Remarks on the Central Limit Theorem
for Non-convex Bodies

Uri Grupel

Abstract In this note, we study possible extensions of the Central Limit Theorem
for non-convex bodies. First, we prove a Berry-Esseen type theorem for a certain
class of unconditional bodies that are not necessarily convex. Then, we consider
a widely-known class of non-convex bodies, the so-called p-convex bodies, and
construct a counter-example for this class.

1 Introduction

Let Xi,..., X, be random variables with EX; = 0 and EX;X; = §; ; fori,j =
1,2,....n. Let § € S"7!, where S"~! C R” is the unit sphere centered at 0,
and let G be a standard Gaussian random variable, that is G has density function
l/me_"z/z. We denote X = (X1,..., X,). In this paper we examine different
conditions on X under which X -6 is close to G in distribution. The classical central
limit theorem states that if X7, ..., X, are independent then for most 6 € S =1 the
marginal X - 6 is close to G. It was conjectured by Anttila et al. [1] and by Brehm
and Voigt [6] that if X is distributed uniformly in a convex body K € R", then for
most § € S"~! the marginal X - 0 is close to G. This is known as the central limit
theorem for convex sets and was first proved by Klartag [12].

In this note we examine extensions of the above theorem to non-convex settings.
Our study was motivated by the following observation on the unit balls of /,, spaces
for0 < p < 1:

We denote by B = {x € R"; [x;]” + -+ + |x,|" < 1} the unit ball of the space
l;’,. For X = (Xy,..., X,,) thatis distributed uniformly on ¢, , B, p >0, 0 eSS,
and G a standard Gaussian, one can show that

PO-X <0)—P(G<1)| <Cp Y |6
k=1
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where ¢, is chosen such that EX; = 0 and EX; X; = 8,-,]- fori,j =1,2,...,n,
and C,, > 0 does not depend on 7.
In order to formulate our results we use the following definitions: Let X =

(X1,...,X,) be a random vector in R”. A random vector X is called isotropic if
EX; = Oand EX; X; = Si.j fori,j = 1,2,...,n. A random vector X is called
unconditional if the distribution of (¢; X1, ..., &,X,) is the same as the distribution

of X foranye; = 1,71 =1,...,n.
The first class of densities we define is based on Klartag’s recent work [14] and
includes the uniform distribution over B, for0 < p < 1.

Theorem 1. Let X be an unconditional, isotropic random vector with density

e 74X where the function u (x’f, .. ’XZ) is convex in R’f,_ = {x eR"; x; >0Vi e
{1,2,.. ,n}} for k > 1. Let G be a standard Gaussian random variable and
0 € S"L. Then

P(6-X >1)~P(G =0 <Cc Y |6f,
k=1

where C, > 0 depends on k only, and does not depend on n.

In order to see that Theorem 1 includes the uniform distribution over B; for
0 < p < 1take

0, X+ X <1

u(x) = .
00, otherwise

andsetk = 1/p.

The error rate in Theorem 1 is the same as in the classical Central Limit
Theorem. For example, by choosing 8 = (1/ﬁ ey l/ﬁ), we get an error rate
of O (1/4/n).

The symmetry conditions in Theorem 1 are highly restrictive. Hence, we are led
to study p-convex bodies, which satisfy fewer symmetry conditions and are shown
to share some of the properties of convex bodies.

We say that K C R" is p-convex with 0 < p < 1 if K = —K and for all
x,y € Kand 0 < A < 1, we have

APy +(1-0)YPy eK.

These bodies are related to unit balls of p-norms and were studied in relation to
local theory of Banach spaces by Gordon and Lewis [10], Gordon and Kalton [9],
Litvak et al. [16] and others (see [2,7,11,15,17]).

The following discussion explains why the class of p-convex bodies does not give
the desired result.

Theorem 2. Set N = n + n°?1og? n. There exists a random vector X distributed
uniformly in a 1/2-convex body K C RY, and a subspace E with dim(E) = n,
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such that for any 0 € SN=' N E, the random variable 0 - Proj; X is not close
to a Gaussian random variable in any reasonable sense (Kolmogorov distance,
Wasserstein distance and others).

