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Abstract We consider exceptional vertex operator algebras and vertex operator
superalgebras with the property that particular Casimir vectors constructed from
the primary vectors of lowest conformal weight are Virasoro descendents of the
vacuum. We show that the genus one partition function and characters for simple
ordinary modules must satisfy modular linear differential equations. We show the
rationality of the central charge and lowest weights of modules, modularity of
solutions, the dimension of each graded space is a rational function of the central
charge and that the lowest weight primaries generate the algebra. We also discuss
conditions on the reducibility of the lowest weight primary vectors as a module
for the automorphism group. Finally we analyse solutions for exceptional vertex
operator algebras with primary vectors of lowest weight up to 9 and for vertex
operator superalgebras with primary vectors of lowest weight up to 17/2. Most
solutions can be identified with simple ordinary modules for known algebras but
there are also four conjectured algebras generated by weight two primaries and three
conjectured extremal vertex operator algebras generated by primaries of weight 3, 4
and 6, respectively.
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1 Introduction

Vertex Operator Algebras (VOAs) and Super Algebras (VOSAs) have deep con-
nections to Lie algebras, number theory, group theory, combinatorics and Riemann
surfaces (e.g., [FHL, FLM, Kacl, MN, MT]) and, of course, conformal field theory
e.g., [DMS]. The classification of VOAs and VOSAs still seems to be a very difficult
task, for example, there is no proof of the uniqueness of the Moonshine module
[FLM]. Nevertheless, it would be very useful to be able to characterize VOA/VOSAs
with interesting properties such as large automorphism groups (e.g., the Monster
group for the Moonshine module), rational characters, generating vectors, etc. In
[Mat], Matsuo introduced VOAs of class S” with the defining property that the
Virasoro vacuum descendents are the only Aut(V)-invariant vectors of weight
k < n. Thus the Moonshine module [FLM] is of class S 1 the Baby Monster
VOA [Hol1] of class S® and the level one Kac—Moody VOAs generated by Deligne’s
Exceptional Lie algebras A1, A2, G2, D4, F4, E¢, E7, Eg [D] are of class S41

In this paper we consider a refinement and generalization of previous results
in [T1, T2] concerning such exceptional VOAs. Assuming the VOA is simple and
of strong CFT-type (e.g., [MT]) we consider quadratic Casimir vectors AX) of
conformal weight k = 0, 1,2, ... constructed from the primary vectors of lowest
conformal weight/ € N. We say that a VOA is exceptional of lowest primary weight
1 if A®'*2) is a Virasoro vacuum descendent. Every VOA of class S%*2 with lowest
primary weight / is exceptional, but the converse is not known to be true. We show,
using Zhu'’s theory for genus one correlation functions [Z], that for an Exceptional
VOA of lowest primary weight /, the partition function and the characters for simple
ordinary VOA modules satisfy a Modular Linear Differential Equation (MLDE) of
order at most/ + 1. Given that order of the MLDE is exactly / 4+ 1 (which is verified
for all I < 9) we show that the central charge ¢ and module lowest weights &
are rational, the MLDE solution space is modular invariant and the dimension of
each VOA graded space is a rational function of c. Subject to a further indicial
root condition (again verified for all / < 9) we show that an Exceptional VOA is
generated by its primary vectors of lowest weight /.

We also consider other properties that arise from genus zero correlation functions
for all I. Assuming the VOA is of class S¥*2 this leads to conditions on the
reducibility of the lowest weight / primary space as a module for the VOA
automorphism group.

A similar analysis is carried out for Exceptional VOSAs of lowest primary weight
l e N+ % for which A?**1) is a Virasoro vacuum descendent. Using a twisted
version of Zhu theory [MTZ] we obtain a twisted MLDE of order at most / +% which
is satisfied by the partition function and simple ordinary VOA module characters.
This differential equation leads to a similar set of general results to those for VOAs.
Likewise, we can consider genus zero correlation functions for all / € N+ % leading

n fact, the A; theory is of class S* and the Eg theory is of class S°.
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to conditions on the reducibility of the space of the space of weight / primaries as a
module for the VOSA automorphism group.
The paper also summarizes rational c, i solutions to the MLDE for all/ < 9 and

the twisted MLDE for all [ < 177 In most cases we can identify a VOA/VOSA

with the requisite properties. These include a number of special VOA/VOSAs,
some VOSAs obtained by commutant constructions, some simple current extensions
of Virasoro minimal models and W-algebras. We also present evidence for four
candidate/conjectured VOAs with simple Griess algebras for /| = 2 and three
extremal VOAs for [ = 3,4, 6. All the VOSA solutions found can be identified
with known theories.

2 Vertex Operator (Super) Algebras

We review some aspects of vertex operator super algebra theory (e.g., [FHL,
FLM, Kacl, MN, MT]). A Vertex Operator Superalgebra (VOSA) is a quadruple
(V,Y(, ), 1, w) with a Z-graded vector space V = V5 @& V; with parity p(u) =0
or 1 for u € Vj or Vj respectively. (V, Y (-,-), 1, w) is called a Vertex Operator
Algebra (VOA) when V; = 0.

V also has a %Z-grading with V = @re%z V, withdimV, < oco. 1 € Vyis
the vacuum vector and w € V3 is called the conformal vector. Y is a linear map
Y : V — End(V)[[z, z~ 1] for formal variable z giving a vertex operator

Y(.2) =) umz """, (1)

nez

for every u € V. The linear operators (modes) u(n) : V — V satisfy creativity
Yu,2))1=u+ 0(2), (2)
and lower truncation
u(n)v =0, 3
foreach u, v € V and n > 0. For the conformal vector w

Y(.2) =) Lmz "2 (4)

nez

where L(n) satisfies the Virasoro algebra for some central charge ¢

[L(m), L(n)] = (m —n)L(m +n) + %(nﬂ —m)8m,—pidy . &)
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Each vertex operator satisfies the translation property
Y(L(—Du,z) =03;Y(u, ). (6)

The Virasoro operator L(0) provides the %Z-grading with L(O)u = wt(u)u for
u € V, and with weight wt(u) = r € Z + % p(u). Finally, the vertex operators
satisfy the Jacobi identity

558 (252) Y 20 Y (0,22) = ()PP TS (252 ¥ (0,220 Y (s 20)

20

= z;lrS (%) Y (Y (u, zo)v, 22) ,

with 8 (;ﬁ) =YXy
These axioms imply u(n)V, C V,_yywrw)—1 for u of weight wt(u). They also
imply locality, skew-symmetry, associativity and commutativity:

(z1 —2)NY (u, 2)Y (v, 22) = (=1D)POPO () — )V Y (v, 22) Y (u, 21),

@)

Y, 2)v = (—=1)PWrWLE=Dy oy, (8)

(zo+22)NY(u, 20 + 22)Y (v, 22)w = (20 + 22)V Y (Y (u, 20)v, 22)w, 9)
u(k)Y (v, 2) = (=DPOPOY @, yu(k) = (lj.)Y(u(j)v, 2, (10)

Jj=0

for u, v, w € V and integers N > 0 [FHL, Kacl,MT].
We define an invariant symmetric bilinear form (, ) on V by

<Y <ezL(1) (_Z72)L(O) w, Zl) u, v> — (_1)p(u)p(w)(v7 Y (w, 2)v), (11)

for all u, v, w € V [FHL]. V is said to be of CFT-type if Vo = C1 and of strong
CFT-type if additionally L(1)V; = 0in which case (, ), with normalization (1, 1) =
1, is unique [Li]. Furthermore, ( , ) is invertible if V is simple. All VOSAs in this
paper are assumed to be of this type.

Every VOSA contains a subVOA,? which we denote by Vi), generated by the
Virasoro vector w with Fock basis of vacuum descendents of the form

L(—=n1)L(=n2) ... L(—np) 1, (12)

2This subVOA is often denoted by M, e.g., [FZ].
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forn; > 2. (, ) is singular on (V(w>)n iff the central charge is

_ 2
6(17 q) 7
Pq

Cpg=1- (13)

for coprime integers p, g > 2 andn > (p — 1)(g — 1) [Wa]. The Virasoro minimal
model VOA L(cy, 4, 0) is the quotient of V) by the radical of (, ). L(cp 4, 0) has
a finite number of simple ordinary V-modules L(cp.q, hrs) = L(cp,g, hg—r p—s)
(e.g., [DMS]) with lowest weight

_(pr—gs)*—(p—q)*

By = 14
r,s 4pq ( )

forr=1,...,g—lands=1,...,p— 1.

3 Quadratic Casimirs and Genus One Zhu Theory

3.1 Quadratic Casimirs

Let (V,Y(-,-),1, ) be a simple VOA of strong CFI-type with unique invertible
bilinear form ( , ). Let II; denote the space of primary vectors of lowest weight
[l > 1,i1e., Ln)u = 0 forall n > 0 for u € I1;. Choose a II;-basis {u;} for
i =1,..., pp = dim[I; with dual basis {u;}, i.e., (u;, u;) = J;;. Define quadratic
Casimir vectors A forn > 0 by [Mat, T1, T2]

pi
AW =3 "ui 2l —n — 1) € V. (15)
i=1

In particular we find

pi pi
WO =3 i@l = D = (=)' Y (i w) 1= (=1 pr 1.

i=1 i=1

Furthermore, if [ > 1, then dim V; = 0 and hence (V) = 0, whereas for = 1 the
Jacobi identity implies AV = Y"1 w; (0)u; = — Y1, w;(0)u; = O [T1]. Thus we
find

Lemma 1. .© = (—1)! p;1and .V = 0.

