-based items for the field trial, using a
variety of information sources including detailed feedback from National Program
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Managers, feedback from the ACER pilot study, independent reviews by each MEG
member and the Mathematics Framework specifications.

After the items had been through their final proofreading, design and desktop
publishing processes, they were grouped into clusters for trialling with a sample of
the target population in every participating country. Each booklet in the paper-based
assessment or each online CBAM test form was made up of a number of item
clusters. These clusters were then rotated among booklets and forms. In the paper-
based assessment each cluster consisted of about 12 items and in CBAM each cluster
had about 10 items. After creating the clusters, the final mathematics field trial
conducted in 2011 used 172 new paper-based items and 86 computer-based items.

Psychometric Review of Item Performance: Difficulty,
Fairness, Reliability, Validity

The psychometric data from the field trial that summarised the measurement
properties of each item were crucial for selecting items for the main survey. By
the time the statistical review had to be finalised for the 2012 survey, results from
approximately 6,200 students from OECD countries and additional students from
partner countries and economies were available for each item. Many more students
were involved overall, because individual students only complete a small number of
the items. The set of items selected for the main survey had to satisfy several
requirements, such as showing a good spread of difficulty. Every item was checked
to see if it performed at the test developer’s expected difficulty level—a significant
deviation from what was expected could indicate an issue with the item, such as
unexpected ambiguity. Test developers checked that the coding and scoring worked
well. Each distracter for a multiple-choice question needed to attract an appropriate
number of test takers.

Rasch scaling was used to calculate the item difficulty, and these item difficulties
were used to obtain the required range of difficulty of the main survey items.
Various statistics tested the fit of the item to the Rasch model. The correlation of
the item score with students’ scores on all the other items combined was calculated
to indicate whether the item measured the same underlying ability as the survey as a
whole and also contributed something unique. The ability (according to the Rasch
model) of the students respectively with correct and incorrect answers for each item
was calculated, to test that the average ability of students answering each item
correctly was higher than the average ability of students providing an incorrect
response. For example, in PM942Q02 Climbing Mount Fuji Question 2 successful
students had an average ability of 0.39 (above the mean of 0) and unsuccessful
students had an average ability of —0.83 (below the mean). Students who omitted
the item had an average ability of —1.19. Statistics for each multiple-choice option
were also analysed. Together, these item statistics indicated that this item and its
multiple-choice options were working validly and reliably.
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Sometimes students who know more or think more deeply do not score as well
on some items as students taking a naive approach. For each response code, the
‘characteristic curve’ of the probability of success of the item against student ability
(as estimated from the Rasch model) was plotted and compared to the theoretical
curve for each item. This gave guidance on how the item performs across the ability
range, and picked up instances where more capable students read more into the
problem than was expected by the item writer, or where there were unforeseen
ambiguities or likely misinterpretations. As noted above, a potential instance of this
was identified in the cognitive laboratories for PM942Q02 (then eliminated), when
students who thought more deeply about the context allowed for meal breaks. The
reworded item, modified to eliminate this potential ambiguity, performed well at
the field trial.

Statistics also allowed examination of the performance in and between individ-
ual countries, in order to identify items with a cultural or linguistic bias or major
mismatch with local curricula. There were no countries where PM942Q02 was
significantly easier or harder than expected on the basis of the total scores. The item
had low discrimination in only one country and higher than expected in only two
countries and, in all countries, successful students had higher ability as measured by
the whole item set than unsuccessful students. The reliability of coding was also
examined as was the gender difference. Large gender difference may indicate
cultural bias. Items that did not perform well on any of these psychometric
measures were rejected, as there was no opportunity to adequately trial an
amended item.

The Main Survey Items

The final selection of items for the main survey was made using all the data from the
field trial at the MEG meeting in Melbourne in September 2011, also attended by
ACER project managers, lead test developers, psychometricians and a representa-
tive of the secretariat of the OECD who ensured that the Framework criteria were
implemented. For the paper-based assessment a large number of suitable items
survived psychometric scrutiny from the field trial and were available for selection
for the main study. For the CBAM assessment, which was designed to be smaller, a
more restricted set of items was available because a much smaller set had been
developed and trialled. As well, OECD had employed a separate organisation,
Achieve (www.achieve.org), to conduct an independent validation and review
process. At this MEG meeting, the Achieve external reviews of each item were
made available to the MEG. Officers of Achieve reported that their reviewers had
found the items in the new pool to generally be an improvement over previous
surveys. The report cited one reviewer who noted that
the present selection of items and the formulation of the questions are much better than in

