Chapter 3

Entropy on Statistical
Models

Entropy is a notion taken form Thermodynamics, where it describes
the uncertainty in the movement of gas particles. In this chapter the
entropy will be considered as a measure of uncertainty of a random
variable.

Maximum entropy distributions, with certain moment constraints,
will play a central role in this chapter. They are distributions with a
maximal ignorance degree towards unknown elements of the distribu-
tion. For instance, if nothing is known about a distribution defined on
the interval [a, ], it makes sense to express our ignorance by choos-
ing the distribution to be the uniform one. Sometimes the mean is
known. In this case the maximum entropy decreases and the distribu-
tion is not uniform any more. More precisely, among all distributions
p(z) defined on (0, 00) with a given mean p, the one with the max-
imum entropy is the exponential distribution. Furthermore, if both
the mean and the standard variation are given for a distribution p(z)
defined on R, then the distribution with the largest entropy is the
normal distribution.

Since the concept of entropy can be applied to any point of a sta-
tistical model, the entropy becomes a function defined on the statis-
tical model. Then, likewise in Thermodynamics, we shall investigate
the entropy maxima, as they have a distinguished role in the theory.
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3.1 Introduction to Information Entropy

The notion of entropy comes originally from Thermodynamics. It is
a quantity that describes the amount of disorder or randomness in
a system bearing energy or information. In Thermodynamics the en-
tropy is defined in terms of heat and temperature.

According to the second law of Thermodynamics, during any pro-
cess the change in the entropy of a system and its surroundings is
either zero or positive. The entropy of a free system tends to increase
in time, towards a finite or infinite maximum. Some physicists de-
fine the arrow of time in the direction in which its entropy increases,
see Hawking [43]. Most processes tend to increase their entropy in
the long run. For instance, a house starts falling apart, an apple gets
rotten, a person gets old, a car catches rust over time, etc.

Another application of entropy is in information theory, formu-
lated by C. E. Shannon [73] in 1948 to explain aspects and problems
of information and communication. In this theory a distinguished
role is played by the information source, which produces a sequence
of messages to be communicated to the receiver. The information is
a measure of the freedom of choice with which a message can be se-
lected from the set of all possible messages. The information can be
measured numerically using the logarithm in base 2. In this case the
resulting units are called binary digits, or bits. One bit measures a
choice between two equally likely choices. For instance, if a coin is
tossed but we are unable to see it as it lands, the landing information
contains 1 bit of information. If there are N equally likely choices,
the number of bits is equal to the digital logarithm of the number of
choices, logy V. In the case when the choices are not equally probable,
the situation will be described in the following.

Shannon defined a quantity that measures how much informa-
tion, and at which rate this information is produced by an informa-
tion source. Suppose there are n possible elementary outcomes of the
source, Aj,...,A,, which occur with probabilities p; = p(41), ...,
pn = P(Ay), so the source outcomes are described by the discrete
probability distribution

event A Ay ... A,
probability | p1  p2 ... Dn
with p; given. Assume there is an uncertainty function, H(p1,...,pn),

which “measures” how much “choice” is involved in selecting an
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event. It is fair to ask that H satisfies the following properties (Shan-
non’s axioms):

(1) H is continuous in each p;;

1
(ii) If pp = --- = pp, = —, then H is monotonic increasing function
n

of n (i.e., for equally likely events there is more uncertainty when
there are more possible events).

(7i7) If a choice is broken down into two successive choices, then the
initial H is the weighted sum of the individual values of H:

H(p17p27° .- apnflvp;wp;;,) = H(plap?v s 7pn7].apn)

/ //
+pnH (&, pf"),
Pn DPn

with p, = pl, + pl’.

Shannon proved that the only function H satisfying the previous
three assumptions is of the form

H=-kY pilog,pi,
=1

where k is a positive constant, which amounts to the choice of a unit of
measure. The negative sign in front of the summation formula implies
its non-negativity. This is the definition of the information entropy
for discrete systems given by Shannon [73]. It is remarkable that
this is the same expression seen in certain formulations of statistical
mechanics.

Since the next sections involve integration and differentiation, it
is more convenient to use the natural logarithm instead of the digital
logarithm. The entropy defined by H = — """, p; Inp; is measured
in natural units instead of bits.! Sometimes this is also denoted by
H(p1,-..,pn)-

We make some more remarks regarding notation. We write H(X)
to denote the entropy of a random variable X, H(p) to denote the
entropy of a probability density p, and H () to denote the entropy
H(pe) on a statistical model with parameter . The joint entropy of
two random variables X and Y will be denoted by H(X,Y'), while

!Since log, = Inz/In2 = 1.441In z, a natural unit is about 1.44 bits.
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H(XY) will be used for the conditional entropy of X given Y. These
notations will be used interchangeably, depending on the context.

The entropy can be used to measure information in the following
way. The information can be measured as a reduction in the uncer-
tainty, i.e. entropy. If X and Y are random variables that describe
an event, the initial uncertainty about the event is H(X). After the
random variable Y is revealed, the new uncertainty is H(X|Y). The
reduction in uncertainty, H(X) — H(X|Y), is called the information
conveyed about X by Y. Its symmetry property is left as an exercise
in Problem 3.3, part (d).

In the case of a discrete random variable X, the entropy can be
interpreted as the weighted average of the numbers — In p;, where the
weights are the probabilities of the values of the associated random
variable X. Equivalently, this can be also interpreted as the expec-
tation of the random variable that assumes the value —Inp; with
probability p;

H(X) = — zn: P(X = 2;)In P(X = 2;) = E|—In P(X)].
=1

Extending the situation from the discrete case, the uncertainty of
a continuous random variable X defined on the interval (a,b) will be
defined by an integral. If p denotes the probability density function
of X, then the integral

b
HX) =~ [ pla)npla) do

defines the entropy of X, provided the integral is finite.