Since the I1; elements are primary then for all m > 0

LA™ = —m +1(m — 1) A=), (16)
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Suppose that A e Viw), then (16) implies that A e Viwy for all m < n.
Furthermore, since ( , ) is invertible we have the following lemma

Lemma 2 (Matsuo [Mat]). If A e Viw), then A0 g uniquely determined.

Thus if A® € V{4, then A®) = k L(—2) 1 for some « so that (L(—2) 1, A?)) = k5.
But (11) and (16) imply (L(—2)1,A®) = 1, L2)A@) = (=1)! p, so that for
¢ # 23 = 0(cf. (13)

Ty
PR ple(—Z)l. (17)

Similarly, if A € Vi, and ¢ # 0 or ¢ # ¢35 = —22/5, then [Mat, T1, T2]

2=DM GBI+ 3(=D (c—21+4)
@ _ 92 _
M =P ao gy LY VT gy LT

(18)

These examples illustrate a general observation:

Lemma 3. Each coefficient in the expansion of . € Viw) in a basis of Virasoro
Fock vectors is of the form py r(c) for some rational function r(c) of c.

3.2 Genus One Constraints from Quadratic Casimirs

Define genus one partition and 1-point correlation functions for u € V by

Zy(@) = Try (¢"0/2) =g =/2 Y " dim V, ¢", (19)

n>0
Zy (. q) = Trv (o(g“O /), (20)

where ¢ is a formal parameter and o(u) = u(wt(u) — 1) : V,, — V,, is the ‘zero
mode’ for homogeneous u. By replacing V by a simple ordinary V-module N (on
which L(0) acts semisimply e.g., [FHL, MT]) these definitions may be extended to
graded characters Zy(¢g) and 1-point functions Zy (u, g), e.g.,

Zn(g) = Try (¢H©72) = "4 Y dim N, ¢, @
n>0

where h denotes the lowest weight of N. Zhu also introduced an isomorphic VOA
(V,Y[-,-],1, ®) with ‘square bracket’ vertex operators

Y[u,z]=Y (eZL(O)u, o — 1) = uln1z ", 22)

nez
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for Virasoro vector @ = w—c/24 1 with modes {L[n]}. L[0] defines an alternative Z
grading with V- = @, o Vix) where L[0]v = wt[v]v for wt[v] = k for v € Vix). Zhu
obtained a reduction formula for the 2-point correlation function Zy (Y[u, z]v, q)
for u, v € V in terms of the elliptic Weierstrass function

1 m n—1 n—m
Pu(d) = =0+ (=D ;ﬂ(m_JEn(q)z : (23)

for m > 1 and with Eisenstein series E,(g) = 0 for odd n and

ﬁ N 2 knflqk,
n! (n—1)! 1—g*

En(q) = — (24)

k>1

for even n with B, the nth Bernoulli number. P, (z) converges absolutely and
uniformly on compact subsets of the domain |g| < |e*] < 1. E,(q) is a modular
form of weight n for n > 4 and E»(gq) is a quasi-modular form of weight 2, i.e.,
letting g = exp(2rit) for v € Hy

y(yT+9)
——— 2,
2

E, (‘” +P 25)

Vr~|—8) = (yT+9)" Ex(7) —

for (;’f g) € SL(2, Z) [Se]. We then have
Proposition 1 (Zhu [Z]). Let N be a simple ordinary V -module.

Zy (Ylu, 2lo, q) = Tey (0@o)g“O ) + 37 Pt ()Zy wlmlv, g)

m=>0
Taking u = @ and noting that o(@) = L(0) — ¢/24 we obtain:
Corollary 1. The I-point function of a Virasoro descendent L[—k]v is

k+r—1

Zy (LI=Klv, ¢) = (—1)kZ( 2

r>0

)Ek+r(Q)ZN (Llrlv, q),
forall k > 3, whereas for k = 2 we have

a
Zy (L[-2]v,q) = <q£ + wt[v]Ez(q)) Zy (v, q) + Z Ers12(q9)ZN (L[2s]v, q) .
s>1

Let us now consider a simple VOA V of strong CFT-type with lowest weight
| > 1 Virasoro primary vectors I1; so that

Zv(@) = Zv, (@) + O ("), 26)
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Let {u;} and {u;} be a basis and dual basis for I1;. Apply Proposition 1 to

pi
Zy (Z Y{u;, zu;, q) = Z ZN (K["], 61) A, 27
i=1

n>0

(for Casimir vector A" € V},;; in square bracket modes) to find

pi
Z Zn ()Llnl’ q) 2 = Try (Zo(ul_)o(ﬁi)qL(O)c/%)

n>0 i=1
2[—1
+ 3 Puni@Zy (). @8

m=0

Comparing the coefficients of "~/ for n > 21 on both sides of this equality leads
to a recursive identity between Zy (A[”], q) and Zy (A[m], q) form < n—2.1In
particular, comparing the coefficients of z> we find

Proposition 2. Zy (A[21+2], q) satisfies the recursive identity

-1

21 — 2k +1

Zy (24, q) = ( ) )E21_2k+z(q)zN (*.9). @
=0

r

4 Exceptional VOAs

Consider a simple VOA of strong CFT-type with primary vectors of lowest weight
I > 1 for which A\&*2 ¢ Viw) (or equivalently, AL2+21 ¢ Vi&))- We also assume that
(V<w))21+2 contains no Virasoro singular vector, i.e., ¢ # cp 4 for (p — 1)(g — 1) <
21 4 2. We call such a VOA an Exceptional VOA of lowest primary weight . (16)
implies PACONT Viw) and M2 Vg forall k <.

Proposition 3. Ler Ak ¢ V@) Then for a simple ordinary V-module N

k
Zy (W.q) = 3 fien@. D" Zu (@); (30)

m=0

where D is the Serre modular derivative defined for m > 0 by

d
D" Zy(q) = <q£ + 2mE2(q)> D" Zn(q); €1V
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fm(q,c) is a modular form of weight 2m whose coefficients over the ring of
Eisenstein series are of the form p; r(c) for a rational function r(c).

Proof. Equation (30) follows from Corollary 1 by induction in the number of
Virasoro modes where the D¥Zy (g) term arises from a L[-21%1 component in
A12K1 The coefficients of f,, (g, ¢) over the ring of Eisenstein series are of the form
p1 r(c) for a rational function r(c) from Lemma 3. |

Applying Proposition 3 to the recursive identity (29) implies Zy(g) satisfies a
Modular Linear Differential Equation (MLDE) [Masl].

Proposition 4. Let V be an Exceptional VOA of lowest primary weight . Zn(q)
for each simple ordinary V—module N satisfies a MLDE of order < [ 4 1

+1
Y git1-m(q. D" Z(q) =0, (32)

m=0

where gm(q, c) is a modular form of weight 2m whose coefficients over the ring of
Eisenstein series are rational functions of c.

Remark 1. Proposition 4 states that each simple ordinary V-module N character
Zn(q) satisfies the same MLDE (32). However, the MLDE may also have further
solutions unrelated to module characters.

go(q, c) = go(c) is independent of g since it is a modular form of weight 0. For
go(c) # 0, the MLDE (32) is of order [ 4 1 with a regular singular point at g = 0
so that Frobenius—Fuchs theory concerning the / + 1-dimensional solution space F
applies, e.g., [Hi, I]. Any solution Z(g) € F is holomorphicin g for 0 < |g| < 1
since the MLDE coefficients g, (g, ¢) are holomorphic for |g| < 1. We may thus
view each solution as a function of t € Hj for ¢ = 7',

Using the quasi-modularity of E>(t) and (31) with q% = ﬁ%, it follows

that for all (£ §) € SL(2.2), Z (j’r—j’g) is also a solution of the MLDE since

8i+1-m(q, c¢) is a modular form of weight 2/ +2 —2m. Thus T : 7 — v + 1 hasa
natural actionon F' = F1 @...® F, for distinct eigenspaces F; with 7 monodromy
eigenvalue e>" % where x; is a root of the indicial polynomial

I+1

m—1
1
> gm0 [ ] (x - gs) =0. (33)
m=0 s=0

If x1 = x; modZ, for roots x1,xp, they determine the same monodromy
eigenvalue. Let X; denote an indicial root with least real part for a given monodromy
eigenvalue ¢>71%i . Then F; has a basis of the form [17, Hi]

') = ¢} (@) + o) + ...+ "9l ), (34)
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forn =1,...,dim F; and where each ¢ (g) is a g-series

¢ (g)=q" Y _aq",

k>0

which is holomorphic on 0 < |g| < 1. The solutions f/"(t) for n > 2, which are
referred to as logarithmic solutions (since they contain nonnegative integer powers
oflog g = 2mit), occur if the same indicial root occurs multiple times or, possibly, if
two roots differ by an integer. However, every graded character Zy (¢g) for a simple
ordinary module with lowest weight A has a pure g-series with indicial root x =
h — c¢/24 from (21).