previous years, where the questions often were loaded with unnecessary—and [hard to
read]—information. (Forgione and Saxby 2011, p. 17)
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For the paper-based item set, the Achieve review was generally very positive. For
the CBAM items Achieve reviews commented in a number of cases that there was little
or no significant mathematics in the items. This led to discussion about the role and
purpose of the CBAM items. By design, mathematical operations including calcula-
tion were often automated in CBAM (e.g. by the CM013 Car cost online calculator),
so that the assessment could focus more on the Formulate or Interpret processes of a
problem without being confused with calculation or substitution into a formula for
example. In the view of the test developers this was a strength of CBAM but this view
was not shared by all the Achieve reviewers. Some comments by the Achieve
reviewers also concerned the lack of significant mathematics in the easiest items,
those intended for the extensive number of low ability 15-year-old students around the
world. Part of the test design for PISA 2012 was to include alternative test content to
suit countries known or expected to be performing at a level markedly below the
OECD average. Countries were able to choose two relatively easier clusters in place of
two standard clusters, in order to provide better measures and richer descriptions of
performances in the lower part of the PISA proficiency scale. Test developers had to
write enough ‘easy’ items for this: if the given items did not cover the actual range of
student ability then the test was not going to be maximally informative for the
education authorities in a country. Marciniak in Chap. 5 of this volume discusses
the confusion of significant and difficult mathematics in the PISA context. In fact, the
statistical review showed that it had proved difficult to develop a large number of items
suitable for these easy clusters, and the final choice of items for those clusters was from
a smaller pool than had originally been hoped. After the field trial, all of the well
performing very easy items went into the main survey, and more could have been used
had they been available. On the other hand, the results of the field trial indicated that
too many difficult items had been trialled. It seemed that test developers and reviewers
were too optimistic about the mathematical literacy of 15-year-olds.

Using all of the data described above in a long and complex task, the MEG approved
90 paper-based and 45 computer-based items for the main survey. This was a few more
than the minimum number of items required to construct the main survey instruments,
so the ACER team had some flexibility in balancing all the framework requirements
across the whole item pool, and also in balancing requirements within each cluster of
items. These clusters were then arranged in the rotated design in booklets and online
forms. In the end 72 new paper-based items and 41 computer-based items were used in
the PISA 2012 main survey. To enable the 2012 results to be accurately put on the same
scale as for previous PISA surveys, the 2012 booklets also included three clusters of
link items (36 secure items) that had been used in previous surveys.

Reflections

As mentioned at the beginning, test developers on PISA quickly learned about the
complex and sophisticated processes of developing such assessment instruments.
We, as ACER mathematics test developers and as mathematics educators, had a
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number of reflections after the challenging journey of writing many items and
assisting in the test development process in PISA 2012. This journey, alongside
the knowledge about the actual performance of the items in both the field trial and
the main survey, was very illuminating.

First, there were some very positive reflections from seeing the overall scores,
scanning the actual responses of students from some countries and seeing other
responses through the coder query process described by Sutowska in Chap. 9 of this
volume. In many cases there were students who were able to respond and answer in
a very sophisticated way, often showing unanticipated mathematical and real-world
knowledge and insights. These students demonstrated much higher levels of math-
ematical understanding and knowledge than expected of most 15-year-olds, or
alternatively a high ability to connect the mathematical content to the context—
the ability to mathematically formulate problems from the real world, or to interpret
mathematics in relation to the real world. The examples were very heartening to
observe and it was an endorsement of the value and purpose of mathematical
literacy.

In relation to CBAM, the test developers realised that this was only the starting
point for computer-based assessment of mathematics. In the PISA 2012 survey,
limitations were imposed by the time available for item development and by the
information technology capacity in schools around the world, but also by the
expectations of what computer-based tools 15-year-olds around the world would
be able to manage at that point in time. There were a number of positives. One was
the capacity to develop some highly interactive items that used combinations of
animations and provided automatic calculations ‘behind the scenes’ to enable
assessment of different and potentially deeper mathematical skills and understand-
ing. As well, there was also the capacity to assess spatial and visual interactivity in a
way not possible in a paper-based assessment. Some CBAM items definitely
assessed skills that could not be assessed otherwise, hence broadening PISA’s
assessment of mathematical literacy. It was also heartening to observe students in
cognitive laboratories being highly engaged with the CBAM tasks, and undertaking
tasks with a very positive attitude and tending to persevere much more with them
than with some of the paper-based items. It is hoped that future PISA surveys will
extend the CBAM approach and feature more sophisticated, interactive computer-
based mathematical literacy items.

Another key reflection is the observation, as mentioned earlier, that the spread of
items written by seven professional test development centres across the globe
significantly overestimated the mathematical literacy abilities of 15-year-olds
around the world. The external reviewers of the 2012 PISA pool of items similarly
over-estimated the expected mathematical knowledge of 15-year-olds. The psycho-
metric analysis of the field trial data demonstrated this quite clearly—there were too
few easy items and too many difficult items. This can also be interpreted as
demonstrating that 15-year-olds around the world are not being well prepared in
mathematics classrooms with the skills and knowledge to solve mathematical
problems set within a real-world context. This is a challenge for education systems
as we move further into the twenty-first century.
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Chapter 8

Computer-Based Assessment of Mathematics
in PISA 2012

Caroline Bardini

Abstract In 2012, when mathematics was again the major subject assessed, PISA
included optional computer-based mathematics units for the very first time. This
chapter will provide an overview of some of the key features of the computer-based
units of PISA 2012 by addressing the following questions. What choices
underpinned the design of the PISA units to be presented—and responded to—on
a computer? What technological tools were available? Finally, what potential does
a computer-based environment offer when it comes to assessing mathematical
literacy and what are its limitations? These questions will be tackled taking into
account the mathematical content knowledge, competencies and processes assessed
as defined in the PISA 2012 Mathematics Framework.

Introduction

When calculators first made their appearance in mathematics classrooms, an ava-
lanche of questions followed. Will students still be able to calculate? Will they lose
their pen-and-paper skills? Will students still be able to do maths? Despite the many
research studies that clearly show benefits in learning mathematics when calcula-
tors are appropriately used in the classroom, the debate is still lively and far from
being closed (see for example the National Council Teachers of Mathematics
summary by Ronau et al. (2011)).

