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Preface

ROMANSY 2014, the 20th CISM-IFToMM Symposium on Theory and Practice
of Robots and Manipulators has been the twentieth event of a series that was
started in 1973 as a first conference activity in the world on Robotics. The first
event was held at International Centre for Mechanical Science (CISM) in Udine,
Italy on 5–8 September 1973. It was also the first topic conference of International
Federation for the Promotion of Mechanism and Machine Science (IFToMM) and
it was directed not only at the IFToMM community.

The ROMANSY aim was decided at the funding meeting as a conference event
representing a forum of reference for discussing the latest advances in Robotics
and for facilitating contacts among research people, scholars, students, and pro-
fessionals from the Industry. From the beginning the acronym ROMANSY was
used to name the symposium in short by using the first letter of the words: Robots,
Manipulators, and Symposium.

The aim of the ROMANSY Symposium is still focused to bring together
researchers, industry professionals, and students from broad ranges of disciplines
referring to Robotics, in an intimate, collegial, and stimulating environment. In
2014, after 41 years the ROMANSY event still is very attractive since we have
received increased attention toward the initiative, as can be seen by the fact that
this Proceedings volume contains contributions by authors from all around the
world.

The funding committee that also took the responsibility for the organization of
the first ROMANSY event was composed of:

Prof. A. E. Kobrinskii (USSR); Chair
Prof. L. Sobrero (Italy), Vice-Chair and CISM Director
Acad. I. I. Artoboleveskii (USSR); first IFToMM President
Prof. G. Bianchi (Italy)
Prof. I. Kato (Japan)
Prof. M. S. Konstantinov (Bulgaria)
Prof. A. Morecki (Poland)
Prof. A. Romiti (Italy)
Prof. B. Roth (USA)
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Prof. M. W. Thring (UK)
Dr. M. Vukobratovic (Jugoslavia)
Prof. H. J. Warnecke (Germany)
Prof. D. E. Withney (USA)
Mrs. A. Bertozzi (Italy) acting as secretary as from CISM

The funders were the first generation in ROMANSY and they have been active
for several decades. Smoothly, new generations have contributed to the leadership
of ROMANSY by preserving the original characters of the initiative but chal-
lenging to increase the influence and spread of the ROMANSY results within a
growing world Robotics community. The current scientific committee is listed
below with names of persons who are from a third generation (since they started
their activity after 2000) and others, who are even pupils of the funders.

The ROMANSY series was established as cooperation between IFToMM and
CISM with an initial plan to have conference events alternatively at the CSIM
headquarters in Udine, Italy, and in Poland under the direct responsibility of
IFToMM and CISMM leaders together with the scientific committee. Later, as it is
still today, it was decided to have the conference events hosted in any world
institution where the organizing chair is active. The following is the list of
ROMANSY events over time:

1973: ROMANSY 1 in Udine, Italy with chairmanship of A. E. Kobrinskii
1976: ROMANSY 2 in Jadwisin, Poland with chairmanship of B. Roth
1978: ROMANSY 3 in Udine, Italy with chairmanship of L. Sobrero
1981: ROMANSY 4 in Zaborow, Poland with chairmanship of A. Morecki
1984: ROMANSY 5 in Udine, Italy with chairmanship of G. Bianchi
1986: ROMANSY 6 in Cracow, Poland with chairmanship of A. Morecki
1988: ROMANSY 7 in Udine, Italy with chairmanship of G. Bianchi and

A. Morecki
1990: ROMANSY 8 in Cracow, Poland with chairmanship of A. Morecki and

G. Bianchi
1992: ROMANSY 9 in Udine, Italy with chairmanship of G. Bianchi and

A. Morecki
1994: ROMANSY 10 in Gdansk, Poland with chairmanship of A. Morecki and

G. Bianchi
1996: ROMANSY 11 in Udine, Italy with chairmanship of G. Bianchi and

A. Morecki
1998: ROMANSY 12 in Paris, France with chairmanship of A. Morecki and

G. Bianchi and J. C. Guinot
2000: ROMANSY 13 in Zakopane, Poland with chairmanship of A. Morecki

and G. Bianchi
2002: ROMANSY 14 in Udine, Italy with chairmanship of G. Bianchi and

J. C. Guinot
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2004: ROMANSY 15 in Montreal, Canada with chairmanship of J. Angeles and
J. C. Piedboeuf

2006: ROMANSY 16 in Warsaw, Poland with chairmanship of T. Zielinska
2008: ROMANSY 17 in Tokyo, Japan with chairmanship of A. Takanishi and

Y. Nakamura
2010: ROMANSY 18 in Udine, Italy with chairmanship of W. Schiehlen and

V. Parenti-Castelli
2012: ROMANSY 19 in Paris, France with chairmanship of P. Bidaud and O.

Khatib

Proceedings volumes have been always published to be available also after the
symposium to large pubic of scholars and designers.

This Proceedings volume contains 62 papers that have been selected after
review for oral presentation and one invited lecture that prepared by Prof. Bernard
Roth to celebrate the 20th anniversary event with his vision and memories. These
papers cover several aspects of the wide field of Robotics concerning Theory and
Practice of Robots and Manipulators.

We would like to express grateful thanks to the members of the current
International Scientific Committee for ROMANSY Symposium for cooperating
enthusiastically for the success of the 2014 event:

Philippe Bidaud (France)
Marco Ceccarelli (Italy)
I-Ming Chen (Singapore), as Chair of the IFToMM Technical Committee for
Robotics and Mechatronics
Victor Glazunov (Russia)
Qian Huang (China)
Oussama Khatib (USA)
Vincenzo Parenti-Castelli (Italy), CISM representative
Werner Schiehlen (Germany)
Atsuo Takanishi (Japan)
Teresa Zielińska (Poland)

We thank the authors who have contributed with very interesting papers on
several subjects, covering many fields of Robotics as Theory and Practice of
Robots and Manipulators and additionally for their cooperation in revising papers
in a short time in agreement with reviewers’ comments. We are grateful to the
reviewers for the time and efforts they spent in evaluating the papers with a tight
schedule that has permitted the publication of this proceedings volume in time for
the symposium.

We thank the Blagonravov Institute of Machines Science (known also as
IMASH) of Russian Academy of Science (RAS) in Moscow for having hosted the
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ROMANSY 2014 event. We express our special thanks to academician Rivner
Ganiev, director of IMASH, for supporting the hosting of ROMANSY 2014 in
IMASH.

