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1 Introduction

Spacecraft and interplanetary probes, orbiting beyond the
Earth’s detectable atmosphere, experience physical pressure
caused by impinging solar radiation. Researchers have con-
sidered use of solar radiation pressure (SRP) exerted on
control surfaces mounted on satellites for the purpose of
control. Researchers have proposed a variety of control
surface configurations including trailing cone, reflector-
collector, weathervane tail, mirror arrays, solar paddles,
and solar sails for deriving solar control forces [PV1]. In
the Mariner IV mission [S1] and the OTS-2 mission of the
European Space Agency [R1] solar vanes and flaps were
employed for the control of geostationary communication
satellites.

In the past, a variety of control systems for the attitude
control of satellites using solar radiation pressure have been
developed. A time optimal control law for pitch angle con-
trol has been designed [R1]. The control of an Earth-pointing
satellite has been also considered [PV2]. Optimal control
laws for inertially-fixed attitude control have been designed
[PV3, VP]. A control law for large angle maneuver has been
proposed [Ve]. Joshi and Kumar designed attitude control
systems for satellites orbiting in elliptic orbits [JK1]. A
nonlinear feedback linearizing attitude control law has
been developed [SY2]. Authors have also considered design
of attitude control systems for satellite models in the pres-
ence of uncertainties. The variable structure control systems
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[PKB1, PKB2] and adaptive sliding mode control systems
[VK1, V1] have been proposed. The solar pressure adaptive
controllers for attitude control have also been developed
[SY2, LS1, LS2, LS3]. Recently, an £; adaptive pitch
angle controller using SRP has been designed [LS3]. Also
a solar attitude controller [SL1] for a finite-time regulation
based on a higher-order sliding mode control technique, has
been developed. But for the synthesis of control law in
[SL1], measurements of the first and second derivatives of
the pitch angle are required. The adaptive laws developed in
[PKB1, PKB2, VK1, LS2] also assumed availability of the
complete state vector. Certainly, it is desirable to use fewer
sensors for measurement. As such it is of interest to develop
adaptive SRP attitude control systems for satellite models
with unmodelled dynamics which require only the pitch
angle measurement for feedback.

The contribution of this paper lies in the derivation of a
robust output feedback control system for large pitch angle
control of satellites in elliptic orbits using the SRP, despite
uncertainties. The nonaffine-in-control model of the satellite
includes unmodelled nonlinear functions, unknown inertial
and solar parameters and time-varying disturbance input.
The satellite is equipped with two rotating reflective control
surfaces (solar flaps) for the purpose of control. It is assumed
that only the pitch angle is measured for synthesis. The
control torque derived from the SRP is an implicit function
of the deflection angles of the solar flaps. A robust nonlinear
feedback linearizing control law is designed for large angle
rotational maneuvers of the satellite in the pitch plane. The
control system includes a high-gain observer to obtain
the estimates of the derivatives of the pitch angle and the
lumped unmodelled nonlinearities in pitch dynamics for
synthesis. Simulation results are presented which show that
in the closed-loop system precise pitch angle trajectory
control of the spacecraft moving in an elliptic orbit is accom-
plished, in spite of large parameter uncertainties,
unmodelled nonlinearites and external disturbance moment
in the model.
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2 Dynamics of Spacecraft

Fig. 1 shows an unsymmetrical satellite with its center of
mass S rotating in an elliptic orbit about the Earth’s center O.
The chosen inertial (XYZ), rotating orbital ( XyYoZy) and
body-fixed ( X,,Y,Z;,) coordinate systems are also shown in
the figure. (The axes Z, Z, and Z,, normal to the orbital plane
are not shown in the figure.) The solar aspect angle is
denoted by ¢, and @ and 0 are the argument of perigee and
true anomaly, respectively. The pitch angle a is equal to A
+60, where 1 is the angle between the body-fixed axis X, and
the local vertical axis Xy. The solar radiation torque is
produced by two identical, highly reflective, lightweight
control surfaces P; and P, mounted on the satellite. The
center of pressure of each control surface lies on the X,
axis. The rotation angles of the two flaps measured from
the axis X, are §; and &,. Since the radiation forces on these
control surfaces are directed along the surface normals, only
the rotation of the satellite about the axis normal to the
orbital plane is produced by the solar radiation pressure.
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The second-order differential equation describing the
pitch attitude of the spacecraft is described by [PV2]

d’a

I,—
dr?

