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Lie Groups, Lie Algebras and their Representations
Third Announcement -- October 1991

This is to announce a new program Lie Groups, Lie Algebras and Their Representations starting in the
academic year 1991-92. We plan to meet at various University of California campuses for one
weekend every other month during the year. The purpose of the program is to communicate results
and ideas rather than to deliver polished presentations. The tentative format of the meetings is

Saturday: one late morning talk and two afternoon talks; these scheduled in advance.
Sunday: two morning talks and one early afternoon talk; some may be scheduled in
advance and the rest will be scheduled Saturday.

The meetings are scheduled as follows:

Location Dates Local Organizer e-mail address
Berkeley October 19, 20 Joseph Wolf jawolf@cartan.berkeley.edu
-Riverside December 7, 8 Ivan Penkov penkov@ucrmath.ucr.edu
Davis February 8, 9 ?? Alice Fialowski fialowski@bolyai.ucdavis.edu
UCLA April 4, 5 Robert Blattner blattner@math.ucla.edu
UC Santa Cruz May 30, 31 Daniel Goldstein | danny@cats.ucsc.edu

The program for the first meeting, Saturday October 19 and Sunday October 20, is

time speaker title

Sat 11:00 Joseph Wolf Lie structures on direct limit groups and their completions
{(joint work with L. Natarajan and E. Rodrfguez-Carrington)

Sat 02:00 Dmitri Fuchs On the cohomology of Lie algebras of vector fields in the
line and of Hamiltonian vector fields in the plane

Sat 04:00 Nicolai Reshetikhin | g-holonomic systems and quantum affine Lie algebras, |

Sun 09:00 Ivan Penkov Infinite dimensional irreducible modules over finite
dimensional Lie superalgebras

Sun 10:30 Yan Soibelman Algebras of functions on compact quantum groups

Sun 01:00 | Nicolai Reshetikhin | g-holonomic systems and quantum affine Lie algebras, Il

These talks will take place in 9 Evans Hall on the Berkeley campus. The one hour scheduled time of
any talk will be extended by the informal discussion that takes place during that talk.

There are no registration fees. No support is currently available. We hope to minimize participants’
expenses by car-pooling and various informal arrangements for staying over Saturday night.

Peoplei d in participating, or speaking and participating, at a meeting, should the local organizer for that g
People interested in helping with the local organization should contact both the local organizer and Joseph Wolf. If you wish
to be on the mailing list for further and for ing progr /schedules, write to Joseph Wolf.

Announcement of the First Conference, October 1991






Preface

The West Coast of the United States has a longstanding tradition in Lie theory,
although before 1991 there had been no systematic cooperation between the various
strongholds. In 1991, partially inspired by the arrival of some well-known Lie
theorists from eastern Europe, the situation changed. A new structure emerged: a
seminar that would meet at various University of California campuses three or four
times a year. The purpose of the seminar was to foster contacts between researchers
and graduate students at the various campuses by facilitating the sharing of ideas
prior to formal publication. This idea quickly gained momentum, and became a great
success. It was enthusiastically supported by graduate students. A crucial feature of
the entire endeavor was the feeling of genuine interest for the work of colleagues
and the strong desire to collaborate.

The first meeting of the new seminar Lie Groups, Lie Algebras and their
Representations was held in Berkeley on October 19 and 20, 1991. On the
second day of the seminar, excitement was made even more memorable by the
historic Berkeley—Oakland fire, which we observed from Evans Hall. The original
announcement for that meeting is reprinted here on page v. The phrase “The purpose
of the program is to communicate results and ideas rather than to deliver polished
presentations” quickly became, and still is, the guiding principle of the seminar.
We never restricted ourselves to Lie Theory per se, and speakers from geometry,
algebra, complex analysis, and other adjacent areas were often invited.

NSF travel grants were crucial to the success of the seminar series. These grants
funded travel for speakers, graduate students and postdoctoral researchers, and we
thank the National Science Foundation for its continued support.

Over the years our idea became widely popular. On occasion the seminar took
place in Salt Lake City, in Stillwater, Oklahoma, and in Eugene, Oregon. In addition,
colleagues from other regional centers of Lie theory and related areas picked up on
our idea and created their own meeting series. This is how the “Midwest Lie Theory
Seminars”, the “Midwest Group Theory Seminar”, the “Southeastern Lie Theory
Workshops”, and other regional series emerged.

vii



viii Preface

The California Lie Theory Seminar has now been alive and well for 23 years. Joe
Wolf has always played a central role in the seminar, along with Geoff Mason and
Ivan Penkov. When Ivan left for Germany in 2004, Susan Montgomery and Milen
Yakimov joined the team of organizers.

Over the course of these 23 years, at about 20 talks per year, some 450 talks
have been hosted by the seminar. It seemed unrealistic to give an overview of all
of the topics covered over all these years, and similarly unrealistic to try to publish
a comprehensive set of volumes. Rather, we settled on two retrospective volumes
containing work representative of the seminar as a whole. We started with a list
of participants who spoke more than once in the seminar, and invited them to
submit work relevant to their seminar talks. For obvious reasons we did not hear
from everyone. Nevertheless, there was a strong response, and the reader of these
Volumes will find 26 research papers, all of which received strong referee reports,
in the greater area of Lie Theory. We decided to split the papers into two volumes:
“Algebraic Methods” and “Geometric/Analytic Methods”. We thank Springer, the
publisher of these volumes, and especially Ann Kostant and Elizabeth Loew, for
their cooperation and assistance in this project.

This is the Geometric/Analytic Methods volume.

Santa Cruz, CA, USA Geoffrey Mason
Bremen, Germany Ivan Penkov
Berkeley, CA, USA Joseph A. Wolf
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Group Gradings on Lie Algebras
and Applications to Geometry: 11

Yuri Bahturin, Michel Goze, and Elisabeth Remm

Abstract This paper is devoted to some applications of the theory of group
gradings on Lie algebras to two topics of differential geometry, such as generalized
symmetric manifolds and affine structures on nilmanifolds.

Key words Symmetric manifolds ¢ Nilmanifolds ¢ Affine connections ¢ Filiform
Lie algebras » Graded algebras

Mathematics Subject Classification (2010): 17B20, 17B30, 17B70, 17B40,
53C35, 53C05, 57S825.

1 Introduction

This paper is a sequel to [4]. Here we discuss two topics in differential geometry,
closely related to the theory of gradings on Lie algebras which we developed in
that earlier paper. These topics are as follows: the generalization of the theory of
symmetric manifolds to the case where the local symmetries form the group Z, x Z,
and Milnor’s problem about the existence of affine structure on nilmanifolds. This
latter topic quickly leads to the necessity of describing abelian group gradings on
filiform nilpotent Lie algebras. As we showed in [4], in the case of filiform Lie
algebras of nonzero rank, all abelian group gradings of a filiform Lie algebra are
isomorphic to the coarsenings of a standard grading produced by the action of the
maximal torus. In this paper, we classify these gradings up to equivalence (see
Sect.2) and also produce some results on filiform Lie algebras of zero rank, also
called characteristically nilpotent.

Y. Bahturin ()

Department of Mathematics and Statistics, Memorial University of Newfoundland,
St. Johns, NL, Canada A1C5S7

e-mail: bahturin@mun.ca

M. Goze * E. Remm
LMIA, Université de Haute Alsace, 4 rue des Fréres Lumiere, 68093 Mulhouse, France
e-mail: michel.goze @uha.fr; elisabeth.remm @uha.fr
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2 Y. Bahturin et al.

The results on the first topic have been reported to the Lie Theory Workshop
at UC Berkeley in 2006. Since there was some later development in this area, we
describe these results in some detail in Sect. 3.

In this geometric part the field of coefficients K has characteristic zero, and
starting from Sect. 3.3, K is R, or C, and for a real Lie algebra g its complexification
g ® C will be denoted g¢.

2 Gradings on Filiform Algebras of Nonzero Rank,
Up to Equivalence

Recall that two gradings of an algebra are equivalent if there is an automorphism
of this algebra permuting the components of the grading. In what follows we use a
theorem in [4] according to which any grading of a filiform Lie algebra of nonzero
rank is isomorphic, hence equivalent, to a grading where the elements of an adapted
(case L, and A}) or quasi adapted (case Q, and B/) basis are homogeneous. Let G
be the grading group and, for each i = 1,2,...,n, d; denote the degree of the ith
element of this basis. So if {X1, X»,..., X,,} is the adapted basis of g, then d; =
deg X;,i = 1,2,...,n,in the case of L, and Al and d; = degY;,i =1,2,...,n,
in the case of Q, and Bf where Y, = X; + X»and ¥; = X;, fori = 2,...,n.
Since g is generated by X, X, (respectively, Y1, Y>) it follows that knowing a = d,
and b = d, automatically gives values for the remaining d;, i = 3,...,n.

2.1 Gradingson L, and A}

Let {X}, X2,..., X} be an adapted basis of a filiform Lie algebra g of type L,
or AF. Since [X1, X;] = X, fori =2,...,n — 1, we know that d; = a'~2b for
i = 3,....n. However, if g is of the type A}, we already have b = a”*!. So in
this case, d; = a?™'~!. In the case of L,, the universal group of any grading is the
factor-group of the free abelian group with free basis @, b by the relations satisfied
by a. b, while in the case of A} this is a factor-group of the free abelian group of
rank 1 or rank 2 but we have to consider, in the latter case, that b = a?T1!.

Let us first consider the case of L,. Any grading is a coarsening of the standard
grading, which we denote by ['y. If all d; are pairwise different then there is no
coarsening and we have the standard grading.

Case 1. If di = d;, for 2 < [ < n, then the grading is a coarsening of the
grading

Tlig= (X))@ & (X, X)) - & (X,,).
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Since this is indeed a grading of g, our claim follows. The universal group of this
grading is the factor-group of the free abelian group generated by a, b by a single
relation a = a'~2b, that is, the group Z.

Case 2. If d; = d;,for2 < i < j < n, then the grading is a coarsening of a
grading

IY:g=(X1)®[Xolk @ D [Xet1lk-

Here [X;] is the span of the set of all X;,2 < j < n such that k divides i — j. This
easily follows if we choose k to be the least positive with dy = dp¢.

The universal group of this grading is the factor-group of the free abelian group
generated by a, b by a single relation b = a*b, that is, the group Z; x Z.

Any further coarsening of 1"(1) is clearly also the coarsening of a 'Y, so we can
restrict ourselves to consider only the coarsenings of the latter grading.

Case 3. Any proper coarsening of I'’, which does not decrease k, is equivalent
to one of the following.

Mlig=[Xk® & (X1)®[X]) & & [Xet1lk-

Indeed, any further coarsening of [X;]; will decrease k so we have to assume that
dy = d;, for 2 <[ < n, proving our claim. The universal group of this grading is
the factor group of the group Z; x Z by additional relation a = a’~2b, that is, the
group Zy.

Clearly, any further coarsening will lead to the decreasing of k, and so any
grading is equivalent to one of the previous gradings.

Notice that these gradings are pairwise inequivalent. First, we have to look at
the number of homogeneous components. Then it becomes clear that we only
need to distinguish between the gradings with different values of the superscript
parameter / = 2,...,n. In this case, if an automorphism ¢ maps F([) to I’y or
I} to I/, where m > [, then ¢((X1,X;)) = (X1, X,). But then ¢(X;41) =
e([X1. Xi]) = [p(X1), o(X1)] = @ms1 Xmt1, 9(Xi142) = dmt2Xm42, etc. Finally,
©(Xy—m+i+1) = 0, which is impossible because 2 <n —m + 1+ 1 < n.

As a result, we have the following.

Theorem 2.1. Let g be a filiform Lie algebra of the type L. If g is G-graded, then
there exists a graded homogeneous adapted basis {X1, X, ..., X,}. If d; denotes
the degree of X, then any G-grading is equivalent to one of the following pairwise
inequivalent gradings:

(D) T, UTy) =72 d, = (1,0), d; = (i —2.,1),i =2,.

Q rhurh=z2<l<n d=1,d=i-1+1, 1_2.. .

B) TR UTY) = ZixZ, 1 <k <n-2,d; = (1,0), d; = (i —2,1),i = 2,.

@ TLUTH) =Z,1<k<n-22<l<k+1d =1, d,=1—1+1,
i=2,...,n
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The total number of pairwise inequivalent gradings of L, is equal to

n—1Hn+2
l+mn-D+n-2)+0+24+---+(n-2) = %
In the case of A}, we need to consider the coarsenings of the standard grading,

which we denote here by I'y, where U(T'y;) = Z, with free generator a, d, = a,
d; = a'*7!, wherei = 2,...,n. Clearly, in this case, any proper coarsening leads
to relations ¢’ = a/, hence a’ ™/ = e, for different 1 < i, Jj < n.If mis the greatest
common divisor of all such i — j, then the universal group is Z,,. Any value of
m between 1 and n + p — 2 is possible. Indeed, if p < m < n + p — 2, then
di =dp—pi2. Ifl <m <n—-2,thend, =dp42.Butl < p<n—-4<n-2,
and so any m between 1 and n + p — 2 is available. Let us denote the grading
corresponding to m by I'(m). If 1 <m < p — 1, ['(m) is similar to 'Y, of L,, then

L(m):g=(X1) & [Xo]w & -+ & [Xns1]m-
Ifn—1<m<n+p-—1andl :m—p+2,then1"(m)issimi1artoFéofL,,:
L(m):g=(X2)®--- & (X1. X)) & --- & (Xp).

If p < d <n — 2, then we have the gradings similar to l",’n of L,:
L(m):g=[Xo]w @--- @ (X1) & [Xi]n) & -+ & [Xns1]m.
Here / is a number between 2 and n such that / + p — 1 = 1mod m. The pairwise

inequivalence of all the above gradings follows, as in the case of L,.

Theorem 2.2. Let g be a filiform Lie algebra of the type Al. If g is G-graded, then

there exists a graded homogeneous adapted basis {X1, X2, ..., X,}. If d; denotes

the degree of X;, then any G-grading is equivalent to one of the following non

equivalent gradings:

D) Iy Uy =2 di=1,di=p+i—1i=2,...,n

() T(m), UT(m)) = Zy, | <m <n+p—2 d =1,d =p+i—1,
i=2,...,n.

The total number of pairwise inequivalent gradings of A} is equalton + p — 2.

2.2 Gradings on Q, and B?

Let {Y}, Y,,...,Y,} be a quasi-adapted basis of a filiform Lie algebra g of type O,
or BY. Since [Y1,Y;] = Yiy 1 fori = 2,...,n — 2, we know that d; = a'~2b for
i =3,....n—1.Also, [Y;,Y,—i+1] = (—=1)'T1Y, which assigns to d, the value of
d, = a"3b?. If g is of the type B/, we already have b = a?*!. So in this case,
d; =a?T 7! for2 <i <n—1,andd, = a"*?7~! In the case of Q,, the universal
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group of any grading is the factor group of the free abelian group with free basis
a, b by the relations satisfied by a, b while in the case of BP . this is a factor-group
of the free abelian group of rank 1 or rank 2 but we have to consider, in the latter
case, that b = g?t!.

Let us first consider the case of Q,. We remember that n = 2m, for some m > 2.
Now any grading is a coarsening of the standard grading, which we denote by T.
If all d; are pairwise different, then there is no coarsening and we have the standard
grading.

Case 1. If d| = d,, then the grading is a coarsening of the grading
T(l,n):g=(Y2) @ & (Y,—1) ® (Y1.Y,).

Since this is indeed a grading of g, our claim follows. The universal group of this
grading is the factor group of the free abelian group generated by a, b by a single
relation a = a”" b2, that is, the group Z x Z,.

Case?2. If dy = d;, for2 <1 < n—1, then a = a'2b. In this case also
d, = a"3b> = a"'b = d,_;+,. Hence, for all g satisfying [ + g = n + 2, except
| = 2,o0orq = 2, the grading is a coarsening of one of the following gradings.
If [ # g, then we have

—l
Folgz (YZ)@"'@(YLYI)@“‘@(Ym’Yn)@(Yn—l)‘

Ifl =g = m + 1, then we have

—m+1
Ty ig=(Y)@® @ (V. Y41 Y,) @ @ (Vo).

Notice that this grading is a coarsening of T'(1, ).
In the exceptional cases, [ = 2 or ¢ = 2, we have the following.
If / = 2, then we have

Toig= (N0 @& & (V,%) & & (Y,).
If ¢ = 2, then we have
Tpig=(Y2.Y,)®(Y3) @@ (Y,1) ® (V).
Since all these are indeed gradings of g, our claim follows. The universal group

of this grading is the factor-group of the free abelian group generated by a, b by a
single relation @ = a'~2b, that is, the group Z.

Case 3. Ifd; = d;,for2 <i < j < n —1, then the grading is a coarsening of
a grading

FZ g=) @Mk @ @ Y1l ® (Vo).
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where k is such that 1 < k < n — 3. Here [Y;]; is the span of the set of all Y;,
2 < j < n, such that k divides i — j. This easily follows if we choose k to be the
least positive with dy = dp4.

The universal group of this grading is the factor-group of the free abelian group
generated by a, b by a single relation b = a*b, that is, the group Z; x Z.

Any coarsening of T'(1,7) (Case 1) is either ng—l or is a coarsening of some

=0 . L=l . . =0

I';.. Any coarsening of a grading I", (Case 2) is also a coarsening of some I';, so we
can restrict ourselves to consider only the coarsenings of the latter gradings. This
shows that any grading is either standard, or equivalent to one of the gradings in

Cases 1-3 or is a proper coarsening of a grading fg Let us choose fg with minimal
possible k.

Case 4. Any proper coarsening of fz, which does not change k, is equivalent to
one of the following:

T(n):g=[Yalk ® - & [Yesalk ® (Y1, Yn).

where 1 <k <n-—3,o0r

Toig=ko oY)l o & (Yl ®Y)® & Vsl

wherel <k <n-3,2<l,q<k+1,l4+¢g=n+2modk.

The universal group of T'(1,n); is Zy x Z,, whereas, in the case of Ti, the
universal group is Z.

Indeed, any further coarsening of [Y;]; will decrease k, so we have to assume
that dy = dj, for 2 < [ < n, proving our claim. Clearly, any further coarsening
will lead to further decreasing of k, and so any grading is equivalent to one of the
previous gradings.

Notice that these gradings are pairwise inequivalent. First, the gradings with
different universal groups are not equivalent. As a result, we only need to distinguish
between the gradings in the sets f(l), 2 < | < n (the universal group Z) and ﬁ(,
2 <[ < k + 1 (the universal group Z;). This is done exactly in the same way,
except for the cases where Y] is in a component which is not two-dimensional.
However, such a grading can only be mapped to a grading with the same property
because Y] is the only element among ¥; with (adY;)"—2 # 0.

As aresult, we have the following.

Theorem 2.3. Let g be a filiform Lie algebra of the type Q,. If g is G-graded,
then there exists a graded homogeneous quasi-adapted basis {Y, Y, ..., Y,}. If d;
denotes the degree of Y;, then any G-grading is equivalent to one of the following
pairwise equivalent gradings:

() T UTw) =7%dy = (1,0), di = (i=2,1),2<i <n—1,d, = (n—3.2).
(2) T(1,n), UT(1,n)) = ZxZs, dy = (1,0) = d, d; = (i —2,1),2 <i <n—1.
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G ThUTY) =127,2 <1
ino:n_—o2l+3. ~ L

@ T, UT,) =ZxZ1<k<n-3d =(1,0), d = (—-21).d, =
(n—3,2).

) T(Lm, UT(n)y) = Zg x Zop, 1 <k <n—3,dy = (1,0) = d,, di =
i—-2,1),2<i<n-1

©) T UT) =% 1 <k<n—-32<l<k+ld=1d=i-—1+1
d, =n—-2l +3.

IA

nd =1,d =i—-1+12<i<n-1,

The total number of pairwise inequivalent gradings of Q, isequalto 1 + 1 +

(n—1)+(n—3)+(n—3)+(1+2+...+(n_3)):(”_l)zﬂ_l'

In the case of B/, we need to consider the coarsenings of the standard grading,
which we denote here by I'y, where U(T'y;) = Z, with free generator a, d, = a,
di = a'tP7! wherei = 2,...,n —1,d, = a""?7~!. Clearly, in this case, any
proper coarsening leads to relations a' = a’, hence a’~/ = e, for different 1 <
i,j < n.If mis the greatest common divisor of all such i — j, then the universal
group is Z,,. Any value of m between 1 and n + p — 3 is possible, similar to the
case of Al. One more possible isolated value for m appears if we choose d; = d,,.
Then m = n + 2p — 3. Let us denote the grading corresponding to m by T'(m).

fl<m<p-1, f(m) is similar tofi of Q,, then
Tm):g= (Y1) ®Yalw ® D Yitilm ® (Ya).
If p <m < n — 3, then we have gradings similar to an of Q,:
Tm):g=[ln @& (Y1) ®Y]n) & (Yln & (V) &+ & Y1
Ifn—2<m<n+p-3, f(m) is similar to Té of Q,, then
Tm):g= (1) @& (Y1.Y)) & & (Y. Vo) ® (Yam1).

Herel =m— p + 2. _ _
If m =n +2p — 3, then I'(m) is similar to I'(1, n):

Tn+2p—3):g= (V)@ ® (Yu_1) ® (11, Yn).

The pairwise inequivalence of all the above gradings follows, as in the case

of Q.

Theorem 2.4. Let g be a filiform Lie algebra of the type B} . If g is G-graded, then
there exists a graded homogeneous adapted basis {Y1, Y, ..., Y,}. If d; denotes the
degree of Y;, then any G-grading is equivalent to one of the following non equivalent
gradings:
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() T UTw=%d =1, d=p+i—-1i=2,....n—1,dy=n+2p-2.
2) T'(m), U(T(m)) =Zn, 1 <m<n+p—-3orm=n+2p-3,d=1,d; =
p+i—-1i=2,....n,d,=n+2p-—2.

The total number of pairwise inequivalent gradings of B is equal ton + p — 3.

2.3 Characteristically Nilpotent Lie Algebras

Definition 2.1. A finite-dimensional K-Lie algebra g is called characteristically
nilpotent if any derivation of g is nilpotent. It is called characteristically unipotent if
the group Aut(g) of the automorphisms of g is unipotent.

A characteristically nilpotent Lie algebra has rank 0 and the Lie algebra of
derivations Der (g) is nilpotent (but not necessarily characteristically nilpotent).
In this case also Aut (g) is nilpotent. However, this group does not have to be
unipotent. It is unipotent if g is characteristically unipotent. Of course, if g is
characteristically unipotent, it is characteristically nilpotent.

Examples. (1) The simplest example [1], denoted by n74 in terminology of [17], is
seven-dimensional and given by

This Lie algebra is filiform. Any automorphism of ny 4 is unipotent. It is defined
on the generators X, X, by

o(X1) = X1 +aXo+a3Xs +asXa+ asXs + acXe + a1 X7,

o
0(X2) = X2+ b3 X5 + b32a2 X4+ bsXs + b X¢ + b7 X7.

It follows that Aut (n74) is a ten-dimensional unipotent Lie group and ny4 is
also characteristically unipotent. Let us note that any o € Aut (ny4) of finite
order is equal to the identity.

(2) The first example of characteristically nilpotent Lie algebra was given by
Dixmier and Lister [9]. It can be written as

[X1. X2] = X5, [X1,X3] = X6, [X1,X4] = X7, [X1, X5] = —Xg,
[X2, X3] = X5, [X2. Xa] = X6, [X2, Xe] = —X7, [X3, X4] = — X5,
[X3, X5] = —X7, [X4, Xe] = —Xs.
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It is an eight-dimensional nilpotent Lie algebra of nilindex 3, and it is not
filiform. Let us note that nil-index 3 is the lowest possible nil-index for a
characteristically nilpotent Lie algebra. Its automorphisms group Aut (g) is not
unipotent. For example, the linear map given by

o(X1) = Xs, 0(X5) = X,
0(X3) = X7, 0(X7) = X,
0(X4) = X3, 0(X3) = Xy,
0(X3) = —X3, 0(Xg) = —Xs

is a non-unipotent automorphism of g of order 2. In the case where char K # 2,
o defines a nontrivial Z,-grading I" of g:

[:og=(X1+X5 Xo+ X7, Xg+ X5) ® (X1 — X5, Xo— X7, X4 — Xs, X3, Xg).

2.4 Structure of Characteristically Nilpotent Lie Algebras

It is known from [13] that any filiform (n 4 1)-dimensional Lie algebra over an
algebraic field of characteristic O is defined by its Lie bracket . with . = o + ¥
where 110 is the Lie multiplication of L, and ¥ a 2-cocycle of Z?(L,+1, Ly+1)
satisfying ¥ o ¢ = 0, that is, v is also a (n + 1)-dimensional Lie multiplication.
Let us consider the natural Z-grading of L, 4:

Lyt = @Lnﬂ,i,
i€z
where L,y is generated by eg,e; and L, 4+, by e; fori = 2,...,n, and other
subspaces are zero. This grading induces a Z-grading in the spaces of cochains of
the Chevalley—Eilenberg complex of L, 4;:
C/;(Ln+1, Ly+1)={¢ € Ck(Lp+1. Lu+1), ¢(Ln+1iys-- - Lotri)

C Lys1iy 4. tig+p)-

Since d(Ch(Lu+1, Lu+1)) C ChT' (Lyt1, Lnt1), we deduce a grading in the spaces
of cocycles and coboundaries. Let

Hy(Ly1, Lot1) = Zy(Lut1, Lus1)/ By (L1, Lat1)

be the corresponding grading in the Chevalley—Eilenberg cohomological spaces of
L,+1. We put

FoH*(Lyy1, Lus1) = @D Hy (Lut, Lut1),
PEZ

FLH (Lot Lu1) = @ Hy (Lt Lut).

p=1
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We have

Proposition 2.1. Let Y5, 1 < k < n—1, 2k < s < n be the 2-cocycle in
C*(Ly+1. Ly+1) defined by

* Ykslex, ext1) = e,

* Yrsleieiy1) =0ifi #k,

* Yksleiej) =0ifi >k,

* VYrsleie;) = (_l)k_’CJ]'(__]'(_lei+j+s—2k—lv l<i<k<j—-1=n-10=%
i+ j—2k—1l<n—s

Then the family of Yis with 1 < [n/2] — 1, 4 < s < n, forms a basis of

FiH*(Lyt1, Lyg1).

Note that the cocycles ¥ ¢ also satisty Yy s(ex,e;) = ej1s—k—1 Whenk < j.

Proposition 2.2. If u = o + ¥ is the Lie multiplication of a filiform (n + 1)-
dimensional Lie algebra, then [y] € FyH?*(L,t1,Ln+1) if n is even or ¥ €
FiH*(L,41,Lay1) + [Y—1y/2.] if n is odd, where [] denote the class in
H?*(L,41, Lyy1) of the 2-cocycle .

Examples. (1) Any seven-dimensional filiform Lie algebra can be written as u =
Mo + ¥ with

Y =ais¥is +aisPis +aieVie + are¥ae.

(2) Any eight-dimensional filiform Lie algebra can be written as . = o + ¥ with

Y =aia¥iat+aisyis+aieVie+aisYir+areYas +arivag +aziysg.

(3) Any nine-dimensional filiform Lie algebra can be written as = o + ¢ with

Y =aia¥14+aisYis +aieVie +ais¥i +aig¥is +areVoet
ax Y7 + azg¥og + azgPig.

(4) Any ten-dimensional filiform Lie algebra can be written as u = o + ¥ with

¥ = a4V ata sy stars¥ietar ¥ taigyig +aio¥ie +aze¥ae
+ar Y27 +arg¥og + aroWao + azg¥ig + as oo + asose.

To recognize characteristically nilpotent Lie algebras among the filiform Lie
algebras, we can use the notion of a sill algebra. Recall that a filiform Lie algebra g
such that gr (g) is isomorphic to L,+; can be written in an adapted basis as

n—i—j
leo.ei]l =eip1, i=1---,n—1, [ej,e;] = E aj€itj4r. 1 i <j<n-—2.

r=1
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A filiform Lie algebra g such that gr (g) is isomorphic to Q0,4+ can be written in an
quasi-adapted basis:

(Zo.Zil=Ziyr. i =1 .n—=2, [Zi, Zy—i] = (-1)' Z,,
n—i—j

[Zi.Z;] = Z bii Zitj+r
r=1

for 1<i<j<n-2.

Definition 2.2 ([14]). Let g be a (n + 1)-dimensional filiform Lie algebra such that
gr (g) is isomorphic to L, 4. The sill algebra of g is defined by

[eo,e,-] = €i+1, i = 1,...,I’l — 1, [e,-,ej] = a,-’jei+j+,

where 7 # 0 is the smallest index such that a;; 7 0 for some (i, j).
If gr (g) is isomorphic to Q.+, then the sill algebra is defined by

(1) If b~ =0, then
(Zo, Z)=Ziv1, i=1,....n =2, [Z;, Zy—i]=(=1)'Z,, (Zi. Zj1=b};Zi+ j++

for 1 =i < j <n—2wherer # 0is the smallest index such that b;; # 0 for
some (i, j).
(2) If b7 # 0 for some (i, j), then

(Z0. Zi|=Zis1. i = 1.....n =2, [Zi, Zui]=(=1) Zy. [Z:. Z;]=b] 7 Z,

for 1<i<j<n-2.

Proposition 2.3 ([26]). A filiform Lie algebra is characteristically nilpotent if and
only if it is not isomorphic to its sill algebra.

Examples. (1) Any seven-dimensional filiform characteristically nilpotent Lie
algebra can be written . = o + ¥ with

@ ¥ = Y15+ Yie,
(b) ¥ = Y14+ Y16,
©) ¥ =Y15+ ¥

(2) Any eight-dimensional filiform characteristically nilpotent Lie algebra can be
written as ;0 = o + ¥ with

(@ Vv =v14+a15¥15—ax6V2e6+ V37
(b) ¥ =15+ aieVie+ Y3z

©) ¥ =ara¥ia+ Y26+ V27

d ¥ =Y15+ Yoe.

©) ¥ =14+ aie¥ie + V2.
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0 ¥ =ais5¥15+ Y16+ V27
(&) ¥ =a1a¥ia+ Y16+ Y17
(h) ¥ =¥14+ Y16
) ¥ =v14+ V17
G) ¥ =v15+ Ve

2.5 Z,-Gradings of Filiform Characteristically Nilpotent
Lie Algebras

Since characteristically nilpotent Lie algebras have zero rank, they do not admit
Z-gradings. The following shows that there exists a class of such Lie algebras
admitting Z,-gradings.

Proposition 2.4. Let g + Y the multiplication of a (n + 1)-dimensional charac-
teristically nilpotent Lie algebra g such that gr (g) is isomorphic to L 4. If

I// = Z A 2s Ir//k,2s

or

Y= Z Ak 25+1Vk 25+15

then this Lie algebra admits a 7,-grading.

Proof. Since Y os(ei,ej) = aejyjiosk—1, the Lie algebra po 4+ ¢ is charac-
teristically nilpotent as soon as we have in the sum ¥ two terms Vg »s and Yy oy
such that s — k # s’ — k’. Let us consider two Z,-gradings of the vector space g
as follows.

o g=(er,es....exp11) Pleo, €2, e4....,2p)

* g= (62, Chyenn, €2p) @(60,61, €3,..., €2p:|:1);

(the £ sign means that we consider the cases n odd and n even at the same time).
We consider the first vectorial decomposition. From our description of gradings

on L, we can see that this is a grading of 1. It is sufficient then to check that this is

a grading of v »5. A cocycle ¥ s is homogeneous, that is it satisfies ¥ s(g;,9,;) C

0i+ jmod2) if s is even. In fact

Vis(€2i4+12j+1) = A€2it2j—2k+1+s

where A is a nonzero constant and 2i 4+ 2j — 2k + 1 + s is odd if and only if s is
even. Likewise

Vi s(€2i2j) = Aeaitaj—ok—1+s
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with A # 0 and 2i +2j —2k — 1 + s is odd if and only if s is even. Since moreover

Vis(€i,ezj+1) = €itaj—2k+s

2i +2j — 2k + s is even as soon as s is even. Thus the existence of this grading
implies that s is even.

Similarly, the vectorial decomposition of the second type, is a Z,-grading of
Mo + Y if s is odd. O

Proposition 2.5. Let o +  the multiplication of a (n + 1)-dimensional charac-
teristically nilpotent Lie algebra g such that gr (g) is isomorphic to Q+1. If

V= Zak,zslﬂk,zs + Y,

or

Y= akaeriVkasrt + Yz,

2

then this Lie algebra admits a 7,-grading.

Proof. Since any Z,-grading on g induces the same grading on gr (g) = Q,+1, we
consider the vectorial decompositions of g:

* g=(exe4....en—1) D(ep.e1.€3,...,€,),
* g={(eo+er.e) Dler,ex ..., en—1),
s g={(en.e3,....e,2) D{eot+er,ex,e4,....05-1,€p).

If the multiplication of g is given by po + ¥ with ¥ =Y ak o5+1 ¥k 2541 + wnzl o
then the first vectorial decomposition is also a Z,-grading. If the multiplication of
g is given by o + ¥ with ¥ = Y agasW¥ros + WHEI o then the third vectorial
decomposition is also a Z,-grading. If the second vectorial decomposition is a
grading, then g is not characteristically nilpotent. O

Corollary 2.1. There exists an infinite family of graded characteristically nilpotent
filiform Lie algebras.

Proof. We consider the nine-dimensional filiform Lie algebras given by

302
o+2

M=o+ Vi4+avrs+ Yrg+ Y38

with & # 0 and —2. These Lie algebras admits a Z,-grading and for two different
values of & we have non isomorphic Lie algebras [12]. Moreover, since o # 0, these
Lie algebras are characteristically nilpotent. O
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2.6 Zy-Gradings, k > 2, of Filiform Characteristically
Nilpotent Lie Algebras

We assume that k > 2. A Z-grading of L, is equivalent to one of the following

I—1 k+1
Th:Ly=Y [Xk@(X)oXloe Y Xk
i=2 j=I+1

where / is a parameter satisfying 2 < I < k + 1. The homogeneous component of
this grading corresponding to the identity of Z; is [X;—i]x. Two cocycles ¥y, s,
and vy, send an homogeneous component (in particular [X;_;];) in another
homogeneous component if and only if

s1 — 2hy = 55 — 2hy(mod k).

We deduce

Proposition 2.6. Any filiform characteristically nilpotent Lie algebra g such that
gr (g) is isomorphic to L, 4+ whose Lie multiplication is of the form

= po+ Y ah g Vi
iel
with
si —2h; =5; —2h;j(modk), k <n—2
foranyi,j € I admits a Zi-grading.

Proposition 2.7. For any k, there exists a Zi-graded characteristically nilpotent
filiform Lie algebra.

Proof. If fact, we consider the filiform Lie algebra of dimensionn = k + 5 given by

W= o+ Vs + Viatk,
that is

uleo,e;) =eiv1, i =2,...,k+3,
wnler, er) = eq + exya,
uler,e;)) =eiqya, i =3,....k+2.

The Jacobi conditions are satisfied. The sill algebra is given by (o + ¥4 and is
not isomorphic to p as soon as k # 0. Then this Lie algebra is characteristically
nilpotent and from the previous proposition, it is Zj-graded. O
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3 G-symmetric spaces

3.1 Definition

Let G be a Lie group and H a closed subgroup of G.

Definition 3.1. Let G be a finite abelian group. A homogeneous space M = G/H
is called G-symmetric if

(1) The Lie group G is connected,

(2) The group G is effective on G/H (i.e., the Lie algebra h of H does not contain
a nonzero proper ideal of the Lie algebra g of G),

(3) There is an injective homomorphism

0:G — Aut(G)

such that if GY is the closed subgroup of all elements of G fixed by p(G) and
(GY), the identity component of G, then

(G9). c H c GY.

Examples: Symmetric and k-symmetric Spaces. If G = Z,, then the notion of
Z»-symmetric spaces corresponds to the classical notion of symmetric spaces [19].
If G = Z, with p a prime number, we find again the p-manifolds in the sense of
Ledger—Obata [21].

We denote by p, the automorphism p(y) for any y € G. If H is connected,
we have

Py1 © Pya = Pyiyzs

pszld, )

py(g) =g Vyel < geH.

where ¢ is the identity element of G. Each automorphism p, of G, y € G, induces
an automorphism of g, denoted by 7, and given by 7, = (Tp,). where (T'f), is the
tangent map of f at the point x.

Lemma 3.1. The map t : G —> Aut (g) given by

t(y) = (Toy)e
is an injective homomorphism of groups.

Proof. Letyy, y2bein G. Then py, 0 p,, = py,y,. It follows that (Tpy,)e 0 (Tpy,)e =
(Toy py)e = (Tp(y1y2))e, thatis, T(y1y2) = t(y1)7T(y2). Now let us assume that
7(y) = Idg. Then (Tp,). = Id = (Tp;).. But p, is uniquely determined by the
corresponding tangent automorphism of g. Then p, = p, and y = ¢. O
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Then we have the infinitesimal version of a G-symmetric space. A G-symmetric
Lie algebra is a triple (g, b, r) consisting of a Lie algebra g, a Lie subalgebra h
and an injective homomorphism of group 7 : G — Aut (g) such that § consists
of all elements X of g satisfying 7(y)(X) = X forall y € G. Thus, if G/H is a
G-symmetric space, the triple (g, b, 7) is a G-symmetric Lie algebra. Conversely, if
(g, b, 7) is a G-symmetric Lie algebra and if G is a connected, simply connected Lie
group whose Lie algebrais g and H is a connected subgroup associated with b, then
G/H is a G-symmetric space.

3.2 G-Grading of a G-Symmetric Lie Algebra

Let (g, b, v) be a G-symmetric Lie algebra. Since 7 : G — Aut (g) is an injective
homomorphism, the image G of G is a finite abelian subgroup of Aut(g) isomorphic
to G. For each y € G, let (gc), the subspace of gc given by

(go)y = X [y(X) = z(n)(X)},

The vector space decomposition gc = @yeg (gc)y is just a standard weight decom-
position under the action of an abelian semisimple group of linear transformations
over an algebraically closed field.

Proposition 3.1. If (g, b, t) is a G-symmetric Lie algebra, then the complex Lie
algebra gc admits a G-grading. If t(y)> = 1Id for any y € G, then we have a
G-grading on g itself.

Explicitly, since G, is a finite abelian subgroup of Aut (g), one can write G; as
Gi = K| x...x K, where K; is a cyclic group of order r;. Let k; be a generator of
K;. The automorphisms k; satisfy

k" =1d,

4
Ki OKj = K; Okj,

foralli,j = 1,..., p. These automorphisms are simultaneously diagonalizable. If
£ is a primitive ™ root of 1, then the eigenspaces
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Actually, the actions of a group G by automorphisms of an algebra and the gradings
by G of the same algebra are closely connected in a much more general setting. This
we explained in detail in [4]. Here we quickly recall the main idea.

_ Assume that the Lie algebra g is G-graded where § is an finite abelian group. Let
G be the dual group of G, that is, the group of characters of G. If we assume thata Lie
algebra g is G-graded, then we obtain a natural action of G by linear transformations
ongc.If y € Gand X € g, then

x(X) = x(y)X.

Since for X € g,, and Y € g,, we have [X, Y] € g,,),, it follows that

(1) (X YD) = x(my)X, Y] = [x(yD) X, x(y2)Y] = [x(X), x(Y)],

that is, G acts by Lie automorphisms on g. In this case there is a canonical
homomorphism

) @ : G — Aut(ge) given by a()(X) = x(X).

If for any y in the support of the grading, we have y?2 = 1, then the action is defined
even on g itself and the above homomorphism maps G onto a subgroup of Aut (g).
Conversely, if G acts on g¢ by automorphisms, then setting (gc), = {X | x(X) =
x(y)X} provides gc with a G-grading.

Proposition 3.2. Let G be a finite abelian group and G, the group of complex
characters of G.

(a) A complex Lie algebra g is G-graded if and only if the dual group G maps
homomorphically onto a finite abelian subgroup of Aut (g), by the canonical
homomorphism «.

(b) A real Lie algebra g is G-graded, with y> = 1 for each y in the support of this
grading, if and only if there is a homomorphism o : G — Aut (g) such that
a(y)? =idg forany y € G.

(c) In both cases above, the support generates G if and only if the canonical
mapping o has trivial kernel, that is, G is isomorphic to a (finite abelian)
subgroup of Aut (g).

From Lemma 3.1 we derive the following. Let M = G/H be a G-symmetric
space. Then g is graded by the dual group of G. Since G is abelian, the groups
G and G are isomorphic (a noncanonical isomorphism). To simplify notations, we
will identify G and its dual, this permits one to speak of G-symmetric spaces and
G-graded Lie algebras (in place of Q-graded Lie algebras).

Proposition3.3. If M = G/H is a G-symmetric space, then the complex Lie
algebra gc = g ® C, where g is the Lie algebra of G, is G-graded and if G = le‘,
then the real Lie algebra g of G is G-graded. The subgroup of G generated by the
support of the grading is G itself.
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Proof. Indeed, by Lemma 3.1, & : G — Aut (g) is an injective homomorphism, so
all our claims follow by Proposition 3.2. O

To study G-symmetric spaces, we need to start with the study of G-graded Lie
algebras. But in a general case, if G is a connected Lie group corresponding to
g, the G-grading of g or gc does not necessarily give a G-symmetric space G/H.
Some examples are given in [7], even in the symmetric case. Still, if G is simply
connected, Aut (G) is a Lie group isomorphic to Aut (g) and the G-grading of g
determines a structure of G-symmetric space from G.

Proposition 3.4. Let G = ZX, with the identity element & and g a real G-graded
Lie algebra such that the subgroup generated by the support of the grading equals
G and the identity component ) = g, of the grading does not contain a nonzero
ideal of g. If G is a connected simply connected Lie group with Lie algebra g and
H a Lie subgroup associated with b, then the homogeneous space M = G/H is a
G-symmetric space.

3.3 G-Symmetries on a G-Symmetric Space

Given a G-symmetric space (G/H, Q) it is easy to construct, for each point x
of the homogeneous space M = G/H, a subgroup of the group Diff(M) of
diffeomorphisms of M, isomorphic to G, which has x as an isolated fixed point.
We denote by g the class of g € G in M. If e is the identity of G, y € G, we set

52 (8) = py(g)-

If g satisfies 5(,2)(g) = &, then p,(g) = g, thatis p,(g) = gh, forh, € H. Thus
h, = g7 'p,(g). But G =~ G is a finite abelian group. If p, is the order of y, then
pyrr = Id. Then

R =g p,(2)py (g7 )p,2(8) = &7 0,2 ().

Applying induction, and considering (%,)" € H for any m, we have
(hy)" =g~ pym(8).
For m = p, we obtain
(hy)?Pr =e.

If g is near the identity element of G, then h, is also close to the identity and
h)]fy = e implies 1, = e. Then p,(g) = g. This is true for all y € G and thus
g € H.lItfollows that g = e and that the only fixed point of 5, ¢) is e. In conclusion,
the family {s(,¢)},eg of diffeomorphisms of M satisfy
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S(y1.e) © S(y2e) = S(niy2e)
sp9(@) =8 Vyeg=g=e
Thus,
Ge = {S(y,E)s y € G}

is a finite abelian subgroup of Diff(M ) isomorphic to G, for which e is an isolated
fixed point.
At another point gg of M we put

Sy (@) = g0(5(2) (g5 ' 8)-

As above, we can see that

S(r1.20) © S(12.30) = S(y172.20)
S0z (&) =8 VY €G = g =¥o.

and

9% = o). ¥ €6}

is a finite abelian subgroup of Diff(M ) isomorphic to G, for which g, is an isolated
fixed point.

Thus for each g € M we have a finite abelian subgroup Gz of Diff(M)
isomorphic to G, for which g is an isolated fixed point.

Definition 3.2. Let (G/H,G) be a G-symmetric space. For any point x € M =
G/H the subgroup G, C Diff(M) is called the group of symmetries of M at x.

Since for every x € M and y € G, the map s(,.) is a diffeomorphism of M
such that sy, »)(x) = x, the tangent linear map (7's(y,x))x is in GL(T M ). For every
Xx € M, we obtain a linear representation

Sy : G — GL(T M)
defined by
Sx(y) = (Ts(y,x))x-
Thus for every y € G the map

S(y): M — T(M)
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defined by S(y)(x) = Sx(y) is a (1, 1)-tensor on M which satisfies:

(1) the map S(y) is of class C*°,
(2) foreveryx € M,

{Xx € T‘((M) | Sx(y)(X‘c) = X,, VV S g} = {0}

In fact, this last remark is a consequence of the property : s¢,x)(y) = y for
every y implies y = x.

3.4 The Reductivity of G-Symmetric Spaces

We assume here that the group G is isomorphic to Z’;. If (G/H, G) be a G-symmetric
space, then the real Lie algebra g of G is G-graded. If ¢ is the identity element of
g, then the component h = g, is a Lie subalgebra of g corresponding to the Lie
subgroup H . Let us consider the subspace m of g:

m = &y gy.
Theng = h @ m and
[h.m] Cm

so that m is an ad h-invariant subspace. If H is connected, then [h,m] C m is
equivalentto (ad H )(m) C m, thatis, m is an ad H -invariant subspace. This property
is true without any conditions on H.

Lemma 3.2. Any G-symmetric space (G/H, G) is reductive.

Proof. Let us consider the associated local G-symmetric space (g/h, G). We need
to find a decomposition g = h @ m, such that m is invariant under the adjoint action
of the isotropy subgroup H or, which is the same, under the action of the isotropy
subalgebra h. Now since h = g, and m = @, .g, we have that [h, m] C m. O

We now deduce from [19, Chapter X], that M = G/H admits two G-invariant
canonical connections denoted by V and V. The first canonical connection V
satisfies

R(X.Y) = —ad([X.Y]y), T(X.Y)s = —[X,Y]m. VX.Y €m,
VT =0,
VR =0,

where T and R are the torsion and the curvature tensors of V. The tensor T is trivial
if and only if [X,Y]m = O for all X,Y € m. This means that [X, Y] € b, that
is [m,m] C b. If the grading of g is given by G = Z with k > 1, then [m, m]
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is not a subset of b, and then the torsion T need not vanish. In this case another
connection V will be defined if one sets VyY = VyY — T'(X, Y). This is an affine
invariant torsion free connection on G/H which has the same geodesics as V. This
connection is called the second canonical connection or the torsion-free canonical
connection.

Remark. Actually, there is another way of writing the canonical affine connection
of a G-symmetric space, without any reference to Lie algebras. This is done by an
intrinsic construction of G-symmetric spaces proposed by Lutz in [22].

4 Classification of Simple Z%-Symmetric Spaces

2 . . . .
4.1 Z75-Gradings of Classical Simple Lie Algebras

We have seen that the classification of G-symmetric spaces (G/H, G), when G is
connected and simply connected, corresponds to the classification of Lie algebras
graded by G which is isomorphic to G. Below we establish the classification of local
Z%-symmetric spaces (g, G) in the case where the corresponding Lie algebra g is
simple, complex and classical.

In this section G = {&,a,b,c} is the group Z3 with identity ¢ and a> = b* =
c? = &, ab = c. We will consider Z%-gradings on a complex simple Lie algebra g
of type 4;, | > 1, B;, | >2,C;, [ > 3 and D;, [ > 4. We will describe these
gradings using the results of [4]. Let us note that these gradings have been described
in [3] where all the cases have been covered except for the case g = so(8) which
was later handled in [20] and [10] (see also [11]). Clearly, for our purposes, we need
to classify these gradings up to a weak isomorphism.

To classify these gradings, we use techniques surveyed in [4]. In the case G =
Zy X Z,, the situation is considerably simpler than in the general case.

Recall that we always have to start with a grading on a matrix algebra M, (K),
either " graded by G or T by G = G/(a) where a is an element of order 2 in G. In
both cases our matrix algebra is of the form of M,,,(D), D a graded division algebra.
In the case of G, we only have D = K. In the case of " there are two options for D:
either D = Kor D = M,(K). In the latter case, if G = {¢,a, b, ¢}, then a graded
basis of D is formed by the Pauli matrices:

XYoo= X = 19) x = (1) x. = (O
01 10 10

The graded involution of D is given by the transpose.

The Type I grading of s, (K) and the gradings of the orthogonal and symplectic
algebras appear as the restriction of I' to either sl,(K) or to the space of skew-
symmetric elements under a graded involution.
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The Type II gradings appear as a refinement of T by a graded involution
(in the general case one has to consider the eigenspaces of more general graded
antiautomorphisms).

The graded involutions of the associative algebra M, (D) of matrices of order n
over a graded division algebra D are given by X + ®~! X/ ®, where ® is a matrix
of a sesquilinear form with coefficients in D. The description of graded involutions
(that is, possible forms of ®) was first given in [5] and can be found in [4].

In the following list we give the pairs (g, g. = b) corresponding to a Z%-grading
(and not a Z,-grading) of simple classical complex Lie algebras.

g Je = h

sl(ky + ko + k3) sl(ky) + sl(ky) + sl(k3) @ C?

sl(ky + ko + k3 + ky) sl(ky) + sl(ky) + sl(ks) + sl(ks) ® C?
si(2n) sl(n)

sl(ki + k2) so(ky) ® so(kz)

sl(2(ky + k2)) sp(2ky) @ sp(2k2)

sl(2n) gl(n)

so(ky + ko + k3), so(ky) + so(ky) + so(ks)

solky + ko + ks + ky)  |so(ky) + so(ky) + so(ks) + so(ky)
sp2ky + ka + k3)) sp(2ky) + sp(2kz) + sp2(ks)
sp(2(ky + ka + k3 + ka))|sp(2ky) + sp(2kz) + sp2(ks) + sp(2ks)

so(2ky + 2k3) gl(k) @ gl(k2)
sp 2k + 2k>) gl(k) @ gl(k2)
so(2m), m # 4 so(m)

so(4m), m # 2 sp(2m)
sp(4m) sp(2m)

sp(2m) so(m)

Consequences. The following homogeneous spaces

SU(ky + ky + k3)/SU(ky) x SU(ky) x SU(ks) x T2,

SUky 4+ ky + k3 + kqg)/SU(k1) x SU(ky) x SU(k3) x SU(k4) x T,
SU22n)/SU(n),

SU(k1 + k2)/SO(k1) x SO(k),

SU2ky + 2kz)/Sp(2k1) x Sp(2k>),

SO (k1 + ko + k3)/SO(ky) x SO(ky) x SO(k3),

SO(ky + ka + k3 + kq)/SO (k1) x SO(kp) x SO(k3) x SO(ky),

Sp(2ky + 2k + 2k3)/Sp(2k1) x Sp(2k2) x Sp(2ks),

Sp(2ky + 2ky + 2k3 + 2k4)/Sp(2ky) x Sp(2ky) x Sp(2k3) x Sp(2ky),
SO0(2m)/SO(m), SOMEm)/Sp(2m), Sp(4m)/Sp(2m), Sp(2m)/SO(m).
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are compact nonsymmetric spaces but Z%-symmetric spaces. In particular, we obtain
the classical flag manifolds which are not symmetric when they do not correspond
to a Grassmanian manifold. A Riemannian study of these spaces is proposed in
[16,23].

4.2 Classification in the Exceptional Cases

The study of Z3-gradings on exceptional simple Lie algebras has been done by
Kollross [20]. His approach is different: he starts with exploring the possibilities
to obtain involute automorphisms on a reductive complex Lie algebra from a given
root space decomposition g = go + Y _,cq 0. Where go is a Cartan subalgebra.
He distinguishes 3 types, as follows.

o If h is a symmetric (Z,-graded) subalgebra of maximal rank containing gy, then
h=go+ D yes Gos S C @, and the automorphism o is given by o(X) = X if
XehoX)=—-XifX€) jcos Oa-

e The automorphism o is an outer automorphism induced from an automorphism
of the Dynkin diagram.

e The automorphism o acts as —Id on a Cartan subalgebra of g and send each g,
to g—y, where @ € O.

Using these automorphisms allows one to construct Z%-symmetric gradings on g.
For example, if o and o0, are of the first type and associated with two elements g,
g2 belonging to a maximal torus 7' of G, we consider the root space decomposition
of the complexified gc of g defined by the set {0}, 0»} with gy the Lie algebra of
a closed subgroup of the torus 7. The maximal subgroups of maximal rank in a
simple compact Lie group are described by the extended Dynkin diagrams.

Examining all possibilities and proving that all cases actually occur, one obtains
the following classification.

g [ge=Db g |g.=bh

E¢ S0(6) eC E; S0(8)
sp(2) ®sp(2) su(4) @ su(d) e C
sp(3) @ sp(1) sp(4)
su(3) ® su(3) & C? su(6) ® sp(1) @ C
su(d) dsp(l)dsp(l)ye C s0(8) ® so(4) ® sp(1l)
su(5) @ C? u(6) d C
s0(8) @ C? s0(10) @ C?
S0(9) Fy
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g [ge=bh g [ge=5

Es|so(8) @ so(8) Filu@)eC
su(@) @ C sp(2) ®sp(1) ® sp(1)
so(12) & sp(1) & sp(1) so(8)
Es @ C? G,|C?

4.3 Riemannian Compact Zg-Symmetric Spaces

Let M = G/H be a Z’z‘-symmetric space with G and H connected. The
homogeneous space M = G/H is reductive. Then there exists a one-to-one
correspondence between the G-invariant pseudo-Riemannian metrics g on M and
the nondegenerated symmetric bilinear form B on m satisfying

B(Z,X].Y)+ B(X.[Z,Y]) =0

forall X,Y emand Z € g..

Definition 4.1 ([16]). A Z’z‘-symmetric space M = G/H with Adg (H )-compact
is called Riemannian Z]; -symmetric if M is provided with a G-invariant Riemannian
metric g whose associated bilinear form B satisfies

(1) B(gy.9y) =0ify £y #£e#y,
(2) The restriction of B to m = @,£.g, is positive definite.

In this case the linear automorphisms which belong to [ are linear isometries.
When k > 2, the geometry of le‘ -Riemannian symmetric spaces is not similar
to the Riemannian symmetric case. For example, if we consider the flag manifold
SO(5)/S0O(2)xS0O(2)xSO(1), this homogeneous reductive space is not symmetric
but Z%-symmetric. It is proved in [23] that there exists a Riemannian Z%-symmetric
tensor which is not naturally reductive and satisfying the first Ledger condition. This
is impossible in the symmetric case.

5 Affine Structures on Lie Algebras

5.1 General Definitions

Let M be a differential manifold. We denote by X(M) the set of vector fields on M,
that is, the set of differentiable section

XM — T(M)
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of the tangent bundle of M. Recall that it is a module on the Lie algebra D(M) of
differentiable functions on M and an R-Lie algebra.

Definition 5.1. An affine connection on M is a R-bilinear map
ViX(M)xX(M) — X(M)

satisfying forany X,Y € X(M) and f € D(M)

 V(fX)Y)=fV(X.Y),
. VX, fY) = fV(X.Y) + X(f)Y.

This means that V is not a D(M)-bilinear map; it is only linear on the first
argument. A vector field X such that V(X,Y) = O forany ¥ € X(M) is called
parallel for V.

The torsion of the affine connection V is the bilinear map

Ty : X(M) x X(M) — X(M)

givenby Tv(X,Y) =V(X,Y) -V, X) - [X,Y].

When Ty = 0, that is, if V is torsion free, then Ty defines a structure of a Lie-
admissible algebra on X (M) adapted to the Lie bracket. Recall that a Lie-admissible
algebra is an algebra (A4, -) whose product satisfies x - y — y - x is a Lie bracket.

A classical example of torsion free affine connection is given by the Levi-Civita
connection.

The curvature of the affine connection V is the trilinear map

Ry : X(M)xX(M)xX(M) - X(M)
given by
Rv(X,Y,Z)=V(X,V(Y,2))-V(X,V(X,2))-V(X,Y], 2).

The connection is flat if Ry = 0. Assume now that V is such that 7y = 0. Then
Ry = 0is equivalent to

V(X,V(Y,Z)) = V(V(X,Y),Z) = V(Y,V(X, Z)) = V(V(Y, X), Z).

A Lie-admissible multiplication satisfying this identity is called left-symmetric (an
algebra satisfying this identity is sometimes called a pre-Lie algebra). Thus a flat
affine connection (that is with both the torsion and the curvature vanish identically)
on M provides X(M) with a left-symmetric algebra structure associated with the
Lie bracket of vector fields.

If the differential manifold M admits a flat torsion free affine connection, then
M admits an atlas A = (U;, ¢;) such that the changes of charts
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viogrt 0 (UinU;) > e (Uinyy)

are affine transformations of R”, where » is the dimension of M. We will denote by
Aff, (R) the group of affine transformations of R” (considered as an affine space).
The elements of this group are represented by the matrices

aé
01
where a € GL,(R) and £ is a column vector of R”.

Let (M, V) be a differentiable manifold with an affine connection. A diffeomor-
phism f of M is an affine transformation if

JVX.Y)) = V(fX. fY)

for any vector field X, Y on M. This notion can be interpreted in terms of geodesics.

A curve y; on M with ¢ €]a, b is a geodesic if the vector field X = )./, is parallel
along y,, that is

V(X,X)=0

for all ¢. Thus an affine transformation maps every geodesic into a geodesic.

A vector field X on M is an infinitesimal affine transformation of M if for any
point x € M, alocal 1-parameter group of local transformations y; generated by X
in a neighborhood of x is an affine mapping. This is equivalent to the equation:

[X. V(Y. 2)] - V(Y.[X, Z]) = V([X.Y]. 2)

for any vector fields Y, Z on M. The set of infinitesimal affine transformations of
M is a Lie subalgebra a(M) of the Lie algebra X(M). If the connection V is flat,
then dim a(M) = n? + n. Moreover, in this case we have

V(V(Y, Z), X) = V(Y,V(Z, X))

for any vector fields Y, Z on M.

To end this short presentation of the affine connection, we have to recall the
notion of complete affine connection. An affine connection is called complete if
every geodesic can be extended to a geodesic y; defined for any ¢ € R. In this case,
every infinitesimal transformation is a complete vector field. But for a complete
affine connection it is not generally true that every pair of points can be joined by a
geodesic. Moreover, an affine connection on a compact manifold is not necessarily
complete. The first example was described by Auslander and Markus, giving a
noncomplete affine connection on the one-dimensional torus. Other examples on
the two-and three-dimensional tori are given in [24].
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5.2 Flat Affine Connections

An affine connection V on M is flat when the torsion and the curvature tensor
vanish identically. Let V be an affine connection on the differentiable manifold M .
If R denotes its curvature tensor, we define VR

VR(X1, X2, X3, X4) = V(X1, R(X2, X3, X4)) — R(V(X1, X2), X3, X4)
—R(X1,V(X2, X3), X4) — R(X1, X2, V(X3, Xy)).

A manifold M with an affine connection such that the torsion 7" satisfies 7 = 0 and
VR = 0is called affine locally symmetric. In this case, all the symmetries s, which
are local diffeomorphisms of M sending exp(X) to exp(—X) for all X € T, M are
affine transformations. This happens, in particular, when V is complete.

Assume now that M is complete. Then the group of affine transformations is a
Lie group. If we consider its identity component G, then M can be viewed as an
homogeneous reductive space G/H and the affine connection on M coincides with
the natural torsion free connection on G/H. An interesting example is a reductive
space G/ H that is symmetric. The Lie algebra g of G admits a Z,-grading g = hm
with b the Lie algebra of H and m isomorphic to the tangent space (in e where e is
the identity of G) of M. But in this case the curvature tensor R satisfies

R(X.Y.Z)=—[[X.Y].Z], X.Y.Z em

and the curvature tensor is trivial if and only if the Lie triple bracket [[X, Y], Z] is
always equal to 0. Thus it will be also interesting to look to the case G/H reductive
not symmetric, for example Z%-symmetric. Recall also that if T = O and R = 0,
the Lie algebra of the affine holonomy group is necessarily of dimension 0.

5.3 Invariant Affine Connection on Lie Groups

If M is a Lie group G, we can consider on G an affine connection V satisfying
dLs(V(X,Y)) =V(dLX,dL,Y),

where L, : G — G is the left shift by g € G. This means that L, is an affine
diffeomorphism, for any g € G. We then call V left invariant. Equivalently, if X
and Y are left invariant vector fields on G, then V(X,Y) is also left invariant. As a
result, V defines a bilinear map, also denoted by V, on the Lie algebra g of G:

Vigxg—g
(X,Y)~ V(X,Y)
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Definition 5.2. The bilinear map V is called an affine structure on g if the
underlying affine connection on G is flat and torsion free.

Thus V is an affine structure on g if we have

V(X.Y) - V(Y. X) = [X,Y],
V(X. V(Y. Z)) - V(Y,V(X.,Z)) = V(X.Y]. 2),

forany X,Y, Z € g where [X, Y] is the Lie bracket of g.
It is proved in [18] that if the Lie algebra g admits an affine structure, then

[o.9] o

As an immediate consequence, we deduce no semisimple Lie algebras can be
endowed with an affine structure. But there exist Lie algebras with affine structures
which contain semi-simple Lie subalgebras. For example, let us consider the Lie
algebra gl(n, R). We consider the product

V(My, M) = M\ M,
for M|, M, € gl(n,R). We have
My, My] = V(M, M) — V(M>, M)

and the torsion is null. Since the product M| M, is associative, the curvature is
also null. Thus we obtain an affine structure on g/, (R). Let us remark that this
construction can be generalized to any associative algebra A viewed as a Lie algebra
under the bracket [X,Y] = XY — YX; its natural affine structure is given by
V(X,Y) = XY.

Proposition 5.1 ([18]). An affine structure on a Lie algebra is complete if the linear
map

Ry:g—g
X — V(X.,Y)

is nilpotent.

We also have a characterization of an affine structure on a Lie algebra in term of
affine representations. Let Aff, (R) the group of affine transformations of R”. An n-
dimensional Lie group admits a left-invariant flat affine connection if and only if we
have an homomorphism of Lie group

¢ G — Aff,(R)

given by

p(x) = (M, vy)
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with M, € GL,(R) and v, € R", such that there exists a vector v € R” such that
its orbit O(v) = {¢(x)(v) | x € G} is open and its stabilizer is discrete. Such
representations are called étale affine. The connection V is complete if and only if
the action of G on R” is transitive, that is, O(v) = R”. We can state this approach in
terms of representations of Lie algebra. Let aff,, (R) be the Lie algebra of Aff, (R).
It can be written as

M v

aff, (R) = {(0 O)’ M e gl,(R),veR"; .

Let g be a Lie algebra. An affine representation of g is a Lie algebra homomorphism
® : g — aff,(R).

In addition, @ is called an étale affine representation with base point v if there exists
v € R” such that the mapping

evy, i g —> R”
defined by
evy(X) = d(X)v

for any X € g is an isomorphism. For example, consider ® = (p, q) : g — aff,,(R)
with ®(x) = p(x)+¢g(x).Itis an affine representation if and only if p : g — g/, (R)
is a representation of g and ¢ : g — R” is a linear map satisfying ¢[x, y] =
p(x)q(y) — p(y)q(x), for all x,y € g. If g admits an affine structure, then the
map p : X — gl(g) given by

L(X):Y eg— L(X)(Y) = V(X.Y)

is a linear representation of g, because the tensor curvature is zero. We consider
q(X) = X, it satisfies the previous condition because the torsion tensor is zero.
Then we have an affine étale representation of g in aff,, (R). If the Lie group G of g is
connected and simply connected, this representation of g determines an embedding
of G in Aff, (R) and we can identify G with a subgroup of Aff, (R).

Proposition 5.2. A Lie algebra g admits an affine structure if and only if g has an
étale affine representation.

Proof. We have seen that if g admits an affine structure, then we have an affine étale
representation of g. Conversely, let ® = (p,q) : g — aff,(R) be an étale affine
representation of g; then

V(X.Y) = ev) [o(X)ev, (V)]

forall X, Y € g defines an affine structure on g. O

Corollary 5.1. If an n-dimensional Lie algebra admits an affine structure, then g
admits an (n + 1)-dimensional faithful linear representation.
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5.4 The Milnor Conjecture

Milnor asked the following: “Does every solvable Lie group admits a complete
left-invariant affine structure?” This question is supported by a result due to
Auslander [2]:

Theorem 5.1. A Lie group with a complete left-invariant affine structure is
solvable.

In terms of affine structures on Lie algebras, the problem of Milnor naturally
reduces to the following conjecture, called the Milnor conjecture:

Every nilpotent Lie algebra admits an affine structure.

In 1993, Benoist [6] presented the first counterexample to this conjecture,
describing an eleven-dimensional filiform Lie algebra without affine structure.
A short time afterwards, Burde and Grunewald published another counterexample,
in dimension 10, probably the smallest possible dimension where we can find such
counterexamples.

5.5 Affine Structures and Gradings

Proposition 5.3. Let g be a Z-graded complex Lie algebra whose support is in N.
Then g admits an affine structure.
If g = € gu, we consider the bilinear map V(X;, X;) =

ne€z
X;, X; are homogeneous vectors belonging to g,; and g,;. Then

[Xi, X,] where

M
n,-+nj

n;

.
V(Xi, X)) = V(X;, X)) = —I—[X;, X;] - :

(X;. Xi] = [X;. Xi],
n; j n; n;
and

Nk
ni +n; + ng
+[X;, [ Xk, Xil]),

V(Xi,V(X;, X)) = V(X;, V(X;, Xp)) = (X, [X;, Xi]]
and from the Jacobi identity,
V(Xi, V(X;, Xi)) — V(X;, V(Xi, Xi)) = V([X;i, X;], Xi)

for any X € g,,. The map V defines an affine structure on g.