We would like to thank the members of the Organizing Committee: Acade-
mician, Prof. Vasiliy Fomin; Mem. RAS., Prof. Alexandr Shiplyuk; Mem. RAS.,
Prof. Vacheslav Prihodko; Mem. RAS., Prof. Nikolay Bolotnik; Prof. Veniamin
Goldfarb; Prof. Irina Demianushko; Prof. Vigen Arakelian; Prof. Alexandr
Golovin; Prof. Sergey Yatsun; Prof. Sergey Gavryushin; Prof. Sergey Misyurin;
Dr. Raphael Sukhorukov; Prof. Saygid Uvaisov; Prof. Alexey Borisov; Prof.
Anrey Korabelnikov; Dr. Oleg Muguin, Dr. Constantin Salamandra; Dr. Nikolay
Tatus for their help in the plans for ROMANSY 2014 in Moscow.

We also thank the support of International Federation for the Promotion of
Mechanism and Machine Science (IFToMM) and the auspices of Centre for
Mechanical Science (CISM). The long cooperation between IFToMM and CISM
has ensured and will ensure the continuous success of ROMANSY as a unique
conference event in the broad area of Robotics with tracking reached achievements
and future challenges. Special thanks are expressed to IFToMM Russia that very
enthusiastically supported the plan to have ROMANY in Moscow and promoted a
significant participation of Russian colleagues.

We thank the publisher and Editorial staff of Springer and particularly
Dr. Nathalie Jacobs, managing Editor, for accepting and helping in the publication
of this volume within the book series on Mechanism and Machine Science (MMS).

We are grateful to our families since without their patience and understanding it
would not have been possible for us to organize ROMANSY-2014, the 20th
CISM-IFToMM Symposium on Theory and Practice of Robots and Manipulators.

Moscow, March 2014 Marco Ceccarelli
Victor A. Glazunov
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Bilgincan and Marco Ceccarelli

Problems of Increasing Efficiency and Experience
of Walking Machines Elaborating . . . . . . . . . . . . . . . . . . . . . . . . . . . 383
E. S. Briskin, V. A. Shurygin, V. V. Chernyshev,
A. V. Maloletov, N. G. Sharonov, Y. V. Kalinin, A. V. Leonard,
V. A. Serov, K. B. Mironenko and S. A. Ustinov

Stiffness Analysis of WL-16RV Biped Walking Vehicle . . . . . . . . . . . . 391
Giuseppe Carbone, Kenji Hashimoto and Atsuo Takanishi

Compliance Based Characterization of Spherical Flexure
Hinges for Spatial Compliant Mechanisms . . . . . . . . . . . . . . . . . . . . . 401
Farid Parvari Rad, Giovanni Berselli, Rocco Vertechy and
Vincenzo Parenti Castelli

Analysis and Synthesis of Thin-Walled Robot Elements
with the Guided Deformation Law . . . . . . . . . . . . . . . . . . . . . . . . . . . 411
S. Gavryushin

HCLC Integration Design and High-Precision Control
of a Joint for Space Manipulator . . . . . . . . . . . . . . . . . . . . . . . . . . . . 419
Zhihong Jiang, Hui Li, Que Dong, Xiaodong Zhang, Zixing Tang,
Wei Rao, Yang Mo, Chenjun Ji and Qiang Huang

A Novel Robotic Joint Actuation Concept: The Variable
Mechanical Fuse, VMF . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 427
Yoichiro Dan and Oussama Khatib

Internal Force-Based Impedance Control for Cable-Driven
Parallel Robots . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 435
C. Reichert, K. Müller and T. Bruckmann

Time Sub-Optimal Path Planning for Hyper Redundant
Manipulators Amidst Narrow Passages in 3D Workspaces . . . . . . . . . 445
Elias K. Xidias and Nikos A. Aspragathos

A Blocking Plate Manipulation Robot System Based
on Image Recognition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 453
Yonggui Wang, Xingguang Duan, Amjad Ali Syed,
Meng Li, Xiangzhan Kong, Chang Li, Yang Yang and Ningning Chen

Contents xiii

http://dx.doi.org/10.1007/978-3-319-07058-2_42
http://dx.doi.org/10.1007/978-3-319-07058-2_42
http://dx.doi.org/10.1007/978-3-319-07058-2_43
http://dx.doi.org/10.1007/978-3-319-07058-2_43
http://dx.doi.org/10.1007/978-3-319-07058-2_44
http://dx.doi.org/10.1007/978-3-319-07058-2_45
http://dx.doi.org/10.1007/978-3-319-07058-2_45
http://dx.doi.org/10.1007/978-3-319-07058-2_46
http://dx.doi.org/10.1007/978-3-319-07058-2_46
http://dx.doi.org/10.1007/978-3-319-07058-2_47
http://dx.doi.org/10.1007/978-3-319-07058-2_47
http://dx.doi.org/10.1007/978-3-319-07058-2_48
http://dx.doi.org/10.1007/978-3-319-07058-2_48
http://dx.doi.org/10.1007/978-3-319-07058-2_49
http://dx.doi.org/10.1007/978-3-319-07058-2_49
http://dx.doi.org/10.1007/978-3-319-07058-2_50
http://dx.doi.org/10.1007/978-3-319-07058-2_50
http://dx.doi.org/10.1007/978-3-319-07058-2_51
http://dx.doi.org/10.1007/978-3-319-07058-2_51


Walking Mobile Robot with Manipulator-Tripod . . . . . . . . . . . . . . . . 463
V. Zhoga, A. Gavrilov, V. Gerasun, I. Nesmianov,
V. Pavlovsky, V. Skakunov, V. Bogatyrev, D. Golubev,
V. Dyashkin-Titov and N. Vorobieva

Brain Flow in Application for New Robotic POLIMI Platform . . . . . . 473
Alberto Rovetta

A Dual Formation Constraint Mechanism of Mobile
Sensor Network Based on Congestion Will . . . . . . . . . . . . . . . . . . . . . 483
Cheng Yang, Ping Song, Chuangbo Hao, Guang Wang,
Lin Xie and Wenjuan Guo

Kinematic Uncertainties in Human Motion Tracking
and Interaction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 491
Qilong Yuan and I-Ming Chen