A similar scepticism rekindles discussions that arose decades ago with the now
growing availability of computers to students. Abundant research that focused in
particular on the question of impact of different software—both commonly used
desktop applications and software specifically designed for the teaching and learn-
ing of mathematics—on students’ learning and understanding of mathematics has
flourished ever since. And when it comes to using technological tools in assess-
ment, the subject is particularly sensitive.
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It is not my aim to add to the pile of papers that make up the above debate, as I
believe that the main character of the discussion oftentimes misses the real point.
This is not about ‘whether or not’ to incorporate computers in the learning of
mathematics (and this includes assessment), rather it is about ‘how to do so’. It is
undeniable that computers are nowadays part of everyday life and that they are of
significant importance in the workplace. Burying one’s head like an ostrich would
only deprive us of appreciating the twenty-first century landscape with all its
potentialities.

In the PISA 2012 Mathematics Framework (see Chap. 1 by Stacey and Turner in
this volume), incorporating computers in mathematics assessments appears as an
obvious fact: “a level of competency in mathematical literacy in the twenty-first
century includes usage of computers” (OECD 2013, p. 43). Hence, following 2006
when PISA implemented computer-based science assessment, and after 2009 when
it included an optional digital reading assessment, 2012 marked another major
innovation in PISA. 2012 was when PISA included for the very first time an
optional computer-based item assessment of mathematics—the year when mathe-
matics was again the major subject assessed. But what should one understand by
‘computer-based assessment’? More specifically, what should one understand by
‘computer-based’ assessment of mathematics in PISA 20127 In other words,
exactly what mathematics was assessed in such an environment? What technolog-
ical tools were available? What choices underpinned the design of the PISA units to
be presented—and responded to—on a computer? Finally, what potential does a
computer-based environment offer when it comes to assessing mathematical liter-
acy and what are its limitations? These are the questions I propose to tackle in this
article, from the point of view of a mathematics educator, also a member of the
Mathematics Expert Group for PISA 2012.

Assessing Mathematics with a Computer in PISA 2012

Computer-Based Assessment: Characteristics, Affordances
and Challenges

Despite an apparent contradiction, the following clarification is crucial for under-
standing what lies behind the notion of PISA’s ‘computer-based assessment’. It is of
utmost importance to acknowledge that this type of assessment is not just an
‘assessment on computer’. The units—and students’ responses—are certainly
presented on computers, but this must be distinguished from what could be
interpreted as ‘an electronic version of a paper-based unit’. As trivial as this
distinction may appear to be, it is worthwhile highlighting it. In fact, the process
of designing a computer-based item is far from consisting of different disconnected
stages, that is to say, it does not follow a pattern such as: one team designs a paper-
and-pencil task, then hands out to a technical team who ‘transfers’ it into a
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computer. Although the computer-based items were indeed originally presented on
paper (item writers do not necessarily have programming skills), those items were,
from their very first versions, designed with the anticipation of the fact that a range
of electronic tools were available. Obviously there was at the end the need for a
technical team to program and implement such units into a computer environment,
but the item writers did design the different tasks with the aim of making the best
use of all potentialities the computer environment could offer.

It is also important to note that the idea of incorporating computers in PISA 2012
mathematical literacy assessment was not primarily driven, for example, by the
desirability of automated marking of the responses—clearly attractive when it
comes to rating hundreds of thousands students’ answers from over 60 countries.
Various reasons underpinned the choice for a computer-based assessment and these
can be viewed as responding to two aspects of the rationale. The first one, men-
tioned earlier, relates to the recognition of the importance of computational tools in
today’s workplace:

For employees at all levels of the workplace, there is now an interdependency between
mathematical literacy and the use of computer technology, and the computer-based com-
ponent of the PISA survey provides opportunities to explore this relationship. (OECD 2013,
p.- 43)

The second one relates to the potentialities offered by the computer
environment:

the computer provides a range of opportunities for designers to write test items that are
more interactive, authentic and engaging. (Stacey and Wiliam 2013). These opportunities
include the ability to design new item formats (e.g., drag-and-drop), to present students
with real-world data (such as a large, sortable dataset), or to use colour and graphics to
make the assessment more engaging. (OECD 2013, p. 43)

But the essence of incorporating a computer-based assessment goes far beyond
engagement and motivation and constitutes the core of every such item: to assess
mathematical literacy in a way otherwise not possible—or at least too onerous to be
considered. This is specifically what makes the computer-based items far from
‘electronically transposed pen-and-paper tasks’ and it is precisely what constituted
one of the many challenges of this major area of innovation for PISA 2012. Since
they were not merely electronic versions of paper-based items, computer-based
items were particularly challenging to design as they added to the already complex
task of having to create mathematical units that follow the different features
described in the PISA Framework (balance between the different mathematical
content categories, context categories and processes assessed, ranges of difficulty,
etc.), and also keep to a minimum the load arising from information and commu-
nications technology (ICT) demands of the item. This is clearly acknowledged in
the PISA 2012 Framework (OECD 2013).
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What Competencies Assessed, with What Tools?