Consequence. Any nilpotent filiform Lie algebra of nonzero rank admits an affine
structure (see also [6, 8,25]).
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In case of rank 0, we do not have general results. At the same time, let us consider
a Z,-graded, eight-dimensional characteristically nilpotent Lie algebra g. Assume
that the grading is given in an adapted basis by g = {e1, e3, €5, e7} P{eo, €2, e4, €6}
In this case, from Proposition 2.4, the Lie multiplication u of gis . = po+ Ay14+
By 6 + Cyrp 6. We consider the bilinear map V defined by V,,(e;) = p(eo, e;),

00 0 0 0000
00 0 0 0000
00 0 0 0000
v — 0-A—-C+5p0 0 0000
“loo —C +5/2p0 0000
02m—B 0 3/2p0000
00 m 0 p000
00 0 0 0v0O0

and V,, = [V, V,,_,]. This defines an affine structure on the graded Lie algebra.
We can define similar affine structures when the grading is of the second type in
Proposition 2.4.

Based on similar examples, we ask the following.
Let g be a characteristically nilpotent Lie algebra such that gr(g) = L,+1. If g is
Z-graded, is it true that g admits an affine structure?

The Benoist counterexample is of dimension 11, characteristically nilpotent, with
multiplication

W= po+aisViataszi¥zr+azs¥ss+azosotasoVao+asoVaio+as Vs .

It does not admit any Z,-grading.

Conversely, for a left-symmetric algebra A, ® = (L,id) is an étale affine
representation of g(A) with base 0, where id is the identity transformation on g(A4).
Moreover, if A is a left-symmetric algebra, then N(A) = {x € A|L, = 0} is an
ideal of A which is called a kernel ideal.

Proposition 5.4. A left-symmetric algebra A has a zero kernel ideal if and only if
its corresponding étale affine representation does not contain any nontrivial one-
parameter translation subgroups.

Theorem 5.2. Let g be a Lie algebra. If there exists an étale affine representation
® = (p, q) of g such that p is a faithful representation of g, then the corresponding
left-symmetric algebra has the zero kernel ideal. Therefore ® does not contain any
nontrivial one-parameter translation subgroups.

Proof. Let x € N(g). By equation (2.6), we have ev; ![p(x)ev,(y)] = O for every
y € g. Since ev, is a linear isomorphism, p(x)z = 0 forevery z € g. Then x € Kerp.
Since p is faithful, x = 0. O
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5.6 Adapted Structures Associated with Z%-Symmetric
Structures

Let G/H be a Z&-symmetric space and g = h + m with [, h] C hand [h,m] C m
the associated reductive structure of the Lie algebra g of G. We have seen that any
affine connection on G/H is given by a linear map

A :m— gl(m)
satisfying
AKX, Y] = [A(X), A(Y)]

forall X € mand Y € b, where A is the linear isotropy representation of §.
The corresponding torsion and curvature tensors are given by

T(X,Y) = AX)Y) - AX)X) = [X,Y]n
and

R(X,Y) = [AX), AM] = AIX. Y] = A([X, Y]p)
forany X,Y € m.

Definition 5.3 ([15]). Consider an affine connection on the Zg -symmetric space
G/H defined by the linear map

A :m — gl(m).
Then this connection is called adapted to the Z’g-symmetric structure if any

/\(Xy)(gy/) C gyy

for any y,y’ € Z, y.y # e. The connection is called homogeneous if any
homogeneous component g,, of m is invariant by A.

Some example of such connections are described when G is the Heisenberg
group in [15].

Proposition 5.5. Let G/H be a Zé -symmetric space and
9=, ezt 0y
the associated Zg-grading of the Lie algebra g of G. If g. = {0} where ¢ is the

unity of ZX , then any affine connection on G/H with no curvature define an affine
structure on g.
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Application. Assume that g is a characteristically nilpotent filiform Lie algebra. If
g admits a Z’;-grading with g, = {0}, then k > 2.

6 Filiform G-Symmetric Spaces

6.1 Symmetric Spaces Associated with Filiform Lie Algebras
of Rank 2

A symmetric space is a Z,-symmetric space G/H. If G = {e,0}, then o is an
involutive automorphism of G such that H lies between G, the subgroup of G
consisting of elements left fixed by o, and its identity component G7. The Lie
algebra g of G is Z,-graded, this grading being defined by the automorphism o of g
induced by the automorphism o of G (this explains that we kept the same notation).
A Z,-graded Lie algebra associated with an automorphism o of g is classically
called a symmetric Lie algebra and denoted by (g, h, o). Thus, if G is simply
connected, the symmetric Lie algebra (g, b, o) induces a symmetric space. Thus,
in this case, the study of symmetric spaces follows from the study of symmetric Lie
algebras. If (g, b, o) is a symmetric Lie algebra, then the Z,-grading of g can be
written as: g = f @ m with

[h.b] Ch
[hH,m] Cm, [m,m] Ch.

The subspaces h) and m are eigenspaces of 0. Two symmetric Lie algebras (g, b, o)
and (¢’, ', 0’) are isomorphic if there is an isomorphism « : g — ¢ such that
a(h) = b and 0’ o ¢ = « o 6. We deduce the notion of isomorphism between
symmetric spaces if we add some hypothesis on the Lie groups, such as G and H
are connected and simply connected.

An important class of symmetric spaces is the class of Riemannian symmetric
spaces, that is, Riemannian manifolds M such that the geodesic symmetries are
defined at all points of M and are isometries. In this case H is an isotropy group and
is compact. From a symmetric space (G, H, o) with H compact, we can construct
a Riemannian symmetric space considering on G/H a G-invariant Riemannian
metric. In terms of Lie algebra, we have to consider on a symmetric Lie algebra
(g,h,0) an ad h-invariant inner product on g which admits o as a linear isometry.
The Riemannian symmetric spaces have been classified by E. Cartan. Later on,
M. Berger gave the classification of symmetric Lie algebras when g is semisimple
and irreducible (the adjoint representation of ) in m is irreducible).

The results established in Sect.2 enable us to describe symmetric Lie algebras
when g is filiform of rank 2.
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611 g=1L,

We denote by £, the Lie group of matrices

: 10
n—2 2
. N
An element of this group is denoted [x1, X7, ..., x,] . Its Lie algebra is isomorphic

to L,. In Sect.2 we classified abelian group gradings on L,. Their corresponding
symmetric spaces are as follows.

(1) G/H1 :E,,/Hl whereHl :[xl,O,...,O].

(2) G/H2 = EZP/HZ where H2 = [O, )Cz,(), X4yooo ,sz], ifn = 2[).

(3) G/H3 = £2p+1/H3 where H3 = 0,X2,0,X4,... ,XQP,O],ifI’l = 2p + 1.

(4) G/H4 = £2p+1/H4 where H4 = 0,0,)63,0,)65, e ,)C2p+1,0], ifn = 2p + 1.
(5) G/H5 = EZP/HS where H5 = [0,0,)63,0, X5,... ,)Czp_l,O],ifl’l = 2p.

Let us note that in all the cases, the subgroup H; is an abelian Lie group.

Proposition 6.1. The nilpotent symmetric spaces Lo,/ H; fori = 2,3,4,5 are not
Riemannian symmetric spaces.

Proof. Let us consider the symmetric decomposition of L,;:
L, = R{Xz,X4, ey sz} (&) R{Xl,X3, ey X2p+1} =hHPm.

We assume here that n = 2p + 1. But the proof is similar if n = 2p. Let B be an
ad h-symmetric bilinear form on m. We have

B([X2, X1]. X1) + B(X1, [X2, X1]) = —2B(X3, X1) =0
and, fork =1,...,p,
B([Xak, X1], X3) + B(X1, [Xok, X3]) = —B(Xak+1, X3) = 0.
This shows that X3 is in the kernel of the bilinear form B and B is degenerate. Thus

we cannot have a pseudo-Riemannian symmetric metric on this symmetric space.
The two other cases can be treated in a similar way. O
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612 g=0,

We denote by Q, the Lie group of matrices

: " 1 0
n—3 2
Xn—1 (();11—3), ...... (le!) X1 1
Xn o VYnel +evonn V3 X1+ x 1
where y; are polynomial functionsin xi, ..., x;. The set {xy, ..., x,} is a global sys-
tem of coordinates of Q,,. To simplify we will write H; = {x1,...,xi—1,0,...,X,}

for the closed subgroup of Q, defined by the equations x; = 0.
A consequence of our results in Sect. 2 is the following.

Proposition 6.2. Any homogeneous symmetric space Q,/H is isomorphic to one
of the following:

° Qn/Hl WithHl :{0507x3507x55---9xn—170};
. Q,,/szitth:{xl,—xl,0,0,...,O,xn};
. Q,,/H3withH3:{O,xz,O,x4,0,...,0,xn}.

All the subgroups H; are abelian.

6.2 Associated Affine Connection

Any symmetric space G/H is an affine space, that is, it can be provided with an
affine connection V whose torsion tensor 7" and curvature tensor R satisfy

T=0, VR=0
where

VR(X1, X2, X3,Y) = V(Y, R(X1, X2, X3)) — R(V(Y, X1), X2, X3)
_R(Xl,V(Y, X2)7X3) _R(X17X25V(Ys X?))

for any vector fields X1, X2, X3,Y on G/H. This is the only affine connection that
is invariant under the symmetries of G/H. When G/H is a Riemannian symmetric
space, this connection V coincides with the Levi-Civita connection associated with
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the Riemannian metric. In all the cases, since G/H is a reductive homogeneous
space, that is, g admits a decomposition g = h @ m with [h, h] C hand [h, m] C m,
any connection is given by a linear map

A :m— gl(m)

satisfying

AKX Y] = [AX), A(Y)]

forall X € mand Y € B, where A is the linear isotropy representation of .
The corresponding torsion and curvature tensors are given by

T(X.Y) = AX)T) - AX)(X) = [X.Y]n

and

R(X.Y) = [AX). A(N)] = AIX. Y] = A([X.Y]y)

for any X,Y € m. We have seen that £, /H is not a Riemannian symmetric space.
Thus the affine connection cannot be computed with a Levi-Civita connection.
We shall determine this affine connection in terms of the map /\. As an example, we
consider the case n = 5, which is not a real restriction. We consider the Z,-grading
of Ls:

= R{X3, X5} & R{X1, X2, X4}.

Thus A(X1), A(X2), \(X4) are matrices of order 3. If we assume that the torsion
T is zero, we obtain

a0 o0 000 0 00
AXD=|b00]. AX)=|0e0]. AXs)y=|0 00
cd? dfé —400

The linear isotropy representation of H, whose Lie algebra is h is given by taking
the differential of the map £s5/H4 — L5/ H, corresponding to the left multiplication
X — hx with X = xH,. We obtain

000
AMX3)=[000], A(Xs5) = (0).
100

We deduce that the curvature is always non zero.
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6.3 Z’z‘ -Symmetric Structures Associated with L, and O,

Recall that Z’g-symmetric structure on G/H is associated with a Z’z‘-grading

QZ@QV

k
VEZL,

of the Lie algebra g of G. If & denotes the unity of Z%, then g, = b is the Lie algebra
of H and the decomposition

g=0g:Ddm

with

m= @ gy

yeZh y#e

is a reductive decomposition.

Proposition 6.3. The Lie groups L, and Q, can be considered as Z%-symmetric
spaces by identifying L, and Q,, respectively, with L, /{1} and Q,/{1}. Moreover
there is no Z’;-symmetric spaces (G/H, Z’;)for G=L,orG=Q,ifk > 2.

Proof. This is a consequence of the classification of the Zé-gradings of the Lie
algebras L, and Q,. O

Since a Z’;-symmetric space G/H is reductive, a Riemannian or pseudo-
Riemannian metric on G/H is given by a symmetric bilinear form B on m which is
ad h-invariant.

Definition 6.1 ([16]). A pseudo-Riemannian Z’;-symmetric space is a le‘ -
symmetric space G/H with a pseudo-Riemannian metric g , which is determined
by a nondegenerate bilinear symmetric form B on m such that

(1) B is ad h-invariant.
(2) The homogeneous components g, for y # ¢ are pairwise orthogonal with
respect to B.

Let us note that in case where B is not positive definite, that is, g is not
Riemannian, some of the components g, can be degenerate subspaces of m.
In the previous section, we have seen that the symmetric spaces £,/H are never
Riemannian or pseudo-Riemannian. But if we consider £,, as a Z%-symmetric space,
then £, is a pseudo-Riemannian Z%-symmetric space. In fact, let us consider the
following Z%-grading of L,:

L, ={0} ®R{X>, X4,..., X2,} ®R{X3, X5,..., X2p11} D R{X 1}
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(recall that the brackets of L, are [X1, X;] = X;41, i = 1,...,n — 1) . Then any
symmetric bilinear form of type

B = B; (0)2, Ce ,(1)2],) + Bz(a)3, . ,(1)2],4_1) =+ B3(a)1),

where {w1,...,w,} is the dual basis of {Xy,..., X,} and B; is a nondegenerate
bilinear form on the corresponding homogeneous component of m, defines a
pseudo-Riemannian structure on the Z%-symmetric space £, /{1}. In this case, the
corresponding Levi-Civita connection is an affine connection and the G-symmetric
space is an affine space. If in the symmetric case we have seen that there was an
unique affine connection invariant under the symmetries, it is not the case when we
consider le‘ -symmetric spaces, with k > 2. This leads us to considering adapted
and homogeneous connections, see Definition 5.3.

Proposition 6.4. On the Z3-symmetric space L, /{1} there exists an adapted affine
connection whose torsion and curvature are zero.

Proof. We restrict ourselves to the case where n = 2p + 1 is odd. The even case is
similar. Consider the grading of L, given by

Ln = {O} ®R{X35X57--- 7Xn} @R{XZs X47--- 7Xn—l} @R{Xl} = {0} @m

To obtain the connection which is adapted to the grading, we choose the matrices of
the linear maps /\ (X;) in the basis {X3, ..., Xy, X2, ..., Xu—1, X1} as follows:

000 ...0 0
000 ...0 0
000 ...0 dj
/\(Xi): ] _al ,1=3,...,n
000 ...0 d
00al,,...a,, 0
0 ...0 00b)
0 co
0 ...0 00by . r
ANED=1o 70 ooo |- =220 NG = 58p8
0 ...0 000

b{...b,000

where C, D, 0, are square matrices of order p. Because the linear isotropy
representation is trivial and

R(x.Y) =[A\X). A\ - A(X.Y]).
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the curvature is zero, so assuming 7 = 0 we deduce, after some computation, that

A@ani=Z””M+1

and
10 ..00
0y 1,0 01 ..00
ANXD)=|Do,0] withD=|...............
000 00 ...10
00 ..00

The torsion tensor and the curvature tensor of the associated connection are null. O

Remark. Let us consider a homogeneous connection V given by the map /\. This
means that the matrices of /\ (X;) are

N

1

0, 0
» Bi 0
0 Ci

oS O

where A; and B; are square matrices of order p. The tensor torsion 7' of this
connection V is not trivial. There exists a connection V which is torsion free and
has the same geodesic that V. It is defined by

V:V—lT.
2

This connection V is adapted to the Z3-grading and if we fix R = 0, we find again
the previous one.
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As a by-product, they obtained a G-equivariant continuous linear mapping
between the Schwartz space S(G) of such a Lie group and a subalgebra of
Hilbert—Schmidt operators on a Hilbert irreducible unitary G-module. This yields
a one-parameter family of noncommutative associative multiplications {xgy}ger on
the Schwartz space, each of them endowing S(G) with a Fréchet nuclear algebra
structure. Moreover, the resulting family of Fréchet algebras {(S(G), xp)}oecr
deforms the commutative Fréchet algebra structure on S(G) given by the pointwise
multiplication of functions corresponding to the value & = 0 of the deformation
parameter. Note that such a program was achieved in [17] for abelian Lie groups
and in [8] for abelian Lie supergroups.

In this article we construct a bijective intertwiner between every noncommutative
Fréchet algebra (S(G),xp) (0 # 0) and a convolution function algebra on the
group G. The intertwiner’s kernel consists in a complex-valued smooth function
& on the group G x G that we call “x-exponential” because of its similar nature
with objects defined in [11] and studied in [2] in the context of the Weyl-Moyal
quantization of coadjoint orbits of exponential Lie groups.

We then prove that the associated smooth map

E:G— C®(G)

consists in a group-morphism valued in the multiplier (nuclear Fréchet) algebra
M., (G) of (5(G), *¢). The above group-morphism integrates the classical moment

mapping
Aig—> M, (G) N C*®G)

associated with the (symplectic) action of G on itself by left-translations. Next, we
modify the 2-point kernel £ by a power of the modular function of G in such a way
that the corresponding Fourier-type transform consists of a unitary operator F on
the Hilbert space of square integrable functions with respect to a left-invariant Haar
measure on G.

As an application, we define a class of noncommutative tori associated to
generalized Bauslag—Solitar groups in every dimension.

2 Homogeneous Complex Bounded Domains and j -Algebras

The theory of j-algebras was greatly developed by Pyatetskii-Shapiro [16] for
studying in a Lie-algebraic way the structure and classification of bounded
homogeneous—not necessarily symmetric—domains in C". A j-algebra is roughly
the Lie algebra g of a transitive Lie group of analytic automorphisms of the domain,
together with the data of the Lie algebra € of the stabilizer of a point in the latter
Lie group, an endomorphism j of g coming from the complex structure on the
domain, and a linear form on g whose Chevalley coboundary gives the j-invariant
symplectic structure coming from the Kdhler structure on the domain. Pyatetskii-
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Shapiro realized that among the j-algebras corresponding to a fixed bounded
homogeneous domain, there always is at least one whose associated Lie group acts
simply transitively on the domain, and which is realizable as upper triangular real
matrices. Thoses j-algebras have the structure of normal j-algebras which we
proceed to describe now.

Definition 2.1. A normal j-algebra is a triple (g, o, j) where

1. g is a solvable Lie algebra which is split over the reals, i.e., ady has only real
eigenvalues for all X € g,

2. j is an endomorphism of g such that j> = —Id, and [X,Y] + j[jX,Y] +
J[XvJY]_ [/ijY] = O’V XvY €9,

3. o is a linear form on g such that a([j X, X]) > 0if X # Oand a([j X, jY]) =
a([X, Y],V X,Y €g.

If ¢’ is a subalgebra of g which is invariant by j, then (¢’, «|y, j|g) is again
a normal j-algebra, said to be a j-subalgebra of (g, «, j). A j-subalgebra whose
algebra is at the same time an ideal is called a j-ideal.

Remark 2.2. To each simple Lie algebra & of Hermitian type (i.e., such that the
center of the maximal compact algebra £ has real dimension one) we can attach a
normal j-algebra (g, «, j) where

1. g is the solvable Lie algebra underlying the Iwasawa factor g = a @ n of an
Iwasawa decomposition £ @ a @ n of &.

2. Denoting by G/ K the Hermitian symmetric space associated to the pair (&, £)
and by G = KAN the Iwasawa group decomposition corresponding to € adn,
the global diffeomorphism:

G:=AN — G/K : g— gK ,

endows the group G with an exact left-invariant symplectic structure as well as
a compatible complex structure. The evaluations at the unit element e € G of
these tensor fields define the elements 2 = do and j at the Lie algebra level.

It is important to note that not every normal j -algebra arises this way. Indeed, it
is with the help of the theory of j-algebras that Pyatetskii-Shapiro discovered the
first examples of nonsymmetric bounded homogeneous domains. Nevertheless, they
can all be built from these “Hermitian” normal j-algebras by a semidirect product
process, as we recall now.

Definition 2.3. A normal j-algebra associated with a rank one Hermitian symmet-
ric space (i.e., dima = 1) is called elementary.

Lemma 2.4. Let (V,wy) be a symplectic vector space of dimension 2n, and let
hy = V & RE be the corresponding Heisenberg algebra : [x,y] = wo(x, y)E,
[x,E] =0V x,y € V. Setting a := RH, we consider the split extension of Lie
algebras:

0—>bhy >s:=axbhy »>a—0,
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with extension homomorphism py : @ — Der(h) given by
py(H)Y(x +LE) = [H,x +L{E]:=x+2lE, xeV,leR.

Then the Lie algebra s underlines an elementary normal j-algebra. Moreover, every
elementary normal j-algebra is of that form.

The main interest of elementary normal j -algebras is that they are the only building
blocks of normal j-algebras, as shown by the following important property [16].

Proposition 2.5. Let (g, «, j) be a normal j-algebra. Then,

1. there exists a one-dimensional ideal 31 of g, and a vector subspace V of g, such
thats = j31+V 431 underlies an elementary normal j-ideal of g. Moreover, the
associated extension sequence

0—s—g—g —0,
is split as a sequence of normal j-algebras and such that

a. [g.ai®5n]=0,
b [g.V]CV.

2. (follows from 1.) every normal j-algebra admits a decomposition as a sequence
of split extensions of elementary normal j-algebras with properties (a) and (b)
above.

2.1 Symplectic Symmetric Space Geometry of Elementary
Normal j-Groups

In this section we briefly recall results of [6,9].

Definition 2.6. The connected simply-connected real Lie group G whose Lie
algebra g underlies a normal j-algebra is called a normal j-group. The connected
simply connected Lie group S whose Lie algebra s underlies an elementary normal
j-algebra is said to be an elementary normal j-group.

Elementary normal j-groups are exponential (non-nilpotent) solvable Lie
groups. As an example, consider the Lie algebra s of Definition 2.3 where V' = 0.
It is generated over R by two elements H and E satisfying [H, E] = 2F and is
therefore isomorphic to the Lie algebra of the group of affine transformations of the
real line: in this case, S is the ax + b group.

Now generally, the Iwasawa factor AN of the simple group SU(1,n) (which
corresponds to the above example in the case n = 1) is an elementary normal

J-group.
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We realize S on the product manifold underlying s:
S = RxVxR = {(a,x,0)}.

The group law of S is given by

/ ’ 1 ’
(a,x,0)(@, x', )= (a +ad e x+x e+ + Ee_“ a)o(x,x’)) (1.1)

and the inverse by

(a,x,0)7" = (—a,—ex, —e*0) .

We denote by
Ad* :Sxs":(g,8) > Adg(§) = £oAdy

the coadjoint action of S on the dual space s* of s = RH & V & RE. In the dual
s*, we consider the elements * H and "E as well as "x (x € V) defined by

b
HlVGBRE =

0, CH H) = 1,
"Elgney = 0, ("E,E) = 1,
Oa

"XlrHorRE = (x,y) = wo(x,y) (yeV).

Proposition 2.7. Let O, denote the coadjoint orbit through the element € "E, for
€ = =1, equipped with its standard Kirillov—Kostant-Souriau symplectic structure
(referred to as KKS). Then the map

S—Oc : (@.x.0) > Adf, , (€"E) =€"H —e™“"x + e E) (1.2)
is a S-equivariant global Darboux chart on O, in which the KKS two-form reads

w = ws := €(2da A dl + ay) .
Within this setting, we consider the moment map of the action of S on O, >~ S:
Lis—>C®EFS): X = Ay

defined by the relations

Ax(g) == (Adf(’E) . X).

Lemma 2.8. Denoting for every X € s the associated fundamental vector field by

d
X7 = EIO exp(—tX).g,
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onehas(y € V):

1
H*=-9,, y*=—e, + Ee_“wo(x,y)f)g , E* = —¢72%9, .

Moreover the moment map reads

Ag(a,x, ) =2¢el, Ay(a,x,£) = e “emp(y, x) , Ap(a, x,0) = ee 2% .
(1.3)
Proposition 2.9. The map
s:SxS—>S:(g,8) 5.8

defined by

S(a,x,0) (a/, xl, Z/)

= (2a —a’,2cosh(a —a’)x — x’,2cosh(2(a — a’))¢ — £ + sinh(a — a’)wo(x, x/)>
(1.4)

endows the Lie group S with a left-invariant structure of the symmetric space in the
sense of O. Loos (cf. [15]).

Moreover the symplectic structure w is invariant under the symmetries: for every
g €S, one has

2.2 Normal j-Groups

The above Proposition 2.5 implies that every normal j-group G can be decomposed
into a semidirect product

G = G1 Xp Sz (15)
where
Sz = RHZ X Vz X REz

is an elementary normal j-group of real dimension 2n, 4+ 2 and G, is a normal
Jj-group. This means that the group law of G has the form

Vgi.g1€Gl. Vg.8eS 1 (g1.82)(8).8) = (gl-gi, gz-(p(gl)gé)),
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where p : G; — Sp(V2, wp) denotes the extension homomorphism; and the inverse
is given by (g1.82)"" = (g7'. p(g7")g;"). As a consequence, every normal -
group therefore results in a sequence of semidirect products of a finite number of
elementary normal j-groups.

Proposition 2.10. Consider the decomposition (1.5). Then,

1. the Lie group G admits an open coadjoint orbit Oy through an element 0, € g}
which it acts on in a simply transitive way;

2. the coadjoint orbit O of G through the element o := 01+ €, E, (same notation
as in Sect. 2.1) is open in g*;

3. denoting by O, the coadjoint orbit of Sy through € " E,, the map

¢ : 01 x 0y > 01 (Ad} 01, 6©Ad}," E>) > Ad(, ,, (0) (1.6)

is a symplectomorphism when endowing each orbit with its KKS two-form.

Proof. We proceed by induction on the dimension in proving that O is acted on
by G in a simply transitive way. By induction hypothesis, so is O; by G;. And
Proposition 2.7 implies it is the case for O, as well. Now denoting (g1,¢) =: g1
and (e, g2) =: g2, we observe:

AdY,, )(0) = Ady,, (0) = Ad, (Ady, (01) + €2"E2 0 (g7 )xe)

where p : G; — Aut(S,) denotes the extension homomorphism.
Now forall§, € g7, X1 € g1, X2 € 5,and g, € Sy:

(Adg,&1. X1+ X2) = (61, Ad—1 X1 + Ad—1 Xo) = (61, Ad—1 Xy)
But
d . d .
Adgi Xy = lo(exp(tX1). &5 7)(e. 82) = - lo(exp(tX1). &5 p(exp(X1))g2) -

Hence

d
(6, Addi X)) = (61, X1 @ (a|og;‘p<exp(rxl>)gz)> = (8. X)),
Therefore Ady, & = & and we get

Adf, ., (0) = Adj (01) + € Ad}, (E20 p(g )we) -

The induction hypothesis thus implies that the stabilizer of element o in G is trivial,
which shows in particular that the fundamental group of O is trivial. The map (1.6)
being a surjective submersion is therefore a diffeomorphism.
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It remains to prove the assertion regarding the symplectic structures. Denoting
by @ the KKS form on @, we observe that with obvious notation, for all ¥, € a1
and Y, € 5;:

0’ (Xf @ XS, Y @ Y)) = wAd* (o)(d)*Xl* + G X3 YT + 4 Y5)
- wfd* )(0)((Adg2X1)* + X7, (Adngl) +Y,)

(Adzkgl g2)(0) ’ [Adgle + X2 ) Adngl + Y2]>

(Ad;l (o), [X1 + Adgz—l)(z , Y+ Adgz—l Ys])

(Adg (0), [X1. 1] = p(YD)Ad 1 X5 + p(X1)Ad,—1 Y + Ad—i [X3, V2] )

Ad* (0)(X1,Y1)+62w (X3.75)

Ad* YE,
+ €2 ('Ea. plg ) (—P(YDAd 1 Xo + p(XDAd 1 Y2))

The last term in the above expression vanishes identically. Indeed, the specific form
of p implies that the element v, := —p(Yl)Adg;ng + p(X])Adg;l Y, livesin V;

as well as in p(g7 ") xev2. O

Remark 2.11. Normal j-groups can be decomposed into elementary normal
j-groups Sy as G = (...(S1 Mo S2) Xp, ) Xoy_; Sy and the coadjoint
orbits described in Proposition 2.10 are determined by sign choices ¢, = =1
for each factor Si. We will denote by Oc) the coadjoint orbit associated to the signs
(ex)1<k<n € (Zo)V.

Example 2.12. Let us describe the following example corresponding to the six-
dimensional Siegel domain Sp(2,R)/U(2). Let G; = S; be of dimension 2
(V1 = 0, Gy is the affine group), S, of dimension 4, i.e., V5 is of dimension 2,

with basis f>, f, endowed with wy = ( 01 O)) and let the action p : S; — Sp(13)
be given by

e 0
,0((11,61) - (e—algl e—ul)'

Then the group law is

/A Y ) /=24
(a1, 41, a2, v2, w2, £2)-(a), ], a5, vy, whty) = (a1 +al, e

— 4 — 4 — —
+ 0, ar + dh, ey + €S, e T Pwy + e T v + e MW,

— ! 1 — ’ — —
e, + 0, + Ee Q(eTMLvvy + e Moan)y — e“‘wzvg)),
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where (a1,£41) € Sy, (az,v2, w2, €2) € S, and
Y
g = (a1, 01, a2, 2, Wy, £r) = e atwafy JLEs jarHy yli By

Its Lie algebra is characterized by

[H, E\] =2E,, [Ha, 2] = fa. [Ha. f,] = 1. [f2, f,] = Ea,
[H, Eb] = 2E,, [Hy, f2] = f2. [Hi, fi]=—15. [E\, ol = f5.

where the other relations vanish. The coadjoint action takes the form
€
Ad;(él bEl + € bEz) = (26161 + €2U2W2)bH1 + (616_2“1 - %v%)bEl
+ (20, Hy — 720" fo — e 7 2wy" f) + e 722 E;) .
The moment map can then be extracted from this expression:

€2
—2a 2
e I EUZ, /\H2 = 2€2£2,

—a —a _
/\f2 = €€ 2W2, Afz/ = —€re 21)2, AEz = €€

A, = 2ely + 0w, AE, =€

2(12

3 Determination of the Star-Exponential

3.1 Quantization of Elementary Groups

We follow the analysis developed in [7], where the reader can find all the proofs.
In the notation of Sect. 2.1, we choose two Lagrangian subspaces in duality Vj, V)
of the symplectic vector space (V, wg) of dimension 2z underlying the elementary
group S. We denote the corresponding coordinates x = (v,w) € V in the global
chart, withv € Vyandw € Vj. Letq = RH & Vy and Q = exp(q). The unitary
induced representation associated to the coadjoint orbit O, (¢ = %1) by the method
of Kirillov has the form

% (ez(“7“0)4+w0(%e"7”0 v—g,e4 %0 w)) a—ag
plap—a,vg—e v)

(1.7)

U@,E(av xv Z)QD(GO, UO) =e€

for (a,x,£) € S, ¢ € L*(Q), (ap,vo) € Q and 0 € R . These representations
Ugp. : S — L(H) are unitary and irreducible, and the unitary dual is described by
these two representations. A multiplier m is a function on Q. There is a particular
multiplier:

mg(a, v) = 2" /cosh(2a) cosh(a)". (1.8)
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Let us define X' := (5(0,0,0)|0)*, where s is the symmetric structure (1.4):
Eqp(avv) = @(_a,—v). (19)
Then, the Weyl-type quantization map is given by

£20.emy(a, x, L)p(ag, vo) 1= U@.((a,x,K)mOEUg,G(a,x,K)_lfp(ao, Vo)
= 2"*1/cosh(2(a — ay)) cosh(a — ap)"

_ (1.10)
23% ( sinh(2(a—ao))L+wo (cosh(a—ag)v—vg,cosh(a —ao)w))

xXe

X ¢(2a — ap,2 cosh(a — ap)v — vp).

The operator $2p¢m,(g) is a symmetric unbounded operator on #, and
geS~0..
On smooth functions with compact support f € D(O,), and by denoting k :=

1
W , One has

Qoem () = /@ £(8)20.cm (2)di(g)

with du(g) = dfg which corresponds to the Liouville measure of the KKS
symplectic form on the coadjoint orbit O, ~ S. Its extension is continuous and
called the quantization map 2g.cm, : L*(Oc) — Lps(H), with H := L*(Q)
and Lpys the Hilbert—Schmidt operators. The normalization has been chosen such
that £2pcm,(1) = 1y, understood in the distributional sense. Moreover, it is
S-equivariant, because of

V.80 €S : Rpem(8:80) = Usc(8)20.cmy(g0)Use(g) ™"

The unitary representation Up : S — L(#) induces a resolution of the identity.

Proposition 3.1. By denoting the norm |¢|? = Jo leta, v)Pe*"+Vdadv and
9e(q) = Ugc(g)p(q) for g €S, q € Q and a nonzero ¢ € H, we have

K
W/Sk/’g)(‘/’gng = 1.

This resolution of identity shows that the trace has the form

TH(T) = — / (¢ Tog)d g (L11)
lel? Js

w

for any trace-class operator T € L' (H).
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Theorem 3.2. The symbol map, which is the left-inverse of the quantization map
£29.¢.m, can be obtained via the formula

VfeLX0). VegeO 1 Ti(2em(f)R0em(8) = f(2),

where the trace is understood in the distributional sense in the variable g € S.

Then, the star-product is defined as

(f1 %0, 12)(&) 1= Tr(82.e.my (f1)526,e.my (f2)520.¢.my (8))

for fi, f» € L*>(O,) and g € O,, where we omitted the subscripts €, my for the
star-product.

Proposition 3.3. The star-product has the following expression:

1 2i
(fl*ofz)(g)=(ﬂ9)m/ Ks(g. 81, 82)e” 7 @) fi(g1) f(g2)dpe(g1)dp(g2)
(1.12)

where the amplitude and the phase are

Ks(g. g1, g2)=4+/cosh(2(a;—as)) cosh(2(a;—a)) cosh(2(a—a>)) cosh(a, — a)"
cosh(a; — a)" cosh(a; — ay)",
€Ss(g, g1, 82) = —sinh(2(a; — az))f — sinh(2(az — a))¢; — sinh(2(a — ay)){,
+ cosh(a; — a) cosh(a; — a)wy(x1, x2)
+ cosh(a; — a) cosh(a; — az)wo(xz, x)
+ cosh(a; — az) cosh(az — a)wy(x, x1),

with gi = (a;,x;,4;) € S. Moreover, g + 1 is the unit of this product, is
associative, S-invariant and satisfies the tracial identity:

/fl *p fo = /fl'fz- (1.13)

Note that this product has first been found [5] by intertwining the Moyal product:

(f *2 f)a, x, ) = /da,-dxidﬁ,- filar +a,x1+x,4,+ 1)

(n9)2+2n

folar +a, x>+ x, 0 + E)e—%(zméz—hﬂl+wo(xquz))
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for f1, f» € L*(O,) and O, ~ S ~ R>"*2, which is s-covariant ([AX,Ay]*g =
—iOA[x y]) but not S-invariant. So for smooth functions with compact support, we
have fi xg fo = To((T; ' f1) *5 (T;! f»)) with intertwiners:

1 / ot ot i ginh( 2y 0—i ot
Ty f(a,x,0) = —/ cosh(—)cosh(—)"e%s‘"h(%)z_’étf(a,cosh(—)x, £)drdé
2 2 4 4

Jeosh(%) o1
—2g_27smh(%)é-i-lf@f(a,COSh(T)_lxaE)dtdé

cosh(%)”

1
17 a0 =5 [
(1.14)

which will be useful in Sect. 3.4.

3.2 Quantization of Normal j-Groups

Let G = G; x S, be a normal j-group, with notation as in Sect. 2.2. Taking into
account its structure, the unitary representation U and the quantization map §2 of
this group (dependence in & € R will be omitted here in the subscripts) can be
constructed from the ones U; and 2| of G| (obtained by recurrence) and the ones
U, and £2, of S;, given by (1.7) and (1.10) (without my for the moment).

Let H; be the Hilbert space of the representation U;, associated to a coadjoint
orbit O; (in the notation of Proposition 2.10). Since U, is irreducible and p : G; —
Sp(V>), there exists a unique homomorphism R : G; — L(H>) such that for all
g1 € G, forall g, € Sy,

Us(p(g1)g2) = R(g1)Ua(g2)R(g1) "

R is actually a metaplectic-type representation associated to U, and p. The matrix
p(g1), with smooth coefficients in gy, is of the form

_ (pr+(g1) 0
plan) = (P—(gl) (,0+(g1)T)_1)

with p—(g1)" p+(g1) = p+(g1)" p-(g1).
Proposition 3.4. The map R : Gy — L(H,) is given by for all g, € Gy, for all
¢ € H, non-zero,
1
| det(p+ (g1))]2

and is unitary, where the sign €, = %1 determines the choice of the coadjoint orbit
O, and the associated irreducible representation U,.

R(g1)¢(ao, vo) = e—lz%vop—(gl)P+(gl)71vo@(a07 p+(g1)_1vo)



Harmonic Analysis on Homogeneous Complex Bounded Domains. . . 53

The expression

U(g)p := Ui(ger ® Ux(g2)R(g1)e2

for g = (g1.82) € G, ¢ = o1 @ ¢» € H = H; ® Hy, defines a unitary
representation U : G — L(H). Let ¥ = X} ® X,, with X, given in (1.9). Then,
the quantization map is defined as

Q(g):=U(g)oXZoU(g)™".

Using the definition of U and R together with the property (see Proposition 6.55
in [7]),

R(g)ZR(g)™ = %,
it is easy to check that

2((g1,82) = 21(g1) ® 22(g2),

with (g1,g2) € G and £2;(g;) = U;(gi) o X; o U;(g;)~". Using the identification
O =~ G (see Proposition 2.10), we see that §2 is defined on O and it is again G-
equivariant: for g € G and g’ € O,

R(gg)=U)RE U™

In the same way, if myp := m} ® m}, where m} is given by (1.8), we also have
2m,((g1,82) = Ql’m(l) (g1) ® .Qz’m% (g2)- The quantization map of functions f €
D(O) has then the form

g (f) 1= /O £(8) 2 ()d11(8)

where du(g) := dui(g1)dus(g2) = dgidhg, is the Liouville measure of the
KKS symplectic form on the coadjoint orbit O >~ G; k = kika, for G = G| X Sy, is
defined recursively with k; = W and dim(S,) = 2n, + 2 in Sect. 3.1. We
then have 2y, (1) = 1.

Note that the left-invariant measure for the group G = G, x S; has the form

dg = dtgid g
which corresponds to the Liouville measure dju(g), like the elementary case. As in

Sect. 3.1, the unitary representation U : G — L(7?) induces a resolution of the
identity.
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Proposition 3.5. By denoting the norm ||<p||i, = ||l ||3V||<p2||if0r<p =01 eH
nonzero, we have

K

loll?

/G 1U(g)e)(U(g)pld g = 14.

This resolution of identity shows that the trace has the form

TH(T) = /G (U(g)g. TU(g)p)d g (1.15)

lll?

for T € £!(H). In particular, for T = T; ® T> with T; € L!(H,), one has

Te(T) = ﬁ /G(Ul(gl)wls T1U1(g1)91){Ux(g2)R(g1) 2, T2Ux(g2)R(g1)92)

dlgidl gy = Te(T)) Te(Ty).  (1.16)

Theorem 3.6. The symbol map, which is the left-inverse of the quantization map
§2m, can be obtained via the formula

VS ELHO), Vg e O Tr(2m(/)2m(2)) = /().
Proof. Abstractly (in a weak sense), we have
TH(2umy () 2oy (£))
=« [ (g} 83 TH(1 (6120 (50) Tr(@a(5) 22520 e (81 s s)

= f(81.82).
The star-product is defined as

(fl *0 f2)(g) = Tr(Qmo(fl)‘Qmo(fZ)‘Qmo(g))

for f1, o€ L*(O)and g € O.

Proposition 3.7. The star-product has the following expression:

(fi *¢ f2)(2)
1

J— 2 7 G
= (26)in©) /ch; Kg(g. g’ g")e 7588 £,(g") fo(g")du(g)dp(g”)

(1.17)
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where the amplitude and the phase are

Kg(g.8'.8") =Ka,(g1.81.81)Ks,(82. £5. 83).
Sc(g.8'.8") =S:,(g1.81.81) + Ss,(82. 85 &3)-

with g = (g1, 82) € O = O x Oy due to (1.6). There is also a tracial identity:

/ (fy %o £2)(g)dpu(g) = / £(2) H(9)du(g).
O O

3.3 Computation of the Star-Exponential

Definition 3.8. We define the star-exponential associated to the deformation
quantization (x, £2) of Sect.3.2 as

VeeG Ve eO0=G : £2(g) =Tr(U(2)2m(g),

where the trace has to be understood in the distributional sense in (g, g’) € G x O.

By using computation rules of the above sections, we can obtain recursively the
number of factors of the normal j-group G = G| xS, with the corresponding coad-
joint orbit O ~ O; x O,, the expression of the star-exponential £© € D'(G x O).

Theorem 3.9. We have forall g, g’ € G,

£2(¢)
22| det 3 /cosh h(%)" ]
_0e)) | det(p+(g1))|2 v/cosh(az) cosh(%) exp (ﬂ [2 sinh(a,)?,
| det(1 + p1(g1))] 0

7 a 4 1
+ e 4+ ¢ 7% cosh( T (2. ¥5) + 3 (B My(g) ).
(L.18)

where

-B,C]

M,y(g1) = ( c, 0 ) , Fi=e? %x, — ZCosh(%z)xé

andwith B, = (1+p% (g1)) ™' 0} (g1)p-(g1)(1+p+(g1) ™", and C, = 3(p1(g1)—
Dps(g) + DL g = (g1.82), 82 = (a2, x2.42) € Sy, and EC' the star-
exponential of the normal j-group G.
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Proof. First, we use Proposition 3.5 and Eq. (1.16):

£ (g') = Tr(U(8)2my (8") = Tr(U1(1)92, 1) (81)) Tr(Ua(82)R(81) 2, 2 (£3))-

The second part of the above expression can be computed by using (1.11), and
it gives

K2
K2 /S (e Us (@2 RA&1) 2, (84)05) 1 2.

el /s

Tr(U2(82)R(81)2; 12 (83)) =

If we replace U, Qz,mg and R by their expressions determined previously
in (1.7), (1.10) and Proposition 3.4, we find after some integrations and
simplifications that for all g, g’ € G,

22| det(p+ (g1))|? y/cosh(az) cosh(%2 )"
| det(1 + p+(g) (1.19)

o _ ¢cO
&, (8) =&, (gD

x exp(%[2 sinh(a2)l), + e 724, + XTApX]),

where
Ap =
~B, cr B, (1+ Pk ()™
Cp 0 —p+ (g1 + p1(g) ! 0
B, —pX (g1 + pL (g1)7! -B, cl
(1+p(g)™! 0 Co 0
%e “72_“51)2
1 %—aé
x=| p¢ "
ﬁcosh(%)vg
«/Ecosh(“z—z)w’2
and with x, = (v2, w2). A straightforward computation then gives the result. O

Let us denote by 5812, gz)(gé) the explicit part in the RHS of (1.19) which

corresponds to the star-exponential of the group S, twisted by the action of g; € G;.

The expression (1.19) seems to be ill-defined when det(1 + p;l) = 0. However,
one can obtain in this case a degenerated expression of the star-exponential which
is well defined. For example, when p1(g1) = —1,,, we have
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v/ cosh(az)

(@) ’ n
g(glz,gz)(gz) = (7[9) ’ COSh(aTZ)"z

| /7 1 /7
x exp(% [2 sinh(a2) 5 + e 20, + Ze" i (vs. wz)])

a

<8(11= g 4~ sy
Vy—————— Wy — ——————ws ).
2 2 cosh(%) z 2 2 cosh(%) :

In the case where p(g;) = 1, i.e., when the action of G| on S; is trivial in G, we
find the second part of the star-exponential

’ a .,
522(82) = \/m(az)cosh(é) 2

. (1.20)
X exp(% [2 sinh(az)?, + eaz—“éez teT o cosh(a—;)wo(xz, xé)]).

which corresponds to the star-exponential of the elementary normal j-group S,.
By using this characterization in terms of the quantization map, we can derive
easily some properties of the star-exponential.

Proposition 3.10. The star-exponential enjoys the following properties. For all
2.8 €G, forall gy € O,

e hermiticity: % = 8;9,1 (g0)-

* covariance: Eg.g.g,_l (g'-g0) = Eg(go).

* BCH:EQ %4 £ = £,

* Character formula: [; €S (g0)du(go) = k™ Tr(U(g)).

Proof. Using Theorem 3.9, we can show that Ef(go) = Tr(U(g™")2m,(g0)) =
55_1(5’0) since §2m,(go) is self-adjoint. In the same way, covariance follows the
G-equivariance of £2p,,. The BCH property is related to the fact that U is a group
representation. Finally, we get

/ €9 (g0)dpa(g0) = Tr(U(g) / P (80)d11(50)) = K~ Tr(U(g))
(@) O

using that £2y,,(1) = 1. O

Note that the BCH property makes sense in a non-formal way only in the
functional space M,,(G) determined in Sect. 4.2, where we will see that the star-
exponential belongs to.
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3.4 Other Determination Using PDEs

We give here another way to determine the star-exponential without using the
quantization map, but directly by solving the PDE it has to satisfy. We restrict here
to the case of an elementary normal j-group G = S for simplicity.

By using the strong-invariance of the star-product, for any f € M, (S) (see
Sect.4.2),

VXes : [Ax, [l =—i0X"f

where A is the moment map (1.3), and by using also the equivariance of §2y,,, we
deduce that

[2m (Ax), 2y ()] = 2wy ([Axs flag) = —i02m(X™ f)

d d
- —i@EIOQmO(L};xf) = —iQEIoU(etX)Qmo(f)U(e_tX)
= _iQ[U*(X)HQmo(f)]

Since the center of M, (S) is trivial, this means that there exists a linear map S :
g — C such that

@y (x) = —i0UL(X) + B(X)L.

The invariance of the product under X' (see (1.9)) implies that 8(X) = —B(X) and
finally 8(X) = 0. As a consequence, we have the following proposition.

Proposition 3.11. The star-exponential (see Definition 3.8) of an elementary nor-
mal j-group G = S satisfies the equation

9, Ex = %(AX xg Eux) (1.21)

with initial condition lim,_ E,ix = 1.

Proof. Indeed, by using 2m,(Ax) = —i0U«(X), we derive

0,Eax (g0) = B TH(U(™) 2y (80)) = Tr(Un (X)U(™) 2ums (0))
= T (L) U™ ) 2 (80)) = 55 (A 5 Ex0)(80)

|

Now we can use this equation to find directly the expression of the star-
exponential. Let us do it for example for the coadjoint orbit associated to the sign
€ = +1. Since the equation (1.21) is integro-differential and complicated to solve,
we will analyze the following equation:
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0fi =50 #§ ). lim fi=1 (1.22)

for the Moyal product *g. Indeed, we have the expression of the intertwiner 7 from
*2 to x». We define the partial Fourier transformation as

~

Ffla,x,£):= f(a,x,§£) ;:/ e fa, x, £)dL. (1.23)

Applying the partial Fourier transformation (1.23), with X = a«H + y + BE € s,
on the action of moment maps by the Moyal product, we find

FAy +y f) = (m; + %a) f

g% i6 ~
Fuy o 11 = (o0 + Ty ) 1

CratE 2
f(AE*gf):e 2a=3 f,

so that Eq. (1.22) can be reformulated as
P iOa gt gt i6 N
0y = S[2iad + S20, 4+ pe 4 e (wn(v.0) + Sy00 |/ (124

which is a pure PDE. Then, owing to the form of the moment map (1.3), we consider
the ansatz

i _ -
fila,x,£) = v(r) exp 5[2&/10) +e () +e ”Vs(t)wo(y,X)] (1.25)
whose partial Fourier transform can be expressed as

2y1(1)
0

ﬁ(a, x,§) = 47r28(§ — ) v(t) exp é[e_za)/z(t) + e y3(t)wo(y, x)].

Inserting this ansatz into Eq. (1.24), it gives
Vi) = e y3(t) = ana(0) + Be O yi(1) = Sy + e 0 (1) = 0.
We find that the solutions with initial condition lim,—,o f; = 1 are
sinh(%)

Yy = ot, Yy = Esinh(at), Y3 = ——=—, v=1.
o o
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Using intertwining operators (1.14), we see that Tg_lk x = Ay, and Ty f; is then
a solution of (1.21):

E, (tAx)(a,x,b) = Eux(a,x,0) =Ty fi(a,x, )

e~ 4

af b sinh( t)(zug 24 e g (. >)
= y/cosh(at) cosh(;)”ee o ‘ )

To obtain the star-exponential, we need the expression of the logarithm of the group
S: Egy = Evy(Aiog(ep))- For X = aH + y + BE € s, the exponential of the group S
has the expression

2

exp(aH +y + BE) = (a, 267 Gnh(%)y, B e sinh(a)),
2 o

and the logarithm

a
a e: ae’

log(a, x,0) = aH + % — L)
ogla.x. 0 = all 45 Gh @™  Sinhi@)

Therefore, we obtain

. a0 _
a L(zsinh(u Y+e0 20 fg+e 2 % cosh( L )wp (x ,x))
Eq,(g) = +/cosh(ap) cosh(;o)"ee ’ ’ 2 ,

which coincides with the expression (1.20) determined by using the quantization
map £2m,. Note that the BCH property (see Proposition 3.10) can also be checked
directly at the level of the Lie algebra s. From the above expressions of the logarithm
and the exponential of the group S, we derive the BCH expression: BCH(X, X3) :=
log(eM1eX?), ie.,

9]

@ o
e .« er |«
( smh(—l)yl + — smh(—z)yz),
o1 2 [0%) 2

(o) + a2)
. o]+
sinh(*5*2)

BCH(X,, X») = (051 + o,

&e_“z sinh(a)

(1 + a2) [
o

sinh(o; + a2)
,32 2 o=

+ —e% sinh(ay) + e 2 sinh(oﬂ) sinh(%)wo(yl, yz)]).
(0%] a0 2 2

Then, BCH property £, g £y = Eg.g7 is equivalent to
VXi,Xaes  E.(Ax) % Evy(Ax,) = Evy(AcH(x,.x2))

which turns out to be true for the star-product (1.12) and the star-exponential
determined above.
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4 Non-Formal Definition of the Star-Exponential

4.1 Schwartz Spaces

In [7], a Schwartz space adapted to the elementary normal j-group S has been
introduced, which is different from the usual one S(R?*"*2) in the global chart
{(a, x, £)}, but related to oscillatory integrals. Let us have a look at the phase (1.12)
of the star-product:

€Ss(0, g1, g2) = sinh(2a;)£, — sinh(2a,){; + cosh(a;) cosh(az)wo(x1, x2)

with g; = (a;,x;,¢;) € S. Recall that the left-invariant vector fields of S are
given by

~ 1 ~
H=20,—x0,—200;,, J=yd,+ Ewo(x,y)Bg, E = 0,.

We define the maps @ by VX = (X1, X2) € s ® s,

X.e—%Ss(O,gl,gz) = _%&X (gl’ gz)e—%SS(O,gl,gz)

since it is an oscillatory phase. For example, we have

@(£,0)(81.82) = —sinh(2a,), and
d(H’()) (gl s gz) = 2C0$h(2611)€2 +2 sinh(2a2)€1 —e 4 COSh(az)a)o(xl, )Cz).

Then we set ax (g) 1= &(x,0)(0, g) forany X € s and g € G, whose expressions are
ap(g) =2t ay(g) =cosh(@)w(y.x),  ap(g) = —sinh(2a).

This leads to the following definition.

Definition 4.1. The Schwartz space of S is defined as
SE6)={f eC>®FS) V,jeN""2 VP el(s)such that

11l = sup o/ ()P f(g)| < oo},
ge

Joe— 1,02 a1 Jan+2
where o/ = apa; .. ap, " ap' T,

It turns out that the space S(S) corresponds to the usual Schwartz space in the
coordinates (r, x, £) with r = sinh(2a). It is stable by the action of S:

VieS®S), VgeS : g*feSOS).
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Moreover, S(S) is a Fréchet nuclear space endowed with the seminorms (|| /| ; p)-

For f,h € §(S), the product f *g h is well defined by (1.12). However, to show
that it belongs to S(S), we will use arguments close to oscillatory integral theory.
Let us illustrate this concept. One can show that the following operators leave the
phase ¢~ 9508182 invariant:

Onim -2y - L __a-Ly)
S 4@, 4 1 + sinh(2a;)? 4 ar
1 62
Op = —————(1— =032,
! 1+sinh(2a1)2( 7o)
1 62
Oy, = 1- ),
: 1+ xg( 4 cosh(ay)? cosh(ay)? ™
92
Oy, = (1-— %),
1—}—)62 4 cosh(ay)? cosh(ay)? ™
1 6> 1
O = 1_ . PN aa —t h ax 2 )
2 1+£%( 4 (cosh(Zal)( 1 anh(a1)x10y,))")
1 02 1
Oy, = (———=—= (04, _tanh(GZ)XZaxz))z)-

1+ E%( 4 cosh(2a3)

So we can add arbitrary powers of these operators in front of the phase without
changing the expression. Then, using integrations by parts, we have for F € S(S?):

/ e~ 7550818 F (g, gr)dg dgn

= / e~ FSO)(OF K1 (OF )2 (OF )71 (OF) P (OF )1 (OF) T F(g1, g2)dg1dgs

=/ e 9 55(0.81.82) 1
(1 + sinh?(2a;))*1 (1 + sinh?(2as))k2
1

DF(g1,g2)dgid 1.26
(1+xl2)pl_q2(l +X%)p2_ql(l +£%)l]1(1+£%)q2 (gl g2) g1dg» ( )

for any k;,q;, p; € N such that p; > ¢, and p, > ¢;, and where D is a linear
combination of products of bounded functions (with every derivatives bounded)
in (g1, g2) with powers of d,, d,, and maai. The first line of (1.26) is not
defined for nonintegrable functions F' bounded by polynomials in r; := sinh(2a;),
x; and {;. However, the last two lines of (1.26) are well defined for k;, p;, g;
sufficiently large. Therefore it gives a sense to the first line, now understood as
an oscillatory integral, i.e., as being equal to the last two lines. This definition
of oscillatory integral [7, 9] is unique, in particular unambiguous in the powers



Harmonic Analysis on Homogeneous Complex Bounded Domains. . . 63

ki, pi,q:. Note that this corresponds to the usual oscillatory integral [13] in the
coordinates (r, x, £).

The next theorem, proved in [7], can be showed by using such methods of
oscillatory integrals on S(S).

Theorem 4.2. Let P : R — C*®(R) be a smooth map such that Py = 1, and
Py(a) as well as its inverse are bounded by C sinh(2a)~, k € N, C > 0. Then, the
expression (1.12) yields a S-invariant non-formal deformation quantization.

In particular, (S(S), *¢) is a nuclear Fréchet algebra.

In what follows we show a factorization property for this Schwartz space. First,
by introducing y(a) = sinh(2a) and S(A4) := y*S(R), we note that the group law
of S reads in the coordinates (r = y(a), x, {):

(r,x, 0)-(r', x', 0)) = (r L2 4+ V472 (c(r) = s(r)x + X',
(VT2 = Y4+ 2 = s an(r. )

with the auxiliary functions:

V2

c(r) = 7(1 +V1i+ rz)% = cosh(%arcsinh(r)), (1.27)

s(r) = gsgn(r)(—l + V1427 = sinh(%arcsinh(r)).

Proposition 4.3 (Factorization). The map ® defined by ®(f ® h) = f g h,
for f € S(A) and h € S(R*T) realizes a continuous automorphism S(S) =
S(ARSR¥ 1) — S(S).

Proof. Due to the nuclearity of the Schwartz space, we have indeed S(S) =
S(A)®S(R*'*1). For f € S(A) (abuse of notation identifying f(a) and f(r) :=
f(y7'(r))) and h € S(R?>'*!), we reexpress the star-product (1.12) in the
coordinates (r, x, £):

(f 0 B)(r,x,0) = ! / (1 _ rir )

(@) Ja+ 0+ )

< 1+ + VT P + () = 252 0 4 T2

c(r1) c(r1)

\/ c(rie(r) e—%(rllz—rﬂl+w(>(X1,X2))dridxidgi )

X
\/c(rl\/l +r22—r2\/1 +r12)
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By using the partial Fourier transform h (r.§) = [dle™ “%h(x,£), and integrating
over several variables, we obtain

282
(f w0 = o [ o1+ 5+ VTR i e

For ¢ € S(S), we have now the following explicit expression for @:

o). 0 = o [ 60\1+ 5+ ST e

which permits to deduce that @ is valued in S(S) and continuous. Then the formula

o(r,x,0) =/ D(p)(ry/1 + 9%2 6% \/1 + 72, x,E)e de

permits to obtain the inverse of @ which is also continuous. O

For normal j-groups G = G X S,, we define the Schwartz space recursively
S(G) = S(GRS(S,)

and obtain the same properties as before. In particular, endowed with the star-
product (1.17), the Schwartz space S(G) is a nuclear Fréchet algebra.

4.2 Multipliers

Let us consider the topological dual S’(S) of S(S). In the coordinates (r = y(a),
x,£), it corresponds to tempered distributions. By denoting (—, —) the duality
bracket between S’(S) and S(S), one can extend the product x4 (with tracial
identity) as

VT eS(S),V fheSS): (Txefh):=(T, fxeh)and (fxoT,h):=(T, hxe f).

which is compatible with the case T € S(S).

Definition 4.4. The multiplier space associated to (S(S), xg) is defined as

M., (S) =
{TeS(S), frTx*yg fand f — f x¢ T are continuous from S(S) into itself}.
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We can endow this space with the topology associated to the seminorms:

”T”B,j.P,L = sup | T * f”j,P and ”T”B,j.P,R =sup || f * T||j,P
feB feB

where B is a bounded subset of S(S), j € N*'*2 P € U(s) and I.f1l;,p is the
Schwartz seminorm introduced in Definition 4.1. Note that B can be described as a
set satisfying V j, P, sup rep | /|| ; p exists.

Proposition 4.5. The star-product can be extended to M., (S) by:
VS, TeM,®S),VYfeSS) : (SxT.f)=(S.T*gf)=A(T,f*S).

Then (M., (S), *g) is an associative Hausdor{f locally convex complete and nuclear
algebra, with separately continuous product called the multiplier algebra.

Proof. For the extension of the star-product and its associativity, we can show
successively forall S, T € M,,(S), forall f,h € S(S),

(T*gf)*gh:T*g(f*gh) s (S*@T)*gf:S*g(T*gf), and
(Tl * 9 Tz) *9 T3 = Tl *9 (Tz *9 T3),

each time by evaluating the distribution on a Schwartz function ¢ € S(S) and by
using the factorization property (Proposition 4.3).

M., (S) is the intersection of M, the left multipliers, and Mg, the right
multipliers. By definition, each space M, and M is topologically isomorphic to
L(S(S)) endowed with the strong topology. Since S(S) is Fréchet and nuclear, so is
L(S(S)), as well as M, Mg and finally M, (S) (see [18] Propositions 50.1, 50.5
and 50.6). O

Due to the definition of S(G) for a normal j-group G = G| X S, and to the
expression of the star-product (1.17), the multiplier space associated to (S(G), *g)
takes the form

M.y (G) = M., (G))®M,,(S2). (1.28)

and is also an associative Hausdorff locally convex complete and nuclear algebra,
with separately continuous product. Remember that we have identified coadjoint
orbits O described in Proposition 2.10 with the group G itself, so that we can speak
also about the multiplier algebra M., (O).

4.3 Non-Formal Star-Exponential

Theorem 4.6. Let G be a normal j-group and g the star-product (1.17). Then for
any g € G, the star-exponential (1.19) 5? lies in the multiplier algebra M., ,(O).
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Proof. Let us focus for the moment on the case of the elementary group S.
The general case can then be obtained recursively due to the structure of the star-
exponential (1.19) and of the multiplier algebra (1.28). We use the same notations
as before. For f,h € S(A), f x9 h = f-h. If T belongs to the multiplier
space M(S(A)) of S(A) for the usual commutative product, we have in particular
T € S'(S) and by duality T g f = T-f. Then,

V feSA), Vhe SR + T xg(f xgh)=(T-f)*gh.

By the factorization property (Proposition 4.3), it means that T € M, (S),
and we have an embedding M(S(4)) — M,,(S). If we note as before

R*+! = ¥ @ RE, we can show in the same way that there is another
embedding M(S(RE)) — M,,(S). Since x’ € V E((glzqu)(o,x’,O) is

an imaginary exponential of a polynomial of degree less or equal than 2 in x’
and since the product x¢ coincides with the Moyal product on V, it turns out
that x’ € V > Eglz,gz)(o,x’,O) is in M,,(S(V)). Then, the star-exponential
£% in (1.19) lies in M(S(A)OM,,(S(V)®M(S(RE)), and it belongs also
to M., (S). O

5 Adapted Fourier Transformation

5.1 Definition

As in the case of the Moyal-Weyl quantization treated in [1,2], we can introduce the
notion of adapted Fourier transformation. For normal j-groups G = G| X S;, which
are not unimodular, it is relevant for that to introduce a modified star-exponential

E9(¢) :=Tr(U(g)d2(g")).

where d is the formal dimension operator associated to U (see [10, 12]) and O is
the coadjoint orbit determining the irreducible representation U. Such an operator
d is used to regularize the expressions since [ f(g)U(g)d 2 is a Hilbert-Schmidt
operator whenever f is in L2(G). So the trace in the definition of £ is understood
as a distribution only in the variable g’ € O.

By denoting A the modular function, defined by d(g-g’) = A(g’)d" g, whose
computation gives

A(g) = A(g1)Ax(g2), With Ay(as, x3,£r) = e 22t
the operator d is defined (up to a positive constant) by the relation

VgeG : U(g)dU(g) ™" = Ag) 'd.
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Since R(g1)d2R(g1)™' = d», it can therefore be expressed as d = d| ® do,
for d; the dimension operator associated to U;, and with for all ¢, € H,, for all
(@0, vo) € O,

—2(n2+1)ao

(daga)(ag, vo) = K3e @2(ao, vo)

where we recall that dim(S;) = 2(n, + 1). Note that &5 is independent here of the
choice of the irreducible representation U, (e, = %1).

Proposition 5.1. The expression of the modified star-exponential can then be
computed the same notation as for Theorem 3.9:

et FD(F ) \Joosh(as) cosh(4)"2| det(p+ (g1)|2
(w6 | det(1 + p(g1)]

exp ( 7 [2 sinh(az)?) + 200, + XT A X])

(g = £91(g))<

Definition 5.2. We can now define the adapted Fourier transformation: for f €
S(G)and g’ € O,

Fo(f)(g) = /G F@EC(g)d .

We see that this definition is a generalization of the usual (symplectic) Fourier
transformation. For example in the case of the group R?, the star-exponential
associated to the Moyal product is indeed given by exp(%’(aﬂ’ —a'l)).

5.2 Fourier Analysis

Proposition 5.3. The modified star-exponential satisfies an orthogonality relation:
forg',g" €G,

8(g"(gH™.

£0(oNEC(eMdL o =
| E@ecenets= 5

Note that A(g5)™18(g5-(g5)™") = 8(al—a})8(xy—x})8(€5—L5). This orthogonality
relation does not hold for the unmodified star-exponential.

Proof. We use the expression of Proposition 5.1:

(n2+1)(a2—u2—a2 )

(ﬂQ)Z(nz-H)

L%éf(g”)&ng £ (DES (g )/

Gy
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az\2 . ” ’
| det(p- (1)l cosh(@2) COSh(F)™ e o snniany e 54z (@28 245 1)
| det(1 + p+(g1))?
e’%((X”)TApX”—(X’)TA,,X/)dLgZdL

81
with
I L2 g
—=e1T 7%y —=e1T 7%y
{E 2 —d ’ {5 2 —a) ’
X/ — 756 2 2wy and X,/ _ 756 2 2 Wy
ﬁcosh(“z—z)vé \/Ecosh(%z)vé’
\/fcosh(%z)w’2 ﬁcosh(%)wg

Integration over £, leads to the contribution §(a — a5). Since A, depends only
on g, and a4 = a), we see that the gaussian part in (vy,w,) disappears

2
and integration over these variables brings %5(% — v)8(wh — wh).

Eventually, integration on a, can be performed and we find
/G E2(¢)E0(gd e = ( /G ES (@DES (81dbg1) Alg)'8(g5-(e) ™)
1

which leads to the result recursively. O

Proposition 5.4. The adapted Fourier transformation satisfies the following prop-
erty: V¥ f1, f2 € S(G),

1

Folfi x fi) = " (a7 Folf) #a (a7 Fo(f),
with (fi x f)(g) = [, /1(g) f2((g) ' g)d" g’ the usual convolution.

Proof. Due to the BCH property (see Proposition 3.10) and to the computation of

the modified star-exponential 619 (g) = ggl (gi)%ggz (g5), we have the
M(g2(g9)™H)?2
modified the BCH property ’

5 Ag [ _1a _lga
59,6 = 260 (47159) o, (a489) &)

which leads directly to the result by using the expression of the adapted Fourier
transform and the convolution. O

As in Remark 2.11, we consider the coadjoint orbit O ) = Oy () X O2, of the
normal j-group G = G; X S, determined by the sign choices (¢) = ((€1),€2) €
(Z)N, with (e1) € (ZZ)N_1 and €; € Z,. Due to Proposition 5.1, we can write the
modified star-exponential as
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OE € O SE
& (g = g11(1)(g1)5(g12;2)(g;)s

with g = (g1.82) € Gand g’ = (g}, 83) € O

Theorem 5.5. We have the following inversion formula for the adapted Fourier
transformation: for f € S(G) and g € G,

f@= % [ &0, (1)EnE),

@@V OO

Moreover, the Parseval-Plancherel theorem is true:

/ f@Pdtg= ¥ / Fou (/)(&)du(g).