Experiments of a Human-Robot Social Interactive
System with Whole-Body Movements . . . . . . . . . . . . . . . . . . . . . . . . . 501
Gan Ma, Qiang Huang, Zhangguo Yu, Xuechao Chen,
Weimin Zhang, Junyao Gao, Xingguang Duan and Qing Shi

Distributing the Supporting Heads for Robotized Machining . . . . . . . 509
Teresa Zielinska, Wlodzimierz Kasprzak,
Cezary Zielinski and Wojciech Szynkiewicz

The Founder of Russian School of a Robotics (to the 100
Anniversary Since the Birth of Academician E. P. Popov) . . . . . . . . . 519
Evgeny Kotov, Anaid Nazarova and Sergey Vorotnikov

Scaffold with Improved Construction Rigidity . . . . . . . . . . . . . . . . . . 527
Y. S. Temirbekov and S. U. Joldasbekov

Force Capability Polytope of a 3RRR Planar
Parallel Manipulator . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 537
L. Mejia, H. Simas and D. Martins

Interactive Design of a Controlled Driving Actuator . . . . . . . . . . . . . . 547
G. V. Kreinin and S. Yu. Misyurin

xiv Contents

http://dx.doi.org/10.1007/978-3-319-07058-2_52
http://dx.doi.org/10.1007/978-3-319-07058-2_53
http://dx.doi.org/10.1007/978-3-319-07058-2_54
http://dx.doi.org/10.1007/978-3-319-07058-2_54
http://dx.doi.org/10.1007/978-3-319-07058-2_55
http://dx.doi.org/10.1007/978-3-319-07058-2_55
http://dx.doi.org/10.1007/978-3-319-07058-2_56
http://dx.doi.org/10.1007/978-3-319-07058-2_56
http://dx.doi.org/10.1007/978-3-319-07058-2_57
http://dx.doi.org/10.1007/978-3-319-07058-2_58
http://dx.doi.org/10.1007/978-3-319-07058-2_58
http://dx.doi.org/10.1007/978-3-319-07058-2_59
http://dx.doi.org/10.1007/978-3-319-07058-2_60
http://dx.doi.org/10.1007/978-3-319-07058-2_60
http://dx.doi.org/10.1007/978-3-319-07058-2_61


Design and Implementation of Self-Balancing Camera
Platform for a Mobile Robot . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 555
Mehmet Volkan Bukey, Emin Faruk Kececi and Aydemir Arısoy

Action of Robot with Adaptive Electric Drives of Modules . . . . . . . . . 563
Konstantin S. Ivanov

Author Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 571

Contents xv

http://dx.doi.org/10.1007/978-3-319-07058-2_62
http://dx.doi.org/10.1007/978-3-319-07058-2_62
http://dx.doi.org/10.1007/978-3-319-07058-2_63


Ro. Man. Sy.: Its Beginnings and Its
Founders

B. Roth

Abstract This paper describes the origins of the ROMANSY series of symposia.
It recounts the author’s experience as one of the original founders. The emphasis is
on the events leading to the first organizational meetings and the people involved
in organizing the early symposia.

Keywords ROMANSY � CISM � IFToMM � Robot � Symposia

1 Introduction

My purpose in writing this paper is to record my personal recollections of the
events that led to the founding of the Romansy symposia. I undertook this task at
the kind invitation of Professors V. Glazunov and M. Ceccarelli. As organizers of
the 20th symposium in the Romansy series, they felt it would be appropriate to
mark this anniversary by adding an historical perspective. The task fell to me
since, sadly, I am the last living member of the original group that conceived the
project and issued the invitations to form the first Organizing Committee.

I do want to point out that Moscow is an especially appropriate venue for this
20th anniversary event since three prominent academics from Moscow, Academi-
cian I. I. Artobolevskii, Professor A. P. Bessonov and Professor A. E. Kobrinskii,
played pivotal roles in Romansy’s establishment and early implementations.
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2 My Voyage

Every event has many antecedents. Depending on the narrator, different founding
stories start at different points in time. This paper is my version of what happened.
I am fully aware that the other founders would have their own versions. Their
stories would certainly overlap mine, yet this version could only be seen through
my perspective. For me the essential part of the founding of Romansy began when
my wife and I visited the Soviet Union for 30 days, starting April 7, 1969, under a
USA-USSR Academy of Science exchange program. We were met at the airport
by Professor Arcady Bessonov.

During that visit I met Professor Aaron Kobrinskii for the first time, and learned
about his work in computer-aided manufacturing, vibrations, mechanisms and
robotics. Most importantly, I met Academician Ivan Ivanovich Artobolevskii. I did
not fully realize what an important figure Artobolevskii was until I was invited to
lunch at his apartment and saw that he lived in a very prestigious location close to
the Kremlin. I later found out that in addition to his academic achievements he had
been elected to one of the top government bodies: the Supreme Soviet.

The next important connection for the role I was to play in the founding of
Romansy occurred when we stopped for a two-week visit in Bulgaria on our way
back from the USSR. Our host there was Professor Michael Konstantinov. He had
been educated in a German school in Sofia, and his German was much better than
his English. So, German was the language we mainly used. As an aside, his
German was so beautifully and clearly spoken, that being with him was for me like
attending an intensive and highly productive German refresher course.

The final steps in my personal voyage toward the formation of Romansy
occurred four months later at the Second IFToMM International Congress on the
Theory of Machines and Mechanisms that was held in Zakopane, Poland in
September of 1969. I gave a paper on the kinematics of computer controlled
manipulators that described some of the work I had been doing with my PhD
student Donald Pieper. The presentation included a short film showing a computer
controlled manipulator constructing a small tower of blocks while moving through
an environment with obstacles that had to be avoided. It was the first autonomous
manipulation demonstration that most people in the audience had ever seen. Such
films are now commonplace. At that time however, it seemed excitingly new and
forward looking.

At the IFToMM Congress Artobolevskii was somewhat of an aloof and
imperial figure. He was housed separately and more luxuriously than the other
participants. Generally he did not mix with participants during the off hours
between sessions. However, when he attended technical sessions he always sat
erectly in the front row and listened intently to the presentation.

