
Chapter 9
Academic Problems

Many practical optimization problems involve nonsmooth functions. In this chapter,
we give an extensive collection of problems for nonsmooth minimization which
can be used to test nonsmooth optimization solvers. The general formula for these
problems is written by

{
minimize f(x)

subject to x ∈ S,
(9.1)

where the objective function f : R
n → R is supposed to be locally Lipschitz

continuous on the feasible region S ⊆ R
n. Note that no differentiability or convexity

assumptions are made. All the problems given here are found in the literature and
have been used in the past to develop, test, or compare NSO software.

We shall use a classification of test problems modified from that of [111]. That is
we use a sequence of letters

O[O]-C-R-S,

where Table 9.1 give all possible abbreviations that could replace the letters O, C, R,
and S (the brackets mean an optional abbreviation).

We first give a summary of all the problems in Table 9.2, where n denotes the
number of variables and f(x∗) is the minimum value of the objective function. In
addition, the classification and the references to the origin of the problems in each
case are given in Table 9.2. Then, in Sects. 9.1 (small unconstrained problems),
9.2 (bound constraints), 9.3 (linearly constrained problems), 9.4 (large-scale uncon-
strained problems), and 9.5 (inequality constraints), we present the formulation of the
objective function f , possible constraint functions gj (j = 1, . . . , p), and the starting

point x(1) = (x(1)
1 , . . . ,x(1)

n )T for each problem. We also give the minimum point
x∗ = (x∗

1, . . . ,x
∗
n)T for the problems with the precision of at least four decimals if

possible (in larger cases this is not always practicable).
In what follows, we denote by div (i, j) the integer division for positive integers

i and j, that is, the maximum integer not greater than i/j, and by mod (i, j) the
remainder after integer division, that is, mod (i, j) = j(i/j − div (i, j)).
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Table 9.1 Classification of
test problems

O Information about the objective

L Piecewise linear objective function

Q Piecewise quadratic objective function

P Generalized polynomial objective function

G General objective function

D Difference of two convex functions (DC)

M Min-max- type objective function

C Information about constraint functions

U Unconstrained problem (S = R
n in (9.1))

B Upper and lower bounds only

(S = {x ∈ R
n | xl

i ≤ xi ≤ xu
i for all i = 1, . . . ,n} in (9.1)

L Linear constraint functions

Q Quadratic constraint functions

G General constraint functions

(S = {x ∈ R
n | gj(x) ≤ 0 for all j = 1, . . . , p} in (9.1)

R Regularity of the problem

X Convex problem

Z Nonconvex problem

S Information about the solution

E Exact solution known

N Only approximate numerical solution known

9.1 Small Unconstrained Problems

In this section we describe 40 small-scale nonsmooth unconstrained test problems.
The number of variables varies from 2 to 50.

1 CB2 (Charalambous/Bandler) [59]

Classification: GM-U-X-N,
Dimension: 2,
Objective function: f(x) = max

{
x2

1 + x4
2, (2 − x1)

2 + (2 − x2)
2, 2ex2−x1

}
,

Starting point 1: x(1) = (2, 2)T ,
Starting point 2: x(1) = (1,−0.1)T ,
Optimum point: x∗ = (1.139286, 0.899365)T ,
Optimum value: f(x∗) = 1.9522245.
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Table 9.2 Condensed list of all test problems

Problem O[O]-C-R-S n f(x∗) Ref.

1 CB2 GM-U-X-N 2 1.9522245 [59]

2 CB3 GM-U-X-E 2 2 [59]

3 DEM QM-U-X-E 2 −3 [168]

4 QL QM-U-X-E 2 7.2 [168]

5 LQ QM-U-X-E 2 −√
2 [168]

6 Mifflin 1 G-U-X-E 2 −1 [168]

7 Wolfe G-U-X-E 2 −8 [159]

8 Rosen-Suzuki QM-U-X-E 4 −44 [205]

9 Davidon 2 QM-U-X-N 4 115.70644 [159]

10 Shor QM-U-X-N 5 22.600162 [168]

11 Maxquad QM-U-X-N 10 −0.8414083 [146, 168]

12 Polak 2 GM-U-X-E 10 54.598150 [198]

13 Polak 3 GM-U-X-N 11 3.7034924 [198]

14 Wong 1 PM-U-X-N 7 680.63006 [7, 159]

15 Wong 2 QM-U-X-N 10 24.306209 [7, 159]

16 Wong 3 PM-U-X-N 20 133.72828 [7, 159]

17 Maxq QM-U-X-E 20 0 [208]

18 Maxl LM-U-X-E 20 0 [168]

19 TR48 LD-U-X-N 48 −638565.0 [146]

20 Goffin LD-U-X-E 50 0 [168]

21 Crescent QM-U-Z-E 2 0 [131]

22 Mifflin 2 G-U-Z-E 2 −1 [168]

23 WF GM-U-Z-E 2 0 [159]

24 SPIRAL GM-U-Z-E 2 0 [159]

25 EVD52 PM-U-Z-N 3 3.5997193 [159]

26 PBC3 GM-U-Z-N 3 0.42021427 · 10−2 [159]

27 Bard GM-U-Z-N 3 0.50816327 · 10−1 [159]

28 Kowalik-Osborne GM-U-Z-N 4 0.80843684 · 10−2 [159]

29 Polak 6 PM-U-Z-E 4 −44 [198]

30 OET5 QM-U-Z-N 4 0.26359735 · 10−2 [159]

31 OET6 GM-U-Z-N 4 0.20160753 · 10−2 [159]

32 EXP GM-U-Z-N 5 0.12237125 · 10−3 [159]

33 PBC1 GM-U-Z-N 5 0.22340496 · 10−1 [159]

34 HS78 G-U-Z-N 5 −2.9197004 [111, 159]

35 El-Attar G-U-Z-N 6 0.5598131 [159]

36 EVD61 GM-U-Z-N 6 0.34904926 · 10−1 [159]

37 Gill PM-U-Z-N 10 9.7857721 [159]

38 Problem 1 in [21] GD-U-Z-E 2 2 [21]

39 L1 Rosenbrock LD-U-Z-E 2 0 [21]

(Continued)
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Table 9.2 (Continued)

Problem O[O]-C-R-S n f(x∗) Ref.

40 L1 Wood LD-U-Z-E 4 0 [21]

41 Wong 2C QM-L-X-N 10 24.306209 [159]

42 Wong 3C PM-L-X-N 20 133.72828 [159]

43 MAD1 GM-L-Z-N 2 −0.38965952 [159]

44 MAD2 GM-L-Z-N 2 −0.33035714 [159]

45 MAD4 GM-L-Z-N 2 −0.44891079 [159]

46 MAD5 GM-L-Z-N 2 −0.42928061 [159]

47 PENTAGON GM-L-Z-N 6 −1.85961870 [159]

48 MAD6 GM-L-Z-N 7 0.10183089 [159]

49 Dembo 3 GM-L-Z-N 7 1227.2260 [159]

50 Dembo 5 GM-L-Z-N 8 7049.2480 [159]

51 EQUIL GM-L-Z-N 8 0 [146, 159]

52 HS114 GM-L-Z-N 10 −1768.8070 [159]

53 Dembo 7 GM-L-Z-N 16 174.78699 [159]

54 MAD8 QM-B-Z-N 20 0.50694799 [159]

55 Gen. of MAXL LM-U-X-E any 0 [155]

56 Gen. of L1HILB L-U-X-E any 0 [155]

57 Gen. of MAXQ QM-U-X-E any 0 [98]

58 Gen. of MXHILB LM-U-X-E any 0 [98]

59 Chained LQ G-U-X-E any −(n − 1)21/2 [98]

60 Chained CB3 I G-U-X-E any 2(n − 1) [98]

61 Chained CB3 II GM-U-X-E any 2(n − 1) [98]

62 Number of Active Faces GM-U-Z-E any 0 [95]

63 Gen. of Brown Function 2 G-U-Z-E any 0 [98]

64 Chained Mifflin 2 G-U-Z-N any varies∗ [98]

65 Chained Crescent I QM-U-Z-E any 0 [98]

66 Chained Crescent II G-U-Z-E any 0 [98]

67 Problem 6 in test29 QM-U-Z-N any 0 [155]

68 Problem 17 in test29 GM-U-Z-E any 0 [155]

69 Problem 19 in test29 GM-U-Z-N any 0 [155]

70 Problem 20 in test29 GM-U-Z-N any 0 [155]

71 Problem 22 in test29 GM-U-Z-N any 0 [155]

72 Problem 24 in test29 GM-U-Z-N any 0 [155]

73 DC Maxl LD-U-Z-E any 0 [21]

74 DC Maxq QD-U-Z-E any 0 [26]

75 Problem 6 in [26] LD-U-Z-E any 0 [26]

76 Problem 7 in [26] LD-U-Z-E any 0 [26]

57 + 77 QM-Q-Z-N any 0.500065∗∗ [122, 126]

58 + 77 LM-Q-Z-N any 0.000163∗∗ [122, 126]

(Continued)
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Table 9.2 (Continued)

Problem O[O]-C-R-S n f(x∗) Ref.

