Remarks on the KLS Conjecture
and Hardy-Type Inequalities

Alexander V. Kolesnikov and Emanuel Milman

Abstract We generalize the classical Hardy and Faber-Krahn inequalities to
arbitrary functions on a convex body §2 C R”, not necessarily vanishing on the
boundary d52. This reduces the study of the Neumann Poincaré constant on §2 to
that of the cone and Lebesgue measures on d£2; these may be bounded via the
curvature of 9§2. A second reduction is obtained to the class of harmonic functions
on £2. We also study the relation between the Poincaré constant of a log-concave
measure g and its associated K. Ball body K. In particular, we obtain a simple
proof of a conjecture of Kannan—Lovasz—Simonovits for unit-balls of £, originally
due to Sodin and Latata—Wojtaszczyk.

1 Introduction

Given a compact connected set §2 with non-empty interior in Euclidean space
(R",]-]) (n = 2) and a smooth function f on £2 vanishing on 952, a version of
the classical Hardy inequality (e.g. [15]) states that:

n2 xpeR?

/ f2dx < — inf / lx — x0)?|V f|*dx. (1)
Q2
The classical Faber—Krahn inequality (e.g. [4]) states that under the same conditions:
[ rax=red [ 19spa @
Q2 Q2

where PQ* is the best constant in the above inequality under the same conditions
with 2 = £2*, the Euclidean Ball having the same volume as £2. P? is called the
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Poincaré constant with zero Dirichlet boundary conditions; it is elementary to verify
that Pg* ~ % |2* |2/ " (see Remark 3 for more precise information).

In this note we explore what may be said when f does not necessarily vanish on
the boundary, and develop applications for estimating the Poincaré constant with
Neumann boundary conditions. Here and elsewhere, we use |M| to denote the
k-dimensional Hausdorff measure % of the k-dimensional manifold M, and
A ~ B to denote that c < A/B < C, for some universal numeric constants
¢,C > 0. All constants ¢, ¢’, C, C’, Cy, C,, etc. appearing in this work are positive
and universal, i.e. do not depend on £2, n or any other parameter, and their value
may change from one occurrence to the next.

Let Ap denote the uniform (Lebesgue) probability measure on 2, and let P}
denote the Poincaré constant of £2, i.e. the best constant satisfying:

Vary, f < P_év/ |V f?Pdrg VY smooth f: 2 - R, 3)
2

without assuming any boundary conditions on f". Here and throughout Var, (f) :=
[ f2dw— ([ fdp)?* for any probability measure j. It is well-known that when 952
is smooth, 1/ P coincides with the first non-zero eigenvalue (“spectral-gap”) of the
Laplacian on £2 with zero Neumann boundary conditions, explaining the superscript
N in our notation for P}. The classical Szegdo—Weinberger inequality (e.g. [4])
states that Py > PY, ~ Vol(£2*)*/". By inspecting domains with very narrow
bottlenecks, or even convex domains which are very narrow and elongated in a
certain direction, it is clear that without some additional information on £2, Pg
is not bounded from above. However, a conjecture of Kannan—Lovasz—Simonovits
[17] asserts that on a convex domain 2, the Poincaré inequality (3) will be saturated
by linear functions f, up to a universal constant C > 0 independent of n and £2,
ie.

N Li Lin .
Py <CPg", Pg":= sup Vary, (- 0)
fesn—1

It is easy to reduce the KLS conjecture to the case that £2 is isotropic, meaning that
its barycenter is at the origin and the variance of all unit linear functionals is 1, i.e.:

/xidkg =0, /x,'x]'dkg ZSij Vi,j = 1,...,7’[.

The conjecture then asserts that P_év < C for any convex isotropic domain §2 in R".