This chapter considers the entropy on statistical models as a func-
tion of its parameters. It provides examples of statistical manifolds
and their associated entropies and deals with the main properties of
the entropy regarding bounds, maximization and relation with the
Fisher information metric.

3.2 Definition and Examples

Let S = {pe = p(z;€);¢ = (¢4,...,£") € E} be a statistical model,
where p(-,£) : X — [0,1] is the probability density function which
depends on parameter vector £. The entropy on the manifold S is a
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function H : E — R, which is equal to the negative of the expectation
of the log-likelihood function, H(§) = —Ej, [(,(§)]. More precisely,

—/ p(x, &) Inp(z, &) de, if X is continuous;
X

H(E) =

— Z p(z, &) Inp(z,§), if X is discrete.
zeX

Since the entropy is associated with each distribution p(z, ), we shall
also use the alternate notation H (p(:c, & )) Sometimes, the entropy in
the continuous case is called differential entropy, while in the discrete
case is called discrete entropy.

It is worth noting that in the discrete case the entropy is always
positive, while in the continuous case might be zero or negative. Since
a simple scaling of parameters will modify a continuous distribution
with positive entropy into a distribution with a negative entropy (see
Problem 3.4.), in the continuous case there is no canonical entropy,
but just a relative entropy. In order to address this drawback, the
entropy is modified into the relative information entropy, as we shall
see in Chap. 4.

The entropy can be defined in terms of a base measure on the
space X, but for keeping the exposition elementary we shall assume
that X C R” with the Lebesgue-measure dx.

The entropy for a few standard distributions is computed in the
next examples.

Example 3.2.1 (Normal Distribution) In this case X = R, £ =
(,0) € R x (0,00) and

. (= pw)?
;€)= e 202
p(x;§) o
The entropy is
H(p,0) = —/Xp(w)lnp(x)dw

2

= —/Xp(a:)(—;ln(Qﬁ)—lna—(w;(ﬂm)dx

1 1
= §ln(2ﬂ)+lna+ﬁ X(x—,u,)dex
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1 1
= 51n(2w)+lna+ft2-02

1 1
= 3 In(27) + Ino + B
= In(oVv2me).

It follows that the entropy does not depend on pu, and is increasing

logarithmically as a function of ¢, with lim H = —oo, lim H = oo.
o\,0 o,/'00

Furthermore, the change of coordinates ¢ : E — E under which the
entropy is invariant, i.e. H(§) = H((p(ﬁ)), are only the translations

o(p,0) = (n+k,0), keR.

Example 3.2.2 (Poisson Distribution) In this case the sample
space is X = N, and the probability density
én
pi€) =e*2,  neN, R
depends only on one parameter, £. Using Inp(n,§) = —{ + nlné —
In(n!), we have

n>0
_ e€" —&"
= ;( +nln§e py In(n!)e n!)

_ &n _ n&” _ &n ln n!)
= e i;)m—lnﬁe 57;) = 57;)

et
= ¢(—In€e ¢t et Z m?(:!)fn
n>0 )
— 5(1—1n5)+e—521n72f”)g”
n>0 ’

, & 111(”')
‘We note that lim H 0 and H(x)<o0o, since the series -
lim H (€)= () >

n>0
has an infinite radius of convergence, see Problem 3.21.

Example 3.2.3 (Exponential Distribution) Consider the expo-
nential distribution

plx;€) =&, 2>0,£6>0
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with parameter £. The entropy is
1O = - [ pampde = [ e - o) ds
= —glng/ooo e ¢ da +§/Dooée_5%dx

= —lng/o p(:p,&)das—i—ﬁ/() rp(x, &) dx

=1 =1/¢

= 1—1In¢,

which is a decreasing function of &, with H(¢) > 0 for £ € (0,e).

Making the parameter change A = 3 the model becomes p(x; \) =
%e‘z/ A, X > 0. The entropy H()\) = 1+1In X increases logarithmically

in A. We note the fact that the entropy is parametrization dependent.

Example 3.2.4 (Gamma Distribution) Consider the family of
distributions

p@) = 2@ = o

l,a—le—ac/,é”

with positive parameters (¢1,£2) = (o, 8) and = > 0. We shall start
by showing that

/OOO Inzp, ,(z)dr =1np+Y(a), (3.2.1)
where v
W(a) = r((z)) (3.2.2)

is the digamma function. Using that the integral of p, ,(z) is unity,
we have

/ 2@t eTh dp = BT (),
0

and differentiating with respect to «, it follows
/ Inzz® e #dz =1np B (o) + BT (). (3.2.3)
0

Dividing by 8°T'(«) yields relation (3.2.1).
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Since

lnpayﬁ(:z:) =—alnfg—-—Inl'(a)+ (a—1)lnzx — %,

using / Pos(r)dr = 1, / rp, ,(z)dr = af and (3.2.1), the
0 0

entropy becomes

H(a.p) = - /0 " @) np, ,(2)ds

= alnf+mnl(a)—(a—1) /Oolnxpaﬁ(x) dx
0

6/ TPap (T

= Inpg+(1-a)yY(a )—l—lnI‘( )+

Example 3.2.5 (Beta Distribution) The beta distribution on
X =0,1] is defined by the density

pa,b(x) =

with a,b > 0 and beta function given by

1
B(a,b) = / 21— z)" " da. (3.2.4)
0
Differentiating with respect to a and b in (3.2.4) yields
1
0,B(a,b) = / Inzzt (1 —2z)"lde
0
1
hB(a,b) = / In(1 —z) 2 11 — 2)* L da.
0

Using

Inp,py =—InB(a,b)+ (a—1)Inz+ (b—1)In(1 — ),
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we find
1
Hiab) = — /0 Pas(@) I pyp(a) de
= 1InB(a,b) — a1 1na:aca_l — )l dx
— InB(a,b) B(a,b)/ol (1—=2)1d
_biil 111 — ) gl —xbil T
B(a’b)/o In(1 - 2) 2"} (1 - 2)"'d
B daB(a,b) OpB(a,b)
= W B(a,b) — (a—1)Tpr s = (b= 1) 75 =7
= InB(a,b) — (a—1)0,In B(a,b) — (b—1)8,In B(a,b).
(3.2.5)

We shall express the entropy in terms of digamma function (3.2.2).
Using the expression of the beta function in terms of gamma functions

T'(a)T'(b)

B(a,b) = m,

we have
In B(a,b) =InT'(a) + InT'(b) — InT'(a + b).