59 + 77 G-Q-Z-N any −1408.63∗∗ [122, 126]

60 + 77 G-Q-Z-N any 2003.24∗∗ [122, 126]

61 + 77 GM-Q-Z-N any 1998.36∗∗ [122, 126]

62 + 77 GM-Q-Z-N any 0.534851∗∗ [122, 126]

63 + 77 G-Q-Z-N any 5.00248∗∗ [122, 126]

64 + 77 G-Q-Z-N any −680.628∗∗ [122, 126]

65 + 77 QM-Q-Z-N any 1.56604∗∗ [122, 126]

66 + 77 G-Q-Z-N any 5.99059∗∗ [122, 126]

57 + 78 QM-Q-R-N any 0.880569∗∗ [122, 126]

58 + 78 LM-Q-Z-N any 0.008487∗∗ [122, 126]

59 + 78 G-Q-Z-N any −735.874∗∗ [122, 126]

60 + 78 G-Q-Z-N any 2808.45∗∗ [122, 126]

61 + 78 GM-Q-Z-N any 2796.35∗∗ [122, 126]

62 + 78 GM-Q-Z-N any 2.77674∗∗ [122, 126]

63 + 78 G-Q-Z-N any not avail. [122, 126]

64 + 78 G-Q-Z-N any 4466.99∗∗ [122, 126]

65 + 78 QM-Q-Z-N any 483.441∗∗ [122, 126]

66 + 78 G-Q-Z-N any not avail. [122, 126]

57 + 79 QM-G-R-N any not avail. [122, 126]

58 + 79 LM-G-Z-N any 0.007981∗∗ [122, 126]

59 + 79 G-G-Z-N any −1412.14∗∗ [122, 126]

60 + 79 G-G-Z-N any 2001.63∗∗ [122, 126]

61 + 79 GM-G-Z-N any not avail. [122, 126]

62 + 79 GM-G-Z-N any 0.405473∗∗ [122, 126]

63 + 79 G-G-Z-N any not avail. [122, 126]

64 + 79 G-G-Z-N any −705.910∗∗ [122, 126]

65 + 79 QM-G-Z-N any 0.250063∗∗ [122, 126]

66 + 79 G-G-Z-N any 1.85396∗∗ [122, 126]

57 + 80 QM-G-R-N any 0.388891∗∗ [122, 126]

58 + 80 LM-G-Z-N any 0.007981∗∗ [122, 126]

59 + 80 G-G-Z-N any −1412.13∗∗ [122, 126]

60 + 80 G-G-Z-N any 2001.72∗∗ [122, 126]

61 + 80 GM-G-Z-N any not avail. [122, 126]

62 + 80 GM-G-Z-N any 0.405549∗∗ [122, 126]

63 + 80 G-G-Z-N any not avail. [122, 126]

64 + 80 G-G-Z-N any −705.926∗∗ [122, 126]

65 + 80 QM-G-Z-N any 0.250222∗∗ [122, 126]

66 + 80 G-G-Z-N any 1.39342∗∗ [122, 126]

57 + 81 QM-Q-R-N any 0.138009∗∗ [122, 126]

(Continued)
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Table 9.2 (Continued)

Problem O[O]-C-R-S n f(x∗) Ref.

58 + 81 LM-Q-Z-N any 0.600611∗∗ [122, 126]

59 + 81 G-Q-Z-N any −1153.55∗∗ [122, 126]

60 + 81 G-Q-Z-N any 4043.82∗∗ [122, 126]

61 + 81 GM-Q-Z-N any 4043.82∗∗ [122, 126]

62 + 81 GM-Q-Z-N any 5.81129∗∗ [122, 126]

63 + 81 G-Q-Z-N any 589.469∗∗ [122, 126]

64 + 81 G-Q-Z-N any −660.307∗∗ [122, 126]

65 + 81 QM-Q-Z-N any 490.173∗∗ [122, 126]

66 + 81 G-Q-Z-N any not avail. [122, 126]

* f(x∗) ≈ −34.795 for n = 50, f(x∗) ≈ −140.86 for n = 200, and f(x∗) ≈ −706.55 for
n = 1000.
** f(x∗) for n = 1000.

Table 9.3 Values of vectors
s and d for problem 19

i si di i si di i si di

1 22 61 17 95 32 33 30 52

2 53 67 18 34 21 34 88 66

3 64 24 19 59 61 35 74 89

4 15 84 20 36 21 36 59 65

5 66 13 21 22 51 37 93 63

6 37 86 22 94 14 38 54 47

7 16 89 23 28 89 39 89 7

8 23 46 24 34 79 40 30 61

9 67 48 25 36 38 41 79 87

10 18 50 26 38 20 42 46 19

11 52 74 27 55 97 43 35 36

12 69 75 28 77 19 44 41 43

13 17 88 29 45 10 45 99 9

14 29 40 30 34 73 46 52 12

15 50 29 31 32 59 47 76 8

16 13 45 32 58 92 48 93 67

2 CB3 (Charalambous/Bandler) [59]

Classification: GM-U-X-E,
Dimension: 2,
Objective function: f(x) = max

{
x4

1 + x2
2, (2 − x1)

2 + (2 − x2)
2, 2ex2−x1

}
,

Starting point: x(1) = (2, 2)T ,
Optimum point: x∗ = (1, 1)T ,
Optimum value: f(x∗) = 2.
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3 DEM [168]

Classification: QM-U-X-E,
Dimension: 2,
Objective function: f(x) = max

{
5x1 + x2, −5x1 + x2, x2

1 + x2
2 + 4x2

}
,

Starting point: x(1) = (1, 1)T ,
Optimum point: x∗ = (0,−3)T ,
Optimum value: f(x∗) = −3.

4 QL [168]

Classification: QM-U-X-E,
Dimension: 2,
Objective function: f(x) = max1≤i≤3 fi(x),
where f1(x) = x2

1 + x2
2,

f2(x) = f1(x) + 10(−4x1 − x2 + 4),

f3(x) = f1(x) + 10(−x1 − 2x2 + 6),

Starting point: x(1) = (−1, 5)T ,
Optimum point: x∗ = (1.2, 2.4)T ,
Optimum value: f(x∗) = 7.2.

5 LQ [168]

Classification: QM-U-X-E,
Dimension: 2,
Objective function: f(x) = max

{ −x1 − x2, −x1 − x2 + x2
1 + x2

2 − 1
}
,

Starting point: x(1) = (−0.5,−0.5)T ,
Optimum point: x∗ = (1/

√
2, 1/

√
2)T ,

Optimum value: f(x∗) = −√
2.

6 Mifflin 1 [168]

Classification: G-U-X-E,
Dimension: 2,
Objective function: f(x) = −x1 + 20 max

{
x2

1 + x2
2 − 1, 0

}
,

Starting point: x(1) = (0.8, 0.6)T ,
Optimum point: x∗ = (1, 0)T ,
Optimum value: f(x∗) = −1.
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7 Wolfe [159]

Classification: G-U-X-E,
Dimension: 2,

Objective function: f(x) = 5
√

9x2
1 + 16x2

2, when x1 ≥ |x2|,
f(x) = 9x1 + 16|x2|, when 0 < x1 ≤ |x2|,
f(x) = 9x1 + 16|x2| − x9

1, when x1 ≤ 0,
Starting point: x(1) = (3, 2)T ,
Optimum point: x∗ = (−1, 0)T ,
Optimum value: f(x∗) = −8.

8 Rosen-Suzuki [205]

Classification: QM-U-X-E,
Dimension: 4,
Objective function: f(x) = max1≤i≤4 fi(x),
where f1(x) = x2

1 + x2
2 + 2x2

3 + x2
4 − 5x1 − 5x2 − 21x3 + 7x4,

f2(x) = f1(x) + 10(x2
1 + x2

2 + x2
3 + x2

4 + x1 − x2 + x3,

−x4 − 8),

f3(x) = f1(x) + 10(x2
1 + 2x2

2 + x2
3 + 2x2

4 − x1 − x4 − 10),

f4(x) = f1(x) + 10(2x2
1 + x2

2 + x2
3 + 2x1 − x2 − x4 − 5),

Starting point: x(1) = (0, 0, 0, 0)T ,
Optimum point: x∗ = (0, 1, 2,−1)T ,
Optimum value: f(x∗) = −44.

9 Davidon 2 [159]

Classification: QM-U-X-N,
Dimension: 4,
Objective function: f(x) = max1≤i≤20 |fi(x)|,
where fi(x) = (

x1 + x2ti − eti
)2 + (x3 + x4 sin(ti) − cos(ti))2 and

ti = 0.2i, for i = 1, . . . , 20,
Starting point: x(1) = (25, 5,−5,−1)T ,
Optimum point: x∗ = (−12.2437, 14.0218,−0.4515,−0.0105)T ,
Optimum value: f(x∗) = 115.70644.

10 Shor [168]

Classification: QM-U-X-N,
Dimension: 5,

Objective function: f(x) = max1≤i≤10

{
bi

∑5
j=1(xj − aij)

2
}

,



258 9 Academic Problems

where

A =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 0
2 1 1 1 3
1 2 1 1 2
1 4 1 2 2
3 2 1 0 1
0 2 1 0 1
1 1 1 1 1
1 0 1 2 1
0 0 2 1 0
1 1 2 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

and b =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
5

10
2
4
3

1.7
2.5
6

3.5

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

Starting point: x(1) = (0, 0, 0, 0, 1)T ,
Optimum point: x∗ = (1.1244, 0.9795, 1.4777, 0.9202, 1.1243)T ,
Optimum value: f(x∗) = 22.600162.

11 Maxquad [146,168]

Classification: QM-U-X-N,
Dimension: 10,
Objective function: f(x) = max1≤i≤5 xT Aix + xT bi,
where Aijk = Aikj = ej/k cos(jk) sin(i), j < k,

Aijj = j
10 | sin(i)| + ∑

k 
=j |Aijk|, and

bij = ei/j sin(ij),
Starting point: x(1) = (0, 0, . . . , 0)T ,
Optimum point: x∗ = (−0.1263,−0.0344,−0.0069, 0.0264, 0.0673,

−0.2784, 0.0742, 0.1385, 0.0840, 0.0386)T ,
Optimum value: f(x∗) = −0.8414083.

12 Polak 2 [198]

Classification: GM-U-X-E,
Dimension: 10,
Objective function: f(x) = max { g(x + 2e2), g(x − 2e2) },
where g(x) = e10−8x2

1+x2
2+x2

3+4x2
4+x2

5+x2
6+x2

7+x2
8+x2

9+x2
10 ,

e2 = second column of the identity matrix,
Starting point: x

(1)
1 = 100.0 and

x(1)
i = 0.1 for i = 2, . . . , 10,

Optimum point: x∗ = (0, 0, . . . , 0)T ,
Optimum value: f(x∗) = 54.598150 = e4.

13 Polak 3 [198]

Classification: GM-U-X-N,
Dimension: 11,
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Objective function: f(x) = max1≤i≤10 fi(x),

where fi(x) = ∑10
j=0

1
i+j e

(xj+1−sin(i−1+2j))
2
,

Starting point: x(1) = (1, 1, . . . , 1)T ,
Optimum point: x∗ = (0.0124, 0.2904,−0.3347,−0.1265, 0.2331,−0.2766,

−0.1666, 0.2291,−0.1858,−0.1704, 0.2402)T ,
Optimum value: f(x∗) = 3.7034924.
Note: A different optimal value f(x∗) = 261.08258 has been

given in [159]. This is due to erroneous code used in
calculations.