Given a Borel probability measure @ on R” (not necessarily absolutely contin-
uous), we denote by P the best constant in the following weak L?-L* Poincaré
inequality:

Var, f < PP |||V f()[jocqy ¥ smooth f:R" - R. 4)

Set PS° := Pf;; clearly PS° < Pg . In [26], the second-named author showed that
when §2 is convex, the latter inequality may be reversed:
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Py <cpPy, 5)

where C > 1 is a universal numeric constant. This reduces the KLS conjecture to the
class of 1-Lipschitz functions f (satisfying |||V f|||;cc < 1). Another remarkable
reduction was obtained by R. Eldan, who showed [11] that it is essentially enough
(up to logarithmic factors in n) to establish the conjecture for the Euclidean norm
function f(x) = |x|, but simultaneously for all isotropic convex domains in R”.
Employing an estimate on the variance of |x| due to O. Guédon and the second-
named author [16], it follows from Eldan’s reduction that for a general convex body
inR", PY < Cn?3log(l + n)P5".

In this work, we obtain several additional reductions of the KLS conjecture. First,
we obtain a sufficient condition by reducing to the study of P> and Pf;ﬂ, the
cone and Lebesgue measures on 052, respectively. In particular, it suffices to bound
the variance of homogeneous functions which are 1-Lipschitz on the boundary.
This is achieved by obtaining Neumann versions of the Hardy and Faber-Krahn
inequalities (1) and (2) for general functions (not necessarily vanishing on the
boundary). The parameters P> or PfaoQ may then be bounded using a result from
our previous work [21], by averaging certain curvatures on 052 (see Theorem 11).

Second, we reduce the KLS conjecture to the class of harmonic functions.
Thirdly, we consider the Poincaré constant of an unconditional convex body
bounded by the principle hyperplanes, when a certain mixed Dirichlet~-Neumann
boundary condition is imposed. It is interesting to check which of the boundary
conditions will dominate this Poincaré constant, and we determine that it is the
Dirichlet ones, resulting in a Faber—Krahn / Hardy-type upper bound.

Lastly, we reveal a general relation between the Poincaré constant of a log-
concave measure (4 and its associated K. Ball body K, assuming that the latter has
finite-volume-ratio. In particular, we obtain a quick proof of the KLS conjecture for
unit-balls of £, p € [1,2] (first established by S. Sodin [32]), which avoids using
the concentration estimates of Schechtman and Zinn [31]. This is also extended to
arbitrary p > 2 bounded away from oco.

Our proofs follow classical arguments for establishing the Hardy inequality,
which can be viewed as a Lyapunov function or vector-field method, in which one is
searching for a vector-field whose magnitude is bounded from above on one hand,
and whose divergence is bounded from below on the other. For more applications of
Lyapunov functions to the study of Sobolev-type inequalities, see [9].

2 Hardy-Type Inequalities

Let £2 denote a compact connected set in R” with smooth boundary and having the
origin in its interior. We denote by v the unit exterior normal-field to d£2. We denote
by Aye the uniform probability measure on 92 induced by the Lebesgue measure,
ie. " ya/ 1082
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Our basic starting point is the following integration-by-parts formula. Let g
denote a smooth function and & a smooth vector field on §2. Then:

; — by n—1
/Q div()gdx = /g (6. Vg) dr + /m vy gdam ©)

Applying this to g = f2 and using the Cauchy-Schwartz inequality (in additive
form), we obtain for any positive function A on £2:

; 2. < 20x ! 2 g 2 n—1
/dev(é)f dx_/gkfd +/QA|(§,Vf)| d +/m(§,v)f ",

or equivalently:

. _ 2x< l 2 I 2 n—1
| @i -2 s [ e VHPa [ ) 2an @

Let us apply this to several different vector fields £.

2.1 Radial Vector Field

In this subsection, assume in addition that §2 is star-shaped, meaning that 2 =
{x; |lx|| <1}, where ||x| := inf{A > 0;x € A§2} denotes its associated gauge
function. We denote by g3, the induced cone probability measure on 952, i.e. the
push-forward of A via the map x ||XT|| It is well-known and immediate to check
that:

1 (x,v)

o = — VL
%= e lae2

Theorem 1 (Hardy with Boundary). Let f denote a smooth function on §2. Then:
4 2
Vary, f < = (x,Vf)dAig +2Var,,, f. ®)
Q
Proof. Apply (7) with £(x) = x, so that div(§) = n, and A = n/2. We obtain:
2 4 2 2 2 n—1
frdx < — | (x,V[f)dx+ — (x,v) f2d " (x). 9)
2 n=Je n Jag