The partial derivatives of the function B(a,b) are
JoIn B(a,b) = (a) —(a+b) (3.2.6)
SnB(a,b) = b(b) —v(a+b). (3.2.7)
Substituting in (3.2.5) yields

H(a,b) =InB(a,b)+ (a+b—2)(a+b) — (a—1)¢(a) — (b—1)(b).
(3.2.8)
For example

H(1/2,1/2) = InvV2+Inv2— (1) +4(1/2)
In24+~vy—-2In2—-—~v=-1In2 <0,

where we used
Y1) = —y=-05772..., P(1/2) = —2In2 — ~.

It can be shown that the entropy is always non-positive, see
Problem 3.22. For a = b = 1 the entropy vanishes

H(1,1) =InT(1) + InT(1) — InT(2) = 0.
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Example 3.2.6 (Lognormal Distribution) The lognormal distri-
bution

1 _(n x—;L)Q

e 22 | (p,0) € (0,00) x (0,00)

o\x) =
P (%) 2rox

defines a statistical model on the sample space X = (0,00). First,
using the substitution y = Inz — u, we have

/ Inzp,s(x)de = / (Inz — p) ppo(x)de+p
0 0
+oo 1 2

Yy
— e 202 dy 4+ 1 = p.
—o V2myo yre=a

Oo 2 AR S i 2
/0 (Inz —p)*pyo(x)de = / \/ﬁde 22y dy = o°.
—00

Using
1
Inp,.=—In(v2ro) —Inz — (Inzx — u)22—,

o2

and the previous integrals, the entropy becomes

H(p,o) = — /000 Puo(x) Inp, o (x)de

= ln(\/27ra)—i—/ Inzp,.(x)de
0

1

o2

/oo(lnx — M)qu,a(fﬁ) dx
0

= In(v2r)+Ino+pu+ %
Example 3.2.7 (Dirac Distribution) A Dirac distribution on
(a,b) centered at xy € (a,b) represents the density of an idealized
point mass xg. This can be thought of as an infinitely high, infinitely
thin spike at x(, with total area under the spike equal to 1. The Dirac
distribution centered at z is customarily denoted by p(z) = d(x—x¢),
and its relation with the integral can be written informally as

(4) /:p(x)dxz/:a(x—xo)dx: 1;

b b
(44) / g(x)p(x)de = / g(x)0(x — xo) dx = g(xo),
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for any continuous function g(x) on (a,b).

The k-th moment is given by

b
my = / 2*5(x — x0) do = xf.

Then the mean of the Dirac distribution is u = xg and the variance
is Var = mg — (m1)? = 0. The underlying random variable, which is
Dirac distributed, is a constant equal to xg.

In order to compute the entropy of d(z—x¢), we shall approximate
the distribution by a sequence of distributions ¢¢(x) for which we can
easily compute the entropy. For any € > 0, consider the distribution

1
—, if x| < €/2
€
Pe(w) =
0, otherwise,

with the entropy given by

b
H, = —/ ve(x) Inp () dz

$2+6/2 1 1
= —/ -In-dz

= Ine.

Since li{r{l) ve = 0(x—1x(), by the Dominated Convergence Theorem
€

the entropy of d(x — z) is given by the limit
H=1limH, =limlne = —c0.
N0 e\ 0

In conclusion, the Dirac distribution has the lowest possible entropy.
Heuristically, this is because of the lack of disorganization of the
associated random variable, which is a constant.

3.3 Entropy on Products of Statistical
Models

Consider the statistical manifolds S and U and let S x U be their
product model, see Example 1.3.9. Any density function f € § x U,
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with f(z,y) = p(x)q(y), p € S, ¢ € U, has the entropy
Hs, _ )1 dad
) //” (2,9 In f(z, ) ddy
- / / p(@)a(y)[Inp(z) + In q(y)] dady
XxY

. /y aw)dy [ @) npla) da
—/Xp(w) dw/ytz(y) Inq(y) dy

= Hs(p) + Hu(q),

i.e., the entropy of an element of the product model & x U is the
sum of the entropies of the projections on § and U. This can be also
stated by saying that the joint entropy of two independent random
variables X and Y is the sum of individual entropies, i.e.

H(X,Y) + H(X) + H(Y),

see Problem 3.5 for details.

3.4 Concavity of Entropy

Theorem 3.4.1 For any two densities p,q : X — R we have
H(ap+ Bq) > aH(p) + BH(q), (3.4.9)

Vo, € [0,1], with a + 8 = 1.

Proof: Using that f(u) = —ulnw is concave on (0, 00), we obtain

flap+ Bq) > af(p) + Bf(q).

Integrating (summing) over X’ leads to expression (3.4.9). |

With a similar proof we can obtain the following result.

