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Abstract An original multi-objective optimization strategy for aeronautical gas
turbine discs is presented in this chapter. A sensitivity analysis together with an
optimal design of experiments (DoE) are accomplished prior applying a multi-
objective genetic algorithm (MOGA) based on a Kriging surrogate model. Fatigue
life prediction and total geometry mass are taken as optimization objectives in this
work, whose results can be validated against laboratory tests but going further
experimental conditions. To begin with, (i) a first case study considers laboratory
test conditions, basically centrifugal loads due to the blades and the own mass of
the disc. However, (ii) a second case study considers real conditions such as the
centrifugal loads, airflow forces and thermal loads as well as taking into account
different typical materials for this application. Results show that the proposed
methodology successfully leads to the optimal geometric parameters both for
laboratory and real conditions. The main conclusions and qualitative differences
are finally summarized, highlighting the suitability of A718Plus among other
materials and the Cob width parameter as the most critical one.
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1 Introduction

Rotating discs are one of the most critical parts of any rotating machinery, thus the
optimal design of turbine discs becomes indeed essential for aeroengines [1]. The
failure of a disk is absolutely unacceptable due to the hazardous and catastrophic
effects that would suffer the engine, airframe, ship or installation if this happens. In
order to prevent this fact and achieve an acceptably low probability of individual
failure, the discs have very strict design criteria, where the material is carefully
selected and stress, thermal, creep, vibration and fatigue analysis have to be sat-
isfied more strictly every day [2].

From the pioneer analytic solutions for rotating discs [3, 4], the significant
development in computational continuum mechanics boosts the suitability of much
more powerful but computationally expensive techniques like the finite element
method (FEM), which really fits from its very beginning the more realistic sim-
ulation and design of turbine discs [5–9]. The traditional design process was based
on a trial and error method leaded by a group of experts. Despite the computing
capabilities which allow FE simulations, optimal designs were subjected to the
same iterative process: searching for the objectives of design but satisfying
allowable stress, temperature and fatigue life.

Metaheuristic algorithms are proven to be suitable to tackle multi-objective
nonlinear optimization problems, but due to the complexity of gas turbine discs, this
may be computationally expensive and almost unapproachable when classic
genetic algorithms (GA) are used [10–12]. Shape optimization of the discs used to
be the goal when minimum weight designs are intended [13, 14]. However, not only
one objective but also two or more can be assumed to lead the optimization process,
which requires complementary techniques and sensitivity analysis [15] to simplify
the methodology. Thus, simple surrogate models are able to construct an approx-
imate response surface from an initial budget of FE based simulations, which
allows optimizing via GA not so costly. Definitively, if the design of experiments
(DoE) and the surrogate model are well fitted, a huge amount of FE simulations can
be saved within the optimization process. The Kriging method is one of the most
extended surrogate models for multidisciplinary optimization [16–18], which has
been previously applied to the optimization of turbine discs together with GA, see
[19, 20]. In order to save computational costs, even FE analysis can be completely
avoided in optimization runs by the coupling of the GA with simplified response
surface equations [21].

Furthermore, the selection of the base material is undoubtedly an essential
variable of design. Both the mechanical properties and the economic costs are key
factors which lead to the optimal design. Nowadays, turbine discs are typically
formed from nickel alloy forgings [22]. Due to the high nickel content in its
chemistry composition, these nickel-based super alloys present an exceptional
combination of mechanical properties like toughness, high temperature strength or
resistance to degradation in oxidizing and corrosive environments. They are used
widely in aerospace applications and, currently, 40–50 % of the total weight of an
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aircraft engine is typically constituted by nickel-based super alloys. More specifi-
cally, it is applied in the parts that make up the turbine and the combustion chamber,
where the highest operation temperatures are reached and highest loads are suffered.

Avoiding economic criteria, 3 nickel alloys are analyzed in this paper in order to
include the material selection in the optimal design. The first one is A718 [23], a
nickel based super alloy used extensively in aircraft applications. This alloy has
been used for turbine discs for more than 20 years because of its exceptional high
temperature mechanical properties. It has excellent strength, hot and cold work-
ability, very good weldability and moderate cost [24]. On the other hand, Waspaloy
[25] shows a better weldability and an improved thermal stability but higher eco-
nomic costs. Likewise, A718Plus [26] is an improved alloy compared with the
previous ones. It offers a full 55 �C temperature advantage over A718, maintaining
many of the features of it, like good weldability, good workability (even better than
Waspaloy), improved thermal stability and moderate cost [27, 28].

Therefore, the goal of this chapter is to state a robust and flexible optimization
methodology applied to turbine discs based on low-fatigue life prediction. Basically
finding the Pareto front with the optimal solutions which allow the decision maker
to quantify the trade-offs in satisfying any different objectives. The optimization
objectives herein proposed are the minimization of the geometry mass and the
maximization of the fatigue life. The proposal gathers some of the abovementioned
techniques, both for the numerical calculation and the optimization process, which
provide the backbone of this methodology. A convenient design of experiments and
sensitivity analysis prior applying a surrogate model and a multi-objective genetic
algorithm is originally applied in this paper, saving huge CPU time. Once any
feasible optimal candidate is computed via FEM, computational time becomes a
barrier, so the whole method is mainly focused on CPU time saving.