14 Wong 1 [7,159]

Classification: PM-U-X-N,
Dimension: 7,
Objective function: f(x) = max1≤i≤5 fi(x),
where f1(x) = (x1 − 10)2 + 5(x2 − 12)2 + x4

3 + 3(x4 − 11)2 + 10x6
5

+ 7x2
6 + x4

7 − 4x6x7 − 10x6 − 8x7,

f2(x) = f1(x) + 10(2x2
1 + 3x4

2 + x3 + 4x2
4 + 5x5 − 127),

f3(x) = f1(x) + 10(7x1 + 3x2 + 10x2
3 + x4 − x5 − 282),

f4(x) = f1(x) + 10(23x1 + x2
2 + 6x2

6 − 8x7 − 196),

f5(x) = f1(x) + 10(4x2
1 + x2

2 − 3x1x2 + 2x2
3 + 5x6 − 11x7),

Starting point: x(1) = (1, 2, 0, 4, 0, 1, 1)T ,
Optimum point: x∗ = (2.3305, 1.9514,−0.4775, 4.3657,−0.6245, 1.0381,

1.5942)T ,
Optimum value: f(x∗) = 680.63006.

15 Wong 2 [7,159]

Classification: QM-U-X-N,
Dimension: 10,
Objective function: f(x) = max1≤i≤9 fi(x),
where f1(x) = x2

1 + x2
2 + x1x2 − 14x1 − 16x2 + (x3 − 10)2

+ 4(x4 − 5)2 + (x5 − 3)2 + 2(x6 − 1)2 + 5x2
7

+ 7(x8 − 11)2 + 2(x9 − 10)2 + (x10 − 7)2 + 45,

f2(x) = f1(x) + 10
(
3(x1 − 2)2 + 4(x2 − 3)2 + 2x2

3 − 7x4

−120),

f3(x) = f1(x) + 10
(
5x2

1 + 8x2 + (x3 − 6)2 − 2x4 − 40
)
,

f4(x) = f1(x) + 10
(
0.5(x1 − 8)2 + 2(x2 − 4)2 + 3x2

5 − x6 ,

−30),

f5(x) = f1(x) + 10
(
x2

1 + 2(x2 − 2)2 − 2x1x2 + 14x5 − 6x6
)
,

f6(x) = f1(x) + 10 (4x1 + 5x2 − 3x7 + 9x8 − 105),

f7(x) = f1(x) + 10 (10x1 − 8x2 − 17x7 + 2x8),

f8(x) = f1(x) + 10
(−3x1 + 6x2 + 12(x9 − 8)2 − 7x10

)
,

f9(x) = f1(x) + 10 (−8x1 + 2x2 + 5x9 − 2x10 − 12),
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Starting point: x(1) = (2, 3, 5, 5, 1, 2, 7, 3, 6, 10)T ,
Optimum point: x∗ = (2.1720, 2.3637, 8.7739, 5.0960, 0.9907, 1.4306,

1.3217, 9.8287, 8.2801, 8.3759)T ,
Optimum value: f(x∗) = 24.306209.

16 Wong 3 [7,159]

Classification: PM-U-X-N,
Dimension: 20,
Objective function: f(x) = max1≤i≤18 fi(x),
where f1(x) = x2

1 + x2
2 + x1x2 − 14x1 − 16x2 + (x3 − 10)2

+ 4(x4 − 5)2 + (x5 − 3)2 + 2(x6 − 1)2

+ 5x2
7 + 7(x8 − 11)2 + 2(x9 − 10)2 + (x10 − 7)2

+ (x11 − 9)2 + 10(x12 − 1)2 + 5(x13 − 7)2

+ 4(x14 − 14)2 + 27(x15 − 1)2 + x4
16 + (x17 − 2)2

+ 13(x18 − 2)2 + (x19 − 3)2 + x2
20 + 95,

f2(x) = f1(x) + 10
(
3(x1 − 2)2 + 4(x2 − 3)2 + 2x2

3 − 7x4

−120),
f3(x) = f1(x) + 10

(
5x2

1 + 8x2 + (x3 − 6)2 − 2x4 − 40
)
,

f4(x) = f1(x) + 10
(
0.5(x1 − 8)2 + 2(x2 − 4)2 + 3x2

5 − x6

−30),
f5(x) = f1(x) + 10

(
x2

1 + 2(x2 − 2)2 − 2x1x2 + 14x5 − 6x6
)
,

f6(x) = f1(x) + 10 (4x1 + 5x2 − 3x7 + 9x8 − 105),
f7(x) = f1(x) + 10 (10x1 − 8x2 − 17x7 + 2x8),
f8(x) = f1(x) + 10

(−3x1 + 6x2 + 12(x9 − 8)2 − 7x10
)
,

f9(x) = f1(x) + 10 (−8x1 + 2x2 + 5x9 − 2x10 − 12),
f10(x) = f1(x) + 10 (x1 + x2 + 4x11 − 21x12),
f11(x) = f1(x) + 10

(
x2

1 + 15x11 − 8x12 − 28
)
,

f12(x) = f1(x) + 10
(
4x1 + 9x2 + 5x2

13 − 9x14 − 87
)
,

f13(x) = f1(x) + 10
(
3x1 + 4x2 + 3(x13 − 6)2 − 14x14 − 10

)
,

f14(x) = f1(x) + 10
(
14x2

1 + 35x15 − 79x16 − 92
)
,

f15(x) = f1(x) + 10
(
15x2

2 + 11x15 − 61x16 − 54
)
,

f16(x) = f1(x) + 10
(
5x2

1 + 2x2 + 9x4
17 − x18 − 68

)
,

f17(x) = f1(x) + 10
(
x2

1 − x2 + 19x19 − 20x20 + 19
)
,

f18(x) = f1(x) + 10
(
x2

1 + 5x2
2 + x2

19 − 30x20
)
,

Starting point: x(1) = (2, 3, 5, 5, 1, 2, 7, 3, 6, 10, 2, 2, 6, 15, 1, 2, 1, 2, 1, 3)T ,
Optimum point: x∗ = (2.1752, 2.3529, 8.7665, 5.0669, 0.9887, 1.4310,

1.3295, 9.8359, 8.2873, 8.3702, 2.2758, 1.3586,

6.0772, 14.1708, 0.9962, 0.6557, 1.4666,

2.0004, 1.0466, 2.0632)T ,
Optimum value: f(x∗) = 133.72828.

17 MAXQ [208]

Classification: QM-U-X-E,
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Dimension: 20,
Objective function: f(x) = max1≤i≤20 x2

i ,
Starting point: x

(1)
i = i for i = 1, . . . , 10 and

x(1)
i = −i for i = 11, . . . , 20,

Optimum point: x∗ = (0, 0, . . . , 0)T ,
Optimum value: f(x∗) = 0.

18 MAXL [168]

Classification: LM-U-X-E,
Dimension: 20,
Objective function: f(x) = max1≤i≤20 |xi|,
Starting point: x

(1)
i = i for i = 1, . . . , 10 and

x
(1)
i = −i for i = 11, . . . , 20,

Optimum point: x∗ = (0, 0, . . . , 0)T ,
Optimum value: f(x∗) = 0.

19 TR48 [146]

Classification: LD-U-X-N,
Dimension: 48,
Objective function: f(x) = ∑48

j=1 dj max1≤i≤48 (xi − aij) − ∑48
i=1 sixi,

Starting point: See Table 9.5,
Optimum point: See Table 9.5,
Optimum value: f(x∗) = −638565.0.

20 Goffin [168]

Classification: LD-U-X-E,
Dimension: 50,
Objective function: f(x) = max1≤i≤50 xi + ∑50

i=1 xi,
Starting point: x

(1)
i = i − 25.5 for i = 1, . . . , 50,

Optimum point: x∗ = (0, 0, . . . , 0)T ,
Optimum value: f(x∗) = 0.

21 Crescent [131]

Classification: QM-U-Z-E,
Dimension: 2,
Objective function: f(x) = max

{
x2

1 + (x2 − 1)2 + x2 − 1,−x2
1 − (x2 − 1)2

+x2 + 1
}
,

Starting point: x(1) = (−1.5, 2),
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Table 9.5 Initialization and optimal point for 19

i Starting point 1 Starting point 2 Optimum point x∗

1 0.0 11.19 144.0

2 0.0 127.20 257.0

3 0.0 −129.70 0.0

4 0.0 344.50 483.0

5 0.0 −40.72 89.0

6 0.0 −295.30 −165.0

7 0.0 −202.30 −72.0

8 0.0 −382.30 −252.0

9 0.0 −217.70 −88.0

10 0.0 −307.70 −178.0

11 0.0 178.10 −311.0

12 0.0 −4.36 126.0

13 0.0 −123.30 7.0

14 0.0 −265.30 −135.0

15 0.0 28.28 158.0

16 0.0 70.57 209.0

17 0.0 −31.81 101.0

18 0.0 −222.30 −92.0

19 0.0 96.19 229.0

20 0.0 −52.79 80.0

21 0.0 −34.71 95.0

22 0.0 −59.16 71.0

23 0.0 −373.70 −244.0

24 0.0 −28.35 102.0

25 0.0 −141.70 −12.0

26 0.0 2.28 132.0

27 0.0 198.50 337.0

28 0.0 −69.16 61.0

29 0.0 −26.35 104.0

30 0.0 −88.72 41.0

31 0.0 130.80 261.0

32 0.0 −12.35 118.0

33 0.0 −30.70 99.0

34 0.0 −376.30 −246.0

35 0.0 23.18 156.0

36 0.0 −400.30 −270.0

37 0.0 197.10 330.0

38 0.0 −260.30 −130.0

39 0.0 813.50 952.0

(Continued)
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Table 9.5 (Continued)

i Starting point 1 Starting point 2 Optimum point x∗

40 0.0 −191.70 −62.0

41 0.0 31.29 161.0

42 0.0 345.50 484.0

43 0.0 −7.72 122.0

44 0.0 335.50 474.0

45 0.0 947.50 1086.0

46 0.0 722.50 861.0

47 0.0 −300.30 −170.0

48 0.0 73.20 206.0

Optimum point: x∗ = (0, 0)T ,
Optimum value: f(x∗) = 0.

22 Mifflin 2 [168]

Classification: G-U-Z-E,
Dimension: 2,
Objective function: f(x) = −x1 + 2(x2

1 + x2
2 − 1) + 1.75|x2

1 + x2
2 − 1|,

Starting point: x(1) = (−1,−1)T ,
Optimum point: x∗ = (1, 0)T ,
Optimum value: f(x∗) = −1.

23 WF [159]

Classification: GM-U-Z-E,
Dimension: 2,

Objective function: f(x) = max
{

1
2

(
x1 + 10x1

x1+0.1 + 2x2
2

)
,

1
2

(
−x1 + 10x1

x1+0.1 + 2x2
2

)
, 1

2

(
x1 − 10x1

x1+0.1 + 2x2
2

)}
,

Starting point: x(1) = (3, 1)T ,
Optimum point: x∗ = (0, 0)T ,
Optimum value: f(x∗) = 0.