Corollary 3.4.2 For any densities p1,...,p, on X and \; € [0,1]
with A1 + -+ 4+ Ay = 1, we have

H(i )\ipi) > Zn: AiH (pi).
=1 i—1

The previous result suggests to look for the maxima of the entropy
function on a statistical model.
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3.5 Maxima for Entropy

Let § = {pe(x);2 € X, & € E} be a statistical model. We can re-
gard the entropy H as a function defined on the parameters space E.
We are interested in the value of the parameter £ for which the en-
tropy H (&) has a local maximum. This parameter value corresponds
to a distinguished density pe. Sometimes, the density pe satisfies some
given constraints, which are provided by the given observations, and
has a maximum degree of ignorance with respect to the unknown ob-
servations. This type of optimization problem is solved by considering
the maximization of the entropy with constraints. In order to study
this problem we shall start with the definition and characterization
of critical points of entropy.

Let f be a function defined on the statistical manifold S = {p¢}.
If 9; = Ogi denotes the tangent vector field on S in the direction of
&', then

Oif =1 0¢i f := Ogi(f o p,).
In the following the role of the function f is played by the entropy
H(§) = H(pe).
Definition 3.5.1 A point ¢ € S is a critical point for the entropy
H if
X(H)=0, VX eT,S.

Since {0;}; form a basis, choosing X = 9;, we obtain that the point
q = pe € S is a critical point for H if and only if

OH(E) =0, i=12,...,n

A computation provides
oH = 0. [ pla.O)np(e.)do
x
_ . azp(x7§)
=~ [ (006 mp(@.9) + (. LS ) o
= —/)((lnp(x,§)+1)3ip(x,£)d$

= —/ Inp(z, &) O;ip(z, &) dx,
X

where we used that
/ p(x,§)dr =1
X
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and

Ozai/xp(az,f)da::/X@ip(:c,f)d:c.

The previous computation can be summarized as in the following.

Proposition 3.5.2 The probability distribution pe is a critical point
of the entropy H if and only if

/lnp(:n,{)@gp(m,f)dx:(), Vi=1,...,m. (3.5.10)
X

In the discrete case, when X = {x',... 2"}, the Eq. (3.5.10) is re-
placed by the relation

> Ipa* &) op(a* &) =0, Vi=1,...,m. (3.5.11)
k=1

Observe that the critical points characterized by the previous re-
sult do not belong to the boundary. The entropy, which is a concave
function, on a convex set (such as a mixture family) sometimes at-
tains the local minima along the boundary. Even if these points are
called critical by some authors, here we do not consider them as part
of our analysis.

The first derivative of the entropy can be also expressed in terms
of the log-likelihood function as in the following

OH = —/Xlnp(x,g)agip(:n,g)dm
= — [ pe.O)lmpl.§) onp(e.€) da

- /X P, €)£(€) BiL(€) da
= EJU(€) 00(6)). (3.5.12)

The goal of this section is to characterize the distributions pe for
which the entropy is maximum. Minima and maxima are among the
set of critical points, see Definition 3.5.1. In order to deal with this
issue we need to compute the Hessian of the entropy H.
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The second order partial derivatives of the entropy H are
0;H = 0 /lnp ) Oip(x, &) dx

-/ (a;ﬁ))aip@) 1up(e) 90yp(a)) da

= - /X (p(lx)@ip(x) 9jp(x) + Inp(x) (93‘1'19(90)) dz.

In the discrete case this becomes

" s oip(xk, &) Bip(ak,
ajiH = - Z ( p( pé);k ]g;( 5) + hlp(xk,f) zyp( 75))
k=1 ’

(3.5.13)
We can also express the Hessian of the entropy in terms of the
log-likelihood function only. Differentiating in (3.5.12) we have

Ol = _8j/P($,§)€(§)8i€(§)dx
X
=~ [ (o000 060 + a0 0
oz, €)0(€) 9,0,0(€) ) da

= —E([0i00;0] — E¢[(9;4(£)0:4(€) + 9:0;4(€))E(E)]
= —9ij(§) — hij (§).

We arrived at the following result that relates the entropy and the
Fisher information.

Proposition 3.5.3 The Hessian of the entropy is given by
0;0;H (&) = —gi; (&) — hij (&), (3.5.14)
where g;;(§) is the Fisher—Riemann metric and
hij (§) = Ee[(0;€(£)9:4(8) + 9;0;£(£))L(E)]-
Corollary 3.5.4 In the case of the mixture family (1.5.15)

p(a;€) = Clz) + £ Fi(x) (3.5.15)
the Fisher—Riemann metric is given by
9i5(§) = —0:0; H(E). (3.5.16)

Furthermore, any critical point of the entropy (see Definition 3.5.1)
18 a maximum point.
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Proof: ~ From Proposition 1.5.1, part (iii) we have 0;0;05(&)
= —0il(§) 005 (&) which implies h;;(§) = 0. Substituting in (3.5.14)
yields (3.5.16). Using that the Fisher-Riemann matrix g;;(§) is pos-
itive definite at any &, it follows that 0;0;H () is globally negative
definite, and hence all critical points must be maxima. We also note
that we can express the Hessian in terms of F} as in the following

F;(x)F;
0,:0;H(E) = — / @@ .
x  p(x;€)
|
A Hessian Hess(F') = (0;;F) is called positive definite if and only
if Zz‘,j 9i;F vivd > 0, or, equivalently,
(Hess(F)v,v) >0, Vv € R™.
In the following we shall deal with the relationship between the
Hessian and the second variation of the entropy H.