In order to prove the flexibility of the methodology herein proposed, two dif-
ferent cases have been studied: (i) a laboratory based case, whose laboratory test
conditions allow the results to be easily checked in a test bench, and (ii) a more
realistic case considering flight conditions. This second case includes a specific
study on the base material of the rig disc, obtaining promising results. Geometry,
loads and boundary conditions are close to real ones, but not exactly due to
confidential reasons. Despite this, it is not essential when a methodology is pre-
sented, both the degree of complexity of the models and the accuracy of the results
are obviously improvable at the expense of the CPU time.

After this brief introduction and review of the state of the art, the paper is
organized as follows. Section 2 provides a description of the turbine disc model,
details of the cases of study and certain calculation and simulation basis. Section 3
presents the optimization methodology together with its application to the turbine
disc model. Section 4 applies the original methodology to the geometry optimi-
zation of a test rig turbine disc, used in industry to test the fatigue life of high
pressure turbine discs made of A718Plus. Section 5 is an in-depth examination of
real operating conditions. Furthermore, the set of materials previously described
are herein analyzed. Finally Sect. 5 summarizes the main conclusions of the
chapter and highlights the most relevant contributions.
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2 Description of the Turbine Disc Model

According to Timoshenko et al. in [3], the most critical part of a rotating disc with
hub is located in the inner radius of it. This is also applicable to real operating
turbine discs, whose critical part is located also there, in the region commonly
called bore. Much effort has been devoted to improve and optimize the bore
geometry indeed, assuring that it can resist the typical high stresses of this
application. Its geometry is shown in Fig. 1-left.

2.1 Cases of Study

Two different cases are analyzed. In the first case, laboratory isothermal test
conditions are considered, that is, the behavior of the rig disc subjected to a Bore
Spin Test is studied. The second case seeks to deepen in the methodology herein
presented and how it can be applied to real flight conditions and not only to
isothermal test conditions. These cases of study are described below.

2.1.1 Laboratory Test Conditions

The rig turbine disc is subjected to a Bore Spin Test carried out by the company
Rolls-Royce Deutschland Ltd & Co KG. This test is intended to prove bore lives of
the BR725 HP Turbine Stage 1 and 2 as well BR710 HPT Stage 1 (both modern
Rolls-Royce Jet Engines) using the material Allvac�718PlusTM (A718Plus). The
test is also part of a generic spin test program within the frame of the A718Plus
material development, and full information about it can be found in [29].

This test is performed by means of spinning the disc at isothermal conditions.
Thus, the disc is assembled to a backing disc driven by a shaft. The assembly
including both parts is shown in Fig. 1-right.

The assembly has to be cycled from minimum speed to maximum speed and
again to minimum speed, with the enough dwell time (2–5 s) at each speed to
ensure stable conditions. These cycles are made in two increments: the first one
with 25,000 cycles and the second one with 35,000 cycles. After each increment,
the disc must be crack tested and also some parts of the disc like the bore, rim or
drive arm must be re-measured. These tests conditions are summarized in Table 1.

Results obtained from this test guarantee that the disc would resist real flight
speed conditions because the maximum rig speed is much higher than the real
aero-engines spin speed (around 15,000 rpm).
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2.1.2 Flight Conditions

A more realistic environment which is closer to real flight conditions is also
analyzed. In this study, three different super alloys (A718, Waspaloy and
A718Plus) are compared.

Real temperatures are applied to the disc model and a maximum speed of
1,600 rad/s, which is the maximum taking off speed. Furthermore, the surrogate
modeling method is applied to the three proposed materials to check the influence
of the material in the shape and mechanical behavior of the disc.

In this second case, the geometry used for the optimization is the same of the
previous one. It must be highlighted that a real turbine disc has some features that
are not included in this model, like the seals, front and rear drive arms or the multi-
lobed roots (commonly named ‘‘fir-trees’’) used to locate the blades in the rim of
the disc. These features can be observed in Fig. 2, where a real high pressure
turbine disc is represented. All these elements have an influence on the stress and
the temperature distribution of the disc, but these type of rig turbine discs are
mainly used for the evaluation of the bore region. Therefore, the results are
focused on that part of the model.

2.2 Basic Equations for Stress Calculation

Classic models of axisymmetric discs state the radial and hoop displacements as

d ¼ ½u; v�T , while the strain e ¼ ½er; eh; ez; crz�T and the stress r ¼ ½rr; rh; rz; srz�T

Fig. 1 Turbine disc geometry (left) and test assembly including (right)

Table 1 Test conditions Maximum rig speed 21,500 rpm ± 25 rpm
Minimum rig speed 500 rpm ± 50 rpm
Test temperature 430 �C (isothermal) ± 15 �C
Increments 2
First increment 25,000 rig cycles
Second increment 35,000 rig cycles
Total number 60,000 rig cycles
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comprise radial, hoop, axial and shearing components. Therefore, the relation
between strains and displacements in a turbine disc can be expressed as:

½er; eh,ez; erz�T ¼
ou
or
;
ov
oz
;
u
r
;
ov
or
þ ou

oz

� �T

While the stress-strain relationship in the disc, assuming thermal and elastic
isotropy, is:
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where E, m and a denote the Young’s modulus, Poisson’s ratio and thermal
expansion coefficient of the material, respectively. Finally T denotes the temper-
ature field in the turbine disc.