(@) ¥ O©

Proof. Let us show the dual property to Proposition 5.3, i.e.,

8(g"(gH7h. (1.29)

200, a0«
> £, (DE, " (2)du(g) = A( 7
©e@)V 7O

First, we have

=04, 20
; £, (@) (9)du(g)
(€)

ué-‘rug
e(mt1)(=5—=-2a2)

O, (0)2n2+D)

(9 5O
/ 1(q}( )5 1(61)(gl)
O gl
2(€1)

 1det(p+ (g1)) det(p+ (7)) | y/eosh(ag) cosh(a3) cosh(%)"” cosh(%5)™
| det(1 + p4(g7)) det(1 + p+(g7))]

X exp [%(—2 sinh(a})€s + 2 sinh(al))ly — e“7202¢) 4 % ~202¢Y

+ (X A1) X" = (X) A,(eDX") [dpia(g2)dma(g1)

with
!4/ !4”
1, 2—ay,, L 2 —ay, 1
Ee f U,y %e i Uy
, A o F-ayy " A Fary,
X = 2 2 and X" = 2 2
’ "
ﬁcosh(%)vz ﬁcosh(%)vz

V2 cosh(Z)w> \/zcosh(%l/)wz
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We want to compute the sum over (€) € (Z,)" of such terms. By recurrence, we
can suppose that

5O (e 5O1 (e
[ a0 endimen = 5oSlEl ™).
o ! 1 A( 1)
(€)€Z)N 1 e
which means that g/ = g/ in the following. The integration over £, brings a
contribution in §(a) — a5). Since g/ = g| and @} = af, the gaussian part in

\del(l+p+(gi))‘28( é_

(v2, wy) disappears and integration over these variables brings Taettos &))]

v))8(wj — wh). The remaining term is proportional to
S [ e FA g0, = ey - €,
e==+1
The property (1.29) permits showing the inversion formula

3 £ (¢ Fo, (£)(g)du(g)

eV’ O©

= > / C(@) F(8MEN (g)d g du(g) = £(2),

(€(Zo)V

as well as the Parseval-Plancherel theorem

3 / Fou (/)& Pdu(g)

(©e@yV ' C©

= ¥ [ @& @il @t dt i) = [ I7@Pdte

(€@

Corollary 5.6. The map

@ ]:(’)(e) : LZ(G7 dLg) - @ Lz(o(e), "),
(E@Zo)N (€)
defined by F(f) := @(e) (Foy, f) realizes an isometric isomorphism.

Proof. From Proposition 5.3, we deduce that ¥ (¢) € (Z,)", }'@(e)f(’;(e) = 1. And
the Parseval-Plancherel means that Z(e) }'(’S(E)]-"@(é) = 1. Moreover, we can show
that for all (), (€') € (Z)", with (€) # (€'), fO<E)F5( )= 0.Indeed, if k < N is
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such that €, # €, then the computation of |, gf(é/’ (g’)gf“) (g")dr g corresponds
to having a factor e 7 ¢ 2 +¢)t2 in the proof of Proposition 5.3. Integration
over £, makes this expression vanish.

For each (¢) € (ZQ)N (i.e., for each (¢) = (e1,---€en) with ¢; = £1), we will
consider a function f(¢) € L?(Oy), ). We denote by @(E) f(e) the 2V -uplet of these
functions on the different orbits. By using the three properties above and the fact that

FEP fio) =Y Fo, (o)
(€) (€)

we obtain that

F*F(f) =) Fé . Fo,(f) = f and
(€)

FFD fio) = DFo, o, f) = D fo.

(€) (e) (€) O

5.3 Fourier Transformation and Schwartz Spaces

Given such an adapted Fourier transformation, we can wonder wether the Schwartz
space S(G) defined in [7] (see Sect.4.1) is stable by this transformation, as it is
true in the flat case: the usual transformation stabilizes the usual Schwartz space
on R". However, the answer appears to be wrong here. Let us focus on the case
of the elementary normal j-group S. The Schwartz space S(S) of Definition 4.1
corresponds to the usual Schwartz space in the coordinates (r = sinh(2a), x, {).
These coordinates are adapted to the phase of the kernel of the star-product (1.12).
For the star-exponential of S given in (1.20), we need also to consider the
coordinates corresponding to the moment maps (1.3):

WS —RE xR¥M (a,x,0) > (e, e7x, {).
+

We will denote the new variables (s, z, £) = w(a, x,£).

Definition 5.7. We define the moment-Schwartz space of S to be
SiS) ={f € C®(S) (W)'f e SRL xR

and s~ (w™* f(s,z.£) is smooth in s = 0}.
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The space S, (S) corresponds to the usual Schwartz space in the coordinates (s, z, £)
(for s > 0) with some boundary regularity conditionin s = 0. As before, we identify
the group S with the coadjoint orbit O, (¢ = *£1).

Theorem 5.8. The adapted Fourier transformation restricted to the Schwartz space
induces an isomorphism

F:8(S) = Si(04) ® Si(0-).

Proof. Let f € S(S). The Fourier transform reads as

— 1 / / /f(r )C E) 7 ntl 112 n
foé(f)(s,z,é)—W/ rdydl —————= A1) (V1+r2+r)" c(r’)

ke <2r’l+(«/l+7+r')sl’+%(m-i—r'-i-l)w()(x’,z))
e .

Here we use the function ¢(r’) defined in (1.27), the coordinates s = e 2 7 =
e %x, r’ = sinh(a’) and the fact that f is Schwartz in the variable sinh(a) if and
only if it is in the variable sinh(2a). We denote again by f the function in the

new coordinates by a slight abuse of language. We have to check that A(s,z,£) =
n+l

r Fo.(f)(s,z,£) is Schwartz in (s, z, £), i.e., we want to estimate expressions
of the type

/dsdzde [(1 4+ sHF 1+ 2P (1 + €)1 920729% h(s, z,0)].

Let us provide an analysis in terms of oscillatory integrals.

* Polynomial in £: controlled by an adapted power of the following oper-

. . . 2
ator (invariant acting on the phase) HE—Zz(l - 97(3,/ - «/%34/ +
r

ST 24! 2
«/1+f’2(1«/+1r—|—2r_|’—21 +)r/+l) ’ax/) ) (see Sect.4.1). Indeed, powers and derivatives

in the variables r’, x’, £’ are controlled by the Schwartz function f inside the
integral.
* Polynomial in z: controlled by an adapted power of the (invariant) operator

1 (1 492 )
1+2 («/1+r 24/ 41)2 0

* Polynomial in s: controlled by an adapted power of the (invariant) operator

T -:52 (1 - ( m+ 7 9%). Note that the function is estimated by

a polynomial in 7’ for r’ — £o00, as its derivatives.

* Derivations in s: produce terms like powers of (+/1 + r2 4+ r’)¢ which are
controlled.

* Derivations in z: produce terms like powers of (+/1 + r’2 4+ r’ + 1)x” which are
controlled.

* Derivations in £: produce terms like powers of r’.

I S
VI+r72417)?
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This shows that / is Schwartz in (s, z, £), so F(f) € Sy.(S).

Conversely, let f. € S)(O). Due to Theorem 5.5, we can write the inverse of

the Fourier transform as:

F N fr fO)rx,0)
= Z W/ /d /dg/ﬂ(s Z e)( /1+ _+r) : \/H_—rzc(r)n
e==+1

—if (2r4/+(«/1+r2 +r)s e+ («/1+r2+r+1)w0(x,z’))

X e

. s —a’ .
Here we use now the coordinates s’ = ™24, 7 = ¢™% x’, r = sinh(a). We want to
estimate expressions of the type

/ drdxdl [(1 + r2)F (1 4+ xH)P (1 4+ £ 95200290 FL(f4, fo)(r, x,0)).

Let us provide also an analysis in terms of oscillatory integrals.

Derivations in r: produce terms like powers of (/1 + r2

Polynomial in £: controlled by an adapted power of the following operator

02
V1242
derivatives in the variables s, 7/, £’ are controlled by the Schwartz function f

inside the integral. Note that e i[ ) is smooth in s = 0 so that the integral is

(invariant acting on the phase) lJr#(1 9%,). As before, powers and

s 2

well-defined for s € R.

Polynomial in x: controlled by an adapted power of the (invariant) operator:

1 a 4602 .
14 x? (WVI+r24r+1)2°

Polynomial in 7: controlled by an adapted power of the (invariant) operator

2
s (1= 503).

+ 1) g
r,c'(r),l, ('i/%r )0, wo(x,7), ... which are controlled (see just above).

Derivations in x: produce terms like powers of (v/1 + r2 + r + 1)z’ which are

controlled.

Derivations in £: produce terms like powers of (+/1 4+ r2 + r)s’ which are also

controlled.

This shows that F~'( £, f-) € S(S). O
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5.4 Application to Noncommutative Baumslag-Solitar Tori

We consider the decomposition of G into elementary normal j-groups of Sect.2.2

G =(...(S1%p $2) Xpy...) Xpy_, Sy

and the associated basis
B = (Hl, (fl(i))lfi§2n1 JEN, ... Hy, (f]\(/i))lfifbl/v , EN)

of its Lie algebra g, where ( fj('))lsigzn ; is a canonical basis of the symplectic space
V; contained in S;. We note Ggs the subgroup of G generated by {e?X, X € B}
and call it the Baumslag—Solitar subgroup of G. Indeed, in the case of the “ax + b”
group (two-dimensional elementary normal j-group), and if e’ € N, this subgroup
corresponds to the Baumslag—Solitar group [3]:

BS(1,m) :=(er,ex | erealer)™ = (e)™).

We have seen before that the star-exponential associated to a coadjoint orbit O is
a group morphism £ : G — M,,(0) ~ M,,(G). Composed with the quantization
map 2, it coincides with the unitary representation U = §2 o £. So, if we now
take the subalgebra of M,,(G) generated by the star-exponential of Ggs, i.e., by
elements {£,0x, X € B}, then it is closed for the complex conjugation and it
can be completed into a C*-algebra Ag with norm [[$2(-)|| £(z,- This C*-algebra
is canonically associated to the group G. Moreover, if § — 0, this C*-algebra is
commutative and corresponds thus to a certain torus.

Definition 5.9. Let G be a normal j-group. We define the noncommutative
Baumslag—Solitar torus of G to be the C*-algebra Ag constructed above.

It turns out that the relation between the generators E,0x ( X € B) of Ag can be
computed explicitly by using the BCH formula of Proposition 3.10. Let us see some
examples.

Example 5.10. In the elementary group case G = S, let

0 ;i
Ua,x,t) := Egoola, x, ) = y/cosh(0) cosh(z)"e%smhw){,
V(a,x.0) == Epopla.x.0) =",
Wi(a.x.0) = Eope.0(@. x.0) = '),

where (e;) is a canonical basis of the symplectic space (V, wp) of dimension 2n (i.e.
wole;,ei+n) = Lifi < n). Then, we can compute relations like

UxgV=V"xyU.
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by using the BCH property of the star-exponential (see Proposition 3.10). We obtain
(by omitting the notation x):

Uv =v"U  (andUVF = VD),
UWi = WU Wil = VWi W,

where the other commutation relations are trivial. Note that these relations become

trivial at the commutative limit & — 0. In the two-dimensional case, where S is the
. 20 . .

“ax+b group”, the relation UV = V¢ U has already been obtained in another way

in [14].

Example 5.11. Letus consider the Siegel domain of dimension 6 (see Example 2.12
for definitions and notations). As before, we can define the following generators:

0, a2y
U(g) = Eno000 (8) = veosh(8) cosh(7)e ¥ "2,

2ayp

V(g) := £000000)(8) =€ 7,

a2 vy

Wi(g) := E000000)(8g) = e ™,

ie 2y

Wa(g) := £0,0006.0(8) =€ ,
0
e /cosh(f) o 3 (sinh(8) (1 +-tanh(§ vw2)

R(g):=¢& =
(8) = €6.00000)(8) cosh(Z)

i(e7241 44 v3)

S(g) 1= £0.6.0000)(g) = €'
We obtain the relationship:
Uv =ve=u, UW,=W)" U, UW, = W)U, WiW, = VWW,
RS = SR, RW, = (W) R, RWy= (W) 'R, SW, =V W)W,
where the other commutation relations are trivial.
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The Radon Transform and Its Dual
for Limits of Symmetric Spaces

Joachim Hilgert and Gestur Olafsson

Abstract The Radon transform and its dual are central objects in geometric
analysis on Riemannian symmetric spaces of the noncompact type. In this article
we study algebraic versions of those transforms on inductive limits of symmetric
spaces. In particular, we show that normalized versions exists on some spaces of
regular functions on the limit. We give a formula for the normalized transform using
integral kernels and relate them to limits of double fibration transforms on spheres.

Key words Symmetric spaces * Horospherical spaces ¢ Radon transform
* Dual Radon transform e Infinite dimensional analysis ® Spherical and conical
representations

Mathematics Subject Classification (2010): 43A85, 17B65, 47A67.

1 Introduction

Let G, be a classical noncompact connected semisimple Lie group and G its
complexification. We fix a Cartan involution 6§ : G, — G, on G, and denote the
holomorphic extension to G by the same letter. Let K = G? and let K, = K N G,
be the maximal compact subgroup corresponding to 8. Then X = G,/K, is a
Riemannian symmetric space of the noncompact type. The space X is contained
in its complexification Z = G/ K. The subscript , will be used to denote subgroups
in G,. Dropping the index will then stand for the corresponding complexification
inG.
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Let P, = M,A,N, be a minimal parabolic subgroup of G, with 4, C {a €
G, | 0(a) =a '}y and M, = Zg,(A,). The space E, = G,/M,N, is the space of
horocycles in X. We denote the base point in X by x, = {K,} and the base point
{M,N,}in E, by &,. The (horospherical) Radon transform is the integral transform,
initially defined on compactly supported functions on X, given by

R(f)(g &) = /N Flgn-x,)dn

for a certain normalization of the invariant measure dn on N,. The dual transform
R* maps continuous functions on &, to continuous functions on X and is given by

R*(0)(g - x,) = /K o(gk - &) dk.

where d k denotes the invariant probability measure on K,,. If f and ¢ are compactly
supported, then

/7 ROF)E)p(E) dE = /X FEOR* () () dx

for suitable normalizations of the invariant measures on X, respectively &,. This
explains why R* is called the dual Radon transform. For more detailed discussion
we refer to Sect. 5.2.

For a complex subgroup L C G we call a holomorphic function f:G/L — C
regular if the orbit G - f with respect to the natural representation spans a finite-
dimensional subspace. We denote the G-space of regular functions by C[G/L].
If L, C G, is a subgroup such that G,/L, can be viewed as a real subspace of
its complexification G/ L, then one calls a smooth function on G,/L, regular, if
its G,-orbit spans a finite-dimensional space. Since there is a bijection between
regular functions on G,/ L, and G/ L we restrict our attention to C[G/L]. The dual
Radon transform can be extended to the space of regular functions on = but the
integral defining the Radon transform is in general not defined for regular functions.
In fact, a regular function on Z can be N,-invariant so the integral is infinite. This
problem was first discussed in [HPV02] and then further developed in [HPVO03].
Let us describe the main idea from [HPV02] here. We refer to the main body of the
article for more details.

Denote the spherical representation of G, and G with highest weight ;1 € a¥ by
(s Vi), andits dual by (77, V7). The duality is written (w, v). Note that (., V)
is unitary on a compact real form U which we choose so that U NG, = K,,. We fix a
highest weight vector u,, € V,, of length one and a K -fixed vector e; € Vu* such that
(up.e;) = 1. Fix a highest weight vector u}; in V7 such that (u,, 7 (so)uy) = 1,
where s, € K represents the longest Weyl group element. Forw € V), and g € G let

Jon(g - Xo) = (w.mi(ey) and Y, (g - &) = (w.mg(guy) .
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Every regular function on X is a finite linear combination of functions of the form
Jfw and similarly for E. The normalized Radon transform on the space C[Z] of
regular functions on Z can now be defined by

F(fw,u) = wW',M-

The transform

r- (ww,u) = fw,u

defines a G-equivariant map C[E] — C[X] which is inverse to I". Restricted to each
G-type, the transform I'"! is, up to a normalization given in Lemma 5.5, the dual
Radon transform R*. It is also shown in [HPV03] that the dual Radon transform on
C[E] can be described as a limit of the Radon transform over spheres, see Sect. 5.3
for details.

Our aim in this article is to study the normalized transforms I" and I'"! as well as
their not normalized counterparts for certain inductive limits of symmetric spaces
X; C Z;, called propagations of symmetric spaces, introduced in Sect. 3.1. This
study is based on results from [OW11a,0W11b] and [DOW12] on inductive limits
of spherical representations, which we use to study spaces of regular functions on
the limit. More precisely, in Sect.4 we consider two such spaces of regular func-
tions, the projective limit 1(i£1(C[Z ;] and the inductive limit C;[Zs] = h_n)l(C[Z il
The first main result is Theorem 4.19 which describes how the graded version of "
extends to the projective limit.

We introduce the Radon transform and its dual in Sect.5 and in Sect.5.3 we
recall the results from [HPV03] about the Radon transform as a limit of a double
fibration transform associated with the spheres in X. In Sect. 5.4 we show that the
normalized Radon transform and its dual can be represented as an integral transform
against kernel functions. Here the integral is taken over the compact group U. The
corresponding result for the direct limit is Theorem 5.16.

Many of the results mentioned so far are valid for propagations of symmetric
spaces of arbitrary rank, which means that they apply also to the case of infinite
rank. For some results, however, we have to require that the rank of the symmetric
space h_n)1 X is finite. This is the case in particular in Sect. 5.5, where we define the
dual Radon transform R* for spaces of finite rank and connect it to the normalized
dual Radon transform I'"!, see Theorem 5.22. Moreover, we define the Radon
transform over spheres in this context, and connect it to the dual Radon transform
in Theorem 5.25.

2 Finite-Dimensional Geometry

In this section we recall the necessary background from the structure theory of
finite-dimensional symmetric spaces and related representation theory. Most of the
material is in this section is standard see [H78, H84], but we use this section also to
set up the notation for later sections.
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2.1 Lie Groups and Symmetric Spaces

Lie group will always be denoted by uppercase Latin letters and their Lie algebra
will be denoted by the corresponding lower case German letters. If G and H are Lie
groups and 6 : G — H is a homomorphism, then the derived homomorphism is
denotedbyé :g— bh.If G = H, then

G’ ={aeG|0@) =a) and ¢’ ={X eg|O(X)=X}.

From now on G will stand for a connected simply connected complex semisimple
Lie group with Lie algebra g. Let U be a compact real form of G with Lie algebra
uand let 6 : g — g denote the conjugation on g with respect to u. We denote by
o : G — G the corresponding involution on G. Then, as G is simply connected,
U = G? and U is simply connected.

Let 6 : U — U be a nontrivial involution and K, := U?. Then K, is connected
and U/K, is a simply connected symmetric space of the compact type. Extend
¢ : u — uto a complex linear involution, also denoted by ¢, on g. Denote by
0 : G — G the holomorphic involution with derivative . Write u = £, & q, where
t,:=u’andq, ;= {X e u| é(X) =—X}. Lets, :=iq,and g, := &, & s,. Then
g, 1s a semisimple real Lie algebra. Denote by G, the analytic subgroup of G with
Lie algebra g,. Then G, is 0-stable, Gf = K,, and G,/ K, is a symmetric space of
the noncompact type. We have G, = G°.

Let K :=G?. ThenK, =KNU =KNG,.LetZ =G/K,X =G,/K,, and
Y = U/K,. As o and n := 00 map K into itself, it follows that both involutions
define antiholomorphic involutions on Z and we have

X=27" and Y=Z7°.

In particular X and Y are transversal totally real submanifolds of Z.

If V is a vector space over a field K, then V' * denotes the algebraic dual of V. If V
is a topological vector space, then the same notation will be used for the continuous
linear forms. If V is finite-dimensional, then each o« € V* is continuous.

Let a, be a maximal abelian subspace of s, and a = a. For @ € a} C a* let

Goo ' ={X €90 | (VH €0, [H, X] =a(H)X}
and

g :={Xeg|(VH ea)[H,X]=a(H)X}.
If o # 0and go # {0}, then gy = goo D igoe and g, N u = {0}. The
linear form o € a* \ {0} is called a (restricted) root if g, # {0}. Denote by

Y := X(g,a) C a* the set of roots. Let Xy := Xo(g,a) := {a € X | 20 &€ X},
the set of nonmultipliable roots. Then X is a root system in the usual sense and the
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Weyl group W corresponding to X is the same as the Weyl group generated by the
reflections s,, & € Xy. The Riemannian symmetric spaces X and Y are irreducible
if and only if the root system X is irreducible.

Let n := @Pyex+ gos M = 3e(a) = {X € ¢ | [X,a] = {0}} andp == m &
a @ n. All of those algebras are defined over R and the subscript , will indicate the
intersection of those algebras with g,. This intersection can also be described as the
n fixed points in the complex Lie algebra.

Define the parabolic subgroups P, := Ng,(p,) C P := Ng(p). We can write
P, = M,A,N, (semidirect product) where M, := Zg(A,), A, := expa,, and
N, := expn,. Similarly we have P = MAN.Let F := K Nexpia,. Then each
element of F' has order two and M, = F(M,)° where ° denotes the connected
component containing the identity element. We let &, := G,/M,N, C B =
G/MN. As fo leaves M N invariant it follows that E, = E% is a totally real
submanifold of &.

Note then K N M N = M, so we obtain the following double fibration, which is
of crucial importance for the Radon transforms:

G/M @.1)

2.2 Group Spheres

Let X = G, /K, be as in the previous section. Denote by s the symmetry of X with
respect to x,. Then 0(g) = sgs~! for g € G,. Denote by X(A) the (additively
written) group Hom(A4,,R7) (where R’} stands for the multiplicative group of
positive numbers). Then X(A4) ~ a* where the isomorphism is given by pt = x,
Xu(a) = at*. We will simply write u(a) for y,(a).

A group sphere in X is an orbit of a maximal compact subgroup of G,. Because
of the Cartan decomposition G, = K,A4,K,, and the fact that all maximal compact
subgroups in G, are G,-conjugate, any group sphere S is of the form gK,a™'-x, =
Kf,”ga_1 - x, with g € G, and a € A,. The point g - x, is called the center of S and
a is called the radius of S. The group sphere of radius a with center at x is denoted
by Sa(x).

The group G, acts transitively on the set Sph, X of group spheres of radius a.
The stabilizer of a group sphere S := S,(g - x,) is a compact subgroup of G
containing the stabilizer K of the point g - x, and hence coinciding with it. Since
g - X, is the only fixed point of K, it is uniquely determined by S. Moreover,
Sy, (x) = Sg, (x) if and only if a; and a, are W-equivalent.
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We shall say that a € A, tends to infinity, written a — oo, if a(a) — oo for any
aext,
The sphere

Sy = Sa(a : x()) = K* * Xo

of radius a passes through x,. It is known that it converges to the horosphere £, =
N, -0asa — oo (see, e.g., [E73], Proposition 2.6, and [E96], p. 46).

Taking the sphere S, as the base point for the homogeneous space Sph, X, we
obtain the representation Sph, X = G,/ K¢. This gives rise to the double fibration

G,/(K, N KY) (2.2)

/ X
X =G,/K, G,/K% = Sph, X

Obviously, K, N K$ = Zk,(a). If a is regular, then Zg, (a) = Zk,(A,) = M
In this case the double fibration (2.2) reduces to

2.3 Spherical Representations

In this subsection we describe the set of spherical representations and the set of
fundamental weights. Each irreducible finite-dimensional representation 7 of U
or G, extends uniquely to a holomorphic irreducible representation = of G and
every irreducible holomorphic representation ¢ of G is a holomorphic extension
of an irreducible representation of U and G,. We will therefore concentrate on
irreducible holomorphic representations of G. We will denote by 7V, respectively
7°, the restriction of a holomorphic representation 7 to U respectively G,.

For a representation m of a topological group H or a Lie algebra hh we write V
for the vector space on which m acts. Let

={ueV,|(Vk € H) n(k)u = u}.
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Similarly,
VY ={ueV,| (VX €bh) Xu=0}.

If H is a connected Lie group with Lie algebra h and V;, a smooth representation of
H, then h acts on V,; and VHH = Vj,h .

Back to our setup, as K, and K are connected, it follows that if 7 is a irreducible
finite-dimensional holomorphic representation of G (and hence analytic), then

V=V =vi=Vi.

T

We say that 7 is spherical if V.X # {0} and that 7 is conical if VMV £ {0}. Note
that even if M, is not connected, then

MN __ yyM,N,
V;-[ _Vnoo.

In fact, the inclusion C is trivial and for the converse it suffices to note that VUM"N" C
Vm()+n0 — Vm-‘rn
T * e *

Define a representation 7* on V. = V+ by
(v, 7*(g)v) == (w(g Hv,v), g€G veV,, veV*.
For the following theorem see [H94], Thm. 4.12 and [H84], Thm. V.1.3 and
Thm. V4.1.

Theorem 2.3. Let 7w be an irreducible holomorphic representation of G. Then the
following holds:

(1) = is spherical if and only if 7 is conical. In that case
dim VK = dim VMV = 1.

(2) 7 is spherical if and only if 7* is spherical.
Let

(n, @)
(o,

(n, @)
(o, )

We mostly write AT for AT (G, K). Let W = N, (a,)/ Zk,(a,) denote the Weyl
group. The parametrization of the spherical representations is given by the following
theorem.

0

AT(G.K) := {,u €iay

eZt foralla € 2+} 2.4)

*

:{,ueiao EZ’LforallaeEJ}.
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Theorem 2.5. Let 7w be a irreducible holomorphic representation of G, and | its
highest weight. Let w, € W be such that wo 2T = —X7T. Then the following are
equivalent.

(1)  is spherical.
(2) peiarandp e AT,
Furthermore, if 7 is spherical with highest weight ;v € AT, then * has highest
weight 1* 1= —w, L.
Proof. See [H84, Theorem 4.1, p. 535 and Exer. V.10] for the proof. O
If © € AT, then 7, denotes the irreducible spherical representation with highest
weight u.
Denote by ¥ := {ay,...,a,}, r := dimg q, the set of simple roots in Zg‘. Define
linear functionals w; € ia} by

(whaj)
(o ;)

=&, for 1=j=r. (2.6)

Then wi,...,», € AT and

At =ZYo+... +Z 0, = ana)j n; ezt
ji=1

The weights w; are called the spherical fundamental weights for (g, ). Set Q :=
{wy,..., o}

2.4 Regular Functions

Let L be one of the groups U, G, and G. Let M be a manifold and assume that L acts
transitively on M. Then L acts on functionson M by a- f(m) = f(a™'-m). We say
that f € C(M) is an L-regular functionif {a- f | a € L} spans a finite-dimensional
space which we will denote by (L - /). We denote by C; [M] the space of L-regular
functions on M. Coming back to our usual notation we remark that the restriction
map defines a G,-isomorphism Cg[Z] — Cg,[X] and a U -isomorphism Cg[Z] —
CylY]. Similarly, restriction defines a G,-isomorphism Cg[E] — Cg,[E,]. As
soon as the acting group is clear from the context we will omit it from the notation.

We will mostly consider regular functions on the two complex spaces Z and =.
If needed, we will use results only stated or proved for the complex case also for the
real cases using the above restriction maps.

For 4 € A" we denote by C[Z],, respectively C[E],, the space of regular
functions on Z, respectively E, of type m,. We recall the following well-known
fact (cf. [HPV02)):
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Lemma 2.7. The action of G on C[X], and C[E], is irreducible. As a G-module
we have

Czl= P Clzl, and C[E]= P CIE],.

neAT neAT

Each representation 1, occurs with multiplicity one in each of those modules.

Let f € C[X], be a highest weight vector. Recall that KAN C G is open and
dense. Let kan € KAN. Then

(kan) - f(xo) = f(n™'a™k™" - xp) = a¥ f(x,)

where a#* = e#1°2@) Hence f(x,) # 0. We denote by f,, the unique highest
weight vector in C[X],, with f,(e) = 1.

Let s, € Nk, (a,) be a representative of the longest Weyl group element w, and
recall that Ns,MAN is open and dense in G. Let ¢ € C[E], be a highest weight
vector. Then for ns,man,; € Ns,MAN we have

(nsomany) - ¥(€,) = y(ny'a 'm7 s In T 8) = aty(s, -6, .

Hence ¥ (s;! - &) # 0. Note that s2 € M. As ¥ is M-invariant it follows that
Vs, &) = (s, - £). Let ¢, be the unique highest weight vector in C[E],, with
VY. (so - &) = 1. According to Lemma 2.7 there is a unique G-intertwining operator
I' : C[Z] — C[E] such that I'(f,,) = ¥, forall u € A™. For reasons which will
become clear in Sect.5, we call I' the normalized Radon transform. Note that its
inverse I~ : C[E] — CI[Z] is the unique G-isomorphism such that ¥, — f,, for
all p € A*. Let Ty, = Tlcpg,. Then T,/' = T~ ¢z, .

The maps I', and 1";1 have a simple description in terms of the representation
(mu, V,,). Fix forall v € AT a K-fixed vector e, € V, and a highest weight vector
u, in V,.. Further, choose the highest weight vector 1} € V,* and the spherical vector
e, € V" according to the normalization

(“u,ﬂ:(é‘o)ur) =1 and (uu,e;) =1.

Then, forv € V,
Sop@kK) = (v, m;(a)e;) and ¢, (@MN) = (v, 7 (a)uy,), (2.8)
defines a regular function f, ,, on Z, respectively v, ,, on Z. Furthermore,
Visve f,,€C[Z], and V,3v~ ¢, €C[E],

are G-isomorphisms. Note that f, := f,, . respectively ¥, := 1, , are
normalized highest weight vectors.
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3 Limits of Symmetric Spaces and Spherical Representations

In this section we introduce the notion of propagation of symmetric spaces and
describe the construction of inductive limits of spherical representations from
[OW11la, OW11b]. We then recall the main result from [DOW12] about the
classification of spherical representations in the case where Us,/K,yoo has finite
rank.

We start with some facts and notations for limits of topological vector spaces,
which will always be assumed to be complex, locally convex and Hausdorff. Similar
notations for limits will be used for Lie groups and even sets without further
comments. Our standard reference is Appendix B in [HY0O] and the reference
therein.

If Wi C W, C --- is an injective sequence of vector spaces, then we denote the
inclusion maps W; — W, k > j, by i ;. Let

o0
Weo :=li_1)nW,-=UWj (3.1)
j=1

and denote by i ; the canonical inclusion W; < Wy,. If each of the spaces W;
is a topological vector space and each of the maps ¢, ; is continuous, then a set
U C W is open in the inductive limit topology on Wy, if and only if U N W;
is open for all j. Then W, is a (again locally convex and Hausdorff) topological
vector space. If {W; } and {V/;} are inductive sequences of topological vector spaces
and T; : W; — V; is a family of continuous linear maps such that

tjoT; =Tiou,

where the first inclusion is the one related to the sequence {V;} and the second
one is the one associated to {W; }, then there exists a unique continuous linear map
Too = li_I)nTj i Woeo = Vo such that i j 0 Too = Too 0 Lo, j forall j.

If W is a locally convex Hausdorff complex topological vector space, then
W* will denote the space of continuous linear maps W — C. We provide it
with the weak =x-topology, i.e., the weakest topology that makes all the maps
W* - C, f— (x,f):= f(x), x € W, continuous. Then W* is also a locally
convex Hausdorff topological vector space. If {W;} is a inductive sequence of
locally convex Hausdorff topological vector spaces, then {Wj* }, with the projections
proj;x : wr — Wj*, proj; . (v) = vlw;, k > j, is a projective sequence of
locally convex Hausdorff topological vector spaces. Denote the projective limit
of those spaces by I(EI WJ* = WZ. This notation is justified by the fact that the
topological dual of Wy is l(inWj* We denote by proj; o, : W, — W; the
restriction map. If {W;} and {V;} are injective sequences of topological vector
spaces and T; : W; — V; is as above, then there exists a unique linear map
T = UmTf 0 Vg — WX such that proj; o, o TS, = T} o proj; o, for all j.
In fact, T is just the adjoint of Tc.
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We finish the subsection with a simple lemma that connects the inductive limit
and the projective limit in case we have a injective sequence of Lie groups G; and
G j-modules V;. This will be used several times later on. We leave the simple proof
as an exercise for the reader.

Lemma 3.2. Let {G;} be an injective sequence of Lie groups and let {V;} be a pro-
Jective sequence of G j-modules with G j-equivariant projections proj; ;. : Vi — V.
Assume that we have G j-equivariant inclusions v ; : V; — Vi making {V;} into
an injective sequence and such that proj; o u ; = idy,. For f € h_n)l Vi, fix j such
that [ € V;. Define too(f) := {tkt14(f)}k=j. Then limV; and lim V; are Goo-
. = —>. .
modules and 1« is a well-defined Goo-equivariant embedding 11_11)1 Ifj_(—> 1(21 Vi.

3.1 Propagation of Symmetric Spaces

Assume that G; € G, € ... € Gy € Gi4+1 C ... is a sequence of connected,
simply connected classical complex Lie groups as in the last section. In the
following an index k (respectively j) will always indicate objects related to G
(respectively G ;). We assume that 6 |G, = 0; and 0k |G, = o} forall j < k. Then
Kj = Gj N Ky, Uj = Gj N Uy, ande,, = Gj N Gy, fork > ]

This gives rise to an increasing sequence {Z; = G;/K;};>; of simply
connected complex symmetric spaces such that for k > j the embeddingZ; — Z;
is a Gj-map. We denote this inclusion by t ; and note that {Z;} is an injective
system.

Similarly, we have a sequence of transversal real forms X; = G;,/K;, and
Yj = Uj/Kj(,.We set

Goo:zli_n;Gj, Koo:zli_n;Kj and Zoozzli_n;Zj:GOQ/Koo

and similarly for other groups and symmetric spaces. Recall that as a set we have
G = U G, but the inductive limit comes also with the inductive limit topology

and a Lie group structure. The space Zo, = U Z; is a smooth manifold and the
action of G is smooth. Similar comments are valid for the other groups and the
corresponding symmetric spaces.

In the following we will always assume that k > j and m > n. As tilg;, = 0;
it follows that €, N g; = ¢; and s, N g; = s;. We choose the sequence {a;} of
maximal abelian subspaces of 5; such that ax Ns; = a;. Then X; C Xg|q; \ {0}.
The ordering in ia}; is chosen so that x>t c E;’laﬂ) \ {0}.

In case each X; is irreducible we say that Xy propagates X; if (a) ax = a;,
or (b) the Dynkin diagram for Wy is obtained from the Dynkin diagram for ¥; by
only adding simple roots at the left end (so the root o) stays the same). Note that
usually the Dynkin diagram is labeled so that the first simple root is at the left end.
We have here reversed that labeling. Then, in particular, Wy = {ox1,..., 0%}
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and ¥; = {a;1,...,q;,,} are of the same type. Furthermore o 5|a; = ;s for
s =1,...,r;,see [OW1la]. Furthermore, if s > r; + 2, then Olk,s|a, =0.
In case of reducible symmetric spaces X; = X} x «++ x XJ' we say that X

propagates X,, k > n, sy > s, and we can arrange the irreducible components
so that X]]( propagates X; for j = 1,...,s,. We say that Z; propagates Z; if X;
propagates X ;. From now on we will always assume if nothing else is clearly stated
that the sequence {Z, } is such that Z; propagates Z; for k > j.

3.2 Inductive Limits of Spherical Representations

In this section we recall the construction of inductive limits of spherical representa-
tions from [W09] and [OW11b].

As before we assume that k = j and that Z; propagates Z ;. Moreover, from now
on we will always assume that the groups G, are simple. Denote by r;; : a; — a’;

the projectionr; x () = pt|q;. As shown in [OW11a,0W11b] we have
Lemma 3.3. Ifk > j, thenrji(wrs) = wjs fors =1,...,1;.

This implies that the sets of highest weights A,j' = AY(Gy, Ky) form a
projective system with restrictions as projections. But those sets also form an
injective system as we will now describe. This will allow us to construct an injective
system of representations in unique way, starting at a given level j,.

Letpu; € Aj' and write

rj
M =sta)j,s, kSEN().
s=1

Define uy € A]'(" by

r
Mi = stwk,s-
s=1

The map tj : AT — A, juj — pu is well defined and injective and tx,, © 1, =
tr,j for j < n < k. We also have

TjkOlk;j = id. (34)

Finally, py is the minimal element in r]_}( (n ;) with respect to the partial ordering
v—p =) kjor;, k; € Z*. In particular we have the following lemma:
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Lemma 3.5. The sequence {A;’} j with the maps

I A}' — Af, sta)sj > lecsa)iC

is an injective sequences of sets. Furthermore, there is a canonical inclusion

AL =limAT < lmAT.

Proof. Most of the proof has been given already. For the last statement the idea is
the same as in Lemma 3.2. Given j and p; € A*. Then by (3.4) the sequence

(uj,uj+1,...)isinl(i£1Ajr. O

Forj e Nand u = u; € Aj' define iy = 1 j (1), k > j, and oo = li_n)1,uj €
AL Let (7, . V,,) be the spherical representation of G; with highest weight ;.
We can and will assume that each V), carries a U;-invariant inner product such that
the embeddings V),; < V), are isometric.

Theorem 3.6 (O-W). Assume that Z; propagates Z;. Let u; € A;." and define
Wk € A]j' as above. Then the following holds:

(1) Let uy, € V,, be aweight vector chosen as before, let W; := < mi(G;)uy, >
and 7 j(g) := 7k (g)lw;, & € G;. Then my ; is equivalent to ,,; and we can
choose the highest weight vector uy,; in V,; so that the linear map generated
by . ; (Quy,; > 7, (8)uy, is a unitary G ;-isomorphism.

(2) The multiplicity of 7,,; in 7w, is one.

Remark 3.7. Note that in [OW11a] the statement was proved for the compact
sequence {U;}. But it holds true for the complex groups G; by holomorphic
extension. It is also true for the noncompact groups G j, by holomorphic extension
and then restriction to G . |

The second half of the above theorem implies that, up to a scalar, the only unitary
G j-isomorphism is the one given in part (1). As a consequence we can and will
always think of V), as a subspace of V), such that the highest weight vector u is
independentof j, i.e., u, ;= Uy for all k and j. We form the inductive limit

Viiew 1= lim V. (3.8)

Starting at a point j, the highest weight vectoru,,;, j > j, is constant and contained
in all V. In particular, u,; € V. We also note that {r,;(g)}, g € G;, forms
an injective sequence of continuous linear operators, unitary for g € U;. Hence
(7 )oo(8) © Vo — Voo is a well-defined continuous map; similarly for the Lie
algebra. We denote those maps by 7, and dm,, respectively. Hence the group
G acts continuously, in fact smoothly, on V,_,. We denote the corresponding
representation of G, by 7. We have

Ay, (H)upe, = poo(H)uy,, forall H € aeo.
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The representation (7, V.,,) is (algebraically) irreducible. We can make
Moo |Use UNItary by completing V), to a Hilbert space Vo, as is usually done,
see [DOW12].
The dual of V,,_ is given by the corresponding projective limit
*  __1; *

Vie = l(ln Vi, - (3.9)
Note that in this notation V;OO # V,x . We note that the highest weight vector,
which we now denote by u,, isin V, . If g € G, k > j, then ]T:j (g) forms
a projective family of operators and hence lim n:k is a well-defined continuous
representation of G, on V;OO. We denote this representation by n;m.

Lemma 3.10. Let the notation be as above. Then
Koo
dim (lim V*.) —1.
<« M

Proof. Firstfix j, so that V),; is defined for all j > j,, i.e., {i; } stabilizes from j,

. K; . . . .
on. As dim V:j =1, j > jo, there exists a unique, up to scalar, K ; -fixed element

€. We fix €, NOW so that proj; ; (e#j) =€y where proj;; ; is the dual map

Koo
of Vi, <> Vi Then e := {ef }y=;, € (im V). On the other hand, if

Koo *K:
* oy, . : * * Jos : .
{eM Yisj, € (hm V#/) , then €., € Vi, ' 18 unique up to scalar showing that
the dimension is one. O

* —
From now on we fix €100 SO that (ulloo’ e =1.

)
Hoo
Theorem 3-11. [’ iS il ’educible.

Proof. Assume that W C V;OO is a closed Goo-invariant subspace. Then W+ =
{ueV,,| (Yo e W)(u @) =0} is closed and G invariant. Hence W+ = {0}
or W = Vy, and since all spaces involved are reflexive, this implies that W = V}
or W = {0}. O

The vector u, ., € V,, is clearly M, Noo-invariant. Therefore V,_, is conical
(see [DOB]). But it is easy to see that with exception of some trivial cases (such as
G; = Gy forall j and k, which we do not consider) the representation (., Vo)
is not Ko-spherical. In fact, suppose that e € V,_ is a nontrivial, K,-invariant
vector. Let j be so thate € VM. Then e has to be fixed for all K, s > j and hence
a multiple of e,. This is impossible in general as will follow from Lemma 5.5. On
the other hand, it was shown in [DOW12] that the Hilbert space completion 17%0
is Ko-spherical if and only if the dimension of a is finite. In this case we can
assume that a; = ay forall j. Then X; = X = X, E}F = E]j = Eg’o and
A}F = A]j = A} fork > j.But we still use the notation j; etc. to indicate what
group we are using.
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Theorem 3.12 ([D()WlZ]). Let the notation be as above and assume that |1 # 0.
Then 1701§°° = {0} if and only if the ranks of the compact Riemannian symmetric
spaces Xy are bounded. Thus, in the case where X; is an irreducible classical
symmetric space, we have VKoo =£ {0} only for SO(p + 00)/SO(p) x SO(00),
SU(p +00)/S(U(p) x U(o0)) and Sp(p + 00)/Sp(p) x Sp(oco) where 0 < p < oo.

Let as usval ¢ ; : Vy,; — V), be the inclusion defined in Theorem 3.6 and
proj; : Vi, — Vyu, the orthogonal projection. Then, as V), ~< 7, (G;)uy, >, it
follows that proj; ; otk ; = idVM . By Lemma 3.2 there is a canonical G -inclusion

Vieo <= Lin Vi, -
* *
Define Uy, € V#/ by
{7 (S”vf)“l‘/’“;j) =1 and MZ/‘I(”;L(G])”M)’J‘_/ =0

where 5, ; € Ng;(a;) is such that Ad(s« ;) maps the set of positive roots into
the set of negative roots and (7, (G )uy, );JZ/- is the orthogonal complement in V, .
We use the inner product to fix embeddings Vu*j — Vu*k for j < k. Then again,
we can take u;/_ independent of j, which defines an My, Noo-invariant element in
lim V; ClimV* = V* . Ase* is Ky-invariant, it follows that V* is both
L) <« Hj Hoo Moo Moo

gﬁencal and conical.

We now give another description of the representations (77, , Vo). We say that
a representation (1, V) of G is holomorphic if t|g; is holomorphic for all .

Theorem 3.13 ([D()l3]). Assume that X0 has finite rank. If jloo € A;’o = AT,
then (., Vi) is irreducible, conical and holomorphic. Conversely, if (m, V) is
an irreducible conical and holomorphic representation of Goo, then there exists a
unique jioo € AY such that (m, V) >~ (70 s Vies)-

4 Regular Functions on Limit Spaces

In this section we study the spaces lim C[Z ;] and lim C[Z;] as well as their analogs
for E . Our main discussion centers around the injective limits. We only discuss the
limits of the complex cases. The corresponding results for the algebras C; [Xoo] =
li_I)n CIX;]land C;[Yoo] := li)n C[Y 0] can be derived simply by restricting functions
from Z to the real subspaces X respectively Yoo.
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4.1 Regular Functions on Z,

In this section {Z;} = {G,;/K;} is a propagated system of symmetric spaces as
before. There are two natural ways to extend the notion of a regular function on
finite-dimensional symmetric spaces to the inductive limit of those spaces. One is to
consider the projective limit C[Zoo] := lim C[Z,]. The other possible generalization
would be to consider the space of functions on Z, which are algebraic finite sums
of algebraically irreducible Goo-modules and such that each f is locally finite in
the sense that for each j the space (G, - f) is finite-dimensional. But as very little
is known about those spaces and not all of our previous discussion about the Radon
transform and its dual generalize to those spaces we consider first the space

Ci[Zoo] = i C[Z;].

That this limit in fact exists will be shown in a moment.

Let Xoo = {Koo} € Zoo be the base point in Zo. Then all the spaces Z; embed
into Zoo viaaK; v a - X0 and in that way Ze, = Uz ;- Recall from our previous
discussion and Lemma 3.5 that the sets A}' of highest spherical weights form an
injective system and A}, = h_n)lAj' Each (oo = limp; determines a unique
algebraically irreducible (see below for proof) Geo-module V), = h_n)l V. such
that the dual space V;OO = l(in V:j contains a (normalized) Ko-fixed vector e*

Koo
normalized by the condition (i, e;m) = 1, as after Lemma 3.10. As before, we

denote the G -representation on Vljoo by n;‘m and consider the Goo-map
Vieo <> space of continuous functions on G
given by
W fugeo s Where fi . (@ Xoo) 1= (w,my (a)e), ). 4.1)
Denote the image of the map (4.1) by C[Zo] o, - Thus
ClZoolos = { fwioe | W€ Vioo} = Vs - (4.2)
Note that the restriction of (4.1) to V,,; and Z; is the Gj-map
Sy (X) = (w, JT;/_ (a)e;‘j) = (w, 71;:/_ (@e, ), X=a X,
introduced in (2.8). That this is possible follows from the proof of Lemma 3.10.

Hence we have a canonical Gj-map C[Z;],, < C[Z],, for k > j such that the
following diagram commutes:
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Vi,

J

| |

(C[Zj]ltj - (C[Zk]ltk —_— ...

_— VMk _ ..

AsC[Z;] = @ ClZ,],; and C[Z;] = @ C[Zk],, one derives that the spaces
C[Z,] form an injective system. Note that lim C[Z;],; and C;[Zw] := lim C[Z;]
carry natural Go-module structures. This proves part of the following theorem:

Theorem 4.3. The space C|Zoo),o is an algebraically irreducible Goo-module,
and

ClZoo)juoe =M C[Z;]1; = Vi -

Furthermore

Clzol = Y “ClZooluns

MooEAg_o

as a Geo-module.

Proof (See also [KS77, Thm. 1] and [090, §1.17]). Everything is clear except
maybe the irreducibility statement. For that it is enough to show that V,__ is
algebraically irreducible. So let W C V. be Goo-invariant. If W # {0}, then
we must have W NV, # {0} for some j. But then W NV, # {0} forallk > j
and W N V), is Gg-invariant. As V), is algebraically irreducible it follows that
Vi, C W forall k > j. This finally implies that W = V), . O

Remark 4.4. In the case where the real infinite-dimensional space X, has finite
rank the space C;[Z] has a nice representation-theoretic description. In this case,
as mentioned earlier, we may assume Al = Aj'. We have also noted that each
of the spaces V), is a unitary representation of U; such that the embedding
Vi, <> Vy, is a G;-equivariant isometry and the highest weight vector u,,; gets
mapped to the highest weight vector u,, . In that way we have u,_, = uy; for
all j. Furthermore this leads to a pre-Hilbert structure on V,_ so that V,,__ can be
completed to a unitary irreducible Ko-spherical representation VMOO of Goo (see
[DOWIZ, Thm. 4.5]). Furthermore, it is shown in [DOl3] that each unitary K-
spherical representation (7, Wy) of G such that 7|y, extends to a holomorphic
representation of G; for each j is locally finite and of the form 17%0 for some
oo € AT. Moreover, each of those representations is conical in the sense that
I}MAZOOONOO # {0}. Finally, each irreducible unitary conical representation (7, W)
of Goo, Whose restriction to U; extends to a holomorphic representation of G; is
unitarily equivalent to some VMOO. O
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The inclusions . ; : Z; <> Zj lead to projections on the spaces of functions
given by restriction. In particular, we have the projections

proj; . : ClZi] — C[Z;] (4.5)

satisfying proj; , o proj, , = proj;,. Hence {C[Z;]} is a projective sequence and
limC[Z;] is a Goo-module, and in fact an algebra, of functions on Z,. In fact,
let f = {fi}j>, € 1(i£1(C[Zj] and x € Zy. Let j be so that x € Z;. Define
f(x) = fi(x). Ifk > j, then projj,k(fk) = f|zj. In particular fi(x) = f;(x).
Hence f(x) is well defined.

In general we do not have proj; , (C[Z],,) C C[Z;],,, but

proj; i © tjlez;),, = idez;),,

as this is satisfied on the level of representations V,,, — V), — V,,; as mentioned

before. Hence, by Lemma 3.2, we can view l'i)n(C[Z jlu; as a submodule of

limC[Z;],,;. We record the following lemma which is obvious from the above
iscussion:

Lemma 4.6. We have a Goo-equivariant embedding

4.2 Regular Functions on E

In order to construct regular functions on E, we apply the same construction as
above to the horospherical spaces E ;. As the arguments are basically the same, we
often just state the results.

The following can easily be proved for at least some examples of infinite rank
symmetric spaces like SL(j, C)/SO(j, C), but we only have a general proof in the
obvious case of finite rank. In the meantime (see [DOl3]) Lemma 4.7 has been
extended to limits of all irreducible classical symmetric spaces via case by case
calculations.

Lemma 4.7. Assume that the rank of Z; is constant. Then for k > j we have
Mj:MkﬂGj and Nj:Nkaj.

Definition 4.8. We say that the injective system of propagated symmetric spaces

Z; is admissible it M; = My N G; and N; = G; N Ny forallk > j.

From now on we will always assume that the sequence {Z; } of symmetric spaces
is admissible. Let £, = e M, Noo be the base point of E o, and note that we can view
this as the base pointin 8; ~ G; - §, C Ew.
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For oo =1i_r)np,j eAf,weV, . E=a-§ € E;,a G, wehave
Yooy (§) = (wo ¥ @l ) = (w0 (@) = Yoo (6).
This defines G -equivariant inclusions
(C[Ej]uj — ClEi]i = ClEsoliice = {¥wpoo | WE Vi } = li_n)l(C[Ej]Mj .

We note that V.., = C[Ecoluce> W = Vi reos 18 @ Goo-isomorphism. With the
same argument as above this leads to an injective sequence

Cl[E/] = C[Ek] — h_n)lC[nj] =:Ci[Ew].-
Theorem 4.9. Assume that the sequence {Z;} is admissible. Then
52
Ci[Eol = ) ClEooluce -
IlooeAg_o

Furthermore, there exists a Goo equivariant inclusion map C;[E ] — l(in Clg/].

Denote by I'; the normalized Radon transform I'; : C[X;] = C[Z;] — C[E)]
introduced in Sect. 2.4 and set

Foo(fo00) 1= Yo oo - (4.10)
Then 'y defines a Goo-equivariant map Lo @ C;[Zoo] = C;[Eo] and
oo = h_n)l r;.
As each T'; is invertible it follows that I'y, is also invertible. In fact, the inverse

. _l _ . _l . .
is I'eg = h_n>1 [ which maps ¥, ., 0 fy .. As a consequence we obtain the
following theorem:

Theorem 4.11. Suppose that the sequence {Z; } is admissible. Let (Lo = 11_11)1 nj €
A;"o, k> j,andw e V,,. Then

tej © Lj fwgy = Tie,j © frop;) = Viwpoo

and

-1 —1
teg © T gy = T (kg © Ywasy) = Sigioo -
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In particular, we have the following commutative diagram:

tk.j lk.co

. —— C[Z;] — ClZy] — Ci[Zoo]

r; [ ry! Ty [ ! Too [ rot

lk,j look
- —— C[E;] —— C[E] —— C;[Ew]

4.3 The Projective Limit

We discuss the projective limit in more detail. First we need the following notation.
For jt,v € a} write

v<pu if p—v= Znaa, ne € Np. (4.12)

aext

If v < pwand v # u, then we also write v < . The main problem in studying the
projective limit is the decomposition of V), |, for k > j. It is not clear if these
representations decompose into representations with highest weights v; < u;. In
case the rank of X is finite, that is correct. We therefore in the remainder of this
subsection make the assumption that the rank of X is finite. In this case we can—
and will—assume that a; = a for all j and recall from the earlier discussion that
Y ; = X is constant and so are the sets of positive roots E}F = X7 and the sets of
highest weights Aj' =AT.
Write

(T Vi)la; =~ s W) (4.13)
s=0

with (7o, Wo) = (7, Vyu;) which occurs with multiplicity one.

Lemma 4.14. Assume that the rank of X is finite. Let jt = j1; = px € A™. Then
we have the following:

(D) e;k lw, = 0 if Ws is not spherical.
(2) Assume that Wy >~ V, is spherical. Then v < ;.

Proof. The first claim is obvious. Let o be a weight of V,, .

Uz,uk—Ztaa

aeW,

with 7, nonnegative integers. This in particular holds if ¢ is a highest weight of a
spherical representation of G, proving the claim. O
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Lemma 4.15. Assume that the rank of Xoo is finite. Let k > j and let v € V.
Then

wU,Moo|Ej = WU,M/{|E,~ = Ipprojjq,((v),uj .

Proof. Let x € G;. Then wy(x)uy, € (m,, (G))uy, ) = Vu?‘ = V;j. The claim

now follows as u;j =uy,. |

We finish this section by recalling the graded version of C[Z;] and I';. Recall
that we are assuming that the rank of X is finite. Note that even if {C[Z;]} is a
projective sequence, the sequence {C[Z;],,; } is not projective in general. Consider
the ordering on a} as above. This defines a filtration on C[Z;] and we denote by
gr C[Z;] the corresponding graded module. Thus

erClZly, = P ciz;l,/ P cizl, (4.16)
Vi=Hj Vj<pj
and
grClZ;] ~¢ @ erClZ;l,,; - (4.17)
nenf

If f e C[Z;], then [f] denotes the class of f in gr C[Z;]. Let «;, respectively
ky.;» be the G-isomorphism C[Z;] ~ gr C[Z;], respectively C[Z;],,; ~ grC[Z;],;,
givenby f > [f]. Weletgr[; :=T; ok;'and grljp; = T ok, . Note that
this construction is also valid for j = oo.

Proposition 4.18 (Prop. 7 [HPVO02]). The G;-map grI'; is a ring isomorphism
grC[Z;] — C[g)].

In the following we will not distinguish between I'; and grI'; except where
necessary. Thus we will prove statements for I'; and then use it for grI'; without
any further comments.

Identifying functions on G/ K} with right K-invariant functions on Gy, the
following is clear:

proj; i (fogu) = (v 7y, ey, ) -

Thus, the kernel of proj; ; is the G ;-module

kerproj;;, = {v € Vi | v L m(G))ey, } .

As (v, ey ) # 0 it follows that kerproj; . is a sum of G;-modules with highest
weight < u ;. Hence

grproj; : grClZy] — grC[Z;]
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is well defined and

grproj;  (ClZi],,) = erC[Z;]y,; .

It follows that the sequence {gr C[Z,],,; } is projective.

We can also form the graded algebra gr C;[Zoo] as in (4.16) and (4.17). Again we
can view elements in gr C; [Z«o] as functions on Z«, by choosing the unique element
ing € [f] € grC;[Zs], so that g € C;[Zso],.. The inclusion

@
grue; :ClZ;]1 =) erClZ;],; — grClZi],, = C[Z]

given by

Z[fvj,ﬂj] = Z[ftk.j(vj)#j]

satisfies the relation grproj; ; o gre ; = id.
The graded version gr ' is also well defined by the requirement that [ f, ;... ] is
mapped into ¥, ., and both gr I's, and gr 'y are G ;-morphisms of rings.

Theorem 4.19. Assume that the rank of X is finite. Suppose thatk > j, u € AT,
v eV, andw € V,,. Denote by projVM‘ the projection V. — V. Then, with
J ‘

FM = FS|C[ZS],“’ s eN,
projj,kruk (fv,uk) = FM/’ (fprojV#j (U),Mj) = wprojvﬂj (V). (4~20)

and
Lk,j FM‘/‘ (fW,Ilj) = F;Lk (fw,;Lk) = I/IW,;Lk . (421)

In particular proj; ; ot j = id and proj; o, © loo,j. Similar statements hold for the
inverse maps. Let grT'se = l(il_ngr I'; and (gr Ioo) ™! = l(iLngr Fj_l. We therefore
have a commutative diagram:

c<— grCZ] ~— grCZ;] < limgrC(Z;]

Proj j i Proji 0o

er Ty [ ng‘k_1 gr Ik 1 ng“/-_l grl'oo [ grl"go1

- =—— C[E] =— C[E,] =— lim(C[&/]
Proji ; Projk 0o
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5 The Radon Transform and Its Dual

For the moment we fix the symmetric spaces X, Y, and Z and leave out the index ;.
The Radon transform or its dual is initially defined on the space of compactly
supported function. As the dual Radon transform is an integral over the compact
group K, it is well defined on C[E] and C[E,], the space of regular functions on E.
But N, is noncompact, so the Radon transform cannot be defined on C[X] as an
integral over N,. This problem was addressed in [HPV02, HPV03], and we recall
the main results here. Then, based on ideas from [GO06, GKOO6], we introduce
two integral kernels which allow us to express both the Radon transform and the
dual Radon transform as integrals against integral kernels. We start the section by
recalling the double fibration transform introduced in [H66, H70].

5.1 The Double Fibration Transform

Assume that G is a Lie group and H and L two closed subgroups. We assume that
all of those groups as well as M = H N L are unimodular. We have the double
fibration

G/M (.1

where 7 and p are the natural projections. We say that x = aH and § = DL are
incidentif aH NbL # @. Forx € G/H and § € G/L we set

X :={n € G/L | x and n are incident }
and similarly
£V :={y € G/H | £ and y are incident } .
Assume that if a € L andaH C HL, thena € H and similarly, if b € H and
bL C LH,then b € L. Then we can view the points in G/L as subsets of G/H,
and similarly points in G/H can be viewed as subsets of G/ L. Then X is the set of

all n such that x € 1 and £V is the set of points y € G/H such that y € £. We also
have

X=pn'x)=aH -§~H/L and &' =n(p '(§)) =bL -x, ~K/L.



100 J. Hilgert and G. Olafsson

Fix invariant measures on all of the above groups and the homogeneous spaces
G/H,G/L,G/M, H/M and L/M such that for f € C.(G) we have

/ f(a)da =/ flam)dug/mu(aH N L)ydm
G G/M
— [ rGah dnou(sH)an
G/H
=/ flan)dug/L(al)dn
G/L
and for f € C.(H) and ¢ € C.(L)
[ rayan=[ [ pam amdpiuiann)
H H/M M
and
[ ra@aa= [ . | samyamapsitan).

The definition of the Radon transform and the dual Radon transform is now as
follows. Let x, = eH and §, = eL. If§E =a-§, € Eandx = b - x, € X, then

f®) = /L/M flal-xo)dprm(IM), f € C(G/H) (5.2)
and
¢ (x) = /H/M @(bh-&)dunm(hM), ¢ € C.(H/M). (5.3)
Then the following duality holds:

/ F©0E) dug€) = / £ () dugya ().
G/L G/H

5.2 The Horospherical Radon Transform and Its Dual

The example studied most is the case G = G,, H = K, and L = M,N,,, where
we use the notation from the earlier sections. In this case we find the horospherical
Radon transform which from now on we will simply call the Radon transform and
its dual. The corresponding integral transforms are
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Rf(a-&) = f(a &) = /N flan-x,)dn, [ € Cc(X)
and

R*o(b - x,) = V(b - x,) :/ ok -z)dk, ¢ e C(8,).

o

Here d k is the invariant probability measure on K,,.
As mentioned earlier the dual Radon transform

R*y(a-x,) = /K V(ak -£) dk

is well defined on C[E]. It is clearly a G-intertwining operator. Thus, there exists
¢, € Csuch that

Ry = R¥|cy, =l peA™ (5.4)

n o
To describe the evaluation of ¢, we recall the functions f,, and v, from Sect.2.
We find

R*Vu(a-x,) = / (u, 7y (@) (k)uy) dk

= -1 , *(ku* dk
(@) /K o k)
=cufula-x,).

Thus ¢, is determined by
/ (k) dk = cpep; .

For g € G, write g = k(g)a(g)n(g) with (k(g).a(g).n(g)) € Ko x Ay x N,.
For A € a* anda = exp X € A, write a* = *¥)_ Let

1 1 1
p:zz Z maa:§ Z (Emaﬂ‘i‘ma)a

aext OtEE(;‘r

where m, = dimc g,. We normalize the Haar measure on N, = 0(N,) by

L a(@)ydin=1.

o
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Define for A € a*(0) = {A € a* | (Va € T7) a(Re (1), a) > 0}
c(d) = L a(n)™*dn.

Then ¢ is holomorphic on a*(0). By the Gindikin—Karpelevich formula [GK62]
which expresses ¢ as a rational function in Gamma-functions depending on the
multiplicities m,, the function ¢ has a meromorphic extension to all of a*. The
function ¢, which is called the Harish—Chandra c-function, can be used to calculate
the constant ¢, from (5.4).

Lemma 5.5. Let u € A™. Then ¢, = ¢(u* + p) = e(u + p).
Proof. See [DOW12, Thm. 3.4] or [HPV02, Thm 9]. ]

We note that [DOW12] implies that cu = ¢(u* + p) and that [HPV02] implies
¢, = ¢(u + p). But the Gindikin—Karpelevich formula implies that

c(A) = c(—wyh).

As —w,p = p it follows that ¢(u* + p) = c¢(u + p).

5.3 The Radon Transform as Limit of Integration over Spheres

We have seen that the dual Radon transform and the normalized transform 1";1
are the same up to a normalizing factor that depends on the K-representation u.
No such relation exists for I'), and R|c[x), because the definition of the Radon
transform R does not make sense for regular functions. However, in [HPV03] a
solution was proposed by considering the Radon transform as a limit of Radon
transform of a double fibrations transforms with both stabilizers being compact.
Hence the corresponding integral transforms are well defined for regular functions.
We recall the setup from [HPVO03].

Since both K, and K¢ are compact, both the Radon transform associated to this
double fibration and its dual transform are well defined on regular functions and
give G-equivariant linear maps

R.: C[X] — C[Sph,X] and R} : C[Sph,X] — C[X].

One can identify Sph, X with X associating to each sphere its center. Then R,
and R} become linear endomorphisms of C[X]. By definition, R, is then obtained
by integrating over spheres of radius a, while R is obtained by integrating over
spheres of radius a~!.

The spaces X, E,, and Sph,, X can all be embedded into the algebraic dual space

CX]* = [] cIx1y,

HEA
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which we equip with the product topology. Let vff € C[X]y, be the highest (resp.

lowest) weight vector uniquely determined by the normalizing condition
+ F
(fi o) =1
where fu+ = fu, and f = sy, - fu. Then we have v, = sy, - v:* where sy,

K,
is the symmetry around the base point x,. Similarly, let vg € ((C[X];) be the
K,-invariant vector uniquely determined by the normalizing condition

( p(,)s UZ) =1,
where f£ is the unique K-invariant function in C[X], such that fl?(xo) = 1.

Note that f£ is a zonal spherical function. The G,-equivariant map ¢.: X —
CIX]* defined by (f,t.(x)) = f(x) for f e C[X] is injective and satisfies
te(0) = (vﬁ)ﬂeﬁ (see [HPVO03, Sect.5]). For any a € A, obtains an injective
G,-equivariant map ¢,: Sph, X — C[X]* by

(X . .
WG = (J05) I @) = (en
In particular,
0
a-v
_ w
La(Sa) - ( a#* )MEA“"

The induced map ¢}: C[X] — C[Sph, X] is a G,-module isomorphism. Finally,
&) = (v;L)MeAJr defines a G-equivariant map ¢: 8, — C[X]*. Since the
stabilizer of &, as well the stabilizer of (v}f) peats is M,N,, the map ¢ is well
defined and injective. The induced map ¢*: C[X] — C[E,] coincides with the
G,-module isomorphism I', where we note that C[X] = C[Z] and C[E,] = C[E].
We obtain the diagram

Go/ M,
N
[

Sph, X

[1]

o

R[X]*

which turns out to be commutative. This is part of the following proposition which
is proven in [HPVO03, Sect. 6]:
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Proposition 5.6. (i) limy_ 0tz 0q, =t 0q.
(i) limg—oo gl otk = g* o™
(iii) limy—eo R} 0t = R* o™

(iv) R*(*(f)) = e(u+ p) f forall f € C[X],.

We note that those results can be applied to C[Z] and C[E] by restriction and
holomorphic extension.

Suppose now as before that we have a propagated sequence of symmetric spaces
Z; — Zy, k > j. We also assume that the rank is finite. Then, on each level, we
have L’j'f = I';. Therefore, we can define for f € C[Z]

() = (f) it feClZ].
Then
Proposition 5.7. If the rank of X is finite and f € C[Zs), then

Foo /' = 15(S).

5.4 The Kernels Defining the Normalized Radon Transform
and Its Dual

We start by stating the following version of the orthogonality relations which are
usually formulated in terms of invariant inner products. The proof for this version
is the same as the usual one. The invariant measure on U is always the normalized
Haar measure. The following is the usual orthogonality relation stated in form of
duality.

Lemma 5.8. For u,v € A" let d(i) = dim V,, = dim V),». Then

/U(M’ 7 (b)u*) (zy (@), v*) db = 8,,d (W)~ (v, u*)(u, v*)

forallu,v € V, and for all u*,v* € Vu*'

It follows by [DOW 12, Thm. 3.4] that {eu.e;) = ¢(u + p). Define

kz(@) = ) d(we(u+ p) (w7 (@ey) (5.9)

neAT

and

ks(@):= Y d(u) (ep. m)(@u) . (5.10)

neAT
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Lemma 5.11. Let O = {nak € NAK | (V j) |a=®i| < 1}. Then O is open
in G. The set O is right K-invariant and left M N -invariant. Furthermore, the
sums defining kz and kg converge uniformly on compact subsets of O and define
holomorphic functions on O.