A similar construction can be made for any fixed parameter 0 < p < 1. Since
dim(FE) tends to infinity with n, a similar theorem is not true in the convex case.
Hence, the central limit theorem for convex sets cannot be extended for the p-convex
case. Thus, we need to look for a new class of bodies (densities) that includes the / ;’,
unit balls, with a weaker condition than the unconditional one.

Remark 1. In[15] Litvak constructed an example of a p-convex body for which the
volume distribution is very different from the convex case. Litvak’s work studies the
large deviations regime for p-convex distributions, while our work is focused on the
central limit theorem.

Throughout the text the letters ¢, C,¢’, C’ will denote universal positive con-
stants that do not depend on the dimension . The value of the constant may change
from one instance to another. We use C,, C(«) for constants that depend on a
parameter o and nothing else. 0,—; will denote the Haar probability measure on
S"~L. f(n) = O(g(n)) is the big O notation, i.e. there exists a constant C > 0 such
that | f(n)| < Cg(n), Vn € N.

2 A Class of Densities with Symmetries

In this section we use Klartag’s recent work [14] in order to exhibit a family of
functions, which includes the indicator functions of / Z unit balls, for 0 < p < 1,
having almost Gaussian marginals.

A special case of Theorem 1.1 in [14] gives us the following lemma.

Lemma 1. Letk > 1 andlet ¢ : R" — R be an unconditional function such that
e=?™) is a probability density function and O (xt,...,x5) is convex on Ry, Let X
be a random vector with density e=**). Then

n
VarX|? < ¢ Yy EIX;]%
j=1
where ¢, depends only on k.

Lemma 2. Letk > 1 andlet ¢ : R" — R be an unconditional function such that
e~?Y) s a probability density function and ¢(x%, ..., x¥) is convex on RY. Let X
be a random vector with density e=®™). Then for any p > 1 andi = 1,...,n,

EIXi | < cp (B1X:[2)"7.
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Proof. If p < 2 then, by Holder’s inequality, we have ¢,, = 1. Assume that
p > 2. Define & : R, — R by m(x) = (|x1]*,...,[x,4]“). The Jacobian of &
is ]_[;'-=1 «|x;|“~1. Using the symmetry of ¢ we obtain

/R" |x;|Pe W dx = 2" /R" |x; |Pe @ dx

+

n
= 2"/n |x;]P* l_[/c|xj|’(_l P gy
RY j=1

Now set u(x) = ¢(m(x)) — (k — 1) Z log |x;|. The function e is log-concave

j=1
on R, with " /R” e = 1/2" and
+
/n |xi|pe_¢(")dx:/c”/n i |P< e .
R R
+ +

By Borell’s Lemma (see [4, 5, 18]) we obtain

r/2
(2/()” /Rn |xl-|17ke—u(x)dx < CK,p ((2/()” /Rn |xi|2ke—u(x)dx)

+ +

p/2
= Cyp (/ |xi|ze_¢(x)dx)
Rl‘l

Lemma 3. Letk > 1 andlet ¢ : R" — R be an unconditional function such that
e~?™) is an isotropic probability density and d(xf,....xy)is convexon R’y . Let X
be a random vector with density e=**). Then, for any a € R"

n
Var(@i Xy + -+ ap X)) < Ce Y laj[*.
j=1
Proof. By applying a linear transformation, Lemma 1 gives
n
Var(a} X7 + -+ a; X7) < C. Y Ea}|X;|*.
j=1

By Lemma 2, we obtain
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Var(a@?X2+---4a2X?) < C! ZEa 1X;* < C, Za (E1X,]%)° =C, Z|a,|4
j=1 j=1

We are now ready to prove Theorem 1.