Consider a curve £(s) in the parameter space and let (§u(s))|u| e

be a smooth variation of the curve with &§,(s)j,—o = §(s). Then s —
De,(s) 18 a variation of the curve s — Dy ON the statistical manifold
S. Consider the variation

€u(s) = &(5) +un(s),

s0 0u&u(s) = n(s) and 92&,(s) = 0. The second variation of the
entropy along the curve s — p¢, (5) 18

2
% H((s) = di<a€H,6u§u(s)>
d

u
d
= <%6£H7 0uE(8)) + (OeH, 026u(s))

=0
= %(&H) Du&'(5)
= 0;0;H(Eu(s)) - 0u€l (5)0uEl (5)-
Taking v = 0, we find
d? . :
Tl (6u(s) g = OuH(E()n' (s)P (5)
= (Hess H(f(s))n, 7).
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d2
Hence WH(fu(s))luzo
(positive) definite. Summarizing, we have:

< 0(> 0) if and only if Hess(H) is negative

Theorem 3.5.5 If £ is such that p¢ satisfies the critical point con-
dition (3.5.10) (or condition (3.5.11) in the discrete case), and the
Hessian Hess(H (§)) is negative definite at &, then pg is a local maz-
imum point for the entropy.

‘We shall use this result in the next section.
Corollary 3.5.6 Let & be such that

Eeo[£(€0)0:(&0)] = 0 (3.5.17)

and h;j(&o) is positive definite. Then p(x,&o) is a distribution for
which the entropy reaches a local maximum.

Proof: In the virtue of (3.5.12) the Eq. (3.5.17) is equivalent with the
critical point condition 9;H (§)j¢—¢, = 0. Since g;;(&o) is positive def-
inite, then (3.5.14) implies that 0;0;H (o) is negative definite. Then
applying Theorem 3.5.5 ends the proof. [

3.6 Weighted Coin

Generally, for discrete distributions we may identify the statistical
space S with the parameter space E. We shall present next the case
of a simple example where the entropy can be maximized. Flipping a
weighted coin provides either heads with probability ¢!, or tails with
probability €2 = 1 — ¢!, The statistical manifold obtained this way
depends on only one essential parameter ¢ := &1 Since X = {z1 =
heads, o = tails}, the manifold is just a curve in R? parameterized
by £ € [0, 1]. The probability distribution of the weighted coin is given
by the table

outcomes | 11 )
probability | £ | 1 —¢

We shall find the points of maximum entropy. First we write the
Eq. (3.5.11) to determine the critical points

Inp(z1,§) Oep(x1,§) + Inp(2,§) Ocp(2,§) = 0=
Ing€—In(1-¢) = 0=
§ = 1-¢
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and hence there is only one critical point, £ = %

The Hessian has only one component, so formula (3.5.13) yields

AR
(p 1 (Dep( a:z))2 + lnp(xg)agp(l’z))
_ (é 14+1In¢- 0)
( 1

T (0:(1-9)" +In(1 - &) (1 - 9))

()

Evaluating at the critical point, we get

—
</\f‘r

2 —

and hence & = % is a maximum point for the entropy. In this case
¢l =¢2 = % This can be restated by saying that the fair coin has
the highest entropy among all weighted coins.

3.7 Entropy for Finite Sample Space

Again, we underline that for discrete distributions we identify the
statistical space S with the parameter space E.

Consider a statistical model with a finite discrete sample space
X = {z!,..., 2"} and associated probabilities p(z?) = &, & €
[0,1],4=1,...n+1. Since "1 = 1-Y"" | £, the statistical manifold
is described by n essential parameters, and hence it has n dimensions.
The manifold can be also seen as a hypersurface in R"*!. The entropy

function is
n+1

_§:gmg. (3.7.18)

The following result deals with the maximum entropy condition. Even
if it can be derived from the concavity property of H, see Theo-
rem 3.4.1, we prefer to deduct it here in a direct way. We note that
concavity is used as a tool to derive the case of continuous distribu-
tions, see Corollary 5.9.3.
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Theorem 3.7.1 The entropy (3.7.18) is mazimum if and only if
1

61:_._:£n+1:7

— (3.7.19)

Proof: The critical point condition (3.5.11) becomes

Zlnp )0ep(e*, &) +Inp(a™,€) dp(a™,€) = 0 =

Zlng’f@ﬁlng"“a£n+1(1—g1—.--—g") = ()<=
k=1

Ing —Ine"t!t = 0=

¢ho= gntl

Vi =1,...,n. Hence condition (3.7.19) follows.

We shall investigate the Hessian at this critical point. Following
formula (3.5.13) yields

Hess(iy = 32 OE)0UE) e o)
— 3 £
= ér 3:9;(¢") — g™t 9,0;(¢" )
k=1
ik0
- (Z . ]k €n+1>

where we have used 9;(€"!) = 9;(1 — &L — - =€) = —1, for i =
1,...,n.

At the critical point the Hessian is equal to

Hess(H)ijIg o,
k= nfT

—(n+1)(1+ Y dudje) = —2n + I,
k=1

which shows that it is negative definite. Theorem 3.5.5 leads to the
desired conclusion. |

Example 3.7.2 Let ¢ be the probability that a die lands with the
face ¢ up. This model depends on five essential parameters. According
to the previous result, the fair die is the one which maximizes the
entropy.
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3.8 A Continuous Distribution Example

Let p(z;€) = 26x+3(1—£€)x? be a continuous probability distribution
function, with = € [0, 1]. The statistical manifold defined by the above
probability distribution is one dimensional, since £ € R. There is only
one basic vector field equal to

O¢ = 2z — 322,

and which does not depend on &. In order to find the critical points,
we follow Eq. (3.5.10)

1

/1(2:c — 322 (2x +3(1 —&ad)dr = 0=
0

SO

4

1
1
2 _ 2 2
65H|§:§ = —/0 (E(agp) +1np85p)dx‘

U2z — 322)?
0 jx — Il’

because 3z — 222 < 0 for z € (0,1].