‘We now sketch a proof that the central charge c is rational following [AM] (which
is extended to logarithmic solutions (34) in [Miy]). Suppose ¢ ¢ Q and consider
¢ € Aut(C) such that ¢ = ¢(c) # c¢. Then Zy(z, ¢) is a solution to the MLDE,
found by replacing ¢ by ¢ in (32). But since the coefficients in the g-expansion of
Zy(t, c) are integral we have

Zv(1,8) = q 947, (<, ¢).

Applying the modular transformation S : T — —1/7 we find

Zy (—l, 5) — exp (—M) Zv (—l, c) . (35)
T 127 T
But Zy(—1/7, ¢) satisfies (32) and Zy (—1/7, ¢) satisfies (32) with ¢ replaced by
¢ and thus both are expressed in terms of the basis (34). Analysing (35) along rays
7 = rel? in the limit r — oo with 0 < 8 < 7, a contradiction results unless ¢ = c.
Hence ¢ € Q [AM, Miy]. Similarly, the lowest conformal weight & of a simple
ordinary module N is rational. Altogether we have

Proposition 5. Let V be an Exceptional VOA of lowest primary weight | > 1 and
central charge ¢ and let N be a simple ordinary V-module of lowest weight h.
Assuming go(c) # 0 in the MLDE (32), then

(i) Zn(q) is holomorphic for 0 < |q| < 1.

(ii) Zn (?/Tri§> is a solution of the MLDE for all (;’j g) € SL(2, Z) viewed as a

function of T € Hj forq = e
(iii) The central charge ¢ and the lowest conformal weight h are rational.

2mwit

Consider the general solution with indicial root x = ¢/24 of the form Z(g) =
g/ > n>0anq". Substituting into the MLDE, we obtain a linear equation in
ao, . .., an for each n. This can be iteratively solved for a, provided the coefficient
of a, is nonzero. This coefficient may vanish if x = m — ¢/24 is an indicial root for
some integer m > 0. Hence we have
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Proposition 6. Let V be an Exceptional VOA of lowest primary weight | > 1 and
central charge c. Suppose go(c) # 0 and that m < [ for any indicial root of the
formx =m — c/24. Then

(i) Zv(q) is the unique q-series solution of the MLDE satisfying (26).
(ii) dimV,, is a rational function of c for eachn > 0.
(iii) V is generated by the space of lowest weight primary vectors IT;.

Proof. (i) The x = —c/24 solution Z(q) = ¢~/**",_ anq" is determined by
ao and a,, for any indicial root(s) of the form x = m — c¢/24 for m > 0. Thus
the partition function is uniquely determined by the [ Virasoro leading terms
(26) under the assumption that m < [.

(i) The modular forms g,, (g, ¢) of the MLDE of Proposition 4 have g-expansions
whose coefficients are rational functions of ¢. Hence solving iteratively it
follows that a,, = dim V,, is a rational function of c.

(iii) Let Vi) € V be the subalgebra generated by the lowest weight primary
vectors I1;. But w € Vi, from (17) so that V() is a VOA of central charge
c. Furthermore, since 1% € V1), the subVOA is an Exceptional VOA of
lowest primary weight /. Hence Zy, m (gq) satisfies the same MLDE as Zy (g).
From (i) it follows that ZV(n,>(Q) = Zy(g) implying Vi) = V. |

Remark 2. Note that go(c) # 0 provided A%+2) contains an L(—2)"*!1 compo-
nent. We conjecture that such a component exists for all /. We further conjecture
that m < [ for any indicial root of the form x = m — ¢/24 for all [. These properties
are verified for all / < 9 in Sect. 6.

4.1 Exceptional VOAs with p; = 1

Let V be a simple VOA of strong CFT-type generated by one primary vector u of
lowest weight / with dual w = u/(u, u). Consider the commutator (10)

[u(m). Y (. )] = Y (’7>Y (), 2)2"

j=0

21—1

m
= (u, u) Z (21 e 1>Y ()»(k), Z) Zm+k+172l, (36)
k=0

using (15). Suppose that A2=D V(@) so that A0 e Viwy for 0 < k < 21 —1 which
implies the RHS of (36) is expressed in terms of Virasoro modes. Thus (36) defines
aW(l) algebra VOA with one primary vector u of weight/, e.g., [BFKNRV,F]. The
further condition A?/*+? ¢ V() constrains c to specific rational values.
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We consider two infinite families of Exceptional W(I)-VOAs. One is of AD-
type, from the ADE series of [CIZ], given by the simple current extension of a
minimal model L (¢4, 0) by an irreducible module L (cp,4,[) with

1
I=hp1=7(p=2q-2) €N, (37)

for h, g, of (14), i.e., for any coprime pair p, g such that p org =2 mod 4. Then
(36) is consistent with respect to the Virasoro fusion rule (e.g., [DMS])

L (Cp,qv hl,pfl) x L (Cp,qv hl,pfl) =L (Cp,qv O) .

Furthermore, since

1
2l+2=(p—1)(q—1)—§(pq—6)<(p—1)(q—1),

it follows that (V<,,))) contains no Virasoro singular vectors. Hence

2042
Proposition 7. For a minimal model with hy 1 € N there exists an Exceptional
VOA with one primary vector of lowest weightl = hy 1 of AD-type

\% =L(Cp,q,())@L(Cp,q,th,l). (38)

A second infinite family of W()-VOAs for [ = 3k for k > 1 is given in
[BFKNRYV, F]. A more complete VOA description of this construction will appear
elsewhere [T3]. W(3k) is of central charge ¢y = 1 — 24k and contains a unique
Virasoro primary vector of weight &, = (n>—1)k foreachn > 1. The corresponding
Virasoro Verma module contains a unique singular vector of weight ,, + n? so that
the partition function is [F]:

)24 )
Zwan(q) = i ghntn
G0 ; nm>o<1 —qm>( )
1 w2k nP()
—_— — . 39
2n @ & (q q ) (39)

This VOA is generated by the lowest weight primary of weight [ = hy = 3k
22D (V<,,))) and requires that h3 = 8k > 2] + 2 i.e., k > 1. Thus we
find

2142

Proposition 8. For each k > 2 there exists an Exceptional VOA W (3k) with one
primary vector of lowest weight 3k and central charge c;, = 1 — 24k.

Remark 3. We conjecture that the two VOA series of Propositions 7 and 8 are the
only Exceptional VOAs for which p; = 1.
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5 Genus Zero Constraints from Quadratic Casimirs

We next consider how an Exceptional VOA is also subject to local genus zero
constraints following an approach originally described for / = 1,2 in [T1, T2].
Let V be a simple VOA of strong CFT-type of central charge ¢ with lowest primary
weight / > 1. Let I1; be the vector space of p; primary vectors of weight / with
basis {u;} and dual basis {u;}. Define the genus zero correlation function

pi
F(a,b;x,y) = <a, D Y (i 0)Y @, y)b>, (40)

i=1

fora,b € II;. F(a,b; x,y) is linearly dependent on a and b and is constructed
locally from I7; alone.
Locality (7), associativity (9) and lower truncation (3) give

Proposition 9. F(a, b; x, y) is determined by a rational function

G(a,b;x,y)

F(a,b;x,y) = ———"—>,
x2ly21(x _ y)zl

(41)

for G(a, b; x, y), a symmetric homogeneous polynomial in x, y of degree 4l.

F(a, b; x, y) can be considered as a rational function on the genus zero Riemann
sphere and expanded in various domains to obtain the 2/ 4 1 independent parameters
determining G(a, b; x, y) = Zfl:() A,x‘”"y’ where A, = Ag4;—,. In particular, we
expandin § = —y/(x — y) using skew-symmetry (8), translation (6) and invariance
of (, ) to find that

pi
W F@bix ) =y Y (0 Y i, ey (0, —3)T)
i=1

=Y (@ Y i x = )Y (b, —)iE)
i=1

1z
=Y la, Y (i, x = )Y (b, —y)m)
i=1

=Y Cug", (42)
m=>0
for C,, = fll (a,uj(m — 1)b(2l — m — 1)u;). Since [ is the lowest primary

weight, we have b2l — m — Du; € V, = (V<w))m for 0 < m < [ which
determines the coefficients Cy, ..., C;—1. This follows by writing b(2] —m — 1)u;
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in a Virasoro basis with coefficients computed in a similar way as for the Casimir
vectors in Lemma 2. On the other hand, from (41) we find using y = —&x/(1 — &)
that

y2F(a,b;x,y) =g (—lf—é) (1—&)%

= Ag— Ao+ A& + O(ED),

for g(y) = G(a,b;1,y) = Zflzo A,y". Hence the coefficients Co, ..., Cj_1
determine Ao, ..., A;—1. For example, using (2] — Du; = (—1)’(17, u;) 1, we have

pi pi
Ao=Co=)_(a,ui(=1)b2l — ;) = (=)' Y (@, u;){b, w;) = (=1){a, b).

i=1 i=1

In general, Ay = (a, b)ax(c) fork =0, ...,1 — 1 where ax(c) is a rational function
of c.