In particular, we see that (8) immediately follows when f vanishes on d£2. For
general functions, we divide (9) by Vol(§2) and apply the resulting inequality to

f —awitha := [, fdoyg:
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4
Variof = [(f —@Pdia = 35 [ (69 FPdha + 2War, fla.
2

This is the desired assertion. ]

2.2 Optimal Transport to Euclidean Ball

A remarkable theorem of Y. Brenier [5] asserts that between any two absolutely con-
tinuous probability measures p, n on R” (say having second moments), there exists
a unique (¢ a.e.) map 7 which minimizes the transport-cost [ |T'(x) — x|2 du(x),
among all maps pushing forward p onto 7; moreover, this optimal transport map
T is characterized as being the gradient of a convex function ¢. See also [25] for
refinements and extensions. The regularity properties of 7" have been studied by
Caffarelli [6-8], who discovered that a necessary condition for 7" to be smooth is that
n have convex support; in particular, Caffarelli’s results imply that when © = Agq,
n = Apy and 9£2 is smooth, then so is the Brenier map Ty := V¢, pushing forward
A onto v, on the entire closed £2 (i.e. all the way up to the boundary). By the change-
of-variables formula, we obviously have:

Jac Ty =detd Ty = |B§| .
|£2]

Theorem 2 (Faber—Krahn with Boundary). Let f denote a smooth function on
2. Then:

412)7" 21082|
Var,f =~ [ Vs e Varg .
| B n|By["" 2|

(10)

Proof. Identifying R" with its tangent spaces, we set £ = V¢, (where ¢y was
defined above). Note that since ¢y is convex, hence Hess ¢y is positive-definite,
we may apply the arithmetic-geometric means inequality:

1/n
Bn
div(§) = Ay = tr(Hessgy) > n(det Hessgoo)l/” = n(det dTo)"/" = {|‘Q|{l/n =«

Applying (7) with A = «/2, and using that £ = Vg, € B}, we obtain:

|2/Vl |Q|l/n
/f2 2/n/|v]f| dx +—1/n/ frdn.
B | B3| Joa
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In particular, when f vanishes on 952, we deduce (2) with a slightly inferior
constant; however, this constant is asymptotically (as n — 00) best possible, see
Remark 3 below. Dividing by |£2| and applying the resulting inequality to f — a
with g := fm fdAyg, the assertion follows. O

Remark 3. 1t is known (e.g. [13, p. 139]) that l/Plﬁ1 is equal to the square of the
2

first positive zero of the Bessel function of order (n — 2)/2. According to [33,
p. 516], the first zero of the Bessel function of order B is B + coB'/? + O(1), for a

constant ¢y >~ 1.855, and so consequently PBDS = ’;12(1 + 0(1)). By homogeneity, it

follows that P2, = 4 |2* |2/" /(n? |B§ |2/n)(1 +0(1)), confirming that the constant
in Theorem 2 is asymptotically best possible.

Remark 4. Note that if we start from (6) and avoid employing the Cauchy-Schwartz
inequality used to derive (7), the above proof (using § = Vg, and g = 1) yields the
isoperimetric inequality with sharp constant for smooth bounded domains:

1082| = n|By|"/" 2|0/ (11)

This proof was first noted by McCann [24], extending an analogous proof by
Knothe and subsequently Gromov of the Brunn-Minkowski inequality [28] using
the Knothe map [20]. See [12] for rigorous extensions of such an approach to non-
smooth domains.

2.3 Normal Vector Field

In this subsection, we assume in addition that £2 is strictly convex. We employ the
vector field:

§() =v(x/xID) .

the exterior unit normal-field to the convex set £2, := || x|| £2. Note that this field is
not well defined (and in particular not continuous) at the origin, so strictly speaking
we cannot appeal to (7). However, this is not an issue, since div(£) is homogeneous
of degree —1, and so the Jacobian term in polar coordinates 7"~! will absorb the
blow-up of the divergence near the origin (recall n > 2). To make this rigorous, we
simply repeat the derivation of (7) by integrating by parts on £2 \ € B, and note that
we may take the limit as € — 0, since the contribution of the additional boundary
deBY goes to zero as £ and f are bounded.
Now, observe that:

div(E)(x) = Hag, (x) = ﬁl‘lm(x/ ).
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where Hg(y) denotes the mean-curvature (trace of the second fundamental form
II) of a smooth oriented hypersurface S at x. Indeed, by definition V€| = Ilje,,
and 2V = V (£, &) = 0, and so div(§) = tr(VE) = Hye,.

