Estimates for Measures of Sections of Convex
Bodies

Alexander Koldobsky

Abstract A /i estimate in the hyperplane problem with arbitrary measures has
recently been proved in [12]. In this note we present analogs of this result for
sections of lower dimensions and in the complex case. We deduce these inequalities
from stability in comparison problems for different generalizations of intersection
bodies.

1 Introduction

The following inequality has recently been proved in [12]. Let K be an origin
symmetric convex body in R”, and let i be a measure on K with even continuous
non-negative density f so that u(B) = || g J forevery Borel subset of K. Then

(K) = Vi——c, max p(KNEY) K" (M
n—1" gesn1
n=1
where ¢, = |BY| " /|B37'| < 1, B} is the unit Euclidean ball in R”, and | K|

stands for volume of proper dimension. Note that ¢, < 1 for every n.

In the case of volume, when f = 1 everywhere on K, inequality (1) was proved
in [17, p. 96]. Another argument follows from [6, Theorem 8.2.13]; in [6] this
argument is attributed to Rolf Schneider. Also, in the case of volume the constant
/1 can be improved to Cn'/#, where C is an absolute constant, as shown by Klartag
[9] who improved an earlier estimate of Bourgain [4]. These results are much more
involved. The question of whether n'/* can also be removed in the case of volume
is the matter of the hyperplane conjecture [1-3, 17]; see the book [5] for the current
state of the problem.

In this note we prove analogs of inequality (1) for sections of lower dimensions
and in the complex case; see Theorems 2 and 4, respectively. As in [12], the proofs
are based on certain stability results for generalizations of intersection bodies.
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2 Lower Dimensional Sections

We need several definitions and facts. A closed bounded set K in R" is called a star
body if every straight line passing through the origin crosses the boundary of K at
exactly two points different from the origin, the origin is an interior point of K, and
the Minkowski functional of K defined by

x|k = min{a >0: x € aK}

is a continuous function on R”.
The radial function of a star body K is defined by

pr(x) =[xl xeR"

If x € S"~! then px(x) is the radius of K in the direction of x.
If i is a measure on K with even continuous density f, then

lolz"
pkr = [ seva= [ | [ s ar |ae. @
K Sn—1 0
Putting f = 1, one gets
1 " 1 -
K= [ s@ds = [ 16las, @)
n Jen—i n Jgn—1

For 1 < k < n — 1, denote by Gr,_; the Grassmanian of (n — k)-dimensional
subspaces of R". The (n — k)-dimensional spherical Radon transform R,_j :
C(S" 1+ C(Gr,—y) is a linear operator defined by

Ry-ce(t) = [

sn—in

g(x)dx, VYH €Gry—
H

for every function g € C(S"1).
The polar formulas (2) and (3), applied to sections of K, express volume in terms
of the spherical Radon transform:

ol
— — n—k—1 0
w(K N H) /Kan /S”—lﬂH (/0 r f(r )dr)d9

1%
= Rn—k (/0 r"_k_lf(r ') dr) (H) (4’)



Estimates for Measures of Sections of Convex Bodies 263
and

1 1
KNH|l=— 01" d0 = ——Ry—i (|| - | ") (H). 5
| =0 TF Joned 191 — Rk IO 5)

The class of intersection bodies was introduced by Lutwak [15] and played a
crucial role in the solution of the Busemann-Petty problem; see [6, 10] for definition
and properties. A more general class of bodies was introduced by Zhang [18] in
connection with the lower dimensional Busemann-Petty problem. Denote

Ry (C(S"™1) = X C C(Gry—).

Let M+ (X) be the space of linear positive continuous functionals on X, i.e. for
every v € M T (X) and non-negative function f € X, we have v(f) > 0.

An origin symmetric star body K in R” is called a generalized k-intersection
body if there exists a functional v € M T (X) so that for every g € C(S"71),

[ Il e ds = v(Rims. ©

When k& = 1 we get the class of intersection bodies. It was proved by Grinberg
and Zhang [7, Lemma 6.1] that every intersection body in R” is a generalized k-
intersection body for every k < n. More generally, as proved later by Milman
[16], if m divides k, then every generalized m-intersection body is a generalized
k-intersection body.

We need the following stability result for generalized k-intersection bodies.

Theorem 1. Suppose that 1 < k <n — 1, K is a generalized k-intersection body
inR", f is an even continuous function on K, f > 1 everywhere on K, and ¢ > 0.