The other / + 1 coefficients of g(y) (recalling A, = A4—,) are determined by
using associativity (9) and expanding in { = (x — y)/y as follows:

14
(x — y)ZZ F(a,b; x, y) = Z Z(a’ Y (u;(m)u;, y) by (x — y)ZI—m—l

meZ i=1
=Y Bu", (43)
n>0

for B, = (a, o(A™)b) forn > 0 and recalling oMMy = AW — 1),

Lemma 4. The leading coefficients of (43) are By = (—1)! p;(a, b) and By = 0.
For k > 1, the odd labelled coefficients Boy+1 satisfy

2k
1 —r
B = - -1)"B,, 44
2U+1 2;<2k—|—1—r>( ) B (44)
i.e., Boxy is determined by the lower even labelled coefficients Ba, ..., Bak. The

even labelled coefficients for k > 0 are given by

By = Ay +im+_mA (45)
2k = A2]0k,0 ot 2%k 2%k 2l—m-

Proof. From Lemma 1 we have AY = (=1)!p;1 and AV = 0 so that By =
(—l)lpl (a, b) and B; = 0. Comparing (43) to (41) we find that

ng =8 T1¢ A+ =gd+0)A+5) 7,

n>0
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since G (a, b; x, y) is symmetric and homogeneous. Thus

2 5" =) By <1+;>

n>0 n>0

This implies B, = >/'_ (,,)(—=1)"B,. Taking n = 2k + 1 leads to (44). (45)
follows from the identity

21
D Bug"=Ay+ Y Ay [(L+0)"+ (1 +0)].

n>0 m=1

O
We next assume that A e Vi) for evenn < 21 giving By, = {(a, o(A(Zk))b) =
pi{a, b)by(c) for k = 1,...,1 for some rational functions by (c) via Lemma 3.
Note that we are not (yet) assuming A?/*2) ¢ Viwy. G(a, b; x,y) is uniquely
determined provided we can invert (45) to solve for Ay, ..., Ay;. Define the [ x [
matrix
m —m
My = , 46
of coefficients for Ay;_,, of By in (45), wherem, k =1,...,1.
Lemma 5. M is invertible with det M = 1.
Proof. Define unit diagonal lower and upper triangular matrices L and U by
2i—j—1 . . k (j+k—1 :
Ly = (’jjl ) fori < j, U = 7(]2] ) for j <k,
0 fori > j, 0 for j > k.
By induction in k, one can show that M;; = (L U);; and so detM = 1. a

Thus it follows that Ay, = Zi:l sz(M’l)km form =1, ..., 1. Altogether, we
have therefore shown the following.

Proposition 10. Let V be a simple VOA of strong CFT-type of central charge ¢
with lowest primary weight | > 1. Suppose that .V e Viw) for all even n < 21.
Then the genus zero correlation function is uniquely determined with

F(a,b;x,y) = o ZZ(x S ZA ( Al=ryr y r A= r>’
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where
_ J{a,b)ak(c), k=0,...,1—1,
~ N pta byare), k=1,....2,
Jor 2l + 1 specific rational functions ao(c), . . ., ay(c).

Next we assume 2?72 e V, so that V is an Exceptional VOA. This
implies Byj42 = (a, oAby = pila, b)by42(c) for some rational function
bs142(c). But By4» is already determined from (45) in terms of Ay, ..., Ay from
Proposition 10. Hence we have

Proposition 11. Let V be an Exceptional VOA with lowest primary weight l. Then
the genus zero correlation function F(a, b; x, y) is uniquely determined and p; =
pi(c), a specific rational function of c.

For I = 1,2 we may use F(a,b;x,y) to understand many properties of the
corresponding VOA (as briefly reviewed below) [T1, T2]. We already know from
Proposition 6(ii) that p; = dimV; — dim (V(w>) / is a rational function of c. In
principle, the specific rational expressions for p; may differ but, in practice, the
same expression is observed to arise for all [ < 9. A more significant point is
that the argument leading to Proposition 11 may be adopted to understanding some
automorphism group properties of V.

5.1 Exceptional VOAs of Class S*+2

Let G = Aut(V) denote the automorphism group of a VOA V and let V¢ denote
the sub-VOA fixed by G. Since the Virasoro vector is G invariant it follows that
Viwy € VO. V is said to be of Class 8" if V& = (V(y), forall k < n [Mat].
(The related notion of conformal #-designs is described in [Ho2].) In particular, the
quadratic Casimir (15) is G-invariant so it follows thata VOA V with lowest primary
weight [ of class S?*2 is an Exceptional VOA. It is not known if every Exceptional
VOA is of class S 2.

The primary vector space [1; is a finite-dimensional G-module. Assuming [7; is
a completely reducible G-module (e.g., for G linearly reductive [Sp]) we have

Proposition 12. Let V be an Exceptional VOA of class S¥+? with primaries IT;
of lowest weight 1. If I} is a completely reducible G-module, then it is either an
irreducible G-module or the direct sum of two isomorphic irreducible G-modules.

Remark 4. For odd py it follows that IT; must be an irreducible G-module.

Proof. Let p be a G-irreducible component of I1; and let p denote the (, ) dual
vector space. p and p are isomorphic as G-modules. Define

Z{p ifp =7,
p®pifp#p.
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Clearly R C IT; is a self-dual vector space. We next repeat the Casimir construction

and analysis that lead up to Proposition 11. Choose an R-basis {v; : i =
1,...,dim R} and dual basis {v;} and define Casimir vectors
dimr
W= w@—n—1v €Vy, n=0. (47)

i=1

But )‘(I;l) is G-invariant and since V is of class S**2, it follows that A%) € Vi) for
all n < 2] + 2. We define a genus zero correlation function constructed from the
vector space R

dimr
Frla,b;x,y) = Y {a, Y (v, x)Y @i, y)b), (48)

i=1

foralla, b € R. We then repeat the earlier arguments to conclude that Proposition 11
also holds for Fg(a, b; x, y) where, in particular, dim R = p;(c), for the same
rational function. Thus dim R = p; and the result follows. O

6 Exceptional VOAs of Lowest Primary Weight/ < 9

We now consider Exceptional VOAs of lowest primary weight [ < 9. We denote
by E, = E,(g) the Eisenstein series of weight n appearing in the MLDE (32). For
| < 4 we describe all the rational values for ¢, ki, whereas for 5 < < 9 we give all
rational values for ¢, 4 for which p; = dimI7; < 500,000, found by computer
algebra techniques. We also consider conjectured extremal self-dual VOAs with
¢ = 24(l — 1) [Hol, Wi]. Any MLDE solution for rational % for which there is
no graded character Zy(g) is marked with an asterisk. We obtain many examples
of known Exceptional VOAs such as Deligne’s exceptional series of Lie algebras,
the Moonshine and Baby Monster modules. There are also a number of candidate
solutions for which no construction yet exists indicated by question marks.

[/ = 1]. This is discussed in much greater detail in [T1,T2]. Propositions 4—6 imply
that Zy (q) satisfies the following 2nd order MLDE [T2]:

5
D*Z — Zc(c—|—4) EsZ = 0.

This MLDE has also appeared in [MatMS,KZ,Mas2,KKS, Kaw]. The indicial roots
x1 = —c/24,x3 = (c + 4)/24 are exchanged under the MLDE symmetry ¢ <
—c — 24. Solving iteratively for the partition function
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Zv(q) =q % (1 +p1g+ (4 pi+p)g>+ A +2p1 + pa+ p3)g + .. ) ,

where p, = dim IT,, for weight n primary vector space I1,, we have

_c(5¢+22) _ 5(5¢+22)(c — D(c +2)?
Pr="T0—¢ ° T 2—10)0c—22)
5¢(5¢ 4+ 22)(c — 1)(c + 5)(5¢% + 268)

p3=—

6(c — 10)(c — 22)(c — 34) T

For ¢ = 10 mod 12, the indicial roots differ by an integer leading to denominator
zeros for all p,.

By Proposition 6, V is generated by V; which defines a Lie algebra g.
F(a, b; x, y) from Proposition 11 determines the Killing form which can be used to
show that g is simple with dual Coxeter number [T1, MT]

2+c¢

hY = 6k ,
10—¢

for some real level k. Thus V = V(k), a level k Kac-Moody VOA.

The indicial root x of the MLDE gives the lowest weight & = (¢ 4+ 2)/12 of
any independent irreducible V-module(s) N. Therefore Vi (k) has at most two inde-
pendent irreducible characters so that the level k£ must be a positive integer [Kac2].
Comparing p; and hY to Cartan’s list of simple Lie algebras shows that in fact
k=1withc=1,244%6,7 8 withg = Ay, Ay, G2, D4, Fy, Eg, E7, Es,
respectively, known as Deligne Exceptional Series [D, DdeM, MarMS, T2]. In
summary, we have

c>01| p1 P2 p3 VOA | heQ
1 3 0 0 Va, (1) | 0,
2 8 8 21 | Vap(D) | 0,
2 14 | 27 84 | Vg, (1) ,
4 28 | 105 | 406 | Vp,(1)

52 324 1,547 | Vg, (1)

=] =] =N - =] =] =]
Bl (W [UW [I= [N (W= &=

o |IR

78 | 650 | 3,575 | Vg (1)

7 | 133 | 1,539 | 10,108 | Vg, (1)

8 | 248 | 3.875 | 30,380 | Vi, (1)

=
AN
*

The table also shows / for a possible irreducible V-module(s). For ¢ = 2 and 4 there
are 2 independent irreducible modules but which share the same character (due to g
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outer automorphisms). Vg, (1) is self-dual so that the MLDE solution with & = %

does not correspond to a graded character Zy (q).