Theorem 5 (Mean-Curvature Weighted Hardy). For any strictly convex $2 and
smooth function f defined on it:

Hyn(e/ 1x) Il
Lo A/ I <4 [ — 20
N N Ak Ay

+2 / Fradm,
902

(VF(x),v(x/ [|x]))* dx

Proof. Tmmediate after appealing to (7) with A(x) = . %ﬁ””) O

Remark 6. We note for future reference that by (6) with g = 1 we have:

Haq (x/ |xI) 1822
— = dlo = —.
/9 Ix 27 2

Also, integration in polar coordinates immediately verifies:

H,
Mdlg(x) — L/ Hyodoye |
2 x|l n—1 J3o
flx |l dho(x) = doyg
2 Hao(x/ |xID) n+1 )y Hyg

2.4 Unconditional Sets

Finally, we consider one additional vector-field for the Lyapunov method, which
is useful when §2 is the intersection of an unconditional convex set with the
first orthant Q := [0, 00)" under a certain mixed Dirichlet-Neumann boundary
condition. Let int(Q) denote the interior of Q.

Theorem 7. Let 2 C Q denote a set having smooth boundary, such that every
outer normal v to 952 N int(Q) has only non-negative coordinates. Let f denote a
smooth function vanishing on 0Q. Then:

/9de /| fdx.

Proof. Consider the vector field:

]
X1 Xn
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Since (£,v) < 0inint(Q) N 082 and f|apnae = 0, we have:

/. > o G e T oy RV R

1—1
- 1 2 2
> = fdx |V f|2dx.
2=t 2

Finally, by the arithmetic-harmonic means inequality, we obtain:

—d </Z fzdx<4/ |V f|2dx.

2 |X| i=1

5—2/Qf(Vf,§)dx§2

|

We stress that this result is very similar to the following variant of the Hardy

inequality:
2 2 2
[ Lrar= (25) [ wria
Q |X|2 n=2/"Jg

which holds for any smooth f vanishing on 92 (see [15]).

3 Reduction of KLS Conjecture to Subclasses of Functions

3.1 Reduction to the Boundary

Let us now see how the Hardy-type inequalities of the previous section may be
used to reduce the KLS conjecture to the behaviour of 1-Lipschitz functions on the
boundary d£2. We remark that we use here the term “reduction” in a rather loose
sense—we obtain a sufficient condition for the KLS conjecture to hold, but we were
unable to show that this is also a necessary one.

Together with (5), Theorem | immediately yields:

Corollary 8. For any smooth convex domain §2 with barycenter at the origin:
PY <cP¥ <cC ( P5™ + 2Pa°:7) (12)

where C > 0 is a universal constant.

Proof. Apply Theorem 1 to an arbitrary 1-Lipschitz function f, and note that
JIxPdrg = Y212, Vari, (xi) < nPg". O
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Consequently, a sufficient criterion for verifying the KLS conjecture is to establish
that P>° < C " for any isotropic convex 2—a “weak KLS conjecture for cone
measures”. This suggests that the most difficult part of the conjecture concerns the
behavior of 1-Lipschitz functions on the boundary.

It may be more desirable to work with the Lebesgue measure A, instead of the
cone measure 0yg. Since:

in in 2/n 1
PE" > PR ~ |2 By - (13)
(see e.g. [27]), Theorem 2 together with (5) immediately yields:
Corollary 9. For any smooth convex domain S2 with barycenter at the origin:
4 . a2
P_év <GP < (—P_ém + ZIPKQ) , 1= 1/|n | Y (14)
n n|By|"" (L2

Note that for an isotropic convex body, the isoperimetric ratio term / satisfies:
1<I<C'Vn|R"". (15)

The left-hand side in fact holds for any arbitrary set §£2 by the sharp isoperimetric
inequality (11). The right-hand side follows since when 2 is convex and isotropic,
it is known that 2 D %B;’ (e.g. [27]). Consequently (see e.g. [2]):

|2 +eBy| — 22| < lim |2 +eCR|—|2|
. <

02| = lim =nC ||,
e—0

e—0 €
and so (15) immediately follows. Up to the value of C’, the right-hand side is also
sharp, as witnessed by the n-dimensional cube. Note that by (13), |.Q|1/ "~ phn <
P5™ =1 for any isotropic convex body 2, and so in fact I < C”/n.