Proof. Since X is unconditional,
P@O-X>t)= P(Z@kxkek > z),
k=1
where €1, ..., &, are i.i.d. random variables distributed uniformly on {£1} that are

independent of X. By the triangle inequality,

t

V k= 62X

<Ex |P(G=>=t)—Ps |G >

P (Z O Xrep > t) —P(G >1)
k=1

. t
+Ey |P, (Z ek Ok Xy > l) P |G > ———m——
k=1 V k=1 O X}

We estimate each term separately. Denote ¥, = > _, GIfX ]f By the Berry-Esseen
Theorem (see [8]),

Y t
P, O Xy >t -P (G > )
(; ) N7
16k | X |? 1
( Z Y, )3/2 li/2.00) (Yn) +2P | Y, < 3

k=1

! 1 - 1
<C (10 Ex|0P|1X:?P +2P (Y, <=)] <C. P+ CPlY, <=
< (];X|k||k|+ ( <2))_ J;Ik|+ <3

Here we used Lemma 2 to estimate E| Xy |*. Note that

j=1

J=1 Jj=1

so by Chebyshev’s inequality and Lemma 3

B l Var (Y,) 4
P(m 1|22)_ i = Z|€| (1)



188 U. Grupel

Hence, since |6;| < 1 foralli =1,...,n,
n t n
Ey |P b Xy >t|-P(G > <C 0.
Xs(kzzjlkkk_) (_m)_K;|k|

t
Now, in order to estimate Ey ‘]P’(G zt)—IP’(G > ) we use (1) and

VY,

Klartag’s argument in [13] (Sect. 6, Lemma 7) and conclude that it is enough
to show that

1 n
Ynzz) <c|Y 0P

Jj=1

E ((Yn —1)?

By Lemma 3 we get

E (Y, —1)* = Var(¥,) < Cc > _[6;]*
j=l1

Hence,

1 !
Y, > | <E, - 1)’P(Y, >~
2 2

1 —1
YnZE)

E ((Yn —1)?

<c[Xie1 )P
j=1

~—

From inequality (1) it follows that

-1

1) ! ! 1 1
P(Y,> - =P 92x2 > _ < _
(e(r=3)) =r(Xo=3) <—aromr

J=1

n
We may assume that Z 10; |* is bounded by some small positive constant depend-
Jj=1
ing on k, since otherwise the result is trivial, and obtain

1 n
<1+C) 16,
1=Ce 3710, ; ’

which completes our proof.
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3 The p-Convex Case

In this section we construct a random vector X, distributed uniformly in a
1/2—convex body K, such that for a large subspace £ C R”" the random vector
Proj; X has no single approximately Gaussian marginal. We define a function
f : Ry — Ry such that the radial density r"~'e=/) is spread across an interval
of length proportional to /7; that is, we want 7" ~'e=/(") to be constant (or close
to constant) on such an interval. Such densities have marginals that are far from
Gaussian. We use the density function introduced above and an approximation
argument to construct the desired body K.

In order to construct a p-convex body from a function f, we restrict ourselves to
p-convex functions.

Definition 1. A function f : R" — RU{oo} is called p-convex if for any x, y € R"
and 7 € [0, 1],

S (E7x + A =0)"y) <if () + A =0 f(). @

The following proposition allows us to construct a p-convex body with 0 < p <1
from a p-convex function.

Proposition 1. For  : R" — Ry p-convex function with 0 < p < 1 and fixed
N > 0, define fn(x) = (1 — w(x)/N)ﬁ Then the set

Kv@) = {(r.v); x € R, y e RY, Iy < £V ()

is p-convex.

Proof. Let(x1, y1), (x2, y2) € Kn(¥). Since (x;, yi) € Ky () we have fy(x;) > 0.
Therefore,

¥ (xi)
N

V) = 1=

LetO < <1 we get
SN 4 Q=00 2 1= @+ (=0
= 1 )+ (= 0¥ (x2)

1/N 1/N
=N ) + A=Y () > 1l + (1 =1)]y]
> tVPy (=) Py > Py + (1 =1)Py,).

Hence, t'/7 (x1. y1) + (1 = 1)'/7(x3. y2) € Ky (), as needed.



190 U. Grupel

Proposition 2. There exists a universal constant C > 0 such that, for a > C the
function

loga, f0<x=<a
f(x) = log x, ifa<x<2a
VX —2a +log2a, if2a<x

is 1/2-convex.

Proof. We begin by verifying that the function f is 1/2-convex for each interval
[0,a], [a,2a], [2a,oc0). Then we need to check that condition (2) holds when x
and y are from different intervals. By symmetry, we may assume that x < y. The
cases x,y € [0,a] and x,y € [2a, co) are straightforward. In order for condition
(2) to hold for the function log x on an interval [a, b] we must show that for any
x,y € la,b]

log((1 —1)*x +t%y) < (1 —1)log(x) + t log(y) = log (x'~"y"). 3)
This is equivalent to
(1—t)’x +12y —x'7'y! <.
Setting here y = cx, we obtain
(A=t +t’c—c" <0.