=M, +M;+ Myt (1)
where M, is the net solar torque, M, is the gravitational
torque, and M () denotes the external time-varying distur-
bance torque. Of course, the chosen model is valid under the
assumption that the roll and yaw angles of the satellite are
controlled by means of additional solar flaps and actuators so
that its axis Z;, remains normal to the orbit. The net solar
torque produced by the control surfaces is a nonlinear func-
tion of §;. It has been shown in [PV, PV2] that it is given by

M, = C;as(qﬁ)[ sin? (a+ B,(¢) + 61)A| cos §;
_ Sin2 (a + ﬁy(¢) —+ 62)A2 COS 62] (2)

iC;asw(a, B, 6)

whereA; = sgn(sin (a4 f, 4+ 6;)),i = 1, 2and s = (6,.6,)"
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Fig. 1 Orbital and satellite
coordinate systems
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and the nonlinear function y is defined in equation (1).
The functions o and f; are

os(¢p)=1-— sin2¢ sinzi;ﬁs(qﬁ)

= — tan ' (tan¢ cos (i) (3)
The solar aspect angle varies from 0 to 2z radians in a year;
and therefore, it is a slowly varying function of 6.

The parameter C; is C; = 2p,pA;l, where Ay is the surface
area of the solar flap exposed to impinging photons, p is the
nominal SRP constant, p; is the fraction of impinging
photons specularly reflected, and / is the distance between
the center of pressure on the solar flap and the system center
of mass. The gravity gradient torque M, acting on the space-
craft is given by

3u

M, = —m(lx —1,)sinAcos A

(4)

where I, I, and I, are the moments of inertia of the satellite
about the body-fixed axes (X;, Yy, Z,) and R(6) is the dis-
tance of the satellite center of mass from the Earth’s center.

For the satellite moving in an elliptic orbit, R(¢) and the
orbital angular velocity are given by [PKB2]

Ca(l—=¢)  uB(1-€Y)
~ 14ecosd QY31+ ecos (6))
do ua(l —e?)

R(0)

(5)

dt R?

where e is the eccentricity, a denotes the semi-major axis of
the orbit, and the mean orbital rate is Q2 = (w/a)"*. Now
instead of the time ¢, the true anomaly @ is treated as an
independent variable. For simplicity in notation, the
derivatives of functions with respect to 8 will be denoted
by overdots. Using Eqs.(1) and (5), it can be shown that the
derivative of the pitch angle with respect to 6 satisfies
[PKB2, LS2]

(1 4+ecos@)id = —1.5Ksin2(a — 0) + 2ed sin 6

+ CsosM (.0, 5(¢), ) + Man(6)  (6)

where K = (I, — I,)I;', C; = C,(1.€2*)”", and

3
M. = 1-¢2 .
sn— \ 14ecos@ L8

(1—e2)’

My =My
(14 ecos6)’1.2?

Solving for &, Eq. (6) gives

a=fola,a,0) + Cv(a,0,0) (8)

where the nonlinear functions f; and v are
fola,a,0) = (1 +ecos@) '[2esinfa — 1.5K sin 2(a — 6) + My,

v(@,0,8) = (1 +ecos8) 'o,M,,
9)

Note that the disturbance input M, is included in the
nonlinear function fy. For the design of the controller, it is
assumed that the nonlinear function f; as well as the solar
parameter C are not known.

Suppose that @, is a given reference pitch angle trajectory.
The objective is to design a robust control law such that the
pitch angle a asymptotically converges to the reference
trajectory a,, despite the presence of disturbance input.
Furthermore, controller is to be synthesized using only the
pitch angle a.

3 Robust Feedback Linearizing
Control Law

In this section, a feedback linearizing control system is
designed. Because the solar torque is an implicit function
of the solar plate deflection angles, it will be convenient to
treat & as control input vector. Differentiating Eq. (8), it can
be shown that the third derivative of the pitch angle with
respect to @ satisfies

. ov ov

o« =Fola,a,@,0) + Cs %(}w 4 C,Bsu

00 (10)

=f,(x,0,8) + C;Bsu

where x = (a.@.@)", u = 5ER? and the input matrix is

ov Ov
B, = [8_51’5—52} (11)