To avoid the isoperimetric ratio term / which may be too large, we can instead
invoke Theorem 5:

Corollary 10. For any strictly convex smooth domain §2:

N 2 |082| o doyk

. (16)
e Hyo

Note that by Jensen’s inequality and Remark 6:

1082 1 92| n
> —

A = )
12| = [ Hiedosw 2]  n—1

but perhaps the term A%l is nevertheless still more favorable than /.
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For the proof, we require the following variant of the notion of P3°:

2
P = sup{(/|f—m€dmf|d/\9) NIV Sl < 1}-

It follows from the results of [26] that for any convex £2:

Py <CP5® < PP <P, (17

Proof of Corollary 10. By Cauchy-Schwartz:

2
Il Hya e/ 1x1) .,
dl < — —  dA _— dl
(/g'f | 9) = o BaG/ Ik 2 Jo T 4R

Assuming that f is 1-Lipschitz and invoking Theorem 5, it follows that:

2
. @ 2 ) _ I
(/9 | f] dlg) <B (4B +2 / fedryo B: o Frg () ”x”)a’)tg(x).

Applying this to f —a where a := [, fdAyq, we obtain:

1 |052]
PQ°°<B(4B+2 o Pf;’?).

But B = n”?A by Remark 6, and so the assertion follows from (17). O

3.2 A Concrete Bound

To control the variance of 1-Lipschitz functions on the boundary 052, we recall
an argument from our previous work [21], where a generalization of the following
inequality of A. Colesanti [10] was obtained:

n—1(fyq fdr""1)’
Vol(£2)

| - < [ (G Voo f:Vaa f) "
a2 a2

(18)

for any strictly convex §2 with smooth boundary and smooth function f on 9£2.
Applying the Cauchy-Schwartz inequality, we obtain for any 1-Lipschitz function

f with fE)Q fdAye = 0:

2 2
dA dA

(/ 'f_med%nﬂdlm) S(/ Ifldxag) 5/ Hm/ a2
e %2 w2 Hyo Jio Kio
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where k3¢ (x) denotes the (positive) minimal principle curvature of 92 at x, so that
Il > xld. Consequently, the right-hand-side is an upper bound on Pllago Using
the equivalence (17) in a more general Riemannian setting, we were able to deduce
in [21] that:

< . (19)

dlse dAyg
(PE5, <) Pl <CPL® < C /

a2 Hie Joo koo
Plugging this estimate into the estimates of the previous subsection, we obtain:

Theorem 11. For n larger than a universal constant and any isotropic strictly
convex body §2 with smooth boundary in R":

082 dA dA
Py <G [082] 39/ a0
P

n—1

V||

Proof. The easiest option is to invoke Corollary 9, but note that Corollary 8 or 10
would also work after an appropriate application of Cauchy-Schwartz. Coupled
with (19), it follows that:

4 . a2 dA dA
Py zci(Spge 2L [ Che [ Che),
n Jn|R2|7 Jae Hie Joo ki

e Hao Jag Ko

But since P5™ < PJ, the assertion follows for e.g. n > 8C;. O

Note that this estimate yields the correct result, up to constants, for the Euclidean

ball. A concrete class of isotropic convex bodies for which the first term above %

is upper bounded by a constant, is the class of quadratically uniform convex bodies
£2, since in isotropic position 2 O c¢/nBj and |.Q|1/” ~ 1 (see e.g. [19]). It
is not hard to show that when in addition 2 C C;/nBj—i.e. £2 is an isotropic
quadratically uniform convex body which is isomorphic to a Euclidean ball—then
P_év < C,. It would be very interesting to see if the additional assumption 2 C
Ci+/nBj could be removed by employing the estimate given by Theorem 11.

