A Class of Mixed Variational Problems
with Applications in Contact Mechanics

Mircea Sofonea

Abstract We provide an existence result in the study of a new class of mixed
variational problems. The problems are formulated on unbounded interval of time
and involve history-dependent operators. The proof is based on generalized saddle
point theory and various estimates, combined with fixed point arguments. Then,
we consider a new mathematical model which describes the frictionless contact
between a viscoelastic body and an obstacle. The process is quasistatic and the
contact is modelled with a version of the normal compliance condition with
unilateral constraint, which describes both the hardness and the softness of the
foundation. We list the assumption on the data, derive a variational formulation of
the problem, then we use our abstract result to prove its weak solvability.

1 Introduction

Mixed variational problems provide an useful framework in which a large number
of problems involving unilateral constraints can be casted, analyzed, and solved
numerically. For this reason, they are used both in Numerical Analysis, Optimiza-
tion, Solid Mechanics and Fluid Mechanics, as well. The literature in the field
was growing rapidly in the last decades. Existence and uniqueness results in the
study of stationary mixed variational problems with Lagrange multipliers, together
with various applications in Solid Mechanics, can be found in [3-5, 8, 10] and the
references therein. Reference concerning the analysis of mixed variational problems
associated with contact problems include [6,7, 9], for instance.

The aim of this paper is twofold. The first one is to study the solvability of a
new mixed variational problem involving Lagrange multipliers. The second one is
to show how our abstract result can be used in the analysis of a mathematical model
arising in Contact Mechanics. The paper is structured as follows. In Sect.2 we
introduce the mixed variational problem then we state and prove our main existence
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result, Theorem 2.1. In Sect. 3, we describe our mathematical model of contact,
list the assumption on the data and derive its variational formulation. Then we use
Theorem 2.1 to prove the weak solvability of the model.

We end this short introductory section with some notation. Everywhere in this
paper we use r for the positive part of 7, N* for the set of positive integers and
R4+ will represent the set of non negative real numbers, i.e. R4 = [0, 00). Notation
(x, y) will represent an element of the product of the sets X and Y, denoted X x Y.
Given a normed space (X, || - ||x) we use the notation C(R4; X) for the space of
continuous functions defined on R4 with values on X. Also, for a subset K C X we
use the symbol C(R4; K) for the set of continuous functions defined on R4 with
values in K. Finally, if Y is a normed space and Z : C(R4; X) - C(R4+;Y), then
Z1(t) represents the value of the function %1 at the point ¢, i.e. Zn(t) = (%n)(¢).

2 An Abstract Existence Result

Let (X, -, )x, I-llx), (Y, G, 9y, ||-]ly) be two real Hilbert spaces and let (Z, |||/ z)
be a real normed space. We consider two operators A : X — X, Z : C(Ry; X) —
C(R4; Z), afunctional ¢ : Z x X — R, abilinear formb : X xY — R, a function
f iRy — X, anelement i of X and a set A C Y. We are interested in the problem
of finding two functions u : Ry — X and A : Ry — A such that, foreacht € R,
the following inequalities hold:

(Au(t),v —u(®)x + @(Zu(t).v)x — @(Ru(t), u(r)) ey
+b(v—u(r), A1) = (f(), v—u@))y VvelkX,
b(u(t), n—A(1)) < b(h, p — A(1)) VueA. @)

In the study of this problem we consider the following assumptions.

(a) There exists m 4 > 0 such that

(Au— Av, u—v)x > mA||u—v||§( YuvelX.
(b) There exists L 4 > 0 such that

lAu—Av||x < Lgllu—v||x VYuvelX.

3)

For each n € N* there exists r, > 0 such that
|Zui(t) — Zua (1) |z < rn/ lur(s) — ua(s)|x ds 4)
Yu, u € C(R+,X) Vit e [0 n]
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(a) The function ¢(n, ) : X — R is convex
and Lipschitz continuous, forany n € Z.
(b) There exists & > 0 such that 5)

(M1, v2) — (1. v1) + (M2, v1) — @(n2,Vv2)
<alm—=mllxlvi=vlx Ym.meZ, v,veX.