24 SPIRAL [159]

Classification: GM-U-Z-E,
Dimension: 2,
Objective function: f(x) = max { f1(x), f2(x) },
where f1(x) =

(
x1 −

√
x2

1 + x2
2 cos

√
x2

1 + x2
2

)2

+ 0.005(x2
1 + x2

2),

f2(x) =
(

x2 −
√

x2
1 + x2

2 sin
√

x2
1 + x2

2

)2

+ 0.005(x2
1 + x2

2),
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Starting point: x(1) = (1.411831,−4.79462)T ,
Optimum point: x∗ = (0, 0)T ,
Optimum value: f(x∗) = 0.

25 EVD52 [159]

Classification: PM-U-Z-N,
Dimension: 3,
Objective function: f(x) = max1≤i≤6 fi(x),
where f1(x) = x2

1 + x2
2 + x2

3 − 1,

f2(x) = x2
1 + x2

2 + (x3 − 2)2,

f3(x) = x1 + x2 + x3 − 1,

f4(x) = x1 + x2 − x3 − 1,

f5(x) = 2x3
1 + 6x2

2 + 2(5x3 − x1 + 1)2,

f6(x) = x2
1 − 9x3,

Starting point: x(1) = (1, 1, 1)T ,
Optimum point: x∗ = (0.3283, 0.0000, 0.1313)T ,
Optimum value: f(x∗) = 3.5997193.

26 PBC3 [159]

Classification: GM-U-Z-N,
Dimension: 3,
Objective function: f(x) = max1≤i≤21 fi(x),
where fi(x) = x3

x2
e−tix1 sin(tix2) − yi,

yi = 3
20 e−ti + 1

52 e−5ti − 1
65 e−2ti (3 sin(2ti) + 11 cos(2ti)),

and ti = 10(i − 1)/20, for i = 1, . . . , 21,
Starting point: x(1) = (1, 1, 1)T ,
Optimum point: x∗ = (0.9516, 0.8761, 0.1623)T ,
Optimum value: f(x∗) = 0.42021427 · 10−2.

27 Bard [159]

Classification: PM-U-Z-N,
Dimension: 3,
Objective function: f(x) = max1≤i≤15 |fi(x)|,
where fi(x) = x1 + i

(16−i)x2+uix3
, for i = 1, . . . , 15,

u = (1, 2, 3, 4, 5, 6, 7, 8, 7, 6, 5, 4, 3, 2, 1)T , and

y = (0.14, 0.18, 0.22, 0.25, 0.29, 0.32, 0.35, 0.39, 0.37, 0.58,

0.73, 0.96, 1.34, 2.10, 4.39)T ,
Starting point: x(1) = (1, 1, 1)T ,
Optimum point: x∗ = (0.0535, 1.5106, 1.9894)T ,
Optimum value: f(x∗) = 0.50816327 · 10−1.
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28 Kowalik-Osborne [159]

Classification: GM-U-Z-N,
Dimension: 4,
Objective function: f(x) = max1≤i≤11 |fi(x)|,
where fi(x) = x1(u2

i +x2ui)

u2
i +x3ui+x4

− yi,

u = (4.0000, 2.0000, 1.0000, 0.5000, 0.2500, 0.1670, 0.1250,

0.1000, 0.0833, 0.0714, 0.0625)T ,

y = (0.1957, 0.1947, 0.1735, 0.1600, 0.0844, 0.0627, 0.0456,

0.0342, 0.0323, 0.0235, 0.0246)T ,
Starting point: x(1) = (0.250, 0.390, 0.415, 0.390)T ,
Optimum point: x∗ = (0.1846, 0.1052, 0.0196, 0.1118)T ,
Optimum value: f(x∗) = 0.80843684 · 10−2.

29 Polak 6 [198]

Classification: PM-U-Z-E,
Dimension: 4,
Objective function: f(x) = max1≤i≤4 fi(x),
where f1(x) = (x1 − (x4 + 1)4)2 + (

x2 − (x1 − (x4 + 1)4)4
)2 + 2x2

3

+ x2
4 − 5(x1 − (x4 + 1)4)

− 5
(
x2 − (x1 − (x4 + 1)4)4

) − 21x3 + 7x4,

f2(x) = f1(x) + 10
(
(x1 − (x4 + 1)4)2

+ (
x2 − (x1 − (x4 + 1)4)4

)2

+ x2
3 + x2

4 + (x1 − (x4 + 1)4)

− (
x2 − (x1 − (x4 + 1)4)4

)
+ x3 − x4 − 8),

f3(x) = f1(x) + 10
(
(x1 − (x4 + 1)4)2

+ 2
(
x2 − (x1 − (x4 + 1)4)4

)2

+ x2
3 + 2x2

4 − (x1 − (x4 + 1)4) − x4 − 10
)
,

f4(x) = f1(x) + 10
(
(x1 − (x4 + 1)4)2

+ (
x2 − (x1 − (x4 + 1)4)4

)2

+ x2
3 + 2(x1 − (x4 + 1)4) − (

x2 − (x1 − (x4 + 1)4)4
)

− x4 − 5),

Starting point: x(1) = (0, 0, 0, 0)T ,
Optimum point: x∗ = (0, 1, 2,−1)T ,
Optimum value: f(x∗) = −44.

30 OET5 [159]

Classification: QM-U-Z-N,
Dimension: 4,
Objective function: f(x) = max1≤i≤21 |fi(x)|,
where fi(x) = x4 − (x1t

2
i + x2ti + x3)

2 − √
ti and

ti = 0.25 + 0.75(i − 1)/20 for i = 1, . . . , 21,
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Starting point: x(1) = (1, 1, 1, 1)T ,
Optimum point: x∗ = (0.0876,−0.497, 1.1155, 1.4963, )T ,
Optimum value: f(x∗) = 0.26359735 · 10−2.

31 OET6 [159]

Classification: GM-U-Z-N,
Dimension: 4,
Objective function: f(x) = max1≤i≤21 |fi(x)|,
where fi(x) = x1e

x3ti + x2e
x4ti − 1

1+ti
and

ti = −0.5 + (i − 1)/20, for i = 1, . . . , 21,
Starting point: x(1) = (1, 1,−3,−1)T ,
Optimum point: x∗ = (0.0987, 0.9009,−4.0619,−0.6477)T ,
Optimum value: f(x∗) = 0.20160753 · 10−2.

32 EXP [159]

Classification: GM-U-Z-N,
Dimension: 5,
Objective function: f(x) = max1≤i≤21 fi(x),
where fi(x) = x1+x2ti

1+x3ti+x4t2
i +x5t3

i

− eti and

ti = −1 + (i − 1)/10, i = 1, . . . , 21,
Starting point: x(1) = (0.5, 0, 0, 0, 0)T ,
Optimum point: x∗ = (0.9999, 0.2536,−0.7466, 0.2452,−0.0375)T ,
Optimum value: f(x∗) = 0.12237125 · 10−3.

33 PBC1 [159]

Classification: GM-U-Z-N,
Dimension: 5,
Objective function: f(x) = max1≤i≤30 |fi(x)|,
where fi(x) = x1+x2ti+x3t2

i

1+x4ti+x5t2
i

−
√

(8ti−1)2+1 arctan(8ti)
8ti

and

ti = −1 + 2(i − 1)/29, for i = 1, . . . , 30,
Starting point: x(1) = (0,−1, 10, 1, 10)T ,
Optimum point: x∗ = (1.4136,−10.5797, 40.7117,−4.0213, 27.6150)T ,
Optimum value: f(x∗) = 0.22340496 · 10−1.

34 HS78 [111,159]

Classification: G-U-Z-N,
Dimension: 5,
Objective function: f(x) = x1x2x3x4x5 + 10

∑3
i=1 |fi(x)|,

where f1(x) = x2
1 + x2

2 + x2
3 + x2

4 + x2
5 − 10,
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f2(x) = x2x3 − 5x4x5,

f3(x) = x3
1 + x3

2 + 1,

Starting point: x(1) = (−2.0, 1.5, 2.0,−1.0,−1.0)T ,
Optimum point: x∗ = (−1.7171, 1.5957, 1.8272,−0.7636,−0.7636)T ,
Optimum value: f(x∗) = −2.9197004.
Note: Function HS78 is unbounded from below. The reported

minimum is a local one.

35 El-Attar [159]

Classification: G-U-Z-N,
Dimension: 6,
Objective function: f(x) = ∑50

i=1

∣∣x1e
−x2ti cos(x33ti + x4) + x5e

−x6ti − yi

∣∣,
where yi = 0.5e−ti − e−2ti + 0.5e−3ti + 1.5e−1.5ti sin(7ti)

+ e−2.5ti sin(5ti),

ti = (i − 1)/10, for i = 1, . . . , 51,

Starting point: x(1) = (2, 2, 7, 0,−2, 1)T ,
Optimum point: x∗ = (2.2407, 1.8577, 6.7701,−1.6449, 0.1659, 0.7423)T ,
Optimum value: f(x∗) = 0.5598131.

36 EVD61 [159]

Classification: GM-U-Z-N,
Dimension: 6,
Objective function: f(x) = max1≤i≤51 |fi(x)|,
where fi(x) = x1e

−x2ti cos(x3ti + x4) + x5e
−x6ti − yi,

yi = 0.5e−ti − e−2ti + 0.5e−3ti + 1.5e−1.5ti sin(7ti)

+ e−2.5ti sin(5ti),

ti = (i − 1)/10, for i = 1, . . . , 51,

Starting point: x(1) = (2, 2, 7, 0,−2, 1)T ,
Optimum point: x∗ = (2.2759, 1.8993, 6.8482,−1.6503, 0.1457, 0.5170)T ,
Optimum value: f(x∗) = 0.34904926 · 10−1.

37 Gill [159]

Classification: PM-U-Z-N,
Dimension: 10,
Objective function: f(x) = max {f1(x), f2(x), f3(x)},
where f1(x) = ∑10

i=1(xi − 1)2 + 10−3 ∑10
i=1

(
x2

i − 1
4

)2
,

f2(x) = ∑30
i=2

[∑10
j=2 xj(j − 1)

(
i−1
29

)j−2

−
(∑10

j=1 xj

(
i−1
29

)j−1
)2 − 1

]2

+x2
1 + (x2 − x2

1 − 1)2,
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f3(x) = ∑10
i=2

[
100(xi − x2

i−1)
2 + (1 − xi)

2
]
,

Starting point: x(1) = (−0.1,−0.1, . . . ,−0.1)T ,
Optimum point: x∗ = (−0.6022, 0.4907, 0.3096, 0.1416, 0.0542,

0.0287, 0.0197, 0.0137, 0.0087, 0.0045)T ,
Optimum value: f(x∗) = 9.7857721.