3.3 Reduction to Harmonic Functions

We conclude this section by providing another different reduction of the KLS
conjecture:

Theorem 12 (Reduction to Harmonic Functions). There exists a universal con-
stant C > 1 so that:

Vary,h
Py <cprl Pl :=sup ——22
e =R ek [ VAP dag
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where H denotes the class of harmonic functions h on $2. In fact, for large enough
n, one can use C = 2.
Proof. Fix an arbitrary smooth function f on £2, and solve the Poisson equation
Ah =0, hlpe = f|se- One has:

Vary, f <2(Vary,(f —h) + Vary,h).

Since f — h vanishes on 942, the Faber-Krahn inequalities (2) or (10) imply:
2/n
Vary,(f —h) < 2/n /lVf Vh|>dAg.
It follows that:
C
Var;, f < max (—1 |22/ ,2P{;) (/ \Vf—Vh|?>dig + / [Vh|? dxg) )
n

But since / is harmonic and (f — )]s = 0 we have [(V f — Vh,Vh)dAg = 0,
and consequently:

/(lVf—Vhlz—i-IVhlz)d/\Q :/|Vf|2d)kg.

It remains to note that since linear functions are harmonic, P_g > P_(L}i” > PSLQ’;Z’ ~
|£2*|*/", concluding the proof. ]

Remark 13. Ttis not clear to us if it enough to only control the variance of harmonic
functions #, so that the restriction /|y, is 1-Lipschitz. The reason is that we do not
know whether /& has bounded Lipschitz constant on the entire £2, and so we cannot
apply (5). We believe that the latter would be an interesting property of convex
domains which is worth investigating. A small observation in this direction is that
|[VA|* is subharmonic and hence satisfies the maximum principle, but we do not
know how to control the derivative in the normal direction to 052.

4 Transferring Poincaré Inequalities from p to K,

Given an absolutely continuous probability measure © on R” having upper-semi-
continuous density f', the following set was considered by K. Ball [1]:

1 (o] 1/n
K= fre®s ol =1} where 1 = (n [ peoar)
u xle, ~ \"Js
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Integration in polar coordinates immediately verifies that |K ,L| = |ul] = 1. A
remarkable observation of Ball is that when f is log-concave (i.e. log f : R" —
R U {—o0} is concave), then K, is a compact convex set (see [18] for the case that
f is non-even). If in addition the origin is in the interior of the support of u, then it
will also be in the interior of K,—we will say in that case that K, is a convex body.

Given a convex body K, consider the map 7'(x) = W where ||-|| x denotes the
gauge function of K (when K is origin-symmetric, this function defines a norm). It
is an elementary exercise to show that T 4 = o if and only if K = cK, for some
¢ > 0 (see [29, Proposition 3.1]).

Proposition 14. Let u = f(x)dx denote a probability measure with log-concave
density on R" (n > 3) and barycenter at the origin, and set T (x) = m Assume
m

that K,, O RB;. Then:

2/n
[ 147 @l duen < 292 [ ixfas

2
R K,

where |-||,, denotes the operator norm, and dT*(x) is the dual operator to the
differential dT (x) : TyR" — T7()0K,,.
For the proof, we first require:

Lemma 15. If T (x) = = and 0K is smooth then:

xlx

* x| [V [lx ]l x| 1 |x|
dT = = = ,
[Tl llx1% Xl g ¢/ |x[var (T ||x||% kg (vag (T (x)))

where hx(0) = sup {(x, 0) ; x € K} denotes the support function of K.

Proof. Since V ||x|| ¢ is parallel to v = vyx (T'(x)), taking the partial derivative in
the direction of x verifies that:

(R3S
Vixllg = 7—=v-

{x,v)

Consequently d T (x) = ﬁ(l d— Zﬁ") ). Now observe that:

14T (x)*|I%, = sup {(dT(x)dT(x)*v, v 1 ve T K L V] < 1}.