Proof. Write i = kiw1 + ... + k,o,. Let x € O and write b; = a~“/. Then
|bj| <1forj =1,...,r and

() (. () = d() (k™ a™ ™ )
= d(wa"

=d [}

j=l1
Similarly, we have
* * - kj
d(pe(p + p){up. 7, (x)e,) = d(pe(p + p) ]_[ b’
j=l1

The claim follows now because d () is polynomial in k1, ..., k, and c(u + p) < 1.
O

The function kz is left M N -invariant and right K-invariant. Hence kz can also
be viewed as a function on E x X given by

kz(a-&.b-x,) := kz(a”'b).

The function kg is left K-invariant and right M N -invariant and can be viewed as a
function kz on X x E defined by

kz(a-x,,b-£) :=kz(a"'b).

Even if the sums (5.9) and (5.10) do not in general converge for all a € G,
they are well defined as linear G-maps C[X] — C[E], respectively C[E] — C[X],
given by

Ka(f)(E) = /U £ xoYka(,u-x0) du,

respectively

Ke(f)(x) = /U Flu-E)ka(ou-£) du.
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where d u is the normalized Haar measure on U . On the right-hand side only finitely
many terms are nonzero so the sums converge. Note that the first integral can be
written as an integral over the compact symmetric space U/K, and the second
integral is an integral over U/ M,

Theorem 5.12. We have Kz =T and Kz =T ~.

Proof. Itis enough to show that Kz |cix), = I'y and Kz|cjz), = 1";1 forallv e AT.
Thus we have to show that Kz(f,) = ¥, and Kz(y,) = f,.
We have

d
ka6 = ¥ [ Sl @ 00 . ) di

veATt ew
= (m) (@)uy, u,)
=vYula-&).

The statement for Kz is proved in the same way. O

Remark 5.13. Above we realized I" and I'™! as integral operators. Similar to [GO6]
one could also consider the integral operator given by the kernel K(a - £,,b - x,) =
k(a='b) where

k(@)=Y ful@)=Y_ (up. 7} (@e). (5.14)
HEA* M€A+
Then we have the following theorem, see also [G06]:

Theorem 5.15. Let O be as in Lemma 5.11 and let x = kan € O be such that
la®i| < 1forj =1,...,r = rank X. Then

r

k) =] . _1aa,‘,

and k is holomorphic on O.

Proof Let i = kiw; + ... k,w, € AT. For x = nak € O write as before
bj = a . Then

(U, px (X)eyx) = a™* = l—[ bﬁj

=1

It follows that

o

k(y=>"b ... ) b= ﬁ(l —bj)™!

k1=0 k=0 j=1

which finishes the proof. O
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5.5 The Radon Transform and Its Dual on the Injective Limits

In this section we discuss the extension of the Radon transform and its dual on the
infinite dimensional spaces.

The kernels defined in (5.9) and (5.10) do not define functions on Z,, respec-
tively E o, because of the changes in the dimensions as we move from one space to
another. But we still have the following:

Theorem 5.16. Assume that the sequence {Z;} is admissible. For f € C;[Zs] and
Y € C;[E o] the pointwise limits

Kz, f(§) = lim Kz, £(£) and K= ¥(x) = lim Kz, ¥/ (x)

are well defined and
Toof =Kz f and Ty =Kz ¥ .

Proof. Ifv e V), e thenv € V,, forall k > j. Hence Theorem 5.12 implies that if
s >k > j are sothat £ € Ey, we have

Kz, f(§) = Kz, f(§) .

Hence the sequence becomes constant and the claim follows. The argument for
Kz ¥ is the same. O

Note that Eqs. (4.20) and (4.21) together with Theorem 5.12 imply that the maps
grKz. = hrn grKz, andgrKz , = hrn Kz, are well defined. Here gr stands for

ngz,([f])—[Kz,f] reSpectlvelyngu,(f) [Kg, f1.

Theorem 5.17. Assume that the sequence Z; is admissible. Then

grlof =grKz o f and (orle)”' f=grKa,f.

In order to make the results of Sect. 5.3 useful for limits of symmetric spaces, we
first have to extend the notion of a sphere of radius a. Soleta = lima; € A =
lim A ;. We call Ao regularif Zg (a;) = M; forall j. This is a useful notion only
— . .1’ . . .
in the finite rank case, so we will assume for the remainder of this section that we
are in the situation of Remark 4.4.

A simple calculation shows that the diagram

X, — X;

Lje l l.e l

CIX;]* —— C[XyJ*
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of G;-module morphisms is commutative. The normalizations from Sect.5.3 are
compatible and yield the following commutative diagram

Sphaj (X]) > Sphak (Xk)

lj,uj l tk.ay, l

CX;]* — C[Xi]*

R

=
. J
j.o ko

[l

of G;-module morphisms. In fact, for the commutativity of the upper square one

. oouy ; ..
uses the equality a j’ = ag" = a"", whereas the commutativity of the lower

square is a consequence of Theorem 4.11. Thus the Spha/, (X;) and the C[X;]* form
inductive systems. For the corresponding inductive limits Sph,, (Xs) and C[Xoo]*
we obtain the commutative diagram

loo,a y

Using this notation Proposition 5.6(i) remains true:

lim (00,4 © oo = Loo © Goo- (5.18)
a—00

Due to G-equivariance, it suffices to prove that
lim te0.4(qa(eM)) = too(goo(e M)).
a—>0o0

This means that for fixed A € AT and j > j, we have to verify

0
a-v.,

lim 2 =yt
a—oo g** v/l




Radon Transform for Limits of Symmetric Spaces 109

Writing v?’ , € C[X|]} as a sum of weight vectors (the highest weight being A*),
we see that

a'vQ

lim

= k U+
a—>00 al* J:x JA

for some constant & ; 5. The calculation

— — — * —
(fj’l,a ‘v?,ﬂ _ (a! j’/\)(-xo) _ a’ j’/\(-xo)
A* - A* - A*

a a a

=1, (5.19)

shows that k; ; = 1. This implies (5.18).
Equation (5.18) yields immediately the convergence of the induced maps of
function spaces:

Jim Gooa © looa = oo O lg- (5.20)

It was shown in [DOW12, Thm. 4.7] that the limit
Coo (o) := lim e(u; + p;)
] —>00
exists and is strictly positive if the rank of X is finite. Define
RL : Ci[Ex] = Ci[Zoo]

by

Rao(f)(x) = lim RT f(x). (5.21)

] —>00

Theorem 5.22. Assume that the rank of Xoo is finite. Let f € C;[Exo]. Then the
pointwise limit (5.21) exists and for f € C[E oo],o, We have

Riof = Coo(loo) *Tod f and R (*(f)) = eoollioo) f -

Proof. As every function in C;[E ] is a finite sum of elements in C[X], we only
have to show this for fixed peo € A;. But then the claim follows from (5.4),
Theorem 5.17, Proposition 5.6, part (iv), and Proposition 5.7. O

As we are assuming that the rank of X is finite, it follows from [DC)WlZ] that

gt Kw . . .
(Vl;«koo) # {0}. Denote by proj,, the orthogonal projection

~ ~ Koo
L r* *
Proj : Vﬂoo — ( MOO) .
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It follows also from the calculations in [DOW12] that the sequence {e;/}

* s : Ox U
converges to e, in the Hilbert space V,/ = V,,x . Hence

Projs (17;00) = (V;OO)KOO C LﬂlV:, .

Finally, a simple calculation shows that

pProjo,(w) = lim / T (K)wdk .
J—>00 Kj

(5.23)

If /' = fopoo € ClZooluo,, then there exists j, such that f|z, = fu,, €

C[Z,],, forall j > j,. We have

Ra(flz,)(g - S0) = /K (v (@), (k) (a)e],) dk.

j
Theorem 5.25. Let f € C;[Zoo]. Then the pointwise limit

Ra,oof(g -Su) = jlinoloRa,j f(g-8a)

exists and the following holds:

(1) Raoo (8- Sa) = (w. 75 (&)Pr0joo (s (@)es )) if | € CilZioo]juo-

2) lim Ry oly =RE ot™
Proof. This follows from (5.23), (5.24), and Proposition 5.6.

Remark 5.26. We note that the following diagrams do not commute

ij ij

Cl&;] — C[&]  C[Sph,,(X;)] — C[Sph,, (X,)]

CIX;] — C[X4] CXj] ——— CIX4]

t.j U, j

(5.24)

This follows from the corresponding commutative diagrams for the normalized dual
Radon transforms )/j_l and the normalizing factor that relates those two transforms.
This makes the corresponding theory for infinite rank spaces problematic as in that

case lim; o c(u; + p;) = 0.

|
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Cycle Connectivity and Automorphism
Groups of Flag Domains

Alan Huckleberry

Dedicated to Arkady Onishchik on the occasion of his 80th
birthday.

Abstract A flag domain D is an open orbit of a real form G in a flag manifold
Z = G/P of its complexification. If D is holomorphically convex, then, since
it is a product of a Hermitian symmetric space of bounded type and a compact
flag manifold, Aut(D) is easily described. If D is not holomorphically convex,
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1 Introduction and Statement of Results

Recall that if Z is a compact complex manifold, then its Lie algebra g = Vectp(Z)
of holomorphic vector fields is finite-dimensional and that the fields in g can
be integrated to define a holomorphic action of the associated simply-connected
complex Lie group G. If Z is homogeneous in the sense that this group acts
transitively, then we choose a base point zo € Z, let H = G, denote the isotropy
group at that point, and identify Z with the quotient G/H. If Z is projective
algebraic with trivial Albanese, i.e., with b;(Z) = 0, then G is semisimple,
the isotropy group H is a so-called parabolic subgroup, which from now on we
denote by P, and Z = G/P is a G-orbit in the projective space P(V) of an
appropriate G-representation space V. In this case we refer to Z as a flag manifold.

A real form Gy of G is a real Lie subgroup of G such that the complexification
go + igo is the Lie algebra g. If Z = G/ P is a flag manifold, then any real form
Gy of G has only finitely many orbits in Z ([W]; see also [FHW] for this as well
as other background.). In particular, G, always has at least one open orbit D. We
refer to such an open orbit as a flag domain. If Gy is not simple, then, D has product
structure corresponding to the factors of Gy. Thus, for our considerations here there
is no loss of generality in assuming that Gy is simple which we do throughout. Note
that if G has the abstract structure of a complex Lie group, then its complexification
G is, however, not simple. Note also that G could act transitively on Z, e.g., this
is always the case for a compact real form. However, from the point of view of this
article, in that case all phenomena are well understood and therefore we assume that
D is a proper subset of Z.

Since by assumption a flag domain D is noncompact, there is no a priori reason
to expect that Aut(D) or Vectp (D) is finite-dimensional. In fact if D possesses non-
constant holomorphic functions, the latter is not the case and the former is often not
the case as well. Let us begin here by reviewing this situation.

If X is any complex manifold, then the equivalence relation,

x~y & f(x)= f(y)forall f € OX),

is equivariant with respect to the full group Aut(X) of holomorphic automorphisms.
If X = G/H is homogeneous with respect to a Lie group of holomorphic
transformations, then the reduction X — X/ ~ by this equivalence relation is a
G-equivariant holomorphic homogeneous fibration G/H — G/I1.1f D = Gy/H,
is a flag domain, then this reduction has a particularly simple form ([W, FHW],
Sect.4.4). For this let D = Gy.zp with Hy (resp. P) be the Gy-isotropy subgroup
(resp. G-isotropy subgroup) at zo.

Theorem 1.1. If D = Go.zo is a flag domain with O(D) # C, then the
holomorphic reduction D = Go/Hy — Go/lo = D is the restriction of a fibration
Z = G/P — G/ P = Z of the ambient flag manifold with the properties
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1. The fiber of Z — Z, which itself is a flag manifold, agrees with the fiber of
D — D.

2. The base D is a Go-flag domain in Z. It is a Hermitian symmetric space of
noncompact type embedded in a canonical way in its compact dual Z.

Recall that a symmetric space of noncompact type of a simple Lie group is a
topological cell and that in the Hermitian case it is a Stein manifold. Thus Grauert’s
Oka principle implies that the fibration D — Dis a (holomorphically) trivial
bundle. As a consequence we have the following more refined version of the above
result.

Corollary 1.2. A flag domain D with O(D) # C is the product D x F ofa
Hermitian symmetric space D of noncompact type and a compact flag manifold F'.
In particular, D is holomorphically convex and D — D is its Remmert reduction.

As indicated above our goal here is to describe the connected component at the
identity Aut(D)° of the group of holomorphic automorphisms of any given flag
domain D. With certain exceptions which we cover in detail below, we carried
out this project in [H1] by studying the associated action of Aut(D) on a certain
space (described below) C,;(D) of holomorphic cycles. If D = D is a Hermitian
symmetric space of noncompact type, such cycles are just isolated points and
Cy(D) = D. Thus the cycle space gives us no additional information. However,
in this case D possesses the invariant Bergman metric and as a result Aut(D) is
well-understood.

IfD=DxFisa product with nontrivial base and fiber, then, although it is
infinite-dimensional, Aut(D) is in a certain sense easy to describe: The fibration
D — D induces a surjective homomorphism Aut(D) — Aut(D). The kernel is
the space Hol(D, Aut(F)) of holomorphic maps from the base to the complex Lie
group Aut(F) and as a result Aut(D) = Hol(D, Aut(F)) x Aut(D) has semidirect
product structure.

Having settled the case where O(D) # C, or equivalently where D is
holomorphically convex, we turn to the situation where O(D) = C. In [H1]
we showed that Aut(D) is a (finite-dimensional) Lie group which, with certain
exceptions that are handled below, Aut(D)° = Gj. Other than taking care of these
exceptional cases, where in fact Aut(D)° contains Gy as a proper Lie subgroup, here
we also make use of an observation of Kollar ([K]) which leads to a simple proof of
Aut(D)° = G, with the possible exceptions. This proof is given in Sect. 2.

Before going into the details of proofs, let us state the main result of the paper.
For this the following classification theorem of A. Onishchik ([O1, O2]) is the key
first step for handling the exceptional cases mentioned above.

Theorem 1.3. The following is a list of the flag manifolds Z and (connected)
complex simple Lie groups G and G sothat Z = G/P and G = = Aut(Z)° properly
contains G.

1. The manifold Z is the odd-dimensional projective space P(C*") where, after
lifting to simply-connected coverings, G = Sp,,,(C) and G = SL,,(C).
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2. The five-dimensional complex quadric Z is equipped with the standard action of
G = SO7(C) and G is the exceptional complex Lie group G, embedded in G as
the automorphism group of the octonions.

3. Equipping C*" with a nondegenerate complex bilinear form b, Z is the space
of n-dimensional b-isotropic subspaces, G is the b-orthogonal group SO,,(C)
and G is the complex orthogonal group SO,,—1(C) which is embedded in G as
the connected component at the identity of the isotropy group of the G-action at
some nonzero point in C*".

Referring to the above list of exceptions as Onishchik’s list, our main result can be
stated as follows.

Theorem 1.4. If D is a Gy-flag domain in Z = G/Q, then Aut(D) can be
described as follows:

1. If O(D) # C, or equivalently if it is holomorphically convex, D is a product
DxF of a Hermitian symmetric space D of noncompact type and a compact
flag manifold F, and Aut(D) is correspondingly a semidirect product Aut(D) =
Hol(D, Aut(F)) x Aut(D).

2. If O(D) = C, then Aut(D) is a finite-dimensional Lie group of holomorphic
transformations on D and, if the complexification G is the full group Aut(Z)°,
then Aut(D)°? = G,.

3. IfO(D) = Cand G is a proper subgroup ofé = Aut(Z)", then in each case of
Onishchik’s list Aut(D)° = Goisa uniquely determined real form ofé which
contains Gy as a proper subgroup.

It should be remarked that the simple proof given here of the fact that if O(D) = C,
then Aut(D)" is a Lie group acting on Z does not yield a proof that in this case full
group Aut(D) is a Lie group. At the present time we have no other proof of this fact
other than that in [H1].

2  Cycle Connectivity

In [H2] we used chains of cycles to study the pseudo-convexity and pseudoconcavity
of flag domains . We continued the use of these chains in our study of Aut(D) in
[H1]. Here, in particular, compared to the chains in [K], it is sufficient to consider
chains of a very special type which we now introduce.

A basic fact, which is the tip of the iceberg of Matsuki duality, is that for a flag
domain D, any given maximal compact subgroup Ky of G¢ has exactly one orbit
Co = Kj.z0 in D which is a complex submanifold. In fact it is the (unique) orbit of
minimal dimension. If X is the complexification of K, then since Cj is complex, K
stabilizes it. Denoting ¢ := dim¢ Cy, we usually regard Cy as a point in the Barlet
cycle space C, (D), but for our purposes here we may regard it as a point in the
full Chow space C,(Z) where G is acting algebraically. The group theoretical cycle
space of D is then defined as the connected open subset
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M(D) = {g(Cy) : g € G, g(Cy) C D}°

of the orbit of the base cycle Cy. One can show that M (D) is a closed submanifold
of C;(D) (See [FHW] for background and a systematic study of these cycle spaces.).
For the purposes of this paper a chain of cycles is a finite connected union of
(supports of) cycles in M(D). We often write such a chain as (Cy,...,Cy) to
indicate that C; N C;4+; # @. Using such chains we have the cycle connection
equivalence relation

X~y < x and y are contained in a chain.

Note that this relation is Gy-equivariant. In particular, if D = Gy/H)j, then there is
a (possibly not closed) subgroup Iy of Gy which contains Hj so that the quotient
of D by this equivalence relation is given by Go/Hy — Go/Iy. Now if 79 € D is
the base point where Hy := G,, and K¢.z0 = K.zo = Cj is the base cycle, then,
since Cj is by definition contained in the equivalence class of 7y, it is immediate that
Iy D Kj. Since K is a maximal subgroup of Gy, i.e., any (not necessarily closed)
subgroup of Gy which contains Kj is either Ky or Gy, the following is immediate
(see also [H1] and [H2] for the same proof).

Proposition 2.1. The following are equivalent:

1. O(D)=C

2. D is not holomorphically convex.

3. There is no nontrivial Gy-equivariant holomorphic map of D to a Hermitian
symmetric space D of noncompact type.

4. D is cycle connected.

Proof. The equivalence of the first three conditions follows from the discussion
in Sect. 1. If D is cycle connected, then, since D is Stein and therefore every
holomorphic map to D is constant along every chain, (4) = (3). Conversely, if
D is not cycle connected, then the equivalence class containing the base point zg is
just the cycle Cy which is therefore stabilized by the G-isotropy P as well as K.
Since the cycle connection reduction is given by Go/Hy — G/ Ko, it follows that
this fibration is the restriction of the fibration G/P — G/ P of Z where P = KP
and therefore the base Gy/ Ky is the Hermitian symmetric space D. In other words,
the cycle connected reduction is just the holomorphic reduction and in particular
O(D) # C. O

Remark. For applications in another context, Griffiths, Robles and Toledo recently
gave another proof a result which is essentially equivalent to Proposition 2.1. (see
[GRTY)).

Although it is well-known that K is a maximal subgroup of Gy, for the convenience
of the reader we would like to give the following nice proof of J. Brun which was
pointed out to us by Keivan Mallahi Karai (see the Appendix of [B]).
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Theorem 2.2. If G is a connected simple Lie group, K is a maximal compact
subgroup and L is an abstract group which contains K, then L is either G or K.

Proof. Standard results in the theory of symmetric spaces show that K is connected
and the adjoint representation of K on g/£ is irreducible. Thus if £ is a Lie
subalgebra of g which properly contains €, then £ = g. Thus, if L is closed, then the
result is immediate. Furthermore, if L is not closed and properly contains K, then its
closure c€(L) is the full group G. In that case we let € be the vector subspace of the
Lie algebra g of G which is generated by Ad(x)(#) forall x € L. Since c{(L) = G,
it follows by continuity that ¥ is G-invariant and since G is simple, it is immediate
that ¥ = g. Therefore there are finitely many elements x; € L so that

0= Adx)®
1

and as a result the map
K™ — G, K(ky.....kw) — [ [Crikix")

has maximal rank at the origin. Thus L contains a neighborhood of the origin and
therefore, contrary to assumption L = G. O

3 Finiteness Theorem

Our original goal in this setting was to show that a flag domain D is either pseudo-
convex or pseudoconcave ([H2]). More precisely, we had hoped to show that if D
is not holomorphically convex, then Cy has a pseudoconcave neighborhood which
is filled out by cycles. If this would be possible, then using Andreotti’s finiteness
theorem ([A]) we would be able to conclude that the space of sections of any
holomorphic vector bundle, in particular the space Vecto (D), is finite-dimensional.
Although we have been successful in constructing such a neighborhood in a number
of cases ([H2]), we have failed do this in general. Recently, in a substantially
more general setting, Kollar proved the desired finiteness theorem along with a
number of equivalent properties which would follow from the pseudoconcavity of
D ([K]). Here we make use of Kollar’s result, leaving the question of existence of
the pseudoconcave neighborhood open.
Formulated in our setting, Kollar’s finiteness result can be stated as follows.

Theorem 3.1. The space I'(D, E) of sections of any holomorphic vector bundle
on a cycle connected flag domain is finite-dimensional.

This is an immediate consequence of the same result for line bundles which in turn
is proved using the following lemma (Lemma 15 in [K]), again formulated in our
restricted context.
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Lemma 3.2. Let L be a holomorphic line bundle on D. Then, given d € N, there
exists dy € N so that for every C € Mp and any zy € C every sections € I'(D, L)
which vanishes of order dy at zo vanishes of order d along C.

The proof is given by classical methods which are reminiscent of Siegel’s Schwarz
Lemma. One key point is that C can be filled out by rational curves which in our
case are closures of orbits of one-parameter groups.

Now, given a chain of cycles (Cy, ..., Cy) withz; € C;NC; 41, and givend,,, € N
we apply the lemma to obtain d,,—; € N so that if s vanishes of order d,,, at z,,—1,
then it vanishes of order d,, along C,,. Working backwards to the first cycle in the
chain, we see that the lemma holds for chains.

Corollary 3.3. Givend € N there exists d, € N so that for any chain (Cy, ..., Cy)
of length m and any 71 € C if s vanishes of order d, at z,, then it vanishes of order
d along Cy,.

It should be emphasized that for a fixed d, the required vanishing order d; depends
on m. Thus to apply this result we need some sort of uniform estimate for the length
of a chain connecting two given points. This can be given as follows.

For example, let C; be a base cycle for a given maximal compact subgroup Kj.
Recall that the complexification K has only finitely many orbits in Z and therefore
has a (unique) open dense orbit §2. Take z; € C; and any point z € §2 and let
(C1,...,Cy) be a chain connecting zy to z. For k € K sufficiently close to the
identity, the chain (k(Cy),...,k(C,)) is still contained in D. Thus, since k(C;) =
C; and k(z) can be an arbitrary point in a sufficiently small neighborhood U of z,
we have the desired vanishing theorem.

Corollary 3.4. Ifs € I'(D, L) vanishes of sufficiently high order at a given point
21 € Cy, then it vanishes identically. In particular, I' (D, L) is finite-dimensional.

Proof. Since the required vanishing order d; only depends on the number d,, and
the length m, Corollary 3.3 implies that if s vanishes of order d; at zj, then it
vanishes at every point of the set U which was constructed above. The desired result
then follows from the identity principle. O

As we remarked above, the finiteness theorem for vector bundles is an immediate
consequence of this corollary (see [K], p. 8).

4 Integrability of Vector Fields

The following is the main result of this section.

Theorem 4.1. Let Z = G/ Q be a complex flag manzfoldfmdﬁ a finite-dimensional
complex Lie algebra which contains g := Lie(G). Let G be a complex Lie group
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which contains G and is associated to §. If q is a complex subalgebra of g so that
the quotient map § — §/q induces an isomorphism

§/a=g/a.
then G acts holomorphically on Z with

z=G/0=G/0.

Proof. We apply a basic idea of Tits. For this regard xo := g as a point in the
Grassmannian X := Grk(g) of subspaces of dimension k = dimcq in g. The
isotropy group at xy of the G-action on X is the normalizer

={¢eG :Ad®)@E) =}

Denote by N = N NG the G-isotropy at xo and note thatif g € N and £ € q, it
follows that Ad(g)(§) € N g = q.In other words N is contained in the normalizer
of q in g. Since the parabolic group Q is self-normalizing in G, it follows that
N C Q.Butii D gand g N g = q. Therefore n O q. Consequently N = Q and the
G-orbit of g is the compact manifold Z = G/ Q. Since §/q = g/q, the G-orbit of §
has dimension at most that of G/ Q. But on the other hand G > G and therefore the
G-orbit has the same dimension as the G -orbit. Consequently G.x is open in G .xo
and the compactness of G.x, implies that these orbits agree. O

Applying the Finiteness Theorem, the following is now immediate.

Corollary 4.2. Let Gy be a simple real form of a complex semisimple Lie group G
and let D be a cycle connected Gy-flag domain in a G-flag manifold Z = G/ Q.
Let § be the Lie algebra of holomorphic vector fields on D. Then the restriction
mapping R : aut(Z) — § is an isomorphism and the action of § can be integrated
to the action of a connected complex Lie group G which is thereby identified with
Aut(Z)°.

As a consequence we have the description of Aut(D) which was proved by other
means in [H1].

Corollary 4.3. If D is a Go-flag domain Z = G/Q, then one of the following
holds:

1. If D is holomorphically convex, it is a product of a compact flag manifold and
Hermitian symmetric space of noncompact type and Aut(D)° can be described
as in Sect. 1.

2. If D is not holomorphically convex or equivalently it is cycle connected, then
Aut(D)° is a finite-dimensional Lie group which is acting on Z and agrees with
G with the possible exceptions in the situations classified by Onishchik where G
. b A 0
is a proper subgroup of G = Aut(Z)"°.
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5 Exceptional Cases

To complete our project of understanding the automorphism groups of flag domains,
we must analyze the exceptional cases indicated in the above corollary. We do this
here, proving the following result.

Theorem 5.1. Suppose that D C Z = G/Q is a Go-flag domain which is not
holomorphically convex and that G is properly contained in complex Lie group
G = Aut(Z)°. Then there is a uniquely determined real form Go = Aut(D)° ofé
which properly contains Gy and which stabilizes D.

Our proof of this fact amounts to a concrete discussion for each of the three classes
of exceptions in Onishchik’s list which was given in Sect. 1. Below we show that
these cases not only occur but also occur at the level of real forms. This is the
content of (3) in Theorems 1.4 and 5.1 above.

5.1 Projective Space

Here we consider the case where Z = P(V/) is the projective space of an even-
dimensional complex vector space V = C?". Define the complex bilinear form
b by b(z,w) = Z'w. In the standard basis (ej,...,ez,) define J : V — V by
J(e;) = ept1,i <n,and J(e;) = —e;_,,i > n.Note J is b-orthogonal with J? =
—Id and define a (complex, bilinear) symplectic form by w(z, w) = z'Jw. Define
V4 := Span{ey, ..., e,} and V_ = Span{e, +1, ..., ez, } and correspondingly E :=
+1d @ —Id. If C : V — V denotes the standard complex conjugation given by z
Z, define a nondegenerate (mixed-signature) Hermitian structure on V by h(z, w) =
7' EC(w). Finally, if the antilinear map ¢ : V — V is defined by z > —JECw,
it follows that h(z, w) = w(z, ¢(w)) and, since > = —Id, that ¢ is an h-isometry.
Observe that if P is a ¢-invariant subspace of V, then Plr = ple 1In particular,
P is symplectic if and only if it is #-nondegenerate and in either of these cases
V=P& PhJ- is a decomposition of V' into s#-nondegenerate, symplectic subspaces.
The complex symplectic group G = Sp,,(C) defined by w has two types of
real forms. The first case to be considered is where G is the real form SU(n,n) of
G = SL,,(C) which is defined as the group of A-isometries. In this case the real
form Gy = Sp,,(R) of G = Sp,, (C) is defined as the intersection Gy N Sp,, (C).
Considering the orbits of these groups on P(V') we let D4 (resp. D_) be the open
sets in P(V') of h-positive (reps. h-negative) lines.
Proposition 5.2. The open sets Dy and D_ are both orbits of Gy and Go.
Proof. 1t is clear that D4 and D_ are Gy- and éo-invariant and that D4 U D_ is
dense in Z. Since Gy C GO, it is therefore enough to show that G acts transitively

on both sets. The proof for D is exactly the same as for D_ and therefore we only
give it for D . For this, given positive lines L = C.z and L = C.z, we define
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P = Span{z, ¢(z)} and P = Span{Z, ¢(Z)}. These planes are h-nondegenerate and
symplectic. We normalize z and Z so that ||z||ﬁ = |Z|> = 1 and, since ¢ : E4 —
E_, le@]?* = ll¢@®)|* = —1. Applying this procedure to P~ and P+ we have h-
and w-orthogonal decompositions

V=P&.. 0P, =P ®.. 0P,

of V. Furthermore, every P; (resp. P;) comes equipped with a basis (z;, ¢(z;)) (resp.
(zi, ¢(z;)) such that the mapping 7; : P; — ISi defined by z; — Zz; and ¢(z;) —
©(z;) is both symplectic and an h-isometry. It follows that 7 = T1 &. .. @ T, is both
a symplectic isomorphism and h-isometry of V', i.e., T € Gy. Since T(L) = L, the
proof is complete. O

Now let us turn to the real form Gy = Sp(2p, 2¢g) of G = Sp,, (C). In this case we
line up J and E in a different way. The decomposition V := V, @ V_ and J are
the same, but now A has signature (p, ¢) on both spaces, being defined by the block
diagonal matrix £, , = (Id,, —Id,). Then Gy = SU(2p,2q) is defined as above by
the Hermitian form A and Gy = G N Go. The proof of the following fact is exactly
the same as that of Proposition 5.2 above.

Zusatz. Proposition 5.2 also holds for Gy = Sp(2p, 2¢) and Go = SU@2p,2q).
O

5.2 Five-Dimensional Quadric

Here we consider V' = C’ equipped with the complex bilinear form 5 defined
by 21?2 = (2 + 23 +23) — (& + ... + Z2) and Hermitian form / defined by
lzlZ = (21 + |221* + |1231*) — (lz3]* + ... + |z7]*) . Denote by G = SO4(C) the
associated complex orthogonal group and by Go = SO(3, 4) the associated group
of Hermitian isometries.

We regard the exceptional complex Lie group G = G, as being embedded in G
as the automorphism group Aut(Q) of the octonions. It has a unique noncompact
real form Gy = Aut(@), the automorphism group of the split octonions O. In this
way Gy is the intersection G N éo of G with the real from GO = SO(3, 4) (see,
e.g., [Ha] for details). Note that Gy is invariant by the standard complex conjugation
Iz

The remainder of this section is devoted to the proof of the following fact.

Proposition 5.3. For every z € Z it follows that Go.z = Go.z In particular the
open orbits of Gy and G coincide.

We should note that as indicated below, the open orbits of Gy are the spaces D and
D_ of positive and negative lines, respectively.
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For the proof of Proposition 5.3 we use Matsuki duality (see, e.g., Chap. 8 in Part
II of [FHW]) which states that there is a 1 — 1 correspondence between the Gy-orbits
and K-orbits in Z. This can be given as follows: For every Go-orbit there is a unique
K-orbit which intersects it in the unique Ky-orbit of minimal dimension and vice
versa, i.e., given a K -orbit there is a unique Go-orbit which intersects it in the unique
Ky-orbit of minimal dimension. Due to our interest in the open Gy-orbits (resp. Go-
orbits) in Z, we have stated the above result on that side of the duality. However,
we have found it more convenient to prove the corresponding dual statement.

Let us fix the maximal compact subgroup Ky = (SU, x SU,)/(—Id, —Id) of
Gy being diagonally embedded in the maximal compact subgroup Ko=S (0(3) x
0(4)) of Go. If E. := Span{e;, e, e3} and E_ := Span{ey, . .., e7}, then we define
24+ = ey +iey, 7— := e4 + ies and observe that the base cycles C+ and C_ for
the open orbits of the Go-action are the quadrics of b-isotropic lines in E4 and E_,
respectively. The corresponding open orbits are the spaces Dy = Go.z+ of positive
lines in Z and D_ = Gg.z_ of negative lines, respectively. The complement of
D+ U D_, which is the space of lines that are both »- and h-isotropic, consists of
two Go- orbits, the real points Zg and its complement.

The K-orbits that correspond via Matsuki duality to the four Go-orbits are the
two base cycles C and C_, the open K-orbit of any point on Zg and a fourth
orbit O which has two ends, i.e., that has the two base cycles on its boundary.
In fact this fourth orbit is a C*-principal bundle over the two-dimensional cycle
C_ (see [FHW], Sect. 16.4 for a detailed discussion in the case of the K3-period
domain which can be transferred verbatim to the case at hand). To prove the above
Proposition 5.3 we show that K acts transitively on each of these four K -orbits.

Now the second factor of K acts trivially on C4 and the first factor acts trivially
on C_ and vice versa. Since K is diagonally embedded in K and projects onto both
factors, it is immediate that it acts transitively on both C1 and C_ as well. Since O
is a C*-bundle over C_, K acts transitively on the base of this bundle and has an
open orbit in the bundle space O, it is immediate that it acts transitively on O.

It remains to show that K acts transitively on the open K-orbit. For this we first
note that since e3 + e4 € Zp and the connected component at the identity of 120
is the product of the special orthogonal groups of E4 and E_, it follows that up
to finite group quotients Zp is the corresponding product S? x S3 of spheres. One
immediately observes that G acts transitively on Zg, because every Gy-orbit is
at least half-dimensional over R. Thus K acts transitively on Zy and if zg is an
arbitrary point of Zp, it follows that K.z is open in K .zg.

To complete the proof of Proposition 5.3 we must show that K.zp = K .zg. For
this we let K, be the first factor of the product decomposition of the connected
component of K and consider the homogeneous fibration

Kz = K/L - K/K\L =K,/L, =B
Since Zp is essentially a product S 2 x 83 corresponding to the decomposition of the

connected component K, it follows that up to finite group quotients the base B is
the complexification of S3, i.e., the affine quadric Q 3y = SO4(C)/SO;(C). Since K



124 A. Huckleberry

projects surjectively onto both factors of K, it is immediate that K acts transitively
on B = K/M. Now the induced fibration of K.zg is a homogeneous bundle
K/L — K /M where the fiber M/ L is an open M -orbit in the corresponding fiber
F of the K-bundle K/L — K/M But M acts on this fiber as SO; (©) so that Fis
the affine quadric Q). Since K /M is affine, M is reductive. But the only reductive
subgroup of SO3(C) with an open orbit in Q) is SO3(C) itself. Consequently K
does indeed act transitively on the open K -orbit and the proof of Proposition 5.3 is
complete. O

5.3 Space of Isotropic n-Planes in C*"

Now let V = C2" be equipped with its standard basis (ey, ..., e2,) and complex
bilinear form defined by b(z, w) = z'w. The complex orthogonal group SO, (C) of
b-isometries is denoted by G. We let G := Fixg (e2,). In this way G 2= SO,,—{(C)
is the orthogonal group of the restriction of b to V' := Span{ey,...,e—1}. We
consider the action of these groups on the flag manifold Z of n-dimensional b-
isotropic subspaces of V.

Proposition 5.4. The groups G and G act transitively on Z.

Proof. Note that the intersection W := W NV of an isotropic n-plane in V is an
isotropic (n — 1)-plane in V. It follows that W=Wweo C.(v + iez,) for some
v € V. Applying an appropriate element of G, we may assume that v = ez,—|
and it then follows that W C Span{ey, ..., ex,—2}. We then apply the induction
assumption to obtain a transformation in the corresponding SO, —>(C) to bring W

to the normal form with basis (e; +ie,+1,...,e,—1 +iez,—2) so that altogether we
have found a transformation in G which brings W to the normal form with the basis
(e1 +iensis-..,em—1 +iea). O

Recall that up to conjugation the only real forms of SO,,—;(C) are the isometry
groups Gy = SO(p, q) for the mixed signature Hermitian form defined by h(z, w) =
Z EC(w)onV where E = E, 4 is defined in the same way as in Sect. 5.1. Without
loss of generality we may choose & to be this form and note that an appropriately
chosen arbitrarily small perturbation of an isotropic n-plane W will result in the
intersection W = W NV being h-nondegenerate. Thus, if Go.z =: D is an open
orbitin Z, the (n — 1)-plane W associated to z is h-nondegenerate.

Note that if p is even, then ¢ is odd and vice versa. To make the notation more
explicit, we assume that p is even. Now the space of A-positive b-isotropic lines
in V is an open Gy-orbit. Thus, given W as above, we may apply an element
g € Gy so that after replacing W by g(W) we have L = C(e; + ie;) C W.
Notice that the subspace of V' of vectors which are both /- and b-orthogonal to
L is simply Span{es, ..., e2,—1}. Thus, after going to this smaller space, we have
the same situation as before. Hence we may continue on by induction to obtain
a maximal /-positive subspace W, of W which is —-dlmensmnal and which has
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a distinguished basis produced by our procedure. Applying the same argument as
above to the h-complement Wj— in W, one obtains an element g € Gy so that
Wy := g(W) has the distinguished basis

(e1 +iex,ez+iesq,....ep 1 +iep,epr1 +i€ppa,. .03+ 1€, 2).

Proposition 5.5. If W is a b- -isotropic n-plane in V, then there exists an element
g € Go with g(W) = Wy & Clean_1 + iezn) =: Wh.

Proof. Let g € Gy be chosen as above with g(W) = W,. It is then immediate that
g(Vf/) = Wy & Cw where w = =+e5,—1 + iey,. We obtain the positive sign by,
e.g., multiplying e; and e; by i, e5,—1 by —1 and e; by +1 otherwise. Since this
transformation is also in Gy, the desired result follows. O

Theorem 5.6. The Hermitian form h can be naturally extended to a nondegenerate
Hermitian form h on V with signature (p,q + 1) (resp. (p + 1.q)) if p is even
(resp.odd) so that the unique open orbit D of the resulting real form Gy is the
set of isotropic n-planes of signature (p q+l) (resp.(pTH, 1)). Furthermore, the
h-isometry group Gy in SOy,—1(C) also acts transitively on D which is also its
unique open orbitin Z.

Proof. 1t is enough to consider the case where p is even and |le,—1[|7 = —1.
Extendmg hto hon V with ey, being orthogonal to V and ||es,||> = —1, it follows
that h is of signature (p, q+ 1). Let Gy = SO(p,q + 1) be the real form of
G = SO,,(C) defined by h. Arguing as above, we see that the umque open Go-orbit
D in Z is the set of isotropic n-planes W with signature (£, q+ ). A reformulation
of Proposition 5.5 is that Gy also acts transitively on D. O

The following is a less technical formulation of this fact.

Corollary 5.7. If Z is the complex flag manifold of isotropic n-planes in C*" where
both G and G act transitively, every real form Gy of G has a unique open orbit D
which is the unique open orbit of a canonically determined real form Go = Aut(D)°
of G = Aut(Z)".
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Shintani Functions, Real Spherical Manifolds,
and Symmetry Breaking Operators
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Abstract For a pair of reductive groups G O G’, we prove a geometric criterion for
the space Sh(A, v) of Shintani functions to be finite-dimensional in the Archimedean
case. This criterion leads us to a complete classification of the symmetric pairs
(G, G') having finite-dimensional Shintani spaces. A geometric criterion for uni-
form boundedness of dim¢ Sh(A, v) is also obtained. Furthermore, we prove that
symmetry breaking operators of the restriction of smooth admissible representations
yield Shintani functions of moderate growth, of which the dimension is determined
for (G,G') = (O(n + 1,1), 0(n, 1)).
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1 Introduction

The purpose of this article is to investigate Shintani functions for a pair of
reductive groups G D G’ in the Archimedean case. Among others, we classify the
reductive symmetric pairs (G, G’) such that the Shintani spaces Sh(A, v) are finite-
dimensional for all (3¢, 3¢’ )-infinitesimal character (A, v). Explicit dimension
formulae for the Shintani spaces of moderate growth are determined for the pair

(G,G') = (O(n +1,1), 0(n, 1)).

*The author was partially supported by Grant-in-Aid for Scientific Research (B)(22340026) and
(A)(25247006).

T. Kobayashi (<)

Kavli IPMU (WPI) and Graduate School of Mathematical Sciences,
The University of Tokyo, Meguro-ku, Tokyo, 153-8914, Japan
e-mail: toshi @ms.u-tokyo.ac.jp

© Springer International Publishing Switzerland 2014 127
G. Mason et al. (eds.), Developments and Retrospectives in Lie Theory,
Developments in Mathematics 37, DOI 10.1007/978-3-319-09934-7__5


mailto:toshi@ms.u-tokyo.ac.jp

128 T. Kobayashi

Let G be a real reductive linear Lie group. We write g for the Lie algebra of G,
and U(gc) for the universal enveloping algebra of the complexified Lie algebra
gc =g ®rC.

For X € gand f € C%°(G), we set

(Lx N)®) = = fExp(1X)2). (Re)(@) = 1m0 f g expliX)),
(1.1)
and extend these actions to those of U(gc).
We denote by 3¢ the C-algebra of G-invariant elements in U(gc). Let j be a
Cartan subalgebra of g. Then any A € j{ gives rise to a C-algebra homomorphism

%2 : 36 — C via the Harish-Chandra isomorphism 3¢ — S(jc)"0¢), where W (jc)
is some finite group (see Sect. 3.3).

Suppose that G’ is an algebraic reductive subgroup. Analogous notation will be
applied to G'. For instance, Homc_qg (367, C) >~ ()"/ W), xv <> v, where i’ is
a Cartan subalgebra of the Lie algebra g’ of G.

We take a maximal compact subgroup K of G such that K’ := K N G’ is a
maximal compact subgroup. Following Murase—Sugano [19], we state:

Definition 1.1 (Shintani Function). We say f € C°(G) is a Shintani function
of (3¢, 3¢’ )-infinitesimal characters (A,v) if f satisfies the following three
properties:

(1) f(k'gk) = f(g) foranyk’ € K', k € K.
(2) Ruf = yo(u) f forany u € 3.
(3) Lyf = yv(v) f forany v € 3¢-.

We denote by Sh(A, v) the space of Shintani functions of type (A, v).
For G = G’ and A = —v, Shintani functions are nothing but Harish-Chandra’s
zonal spherical functions.

In this article, we provide the following three different realizations of the Shintani
space Sh(A, v):

* Matrix coefficients of symmetry breaking operators. (See Proposition 7.1.)

* (K x K')-invariant functions on (G x G’)/ diag G'. (See Lemma 5.5.)

e G’-invariant functions on the Riemannian symmetric space (G x G')/(K x K').
(See Lemma 8.6.)

The first realization constructs Shintani functions having moderate growth
(Definition 3.3) from the restriction of admissible smooth representations of G with
respect to the subgroup G’, whereas the second realization relates Sh(A, v) with the
theory of real spherical homogeneous spaces which was studied in [11-14]. Via the
third realization, we can apply powerful methods (e.g., [9]) of harmonic analysis on
Riemannian symmetric spaces for the study of Shintani functions.
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By using these ideas, we give a characterization of the pair (G, G’) for which the
Shintani space Sh(A, v) is finite-dimensional for all (A, v):

Theorem 1.2 (see Theorem 4.1). The following four conditions on a pair of real
reductive algebraic groups G O G’ are equivalent:

(i) (Shintani function) Sh(A,v) is finite-dimensional for any pair (A,v) of

(36, 3¢’)-infinitesimal characters.

(i) (Symmetry breaking) Homg/ (7%, t%°) is finite-dimensional for any pair
(7, ) of admissible smooth representations of G and G’ (see Sect. 3.2).

(iii) (Invariant bilinear form) There exist at most finitely many linearly independent
G'-invariant bilinear forms on 1 ® T for any pair (1, ) of admissible
smooth representations of G and G'.

(iv) (Geometric property (PP)) There exist minimal parabolic subgroups P and P’
of G and G’, respectively, such that PP’ is openin G.

The dimension of the Shintani space Sh(A, v) depends on A and v in general. We
give a characterization of the uniform boundedness property:

Theorem 1.3. The following four conditions on a pair of real reductive algebraic
groups G D G’ are equivalent:

(i) (Shintani function) There exists a constant C such that
dim¢ Sh(A,v) <C

for any pair (A, v) of (36, 3¢’)-infinitesimal characters.
(i) (Symmetry breaking) There exists a constant C such that

dim¢ Homg/ (7°,t%°) < C
for any pair (£°°, T°°) of admissible smooth representations of G and G'.
(iii) (Invariant bilinear form) There exists a constant C such that

dim¢ Homg/ (#*° ® t°,C) < C

Sor any pair (7%, t*°) of admissible smooth representations of G and G'.

(iv) (Geometric property (BB)) There exist Borel subgroups B and B’ of the
complex Lie groups Gc O G, with Lie algebras gc D g, respectively, such
that BB’ is open in G.

By using the geometric criterion (PP), we give a complete classification of the
reductive symmetric pairs (G, G’) for which one of (therefore any of) the equivalent
conditions in Theorem 1.2 is fulfilled. See Theorem 2.3 for the classification.
Among them, those satisfying the uniform boundedness property in Theorem 1.3
are listed in Theorem 2.4.
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Example 1.4 (see Theorems 2.3 and 2.4).
(1) If (G,G') is

(GL(n +1,C), GL(n,C) x GL(1,C))  (n > 1),
(0(n + 1,C), O(n,C)) n=>1),

or any real form of them, then we have

sup sup dime¢ Sh(4, v) < oo. (1.2)
A v

(2) I (G,G') is
(Sp(n +1,C), Sp(n,C) x Sp(1,C)) (n >2),

or its split real form, then Sh(pg, pg/) is infinite-dimensional (see (3.4) for the
notation). On the other hand, if (G, G’) is a nonsplit real form, then Sh(A, v) is
finite-dimensional for all (1, v), but the dimension is not uniformly bounded,
namely, (1.2) fails.

3) If (G,G') is

(GL(n + 1,H), GL(n,H) x GL(1,H)) (n > 1),

then Sh(A, v) is finite-dimensional for all (A, v), but (1.2) fails.

This article is organized as follows:

In Sect. 2, we give a complete list of the reductive symmetric pairs (G, G’) such
that the dimension of the Shintani space is finite/uniformly bounded.

After a brief review on basic results on continuous (infinite-dimensional) rep-
resentations of real reductive Lie groups in Sect. 3, we enrich Theorem 1.2 by
adding some more conditions that are equivalent to the finiteness of dimg Sh(A, v)
in Theorem 4.1.

The upper estimate of dimc Sh(A, v) is proved in Sect. 5 by using the theory of
real spherical homogeneous spaces which was established in [14].

In Sect. 7 we give a lower estimate of dimc Sh(A, v) by using the intertwining
operators constructed in Sect. 6.

In Sect. 8 we apply the theory of harmonic analysis on Riemannian symmetric
spaces, and investigate the relationship between symmetry breaking operators of the
restriction of admissible smooth representations of G to G’ and Shintani functions.
Sect. 9 provides an example for (G, G") = (O(n + 1, 1), O(n, 1)) by using a recent
work [16] with B. Speh on symmetry breaking operators.
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2 C(lassification of (G, G") with dim¢ Sh(A, v) < o0

This section gives a complete classification of the reductive symmetric pairs (G, G')
such that the dimension of the Shintani space Sh(A,v) is finite/bounded for any
(36, 3¢/)-infinitesimal characters (A, v). Owing to the criteria in Theorems 1.2
and 1.3, the classification is reduced to that of (real) spherical homogeneous spaces
of the form (G x G’)/ diag G’, which was accomplished in [13].

Definition 2.1 (Symmetric Pair). Let G be a real reductive Lie group. We say
(G, G') is a reductive symmetric pair if G’ is an open subgroup of the fixed point
subgroup G° of some involutive automorphism o of G.

Example 2.2. (1) (Group case) Let G| be a Lie group. Then the pair
(G, Gl) = (Gl X Gl,diag Gl)

forms a symmetric pair with the involution 0 € Aut(G) defined by o(x, y) =
(v, x). Since the homogeneous space G/ G’ is isomorphic to the group manifold
G with (G| x Gy)-action from the left and the right, the pair (G| x G, diag G)
is sometimes referred to as the group case.

(2) (Riemannian symmetric pair) Let K be a maximal compact subgroup of a
real reductive linear Lie group G. Then the pair (G, K) is a symmetric pair
because K is the fixed point subgroup of a Cartan involution 6 of G. Since the
homogeneous space G/ K becomes a symmetric space with respect to the Levi-
Civita connection of a G-invariant Riemannian metric on G/ K, the pair (G, K)
is sometimes referred to as a Riemannian symmetric pair.

The classification of reductive symmetric pairs was established by Berger [2] on
the level of Lie algebras. Among them we list the pairs (G, G’) such that the space
of Shintani functions is finite-dimensional as follows:

Theorem 2.3. Suppose (G, G') is a reductive symmetric pair. Then the following
two conditions are equivalent:

(1) Sh(A,v) is finite-dimensional for any (3¢, 3¢’ )-infinitesimal characters (A, v).
(ii) The pair (g, g’) of the Lie algebras is isomorphic (up to outer automorphisms)
to the direct sum of the following pairs:

(A) Trivial case: g = ¢'.

(B) Abelian case: g = R, g’ = {0}.

(C) Compact case: g is the Lie algebra of a compact simple Lie group.

D) Riemannian symmetric pair: ¢’ is the Lie algebra of a maximal compact
subgroup K of a non-compact simple Lie group G.

(E) Split rank one case (rankg G = 1):

El) (o(p +¢,1),0(p) +0(q,1)) (p+q=2).
E2) (su(p +4¢,1),s(u(p) +u(g,1))) (p+g=1.
E3) (sp(p + 4, 1),sp(p) +sp(g, 1)) (p+qg=1).
E4) (fa(=20), 0(8, 1)).
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(F) Strong Gelfand pairs and their real forms:
F1) (sl(n +1,C), gl(n,C)) (n = 2).
F2) (o(n +1,C),0(n,C)) (n>2).
F3) (sl(n + 1,R), gl(n,R)) (n > 1).
F4) (su(p +1.9).u(p.q)) (p+q=1D.
F5) (o(p +1.9).0(p.q)) (p+4q=2).
(G) (g.9") = (g1 + g1.diag g;) Group case:
G1l) g, is the Lie algebra of a compact simple Lie group.
G2) (o(n,1) + o(n,1),diago(n,1)) (n > 2).

(H) Other cases:

H1) (0(2n,2),u(n, 1)) (n>=1).
H2) (su*(2n + 2),5u(2) +su*(2n) +R) (n >1).
H3) (0*(2n 4+ 2),0(2) 4+ 0*(2n)) (n>1).

H4) (sp(p +1.9).5p(p. q) + sp(1)).
H5) (96(—26),50(97 1) + R).

We single out those pairs (G, G’) having the uniform boundedness property as
follows:

Theorem 2.4. Suppose (G, G') is a reductive symmetric pair. Then the following
conditions are equivalent:

(1) There exists a constant such that
dim¢ Sh(A,v) < C

for any (3¢, 3¢’)-infinitesimal characters (A, v).
(i1) The pair of the Lie algebras (g, g') is isomorphic (up to outer automorphisms)
to the direct sum of the pairs in (A), (B) and (F1)—(F5).

Example 2.5. In connection with branching problems, some of the pairs appeared
earlier in the literatures. For instance,

(1) (Strong Gelfand pairs [18]) (F1), (F2).

(2) (The Gross—Prasad conjecture [4]) (F2), (F5).

(3) (Finite-multiplicity for tensor products [11]) (G2).
(4) (Multiplicity-free restriction [1,21]) (F1)—(F5).

Remark 2.6. The following pairs (G, G’) are nonsymmetric pairs such that (G, G')
satisfies the condition (i) of Theorem 2.4.

(G,G") = (SO(8,C),Spin(7,C)), (SO(4,4), Spin(4, 3)).

In fact the Lie algebras (g, g’) are symmetric pairs, but the involution of g does not
lift to the group G.
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Proof of Theorem 2.3. Direct from Theorem 1.2 and [13, Theorem 1.3]. O
Proof of Theorem 2.4. Direct from Theorem 1.3 and [13, Proposition 1.6]. O

3 Preliminary Results

We begin with a quick review of some basic results on (infinite-dimensional)
continuous representations of real reductive Lie groups.

3.1 Continuous Representations and Frobenius Reciprocity

By a continuous representation 7 of a Lie group G on a topological vector space
V we shall mean that 7 : G — GLc(V) is a group homomorphism such that the
inducedmap GxV — V, (g, v) > w(g)v is continuous. We say 7 is a (continuous)
Hilbert [Banach, Fréchet, - - - ] representation if V' is a Hilbert [Banach, Fréchet, - - - ]
space. We note that a continuous Hilbert representation is not necessarily a unitary
representation; a Hilbert representation i of G is said to be a unitary representation
provided that all the operators (g) (g € G) are unitary.

Suppose 7 is a continuous representation of G on a Banach space V. A vector
v € V is said to be smooth ifthe map G — V, g — 7(g)v is of C*®-class. Let V*°
denote the space of smooth vectors of the representation (z, V). Then V*° carries a
Fréchet topology with a family of seminorms ||v||;,..;, := |[d7(X;,) - -da(X;)v|,
where {X1,---, X, } is a basis of g. Then V*° is a G-invariant subspace of V, and
we obtain a continuous Fréchet representation (7°°, V°) of G.

Suppose that G’ is another Lie group. If 7 and t are Hilbert representations of
G and G’ on the Hilbert spaces 7%, and %, respectively, then we can define a
continuous Hilbert representation 7 X 7 of the direct product group on the Hilbert
completion on 7%, ® .7, of the pre-Hilbert space .7, ® .

Suppose further that G’ is a subgroup of G. Then we may regard 7 as a
representation of G’ by the restriction. The resulting representation is denoted by
7|’ The restriction of the outer tensor product 7 X t of G x G’ to the subgroup
diagG’ = {(g’.¢') : ¢ € G’} is denoted by # ® t. By a symmetry breaking
operator we mean a continuous G’-homomorphism from the representation space
of 7 to that of T. We write Homg (7|, T) for the vector space of continuous G'-
homomorphisms. Analogous notation is applied to smooth representations.

For the convenience of the reader, we review some basic properties of the
restriction:

Lemma 3.1. Suppose that & and © are Hilbert representations of G and G’ on
Hilbert spaces 7, and F,, respectively.

(1) There is a canonical injective homomorphism:

Homg (7|g7, T) = Homg/ (7 *°|g/, T%°), T T|x. 3.1
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(2) Let t be the contragredient representation of t. Then we have a canonical
isomorphism:

Homg (7]g’, 7) ~ Homg/ (r ® TV, C). (3.2)
(3) There is a canonical injective homomorphism if G and G’ are real reductive:

Homg (7%°|g/, 7°°) < Homg/ (7™ ® ()%, C).

Proof. (1) See [14, Lemma 5.1], for instance.

(2) We have a canonical isomorphism between the two vector spaces Homc
(#,, ;) and Home (5@, C), where Homc( , ) denotes the space of
continuous linear maps. Taking G’-invariant elements, we get (3.2).

(3) See [1, Lemma A.0.8], for instance. O

Proposition 3.2 (Frobenius Reciprocity). Let H be a closed subgroup of a Lie
group G. Suppose that 1 is a continuous representation of G on a topological vector
space V. Then there is a canonical bijection

Homy (7|g, C) ~ Homg (, C(G/H)), AT 3.3)
defined by
T()(g) = Mx(g ) veV
Furthermore, if 7 is a smooth representation, then we have
Hompy (7*°| g, C) ~ Homg (7™, C*°(G/H)).

Proof. The linear map T : V — C(G/H) is continuous because G x V — V,
(g,v) — m(g~")v is continuous. The last statement follows because G — V,
g+ m(g) 'visa C%®-map. O

3.2 Admissible Representations

In this subsection we review some basic terminologies for Harish—Chandra modules.
Let G be a real reductive linear Lie group, and K a maximal compact subgroup
of G. Let 7% denote the category of Harish—-Chandra modules where the objects
are (g, K)-modules of finite length, and the morphisms are (g, K )-homomorphisms.
Let 7 be a continuous representation of G on a Fréchet space V. Suppose that
7 is of finite length, namely, there are at most finitely many closed G-invariant
subspaces in V. We say r is admissible if

dim Homg (7, w|g) < 00
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for any irreducible finite-dimensional representation t of K. We denote by Vk the
space of K-finite vectors. Then Vg C V'*° and the Lie algebra g leaves Vi invariant.
The resulting (g, K)-module on Vi is called the underlying (g, K)-module of 7z, and
will be denoted by 7k .

An admissible representation (7, V') is said to be spherical if V contains a
nonzero K -fixed vector, or equivalently, the underlying (g, K)-module Vk contains
a nonzero K-fixed vector.

A vector v € V is said to be cyclic if the vector space C-span{r(g)v : g € G}
is dense in V. If W is a proper G-invariant closed subspace of V, then v mod W
is a cyclic vector in the quotient representation on ¥/ W. For a K -finite vector v, v
is cyclic in 7 if and only if v is cyclic in the underlying (g, K)-module 7g in the
sense that U(gc)v = Vk.

3.3 Harish—Chandra Isomorphism

We review the standard normalization of the Harish—Chandra isomorphism of the
C-algebra 35, where we recall from Introduction that

36 = U(ge)’ = {ue U(ge) : Ad(g)u = u forall g e G).

For a connected G, 3¢ is equal to the center 3(gc) of U(gc).
Let j be a Cartan subalgebra of g, jc = j ®g C, and ji’ = Homc(jc, C). We set

W(ic) := Ng(ic)/ Zg(c).

where G is the group generated by Ad(G) and the group Int(gc) of inner
automorphisms. For a connected G, W(jc) is the Weyl group for the root system

A(ge.jo)-
Fix a positive system A™ (gc,jc), and write n[c" for the sum of the root spaces

belonging to AT (gc, jc), and ng for A (g, jc). We set
p=s Y aei (3.4)
g . 2 C. .
a€A™ (gcsic)
Let y' : U(gc) — UGc) =~ S(jc) be the projection to the second factor of

the decomposition U(gc) = (nzU(ge) + U(gc)ng) @ U(ic). Then we have the
Harish—Chandra isomorphism

36 = U(ge)® ’—;> S(jc) "0, (3.5)

where y : U(gc) — S(ic) is defined by (y(u), A) = (y'(u), A — pg) forall A € j¢.
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Then any element A € j¢ gives a C-algebra homomorphism y, : 36 — C via
the isomorphism (3.5), and y; = y, if and only if A’ = wA for some w € W(j¢).
This correspondence yields a bijection:

Homc.ag(36.C) >~ it/ W(ic), xr < A. (3.6)

In our normalization, the 3¢-infinitesimal character of the trivial representation
1 of G is given by pg.
For A € i/ W(c), we set

C®(G; xRy :={f e C®(G): R.f = ya(w) f forany u € 35},
C®(G: x7) :=={f € C®(G) : Luf = ya(w) [ forany u € 3¢}.

Then we have C®(G; x¥) = C®(G; x%)).

Let H be a closed subgroup of G. Since the action of 3 on C*°(G) via R (and
via L) commutes with the right H -action, R, and L, (u € 3¢) induce differential
operators on G/H . Thus, for A € j:/ W(jc), we can define

C®(G/H: x3) :=={f € C*(G/H) : R.f = ya(w)f forany u € 3¢},
C®(G/H; y¥) :={f € C®°(G/H) : L,f = ya(u)f forany u € 35}.

3.4 Shintani Functions of Moderate Growth

Without loss of generality, we may and do assume that a real reductive linear Lie
group G is realized as a closed subgroup of GL(n,R) such that G is stable under
the transpose of matrix g +> ‘g and K = O(n) N G. For g € G we define a map
II-1: G — Rby

gl :==llg &g " lop

where || - ||op is the operator norm of M(2n,R). A continuous representation 7 of
G on a Fréchet space V is said to be of moderate growth if for each continuous
seminorm | - | on V there exist a continuous seminorm | - |" on V' and a constant
d € R such that

7w (gul < gl lul forg € GueV.

For any admissible representation (i, .7) such that # is a Banach space, the
smooth representation (7>, .7°°°) has moderate growth. We say (7°°, 7°°) is an
admissible smooth representation. By the Casselman—Wallach globalization theory,
there is a canonical equivalence of categories between the category 7€ of (g, K)-
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modules of finite length and the category of admissible smooth representations
of G [22, Chapter 11]. In particular, the Fréchet representation 7°° is uniquely
determined by its underlying (g, K')-module. We say 7 is the smooth globalization
of mg € HE .

For simplicity, by an irreducible smooth representation we shall mean an
irreducible admissible smooth representation of G.

Definition 3.3. A smooth function f on G is said to have moderate growth if f
satisfies the following three properties:

(1) f isright K-finite.

(2) f is 3g-finite.

(3) There exists a constant d € R (depending on f) such that if u € U(gc), then
there exists C = C(u) satisfying

(R = Clx|! (x €G).

We denote by C2°,(G) the space of all f € C°°(G) having moderate growth.

If (w,V) is an admissible representation of moderate growth, then the matrix
coefficient G — C, g — (m(g)v,u) belongs to Coo,(G) for any v € Vi and
any linear functional u of the Fréchet space V.

We define the space of Shintani functions of moderate growth by

Shmed (A, v) := Sh(A, v) N C2,(G). (3.7)

O

4 Finite-Multiplicity Properties of Branching Laws

We are ready to make a precise statement of Theorem 1.2, and enrich it by adding
some more equivalent conditions. The main results of this section is Theorem 4.1.

4.1 Finite-Multiplicity Properties of Branching Laws

Theorem 4.1. The following twelve conditions on a pair of real reductive algebraic
groups G D G’ are equivalent:

(i) (PP) There exist minimal parabolic subgroups P and P’ of G and G,
respectively, such that PP’ is open in G.
(ii)) (Sh) dim¢ Sh(A,v) < oo for any pair (A,v) of (36, 3¢’)-infinitesimal
characters.
(ii1) (Shpeq) dimg Shyea(A, V) < oo forany pair (A, v) of (36, 3¢’ )-infinitesimal
characters.
(IV) (Shmod)l dlm(C Shmod(pgv Pg’) < o0.
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v)
(vi)

(vii)

(viii)

(ix)
(x)

(x1)

(xii)

4.2

T. Kobayashi

(00 }) dim¢ Homg/ (7%°|g7, T°) < oo for any pair (1, t°°) of admissible
smooth representations of G and G'.

(o0 )k dimcHomg (m®|g, ) < o0 for any pair (1°°,1%°) of
admissible smooth representations of G and G’ such that 7> and (1*°)"
have cyclic spherical vectors.

(s |) dimc Homg/ (7|g/, T) < oo for any pair (7, ) of admissible Hilbert
representations of G and G'.

(¢ )k dimgcHomg (7|g/,T) < oo for any pair (w, 1) of admissible
Hilbert representations of G and G’ such that = and © have cyclic spherical
vectors.

(00®) dimc Homg/ (7 ® 7°,C) < oo for any pair (7, t*°) of admis-
sible smooth representations of G and G'.

(c0®)x dimgc Homg/ (7 ® t°,C) < oo for any pair (7, t*°) of
admissible smooth representations of G and G’ such that 7 and t*° have
cyclic spherical vectors.

(#®) dimcHomg/(r ® 1,C) < oo for any pair (w,t) of admissible
Hilbert representations of G and G'.

(#°®)k dimcHomg/ (mr ® v,C) < oo for any pair (w, t) of admissible
Hilbert representations of G and G’ such that w and t have cyclic spherical
vectors.

Outline of the Proof of Theorem 4.1

The following implications are obvious:

(i) (Sh) = (iii) (Shmoa) = (iv) (Shmoa)1-.

By Lemma 3.1, we have the following inclusive relations and isomorphism.

Homg/ (7 ® (z¥)*°, C) D Homg (7*°, 7°°) D Homg (7, 7)

~ Homg/ (7 ® 7V, C).

In turn, we have the obvious implications and equivalences as below.

(ix) (0®) = (v) (00 }) = (Vi) (H]) < (i) (F'®)

¢

U U U

(x) (00®)x = (vi) (00 \)x = (viii) (S |)x = (xii) (H#'®)k.
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The remaining nontrivial implications are

(viii) (2 |)k or (iv) (Shmoa)1
4
() (PP)
U
(ii) (Sh) and (ix) (co®).

We discuss the geometric property (PP) in Sect. 5.1. Then the implications
(1) (PP) = (ii) (Sh)and (ix) (co®)

are given in Propositions 5.6 and 5.7, respectively.
The implication

(viii) (A )k = (i) (PP)
is proved in Proposition 6.5, and the implication
(iv) (Shmoa)1 = (i) (PP)

is proved in Corollary 7.3.
The relationship of Homg/(7°°, %) (symmetry breaking operators) and
Sh(A, v) (Shintani functions) will be discussed in Sects. 7 and 8.

4.3 Invariant Trilinear Forms

Suppose that 7>° are admissible smooth representations of a Lie group G on Fréchet
spaces J£*° (i = 1,2,3). A continuous trilinear form

T : 5 x I° x H° — C
18 invariant if

T (wi°(g)ur, m3° (g)ua, w3°(gus) = T (ur, uz, u3)
forall g€ G and u; € % (i =1,2,3).

Corollary 4.2. (1) Suppose G is a real reductive Lie group. Then the following
Sfour conditions on G are equivalent:

(1) (G x G x G)/ diag G is real spherical as a (G x G x G)-space.