There are basically two types of mathematical ‘competencies’ (as referred in OECD
2013 p. 44) that are assessed in the computer-based units: those that are not
dependent on the specifics of the environment (pen-and-paper versus computer)
and those, on the contrary, that “require knowledge of doing mathematics with the
assistance of a computer or handheld device” (p. 44). The former mathematical
competencies are exactly the same ones that pen-and-paper units assess and these
are tested in every computer-based item. The latter are present in some items only
and, as described in PISA 2012 Framework, include the following:

* Making a chart from data, including from a table of values, (e.g., pie chart, bar
chart, line graph), using simple ‘wizards’

¢ Producing graphs of functions and using the graphs to answer questions about
the functions

« Sorting information and planning efficient sorting strategies

» Using hand-held or on-screen calculators

» Using virtual instruments such as an on-screen ruler or protractor

» Transforming images using a dialog box or mouse to rotate, reflect, or translate
the image.

Amongst the many challenges item developers were faced with (see Chap. 7 by
Tout and Spithill in this volume) and especially because of (i) the innovative
character of such tests in mathematics units for PISA and (ii) the very tight
timeframe that separated all the item creation stages (original version, program-
ming, implementation and trial) was the fact that none of the electronic tools used in
computer-based items pre-existed. For licensing reasons in particular, no existing
software or tool could be used and although the international contractors had
previously developed the delivery systems for the computer-based units of both
Science and Reading, these were not exported to Mathematics. The programmers
had indeed to design from scratch and within a very limited timeframe a wide range
of electronic tools that best opened opportunities for “computation, representation,
visualisation, modification, exploration and experimentation on, of and with a large
variety of mathematical objects, phenomena and processes” (OECD 2013, p. 43). It
is hoped that, as developers and item writers get more familiar with the underlying
principles of a computer-based assessment, future PISA administrations will pre-
sent even richer and more sophisticated items. Indeed, as noted in the PISA 2012
Mathematics Framework (OECD 2013), “PISA 2012 represents only a starting
point for the possibilities of the computer-based assessment of mathematics.”
(p- 43). Having said that, despite the complexity of the task, developers nevertheless
produced computer-based items of a considerable range of types and formats,
which reflect the notion of mathematical literacy as defined in PISA. The next
section will use some released items (ACER 2012) to illustrate and further analyse
the different types of tools available in this optional assessment taking into account
the mathematical content knowledge, competencies and processes assessed.
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Computer-Based Assessment of Mathematical Literacy
in PISA 2012: Some Examples

Basic Tools and Features

As stated in the previous section, an on-screen calculator similar to pocket calcu-
lators or those present in commonly used desktop applications and mobile phones
was available in every item. It included the four basic operations and square root,
and was able to be customised and offered in different versions according to the
standard notation (e.g. for division) of each participating country (see Fig. 8.1).
This is just one example of how translation of items for use around the world
requires attention to mathematical and format issues as well as the expected
linguistic issues, as is described by Turner in Chap. 6.

As was permitted in the paper-based survey, calculators (real and virtual) were
available not only because they are in some countries normally used in schools
(hence potentially providing informative comparison of students’ performance
across different education systems) but also because assessing mathematical liter-
acy goes beyond assessing computational skills—note that in many cases, numbers
involved in items are carefully chosen so to encourage and ease eventual mental
computations. The availability of the tool potentially relieves the burden of com-
putation and helps students focus on the higher order mathematical thinking
required by the task.

Amongst the most basic—yet important—features of computer-based units are
the ones related to students’ engagement and motivation. At their lower level of
sophistication, one can name colourful presentations, three-dimensional represen-
tation of objects that can be rotated, moving stimulus, etc. Interactivity is also part
of the basic features that a computer environment offers, but even at its most basic
form (e.g. an online calculator) it can be an important asset when it comes to trying
to assess aspects of mathematical literacy that would otherwise be too onerous
either for students or for coders. Figure 8.2 provides an example of a more
interactive item.

Fig. 8.1 Three versions of the on-screen calculator according to countries’ standards (multiple
combinations possible)
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GRAPHS (format changed from original)

Jenny has worked at the same company for 10 years. Each year she recorded her yearly income. Her
yearly income includes her annual salary plus any extra cash payments.

Jenny's annual salary increased by the same amount each year.

In years 4 and 9, however, she received an extra cash payment. These two payments were both of
the same value.

The diagram below shows a set of labeled axes. The bars on the right of the diagram represent

Jenny’s ten yearly incomes but are not in the correct order.
1 2 3 '] 11 & T L] 9 10

Time (years) RESET

Change in Jenny's income over 10 years

("000 zeds)
SHEESZIBBRSNE

Yearly income

Question 3: GRAPHS CMO1

Drag and position each of the bars onto the Time (years) axis to show how Jenny’s yearly income
changed over the 10-year period.

Fig. 8.2 CBAM item CM010Q03 Graphs Question 3 with drag-and-drop functionality (ACER
2012)

CMO010QO03 Graphs Question 3, set in the Scientific context category, assesses
mathematics from the Uncertainty and data content category and the Employ
mathematical process. Students are required to order bars on a graph so that they
are consistent with the given information. Full credit is given when all ten bars
representing Jenny’s income are correctly placed on the graph. The correct place-
ment shows the bars in increasing order except for her income in years 4 and
9 where extra cash payments were made. This item was of above average difficulty
in the field trial, with only 11 % correct. The response time of 80 % of students was
less than 167 s. It had relatively low discrimination in 9 field trial countries, and
therefore it was not used in the main survey.