ButdT(x)dT(x)* = -5 (Id +u®u), where u = v — Ty - Consequently, its top

lx0*
eigenvalue is:

1 |xP
(1+ [u) = :
)1 Ix[I% (x. v)?
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It remains to note that when x € 90K then (x, vyk(x)) is precisely the support
function of K in the direction of the latter normal. Consequently, (x,v) =
|x|| ¥ 2 & (v), and the assertion follows. O

Proof of Proposition 14. 1t is easy to see that if the density f of w is smooth, then
so is 0K, and so by approximation we may assume that this is indeed the case.
Consequently, if K,, D RBj, we have by Lemma 15:

2 2
AT* ()|, dp(x) = i d L L )
Jlam ol dueo = [ ol 2, o, oy = . i,
(20)

Integrating in polar coordinates, we have:

|X|2 1 * n—3
—du(x) = 7 r'" = f(r0)drd®. 2n
R ||x[lk, s {101, Jo

Denoting k,(0) = (p [4°r?~' f(r6)dr)"/?, we use that for any non-negative
function f on [0, 0o):

kp(0) _ kps(6)
Mel/Pl - Mol/Pz’

O<pr<p=

where My = sup,¢(g o0y J(r0). See [1,3,27] for case that f is even and [18,
Lemmas 2.5 and 2.6] or [30, Lemma 3.2 and (3.12)] for the general case. Applying
this to (21) with p; = n — 2 and p, = n, denoting M = max,er» f(x), and using
polar integration again, it follows that:

2
1 1 2
N gy < w2 — g =M i a.
4 n+2
R? ”‘x”K# n —2 gn—1 ”9”1(“ n —2 K

n

It remains to apply a result of M. Fradelizi [14] stating that for a log-concave
measure (4 = f(x)dx with barycenter at the origin:

M < e" £(0).

Plugging all of these estimates into (20), the assertion is proved. O
We can now obtain:

Theorem 16. Let . = f(x)dx denote a log-concave probability measure on R"
having barycenter at the origin. Assume that K,, O RBj. Then for large-enough n:

P,

[ Ix1?dAk, (x) .
SO SO
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. . ; . 2da
In particular, if ju satisfies the KLS conjecture then so does Ak, as soon as ‘“x‘R—ZK“

is bounded above by a constant.

Remark 17. This result was already noticed by Bo’az Klartag and the second-
named author using a more elaborate computation which was never published. The
idea is to control the average Lipschitz constant of the radial map from [29] pushing
forward p onto A K, instead of O0K,, -

Proof. We employ Corollary 8 and Proposition 14. When n is large-enough,
C%Pﬁ:‘ < %PIQZ’ < %P}(\;, and hence by Corollary 8:
N ! poo
Pg, =C'P

- 00Ky, *

Denoting T'(x) = m, we see by Proposition 14 that for any 1-Lipschitz function
I
S ondK,:

Varn, (f) = Var,(f o) < PY [ 19(f o 1) dp

IA

PY [ 19, £ (TN 1T @I, duto)

IA

: Ok
rY [1ar° 0l dueo < LY [ wpary.
n

This implies the first part of the assertion.
The second part follows since, as shown by Ball [1] (see [18] for the non-even
case):

PE" ~ f(0)*" P (22)
Consequently:

C f |x|2 dAK,l

N Lin N Lin
P/ =AP" = Py <= R A Pgl.

|

We thus obtain a simple recipe for obtaining good spectral-gap estimates on
certain convex bodies K having in-radius R so that | |x|* d Ak (x)/R? is bounded
above by a constant: if we can find a log-concave measure © having good spectral-
gap so that K;, = K, Theorem 16 will imply that K also has good spectral-gap.

Remark 18. An inspection of the proofs of Proposition 14 and Theorem 16 shows
that we may replaces % in all of the occurrences above, with the more refined

expression -
P Jox, %, (K,

do; .
LT However, we do not know how to effectively control the

latter quantity.
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4.1 An Example: Unit-Balls of {7, p € [1,2]

We illustrate this for unit-balls By of £, p € [1,2]. It was first shown by S. Sodin
[32] that these convex bodies satisfy the KLS conjecture. An alternative derivation
was obtain in [26] by using the weaker P °° parameter and the equivalence (5). Both
approaches relied on the Schechtman—Zinn concentration estimates for these bodies
[31].