The easiest suitable disc shape to analyze without numerical methods is a ‘‘coin
shape’’ of constant thickness t, with a hole in the middle, inner radius r1 and outer
radius r2, as is shown in Fig. 3-left. In this kind of models, the blade disc rim stress
denoted by Prim may be given by the centrifugal pull of the complete blade set
divided by the disc perimeter and the thickness.

Assuming tensile plane stress without any thermal load for the sake of clarity
and applying equilibrium equations on a differential piece of disc, thanks to
Hooke’s law in polar coordinates and certain manipulations it is possible to obtain
the following generic solutions of the differential equation for the radial rr and
hoop rh stresses:
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E
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Fig. 2 High pressure turbine
disc geometry
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Boundary conditions on the radial stress allow obtaining the integration con-
stants and the final expressions of radial and hoop stresses are derived and plotted
in Fig. 3-right. As it can be deduced from this figure, the most critical part of the
disc is located in the position with the smallest radius and corresponds to the hoop
stress. This part of the disc is called ‘‘cob’’ and it is strengthened in practice using
a wider thickness at this point. Thus the critical hoop stress evaluated in the inner
radius is:

rh;crit ¼
1� l

4

� �
r2
1qx2 þ 3þ l

4

� �
r2
2qx2 þ 2Primr2

2

r2
2 � r2

1

Therefore, the results obtained by this classical analysis lead the parameteri-
zation and finite element discretization of the computation models used within the
methodology herein presented.

2.3 Boundary Conditions and Applied Loads

The dummy blades located in the rim of the rig disc are simulated as a distributed
pressure in radial direction. Each dummy blade has a volume of 6,000 mm3 and
assuming they are made with the same material A718Plus, each dummy blade has
an approximated weight of 49 g. And there are 36 dummy blades. Thus, the
following simplified equation reflects the value of the distributed pressure in the
rim face Prim,

Prim ¼
mNx2

2pV4

Fig. 3 Differential equilibrium (left) and principal stresses-radius (right)
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where N is the number of blades with mass m, x corresponds to the rotational
speed of the disc (in this case fixed at 2251 rad/s) and finally V4 is the Rim width
parameter.

As the backing disc is also subjected to centrifugal forces and it would be
deformed with the test rig disc, no restriction to the radial displacement of the
flange of the disc is made. On the other hand, axial and transversal displacements
remained to be fixed to simulate the transversal influence of the backing disc.

For the second case study, that is, for the flight conditions, different boundary
conditions to those for the laboratory test conditions, collected in Table 1, need to
be prescribed. In this case, three different temperatures are fixed [30]. It is
important to highlight that these temperatures are evaluated in the hottest point of
its working cycle; this is during the take-off. This point coincides with the most
severe rotating situation due to the turbine disc is also spinning at its highest speed.
Therefore, the temperature boundary conditions are:

• 800 �C in the rim zone. This temperature is the highest and it is caused by the
hot gases that come from the combustion chamber.

• 700 �C in the front diaphragm zone. Here the cooling air that comes from the
compressor is injected in this region in order to cool the blades. This airflow
crosses the disc from this area to the rim through a duct that is located under the
seals. This temperature is an approximation of the real temperature conditions a
real disc can have.

• 600 �C in the bore zone. This part is the coolest of the disc and there are some
secondary air flows that refresh this zone by convection.

These temperature gradients are another cause of stress in real turbine discs.
This temperature difference is created because the disc does not heat up homo-
geneously, partly owing to the thick shape of the cob, which takes longer than the
rim zone to heat up. Also the previous considerations of the cooling system affect
the thermal temperature distribution along the section of the disc. For a typical
turbine disc, about 20 % of the bore hoop stress is due to the blades; about 40 % is
due to centrifugal.

Also, the rotational speed of the disc has changed to those imposed in the
laboratory test conditions gathered in Table 1. This speed is fixed at 1,600 rad/s
(15,278 rpm), which despite being slightly lower, it approximately appears during
the take-off of the plane and becomes the most critical of all the flight.

2.4 Finite Element Modeling

The turbine disc has been modeled with the commercial software ANSYS
Workbench as an axisymmetric geometry. A complete axisymmetric geometry
using a two-dimensional section has been refused because of the holes for the bolts
located in the flange of the disc, but it can be approached as a cyclic axisymmetry
configuration. According to this symmetry approach, it is necessary to define the
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boundary conditions that indicate which faces corresponds to cyclical geometries
repeated 18 times in a polar coordinates system, in order to extrapolate the cyclic
behavior.

In Fig. 4, the mesh used to simulate the rig turbine disc is shown, with 42,395
nodes and 24,235 tetrahedral elements within each cyclic section. Special care has
been taken with the bore region of the disc detailed in Fig. 4-left, which requires a
refinement process to ensure the best possible results in the most critical region.