If

f < |KNH|+s, VH € Gry_y, @)
KNH

then

n
/f < |K|+ cnk | KM e, (8)
K I’l—k

where ¢, = |B§’|”;k/|Bg_k| < 1.

Proof. Use polar formulas (4) and (5) to write the condition (7) in terms of the
(n — k)-dimensional spherical Radon transform: for all H € Gr,—

%!
Rik ( JEa dr) (H) = ——Roi (I 12) () e



264 A. Koldobsky
Let v be the functional corresponding to K by (6), apply v to both sides of the

latter inequality (the direction of the inequality is preserved because v is a positive
functional) and use (6). We get

lolg!
/ 161" ( / " £ (r0) dr) do
sn—1 0

1
< — 01" do 1). 9
<o | IR a6+ ev(r) ©
Split the integral in the left-hand side into two integrals and then use f > 1 as
follows:
ol
/ / "V f(roydr|de
Sn—1 0
leng"
+/ / W6l = ryr" =" f(r6) dr | db
sn=1 \Jo
el
2/ f+/ / (615" = r*yr" =" ar| a6
K sn=1 \Jo
k
=/ f+—IK| (10)
K n—k
Now estimate v(1) by first writing 1 = R,_;1/|S"*~!| and then using

definition (6), Holder’s inequality and |S"~!| = n|B}|:

) = g Rt = g ll/ 161 a6
1 k
|Sn —k— 1’ |Sn li (/Sn_l ”9”? d@)
1 n n n n
= T5r 157 K = e i K (11)

Combining (9)—(11) we get

k n n
——|K| < K k| K|F/"e.
£+ K = K K

O

It was proved in [13] (generalizing the result for k = 1 from [11]) that if L is a
generalized k-intersection body and p is a measure with even continuous density,
then
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n k/n
<
w(l) < p— kC"’k HIenGE:,)f_k w(L N H) |L|*™".

We show now that it is possible to extend this inequality to arbitrary origin
symmetric convex bodies in R” at the expense of an extra constant n*/2.

Theorem 2. Suppose that L is an origin symmetric convex body in R, and | is a
measure with even continuous non-negative density g on L. Then

n

u(L) < n*? qu&%ZM@HHHHW- (12)

Proof. By John’s theorem [8], there exists an origin symmetric ellipsoid K such
that
1
Jn
The ellipsoid K is an intersection body [6, Corollary 8.1.7], and every intersection
body is a generalized k-intersection body for every k [7, Lemma 6.1]. Let f =

XKk + gxL, where yg, yp are the indicator functions of K and L, then f > 1
everywhere on K. Put

&= max f—|KNH|)= max / g.
HeGr,— KNH HeGr,— LNH

Now we can apply Theorem 1 to f, K,e (the function f is not necessarily
continuous on K, but the result holds by a simple approximation argument). We

K CLCK.

get
pt) = [e= [ r-1x
L K
< " cox|KIF/" max / g
“n—-k HEeGry—k J1NH
n

< k2 _kcn,lelk/” ymax p(LnH).

because K C /nL, so |K| < n"/?|L|. ]

3 The Complex Case

Origin symmetric convex bodies in C" are the unit balls of norms on C". We denote
by || - ||k the norm corresponding to the body K:

K=1{zeC": |z]lx < 1}.
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In order to define volume, we identify C" with R?" using the standard mapping

E=¢, ... 8)=CEn+ikn,.. . &n+ikn) = &L &, . 60 En).

Since norms on C” satisfy the equality
Azl = [Alllzll.  VzeC", VA e C,

origin symmetric complex convex bodies correspond to those origin symmet-
ric convex bodies K in R?" that are invariant with respect to any coordinate-
wise two-dimensional rotation, namely for each # € [0,27] and each § =

Ei, €12 .. En1, Enn) €RM
€k = lIRo(E11,E12), ..., Ro(Ents En2) |l ks (13)

where Ry stands for the counterclockwise rotation of R? by the angle 6 with respect
to the origin. We shall say that K is a complex convex body in R*" if K is a convex
body and satisfies Eq. (13). Similarly, complex star bodies are Ry-invariant star
bodies in R>".