Hence & = % is a maximum point for the entropy. The maximum
value of the entropy is

9\ Lo 15, 9 15 ,
H(Z) = —/0 (ix—zx)ln(ia}—zx)d:ﬁ

52 A7 23
Y L) )
o5 B3T3 Tagln

= —0.807514878.
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0.6

0.4+

0.2

1.5

—0.4- (1/e,-1/e)

Figure 3.1: The function z — z In x has a global minimum value equal
to —1/e that is reached at = = 1/e

3.9 Upper Bounds for Entropy

We shall start with computing a rough upper bound for the entropy
in the case when the sample space is a finite interval, X = [a,b].
Consider the convex function

F:00,1] =R, f(u)z{ “13“ 2; uuez(oé.l]

Since f'(u) =1+ Inwu, u € (0,1), the function has a global minimum
at u = 1/e, and hence ulnu > —1/e, see Fig. 3.1.

Let p : X — R be a probability density. Substituting u = p(z)
yields p(z) Inp(z) > —1/e. Integrating, we find

b—a

e

b
/ p(z)Inp(x)de > —

Using the definition of the entropy we obtain the following upper
bound.
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Proposition 3.9.1 The entropy H(p) of a probability distribution
p: [a,b] — [0,00) satisfies the inequality
b—a

H(p) < ——. (3.9.20)

Corollary 3.9.2 The entropy H(p) is smaller than half the length
of the domain interval of the distribution p, i.e.,

b—a

H(p) < 5

This implies that the entropy H(p) is smaller than the mean of the
uniform distribution.

We note that the inequality (3.9.20) becomes identity for the uni-
form distribution p : [0,e] — [0,00), p(z) = 1/e, see Problem 3.20.
We shall present next another upper bound which is reached for all
uniform distributions.

Theorem 3.9.3 The entropy of a smooth probability distribution p :
[a,b] — [0,00) satisfies the inequality

H(p) <In(b—a). (3.9.21)

Proof: Since the function

‘ [ ulnu if we(0,1]

is convex on [0, 00), an application of Jensen integral inequality yields

f(b_la/abp(ﬂﬁ)dl‘> < bia/abf(p(x))da:<:>
1 b

N

f<bia> b—al, p(x) Inp(z) dr <~
hl(bia) < /abp(x)lnp(x)dx<:>
—In(b—a) < —H(p),

which is equivalent to (3.9.21). The identity is reached for the uniform
distribution p(xz) = 1/(b — a). |
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34 y=x/e

o
(e/2) yom

T
1 2.718 5

Figure 3.2: The inequality Inx < z/e is reached for z = e

The above result states that the maximum entropy is realized only
for the case of the uniform distribution. In other words, the entropy
measures the closeness of a distribution to the uniform distribution.

Since we have the inequality
Inz < E, Vx>0
e

with equality only for x = e, see Fig. 3.2, it follows that the inequal-
ity (3.9.21) provides a better bound than (3.9.20).

In the following we shall present the bounds of the entropy in
terms of the maxima and minima of the probability distribution. We
shall use the following inequality involving the weighted average of n
numbers.

Lemma 3.9.4 If A\,..., A\, >0 and a1,...,a, € R, then
DA

min{o;} < =Z—— < max{a;}.
This says that if «; are the coordinates of n points of masses A;, then
the coordinate of the center of mass of the system is larger than the

smallest coordinate and smaller than the largest coordinate.
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Proposition 3.9.5 Consider the discrete probability distribution p =
{p;}, with p1 < --- < pn. Then the entropy satisfies the double
inequality

_lnpn < H(p) < _lnpl-

Proof: Letting A\; = p; and oj = —Inp; in Lemma 3.9.4 and using

>Ny
ijlnp] Z X\ s

we find the desired mequahty. [ |

1
Remark 3.9.6 The distribution p = {p;} is uniform with p; = — if
n
and only if p; = p,,. In this case the entropy is given by
1
H(p)=—Inp;=Inp, = —In— =lnn.
n

The continuous analog of Proposition 3.9.5 is given below.

Proposition 3.9.7 Consider the continuous probability distribution
p: X — [a,b] C [0,00), with p,, = minp(z) and p,, = maxp(z).
zeX reX

Then the entropy satisfies the inequality
_]‘np]\4 S H(p) S _lnpm

Proof: The proof is using the following continuous analog of
Lemma 3.9.4,

_ fX x)dx
A S S——
mipale) < 0 ST < maate)
where we choose a(z) = —Inp(x) and A(z) = p(x). |

3.10 Boltzman—Gibbs Submanifolds

Let
S ={pe:[0,1] — Ry; /ng(x)dx: 1}, ¢ €E,

be a statistical model with the state space X = [0,1]. Let © € R be a
fixed constant and consider the set of elements of S with the mean p

M, = {pc € S; /Xﬂcpg(w)d:rzu}

and assume that M, is a submanifold of §.
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Definition 3.10.1 The statistical submanifold M, = {p¢} defined
above is called a Boltzman—Gibbs submanifold of S.

Example 3.10.1 In the case of beta distribution, the Boltzman—
Gibbs submanifold M, = {pg ra;a > 0,k = (1—p)/p} is just a curve.
In particular, My = {pq0;a > 0}, with pgo(x) = %x“il(l—x)*l.