38 Problem 1 in [21]

Classification: GD-U-Z-E,
Dimension: 2,
Objective function: f(x) = max1≤i≤3 fi(x) + min4≤i≤6 fi(x),
where f1(x) = x4

1 + x2
2, and

f2(x) = (2 − x1)
2 + (2 − x2)

2,

f3(x) = 2e−x1+x2 ,

f4(x) = x2
1 − 2x1 + x2

2 − 4x2 + 4,

f5(x) = 2x2
1 − 5x1 + x2

2 − 2x2 + 4,

f6(x) = x2
1 + 2x2

2 − 4x2 + 1,

Starting point: x(1) = (2, 2)T ,
Optimum point: x∗ = (1, 1)T ,
Optimum value: f(x∗) = 2.

39 L1 version of Rosenbrock function [21]

Classification: LD-U-Z-E,
Dimension: 2,
Objective function: f(x) = |x1 − 1| + 100|x2 − |x1||,
Starting point: x(1) = (−1.2, 1)T ,
Optimum point: x∗ = (1, 1)T ,
Optimum value: f(x∗) = 0.
Note: DC representation can be found in [21].

40 L1 version of Wood function [21]

Classification: LD-U-Z-E,
Dimension: 4,
Objective function: f(x) = |x1 − 1| + 100|x2 − |x1|| + 90|x4 − |x − 3||

+ |x3 − 1| + 10.1(|x2 − 1| + |x4 − 1|)
+ 4.95(|x2 + x4 − 2| − |x2 − x4|),

Starting point: x(1) = (1, 3, 3, 1)T ,
Optimum point: x∗ = (1, 1, 1, 1)T ,
Optimum value: f(x∗) = 0.
Note: DC representation can be found in [21].
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9.2 Bound Constrained Problems

Bound constrained problems (S = {x ∈ R
n | xl

i ≤ xi ≤ xu
i for all i = 1, . . . ,n} in

(9.1)) are easily constructed from the problems given above, for instance, by inclosing
the bounds

x∗
i + 0.1 ≤ xi ≤ x∗

i + 1.1 for all odd i.

If the starting point x(1) is not feasible, it can simply be projected to the feasible
region (if a strictly feasible starting point is needed an additional safeguard of 0.0001
may be added). The classification of the bound constrained problems is the same as
that of unconstrained problems (see Sect. 9.1 and also Sect. 9.4) but, naturally, the
information about constraint functions should be replaced with B (see Table 9.1).

9.3 Linearly Constrained Problems

In this section we present small-scale nonsmooth linearly constrained test problems
(S = {x ∈ R

n | Ax ≤ b} with the inequality taken component-wise in (9.1)). The
number of variables varies from 2 to 20 and there are up to 15 constraint functions.

41 Wong 2C [159]

Classification: QM-L-X-N,
Dimension: 10,
No. of constraints: 3,
Objective function: f(x) = max1≤i≤6 fi(x),
where f1(x) = x2

1 + x2
2 + x1x2 − 14x1 − 16x2 + (x3 − 10)2

+ 4(x4 − 5)2 + (x5 − 3)2 + 2(x6 − 1)2 + 5x2
7

+ 7(x8 − 11)2 + 2(x9 − 10)2 + (x10 − 7)2 + 45,

f2(x) = f1(x) + 10(3(x1 − 2)2 + 4(x2 − 3)2 + 2x2
3 − 7x4 − 120),

f3(x) = f1(x) + 10(5x2
1 + 8x2 + (x3 − 6)2 − 2x4 − 40),

f4(x) = f1(x) + 10(0.5(x1 − 8)2 + 2(x2 − 4)2 + 3x2
5 − x6 − 30),

f5(x) = f1(x) + 10(x2
1 + 2(x2 − 2)2 − 2x1x2 + 14x5 − 6x6),

f6(x) = f1(x) + 10(−3x1 + 6x2 + 12(x9 − 8)2 − 7x10),

Constraint function: g1(x) = 4x1 + 5x2 − 3x7 + 9x8 ≤ 105,

g2(x) = 10x1 − 8x2 − 17x7 + 2x8 ≤ 0,

g3(x) = −8x1 + 2x2 + 5x9 − 2x10 ≤ 12,

Starting point: x(1) = (2, 3, 5, 5, 1, 2, 7, 3, 6, 10)T ,

Optimum point: x∗ = (2.1722, 2.3634, 8.7737, 5.0959, 0.9906, 1.4307,

1.3219, 9.8289, 8.2803, 8.3756)T ,
Optimum value: f(x∗) = 24.306209.
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42 Wong 3C [159]

Classification: PM-L-X-N,
Dimension: 20,
No. of constraints: 4,
Objective function: f(x) = max1≤i≤14 fi(x),
where f1(x) = x2

1 + x2
2 + x1x2 − 14x1 − 16x2 + (x3 − 10)2

+ 4(x4 − 5)2 + (x5 − 3)2 + 2(x6 − 1)2 + 5x2
7

+ 7(x8 − 11)2 + 2(x9 − 10)2 + (x10 − 7)2

+ (x11 − 9)2 + 10(x12 − 1)2 + 5(x13 − 7)2

+ 4(x14 − 14)2 + 27(x15 − 1)2 + x4
16 + (x17 − 2)2

+ 13(x18 − 2)2 + (x19 − 3)2 − x2
20 + 95,

f2(x) = f1(x) + 10(3(x1 − 2)2 + 4(x2 − 3)2 + 2x2
3 − 7x4

− 120),

f3(x) = f1(x) + 10(5x2
1 + 8x2 + (x3 − 6)2 − 2x4 − 40),

f4(x) = f1(x) + 10(0.5(x1 − 8)2 + 2(x2 − 4)2 + 3x2
5 − x6

− 30),

f5(x) = f1(x) + 10(x2
1 + 2(x2 − 2)2 − 2x1x2 + 14x5 − 6x6),

f6(x) = f1(x) + 10(−3x1 + 6x2 + 12(x9 − 8)2 − 7x10),

f7(x) = f1(x) + 10(x2
1 + 5x11 − 8x12 − 28),

f8(x) = f1(x) + 10(4x1 + 9x2 + 5x2
13 − 9x14 − 87),

f9(x) = f1(x) + 10(3x1 + 4x2 + 3(x13 − 6)2 − 14x14 − 10),

f10(x) = f1(x) + 10(14x2
1 + 35x15 − 79x16 − 92),

f11(x) = f1(x) + 10(15x2
2 + 11x15 − 61x16 − 54),

f12(x) = f1(x) + 10(5x2
1 + 2x2 + 9x4

17 − x18 − 68),

f13(x) = f1(x) + 10(x2
1 − x9 + 19x19 − 20x20 + 19),

f14(x) = f1(x) + 10(7x2
1 + 5x2

2 + x2
19 − 30x20),

Constraint function: g1(x) = 4x1 + 5x2 − 3x7 + 9x8 ≤ 105,

g2(x) = 10x1 − 8x2 − 17x7 + 2x8 ≤ 0,

g3(x) = −8x1 + 2x2 + 5x9 − 2x10 ≤ 12,

g4(x) = x1 + x2 + 4x11 − 21x21 ≤ 0,

Starting point: x(1) = (2, 3, 5, 5, 1, 2, 7, 3, 6, 10, 2, 2, 6, 15, 1, 2, 1, 2, 1, 3)T ,

Optimum point: x∗ = (2.1749, 2.3537, 8.7666, 5.0669, 0.9888, 1.4309,

1.3288, 9.8354, 8.2867, 8.3709, 2.2759, 1.3586,

6.0771, 14.1708, 0.9962, 0.6566, 1.4666, 2.0004,

1.0471, 2.0636)T ,
Optimum value: f(x∗) = 24.306209.

43 MAD1 [159]

Classification: GM-L-Z-N,
Dimension: 2,
No. of constraints: 1,
Objective function: f(x) = max1≤i≤3 fi(x),
where f1(x) = x2

1 + x2
2 + x1x2 − 1,

f2(x) = sin x1,
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f3(x) = − cos x2,
Constraint function: g1(x) = x1 + x2 − 0.5 ≥ 0,
Starting point: x(1) = (1, 2)T ,
Optimum point: x∗ = (−0.4003, 0.9003)T ,
Optimum value: f(x∗) = −0.38965952.

44 MAD2 [159]

Classification: GM-L-Z-N,
Dimension: 2,
No. of constraints: 1,
Objective function: f(x) = max1≤i≤3 fi(x),
where f1(x) = x2

1 + x2
2 + x1x2 − 1,

f2(x) = sin x1,
f3(x) = − cos x2,

Constraint function: g1(x) = −3x1 − x2 + 2.5 ≥ 0,

Starting point: x(1) = (−2,−1)T ,
Optimum point: x∗ = (−0.8929, 0.1786)T ,
Optimum value: f(x∗) = −0.33035714.

45 MAD4 [159]

Classification: GM-L-Z-N,
Dimension: 2,
No. of constraints: 1,
Objective function: f(x) = max1≤i≤3 fi(x),
where f1(x) = − exp(x1 − x2),

f2(x) = sinh(x1 − 1) − 1,
f3(x) = − log(x2) − 1,

Constraint function: g1(x) = 0.05x1 − x2 + 0.5 ≥ 0,

Starting point: x(1) = (−1, 0.01)T ,
Optimum point: x∗ = (1.5264, 0.5763)T ,
Optimum value: f(x∗) = −0.44891079.

46 MAD5 [159]

Classification: GM-L-Z-N,
Dimension: 2,
No. of constraints: 1,
Objective function: f(x) = max1≤i≤3 fi(x),
where f1(x) = − exp(x1 − x2),

f2(x) = sinh(x1 − 1) − 1,

f3(x) = − log(x2) − 1,

Constraint function: g1(x) = −0.9x1 + x2 − 1 ≥ 0,
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Starting point: x(1) = (−1, 3)T ,
Optimum point: x∗ = (1.5436, 2.3892)T ,
Optimum value: f(x∗) = −0.42928061.