[l = 2]. This case is also discussed in detail in [Mat, T1,T2]. Propositions 4—6 imply
that Zy (¢) satisfies the following 3rd order MLDE [T2]

5 35
37 7 2 _ 2 —
D7 24 (704+240c+21c ) E4sDZ 2480(144+66c+56 ) EsZ =0,

with indicial equation (33)

1 20x2 — 11x; + 1
(x — x1) <x2—<§+x1>x+%) =0,

for x; = —c/24. Solving iteratively for the partition function (x = x1)
Zy(@) = ¢~ A+ A+ p)g + L+ 2+ p3)a’ + ..,

where p, = dim I1,,, for weight n primary vector space IT,,, we find that

_ (Tc+68)(2c — 1)(5¢ +22) _ 3le(Tc + 68)(2c — 1)(Sc + 44)(5¢ + 22)
p2= 2(c2 — 55¢ + 748) T 6(c2 — 55¢ + 748)(c2 — 86¢ + 1,864)

’

From Proposition 6, the Griess algebra generates V and from Proposition 11 the
Griess algebra is simple [T1]. The solutions for ¢, h € Q with positive p3 and
possible Exceptional VOAs are listed as follows:

¢ P2 p3 VOA heQ
-4 1 0 L (c3.10,0) ® L (3,10, 2) 0,-%,-%
8 155 868 vszx 0,11
16 2,295 63,240 Vaw,e 0.1,3
4 96,255 9,550,635 VB, 03,31
24 196,883 21,296,876 & 0
32 | 3721373 | 24372133173 | V) @ (Vp)F: L extremal S-D 0
184 132.17.19.31 | 2.5.13.17.19.31.41 7 o4 1
Z6 | 5192329 | 2.19.23.29.31.59 7 0% U
40 32.29.79 22.5.2931.61.79 | 2?V;" @ (V)F: L extremal S-D 0

The list includes the famous Moonshine Module V? [FLM], the Baby Monster VOA
VB, [Hol], V;" for L = v/2Eg [G] and the rank 16 Barnes-Wall lattice L = BW ¢
[Sh], and a minimal model simple current extension A D-type as in Proposition 7.
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The value(s) of h = x; + ¢/24 for the lowest weight(s) agree with those for the
irreducible V-modules as do the corresponding MLDE solutions for the characters
in each case. There are also four other possible candidates. For ¢ = 32 and 40 one
can construct a self-dual VOA from an extremal even self-dual lattice L (with no
vectors of squared length 2). However, such lattices are not unique and it is not
known which, if any, gives rise to a VOA satisfying the exceptional conditions.
There are no known candidate constructions for ¢ = % and #.

Note that pp = dim [T, is odd in every case and Proposition 12 implies that if
IT, is completely Aut V-reducible, then it is irreducible. This is indeed the case
in the first five known cases for ¢ < 24 [Atlas]. T3 is also an Aut V-module
whose dimension p3 is given. The MLDE solutions (with positive coprime integer
coefficients) for ¢ = 164/5 with h = 11/5,12/5 and for ¢ = 236/7 with
h =16/7, 17/7 have respective leading g-expansions:

Z11/5(q) = g%/ (23.31.41 4 5.1131.41.53¢ + O(qz)) ,

Ziay5(q) = ¢ (22.112.31.41 2511231241 + 0(q2)> ,
Zi6/7(q) = ¢>7/* (17.23.31 +257.173137q + 0(q2)) ,
Z117(q) = ¢*/* (24.29.31.59 4 2.3.17.29.31.43.59 g + 0(q2)) .

These coefficients constrain the possible structure of Aut V further.

[l = 3]. Zn(q) satisfies the 4th order MLDE:
5
(578¢ —7) D*zZ — 3 (168c3 +2,979¢% + 15,884¢ — 4,936) E4sD*Z
35 4 3 2
-= (25c 46613 + 4,368¢2 + 10,852¢ + 1,144) EsDZ

75
T (14c4 +425¢® + 3,672¢% 4 5,568¢ + 9,216) E;Z=0.

Solving iteratively for the partition function we find [T2]:
Zy =q A+ g%+ (L + p3)g® + Q@+ ps + pa)g® + ..,

_ (5¢+22)(3c + 46)(2c — 1)(5¢ + 3)(Tc + 68)
T 5¢4 —703¢3 +32,992¢2 — 517,172¢ + 3,984

and py = % for

r(c) = —% (2¢ — 1) B3¢ + 46) (5¢ — 4) (Te + 68) (5¢ + 3) (Tc + 114)
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. (55c3 —5,148¢% — 11,980¢ — 36,528) ,
s(c) = (5c4 — 70363 4 32,992¢% — 517,172¢ + 3,984)
) (5c4 —964¢> + 62,392¢2 — 1,355,672¢ + 13,344) )

The ¢, h € Q solutions for positive integer p3 with possible VOAs are

¢ D3 j2 VOA he@

— s 1 0 L(c314,0) ® L (c314,3) | 0,3, -4 -3
3 1 0 L (cs.6,0) ® L (cs6.3) 0,3, 3. 3
48 32.192.101.131 | 5°.192.71.101 | ?? Hohn Extremal VOA 0

The Hohn Extremal VOA is a conjectural self-dual VOA [Hol]. If I13 is a
completely reducible Aut(V)-module, then it must be irreducible excluding Witten’s

suggestion that Aut(V) = M, the Monster group [Wi].
[l = 4]. Proposition 4 implies Zy (g) satisfies the 5rd order MLDE:

5
(B17¢ +3) D37 — . (297c3 +6,746¢% + 53,133¢ + 4,644) EyD3Z

25
-3 (77c4 +3,057¢> + 31,506¢% + 129,736¢ — 24,096) E¢D*Z

112
25
—5ce+29 (15c4 +527¢> 4 5,786¢> + 528¢ + 25,344) E E¢Z = 0.

5
(231c5 +12,117¢* + 194,916¢3 + 843,728¢% + 1,652,288¢ — 718,080) Es*DZ

Solving iteratively for the partition function we find

Zv =q U+ + @+ Q4 p)g* + G+ pa+ps)g + ..,
_5(3c+46)(2¢ — D(11e + 232)(Tc + 68)(5¢ + 3)(c + 10)
P4 (56 Z1.006¢3 + 67,9662 — 1,542.764¢ — 12.576)(c — 67)’

and p5s = % where

r(c) = 3(c — D(5¢ + 22)(3c + 46)(2c — 1)(11c + 232)(Tc + 68)(5¢ + 3)(c + 24)
(59¢> — 13,554¢% + 788,182¢ — 398,640),

s(c) = 2(c — 67)(5¢* — 1,006¢> + 67,966¢% — 1,542,764¢ — 12,576)
(5¢° = 1,713¢* + 221,398¢> — 12,792,006¢2 + 278,704,260c + 2,426,976).
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The ¢, h € Q solutions for ps < 500,000 and ¢ = 48 with possible VOAs are

c D4 Ds VOA heQ
1 2 0 Vifor L=2V2Z | 0,1, %, 5.1
72 | 23.114.132.131 | 2.114.132.103.131.191 | ?? Hohn Extremal VOA 0

The Hohn Extremal VOA is a conjectured self-dual VOA [Hol, Wi]. If I1 is a
completely reducible Aut(V)-module, then by Proposition 12, either p4 or % P4 is
the dimension of an irreducible Aut(V)-module.

[l = 5]. Zy satisfies a 6th order MLDE with ps = % for

r(c) = —(13¢ + 350)(7c + 25)(Sc + 126)(11c + 232)
(2¢ = 1)(3c + 46)(68 + Tc) (5¢ + 3)(10c — 7),

s(c) = 1,750¢® — 760,575¢7 + 132,180,881¢% — 11,429,170,478¢°
+484,484,459,322¢* — 7,407,871,790,404¢> — 37,323,519,053,016¢>
+25,483,483,057,200¢ — 363,772,080,000.

The ¢, h € Q solutions for ps < 500,000 with possible VOAs are

¢ pPs VOA heQ

-7 | 1 L(C3,22,0)69L(C3,22,5) 0,—3% -0 _13 _1°_15

~N

1| L(c670)®L(c67.5) 0.1 1105 4

Witten’s conjectured Extremal VOA for ¢ = 4.24 = 96 does not appear [Wi].

[l = 6]. Zy satisfies a 7th order MLDE with pg = % for

rc) = %(130 +350)(5¢ + 164)(7c + 25)(11c + 232) B¢ + 46)

(4c +21)(5¢ + 3)(10c — 7)(5¢2 + 316¢ + 3,600),
s(¢) = 1,750¢° — 1,119,950¢® +297,661,895¢" — 41,808,629,963¢°
+3,225,664,221,176¢° — 123,384,054,679,580c* + 1,266,443,996,541,232¢°
+29,763,510,364,647,840¢ + 96,385,155,929,078,400¢ + 7,743,915,615,744,000.
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The ¢, h € Q solutions for pg < 500,000 with possible VOAs are

373

c D6 VOA heQ
516 10 15 17
T3 1 L(C3’26,0)®L(C3’26,6) 0,—3,—3,—ﬁ
~20 21 _ 22
13> 13> 13
5 3 5
—47 1 wW(6) 0’_71’_5’_5
15 _ 23
-3 T2 -2
120 2.72.11.29.43.67.97.191 7?7 Witten Extremal VOA 0

¢ = —47 is first example of a WW(3k)-algebra of Proposition 8. The irreducible
lowest weight & values and character solutions agree with [F]. Witten’s conjecture
Extremal VOA for ¢ = 5.24 = 120 appears [Wi] where either pg or % D6 1is the

dimension of an irreducible Aut(V)—-module.