Using Theorem 16, we avoid passing through the Schechtman—Zinn concen-
tration results. Indeed, let p, denote the one-dimensional probability measure
m exp(— |t|”)dt. The n-fold product measure Wy = p,;?" has density £}’ (x)
where:

n — 1 — - .
fp (x) = mexp( Z |x:17).

i=1

. . . P . N _ N
By the tensorization property of the Poincaré inequality [23], PM,; = Pup’ and
since any one-dimensional log-concave measure satisfies the KLS conjecture, then
so does any log-concave product measure. Now, since all level sets of f];’ are
homothetic copies of B”, it is immediate to see that K i, Must be (the necessarily

volume one) homothetic copy E; of Bj. In the range p € [I,2], it is known
(e.g. [28]) and easy to check that 1;’; are finite volume-ratio bodies, meaning that
B D ¢/nBj. On the other hand, by (22):

o

1
29 o~ 2/ 2 _ 2
il g = @ [ 1 a0 = S [ o < .
uniformly in p € [1, 2]. Consequently, Theorem 16 implies that E; (and hence B})
satisfy the KLS conjecture, uniformly in n and p € [1,2]. Similar versions may
easily be obtained for convex functions more general than |¢|? ; we leave this to the
interested reader.

4.2 Another Example: Unit-Balls of £, p € (2, 00)

To conclude, we use the unit-balls of £, for p € (2,00) to further illustrate the
advantage and disadvantage of the method we propose in this section. Note that
1;’; are not finite volume-ratio bodies when p € (2, o], and so Theorem 16 does
not directly apply. However, by inspecting its proof and avoiding using the wasteful
bound (20), we can still deduce the KLS conjecture for these bodies when p is
bounded away from co. It was first shown by R. Latala and J.O. Wojtaszczyk [22]
that in the entire range p € [2, oo], there exists a globally Lipschitz map pushing
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forward p’, onto A, different from the radial map we have considered in this
P

section. It is interesting to note that the radial-map is nevertheless Lipschitz on-
average, at least when p < oo.

Indeed, by inspecting the proof of Theorem 16 and employing Lemma 15, we
see that we just need to control:

L P IV Dl gy P
[T @I, i = [

I,

|x|2|0 [l 2

2 P n

¢ ———du (x
P / ||x||f; Pt

where B}’; = ¢pn B}, It is well-known and easy to calculate that ¢, ~ n'/? . Using
that |x|* < n'=%/7 ||x||? (since p > 2), that:

2 Z?=1 |Xi|2p_2
Vixll, I = ===
x5

and the invariance under permutation of coordinates, we conclude that:

2p—2
/udT O, d (x) = n? /' il WY

x|

Integrating by parts, we have:

exXpl— || X ! 2
/ p(—|| ||p)| PP 2 = / / exp(—t) (—2+—3)dt|x1|2p—2dx
N P R et
2
_ / exp(— z)( +—3) ot 2772 dx e
0 t tl/an
(o) 1 2
:/0 exp(—t) (—2+—3)

and so by a similar computation we conclude:

2p— 2
X
[ iy = a5

2
x|l

n+2p—2
o dt |x1|217 2 dx,

~

2p—2

n+2p=2
o~ exp(—1) (ti2 + t%)t v dt

A=
n+2p—
Jo7 exp(—1)t T dr

8= [P dg
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Now:

_ * 2p—2 _ I'(—=1/p) g
B_/oolt| dpp(t) = T =

uniformly in p € [2, oo], whereas it is elementary to verify that in that range:

2
A< szin(p E)

n?’ n

Putting everything together, we see that:
[ W @I, diy(x) < € min(pn). )
Rl’l

Consequently, the same argument as in the previous subsection shows that E; verify
the KLS conjecture uniformly in 7, as long as p is bounded above.

It is natural to wonder whether the only inequality we have used to derive the
above estimate, namely |x|2 <n'7Yr|x ||§;’ was perhaps too crude. However, this
is not the case, and unfortunately it is the method of working with the map 7'(x) =
x/ |lx]l K, which is too crude. Indeed, when p = oo, so that u7_ is the uniform
measure on [—1,1]" and K = K,n_ = [-1/2,1/2]", we see by Lemma 15 that:

_ Vel x|

op — 2 - 2
lx 1% 4 x5

ldT* ()
and consequently:

[T, diy e = .

confirming that our estimate (23) is tight. This example suggests that perhaps it is
better to work with the radial map from [29] pushing forward 4 onto Ak, instead of
our map 7" which pushes u onto oyx,, -
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