Stiff Order Conditions for Exponential
Runge-Kutta Methods of Order Five

Vu Thai Luan and Alexander Ostermann

Abstract Exponential Runge—Kutta methods are tailored for the time discretization
of semilinear stiff problems. The actual construction of high-order methods relies
on the knowledge of the order conditions, which are available in the literature up
to order four. In this short note, we show how the order conditions for methods
up to order five are derived; the extension to arbitrary orders will be published
elsewhere. Our approach is adapted to stiff problems and allows us to prove high-
order convergence results for variable step size implementations, independently of
the stiffness of the problem.

1 Introduction

In this paper, we derive the stiff order conditions for exponential Runge—Kutta
methods up to order five. These conditions are important for constructing high-order
time discretization schemes for semilinear problems

W (t) = Au(t) + g(u(1).  u(to) = uo. (1

where A has a large norm or is even an unbounded operator. The nonlinearity g,
on the other hand, is supposed to be nonstiff with a moderate Lipschitz constant
in a strip along the exact solution. Abstract parabolic evolution equations and their
spatial discretizations are typical examples of such problems.

Exponential integrators have shown to be very competitive for stiff problems, see
[1,4,9]. They treat the linear part of problem (1) exactly and the nonlinearity in an
explicit way. A recent overview of such integrators and their implementation was
given in [7]. The class of exponential Runge—Kutta methods was first considered
by Friedli [2] who also derived the nonstiff order conditions. For stiff problems, the
methods were analyzed in [5]. In that paper, the stiff order conditions for methods
up to order four were derived.
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Motivated by the fact that exponential Runge—Kutta methods can be viewed as
small perturbations of the exponential Euler method, we present here a new and
simple approach to derive the stiff order conditions. Instead of inserting the exact
solution into the numerical scheme and working with defects, as it was done in
[5, 8], we analyze the local error in a direct way. For this purpose, we reformulate
the scheme as a perturbation of the exponential Euler method and carry out a
perturbation analysis. This allows us to generalize the order four conditions that
were given in [5] to methods up to order five. The error analysis is performed
in the framework of strongly continuous semigroups [11] which covers parabolic
problems and their spatial discretizations. The work is inspired by our recent paper
[10], where exponential Rosenbrock methods were constructed up to order five.

The paper is organized as follows. In Sect.2, we introduce a reformulation
of exponential Runge—Kutta methods which turns out to be advantageous for the
analysis. Our abstract framework is given in Sect. 3. The new stiff order conditions
are derived in Sect.4. Section 5 is devoted to the convergence analysis. The main
results are given in Table 1 and Theorem 1.

Table 1 Stiff order conditions for explicit exponential Runge—Kutta methods up to order 5. The
variables Z, J, K, L denote arbitrary square matrices, and B an arbitrary bilinear mapping of
appropriate dimensions. The functions v ; are defined in (21)

No. Order condition Order
1 Yo bi(Z) = p1(2) 1
2 Yl bi(Z)ei = 92(Z) 2
3 Y ag(2) = oG Z), i=2....5 2
4 YD) = 0u(2) 3
5 Y= bi(Z)JY2:(Z2) =0 3
6 YL bi(2)% = pu(2) 4
7 S bi(Z)I Y3 (Z) =0 4
8 i bi(2)T X a(Z2) T2, (Z) = 0 4
9 Y bi(Z)ei Ky i (Z) =0 4

10 Y bi(2)% = ¢s5(2) 5

11 S bi(Z) IV (Z) =0 5

12 S bi(Z2)] Zj_za,j(Z)J%](Z) =0 5

13 S bi(Z2)] Zj L ai(Z)J Y2 ap(Z2) I i (Z) = 0 5

14 Nl bi(2)T Y ag(Z)ej K j(Z) =0 5

15 S bi(Z)ci K3 (Z) =0 5

16 Y bi(2)ei K Yy ag(Z) Y (Z) =0 5

17 Y bi(Z)B(Y2:(2), ¥2:(Z)) =0 5

18 Y= bi(Z)e] Ly i (Z) = 0 5
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2 Reformulation of Exponential Runge-Kutta Methods