One of the problems arised here is to find the distribution of max-
imum entropy on a Boltzman—Gibbs submanifold. Since the maxima
are among critical points, which are introduced by Definition 3.5.1,
we shall start the study with finding the critical points of the entropy

H(€) = H(pe) = — /X p(2) Inp, (z) dz

on a Boltzman-Gibbs submanifold M,,. Differentiating with respect
to &/ in relations

/ rp,(v)dr = p, / p(r)dr =1 (3.10.22)
X X

yields

/ z0jp(x,§)dx =0, / 0ip(z, &) dx = 0. (3.10.23)
X X

A computation provides

() = 9 [ pla)npe(e)da

- /X (9pc(@) npe(a) + . (x)aﬁg)) dx

= /@p(:ﬂ) lnpg(x)dx—i-/ 9jp.(z)dzx .
x X

| —
—0by (3.10.23)

Hence the critical points p, satisfying 9;H (§) = 0 are solutions of the
integral equation

/6jp(:c,§) Inp(x, &) dx =0, (3.10.24)

subject to the constraint

/ z0jp(z, &) dx = 0. (3.10.25)
X
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Multiplying (3.10.25) by the Lagrange multiplier A = A(§) and adding
it to (3.10.24) yields

/X ajp(az,ﬁ)(lnp(x,f) + )\(f)m) dr = 0.

Since / Ojp(z,&)dr = 0, it makes sense to consider those critical

points for which the term Inp(z, ) + A(§)z is a constant function in
x, i.e., depends only on &

Inp(z, &) + A&z = 0().
Then the above equation has the solution
plw,§) = /OO, (3.10.26)

which is an exponential family. We still need to determine the func-
tions # and A such that the constraints (3.10.22) hold. This will be
done explicitly for the case when the sample space is X = [0, 1]. From
the second constraint we obtain a relation between 6 and A:

' L 1 — =M®
/ p(z,§) dr=1 = 69(5)/ PR e (P ———— O}
0 0 A€)
which leads to
_ A(€)
=i e
Substituting in (3.10.26) yields
p(z,€) = MO e, (3.10.27)

12 0°

Substituting in the constraint

1
/0 rp(x, &) dx = p,
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we find
A§) L O

1— (L4 A(€))e
A) (1 — emMO)

= p=

O g -1
NGIGEESY
1 1 B
GO

Y=

Given p, we need to solve the above equation for A(€). In order to
complete the computation, we need the following result.

Lemma 3.10.2 The function

fe) =1~ e, w € (~00,0) U (0,00),

has the following properties

1
i) lim f(@) = lim (z) = 5.

i) lim_ f(@)=0, lm_f() =1,
i11) f(x) is a strictly decreasing function of x.

Proof: i) Applying 'Héspital’s rule twice, we get

rT—1-— -1
lim f(z) = lim % — fjm —&
\0 z\0 3:(61" — 1) 2\0 e — 1 + xe®
e’ 1 1

= 1 lim .
2\0 2+ T 2

im—
z\0 e* + re¥ 4 e*

i7) It follows easily from the properties of the exponential function.
|

Since the function f is one-to-one, the equation f(\) = p has at
most one solution, see Fig. 3.3. More precisely,

e if 4 > 1, the equation has no solution;
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0.8

1 1
Figure 3.3: The graph of the decreasing function f(z) = — — — 1

r v —
and the solution of the equation f(\) = p with g € (0,1)

e if 4 € (0,1), the equation has a unique solution, for any ¢, i.e.,
A is constant, A = f~1(u). For instance, if u = 1/2, then A = 0.

It follows that @ is also constant,

A

9:1nm

Hence the distribution becomes

3.11 Adiabatic Flows

The entropy H (&) is a real function defined on the parameter space
E of the statistical model & = {p¢}. The critical points of H(§)
are solutions of the system 0;H(§) = 0. Suppose that the set C' of
critical points is void. Then the constant level sets ). = {H({) =
c} are hypersurfaces in E. As usual, we accept the denomination of
hypersurface for ) . even if )" NC consists in a finite number of
points.
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Let s — £(s), &(s) € E, be a curve situated in one of the hyper-
surfaces ) .. Since H({(s)) = ¢, it follows

d

TH(E()) = 0,H(€(5) g(s) = 0. (3.11.28)

Since £/(s) is an arbitrary vector tangent to 3, the vector field 8; H
is normal to .. Consequently, any vector field X = (X*) on E that
satisfies

OH(EX'(€) =0
is tangent to ).

Let X = (X%) be a vector field tangent to Y .. The flow £(s)
defined by _ ‘
&(s) =X"&(s)), i=1,...,n=dim S

is called adiabatic flow on ). This means H(§) = c, since the entropy
is unchanged along the flow, i.e., H(§) is a first integral, or ) is an
invariant set with respect to this flow.

Suppose now that S = {p¢} refers to a continuous distribution
statistical model. Then

9;H(&(s)) = /Xlnp(m,f(s)) d;p(z,&(s)) da
— [ €()i8ale(5)) da

X
and combining with (3.11.28) we arrive at the following result:
Proposition 3.11.1 The flow £(s) = X'(¢(s)) is adiabatic if and
only if
d
| a6 o talets) do =,
X S

Example 3.11.1 If in the case of the normal distribution the en-
tropy along the curve s — py(y) ;(s) 18 constant, i.e.,

H(o(s), u(s)) =In(co(s)V2me) = ¢
eC
then o(s) = , constant. Hence the adiabatic flow in this case
V2me

corresponds to the straight lines
{o = constant, p(s)},
with u(s) arbitrary curve.

For more information regarding flows the reader is referred to Udriste
[80, 82, 83].
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3.12 Problems

3.1.

3.2.

3.3.

Use the uncertainty function axioms to show the following re-
lations:

o u ) -n( ) ()

1111 31 3. /21 1 11
O #5555 =753 3G 3) 134G 3)
(€) H(p1,--;pn,0) = H(p1,-- - pn)-

Consider two events A = {a1,...,a} and B = {b1,...,b,},
and let p(a;,b;) be the probability of the joint occurrence of
outcomes a; and b;. The entropy of the joint event is defined by

Zp ai,by) 1og plai. by).