The drag and drop functionality available to students works both ways: from
right to left (group of bars to diagram) and conversely. Note that when dropping
from right to left, bars are automatically centred on the corresponding intervals and
their bases are positioned exactly along the time axis (which enables a reading of
the yearly income to be independent of the precision of students’ drag-and-drop
action). This feature also enables dragging bars next to others, allowing students to,
for example, easily compare heights before positioning the bars on the diagram.
With such characteristics, the drag-and-drop functionality along with the possibility
of having multiple attempts (reset button) allows students to focus on the mathe-
matical features of the item (understanding a constant increase in value, interpreting
graphically the extra cash received, etc.), instead of having to concentrate their
efforts on drawing skills and precision, which are not targeted by this item.
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Also, it seems hard to imagine a meaningful equivalent paper-based item. We
could alternatively have a similar setting that displays an empty diagram with
labelled graph axes on the left and a group of bars on the right. Bars could possibly
be labelled and students could then be asked to write down the appropriate sequence
of bars (which would thus deprive them of experiencing the graphical interpreta-
tion/representation of the evolution of the income over the years—the meaningful-
ness of such a task is hence questionable) or students could be asked to draw them
on the empty graph (closer to the task set in the computer). In either case, the
reading of the height of each bar is a potential initial problem. If originally
displayed on a blank background without any grid as in the computer-based version,
it would require, depending on students’ strategies, a fastidious process and/or an
additional drawing accuracy to determine the constant yearly increment of income
(key to finding the appropriate answer). Even if students realise that one can begin
by only comparing the two smallest bars to find the constant increment, to be
accurate, this increment would have to be compared with the difference of height
between—at least—another pair of bars with adjacent heights. The value of the
heights (or eventually the increment between them) might vary according to
accuracy of either (i) measuring the actual height of the bars with a ruler (which
then would require a further conversion into the graph’s scale) or (ii) transporting
the heights into the diagram (by drawing a line parallel to the time axis, provided
that the base of bars is aligned with the axis). Students might alternatively or
subsequently perceive the need to find out the height of all bars before embarking
on drawing of the diagram, which could turn out to be quite painstaking.

Another possible—and maybe more likely—paper-based version of this item
could take this form: given the value of the first two incomes (or any two consec-
utive pairs of incomes excluding year 4 and 9) or their equivalent bars already
drawn on the diagram, ask students to complete the graph according to the stimulus
information. It is easy to see that the values of the income for years 4 and 9 become
an issue, unlike on the computer-based version. In a paper-based item, one would
have to either specify the extra cash or explicitly inform students that they should
arbitrarily choose the amount. One of the benefits of the computer-based item is the
fact that it is up to students to figure out that the exact value of the extra income is
not relevant for solving the problem.

Many scenarios for a pen-and-paper version of item shown in Fig. 8.2 can be
conceived. It is not our aim to provide an exhaustive range but this quick glance at
some possibilities clearly highlights the benefits for using a computer environment,
and the great potential for introducing substantially changed cognitive demands
depending on what item design choices are made. Not only does the version used
here emphasise students’ mathematical thinking, but the task itself seems to be less
artificial in its set-up. The interactivity feature of a computer-based assessment,
which could have been perceived as a superfluous tool, can, when appropriately
designed, become a powerful feature of high relevance for assessing mathematical
literacy.
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A Wide Range of Opportunities
Interactivity to Support Mathematical Thinking

Other than the drag-and-drop functionality, which can be seen as amongst the most
basic types of interactivity when it comes to supporting students’ mathematical
thinking, interactivity can appear at a more advanced level, especially when
designed to target competencies such as “sorting information and planning efficient
sorting strategies” as listed in the Framework (OECD 2013, p. 44). Figure 8.3
provides an example. The unit CM038 Body mass index consists of three items,
requiring students to derive information from a partially functioning website.
Although the website has been specially constructed for the item and students
doing the assessment are not connected to the internet, the website is authentic in
the sense that there are many websites like this.

CMO038Q03 Body mass index Question 1 involves the Uncertainty and data
content category, and the Interpret process (make inferences from a set of graphs),
within a Societal context. This is another example where a computer-based version
of a task supports a strong focus on the mathematics being assessed. The website is
partially functioning in the sense that students can click on the buttons to show or
hide any of the six graphs. By default, all the six graphs are displayed, but not all of
them are required to answer the true/false statements.

The truth value of the second statement is possibly easier to determine than the
first one, as it explicitly indicates which value is relevant to answer the question,
namely the lowest 5 % BMI (for both boys and girls). Although not essential, it is

BODY MASS INDEX (format changed from original)
edhea Neb Browsel

Tegan and Raul are doing a (> c ¥ nhttp://www.zedhealth.gov.2d/BMistats

project about body mass Your BMI Zedland Data -

and health. They find the Statistics about Body Mass Index (BEMI)
Y This graph shows the BMI values for the lowest 5%, the median (50% value), and

Zedhealth website about  ing highest 5% for different ages for both girls and boys.

health and Body Mass Index BMI values for boys and girls aged 9 to 19 years

BMI). 5

|{The \.Leb age had some 2 % X4 can cheicon the butkons
Pag @ 04 below to show or hide any of the

statistics that showed how £2 six graphs.

BMI values change for boys €$g GIRLS BOYS
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Question 1: BODY MASS INDEX C/VI(

Tegan makes the following statements about the data shown in the graphs.
Are Tegan's statements supported by the graphs? Select “True” or "False” for each statement.