When I gave my talk and showed my film he was in his usual front row seat.
After my talk he came up to me, greeted me warmly and expressed, what seemed
to me, very genuine admiration for my work. I could sense there was a strong
interest on his part in further study on the topic of autonomous manipulation.
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There were two other seemingly casual connections at this IFToMM Congress
that later proved pivotal for the development of Romansy. They involved
Professors Giovanni Bianchi and Adam Morecki. I had never met either of them
before the Congress. Morecki was a professor at the Technical University in
Warsaw who worked mainly in biomechanics and its application to medical
rehabilitation. Bianchi’s main interest was classical mechanics and its application
to machine design. He was a professor at the Polytechnic in Milan.

The Romansy symposia were originated under the joint sponsorship of CISM
and IFToMM. The founding of CISM and IFToMM both came to fruition after
years of earlier discussion and organizational work. Both of these organizations
were officially born at about the same time in the late 1960s. To understand the
founding of Romansy it is useful to briefly review the connection of Romansy0s
founders to CISM and IFToMM.

3 CISM and IFToMM

CISM: The acronym is for the Italian rendering of International Center for
Mechanical Sciences. Professor Luigi Sobrero was the longtime director of the
Institute of Mechanics at the University of Trieste. In 1968, toward the end of a
distinguished career, he succeeded in gathering enough support of eminent col-
leagues in Europe to establish CISM as an international institute for promoting
post graduate study in the field of mechanics.

In order to foster economic growth in the region, the city of Udine gave CISM
use of a palace that had been donated to it by Count Alessandro del Torso. His
expressed wish was that it should be devoted to cultural activities. To this day, this
palace, located in the heart of the city, provides office and meeting space for most
of CISM’s activities. Once established, CISM was governed by a board that
consisted of representatives of member nations. One of these board members was
appointed rector of CISM. It happened to be Professor Wacław Olszak who had
strong ties to his native Poland and the Polish scientific community. Especially
important for Romansy was his close relationship with Adam Morecki. The other
direct connection between CISM and Romansy was that Giovanni Bianchi was
also deeply involved in CISM’s governance and had close ties to its founder Luigi
Sobrero.

IFToMM: Although it has now been modified, this acronym originally stood for
the International Federation for the Theory of Mechanisms and Machines. Among
the most active founders of IFToMM were Artobolevskii, Bessonov, and
Konstantinov. In fact Artobolevskii was the founding president of IFToMM;
Bessonov held various executive positions and Konstantinov was to become
IFToMM’s secretary general.

The financial arrangements were a bit unusual. IFToMM was funded by dues
from member countries. It had a relatively small budget and could only make
token contributions to Romansy. CISM received a land subsidy from the city of
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Udine, but in the main it was also funded by dues from member countries. Some of
the Eastern European countries paid their CISM dues in local non-dollar con-
vertible currency. In particular CISM had resources it could make available for
meetings that were held in Poland. That combined with Adam Morecki’s orga-
nizational abilities created the early pattern if alternating the venue for Romansy
between Udine and Poland. It also biased the venue of many of the organizing
committee meetings to Poland.

4 Founders

I have outlined the circumstances that brought me into contact with the main
originators of what became the Romansy symposia. The idea to organize an inter-
national symposium on robot research was brought to me by Kobrinskii in
September 1971 during the Third IFToMM World Congress held in Kupari,
Yugoslavia. Kobrinskii invited me to a meeting with Professor Sobrero, the
founding Secretary General of CISM, and his secretary Mrs. A. Bertozzi. In addition
to the four of us there were three other participants: Artobolevskii, Konstantinov and
Bianchi. The seven of us held a meeting that what would in retrospect be the
founding moment of Romansy. At this meeting we agreed to organize an interna-
tional symposium. It was also decided that Kobrinskii would be the chairman of the
organizing committee, and Sobrero would be the vice-chairman.

Artobolevskii assured us of IFToMM’s support. Sobrero was anxious to grow
activities at CISM and he wanted the symposium to take place at their head-
quarters in Udine.

We then had to decide what to call the proposed symposium. Kobrinskii who
had a quick mind and enjoyed mental puzzles suggested Robot and Manipulator
Symposium with the acronym ROMANSY. Bianchi objected. He felt the acronym
was too frivolous and conveyed the wrong message. At the time, I did not know
Bianchi well. I remember thinking, ‘‘there goes my stereotype of Italian lovers.’’
We discussed this for a long time. Finally Bianchi acquiesced when we agreed to
write the acronym as Ro. man. sy. Later, I became very close friends with Bianchi
and his family. I realized that he had been brought up in a banking family with
conservative social manners. This background caused Bianchi to have a visceral
rejection of Kobrinskii’s brilliant idea. Slowly over the years the acronym
morphed into the original suggestion. First the spaces after the periods disap-
peared, and we had Ro.man.sy and also RO.MAN.SY. Next the periods disap-
peared and we got to RoManSy. Eventually the cover of the proceeding boldly
proclaimed Kobrinskii’s original ROMANSY.

The original meeting in Kupari was followed by a more extensive meeting in
Nieborow, Poland in May 1972. The host for this meeting was Prof. Adam Morecki.
He arranged for us to meet and live in the old Radzivill Palace, which now belonged
to the Polish government. This venue fostered a very relaxed country atmosphere
which provided opportunities for long strolls and off-the-record conversations.
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In addition to Artobolevskii, Kobrinskii, Konstantinov, the meeting was attended by
Prof. Medford Thring from University College, London, Adam Morecki from the
Polytechnic of Warsaw, Miomir Vukobratović from Mihajlo Pupin Institute in
Belgrade, Ikiro Khato from Wasada University, Tokyo. Giovanni Bianchi repre-
sented IFToMM and Luigi Sobrero and Mrs. Anna Bertozzi represented CISM. At
this meeting we prepared the call for papers for the first symposium, which was set
for September 1973 at CISM in Udine.

Figure 1 Shows a photo I took at that meeting. In the front row from left to right
we have Kato, Artobolevskii, Sobrero, Konstantinov, and Thring. The second row
has Bianchi and Bertozzi. The third row shows Morecki flanked by two staff
members. The last row has two of Morecki’s staff and Vukobratović on the right.

There was a final organizing meeting that took place in Split, Yugoslavia in
April of 1973. This meeting was hosted by Professors Bazjanac and Jelovac from
Zagreb. This meeting was attended by the same group as at Nieborow and, in
addition, Professor Hans Wanecke from the University of Stuttgart and Professor
Romiti from the Polytechnic in Turin.