(a) There exists M} > 0 such that
b, Wl = Mp|vlixliplly VYveX peY.

(b) There exists m;, > 0 such that  inf

b, ) ©
reY p#0y vexvzox IVIxIlpelly —

mp.

feC®y:X), helX. 7

A is a closed convex subset of Y that contains Oy . )

On these assumptions we have the following comments. First, (3) shows that A is
a strongly monotone Lipschitz continuous operator. Next, following the terminology
introduced in [12], (4) shows that % is a history-dependent operator. Finally,
condition (6)(b) is the so-called inf-sup condition, used in the saddle point theory,
see, for instance, [3-5, 8] and the references therein.

The solvability of problem (1)—(2) is given by the following result.

Theorem 2.1. Assume (3)—(8). Then, there exists a couple of functions (u,) :
Ry — X x Y, unique in u, such that (1)-(2) hold for all t € R4. Moreover,
ue C(R4; X).

Proof. The proof of Theorem 2.1 is carried out in several steps, that we shortly
describe in what follows.

(1) In the first step we consider g € X, z € Z and, using arguments similar to
those used in [2], we prove that there exist a couple (u#, A) € X x A, unique in
u, such that
(Au,v—uw)x + ¢(z,v) — @z, u) + b(v—u,A) > (g, v—u)yx VveX, 9
bu,u—A) <blk,u—21) Yu e A. (10)
In addition, if (u;, A1) and (uy, A;) are two solutions of the problem (9)—(10)

corresponding to the data (g1,z1) € X x Z and (g2,22) € X x Z, respectively,
then there exists ¢ > 0 which depends only on 4 and ¢ such that

lur —uzllx <clgr — glx + llz1 — 221l 2)-
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(ii) In the second step we consider an element n € C(R4; X) and introduce the
notation y, = #n € C(Ry; Z). Then we use the results in step i) to prove
that there exists a couple of functions (u,, A,) : Ry — X x A, unique in the
first component, such that, for each r € R, the following inequalities hold:

(Au,](t), V— "‘n(t))X + (P(yrz(t)v v) — w(yn(t), "‘n(t)) (11)
+b(V_"‘n(t)7An(t)) > (f(), v—uy(t))x VveX,
D), 1= Ay(©) < blh i —Ay() Y€ A, (12)

Moreover, u,;, € C(Ry;X). In addition, if (u;,A;) and (uz,A2) are two
solutions of problem (11)—(12) corresponding to the data 1,7, € C(R4; X)
then, for each positive integer 1, we have

or,

"/wm@—m@mm Viel.nl. (3
0

my

lui (t) — w2 () ||x <

(iii) In the next step we define the operator @ : C(R4;X) — C(R4+;X) by
equality @n = u, for all n € C(R4; X). We use estimate (13) and a fixed
point result obtained in [14] to prove that the operator & has a unique fixed
point n* € C(Ry; X).

(iv) Let n* be the unique fixed point of the operator ®. Then, writing (11)—(12)
for n = n* and using the equalities u,» = n*, y,» = Zn*, it follows
that the couple (uy+, A,+) is a solution of problem (1)—(2). Moreover, u,+ €
C(R4; X). The uniqueness of the solution in the first component follows from
the uniqueness of the fixed point of the operator &, guaranteed by the step (iii).

O

3 A Viscoelastic Contact Model

In this section we introduce a model of frictionless contact which can be studied
by using the abstract result presented in Sect. 2. The physical setting is as follows.
A viscoelastic body occupies a bounded domain £2 C RY (d = 2,3), with the
boundary I" partitioned into three disjoint measurable parts I, I3, I3, such that
meas 7 > 0. We assume that I" is Lipschitz continuous and we denote by v its
unit outward normal, defined almost everywhere. The body is clamped on I and,
therefore, the displacement field vanishes there. A volume force of density f' acts
in £2, surface tractions of density f , act on I'; and, finally, we assume that the body
is in contact with a deformable foundation on I3. The contact is frictionless and
we model it with a version of the multivalued normal compliance condition with
unilateral constraint. The process is quasistatic and we study it in the time interval
R4+ = [0, 00). The classical formulation of the problem is the following.
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Problem 1. Find a displacement field u : 2 x Ry — R? and a stress field o :
2 xR, — S? such that