[l =7]. Zy satisfies an 8th order MLDE where p7 =

s(c)

) for

r(c) = =5 (13¢ + 350) (5¢ + 164) (Tc + 25) (11¢ + 232) (3¢ + 46) (17¢ + 658)

(4c +21) (5¢ +3) (10c — 7) (35c3 1 3,750¢% + 76,744¢ — 32,640) ,

s(c) = 61,250¢! — 54,725,125¢'° 4 20,922,774,275¢° — 4,421,902,106,730¢3

+553,932,117,001,488¢7 — 40,395,124,111,104,312¢® + 1,491,080,056,338,817,984¢°

—12,528,046,696,953,576,896¢* — 483,238,055,074,755,678,656¢°

—1,702,959,754,355,175,160,320c% + 249,488,376,255,167,616,000¢

+362,620,505,915,136,000,000.

There are no rational ¢ solutions for p7 < 500,000.

[l = 8]. Zy(q) satisfies a 9th order MLDE with one ¢, h € Q solution for pg <

500,000
c s VOA he@
944 14 _25 _28 _33
-2 1 | L(c334,0) ®L(c3,34.8) | 0, — 13, — 53, =%, —33
_35 38 39 _40
7 17 17 1

[l =9]. Zy(q) satisfies a 10th order MLDE with ¢, 2 € Q solutions for pg <

500,000
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c 12 VOA he@Q

—LZO 1 | L(c338.0) @ L(c33.9) | 0,—15, -3, 35 3

_% 1 L(C5,14,0)@L(65,14,9) O,_%’_%’_%

—it | 1| Lo 0)@L(en.9) | O —fr -5 1%

71 | 1 W(9) 0,-2,—3, -3 -8

For ¢ = —71, the MLDE solutions agree with all the graded characters for W(9)
except for h = —% [F].

7 Exceptional VOSAs

7.1 VOSA Quadratic Casimirs and Zhu Theory

We now give an analysis for Vertex Operator Superalgebras (VOSAs). Many of the
results are similar but there are also significant differences, e.g., here the MLDEs
involve twisted Eisenstein series. Let V be a simple VOSA of strong CFT-type with
unique invertible bilinear form ( , ). Let I7; denote the space of Virasoro primary
vectors of lowest half integer weight | € N + %, i.e., [T} is of odd parity and Vj =
(Viy)k forallk <1 — % We construct quadratic Casimir vectors A as in Sect. 3.1
(from the odd parity space I1;) which enjoy the same properties as VOA Casimir
vectors.
Define the genus one partition function of a VOSA V by

Zv(@) =Try (0 g"O7) = MY (=DM dimVag", (49)

n>0
for fermion number operator o where ou = (—1)P®Wy for u of parity p(u) and

with a corresponding definition for a simple ordinary V-module N. We also define
the genus one 1-point correlation function

Zy(u,q) = Try (o 0g= =) (50)
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In [MTZ] a Zhu reduction formula for the 2-point correlation function
Zy (Y[u,z]v, q) for u,v € V is found expressed in terms of twisted elliptic
Weierstrass functions parameterized by 6, ¢ € {£1}. Let ¢ = e2™i¢ for k € {0, %}.
Then (23) and (24) are generalized to [MTZ]

0 1 m n—1 0 n—m
P [(J (z)=Z—m+(—1) Z (m—l)E" [(J ()", (51)

n>m

for twisted Eisenstein series Ej, [3)] (g) = 0 for n odd, and for n even

0 By (k) 2 kK logk
En[(p}(q):— P  T] o (52)
’ " keN+« q
and where B;, («) is the Bernoulli polynomial defined by
etk 1 By(k) ,_4
= - — . 53
et—1 z + r; n! ¢ (53)

(51) and (52) agree with (23) and (24) respectively for (8, ¢) = (1, 1). Py, [g] (2)
converges absolutely and uniformly on compact subsets of the domain |g| < |e?| <
1and E, [3)] (g) is a holomorphic function ofq% for |¢q| < 1. For (8, ¢) # (1, 1),
E, [ §]is modular of weight n in the sense that

0%pP (at + B\ no [0
E, [9%‘3} (yt—i—rS) =(yt+98)"E, [(J (o), (54)

for (;‘ ’g ) € SL(2,7Z). The Zhu reduction formula of Proposition 1 has been
generalized in [MTZ] as follows

Proposition 13. Let N be a simple ordinary V-module for a VOSA V. For u of
parity p(u) and for all v we have

Zy (VT 210, 4) = Try (0 00 )g "0 =/) 5,01

+ Z Py [p(lu)} (2)ZN (u[m]v, q) .

m>0

For even parity u this agrees with Proposition 1. In particular, Corollary (1)
concerning Virasoro vacuum descendents holds. Much as before, Proposition 13
implies that the Casimir vectors A" € V) satisfy
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21—1

> zn (. q) 7 = 2 P [_IJ @zy (W Ng). 69

n>0

Equating the z coefficients implies the following variant of Proposition 2.

Proposition 14. Zy (A[21+1], q) satisfies the recursive identity

1
I=3

Zy (W21, q) = =2 ) (= 1) Eagon [_ﬂ @zy (W.q). 6

r=0

7.2 Exceptional VOSAs

Let V be a simple VOSA of strong CFT-type with primary vectors of lowest weight
|l €e N+ % for which A&+D ¢ Viw). We further assume that (V<w>)2l 4 contains
no Virasoro singular vectors. We call V an Exceptional VOSA of Odd Parity Lowest

Primary Weight [. Proposition 3 implies

Proposition 15. Let V be an Exceptional VOSA of lowest weight | € N + % and
central charge c. Then Zy(q) for a simple ordinary V-module N satisfies a Twisted
Modular Linear Differential Equation (TMLDE)

I+3

1
E 8141 —m |:_1i| (q.¢) D" Z(q) =0, (57)
m=0

where g [711 ] (g, ¢) is a twisted modular form of weight 2k whose coefficients over
the ring of twisted Eisenstein series (52) are rational functions of c.

The TMLDE (57) is of order I + % with a regular singular point at ¢ = 0
provided go [—11] (g, c) = go(c) # 0 so that Frobenius—Fuchs theory implies that
its solutions are holomorphic in q% for 0 < |gq| < 1. Furthermore, from (54),

Zy = 7y (4534 is a solution of the TMLDE

I+3

(=" D"Z(g) =0 58
Z()g,+%_m 1y | @O P"Z@ =0, (58)

which is again of regular singular type provided go(c) # 0. We can repeat the
results of Sect.4 concerning TMLDE q%-series solutions and the rationality of ¢

and & noting that Zy (—1/7, ¢) (cf. (35)) satisfies (58) for (;’j g) = (_01 0)- We
therefore find the VOSA analogues of Propositions 5 and 6.
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Proposition 16. Let V be an Exceptional VOSA of lowest primary weightl € N +%
and central charge ¢ and let N be a simple ordinary V -module of lowest weight h.
Assuming go(c) # 0 in the TMLDE (57) then

(i) Zn(q) is holomorphic in q%forO <|ql < 1.

(ii) Zn (‘;giﬁ) is a solution of the TMLDE (58) for all ($ P) e sL@, 7).

(iii) The central charge c and the lowest conformal weight h are rational.

Proposition 17. Let V be an Exceptional VOSA of lowest primary weight € N ~|—%

and central charge c. Assuming that go(c) # 0 and thatm <1 — %for any indicial
root of the form x = m — c/24. We then find

(i) Zv(q) is the unique q%—series solution of the TMLDE with leading expansion
Zv(q) = Zv,, (@) + O (q'~*/*).
(ii) dim V, is a rational function of c for eachr € %N.
(iii) 'V is generated by the space of lowest weight primary vectors II;.

We verify below for [ < 17/2 that go(c) # 0 and that m <[ — % for any indicial
root x = m — c/24. We conjecture these conditions hold in general.

We can construct two infinite series of p; = 1 Exceptional VOSAs which we
conjecture are the only examples.

Proposition 18. For each Virasoro minimal model with hy ,_1 € N~|—% there exists
an Exceptional VOSA with one odd parity primary vector of lowest weight | =

hi,p—1 of AD-type
\% =L(Cp,q,())@L(Cp,q,th,l). 59)

Proposition 19. For each k € N + %for k> % there exists an Exceptional VOSA
W(@3k) with one odd parity primary vector of lowest weight 3k and central charge
ck = 1 — 24k

Finally, similarly to Sect. 5, with G = Aut(V) we have

Proposition 20. Ler V be an Exceptional VOSA of class S+ with primaries IT; of
lowest weightl € N+ % If I1; is a completely reducible G-module then it is either an
irreducible G-module or the direct sum of two isomorphic irreducible G-modules.

