Chapter 12

Contrast Functions
on Statistical Models

This chapter deals with some important examples of contrast
functions on a space of density functions, such as: Bregman diver-
gence, Kullback—Leibler relative entropy, f-divergence, Hellinger
distance, Chernoff information, Jefferey distance, Kagan divergence,
and exponential contrast function. The relation with the skewness
tensor and a-connection is made. The goal of this chapter is to pro-
duce hands-on examples for the theoretical concepts introduced in
Chap. 11.

12.1 A First Example

We start with a suggestive example of Bregman divergence. We show
that the Kullback—Leibler relative entropy on a statistical model is a
particular example of Bregman divergence.

Let S = P(X), where X = {x!,... 2""!} and consider the global
chart ¢ : § - ECR"

¢(p) = (lnplv R ,lnpn) = (517 cee 7571)’

with the parameter space

E={(,....6";¢" >0, ¢ <1},
k=1
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The contrast function on § is then given by

Ds(pllg) = Ds(¢ " (p)llo™"(q))
= D(&l[§2),

where D(-|| ) is the Bregman divergence on E induced by the convex
function (&) = > 1, €%, ie.,

n

D(&162) = (&) — (&) = > dip(&1)(& — &)

i=1

Therefore

Ds(pllg) = D(&ill€2)

::Z& Z&—Z&Q &)
= Zpl Z@h szln*

= Zm 111; = Dk 1(pllq)-

Hence, the induced contrast function Dg on P(X) in this case is the
Kullback-Leibler relative entropy.

12.2 f-Divergence

An important class of contrast functions on statistical models was
introduced by Csiszar [31, 32]. Let f : (0,00) — R be a function
satisfying the following conditions

(a) f is convex;

() f"(1) =1

For each probability distributions p, g, consider

Dstolla) = B 1(50)] = [ pors (5) ae. (22

p(x) p()
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We shall assume that the previous integral converges and we can
differentiate under the integral sign.

Proposition 12.2.1 The operator D¢(- || -) is a contrast function on
the statistical model S = {p¢}.

Proof: We check the properties of a contrast function.

(i) positive: Jensen’s inequality applied to the convex function f
provides

D¢(pllg) = [ (p(i) ]Zf(EP[Z(Z;D

(7i) non-degenerate: Let p # ¢. Since f is strictly convex at 1, then

Dy(olla) = B [F(NN)] > £(8,[22]) = 1) = 0,

p(z) p()
and hence D(pl|q) # 0, which implies the non-degenerateness.

(731) The vanishing property of the first variation along the diagonal
{& = &} is a consequence of (i) and (i).

(iv) Let p = p, and ¢ = p,. We shall compute the Hessian of

Df(pgollpg)z/)(pgo(w)ﬂ%) dx (12.2.2)
o

along the diagonal £0 = ¢. Differentiating we have

et () = #(2) Loen

€0 Pg,
wtr(2) = GG ot

—i—f’(%) ;agiagjpg-

€0 3
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Differentiating under the integral we get

OgiOgs Dy (pe, P ) je=ey = ["(1) / Pe, Osi Inp, Ogs In pe dje—g,

(10 e / p, (x) de

= f"(1)E[0it(£)0¢sL(E)]
= E[(9¢i0) (i 0)] = gi5(E),

which is strictly positive definite, since it is the Fisher—-Riemann
information matrix. Hence Dy(-||-) is a contrast function.

Theorem 12.2.2 The Riemannian metric induced by the contrast
function Dy(-||-) on the statistical model S = {p.} is the Fisher-
Riemann information matriz

9i(§) = 0¢i0¢i Dy (D, |Ipe ) je=eo -

Proof: 1t follows from the calculation performed in the part (iv)
above. |
Let f*(u) = uf(%) Since
ffa)y = f1)=0
w11 L ( 1 )
— — (=) >0
P = () 2
)= =1
then f* satisfies properties (a)—(c), and hence D« (-||-) is a contrast
function, which defines the same Riemannian metric as D¢(- || -).

Proposition 12.2.3 The contrast function Dy«(-||-) is the dual of
Dy(-1]-)-

Proof: Consider the dual D% (p[|lg) = D¢(q||p). Then we have

D¢« (pllg) = /Xp(:ﬂ)f*(qm dx

= Dy(qllp) = Di(plle),  Vp,q€S.
Therefore D« = D;i. [ ]
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In the following we shall find the induced connections. Let V()
be the linear connection induced by the contrast function D¢(-|-),

and denote by ngf L its components on a local basis.