3 Optimization Methodology

The different steps of the methodology herein presented are described and shown
in Fig. 5. In order to fulfill the global objectives which must lead the optimization
process, the main parameters of the model which could have significant influence
on the optimal design are initially chosen. A design of experiments (DoE) is
carried out prior to obtain a response surface by means of the Kriging method,
whose fitness quality is conveniently analyzed. These preliminary steps may result
crucial for the minimization of the computational cost during the optimization
process without giving up accuracy of the solution, which implies a simple iter-
ative process for non-significant parameters removal. Once the design space is
obtained, a sensitivity analysis is performed with mid-effects and Pareto charts
and, finally, a multi-objective genetic algorithm (MOGA) is applied. With the
results obtained, calculation of the fatigue life is carried out.

3.1 Model Parameters

From the detailed description of the rig disc geometry, a reduced set of 16 driving
parameters have been taken into account in order to define the general geometry
and more precisely its bore region. Thus the optimal design may be classified as
sizing and configuration optimization because of the effects derived from the
parameterization lead to both kind of changes in the geometry. In Fig. 6, the whole
parameterization of the section of the model, with 68 parameters in total, is shown.
The varying parameters are highlighted with red circles while the other parameters
remain fixed.

The parameters subjected to variation are shown in Table 2. Their codification
and name are related to the position they have, depending on the different parts
where they are located (rim, bore, diaphragm, drive arm, flange and seal arm).
Also identifications about the relative position on the part (rear or front) are
provided. Furthermore, the upper and lower limits, as well as their base value are
included.

The parameters coded with the letter P are not directly associated with any
geometrical measurement. Due to negative dimensions have no sense in a
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parametric model but some of their basic ranges could include negative values (for
example the diaphragm total angle orientation), certain auxiliary parameters that
provide the negative varying capability have been added. They are the following:

A83 ¼ A82=2þ P78
V88 ¼ V86� P84

�

3.2 Design of Experiments

The sample method selected for the DoE is the Optimal Latin Hyper Cube tech-
nique [31]. In this study, each design point corresponds to a certain geometry
configuration of the disc. The responses calculated are the two design objectives:
geometry mass and critical stress in the bore region. In order to assure the best
possible space, all the design explorations are done with 500 runs.

The stress criterion selected is the von Mises one, because it is proportional to
the distortion energy. Therefore, it satisfies the property that two stress states with
equal distortion energy have an equal von Mises stress. This is why it is considered

Fig. 4 Detail of the mesh in the bore (left) and whole mesh of the disc (right)

Definition of 
parameters

Design of 
experiments

Response 
surface

Response 
surface Error

Parameters 
removal

Sensitivity 
Analisis

MOGAFatigue life 
calculation

High

Low

Fig. 5 Flowchart of the optimization methodology
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Fig. 6 Parameterization of the disc model
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a very good measurement for ductile materials, such as metals, as the onset of
yield for these materials does not depend on the hydrostatic component of the
stress tensor and so it is a good average for the whole stress behavior of the disc.

3.3 Evaluation of the Response Surface Error
and Parameters Removal

In order to analyze which are the most relevant parameters and which of them are
statistically negligible, estimated parameters are reported for each response (critical
stress and geometry mass). This analysis sorts all the different parameters, com-
puting the estimates of each of them with the help of the design exploration data.
These estimates can be easily compared using the t-ratio as a coefficient of the
estimate and the standard error given by the distribution for each of the parameters.
The result of this comparison is sorted by the absolute value of the t-ratio and with
significance level of 0.05 and those non significant parameters are eliminated

3.4 Sensitivity Analysis

As it was previously mentioned, the use of Kriging surrogate models to calculate
the regression-based interpolation of the response surface makes it possible to get
better results for the approximation [32]. There have been used 34 refinement
points in the Kriging algorithm in order to obtain a predicted relative error lower

Table 2 Driving parameters of the disc model

Code Parameter name Base value Units L. limit U. limit

A36 Cob rear inner angle 2 � 0.1 6
A37 Cob front inner angle 2 � 0.1 6
A82 Diaphragm total angle 8 � 1 10
H38 Cob bore rad. 52.5 mm 40 55
H47 Rim rad. 215.1 mm 213.6 221.6
H79 Cob rear outer dia. 68 mm 62 76
H80 Cob front outer dia. 76.6 mm 68 77
P78 Diaphragm angle aux 0 � -0.5 1
P84 Cob center line offset 0.05 mm -2 2
R25 Cob front inner fillet 4 mm 2 6
R26 Cob rear inner fillet 4 mm 2 6
V4 Rim width 24 mm 22.5 25.8
V32 Cob bore length 12 mm 3 15
V81 Cob width 58 mm 48 68
V90 Rim center line offset 1 mm 0 1.8
V95 Diaphragm width 20 mm 17.5 21
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than 5 % in the surface, which can be considered good enough for this analysis.
Also the calculation of the surface includes 5 verification points to confirm that the
model really corresponds to the real behavior of the disc. Once the response
surface has been calculated, it is possible to obtain results and conclusions.

The influence of each variable in the system is analyzed with main-effects
charts for each of the responses, critical stress and geometry mass, for a better
understanding of the whole system. Also, using a Pareto chart, all the variables are
sorted by their influence on the response, providing as well quadratic and cross
effects between parameters. This chart complements the conclusions that can be
obtained from the main-effects chart allowing a deeper understanding of the
behavior of the system.