For & € C", || = 1, denote by

Hy ={zeC": (z.6) = Y _zk =0}
k=1

the complex hyperplane through the origin, perpendicular to £. Under the standard
mapping from C" to R*" the hyperplane H; turns into a (2n — 2)-dimensional
subspace of R?",

Denote by C.(S?""'") the space of Ry-invariant continuous functions, i.e.
continuous real-valued functions f on the unit sphere S?"~! in R>" satisfying
(&) = f(Rg(§)) forall £ € S~ and all € [0,27]. The complex spherical
Radon transform is an operator R, : Co(S>""') — C.(§*""!) defined by

Ref(®) = / F()dx.

SZn—lm[.]E

We say that a finite Borel measure 1 on S?*~! is Ry-invariant if for any
continuous function f on S?*~! and any 6 € [0, 27],

FEO)dp(x) = / F(Rox)dp().
§2n—1 s2n—1

The complex spherical Radon transform of an Ry-invariant measure p is defined as
a functional R on the space C.(S?"~!) acting by
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Rewe )= [ Refrdut)

Complex intersection bodies were introduced and studied in [14]. An origin
symmetric complex star body K in R?" is called a complex intersection body if
there exists a finite Borel Ry-invariant measure w on S?"~! so that || - || * and R,
are equal as functionals on C.($?"71), i.e. forany f € C.(S*"")

/ 1> f(x) dx:/ Re f(0)du(0). (14)
S2n—1 §2n—1

Theorem 3. Suppose that K is a complex intersection body in R*", f is an even
continuous Rg-invariant function on K, f > 1 everywhere on K, and ¢ > 0. If

/ f < |KN He| +e, VEe s (15)
KﬂHg

then

n
/f < K|+ -y K], (16)
i -

n—1

where d, = |B3"|"% /|B3"7?| < 1.

Proof. Use the polar formulas (4) and (5) to write the condition (15) in terms of the
complex spherical Radon transform: for all § € S~}

I-l%" 1
Re (/0 3 () dr) &) < P ZRC (” . ||E2n+2) (&) +¢.

Let 1 be the measure on S?"~! corresponding to K by (14). Integrate the latter
inequality over S?"~! with the measure 1 and use (14):

1 —2n
= 2n—2 /SZn—l HHHK 40 + s/szn—l d,u(é)

= ikl [ dueo. a7
n Sln—l




268 A. Koldobsky

Recall (2), (3) and the assumption that f > 1. We estimate the integral in the left-
hand side of (17) as follows:

/ 11 /“0”1(1 P73 £(r6) dr | df
san—1 0
ol
= 2n—1 -
_/52”1(/0 r f(rg)d)de
lolg!
i /s- (/0 61 = "= 1 (r6) dr) dé

=[] 1</0”9” 0N — ryr 3dr)d9
= [t [ ae = [ ekl as)

Let us estimate the second term in the right-hand side of (17) by adding the
complex spherical Radon transform of the unit constant function under the integral
(Rc1(§) = |S*73| for every § € S$?7'), using again (14) and then applying
Holder’s inequality:

o, = e [ RA© due)

€ -2
= W/s l61* do

1
( / 161 d@)
Sanl

5 @n) VK| = lenm“"e. (19)
n —

<
- |S2n 3|

= |S2n 3] |

In the last step we used |S?"~!| = 2n|B?"|. Combining (17)—~(19) we get

1 n n
/ f+ |K| < K|+ dy| K|""e.
K n—1 n—1 n—1

O

It was proved in [14] that if K is a complex intersection body in R?" and y is an
arbitrary measure on R?" with even continuous density, then

y(K) < ——d, max y(K N He) |K[".
n—1 " gesw1
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In Theorem 4 below, we remove the condition that K is a complex intersection body
at the expense of an extra constant. We use a result from [14, Theorem 4.1] that a
complex star body is a complex intersection body if and only if | - [|5? is a positive
definite distribution, i.e. its Fourier transform in the sense of distributions assumes
non-negative values on non-negative test functions. We refer the reader to [10, 14]
for details.

Theorem 4. Suppose that L is an origin symmetric complex convex body in R
and y is an arbitrary measure on R*" with even continuous density g, then

n

y(L) <2n

d, max y(L N He) |L|".
n—1 " gesn—1

Proof. By John’s theorem [8], there exists an origin symmetric ellipsoid K such
that

KCLCK.