Proposition 12.2.4 We have

)

ijk(8) = B [(31‘315 - ("W + 1)8i8j€)8k4. (12.2.3)

Proof: From formula (11.5.18) we find

T 4(6) = =001 0ax Dy (b, 1P =y (12.2.4)

We shall compute the derivatives on the right side. Differentiating in
(12.2.2) yields

p
9Dy (e, |Ipe) = / f’(i)pgagke(g) dz. (12.2.5)
X p&o
Before continuing the computation we note that

s () = £ G

2
o (P — pm(PePe |
6538§8f (p%) = f (p >ng 6566(50)8 35(50)

o

o (2e) ;’i%e(go)a 10(&)

0] [30)

(P Peg,
1o )5 P tieo)

)
Applying now Ogé Ogj to (12.2.5), using the foregoing formulas, and
0
taking &y = &, yields
0000 Do Iniemes = [ [(77()+ £ (1)p. (06 (@6 (0 )
—1"(1)(Be: O e)(agke)] dz
Be| (0:0cs0 = (£"(1) + 1) 0 ) Dt .

Applying (12.2.4) we arrive at (12.2.3). |

The relation with the geometry of a-connections is given below.
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Theorem 12.2.5 The connection induced by Dy(-||-) is an
a-connection
v = v@

with o = 2" (1) + 3.

Proof: 1t suffices to show the identity in local coordinates. Recall first
the components of the a-connection given by (1.11.34)

@) = [(a 9,0 + 2= ,00, z) ake} (12.2.6)

Comparing with (12.2.3) we see that Fijfi = I‘( L if and only if a =
2f"(1) + 3. |

We make the remark that V™) = V(=9 which follows from the
properties of dual connections induced by contrast functions. We shall
show shortly that for any « there is a function f satisfying (a)—(c)

and solving the equation a = 2f"'(1) + 3.

Proposition 12.2.6 The skewness tensor induced by the contrast
function D¢(-||-) is given in local coordinates by

T = (2f"(1) + 3) B (0:0)(9;0) (240)].
Proof: Using Theorem 12.2.5, formula (12.2.6) and the aforemen-
tioned remarks, we have

f fr ( e o
) - T -1 - -1

_ [(aau ey

~Ee| (00, 0+ 1 %00, )0k
B (O0(0,0(000)
= (2f"(1) + 3) Ec[(9:0)(0;0) (9xL))-

12.3 Particular Cases

This section presents a few classical examples of contrast functions as
particular examples of Dy(-||-). These are constructed by choosing
several examples of functions f that satisfy conditions (a)—(c¢) and
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verify the equation o = 2f”'(1) 4+ 3. We make the remark that if f is
such a function, then f.(u) = f(u)+c(u—1), ¢ € R, is also a function
that induces the same contrast function, Dy, = Dy. Therefore, the
correspondence between functions f and contrast functions is not
one-to-one.

12.3.1 Hellinger Distance

Consider f(u) = 4(1 — /u) and the associated contrast function

Dy(pllg) = 4/)(19(96)(1— %)dw—‘l(l—/xx/mdw)

= 2(2—//’\{2\/p(x)q($)dx)
= 2 (o) ~2Vp)al@) + a(a) da
_ 5 /X (Vo@) — Va@)’ de

= H*(pq).

H(p, q) is called the Hellinger distance, and is a true distance on the
statistical model S = {p, }. Since in this case a = 2f"'(1) +3 = 0,
the linear connection induced by H?(p, q) is exactly the Levi-Civita
connection, V() on the Riemannian manifold (S, g).

Example 12.3.1 Consider two exponential distributions, p(x) =
ae™ and q(x) = e P, £ >0, a, 8 > 0. Then

H*(p,q) =4 — 4/000 Vp(2)q(z) da

=4 - 4\/045/ e~ 30T dy
0

 8/aP
a+ B’

2y/aB
a+p’

The Hellinger distance can also be defined between two discrete
distributions p = (px) and ¢ = (qx), replacing the integral by a sum

hence the Hellinger distance is H(p,q) = 24/1 —

Hp,q) =2(1- \/}qu)l/Z Y (- Vq?)z)l/Z.
k>0

k>0
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k
Example 12.3.2 Consider two Poisson distributions, py = %e*a
. !
and g = %6_6 , k> 0. Then
(VapB)® _ais
D VPRGE =) e
k>0 E>0
= vap N~ (WaB) e
k!
k>0 )
= @m_%
Hence, the Hellinger distance becomes
1/2 Vap—ots
H(p,q) :2(1_2\/1019%) =2\1—-ev® 2.
k>0
12.3.2 Kullback—Leibler Relative Entropy
The contrast function associated with function f(u) = —Inwu is

given by

Dol = | p(x)lnz(””)dxzpm<p||q>,

which is the Kullback—Leibler information or the relative entropy. In
this case a = 2f”(1)+3 = —1, so the associated connection is V(~1.