3.5 Multi-objective Genetic Algorithm

Once the response surface has been calculated, a MOGA algorithm can be applied
in order to obtain the optimal candidates of the problem [33]. Without loss of
generality of the optimization methodology, two objectives lead the optimal
designs in this work: the minimization of the geometry mass [34] and the maxi-
mization of fatigue life. Assuming simplified models, the second one may be
considered inversely proportional to the critical stress, so the minimization of the
stress becomes definitively the second optimization objective although the fatigue
life is post-processed.

Pareto fronts are the most extended chart to depict the feasible region and the
frontier of optimal design points when multi-objective optimization is performed.
Once the process is leaded by antagonistic objectives, Pareto front becomes a very
helpful tool for the decision maker due to its quantitative and qualitative repre-
sentation of the non-dominated optimal candidates. The NSGA-II [35] multi-
objective genetic algorithm has been applied due to its well known advantages when
obtaining the Pareto fronts. This algorithm starts with 2,000 initial samples and each
of its subsequent iterations continues with 1,000. The maximum allowable Pareto
percentage was chosen as 55 %. This value can set the selection pressure of each
one of the iterations. It is recommended to use values between 55 and 75 %. Finally,
50 iterations are set as the maximum allowable the algorithm can do.

4 Case Study I: Results for Laboratory
Test Conditions

Regarding the laboratory test conditions detailed in Sect. 2.1, this section presents
the results obtained step by step along the whole optimization process: (i) the
evaluation of the response surface error and parameters removal, (ii) the sensitivity
analysis, (iii) the results provided by the multi-objective genetic algorithm NSGA-II
and, finally, (iv) the fatigue life calculation.
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4.1 Evaluation of the Response Surface Error
and Parameters Removal

In order to analyze which are the most relevant parameters and which of them are
statistically negligible, estimated parameters are reported for each response (crit-
ical stress and geometry mass). Thus, these are sorted by the absolute value of the
t-ratio, showing the most significant effects at the top. Also a bar chart is provided,
which shows the t-ratio, with lines showing the 0.05 significance level. In each of
these tables, Prob [ |t| column indicates the significance. Values with *-symbol
beside them are p-values, i.e. the results which are statistically significant.

Initially, all the parameters are included in the model; therefore the first DoE
explores 16 variables along 500 different design points. The results obtained in this
analysis correspond to Tables 3 and 4. On the other hand, the created response
surface has a global error of 129 %. This value is so high due to the elevated
number of input parameters the system has. If no parameters removal would be
wanted, more than 500 design points will be needed, but this becomes computa-
tionally unviable.

Comparing these two tables, it can be noted that the parameters Cob rear inner
fillet, Diaphragm angle aux, Cob front inner fillet, Cob center line offset and Rim
center line offset appear in both tables in the least relevant positions in the effect
scale. This scale, corroborated by the p-values for each of the parameters allows
depreciating these 5 parameters and removing them from the model, making them
fixed at their base point value in further analysis. Also, it can be seen that the
critical stress response only has in this analysis 2 statistically significant param-
eters, meanwhile the geometry mass has 7 parameters. This can be explained
because the direct relationship that can be found between part dimensions and
volume and hence also between dimensions and geometry mass.

This process is repeated until all the remaining parameters are relevant to
explain the behavior of the system and the modeled response surface error is low
enough to assure that it has been calculated properly. Tables 5 and 6 show the 6
parameters that left over after the iteration. In these two tables, it can be seen how
all the remaining parameters have p-values statistically relevant for the geometry
mass and 5 from 6 parameters in the critical stress. Also, the non-relevant
parameter from this table has a p-value (0.069) really close to the significance level
(0.05). Furthermore, it must be highlighted that all the remaining parameters
correspond to the dimensions that roughly define the geometry (inner and outer
diameters of the disc) or the widths of its most main parts (rim, cob and dia-
phragm). Moreover, the global error of the response surface calculated is 4.91 %
which is low enough to assure correct and robust results.

According to these results, it can be concluded that the model has been cleaned
from all the non-relevant parameters assuring a better optimization process as the
model is simpler and also a better sensitivity analysis as all the parameters
included in the model have relevance.
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4.2 Sensitivity Analysis

The sensitivity analysis herein presented uses a Kriging model to simulate the
behavior of the system. A predicted relative error in the surface of 4.9162 % is

Table 4 Sorted parameter report for geometry mass with 16 parameters

Parameter name Estimate Std error t ratio Prob [ |t|

Cob width 0.01126099 0.0006442 17.48 \0.0001*
Cob bore rad. -0.00734693 0.00081033 -9.07 \0.0001*
Rim rad. 0.01329415 0.00153904 8.64 \0.0001*
Diaphragm width 0.02749039 0.00348532 7.89 \0.0001*
Diaphragm total angle 0.01074019 0.00137874 7.79 \0.0001*
Cob rear outer dia. 0.00592983 0.00087857 6.75 \0.0001*
Rim width 0.01431233 0.00372119 3.85 0.0001*
Cob front outer dia. 0.00262273 0.00136143 1.93 0.0547
Cob bore length -0.00099901 0.001022 -0.98 0.3288
Cob front inner angle -0.00126635 0.00207772 -0.61 0.5425
Cob rear inner fillet 0.00135929 0.00310398 0.44 0.6616
Cob center line offset 0.00048174 0.00306089 0.16 0.875
Diaphragm angle aux 0.0008143 0.00820099 0.1 0.9209
Cob rear inner angle -0.0001941 0.00207575 -0.09 0.9255
Cob front inner fillet -5.1942E-05 0.00304036 -0.02 0.9864
Rim center line offset 5.61E-06 0.00683226 0 0.9993