o(t) = de(t)) + / Bt —s)e(u(s))ds in $2, (14)
0

Divo (1) + fo(t) =0 in £, (15)

u(t) =0 on Iy, (16)

a(t)v = f,(t) on I3, 17

o.(t)=0 on I3, (18)

forall € R4, and there exists £ : I3 x Ry — R which satisfies

uy(t) < g, 0u(t) + p(uy (1)) + £(1) <0,
(1) = ) (0D + P, (1) + E()) =0,

L4 4 on I3, (19)
0<E(r) < F(/O ut (s) s),

E(0) = 0 if uy(1) <0, () = F(/ruj'(s) ds) if u,(t) > 0
0

forall r € Ry.

Here and below S represents the space of second order symmetric tensors on R?
and, in order to simplify the notation, we do not indicate explicitly the dependence of
various functions on the spatial variable x = (x;); the indices i, j, k, [ run between
1 and d and the summation convention over repeated indices is used; an index that
follows a comma represents the partial derivative with respect to the corresponding
component of the spatial variable, e.g. u; ; = du; /0x;; € represents the deformation
operator given by e(v) = (&;;(v)), &;(v) = % (vi,j +v;i) and Div is the divergence
operator, i.e. Dive = (0y; ;).

Equation (14) represents the viscoelastic constitutive law of the material, already
used in a large number of works, see, for instance, the books [11, 13] and the
references therein. Equation (15) is the equilibrium equation and we use it here
since the process is assumed to be quasistatic. Conditions (16) and (17) are the
displacement and traction boundary conditions, respectively, and condition (18)
represents the frictionless condition.

We now provide some comments on condition (19) in which g > 0 is a given
bound for the penetration, p represents a positive function which vanishes for a
negative argument and u,, o, represent the normal displacement and the normal
stress, respectively. This condition was used in [1] in the case when F vanishes and
in [15] in the case when F is given. There, various mechanical interpretations related
to this condition were provided. Here we restrict ourselves to recall that condition
(19) describes the following features of the contact: when there is separation
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between the body’s surface and the foundation then the normal stress vanishes; the
penetration arises only if the absolute value of the normal stress reaches the critical
value F; when there is penetration the contact follows a normal compliance-type
condition but only up to the bound g and then, when this limit is reached, the contact
follows a Signorini-type unilateral condition with the gap g. Note that, in contrast
with [15], in this paper we assume that the yield value F' depends on the history of
the penetration, represented by the integral term in (19); this dependence describes
the hardening and the softening properties of the foundation, makes the contact
problem more general, and leads to a new and interesting mathematical model.

We turn now to the variational formulation of Problem 1. To this end we use the
notation “” and || - || for the inner product and the Euclidean norm on R¢ and S,
respectively, as well as the standard notation for the Lebesgue and Sobolev spaces
associated with £2 and I". Moreover, we consider the spaces

V={v=0m)e H(R)":v=00nT},
0 ={t= (1) e L’()™ 1y =1;}

which are real Hilbert spaces endowed with their canonical inner products and the
associated norms || - ||y and || - || o, respectively.

For an element v € V we still write v for the trace of v on the boundary and
we denote by v, and v, the normal and tangential components of v on I", given by
vy = Vv-v,v; = v —v,v. We also consider the space S = {w =v|, :v € V },
where v|, denotes the restriction of the trace of the element v € V to I3. Thus,
S c H'Y*(I'3;R?) where H'/?(I';;R?) is the space of the restrictions on I's of
traces on I" of functions of H'(£2)?. It is known that S can be organized as a
Hilbert space, in a canonical way. The dual of the space S will be denoted by D and
the duality paring between D and S will be denoted by (-, -) ;. For simplicity, we
shall write (u, v) p, instead of (i, v|r,), when € D andv € V.

For a regular function 0 € Q we use the notation 0, and o, for the normal and
the tangential traces, i.e. 0, = (6v) - v and 0, = o v — 0, v. Finally, we denote by
Qoo the space of fourth order tensor fields given by

Qo ={ & = (Eijr1) : Eijxi = Ejint = Ekiij € L2(R2), 1=i,j, k1 =d},
and we recall that Q. is a real Banach space with its usual norm.