(ii) (Shintani functions in the group case) The space Sh((A1,A2),A3) of
Shintani functions for (G x G, diag G) is finite-dimensional for any triple
of 3g-infinitesimal characters Ay, Ay and A3.
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(iii) (Symmetry breaking for the tensor product) For any triple of admissible
smooth representations w{°, n5°, and n3° of G,

dimc Homg (77° @ 75°, 15°) < oo.

(iv) (Invariant trilinear form) For any triple of admissible smooth represen-
tations w{°, my° and n5° of G, the space of invariant trilinear forms is
finite-dimensional.

(2) Suppose that G is a simple Lie group. Then one of (therefore any of) the above
Sfour equivalent conditions is fulfilled if and only if either G is compact or g is
isomorphic to o(n, 1) (n > 2).

Proof. The first and second statements are special cases of Theorems 4.1 and 2.3,
respectively. O

Remark 4.3. As in (vi) and (viii) of Theorem 4.1, the conditions (iii) and (iv) of
Corollary 4.2 are equivalent to the analogous statements by replacing 71;?0 (J =
1, 2, 3) with spherical ones.

Remark 4.4. The equivalence (i) < (ii) was first formulated in [11] with a sketch
of proof.

Example 4.5. For G = O(n, 1), a meromorphic family of invariant trilinear forms
for spherical principal series representations was constructed in [3].

Remark 4.6. It may happen that the restriction m|g/ is discretely decomposable.
We discussed in [10, 15] when Homg/ (7, m|g-) is finite-dimensional for all irre-
ducible representations 7 of G’.

5 Real Spherical Manifolds and Shintani Functions

In this section we regard Shintani functions as smooth functions on the homoge-
neous space (G x G')/ diag G’, and apply the theory of real spherical homogeneous
spaces [14]. In particular, we give a proof of the implication (i) (PP) = (ii) (Sh) and
(ix) (co®) in Theorem 4.1 (see Proposition 5.6).

5.1 Real Spherical Homogeneous Spaces and (PP)

A complex manifold X¢ with action of a complex reductive group G¢ is called
spherical if a Borel subgroup of G¢ has an open orbit in X¢. In the real setting, in
search of a good framework for global analysis on homogeneous spaces which are
broader than the usual (e.g. symmetric spaces), we proposed to call:
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Definition 5.1 ([11]). Let G be a real reductive Lie group. We say a smooth
manifold X with G-action is real spherical if a minimal parabolic subgroup P of
G has an open orbit in X.

The significance of this geometric property is its application to the finite-multiplicity
property in the regular representation of G on C*°(X), which was proved by
using the theory of hyperfunctions and regular singularities of a system of partial
differential equations:

Proposition 5.2 ([14, Theorem A and Theorem 2.2]). Suppose G is a real
reductive linear Lie group, and H is a closed subgroup. If the homogeneous space
G/H is real spherical, then the regular representation of G on the Fréchet space
C*®(G/H; )(f) is admissible for any 3q-infinitesimal character A € i’/ W(ic).
In particular,

Homg (7™, C*°(G/H)) is finite-dimensional

Sfor any smooth admissible representation 7 of G.

Suppose that G’ is an algebraic reductive subgroup of G. Let P’ be a minimal
parabolic subgroup of G'.

Definition 5.3 ([14]). We say the pair (G, G’) satisfies (PP) if one of the following
five equivalent conditions is satisfied.

(PP1) (G x G')/ diag G’ is real spherical as a (G x G')-space.

(PP2) G/ P’ is real spherical as a G-space.

(PP3) G/ P is real spherical as a G'-space.

(PP4) G has an open orbit in G/ P x G/ P’ via the diagonal action.

(PP5) There are finitely many G-orbits in G/ P x G/ P’ via the diagonal action.

The above five equivalent conditions are determined only by the Lie algebras g
and g'. Therefore we also say that the pair (g, g’) of Lie algebras satisfies (PP).

Next we consider another property, to be denoted by (BB), which is stronger
than (PP). Let G¢ be a complex Lie group with Lie algebra gc = g ®r C, and G,
a subgroup of G¢ with complexified Lie algebra g. = ¢’ ®r C. Let B and B’ be
Borel subgroups of G¢ and G, respectively.

Definition 5.4. We say the pair (G, G’) (or the pair (g, g')) satisfies (BB) if one of
the following five equivalent conditions is satisfied:

(BB1) (Gc x G()/ diag G is spherical as a (G¢ x G(;)-space.

(BB2) Gg/B' is spherical as a G¢-space.

(BB3) Gg¢/B is real spherical as a G(-space.

(BB4) G has an open orbit in G¢/B x G¢/B’ via the diagonal action.

(BB5) There are finitely many G¢-orbits in G¢/B X G¢/ B’ via the diagonal action.

The above five equivalent conditions are determined only by the complexified Lie
algebras gc and gg.. It follows from [14, Lemmas 4.2 and 5.3] that we have an
implication that

(BB) = (PP).
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5.2 Shintani Functions and Real Spherical
Homogeneous Spaces

We return to Shintani functions for the pair G O G’. Let (A,v) € j’/W(c) x
(Gz)Y/ W (). We begin with an elementary and useful point of view:

Lemma 5.5. The multiplication map
0:GxG — G, (g.h) — gh™!
induces the following linear isomorphism
¢* : Sh(A,v) = Homgxx' (1R 1,C®((G x G')/ diag G'; x% ).
where 1 denotes the trivial one-dimensional representation of the group K (or that

of K’).
Proof. The pull-back of functions

@* 1 C®(G) S C®((G x G')/ diag G')
satisfies
LxLy(¢*f)=¢*(LxRyf) forall X € g,Y € g’ and f € C*®°(G).
Hence ¢™* maps Sh(A, v) onto the space of (K x K')-invariant functions of C *°((G x

G')/ diag G'; x7.,). O

Proposition 5.6. If (G, G') satisfies (PP), then dimc Sh(A,v) < oo for any pair
(A, v) of (36, 3¢’ )-infinitesimal characters.

Proof. Since (G,G’) satisfies (PP1), the regular representation on the Fréchet
space C*((G x G')/ diag G’; )(f,v) is admissible as a representation of the direct
product group G x G’ by Proposition 5.2. Therefore, Proposition 5.6 follows from
Lemma 5.5. O
Proposition 5.7. If (G, G') satisfies (PP), then Homg/ (7 ® t°,C) is finite-
dimensional for any pair (7%°, t*°) of admissible smooth representations of G
and G'.

Proof. Since (G x G')/ diag G’ is real spherical,
dimc Homgxg (1 X t°, C*(G x G’/ diag G")) < oo

by Proposition 5.2. Therefore Proposition 5.7 follows from the Frobenius reciprocity
(Proposition 3.2). O
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6 Construction of Intertwining Operators

In this section we give lower bounds of the dimension of the space of symmetry
breaking operators for the restriction of admissible Hilbert representations.

6.1 A Generalization of the Poisson Integral Transform

We fix some general notation. Let H be a closed subgroup of G. Given a finite-
dimensional representation ¢ of H on a vector space W;, we denote by #; the
G-equivariant vector bundle G xy W, over the homogeneous space G/H . Then we
have a representation of G naturally on the space of sections
F(G/H:7) = F(G/H: W)
~{feFG)W: f(h)=1t(h)~'f(-) for h € H},

where .7 = o/, C*®, 9, or & denote the sheaves of analytic functions, smooth
functions, distributions, or hyperfunctions, respectively.

Remark 6.1. We shall regard distributions as generalized functions a la Gelfand (or
a special case of hyperfunctions a la Sato) rather than continuous linear forms on

C>(G/H. ).
We define a one-dimensional representation of H by
xom i H — R, b |det(Ady(h) : g/b — g/h)| ",

where Ady(h) is the quotient representation of the adjoint representation Ad(h) €
GLg(g). The bundle of volume densities of X = G/H is given as a G-
homogeneous line bundle 2y ~ G Xy xg/u. Then the dualizing bundle of #;
is given, as a homogeneous vector bundle, by

W =(GCxgWY)®2x ~G xy 1",

where (7V, W) denotes the contragredient representation of (v, W;), and t* is a
complex representation of H given by

™ =1" ® xo/m- 6.1)

Suppose now that Q is a parabolic subgroup of a real reductive Lie group G, and
Q = LN a Levi decomposition. By an abuse of notation we write C,, for xg/o.
Then C,, is trivial on the nilpotent subgroup N, and the restriction of C,, to the
Levi part L coincides with the one-dimensional representation defined by

L —R* [ |det(Ad(]) : n — n)|.
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In view of the isomorphism K /(Q N K) = G/Q, #; may be regarded as a K -
equivariant vector bundle over K /(Q NK). Then there exist a K -invariant Hermitian
vector bundle structure on #; and a K-invariant Radon measure on K/(Q N K),
and we can define a Hilbert representation of G on the Hilbert space L*(G/Q: 1)
of square integrable sections of #;. The underlying (g, K)-module of .7 (G/Q; t)
does not depend on the choice of F = &/, C®, &', B, or L2, and will be denoted
by EG/QiD).

We denote by Gy and L ¢ the sets of equivalence classes of finite-dimensional
irreducible representations over C of the groups G and L, respectively. Then there
is an injective map

Gr—Ls, o A0)

such that o is the unique quotient of the (g, K)-module E(G/Q;A(c)). We note
that A(1) = C,,.

Here is a Hilbert space analog of [14, Theorem 3.1] which was formulated in
the category of (g, K)-modules (and was proved in the case where Q is a minimal
parabolic subgroup of G).

Proposition 6.2. Let Q be a parabolic subgroup of G, and H a closed subgroup
of G. Suppose that there are m disjoint H -invariant open subsets in the real
generalized flag variety G/ Q. Then

dimHomg (L*(G/Q; A(0)), C(G/H ;1)) = mdimHomy (0|y, 7),

for any finite-dimensional representations o and t of G and H, respectively. In
particular, we have

dim Homg (L*(G/Q, 226/0), C(G/H)) > m.

A key of the proof is the construction of integral intertwining operators formulated
as follows:

Proposition 6.3. Let © and { be finite-dimensional representations of H and Q,
respectively. We set {* = (¥ ® C,p. Let (F, F') be one of the pairs

(o, B), (C®,7), (L*,L?), (Z',C®), or (B.4).
Then there is a canonical injective map
@ (7'(G/0;¢") ® 1) — Homg(F(G/0:¢), C(G/H; 1)).
Proof. The proof is essentially the same with that of [14, Lemma 3.2] which treated

the case where (#, #') = (&, %) and where Q is a minimal parabolic subgroup of
G. For the sake of completeness, we repeat the proof with appropriate modifications.
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The natural G-invariant nondegenerate bilinear form
(.):F(G/Q:) x F7'(G/Q:¢") - C
induces an injective G-homomorphism
v : 7' (G/Q: ") = Homg (F(G/Q:¢). C(G))
by
V(0 W)(g) = (n(g)'u.x) for y € F'(G/Q:¢*) and u € F(G/Q:%),

where 7 is the regular representation of G on .% (G/Q; ¢).
Taking the tensor product with the finite-dimensional representation t followed
by collecting H -invariant elements, we get the linear map @ in Proposition 6.3. O

Example 6.4 (Poisson Integral Transform). We apply Proposition 6.3 in the follow-
ing setting:

(7.7 = (#.4),
H =K,
Q : aminimal parabolic subgroup of G,

7 : the trivial one-dimensional representation 1 of K,

¢ : aone-dimensional representation of Q such that |gn is trivial.

Then </ (G/Q;*) is identified with 7 (K/(Q N K)) as a K-module, and the
constant function 1x on K /(Q NK) gives rise to an element of (<7 (G/ Q: {*)®71)X.
Then &2, := @(1g) in Proposition 6.3 coincides with the Poisson integral
transform for the Riemannian symmetric space G/ K [8, Chapter 2]:

Py BG)0:0) — C(G/K). f > (Puf)g) = [K f(gh)dk.

See Proposition 8.5 for the preceding results on the image of &,,.

Proof of Proposition 6.2. The proof is parallel to that of [14, Theorem 3.17].
LetU; (i = 1,2,---,m)bedisjoint H -invariant open subsets in G/ Q. We define

1 if ge U,

xi(g) =

Then y; € L>(G/Q) ~ L>(K/Q NK) (i = 1,---,m), and they are H -invariant
and linearly independent.
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We take linearly independent elements uy, ..., u, in Homg(o|y, 7). Taking
the dual of the surjective (g, K)-homomorphism E(G/Q;A(g)) — o, we have
an injective (g, K)-homomorphism 0¥ < E(G/Q;A(0)*) C Z(G/Q;A(0)*).
Hence we may regard u; € Homy (0|, 7) ~ (0¥ ® 1) as H-invariant elements
of @ (G/Q;A(0)*) ® . Then y;u; € (L*(G/Q;A0)*) @ )l (1 <i < m,
1 < j < n) are linearly independent.

Proposition 6.2 now follows from Proposition 6.3 with (%, .%") = (L?,L?). 0O

Proposition 6.5. Ler Q and Q' be parabolic subgroups of G and G'. Suppose that
there are m disjoint Q’-invariant open sets in G/ Q. Then

dim Homg/ (L*(G/ Q, 26/0), L*(G'/ Q")) > m.

Proof. We apply Proposition 6.2 to (G x G', diagG’, 1,1, Q x Q') for (G, H, o,
7, Q). Then we have

dimHomgxg (7 X 7, C(G x G’/ diag G')) > m,

where 7 is the Hilbert representation of G on L*(G/Q, 26/¢) and 7 is that of G’
on Lz(G//Q/, .Qg//Q/).
By Proposition 3.2, we have

dim Homg/ ((r X 7)|dgiagc’» C) = m.

By Lemma 3.1 (2), we get the required lower bound. O

6.2 Realization of Small Representations

We end this section with a refinement of [14, Theorem A (2)] which was formulated
originally in the category of (g, K)-modules and was proved when Q is a minimal
parabolic subgroup of G.

Definition 6.6. Let Q be a parabolic subgroup of a real reductive Lie group G. Let
7 be an irreducible admissible representation of G, and 7wk the underlying (g, K)-
module. We say 7 (or k) belongs to Q-series if mg occurs as a subquotient of
the induced (g, K)-module E(G/Q; 1) for some finite-dimensional representation
T of Q.

By Harish—Chandra’s subquotient theorem [5], all irreducible admissible repre-
sentations of G belong to P-series where P is a minimal parabolic subgroup
of G. Loosely speaking, the larger a parabolic subgroup Q is, the “smaller” a
representation belonging to Q-series becomes, as the following lemma indicates:
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Lemma 6.7. If wg belongs to Q-series, then its Gelfand—Kirillov dimension, to be
denoted by DIM(rtg ), satisfies

DIM(rk) < dim G/ Q.

The following result formulates that if a subgroup H is “small enough” then the
space (7~°)f of H-invariant distribution vectors of 7 can be of infinite dimension
even for a “small” admissible representations 7 :

Corollary 6.8. Let H be an algebraic subgroup of G, and Q a parabolic subgroup
of G. Assume that H does not have an open orbit in G/ Q. Then for any algebraic
finite-dimensional representation t of H, there exists an irreducible admissible
Hilbert representation w of G such that w satisfies the following two properties:

e 1 belongs to Q-series,
e dimHomg (7, C(G/H; 1)) = o0.

In particular,
dimHomg (7*°, C*(G/H ; t)) = dimHomg x (7g. &/ (G/H; 1)) = oo.

Proof. There exist infinitely many disjoint H -invariant open sets in G/Q if H
does not have an open orbit in G/Q (see [14, Lemma 3.5]). Hence Corollary 6.8
follows from Proposition 6.2 because there exist at most finitely many irreducible
subquotients in the Hilbert representation of G on L*(G/Q, 2¢/0). O

Corollary 6.9. Let G D G’ be algebraic real reductive Lie groups and Q and Q'
parabolic subgroups of G and G', respectively. Assume that Q' does not have an
open orbit in G/ Q. Then there exist irreducible admissible Hilbert representations
7w and © of G and G’, respectively, such that (w,7) satisfies the following two
properties:

o 7 belongs to Q-series, T belongs to Q’-series.
e dimHomg/ (7|, T) = 00.

In particular, dim Homg/ (7%°|g/, T°) = oo.

Proof. Corollary 6.9 follows from Proposition 6.5. Since the argument is similar to
the proof of Corollary 6.8, and we omit it. O

7 Symmetry Breaking Operators and Construction
of Shintani Functions

In this section we construct Shintani functions of moderate growth from symmetry
breaking operators of the restriction of admissible smooth representations.
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Proposition 7.1. Let 7 be a spherical, admissible smooth representation of G,
and T that of G'. Suppose that 7> and t™° have 3¢ and 3¢ -infinitesimal
characters A and —v, respectively.

(1) Let 1, and 1,v be nonzero spherical vectors of wx and ty,, respectively. Then
there is a natural linear map
Homg/ (7%, 7%°) — Shyeq (4, v), Tw— F (7.1)
defined by
F(g) = (T on®(g)1x, 1:v) for g €G.

(2) Assume that the spherical vectors 1, and 1,v are cyclic in wx and rl\é,,
respectively. Then (7.1) is injective. In particular, if both ©7*° and t*° are
irreducible, (7.1) is injective.

Remark 7.2. 1In the setting of Proposition 7.1, if we drop the assumption that 1, is
cyclic, then the homomorphism (7.1) may not be injective. In fact, we shall see in
Sect. 9 that there is a countable set of (A, v) for which the following three conditions
are satisfied:

¢ dim¢ Homg/ (7%, t%°) = 2,
* dim¢ Shmod(kv V) =1,
e 1,viscyclicintV.

Proof of Proposition 7.1. (1) Since T € Homg/ (1°°, 7%°), the function F €
C°(G) satisfies
F(hg) =(t*(h) ot o m*(g)1x, 1v)
=(T o 7®() 1y, (V) (A~ )1,v) (7.2)

forall h € G’ and g € G. Therefore we have

F(k'gk) =F(g) for k' € K’ and k € K,
(Ly F)(g) =(T o ®(g)1;,d7”(Y)1v) for Y € g C Ulge),
(RxF)(g) =(T o n®(g)dn(X)1;,1,v) for X € g C U(ge).
Since u € 3¢ acts on 7 as the scalar multiple of y, («), we have d 7™ (u)1, =
x2 ()1, and therefore R,F = y,(u)F. Likewise, for v € 3¢/, we have
d(tV)*® () 1,v = x,(v)1,v, and thus L, F = y,(v)F.Hence F € Sh(A,v).

Let V.2° and W, be the representation spaces of 7°° and t°°, respectively.
First we find a continuous seminorm | - |; on W*° and a constant C; such that

[(w,1;v)| < Cy|lw|; forany we W.
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Second, since T : V>° — WS is continuous, there exist a continuous
seminorm | - | on V> and a constant C, such that

|Tv|; < Cylv], forany v e V.

Third, since 7 has moderate growth, there exist constants C3 > 0, d € R and
a continuous seminorm | - |3 on V> such that

7 (g)dm(u)lsl> < C3ld ™ (u)1lsllgll!
for any g € G and for any u € U(gc).

Therefore (R,F)(g) = (T o n*°(g)dnm(u)l,,1,v) satisfies the following
inequality:

[(R.F)(g)| < C1CC3ldn™® (u)1,|5]|g]|?  forany g € G.

Hence F € C*°(G) has moderate growth.

(2) Suppose F = 0. Since 1,v is a cyclic vector, we have T o 7°°(g)1, = 0 for
any g € G by (7.2). Since 1, is a cyclic vector, we have T = 0. Therefore the
map (7.1) is injective. O

Corollary 7.3. Suppose that there are m disjoint P’-invariant open sets in G/ P.
Then

dim Shoed(pg. pgr) = 1. (7.3)

In particular, if Shmoa(pg. pg’) is finite-dimensional, then the pair (G,G') of
reductive groups satisfies (PP).

Proof. We denote by 7 the Hilbert representation of G on L?(G/ P, 2¢ /p), and by
7 that of G’ on L?(G’/P'). By Proposition 6.5, we have

dim¢ Homg (77|67, T) = m.
On the other hand, since both 7 and ¥ contain spherical cyclic vectors, we have
dimc Shea(pg, —pg) = dime Homg: (7|67, 7°°)
from Proposition 7.1. Combining these inequalities with (3.1), we have obtained
dime Shuod(0g. —pg) = m.

Since —py is conjugate to pgys by the longest element of the Weyl group W(ji.), we
have proved (7.3).

Finally, if (G, G’) does not satisfy (PP), then there exist infinitely many disjoint
P’-invariant open sets in G/P, and therefore we get dimc Shmoa(pg, pg/) = 00
from (7.3). O
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8 Boundary Values of Shintani Functions

In this section we realize Shintani functions as joint eigenfunctions of invariant
differential operators on the Riemannian symmetric space X = (G xG’)/(K x K'),
and then as hyperfunctions on the minimal boundary Y = (G x G’)/(P x P’) of the
compactification of X. The main results of this section are Theorems 8.1 and 8.2.
We prove these theorems in Sects. 8.4 and 8.5, respectively, after giving a brief
summary of the preceding results of harmonic analysis on Riemannian symmetric
spaces in Sects. 8.2 and 8.3.

8.1 Symmetry Breaking of Principal Series Representations

Denote by 6 the Cartan involution of the Lie algebra g corresponding to the maximal
compact subgroup K of G. We take a maximal abelian subspace a in the vector
space {X € g: 60X = —X}, and set

W(a) :== Nk (a)/Zg(a).

We fix a positive system X ¥ (g, a) of the restricted root system X (g, a), and define
a minimal parabolic subalgebra p of g by

p=m+4+a+n=I[+n,

where [ := Zg(a) = {X € a:[H,X] =0 forall H € a}, m :=[N¢ and nis
the sum of the root spaces for all @ € X (g,a). Let P = MAN be the minimal
parabolic subgroup of G with Lie algebra p.

We take a Cartan subalgebra t in m. Then j := t 4 a is a maximally split Cartan
subalgebra of g. We fix a positive system A (mg, tc). Let p, € aV be half the
sum of the elements in X (g, a) counted with multiplicities, and p; € t¢ that of
At (mc, tc). The positive systems X (g, a) and A (mc, tc) determine naturally a
positive system A1 (gc, jc). Then we have

Pg = pi+ pn € = ¢+ ag,

where we regard t and a) as subspaces of j¢ via the direct sum decomposition
j = t+4 a. Then py + af = pg + afl is an affine subspace of j.

Analogous notation is applied to the reductive subgroup G’. In particular, i =
t' 4+ o’ is a maximally split Cartan subalgebra of g'.

We recall (A,v) €/ W(ic) x (z)"/ W) ~ Homc.qe(36 X 367, C). Let us
begin with a nonvanishing condition for Sh(A, v).
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Theorem 8.1. If Sh(A,v) # {0}, then
A€ W(ic)(pr + ag) and v € W) (pr + (ap)”). (8.1)

We shall give a proof of Theorem 8.1 in Sect. 8.4.

Next we consider a construction of Shintani functions under the assumption (8.1).
Suppose A € j¢ satisfies A — p; € agl. Then there exists A € ag such that A4
satisfies the following two conditions:

Ay — pn = w(A — pr) forsome we W(a). 8.2)
Re(A4+ — pn.a) >0 forany o € X (g, a). (8.3)

Similarly, suppose v € (ji.)¥ satisfies v —py € (ag.)". Then there exists v_ € (ag)"
satisfying the following two conditions:

V_ — pw = W (—v + py) forsome w € W(a').

Re(v_ — py,a) <0 foranya € X7 (g, d). (8.4)

Theorem 8.2. Suppose that A € i and v € (i)Y satisfy A+ p; € afl andv+py €
(ag)V. Let Ay and v_ be defined as above.

(1) There is a natural injective linear map

Homg (C®°(G/P;A4+),C®(G'/P";v-)) = Shyea(A, v). (8.5)
(2) If G, G’ are classical groups, then (8.5) is a bijection:

Homg (C®(G/P; A1), C®(G'/P";v_)) > Shpoa(A,v).  (8.6)

We shall prove Theorem 8.2 in Sect. 8.5.

Remark 8.3. As the proof shows, the bijection (8.6) holds for generic (A, v) even
when G or G’ are exceptional groups.

8.2 Invariant Differential Operators

In this and next subsections we give a quick review of the preceding results of
harmonic analysis on Riemannian symmetric spaces. We denote by D(G/K) the
C-algebra consisting of all G-invariant differential operators on the Riemannian
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symmetric space G/ K. It is isomorphic to a polynomial ring of (dimg a)-generators.
More precisely, let y' : U(gc) — U(ac) = S(ac) be the projection to the second
factor of the decomposition U(gc) = ((cU(gc) + U(ge)nc) @ U(ac). Then we
have the Harish—Chandra isomorphism

D(G/K) < Ulge)*/ Ulge)* N U(go)te — S(ac) ™, (87)

where y : U(gc) — S(ag) is defined by
(Y@), L) = (y'(w), A — pn) forall A € ay,

which is a generalization of (3.5), see [8, Chapter II]. Through (8.7), we have a
bijection

Homc.a,(D(G/ K), C) = ag/ W(a), Y < 1, (8.8)
given by ¥, (Ry) = (y(v), 1) = (y'(v), & — pu) for v € U(ge)*.

Comparing the two bijections Homc.a1s (36, C) >~ i/ W(jc) (see (3.6)) and (8.8)
via the C-algebra homomorphism

36 € U@o)* 5 D(G/K), (8.9)
we have
VuoR = yutp, on3gforallu e agd. (8.10)
By (8.10), we have
C®(G/K; M) C C®(G/K; xy,0)- 8.11)

For a simple Lie group G, it is known [7] that the C-algebra homomorphism (8.9)
is surjective if and only if (g, £) is not one of the following pairs:
(e6(—14),50(10) + R),
(6(—26), fa—52))»
(e7(=25), es(—78) + R),
(e8(—24), e7(—133) + 5u(2)).
For & = &/, %, C*™, or 9', we denote by .7 (G/K; .#),) the space of all

F € #(G/K) such that F satisfies the system of the following partial differential
equations:
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DF =y, (D)F forall D€ D(G/K). (///,L)

Since the Laplacian A on the Riemannian symmetric space G/ K is an elliptic
differential operator and belongs to D(G/ K ), we have

A(GIK: M) = BG/K: M) = CP(G/K; M) = D (G/K; M)

by the elliptic regularity theorem.

8.3 Poisson Transform and Boundary Maps

Given p € ag, we lift and extend it to a one-dimensional representation of the
minimal parabolic subgroup P = M AN by

P—>C*, mexpHnw~ elu-)

forme M,H €a,andn € N.

Remark 8.4. In the field of harmonic analysis on symmetric spaces people some-
times adopt the opposite signature of the (normalized) parabolic induction which
is used in the representation theory of real reductive groups. Since our definition
of parabolic induction does not involve the “p-shift” (i.e., unnormalized parabolic
induction where v/—1aY + py is the unitary axis), the G-module C%°(G/P; ) in
our notation corresponds to C*°(G/P; %), ) in [8,20].

With this remark in mind, we summarize some known results that we need:

Proposition 8.5. (1) The (g, K)-module E(G/P; i) has 3¢-infinitesimal charac-
ter L + pg = (L + pu + p1 € i/ W(ic).

(2) The (g, K)-module E(G/P; ) is spherical for all ju € af.. Furthermore, the
unique (up to scalar) nonzero spherical vector is cyclic if u satisfies

Re(p — pn,a) > 0 forany a € X7 (g, a).

(3) For all u € af, the Poisson transform &, maps into the space of joint
eigenfunctions of the C-algebra D(G/K):

P, BG/P;u) = A (G/K; My, ). (8.12)
(4) The Poisson transform (8.12) is bijective if | satisfies

Re(i — pn, ) <0 forany a € X1 (g, a). (8.13)
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(5) The Poisson transform &, induces a bijection
Py DG/ P; ) — moa(G/ K M, — 1)

if (8.13) is satisfied.

Proof. The first statement is elementary. See Kostant [17] for (2), and Helgason [6]
for (3). The fourth statement was proved in Kashiwara et.al. [9] by using the theory
of regular singularity of a system of partial differential equations. For the proof of
the fifth statement, see Oshima—Sekiguchi [20] or Wallach [22, Theorem 11.9.4].
We note that for /" € &/ (G/K; .#,,—,), f has moderate growth (Definition 3.3) if
and only if f has at most exponential growth in the sense that there exist constants
d € Rand C > 0 such that | f(x)| < C|x|| forall x € G. o

8.4 Proof of Theorem 8.1

In Lemma 5.5, we realized the Shintani space Sh(A, v) in C*°((G x G')/ diag G').
We give another realization of Sh(A, v):

Lemma 8.6. The multiplication map
V:GxG' >G (8.8) ()7
induces the following bijection:
¥ 1 Sh(h,v) > C®((G x G')/(K x K'); xR )46, (8.14)

Proof. We set C®(K'\G/K) :={f € C®(G) : f(k'gk) = f(g) forall k' e
K’ and k € K}. The pull-back ¥* of functions induces a bijective linear map

C>®(G) = C®(G x Gl)diagG/
U U
C>®(K'\G/K) w; C>®((G x G')/(K x K'))%iaeG”

On the other hand, for X € gand Y € g/, we have

RxRy(Y* f) = vy*(RxLy f).

Thus Lemma 8.6 is proved. O
Proof of Theorem 8.1. Suppose Sh(A, v) # {0}. Then, by Lemma 8.6, we have

Viw = C®(G x G")/(K x K'); xX,) # {0}.
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Since R(3Gx¢’) is anideal in D((G x G’)/(K x K")) of finite-codimension, we can
take the boundary values of V) , inductively to the hyperfunction-valued principal
series representations of G X G’ as in [14, Section 2]. To be more precise, there exist
M1, iy € af x (ag)Y and (G x G')-invariant subspaces

{0y =V cVva)yc:---CcV(N) ="V,
such that the quotient space V(j)/V(j — 1) is isomorphic to a subrepresentation of
the spherical principal series representation Z((G xG’) /(P x P'); ;) as (G xG')-
modules.

Comparing the 3gx¢/-infinitesimal characters of V;, and Z((G x G')/
(P x P’); ju;), we get Theorem 8.1. O

8.5 Proof of Theorem 8.2

Proof of Theorem 8.2. (1) Since A satisfies (8.3), the (g, K)-module E(G/P;1+)
contains a cyclic spherical vector by Proposition 8.5. Similarly, the (g, K')-
module

E(G'/P";v_)} ~ E(G'/P"; v )k
has a cyclic vector because v* = —v_ + 2p,y satisfies
Re(v* —py,a) >0 foranya € 2T (g',d)

by (8.4). Hence the first statement follows from Proposition 7.1.
(2) In view of the definition of moderate growth (Definition 3.3), we see that the
bijection ¥* in (8.14) induces the following bijection:

Shmoa (A, v) = C2((G x G') /(K x K'); xR )tie (8.15)

o]

Since the C-algebra homomorphism R : 3gx¢r — D(G x G'/K x K') is
surjective for classical groups G and G’, the isomorphism (8.15) implies the
following bijection

Shped (A, v) =~ Cr?lzd((G X Gl)/(K X K/); '//(l-l-p[,v-i-p[/))diagG/

by (8.11). In turn, combining with the Poisson transform, we have obtained the
following natural isomorphism by Proposition 8.5 (5):

Shmod(k, V) =~ .@/((G X G/)/(P X P/),Aj_ X U_)diagG"
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By [16, Proposition 3.2], we proved the following natural bijection:
Homg/(C®(G/P1A4). C¥(G'/P'1v_)) = 7' ((GXG')/(PxP'): A Ry )",

Hence we have completed the proof of Theorem 8.2. O

9 Shintani Functions for (O(n + 1, 1), O(n, 1))

It has been an open problem to find dimc Sh(A,v) in the Archimedean case
[19, Remark 5.6]. In this section, by using a classification of symmetry breaking
operators between spherical principal series representations of the pair (G, G') =
(O(n + 1,1),0(n, 1)) in a recent work [16] with B. Speh, we determine the
dimension of Sh(A, v) in this case.

We denote by [x] the greatest integer that does not exceed x. For the pair
(G,G') = (O(n + 1,1),0(n, 1)), (36, 3¢’)-infinitesimal characters (A, v) are
parametrized by

n+
21]/ ” n+1
(=]

. . . ./ n+2
it/ Wic) x ()" / Wiig) = CUZ/ Wiy x €1

in the standard coordinates, where Wy, := & x (Z/27)*.
Theorem 9.1. Let (G,G’') = (O(n + 1,1), O(n, 1)).
(1) The following three conditions on (A, v) are equivalent:

(i) Sh(A,v) # {0},
(11) Shmod(kv l)) 7é {0}

(iii) In the standard coordinates

n n n n n

A=w(=+t,——1,—=2,---, ——=[=]), 9.1

W(2+ 5 5 3 [2]) ©.1
n—1 n—1 n—1 n—1

/7
= —_— ’_—1’...’ i
v=w( 7 +s 3 3 [ 3

D,

forsomet,s € C,we W[m andw € W[m
2 2

r I

(2) If (A, v) satisfies (iii) in (1), then

dime Shpoa(A, 1) = 1.

Proof. Tt is sufficient to prove the implication (i) = (iii) and (2).

For A € j¥/W(ic) = CUF1/ W1, A belongs to pr + a mod W(ic) if
2

and only if A is of the form (9.1) for some t € C and w € W[m]. Similarly
2

for v € (jz)¥/W(). Hence the implication (i) = (iii) holds as a special case
of Theorem 8.1.
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Next, suppose that (4, v) satisfies (iii). Without loss of generality, we may and
do assume Ret > % and Res < % In this case the unique element A4 € ac
satisfying (8.2) and (8.3) is equal to ¢ if we identify a with C via the standard basis
{e1} of a¥ such that ¥ (g, a) = {#e;}. Similarly, v_ = s via (a;)" ~ C.

We define a discrete subset of al @ (az)¥ =~ C? by

Leven := {(a,b) €Z:a<b<0, a=b mod 2}.

According to [16, Theorem 1.1], we have

1 if (a, b) € Cz \ Levena

dim¢c Homg/ (C*°(G/P;a), C®(G'/P’; b)) ~
c ¢'(C*(G/P;a) (G'/ ) 2 i (@b) € Lo

Since (A4, v_) = (¢,5) & Leyen, we conclude that
dimc Shyeqa(4, v) = dime Homg/ (C*°(G/P; A4), C*(G'/P';v-)) =1

by Theorem 8.2 (2). Thus Theorem 9.1 is proved. O

10 Concluding Remarks

We raise the following two related questions:

Problem 10.1. Find a condition on a pair of real reductive linear Lie groups G D
G’ such that the following properties (A) and (B) are satisfied.

(A) All Shintani functions have moderate growth (Definition 3.3), namely,
Shmea(A, v) = Sh(A, v) for all (36, 36/)-infinitesimal characters (A, v).
(B) The natural injective homomorphism

Homg/ (7%°|gr, t*°) < Homy g/ (k. Tk”) (10.1)

is bijective for any admissible smooth representations 7°° and 7*° of G and
G’, respectively.

Remark 10.2. (1) If G’ = {e}, then neither (A) nor (B) holds.

(2) If G = G’, then (A) holds by the theory of asymptotic behaviors of Harish—
Chandra’s zonal spherical functions and (B) holds by the Casselman—Wallach
theory of the Fréchet globalization [22, Chapter 11].

(3) If G’ = K, then both (A) and (B) hold.

(4) Tt is plausible that if (G, G’) satisfies the geometric condition (PP) (Defini-
tion 5.3), then both (A) and (B) hold.
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By using the argument in Sects. 7 and 8§ on the construction of Shintani functions
from symmetry breaking operators, we have the following:

Proposition 10.3. For a pair of real reductive classical Lie groups G D G’, (B)
implies (A).

Proof. Let A4 and v_ be as in Theorem 8.2. We denote by 7°° the admissible
smooth representation of G on C*°(G/P;A4) and t*° the admissible smooth
representation of G’ on C*°(G’/P’;v_). Then by Theorem 8.2 (2), we have the
following linear isomorphism:

Homg: (7|7, t™) — Shinoa (1. v).
Similarly to the proof of Theorem 8.2 (2), we have the natural bijection
Homg/ (7%|g7, T¥) >~ Sh(A, v),

where ¢ is a continuous representation of G on the space of real analytic vectors
of 7°°, and 7® that of T°°.
In view of the canonical injective homomorphisms

Homg/ (7%°|g/, ©°) — Homg/ (7°|g/, ) < Homgy g/ (7k, Tk),
we see that if (B) holds, then the inclusion
Shiea(A, v) < Sh(A, v)
is bijective. Hence the implication (B) = (A) is proved. |

Acknowledgements Parts of the results and the idea of the proof were delivered in various
occasions including Summer School on Number Theory in Nagano (Japan) in 1995 organized by
F. Sato, Distinguished Sackler Lectures organized by J. Bernstein at Tel Aviv University (Israel)
in May 2007, the conference in honor of E. B. Vinberg’s 70th birthday in Bielefeld (Germany)
in July 2007 organized by H. Abels, V. Chernousov, G. Margulis, D. Poguntke, and K. Tent, “Lie
Groups, Lie Algebras and their Representations” in November 2011 in Berkeley (USA) organized
by J. Wolf, “Group Actions with Applications in Geometry and Analysis” at Reims University
(France) in June, 2013 organized by J. Faraut, J. Hilgert, B. @rsted, M. Pevzner, and B. Speh, and
“Representations of Reductive Groups” at University of Utah (USA) in July, 2013 organized by
J. Adams, P. Trapa, and D. Vogan. The author is grateful for their warm hospitality.

References

1. A. Aizenbud, D. Gourevitch, Multiplicity one theorem for (GL,+;(R), GL,(R)), Selecta
Math. 15 (2009), 271-294.

2. M. Berger, Les espaces symétriques non compacts, Ann. Sci. Ecole Norm. Sup. 74 (1957),
85-177.



Shintani Functions and Real Spherical Manifolds 159

3.

4.

5.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

J.-L. Clerc, T. Kobayashi, B. @rsted, and M. Pevzner, Generalized Bernstein—Reznikov
integrals, Math. Ann. 349 (2011), 395-431.

B. Gross, D. Prasad, On the decomposition of a representations of SO, when restricted to
SO, —1, Canad. J. Math. 44 (1992), 974-1002.

Harish—Chanrda, Representations of semisimple Lie groups II, Trans. Amer. Math. Soc. 76
(1954), 26-65.

. S. Helgason, A duality for symmetric spaces with applications to group representations, II,

Adv. Math. 22 (1976), 187-219.

. S. Helgason, Some results on invariant differential operators on symmetric spaces, Amer. J.

Math., 114 (1992), 789-811.

. S. Helgason, Groups and geometric analysis. Integral geometry, invariant differential operators,

and spherical functions, Mathematical Surveys and Monographs 83, American Mathematical
Society, Providence, RI, 2000.

. M. Kashiwara, A. Kowata, K. Minemura, K. Okamoto, T. Oshima and M. Tanaka, Eigenfunc-

tions of invariant differential operators on a symmetric space, Ann. of Math. 107 (1978), 1-39.
T. Kobayashi, Discrete decomposability of the restriction of A4(A) with respect to reductive
subgroups and its applications, Invent. Math. 117 (1994), 181-205; Part I, Ann. of Math. (2)
147 (1998), 709-729; Part 111, Invent. Math. 131 (1998), 229-256.

T. Kobayashi, Introduction to harmonic analysis on real spherical homogeneous spaces,
Proceedings of the 3rd Summer School on Number Theory, Homogeneous Spaces and
Automorphic Forms, in Nagano (F. Sato, ed.), 1995, 2241 (in Japanese).

T. Kobayashi, F-method for symmetry breaking operators, Differential Geom. Appl. 33
(2014), 272289, Special issue in honour of M. Eastwood, doi:10.1016/j.difgeo.2013.10.003.
Published online 20 November 2013, (available at arXiv:1303.3545).

T. Kobayashi, T. Matsuki, Classification of finite-multiplicity symmetric pairs, Transform.
Groups 19 (2014), 457-493, special issue in honour of Professor Dynkin for his 90th birthday,
doi:10.1007/s00031-014-9265-x (available at arXiv:1312.4246).

T. Kobayashi, T. Oshima, Finite multiplicity theorems for induction and restriction, Adv. Math.
248 (2013), 921-944, (available at arXiv:1108.3477).

T. Kobayashi, Y. Oshima, Classification of symmetric pairs with discretely decomposable
restrictions of (g, K)-modules, Crelles Journal, published online 13 July, 2013. 19 pp. doi:
10.1515/crelle-2013-0045.

T. Kobayashi, B. Speh, Symmetry breaking for representations of rank one orthogonal
groups, 131 pages, to appear in Mem. Amer. Math. Soc. arXiv:1310.3213; (announcement:
Intertwining operators and the restriction of representations of rank one orthogonal groups,
C.R. Acad. Sci. Paris, Ser. I, 352 (2014), 89-94).

B. Kostant, In the existence and irreducibility of certain series of representations, Bull. Amer.
Math. Soc., 75 (1969), 627-642.

M. Kriamer, Multiplicity free subgroups of compact connected Lie groups, Arch. Math. (Basel)
27 (1976), 28-36.

A. Murase, T. Sugano, Shintani functions and automorphic L-functions for GL(n). Tohoku
Math. J. (2) 48 (1996), no. 2, 165-202.

T. Oshima, J. Sekiguchi, Eigenspaces of invariant differential operators on an affine symmetric
space, Invent. Math. 57 (1980), 1-81.

B. Sun and C.-B. Zhu, Multiplicity one theorems: the Archimedean case, Ann. of Math. 175
(2012), 23-44.

N. R. Wallach, Real reductive groups. I, II, Pure and Applied Mathematics, 132 Academic
Press, Inc., Boston, MA, 1988. xx+412 pp.


http://dx.doi.org/10.1007/s00208-010-0516-4
http://dx.doi.org/10.1007/s00208-010-0516-4
http://dx.doi.org/10.1007/BF01232239
http://dx.doi.org/10.1007/BF01232239
http://dx.doi.org/10.2307/120963
http://dx.doi.org/10.2307/120963
http://dx.doi.org/10.1007/s002220050203
http://dx.doi.org/10.1007/s002220050203
http://dx.doi.org/10.1016/j.difgeo.2013.10.003
http://arxiv.org/abs/1303.3541
http://dx.doi.org/10.1007/s00031-014-9265-x
http://arxiv.org/abs/1312.4246
http://dx.doi.org/10.1016/j.aim.2013.07.015
http://dx.doi.org/10.1016/j.aim.2013.07.015
http://arxiv.org/abs/1108.3477
http://dx.doi.org/10.1515/crelle-2013-0045
http://dx.doi.org/10.1515/crelle-2013-0045
http://arxiv.org/abs/1310.3213
http://dx.doi.org/DOI:10.1007/BF01224637
http://dx.doi.org/DOI:10.1007/BF01224637

Harmonic Spinors on Reductive Homogeneous
Spaces

Salah Mehdi and Roger Zierau

Abstract An integral intertwining operator is given from certain principal series
representations into spaces of harmonic spinors for Kostant’s cubic Dirac operator.
This provides an integral representation for harmonic spinors on a large family of
reductive homogeneous spaces.
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1 Introduction

A realization of the discrete series representations of a semisimple Lie group as an
L?-space of harmonic spinors was given in [11] and [1]. More precisely, suppose
G is a noncompact connected semisimple real Lie group with finite center and K
a maximal compact subgroup of G. Write S for the spin representation of K (after
passing to a cover if necessary). For a finite-dimensional K-representation E, the
tensor product S ® E determines a homogeneous vector bundle . ® & over G/ K
and a geometric Dirac operator (defined in terms of an invariant connection) acting
on smooth sections:

D6k (&) : CX(G/K..& ® &) - CX(G/K.. ® &).
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If G has a nonempty discrete series, then the kernel of %,k (&) on L%-sections is
an irreducible unitary representation in the discrete series of G, and every discrete
series representation of G occurs this way for some K-representation E. (See [7]
for a thorough discussion.) A similar construction of tempered representations is
given by “partially harmonic” spinors in [15].

It is therefore natural to study the kernels of Dirac operators on other homoge-
neous spaces. In [8] and [9], we addressed this problem in a more general context
where G is a connected real reductive Lie group and K is replaced by connected
closed reductive subgroups H for which the complex ranks of H and G are equal,
but H is not necessarily compact. The Dirac operator Zg,x (&) is replaced by
Kostant’s cubic Dirac operator [6]:

Do (&) : CX(G/H, . ® &) - CX(G/H, S ® &).

This operator is the sum of a first-order term and a zero-order term, which comes
from a degree three element in the Clifford algebra of the orthogonal complement
of the complexified Lie algebra of H. (The zero-order term vanishes when H is
any symmetric subgroup.) Integral formulas for harmonic spinors are given in [8]
and [9]. The Lz-theory is begun in [2].

In the present article we consider a larger class of homogeneous spaces by
removing the equal rank condition. Suppose that E = E, is a finite-dimensional
representation of H with highest weight p (with respect to some positive system).
Under certain conditions on H and p we prove the following theorem. This is
Theorem 29 of Sect. 4.

Theorem A. There is a parabolic subgroup P in G, a representation W of P and
a nonzero G-equivariant map

P C®(G/P.W) — C®(G/H,.S ®E,)

with Dg/u(8,) o & = 0, where C°(G/P, W) denotes the space of smooth
vectors of the principal series representation Indg (W). In particular, the kernel
of D6/ (&) contains a smooth representation of G.

The intertwining operator & is an integral operator; the formula for & is
analogous to the classical Poisson integral formula giving harmonic functions
on the disk. The condition on H referred to above is stated in Section 4.3 as
Assumption 24. It is that H is not too small; it guarantees that certain Dirac
cohomology spaces are nonzero. The conditions on p are very mild regularity
conditions.

The representation of P = MAN on W is formed from a fundamental series
of M, a character of A and the trivial action of N. As an important ingredient the
fundamental series is realized as a space of harmonic spinors on M/ M N H. This is
the content of the following proposition (which occurs as Proposition 19 in Sect. 3).
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Proposition B. Every fundamental series representation occurs in the kernel of a
Dirac operator D,y (&).

The paper is organized as follows. In Sect. 2 we fix the notation and give some
well-known facts about the spin representations. We also describe a reciprocity
for geometric and algebraic Dirac operators. This is an important technique for
relating spaces of harmonic spinors and Dirac cohomology. In Sect. 3, we realize
certain cohomologically induced representations as submodules of kernels of
geometric Dirac operators and prove Proposition B. Finally, Sect. 4 is devoted to
the construction of the parabolic subgroup P and the proof of Theorem A. A proof
of the reciprocity between geometric and algebraic harmonic spinors is provided in
an appendix.

2 Preliminaries

2.1 The Groups and Homogeneous Spaces

Let G be a connected real reductive Lie group. We will denote the complexification
of Lie(G), the Lie algebra of G, by g (and similarly for other Lie groups). By a real
reductive group we mean that g is reductive, i.e., g = [g, g] + 3, where 3 denotes
the center of g. Fix a G-invariant nondegenerate bilinear symmetric form ( , ) on g.
If K/Z is a maximal compact subgroup of G/Z, where Z is the center of G, then
K is the fixed point group of a Cartan involution 6 of G. Write g = ¢ 4+ s for
the corresponding Cartan decomposition of g, where € is the Lie algebra of K and
s = £-. We take H to be a closed subgroup of G, with complexified Lie algebra
denoted by b, satisfying the following conditions:

H is connected and reductive,
H is 0-stable, (1)

( , ) remains nondegenerate when restricted to .
In this situation, there is a decomposition
_ _pnl
g="b+q, where q= 0.

The restriction of ( , ) to q remains nondegenerate and [, q] C g.
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2.2 Spin Representation

The construction of the spin representation is briefly reviewed here; we follow the
discussion of [3, Ch. 9]. Let ¥/ (q) be the Clifford algebra of the complexification of
g, i.e., the quotient of the tensor algebra of q by the ideal generated by the elements
XY +Y®X—(X,Y)with X,Y € q.Let

so(q) = {T € End(q) : (T(X).Y)+ (X .T(Y)) =0,V X,Y €q}.

Then the endomorphisms Ryy : W +— (Y , W)X — (X, W)Y span so(q). The
linear extension of the map Ryy +— %(X Y — YX) is an injective Lie algebra
homomorphism of so(q) into €’/,(q), the subalgebra of degree-two elements in the
Clifford algebra. Let g1 be a maximally isotropic subspace of q and write S4 for
the exterior algebra Aq™ of q™. The spin representation (sq, Sy) of b is defined as
the composition map

b <% s0(q) < €la(q) C €1(q) 23 End(S,)

where y, denotes the Clifford multiplication. Although the construction is indepen-
dent of maximal isotropic subspace q, the explicit description of a particularly
useful g1 will be given in Sect. 4.3 below.

There is an hermitian inner product { , )5, on Sq for which y4(X), X € q C
%1(q), is skew-hermitian [14, Lemma 9.2.3]:

(Yo(Xu,v)s, = —(u,yq(X)v)s,, ¥V X €q, Yu,v € S,. 2)

2.3 Geometric Dirac Operators

Let E be a finite-dimensional representation of b such that the tensor product S, ® E
lifts to a representation of the group H. There is an associated smooth homogeneous
vector bundle over G/H, which we denote by .#; ® &, whose space of smooth
sections is

C*®(G/H, 4 Q&) ~ {C°°(G) ®(S;® E)}H
~{f:G— S§;®E| fissmoothand f(gh) =h"" f(g).h € H}.

We remark that G acts by left translations on each of these function spaces.
Let { X} be a fixed basis of q satisfying

(X;, X)) =dj. 3
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Denote the universal enveloping algebra of g by % (g). Let ¢4 be the degree three
element in €’/(q) defined as the image under the Chevalley isomorphism of the
3-form

X,Y,Z2)— (X ,[Y, Z])

onq. Theelement )" X; ® (y(X;)®1)—1® (y(cq) ® 1) in % (9) ® End(Sq ® E)
is H -invariant, so defines a G-invariant differential operator

Doy (&) : C¥(G/H, Sy ® &) — CX(G/H. Sy ® &)

actingon C*®°(G/H, 73 ® &). We refer to Yg,n (&) as the geometric (cubic) Dirac
operator; it is given by the following formula:

Dou(6) =Y RX)N®y(X)®1—-1®y(c) ® 1. (4)

Note that Y, (&) is independent of the basis {X;} satisfying (3) (since each of
the two terms is, by itself, independent of the basis). We will often write Y, for
D6in (£).

2.4 Dirac Cohomology

Associated with a g-module (7, V'), there is an algebraic cubic Dirac operator Dy:
VS, — V QS defined by

Dy =) 7(X)) @ y(X;) — 1 ® y(cy). ©)

J

The following formula! for the square of Dy is due to Kostant [6, Theorem 2.16]:
2D} = 24 @ 1 — 24y + |lp@)|* — llp(®)]]. (6)

where §2 is the Casimir element for g acting on V and §2 4y is the Casimir element
of b acting in V' ® §y. In the case when ) = &, the cubic term ¢4 vanishes and
formula (6) is due to Parthasarathy (see [11]).

The (cubic) Dirac cohomology of the g-module V is the h-module defined as the
quotient

HY9(V) = ker(Dy)/ker(Dy) N Im(Dy).

I'The factor of 2 in this formula does not appear in [6]. This is because we are taking xy + yx =
(x, y) in the definition of the Clifford algebra, while xy 4+ yx = 2(x, y) is used in [6].
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The Dirac cohomology will also be denoted by Hp (V) when the pair (b, g) is
understood.

Finally, we note that in the case when V is a unitarizable (g, K)-module, i.e., V
has a nondegenerate (g, K)-invariant positive definite hermitian form ( , )y, then
one gets a nondegenerate hermitian form on V' ® S, defined by

(L hvess = (L v ® (., )s, @)

with respect to which Dy is selfadjoint [14, Lemma 9.3.3]. In the case where h = ¢,
since the hermitian form on Sy is positive definite, the form ( , )y gs, is also positive
definite and it follows that

HD(V) = ker(DV).

When h C ¢, the same conclusion holds for Hg”e)(V) for a finite-dimensional
representation V.

2.5 Algebraic Dirac Operators vs. Geometric Dirac Operators

Let V' be a smooth admissible representation of G, Vi the space of K-finite vectors
in V, and V¢ the K-finite dual of V. Let E be a finite-dimensional representation
of £ such that the tensor product S; ® E with the spin representation of £ lifts
to a representation of the group K. Then Ss ® E induces a homogeneous bundle
S ® & —> G/K. There is a vector space isomorphism

Homg (V,C®(G/K, Ss ® &)) ~ Homg (E*, Ss ® V)

given by T +— T, with Ti(e*)(v) = (e*,T(v)(1)), where e* € E*,v € V
and 1 € G is the identity element. In addition one has (Dy=Ti(e*))(v) =
(e* . (Z6/kT(v))(1)),forall e* € E* and v € V. One may conclude the following.

Proposition 8. Homg (V, ker(Zg,x(£))) ~ Homg (E™*, ker(D Vi )).

See the appendix for details.
There is also an isomorphism

Homg (E*, Vg ® Ss) ~ Homg (Vx ® Ss. E)
given by B + b, with (s, B(e*)(v)) = (e*,b(v ® s)). We also have the identity

(5. (DygB(eM) () = (e*.b(Dyc (v ®))).
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The pairing on the left-hand side is a nondegenerate pairing of the selfdual
representation S with itself. From this we may conclude that

Homg (E™, ker(Dyy)) ~ Homg ((Vx ® S)/Im(Dyy), E).
Now assume that Vi is unitarizable. Then Dy, is selfadjoint and
(Vk ® S)/Im(Dy, ) ~ Im(Dy, )+ ~ ker(Dy,).

We may conclude that ker(Dyy) =~ (ker(DVK))*, as K-modules. Therefore, by
Sect. 2.4,

Hp(VE) ~ (Hp(Vk))". 9)

The above discussion applies to the Dirac operator on the homogeneous space
K/H,when H C K, resulting in the statement that

Hom (E, ker(Zx /i (F))) ~ Hompy (F, H"(E)). (10)

3 The Fundamental Series

An important special case of our main result occurs when H is compact. In this
section we see that in this case (under certain mild conditions) the kernel of Y,
is nonzero. In fact the kernel contains certain fundamental series representations.
This is analogous to the well-known fact that ker(Zg, k) contains a discrete series
representation [1, 11] when rank¢ (g) = rankc (€).

3.1 Cartan Subalgebras and Roots

We assume that b is as in Sect. 2.1 and that h C &. Let t; be a Cartan subalgebra
of b. Extend to a Cartan subalgebra t = t; + t; of £ by choosing t; C £ N q. Now
extend to a Cartan subalgebra t + a of g by choosing a abelian in s.

Let AT C A(t + a, g) be defined by a lexicographic order with t; first, then t,,
then a. Such a positive system has the property that

AT(h) = {aly, : g chae A’ and aly, # 0}
is a positive system of roots in fj. Here we are denoting the a-root space in g by g®.

Note that t + a is a fundamental Cartan subalgebra of g, i.e., is maximally
compact. The positive systems described above may also be described as follows.
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There is Ay € (t + a)* with Agl = 0 so that AT = {a : (Ag,a) > O}
The Borel subalgebras that arise from such a positive system are the 0-stable
Borel subalgebras containing t + a. This gives a positive system of t-roots in &:
AT () ={B € A(t.®) : (A9, B) > O}.

Suppose that © € t;’; and that p is dominant for an arbitrary positive system.
Then by choosing w as the first basis vector defining a lexicographic order as above,
we arrive at positive systems AT and AT (h) with the property that u, extended to
be 0 on tq + a, is dominant for both At and A (). In Sect. 3.3, where we begin
with a finite-dimensional representation E of h, we may therefore assume that the
highest weight u of E is AT-dominant.

We make the following assumption on H. This is the assumption on H not
being too small mentioned in the introduction; it will be necessary for certain Dirac
cohomology spaces to be nonzero. See Sect. 3.3.

Assumption 11. There is no root a € A(g) so that al, = 0.

Note that this assumption automatically holds when either H = K or § and g
have equal rank.

Under this assumption we may construct the spin representation Sg by choosing
a maximal isotropic subspace q* of q as follows. Choose any maximal isotropic
subspace (tq + a)™ of t4 + a, then set

¢t =g+t + ) q”,
Y

where the sum is over all ty-weights y in q. The assumption tells us that no such y
is zero, so q 7 is indeed maximally isotropic.

We will use the notation of p(g) for one half the sum of the roots in A™. Similarly
o(h) denotes one half the sum of the roots in AT (h). We also use the notation p(q)
for one half the sum of the t;-weights in g, and similarly for p(€ N q).

3.2 The Fundamental Series and Its Dirac Cohomology

The fundamental series representations are cohomologically induced representa-
tions. They arise as follows. Let b be a O-stable Borel subalgebra in g which
contains the fundamental Cartan subalgebra t + a. The positive system associated
with b is described in the previous subsection. Write b = t + a + u for the Levi
decomposition of b. Then a fundamental series representation is a cohomologically
induced representation A,(1), for A € (t+a)*, with |, = 0and A a A" -dominant
and analytically integral weight, having the following properties.

(a) The infinitesimal character is A + p(g).
(b) Aj, +2p(s Nu) is the highest weight of a lowest K -type with respect to AT (),
where p(s N u) denotes half the sum of the t-weights in s N u.



Harmonic Spinors on Reductive Homogeneous Spaces 169

() Each K-type has highest weight of the form 4|, +2p(s N ) + 3 ¢ 4o 7y V>
where 7, are non negative integers.

It is known from Vogan and Zuckerman [13, Theorem 2.5] that these properties
uniquely determine Ap(A). The fundamental series representations are irreducible
and unitarizable [12], [14, Ch. 6].

The computation of the Dirac cohomology, with respect to £ C g, is straightfor-
ward using Kostant’s formula (6) for the square of D4, 3) : As(A) ®Ss = As(L) ®
Ss and the properties (a)—(c) above. Although this is contained in Theorem 5.2
of [5], we give the short proof here. First, by the unitarizability of Ap(1), the
Dirac cohomology is ker(D 4, 2)) = ker(Df1b (k))‘ Let F, be the finite-dimensional
highest weight representation of £ with highest weight t with respect to AT (€). By
Kostant’s formula (6), F; occurs in ker(D 4, ) if F; occurs in Ap(A1) ® S5 and

A+ p@I = [z + p(®)]].
The t-weights of S, are all weights of the form %(:I:yl + -+ ) with y; €

A(s N u). Each weight occurs with multiplicity 2¢, where d is the greatest integer
in dim(a)/2. We use the notation (A) = ) ., «, for any set A of weights. With
this notation the t-weights in S are

A(Ss) ={{(A) —p(sNu): A C A(sNu)}
={p(sNu)—(A4): A C A(s Nu)}.

Each component of A5(A) ® Ss has highest weight of the form

T=A +206N W+ Y nyy+ (A) - p(s Nw)
yEA(sNu)

= A, +p(sNu) + Z myy, for some nonnegative integers m,,.
yEA(sNu)

Now

Iz +p®IF =12 +p@+ > myll
yEA(sNu)

=A+p@IP+11 D myIP+ Y. myA+p@). 7).

yEA(sNu) yEA(sNu)

For this to equal ||A + p(g)||* one must have m, = 0 (because (A + p(g),y) > 0
and m, > 0). Therefore, all n, = 0 and (4) = 0. Sot = A}, + p(s N u) and
the multiplicity is 2¢, where d is the greatest integer in dim(a)/2. This proves the
following statement.
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Proposition 12. Let Ay(A) be the cohomologically induced representation
described in (a)—(c) above. Then

H®Y9(4,(1)) = 2dFA|¢+p(sﬂu)‘ ()

Now let u € t* be AT (¢)-dominant and integral. Let E,, be the irreducible
finite-dimensional representation of £ with highest weight x. Define A, € (t + a)*
by Aule = u—p(sNu)and A, |q = 0. Then, as described at the end of Sect. 3.1, the
positive system A™ can be chosen so that A, is A*-dominant. With such a choice
of AT we have the following corollary, which is a consequence of Proposition 8 and

Eq. (9).

Corollary 14. Suppose j is AT (€)-dominant and Ss ® E w lifts to a representation
of K. Then the kernel of Y6/ : C*°(G/K,” @ &,) — C®(G/K,ZS ® &)
contains a smooth G -representation infinitesimally equivalent to Ay (A,).

Proof. By Proposition 12 gives Homg (E,., H®Y(4,(1,))) # 0, since A, + p is
A*-dominant. Now Proposition 8 (along with (9)) gives

Hom(g,K) (A[,(/\M), ker(@G/K(é”M))) 7é 0.

3.3 Induction in Stages

Now assume that H C K. Let F), be the irreducible finite-dimensional representa-
tion of H having highest weight € t;. As described at the end of Sect. 3.1, we

may assume that the extension of 4 (by 0 on t + a) is A*-dominant, and therefore
its restriction to t is A1 (£)-dominant. Let E¢ be the irreducible finite-dimensional
representation of ¢ of highest weight & € t*.

In [10] it is shown that F,, ¢ HY"(E;) if and only if s = w(£ + p()) — p(b)
for some w € W(¥) having the property that w(§ + p(£))[¢, = 0.

Define

Elty, = u— (p(®) — p())¢, (15)
Ele, = —p(®),-

Then § + p(¢) is AT (¢)-dominant. By taking w = e above, we have F, C
Hg;,e) (E¢). We may conclude from (10) that E¢ C ker(.@K/H (ﬂu)).
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Our goal now is to realize a fundamental series representation in the kernel of
P6/u(F,). The induction in stages argument begins with the identification

C*®(G/H,S$4® F,) = C*(G/K,Ss ® C*(K/H, Seng ® F.)), (16)
f <> Ff,

with (Fr(g))(k) = (k ® 1) - f(gk). In [9] it is shown that

(Fo1)(8) = (Zax Fr)(8) + Zx/u (Fr(8))- (17)
With £ defined as in (15), we have seen that E; may be realized as a subspace

of ker(Zk/u(F,)) C C®(K/H.Seng ® F,). Therefore, when restricted to
C>®(G/K, &), under the identification of (16),

D6/ (Fr) = Fog1)- (18)
Proposition 19. The kernel of P u(F,) contains a smooth representation
infinitesimally equivalent to a cohomologically induced representation Ay (A,)
with
Auley = —p@), Ala =0 and Aly, = —p(®)]y,.

Proof. Let £ be as in (15) and realize E¢ C ker(Zk,u(:#,)). So we may consider

C®(G/K,Ss ® &) C C®(G/K,Ss ® C*(K/H, Seng @ F11))
~ C®(G/H,Sq ® F,.).

By (18)
ker(Za/x (&%) C ker(Z6/u(Fy))-
Applying (14),
Ap (L) C ker(Zg k(&) C ker(Zo/u(F ),
since A,y = | — p(5). u]

Note that the A,, appearing in the proposition is such that A, + p(g) is dominant,
but need not be regular. Therefore, Ay (A,) may equal 0. The further condition that
A, be dominant will ensure that Ay (4,,) is nonzero.

The following lemma will be important in Sect. 4.4. Note that the map eval, :
C*(G/H,Sq ® F,) — Sq ® F, given by eval.(f) = f(e) (with e the identity
element of G) is an H-homomorphism. Assuming
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(i) (u+pH) —(B).B) =0, forall p € A¥(h) and B C A(q"):
(ii) (u+ p(h) —2p(ENq),B) >0, forall p € AT (h),

Steinberg’s formula for the decomposition of the tensor product of two finite-
dimensional representations of H tells us that S; ® F), contains the irreducible
representation of H having highest weight © + p(q) — 2p(€ N q). Let 14 be the
corresponding isotypic subspace of Sq ® F,.

Lemma 20. Realizing Ay(A,) C ker(Ze u(F 1)), we have eval.(As(A,)) C Vo.

Proof. We first give the proof for the case H = K. In this case ¢ = s and £ N
q = 0,504, = u — p(s). The possible K-types in Ay(A,) have the form A, +
2p(s) + Yon,y = pn+ p(s) + Y nyy, with y € At(s),n, > 0. On the other
hand, the K-components of Sq ® F, = Ss ® F), all have highest weights of the
form 4+ p(s)—(B), B C AT (s). Since the image of eval, must consist of K-types
common to Ap(A,) and Sy ® F),, the only possibility is that all n,, = 0 and (B) = 0.
Therefore, eval.(Ay(A,)) is contained in the isotypic subspace with highest weight
p+pls) =+ p(q) —2p(E N q), ie., evale(As(Ay)) C Vo.

Now consider arbitrary H C K. Since f(e) = (Fr(e))(e), we first consider
Fr— Fy(e). By the H = K case, Fy(e) is in the isotypic subspace of S; ® E¢ of
type Egyps) (with & as in (15)) . Now, evaluation at e gives an A -homomorphism
Eeips) — Sq ® F. Again we compare the H-types. The highest weights of
H-components of Egy,) are of the form § + p(s) — (4),A C A*(h). But
€+ p(s) —(4) = p—pEnag) + pls) —(4) = n+ p(q) —2p N q) — (4).
The H-types in Sq ® F), are of the form u + p(q) — (B), B C A(t N q™). The
only way for us to have u + p(q) — 2p(t N q) — (A) = pn + p(q) — (B) is for
(B) = 2p(tNq)+ (A). As B C At N q™"), this means that B = AN g™") and
(A4) = 0. We conclude that the image of eval,|4,,) is contained in Vp. O

4 The Main Theorem

Let H be an arbitrary subgroup of G satisfying (1). We associate to H a parabolic
subgroup P in G. The main result is the construction of an integral intertwining
map & : C*(G/P, W) — ker(Yg/u). The precise statement is contained in
Theorem 29.