In order to solve (1) numerically, we consider a class of explicit one-step methods,
the so-called explicit exponential Runge—Kutta methods

i—1

Uni = " uy + hy Y agaA)g(Uy), 1=i<s, (2a)
j=1
tprr =" Muy + hy Y bi(hy A)g(Un). (2b)

i=1

The stages U,; are approximations to u(t, + c;h,), the numerical solution u,;
approximates the true solution at time #,4; and h, = t,41 —t, denotes the step size.
The coefficients a;;(h,A) and b;(h,A) are usually chosen as linear combinations
of the entire functions ¢ (c;h,A) and @i (h, A), respectively. These functions are
given by

k—1

1
— oz — (=0z_~ 4. k>
n@ =¢, g = [ e k=

and thus satisfy the recurrence relation

o (2) — @i (0)
—

0r+1(z) = k > 0. 4)

It turns out that the equilibria of (1) are preserved if the coefficients a;; and b; of the
method fulfill the following simplifying assumptions (see [5])

s i—1
Y bi(hA) = @i(hA), Y aj(hyA) = cigi(cihyA), 1<i<s. (5
i=1 j=1

The latter implies in particular that ¢; = 0. Without further mention, we will assume
throughout the paper that (5) is satisfied.
Following an idea of [6, 12], we now express the vector g(U,;) as

and rewrite (2) in terms of D,;. Since ¢; = 0, we consequently have U,; = u, and
D,; = 0. The method (2) then takes the equivalent form
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i—1
Uni =ty + cihy@i (cihy AYF () + hy Y ai(ha A)Dyy, 1 <i <5, (Ta)
=2

Un1 = thy + hy@1(hy A)F (i) + hy Y bi(hy A) Dy (7b)
i=2

with F(u) = Au + g(u).
Since the vectors D,; are small in norm, in general, exponential Runge—Kutta
methods can be interpreted as small perturbations of the exponential Euler scheme

Un+1 = Uy + hyor1(hy, A)F (uy).

The reformulated scheme (7) can be implemented more efficiently than (2), and it
offers advantages in the error analysis, see below.

3 Analytic Framework

For the error analysis of (7), we work in an abstract framework of strongly continu-
ous semigroups on a Banach space X with norm || - ||. Background information on
semigroups can be found in the monograph [11].

Throughout the paper we consider the following assumptions.

Assumption 1. The linear operator A is the infinitesimal generator of a strongly
continuous semigroup e on X.

This implies (see [11, Thm. 2.2]) that there exist constants M and w such that
lelxx < Me®', 1>0. 3)

Under the above assumption, the expressions ¢i(h,A) and consequently the
coefficients a;j(h,A) and b;(h,A) of the method are bounded operators, see (3).
This property is crucial in our proofs.

For high-order convergence results, we require the following regularity
assumption.

Assumption 2. We suppose that (1) possesses a sufficiently smooth solution u :
[0,T] — X with derivatives in X and that g : X — X is sufficiently often
Fréchet differentiable in a strip along the exact solution. All occurring derivatives
are assumed to be uniformly bounded.

Assumption 2 implies that g is locally Lipschitz in a strip along the exact
solution. It is well known that semilinear reaction-diffusion-advection equations can
be put into this abstract framework, see [3].
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4 A New Approach to Construct the Stiff Order Conditions

In this section, we present a new approach to derive the stiff order conditions for
exponential Runge—Kutta methods. It is the well-known that the exponential Euler
method

Upt+1 = Uy + hy @1 (hy A)F (1) 9)

has order one. In view of (7b), exponential Runge—Kutta methods can be considered
as small perturbations of (9). This observation motivates us to investigate the vectors
D,,; in order to get a higher-order method.

Let u, denote the exact solution of (1) at time ¢, i.e., i, = u(t,). In order to
study the local error of scheme (7), we consider one step with initial value i, i.e.

i—1

Uni = ity + Cihp1 (cihn AV F (i) + Y (i A) Dy, (10a)
j=2
g1 = ity + hy@1 (R A)F (ity) + ha Y bi(hy A) Dy (10b)
i=2
with
Dy = g(U) = g(n).  Uni ~ ulty + cihy). (1n

Let 12,(1]() denote the k-th derivative of the exact solution u(¢) of (1), evaluated at
time #,. For k = 1,2 we use the corresponding notations i), i,/ for simplicity. We
further denote the k-th derivative of g(u) with respect to u by g (u).