Statement True False
For both girls and boys the range of BMI scores increases from age 9 to age 19. O o]
After age 17, the lowest 5% BMI value is greater for girls than it is for boys. o o

Fig. 8.3 CBAM item CM038Q03 Body mass index Question 1 (ACER 2012)
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BMI values for boys and girls aged 9 to 19 years
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Fig. 8.4 Screenshot of CM038Q03 Body mass index Question 1 graphic without ‘median’
(ACER 2012)

expected from the way in which the instruction is worded (“You can click on the
buttons below to show or hide any of the six graphs.”) that students select the
corresponding two graphs for the lowest 5 % BMI for boys and girls and hide the
four others in order to answer the question (these two graphs are however suffi-
ciently close one to another and separated from the other graphs for the latter not to
be a visual distraction). One can think that a similar question on pen-and-paper
could be envisaged; this issue will be discussed later on.

The first statement is, on the other hand, less obvious to decipher and the
question ultimately requires students to adopt an efficient sorting strategy. The
statement is indeed rich in information and along with their strategic skills, students
will have to demonstrate appropriate understanding of diverse mathematical (sta-
tistical) concepts. One of the key issues students are faced with is the notion of
‘range of BMI scores’ and more precisely its translation into the graphical register.
In other words, students will have to select which one(s) of the three given different
BMI values (lowest 5 %, median—which definition is recalled—and highest 5 %) is
(are) relevant to answer the question. In particular, acknowledging that the median
value provides superfluous information (and hence that the two corresponding
graphs can be hidden) is essential. Once this is discerned, students would probably
deselect the median graphs for boys and girls, obtaining the screen as shown in
Fig. 8.4.

Another key step is to understand and graphically interpret what it means for a
range of values—in this case BMI scores—to increase and, at the same time, what is
meant by ‘for both boys and girls’. The specifics of the actual graphs reinforce the
idea that, in order to judge the truth of an ‘and’ statement, one has to consider the
two components separately. Since the graphs for boys and girls of both the 5 %
lowest and 5 % highest values almost—and sometimes do—overlap, the need to
display the pairs of graphs separately becomes indeed more evident. As contradic-
tory as it may seem, analysis of the statement ‘for both boys and girls’ requires the
students precisely to not display both sets of graphs. The interactive feature of this
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item to show or hide graphics goes beyond the added-value of students’ engage-
ment and motivation: it promotes substantial mathematical thinking, and allows the
assessment of key mathematical knowledge.

It is easy to see why a pen-and-paper version of this item may not be as
appropriate or rich as this computer-based item. It is also worth noting that, in
order to add authenticity, the unit has been set as simulating a web-site, with two of
the three tabs (‘Your BMI’, ‘Statistics’ and ‘Zedland data’) used to support the
different items. The usage of a computer environment to replicate the usage of a
computer in real life will be further discussed in the last paragraph of this section.
Although PISA items often use real data sourced from a particular country, PISA
items nearly always replace specific country information so that cultural biases are
avoided. Instead the fictitious country Zedland with its currency the zed is used.

Geometrical Tools: Support for Students’ Work as Well as for Coding
Responses

Amongst the richest electronic tools to support students’ mathematical thinking,
including conjecturing, generalising and proving skills, are the various dynamic
geometry packages nowadays commonly used in mathematics classrooms. Given
the item developers’ tight schedule, replicating such a complex tool with all the
usual features was certainly not feasible. However different key features of
dynamic geometry packages were incorporated in the computer-based units.
These included being able to construct and/or rotate two- or three-dimensional
shapes and objects, use virtual rulers to measure distances, dynamically change the
shape of given two-dimensional figures, create points or lines on shapes, etc. These
features, such as the one shown in Fig. 8.5 are of particular value when it comes to
encouraging students’ investigations in their search for, for example, specific
geometrical properties of shapes.

It is not unusual to see tasks that aim at exploring the relationship between area
and perimeter of given shapes in secondary—and in some cases even primary—
mathematics classes. Setting tasks of optimisation such as CM012Q03 Fences
Question 2 shown in Fig. 8.5 (maximal area with minimal perimeter—specifically
relevant for the given Occupational context) on a computer offers a particularly
mathematically rich environment as it potentially helps students to actively expe-
rience variation, often acknowledged as a stimulus for learning and awareness
(Marton and Booth 1997) as well as for gaining mathematical knowledge (Watson
and Mason 2005; Leung 2008). In fact, CM012Q03 Fences Question 2 simulta-
neously displays a geometrical representation of given shapes (rectangle and circle)
and a table that records the corresponding values of their different features (length,
width, area, etc.) that is automatically populated whenever there is a change in the
shapes (through a dragging action). This multiple representation allows students to
better recognise the effect of the change of each of the shape’s dimensions on their
area and perimeter and separate out patterns with respect to fixed conditions. This
tool supports students to draw inferences from specific instances and conjecture on



8 Computer-Based Assessment of Mathematics in PISA 2012 183

FENCES (format changed from original)
You can change the size of the garden bed by
dragging a white handle (little white square).

The tables show the values of each of the
measurements as you change the shapes.

12 | Diameter

38 | Length of fencing used
113 | Area

35 | Length

15 Width

100 | Length of fencing used
525 | Area

Question 2: FENCES C\V0120Q03

Are the following statements about the length of fencing and the shape and the area of the garden
bed true or false? Select “True” or “False” for each statement.

Statement True False
If Linda uses a fixed length of fencing, then the maximum area you can obtain o] o]
for rectangular gardens is when the shape is a square.

If Linda uses the same length of fencing, then a circle shaped garden bed gives o o)

a smaller area compared to a square garden bed.