Table 5 Sorted parameter report for critical stress with 6 parameters

Parameter
name

Estimate Std Error t Ratio Prob [ |t|

Cob width -6440130.05 317733.92 -20.27 \0.0001*
Rim rad 8927804.42 789722.809 11.3 \0.0001*
Diaphragm total

angle
-6450075.26 702999.878 -9.18 \0.0001*

Rim width 9831053.4 1917882.53 5.13 \0.0001*
Cob bore rad 2117015.63 421877.418 5.02 \0.0001*
Diaphragm

width
3294740.53 1808070.66 1.82 0.069

Table 6 Sorted parameter report for geometry mass with 6 parameters

Parameter name Estimate Std Error t ratio Prob [ |t|

Cob width 0.0115767 9.4105E-05 123.02 \0.0001*
Cob bore rad -0.0079035 0.00012495 -63.25 \0.0001*
Rim rad 0.01396832 0.0002339 59.72 \0.0001*
Diaphragm width 0.03026036 0.00053551 56.51 \0.0001*
Diaphragm total

angle
0.00967198 0.00020821 46.45 \0.0001*

Rim width 0.01487849 0.00056803 26.19 \0.0001*
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considered accurate enough for this analysis. So, once the response surface has
been calculated, it is possible to obtain results.

The individual response of each of the parameters when the other parameters
are fixed is firstly presented in Figs. 7 and 8. This allows obtaining a preliminary
idea about how the system can be optimized according to the individual effect of
each parameter.

In Fig. 7 the individual response to the critical stress of the disc of the 6
remaining parameters are shown. The represented responses model the individual
behavior of each of the parameters supposing the other ones fixed at their medium
value of each range of variation. It can be seen in this figure how the Cob bore rad,
Diaphragm width, Rim rad and Rim width parameters have a strictly increasing
shape, while the Cob width and Diaphragm total angle parameters have a mini-
mum in the middle of their range of variation. These results are very useful to
understand how the critical stress behaves with the variation of each parameter.

Fig. 7 Critical stress individual parameter responses of the disc
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Alternatively, the geometry mass responses of all the parameters are shown in
Fig. 8. At first glance, it is possible to note that all of them have quasi-linear
behavior in contrast to critical stress responses. This is explained because all the
variation ranges of the parameters correspond to linear or quasi-linear dimensions
in the model such as distances or angles, thus the influence on the volume and
hence on the mass is linear and the responses show straight lines. Note the
parameters related to radius, Cob bore rad and Rim rad, should obviously lead to a
quadratic effect on the geometry mass unless the variation range is so small that it
seems quasi-linear indeed. Furthermore, Cob bore rad is the only parameter with a
decreasing shape. This coincides logically to the definition of this dimension that
corresponds to the inner radius of the disc, and thus its increase causes directly
mass growth.

Fig. 8 Geometry individual parameter responses of the disc
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These results allow seeing separately the influence of each variable in the
system but, a better understanding of the whole system can be reached using the
main-effects charts for each of the responses (critical stress and geometry mass).
Analyzing the main-effects chart it is possible to join all the previous responses
and observe which are the most influential and the approximated consequences
that would carry out varying one or other parameters.

In Fig. 9a, b can be found the main-effects chart applied to the critical stress and
geometry mass of the disc, respectively. As it is shown, in both charts the most
influential parameter is the Cob width of the disc. It must be reminded that all the
plots cut each other in the middle point of their range because every parameter is
evaluated remaining the others fixed at their medium value.

This analysis is extended by means of Pareto charts which show not only the
influence of the variation of a parameter individually but also the combination of
parameters or quadratic variation. Interesting results can be obtained from the
response surface by means of these Pareto charts. Firstly, the one represented in
Fig. 10 sorts the influence of the parameters in the critical stress response of the
disc system. It only includes the effects that have greater influence than 1 %, so
only 80 % of the whole response is represented in the chart. Thus the remaining
20 % corresponds to effects with negligible effects. It can be noted that Cob width
is the parameter that affects to the critical stress the most. This corroborates what
was deduced with the main-effects chart applied also to the critical stress.

In Fig. 11 the Pareto chart applied to the geometry mass response is provided.
As well as in the previous chart, there are only effects represented with an influ-
ence greater than 1 %. In contrast to the critical stress Pareto chart, 84 % of the
whole response can be explained with the simple parameters due to their quasi-
linear behavior. Therefore, according to the ranking most part of the geometry
mass can be explained just with simple terms.

Fig. 9 Main-effects chart applied to critical stress and geometry mass
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4.3 Multi-objective Optimization

Once the response surface has been calculated, it is possible to apply the MOGA
algorithm in order to obtain the optimal candidates of the problem.

According to the reference values reported in Sect. 3.5, Fig. 12 shows the
Pareto front obtained after the optimization calculation is done. In this chart, all
possible candidates are shown gathered in a single Pareto front. As it was
explained previously, all these design points are the set of non-dominated optimum
values of the system.