1
2n
Construct a new body K, by

1 2
-2 -2
X = — Ryx||z°d0.
1% = 5 [ IRoxl;

Clearly, K. is Rg-invariant, so it is a complex star body. For every 6 € [0,2x]
the distribution || Rgx || is positive definite, because this is a linear transformation
of the Euclidean norm. So ||x||;f is also a positive definite distribution, and, by
Koldobsky et al. [14, Theorem 4.1], K. is a complex intersection body. Since

\/%K C L C K and L is Rp-invariant as a complex convex body, we have

1
RyK C L C RgK, V6 €]0,2n],
Nerih 0 [0, 27]
SO
! K.CLCK
«/ﬂ c c.

Let f = yk. + gxr, where xg,, xr are the indicator functions of K. and L.
Clearly, f is Rp-invariant and f > 1 everywhere on K. Put

£ = max / f—IK.NHe| | = max/ g
ges =1 \ JK.NH; tes> = JLnH;
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and apply Theorem 3 to f, K., ¢ (the function f is not necessarily continuous on
K., but the result holds by a simple approximation argument). We get

)= [e= [ 7=k
L K,
< Ld,,|Kc|l/” max / g
n—1 ges> = Jinm,
<2n ! d,|L]"" max (LN Hy),
—1 Eesln—l
because |K.|'/" < 2n |L|'/". O

Theorem 4 shows that if bodies have additional symmetries then maximum in

the slicing inequality can be taken over a rather small set of subspaces.

Acknowledgements I wish to thank the US National Science Foundation for support through
grant DMS-1265155.

References

1.

2.

3.

10.

11.

12.

K. Ball, Logarithmically concave functions and sections of convex sets in R”. Studia Math. 88,
69-84 (1988)

J. Bourgain, On high-dimensional maximal functions associated to convex bodies. Am. J.
Math. 108, 1467-1476 (1986)

J. Bourgain, Geometry of Banach spaces and harmonic analysis, in Proceedings of the
International Congress of Mathematicians (Berkeley, 1986) (American Mathematical Society,
Providence, 1987), pp. 871-878

. J. Bourgain, On the distribution of polynomials on high-dimensional convex sets, in Geometric

Aspects of Functional Analysis, Israel Seminar (1989-90). Lecture Notes in Mathematics, vol.
1469 (Springer, Berlin, 1991), pp. 127-137

. S. Brazitikos, A. Giannopoulos, P. Valettas, B. Vritsiou, Geometry of Isotropic Log-Concave

Measures (American Mathematical Society, Providence, 2014)

. R.J. Gardner, Geometric Tomography, 2nd edn. (Cambridge University Press, Cambridge,

2006)

. E. Grinberg, G. Zhang, Convolutions, transforms and convex bodies. Proc. Lond. Math. Soc.

78, 77-115 (1999)

. E. John, Extremum Problems with Inequalities as Subsidiary Conditions. Courant Anniversary

Volume (Interscience, New York, 1948), pp. 187-204

. B. Klartag, On convex perturbations with a bounded isotropic constant. Geom. Funct. Anal.

16, 1274-1290 (2006)

A. Koldobsky, Fourier Analysis in Convex Geometry (American Mathematical Society,
Providence, 2005)

A. Koldobsky, A hyperplane inequality for measures of convex bodies in R”,n < 4. Dicrete
Comput. Geom. 47, 538-547 (2012)

A. Koldobsky, A /% estimate for measures of hyperplane sections of convex bodies. Adv.
Math. 254, 33-40 (2014)



Estimates for Measures of Sections of Convex Bodies 271

13. A. Koldobsky, D. Ma, Stability and slicing inequalities for intersection bodies. Geom. Dedicata
162, 325-335 (2013)

14. A. Koldobsky, G. Paouris, M. Zymonopoulou, Complex intersection bodies. J. Lond. Math.
Soc. 88(2), 538-562 (2013)

15. E. Lutwak, Intersection bodies and dual mixed volumes. Adv. Math. 71, 232-261 (1988)

16. E. Milman, Generalized intersection bodies. J. Funct. Anal. 240(2), 530-567 (2006)

17. V. Milman, A. Pajor, Isotropic position and inertia ellipsoids and zonoids of the unit ball
of a normed n-dimensional space, in Geometric Aspects of Functional Analysis, ed. by
J. Lindenstrauss, V. Milman. Lecture Notes in Mathematics, vol. 1376 (Springer, Heidelberg,
1989), pp. 64-104

18. G. Zhang, Section of convex bodies. Am. J. Math. 118, 319-340 (1996)



	Estimates for Measures of Sections of Convex Bodies
	1 Introduction
	2 Lower Dimensional Sections
	3 The Complex Case
	References