For the derivation of the control law, it is assumed that the
function f,, is represents an unstructured nonlinear function
and the solar parameter C; is not known. We are interested
in the region £2; of the state space in which the rank of
By(a, 0, 6) is 1. For the derivation of control law, the
unknown nonlinear function f,(x, 6, 6) and the unknown
parameter C; are decomposed as

fa:f;k+Afa3CS:C:k+Acs (12)
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where functions with ‘*’ are the nominal values and the
unknown parts are denoted with A(.) Then one can write

Eq.(10) as
d35 -k B3
ﬁ =—a,+f; +4f,+ (Cs +AC)Bs(a,0,8)u  (13)

where @ = @ — a, is the tracking error. Because the vector
function By is known, consider a new input signal

u, = Bs(x,0,5)u, u, R (14)
Define a lumped nonlinear function # € R as
n=Af,+ACu, (15)
Then one can write Eq.(13) as
d’a
ﬁ:—a,.+f;k+n+cgkua (16)

In view of Eq. (16), a feedback linearizing control law is
chosen as

—1( - ~ < ~
g = (CY) (ar—f;k—ﬂ—pza—pza—pla—poxs);
a=a

(17)

where p; are the feedback gains. Substituting the control
law (17) in (16) gives

(S4 +p3s3 +p2$2 erls ero)?i:/l(s)fi = 0 (18)
where s denotes the Laplace variable. The feedback gains are
chosen such that the roots of A(s) = 0 are stable. For such a
choice of feedback gains, & converges to zero. But the

control law (17) is not implementable because the nonlinear
function # and the derivatives of a are not known.

Let zy, z,, z3 and z4 be the estimates of a, 52, @ and 7,
respectively. Then, in view of Eq. (17), one chooses a
modified feedback linearizing control law as

Ug = (C;k)il( a, —fj — 24 = P3Z3 — P22 — P1Z1 — PoXs)
(19)
Using Eq. (19) for u,, now 5 = u can be obtained as
u=B} (B} (B})) " us (20)

Note that if the estimation errors (& — z), (@ — 22), (@ — z3)
and (1 — z4) are zero, then the control law Eq. (19) becomes
the exact feedback linearizing control law Eq. (17).

L. Srinivasan et al.

4 Estimator Design

In this section, the design of an estimator is considered. The
structure of the estimator is based on the results of [A1, EK1,
KE]. Here the nonlinear function 7 is treated as a state
variable. Differentiating 7 gives

d
; Af, + ACsu,)f,

=gl (21)

Note that the derivative of u, can be obtained by using
Eq. (19). The nonlinear function f,, is not known. For the
derivation of the estimator, consider a set of equations

a a

dla| a

dila|  |ff— @ +n+Clu, (22)
n Iy

For obtaining estimates (z1,z3,z3,24) of (5,5,5,;1), a
high-gain estimator is designed. The advantage of this esti-
mator is that the estimation error converges to zero in a very
short period. In view of Eq. (22), the observer is selected as
\openup 12pt

Z1 :Zz+671d1(5721)
Zn :Z3+672d2(a—21)
Z3=—a, +f;k +C;kua+Z4+6_3d3((All—Zl)
Z4 :€_4d4(a—21)

(23)

where d;, (i = 1, 2, 3, 4), are real numbers, and € > 0 is a
small parameter. The parameters d; are selected so that the
roots of

st + d1S3 + szZ +dss+dy =0 (24)

are stable.

Define the estimation errors as ¢; = & — zy, €3 = a — z7,
e3 = a — zz and e4 =  — z4 = 17. Subtracting Eq. (23) from
(22), one obtains the dynamics of the estimation error as

¢l =ey — €_ld1€1

& =e3 — C_2d261

(25)
¢3 =e4 — 673(1361
¢4 = —674d4€1 +f,7
Introduce a change of variables as (i = 1, 2, 3, 4)
& =ed ™ (26)
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Using the definition of &;, Eq. (25) can be written as
€ = A&+ (0.0,0.1) ¢f, (27)

where £ = (51,52,53,54)TER4 and the stable matrix A is

—~d, 1 0 0

-4, 0 1 0

Ao = —d; 0 0 1 (28)
—dy, 0 0 0

Equation (27) is in a singularly perturbed form. It has been
shown in [A1,EK1,KE] that for sufficiently small &, the error
£; converges to zero in a short time. For convergence analysis,
one may follow the steps in the derivation of [A1, EK1]; and
therefore, it is not repeated here. As the estimation error
converges to zero, the control law Eq. (19) becomes a feed-
back linearizing control law, and in the closed-loop system
including the high-gain observer Eq. (23), the performance of
the deterministic feedback controller is recovered after a very
short transient process. It is pointed out that in contrast to
parameter adaptive systems, here the lumped unstructured
nonlinear function is adapted using the dynamic estimator.