Fig. 10 Pareto chart applied to critical stress of the disc

Fig. 11 Pareto chart applied to geometry mass of the disc
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Due to the shape of the front, which does not provide clearly any region of
dominance, no point of the front could be selected a priori as a candidate suiting
better both objectives. Therefore three candidates are selected from this Pareto
front and they are proposed as Candidates A, B and C to the global optimum. On
the one hand Candidate A has critical stress reduction priority while Candidate C
has geometry mass reduction priority, and on the other hand, Candidate B is more
balanced geometry mass reduction and critical stress reduction.

The following Table 7 shows the values of all the relevant driving parameters
for each of the candidates proposed, strongly validating the conclusions obtained
by means of the sensitivity analysis.

It can be observed how the most varying parameter is the Cob width of the disc.
This corresponds to its key role in the Pareto charts (Figs. 10 and 11). On the other
hand, Rim width parameter remains almost fixed in the three candidates, which can
be also explained by the Pareto charts. The rest of the parameters follow similar
tendencies, although they are not so strongly correlated with the previous sensi-
tivity analysis as the Rim width and Cob width.

In Fig. 13 the different stress states of the candidates are shown in contrast to
the base design point. In this figure, it can be appreciated how the critical stress
zone remains being in the cob of the disc, which is consistent with the results
obtained from the Pareto front. The shape of the stress distribution is symmetrical
with respect to its middle line and also it must be highlighted the existence of a
loaded zone in the fillet between the rear drive arm and the diaphragm, but the
values of stress in this area are considerably lower than the ones obtained in the

Fig. 12 Pareto front chart of the disc optimization with optimal candidates
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bore, thus this will never be a critical zone. Also it can be noted in this figure
that Candidate A shows the thinnest shape, being the angle of the diaphragm and
the width of the cob very small in contrast to the other candidates. On the contrary,
Candidate C has larger volume and hence it is heavier too. Also it must be
highlighted the smaller value of the radius of the cob, which is considerably lower
than the other two candidates. On the other hand, Candidate B presents an inter-
mediate value of cob width and diaphragm total angle which makes possible the
balance between mass and stress as it was expected.

4.4 Fatigue Life Calculation

Once the stress distribution of the rig disc, material properties and load cycles are
known, it is possible to calculate the fatigue life of each of the candidates. This
purpose requires information about the curve alternating stress–life and uses the
correction factors which take into account physical differences between the theo-
retical test specimen and the real part. The stress-life curve is created with and the
actual designed part. According to [36], the correction factors are the following:

Fig. 13 Optimal candidates and base design point stress comparison

Table 7 Parameter values fot the optimal candidates of the disc optimization

Parameter name Units Candidate A Candidate B Candidate C

Diaphragm total angle � 1.19 4.47 9.34
Cob bore rad. mm 54.70 54.73 40.47
Rim rad. mm 213.60 213.61 213.62
Cob width mm 50.63 57.93 65.33
Rim width mm 22.51 22.52 22.51
Diaphragm width mm 17.52 17.52 17.53
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Cload ¼ 1:00
Csize ¼ 0:60
Csurf ¼ 0:86
Ctemp ¼ 1:00
Creliab ¼ 0:90

By means of these coefficients, the global fatigue coefficient which allows
calculating the expected life of each one of the candidates, depicted in Fig. 14, is:

Kf ¼ CloadCsizeCsurf CtempCreliab ¼ 0:46

The life shape of all the models is closely connected with the stress shape of
Fig. 13, where the stress distribution is shown. Obviously the life of the disc is
function of the alternating stress the part suffers, which lead to similar diagrams.

All the previous results (geometry mass, critical stress and fatigue life) of each
one of the candidates and the base point are summarized in the following Table 8.
In spite of the base geometry for the turbine disc, the loads and boundary con-
ditions are not exactly real due to confidential reasons. It is noteworthy that the
expected life for the three candidates are really close to real ones according to the
feedback from industry.

Fig. 14 Optimal candidates and base design point life comparison

Table 8 Optimization results

Base point Candidate A Candidate B Candidate C

Geometry Mass (kg) 35.38 30.40 32.29 36.82
Critical Stress (MPa) 1188.8 1193.2 1126.9 1020.2
Life (cycles) 51 328 000 49 527 000 61 035 000 85 583 000
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5 Case Study II: Results for Flight Conditions

This second case study seeks to deepen in how the methodology herein presented
can be applied under real conditions and not only under isothermal test conditions.
Therefore this part of the study looks to give a more realistic environment, closer
to real flight conditions. In addition, this study intends to analyze the suitability of
three typical turbine discs super alloys.

According to the flight boundary conditions pointed out in Sects. 2.1 and 2.3,
herein the results obtained within the optimization process are presented. Once the
most severe thermal distribution under the abovementioned conditions is reached,
depicted in Fig. 15, the evaluation of the response surface error and parameters
removal together with a sensitivity analysis has been carried out.