4.1 Roots and Positive Systems

We need to make some choices of Cartan subalgebras and positive root systems,
which will be used in the construction of our intertwining operator. These choices
are compatible with those made in Sect. 3.1, where the special case of ) C £ was
considered.
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Consider the complexified Lie algebra § of the reductive group H and the
decomposition g = h) + gq. Choose a maximal abelian subspace ay of h N 5. Define
[ = j3g4(ap), the centralizer of ay in g. A Cartan subalgebra of g is chosen as
follows.

* Letty be a Cartan subalgebra of h N €N [. Note that ay 4 t; is a Cartan subalgebra
of b, since ay is maximal abelianin h N s.

* Extend t; to a Cartan subalgebra t = t, + t; of €N [ with t; C g N €N [ Note
that t is not necessarily a Cartan subalgebra of €.

* Finally, choose a; C g N s N [so that ap + t + a4 is a Cartan subalgebra of [.
Write a := ay +a,. Since rankc (g) = rankc ([), we see that a4t is also a Cartan
subalgebra of g.

Remarks. (1) When by C ¢, ay = {0}. Therefore | = g and a + t is a fundamental
Cartan subalgebra of both g and [, as in Sect. 3.1.

(2) When rankc (h) = rankc(g) (asin [9]) t = t; and a = ay.

Let A := A(a + t, g) be the set of a + t-roots in g. For any o € A we will write
g for the corresponding root space.

Let AT be any positive system of roots in A := A(a + t,g) given by a
lexicographic order with a basis of ay, first, then (in order) bases of t, t; and a,.

A positive system of (ay + ty)-roots in b is chosen using the lexicographic order
with the same basis of ay as above, followed by the basis of t,. Call this positive
system AT (h).

4.2 The Parabolic Subgroup

Having fixed a positive system of roots AT in g we may define a parabolic
subalgebra of g as follows. Set

Yt i={aeA" tola, # O}
Then

p:=[+n, wheren:= Z g@,
aext

is a parabolic subalgebra of g. Thanks to the choice of A™, p is the complexification
of a (real) subalgebra of Lie(G). We define P to be the connected subgroup of G
corresponding to this real parabolic Lie algebra.

It will be convenient for us to write [ = m + a, with

m= Z g + (ag +0).

aeA,a\ah=0
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Therefore,
p=m-+as+n. 21

However, this is not (typically) the Langlands decomposition of p. Note that a; C
[ N s, but it can happen that some (but not all) of a, lies in the center of [. The

decomposition (21) gives a corresponding decomposition of P, which we write as
P = MAyN.

Lemma 22. p N b is a minimal parabolic subalgebra of Y. In particular, mNh C ¢
andINh=INHhNEt+ a

Proof. The Borel subalgebra of h defined by ay + t; and A*(h) is contained in
(p N h), so p N h is a parabolic subalgebra. Since ay is maximal abelian in h N s,
[Nbh =j35(ap) =[N HhNES ay. Therefore, p N b is minimal. O

Wesetn =) ,cx+ g%, so [ + 7 is the parabolic subalgebra opposite to p.
Lemma 23. The following hold.

(a) I=1INH+1[Ng.

(b)) m=mnNh+mnNaq.
(c)g=qnNl4+gnNu+gNnn
(d) mNg=mNqgNt+mNs.

Proof. (a) Thisis clear since f and q are ay-stable and [ is the O-weight space of ay.
(b) This follows from (a) since

mcCl=[Nh+INg
=mNb+az+mNq.

(c) Since ay acts on q, q is a sum of ay-weight spaces. If X € q is a weight vector,
then the weight is |, , for some o € A U {0}. Therefore, X € [,norn.

(d) Since ay is O-stable, so is m. Therefore, m N ¢ is also H-stable. It follows that
mNgNt+mNgNs. By Lemma 22, mNhNs = 0. Therefore, mNgNs = mNs
and (d) follows. ]

We need to fix a positive system in A(t 4 a4, m). Since we will be applying
Sect. 3to H N'M C M in place of H C G, we will need a choice of AT (m)
as in Sect. 3.1. We therefore define A™(m) using the lexicographic order with the
same bases of ty, t; and a, (in that order) that were used in the lexicographic order
defining AT earlier. Observe that t + a4 is a fundamental Cartan subalgebra of m.
Using the basis of t; gives a lexicographic order that in turn gives a positive system
At(mnNp).

We make the following assumption on H, which is analogous to and consistent
with Assumption 11.

Assumption 24. There is no root f € A(ty + tq + a4, m) so that B¢, = 0.
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4.3 The Representation S ® E,,

Let u € (ay + ty)* be A1 (h)-dominant and integral. Let E, be the irreducible
finite-dimensional h-representation with highest weight . We consider the tensor
product §q ® E,, a representation of b.

The construction of the spin representation in Sect. 2.2 requires a choice of
maximal isotropic subspace of q. This is done as follows. Choose some maximal
isotropic subspace (aq + tq)* of aq + t4 and set

T =(aqt+t)T+ Y mP4gqnn
peat(mng)

Then g% is maximally isotropic in q by Lemma 23(c) and the fact that [N g = mNgq.

Note that the (ay + ty)-weights in qT are the weights in q that are positive
with respect to the lexicographic order for the same bases of a; and t; used in
the definition of A™ above. It follows that

p(mNq) = p(m)|y, —p(mNbh)

is 1/2 the sum of the t,-weights inm N g7.
The weight

o

yeA(qt)

N =

p(q) ==

with each weight occurring as many times as its multiplicity in qF, is AT (b)-
dominant. The set of weights of S is

A(Sq) = {p(a) — (4) : A C A(q™)}

= {{4) —p(a) : A C A@g™)}.
The subgroup H N M C M satisfies the conditions of (1). Therefore, there is a
spin representation Smng. Using the maximal isotropic subspace m N g of m N g

one easily sees that Sqnm iS naturally contained in Sq as h N m-representation. The
set of weights of Sing with respect to the Cartan subalgebra ty of m N b is

A(Smnq) = {p(mNq) = (B) : B C A(mNq")}

Lemma 25. The following hold.

(a) Sqnm C (Sq)bn", the w N h-invariants in Sg.
(b) As a subspace of Sq, ay acts on Sqnm by p(q)|a-
(c) p(D]y, = p(mNaq).
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Proof. The proof of the first statement is as in [8, Lemma 3.8]. The second follows
since the weights of Smnq C Sq are of the form p(q) — (B) with B C A(m N q™).
But (B)|s, = 0, since the weights in m vanish on ay. The last statement follows
from p(q)|¢, — p(m N q) = p(m N q)lg, = 0, which follows from the fact that
A(n N q) is stable under —6. O

Now consider E,, (with A*(h)-dominant integral i € (ap + t5)*). Set leh :

(E M)nm’, an irreducible representation of m N b of highest weight p|y, .
For the remainder of this article we make the following assumptions on j.

() (u + p(mNbh)—(B),B) >0, forall € AT(mNh)and B C AT (mNq).

(i) (u + p(mNh) —2p(mNeNgq),B) >0, forall B € AT (m N h).

(26)
By Steinberg’s formula for the decomposition of a tensor product of finite-
dimensional representations, we see that Smng ® Fy), ~contains the irre-
ducible highest weight representation of m N h having highest weight
w4+ pmng)—2p(mnNeNng). Let 1, be the isotypic subspace of type
Fiut+pmnq)—2p(mneng). Note that the assumption of (11) and the definition of Vg
are consistent with Sect. 3.3.

Observe that

Vo C Smng ® Fyj, C (Sq® Eu)nm) ;

by Lemma 25. It also follows from Lemma 25 parts (a) and (c), that a;, acts on Vj
(as a subspace of §q ® E},) by the weight (1 + p(q))|ay -

4.4 Harmonic Spinors

Let P be the parabolic subgroup of G associated to H as in Sect. 4.2. Fix u € (ay +
ty)* and assume that Sq ® E,, lifts to a representation of the group H. Therefore,
we have a smooth homogeneous vector bundle Sq ® &, — G/H and a cubic Dirac
operator

Do (&) : C°(G/H, Sq ® 6,) > C(G/H,Sq ® &,).
Our goal is to construct an intertwining operator from a representation induced
from P to ker (-@G/H (é"ﬂ)). Let W be a representation of P. Write the induced

representation as

C®(G/P.W)=1{¢:G — W :¢issmoothand ¢(gp) = p~'¢(g).p € P.g € G}.
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The action of g € G is by left translation on functions: (g - f)(g1) = f(g7'g1).
The following is essentially Lemma 4.2 of [9], it is easily proved using a standard
change of variables formula (e.g., [4, Lem. 5.19]).

Lemma 27. Let W be some representation of P. If

t € Hompay (W ® C—Zp(bﬂah s Sq ® EM)

is nonzero, then

(Z0)(g) = [H  Cregty dt

is a nonzero G-intertwining map
P CP(G/P, W) — C®(G/H,Sqy ® &,).

Given the bundle S, ® &, — G/H we now make our choice of P-representation
W and homomorphism ¢.

Let Fmth be the irreducible representation of H N M of highest weight p|y .
Suppose that p satisfies the assumptions of (26). Then, by Sect. 3.3 applied to
HNM C M, ker(Pm/unm(F,)) contains a representation W infinitesimally
equivalent to Apnm(A,) with

Aulty = mly —p(mNq), Aule, =0 and Al = —p(mNE).

By Lemma 20, evaluation at the identity is nonzero on W and has an image in
Vo. Give W the trivial N -action and define ay, to act by (11 + p(q) +2p(h))|a, - Take
t to be evaluation at the identity: t(w ® 1) = w(e).

Lemma 28. ¢ € HomPnH(W ® C—2p(b)|uh s Sq ® E#)

Proof. Evaluationis an M N H-homomorphism. The action of ay on W ® C_5()
is by (i + p(q))la, - The action on the image of ¢ is by (1 + p(q))|a, as pointed
out at the end of Sect. 4.3. The action of N N H on both W ® C_»,() and the image
of ¢ is trivial. O

When these conditions are satisfied and ¢ is chosen as above, our main theorem,
stated as Theorem A in the introduction, is the following.

Theorem 29. The intertwining map &, has image in the kernel of Dg/n(6)).
In particular, ket(Z/u (8,)) # 0.

Proof. The first observation is that

(Zoyn(2,0))(g) = /H . (ZaiR(Xf)®y(Xf))e'z(qo('z))|gde

£ - i i i . dl.
/H N (Za R(X) ® p(X ))t(w())lgz
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As t is evaluation at e, it suffices to show that

Z (@ R(X;) ® (X)) ¢(-)(e) = 0 (30)

forp € C®(G/P,¥W).
We now choose the basis X; in a suitable way. Let { £ ; } be a basis of ¢ N n and
{E ;} abasis of ¢ N 7 such that

(Ej . Ex) =8k
(Ej Ex) =(E; Ex) =0,
and let {Z } be a basis of m N q so that
(Zj,Zr) = k.

Setting

1 — _ 1 —
Y;h= E(E, +Ej)and Y] = E(E, -E)),
we get an orthogonal basis {Z;} U {in} of g as required in (3). The (geometric)

Dirac operator Y,y (6,,) may be written as follows (equation (4.7) in [9]):

Tom(&) = Y (RZ) & y(Z) & 1= y(eans))

1

+> (REH®E)®1+RE)@UE)@1)
J

-le (Z(Zl ZilZi, [Ej’Fk])y(Zi)é(Fj)l(Ek)

J

+ Y (E; [Ex. E)e(E )e(E)i(Eo)
+ Z(Ej , [Eksflinf(Ej)l(Ek)l(Eé)) ® 1, (31

where 1 (resp. €) stands for the interior (resp. exterior) product (resp. multiplication)
and emng is the cubic term for H N M C M.
Now insert (31) into (30). The first term vanishes as follows. First note that

d
(R(ZD)p()) ()¢ = ;98 exp(sZi)(e)]s=o

d
= ( exp(sZi))_lfp(g)) (e)|s=0, by M -equivariance of ¢,
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= diqo(g) (exp(sZ;))|s=0, by the definition of M action on W,
s
=R(Z)(p(£)))le-

Now,

(X R(Zi) ®y(Zi) — y(emng)) () ()]
=Y ai(R(Z)9(®)le — y(emna)p(g)(e)

= (Zmmnne(g)) ()
=0, sincep(g) € W Cker(Pu/mnn).

By the right P = M Ay N-equivariance defining C*°(G/P, %), R(E;)¢ = 0,
so the next terms in (31) vanish. Since the image of ¢ is contained in Sng ® meh
and each E; is orthogonal to m N q (so that 1(E£;)Smnq = 0), the remaining terms
are 0. O

Appendix: Geometric vs. Algebraic Dirac Operators

For the convenience of the reader we provide here a proof of Proposition 8. Recall
that V' denotes a smooth admissible representation of G, Vx the space of K-finite
vectors in V, V¢ the K-finite dual of Vg and S5 is the spin representation for
¢. Let E be a finite-dimensional representation of ¢ such that the tensor product
E ® S, lifts to a representation of the group K, and denote by E™* the dual of E.
The K-representation £ ® S, induces a homogeneous bundle ., ® & — G/K
over G/ K whose space of smooth sections, on which G acts by left translations, is
denoted by C*°(G/ K, .%; ® &). The map

¥ : Homg(V,C*®(G/K, s ® &)) — Homg(E™*, Ss ® VYY)
defined by ¥ (T)(e*)(v) = 1 ® e*T (v)(1), is an isomorphism, where 1 denotes the
identity G.

Next, as in Sect. 2, consider the (cubic) Dirac operators

D6k (&) : C®(G/K, ., ® &) — C(G/K, S, ® &) and
Dy; :Ss ® Vg — Ss ® Vg,

and define the maps

Dy Homg (V,C*®(G/K,.%s ® &)) —> Homg(V,C®(G/K, s ® &))
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and
D, : Homg (E*, Ss ® Vi) —> Homg (E*, S, ® V§)
by
(D+(T))(v) = Do k (ENT (v)),
(D« (A))(e*) = Dy (A(e).

We claim that the following diagram is commutative:

4

Homg (V, C®(G/K,.%: ® &)) Homg (E*, S, ® V)

D D,

Homg (V,C*®(G/K,; ® &)) ——— Homg(E*,S: ® VYY)

Indeed one has
W (D«(T))(e")(v) = (1 ® ") ((D(T)(V)(1) = (1 ® e*)(Z6/x (T (v))(1))
and
D6k (T (v))(1)
= Z %|I=O(V(Xi) ® D(T (v)(exp(X:)(1)) = (y(es) ® D(T (v)(1))

d
=y 7 li=o (¥ (X:) @ D(T (exp(—1X;)v)(1)) — (y(es) ® D(T'(v)(1))
= =Y ((X) @ DT X)) = (1 & yE))(T(®)(1)
which means that

W(D(T))(e)(®) = =Y (y(X;) ® e )T (X;v)(1) = (y(cs) ® ) (T (v)(1)).

On the other hand, one has

(Do (T)()) @) = (D @(T)e)) )
= =Y (((X) & X)W (T)e) ) = (y(ee) ® DT ()
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= — > (r(X) @ DW(T)(e")(Xiv)) = (y(es) ® D (T)(e")(v))

= - (X)) ® )T (Xiv)(1) — (y(cs) ® e*)(T(v)(1)).

We deduce the following isomorphism relating algebraic and geometric harmonic
spinors:

¥ : Homg (V. ker(Zg/k (&))) >~ Homg (E*, ker(Dyy)),

therefore proving Proposition 8.
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Twisted Harish—Chandra Sheaves and
Whittaker Modules: The Nondegenerate Case

Dragan Milic¢i¢ and Wolfgang Soergel

Abstract In this paper we develop a geometric approach to the study of the
category of Whittaker modules. As an application, we reprove a well-known result
of B. Kostant on the structure of the category of nondegenerate Whittaker modules.

Key words Whittaker modules ¢ Localization of representations

Mathematics Subject Classification (2010): Primary 22E47. Secondary 14F10.

Introduction

Let g be a complex semisimple Lie algebra, % (g) its enveloping algebra and 2°(g)
the center of % (g). Let b be a fixed Borel subalgebra of g and n = [b, b] its nilpotent
radical. A Whittaker module is a finitely generated % (g)-module which is also
% (n)-finite and 2 (g)-finite. The category of Whittaker modules contains as a full
subcategory the category of highest weight modules, and at the other extreme, the
category of nondegenerate Whittaker modules (for the precise definition see Sect. 4).
In his paper [5], Kostant shows that the category of nondegenerate Whittaker
modules has an extremely simple structure. The main goal of this paper is to explain
Kostant’s result using geometric methods—we reprove it in Sect. 5.

Our idea was to use the localization theory of Beilinson and Bernstein [1] to
transfer the study of Whittaker modules to the study of a particular category of
2-modules on the flag variety X of g. As explained in the first four sections
of the paper, our methods actually work for arbitrary Whittaker modules. The
localizations of Whittaker modules are holonomic, which immediately implies that
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Whittaker modules are of finite length—this was proven before by McDowell [6].
He also proved that any irreducible Whittaker module is a quotient of a “standard”
Whittaker module—these are a generalization of Verma modules. This leads to the
natural problem of determining multiplicities of irreducible constituents of standard
Whittaker modules.

Our project was started at Mathematical Sciences Research Institute in Berkeley,
CA, in 1987-1988, during a special year in representation theory. The first draft of
this paper and some of the early results on the multiplicity questions were obtained
there. In particular, we realized at that time how simple is the geometric explanation
of Kostant’s result.

At that time the success of the geometric approach to prove the Kazhdan—Lusztig
conjectures for Verma modules was based on the fact that the localizations of highest
weight modules are holonomic modules with regular singularities; this made the
standard techniques used in the study of composition series questions (like the
decomposition theorem) applicable. We realized immediately that the localizations
of Whittaker modules have irregular singularities. Therefore, at that time, we were
unable to pursue the geometric analysis of the multiplicity problem any further. Still,
assuming that the decomposition theorem holds for arbitrary irreducible holonomic
modules, we were able to get a number of interesting conjectural statements about
the structure of the category of Whittaker modules. The most important of these
statements was later proved, by completely different algebraic methods, in [10].

Recently, Mochizuki proved the decomposition theorem in full generality and
made our old geometric approach rigorous [11]. Still, we decided to publish this
paper in its more-or-less original form to stress the simplicity of Kostant’s result,
deferring the general case to a future publication.

We were informed by Joseph Bernstein that he was aware that Kostant’s result
follows easily from localization theory.

1 Twisted Harish—-Chandra Sheaves

Let K be a connected algebraic group with Lie algebra £ and ¢ a morphism of K
into the group of inner automorphisms Int(g) of g such that its differential induces
an injection of £ into g. Hence we can identify € with a subalgebra of g. We say that
(g, K) is a Harish—Chandra pair if K acts by finitely many orbits on the flag variety
X of g.

Fix a Harish—Chandra pair (g, K) in the following.

Let n : £ — C be a morphism of Lie algebras, i.e., a linear form on £ which
vanishes on [, €].

An n-twisted Harish—Chandra module is a triple (r, v, V') where:

(i) (m, V) is a finitely generated %/ (g)-module;
(i) (v, V) is an algebraic K-module;
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(iii) the differential of the K-action on V induces a % (£)-module structure on V'
such that

m(§) = v(§) +n(8)

forany & € ¢.

We denote by .# 1, (g, K, ) the category of all n-twisted Harish-Chandra modules.

Let h be the (abstract) Cartan algebra of g [8, §2]. Let X be the root system in h*
and W the corresponding Weyl group. Let A € h* and 6 € W - A. By a theorem of
Harish—Chandra, 6 determines a maximal ideal Jy in 2°(g). Let % be the quotient
of % (g) by the ideal generated by Jy. Then we denote by .# (%, K, n) the full
subcategory of .# 1, (g, K, n) consisting of modules which are actually %,-modules,
i.e., they are annihilated by Jj.

In [1], Beilinson and Bernstein construct, for each A € h*, a twisted sheaf of
differential operators &, on the flag variety X of g. For any A € 6, the global
sections I' (X, 2)) of &, are equal to %.

As above, one can define the category .#.,,(Z, K, 1) of coherent &, -modules
which also admit an algebraic action of K. Differentiation of the K-action gives
an action of the Lie algebra €, we assume that it satisfies a compatibility condition
analogous to (iii) (compare [4, Appendix B], [9, Section 4]). We call the objects of
Meon(Dy, K, n) n-twisted Harish—Chandra sheaves.

Clearly, the cohomology modules of n-twisted Harish—Chandra sheaves are 7-
twisted Harish—-Chandra modules. Moreover, the localization functor A, given by
Ay (V) = D5 @4, V for a %-module V, maps n-twisted Harish—-Chandra modules
into n-twisted Harish—Chandra sheaves.

Assume that X is the set of positive roots in X such that at any point x € X
it determines the nilpotent radical of the corresponding Borel subalgebra b,. Let p
be the half-sum of roots in X . We say that A € h* is antidominant if a”(1) is not
a positive integer for any dual root o” of @ € X . For antidominant and regular A,
the categories A o1 (Zx, K, n) and A 1, (%, K, 1) are equivalent [8, 3.9].

The next result is proved exactly as in the non-twisted case [8, 6.1].

Lemma 1.1. Any n-twisted Harish—Chandra sheaf is holonomic.

Proof. Let F &, be the natural degree filtration of Z; .

Let ¥ be an n-twisted Harish—Chandra sheaf.

First we claim that there exists a good filtration {F, ¥ | n € Z4} of ¥ with the
additional property that all F, ¥ are K -equivariant. By twisting by a homogeneous
Ox-module & (v), for a weight v in the weight lattice of X', we can assume that
A is regular and antidominant. Then V = I'(X,¥) is a finitely generated %}-
module with algebraic action of K. This implies that it is generated by a finite-
dimensional K-invariant subspace U. Since by the equivalence of categories we
have ¥ = 2, ®«, V, the images F, ¥ of the morphisms

Fp@A(X)(cU—)V
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define an exhaustive Z,-module filtration of #" by K-equivariant coherent O -
submodules. It is evident that this is a good filtration of 7.

By the K-equivariance of the filtration we see that § - F, ¥ C F, ¥ forany § €
t C I'(X, Z,). This implies that the symbols of £ € £ annihilate Gr #". Since they
vanish on the conormal bundle to any K-orbitin X, the characteristic variety Ch(%")
of 7 is contained in the union of conormal bundles of K-orbits in X. Dimension
of the conormal bundle to any K-orbit in X is equal to dim X . Since the number of
orbits is finite, the dimension of the union of all such conormal bundles is also equal
to dim X . This implies that dim Ch(?") < dim X. O

In particular, this implies that twisted Harish—Chandra sheaves are of finite
length. In addition we get the following consequence.

Corollary 1.2. Any n-twisted Harish—Chandra module is of finite length.

Proof. Assume that A € 6 is antidominant. Then the localization A, (V') of any
module V in A 1o (%, K, n) is in Mcon(Z5., K., 7). Since this Harish-Chandra sheaf
is of finite length by the above remark, and V = I'(X, A, (V)) [8, 3.6], the assertion
follows from the exactness of I" and the fact that global sections of an irreducible
2,-module are irreducible or zero [8, 3.8], [7, L.4.1]. O

The first example of the twisted Harish—Chandra modules was discussed in
[4, Appendix B] in relation with localization theory of Harish—Chandra modules
for semisimple Lie groups with infinite center.

The second example is related to Whittaker modules [5]. In this case, K = N.
We discuss it in more details in Sect. 4.

2 A Category of n-Finite Modules

Let .4 be the full subcategory of the category of g-modules consisting of modules
which are

(i) finitely generated % (g)-modules;
(i) Z(g)-finite;
(iii) 7% (n)-finite.

Let 6 = W - A be a Weyl group orbit in h* and Jy the corresponding maximal
ideal in Z(g).

Let .#; be the full subcategory of .#” consisting of modules annihilated by some
power of Jy, and .44 the full subcategory of .4 consisting of modules annihilated
by Jp. Since (i) and (ii) imply that the annihilator in Z(g) of an object in .4 is of
finite codimension, we have the following result.
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Lemma 2.1. A = Py ;-

In other words, every object in .4 is a direct sum of finitely many objects in
different 4.
Let V be a % (n)-finite module. For € n* we put

V,={veV|(E-nE)v=0,¢en, forsomek € N}.

Then V,, # 0 implies that n|[n,n] = 0O and V = @nen* V, [3, Ch. VII, §1, no. 3,
Prop. 9.(G)]. If V and W are two % (n)-finite modules, it is easy to check that
V, ® Wy C (V® W)yyy for any n and 1. Assume now that V' € 4. Since
the adjoint action of n on g is nilpotent, we have g = go. Hence we conclude that
the natural map g ® V' — V given by £ ® v = v maps g ® V), into V,, i.e.,, V),
is a g-submodule. Denote by .4, the full subcategory of modules with the property
V = V. Then we have the following result.

Lemma 2.2. A =@, ¢« M-

In other words, every object in .4 is a direct sum of finitely many objects in
different .4;,. Put 45, = A5 N .A;. Clearly, any irreducible object in .4 is in some
N,

Let V be an object in .45 . Then V' ® C_, is a % (n)-finite module and clearly
VeC_, = (V®C_)),ie.,foranyv € VC_, we have nk.v = 0for sufficiently
large k € N. Therefore, the n-action is the differential of an algebraic action of N on
V ® C_,. Using the natural isomorphism V — V ® C_, givenby v — v ® 1, we
get an algebraic representation of N on V' with differential which differs from the
original action of n by n,i.e., V isin .# ss(%s, N, n). This leads us to the following
result.

Lemma 2.3. A;, = M 1.(%, N, n).

In particular, the localization functor Ay maps .45, into .#..4(Z, N, n). Hence,
from Lemma 1.1 we deduce the following result.

Theorem 2.4. Localization A, (V') of a module V in Ay is a holonomic P)-
module.

In particular, localizations are &) -modules of finite length. This has the following
consequence originally proved in [6].

Theorem 2.5. Any module in N is of finite length.

Proof. By Lemma 2.1 we can assume that V' is in Ji{, Moreover, such V has a
finite filtration F V' such that Gr V is in .43. This reduces the proof to the case of
Ve Ay. Let V € Ap. By Corollary 1.2 and Lemma 2.3, we see that such V' is of
finite length. O
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3 C(lassification of Irreducible Twisted
Harish—-Chandra Sheaves

Again, this is a simple variant of the results in the non-twisted case [8, §6]. Let ¥
be an irreducible object in .# (%, K, ). Then its support is an irreducible K-
invariant subvariety of X. Therefore, it is the closure of a K-orbit Q in X. Leti :
QO —> X be the natural inclusion. Then i is an affine immersion. The twisted sheaf
of differential operators &, on X induces the twisted sheaf of differential operators
(22)" = P, on Q where pu is the restriction of the specialization of A+ p to €Nb,
[4, Appendix A]. By Kashiwara’s equivalence of categories, the inverse image i ‘(%)
is an irreducible holonomic %y ,-module [8, §4]. By the compatibility condition
(iii), it is also a K-homogeneous &p-module such that the differential of the K-
action differs from the action of ¢ through %, by . Since i'(¥) is holonomic,
i'(7) is a connection on a dense open subset of Q and therefore a coherent O-
module there. Since it is also K-equivariant, it must be coherent everywhere on Q,
hence it is a connection on Q. We put ¢ = i'(#') and denote by .# (Q, ) the direct
image of 7 in .# (%, K, n). The module .#(Q, 7) is called the standard Harish—
Chandra sheaf attached to (Q, 7). The standard Harish—Chandra sheaf .7 (Q, ) has
a unique irreducible Harish—-Chandra subsheaf .2 (Q, 7). The module .Z(Q, 7) is
isomorphic to 7.

Moreover, the quotient .7 (Q, t)/Z(Q, 7) is a Harish-Chandra sheaf supported
in the boundary of the closure of the K-orbit Q.

It remains to describe all n-twisted irreducible %y ,-connections 7 on the K-
orbit Q. Let x € Q. Let B, be the Borel subgroup of Int(g) with the Lie algebra
b,. Any K-homogeneous &p-module is completely determined by the action of the
stabilizer S, = ¢ ' (¢(K) N B,) in the geometric fiber at x. By the compatibility,
the irreducibility of  implies also that it is irreducible as a K-homogeneous 0p-
module. Hence, the representation of S, in the geometric fiber of 7 is irreducible.
Moreover, its differential is a direct sum of a number of copies of the linear form
w—nl(ENby)ontN b,.

4 Whittaker Modules

Let K = N.Let b be the unique Borel subalgebra of g containing n. Then N -orbits
are the Bruhat cells C(w), w € W, with respect to b, i.e., each cell C(w) consists of
all Borel subalgebras in relative position w with respect to b. Let b,, be one of such
Borel subalgebras in C(w). Fix a Cartan subalgebra ¢ of g containedin bNb,,. Let R
be the root system of (g, ¢) and R™ the set of positive roots determined by n. Denote
by s : h* —> ¢* the specialization determined by b [8, §2]. Then n,, = [b,,, b,,] is
spanned by the root subspaces corresponding to the roots in s~ (w(X T)).

Now we want to discuss the compatibility condition from the end of the last
section in this special case. Assume that a Bruhat cell C(w) admits an irreducible
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N -homogeneous connection. First, n N b,, C n,,, hence we have = 0. Also, since
the stabilizer of b,, in N is unipotent, the only irreducible N-homogeneous O ,)-
module on C(w) is Oc,). Therefore, a connection with the properties described in
Sect. 3 exists on C(w) if and only if n|(n N n,) = 0. Moreover, it is isomorphic
to Oc). By abuse of notation, for « € X we denote by g, the root subspace in
g corresponding to the root s™'a € R. Then the subalgebra n N n,, is spanned by
the root subspaces g, fora@ € X N w(XT). Hence n|(n N n,) = 0 if and only if
Nge = 0fora e T Nw(ZT).

Let IT be the set of simple roots in X corresponding to X +. The root subspaces
g, @ € I1, span a complement of [n, n] in n. Therefore, n|(n N n,,) = 0 if and only
if n|ge = 0fora € T Nw(XT).

Let £ : W — Z be the length function on W with respect to the reflections
Sy, @ € I1. Then, for any w € W, we have £(w) = dim C(w).

Let ® C I, and let Wy be the subgroup of W generated by the reflections with
respect to @ € ©. The set of simple roots & determines also a standard parabolic
subalgebra po containing b. Let Pg be the corresponding parabolic subgroup in
Int(g). Any Pg-orbit in X is a disjoint union of Bruhat cells C(tv), t € Wy, for
some v € W. In this way, we obtain a bijection between the Pg-orbits in X and
right Wg-cosets of W.

The following result is well known.

Lemma 4.1. The following conditions are equivalent:

(i) @Nw(ZT) =0;
(ii) C(w) is the Bruhat cell open in one of the Pg-orbits in X ;
(iii) w is the longest element in one of the right Wg-cosets of W.

Proof. By the above discussion, (ii) and (iii) are equivalent.
(ii)=(i) Fix a Pg-orbit O and let C(w) be the Bruhat cell open in O. Then we
have

dim O = dim C(w) = £(w) > £(sqw), forany o € ©.

Since £(v) = Card(X+ N (—v(X1))) for any v € W [3, Ch. VI, §1, no. 6, Cor. 2
of Prop. 17], this means that

Card(se ZTN(—w(Z1))) = Card(Z T N(=s,w(Z1))) < Card(ZTN(—w(ZT))),

for all & € ©. Since s, permutes all roots in X — {a}, it follows that o ¢ w(X ™)
for all @ € ® and w satisfies (i).

(1)=(i) Let X be the root subsystem of X' generated by ©. Let T be the set
of roots in X+ which are not in Xg. Since for any a € O, s, permutes the positive
roots in X+ —{a}, it follows that s, (7)) C X . On the other hand, s, also permutes
roots in the complement of Xg, i.e., s, (T) N X9 = @. Therefore, s,(T) = T. Since
We is generated by the reflections with respect to ©, we see that T is Wy-invariant.
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Assume that w € W satisfies (i). Then S = X+ N w(X ™) is disjoint from ©.
We claim that Xg NS = @. Assume that 8 € g N S. Then B € XT, and it must
be a sum of roots from @. But ® C —w(X 1), hence B € —w(X ™) and we have
a contradiction. It follows that S C T. Hence, 1(S) C T C X7 for any t € Wp.
In particular, for any ¢ € Wy, we have (S) C X Ntw(XT). It follows that

£(tw) = Card(Z T N (—tw(Z1))) = Card(E 1) — Card(Z T Ntw(ZT))
< Card(X) — Card(S) = £(w)

for any t € W, i.e., C(w) is the Bruhat cell of maximal dimension among the cells
contained in O. ]

Now let
O ={a €11 | n|gs # 0}.

As we already remarked, a compatible irreducible connection exists on C(w) if and
only if ® N w(X 1) = @. By Lemma 4.1, this is true if and only if C(w) is the open
Bruhat cell in one of Pg-orbits in X . This leads to the following result.

For a Bruhat cell C(w) with the compatible irreducible connection O¢ ) denote
by .#(w, A, n) the corresponding standard 7-twisted Harish—Chandra sheaf and by
ZL(w, A, n) the corresponding irreducible n-twisted Harish—Chandra sheaf.

Theorem 4.2. The irreducible objects in the category Meoon(Dy, N,1n) are the
modules £ (w, A, n) where w € W is such that C(w) is an open Bruhat cell in
a Po-orbitin X.

We can also show, that for an antidominant A, the “costandard” Harish—Chandra
sheaves .# (w, A, n), which are obtained from standard Harish—Chandra sheaves
Z(w,A,n) by an appropriate holonomic dualization process, correspond under
localization to the “standard” Whittaker modules studied in [6]. We are going to
discuss this in a subsequent paper.

As we mentioned in the introduction, the objects in .#.,;(Z, N,n) have
irregular singularities in general. This is clearly visible from the following example.

Let g = sl(2,C) and
N = %(1 0)
x1

The flag variety X of g is identified with P!. Let x be a point in X. The Borel
subalgebra b, in g is the stabilizer of the line in C?> determined by x. Therefore, n
is the nilpotent radical of by, and C C P! is the open N-orbitin X.Let A = —p.
Then Z_, = Py is the sheaf of differential operators on X . The matrix

(IO)GN
x 1

xe(C}.
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moves 0 into x. Hence it defines an isomorphism of N onto C. Also, if d denotes
differentiation with respect to z considered as a vector field on C, then

00
= en
= (10)
corresponds to d under the above isomorphism.
Let .#, be the standard n-twisted Harish—-Chandra sheaf attached to the open
orbit. Then the restriction of ., to C is isomorphic to the quotient of Z¢ by the

left ideal generated by 0 — n(&). If n # 0, this is a connection on C which has an
irregular singularity at infinity.

5 The Nondegenerate Case

We say that 7 is nondegenerate if n|g, # 0 for @ € I1. In this case ® = [T and
Po = G. Let wy be the longest element of the Weyl group W. By Theorem 4.2,
in this case there exists only one irreducible object &, = Z(wp,A,n) in
Meon (25, N, n). Since the quotient of the corresponding standard Harish—Chandra
sheaf .#), by ) must be supported in the complement of the big cell, it must be
zero. Hence, we conclude that %) is equal to the standard Harish—Chandra sheaf
P, 1.e., & is irreducible.

Moreover, the space of global sections of .#) is equal to the space R(C(wy)) of
regular functions on the affine variety C(wy). Therefore, from [8, 3.8], we see that
I'(X, %)) is an irreducible Whittaker module for any antidominant A € h*.

This also implies that in this case there exists a unique irreducible object in the
category g .

Now we want to describe these modules. Clearly, the function 1 on X determines
a global section of .#, and it spans an n-stable subspace of I"'(X, .#) on which n
acts by 7. Since ., is irreducible, this leads to an epimorphism of the coherent
Ph-module 7, Q% ) C, onto 7. Clearly, with the N-action given by the tensor
product of the natural action on %, with the trivial action on C, 2 ®«@w) C,
becomes an 7-twisted Harish—Chandra sheaf. Moreover, since an orbit map from
N into C(wyp) is an isomorphism, the restriction to the big cell C(wy) is an
epimorphism of the O¢,,)-module

(Zr @ n) Cy) | C(Wo) = D) Qu ) Cyp = Ocug) ®c C = Ocwy)

onto the irreducible connection %, |C(wy). Therefore, this is an isomorphism. It
follows that the kernel of the morphism of %) ®4 ) C, onto .#} is supported on
the complement of the big cell. But as we remarked before, the only object which
can be supported there is 0. This implies that 7y ®% ) C, = 1. This finally
proves the following result.



192 D. Milic¢i¢ and W. Soergel

Theorem 5.1. Let n € n be nondegenerate and A € b*. Then the only irreducible
object in Meon(Dy, N, 1) is Do Q) Cy.

We also have an analogous result for .45 ;. It was originally proved by Kostant
in his work on Whittaker modules [5].

Theorem 5.2. Let n € n be nondegenerate. Then the only irreducible module in
Ny is U Q) Cy.

Proof. Let A € 6 be antidominant. Then
A (Y @u ) Cp) = Do Quyy (U @un) Cp) = Do @z n) Cy = A
Therefore, by [8, 3.6], we have
I'(X, %) =% @um C,

and this is the unique irreducible object in .# 1, (%, N, 1). O

A vector in a Whittaker module which spans an n-stable subspace is called a
Whittaker vector.

Corollary 5.3. All Whittaker vectors in %y @« ny Cy are proportionalto 1 ® 1.

Proof. By the preceding argument we see that Whittaker vectors correspond exactly
to N-invariant sections of .#;. These sections are exactly constant functions on the
open cell C(wy). O

Since the global sections of 7, clearly operate faithfully on global sections of
4, we get the following consequence [5].

Corollary 5.4. The action of U on U Q% ) C, is faithful.

Consider now an arbitrary object ¥ in .#,,,(Zs, N, n). Its restriction onto the
big cell is an N-homogeneous connection. Since the stabilizer in N of an arbitrary
point in the big cell is trivial, this connection is equal to a sum of copies of the
irreducible connection on C(wy). Since the restriction is left adjoint to direct image,
this implies that there exists a natural morphism ¢ of ¥ into a sum of copies of .#;.
By the preceding discussion, since the kernel and the cokernel of ¢ are supported in
the complement of the big cell, they are equal to zero. This leads to the following
results which show the extreme simplicity of the categories .#.,n(Z), N, n) and
A%,y for nondegenerate 7.

Theorem 5.5. Let 1 € n be nondegenerate. Then all objects in M.on(Z, N, 1) are
finite sums of irreducible objects Dy Q@ ) C,.

Theorem 5.6. Let n € n be nondegenerate. Then modules in Ny, are finite sums
of irreducible modules %y Q@ ) C,.

Now we want to describe the structure of the category .4, for a nondegenerate
n € n*.
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We start with a simple technical result. The enveloping algebra % (g) has a
natural structure of a left Z(g) ®c % (n)-module given by left multiplication. The
following generalization of a classical result of Kostant must be well known.!

Lemma 5.7. % (g) is free as a Z(g) ®c % (n)-module.

Proof. Let (%,(g9); p € Z4) denote the natural filtration of the enveloping algebra
U(g) of g.

Fix a Cartan subalgebra ¢ and a nilpotent subalgebra n opposite to n. Then we
have g = n @ ¢ @ n, and by the Poincaré-Birkhoff—Witt theorem it follows that
(@) = %) @c % (¢) ®c % (n) as a left % (n)-module for left multiplication.
Then we define a linear space filtration F % (g) of % (g) via

F, % (9) = % (n) ®c %y(c) ®c % (n).

Clearly, the natural filtration of % (g) is finer than F % (g), i.e., %,(g9) C F, % (g)
forall p € Z4.
We define a filtration on Z°(g) ®c % (n), by

Fp(Z(g) ®c % (W) = (%,(9) N Z(9)) &c % (). p € Ly.

In this way, Z°(g) ®c % (n) becomes a filtered ring. The corresponding graded
ring Gr(Z'(g) ®c % (n)) is equal to Gr(Z(g)) ®c % (n). The Harish-Chandra
homomorphism y : Z(g) —> % (c) is compatible with the natural filtrations and
the homomorphism Gr y is an isomorphism of Gr 2°(g) onto the subalgebra /(c) of
all W-invariants in S(c) [3, Ch. VIII, §8, no. 5]. Therefore,

Gr(Z(g) ®c % (n) = 1(c) ®c % (n).

Let z € %,(g) N £ (g). Then by the definition of the Harish-Chandra homomor-
phism, we have z — y(z) € n%,—1(g). Hence, we have

Uy (¢) C y @) %) + 0Up—1(9)% () C y(@U(c) + nUpiq—1(9)
C Y@ %(c) + Fpig—1 % (9) CFpiq % (9)
for any g € Z4 . This implies first that
2P, % (9) CFpiq%(9), q € Z4;
i.e., the filtration F %/ (g) is compatible with the action of Z°(g) ®c % (n). Therefore,

 (g) is a filtered Z°(g) ®c % (n)-module. Moreover, the corresponding graded
module is

Gr 7 (g) = % (n) ®c S(c) ®c % (W)

!One of us learned this argument to prove Kostant’s result from Wilfried Schmid in 1977.



194 D. Milic¢i¢ and W. Soergel

with the obvious action of /(¢) ®c % (n). Since S(c) is a free I(c)-module by
[3,Ch.V, §5,no. 5, Thm. 4], it follows that Gr % (g) is a free I (¢) ®c % (n)-module.

This easily implies that % (g) is a free 2(g) ®c % (n)-module [2, Ch. III, §2,
no. 8, Cor. 3. of Thm. 1]. |

Let U be a finite-dimensional 2 (g)-module. Consider it as a Z(g) ®c % (n)-
module, where n acts by multiplication by 7. Let

I(U) = % (9) ®z@ecum U:

we consider it as a %/ (g)-module by left multiplication in the first factor. By the
preceding lemma, the functor /, from the category of finite-dimensional Z(g)-
modules into the category of %/ (g)-modules is exact. It maps finite-dimensional
Z (g)-modules into 2 (g)-finite, finitely generated % (g)-modules. Moreover, since
the action of n on /,(U) is the quotient of action on the tensor product % (g) ®c U
where n acts on the first factor by the adjoint action, we see immediately that 7, (U)
is % (n)-finite. Hence, it is a Whittaker module. In addition, since the action of n on
% (g) is nilpotent, we conclude that /,,(U) is in .4;. Therefore I, is an exact functor
from the category of finite-dimensional Z'(g)-modules into the category ./4,.

Assume that dimU = 1. Then a maximal ideal in Z(g) annihilates U. Hence
we see that [,(U) = % ®u ) C, for some Weyl group orbit 8 in h*. Moreover,
I,(U) is irreducible by Theorem 5.2.

By the exactness of the functor I;,, we immediately conclude that

length 7,,(U) = dimU

for any finite-dimensional .2°(g)-module U .
On the other hand, for a Whittaker module V' in .47, let Wh(}/) denote the space
of all Whittaker vectors. Clearly, Wh(V) is 2 (g)-invariant.

Lemma 5.8. The functor Wh from the category A, into the category of Z(g)-
modules is exact.

Proof. The subspace Wh(V') of Whittaker vectors in V' can be identified with the
module of n-invariants of V' with respect to the v-action. Therefore, it is enough to
prove that H'(n, V) = 0 for any Whittaker module V', where the cohomology is
calculated with respect to the v-action.

Consider first the case of irreducible Whittaker modules. As we remarked before
an irreducible Whittaker module (with v-action) is isomorphic to the algebra of
regular functions R(C (wy)) on open cell C(wy) with the natural action of N. Since
an orbit map is an isomorphism of N onto the open cell, it is enough to know
that groups H'(n, R(N)) = 0 for i > 1. This is a well-known fact (compare
[9, Lemma 1.9], for example).

Consider now an arbitrary Whittaker module V. Let V’ be an irreducible
submodule of V' and consider the exact sequence

0—V —-V—V"—0.
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From the long exact sequence of Lie algebra cohomology, we see that H' (n, V) =
Hi(n,V") fori > 1. Hence, by induction on the length of V', we conclude that
Hi(m,V)=0fori > 1. O

By Corollary 5.3, we see that for any irreducible Whittaker module in .47, the
vector space Wh(1/) is one-dimensional. Therefore, by induction on the length of
Whittaker modules and using the exactness of Wh, we immediately get

dim Wh(V') = length(V)

for any V in .4;. In particular, Wh(V') is finite-dimensional. Therefore, Wh is an
exact functor from the category .4} into the category of finite-dimensional 2 (g)-
modules. It is easy to check that

Homa;/(g)(ln(U), V) = Homg(g)(U, Wh(V)),

i.e., the functor Wh is the right adjoint of 7,,.
Clearly, the linear map u — 1 ® u from U into /,,(U) is injective, and its image
is in Wh(/,,(U)). Since

dim Wh(/,(U)) = length I,(U) = dim U,

it follows that the adjointness morphism U — Wh(/,(U)) is an isomorphism.
Conversely, let V' be a Whittaker module in .4;. Then we have the adjointness
morphism /,(Wh(V)) — V. Let K be its kernel and C the cokernel. Then we
have the exact sequence

0 —> Wh(K) —> Wh(I,(Wh(V))) — Wh(V') — Wh(C) —> 0

and by the preceding remark, the third arrow is an isomorphism. Hence, Wh(K) = 0
and Wh(C) = 0,ie., K = C = 0 and I,(Wh(V)) — V is an isomorphism.
Therefore, we established the following result.

Theorem 5.9. Let nn € n* be nondegenerate. Then the functor I, is an equivalence
of the category of finite-dimensional Z (g)-modules with . Its quasi-inverse is the
functor Wh.

References

1. Alexander Beilinson and Joseph Bernstein, Localisation de g-modules, C. R. Acad. Sci. Paris
Sér. I Math. 292 (1981), no. 1, 15-18.

2. Nicolas Bourbaki, Algebre commutative, Mason, Paris.

3. , Groupes et algébres de Lie, Mason, Paris.




196 D. Milic¢i¢ and W. Soergel

4. Henryk Hecht, Dragan Mili¢i¢, Wilfried Schmid, and Joseph A. Wolf, Localization and
standard modules for real semisimple Lie groups. I. The duality theorem, Invent. Math. 90
(1987), no. 2, 297-332.

5. Bertram Kostant, On Whittaker vectors and representation theory, Invent. Math. 48 (1978),
101-184.

6. Edward McDowell, On modules induced from Whittaker modules, J. Algebra 96 (1985), no. 1,
161-177.

7. Dragan MiliCi¢, Localization and representation theory of reductive Lie groups, unpublished
manuscript available at http://math.utah.edu/~milicic.

, Algebraic Z-modules and representation theory of semisimple Lie groups, The
Penrose transform and analytic cohomology in representation theory (South Hadley, MA,
1992), Amer. Math. Soc., Providence, RI, 1993, pp. 133-168.

9. Dragan Mili¢i¢ and Pavle Pandzi¢, Equivariant derived categories, Zuckerman functors and
localization, Geometry and representation theory of real and p-adic groups (Cérdoba, 1995),
Progr. Math., Vol. 158, Birkhduser Boston, Cambridge, MA, 1998, pp. 209-242.

10. Dragan Mili¢i¢ and Wolfgang Soergel, The composition series of modules induced from
Whittaker modules, Comment. Math. Helv. 72 (1997), no. 4, 503-520.

11. Takuro Mochizuki, Wild harmonic bundles and wild pure twistor D-modules, Astérisque
(2011), no. 340.



http://math.utah.edu/~milicic

Unitary Representations of Unitary Groups

Karl-Hermann Neeb

Abstract In this paper we review and streamline some results of Kirillov, Olshanski
and Pickrell on unitary representations of the unitary group U(#) of a real, complex
or quaternionic separable Hilbert space and the subgroup U (#), consisting of
those unitary operators g for which g — 1 is compact. The Kirillov—Olshanski
theorem on the continuous unitary representations of the identity component
Uoo () asserts that they are direct sums of irreducible ones which can be realized
in finite tensor products of a suitable complex Hilbert space. This is proved and
generalized to inseparable spaces. These results are carried over to the full unitary
group by Pickrell’s theorem, asserting that the separable unitary representations of
U(H), for a separable Hilbert space #, are uniquely determined by their restriction
to Uso(H)o. For the 10 classical infinite rank symmetric pairs (G, K) of non-
unitary type, such as (GL(#),U(#)), we also show that all separable unitary
representations are trivial.
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Introduction

One of the most drastic difference between the representation theory of finite-
dimensional Lie groups and infinite-dimensional ones is that an infinite-dimensional
Lie group G may carry many different group topologies and any such topology leads
to a different class of continuous unitary representations. Another perspective on
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the same phenomenon is that the different topologies on G lead to different comple-
tions, and the passage to a specific completion reduces the class of representations
under consideration.

In the present paper we survey results and methods of A. Kirillov, G. Olshanski
and D. Pickrell from the point of view of Banach-Lie groups. In the unitary
representation theory of finite-dimensional Lie groups, the starting point is the
representation theory of compact Lie groups and the prototypical compact Lie group
is the unitary group U(n, C) of a complex n-dimensional Hilbert space. Therefore
any systematic representation theory of infinite-dimensional Banach-Lie groups
should start with unitary groups of Hilbert spaces. For an infinite-dimensional
Hilbert space H, there is a large variety of unitary groups. First, there is the full
unitary group U(?), endowed with the norm topology, turning it into a simply
connected Banach-Lie group with Lie algebra u(H) = {X € B(H): X* = —X}.
However, the much coarser strong operator topology also turns it into another
topological group U(#),. The third variant of a unitary group is the subgroup
Uso () of all unitary operators g for which g — 1 is compact. This is a Banach—
Lie group whose Lie algebra us () consists of all compact operators in u(#).
If H is separable (which we assume in this introduction) and (e,),en iS an
orthonormal basis, then we obtain natural embeddings U(n,C) — U(H) whose
union U(oo,C) = [ J72, U(n, C) carries the structure of a direct limit Lie group
(cf. [G103]). Introducing also the Banach—Lie groups U, (#), consisting of unitary
operators g, for which g — 1 is of Schatten class p € [1, o], i.e., tr(|JU —1|?) < oo,
we thus obtain an infinite family of groups with continuous inclusions

U(00,C) = Ui(H) = - = Up(H) = -+ = Uso(H) — U(H) = UH);.

The representation theory of infinite-dimensional unitary groups began with
I. E. Segal’s paper [Se57], where he studies unitary representations of the full group
U(H), called physical representations. These are characterized by the condition
that their differential maps finite rank hermitian projections to positive operators.
Segal shows that physical representations decompose discretely into irreducible
physical representations which are precisely those occurring in the decomposition
of finite tensor products H®Y, N € Ny. It is not hard to see that this tensor product
decomposes as in classical Schur—Weyl theory:

HN = P Si(H) @M. (1)

A€Part(N)

where Part(N) is the set of all partitions A = (Ay,...,4,) of N, S3(H) is an
irreducible unitary representation of U(H) (called a Schur representation), and M,
is the corresponding irreducible representation of the symmetric group Sy, hence
in particular finite-dimensional (cf. [BN12] for an extension of Schur—Weyl theory
to irreducible representations of C *-algebras). In particular, H®" is a finite sum of
irreducible representations of U(#).
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The representation theory of the Banach Lie group Uso (), H a separable real,
complex or quaternionic Hilbert space, was initiated by A. A. Kirillov in [Ki73]
(which contains no proofs), and continued by G. I. Olshanski [O178, Thm. 1.11].
They showed that all continuous representations of U, (#H) are direct sums of
irreducible representations and that for K = C, all the irreducible representations
are of the form S; (%) ® S, (H), where H is the space H, endowed with the opposite
complex structure. They also obtained generalizations for the corresponding groups
over real and quaternionic Hilbert spaces. It follows in particular that all irreducible
representations (77, H, ) of the Banach-Lie group Uy (H) are bounded in the sense
that 7: Uso(H) — U(H,) is norm continuous, resp., a morphism of Banach-Lie
groups. The classification of the bounded unitary representations of the Banach—
Lie group U,(#) remains the same for 1 < p < oo, but for p = 1, factor
representations of type II and III exist (see [Boy80] for p = 2, and [Ne98] for
the general case). Dropping the boundedness assumptions even leads to a non-type
I representation theory for U,(H), p < oo (cf. [Boy80, Thm.5.5]). We also refer
to [Boy93] for an approach to Kirillov’s classification based on the classification of
factor representations of U(oo, C) from [SV75].

These results clearly show that the group Us(#) is singled out among all
its relatives by the fact that its unitary representation theory is well-behaved.
If H is separable, then Uy (#) is separable, so that its cyclic representations are
separable as well. Hence there is no need to discuss inseparable representations
for this group. This is different for the Banach-Lie group U(#) which has many
inseparable bounded irreducible unitary representations coming from irreducible
representations of the Calkin algebra B(#)/K(H). It was an amazing insight
of D. Pickrell [Pi88] that restricting attention to representations on separable
spaces tames the representation theory of U() in the sense that all its separable
representations are actually continuous with respect to the strong operator topology,
i.e., continuous representations of U(#),. For analogous results on the automatic
weak continuity of separable representations of W *-algebras see [FF57, Ta60].
Since Uso(H)o is dense in U(H)y, it follows that Us, (#H)o has the same separable
representation theory as U(H);. As we shall see below, all these results extend to
unitary groups of separable real and quaternionic Hilbert spaces.

Here we won’t go deeper into the still not completely developed representation
theory of groups like U, (#) which also have a wealth of projective unitary repre-
sentations corresponding to nontrivial central Lie group extensions [Boy84, Nel3].
Instead we shall discuss the regular types of unitary representation and their char-
acterization. For the unitary groups, the natural analogs of the finite-dimensional
compact groups, a regular setup is obtained by considering U, () or the separable
representations of U(#). For direct limit groups, such as U(oo, C), the same kind
of regularity is introduced by Olshanski’s concept of a tame representation. Here a
fundamental result is that the tame unitary representation of U(co, C) are precisely
those extending to continuous representations of Us () ([O178]; Theorem 3.20).

The natural next step is to take a closer look at unitary representations
of the Banach analogs of noncompact classical groups; we simply call them
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non-unitary groups. There are 10 natural families of such groups that can be
realized by *-invariant groups of operators with a polar decomposition

G = Kexpp, where K={geG:g*=g'} and p={X eg X* =X}

(see the tables in Sect. 5). In particular K is the maximal unitary subgroup of G. In
this context Olshanski calls a continuous unitary representation of G admissible if
its restriction to K is tame. For the cases where the symmetric space G/ K is of finite
rank, Olshanski classifies in [O178, O184] the irreducible admissible representations
and shows that they form a type I representation theory (see also [O189]).

The voluminous paper [O190] deals with the case where G/K is of infinite
rank. It contains a precise conjecture about the classification of the irreducible
representations and the observation that in general, there are admissible factor
representations not of type I. We refer to [MN13] for recent results related to
Olshanski’s conjecture and to [Nel2] for the classification of the semibounded
projective unitary representations of hermitian Banach-Lie groups. Both continue
Olshanski’s program in the context of Banach-Lie groups of operators.

In [Pi90, Prop.7.1], Pickrell shows for the 10 classical types of symmetric
pairs (G, K) of non-unitary type that for ¢ > 2, all separable projective unitary
representations are trivial for the restricted groups G,y = Kexp(p()) with Lie
algebra

9 =tDpy and pg =pn B(H),

where B, (H) < B(H) is the gth Schatten ideal. This complements the observation
that admissible representations often extend to the restricted groups Gy [0190].
From these results we learn that for ¢ > 2, the groups G, are too big to have
nontrivial separable unitary representations and that the groups G(; have just
the right size for a rich nontrivial separable representation theory. An important
consequence is that G itself has no non-trivial separable unitary representation. This
applies in particular to the group GLk () of K-linear isomorphisms of a K-Hilbert
space H and the group Sp(#) of symplectic isomorphism of the symplectic space
underlying a complex Hilbert space H.

This is naturally extended by the fact that for the 10 symmetric pairs (G, K) of
unitary type and ¢ > 2, all continuous unitary representations of G, extend to
continuous representations of the full group G [Pi90]. This result has interesting
consequences for the representation theory of mapping groups. For a compact spin
manifold M of odd dimension d, there are natural homomorphisms of the group
C>®(M,K), K a compact Lie group, into U(H @ H)(a+1), corresponding to the
symmetric pair (U(H & H), U(H)) (cf. [PS86,Mi89, Pi89]). For d = 1, the rich
projective representation theory of U(H @ H) (4 +1) now leads to the unitary positive
energy representations of loop groups, but for d > 1 the (projective) unitary
representations of U(H @ H)q+1) extend to the full unitary group U(H & H),
so that we do not obtain interesting unitary representations of mapping groups.
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However, there are natural homomorphisms C(M, K) into the motion group
‘H x O(H) of a real Hilbert space, and this leads to the interesting class of energy
representations [GGV80, AH78].

The content of the paper is as follows. In the first two sections we discuss some
core ideas and methods from the work of Olshanski and Pickrell. We start in Sect. 1
with the concept of a bounded topological group. These are topological groups G,
for which every identity neighborhood U satisfies G € U™ for some m € N. This
boundedness condition permits showing that certain subgroups of G have nonzero
fixed points in unitary representations (cf. Proposition 1.6 for a typical result of this
kind). We continue in Sect. 2 with Olshanski’s concept of an overgroup. Starting
with a symmetric pair (G, K) with Lie algebra g = € @ p, the overgroup K* of K is
a Lie group with the Lie algebra £ 4- i p. We shall use these overgroups for the pairs
(GL(H),U(H)), where H is a real, complex or quaternionic Hilbert space.

In Sect. 3 we describe Olshanski’s approach to the classification of the unitary
representations of K := U (H)o. Here the key idea is that any representation of
this group is a direct sum of representations & generated by the fixed space V' of the
subgroup K, fixing the first n basis vectors. It turns out that this space V' carries a
*-representation (p, V') of the involutive semigroup C(n, K) of contractions on K"
which determines & uniquely by a GNS construction.

Now the main point is to understand which representations of C(n,K) occur
in this process, that they are direct sums of irreducible ones and to determine
the irreducible representations. To achieve this goal, we deviate from Olshanski’s
approach by putting a stronger emphasis on analytic positive definite functions (cf.
Appendix A).

This leads to a considerable simplification of the proof avoiding the use of
zonal spherical functions and expansions with respect to orthogonal polynomials.
Moreover, our technique is rather close to the setting of holomorphic induction
developed in [Nel3b]. In particular, we use Theorem A.4 which is a slight
generalization of [Nel2, Thm. A.7].

In Sect. 4 we provide a complete proof of Pickrell’s theorem asserting that for a
separable Hilbert space H, the groups U(#) and U, (#) have the same continuous
separable unitary representations. Here the key result is that all continuous separable
unitary representations of the quotient group U(H)/ Uso(H) are trivial. We show
that this result carries over to the real and quaternionic case by deriving it from the
complex case.

This provides a complete picture of the separable representations of U(#) and
the subgroup U (), but there are many subgroups in between. This is naturally
complemented by Pickrell’s result that for the 10 symmetric pairs (G, K) of unitary
type for ¢ > 2, all continuous unitary representations of G, extend to continuous
representations of G. In Sect. 5 we show that for the pairs (G, K) of noncompact
type, all separable unitary representations of G and Gy, ¢ > 2, are trivial. This is
also stated in [Pi90], but the proof is very sketchy. We use an argument based on
Howe—Moore theory for the vanishing of matrix coefficients.
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Notation and Terminology

For the nonnegative half line we write Ry = [0, ool.
In the following K always denotes R, C or the skew field H of quaternions. We
write {1,Z, J,ZJ} for the canonical basis of H satisfying the relations

’=7>=-1 and IJ=-JT.

For a real Hilbert space H, we write Hc for its complexification, and for a
quaternionic Hilbert space H, we write H for the underlying complex Hilbert
space, obtained from the complex structure Z € H. For a complex Hilbert space
we likewise write H{* for the underlying real Hilbert space.

For the algebra B(#) of bounded operators on the K-Hilbert space #, the ideal
of compact operators is denoted K(H) = Bso(H), and for 1 < p < oo, we write

B,(H) := {A € K(H):tr((A* A)P/*) = t(|A]") < oo}

for the Schatten ideals. In particular, B>(#H) is the space of Hilbert—Schmidt
operators and B (H) the space of trace class operators. Endowed with the operator
norm, the groups GL(#) and U(#) are Lie groups with the respective Lie algebras

gl(H) = B(H) and u(H):={X egl(H): X" =-X}.
For 1 < p < oo, we obtain Lie groups
GL,(H) :=GL(H)N (1 + B,(H)) and U,(H) :=U(H)NGL,(H)
with the Lie algebras
gl,(H) := B,(H) and u,(H):=u(H)Ngl,(H).

To emphasize the base field K, we sometimes write Uk (H) for the group U(H)
of K-linear isometries of 7{. We also write O(H) = Ugr(H).

If G is a group acting on a set X, then we write X for the subset of G-fixed
points.

1 Bounded Groups

In this section we discuss one of Olshanski’s key concepts for the approach
to Kirillov’s theorem on the classification of the representations of Us(H)o
for a separable Hilbert space discussed in Sect. 3. As we shall see below
(Lemma 4.1), this method also lies at the heart of Pickrell’s theorem on the separable
representations of U(H).
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Definition 1.1. We call a topological group G bounded if, for every identity
neighborhood U C G, there existsanm € Nwith G C U™.

Note that every locally connected bounded topological group is connected. The
group Q/Z is bounded but not connected.

Lemma 1.2. [f, for a Banach-Lie group G, there exists a ¢ > 0 with
G = expix € g:||x[| < ¢}, (Ol

then G is bounded.

Proof. Let U be an identity neighborhood of G. Since the exponential function
expg: g — G is continuous, there exists an » > 0 withexpx € U for ||x|| < r. Pick
m € N such that mr > c. For g = expx with ||x|| < ¢ we then have exp ;- € U,
and therefore g € U™. O

Proposition 1.3. The following groups satisfy (Ol), hence are bounded:

(i) The full unitary group U(H) of an infinite-dimensional complex or quater-
nionic Hilbert space.
(ii) The unitary group U(M) of a von Neumann algebra M.
(iii) The identity component Uso(H)o of Uoo(H) for a K-Hilbert space H.'

Proof. (i) Case K = C: Let g € U(#) and let P denote the spectral measure on
the unit circle T € C with g = fT zdP(z). We consider the measurable function
L:T —] — &, w]i which is the inverse of the function | — 7, w]i — T,z + e*.
Then

X = /TL(Z) dP(2) )

is a skew-hermitian operator with | X|| < x and eX = g (cf. [Ru73,

Thm. 12.37]).

Case K = H: We consider the quaternionic Hilbert space as a complex Hilbert
space H®, endowed with an anticonjugation (=antilinear complex structure) 7.
Then

Un(H) = {g e UH"):TgT " = g}.

An element g € U(HC) is H-linear if and only if the relation 7 P(E)J ! = P(E)
holds for the corresponding spectral measure P on T.

! Actually this group is connected for K = C, H [Ne02, Cor. II.15].



204 K.-H. Neeb

Let Ho := ker(g +1) = P({—1})H denote the (—1)-eigenspace of g and H; :=
Hé‘. If X is defined by (1) and X := X|4,, then

IxX\ g :/

_L(:)dP(3) =
[ Lo /T

} L(z)dP(z) = X1.
1

Then X := 77 |3, ® X1 on H = Ho @ H, is an element X € uy(H) witheX = g
and || X || < z. Therefore (Ol) is satisfied.

(i) If g € U(M), then P(E) € M for every measurable subset £ C T, and
therefore X € M. Now (ii) follows as (i) for K = C.

(iii) Case K = C,H: The operator X from (1) is compact if g — 1 is compact.
Hence the group Uso x (#) is connected and we can argue as in (i).

Case K = R: We consider Uso g(H) = Ooo(#) as a subgroup of Us(Hc).
Let o denote the antilinear isometry on Hc¢ whose fixed point set is H. Then, for
g € U(Hc), the relation cgo = g is equivalent to g € O(H). This is equivalent to
the relation 0P (E)o = P(E) for the corresponding spectral measure on T.

Next we recall from [Ne02, Cor. I.15] (see also [dIH72]) that the group Oeo ()
has two connected components. An element g € Ooo () for which g — 1 is of trace
class is contained in the identity component if and only if det(g) = 1. From the
normal form of orthogonal compact operators that follows from the spectral measure
on Hc, it follows that det(g) = (—1)%™* . Therefore the identity component of
Oco(H) consists of those elements g for which the (—1)-eigenspace Ho = H ¢ is of
even dimension. Let J € 0(#,) be an orthogonal complex structure. On H; := H(J)'
the operator X := X |, satisfies

oXo0 = /T\{_l} —L(z)dP(R) = /T\{_l} L(z)dP(z) = X1,

sothat X := nJ @ X| € 00o(H) satisfies | X|| < 7w and e* = g. O

Example 1.4. (a) In view of Proposition 1.3, it is remarkable that the full orthog-
onal group O(#) of a real Hilbert space H does not satisfy (Ol). Actually
its exponential function is not surjective [PW52]. In fact, if g = eX for
X € o(H), then X commutes with g, hence preserves the (—1)-eigenspace
Ho := ker(g + 1). Therefore J := e*/? defines a complex structure on Hy,
showing that H, is either infinite-dimensional or of even dimension. Therefore
no element g € O(#H) for which dim #, is odd is contained in the image of the
exponential function.

(b) We shall need later that O(#) is connected. This follows from Kuiper’s theorem
[Ku65], but one can give a more direct argument based on the preceding
discussion. It only remains to show that elements g € O(H) for which the
space Ho := ker(g + 1) is of finite odd dimension are contained in the identity
component. We write g = g_; @ g with g_; = g|y, and g; := g|H[J)_. Then g;

lies on a one-parameter group of O(H(J)'), so that g is connected by a continuous
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arc to g’ := —1y, @ 1. This element is connected to g” := —14, B L =
—14;, and this in turn to 14. Therefore O(?) is connected.