At the Split meeting the submitted papers were reviewed. It was decided to
accept 45 papers and publish then in a volume of conference preprints. I wanted
the final proceedings to be as readable as possible. So, I went through all the
papers written by non English speaking authors and, where necessary, annotated
them with suggested language modifications. I still recall the gratitude I received
when I passed out the edited manuscripts to the authors at the symposium.

5 First Symposium

The symposium was held on September 5–8, 1973 in the beautifully frescoed main
hall of the Palazio del Torso. All the papers were presented on a single track, so
everyone was in the same sessions through the symposium.

After receiving the revisions, Mrs. Bertozzi arranged to have the final proceeding
published as two-volume set by Springer-Verlag. The final proceedings contain the
text of two Opening Lectures. The first one runs for a little over 7 pages. It is titled
‘‘The State of the Art in the field of Robots and Manipulators.’’ It is signed A.
E. Kobrinskii, Academy of Sciences of the USSR. The second one runs for two
pages and is titled ‘‘Robots and Manipulators’’ it is signed by M. W. Thring, Uni-
versity of London. Whenever I look at this part of the proceedings I am reminded of
what I consider the saddest event in the history of Romansy.

If there was a single person to be credited with the idea for Romansy it would
be Kobrinskii. In recognition of this he was the chairman of the Organizing
Committee for the first symposium. He attended all of the organizing committee
meetings and was given the honor of presenting the opening lecture. It was
unimaginable that he would not attend the symposium. Yet, when the scientists
from the Soviet Union arrived, he was not among them. I was told that he had to
cancel his trip at the last minute because his brother was stricken with an illness. It
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was true that his trip had been cancelled at the last minute. However it had nothing
to do with family illness. It was because he was not given an exit visa. I do not
pretend to know the reason for this. I do know that Kobrinskii felt it was due to his
Jewish origins and the Soviet Government’s discriminative policies towards its
Jewish citizens at that time.

These are not pleasant things to recall, especially in a paper meant to celebrate
the cooperation between researchers from throughout the world. Kobrinskii is dead
and so are most of the colleagues who attempted to hide the truth. In a cosmic
sense the incident is meaningless. I mention it here mainly to emphasize the
importance of Aaron Kobrinskii’s role in Romansy’s birth and to pay homage to an
unusually creative colleague by acknowledging my empathy for what must have
been an incredibly painful personal episode.

The rest of the symposium was uneventful and was full of good feelings and
comradeship. We had achieved our goal of opening a multinational scientific
exchange in the area of robotics. In addition to the two invited opening lectures,
we had accepted 45 papers. The distribution according to country of these 45
papers was: USA 13, USSR 13, Japan 4, England 3, Yugoslavia 3, West Germany
3, Italy 2, Poland 2, Bulgaria 1, and France 1.

On the last day of the symposium the organizing committee was invited by
Professor Sobrero to a lunch meeting in the restaurant of the upscale Astoria Hotel
around the corner from CISM. I recall we were seated at a long rectangular table.
Artobolevskii sat at the head and I was far away toward other end. We agreed that
the symposium had been a success and that a second Romansy should be held in

Fig. 1 Organizing and program committee and staff, Nieborow, Poland in May 1972
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Poland in 1976. The organizing committee was to have two meetings before the
symposium, the first of which was to be in Warsaw in June of 1974.

The lunch went on a bit long and toward the end my mind was wandering. I was
barely paying attention when Artobolevskii rose with wine glass in his hand and
said, ‘‘I propose that Professor Roth should be the new chairman of the organizing
committee’’. This was greeting with a round of applause. That was it, it was an
imperial order and everyone obeyed. I was flabbergasted at Artobolevskii’s action
on two counts: I was both an American and the youngest person at the table. I
suppose Artobolevskii must have discussed it with Sobrero and Bianchi before-
hand, yet it always remained in my mind a personally generous gesture of great
magnanimity on his part. I took it as both strengthening our personal connection
and as a signal that Romansy had achieved a measure of Soviet-American coop-
eration that at the time was very much lacking in the world.

6 An Ongoing Series

The success of the first symposium led CISM and IFToMM to jointly form a
permanent Technical Committee on Robots and Manipulators. This technical
committee was to organize the second and all subsequent Romansy symposia. I
had the honor to be the chair of this technical committee for its first years. For the
second symposium the committee was:

Chairman: Prof. B. Roth (Stanford University), Vice-Chairmen: Prof. L.
Sobrero (CISM), Prof. A. Morecki (Technical University of Warsaw). Members:
Acad. I. I. Artobolevskii (Institute for the Study of Machines, Moscow), Prof.
G. Bianchi (Technical University of Milan), Prof. I. Kato (Wasada University),
Prof. A. E. Kobrinskii (Institute for the Study of Machines, Moscow), Prof. M. S.
Konstantinov (High Mechanical and Electromechanical Institute, Sofia), Prof.
R. B. McGhee (The Ohio State University), Prof. M. W. Thring (University
of London), Mr. J. Vertut (Atomic Energy Commission, France), Prof. M.
Vukobratović (Mihajlo Pupin Institute), Prof. H. J. Warnecke (University of
Stuttgart). Scientific Secretary: Dr. K. Kędzior (Technical University of Warsaw).
Secretary: Mrs. A. Bertozzi (CISM).

The Technical Davison of the Polish Academy of Sciences joined CISM and
IFToMM’s financial sponsorship, and two preparatory committee meetings for the
second Romansy were held in Poland. The Second International CISM-IFToMM
Symposium took place in the small village of Jadwisin near Warsaw, Poland on
September 14–17, 1976. There was a volume of preprints available at the
symposium.

The second Romansy was attended by 117 participants and 15 accompanying
guests. They came from 4 continents and 20 countries (which doubled the 10
countries for the first symposium). The social programs included a banquet with
groups of participants singing in various languages and a half-day excursion. This
became the model for subsequent Romansy symposia.
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For the second symposium we adopted the policy that a paper could only be
published in the proceedings if it was actually presented at the symposium. I have
always felt regret that this policy led to the exclusion of some good papers.

Artobolevskii passed away at the age of 71 on September 21, 1977, a year
before the third Romansy. I happen to have been in the USSR at the time. I was
attending a conference in Alma Ata. As soon as his death was announced
everything seemed to shut down. Many participants hurried back to Moscow to
attend his funeral. To me the most impressive reminder of what an important figure
he was happened when the TV throughout the Soviet Union stopped its normal
programs and simply played dirge music in his memory.