As well as the previous Case Study I, each one of the materials (Waspaloy,
A718 and A718Plus) has been subjected to a design exploration process. The
results obtained show that the relevant parameters are exactly the same as the ones
from the Bore Spin Test conditions with A718Plus, see Tables 3 and 4. Therefore,

Fig. 15 Temperature
distribution along the disc
section
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the most relevant parameters to the critical stress and geometry mass of the disc
are not case-dependent. Thus, each one of the material-based cases of study is
evaluated with the final 6 critical parameters obtained for the Case Study I and
gathered in Tables 5 and 6.

The response surface for each of the material-based cases is calculated using the
Kriging method once again. The thermal influence is added as another input but
maintaining 500 points of design in the DoE, so the global error of the response
surface increases slightly to 5.5 % approximately for each case. In spite of this,
this value is low enough to assure that the response surface is able to provide
accurate and reliable results.

5.1 Multi-objective Optimization

After calculating the three response surfaces for each of the materials, it is possible
to apply the MOGA optimization method to obtain the Pareto front with the
optimal candidates. These Pareto fronts are shown in Fig. 16.

In this figure, each of the materials is evaluated separately, taking into account
three different stress criteria. The shape of the diagram shows that for every
criterion, there is a design point more likely to be the global optimum of the

Fig. 16 Pareto fronts of material comparison. a A718 b Waspaloy c A718Plus d Von Mises
Stress
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system. This is the corner where the curves change their curvature. Also it is
possible to see that in this point the most restrictive criterion is the von Mises
equivalent stress. A preliminary way to compare which of the materials is the best
option for a turbine disc is observing these Pareto fronts and comparing them for
the same stress criterion. For that reason Fig. 16d presents a comparison among
the three materials when the von Mises equivalent stress is one of the optimization
criteria. As it can be seen the A718Plus curve remains at lower values of geometry
mass and critical stress than Waspaloy and A718.

Thus the points located in the corner of the Pareto fronts for each of the
materials are assumed as optimum candidates and their values are gathered in
Table 9. Due to the geometry design is not material-dependent, the optimal
geometry can be reached by means of any alloy. Therefore, the only way to choose
the optimal material lies in the comparison of the different stress distributions
keeping the geometry mass constant.

Figure 17 shows the stress distribution along the section of the disc for each of
the materials in the optimum design point. Although results are quite similar,
A718Plus leads to lower values of the von Mises equivalent stress in the bore,
which is definitively the critical zone. This agrees that A718Plus is a refined alloy
that improves the material properties of Waspaloy and A718, being more adequate
for this application thanks to its consequent longer fatigue life.

5.2 Fatigue Life Calculation

The stress distribution allows calculating the fatigue behavior of the part using also
the alternating stress—life curve and the correction factors previously mentioned.
In this Case Study II, the only parameter that varies from the previous case is the
Ctemp, which swaps from 1.00 to 0.42, because it is evaluated taking into account
the real environmental temperature approximated to 550 �C. According to previ-
ous considerations, the global fatigue coefficient is:

Kf ¼ CloadCsizeCsurf CtempCreliab ¼ 0:19

Table 9 Parameters values for optimal candidates

Parameter name Units A718 Waspaloy A718Plus

Diaphragm total angle � 1.0023 1.0007 1.0023
Cob bore rad. mm 40.0011 40.0001 40.0037
Rim rad. mm 213.6020 213.6031 213.6020
Cob width mm 48.0027 48.1307 48.0050
Rim width mm 22.5008 22.5008 22.5008
Diaphragm width mm 17.5000 17.5006 17.5009
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The results obtained in the fatigue life calculation reveal that all candidates
present infinite life for the stress and conditions proposed in this case study. This
corresponds to real design criteria that states that the critical parts cannot fail under
any working circumstances due to the dangerous effects this could lead to.

All the previous results are summarized in Table 10, where the optimal design
objectives obtained for each different material are collected. Once again A718Plus
excels the other materials owing to its lower critical von Mises stress despite the
fact that its geometry mass is exactly the same as the others.

6 Summary and Conclusions

This chapter presents a robust and flexible optimization methodology for turbine
discs based on low-fatigue life prediction. Sizing and configuration optimal
designs are performed according to two leading objectives: the minimization of the
geometry mass and the maximization of fatigue life, which means definitively the
minimization of the critical stress.

Fig. 17 Stress distribution comparison for the different materials

Table 10 Case study ii optimization results

Waspaloy A718 A718Plus

Geometry Mass (kg) 31.62 31.62 31.62
Critical Von Mises stress (MPa) 631.10 611. 94 581.67
Life (cycles) ? ? ?
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The methodology herein proposed iteratively gears an initial design of experi-
ments with a sensitivity analysis and a surrogate model prior to run the multi-
objective genetic algorithm. The greatest advantage of this procedure is the CPU
time saving, but also it includes an accuracy improvement due to the non-significant
parameters removal. The purging of non-feasible and non-relevant optimal solu-
tions step by step becomes the main feature of this method and has revealed crucial
to perform precise FEM computations of the thermo-mechanical model.

The results obtained in Case Study I, for laboratory test conditions, and Case
Study II, for flight conditions, allow highlighting two main conclusions: (i) the
Cob width parameter of the turbine disc is the most influential in the optimal
design and (ii) the super alloy A718Plus evidences much better behavior than
super alloys A718 and Waspaloy when realistic flight conditions are considered
within the optimization process.
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