47 PENTAGON [159]

Classification: GM-L-Z-N,
Dimension: 6,
No. of constraints: 15,
Objective function: f(x) = max1≤i≤3 fi(x),
where f1(x) = −√

(x1 − x3)2 + (x2 − x4)2,
f2(x) = −√

(x3 − x5)2 + (x4 − x6)2,
f3(x) = −√

(x5 − x1)2 + (x6 − x2)2,

Constraint function: gij(x) = xi cos 2πj
5 + xi+1 sin 2πj

5 ≤ 1,

where i = 1, 3, 5, j = 0, 1, 2, 3, 4
Starting point: x(1) = (−1, 0, 0, −1, 1, 1)T ,
Optimum point: x∗ = (−0.9723, 0.2436, 0.5322, −0.8494, 0.7265, 1.0000)T ,
Optimum value: f(x∗) = −1.85961870.

48 MAD6 [159]

Classification: GM-L-Z-N,
Dimension: 7,
No. of constraints: 9,
Objective function: f(x) = max1≤i≤163 fi(x),
where fi(x) = 1

15 + 2
15

∑7
i=1 cos(2πxj sin ϑi),

ϑi = π
180 (8.5 + i0.5), 1 ≤ i ≤ 163,

Constraint function: g1(x) = x1 ≥ 0.4,

g2(x) = −x1 + x2 ≥ 0.4,

g3(x) = −x2 + x3 ≥ 0.4,

g4(x) = −x3 + x4 ≥ 0.4,

g5(x) = −x4 + x5 ≥ 0.4,

g6(x) = −x5 + x6 ≥ 0.4,

g7(x) = −x6 + x7 ≥ 0.4,

g8(x) = −x4 + x6 = 1.0,
g9(x) = x7 = 3.5,

Starting point: x(1) = (0.5, 1.0, 1.5, 2.0, 2.5, 3.0, 3.5)T ,

Optimum point: x∗ = (0.4000, 0.8198, 1.2198, 1.6940, 2.0940, 2.6940,

3.5000)T ,
Optimum value: f(x∗) = 0.10183089.
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49 Dembo 3 [159]

Classification: GM-L-Z-N,
Dimension: 7,
No. of constraints: 2 (+ bound constraints),
Objective function: f(x) = max1≤i≤13 fi(x),
where f1(x) = a1x1 + a2x1x6 + a3x3 + a4x2 + a5 + a6x3x5,

f2(x) = f1(x) + 105(a7x
2
6 + a8x

−1
1 x3 + a9x6 − 1),

f3(x) = f1(x) + 105(a10x1x
−1
3 + a11x1x

−1
3 x6

+ a12x1x
−1
3 x2

6 − 1),

f4(x) = f1(x) + 105(a13x
2
6 + a14x5 + a15x4 + a16x6 − 1),

f5(x) = f1(x) + 105(a17x
−1
5 + a18x

−1
5 x6 + a19x4x

−1
5

+ a20x
−1
5 x2

6 − 1),

f6(x) = f1(x) + 105(a21x7 + a22x2x
−1
3 x−1

4 + a23x2x
−1
3

− 1),

f7(x) = f1(x) + 105(a24x
−1
7 + a25x2x

−1
3 x−1

7

+ a26x2x
−1
3 x−1

4 x−1
7 − 1),

f8(x) = f1(x) + 105(a27x
−1
5 + a28x

−1
5 x7 − 1),

f9(x) = f1(x) + 105(a33x1x
−1
3 + a34x

−1
3 − 1),

f10(x) = f1(x) + 105(a35x2x
−1
3 x−1

4 + a36x2x
−1
3 − 1),

f11(x) = f1(x) + 105(a37x4 + a38x
−1
3 x3x4 − 1),

f12(x) = f1(x) + 105(a39x1x6 + a40x1 + a41x3 − 1),

f13(x) = f1(x) + 105(a42x
−1
1 x3 + a43x1 + a44x6 − 1),

Constraint function: g1(x) = a29x5 + a30x7 ≤ 1,

g2(x) = a31x3 + a32x1 ≤ 1,

1 ≤ x1 ≤ 2000, 1 ≤ x2 ≤ 120, 1 ≤ x3 ≤ 5000,

85 ≤ x4 ≤ 93, 90 ≤ x5 ≤ 95, 3 ≤ x6 ≤ 12,

145 ≤ x7 ≤ 162,

Starting point: x(1) = (1745, 110, 3048, 89, 92, 8, 145)T ,
Optimum point: x∗ = (1698.0025, 53.7482, 3031.1493, 90.1212, 95.0000,

10.4870, 153.5354)T ,
Optimum value: f(x∗) = 1227.2260.

50 Dembo 5 [159]

Classification: GM-L-Z-N,
Dimension: 8,
No. of constraints: 3 (+ bound constraints),
Objective function: f(x) = max1≤i≤4 fi(x),
where f1(x) = x1 + x2 + x3,

f2(x) = f1(x) + 105(ax−1
1 x4x

−1
6 + 100x−1

6 + bx−1
1 x−1

6 − 1),

f3(x) = f1(x) + 105(x4x
−1
7 + 1250(x5 − x4)x

−1
2 x−1

7 − 1),

f4(x) = f1(x) + 105(cx−1
3 x−1

8 + x5x
−1
8 − 2500x−1

3 x5x
−1
8 − 1),

a = 833.33252, b = −83333.333, and c = 1250000.0,
Constraint function: g1(x) = 0.0025(x4 + x5) ≤ 1,
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g2(x) = 0.0025(x5 − x7 − x4) ≤ 1,

g3(x) = 0.01(x8 − x5) ≤ 1,
100 ≤ x1 ≤ 10000, 1000 ≤ x2 ≤ 10000,

1000 ≤ x3 ≤ 10000, 10 ≤ x4 ≤ 1000,

10 ≤ x5 ≤ 1000, 10 ≤ x6 ≤ 1000,

10 ≤ x7 ≤ 1000, 10 ≤ x8 ≤ 1000,

Starting point: x(1) = (5000, 5000, 5000, 200, 359, 150, 225, 425)T ,
Optimum point: x∗ = (581.1358, 1358.8591, 5109.2561, 182.1702,

295.6298, 217.8298, 286.5404, 395.6298)T ,
Optimum value: f(x∗) = 7049.2480.

51 EQUIL [146,159]

Classification: GM-L-Z-N,
Dimension: 8,
No. of constraints: 1 (+ bound constraints),
Objective function: f(x) = max1≤i≤8 fi(x),

where fi(x) = ∑5
j=1

(
aji

∑8
k=1 wjkxk

x
bj
i

∑8
k=1 ajkx

1−bj
k

− wji

)
, for i = 1, . . . , 8,

W = [wjk] =

⎛
⎜⎜⎜⎝

3 1 0.1 0.1 5 0.1 0.1 6
0.1 10 0.1 0.1 5 0.1 0.1 0.1
0.1 9 10 0.1 4 0.1 7 0.1
0.1 0.1 0.1 10 0.1 3 0.1 0.1
0.1 0.1 0.1 0.1 0.1 0.1 0.1 11

⎞
⎟⎟⎟⎠,

A = [ajk] =

⎛
⎜⎜⎜⎝

1 1 1 1 1 1 1 1
2 0.8 1 0.5 1 1 1 1
1 1.2 0.8 1.2 1.6 2 0.6 0.1
2 0.1 0.6 2 1 1 1 2

1.2 1.2 0.8 1 1.2 0.1 3 4

⎞
⎟⎟⎟⎠,

b = [bj ] = (0.5, 1.2, 0.8, 2.0, 1.5)T ,
Constraint function: g1(x) = ∑8

i=1 xi = 1,
xi ≥ 0, for i = 1, . . . , 8,

Starting point: x
(1)
i = 0.125, for i = 1, . . . , 8,

Optimum point: x∗ = (0.2712, 0.0296, 0.0629, 0.0931, 0.0672, 0.3059,

0.1044, 0.0657)T ,
Optimum value: f(x∗) = 0.

52 HS114 [159]

Classification: GM-L-Z-N,
Dimension: 10,
No. of constraints: 5 (+ bound constraints),
Objective function: f(x) = max1≤i≤9 fi(x),
where f1(x) = 5.04x1 + 0.035x2 + 10x3 + 3.36x5 − 0.063x4x7,
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f2(x) = f1(x) + 500(1.12x1 + 013167x1x8 − 0.00667x1x
2
8

− 1
ax4),

f3(x) = f1(x) − 500(1.12x1 + 013167x1x8 − 0.00667x1x
2
8

−ax4),

f4(x) = f1(x) + 500(1.098x8 − 0.038x2
8 + 0.352x6 − 1

ax7

+ 57.425),

f5(x) = f1(x) − 500(1.098x8 − 0.038x2
8 + 0.352x6 − ax7

+ 57.425),

f6(x) = f1(x) + 500( 98000x3
x4x9+1000x3

− x6),

f7(x) = f1(x) − 500( 98000x3
x4x9+1000x3

− x6),

f8(x) = f1(x) + 500(
x2+x5

x1
− x8),

f9(x) = f1(x) − 500(
x2+x5

x1
− x8),

a = 0.99, b = 0.90,
Constraint function: g1(x) = 0.222x10 + bx9 ≤ 35.82,

g2(x) = 0.222x10
1
b x9 ≥ 35.82,

g3(x) = 3x7 − ax10 ≥ 133,

g4(x) = 3x7 − 1
ax10 ≤ 133,

g5(x) = 1.22x4 − x1 − x5 = 0,
10−5 ≤ x1 ≤ 2000, 10−5 ≤ x2 ≤ 16000,

10−5 ≤ x3 ≤ 120, 10−5 ≤ x4 ≤ 5000,

10−5 ≤ x5 ≤ 2000, 85 ≤ x6 ≤ 93,

90 ≤ x7 ≤ 95, 3 ≤ x8 ≤ 12,

1.2 ≤ x9 ≤ 4, 145 ≤ x10 ≤ 162,

Starting point: x(1) = (1745, 12000, 110, 3048, 1974, 89.2, 92.8, 8.0, 3.6,

145)T ,
Optimum point: x∗ = (1697.8253, 15782.8314, 54.2333, 3031.0044,

2000.0000, 90.1334, 95.0000, 10.4739, 1.5616,

153.5354)T ,
Optimum value: f(x∗) = −1768.8070.