His colleague Prof. A. P. Bessonov had been acting as an aid-de-camp to
Artobolevskii since the founding of Romansy. So, he was very knowledgeable
about Romansy and was able to seamlessly take up Artobolevskii’s role as a
representative of the USSR on the Organizing Committee.

The third Romansy was held in Udine at CISM on September 12–15, 1978.
About 8 months after the third symposium our great benefactor Prof. Luigi
Sobrero passed away at the age of 69. CISM had been the crowning passion of his
life, and he left it in very good shape as far as Romansy was concerned. Prof.
Giovanni Bianchi had served as an aid-de-camp to Sobrero from the beginning of
the Romansy discussions. After Sobrero died, he was appointed Secretary General
of CISM and became the main contact between Romansy and CISM. Also, the
incredibly efficient Mrs. Bertozzi was also still available. After the symposium,
Professors McGhee, Thring and Warnecke left the committee, and Prof. Morecki
became the chairman of the CISM-IFToMM Technical Committee on Robots and
Manipulators. Prof. Bianchi became the vice chairman. The fifth Romansy was
back at CISM and, accordingly, Bianchi and Morecki had switched chairman and
vice chairman roles.

The sixth was back in Poland on September 9–12, 1986. This time the venue
was in the city of Krakow. The symposium opened with a memorial session
dedicated to the work of Jean Vertut, who had died of a heart attack at age 56.
After the sixth Kato, Kobrinskii, Kędzior and I left the Organizing and Program
Committee. For me, it was time to let the next generation pilot the Romansy
voyage.

7 Conclusions

When Romansy was started it was the first research based conferences dealing
with robot design, mechanics and control. Furthermore, before Romansy there was
little or no interchange between Eastern Europe and the West on these subjects.
Romansy was created on the premise of free scientific communication between all
areas of the world. The fact that it achieved its original goals and continues to
thrive is of great personal satisfaction to me. Even greater satisfaction for me is the
great gift of the enduring and cherished friendships formed through Romansy.
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Parametric Method for Motion Analysis
of Manipulators with Uncertainty
in Kinematic Parameters

Vahid Nazari and Leila Notash

Abstract In this paper, the motion performance of manipulators considering the
uncertainty in the kinematic parameters is investigated. Interval analysis is
employed to deal with the uncertainty in the kinematic parameters in the form of
small uncertainty boxes. For a given range of uncertainties in the kinematic
parameters, the interval linear equations are formulated to relate the velocity of
joints to the end effector velocity with the Jacobian matrix. A novel approach for
calculating the exact size and shape of the solution for the system of interval linear
equations is presented. A 2 degrees of freedom planar serial manipulator is used as
a case study to analyze the motion performance of the manipulator in the presence
of uncertainties.

Keywords Interval analysis � Robot manipulators � Uncertainty � Parametric
method � Parameter solution set

1 Introduction

Robot manipulators are typical of systems that are intrinsically subjected to
uncertainties. The nominal relationship between the end effector pose and joints
displacement is known but this relationship is not necessarily accurate due to
changes in the robot hardware and uncertainties in the kinematic parameters [1]. A
real robot analysis should be performed in the presence of uncertainties in the
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modeling of the manipulator and measurements of the kinematic parameters. The
sources of uncertainties include the manufacturing tolerances of the mechanical
parts, measurement error, control error, and round-off error. All types of uncer-
tainties can be accommodated as bounded variations in the kinematic parameters.

Several methods are known for calculating the lower and upper bounds for each
component of the solution set in the interval linear systems. One of the first
contributions on determining the bounds of the solution set was given in [2]. It was
shown that the solution set for this system is a polyhedron. More general algo-
rithms for determining the bounds containing the exact solution were presented in
[3–5]. These bounds were not necessarily identical to the exact solution. The exact
solution was determined in [6] as the union of finitely many convex polytopes
whose vertices were denoted by matrices with entries equal to the lower or upper
bounds of the interval coefficient matrix. The shape of the solution set, in general,
was a non-convex polyhedron.

The exact solution of the interval linear systems is generally complicated and not
easily described. Therefore, calculation of this solution is computationally expen-
sive and, hence, is not convenient to use for the real time application. Accordingly,
the researchers are drawn to find the fastest methods to enclose the exact solution.
One of the first publications on parametric interval systems for special coefficient
matrices, such as symmetric and skew-symmetric matrices, was presented in [7, 8].
The characterization of the boundary of the solution set of the parametric system
based on a set of inequalities was done by [9]. This approach was designed par-
ticularly for visualizing the boundary of the parametric solution set.

In this paper, the motion performance of manipulators with uncertainty in the
kinematic parameters is investigated using parametric interval method. The
organization of paper is as follows. The basic principles of the interval analysis
and the parametric interval systems are given in Sect. 2. The proposed method-
ology for formulating the exact solution, which is based on parameterizing the
interval linear systems, is presented in Sect. 3. The simulation results are reported
in Sect. 4 and the paper is concluded in Sect. 5.

2 Parametric System of Interval Linear Equations

Interval analysis is a numerical method of representing the uncertainty in values
by replacing a number with a finite range of values. An interval denoted by
½X] = [X; X� is the set of real numbers X verifying X�X�X where X and X are
the lower and upper bounds of the interval, respectively. The interval is also
represented by the midpoint, Xc, and the radius, DX, as ½X� ¼ ½Xc � DX;Xc þ DX�
or ½X� ¼ Xc þ DX½�1; 1�. A real number is a special case of an interval in which
X ¼ X. The width of the interval ½X] is defined as ðXÞ ¼ X� X. The midpoint of
½X] is given by mðXÞ ¼ 1

2 ðXþ XÞ. A matrix whose entries are interval is called an
interval matrix and denoted by ½A�; Ac, is the midpoint of ½A� whose entries are the

10 V. Nazari and L. Notash



midpoints of the corresponding entries of ½A�, the radius of the interval matrix, D,
is defined as 1