It is worthy to note that the convex function f(u) = ulnw induces
the contrast function

Ditolle) = f. q(m)ln%dxzpmqnm=D;<L<p||q>7

which is the dual of the Kullback—Leibler information, see [51, 53].
Since o = 2f"(1) + 3 = 1, the induced connection is V).
12.3.3 Chernoff Information of Order «

The convex function

1 1+«

f(a)zl 2(1—11,7)’ O‘#il
—
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induces the contrast function

Dple) = =5{1 = [ ple)'Falw) 5" e},

see Chernoff [27]. For the computation of D(® in the case of expo-
nential, normal and Poisson distributions, see Problems 12.9.; 12.10.
and 12.11. We note that for a = 0 we retrieve the squared Hellinger
distance, D) (p||q) = H?(p, q).

12.3.4 Jeffrey Distance
The function f(u) = 1(u — 1)Inu induces the contrast function
1 (), p(x)
J(p,q) = D¢(pllg :/paz 1——=|In—=dx
() = Dswlla) =5 [ p)(1- T3 o
1
= 5 [ (0) = a(@) (np(a) ~ Ing(a) do
see Jeffrey [47]. A computation shows that o = 0, so the induced
connection is the Levi-Civita connection V(@ . In fact, the Jeffrey

contrast function is the same as the symmetric Kullback—Leibler rel-
ative entropy

o) = 5 [ (1= 4 m ) as

2 p(z)/  q(x)
_ 1 plx) 1 q(x)
= QAp(x)ln(M+2[vq(x)lnde
= 5 (Dretollo) + Drcealln)).
12.3.5 Kagan Divergence
Choosing f(u) = 3(1 — u)? yields
_ NI
Dulplle) = Dyl = 5 [ ple)(1-55) a
L[ b)),
7 At

called the Kagan contrast function, see Kagan [48]. In this case a =
2f"(1) + 3 = 3, and therefore the induced connection is V). Tt is
worth noting the relation with the minimum chi-squared estimation
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in the discrete case, see Kass and Vos [49], p.243. In this case the
Kagan divergence becomes

1 (pi — @i)?
Dy2(p,q) = §ZT

i=1

12.3.6 Exponential Contrast Function

The contrast function associated with the convex function f(u) =
T(Inw)? is
1 2
E(plla) = Dy (pllg) = 2/ p(@)(Inp(z) — Ing(z))” da.
X
The induced connection in this case is V(3).
We note that all function candidates of the form f(u) = K (Inu)%*

are convex, but the condition f”(1) = 1 is verified only for k = 1,2
(with appropriate constants K).

12.3.7 Product Contrast Function with («, 5)-Index

The following 2-parameter family of contrast functions is introduced
and studied in Eguchi [40]

Pt == | (=GE) T H-GE) e

and is induced by the function

2 11—« 1-8
Japlu) = m—=——= (1 —uwz2 )(1—-u2")
T - a)1-p)
This connects to the previous contrast functions, see Problem 12.3.
It is worthy to note that the contrast function D, g(-||-) can be
written as the following convex combination of Chernoff informations,
see Problem 12.3, part (e).

We end this section with a few suggestive examples. The computa-
tions are left as exercises to the reader.

Example 12.3.1 Consider the statistical model S = {p,;n € R},
where ,
[l —pll
pu(x) = (271')7’6/267 7 , r € RF
is a k-dimensional Gaussian density with ¢ = 1. Problem 12.4 pro-
vides exact formulas for the aforementioned contrast functions in

terms of the Euclidean distance || - ||.
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Example 12.3.2 (Exponential Model) Let S = {p¢}, where
pe = €747, £€>0,2>0.