This inequality holds for every 1 < ¢ < 4and 0 < ¢t < 1. To see that note that
g(t,¢) = (1—t)>+1>c—c' is a convex function in ¢ (as a sum of convex functions).
Hence, it is enough to verify that g(¢#,1) < 0 and g(t,4) < Oforany 0 < ¢ < 1.
Indeed,

gt D)=0—=0) > +>—1=2t(t—1)<0

and

Pg(t.4)

LA =0—-1) ) +%4—4 = 2~
g4 =010-1)"+ a2

=248 —(log4)’4' > 2.
Hence, g(,4) is convex in ¢. Since g(0,4) = g(1,4) = 0, we obtain, g(¢,4) <0
forall0 <t < 1.

Consequently (3) holds for any interval of the form [a, b] C [a, 4a].

Next, we verify condition (2) for f when x € [a,2a], y € [2a,00), and t?x +
(1 —1)%y € [a,2a]. We consider two cases



Remarks on the Central Limit Theorem for Non-convex Bodies 191
1. y € [2a, 4a]. By inequality (3),

f(@x + (1 =1)%y) =log(t’x + (1 —1)*y) < tlog(x) + (1 — 1) log(y)
< log(x) + (1 —1)(log(2a) + /¥ — v/2a)
=)+ A -0 f().
The second inequality holds thanks to the elementary inequality log(y) —
log(2a) < /¥y — v2a. Since for y = 2a we have equality, and WY =

1//4y > 1/y = (log(y)) for y > 4, the inequality holds if 2a > 4.
2. y > 4a. Define

g(1) = log(t®x + (1 —1)%y) — t1og(x) — (1 — 1)(/y — v2a + log(2a)).

We need to show that g(¢) < 0 forall ¢ € [0, 1]. Since g(1) = 0, it is enough to

show that g’(¢) > O forall 0 < ¢ < 1. We have,

2x —2(1 — 1)y

g(t) = ————-
t?’x + (1—1)%y

2tx—2(1 —1t)y 1
= Px (-0 (1 - ﬁ) vy

Hence, if 2tx—2(1—1)y + (1 — 1/&) VY (?x+(1—=1)*y) = 0, then g'(z) > 0.
Recalling that t2x + (1 — ¢)?y > a, it suffices to prove that

—log(x) + /¥ — v2a + log(2a)

2t —2(1 — 1)y + (1—%) Jya > 0.

Using the fact that (1—¢)%y < t2x+(1—¢)%y < 2a, we obtain (1-1)/y < V2a.
Hence,

2tx—2(1—t)y+(1—%)a y22ta—2mﬁ+(l—%)aﬁ

Zﬁ((l—%)a—zﬂ).

This gives the condition
(1 ! ) 24/2a >0
——]a-— a>0,
V2

Which is satisfied for a > 100.
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When x € [a,2a] and y € [2a,00) and t>x + (1 — )%y > 2a, we have

f(2x + (A =0)%y) = Vi2x + (1 —1)%y — v/2a + log2a
tVX 4 (1 —1)/y — V2a + log2a

IA

and
f(x) + (1 —0)f(y) =tlogx + (1 —1)(\/y — v2a + log 2a).

Hence, (2) holds thanks to the elementary inequality log 2a—log x + /X —+/2a < 0,
which holds for a > 4.

If x € [0,a], then f(x) = f(a) and f(>x + (1 —1)>y) < f(t?a + (1 —1)*y).
Hence, for x € [0,a] and y € [a, o0) we have

f(@x+1-0%y) < f(Pa+(1-1)*y) < if(@)+(1=1) f(y) = F)+1=1) £ ().

Proposition 3. Let f : Ry — Ry be a p-convex function with parameter 0 < p <
1. Then x — f(|x|) is a p-convex function on R".