2 ðA�AÞ.
In manipulators, the Jacobian matrix relates the joint velocity vector to the end

effector velocity vector. Due to the uncertainty in the kinematic parameters, the
relationship between the joint velocity vector and the end effector velocity vector
takes the form of the interval linear system. This interval system is parameterized
as J ½p�ð Þ½ � _q ¼ ½V ½p�ð Þ� in which the entries of the Jacobian matrix and the end
effector velocity vector linearly depend on parameters p½ � ¼ p1½ �; p2½ �; . . .; pK½ �ð Þ
even though in general, the entries of the Jacobian matrix and the velocity vector
could be nonlinear functions of the interval parameters ½p�. The exact values of
these parameters are unknown but bounded within given intervals. Considering the
serial manipulator in Fig. 1a and using a linear parametric model for each entry of
J ½p�ð Þ½ � and ½V ½p�ð Þ�, the entries of the Jacobian matrix and the velocity vector

could be defined as
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2.5 3 3.5 4 4.5 5
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(a) (b)

(c) (d)
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Fig. 1 a 2 DOF planar serial manipulator, b one of two-parameter solution sets in red, c all two-
parameter solution sets in red and the exact solution in blue, d a three-parameter solution set in
red and the smallest box containing the exact solution in green
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½Jjk ½p�ð Þ� ¼ Jjk;0 þ
XK

l¼1

Jjk;l ½pl�; ½Vj ½p�ð Þ� ¼ Vj;0 þ
XK

l¼1

Vj;l ½pl� ð1Þ

where Jjk;l;Vj;l 2 R; ; l ¼ 1; . . .; k; j ¼ 1; . . .;m; k ¼ 1; . . .; n; m is the task space
dimension and n is the number of joints. The value of parameter K depends on the
number of the interval parameters used to parameterize the interval system. The
maximum number of the interval entries of ½J� and ½V� is mn and m, respectively.
Depending on the uncertainty of the kinematic parameters in the manipulator,
some entries of the Jacobian matrix and the end effector velocity vector may not be
interval.

3 Parametric Method for Exact Solution

In this section, the exact solution of the interval system is calculated using solution
sets obtained from parameter groups of interval systems. Depending on the number
of interval parameters involved in the Jacobian matrix and the velocity vector, the
exact solution will be characterized. The parameter assignment of the entries of ½J�
and ½V� in the manipulator is performed by selecting some interval entries of either
½J� or V½ � as parameters ½pl� and formulating other entries as functions of interval
parameters ½pl�. All parameter assignments of the entries of ½J� and V½ � which lead
to the same solution set are collected as one parameter group. That is, a parameter
group may consist of one or several different parameter assignments.

The number of parameter groups in each interval system depends on the total
number of interval entries of ½Jð½p�Þ� and ½Vð½p�Þ�, denoted as g, and the number of
interval parameters in the interval system, K. The solution sets of all parameter
assignments of the interval system are checked and the parameter assignments
which result in the same solution set are categorized as one parameter group.
Considering a general spatial serial manipulator, to form ½J� q

: ¼ ½V� with g
interval entries in ½J� and V½ � and 2 interval parameters, K ¼ 2, there exist

1
2

Pg�1
i¼K�1

g
i

� �
¼ 1

2

Pg�1
i¼1

g!
g�ið Þ!i! different parameter groups. When the number of

interval parameters is K ¼ 3; all the number of possible parameter groups is

calculated as
Pg�2

i¼K�1

g
i

� �
g� i

2

� �

g�i�2ð Þ! ¼
Pg�2

i¼2
g�i�1ð Þ g�ið Þ...ðgÞ

2!i! g�i�2ð Þ! .

In this paper, once the numerical interval matrix ½J� is calculated, the entries of
½Jð½p�Þ� and ½Vð½p�Þ� are expressed as linear functions of the interval parameters
½pl�; 1� l�K: Considering entry ½Jjk� and ½Vj� as linear function of ½pl�, then
½Jjkð½pl�Þ� ¼ Jjk;0 þ Jjk;l½pl� and ½VjðplÞ� ¼ Vj;0 þ Vj;l½pl�: The lower and upper
bounds of any interval entry ½Jjk� ¼ ½Jjk; Jjk� are related to those of interval

parameter pl 2 ½pl; pl�; pl 6¼ pl through the following system of linear equations
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Jjk ¼ Jjk;0�pl þ Jjk;l

Jjk ¼ Jjk;0p
l
þ Jjk;l

(
)

�pl 1
p

l
1

ffi �
Jjk;0

Jjk;l

ffi �
¼ Jjk

Jjk

ffi �
ð2Þ

The coefficients iJjk;0 and iJjk;l are calculated by taking inverse of Eq. (2) as

Jjk;0

Jjk;l

ffi �
¼

�pl 1
p

l
1

ffi ��1
Jjk

Jjk

ffi �
ð3Þ

The same procedure is performed to formulate the entry of ½Vj� as a function of
½pl�. It should be noted that the entry of ½Jð½p�Þ� or ½Vð½p�Þ� nominated for the
interval parameter must be interval. Otherwise, the matrix in Eq. (2) would be
singular and the entry ½Jjk� cannot be formulated in terms of parameter ½pl�. If
½Jð½p�Þ� is an n� n square matrix and non-singular for each pl 2 ½pl

; pl�; l ¼
1; . . .;K; ½J�1ð½p�Þ� exists and ½ _qð½p�Þ� ¼ ½J�1ð½p�Þ�½Vð½p�Þ� is a function of
K interval parameters which is continuous [9]. This parametric joint velocity
vector provides the solution set for each parameter group.

When the parametric Jacobian matrix is of full-row rank, the solution which
minimizes the 2-norm of the joint velocity vector is selected. If the square para-
metric matrix ½J p½ �ð Þ�½JT p½ �ð Þ� is regular for every pl 2 ½pl

; �pl�; the minimum 2-

norm solution set to the parametric system exists and is formulated as a function of

interval parameters ½ _q ½p�ð Þ� ¼ ½JT ½p�ð Þ� ½J p½ �ð Þ�½JT p½ �ð Þ�
� ��1½V p½ �ð Þ�. If the manip-

ulator has a combination of revolute and prismatic joints, the joint velocity vector
is not physically consistent. If the interval entries with the same dimension are
parameterized, a weighting matrix would be required to calculate the generalized

(Moore-Penrose) inverse of ½J p½ �ð Þ� as J# ¼W½JT ½p�ð Þ� ½J p½ �ð Þ�W½JT p½ �ð Þ�
� ��1

.
Similarly, when parametric Jacobian matrix ½J p½ �ð Þ� is of full column-rank and

½JT p½ �ð Þ�½J p½ �ð Þ� is regular for every pl 2 ½pl; �pl�, the least square solution set is

calculated. The weighted left generalized inverse of J p½ �ð Þ½ � is calculated as J# ¼
JTð½p�ÞWJ ½p�ð Þ
� 	�1

JT ½p�ð ÞW if the interval entries of the Jacobian matrix are
parameterized using the interval parameters with the same dimension.