A computation shows

Dicrlpellpe) = 5 - -1
I ¢\2
J(pe,per) = (f%;)
4 _ 7\2
H(pe,per) = (\/§+g,/g)
D(a) N = 4 1— gl_TangTa
(prpf) 1—042{ 1+2a§,+15a§}

Dy2(pellper) = ;[<1§)§—1]
)y
Eelpe) = {5 -m® 1),

It is worthy to note that all these contrast functions provide the
same Riemannian metric on S given by g1 = §2, which is the Fisher
information. The induced distance between p¢ and per is a hyperbolic

distance, i.e., dist(pe,per) = |In §|

12.4 Problems

12.1. Consider the exponential family

p(z;€) = cC(@)+E Fi(x)—(8) i=1,---,n,

Y

with ¢ (&) convex function, and define

D(&oll€) = ¥(&) — ¥(8o) — (9¥(&0), € — &o)-

(a) Prove that D(:||-) is a contrast function;
(b) Find the dual contrast function D*(-||);

(c¢) Prove that the Riemann metric induced by the contrast
function D(+||-) is the Fisher-Riemann metric of the expo-
nential family. Find a formula for it using the function ¥ (§);
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12.2.

12.3.
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(d) Find the components of the dual connections V(?) and
V(P") induced by the contrast function D(-||);

(e) Show that the skewness tensor induced by the contrast

function D(:||-) is Tj;r(§) = 0;0;0,9(§).

Prove that the Hellinger distance

H(p,q) = \/2 /X(vp(w) —Vaq(x))?dx

satisfies the distance axioms.

Consider the Eguchi contrast function

B

Daslolle) = == [ {1-(2) 7 H{1-(8) " Jao

12.4.

Let H(-,-), D(||-), J(-,-), £(-]|-) be the Hellinger distance,
the Chernoff information of order «, the Jefferey distance,
and the exponential contrast function, respectively. Prove the
following relations:

a) Doo(plla) = H*(p.q)

(

() D-aallla) = 5 (DVlla) + D (pllg))

(¢)  lim Dqa(pllg) = J(p,q)

(d)  lim Daa(plla) = E(pllg)

() Das(pllg) =MD + XDEP 4 A D57,
where

and show that A1 + Ao + A3 = 1.

Consider the statistical model defined by the k-dimensional
Gaussian family, S = {p,; p € RF},

lle— HH

pu(z) = (2m) /2™ z € R”.
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Prove the following relations:

1
(@) Drr(pullpw) = 5 llw— |7
2
1
(0) T (g pw) = 5l =i

©) B ppe) =41 e *F]

a 4 C1=a2 2
(@) DO (pullpw) = 75 |1 — e ¥ ]

1 1
(&) Eullpw) = 5lu—w'I |1+ Zln— w2,

where || - || denotes the Euclidean norm on R¥.

12.5. Let D¢(-||-) be the f-divergence. Prove the following con-
vexity property

Dy (Api+(1 = Npl A+ (1-Naz) < AD;(pillay)
+(1 = A)Dy(p2llg2),
VA € [0,1] and p1, p2, q1, g2 distribution functions.

12.6. Prove the formulas for the contrast function in the case of the
exponential distribution presented by Example 12.3.2.

12.7. Consider the normal distributions p(x) = \/%Ul e and
L _ (CL'*M22)2
q(z) = V2o € 273

(a) Show that

/_OO Vr@a(@) dr = | 272 A= B,

0%4—03

where

(b) Find the Hellinger distance H(p, q).
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12.8.

12.9.

12.10.

12.11.
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Find the Hellinger distance between two gamma distribu-
tions.

Consider two exponential distributions, p(x) = ae™* and
q(x) = be~" 2 > 0. Show that the Chernoff information of

order «v is
l—-a 14«

4 20 2 b 2
De - {1 — } +1.
Wl == - sacao izl 7
, = uy)?
Consider the normal (ilStI‘lbutIOIlS p(x) = Torol© %1 and
_ (z—p9)
q(z) = —=—e 22 . Show that the Chernoff information

2mo9
of order « is

4 T b
Dol = {1 - ay TRl <,

where
l1—« n 1+«
a= —_—
40% 40%
,_ml—a) o(l+a)
20% 20%
Lo kil—a) p3(1+a)
402 402

The Chernoff information of order « for discrete distributions
(pn) and (g,) is given by

—« 1+«

DOGpllg) = {1 - Y}

n>0

AT AY A . C .
Let p, = JFe™™ and g, = “3e~ "2 be two Poisson distribu-
tions.

(a) Show that
D(pl|q) = 4 > {17&(11’“”%““”241(1704)/242(1”)/2}.
l—«

(b) Show that the square of the Hellinger distance is given
by

A1t+Ao
2

H?(p,q) = 4{1 — e¥M1A2~ }-
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