53 Dembo 7 [159]

Classification: GM-L-Z-N,
Dimension: 16,
No. of constraints: 1 (+ bound constraints),
Objective function: f(x) = max1≤i≤19 fi(x),
where f1(x) = a(x12 + x13 + x14 + x15 + x16)

+ b(x1x12 + x2x13 + x3x14 + x4x14 + x5x16)

f2(x) = f1(x) + 103(cx1x
−1
6 + 100dx1 − dx2

1x
−1
6 − 1),

f3(x) = f1(x) + 103(cx2x
−1
7 + 100dx2 − dx2

2x
−1
7 − 1)),

f4(x) = f1(x) + 103(cx3x
−1
8 + 100dx3 − dx2

3x
−1
8 − 1),
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f5(x) = f1(x) + 103(cx4x
−1
9 + 100dx4 − dx2

4x
−1
9 − 1),

f6(x) = f1(x) + 103(cx5x
−1
10 + 100dx5 − dx2

5x
−1
10 − 1),

f7(x) = f1(x) + 103(x6x
−1
7 + x1x

−1
7 x−1

11 x12

− x6x
−1
7 x−1

11 x12 − 1),

f8(x) = f1(x) + 103(x7x
−1
8 + 0.002(x7 − x1)x

−1
8 x12

+ 0.002(x2x
−1
8 − 1)x13 − 1),

f9(x) = f1(x) + 103(x8 + 0.002(x8 − x2)x13

+ 0.002(x3 − x9)x14 + x9 − 1),
f10(x) = f1(x) + 103(x−1

3 x9 + (x4 − x8)x
−1
3 x−1

14 x15

+ 500(x10 − x9)x
−1
3 x−1

14 − 1),

f11(x) = f1(x) + 103((x−1
4 x5 − 1)x−1

15 x16 + x−1
4 x10

+ 500(1 − x−1
4 x10)x

−1
15 − 1),

f12(x) = f1(x) + 103(0.9x−1
4 + 0.002(1 − x−1

4 x5)x16 − 1),

f13(x) = f1(x) + 103(x−1
11 x12 − 1),

f14(x) = f1(x) + 103(x4x
−1
5 − 1),

f15(x) = f1(x) + 103(x3x
−1
4 − 1),

f16(x) = f1(x) + 103(x2x
−1
3 − 1),

f17(x) = f1(x) + 103(x1x
−1
2 − 1),

f18(x) = f1(x) + 103(x9x
−1
10 − 1),

f19(x) = f1(x) + 103(x8x
−1
9 − 1),

a = 1.262626, b = −1.231060,
c = 0.034750, d = 0.009750,

Constraint function: g1(x) = 0.002(x11 − x12) ≤ 1,

0.1 ≤ x1 ≤ 0.9, 0.1 ≤ x2 ≤ 0.9,
0.1 ≤ x3 ≤ 0.9, 0.1 ≤ x4 ≤ 0.9,
0.9 ≤ x5 ≤ 1.0, 10−4 ≤ x6 ≤ 0.1,
0.1 ≤ x7 ≤ 0.9, 0.1 ≤ x8 ≤ 0.9,
0.1 ≤ x9 ≤ 0.9, 0.1 ≤ x10 ≤ 0.9,
1 ≤ x11 ≤ 1000, 10−6 ≤ x12 ≤ 500,
1 ≤ x13 ≤ 500, 500 ≤ x14 ≤ 1000,
500 ≤ x15 ≤ 1000, 10−6 ≤ x16 ≤ 500,

Starting point: x(1) = (0.80, 0.83, 0.85, 0.87, 0.90, 0.10, 0.12, 0.19, 0.25,

0.29, 512, 13.1, 71.8, 640, 650, 5.7)T

Optimum point: x∗ = (0.8038, 0.8161, 0.9000, 0.9000, 0.9000, 0.1000,

0.1070, 0.1908, 0.1908, 0.1908, 505.0526, 5.0526,

72.6358, 500.0000, 500.0000, 0.0000)T ,
Optimum value: f(x∗) = 174.78699.

54 MAD8 [159]

Classification: QM-B-Z-N,
Dimension: 20,
No. of constraints: 0 (only bound constraints),
Objective function: f(x) = max1≤i≤38 |fi(x)|,
where f1(x) = −1 + x2

1 + ∑20
j=2 xj ,
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Table 9.6 Values of a for problem 49

i ai i ai i ai

1 1.715 16 −0.19120592 · 10−1 31 0.00061000

2 0.035 17 0.56850750 · 102 32 −0.0005

3 4.0565 18 1.08702000 33 0.81967200

4 10.0 19 0.32175000 34 0.81967200

5 3000.0 20 −0.03762000 35 24500.0

6 −0.063 21 0.00619800 36 −250.0

7 0.59553571 · 10−2 22 0.24623121 · 104 37 0.10204082 · 10−1

8 0.88392857 23 −0.25125634 · 102 38 0.12244898 · 10−4

9 −0.11756250 24 0.16118996 · 103 39 0.00006250

10 1.10880000 25 5000.0 40 0.00006250

11 0.13035330 26 −0.48951000 · 106 41 -0.00007625

12 −0.00660330 27 0.44333333 · 102 42 1.22

13 0.66173269 · 10−3 28 0.33000000 43 1.0

14 0.17239878 · 10−1 29 0.02255600 44 −1.0

15 −0.56595559 · 10−2 30 −0.00759500

fi(x) = −1 + cix
2
k + ∑20

j=1,j 
=k xj for 1 < i < 38,
f38 = −1 + x2

20 + ∑19
j=1 xj ,

k = (i + 2)/2, ci = 1, for i = 2, 4, ..., 36,
k = (i + 1)/2, ci = 2, for i = 3, 5, ..., 37,

Constraint function: xj ≥ 0.5 for 1 ≤ j ≤ 10,
Starting point: x

(1)
j = 100 for j = 1, . . . , 20,

Optimum point: x∗ = (0.5000, 0.5000, 0.5000, 0.5000, 0.5000, 0.5000,

0.5000, 0.5000, 0.5000, 0.5000,−0.4167,−0.4167,

−0.4167,−0.4167,−0.4167,−0.4167,−0.4167,

−0.4167,−0.4167,−0.5069)T ,
Optimum value: f(x∗) = 0.50694799.

9.4 Large Problems

In this section we present 21 large-scale nonsmooth unconstrained test problems.
The problems can be formulated with any number of variables.

55 Generalization of MAXL [155]

Classification: LM-U-X-E,
Dimension: any,
Objective function: f(x) = max1≤i≤n |xi|,
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Starting point: x
(1)
i = i/n for i = 1, . . . ,n/2 and

x
(1)
i = −i/n for i = n/2 + 1, . . . ,n,

Optimum point: x∗ = (0, 0, . . . , 0)T ,
Optimum value: f(x∗) = 0.

56 Generalization of L1HILB [155]

Classification: L-U-X-E,
Dimension: any,

Objective function: f(x) = ∑n
i=1

∣∣∣∑n
j=1

xj

i+j−1

∣∣∣,
Starting point: x(1) = (1, 1, . . . , 1)T ,
Optimum point: x∗ = (0, 0, . . . , 0)T ,
Optimum value: f(x∗) = 0.

57 Generalization of MAXQ [98]

Classification: QM-U-X-E,
Dimension: any,
Objective function: f(x) = max1≤i≤n x2

i ,
Starting point: x(1)

i = i for i = 1, . . . ,n/2 and
x

(1)
i = −i for i = n/2 + 1, . . . ,n.

Optimum point: x∗ = (0, 0, . . . , 0)T ,
Optimum value: f(x∗) = 0.

58 Generalization of MXHILB [98]

Classification: LM-U-X-E,
Dimension: any,

Objective function: f(x) = max1≤i≤n

∣∣∣∑n
j=1

xj

i+j−1

∣∣∣,
Starting point: x(1) = (1, 1, . . . , 1)T ,
Optimum point: x∗ = (0, 0, . . . , 0)T ,
Optimum value: f(x∗) = 0.

59 Chained LQ [98]

Classification: G-U-X-E,
Dimension: any,
Objective function: f(x) = ∑n−1

i=1 max { −xi − xi+1,

−xi − xi+1 + (x2
i + x2

i+1 − 1)
}
,

Starting point: x(1) = (−0.5,−0.5, . . . ,−0.5)T ,
Optimum point: x∗ = (1/

√
2, 1/

√
2, . . . , 1/

√
2)T ,

Optimum value: f(x∗) = −(n − 1)
√

2.
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60 Chained CB3 I [98]

Classification: G-U-X-E,
Dimension: any,
Objective function: f(x) = ∑n−1

i=1 max
{
x4

i + x2
i+1, (2 − xi)

2 + (2 − xi+1)
2,

2e−xi+xi+1
}
,

Starting point: x(1) = (2, 2, . . . , 2)T ,
Optimum point: x∗ = (1, 1, . . . , 1)T ,
Optimum value: f(x∗) = 2(n − 1).

61 Chained CB3 II [98]

Classification: GM-U-X-E,
Dimension: any,

Objective function: f(x) = max
{ ∑n−1

i=1

(
x4

i + x2
i+1

)
,∑n−1

i=1

(
(2 − xi)

2 + (2 − xi+1)
2
)
,∑n−1

i=1

(
2e−xi+xi+1

) }
,

Starting point: x(1) = (2, 2, . . . , 2)T ,
Optimum point: x∗ = (1, 1, . . . , 1)T ,
Optimum value: f(x∗) = 2(n − 1).

62 Number of active faces [95]

Classification: GM-U-Z-E,
Dimension: any,
Objective function: f(x) = max1≤i≤n

{
g

(−∑n
i=1 xi

)
, g(xi)

}
,

where g(y) = ln (|y| + 1),
Starting point: x(1) = (1, 1, . . . , 1)T ,
Optimum point: x∗ = (0, 0, . . . , 0)T ,
Optimum value: f(x∗) = 0.

63 Nonsmooth generalization of Brown function 2 [98]

Classification: G-U-Z-E,
Dimension: any,

Objective function: f(x) = ∑n−1
i=1

(
|xi|x2

i+1+1 + |xi+1|x2
i +1

)
,

Starting point: x
(1)
i = 1.0, when mod (i, 2) = 0 and

x
(1)
i = −1.0, when mod (i, 2) = 1, i = 1, . . . ,n.

Optimum point: x∗ = (0, 0, . . . , 0)T ,
Optimum value: f(x∗) = 0.
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64 Chained Mifflin 2 [98]

Classification: G-U-Z-N,
Dimension: any,
Objective function: f(x) = ∑n−1

i=1

(−xi + 2
(
x2

i + x2
i+1 − 1

)
+ 1.75

∣∣x2
i + x2

i+1 − 1
∣∣ ),

Starting point: x(1) = (1, 1, . . . , 1)T ,
Optimum point: x∗ not available,
Optimum value: f(x∗) varies:

f(x∗) ≈ −34.795, when n = 50,
f(x∗) ≈ −140.86, when n = 200, and
f(x∗) ≈ −706.55, when n = 1000.