4.1 Taylor Expansion of the Exact and the Numerical Solution

On the one hand, expressing the exact solution of (1) at time #,1; by the variation-
of-constants formula

1
ﬁn-i—l = u(tn-i-l) = ehnA’;n + hn/ e(l_e)h”Ag(M([n + th)) do (12)
0

and then expanding g (u(t, + 6h,)) in a Taylor series at i, gives
i;ln+l = i;ln + hn(pl(hnA)F(i;ln)

k 1 04 (13)
N Z o / e1=0mAZ_o@ G\ (V,...,V)d0 + %
q=1 0 ¢

q times



138 V.T. Luan and A. Ostermann

with V' = (u(t,, + 6h,) — u(tn)) and the remainder

1 L gk+1(1 _ o)k
Ry = h’;“/ e“—@)”nA/ ¥g<k+”(ﬁn + 560h,V)(V,...,V)dsd6.
0 0 k' N’
k41 times

It is easy to see that || %] < Ch*™2 where the constant C only depends on values

that are uniformly bounded by Assumptions 1 and 2. From now on, we will use the

Landau notation for such remainder terms. Thus, we will write %, = O (h%*?).
Expanding u(z, 4+ 0h,) in a Taylor series at ¢, gives

S (Oh) m
V=2 T o,
r=1

Inserting these expressions into (13) for k = 4, using (3) and the symmetry of the
multilinear mappings in (13), we obtain

fiyt1 = ity + ha@1 (hy A)F (ity) + h2@2(hy AL + h3(hy AM

(14)
+ ht@y(hy AN + 2 ps(h, AP + O(h®)
with
L = g'(itn)it,, M= g (i), + g" (i) ity ity,),
N = g'(in)) + 38" (iin) ity ity) + g (i) (it ity it).
(15)
P = g/ ()il + 3g" (itn) (i), ity)) + 4" (itn) (it} i)
+ 68 (i) (it i1}, i) + g (it (W), i1, i 01 ).
On the other hand, expanding ﬁni in (11) in a Taylor series at i,, we obtain
k Y
Dy =Y g D@)(Vi..... Vi) + O™ (16)
q=1 q times
with
i—1
1
Vi= h_(Um - Mn) = cipi(cihy A F (ity) + Za,](h A)Dnz (I7)
j=2
Inserting (16) into (10b), we get
hq“ (18)

+Zb(h A)Z

(q) (ﬁn)(u) + ﬁ(h’,j“)‘

q times



Stiff Order Conditions for Exponential Runge—Kutta Methods of Order Five 139

In order to construct methods of order 5 we set k = 4 and compute V;.

Lemma 1. Under Assumptions I and 2, we have

cih 2h2 3h3
1(cihy A)F (@) = iy + =2 Xi + 52V + 07+ O () (19)
with
X; =it —2!ga(cihy A)L Y, = i — 3lg3(cih, A)M,

(20)
Z, = u — 4 4(cih, A)N.

Proof. Itis easy to see from (1) that Au® () = u(kH)(t)—;t—ig(u(t)). Thus Au® (¢)
is bounded for all k. Evaluating it at ¢ = ¢, for k = 1,2, 3 by using the chain rule,
we obtain expressions for Ai),, Ai,, and AilY. Using F(iiy) = i, and employing
the recurrence relation ¢y (h, A) = % + hy A@r41(h, A), we get

ih c?h? cinl

o1(cihy A)F (ity) = i, + 62'”X,- TR TR + hyctps(cihy, A) AilD.

O

In the subsequent analysis, we use the abbreviations a; = a;j(h,A), b; = b;(h, A),
and

Vi = ji(hy A) = Za,k(h NG —c!qoj(cihnA). @1)

1)'

Lemma 2. Under Assumptions 1 and 2, the following holds

Vi = ¢iill, + hy (2’2'~,/{+1/f21 )

+h2( i)+ Y M+Zaqg(un)1/fz, )+h3(““°+w4

'Vl
3! =

Zaug (Mn)%, M + Zaug (it ) Za]kg (itn) Y2k L

j=2 j=2

i—1
+ 3 aie; @)@, v2, 1) + O ).
j=2
' (22)

Proof. Using (16) and (17) repeatedly, one obtains the following representations
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N ~ , h -
By = b/ @)V + 22 ) (V). V) + 22 @) (V). V). V) + 00,

~.

L _ K
v, = chol(c,»hnA)F(unHZa,-k(hng/(un)vk + 2L ”(un)(Vk,Vk)) + o),
k=2
k—1
Vi = ckpi(cxhn A Fitn) + hy Y aug (@) Vi + O(h})  and
1=2

Vi = cioi(cihn A)F () + O (hy).

Applying Lemma 1 to the first terms of V;, Vi, V; and then sequentially inserting V;

into Vi, Vj into V;, and V; into ﬁnj, we obtain the full expression of ﬁnj with the
remainder &'(h}). Substituting this into (17), employing Lemma 1 once more and
combining all obtained terms we get (22). O

The following result follows immediately from Lemma 2.