5 Simulations results

This section presents the results of digital simulation. The
complete closed-loop system including the satellite model
Eq. (8), the control law Eq. (19) and the high-gain observer
Eq. (23) with and without external disturbance moment is
simulated for a set of values of K, Cj, eccentricity e, orbit
inclination i and solar aspect angle ¢. The solar aspect angle
¢ is a slowly varying function. The function ¢ given by

$(0) = o + (047 00)(0 — bo)

is used here for computation, where ¢ = ¢(6y). The incli-
nation of the orbital plane of the geosynchronous satellite is
i = 23. 5°. The semi-major axis is a = 42, 241 km and [, is
500 kg.m?. The initial conditions of the spacecraft are chosen
as 0, = 0,a(6,) = 100° and @(0,) = 0. The initial values of
the flap deflections are &;(6,) = 0° and 5,(6,) = 0°. The
nominal parameter C,™ is set to 6.2. The nonlinear nominal
function fa*(x, 0, 6) is assumed to be zero for simplicity in
implementation; that is, f,(x, 8, §) = A f,. Apparently, such
a choice of A f, represents a large uncertainty in the model.
The reference pitch angle trajectory is generated by a fifth-
order reference generator given by

dzar da,
d62 pl'l dg

d3a,.
=P W —Pr

d4a,. *
— Po\0 —
d65 prO( )

(29)

where a™ is the target pitch angle. The initial conditions are
a,(0) = 100° and da, (0Y/d® = 0,j = 1, 2. . . 4. The poles
of the reference generator are at -1, -1.5, -2.5, and -2. The
roots of A(s) in Eq.(18) are set at -2.5, -3, -4, and -3.5. The
roots of Eq. (24) for the observer are -1.5, -2.5, -2, and -1;
and the ¢ is selected to be 0.005. These controller parameters
have been selected by observing the simulated responses.

Robust attitude control despite sinusoidal, random
and pulse disturbance input M,;: K=05,C; =35,
e=0.2,1=235° ¢py=45° a* =0°

Simulation is done to examine the performance of the
adaptive controller in the presence (i) sinusoidal, (ii) random
and (iii) pulse type disturbance inputs, shown in the left,
center, and right column in Fig. 2, respectively. The random
disturbance is generated by passing a white noise with unit
variance through a transfer function
F(s) =5 x 107'%(s +5). The initial value is a(0) = 0°,
and it is desired to control the pitch angle to zero. Note
that the nominal values f,* and C,* are zero and 6.2, respec-
tively. It is observed in Fig. 2 that the controller achieves the
regulation of the pitch angle to the target value in the pres-
ence of each disturbance input in about one orbit time. In the
steady-state, it is observed that flap deflection is a periodic
function in the presence of sinusoidal disturbance (Fig. 2,
left column). The maximum value of control surface deflec-
tion is about (23, 22) (deg). The control signal Cyv is also
shown in the figure.

Extensive simulation has been performed for several
values of the solar aspect angle, the eccentricity e of the
orbit, the orbit inclination i, and the model parameters K and
C,. These results showed that the designed control law
accomplishes robust regulation of the pitch angle trajectory,
even in the presence of disturbance input.

6 Conclusions

The design of a robust output feedback adaptive control
system for the pitch angle control of spacecraft, orbiting in
elliptic orbits, using solar radiation pressure was considered.
The parameters of the nonaffine-in-control spacecraft model
were assumed to be unknown, and external disturbance input
was assumed to be acting on the satellite. It was assumed that
only the pitch angle is measured for feedback. A robust
feedback linearizing control law was designed for the track-
ing of reference pitch angle trajectory. For the synthesis of
the control law, a high-gain estimator was designed for
the estimation of the pitch angle derivatives as well as the
lumped unmodelled nonlinear function in the pitch dynam-
ics. In the closed-loop system, the controller accomplished
precise pitch attitude control, despite uncertainties and dis-
turbance input.
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