8 Exceptional SVOAs with Lowest Primary Weight
with [ eN+%f0rl < 1—27

We now consider examples of Exceptional VOSAs of lowest primary weight/ < %

We denote by E, = E,(q) the Eisenstein series and F, = E, [ !} ] (¢) the twisted
Eisenstein series of weight n appearing in the order / + % TMLDE (57). For ] < %

we find all ¢, h € Q, whereas for % <l < 12—7 we find all ¢, h € Q for which
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pi = dim IT; < 500,000 found by computer algebra techniques. We obtain many
examples of known exceptional VOAs such as the free fermion VOSAs and the
Baby Monster VOSA VB* = Com(V?, w1 ), the commutant of V¥ with respect to

a Virasoro vector of central charge [Hol] Some other such commutant theories
also arise.

[l = %]. Propositions 15-17 imply that Z(g) satisfies the 1st order TMLDE

DZ +cFHZ =0.

2
But F(g) = oy +2 %, ey 17 50 that Z(g) = (2 %)) with pi/2 = 2c. An
Exceptional VOSA exists for all p12 = m > 1 given by the tensor product of m

copies of the free fermion VOSA L (%, 0) ®L (%, %) of central charge c = %

[l = %]. Z(q) satisfies a 2nd order TMLDE:

2 1
D*Z + ﬁF2(5c +22)DZ + 3 (4(5¢ +22)F4 + 17E4) Z =0,

with indicial roots x| = —c/24, xo = (7c + 24) /408 with iterative solution

Zv(q) = ¢~ = p3pg™* + (1 + p2)g® — (32 + psy2)a™ .. ),
8c(5c +22) (5¢ 4 22)(4c +21)(10c — 7)
P32= 5~ DP2= )
3(2c — 49) 2(c —33)(2c — 49)
_ 136¢(5¢ 4 22)(4c + 21)(10c — 7)
P32 = "5 26— 83)(c — 33)(2¢ — 49)
For2¢ = —2 mod 17, the indicial roots differ by an integer leading to denominator
zeros for p,. The ¢, h € Q solutions with possible VOAs are
¢ P32 p2 Ps5/2 VOSA he@Q
~2 0 0 L(c3s,0)@ L (c3s3) | 0.—1
A 0 0 L(ess.0)@L(cas 3) | 0.4
15 + 1
5035 | 119 238 Com (V3 1) 0.1
16 | 256 | 2,295 | 13,056 Vaw,, ® (ngl ” 0,1
412,432 | 48,620 | 537.472 Com (VB“, %) 0,1
| 4371 | 96,255 | 1,139,374 VB’ 0, 3%
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The ¢ = % =8 — % VOSA is the commutant of V\%E with respect to a Virasoro
8

vector of central charge % with Aut(V) = Sg(2) [LSY] and VB! is the Baby
Monster VOSA with Aut(VB“) = B [Hol]. In both cases, p3,2 is odd and IT3,,
is Aut(V)-irreducible in agreement with Proposition 20 [Atlas]. The ¢ = 1—25 VOSA
is the simple current extension of the Barnes—Wall Exceptional VOA by its h = %
module. The ¢ = 1?14 = 477 - 17—0 VOSA is the commutant of VB® with respect
to a Virasoro vector of central charge % [HLY, Y]. In the later case, we expect
Aut(V) = 2.2E¢(2) : 2, the maximal subgroup of B, which has a 2,432 dimensional
irreducible representation [Atlas]. VB is self-dual so that the h = % TMLDE

solution does not correspond to a graded character Zy (q).

[l = %]. Z(q) satisfies a 3rd order TMLDE:
(734c 4+ 49) D3Z +27(2¢ — 1)(7c + 68)F» D*Z
1
+ (6(7c +68)(2c — 1)(5¢ + 22)F4 + 5(2,63462 +1,739¢ — 29,348)E4) DZ
27
+(2c(7c +68)(2c — D)(S¢ + 22)Fs + -2 = 1)(Tc + 68) E4 >
+5¢(36¢% + 622¢ — 2,413)E6) Z =0,

where

8 (Tc +68) (2c + 5) (2¢ — 1) (5¢ + 22)
5(8¢3 — 716¢2 + 16,102¢ + 239)

D52 =

There is one ¢, 1 € Q solution with possible VOSA for ps,; < 500,000

4 Ps5/2 VOSA heQ

|
=S

1 | L(cs7.0)®L (04,7, %) 0,—15. %

[l = %]. Zy(q) satisfies a 4th order TMLDE where p7,2 = % for

r(c) = 128(5¢ + 22)Bc + 46)(2¢c — 1)(14 + ¢)(5¢ + 3)(7c + 68),
s(c) = 7(160¢> — 31,176¢* + 2,015,748¢3 — 41,830,202¢>
—92,625,711c + 1,017,681).

The ¢, h € Q solutions with possible VOSA for p7,2 < 500,000 are
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c D)2 VOSA heQ

_% 1 L(C3’16,0)®L<C3’16, %) Os_gv_%s_%

_1_69 1 L(C4’9,0)®L(C4’9, %) Os_%v_%vé

[l = %]. Zy(q) satisfies a 5th order TMLDE where pg> = ;8 for

r(c) = 160(3c 4 46)(2c — 1)(5¢ + 3)(11c + 232)(68 + 7c)(40c> + 1,778¢ + 11,025),
s(c) = 9(3,200¢® — 1,096,320¢> + 140,381,096¢* — 7,850,716,276¢> + 149,541,921,538¢2
+829,856,821,745¢ + 7,484,560,125).

The ¢, h € Q solutions with possible VOSA for pg,» < 500,000 are

¢ D92 VOSA heQ
) I | L(cs20,0)® (6320, ) 0, — 5. —1, — 15, =2
~ % 1| Lcan,0)@ (6411, ) 0,5, — 5 — 10 &
_27—0 1 (Cs 85 ) <C5 3, ) 0,_%’£’%’%*
mall W) 0.~th—4-1.-3
Thec = —%, h = 183510 TMLDE solution does not correspond to a graded character

Zyn(q).
[l = %]. Zy (q) satisfies a 6th order TMLDE where p11/2 = 58 for

r(c) = —640(13¢ + 350)(7c + 25)(11c 4 232)(2c — 1)(3c + 46)(68 + T¢)
.(5¢ 4 3)(10c — 7)(40c? + 3,586¢ + 50,743),

s(c) = 11(2,240,000¢” — 1,185,856,000c® + 249,718,385,120¢” — 25,848,494,429,040c°
+1,266,635,173,648,176¢° — 18,264,666,939,042,072¢* — 336,264,778,062,263,522¢3
—861,021,133,326,393,167¢2 + 653,498,177,653,904,632¢ — 9,760,778,116,675,215).

The ¢, h € Q solutions with possible VOSA for py1,2 < 500,000 are

c pPi1/2 VOSA he@Q

217 11 2 7 9 5 5
Ty 1 L(C4,13,0)@L(C4,13,7> 0,—ﬁ,—%,—%,—ﬁ,%
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[l = 1. Zy(g) satisfies a 7th order TMLDE with py3/, = % for

r(c) = 4,480(13¢ + 350)(5¢ + 164)(7Tc + 25)(11c +232)(3c + 46)(4c + 21)

(5¢+3)(10c — 7)(1,IZOC4 + 187,160¢> + 6,889,980c? + 58,079,018¢ — 24, 165,453),

s(c) = 13(125,440,000c!! — 94,806,656,000¢'° + 29,650,660,755,200¢°

381

—4,865,828,683,343,040c% + 431,531,398,085,049,664¢’ — 18,001,596,789,986,119,984c°

+107,049,283,968,364,390,448¢> + 9,359,034,900,957,509,468,076¢*
+76,817,948,684,836,018,331,724¢ + 155,170,276,090,966,927,173,843¢2
—81,951,451,902,336,562,695,126¢ — 7,944,030,229,978,323,194,805).

The ¢, h € Q solutions with possible VOSA for p3,2 < 500,000 are

¢ P13/2 VOSA heQ
611 13 1 19 3
- 1 L(C3,28,0)€BL<C3,28, 7) 0, -1z —13-— 3
1225 13
7014 T
111 13 13
~T0 1 L(C4,15,0)€BL<C4,15,7) 0,—%, — 75>
_2 7 11
5° 7150 2°5

[l = 1—25]. Zy (q) satisfies an 8th order TMLDE where p15/2 = @) for

r(c) =

s(c) =

s(c)
—28,672(13¢ + 350)(5¢ + 164)(7¢ + 25)(11c + 232)
(3¢ +46)(17¢ + 658)(4c + 21)(5¢ + 3)(10c — 7)
(560" + 146,584¢> +9,082,444¢% + 133,381,952¢ — 27,346,605),
21,073,920,000¢'2 — 21,694,120,448,000¢' ! + 9,524,271,218,201,600¢'°
—2,298,054,501,201,632,000¢° + 325,029,065,007,052,546,624c%
—26,081,744,761,028,079,338,944¢” + 968,808,700,001,847,281,619,664c°
+787,299,295,625,321,246,276,560c° — 696,312,046,814,218,010,729,784,676¢*

—7,887,852,431,045,609,558,472,152,948¢> — 21,020,840, 196,255,652,876,820,528,205¢>

+3,455,907,491,220,404,701,398,711,750c + 4,568,101,033,862,110,116,156,159,375.