65 Chained crescent I [98]

Classification: QM-U-Z-E,
Dimension: any,

Objective function: f(x) = max
{ ∑n−1

i=1

(
x2

i + (xi+1 − 1)2 + xi+1 − 1
)
,∑n−1

i=1

(−x2
i − (xi+1 − 1)2 + xi+1 + 1

)}
.

Starting point: x(1)
i = 2.0, when mod (i, 2) = 0 and

x
(1)
i = −1.5, when mod (i, 2) = 1, i = 1, . . . ,n,

Optimum point: x∗ = (0, 0, . . . , 0)T ,
Optimum value: f(x∗) = 0.

66 Chained crescent II [98]

Classification: G-U-Z-E,
Dimension: any,
Objective function: f(x) = ∑n−1

i=1 max
{
x2

i + (xi+1 − 1)2 + xi+1 − 1,

−x2
i − (xi+1 − 1)2 + xi+1 + 1

}
,

Starting point: x
(1)
i = 2.0, when mod (i, 2) = 0 and

x
(1)
i = −1.5, when mod (i, 2) = 1, i = 1, . . . ,n,

Optimum point: x∗ = (0, 0, . . . , 0)T ,
Optimum value: f(x∗) = 0.

67 Problem 6 in TEST29 [155]

Classification: QM-U-Z-N,
Dimension: any,
Objective function: f(x) = max1≤i≤n |(3 − 2xi)xi + 1 − xi−1 − xi+1|,
where x0 = xn+1 = 0,
Starting point: x(1) = (−1,−1, . . . ,−1)T ,
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Optimum point: x∗ not available,
Optimum value: f(x∗) = 0.

68 Problem 17 in TEST29 [155]

Classification: GM-U-Z-E,
Dimension: any, divisible by five

Objective function: f(x) = max1≤i≤n

∣∣∣5 − (j + 1)(1 − cos xi) − sin xi

− ∑5j+5
k=5j+1 cos xk

∣∣∣,
where j = div (i − 1, 5),
Starting point: x(1) = (1/n, 1/n, . . . , 1/n)T ,
Optimum point: x∗ = (0, 0, . . . , 0)T ,
Optimum value: f(x∗) = 0.

69 Problem 19 in TEST29 [155]

Classification: GM-U-Z-N,
Dimension: any,
Objective function: f(x) = max1≤i≤n ((3 − 2xi)xi − xi−1 − 2xi+1 + 1)2,
where x0 = xn+1 = 0.
Starting point: x(1) = (−1,−1, . . . ,−1)T ,
Optimum point: x∗ not available,
Optimum value: f(x∗) = 0.

70 Problem 20 in TEST29 [155]

Classification: GM-U-Z-N,
Dimension: any,
Objective function: f(x) = max1≤i≤n |(0.5xi − 3)xi − 1 + xi−1 + 2xi+1|,
where x0 = xn+1 = 0,
Starting point: x(1) = (−1,−1, . . . ,−1)T ,
Optimum point: x∗ not available,
Optimum value: f(x∗) = 0.

71 Problem 22 in TEST29 [155]

Classification: GM-U-Z-N,
Dimension: any,

Objective function: f(x) = max1≤i≤n

∣∣∣2xi + 1
2(n+1)2 (xi + i

n+1 + 1)3

−xi−1 − xi+1

∣∣∣,
where x0 = xn+1 = 0,



282 9 Academic Problems

Starting point: x
(1)
i = i

n+1

(
i

n+1 − 1
)

for all i = 1, . . . ,n,

Optimum point: x∗ not available,
Optimum value: f(x∗) = 0.

72 Problem 24 in TEST29 [155]

Classification: GM-U-Z-N,
Dimension: any,

Objective function: f(x) = max1≤i≤n

∣∣∣2xi + 10
(n+1)2 sinh(10xi)

−xi−1 − xi+1

∣∣∣,
where x0 = 0 and xn+1 = 1,
Starting point: x(1) = (1, 1, . . . , 1)T ,
Optimum point: x∗ not available,
Optimum value: f(x∗) = 0.

73 DC Maxl [21]

Classification: LD-U-Z-E,
Dimension: any,
Objective function: f(x) = n max1≤i≤n |xi| − ∑n

i=1 |xi|,
Starting point: x

(1)
i = i for i = 1, . . . ,n/2,

x
(1)
i = −i for i = n/2 + 1, . . . ,n,

Optimum point: x∗ = (α,α, . . . ,α), α ∈ R

Optimum value: f(x∗) = 0.

74 DC Maxq [26]

Classification: QD-U-Z-E,
Dimension: any,
Objective function: f(x) = (n + 1) max1≤i≤n x2

i − ∑n
i=1 x2

i ,
Starting point: x(1) ∈ R

n not specified,
Optimum point: x∗ = 0,
Optimum value: f(x∗) = 0.

75 Problem 6 in [26]

Classification: LD-U-Z-E,
Dimension: any,
Objective function: f(x) = 10 max1≤j≤10

{| ∑n
i=1(xi − x∗

i )tj
i−1|}

−∑10
j=1 | ∑n

i=1(xi − x∗
i )tj

i−1|,
tj = max1≤j≤10 {0.001, 0.1j}

Starting point: x(1) ∈ R
n not specified,
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Optimum point: x∗ = (1/n, ..., 1/n)T ,
Optimum value: f(x∗) = 0.

76 Problem 7 in [26]

Classification: LD-U-Z-E,
Dimension: any,
Objective function: f(x) = 10 max1≤j≤10

{| ∑n
i=1 |xi − x∗

i |tj i−1
}

−∑10
j=1 | ∑n

i=1 |xi − x∗
i |tj i−1,

tj = max1≤j≤10 {0.001, 0.1j}
Starting point: x(1) ∈ R

n not specified,
Optimum point: x∗ = (1/n, ..., 1/n)T ,
Optimum value: f(x∗) = 0.

Similarly to small-scale problems these problems can be turned to bound con-
strained ones, for instance, by inclosing the additional bounds

x∗
i + 0.1 ≤ xi ≤ x∗

i + 1.1 for all odd i.

9.5 Inequality Constrained Problems

In this section, we describe five nonlinear or nonsmooth inequality constraints (or
constraint combinations). The constraints can be combined with the problems 57–66
given in Sect. 9.4 to obtain 50 inequality constrained problems (S = {x ∈ R

n |
gj(x) ≤ 0 for all j = 1, . . . , p} in (9.1)).

The constraints are selected such that the original unconstrained minimizers of
problems in Sect. 9.4 are not feasible. Note that, due to nonconvexity of the con-
straints, all the inequality constrained problems formed this way are nonconvex.

The starting points x(1) = (x
(1)
1 , . . . ,x

(1)
n )T for inequality constrained problems

are chosen to be strictly feasible. In what follows, the starting points for the problems
with constraints are the same as those for problems without constraints (see Sect. 9.4)
unless stated otherwise. The optimum values for the problems with different objective
functions and n = 1000 are given in Table 9.2.

77 Modification of Broyden tridiagonal constraint I [122,126]

Classification: O[O]-Q-Z-N,
No. of constraints: n − 2,
Dimension: any,
Objective functions: 57, 58, 62, 63, 65, and 66,
Constraint function: gj(x) = (3.0 − 2.0xj+1)xj+1 − xj − 2.0xj+2 + 1.0,

j = 1, . . . ,n − 2,
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Objective functions: 59, 60, 61, and 64,
Constraint function: gj(x) = (3.0 − 2.0xj+1)xj+1 − xj − 2.0xj+2 + 2.5,

j = 1, . . . ,n − 2,
Starting point: x(1) = (2, 2, . . . , 2)T for objectives 59 and 64,
Starting point: x(1) = (1, 1, . . . , 1)T for objectives 65 and 66,
Starting point: x

(1)
i = −1, i ≤ n and

mod (i, 2) = 0 for objective 63.

78 Modification of Broyden tridiagonal constraint II [122,126]

Classification: O[O]-Q-Z-N,
No. of constraints: 1,
Dimension: any,
Objective functions: 57, 58, 62, 63, 65, and 66,
Constraint function: g1(x) = ∑n−2

i=1 ((3.0 − 2.0xi+1)xi+1 − xi − 2.0xi+2
+ 1.0),

Objective functions: 59, 60, 61, and 64,
Constraint function: g1(x) = ∑n−2

i=1 ((3.0 − 2.0xi+1)xi+1 − xi − 2.0xi+2
+ 2.5),

Starting point: x(1) = (2, 2, . . . , 2)T for objectives 59 and 64.

79 Modification of MAD1 I [122, 126]

Classification: O[O]-G-Z-N,
No. of constraints: 2,
Dimension: any,
Objective functions: 57–66,
Constraint function: g1(x) = max

{
x2

1 + x2
2 + x1x2 − 1.0, sin x1, − cos x2

}
,

g2(x) = −x1 − x2 + 0.5,
Starting point: x

(1)
1 = −0.5 and x

(1)
2 = 1.1 for all objectives,

otherwise, the starting points given in Sect. 9.4 are used.

80 Modification of MAD1 II [122, 126]

Classification: O[O]-G-Z-N,
No. of constraints: 4,
Dimension: any,
Objective functions: 57–66,
Constraint function: g1(x) = x2

1 + x2
2 + x1x2 − 1.0,

g2(x) = sin x1,
g3(x) = − cos x2,
g4(x) = −x1 − x2 + 0.5,

Starting point: x(1)
1 = −0.5 and x(1)

2 = 1.1, for all objectives,
otherwise the starting points given in Sect. 9.4 are used.



9.5 Inequality Constrained Problems 285

81 Simple modification of MAD1 [122,126]

Classification: O[O]-Q-Z-N,
No. of constraints: 1,
Dimension: any,
Objective functions: 57, 58, 62, 63, 65, and 66,
Constraint function: g1(x) = ∑n−1

i=1

(
x2

i + x2
i+1 + xixi+1 − 2.0xi − 2.0xi+1

+ 1.0),
Objective functions: 59, 60, 61, and 64,
Constraint function: g1(x) = ∑n−1

i=1

(
x2

i + x2
i+1 + xixi+1 − 1.0

)
,

Starting point: x(1) = (0.5, 0.5, . . . , 0.5)T

for objectives 57, 58, 62, 63, 65, and 66,
Starting point: x(1) = (0, 0, . . . , 0)T for objectives 60, 61, and 64.
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