Lemma 1.5 (Olshanski Lemma). For a group G, a subset U C G and m € N

Wllh G - L , we pul
I — I e 0
I(‘ 1 1)2

If (., M) is a unitary representation with H® = {0}, then, for any non-zero £ € H,
there exists u € U with

31E +w@El < i8]

Proof ([Ol78, Lemma 1.3]). If ||§ — w(u)&|| < A||&] holds for all u € U, then the
triangle inequality implies

1§ — w(&)§ll = mA|§|l  for geU™=G.

For A < % this implies that the closed convex hull of the orbit 7(G)& does not
contain 0, hence contains a nonzero fixed point by the Bruhat-Tits Theorem [La99],
applied to the isometric action of G on 7. This violates our assumption #¢ = {0}.
We conclude that there exists a u € U with ||§ — 7 ()| > m+Ll||.§||. Thus

[
20€I1* — 2Re(E. w()§) = [I§ — wE|* > CESI
which in turn gives
1§ + 7 @El* = 2[€II* + 2 Re(, (w)€) < (4 ;)Iléllz =rlE?. o

C(m+ 1)2

The following proposition is an abstraction of the proof of [O178, Lemma 1.4]. It
will be used in two situations below, to prove Kirillov’s Lemma 3.6 and in Pickrell’s
Lemma4.1.

Proposition 1.6. Let G be a bounded topological group and (Gy,),en be a sequence
of subgroups of G. If there exists a basis of 1-neighborhoods U C G such that
either

(a) (Ul) (@m eN)(Vn) G, € (G, NU)", and
U2) (YN eN)(GyNnU)---(GiNU)CU,
or
(b) (V1) (@m e N)(Vn) G, < (G, NU)", and
(V2)  there exists an increasing sequence of subgroups (G (n)),en such that
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(1) (¥ n € N) the union of G(m), := G(m) N G,, m € N, is dense in G,.
2 (Gl N U)G(k)ky N U)---(Glkn)iy, O U) S U for
1<ki<...<kpn.
Then there exists an n € N with H # {0}.

Proof. (a) We argue by contradiction and assume that H% = {0} for every n.
Let £ € H be nonzero and let U C G be an identity neighborhood with
l=(g)¢ — &| < %||§|| for g € U such that (U1/2) are satisfied. Let n be as
in Lemma 1.5.

Since G has no nonzero fixed vector, there exists an element u; € U N G with

I3 + 7 @& < nlll.

Then &, := %(E + 7 (up)€) satisfies || — & < %||§||, so that & # 0. Iterating this
procedure, we obtain a sequence of vectors (&,),en and elements u, € U N G, with

Eut1 1= 3 (& + 7 (nr)En) and &l < nllE -

We consider the probability measures u, := %(81 + 6,4,) on G and observe that
(U2) implies supp(u, * --- * 1) € U for every n € N. By construction we have
T(y % -+ % up)€ = &,, sothat ||, — &| < %||§|| On the other hand,

7 (pn == % p)EN = ll&all = 0" [IE] =0,

and this is a contradiction.

(b) Again, we argue by contradiction and assume that no subgroup G, has a
nonzero fixed vector. Let £ € #H be a nonzero vector and U an identity
neighborhood with ||z (g)§ — &|| < %||.§|| for g € U such that (V1) is satisfied.

Since G has no nonzero fixed point in 4 and U:il G(n), is dense in G, there
exists a k; € N and some u; € U N G(ky); with ||%($ + 7w)é)|| < nléll
(Lemma 1.5). For §; := %(§+n(u1)§) our construction then implies that ||§; —&]| <
%||g |, so that & # 0. Any u € U N Gy, commutes with u, so that we further obtain

I @& — &l = 317§ — & + w@)m)é — 7 ()E|
< 3GIEN + 7 u)m @k — ()|
= 3 GlEN+ IxE =€) < 3GIEN + 318D = 31El.

Iterating this procedure, we obtain a strictly increasing sequence (k,) of natural
numbers, a sequence (£,) in H and u, € G(k,)r,_, N U with

Ent1 1= 3 + w(arE)  and [ Ell < nllEall-

We consider the probability measures u, := %(81 +64,) on G. Condition (V2)(2)
implies that
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supp(py * --+*k 1) € {1, uy}---{1,u1;} CU forevery neN.

By construction (i, * --- % w)é = §,, so that ||§, — &|| < %||§||. On the other
hand,

7 (pn == % p)EN = 1€l = 0" (1§ — 0.

and this is a contradiction. O

2 Duality and Overgroups

Apart from the fixed point results related to bounded topological groups discussed
in the preceding section, another central concept in Olshanski’s approach are
“overgroups”. They are closely related to the duality of symmetric spaces.

Definition 2.1. A symmetric Lie group is a triple (G, K, 7), where t is an involutive
automorphism of the Banach—Lie group G and K is an open subgroup of the
Lie subgroup G* of z-fixed points in G. We write g = ¢ dp = g* d g * for
the eigenspace decomposition of g with respectto r and call g¢ := €@ ip < gc the
dual symmetric Lie algebra.

Definition 2.2. Suppose that (G, K, 7) is a symmetric Lie group and G a simply
connected Lie group with Lie algebra g¢ = £+ip. Then X +iY — X —iY (X € §,
Y e p), integrates to an involution ¢ of G¢. Let gk: KO — K denote the universal
covering of the identity component K, of K and ix: Ko — G¢ the homomorphism
integrating the inclusion ¢ < g¢. The group g (ker gx) acts trivially on gc, hence
is central in G¢. If it is discrete, then we call

(Ko)* := G* [Tk (kergx)

the overgroup of Ky. In this case {x factors through a covering map tg,: Ko —
(Ko)" and the involution ¢ induced by 7¢ on (Ky)" leads to a symmetric Lie group
((Ko)*, 1k, (Ko). T°).

To extend this construction to the case where K is not connected, we first observe
that K € G acts naturally on the Lie algebra g°, hence also on the corresponding
simply connected group G¢. This action preserves (g (kergg), hence induces an
action on (Kj)¥, so that we can form the semidirect product (Ky)* x K. In this
group N := {(tx,(k), k~!): k € Ky} is a closed normal subgroup and we put

K*:= ((Ko)* x K)/N, 1x(k):= (1,k)N € K,
The overgroup K* has the universal property that if a morphism a: K — H of

Lie groups extends to a Lie group with Lie algebra g = £ 4 ip, then o factors
through ig: K — K*.
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Example 2.3. (a) If H is a K-Hilbert space, then the triple (GLk(#), Ux(H), 1)
with 7(g) = (g*)~! is a symmetric Lie group. For its Lie algebra

g =glg(H) =t D p = ug(H) ® Hermg (H),
the corresponding dual symmetric Lie algebra is
g =t+ip =ux(H) ® i Hermg (H) € u(Hc).

More precisely, we have

R)  glr(H) = o(H) & i Sym(H) = u(Hc) for K = R.
(©)  glc(H)¢ = w(H) @i Herm(H) = u(H)? for K = C.
(H)  gly(H)¢ = ug(H) & THermy(H) = u(H®) for K = H.

Here the complex case requires additional explanation. Let / denote the given
complex structure on H. Then the maps

1
t4:H —He, v —2(v:FiIv)

%

are isometries to complex subspaces cht of Hc, where ¢ is complex linear and
(— is antilinear. We thus obtain

He=Hl®Hc=HDH,

and H(f:t are the +i-eigenspaces of the complex linear extension of / to Hc. In
particular, gl(H) preserves both subspaces H(:Ct. This leads to the isomorphism

prgl(H)° — uHD) BuHZ) = w(H) BuH), y(X+i¥) = (X +1Y,X—1Y).

Lemma 2.4. ForaK-Hilbert space H, let (G, K) = (GLx(H), Ux(H)o) andn :=
dimH. Then K is connected for K # R and n = oo, and

U(n, C) forK =R,n < o0

U(n,C)?/Ir forK=C,n <oo, I' :={(z,2):z € m(U(n, C))}.
(Ko)u ~ ﬁ(2n,(C) forK =H,n < oo,

U(Hc) forK =R

UH)DUH) forK=C

U(HS) forK = H.

Here HC is the complex Hilbert space underlying a quaternionic Hilbert space H.
For K = R,H, the map g is the canonical inclusion, and tx(k) = (k,k) for
K=C.
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Proof. First we consider the case where n < oco. Recall that

U(n,C) = SU®m,C) xR, O, R)y = SO(n.R) € SUm,C), U, H) < SUQ2n,C).

For K = R, this implies that K = O(n,R), embeds into fJ(n, C), so that K LN
U(n, C). For K = H, we see that K = U(n, H) embeds into U(2n, C), which leads
to K = U(2n,C).

For K = C, we have the natural inclusion

ix: K =U@m,C) - U, C) xUm,C) = UC") xUC"), g+ (g.9).
To determine K*, we note that the image of
m(ix): Z = m(U(n,C)) —» Z° = m (U, C)*), m > (m,m)

is I". Therefore K* =~ U(n, C)%/T.

If n = oo, then K = Ug(H) is a simply connected Lie group with Lie algebra
£ [Ku65], so that K* is the simply connected Lie group with Lie algebra € and we
have a natural morphism tx: K — K* integrating the inclusion £ <> ¢*. O

3 The Unitary Representations of Uy (),

In this section we completely describe the representations of the Banach-Lie groups
Uoo () for an infinite-dimensional real, complex or quaternionic Hilbert space. In
particular, we show that all continuous unitary representations are direct sums of
irreducible ones and classify the irreducible ones (Theorem 3.17). Our approach is
based on Olshanski’s treatment in [O178]. We also take some short cuts that simplify
the proof and put a stronger emphasis on analytic positive definite functions. This
has the nice side effect that we also obtain these results for inseparable Hilbert
spaces (Theorem 3.21).

3.1 Tameness as a Continuity Condition

We start with a brief discussion of Olshanski’s concept of a tame representa-
tion that links representations of Us(#H)o to representations of the direct limit
group U(oco, K).

Let K be a group and (K;);jes a non-empty family of subgroups satisfying the
following conditions

(S1) Itis afilter basis, i.e., for j,m € J, thereexistsan { € J with Ky € K; N K.
(82) Njes Kj = {1}.
(S3) Foreach g € K and j € J there exists an m € J with gK,,g7! C K;.
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Then there exists a unique Hausdorff group topology t on K for which (K;), es
is a basis of 1-neighborhoods [Bou98, Ch.4]. We call t the topology defined by

(Kj)jes-

Definition 3.1. We call a unitary representation (77, H) of K tame if the space

HT =) 1 = H",

jeJ jes

is dense in ‘H. Note that, for K; € K; N Ky, we have HE D HEE 4 HKe | 50 that
H7 is a directed union of the closed subspaces H %/ .

Lemma 3.2. A unitary representation of K is tame if and only if it is continuous
with respect to the group topology defined by the filter basis (K;)jej.

Proof. If (;r, 1) is a tame representation, then 77 obviously consists of continuous
vectors for K since, for each v € H7, the stabilizer is open. Hence the set of
continuous vectors is dense, and therefore 7 is continuous.

If, conversely, (7, H) is continuous and v € H, then the orbitmap K — H, g
gv is continuous. Let B, denote the closed e-ball in H. Then there exists a j € J
with (K ;)v € v + B;. Then C := conv(s(K;)v) is a closed convex invariant
subset of v + B,, hence contains a K;-fixed point by the Bruhat-Tits Theorem
[La99]. This proves that HX/ intersects v 4+ By, hence that 7 is dense in H. O

Remark 3.3. (a) For a unitary representation (7, ) of a topological group, the
subspace H¢ of continuous vectors is closed and invariant. The representation
7 is continuous if and only if H¢ = H.

(b) For a unitary representation (w,?) of K, by Lemma 3.2, the space of
continuous vectors coincides with 747 . In particular, it is K-invariant.

(c) If the representation (7, ) of K is irreducible, then it is tame if and only if
HT £ {0}.

(d) If the representation (v, ) of K is such that, for some 7, the subspace HX" is
cyclic, then it is tame.

Definition 3.4. Assume that the group K is the union of an increasing sequence of
subgroups (K(n)),en. We say that the subgroups K(n) are well-complemented by
the decreasing sequence (K, ),en of subgroups of K if K,, commutes with K (n) for
every n and (), ey Kn = {1}. Fork € K and n € N, we then find an m > n with
k € K(m). Then kK,,k~' = K,, C K, so that (S1-3) are satisfied and the groups
(K,))nen define a group topology on K.

Example 3.5. (a) If K = @22, F, is a direct sum of subgroups (F}),en, then the
subgroups K(n) := F; x --- x F, are well-complemented by the subgroups
Kn = Omsn Fm-

(b) If K = U(c0,K)g = (72, Un,K) is the canonical direct limit of the
compact groups U(n, K)o, then the subgroups K(n) := U(n,K), are well-
complemented by the subgroups
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K, ={geK:(Vj <n)ge; =e;}.

3.2 Tame Representations of U(oo, K)

Let A be an infinite-dimensional separable Hilbert space over K e {R,C, H}
and (e;);en an orthonormal basis of H. Accordingly, we obtain a natural dense
embedding U(oco, K) < Uy (), so that every continuous unitary representation
of Uso(#H)o is uniquely determined by its restriction to the direct limit group
U(oo,K)p. Olshanski’s approach to the classification is based on an intrinsic
characterization of those representations of the direct limit group U(oo, K), that
extend to Uso(H)o. It turns out that these are precisely the tame representations
(Theorem 3.20). This is complemented by the discrete decomposition and the
classification of the irreducible ones (Theorem 3.17).

In the following we write K := U (H)o for the identity component of U (#)
(which is connected for K = C, H, but not for K = R), and K(n) := U(n,K)y =
U(H(n))o forn € N, where H(n) = span{ey,...,e,}. Forn € N, the stabilizer of
el,...,e, in K is denoted K,,, and we likewise write K(m), := K(m) N K,,. We
also write K(o0) := U(oo, K)¢ = h_r)n U(n, K)o for the direct limit of the groups
U(l’l s K)o

We now turn to the classification of the continuous unitary representations of K.
We start with an application of Proposition 1.6.

Lemma 3.6 (Kirillov’s Lemma). Let (1, H,) be a continuous unitary represen-
tation of the Banach—Lie group K = Uxo(H)o. If Hx # {0}, then there exists an
n € N, such that the stabilizer K,, of ey, . .., e, has a nonzero fixed point.

Proof. We apply Proposition 1.6(b) with G := K, G, := K, and G(n) := K(n).
Then U, := {g € K:||g—1|| < &} provides the required basis of 1-neighborhoodsin
G (Proposition 1.3(iii)). Condition (V1) follows from Proposition 1.3(iii), (V2)(1)
is clear, and (V2)(2) follows from the fact that, for 1 < ky < ... < ky, elements
u; € K(kj)k;_, act on pairwise orthogonal subspaces. O

Proposition 3.7. Any continuous unitary representation (1w, H) of K = U (H)o
restricts to a tame representation of the subgroup K(o0) = U(oo, K),.

Proof. Let Hy € H denote the maximal subspace on which the representation of
K(00) is tame, i.e., the space of continuous vectors for the topology defined by the
subgroups K(00), (Remark 3.3). Lemma 3.6 implies that Ho # {0}. If Ho # H,
then Lemma 3.6 implies the existence of nonzero continuous vectors in H()l, which
is a contradiction. O

Example 3.8. The preceding proposition does not extend to the nonconnected group
Ooo(#) which has 2-connected components. The corresponding homomorphism

D:O0g(H) — {£1}
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is nontrivial on all subgroups O (H),, n € N.

Lemma 3.9. Let H be a K-Hilbert space and F < H be a finite-dimensional
subspace with 2 dim F < dim H.>
We write Pr:H — F for the orthogonal projection and

C(F):={Ae B(F):|All =1}
for the semigroup of contractions on F. Then the map
0:K =Uso(H)o = C(F). 06(g) = PrgPr

is continuous, surjective and open. Its fibers are the double cosets of the pointwise
stabilizer K r of F.
In particular, we obtain for F = span{ey, ..., e,} a map

0:K - C(n,K):={X e M(n,K): | X|| <1}, 0O(k)ij := (kej.e;),

which is continuous, surjective and open, and whose fibers are the double cosets

K, kK, fork € K.
Proof. (i) Surjectivity: For C € C(F), the operator

_ c Ji—cc*
Uc._(_m o )eB(}'EBJ-‘)

is unitary. In view of 2 dim F C H, we have an isometric embedding F & F —
‘H, and each unitary operator on F & F extends to H by the identity on the
orthogonal complement. To see that the resulting operator in contained in K, it
remains to see that det Uc = 1 if K = R. To verify this claim, we first observe
that for Uy, U, € U, (K), we have

(U 0 U, 0
= () ()

which implies in particular that det U¢c = det Uy, cy,. We may therefore assume
that C is diagonal, and in this case the assertion follows from the trivial case
where dim F = 1. This implies that 8 is surjective.

(ii) 6 separates the double cosets of Kr: We may w.l.o.g. assume that e, ..., e,
span F. First we observe that for m < 2n, the subgroup K, acts transitively on
spheres in H(m)*.3

2For K = C, H, the condition 2 dim F < dim % is sufficient.

30ur assumption implies that dim# > 2. This claim follows from the case where H = K2.
Using the diagonal inclusion U(1, K)? <> U(2, K), it suffices to consider vectors with real entries,
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Suppose that 8(k) = 6(k’), i.e., that the first n components of the vectors
ke; and k/ej, j =1,...,n,coincide. Let P: H — FL denote the orthogonal
projection. Then || Pke;| = ||Pk’e1], so that the argument in the preceding
paragraph shows that there exists a k; € K, with k; Pke; = Pk’e;. This
implies that kjke; = k’e;. Replacing k by kik, we may now assume that
key = k’ey. Then || Pkes| = || Pk’es]|| and the scalar products of Pke, and
Pk’e; with Pke; coincide. We therefore find an element k, € K, fixing
Pkey, hence also key, and satisfying ko Pke, = Pk’e,, i.e., kokey = k'e;.
Inductively, we thus obtain ki,...,k, € K, with k,---kike; = k'e; for
J =1,...,n,and this implies that k" € k,, - - - k1kK,, € K,kK,.

(iii) It is clear that 6 is continuous. To see that it is open, let O < K be an
open subset. Then 6(0) = 6(K,O0K,), so that we may w.l.0.g. assume that
O = K, OK,. From (i) and (ii) it follows that every K,,-double coset intersects
K(Q2n + 1), so that 8(0) = 6(0 N K(2n + 1)). Therefore it is enough to
observe that the restriction of 6 to K(2n + 1) is open, which follows from the
compactness of K(2n + 1) and the fact that 6| x2,+1): K2n + 1) = C(n,K)
is a quotient map. O

For a continuous unitary representation (mw, H,) of K, let V := H,If" denote
the subspace of K,-fixed vectors, P:H, — V be the orthogonal projection and
ny(g) := P*n(g)P. Then ny is a B(V)-valued continuous positive definite
function and Lemma 3.9 implies that we obtain a well-defined continuous map

p:C(n,K) — B(V), p(0(k)) :=ny(k) for keKk.

The operator adjoint * turns C(n,K) into an involutive semigroup, and we
obviously have my (k)* = my (k™).

Olshanski’s proof of the following lemma is based on the fact that the projection
of the invariant probability measure on S” to an axis for n — oo to the Dirac
measure in 0.

Lemma 3.10 ([O178, Lemma 1.7]). The map p is a continuous *-representation of
the involutive semigroup C(n,K) by contractions satisfying p(1) = 1.

which reduces the problem to the transitivity of the action of SO(2, R) on the unit circle. Since
the trivial group SO(1, R) does not act transitively on S° = {==1}, it is here where we need that
2dimF < dimH.
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Using Zorn’s Lemma, we conclude that 7 is a direct sum of subrepresentations
for which the subspace of K, -fixed vectors is cyclic for some n € N. We may
therefore assume that V' = (H, )X is cyclic in H,,. Then the representation 7 is
equivalent to the GNS-representation of K, defined by the positive definite function
7y (Remark A.3). Since the subspace V = (H,)%" is obviously invariant under the
commutant 7 (K)' of 7 (K), the cyclicity of V implies that we have an injective map

m(K) = p(C(n.K)) < B(V)

which actually is an isomorphism because 7y (K) = p(C(n,K)) is a semigroup
(Proposition A.6).

Therefore the structure of & is completely encoded in the representation p of the
semigroup C(n, K). We therefore have to understand the *-representations (p, V') of
C(n, K) for which the B(V')-valued function p o 8: K — B(V) is positive definite.

Definition 3.11. We call a *-representation (p, V) of C(n,K) 0-positive if the
corresponding function p o §: K — B(V) is positive definite.

If p is O-positive, then we obtain a continuous unitary GNS-representation
(7p, H,) of K containing a K-cyclic subspace V' such that the orthogonal projection
P:H, — V satisfies Pr,(g)P* = p(0(g)) for g € K (cf. Remark A.3). The
following lemma shows that we can recover V' as the space of K, -fixed vectors
inH,.

Lemma 3.12. (H,)% = V.

Proof. Since p o 6 is K, -biinvariant, the subspace V' consists of K,-fixed vectors
because K acts in the corresponding subspace H 09 < VK by right translations (cf.
Remark A.3). Let W := (H,)%" and Q: H, — W denote the corresponding orthog-
onal projection. Then v(6(g)) := Qn,(g)Q* defines a contraction representation
(v, W) of C(n,K) (Lemma 3.10) and, for s € C(n,K), we have p(s) = Pv(s)P*.

In H the subspace V is K-cyclic. Therefore the subspaces O (g)V, g € K,
span W. In view of Qn(g)V = v(6(g))V, this means that V' € W is cyclic for
C(n,K). Now Remark A.9 implies that V' = W. O

We subsume the results of this subsection in the following proposition.

Proposition 3.13. Let (p,V) be a continuous 6-positive x-representation of
C(n,K) by contractions and ¢ := p o 0. Then the corresponding GNS-
representation (7, H,) of K is continuous with cyclic subspace V = (H,)%" and
(my)v = @ = p o 0. This establishes a one-to-one correspondence of 0-positive
continuous *-representation of C(n,K) and continuous unitary representations
(., Hz) of K generated by the subspace (H.)X" of K,-fixed vectors. This
correspondence preserves direct sums of representations.
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3.3 0-Positive Representations of C(n, K)

For K = R,H, let Z :=]0,1]1 € C(n,K) be the central subsemigroup of real
multiples of 1. Then the continuous bounded characters of Z are of the form
xs(r) == r®, s > 0. Any continuous *-representation (7, V') of Z by contractions
determines a spectral measure P on Z:= R satisfying 7(rl) = fO°° r*dP(s) (cf.
[BCR84], [Ne0O, VI.2]).

For K = C, the subsemigroup Z := {z € C*1:|z] < 1} = ]0,1] x T is also
central in C(n, C). Its continuous bounded characters are of the form y;, (re'’) :=
riei" s >0,n € Z. Accordingly, continuous *-representation of Z by contractions
correspond to spectral measures on 7= Ry X Z.

Let (p, V) be a continuous (with respect to the weak operator topology on B(V))
x-representation of C(n,K) by contractions. Since the spectral projections for the
restriction pz := p|z lie in the commutant of p(C(n, K)), the representation p is
a direct sum of subrepresentations for which the support of the spectral measure of
pz is a compact subset of 7. We call these representations centrally bounded. Then
the operators p(r1) are invertible for r > 0, and this implies that

prM) = p(r ') 'p(M) for r>1,M e C(n,K),

yields a well-defined extension § of p to a continuous *-representation of the
multiplicative x-semigroup (M (n,K), %) on V. For a more detailed analysis of the
decomposition theory, we may therefore restrict our attention to centrally bounded
representations. Decomposing further as a direct sum of cyclic representations, it
even suffices to consider separable centrally bounded representations.

The following proposition contains the key new points compared with Olshan-
ski’s approach in [O178]. Note that it is very close to the type of reasoning used in
[IN13] for the classification of the bounded unitary representations of SU;(.A).

Proposition 3.14. For every centrally bounded contraction representation (p, V')
of C(n,K), the following assertions hold:

(1) The restriction of p to GL(n,K) is a norm-continuous representation whose
differential dp:gl(n,K) — B(V) is a representation of the Lie algebra
gl(n, K) by bounded operators.

(i) If p is O-positive, then p is real analytic on M(n,K) and extends to a
holomorphic semigroup representation of the complexification

M(n,C) forK =R
Mn.K)c = {M®n,C)® M(n,C) = B(C")® B(C") forK=C
Mn,M2,C)) =~ M(2n,C) for K = H.

Proof. (i) We have already seen that p: M(n,K) — B(V) is locally bounded and
continuous. Hence it restricts to a locally bounded continuous representation
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of the involutive Lie group (GL(n, K), x). Integrating this representation to the
convolution algebra C>°(GL(n,K)), we see that the subspace V> of smooth
vectors is dense. For the corresponding derived representation

dp: gl(n, K) — End(V®>°)

our construction immediately implies that the operator d5(1) is bounded and
dp(X) = 0for X = X* > 0 because we started with a contraction represen-
tation of C(n,K). From X < || X||1 we also derive dp(X) < || X|dp(1), so
that dp(X) is bounded. As u(n, K) < 3(gl(n, K)) + [Herm(n, K), Herm(n, K)],
we conclude that dp is a x-representation by bounded operators on the Hilbert
space V.

For X € gl(n, K), we then have the relation

plexp X) = e¥X) for X e gl(n,K).

This implies that p: GL(n, K) — GL(V) is norm-continuous.

(i) Now we assume that ¢ := p o 8: K — B(V) is positive definite. Since 6(1) =
1, there exists an open 1-neighborhood U € K with 8(U) € GL(n,K).Fork €
U we then have ¢(k) = p(6(k)), and since the representation p of GL(n, K) is
norm continuous, hence analytic, ¢ is analytic on U. Now Theorem A.5 implies
that ¢ is analytic.

Let 2 := {C € C(n,K):||C| < 1} denote the interior of C(n,K). On this
domain we have an analytic cross section of 6, given by

C JI—CC*0
o(C):=|-v1I-C*C C* 0
0 0o 1

Now ¢(0(C)) = p(8(a(C))) = p(C) for C € £2 implies that p|; is analytic. From
p(rC) = p(r)p(C) for r > 0 it now follows that p: M (n, K) — B(V) is analytic.
It remains to show that 6 extends to a holomorphic map on M (n, K)c. First, the
analyticity of p implies for some & > 0 the existence of a holomorphic map F on
B, .= {C € M(n,K)¢c:||C|| < &} with F(C) = p(C) for C € M(n,K) N B,.
This map also satisfies F(rC) = p(r1)F(C) for r < 1, which implies that F
extends to a holomorphic map on 7 ~' B, = B,—1, for every r > 0. This leads to the
existence of a holomorphic extension of p to all of M(n, K)c. That this extension
also is multiplicative follows immediately by analytic continuation. O

Theorem 3.15 (Classification of Irreducible 6-Positive Representations). Put
F = K". Then all irreducible continuous 9-positive representations of C(F) =

C(n,K) are of the form
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Si(Fc) € (Fo)®Y, forK =R,
SIF) @S, (F) c 7oV @ T forK =,
SA(FC) € (FE&Y, forK =H,

where A € Part(N, n), u € Part(M, n).

Proof. Let (p, V) be an irreducible 8-positive representation of C(n,K). Then
p(Z) < C1 by Schur’s Lemma, so that p is in particular centrally bounded and
extends to a holomorphic representation p: M (n, K)c — B(V') (Proposition 3.14).

For K = R, H, the center of M(n,K)c is C1. Since the only holomorphic
multiplicative maps C — C are of the form z — z" for some N € Ny, it follows that
p(z1) = zV1 for z € C. We conclude that the holomorphic map p is homogeneous
of degree N. Hence there exists a linear map

5 SN (M, K)c) — B(V) with p(A®Y) = p(4), A e Mn,K)c.

The multiplicativity of p now implies that § is multiplicative, hence a representation
of the finite-dimensional algebra S™ (M (n, K)c).
For K = R, we have M (n, R)c = M(n,C), and

SN(M(n,C)) = (M(n,C)®Y)S¥ = M(nN,C)S¥ = B((C")®N)5~,

We conclude that S¥ (M (n,C)) is the commutant of Sy in M(nN,C), and by
Schur—Weyl theory, this algebra can be identified with the image of the group
algebra C[GL(n, C)] in B((C")®V). Therefore its irreducible representations are
parametrized by the set Part(V, n) of partitions of N into at most # summands. This
completes the proof for K = R. For K = H, we have the same picture because
Mn,H)c = M(2n,C).

For K = C, Z(M(n,C)c) = C?, and the inclusion of Z(M(n,C)) = C1 has
the form z — (z,Z). Hence there exist N, M € Ny with pz(z1) = z¥z" 1. Therefore
the restriction of p to the first factor is homogeneous of degree N and the restriction
to the second factor of degree M . This leads to a representation of the algebra

SYM(M(n,C)) := SN (M(n,C)) ® S¥(M(n,C)),

so that the same arguments as in the real case apply. O

Now that we know all irreducible 6-positive representations, we ask for the
corresponding decomposition theory.

Theorem 3.16. Every continuous 0-positive x-representation of C(n,K) by con-
tractions is a direct sum of irreducible ones, and these are finite-dimensional.

Proof. We have already seen that p decomposes into a direct sum of centrally
bounded representations. We may therefore assume that p is centrally bounded, so
that p extends to a holomorphic representation 6 of M (n, K)¢ (Proposition 3.14).
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In the C*-algebra A := M(n,K)c, every holomorphic function is uniquely
determined by its restriction to the unitary group U(A), which is a totally real
submanifold. Therefore a closed subspace W C V is invariant under p(C(n, K))
if and only if it is invariant under p(U(.A)). Since the group U(A) is compact, the
assertion now follows from the classical fact that unitary representations of compact
groups are direct sums of irreducible ones. O

3.4 The Classification Theorem

We are now ready to prove the Kirillov—Olshanski Theorem [Ki73, O178].

Theorem 3.17 (Classification of the Representations of U, (H)o)). Let H be an
infinite-dimensional separable K-Hilbert space.

(a) The irreducible continuous unitary representations of Uso(H)o are

Sa(He) € (He)®V, forK =R,
Sy (H) ® S, (H) S HON @ H®" . forK =C.
SA(HE) € (HE)®N, forK =H,

where A € Part(N), u € Part(M).

(b) Every continuous unitary representation of Uso(H)o is a direct sum of irre-
ducible ones.

(c) Every continuous unitary representation of Uxo(H)o extends uniquely to a
continuous unitary representations of the full unitary group U(H);, endowed
with the strong operator topology.

Proof. (a) In Theorem 3.15 we have classified the irreducible 6-positive representa-
tions of C(n, K). The corresponding representations (7, H,) of K = Uso(H)o
can now be determined rather easily. Since the passage from p to & preserves
direct sums, we consider the representations py of C(n, K) on }'g NforK = R,

on (F&)®N for K = H, and the representation pyy on F®V ® M for
K=_C.

We likewise have unitary representations 7y of K on (H¢)®" for K = R,

. —QM
on (H)®N for K = H, and a representation 7y, 5 on HN @ H forK = C.
These are bounded continuous representations of K.

For K = R, H, the space of K,,-fixed vectors in (Hc)®" obviously contains
(Fc)®V and by considering the action of the subgroup of diagonal matrices, we
obtain the equality (Fc)®Y = ((Hc)®V)X». Therefore the representation 7y
corresponds to the representation py of C(n, K). A similar argument shows that
for K = C, the K-representation 7y s corresponds to py -
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Since the representations py and py  decompose into finitely many irre-
ducible pieces, the representations 7y and 7y ) decompose in precisely the
same way. For K = R,H, we thus obtain the Schur modules S, (Hc) and
Sy (H®) with A € Part(N), respectively. For K = C, we obtain the tensor
products Sy (H) ® S, (H) with A € Part(N) and p € Part(M).

Here the restriction to partitions consisting of at most n summands corre-
sponds to the K-invariant subspace generated by the K, -fixed vectors. This
subspace is proper if # is small.

(b) From Theorem 3.16 we know that 6-positive contraction representations of
C(n,K) are direct sums of irreducible ones. This implies that all continuous
unitary representations of K are direct sums of irreducible ones. Since the cor-
respondence between 7 and p leads to isomorphic commutants, the irreducible
subrepresentations of 7 and the corresponding subrepresentations of p have the
same multiplicities.

(c) The assertion is trivial for the irreducible representations of K described under
(a). Since Uso(H)o is dense in U(H) with respect to the strong operator
topology,* this extension is unique and generates the same von Neumann
algebra.

|

Remark 3.18 (Representations of Oso(H)). The above classification can easily be
extended to the nonconnected group Ouo(#) (for K = R). Here the existence of
a canonical extension 7 of every irreducible representations ) of SOso(H) =
Oco(H)o to O(H) implies that there exist precisely two extensions that differ by
a twist with the canonical character D:Ox(H) — {Z£1} corresponding to the
determinant.

For a general continuous unitary representations of Oso(#), it follows that
all SOy, (H)-isotypic subspaces are invariant under Ooo(#), hence of the form
M, ® H,, where Oqo(H) acts by e ® 7, and ¢ is a unitary representation of the
2-element group 779(Ooo(#)), i.€., defined by a unitary involution.

In particular, all continuous unitary representations of O () are direct sums of
irreducible ones, which are of the form 7, and D ® 7. Here the first type extends
to the full orthogonal group O(*), whereas the second type does not.

Remark 3.19 (Extension to Overgroups). (cf. [O184, §1.11]) Let H be an infinite-
dimensional separable K-Hilbert space and K := Ug(#). We put

Hc forK=R
H={HeH forK=C
HE for K = H.

“This follows from the fact that U, (H) acts transitively on the finite orthonormal systems in .
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For each N € N we obtain a norm continuous representation

7wy (B(HY,) — B(HH®Y), 7y (4) = A®Y

of the multiplicative semigroup (B(#*), -) whose restriction to U(#F) is unitary.
We collect some properties of this representation:

(a)

(b)

(©)

(d)

Let C(HY) = {S € B(H":||S|| < 1} denote the closed subsemigroup
of contractions. Then C (") is a *-subsemigroup of B(H") and 7N ey 18
continuous with respect to the weak operator topology. In fact, y (C(#"))
consists of contractions, and for the total subset of vectors of the form v =
V1 Q- Quy, W :=w ®---Qwy, the matrix coefficient S > (my(S)v,w) =
]_[;V:l (Svj,w;) is continuous.

K := Uk(#) is dense in Ck () with respect to the weak operator topology.
It suffices to see that for every contraction C on a finite-dimensional subspace
F C H, there exists a unitary operator U € Ug(H) with PrUP: = C, where
Pr:H — F is the orthogonal projection. Since F @ F embeds isometrically
into H, this follows from the fact that the matrix

U= (_mfﬁ v lgfc*) & My(Bx(F)) = Bx(F & F)

is unitary and satisfies PrUP5 = C (Lemma 3.9).

Combining (a) and (b) implies that 7y (Cx(H)) € mn(K)”, and hence that
an(Bx(H)) = U0 AV 7y (Cx(H)) € nin(K)". For the corresponding Lie
algebra representation

N
dry: gle(H) — BH®Y), dmny(X):=> 18U V@ x @ 18V,
j=1

this implies that dzwry (gl (H)) € 7y (K)”, and hence also that dmy (glx (H))c <
7n (K)". The connectedness of the group K¥ (Lemma 2.4) now implies that
7y (K% C 7y (K)". Since the subgroup Kgo, consisting of those elements g for
which g — 1 is compact, is strongly dense in K* and the representation of K* is
continuous with respect to the strong operator topology, the representations 7y
of K*¥ thus decomposes into Schur modules, as described in Theorem 3.17(a).
The preceding discussion shows in particular that the representation my of K
extends to the overgroup K* without enlarging the corresponding von Neumann
algebra. If p is the corresponding representation of C(n,K) = C(F) on V :=
(FH)®N where F = K", then p extends to a holomorphic representation p of
M(n, K)C and the map 0: K — C(n, K) likewise extends to a holomorphic
map 6: B(H)c - M(n,K)c. Now p o 6: B(H)c — B(V) is a holomorphic
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positive definite function corresponding to the representation of (B(H)c, ) on
(H*)®N whose restriction yields a unitary representation of the unitary group
U(H)* of B(H)c.

We conclude this subsection with the following converse to Proposition 3.7.

Theorem 3.20. A unitary representation of U(oo, K)o is tame if and only if it
extends to a continuous unitary representation of Uso(H)o for H = (N, K).

Proof. We have already seen in Proposition 3.7 that every continuous unitary
representation of K = Ugy(H)o restricts to a tame representation of K(co) =
U(OO, K)o.

Suppose, conversely, that (w, H,) is a tame unitary representation of K(co).
Then the same arguments as for K imply that it is a direct sum of representations
generated by the subspace V = (H,)X(®) and we obtain a representation (p, V)
of C(n,K) for which p o 0 is positive definite on K(00). Since it is continuous and
K(00) is dense in K, it is also positive definite on K. Now the GNS construction,
applied to p o 0, yields the continuous extension of 7 to K. O

3.5 The Inseparable Case

In this subsection we show that Theorem 3.17 extends to the case where H is not
separable.

Theorem 3.21. Theorem 3.17 also holds if H is inseparable.

Proof. (a) First we note that the Schur—Weyl decomposition

V= D S oM,

A€Part(N)

holds for any infinite-dimensional complex Hilbert space [BN12] and that the
spaces S, (#H) carry irreducible representations of U(#) which are continuous
with respect to the norm topology and the strong operator topology on U(H).

(b) To obtain the irreducible representations of K := U (#H)o, we choose an
orthonormal basis (e;);e; of H and assume that N = {1,2,...} is a subset
of J. Accordingly, we obtain an embedding K(00) := U(c0,K) <> Ug(H)
and define K, := {k € K:ke; =e;,j =1,...,n}. Forasubset M C J, we
put K(M) := Uso(Har)o, where Hyr € H is the closed subspace generated by
(ej)jem-

(c) Kirillov’s Lemma 3.6 is still valid in the inseparable case and Lemma 3.10
follows from the separable case because 8(K) = 6(K(c0)).

(d) With the same argument as in Sect. 3.2 it follows that 7 is a direct sum
of subrepresentations for which (#,)X" is cyclic. These in turn correspond
to O-positive representations (p, V) of C(n,K). We claim that p o 6 is
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positive definite on K(N) if and only if it is positive definite on K(M)
for any countable subset with N € M C J. In fact, there exists a unitary
isomorphism Uy: H(N) — H(M) fixing ey, ...,e,. For k € K(M) we then
have p(0(k)) = p(6(U,;kUp)), so that p o 6 is positive definite on K(M ) if it
is on K(N).

For every finite subset ' C K, there exists a countable subset J. € J
containing N such that F fixes all basis elements e, j & J.. Therefore p o 0 is
positive definite on K if and only if this is the case on K (M) for every countable
subset and this in turn follows from the positive definiteness on the subgroup
K(N). We conclude that the classification of the unitary representations of K is
the same as for K(N). O

Remark 3.22. If H is inseparable, then the classification implies that all irreducible
unitary representations of Uso(H)o are inseparable. In particular, all separable
unitary representations of U, (7)o are trivial because they are direct sums of
irreducible ones.

Problem 3.23. It seems that the classification problem we dealt with in this section
can be formulated in a more general context as follows. Let A be a real involutive
Banach algebra and P € A be a hermitian projection, so that we obtain a closed
subalgebra Ap := P.AP. On the unitary group.

UA) ={Ae A A"A = A4" =1}

We consider the map
0:U(A) - C(Ap) :={A € Ap:|A|| <1}, 6O(g):= PgP.

For which x-representations (p, V') of the semigroup C(Ap) is the function
po 60:U(A)y — B(V) positive definite?

For A = B (H), the compact operators on the K-Hilbert space # and a finite
rank projection P, this problem specializes to the determination of the 6-positive
representations of C(n, K).

If P is central, then 6 is a x-homomorphism, so that p o 6 is positive definite for
any representation p.

4 Separable Representations of U(H)

In this section we show that for the unitary group U(?) of a separable Hilbert
space H, endowed with the norm topology, all separable representations are
uniquely determined by their restrictions to the normal subgroup U, (H)o. This
result of Pickrell [Pi88] extends the Kirillov—Olshanski classification to separable
representations of U(H).
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4.1 Triviality of Separable Representations Modulo Compacts

Before we turn to the proof of Theorem 4.6, we need a few preparatory lemmas.

Lemma 4.1. Let H be an infinite-dimensional Hilbert space, (7w, H,) be a con-
tinuous unitary representation of U(H), and H = V @ VL with V = VL. Then

HYY) #£ {0).

Proof. Put H; := V and write V1 as a Hilbert space direct sum &%, , where
each #; is isomorphic to V' or H. This is possible because |J| = [N x J| for every
infinite set J. We claim that some U(# ;) has nonzero fixed points in H,. Once
this claim is proved, we choose g € U(#H) with gV = H;. Then Jr(g)’H,},J(V) =
HE(”" ) # {0} implies the assertion.

For the proof we want to use Proposition 1.6. In G := U(H) we consider the
basis of 1-neighborhoods given by U, := {g € U(H):||g — 1| < &} and the
subgroups G; := U(H;). Then the proof of Proposition 1.3(i) shows that there
exists an m € N with G; € (U, N G;)™ for every j, which is (U1). It is also clear

that (U2) is satisfied. Therefore the assertion follows from Proposition 1.6. O

Lemma 4.2. Let F C H be a closed subspace of finite codimension. Then the nat-
ural morphism U(F) — U(H)/ Uso(H) is surjective, i.e., U(H) = Uso(H) U(F).

Proof. Since the groups U(#H) and U(F) are connected (Proposition 1.3(i)), it
suffices to show that their Lie algebras satisfy

u(H) = w(F) + uo(H).

Let P:H — H be the orthogonal projection onto F. Then every X € u(#) can be
written as

X =PXP+(1-P)XP + X(1—-P),

where PXP € u(F) and the other two summands are compact because 1 — P has
finite range. O

Lemma 4.3. Let (7w, H,) be a continuous unitary representation of U(H) with

Uso(H) C kerm and H = @jEJ’Hj with H ; infinite-dimensional separable and J

infinite. Then ﬂjej HE(Hj) # {0}

Proof. Let V. C H be a closed subspace of the form V = > j V;, where each
V; € H; is a closed subspace of codimension 1. Then | = CPJC)=H=V
because |J x N| = |J|. According to Lemma 4.2, we then have

U(H;) S U(V;) Uso(H;) S U(V) Uoo(H).
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In view of Lemma 4.1, U(V') has nonzero fixed points in H,, and since Uy (H) C
ker 7, any such fixed point is fixed by all the subgroups U(H,;). O

From now on we assume that 7 is separable.

Lemma 4.4. Let (7w, H,) be a continuous unitary representation of U(H) with
Uso(H) C kerm and g € U(H). If 1 is contained in the essential spectrum of g,
i.e., the image of g — 1 in the Calkin algebra B(H)/K(H) is not invertible, then 1
is an eigenvalue of 7 (g).

Proof. We choose an orthogonal decomposition H = @,‘1’117{” into infinite-
dimensional g-invariant subspaces of H as follows.

Case 1: If 1 is an eigenvalue of g of infinite multiplicity, then we put H, :=
ker(1 — g)L. If this space is infinite-dimensional, then we put #; := #,, and if
this is not the case, then we pick a subspace H;, C 7{3‘ of infinite dimension and
codimension and put H; := Ho & 7-1,6. We choose all other H,,, n > 1, such that
Hi = &% ,H, and note that Hi- C ker(1 — g).

Case 2: If ker(1 — g) is finite-dimensional, then let P, € B(#) be the spectral
projection for g corresponding to the closed disc of radius ¢ > 0 about 1. Then

g =P.®(1—P)g

satisfies ||g. — g|| < &. The noncompactness of g — 1 implies that if ¢ is small
enough, then

gs_lzo@(l_Ps)(g_l)

is noncompact, and hence that P, has infinite codimension. Further P.H is
infinite-dimensional because 1 is an essential spectral value of g. Hence there
exists a sequence & > & > ... converging to 0, for which the g-invariant
subspaces

Hl = (PEIH)J_ and H] = ngfl}lﬂ(PEjH)l

are infinite-dimensional.

In both cases, we consider g. as an element (g.,) of the product group
[To2, U(H,) € U(H) satisfying g., = 1 for n sufficiently large. If v € H, is
a nonzero simultaneous fixed vector for the subgroups U(#,) (Lemma 4.3), we
obtain (g.)v = v for every ¢ > 0, and now v = 7w (g.)v — m(g)v implies that
w(g)v = v. O

As an immediate consequence, we obtain:

Lemma 4.5. Let (7, H,) be a continuous unitary representation of U(H) with
Uoso(H) C kerm and j € Z with n(¢1) = &1 for ¢ € T. If A is contained in
the essential spectrum of g, then A/ is an eigenvalue of w(g).
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Proof. Lemma 4.4 implies that (1 ~'g) has a nonzero fixed vector v, and this
means that 7(g)v = A/ v. O

Theorem 4.6. If H is a separable Hilbert space over K € {R, C,H}, then every
continuous unitary representation of U(H)/ Uso(H)o on a separable Hilbert space
is trivial.

Proof. (a) We start with the case K = C. Let (7, H,) be a separable continuous

unitary representation of the Banach-Lie group U(H) with Uy (#H) C ker .

Step 1: T1 C ker =: Decomposing the representation of the compact central
subgroup T1, we may w.l.o.g. assume that 7({1) = ¢/1 for some j € Z.
Let g € U(H) be an element with uncountable essential spectrum. If j # 0,
then Lemma 4.5 implies that 7 (g) has uncountably many eigenvalues, which
is impossible if H, is separable. Therefore j = 0, and this means that T1 C
kerm.

Step 2: Let P € B(#) be an orthogonal projection with infinite rank. Then
U(PH) = U(H), so that Step 1 implies that TP + (1 — P) C kerx. If P has
finite rank, then

TP + (11— P) CUx(H) C kerm.

This implies that ker = contains all elements g with Spec(g) < {1, {} for some
¢ € T. Since every element with finite spectrum is a finite product of such
elements, it is also contained in ker . Finally we derive from the Spectral
Theorem that the subset of elements with finite spectrum is dense in U(#),
so that 7 is trivial.>

(b) Next we consider the orthogonal group Ugr(H) = O(H) of a real Hilbert
space H. Since H is infinite-dimensional, there exists an orthogonal complex
structure / € O(H). Then t(g) := Igl~' defines an involution on O(%H)
whose fixed point set is the unitary group U(H, /) of the complex Hilbert space
(H, I).

Let 7:O(H) — U(H,) be a continuous separable unitary representation
with SO (H) := Oso(H)o € N := ker 7. Applying (a) to 7|u(z.1), it follows
that U(H, I) € N and hence in particular that / € N.

For XT = —X and 7(X) = —X we then obtain

N 3 I exp(X)I "exp(—X) = exp(—X) exp(—X) = exp(—2X).

5This argument simplifies Pickrell’s argument that was based on the simplicity of the topological
group U(H)/T Uso (H) [Ka52].



226 K.-H. Neeb

This implies that L(N) = {X € o(H):exp(RX) € N} = o(H), and since
O(?H) is connected by Example 1.4, it follows that N = O(H), i.e., that 7 is
trivial.

(c) Now let H be a quaternionic Hilbert space, considered as a right H-module.
Realizing  as £2(S, H) for some set S, we see that K := £>(S, C) is a complex
Hilbert space whose complex structure is given by left multiplication A7 with
the basis element Z € H (this map is H-linear) and we have a direct sum HC =
K @& KJ of complex Hilbert spaces.

Leto: €%(S,H) — €*(S, H) be the real linear isometry given by o'(v) = ZvZ ™!
pointwise on S, so that H° = ¢*(S,C) = K and KJ = H°. Then
7(g) := ogo defines an involution on Uy (H) whose group of fixed points
is isomorphic to the unitary group U(K) of the complex Hilbert space K, on
which the complex structure is given by right multiplication with Z, which
actually coincides with the left multiplication.

Let 7: Uyg(H) — U(#H,) be a continuous separable unitary representation
with Uy oo (H) € N := kerm. Applying (a) to |y(x), it follows that U(KC) €
N and hence in particular that Az € N. On the Lie algebra level, u(K) is
complemented by

{X eug(H):0X = —Xo} ={X eug(H): Az X = —X A7},
and for any element of this space we have
N> Az exp(X))kEl exp(—X) = exp(—X) exp(—X) = exp(—2X).

This implies that L(N) = ug (), and since Uy () is connected by Proposition
1.3(1)), N = Ugn(H), so that = is trivial. O

Remark 4.7. For K = R, the group O(#)/ SOwo (H) is the 2-fold simply connected
cover of the group O(#H)/ Ooo(#H). Therefore the triviality of all separable represen-
tations of O(H)/ Ooo (H) follows from the triviality of all separable representations
of O(H)/ SOc0(H) = O(H)/ Ooo(H)o-

Problem 4.8. If 7 is an inseparable Hilbert space, then we think that all separable
unitary representations (rz, H) of U(7{) should be trivial, but we can only show that
ker 7 contains all operators for which (g — 1) is separable, i.e., all groups U(Hy),
where Ho € H is a separable subspace.

The argument works as follows. From Remark 3.22 we know that all irreducible
representations of Us, () are inseparable. Theorem 3.21 implies that U (H) <
ker 7. Now Theorem 4.6 implies that ker 7 contains all subgroups U(H,), where
‘H, is a separable Hilbert space, and this proves our claim.
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4.2 Separable Representations of the Lie Group U(H)

Based on Pickrell’s theorem on the triviality of the separable representations of
the quotient Lie groups U(#)/ Uoo(#H)o, We can now determine all separable
continuous unitary representations of the full unitary group U(H).

Theorem 4.9. Let H be a separable K-Hilbert space. Then every separable
continuous unitary representation (1w, H,) of the Banach—Lie group U(H) has the
following properties:

(i) It is continuous with respect to the strong operator topology on U(H).
(i) Its restriction to Uso(H)o has the same commutant.
(iii) It is a direct sum of bounded irreducible representations.
(iv) Every irreducible separable representation is of the form

S, (He) € (He)®N, A e Part(N), forK =R,
Sy(H) ® S, (H) € HOY @ H®™ A € Part(N). ju € Part(M),  forK = C.
SA(HE) € (HE®N A € Part(N), for K = H.

(v) 7 extends uniquely to a strongly continuous representation of the overgroup
U(H)* with the same commutant.

Proof. (i) From Theorem 3.17(c) we know that me := |y, () extends to
a unique continuous unitary representation 7 of U(#H); on H,. In
particular, the action of U(#) on the unitary dual of the normal subgroup
U (H)o is trivial. Hence all isotypic subspaces Hp for mo are
invariant under 7. We may therefore assume that o, is isotypic, i.e.,
of the form 1 ® p;, where (p;, V) is an irreducible representation of
Uso(H)o (cf. Theorem 3.17). Then @ := 1 ® p, is continuous with
respect to the operator norm on U(H) because the representations of
U(H) on the spaces Hg’ N are norm-continuous (Theorem 3.17(c)).

Now

B(g) = ()7 (e)~" € n(Un(H)) = T(UH))'

implies that B: U(H) — U(H,) defines a separable norm-continuous
unitary representation vanishing on Us (). By Theorem 4.6 it is trivial,
sothat 1 = 7.
(ii) follows from (i) and the density of U (H)g in U(H);.
(iii), (iv) now follow from Theorem 3.17.

(v) In view of (iii), assertion (v) reduces to the case of irreducible representa-
tions. In this case (v) follows from the concrete classification (iv) and the
description of the overgroups U(#)* in Lemma 2.4.

O
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Corollary 4.10. Let K be a quotient of a product K| x --- x K,, where each K ;
is compact, a quotient of some group U(H) or Uso(H)o, where H is a separable
K-Hilbert space. Then every separable continuous unitary representation ww of K is
a direct sum of irreducible representations which are bounded.

The preceding corollary means that the separable representation theory of K is
very similar to the representation theory of a compact group.

4.3 Classification of Irreducible Representations
by Highest Weights

We choose an orthonormal basis (e;) e in the complex Hilbert space H and write
T = T’ for the corresponding group of diagonal matrices. Characters of this group

correspond to finitely supported functions A: J — Z via x,(t) = [] jes t?’ . For
the subgroup T (co) of those diagonal matrices ¢ for which ¢t — 1 has finite rank,
any function A: J — Z defines a character. Accordingly, each A = (1) e; € Z’
defines a uniquely determined unitary highest weight representation (wy, H,) of
U(oo, C) [Ne04, Ne98]. This representation is uniquely determined by the property
that its weight set with respect to the diagonal subgroup 7' = T(/), whose character
group 7 is Z’, coincides with

convi(WA)N (A + Q), where QC T

is the root group and W is the group of finite permutations of the set J.

Proposition 4.11. A unitary highest weight representation (), H,) of U(oo, C) is
tame if and only if \:N — Z is finitely supported.

Proof. If m) is a tame representation, then its restriction to the diagonal subgroup
is tame. Since this representation is diagonalizable, this means that each weight has
finite support. It follows in particular that A has finite support.

If, conversely, A has finite support, then we write A = A4 — A_, where A4
are nonnegative with finite disjoint support. Then H, can be embedded into
Sy (H) ®S;_ (H) [Ne98], hence it is tame. O

Example 4.12. K = R: In the infinite-dimensional real Hilbert space H we
fix a complex structure /. Then there exists a real orthonormal basis of the
form {e;,le;: j € J}. Then the subgroup ' € O(H) preserving all the planes
Re; + IRe; is maximal abelian. In H¢ the elements ejj»E = %(ej F Ie;) form an

orthonormal basis, and we write 2J := J x {£} for the corresponding index set.
In O(H)* = U(Hc), the corresponding diagonal subgroup T% = T2’ is maximal
abelian. The corresponding maximal torus 7¢ of O(H)c € GL(H¢) corresponds to

. : . + _ g+l +
diagonal matrices d acting by de;” = d;~"e5.
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For a character y,, of T* with u:2J — Z, the corresponding character of 7T is
given by the finitely supported function p”:J — Z with u; = Wi+ — - If
A:2J — Nj has finite support, then the corresponding irreducible representation
of U(Hc) occurs as some Sy(Hc) in ’H(?N, where ZJ-EZJ Aj = N. From
the Classification Theorem 3.17 it follows that the restriction of m; to O(H) is
irreducible. The corresponding highest weight is A°. On the level of highest weights,
it is clear that, for each finitely supported weight A: J/ — Nj, we obtain by

/\5»’+ :=A; and )Lg!_ =0

a highest weight A¥ with (%) = A. The irreducible representations of O(#) are
classified by orbits of the Weyl group WV in the set of finitely supported integral
weights A: J — Z of the root system D,; (cf. [Ne98, Sect. VII]). Each orbit has a
nonnegative representative, and then A? is the highest weight of the corresponding
representation 77;; of U(Hc).

Example 4.13. K = C: Let (¢;) je; be an ONB of H. In U(H)* = U(H) x U(H)
we have the maximal abelian subgroup 7% = T x T, where T 2 T is the subgroup
of diagonal matrices in U(?) with respect to the ONB (e, ) jes.

Let 2J := J x {%}, so that 7% =~ T?/. For a finitely supported function
w:2J — Z, the corresponding character of 7 is given by u’:J — Z, defined
by '“3' = pj+ — Mj—. If 2:2J — Np has finite support, and A = A, — A_ with
nonnegative summands A4 supported in J x {£}, respectively, the corresponding
irreducible representation 7, lives on Sy (H) ® S;_ (H) € H®Y ® ﬁ®M, where
N =3 50Ajand M = =37, ;. From the Classification Theorem 3.17 it
follows that the restriction of 7, to U() is irreducible. The corresponding highest
weightis A” = A, —A_. For each finitely supported weight A = A, —A_:J — Ny,
we obtain by Ag',i = Aij,j € J, ahighest weight A* with (A*)" = A. The
irreducible representations of U(#) are classified by orbits of the Weyl group
W = Sy in the set of finitely supported integral weights A: J — Z of the root
system A (cf. [Ne98, Sect. VII]).

Example 4.14. K = H: In the quaternionic Hilbert space H we consider the
complex structure defined by multiplication with Z, which leads to the complex
Hilbert space HC. Then there exists a complex orthonormal basis of the form
{ej,Je;: j € J}. We write T* € U(HC) for the corresponding diagonal subgroup.
Note that T% = T2/ for 2J := J x {#}. The subgroup T := T* N U(H) = (T*)7
acts on the basis elements e; y :=e; ande; _ := Je; by de; + = djiej,i.

The classification of the irreducible representations by Weyl group orbits of
finitely supported functions A: J — Z (weights for the root system Bj) and their
corresponding weights A¥:2J — 7 is completely analogous to the situation for
K = R. The irreducible representation of U(H) corresponding to A% is S,: (#©).
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Remark 4.15 (Segal’s Physical Representations). In [Se57] Segal studied unitary
representations of the full group U(H), called physical representations. They are
characterized by the condition that their differential maps finite rank hermitian
projections to positive operators. Segal shows that physical representations decom-
pose discretely into irreducible physical representations which are precisely those
occurring in the decomposition of finite tensor products H®Y, N € Ny. In view
of Pickrell’s theorem, this also follows from our classification of the separable
representations of U(#). Since Segal’s arguments never use the separability of H,
the corresponding result remains true for inseparable spaces as well.

Problem 4.16. Theorem 3.17 implies in particular that all continuous unitary
representations of K = Ugo(?)o have a canonical extension to their overgroups
K* with the same commutant. The classification in terms of highest weights further
implies that the representations of K* obtained from this extension process are
precisely those with nonnegative weights.

Conversely, it follows that all unitary representations of K* with nonnegative
weights remain irreducible when restricted to K.

One may ask a similar question for the smaller group K#(co) € K* or its com-
pletion with respect to the trace norm. Is it true that for any unitary representation
of K*(co) whose weights on the diagonal subgroup are nonnegative, 7 (U(oco, K))
has the same commutant? As we explain below, this is not true.

For the special case K = R and A = A — A_ finitely supported, the restriction
of the representation 7, = w3, ® 7 of K*(00) on Siy (He) ® Si_ (Hc) to the
subgroup K(00) = SO(c0, R) is equivalent to the representation 7 | ® ,_, which
decomposes according to the standard Schur—Weyl theory. In particular, we obtain
non-irreducible representations if A takes positive and negative values on K(c0).
That this cannot be repaired by the positivity requirement on the weights of K*(co)
follows from the fact that the determinant det: K#(co) — T restricts to the trivial
character of K(00), but tensoring with a power of det, any bounded weight A can be
made positive.

Is it possible to characterize those irreducible highest weight representations ),
of K¥(co) whose restriction to K(00) is irreducible?

5 Non-existence of Separable Unitary Representations
for Full Operator Groups

In this section we describe some consequences of the main results from [Pi90]. We
start with the description of 10 symmetric pairs (G, K) of groups of operators, where
G does not consist of unitary operators and K € G is “maximal unitary”. They
are infinite-dimensional analogs of certain noncompact real reductive Lie groups.
The dual symmetric pairs (G¢, K) have the property that G¢ consists of unitary
operators, hence they are analogs of certain compact matrix groups.



Unitary Representations of Unitary Groups 231

One of the main result of this section is that all separable unitary representations
of the groups G are trivial, but there are various refinements concerning restricted
groups.

5.1 The 10 Symmetric Pairs

Below we use the following notational conventions. We write O(n) := O(n, R),
U(n) := U(n,C) and Sp(n) := U(n, H) forn € N U {oo}. For a group G, we write
A :={(g, g): g € G} for the diagonal subgroup of G x G.

If H is a complex Hilbert space, then we write I € B(Hc) for the C-linear
extension of the complex structure /v = iv on ‘H. Then D := —i[ is a unitary
involution that leads to the pseudo-unitary group

U(Hc. D) = {g € GL(Hc): Dg* D' = g7}
preserving the indefinite hermitian form (Dwv, w). For the isometry group of the
indefinite form i((vy, v3), (w1, w2)) = (v, wy) — (v2,wy) on H X H, we write
U(H,H). Now the group
O*(Hc) := U(Hc, D) N O(H)c
is a Lie group. Its Lie algebra o™ (H¢) satisfies 0*(Hc) N w(He) = w(H) and it is

a real form of o(#)c. It is easy to see that the symmetric pair (O*(Hc), U(H)) is
dual to (O(H®), U(H)).

Non-unitary Symmetric Pairs

Non-unit. locally finite (G (00), K(00)) | Operator group (G, K) | K K
1 | (GL(c0,C), U(co)) (GL(#), U(H)) u#) |C
2 | (SO(o0, C), SO(00)) (O(H)c, O(H)) O(H) R
3 | (Sp(oo, C). Sp(00)) (Ua(H)c, Un(H)) Up(H) |H
4 | (U(00, 00),U(00)?) (UH, H), UH)?) Uy |C
5 | (SO(00, 00), SO(00)?) (O(H. H), O(H)?) O(H)* |R
6 | (Sp(00, 00), Sp(00)?) Ua(H, 1), Us(H)*) | Un(H)* |H
7 | (Sp(200,R), U(c0)) (Sp(H), U(H)) u#) |C
8 | (SO(200), U(00)) (0™ (Hc), U(H)) u#) |C
9 | (GL(00,R), O(00)) (GL(H),0(H)) O(H) R
10 | (GL(o0, H), Sp(c0)) (GLr(H), Un(H)) Un(®) |H
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Unitary Symmetric Pairs

Unitary locally finite (G (00), K(c0)) | Unitary operator group (G, K) | K K
1 (U(00)?, Ayoo)) (U(H)*, Auwy) u#) |C
2| (SO(20)?, Aso(oo)) (O(H)*, Aowy) o#H) |R
3| (Sp(00)?, Asp(oo)) (Us(H)*, Aug) Uu(H) |H
4 | (U(200),U(c0)?) (UH & H),U(H)?) UH)> |C
5 | (SO(200), SO(0c0)?) (O(H & H),0(H)?) OH)? |R
6 | (Sp(200), Sp(00)*) (Ua(H & M), Un(H)*) Un(#)* |H
7| (Sp(00), U(00)) (Un(H &c H), UH)) u#) |C
8 | (SO(200),U(00)) (O(H®), U(H)) U(H) C
9 [ (U(00),0(c0)) (U(Hc), O(H)) o#H) |R
10 | (U(200), Sp(00)) (U(H®), Un(H)) Uun(H) H

Remark 5.1. (a) The unitary symmetric pairs (1)—(3) are of group type and their
non-unitary duals are complex groups.

(b) The non-unitary pairs (4)—(6) are the symmetric pairs associated to pseudo-
unitary groups of indefinite hermitian forms 8 with the matrix D = ((1) 01)
on H?2. Accordingly, the corresponding symmetric spaces can be considered as
GraBmannians of “maximal positive subspaces” for f.

(c) The symmetric spaces corresponding to (7) and (8) are spaces of complex
structures on real spaces. The space Sp(H)/ U(H) is the space of positive
symplectic complex structures on the real symplectic spaces (#H,w), where
o(,w) = Im(v,w). Likewise O(H®)/U(H) is the space of orthogonal
complex structures on the real Hilbert space H¥.

(d) The spaces (4), (7) and (8) are of hermitian type (cf. [Nel2]).

(e) The spaces (1), (9) and (10) are those occurring naturally for overgroups of
unitary groups (cf. Example 2.3).

5.2 Restricted Symmetric Pairs

For each symmetric pair (G, K) of non-unitary type and 1 < g < oo, we obtain a
restricted symmetric pair (G, K), defined by

Gy =1{ge€G:tr(|g*g —1]7) < o0}.
Ifg=¢t@pwithp = {X € g: X* = X}, then the Lie algebra of G is g(,) =

£ ® py), where p) = p N By(H). The corresponding dual symmetric pair is
(G("q), K) with gi’q) =t ® ip(). We also write
Goo,(q) = G(q) N1+ K(H)) = Ko exp(p(q))

for the closure of G(o0) in G(,).
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Proposition 5.2. Spherical representations of any pair (G(00), K(00)) of unitary
or non-unitary type are direct integrals of irreducible ones.

Proof. This is [Pi90, Prop.2.4], but it also follows from the general Theorem
B.3 below. O

Combining the preceding proposition with two-sided estimates on the behavior
of spherical functions near the identity, Pickrell proved:

Proposition 5.3 ([Pi90, Prop.6.11]). Irreducible real spherical functions of the
direct limit pairs (G(00), K(00)) always extend to spherical functions of Gy and,
for q > 2, all spherical functions on Gg) vanish.

If v is a C!-spherical vector for the unitary representation (7, H, ) of (G(y), K),
then B(X,Y) := (dn(X)v,dn(Y)v) defines a continuous K-invariant positive
semidefinite symmetric bilinear form on p(,. Therefore one can also show that v
is fixed by the whole group G, by showing that 8 = 0 using the following lemma.

Lemma 5.4. The following assertion holds for the K-action on p,):

(i) [t p] = p.
(ii) p(2) is an irreducible representation.
(iii) For q > 2, every continuous K-invariant symmetric bilinear form on p,
vanishes.

Proof. (i), (i1): We check these conditions for all 10 families:

(1)-(3) Thenp = it with £ = u(H). Since £ is perfect by [Ne02, Lemma 1.3], we
obtain [¢,p] = i[t, €] =it = p.
Here p() = iup(H), and since u,(H) is a simple Hilbert-Lie algebra
[Sch60], (ii) follows.
(4)-(6) Inthese cases g¢° = wW(H ®H), t = u(H) & w(H) and p = gl(H) with the
£-module structure given by (X,Y).Z := XZ — ZY . Since u(#) contains
invertible elements X, and (X, 0).Z = X(Z, it follows that p = [¢, p].