The ¢, h € Q solutions with possible VOSA for py5,2 < 500,000 are
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c P15/2 VOSA he@Q
825 15 13 _23 _7
-3 1 L (c3,32,0) ®L(C3,32, = 0,15 — T~ 7
533 17 35
816> 8° 716
473 15 3 _ 1 _1
-7 1 L(C4,17,0) GBL(C4,17, 5 0, —17> — 33> —3%°
9 1 _21 7
17° 17’ " 3434
39 15 113 1 _1 2
T 1 L(65’12,0)®L(C5,12,7 0,7 15> —%5 —5 13
25 15 1 3 5 39
3 I | Llas0)eL (C7,8v 7) O.28: 35 12> 77
15 13 _21 _31
—59 | 1 W) 0,-1, -2 3
12 _17 _5 _67
3T T T T et
Thec = —59,h = —% TMLDE solution does not correspond to a graded character
Zn(q) [F].

[l = 1—27]. Zy(q) satisfies a 9th order TMLDE. The only ¢, h € Q solution with
possible VOSA for p17,2 < 500,000 is

c DP17)2 VOSA he@Q
637 17 7 13 9 11
— 33 1 L(C4,l9,0)@L<C4,19, 7) 0, -3 —3% — 19 — 19
25 27 _14 4
38> 38° 19’ 19

Acknowledgements The authors are particularly grateful to Geoffrey Mason for very useful
comments over many discussions about this work. The authors also thank Terry Gannon, Atsushi

Matsuo and Ching Hung Lam for their comments.

References

[AM] G. Anderson and G. Moore, Rationality in conformal field theory, Comm. Math. Phys.

117 (1988), 441-450.

[Atlas] J.H. Conway, R.T. Curtis, S.P. Norton, R.A. Parker and R.A. Wilson, Atlas of Finite

Groups, Oxford, Clarendon, 1985.

[BFKNRV] R. Blumenhagen, M. Flohr, A. Kliem, W. Nahm, A. Recknagel and R. Varnhagen,
W-algebras with two and three generators, Nucl. Phys. B361 (1991), 255-289.

[CIZ] A. Cappelli, C. Itzykson and J. B. Zuber, The A-D-E Classification of Minimal and

A(ll) Conformal Invariant Theories, Commun. Math. Phys. 113 (1987), 1-26.



On Exceptional VO(S)As 383

(D]

[DdeM]

[DMS]
[F]
[FHL]
[FLM]
(FZ]

[G]

[Hi]
[HLY]
[Hol]
[Ho2]

[1]
[Kacl]

[Kac2]
[KKS]
(KZ]
[Kaw]
[Li]
[LSY]
[MarMS]
[Mas1]
[Mas2]
[MatMS]
[Mat]

[MN]

P. Deligne, La série exceptionnelle de groupes de Lie (The exceptional series of Lie
groups), C.R.Acad.Sci.Paris Sér. I Math. 322 (1996), 321-326.

P. Deligne and R. de Man, La série exceptionnelle de groupes de Lie Il (The
exceptional series of Lie groups II), C.R.Acad.Sci.Paris Sér. I Math. 323 (1996),
577-582.

P. Di Francesco, P. Mathieu, and D. Senechal, Conformal Field Theory, Springer
Graduate Texts in Contemporary Physics, Springer-Verlag, New York, 1997.

M. Flohr, W-algebras, new rational models and completeness of the ¢ = 1
classification, Commun.Math.Phys. 157 (1993), 179-212.

I. Frenkel, Y-Z. Huang and J. Lepowsky, On axiomatic approaches to vertex operator
algebras and modules, Mem. Amer. Math. Soc. 104 (1993), no. 494.

I. Frenkel, J. Lepowsky and A. Meurman, Vertex Operator Algebras and the Monster,
New York, Academic Press, 1988.

I. Frenkel and Y. Zhu, Vertex operator algebras associated to representations of affine
and Virasoro algebras, Duke. Math. J. 66, (1992), 123-168.

R.L. Griess, The vertex operator algebra related to Eg with automorphism group
07(10,2), in The Monster and Lie algebras, Columbus, Ohio, 1996, Ohio State
University Math. Res. Inst. Public. 7, Berlin, de Gruyter, 1998.

E. Hille, Ordinary Differential Equations in the Complex domain, Dover, New York,
1956.

G. Hohn, C.H. Lam and H. Yamauchi, McKay’s E7 observation on the Baby Monster,
Int. Math. Res. Notices 2012, (2012), 166-212.

G. Hohn, Selbstduale Vertexoperatorsuperalgebren und das Babymonster, Ph.D.
thesis, Bonn. Math. Sch., 286, (1996), 1-85.

G. Hohn, Conformal designs based on vertex operator algebras, Adv. Math. 217
(2008), 2301-2335.

E. Ince, Ordinary Differential Equations, Dover, New York, 1976.

V. Kac, Vertex Operator Algebras for Beginners, University Lecture Series, Vol. 10,
Boston, AMS, 1998.

V. Kac, Infinite Dimensional Lie Algebras, Cambridge, CUP, 1995.

M. Kaneko, K. Nagatomo and Y. Sakai, Modular forms and second order ordinary
differential equations: applications to vertex operator algebras, Lett. Math. Phys. 103
(2013), 439-453.

M. Kaneko and D. Zagier, Supersingular j -invariants, hypergeometric series, and
Atkin’s orthogonal polynomials, AMS/IP Stud. Adv. Math. 7 (1998), 97-126.

K. Kawasetsu, The intermediate vertex subalgebras of the lattice vertex operator
algebras, preprint: arXiv:1305.6463.

H. Li, Symmetric invariant bilinear forms on vertex operator algebras,
J. Pure. Appl. Alg. 96 (1994), 279-297.

C.H. Lam, S. Sakuma and H. Yamauchi, Ising vectors and automorphism groups of
commutant subalgebras related to root systems, Math. Z. 255 (2007), 597-626.

H. Maruoka, A. Matsuo and H. Shimakura, Trace formulas for representations of
simple Lie algebras via vertex operator algebras, unpublished preprint, (2005).

G. Mason, Vector-valued modular forms and linear differential operators, Int. J. Num.
Th. 3 (2007), 377-390.

G. Mason, 2-Dimensional vector-valued modular forms, Ramanujan J. 17 (2008),
405-427.

S.D. Mathur, S. Mukhi and A. Sen, On the classification of rational conformal field
theories, Phys. Lett. B213 (1988), 303-308.

A. Matsuo, Norton’s trace formula for the Griess algebra of a vertex operator algebra
with large symmetry, Commun. Math. Phys. 224 (2001), 565-591.

A. Matsuo and K. Nagatomo, Axioms for a vertex algebra and the locality of quantum
fields, Math. Soc. Jap. Mem. 4 (1999).



384

M.P. Tuite and H.D. Van

G. Mason and M.P. Tuite, Vertex operators and modular forms, MSRI Publications
57 (2010) 183-278 , ‘A Window into Zeta and Modular Physics’, eds. K. Kirsten and
F. Williams, Cambridge University Press, Cambridge, 2010.

G. Mason, M.P. Tuite and A. Zuevsky, Torus chiral n-point functions for R
graded vertex operator superalgebras and continuous fermion orbifolds, Com-
mun. Math. Phys. 283 (2008), 305-342.

M. Miyamoto, Modular invariance of vertex operator algebras satisfying C — 2—
cofiniteness Duke Math. J. 122 (2004), 51-91.

J.-P. Serre, A Course in Arithmetic, Springer-Verlag, Berlin 1978.

H. Shimakura, The automorphism group of the vertex operator algebra VLJr for an
even lattice L without roots, J. Alg. 280 (2004), 29-57.

T.A. Springer, Linear Algebraic Groups, Volume 9, Progress in Mathematics,
Birkhéuser, Boston 1998.

M.P. Tuite, The Virasoro algebra and some exceptional Lie and finite groups, SIGMA
3 (2007), 008.

M.P. Tuite, Exceptional vertex operator algebras and the Virasoro algebra, Con-
temp. Math. 497 (2009), 213-225.

M.P. Tuite, On the construction of some W algebras, to appear.

H. Yamauchi, Extended Griess algebras and Matsuo-Norton trace formulae,
arXiv:1206.3380.

W. Wang, Rationality of Virasoro vertex operator algebras, Int. Math. Res. Notices.
1993 (1993), 197-211.

E. Witten, Three-dimensional gravity revisited, preprint, arXiv:0706.3359.

Y. Zhu, Modular invariance of characters of vertex operator algebras,
J. Amer. Math. Soc. 9 (1996), 237-302.



	On Exceptional Vertex Operator (Super) Algebras
	1 Introduction
	2 Vertex Operator (Super) Algebras
	3 Quadratic Casimirs and Genus One Zhu Theory
	3.1 Quadratic Casimirs
	3.2 Genus One Constraints from Quadratic Casimirs

	4 Exceptional VOAs
	4.1 Exceptional VOAs with pl=1

	5 Genus Zero Constraints from Quadratic Casimirs
	5.1 Exceptional VOAs of Class S2l+2

	6 Exceptional VOAs of Lowest Primary Weight l9
	7 Exceptional VOSAs
	7.1 VOSA Quadratic Casimirs and Zhu Theory
	7.2 Exceptional VOSAs

	8 Exceptional SVOAs with Lowest Primary Weight with lN+12 for l172
	References