Fig. 8.5 CBAM item CM012Q03 Fences Question 2 (ACER 2012)

the validity of a general case, which can support potential further algebraic work
when seeking to make generalisations. This item was of average difficulty in the
field trial, and 80 % of students answered within 115 s. It had low discrimination in
16 countries and was not used in the main survey.

Figure 8.6 shows another usage of interactive geometrical tools. By allowing
students to create points and lines on the figures, the mathematical notion of star
domain (in this unit tackled through the notion of star point) takes on a concrete
dimension and its relevance in everyday life (e.g. for surveillance) is put forward in
the last question of the unit, where more substantial mathematical thinking is
required. Consider the item CM020QO01 Star points Question 1 shown in Fig. 8.6.
At the same time that the computer setting of such task allows a more flexible
assessment of students’ mathematical competencies (various correct answers are
possible), it permits—and to some extent compels—a very precise marking
scheme. In fact, the full credit code had to be devised by envisaging all possible
answers as shown in Fig. 8.7. For shape 3 this includes any point in the lightly
shaded triangular area; for shape 4 this includes any point not in the central square.
This item was coded by computer. CM020QO01 Star points Question 1 was a
relatively difficult item in the field trial. There were 11 % of students correctly
indicating a star point for both Shapes 3 and 4, and 32 % correct for one shape. Only
11 % of students had missing responses. The item was completed by 80 % of
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STAR POINTS

For any shape, a point, S, is called a star point if the line
segment SP always stays inside the shape, for every other
point, P, inside the shape.
This is how you use the POINT (S) and LINE (SP) buttons.
« Click on the POINT (5S) button and then click on a
shape to create a single point
» Click on the LINE (SFP) button and then click on a
shape to create a line segment between points S and
P

» To change a point or a line, click on and drag the point

or ne. Shape 3 Shape 4
« To delete a point or line, click on the point or line. e ud

POINT(S) || LUNE(SP) || REseT

Question 1: STAR POINTS

Shown above are four flat shapes. In Shape 1, the point S is a star point because, wherever you place P, the line SP

always stays within the shape. But in Shape 2, the point S is not a star point because there are some lines SP, as in the
example shown, that go outside the shape.

Create a star point for Shape 3 and a point that is not a star point for Shape 4. | 2

Fig. 8.6 Screenshot of item CM020QO01 Star points Question 1 (ACER 2012)

Shape 3 Shape 4

Fig. 8.7 Hot spots indicating regions of correct answers for CM020Q01 Star points Question
1 (ACER 2012)

students in less than 181 s. The unit was used in the main survey. A later item in the
unit applied the star point idea to positioning of surveillance cameras.

Adding Authenticity: When Real-World Becomes Truly Real

Developing authentic items has always been a major concern in PISA. In pen-and-
paper units, authenticity is mainly conveyed through the context in which the item
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PHOTO PRINTING (format changed from original)

The table shows the prices from four online
digital photo shops. All the prices are in zeds per

one photo. 5 €1, hip./wwwzscpncios com.ad
Discounts and delivery charges' are not included -
in this table. .I Zed Photo

! For complete information, please click on

the name of the shop in the first column.
m’

? The satisfaction index is based on a survey 006 026 10.98 |:|
of customers where they are asked to rate Clic 006 030 150 1080 O
Gl abop e 4

the quality of the service from 0 (lowest) up
to 3 (highest). By hovering the cursor over
each yellow bar, you can see the number of
customers who answered the survey.

Eolo2000 006 024 149 1078 [

PrintzZone 008 078 299 2088 [ 2

Question 1: PHOTO PRINTING CAM0300Q01
From the information in the table, is Foto 2000 the cheapest for printing one photo of each format?
Explain your answer.

Fig. 8.8 CBAM item CM030QO01 Photo printing Question 1 replicating a web page (ACER 2012)

is set. While this remains true for computer-based components as attested by the
items discussed above (designing a garden bed, positioning security cameras in a
shopping centre, etc.), setting the task on a computer environment provides the
opportunity to explore the authenticity feature at an even higher level.

The previously analysed unit CM038 Body mass index shown in Fig. 8.3 pro-
vides one example where a fictitious web-page is presented. Although one can
acknowledge that this potentially adds authenticity to the question, it does not make
the most of what a computer environment may offer. The unit CM030 Photo
Printing illustrates a further exploitation of such a feature. Figure 8.8 shows the
initial screen of the unit.

As for CM038 Body mass index, this unit simulates an online activity—here
comparing prices of printed photos for different online shops, but different features
of such item contribute to adding authenticity to the task. The first one is that it
includes information nowadays often present—or at least sought after—when
shopping on line, namely the rating of the service or product by previous costumers.
This is represented by horizontal bars showing scores from O to 3. Another more
advanced feature is shown in Figs. 8.9 and 8.10.

CMO030 Photo printing takes a step further on the simulation of a web-page, as it
enables the user to interact with the content displayed on the screen. By clicking on
any of the shop names or hovering over them with the mouse, students are able to
gather further information to help them make appropriate judgements when com-
paring prices between the different shops. It is worth mentioning that no question
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PHOTO PRINTING

The table shows the prices from four online
digital photo shops. All the prices are in zeds per
one photo.

Discounts and delivery charges” are not included
in this table.

! For complete information, please click on
the name of the shop in the first column.

? The satisfaction index is based on a survey
of customers where they are asked to rate
the quality of the service from 0 (lowest) up
to 3 (highest). By hovering the cursor over
each yellow bar, you can see the number of

customers who answered the survey.