Prove the inequality
H(A, B) < H(A) + H(B),

with identity if and only if the events A and B are independent
(i-e., p(ai, bi) = p(ai)p(by))-

If A= {ay,...,an} and B = {by,...,b,} are two events,
define the conditional entropy of B given A by

B|A Zp au logQPal(b )

and the information conveyed about B by A as

I(B|A) = H(B) - H(B|A),

where pg, (bj) = % is the conditional probability of
b; given a;. Prove the following:

(a) H(A,B) = H(A) + H(B|A);

(b) H(B) > H(B|A). When does the equality hold?

(¢) H(B|A) — H(A|B) = H(B) — H(A);

(d) I(B|A) = I(A[B).
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3.4.

3.5.

3.6.

Let X be a real-valued continuous random variable on R,
with density function p(z). Define the entropy of X by

H(X)= —/np(:v) Inp(z) dz.

(a) Show that the entropy is translation invariant, i.e., H(X) =
H(X + ¢), for any constant ¢ € R.

(b) Prove the formula H(aX) = H(X) + In|al, for any con-
stant a € R. Show that by rescaling the random variable
the entropy can change from negative to positive and vice
versa.

(c) Show that in the case of a vector valued random variable
Y :R" - R" and an n X n matrix A we have

H(AY) = H(Y) +In|det A|.

(d) Use (c¢) to prove that the entropy is invariant under
orthogonal transformations of the random variable.

The joint and conditional entropies of two continuous random
variables X and Y are given by

— / / p(z,y) logy p(z,y) dady,
H(Y|X) = // p(z,y) log, ([;>>d dy,

where p(x) = /p(a:,y) dy is the marginal probability of X.

Prove the following:

(a) H(X,Y) = H(X) + HY|X) = HY) + HX|Y);
(b) H(Y|X) < H(Y).

Let a(z,y) be a function with a(x,y) > 0, /a(fn,y) dx =
R

/ a(z,y) dy = 1. Consider the averaging operation
R

a(y) = /R oz, y)p(z) d.

Prove that the entropy of the averaged distribution ¢(y) is
equal to or greater than the entropy of p(z), i.e., H(q) > H(p).
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3.7.

3.8.

3.9.

3.10.

3.11.
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Consider the two-dimensional statistical model defined by
p(x7§17§2) - 2€1l‘ + 3‘521'2 —+ 4(1 - 51 - 52).@3, YIS (Oa 1)

(a) Compute the Fisher metric g;;(§).
(b) Compute the entropy H(p).
(¢) Find ¢ for which H is critical. Does it correspond to a

maximum or to a minimum?

Find a generic formula for the informational entropy of the
exponential family p(¢,z) = eC@HEF@) =) 4 e X,

(The change of the entropy under a change of coordinates.)
Consider the vector random variables X and Y, related by
Y = ¢(X), with ¢ : R" — R” invertible transformation.

(a) Show that
H(Y) = H(X) — E[ln Jy1],

where Jy-1 is the Jacobian of =1 and E[-] is the expec-
tation with respect to the probability density of X.

(b) Consider the linear transformation ¥ = AX, with A €
R™ ™ nonsingular matrix. What is the relation expressed
by part (a) in this case?

Consider the Gaussian distribution

V det A —%(Am,m}

p(z1, ..., xn) = e ,

where A is a symmetric n X n matrix. Show that the entropy
of pis

1
H= 51n[(27re)” det A].
Let X = (X1,...,X,) be arandom vector in R”, with E[X;] =

0 and denote by A = a;; = E[X;Xj] the associated covariance
matrix. Prove that

H(X) < %ln[(Qﬂ'e)" det A].

When is the equality reached?
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3.12.

3.13.

3.14.

3.15.

3.16.

3.17.
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Consider the density of an exponentially distributed random
variable with parameter A > 0

p(z, ) = e M x> 0.
Find its entropy.

Consider the Cauchy’s distribution on R

1
p(z,&) = fn_xg_i_gga §>0.

Show that its entropy is
H(€) = In(4).

Find a generic formula for the informational energy of the
mixture family p(¢,z) = C(z) + £ F;(z), © € X.

322
Let f(x) = %e_ﬁ, x >0, 0 > 0, be the Rayleigh distribu-

tion. Prove that its entropy is given by

H(a):1+lni+

V2

7
27

where v is Euler’s constant.

Show that the entropy of the Maxwell-Boltzmann distribution
1 /2 _ %
p(:ﬁ,a)zg\[xQe 202 a>0,zeR
as V'

is H(a) = + — v — In(av/27), where v is Euler’s constant.

Consider the Laplace distribution

1
Flbu) = e P b>0 ek

Show that its entropy is

H(b, ) =1+ In(20).
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3.18.

3.19.

3.20.

3.21.

3.22.
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Let 1 € R. Construct a statistical model
S = {pe(w); € € B,z € ¥}
such that the functional F': § — R,
Fio() = [ an(e)do—
has at least one critical point. Is M, = F~1(0) a submanifold
of §7

Starting from the Euclidean space (R}, d;;), find the Hessian
metric produced by the Shannon entropy function

n n 1 - )
fiRY =R, f(a!, -, ):ﬁZln(l@zw).
i=1

Show that the inequality (3.9.20) becomes identity for the uni-
form distribution p : [0,e] — [0,00), p(z) = 1/e, and this is
the only distribution with this property.

(a) Let ap(z) = % Show that lim

n—oo

LLH(J:)‘ = 0 for
an()
any x;

¢" In(n!)

' has an infinite radius of
n!

(b) Show that the series Z

n>0
convergence;

(¢) Deduce that the entropy for the Poisson distribution is
finite.

Show that the entropy of the beta distribution

1
B(a,b)

Pap(x) = %11 — x)b_l, 0<z<1

is always non-positive, H(«, ) < 0, for any a,b > 0. For which
values of a and b does the entropy vanish?
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