In the study of the mechanical problem (14)-(19) we assume that the viscosity
operator &7 and the relaxation tensor Z satisfy the following conditions.
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(a) & : 2 xS - 7.

(b) There exists L, > 0 such that
|/ (x,&1) — o/ (x,e2)| < Lyller—es]| VeereS? ae xe .

(c) There exists m o > 0 such that

(20
(o (x.81) = (x.82)) - (61— £) = 1.t 61 — 2] :
Ve, eS? ae x € £2.
(d) The mapping x — o7 (x, &) is measurable on £2, forany & € S¢.
(e) The mapping x — <7 (x,0) belongs to Q.
% € C(R+; Qoo). @1
The densities of body forces and surface tractions are such that
fo€ CRL LX),  f, € CRy; LHI)Y). (22)

The normal compliance function p and the surface yield function F satisfy

(@ p: I3 xR —>R;.
(b) There exists L, > 0 such that
|p(x,r) —px,r)| < Lylri—r] VYri,rneR ae xel3 (23)
(c) The mapping x — p(x,r) is measurable on /3, forany r € R.
(d) p(x,r) =0forallr <0, a.e. x € I3.

(a) F: Ry — Ry,
(b) There exists Ly > 0 such that 24)
|F(r\)— F(ry)| < Lplri—ry| forallry,r e Ry.

Finally, we assume that
there exists @ € V suchthat 6, =1 a.e.on I3. 25)

Next, we define the sets K C V and A C D, the bilinear formb : V x D — R,
the function f : Ry — V and the Lagrange multiplier A : Ry — A by equalities

K={veV :v,<0 aeonl3},
A={peD : (nv),<0 VveK},

bv,u)={(pw,v)r, VveV, npeD,

(f(t),v)V:/QfO(t)'vdx—}- Ffz(t)'vda VveV, teRy,
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(A@).w)ry = —/F (0,(t) + p(uy(t)) + E(t))wyda YweS, t eRy.

Then, using standard arguments based on integration by part combined with
assumption (25), we obtain the following variational formulation of Problem 1.

Problem 2. Find a displacement field # : Ry — 1 and a Lagrange multiplier
A : Ry — A such that

(Fe(u(r)). e(v) —e()))o +(/O Pt —s)e(u(s)) ds,e(v) —e(u(r)))o (26)

+(p@uy (), vy —uy () 12(ry) + (F(/ Mj(s) ds),v:r - Mj_(t))Lz(F})
0
Fh —u(t), A1) > (f(1),v —u(t))y VveV,
bu(t),p — A1) <b(gh,u—A1)) VueA, (27

forallz € Ry4.
In the study of Problem 2 we have the following existence result.

Theorem 3.2. Assume (20)—(25). Then, there exists a couple of functions (u, L) :
Ry — V x A, unique in u, such that (26)—(27) hold for all t € Ry. Moreover,
ue CRy;V).

Proof. We define the operators A : V — V, % : C(R4: V) — C(Ry; Q x L2(I3))
and the functional ¢ : (Q x L?*(I3)) x V — R by equalities

(Au,v)y = (Fe),e(v)o + (p(uv), V) 12(1) Yu,veV,
%u(t)z(/r%(t — 5)e(u(s)) ds,F(/t u (s) ds)) Vue CR4:V), t € Ry,
0 0

¢((0.8).v) = (6.6M)o + ET V)2 V(0.8 € Qx LXI3), veV.