Here p(2) = gl,(#H) is the space of Hilbert—Schmidt operators on H. This
immediately implies the irreducibility of the representation of K = R, C.
For K = H, we have pp)c = gl,(H®), and since the representation of
U(H) on HC is irreducible (we have U(H)c 2 Sp(H©)), (ii) follows.

(7)-(8) In these two cases the center 3 := i1 of £ = u(#) satisfies p = [3, p], which
implies (i). The Lie algebra g(;) = £@p(2) corresponds to the automorphism
group of an irreducible hermitian symmetric space (cf. [Nel2, Thm.2.6]
and the subsequent discussion). This implies that the representation of K
on the complex Hilbert space p(y) is irreducible.

(9) Here g = gl(H), ¢t = o(#H) and p = Sym(H). For any complex structure
I € o(H) we then obtain

p=Herm(H,I) ®[I,p] = [w(H,I),Herm(H, I)] ® [I,p] < [¢, p].
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This proves (i).

Next we observe that pyy = Sym,(#) satisfies pp)c = Sym,(Hc) =
S2(Hc), hence is irreducible by Theorem 3.17.

(10) Here g = gl(H), ¢t = u(H) and p = Herm(H) for K = H. With the
aid of an orthonormal basis, we find a real Hilbert space K with H =
K ®r H, where H acts by right multiplication. This leads to an isomorphism
Bu(H) = Br(K) ®r H as real involutive algebras. In particular,

Herm(H) = Sym(K) ® 1 @ Asym(K) ® Aherm(H).

Therefore (i) follows from Aherm(H) = [Aherm(H), Aherm(H)] and from
Sym(K) = [0(K), Sym(K)], which we derive from (9).

To verify (ii), we observe that p;) = Herm(#). From Kaup’s classifi-
cation of the real symmetric Cartan domains [Ka97] it follows that p(2)
is a real form of the complex JH *-triple Skew(#HC) of skew symmetric
bilinear forms on HC, labelled by 71).. Since the action of U(#) on
pa).c = Skew(HC) = A%(Hc) extends to the overgroup U(HC) with the
same commutant, the irreducibility of the resulting representation implies
that the representation of U(7{) on the real Hilbert space py) is itreducible
as well.

(iii) can be derived from (i). If B:p) X p) — R is a continuous invariant
symmetric bilinear form, then the same holds for its restriction to p(»). The simplicity
of the representation on p(2) now implies that it is a multiple of the canonical form
on p(z) given by the trace. But this form does not extend continuously to p(,) for any
q > 2. O

Proposition 5.5. (a) Separable unitary representations of G), q > 1, are
completely determined by their restrictions to G(00).

(b) Conversely, every continuous separable unitary representation of Geo (q),q >
1, extends to a continuous unitary representation of G ).

Proof (cf. [Pi90, Prop.5.1]). (a) Since p(oo) is dense in p(y), this follows from
Theorem 4.9(i), applied to K.

(b) Since K acts smoothly by conjugation on G (4), We can form the Lie group
Goo,(g) ¥ K and note that the multiplication map to G, defines an isomorphism
(Goo,iq) ¥ K)/ Koo — G(y). Therefore the existence of the extension of G
follows from the uniqueness of the extension from K, to K (Theorem 3.17(c)).

0

Theorem 5.6. If (G, K) is one of the 10 symmetric pairs of non-unitary type, then,
for q > 2, all separable projective unitary representations of G and all projective
unitary representations of Geo (¢) are trivial.

Proof. If m: Gy — PU(H) is a continuous separable projective unitary repre-
sentation, then composing with the conjugation representation of PU(?,) on the
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Hilbert space B,(H ) leads to a separable unitary representation of G4) on By (Hr).
If we can show that this representation is trivial, then r is trivial as well. Therefore
it suffices to consider unitary representations.

Since the group G () is separable, all its continuous unitary representations are
direct sums of separable ones. Hence, in view of Proposition 5.5, the triviality of
all continuous unitary representations of G (4 is equivalent to the triviality of all
separable continuous unitary representations of G,). We may therefore restrict our
attention to separable representations of G(y).

Let (r, H) be a continuous separable unitary representation of Gg). In view of
Theorem 4.9, it is a direct sum of representations generated by the subspace H X" for
some n € N. Any v € HX» generates a spherical subrepresentation of the subgroup

Ggpn =18 Gy:ge; =e;,j=1,...,n}.

Now Theorem 5.6 implies that v is fixed by G ).

It remains to show that G fixes v. In view of Proposition 5.5, it suffices to show
that, for every m > n, G(m) fixes v. The group G(m) is reductive with maximal
compact subgroup K (m), and G(m), is a non-compact subgroup.

Case 1: We first assume that the center of G(m), is compact, which is the case
for G(m) # GL(m,K) (this excludes 1,8 and 9). Then G(m) is minimal in
the sense that every continuous bijection onto a topological group is open, and
this property is inherited by all its quotient groups [Ma97, Lemma 2.2]. In view
of [Ma97, Prop. 3.4], all matrix coefficients of irreducible unitary representations
(p, H,) of quotients of G(m) vanish at infinity of G(m)/ ker p. If G(m), € ker p,
then the image of G(m), in the quotient group is noncompact, so that the only
vector in H, fixed by G(m), is 0. Since every continuous unitary representation
of G(m) is a direct integral of irreducible ones, it follows that every G (m),-fixed
vector in a unitary representation is fixed by G (m).

Case 2: If G(m) = GL(m,K), then Z = R’ 1 is a noncompact subgroup of the
center and the homomorphism y: G — R, y(g) := |detr(g)| is surjective.
Therefore S(m) := ker y has compact center and satisfies G(m) = ZS(m). The
preceding argument now implies that every fixed vector for S(m), in a unitary
representation of G (i) is fixed by S(m). Since yx|g(m), is nontrivial, we conclude
that every fixed vector for G(m), in a unitary representation is fixed by G (m).

Combining both cases, we see that in every unitary representation of G(m), the
subgroup G(m), and G(m) have the same fixed vectors, and this implies that every
Gy).» fixed-vector is fixed by G(y). O

Theorem 5.7 ([Pi90, Prop.7.1]). If (G, K) is one of the 10 symmetric pairs of
unitary type, then, for q > 2, every separable continuous projective unitary
representation of G, extends uniquely to a representation of G that is continuous
with respect to the strong operator topology on G. In particular, it is a direct sum of
irreducible ones which are determined by Theorem 4.9.
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Proof. With similar arguments as in the preceding proof, we see that every separable
unitary representation of G is a direct sum of representations generated by the
fixed point space of some subgroup G ) .. Therefore its restriction to G(c0) is tame,
so that Theorems 3.20 and 3.17 apply. O

Theorem 5.8. If (G, K) is one of the 10 symmetric pairs of non-unitary type, then
all separable unitary representations of G are trivial.

Proof. Let (r, H) be a continuous separable unitary representation of G. We know
already from Theorem 5.6 that G,y € N := kerm holds for ¢ > 2. Now N
is a closed normal subgroup containing K and its Lie algebra therefore contains
[¢, p] = p as well (Lemma 5.4). This proves that N = G. O

A Positive Definite Functions

In this appendix we recall some results and definitions concerning operator-valued
positive definite functions.

Definition A.1. Let A be a C*-algebra and X be a set. Amap Q: X x X — A
is called a positive definite kernel if, for any finite sequence (x1,...,x,) € X", the
matrix Q(x;, X;)i j=1,... € M(n, A) is a positive element.

For A = B(V), V a complex Hilbert space, this means that, for vy, ...,v, € V,
we always have ' _ (O (x;, x;)v;, v;) > 0.

Definition A.2. Let KC be a Hilbert space, G be a group, and U C G be a subset. A
function ¢: UU ™! — B(K) is said to be positive definite if the kernel

Qp:U xU — B(K), (x,y) > @(xy™")

is positive definite. For U = G we obtain the usual concept of a positive definite
function on G.

Remark A.3 (Vector-Valued GNS-Construction). We briefly recall the bridge
between positive definite functions and unitary representations.

(a) If (m,#H) is a unitary representation of G, V' C H a closed subspace and
Py:H — V the orthogonal projection on V, then ny (g) := Pyn(g)Py is
a B(V')-valued positive definite function with 7ty (1) = 1.

(b) If, conversely, ¢: G — B(V) is positive definite with ¢(1) = 1, then there
exists a unique Hilbert subspace H,, of the space VC of V-valued function on
G for which the evaluation maps K,:H, — V, f +— f(g) are continuous
and satisfy K, K, = ¢(gh™") for g,h € G [Ne00, Thm.1.1.4]. Then right
translation by elements of G defines a unitary representation (7,(g) f)(x) =
f(xg) on this space with K, = K, o (g). Itis called the GNS-representation
associated to p. Now K:V — H, is an isometric embedding, so that we may
identify V' with a closed subspace of H, and K; with the orthogonal projection
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to V. This leads to ¢(g) = K, K| = Kim(g)K], so that every positive definite
function is of the form 7y . The construction also implies that V = K{(V) is
G-cyclic in H,.

For the following theorem, we simply note that all Banach—Lie groups are in
particular Fréchet—-BCH-Lie groups.

Theorem A.4. Let G be a connected Fréchet~-BCH-Lie group and U C G an
open connected 1-neighborhood for which the natural homomorphism w(U,1) —
m1(G) is surjective. If K is Hilbert space and ¢:UU~" — B(K) an analytic
positive definite function, then there exists a unique analytic positive definite
function ¢: G — B(K) extending ¢.

Proof. Let qg:G — G be the universal covering morphism. The assumption that
71 (U) — m1(G) is surjective implies that U:= qgl(U) is connected. Now ¢ :=
@9oqs:UU™" = B(K)is an analytic positive definite function, hence extends by
[Nel2, Thm. A.7] to an analytic positive definite function ¢ on G. The restriction
of @ to U is constant on the fibers of g¢, which are of the form g ker(¢g). Using
analyticity, we conclude that (gd) = ¢(g) holds for all g € G and d € ker(qg).
Therefore ¢ factors through an analytic function ¢: G — B(U) which is obviously
positive definite. O

Theorem A.5. Let G be a connected analytic Fréchet—Lie group. Then a positive
definite function ¢: G — B(V') which is analytic in an open identity neighborhood
is analytic.

Proof. Since ¢ is positive definite, there exists a Hilbert space H and a Q: G —
B(H,V) with p(gh™") = Q,Q} for g,h € G. Then the analyticity of the function
¢ in an open identity neighborhood of G implies that the kernel (g, h) — Q,Q} is
analytic on a neighborhood of the diagonal A¢ € G x G. Therefore Q is analytic
by [Nel2, Thm. A.3], and this implies that ¢(g) = Q, Q7 is analytic. O

The following proposition describes a natural source of operator-valued positive
definite functions.

Proposition A.6. Let (71, H) be a unitary representation of the group G and H C
G be a subgroup. Let V. C H be an isotypic H -subspace generating the G-module
‘H and Py € B(H) be the orthogonal projection onto V. Then V is invariant under
the commutant w(G) = Bg(H) and the map

v:Bo(H) = Bu(V), y(A)= PyAPy

is an injective morphism of von Neumann algebras whose range is the commutant
of the image of the operator-valued positive definite function

wy:G — B(V), ﬂy(g) = Pvn(g)Pv.

In particular, if the H -representation on V is irreducible, then so is .
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Proof. That y is injective follows from the assumption that V' generates H under
G. If the representation (p, V) of H is irreducible, then im(y) € C1 implies that
7(G) = C1, so that 7 is irreducible.

We now determine the range of y. For any A € B (H), we have

Pvn(g)PvaAPV = PVJT(g)APV = PvATl'(g)PV = PVAPVan(g)Pv,

ie., y(A) = PyAPy commutes with wy(G). Since y is a morphism of von
Neumann algebras, its range is also a von Neumann algebra of V' commuting
with 7y (G). If, conversely, an orthogonal projection Q = Q* = Q2 € Bg(V)
commutes with 7y (G), then

Pyr(G)QV = Pyr(G)Py QV = QPyn(G)PyV < QV

implies that the closed G-invariant subspace Ho < H generated by QV satisfies
PyHo € QV, and therefore Hp NV = QV. For the orthogonal projection 0 e
B(H) onto H g, which is contained in Bg (), this means that Q| = Q. This
shows that im(y) = 7y (G)'. a

Remark A.7. The preceding proposition is particularly useful if we have specific
information on the set 7y (G). As 7wy (h1gha) = p(h)y (g)p(h2), it is determined
by the values of 7y on representatives of the H -double cosets in G.

(a) In the context of the lowest K-type (p, V') of a unitary highest weight represen-
tation (cf. [Ne00]), we can expect that 7wy (G) € pc(Kc) (by Harish-Chandra
decomposition), so that 7y (G) = pc(Kc)' = p(K)' and y is surjective.

(b) In the context of Sect. 3 and [O178], the representation (p, V') of H extends to
a representation § of a semigroup S 2 H and we obtain 7y (G)' = p(S)’.

In both situations we have a certain induction procedure from representations
of K and S, respectively, to G-representations which preserves the commutant but
which need not be defined for every representation of K, resp., S.

Lemma A.8 ([NO13, Lemma C.3]). Let (S, *) be a unital involutive semigroup
and ¢: S — B(F) be a positive definite function with (1) = 1. We write (77,, H,)
for the representation on the corresponding reproducing kernel Hilbert space H, C
FS by (m,(s) f)(t) := f(ts). Then the inclusion

tF = He, t(0)(s) = @(s)v
is surjective if and only if ¢ is multiplicative, i.e., a representation.
Remark A.9. The preceding lemma can also be expressed without referring to

positive definite functions and the corresponding reproducing kernel space. In this
context it asserts the following. Let 7: S — B(H) be a x-representation of a unital
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involutive semigroup (S, *), F € H a closed cyclic subspace and P: H — F the
orthogonal projection. Then the function

¢:S — B(F), o¢(s):= Pn(s)P*

is multiplicative if and only if 7 = .

B C*-Methods for Direct Limit Groups

In this appendix we explain how to apply C *-techniques to obtain direct integral
decompositions of unitary representations of direct limit groups.

We recall that for a C *-algebra A, its multiplier algebra M (A) is a C *-algebra
containing A as an ideal, and in every faithful representation A < B(#H), it is
given by

M(A)={M e B(H):MA+ AM C Aj}.

LetG = 11_11)1 G, be a direct limit of locally compact groups and «,,: G, — G+

denote the connecting maps. We assume that these maps are closed embeddings.
Then we have natural homomorphisms

Bn: L'(Gy) — M(L'(Guy1))

of Banach algebras, and since the action of G, on L'(G,41) is continuous, B is
nondegenerate in the sense that B(L'(G,)) - L'(G,+,) is dense in L'(G, ). On
the level of C *-algebras we likewise obtain morphisms

Bn: C*(Gn) g M(C*(Gn-i-l))-

A state of G (=normalized continuous positive definite function) now corre-
sponds to a sequence (¢,) of states of the groups G, with o) ¢,4+1=¢, for every
n € N. Passing to the C*-algebras C*(G,), we can view these functions also as
states of the C*-algebras. Then the compatibility condition is that the canonical
extension ¢, of ¢, to the multiplier algebra satisfies

ﬂ;¢n+l = ©n.

Remark B.1. The £'-direct sum £ := @'L'(G,) carries the structure of a Banach-
x-algebra (cf. [SV75]). Every unitary representation (7, H) of G defines a sequence
of nondegenerate representations 1,: L' (G,) — B(H,) which are compatible in the
sense that

* ~
TTp = Q) Tp41.
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Conversely, every such sequence of representations on a Hilbert space H leads to a
sequence p,: G, — U(H) of continuous unitary representations, which are uniquely
determined by

pn(g) = (G, (g)).

where 1g,: G, — M(L'(G,)) denotes the canonical action by left multipliers. For
f € LY(G,) and h € L'(G,+) we then have

pn+1(an(g))ﬁn(h)7[n+l(f) = pn+1(an(g))ﬂn+l(:3n(h)f) = ﬁn+l(an(g):3n(h)f)
= p1(Bu(g x h) f) = mn (g * W) 7n11(f) = pn (@70 (W) 700 41(f),

which leads to

Pn+10 0y = Pp.

Therefore the sequence (p,) is coherent and thus defines a unitary representation of
G on H. We conclude that the continuous unitary representations of G are in one-to-
one correspondence with the coherent sequences of nondegenerate representations
(7,,) of the Banach-x-algebras L'(G,) (cf. [SV75, p. 60]).

Note that the nondegeneracy condition on the sequence (8,) is much stronger
than the nondegeneracy condition on the corresponding representation of the algebra
L. The group G,+; does not act by multipliers on L!(G,), so that there is no
multiplier action of G on L. However, we have a sufficiently strong structure to
apply C *-techniques to unitary representations of G.

Theorem B.2. Let A be a separable C*-algebra and n: A — D a homomor-
phism into the algebra D of decomposable operators on a direct integral H =
f;e H., du(x). Then there exists for each x € X a representation (7, Hx) of A
such that w =~ f;B 7, dp(x).

If w is nondegenerate and H. is separable, then almost all the representations 1
are nondegenerate.

Proof. The first part is [Dix64, Lemma 8.3.1] (see also [Ke78]). Suppose that 7 is
nondegenerate and let (E,),en be an approximate identity on A. Then 7(E,) — 1
holds strongly in ‘H and [Dix69, Ch.II, no. 2.3, Prop.4] implies the existence of
a subsequence (ny)ken such that 7 (E,,) — 1 holds strongly for almost every
x € X. For any such x, the representation r, is non-degenerate. O

Theorem B.3. Let G = lim G, be a direct limit of separable locally compact

groups with closed embeddings G, — G+ and (7w, H) be a continuous separable
unitary representation. For any maximal abelian subalgebra A C 7 (G)', we then
obtain a direct integral decomposition w = f;B 7y diu(X) into continuous unitary
representations of G in which A acts by multiplication operators.
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Proof. According to the classification of commutative W *-algebras, we have A =~
L*®°(X, p) for a localizable measure space (X, S, u) [Sa7l, Prop.1.18.1]. We
therefore obtain a direct integral decomposition of the corresponding Hilbert space
‘H. To obtain a corresponding direct integral decomposition of the representation
of G, we consider the C*-algebra B generated by the subalgebras B, which are
generated by the image of the integrated representations L'(G,) — B(#). Then
each B, is separable and therefore B is also separable. Hence Theorem B.2 leads
to nondegenerate representations (7, H,) of B whose restriction to every B, is
nondegenerate.

In [SV75], the £'-direct sum £ := @), yL'(G,) is used as a replacement for
the group algebra. From the representation 7: £L — B we obtain a representation
px of this Banach-x-algebra whose restrictions to the subalgebras L!(G,) are non-
degenerate. Now the argument in [SV75, p. 60] (see also Remark B.1 above)
implies that the corresponding continuous unitary representations of the subgroups
G, combine to a continuous unitary representation (p,, Hy) of G. O

Remark B.4. Let (r,H) be a continuous unitary representation of the direct limit
G = h_ng G, of locally compact groups. Let A, := 7,(C*(G,)) and write A :=

(A,:n € N)c= for the C *-algebra generated by the A,,. Then A” = 7(G)” follows
immediately from A/ = 7, (G,)” for each n.

From the nondegeneracy of the multiplier action of C*(G,) on C*(G,4,) it
follows that

C*(Gy)C*(Guy1) = C*(Gpy1).
which leads to
An-An-H = An+l-

We have a decreasing sequence of closed-x*-ideals

I ::ZAkgA

k>n

such that G, acts continuously by multipliers on Z,. A representation of Z, is non-

degenerate if and only if its restriction to .4, is nondegenerate because A,Z, = Z,.
If a representation (p, ) of A is nondegenerate on all these ideals, then it is non-

degenerate on every A,, hence defines a continuous unitary representation of G.

Remark B.5. Theorem B.3 implies in particular the validity of the disintegration
arguments in [O178, Thm.3.6] and [Pi90, Prop.2,4]. In [OI84, Lemma 2.6] one
also finds a very brief argument concerning the disintegration of “holomorphic”
representations, namely that all the constituents are again “holomorphic”. We think
that this is not obvious and requires additional arguments.
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Weak Splittings of Quotients of Drinfeld
and Heisenberg Doubles

Milen Yakimov

Abstract We investigate the fine structure of the symplectic foliations of Poisson
homogeneous spaces. Two general results are proved for weak splittings of surjec-
tive Poisson submersions from Heisenberg and Drinfeld doubles. The implications
of these results are that the torus orbits of symplectic leaves of the quotients can be
explicitly realized as Poisson—Dirac submanifolds of the torus orbits of the doubles.
The results have a wide range of applications to many families of real and complex
Poisson structures on flag varieties. Their torus orbits of leaves recover important
families of varieties such as the open Richardson varieties.

Key words Poisson-Lie groups * Drinfeld and Heisenberg doubles ¢ Belavin—
Drinfeld classification * Poisson—Dirac submanifolds
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1 Introduction

The geometry of Poisson—Lie groups is well understood, both in the case of the
standard Poisson structures on complex simple Lie groups [13,20] and the general
Belavin—Drinfeld Poisson structures [1, 29]. The torus orbits of symplectic leaves
in the former case are the double Bruhat cells of the simple Lie group. One
of the fundamental results in the theory of cluster algebras is the Berenstein—
Fomin—Zelevinsky theorem [2] that their coordinate rings are upper cluster algebras.
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Recently, the coordinate rings of the SL, groups, equipped with the Cremmer—
Gervais Poisson structures from [1], were also shown to be upper cluster algebras
[15]. The motivation for these results is that cluster algebras give rise to Poisson
structures by the work of Gekhtman et al. [ 14], and one attempts to go in the opposite
direction using Poisson varieties from the theory of quantum groups.

On the other hand, the possible cluster algebra structures on coordinate rings of
torus orbits of symplectic leaves of Poisson homogeneous spaces is much less well
understood. In the special case of the standard complex Poisson structures on flag
varieties, this is precisely the problem of constructing cluster algebra structures on
the coordinate rings of the open Richardson varieties. These varieties have been
recently studied in [4, 19, 25] in relation to Schubert calculus and total positivity.
Chevalier [5] conjectured cluster algebra structures for the Richardson strata in the
case when one of the two Weyl group elements is a parabolic Coxeter element.
Leclerc [21] generalized this construction and showed that the coordinate ring
of each open Richardson variety contains a cluster algebra whose rank is equal
to the dimension of the variety. These cluster structures come from an additive
categorification. Another cluster algebra structure on the Richardson—Lusztig strata
of the Grassmannian was conjectured by Muller and Speyer [23] using Postnikov
diagrams [24].

In this paper we prove a very general result that realizes torus orbits of symplectic
leaves of a large class of Poisson homogeneous spaces as Poisson—Dirac subman-
ifolds of torus orbits of symplectic leaves of Drinfeld and Heisenberg doubles. It
applies to many important families of complex and real Poisson structures on flag
varieties, double flag varieties, and their generalizations. In the context of cluster
algebras, the point of this construction is that the coordinate rings of affine Poisson
varieties with conjectured cluster algebra structures are realized as quotients of
better understood coordinate rings of Poisson varieties, some of which are already
proven to possess cluster algebra structures. The ideals defining these quotients are
not Poisson but have somewhat similar properties coming from a notion of “weak
splitting of surjective Poisson submersions.” The construction of the latter is the
main point of the paper.

To explain this in precise terms, we recall that to each point of a Poisson
homogeneous space of a Poisson—Lie group Drinfeld [9] associated a Lagrangian
subalgebra of the double and proved an equivariance property of this map. Motivated
by this construction, Lu and Evens associated to each quadratic Lie algebra (a
complex or real Lie algebra d equipped with a nondegenerate invariant symmetric
bilinear form (.,.)) the variety of its Lagrangian subalgebras £ (9, (.,.)) and
initiated its systematic study in [10]. This is a singular projective variety.

Fix a connected Lie group D with Lie algebra 9. Given any pair of Lagrangian
subalgebras g4 such that d is the vector space direct sum of g4+ and g— (in other
words, given a Manin triple (9, g+, g—) with respect to the bilinear form (., .)), one
defines the r-matrix r = %21 &/ A x; where {x;} and {&;} is a pair of dual
bases of g+ and g—. Using the adjoint action of D on .Z(0, (., .)), we construct
the bivector field y(r) on .Z(0, {.,.)). Here and below y refers to the infinitesimal
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action associated to a Lie group action. It was proved in [10] that y(r) is Poisson.
Up to minor technical details, the singular projective Poisson variety

(Z(9.(...)). x(r))

captures the geometry of all Poisson homogeneous spaces of the Poisson—Lie groups
integrating the Lie bialgebras g+. The D-orbits on .Z(9, {., .)) are compete Poisson
submanifolds, i.e., they are unions of symplectic leaves of y(r). They have the
form D/N(I) where [ is a Lagrangian subalgebra of (9, (.,.)) and N(I) is the
normalizer of [ in D. The Belavin—Drinfeld Poisson structures [1] are coming from
the case when d = g @ g for a complex simple Lie algebra g. In this case the
rank of the Poisson structure y(r) at each point of D/N(l) was computed in [22,
Theorem 4.10]. This describes the coarse structure of the symplectic foliations of
the spaces (D/N(I), x(r)) or equivalently the variety of Lagrangian subalgebras
(Z@.(...)). x(r)).

Here we address the problem of describing the fine structure of the symplectic
foliations of these spaces. From the point of view of Lie theory and cluster algebras,
the most important D-orbits in this picture are the orbits

(D/N(g+). x(r)) = (Z£(@. (...)). x(r)).

These Poisson varieties capture all examples of real and complex Poisson structures
on flag varieties and double flag varieties that appeared in previous studies, see e.g.,
[10,12,16,27]. The Poisson varieties (D/N(g+), x(r)) also have the properties that
they are quotients of Drinfeld and Heisenberg doubles. Recall that those are the
Poisson varieties

(D,m=L(F)—R(®F)) and (D,n’ = L)+ R(®)),

respectively. Here and below R(.) and L(.) refer to right and left invariant
multivector fields on a Lie group. The Poisson structure & vanishes along the group

H := N(g+) N N(g-)

and as a consequence the left and right action of H on D preserves both Poisson
structures 7w and r’. The corresponding Poisson reductions will be denoted by

(D/H.7ty) and (D/H.7}).
The canonical projections

w: (D/H,=my) — (D/N(g1), x(r)) and
W:(D/H.wyy) — (D/N(g1). x(r) (1)

are surjective Poisson submersions.
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We prove that under certain general assumptions the symplectic leaves of the
quotient (D/N(g+), x(r)) can be realized as explicit symplectic submanifolds of
the symplectic leaves of the (reduced) Drinfeld double (D/H,—my) or Heisenberg
double (D/H, r};) (or even both in some cases). To be more precise, recall [6]
that a Poisson manifold (X, ) is a Poisson—Dirac submanifold admitting a Dirac
projection of a Poisson manifold (M, IT) if X is a submanifold of M, and there
exists a subbundle £ of Tx M such that

E®TX =TxM and IT — 7 € I'(X, A*E).

In this framework we find an explicit construction of sections of the surjective
Poisson submersion w: (D/H,—mg) — (D/N(g+), x(r)) over each N(g—)-orbit
whose images are Poisson—Dirac submanifolds of (D/H, —mg). This is the weak
splitting of the first surjective Poisson submersion in (1) from a Drinfeld double. (We
refer the reader to Sect. 2 below and [ 16, Sect. 2] for the definition of the notion and
additional background.) As a corollary of the general construction, the symplectic
leaves within each N(g-)-orbiton (D/N(g+),7p/n(g,)) are uniformly embedded
as symplectic submanifolds of symplectic leaves of (D/H,—my). Similarly, we
construct sections of the second surjective Poisson submersion u': (D/H, };) —
(D/N(g+), x(r)) in (1) over each N(g4)-orbit whose images are Poisson—Dirac
submanifolds of (D/H, r};) admitting a Dirac projection. These constructions of
weak splittings work under certain general assumptions, see Theorems 2 and 4
for details. In Sect. 5 we show that the conditions are satisfied for many important
families of Poisson structures.

The above results have a wide range of applications. In the case of the standard
Poisson structures on flag varieties we recover the weak splittings from [16].
Double flag varieties arise naturally as closed strata in partitions of wonderful group
compactifications [7]. This gives rise to Poisson structures on them that are not
products of Poisson structures on each factor [27]. The second splitting result above
for Heisenberg doubles is applicable to this family of Poisson varieties. The real
forms of a complex simple Lie algebra g give rise to real Poisson structures on the
related complex flag variety defined in [12]. Again the above second splitting is
applicable for this family. Finally, the Delorme’s classification result in [8] gives
rise to canonical Poisson structures on products of flag varieties for complex simple
Lie groups (i.e, flag varieties for a reductive group). Except for some very special
cases, these Poisson structures are not products of Poisson structures on the factors.
Our weak splittings are applicable for those families too.

The results in the paper are also related to the study of the spectra of the
quantizations of the homogeneous coordinate rings of the above mentioned families
of varieties. Currently, only the spectra of quantum flag varieties are understood
[30]. We expect that a quantum version of our weak splittings of surjective Poisson
submersions will be helpful in understanding the spectra of the quantizations of
these families of varieties on the basis of the works on spectra of quantum groups
[13, 17]. It appears that such quantum weak splittings should be also closely related
to the notion of quantum folding of Berenstein and Greenstein [3].
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The paper is organized as follows. In Sect.2 we review the notion of Poisson—
Dirac submanifolds of Poisson manifolds, and weak sections and weak splittings
of surjective Poisson submersions. In Sect. 3 we prove two general theorems on the
construction of weak sections and weak splittings for quotients of Drinfeld doubles.
In Sect. 4 similar theorems are proved for quotients of Heisenberg doubles. Section 5
contains applications of these theorems.

We finish the introduction with some notation that will be used throughout the
paper. Given a group G, d € G and two subgroups H; and H; of G, we will denote
the H;-orbit through dH, € G/H; by

H,-dH, C G/Hz

(to distinguish it from the double coset HidH, C G).

For a Lie group G, we will denote by G° its identity component. For a smooth
manifold X, X ° will denote a connected component of X . Given a Lie group G and
a subalgebra u of its Lie algebra g, we will denote by N (u) the normalized of u in
G with respect to the adjoint action. Finally, recall that a Poisson structure 7 on a
manifold M gives rise to the bundle map 7*: T*M — TM, given by

@) =a®id(r), a € T*M,m € M.

2 Poisson—-Dirac Submanifolds and Weak Splittings

In this section we review the notion of weak splitting of a surjective Poisson
submersion from [16]. We start by recalling several facts about Poisson—Dirac
submanifolds of Poisson manifolds, introduced and studied in [6, 26, 28].

Definition 1. A submanifold X of a Poisson manifold (M, IT) is called a Poisson—
Dirac submanifold if the following conditions are satisfied:

(i) For each symplectic leaf S of (M, IT), the intersection S N X is clean (i.e., it
issmoothand 7, (SN X) =T, SNT X forallx e SN X),and SN X is a
symplectic submanifold of (S, (IT|s)™}).

(ii) The family of symplectic structures (I7|s)~'|sny is induced by a smooth
Poisson structure 7 on X .

Clearly, in the setting of Definition 1, the symplectic leaves of (X, ) are the
connected components of the intersections of symplectic leaves of (M, IT) with X .
An important criterion is provided by the following result.

Proposition 1 (Crainic and Fernandes [6]). Assume that X is a submanifold of a
Poisson manifold (M, IT) for which there exits a subbundle E C Tx M such that

(i) E®TX =TxM and
(ii) IT € I'(X,N>’TX @ A’E).
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Then X is Poisson—Dirac submanifold of (M, IT).

In the setting of Proposition 1 the projection of 7|y into I'(X, A>’TX) along
AZE is exactly the needed Poisson structure 7 in Definition 1. Poisson-Dirac
submanifolds with the property of Proposition 1 are called Poisson—Dirac subman-
ifolds admitting a Dirac projection by Crainic—Fernandes [6] and quasi-Poisson
submanifolds by Vaisman [26]. We will use the former term and call E an associated
bundle of the Dirac projection.

In the presence of the condition (i) in Proposition 1, the condition (ii) is
equivalent [6] to

' (T,,X)°) C E,, ¥meX. )

Here and below for a subspace V < T,, M, V0 will denote its annihilator subspace
inT M.

We continue with the notions of weak sections and weak splittings of surjective
Poisson submersions.

Definition 2. Assume that (M, IT) and (N, ) are Poisson manifolds, X is a
Poisson submanifold of (N, ), and that p: (M, IT) — (N, m) is a surjective Poisson
submersion. A weak section of p over X is a smooth map i: X — M such that
poi = idy and i(X) is a Poisson—Dirac submanifold of (M, IT) with induced
Poisson structure i, (7|x).

In this situation we derive from Proposition 1 an explicit realization of all
symplectic leaves of (X, 7r|x) in terms of those of (M, IT):

In the setting of Definition 2 one has that each symplectic leaf of (X, w|x) has
the form i~ ((i(X) N §)°) where S is a symplectic leaf of (M, IT). In addition i
realizes explicitly all leaves of (X, w|x) as symplectic submanifolds of symplectic
leaves of (M, IT).

Remark 1. The following special case of the notion of weak section has
an equivalent algebraic characterization which is of particular interest, see
[16, Proposition 2.6] for details.

Let p:(M,II) — (N,w) be a surjective Poisson submersion, let X be an
open subset of N, and i: X — M a smooth map such that p oi = idy and
i(X) is a smooth submanifold of M. In particular, p* : (C*®(N).,{.,.}») —
(C*®(M),{., .} 1) is ahomomorphism of Poisson algebras. Then i is a weak section
with associated bundle equal to the tangent bundle to the fibers of p if and only if

i*:(C®(M), ., 3n) = (CZ(N),{., )

is a homomorphism of Poisson (C *°(N), {., .} )-modules with respect to the action
on the first term coming from p*.

Definition 3. Let (M, IT) and (N, ) be Poisson manifolds and p:(M,I1) —
(N, m) a surjective Poisson submersion. A weak splitting of p is a partition
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N=UM

a€A

of (N, ) into complete Poisson submanifolds and a family of weak sections
ig: N; < M of p (one for each stratum of the partition).

In the category of algebraic varieties we require M and N to be smooth algebraic
varieties, X and N, to be locally closed smooth algebraic subsets, and p,i, to be
algebraic maps.

We have

Proposition 2. Consider a surjective Poisson submersion p:(M,IT1) — (N, ).
Let N = | |,e4 Noandiz: Ny — M, a € A define a weak splitting of p. Then for
all a € A the following hold:

(i) Every symplectic leaf of (Nu, |n,) has the form i1 ((i,(N,) N S)°) where S is
a symplectic leaf of (M, IT).

(ii) Each symplectic leaf S’ of (N4, m|y,) is explicitly realized as a symplectic
submanifold

ia: (8", 7|s) = (S.M|s)

of the unique symplectic leaf S of (M, IT) that contains i,(S").

All weak sections and weak splittings that we construct in this paper will have
the property that their images are Poisson—Dirac submanifolds admitting Dirac
projections, i.e., the images will satisfy the conditions in Proposition 1.

3 Weak Sections of Quotients of Drinfeld Doubles

We return to the setting of the introduction: Start with a Manin triple (9, g+, g—)
where 0 is a quadratic Lie algebra with (a fixed) nondegenerate invariant symmetric
bilinear form (., .) and g+ are two Lagrangian subalgebras such that 0 = g4 & g—
as vector spaces. Let D be a connected Lie group with Lie algebra 0 and let G4 be
the connected subgroups of D with Lie algebras g+. Fix a pair of dual bases {x; }
and {§;} of g+ and g with respect to (., .). The standard r-matrix r = % Y EiAX;
gives rise to the Poisson structures

7=LFr)—R(r) and 7' = L(r)+ R(r) 3)

on D. Then (D, ) is a Poisson-Lie group and G4 are Poisson—Lie subgroups.
Moreover, (D, ) is a Drinfeld double of (G+, 7|, ) and (D, ') is a Heisenberg
double of (G4, m|g, ). Finally, (G—,—m|c_) is a dual Poisson-Lie group of
(G+ s 7T|G+)~
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Set for brevity
Nz := N(g+). nt = Lie (Nx) = n(g+). “)

Denote the canonical projections p+:9 — g+ along g+. Identify 9* with 9 using
the form (., .) and denote by «(y) the right invariant 1-form on D corresponding to
yed=or.

The bundle maps 7%: T*D — TD and (n')*: T*D — TD are given by the
following formulas.

Lemma 1. In the above setting, forall x € g4, £ e g_andd € D,

7 (g (x + £)) = Ra(x) — Ly (p+Ady' (x + £))
=—Rq(§) + La(p-Ad;' (x + £)) (5
and
(7") (0t (x + £)) = Ra(x) — Lq(p-Ady' (x + §))

= —Rq(§) + La(p+Ady' (x +§)). (6)

Equation (6) is proved in [11], Egs. (6.2)—(6.4). Equation (5) is analogous.
The Poisson structure ;v vanishes on

H:= Ny NN_= N(g+) N N(g-), @)

see e.g., [22, Lemma 1.12]. Denote h = Lie H. Recall that (D, ) is a Poisson Lie
group and that both of its regular actions on the Heisenberg double (D, 7') (given
byg-g =gg andg-g’ = g'g™") are Poisson. Since 7|y = 0, the left and right
actions of H on D preserve both 7 and 7’. Denote their reductions with respect to
the right action of H by

ny and 7y € [(D/H, \*T(D/H)),
respectively. Thus the canonical projections
v:(D,7) - (D/H,7my) and v':(D,7’) — (D/H, 7))
are Poisson.

Since Lie (Ny+) 2 g4, it follows from the definition of the Drinfeld and
Heisenberg double Poisson structures (3) that

/Ny = x(r)
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is a Poisson structure on D/ N and that the standard projections

w:(D,—m) - (D/Ny,mpyn,) and p':(D,n') — (D/Ny,7p/n,)

are Poisson. Denote by
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n:(D/H,—ny) — (D/Ny,mp/n,) and n':(D/H,7wy) — (D/Ny, 7p/n,)

the induced surjective Poisson submersions. (They are both Poisson since = nv,

w ="V, v,and v’ are surjective Poisson submersions.)

The following proposition will be used in our general construction of weak

sections for 7:

Proposition 3. Assume that for a givend € D such that dHd ™" C N_ there exists

a subgroup Q of D with Lie algebra q satisfying

n_ =n_NAds(ny)+n_NAdy(q) and
ONNy =H, ny +q=ny +q-+Ad;'(n_) = g.

Set
Gy :=N_NndQd™".
Then

E? - Gud, Ef;:= Rea(p+Ada(a™)) + Lga(ny), V g € Gy
is a subbundle of Tg,q D such that
E{NT(Gyd) = L(h), E? 4+ T(Gad) = Tg,aD,
and

7Ga € T'(Gad, N*E* + N*T(G4d)).

®)
€))

(10)

(1)

12)

In (12), L(h) denotes the subbundle of T(G,d) spanned by left invariant vector
fields L(h), h € h. Here and below, for a subspace V of 9, we denote V+ = {z €

d|(z,y)=0,YVyeV}

The condition d Hd ~1 C N_ ensures that G,d is stable under the right action of
H. The subbundle E? of T ,a4 D 1s equivariant with respect to this action. Indeed,

if W’ € H, then

Ry ES) = Reaw (p4+Ada(q)) + Lga Ry (ny)

= Reaw(p+Ada(@h)) + Lgaw (ny) = ESyy. (13)
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because i’ € H C N_. Therefore, the pushforward of E to G, -dH is a subbundle
of Tg,.au(D/H). As an immediate consequence of Proposition 3 we obtain the
following corollary:

Corollary 1. If, in the above setting, a subgroup Q of D and d € D satisfy (8)—(9)
and dHd™' C N_, then the submanifold G, - dH of the quotient (D/H,—my)
of the Drinfeld double (D, —m) is a Poisson—Dirac submanifold admitting a Dirac
projection with associated vector bundle equal to the pushforward E? = v, (E )
of EY10Gy-dH.

Proof of Proposition 3. Throughout the proof g will denote an element of G.
First we prove that E 4 is a subbundle of T ,4 D and that (12) holds. Fix g € G4.
We have

Tea(Gad) + Efy D Lea(Ady'Ady" (n- N Ady(9)) + Lga(ny)
= Lea(Ad;'(n-) N g +ny) D Lgy(Ad;' (n2))
= Lg(Ad;'Ad, ' (n0)) = Rea(no).
The second inclusion in the chain follows from (8). Thus,
Tea(Gad) + Efy D Rea(n— + p1(Ada(q™)) + Lga(ny)
D Rea(n-+ Adg(a%) + Lga(n)
= Lgq(Ad;'Ady ' (n) + Ad;'Ad,'Ady(g) + Lga(ny)
= Lgq(ny + g + Ady' (n2)) = Ty D.
where we used (8)—(9) and the fact that Q normalizes ql. Clearly,
Tea(Gad) D Lga(h) and ES; D Ly (h).

We claim that
dim(p4Adg(qh)) + dimny + dim(n_ N Ady(q)) = dimg + dimb.  (14)

This implies that E4 is a subbundle of Tg ,a D and that the first equality of (12)
is satisfied. It also follows from (14) that E¢ is the direct sum of the subbundles
R(p+Ady(gh)) and L(ny) of Tg,a D.

Sincen— = g_ + h and Ad;l(b) C b C g, we have

dim(n— N Ady(q)) = dimn_ —dimg— + dim(g— N Ad,(q))
= dimn_ —dimg_ + dim g — dim(g* + Ady (q1))
= dimn_ —dim(p1Ads(q™)).

taking into account that dimn4 + dimn_ = dim d + dim b leads to (14).
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Since
TgaGad = Rgqa(n— N Ady(q))
and
(- N Adg(9)" = nt + Ada(q™) C g- + p+(Ada(a™)),
we have
(TgaGad)’ C{aga(x +§) | x € pr(Ada(qh)). & € g}
Applying (5) gives

7 (T4aGad)") C Rea(p+(Ada (@) + Leala+) C Efy.

|

Observe that for d € D the conditions (8)—(9) ensure that the product (N_ N
dQd ") (N_NdN;d™") is open in N_. This implies that (N_ N dQd~") - dN
is open in N_ - d N which is a complete Poisson submanifold of (D/ N+, mp/n, ),
[22, Theorem 2.3]. Thus, (8)—(9) imply that (N_ N dQd~") - dN, is a Poisson
submanifold of (D/N+, wp/n, ).

Theorem 1. Assume that for a given d € D such that dHd™" C N_ there exists
a subgroup Q of D satisfying the conditions (8)—(9). Then the smooth map i: G4 -
dN+ — D/H definedbyi(gdNy) = gdH forg € Gy := N-NdQd ™" is a weak
section of the surjective Poisson submersion n: (D/H,—my) — (D/N+,7wp/n,)
over G4-d N+. Its image is a Poisson—Dirac submanifold of (D/H, —r ) admitting
a Dirac projection with associated bundle E¢ = v*(Ed) where E9 is given
by (11).

Proof. Tt is straightforward to check that i is well defined: If g;,g, € G4 and
g1dN+ = gdN, then (g2)"'g; € N_-Nd(Q N Ny)d™' C dHd™' because
of (9). Thus g1dH = g,dH.

For g € G4, Corollary 1 implies that

(wH)gan € N Tgan(Gy - dH) + /\zEgdH.

Observe that E;f 4 contains the tangent space v« (L g4 (n+)) to the fiber of v through
gdH . Since nx(—my) = mp/n, and v o i = idg,.4n, , we have that the projection
of (=7tn)|G,an 10 AT (G - dH) along E? is ix(p/N,|G4-any ). This completes
the proof of the theorem. O
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The next theorem provides a sufficient condition for the existence of a weak
splitting of the surjective Poisson submersion in Theorem 1.

Theorem 2. Assume that Q is a subgroup of D with Lie algebra q such that there
exists a set of representatives 9 for the (N—, N1 )-double cosets of D satisfying
N_=(N_NdQd ) N_NdNyd™") and (15)
dHd™' CN_, QNNy =H. ny+q=ny+q +Ad;'(n)=g (16)
forall d € 9. Then the partition
D/Ny = Ugep(N-NdQd™")-dNy (17)
and the family of smooth maps
ig:(N-NdQd™")-dNy — D/H, i;(gdNy):=gdH, ¥Yge N_NdQd™"
is a weak splitting of the surjective Poisson submersion
n:(D/H,—7n) = (D/Ny.7p/n, ).

In addition, the images of iq are Poisson-Dirac submanifolds of (D/H,—mp)
admitting Dirac projections with associated bundles E 4= v (E?) for the bundles
E4 given by (11).

Proof. The condition (15) implies that
(N-NdQd™")-dNy = N_-dN,.

It follows from the definition of the set & that (17) defines a partition of G/N.
This equality also implies that each stratum of the partition is a complete Poisson
submanifold of (D/N+,mp/n, ), because this is a property of all N.-orbits on
D/ N. The rest of the theorem follows from Theorem 1. O

Proposition 2(i) implies that in the setting of Theorem 1 each symplectic leaf of
(D/N4,mpyn, ) inside the stratum (N— N dQd™")-dNy = G, - dNy is of the
form

i ((1a(Ga - dN4) N S)°)

for a symplectic leaf of S of (D/H,—my). Furthermore, by Proposition 2(ii)
each symplectic leaf of (D/Ny,mp/n, ) is explicitly realized as a symplectic
submanifold of a symplectic leaf of (D/H, —my) via one of the maps iy .

Remark 2. In Proposition 3, and Theorems 1 and 2 one can replace N+ with any
pair of subgroups N| of D such that N C NL C Ni. The corresponding
statements hold true for H := N N N’. Their proofs are analogous and are left to
the reader.
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Remark 3. 1f the group D and the subgroup Q in Theorems 1 and 2 are algebraic,
then the constructed weak sections and splittings are algebraic.

4 Weak Sections of Quotients of Heisenberg Doubles

In this section we prove results for quotients of Heisenberg doubles that are similar
to the results from the previous section for quotients of Drinfeld doubles. We use the
setting and notation of the previous section. Using the second part of Lemma 1 one
proves the following analog of Corollary 1 and Theorem 1 for Heisenberg doubles.
We omit its proof since it is analogous to the case of Drinfeld doubles.

Theorem 3. Let d and a subgroup Q of D with Lie algebra q satisfy
ng =ng NAdg(ny) +ny NAdy(q) and (18)

dHd ' C Ny, ONNy=H, ny+q=n4 +q- +Ad;'(ny) =g. (19
Set G', = Ny NdQd~". Then the submanifold G/, - dH of the quotient (D/H, 7t};)
of the Heisenberg double (D, ') is a Poisson—Dirac submanifold admitting a Dirac

projection with associated vector bundle equal to the pushforward F? := v;(ﬁ dy
of the vector bundle

F = Gjd. Fya:= Rea(p-Adi(@) + Lea(ny). Vg eGj  (20)
In addition, the map i:G), - ANy — D/H defined by i(gdNy) = gdH for

g € G, is a weak section of the surjective Poisson submersion n':(D/H, my) —
(D/Ny,mpn, ) over Gl - dN.

As in the previous section the theorem implies the following:

Theorem 4. Let Q be a subgroup of D with Lie algebra q for which there exists a
set of representatives 9 C N(H) for the (N4, Ny)-double cosets of D satisfying

Ny =(NyNdQd YNy NdNrd™Y (1)
and (19) for all d € 9. Then the partition

D/Ny = Ugep(Ny NdQd™")-dNy
and the family of maps

i’:(NyNdQd™"y-dNy+ — D/H, i,(gdNy):=gdH, ¥ ge NyNdQd™'
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provide a weak splitting of the surjective Poisson submersion n': (D/H, x}) —
(D/N4,mpn, ). In addition, the images of i), are Poisson—Dirac submanifolds of
(D/H, ntly) admitting Dirac projections with associated bundles Fd:=v! (F?) for
the bundles F? given by (20) with G/, = Ny NdQd .

In light of Proposition 2, Theorem 4 provides an explicit realization of the
symplectic leaves of (D/N+., wp/n, ) as symplectic submanifolds of the symplectic
leaves of the Heisenberg double (D/H, 7};).

As in the case of Drinfeld doubles, in Theorems 3 and 4 one can replace N4+ with
any pair of subgroup N, of D such that N} C N} C Nz in which case one sets
H = N/, N N’. The proofs of those slightly more general statements are analogous.

If the groups D and Q are algebraic, the above constructed weak sections and
weak splittings are also algebraic.

S Applications to Flag Varieties

This section contains applications of the results from the previous two sections
to Poisson structures on flag varieties. Sections 5.1-5.4 deal with complex algebraic
Poisson structures. There we construct weak splittings for complex surjective
Poisson submersions from Drinfeld and Heisenberg doubles to flag varieties,
double flag varieties and certain natural multi-flag generalizations. In Sect.5.5 we
give applications to real algebraic Poisson structures on flag varieties.

We note that all of the weak splittings that are constructed in this section
provide (via Proposition 2) explicit realizations of the symplectic leaves of Poisson
structures on flag varieties as symplectic submanifolds of symplectic leaves of
Drinfeld and Heisenberg doubles.

Throughout the section G will denote an arbitrary connected complex simple Lie
group with Lie algebra g. The Killing form on g will be denoted by (., .). We fix a
pair of opposite Borel subgroups B+ of G and the corresponding maximal torus
T := B4 N B_. Let U+ be the unipotent radicals of B4. Set

h:=Lie T, by :=LieBy, and uy := LieUy.

Denote the Weyl group of G by W. For each w € W, fix a representative w in
the normalizer of 7" in G.
5.1 Standard Poisson Structures on Complex Flag Varieties

The simplest applications of Theorems 1 and 3 are to weak splittings for Poisson
structures on flag varieties.
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Recall the standard Manin triple
d:=g®b, g+ :={(xx +h +h) |x+ €us h b}

with respect to the invariant bilinear form on d given by

((x1,31), (x2, ¥2)) := {x1,x2) — (y1,)2), Y xi €g,y; €h.

The Drinfeld and Heisenberg double Poisson structures on D := G x T will be
denoted by 7 and 7/, respectively. In this case Ny = N(g+) = By x T and
H =Ny NN_=T xT.Thereductions of — and 7" to G/ T = (G x T')/(T x
T) = D/H will be denoted by —n7 and 7. Both structures reduce to the same
Poisson structure on the flag variety G/B+ = (G x T)/(B+ xT) = D/Ny called
the standard Poisson structure. The latter will be denoted by 7g/5, .

It is easy to verify that the group Q = N_ = B_ x T and the set Z = {(w, 1) |
w € W} satisty the conditions in Theorem 2 for the above choice of D and g+. This
implies the following result of Goodearl and the author, proved in [ 16, Theorem 3.2].
For its statement we need to introduce some additional notation. Denote the vector
bundle

E, — ((B-NwB_w™") x T)(w, 1)
with fibers
EY = Ry(p+Adgny(u- & 0)) + Lg(by & b)
for g € ((B_ NwB_w!) x T)(v'v, 1) where p4:9d — g4 is the projection along
g—. Here the direct sum notation is used to denote subspaces of g @ b identified with
Lie (G x T'). Denote the canonical projection

viGXT - (GxT)/(TxT)=G/T. (22)

By Corollary 1 the pushforward EY := v4(E") is a well defined vector bundle over
B_-wT CG/T.

Theorem 5 ([16]). For all connected complex simple Lie groups G, the partition
of the full flag variety G/ B+ into Schubert cells

G/B+ = Uyew B— -wB4+
and the family of maps
iw:B_-wBy — G/T, i,(b-wBy):=b_wT, Yb_e B_NwB_w!

define a weak splitting of the surjective Poisson submersion
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(G/Tv _]TT) - (G/B+37TG/B+)

from a Drinfeld double to the flag variety. Furthermore, the image of each map i,,
is a Poisson—Dirac submanifold of (G/ T, —nr) admitting a Dirac projection with
associated bundle E" defined above.

Theorem 4 for weak splittings of quotients of Heisenberg doubles is also
applicable to flag varieties to obtain a weak splitting for the surjective Poisson
submersion

(G/T.—nzy) — (G/ B+, 76/8.)-

It is easy to verify that the conditions of Theorem 4 are satisfied by for the same
group Q = N_ = B_ xT,set Z = {(w, 1) | w € W} and the current choice of D
and g+. Applying the theorem leads to the following result:

Theorem 6. For all connected complex simple Lie groups G, the partition of the
full flag variety G/ B+ into Schubert cells

G/B+ = Uyew B+ -wB4

and the family of maps
i’:By -wBy — G/T, i (bywBy) = biwT, by € By NwB_w™!
is a weak splitting of the surjective Poisson submersion
(G/T,ny) — (G/ B+, 76/B,)
from a Heisenberg double to the flag variety. The image of each map i/, is a Poisson—
Dirac submanifold of (G/T, 77) admitting a Dirac projection with associated
bundle v« (F") for the pushforward bundle v.(F") with respect to (22) where
FY — ((Bx NwB_w™") x T)(w, 1)

is the vector bundle with fibers

F = Re(p-Adgpy (u- @ 0)) + Ly (b1 @ b)

forg € ((B+ NwB_w™) x T) (W, 1) and p—: 0 — g— is the projection along g.

Because of Proposition 2, Theorems 5 and 6 provide an explicit realization of the
symplectic leaves of the flag varieties (G/ B+, mg/p, ) as symplectic submanifolds
of the symplectic leaves of Drinfeld and Heisenberg doubles.

We note that the partitions into Schubert cells in Theorems 5 and 6 are with
respect to opposite Borel subgroups. The two results can be derived from each



Weak Splittings of Quotients of Drinfeld and Heisenberg Doubles 261

other. Let wo be the longest element of W. The equivalence is shown using the
facts that the translation action of wo on (G/B+, /s, ) is anti-Poisson, and the
left translation action of (Wo, 1) on G x T interchanges 7 and 7’.

5.2 Double Flag Varieties

Next, we consider the standard Manin triple

0:=9®9, g+ ={(x+ +h,x_—h)|xx €us,h €},
g—={(x,x)[x g} (23)

with respect to the invariant bilinear form on d

((x1,21), (%2, 32)) == {x1,x2) — (¥1,¥2), Xi, )i € 8.
Let D := G x G. For this setting we have
N+ = N(g+) = B+ X B_, Ni = N(g_)o = GA, and N+ N Nj = TA

where G4 and T, are the diagonal subgroups of G x G and T x T, respectively.

The Drinfeld and Heisenberg double Poisson structures on G x G will be again
denoted by 7 and 7’. The group T4 acts on the left and right on (G x G, ) and (G x
G, ") by Poisson automorphisms. The reductions of 7 and 7’ to (G x G)/ T will
be denoted by 77, and Jr’TA. The pushforwards of —n7, and n/TA to (GxG)/Ny =
G/B4+ x G/B_ are well defined and are equal to each other. Denote the resulting
Poisson structure by 7r4¢. The Poisson manifold

(G/B+ X G/B_, Ndf)

is the double flag variety studied in [27]. Theorem 2 cannot be applied to the Poisson
submersion ((G x G)/Ta, —n7,) — (G/By x G/B_, my), but Theorem 4 can be
applied for the following choice of a group Q and a set Z:

Q=U-xU)Ta, Z={w0)|wveW}
and the above D and g4+. This gives a weak splitting of the surjective Poison
submersion ((G x G)/Ta,n7,) — (G/By x G/B—,mqr). We will need the

following notation to state the result. Denote the projection

VG x G — (G xG)/Ta. (24)
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Consider the vector bundle
F" — (U NnwU-w™") x (U= N oUzv™")) (0, 9) T
with fibers
F = Ry(p-Adgs) (u— @ g + tea)) + Le(by @ bo) (25)
for g € (Uy NwU-w™")x (U_-NvUsv™")) (o, ¥) T4 where the direct sum notation

is used for subspaces of d = g @ g identified with Lie (G x G), p—: d — g— denotes
the projection along g, and t, is the antidiagonal of t & t.

Theorem 7. For all connected complex simple Lie groups G, the partition of the
double flag variety into B+ x B_-Schubert cells

G/B4y xG/B- = U, yew B+ -wB4 x B_-vB_
and the family of maps
i,y By -wBy xB_-vB_ — (G xG)/Tx
given by
i, (uywBy u_vB_) := (upw,u_0)Tx

foralluy € Uy NwU_wlandu_ € U_NvUrv™! is a weak splitting of the
surjective Poisson submersion

((G x G)/Ta.7h) = (G/By x /B, nay)

from a Heisenberg double to the double flag variety. The image of each map i, is
a Poisson-Dirac submanifold of (G x G)/Ta, ry) admitting a Dirac projection
with associated vector bundle v (F""), cf. (24) and (25).

5.3 Partial Flag Varieties

All results in Sect. 5 on weak splittings for full flag varieties have analogs to partial
flag varieties. We will provide full details in the case of double partial flag varieties.
The generalizations of the results in Sects. 5.1, 5.4, and 5.5 are analogous.

For a subset I of simple roots of g, denote by leE D Bi the corresponding
parabolic subgroups of G and by W; the subgroup of the Weyl group. Let W/ be
the sets of minimal length representatives for the cosets in W/ W;.
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Fix two subsets I, I, of simple roots of g. The pushforward of m4r under the
canonical projection

G/B4 x G/B- — G/P]' x G/P"

is a well-defined Poisson structure since P i‘ x P is a Poisson-Lie subgroup of

G x G, 7). Denote this pushforward by 7212, The ma
p Y Tyr p

(G/By x G/B_,m4p) — (G/ P x G/ P 7 ]\")
is a surjective Poisson submersion and its restrictions
(By-wBy x B_-vB_ ) — (By-wP{' x B_-vP2 ")

are Poisson isomorphisms for all w € Wh, v € W', (Similar Poisson isomor-
phisms are constructed in the settings of Sects.5.1, 5.4, and 5.5. This produces
the generalizations of those results to the cases of partial flag varieties.) Taking
inverses of the above Poisson isomorphisms and composing them with the maps
iy, in Theorem 7 leads to the following result:

Corollary 2. For all connected complex simple Lie groups G and subsets of simple
roots I and I, the partition of the corresponding double partial flag variety into
B1 x B_-Schubert cells
G/Pf_l x G/P" = U, cpn yewn B+ 'WPf x B_-vPP
and the family of maps
Jiwi By WP x B_-vP"” — (G x G)/Tx
given by

Joo WP u_vP2) i= (usiv, u_0)Ts

foralluy € Uy NwU_wlandu_ € U_NvU v} is a weak splitting of the
surjective Poisson submersion

(G x G)/TA,N/A) — (G/P_{_I % G/P_Iz,né;;h)

from a Heisenberg double to the double partial flag variety. The image of each map
Juw (Which is the same as the image of the map i, ) is a Poisson—Dirac submanifold
of (G x G)/Ta,n)y) admitting a Dirac projection with associated vector bundle
VL(F"Y), see (24) and (25).
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5.4 Multiple Flag Varieties

The results in Sects.5.1-5.2 can be generalized to a very large class of Poisson
structures on multiple flag varieties. Those are Cartesian products of flag varieties
for complex simple Lie groups (i.e., flag varieties for reductive Lie groups) with
Poisson structures which in general are not products of Poisson structures on the
factors. Since the arguments are similar, we only state the results leaving the details
to the reader.

We start with any reductive Lie algebra 9 and an invariant bilinear form (., .) on
it. All Lagrangian subalgebras and Manin triples in this situation were classified by
Delorme [8] up to the action of the adjoint group of 9. Let bt be a pair of opposite
Borel subalgebras of d and let t := b Nb_ be the corresponding Cartan subalgebra
of 3. Denote by i+ the nilradicals of b. Let D be a connected reductive Lie group
with Lie algebra 9, and let B+ and T be its Borel subgroups and maximal torus
corresponding to by and t.

Consider any Manin triple

(0,94,9-) suchthat g, C by. (26)
The results of Delorme imply that after a conjugation by an element of B 1, one has
g+ =0y + g+ Nt
(in particular, N(g+) = B+) and the group H := N(g+) N N(g—)° satisfies
H=B,NN(@.)°=TnNN(@g)°. (27)

One can write an explicit formula for the subgroup H of the maximal torus 7 in
terms of generalized Belavin—Drinfeld triples in the setting of [8]. We leave the
details to the reader since this requires extra notation. For the rest we will assume
that the conjugation by an element of B is performed so that the above conditions
are satisfied.

Denote the Drinfeld and Heisenberg double Poisson structures on D correspond-
ing to a Manin triple of the type (26) by 7 and n’. By the general facts in Sect. 3,
the left and right regular actions of H on (G, 7") are Poisson. Denote the reduction
(D/H, tyy) for the right action and the surjective Poisson submersion

v':(D,n") - (D/H, y). (28)

The Drinfeld and Heisenberg Poisson structures 7w and 7’ descend to the same
Poisson structure on the multiple flag variety D/N(g+) = D/B . which will be
denoted by 7, 77, . The Poisson structures in Sects. 5.1-5.2 are special cases of this
construction when
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D=GxT or D=GxG

for a complex simple Lie group G and a maximal torus 7" of G.
The canonical projection

(D/H.x}y) = (D/Bs.7p5,)

is Poisson, because B+ = N(g.) is a Poisson—Lie subgroup of (D, 7). Denote the
connected subgroups of D with Lie algebras 1y by U. Let W be the Weyl group
of D. For each of w € W, fix a representative W in the normalizer of the maximal
torus 7 of D.

A simple computation shows that the conditions of Theorem 4 are satisfied for
the group Q = HU _ and the set Z = {i | w € W }. We have

Theorem 8. For all Manin triples for a connected reductive algebraic group D of
the form (26), the partition of the multiple flag variety D/ B into Schubert cells

D/B+ = U,c7B+ wBy
and the family of maps
l.:v:E'f' . W§+ — D/H, i‘;(u+w§+) =uswH, Yug e U+ Awl_w™!
(recall (27)) is a weak splitting of the surjective Poisson submersion
(D/H,my) — (D/B+,7p5,)

from a Heisenberg double to the multiple flag variety. The image of each map i},
is a Poisson—Dirac submanifold of (D/H, my;) admitting a Dirac projection with
associated bundle v, (F") for the pushforward with respect to (28) of the vector
bundle

F" > UL nwU_wYwH
with fibers

Y= Re(p-Ady @ + 1)) + Le(64)

for g € (Uyx N wU_w™Y)YWH. Here b+ denotes the orthogonal complement to
b := Lie H in t with respect to {.,.), and p—:d — g_ is the projection along g+.
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5.5 Real Poisson Structures on Flag Varieties

All results in Sects. 5.1-5.4 remain valid when all complex groups are replaced with
their real split forms. These provide many examples of weak splittings of surjective
Poisson submersions to real flag varieties.

We continue with certain nonsplit analogs of the results in Sects.5.1 and 5.4
which concern the real Poisson structures on complex flag varieties introduced by
Foth and Lu in [12]. Let g be a complex simple Lie algebra and G a connected,
simply connected Lie group with Lie algebra g. Consider g as a real quadratic Lie
algebra with the nondegenerate bilinear form

x,y € gt~ Im(x, y) € R. 29)

Each Vogan diagram v for g gives rise to a complex conjugate linear involution T,
of g and to the real form g, := g™ of g, see [12, 18] for details. The map 7, is
defined using a choice of root vectors of g. We will denote by t the corresponding
Cartan subalgebra of g (which is stable under t,) and by u4 the nilradicals of the
corresponding Borel subalgebras of g. The following is a (real) Manin triple:

(0:=g.9+ =" +us,g9- =g,
see [12, Sect.2]. Let D := G be considered as a real Lie group. We have
Nt =N(g+) =B+ and N2 =N(g-)=G,

where G, is the connected subgroup of G with Lie algebra g, and B is the Borel
subgroup of G with Lie algebra t + u,.. The group H := N4 N N° is the connected
subgroup of T" with Lie algebra

Lie H = t©. (30)

Denote once again the associated Drinfeld and Heisenberg double Poisson structures
on G by m, and 7. We have |y = 0, and thus H acts by Poisson automorphisms
on (G, n’) on the left and right. Denote the reduced Poisson structure on G/H by
n}i,v and the Poisson projection

Vi (G, 7)) — (G/H, 7y ). (31)

The pushforwards of —m, and 7, under the canonical projection G — G/By
are well defined and are equal to each other, because By = N(g4+). Denote
the corresponding real Poisson structure on the complex flag variety G/B+ by
G/, v+ It has very interesting properties, for example the intersections of the
orbits of the Borel subgroup B4 and the real form G, are regular complete Poisson
submanifolds. Theorem 4 is applicable to construct a weak splitting of the real
surjective Poisson submersion
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(G/H.my,) = (G/By.76/8, ).

Once again it is easy to verify that the group Q = HU_ andtheset Z = {w |w €
W} satisfy the conditions of Theorem 4. This leads to the following result:

Theorem 9. For all connected, simply connected complex simple groups G and
Vogan diagrams v, the partition of the flag variety G/ B+ into Schubert cells

G/B+ = Uyew B+ -wB4
and the family of maps
i By -wBy — G/H, i (uywBy) = uswH, uy € Ux NwU_w™!
is a weak splitting of the real surjective Poisson submersion
(G/H,ny,) — (G/By. 76/, v)
from a Heisenberg double to the flag variety, where the group H is given by (30).
The image of each map i), is a Poisson—Dirac submanifold of (G/H, r};) admitting

a Dirac projection with associated bundle V', (I*:W)for the pushforward with respect
to (31) of the vector bundle

F* > (Uy nwU_w )WwH

with fibers
F) = Ry(p-Ady(t” +u_)) + Lg(by)
forg € (Uy NwU_w™Y)WH. Here p_:g — g_ denotes the projection along g..
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