Proof. First, we prove that f is non-decreasing. Let 0 < x < y. There exists some
k > 1 such that 27%(/P=Dy, < x_We proceed by induction on k. For k = 1, note
that i(t) = t'/7y +(1—1)/?y is continuous, #(0) = y,and h (1/2) = 2=(1/P=Dy,
Hence, there exists some 0 < ¢y < 1 for which A(#)) = x, and so

fx) = @y + A —10)"7p) <tof () + (A —10) f(¥) = f(7)

For k > 2, f(2=%*=DU/p=Dy) < £(y) by the induction hypothesis, and by the
same argument as above

fx) < fEDAPDyy < f(y).

We thus showed that f is monotone non-decreasing. Now, by the triangle inequality,
forany x,y € R" and 0 < ¢ < 1 we have

SUePx + A =0)"Py]) < f@P1x]1+ (1 =0"Py) < of (X)) + A =1) f(y])

Using the function from Proposition 2, we are ready to construct the 1/2-convex
body K and prove Theorem 2.

Definition 2. A sequence of probability measures {i, } on R”" is called essentially
isotropicif [ xdu,(x) = 0and [ x;x;dp,(x) = (1+&,)8; foralli, j =1,...,n,
whene, — 0.

n—od
Proposition 4. The probability measure du = C,e”""V/Dax, where f is
defined as in Proposition 2, with a = \/3n/7, is essentially isotropic. That is,
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/x,-xjdu(x) = (1 +¢&,);

foralli,j =1,2,...,n, when |e,| < C/n.

Proof. The density u is spherically symmetric, hence
/R” xixjdpu(x) =0,
fori # j, and

1
x2d x=—/ x|Pdu(x),
[ du =[x

for i = 1,2,...,n. Integration in spherical coordinates and using Laplace
asymptotic method yields

~ r/3n/7 rn+l 2/3n/7 T
/ ———dr+ / r2dr
0 ( 3n/7) Vv

n—1 00
/ rn+le—(n—l)ﬁdr
24/3n/7 .

N e ]
dr+/ dr
/0 (\/311/7) N

n—I1 o0
/ ple= (=D g
2

/ xPdux) = =

L V37 _
3/2
3/ + O (/n) —nt00)
2n4 0 (1//n)

Proposition 5. Let X be a random vector in R" distributed according to u from

Proposition 4. Then,
3 3 C
Plyzn=|X|=2yzn]|=>1-—.
7 7 n

Proof. By the same arguments as in Proposition 4

277
/ dr
P(\/3n/7§ 1X| <2 3n/7) - V/3n/7 =14+ 01/n).

~ 3n/7+ 0 (1/4n)
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Proposition 6. Let X be a random vector in R" distributed according to . from
Proposition 4, and let X be a random variable distributed according to du =
C,(1—(n— l)f(|x|)/N)ﬁ Then for N > n®?log?n, X is essentially isotropic,
namely

/x,-x,»d’ﬁ(x) = (1 +¢,)3;
foralli,j =1,2,...,n, when |¢,| < C//n. Also
vi, |P(X|<t)-P(X|<1)| < <
= =0l=5
Proof. The random vector X is spherically symmetric. Hence
/]R” xix;dp(x) =0,
fori # j, and

1
xX2dTi(x =—/ x|2d(x),
[t =+ [ s

fori = 1,2,...,n. Since both densities are spherically symmetric, we need to
estimate the one-dimensional integrals

I = /OO ok (e—(n—l)f(r) _ (1 _(n —jlv)f("))N) dr
0 +

fork = n —1,n + 1. Define o by the equation

Vo — \/2\/;+10g(2\/;) n—-1 = %

That is, for any r < o we have (n — 1) f(r)/N < 1/2. By Taylor’s Theorem, for
anyr < «,

N
1%0_@L%ﬂ9)—em—nﬂm
+

< g,

Hence, forany r < «
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N
r )
+
N
(n—1)
— exp ((n ~ /() ~log ( -0
+

n’ (n—=1)f(r) §2
<C—e " .
=C5e f(r)

e~ =S _ (1 _

— o~ =Df0) |

Note that

[l

Combining the above inequalities, we obtain

o0
< C/ eI gy < ce
o

I’l2 o n2 o) i
1| < Clﬁ/ rke_(”_l)f(r)fz(r)dr—}—Cze_” < CN/ rke_(”_l)f(’)fz(r)dr.
0 0

Hence,

2
|1, 1|<C (flog n+0(ojﬁn)) <y,

2
[1i41] < Cnﬁ (n%logzn + 0 (logznﬁ)) < Cyn.