Lemma 3. Under Assumptions 1 and 2 we have

gV @) (Vi Vi, Vi, Vi) = ¢} g ) (@, it i, i1, + O (hy),

l‘l’ n’

£ @) Vi Vi Vi) = 2 ) iy ) ) + (3 o) . 7 )
+ 3¢2¢ ) @) it 1, Y2 L)) + O (),

g @) (Vi Vi) = 1" Gin) i i1,) + o ] 8" o) G

+ 268" (i) (@ V2 L) + 2 (2 L )1 7Y) + 208" )y s M)
i—1

+2¢i8" @) (i, Y aig (@) ;&' (@n)il)) + " g (i) (@, it}
j=2
+ ¢ g" (i) (@), Y20 L) + g" (1) (Y2i L. Y2 L)) + O(hy). O

Employing the results of Lemma 3, we get the expansion of the numerical solution
~ ~ 2N SN~ G
Byt = T + hp1 (g AYF (@) + H2( Y byci)L + hn(z biz—’!)M

i=2 i=2
(23)

+h4<Zb 3')N+h5(Zb )P+R+ o)

with L, M, N and P as in (15), and the remaining terms
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R=h > big (i) Voi L+ hy Y big (it) V3 M

i=2 i=2

K i—1 K
0y > big i) Y agg (i)Yo L+ hy Y bicig (i) (it Y20 L)

i=2 j=2 i=2

i—1

+ hs Zb g (“n)wh N+ hs Zb g (”n)zayg () Y3 ; M

i=2

+ hS Z bzg (i) Zaug (i) Zalkg (@) Y2 L

j=2

s i—1 s
0y big! () Y asic; & Gin) (it Y2 L) + k3 Y bicig” () (it Y130 M)

i=2 j=2 i=2

b, -
+h5 Zb ng (un) Zat]g (Mn)%, )+h2 Z Z_!g (”n)(wli L,V L)

i=2

+h52b—‘g”(un (it Y. L +h52b <-”>(un) (it 1y Y2 L).

4.2 Local Error and Derivation of Stiff Order Conditions

Now we are ready to study the order conditions. Let &,41 = it 41 — it +1 denote the
local error, i.e., the difference between the numerical solution i, 4+ after one step
starting from i, and the corresponding exact solution of (1) at #,+, and let

Vv (hy A) = Zb(h Ao~ et 22

- D!
Subtracting (14) from (23) gives

Ens1 = h2Ya(hy AL + B3 y3(hy AYM + By s (hy AN

(24)
+ hy s (hy AP + R + O(hY).
The stiff order conditions can easily be identified from (24). They are summarized
in Table 1. Note that the last two terms in R give rise to the same order condition,
which is labeled 18 in Table 1.
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The first nine conditions in Table 1 are the same as in [5]. Note that the method
satisfies ¢; = 0 and ;1 = O for all j. Therefore, all sums in Table 1 with the very
exception of the first one start with the lower index 2.

S Convergence Analysis

With the above local error analysis at hand, we are now ready to prove convergence.

Theorem 1. Let the initial value problem (1) satisfy Assumptions 1 and 2. Consider
for its numerical solution an explicit exponential Runge—Kutta method (7) that
fulfills the order conditions of Table 1 up to order p for some 2 < p < 5. Then,
the numerical solution u,, satisfies the error bound

n—1
ln — u(t)|| < C > AL (25)

i=0

uniformlyonty < t, < T.In particular, the constant C can be chosen independently
of the step size sequence h; in [ty, T].

Proof. The proof is quite standard. It only remains to verify that the numerical
scheme (7) is stable. For this, let v; and wy denote two approximations to u(#x)
at time #;. Performing n — k steps (n > k) gives

n—1 s
v, = e(h”_l+"'+h")Avk + Z hme(h”_1+"'+h’"+1)A Zbi (hmA)g(Vini)

m=k i=l1

and a similar expression for w,,. Using the Lipschitz condition of g and the stability
estimate (8) on the semigroup shows the bound

n—1

v = wall < € (I =will + 3 v = winl)

m=k

with a constant C that can be chosen uniformly in n and k forty <t <¢t, <T.
The application of a standard Gronwall inequality thus proves stability.

We now make use of the fact that the global error u,, — u(#,) can be estimated by
the sum of the propagated local errors iy — itx, k = 1, ..., n. Due to the stability of
the error propagation, we obtain at once (25). O

A discussion of the solvability of the order conditions given in Table 1, sample
methods and numerical experiments will be published elsewhere.
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