Then it is easy to see that the couple (u, A) is a solution of Problem 2 if and only if

(Au(t),v —u@®)y + ¢(Zu(t).v) — o(Zu(t),u(t)) (28)
+b(v —u(r), A1) = (f@).v—u())y VvelV,

bu(r),p —A(1)) <b(gb.n—A(t)) VpeA, (29)

forall r € Ry.
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We now apply Theorem 2.1 to the system (28)-(29) with X = V,Y = D,
Z = Q x L*(I3) and h = g@. To this end, we use assumptions (20) and (23)
and the Sobolev trace theorem to see that the operator A verifies condition (3).
Moreover, assumptions (21) and (24) show that the operator # satisfies condition
(4) and, obviously, the functional ¢ verifies (5). Next, as showed, e.g., in [9], the
bilinear form b(, -) is continuous and satisfies the “inf-sup” condition. We conclude
from here that condition (6) holds. Also, taking into account assumption (22) it
follows that f € C(R4, V). Finally, (25) implies (7) and, obviously, condition (8)
holds, too. Theorem 3.2 is now a direct consequence of Theorem 2.1. O

Let (u, A) be a solution to Problem 2 and let ¢ : R4+ — Q be defined by (14).
Then, the couple (u, o) is called a weak solution to Problem 1. We conclude from
Theorem 3.2 that, under assumptions (20)—(25), Problem 1 has a least unique weak
solution (u, o). Moreover the solution satisfiesu € C(R1; V), 0 € C(R+; Q).

Acknowledgements This research was supported by the Marie Curie International Research Staff
Exchange Scheme Fellowship within the 7th European Community Framework Programme under
Grant Agreement No. 295118.

References

1. Barboteu, M., Matei, A., Sofonea, M.: Analysis of quasistatic viscoplastic contact problems
with normal compliance. Q. J. Mech. Appl. Math. 65, 555-579 (2012)

2. Ciurcea, R., Matei, A.: Solvability of a mixed variational problem. Ann. Univ. Craiova 36,
105-111 (2009)

3. Ekeland, I., Temam, R.: Convex Analysis and Variational Problems. Classics in Applied
Mathematics, vol. 28. SIAM, Philadelphia (1999)

4. Haslinger, J., Hlavacek, 1., Necas, J.: Numerical methods for unilateral problems in solid
mechanics. In: Ciarlet, P.G., Lions, J.-L. (eds.) Handbook of Numerical Analysis, vol. IV, pp.
313-485. North-Holland, Amsterdam (1996)

5. Hlavéacek, 1., Haslinger, J., Necas, J., LoviSek, J.: Solution of Variational Inequalities in
Mechanics. Springer, New York (1988)

6. Hild, P., Renard, Y.: A stabilized Lagrange multiplier method for the finite element approxi-
mation of contact problems in elastostatics. Numer. Math. 115, 101-129 (2010)

7. Hiieber, S., Wohlmuth, B.: An optimal a priori error estimate for nonlinear multibody contact
problems. SIAM J. Numer. Anal. 43, 156-173 (2005)

8. Lions, J.-L., Glowinski, R., Trémoliéres, R.: Numerical Analysis of Variational Inequalities.
North-Holland, Amsterdam (1981)

9. Matei, A., Ciurcea, R.: Contact problems for nonlinearly elastic materials: weak solvability
involving dual Lagrange multipliers. ANZIAM J. 52, 160-178 (2010)

10. Reddy, B.D.: Mixed variational inequalities arising in elastoplasticity. Nonlinear Anal. Theory
Methods Appl. 19, 1071-1089 (1992)

11. Shillor, M., Sofonea, M., Telega, J.J.: Models and Analysis of Quasistatic Contact. Lecture
Notes in Physics, vol. 655. Springer, Berlin (2004)

12. Sofonea, M., Matei, A., History-dependent quasivariational inequalities arising in contact
mechanics. Eur. J. Appl. Math. 22, 471491 (2011)



314 M. Sofonea

13. Sofonea, M., Matei, A.: Mathematical Models in Contact Mechanics. London Mathematical
Society Lecture Note Series, vol. 398. Cambridge University Press, Cambridge (2012)

14. Sofonea, M., Avramescu, C., Matei, A.: A Fixed point result with applications in the study of
viscoplastic frictionless contact problems. Commun. Pure Appl. Anal. 7, 645-658 (2008)

15. Sofonea, M., Han, W., Barboteu, M.: Analysis of a viscoelastic contact problem with normal
compliance and unilateral constraint. Comput. Methods Appl. Mech. Eng. 264, 12-22 (2013)



	A Class of Mixed Variational Problems with Applications in Contact Mechanics
	1 Introduction
	2 An Abstract Existence Result
	3 A Viscoelastic Contact Model
	References