By the estimation on I, and the calculations in Proposition 4 we obtain
00 -1 N
/ (1_(71 ) r) dr—,/zn
0 N + 7
/°° ( ( ) ) dr— /°° o= f0) g,
0 0
=\l + 0 ( ! ) <C
— {n—1 \/ﬁ = L1.
Hence,

([T (-5 0) ) = (o ()

. Vi, |]P’(|X|<t) P(X| <1)| < %

IA

(%)

\l
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By the estimation of 7, | we obtain,
- 1 ~ 11 C
EX? —EX?| = - [EIX* —E|X]*| < C—=~|lit1] < —.
P mEXP| = DIEIXP -EIXP| < €=t < o
Remark 2. Tt is possible to take a &~ ,/3n/7 in the definition of £, such that X is
isotropic.
We use the following estimation in our proof of Theorem 2.

Proposition 7. Let Z1, .., Z, be independent standard Gaussian random variables,
andlet 0 < 6§ < 1/2. Then,

IP’(‘ Zi+.. .+ 22— n

28
fng)zl—Ce o

where ¢, C > 0 are constants.

Proof. Note that

VZi+-+Z2+Vn

V.

‘le+"'+Zf—n|:‘ Zi4+--+Z2—n

=

Zi+-+ Z2—n

Therefore it is enough to show that
IP’(‘ZIZ 4+t Z,% —n| < n‘H%) >1- Ce”.

Note that for all m > 1 and foralli = 1, ..., n, we have
" (m

Bz —1" <> |, JEZ* <2"@m)! < 4"m!
k=1 k

where (2m)!! = 1-3-5---(2m —1). Hence, by Bernstein’s inequality [3] we obtain
P(I(Z2 = 1) 4ot (Z2— D] > n3H) <

We are now ready to prove Theorem 2.

Proof. By Proposition 2, the function (n — 1) f(|x|) is 1/2-convex. Proposition 1
with N = n%?log?n yields a 1/2-convex body K. Let X be a random vector
distributed uniformly in K. By the definition of K the marginal of X with respect to
the first n coordinates has density proportional to (1 — (n — 1) f(|x|)/N )ﬁ. Denote
this subspace by E. By Proposition 6, Proj; X is essentially isotropic. Let G be
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a standard Gaussian random variable. In order to show that ¥ = Proj, X has no
approximately Gaussian marginals, we examine P(|f - Y| < t), for any 6, € S"~!.
Using the symmetry of Y and the rotation invariance of 0,,—;, we obtain,

P(6y-Y| <t)= IEl[O,,](|90 -Y) = / 1 El[().t](w -Y|do,—1(0)
N

= IE/ 1 1[0.t](91|Y|)dGn_1(9),
Sn—

where 0 = (6,...,0,).Let Z = (Z,,...,Z,), where Z; are independent standard
Gaussian random variable. Since Z is invariant under rotations, Z /| Z| is distributed
uniformly on S"~!. Hence,

P(|6y- Y| <t) = IP’(|21||Y| <ty ZP 4+ Z,%).

By Proposition 7, P(| le +---+Z2— Jn| < nl/loo) >1-— Ce_"”l/so. Hence,

P(6p-Y|<t)=P(|Z\||]Y| <t/n (14 O (n—1/2+1/100))) L0 (e_cnl/so) '
“

By Propositions 6 and 5, there exists a random vector Y’ such that

vi [P(Y <) - P(|Y|<z)|<— (\/Tn<|Y|<2\/7)>1__

and |Y’| has constant density function on [ 3n/7,24/3n /7]. By the triangle
inequality, for W distributed uniformly on [ 3/7,2/3/ 7] and any /3/7 < a <
B < 24/3/7 we have

[P(Vna < |Y] < Vnp) =Pl =W < p)| <

g

Combining with (4),

P(16o- Y| < 1) =P(IGIW < t(1+ O(n~>*1)) + 0 (%) .

We conclude that |Y - | is very close to a distribution which is the product of
a Gaussian with a uniform random variable, and the latter distribution is far from
Gaussian.
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