Question 3: PHOTO PRINTING CAM020003

delivery charges?

Answer: |' zeds.

fpel

Foto 2000 gives a discount for large orders, as shown by clicking on the shop name in the table. It
also has a sale this month offering a further 10% discount.
How much will Steve actually pay for 100 photos 4x6” format from Foto 2000, not including the

(format changed from original)

[ 1300 | s000 :
3

4 ase om
ar e am

1 1 e ::

M we e o ]

Dwiiwgry charge par order 200 300 3

]

R

Fig. 8.9 CMO030Q03 Photo printing. Clicking on or hovering the mouse for further information

(ACER 2012)

PHOTO PRINTING

The table shows the prices from four online
digital photo shops. All the prices are in zeds per
one photo.

Discounts and delivery charges' are not included
in this table.

! For complete information, please click on
the name of the shop in the first column.

% The satisfaction index is based on a survey
of customers where they are asked to rate
the quality of the service from 0 (lowest) up
to 3 (highest). By hovering the cursor over
each yellow bar, you can see the number of

customers who answered the survey.

Question 4: PHOTO PRINTING CMV0O300Q04

it is for the other three shops. Explain why.

€13 K e s oo com -

[ |

The customers'satisfaction index for Best photo is very high, but its value might be less reliable than

o 3
i —

(format changed from original)

Zed Photo

150 1080

55 5

Ll

W N

Fig. 8.10 CBAM item CM030Q04 Photo printing Question 4 showing hovering the mouse for

further information (ACER 2012)
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requires students to gather information from all four shops. In fact, it is only in
Question 3 shown in Fig. 8.9 that students have to collate additional data on shop
‘Foto 2000°. However, to add authenticity as well as assess students’ ability to
identify relevant information, further information is available for all the four shops.

Figure 8.10 shows another instance where there is a need to find further infor-
mation (by hovering the mouse). Indeed, in order for students to analyse the
reliability of the rating for ‘Best photo’ compared to the other shops, students
need to understand the importance of the sample size that the given score is
based on. By hovering the mouse over each rating bar, students are able to see
the number of customers who have actually answered the satisfaction question and
hence better compare the reliability of the different shops’ scores. And apart from
adding authenticity to the task, the functionality illustrated in Figs. 8.9 and 8.10 also
substantially relieves the communication demand of the unit (see Chap. 4 of this
volume), which would require lengthy text in a paper-based item.

Concluding Remarks and Perspectives

This chapter presented and analysed some of the features of PISA 2012 computer-
based mathematics items as theoretically described in the Framework (see Chap. 1
of this volume) and as implemented in practice. Although limited to examination of
the publicly released items, these already illustrate a range of characteristics. Even
this first implementation of CBAM demonstrates an array of potential which I hope
will be further exploited in future PISA surveys. Indeed, this chapter has shown that
although setting the test in a computer environment may increase students’ engage-
ment and motivation, the reasons for integrating such components in a mathemat-
ical literacy assessment go far beyond these and actually do provide opportunities to
give a more rounded picture of mathematical literacy.

Just as “PISA 2012 represents only a starting point for the possibilities of the
computer-based assessment of mathematics” (OECD 2013, p. 43) the present
chapter is only a partial discussion on this matter. Many avenues that have not
been explored here are worth considering. Amongst these, there is the analysis of
the whole range of extra information that testing on a computer allows to be
gathered that could supplement and refine the analysis of students’ responses.
These include tracking students’ clicks. Has the student repeatedly selected and
deselected boxes, suggesting some hesitation? Has the student clicked on the
relevant tools or regions of the screen for a given question? In what order?
Recording the time spent on each item could be used to modify the results of the
survey (rather than only to arrange clusters of an appropriate number of items as
was done for 2012 using field trial data) or the tools used. Has the student used the
on-screen calculator? When? This additional information could be of particular
help when it comes to, for example, examining students’ responses to multiple-
choice questions. Then there is the obvious question that keeps fuelling the debate
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whenever it comes to assessing on computer, namely the effect of this specific
support on students’ performances. As pointed out in the PISA 2012 Framework

Research has been conducted on the impact a computer-based testing environment has on
students’ performance [original references omitted] and the PISA 2012 survey provides an
opportunity to further this knowledge, particularly to inform development of future
computer-based tests for 2015 and beyond. By design, not all computer-based items will
use new item formats, which might be helpful in monitoring the (positive or negative)
impact that new item formats have on performance. (OECD 2013 p. 43)

Specific studies that compare paper-based and computer-based modes of assess-
ment on parallel items, particularly when it involves large-scale testing, have been
previously conducted and PISA computer-based assessment of science has already
been explored. Similar studies that would now focus on the mathematical literacy
competencies would be worth exploring, especially if computer environments will
progressively become the main means of assessing students’ performance.
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Chapter 9
Coding Mathematics Items in the PISA
Assessment

Agnieszka Sulowska

Abstract Coding of student responses is one of the most important, but also
difficult processes of the PISA assessment. This chapter explains how this is
done, without assuming any prior knowledge of PISA assessment. First the
resources and procedures that are used in the course of the coding process are
described: the coding guide and the general principles of coding. For better under-
standing, actual items are used to illustrate the multilayer structure of codes. There
is an explanation of the elaborate preparations for the coding process, both within a
participating country as well as globally, aimed at reaching a 