4 Case Study

In this section, the 2 DOF planar serial manipulator in Fig. 1a with two revolute
joints is used as a case study for the interval analysis to visualize the solution set.
The manipulator has uncertainty in two joint variables h1 and h2 and the link
lengths a1 and a2.

For the joint variables h1 ¼ p
6 rad and h2 ¼ p

4 rad, the link lengths
a1 ¼ a2 ¼ 0:5 m, the radius of uncertainty p

180 rad in h1 and h2 and the radius of
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uncertainty 0:010 m in link lengths, the interval Jacobian matrix is

½J� ¼ �0:760;�0:706½ � �0:497;�0:469½ �
0:530; 0:595½ � 0:110; 0:149½ �

� �
. The desired end effector velocity

is V ¼ ½vxvy�T ¼ 1 1½ �T m=sð Þ.
If the Jacobian matrix and the end effector velocity vector are functions of two

parameters ½p1� and ½p2�, i.e., l ¼ 1; 2; the parametric linear system will be

½Jð½p�Þ�
_h1
_h2

ffi �
¼ ½vxð½p�Þ�
½vyð½p�Þ�

� �
ð4Þ

The parameter solution set is derived using the inverse of ½Jð½p�Þ� as

½ _hð½p�Þ� ¼ ½ _h1ð½p�Þ�
½ _h2ð½p�Þ�

� �
¼ ½Jð½p�Þ��1 ½vxð½p�Þ�

½vyð½p�Þ�

� �
ð5Þ

Generally, the entries of the Jacobian matrix and the end effector velocity
vector can be parameterized such that the entries with the consistent dimension are
categorized in the same groups. In this example, the Jacobian matrix has physi-
cally consistent entries. Therefore, the parameter assignment can be performed to
any entries of the Jacobian matrix. If the entries of the end effector velocity vector
are interval and have the same dimension, e.g., m=s, these entries could be
parameterized using an interval parameter with the same dimension, e.g., m=s. In
the case study, the entries of the end effector velocity vector are not interval.
Therefore, they are not functions of an interval parameter, i.e., ½Vj� ¼ Vj;0 ¼ 1;
j ¼ 1; 2.

Entries ½J12� and ½J11� are selected as the interval parametersp1 2 �0:497;½
�0:469� and p2 2 �0:760;�0:706½ �, entries ½J21� and [J22� are assigned as func-
tions of ½p1� and entries vx and vy are constant values 1. The interval entries of
Eq. (3) are substituted into Eq. (5) and the two-parameter solution set for this
parameter group is formulated as

_h p1; p2ð Þ ¼
�0:372½p1��0:792

1:669½p1��0:792½p2��1:372½p1�½p2�þ2:291½p1�2
2:291½p1��½p2�þ1:669

1:669½p1��0:792½p2��1:372½p1�½p2�þ2:291½p1�2

0

@

1

A ð6Þ

Similar to the procedure in calculating the two-parameter solution set in
Eq. (6), the two-parameter solution set for each parameter group is formulated.
Other parameter groups are obtained by new parameter assignment of the interval
entries of ½Jð½p�Þ� as either ½p1� or ½p2� and the rest of entries as functions of ½p1� and
½p2�. The new parameter solution set for each parameter assignment forms a
parameter group. The boundary curves of the solution set for each group of

parametric linear system are specified by 4 curves; two curves _hðp1; p2
Þ and

_hðp1; �p2Þ in 2-dimensional space when p1 varies from p
1

to �p1 and p2 is set once to
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the lower bound and then to the upper bound. Similarly, the other two curves
_hðp2; p1Þ and _hðp2; �p1Þ are formulated when p2 varies from p

2
to �p2 and p1 is set to

the lower bound and the upper bound, respectively. In the resulting solution set
enclosed by four curves, each curve is connected to the other two curves in two

points and the two attached curves share a point. Therefore, four points _hðp
1
; p

2
Þ,

_hð�p1; �p2Þ, _hðp
1
; �p2Þ and _hð�p1; p2

Þ form vertices of the solution set for each

parameter group. This two-parameter solution set (in red color) is illustrated in
Fig. 1b and completely lies inside the exact solution (in blue color).

To characterize the exact solution, first all parameter groups which result in the

same solution sets are determined and then plotted in _h1– _h2 plane. In this example,
since there are four interval entries in the Jacobian matrix, g ¼ 4; there will exist
1
2

Pg�1
i¼1

g!
g�ið Þ!i! ¼ 1

2

P3
i¼1

4!
4�ið Þ!i! ¼ 1

2 4þ 6þ 4ð Þ ¼ 7 different parameter groups

among all possible solution sets, i.e., 24 ¼ 16. These 16 solution sets are illustrated
in red color in Fig. 1c. The outer vertices of the different groups of the two-
parameter solution sets are connected to form the boundary of the exact solution
(in blue color). Generally speaking, when the exact solution is non-convex, the
two-parameter solution sets might not be able to distinguish the indented vertices.

In the three-parameter case, each parameter group includes interval parameters
½p1�; ½p2� and ½p3�, i.e., l ¼ 1; 2; 3. The procedure to calculate the solution set for
each parameter group is similar to that of the two-parameter case. The parameter

groups for three interval parameters are
Pg�2

i¼2
4�i�1ð Þ 4�ið Þ...ð4Þ

2!i! 4�i�2ð Þ! ¼ 6. The solution set

corresponding to each parameter group consists of 12 curves; the two parameters
p1; p2 are set to either lower or upper bounds and the resulting 4 curves, which are
functions of parameter p3, are plotted when p3 varies within the lower and upper
bounds. The formulation of the solution set of the interval system including three
parameters is applicable to the Jacobian matrices of the manipulators with more
than 2 joints such as planar 3 DOF manipulators. The process is repeated when
½p1�; ½p3� are set to either the lower or upper bounds and the next 4 curves are
functions of ½p2�. The last 4 curves are formulated as functions of ½p1� when
½p2�; ½p3� are set to either the lower or upper bounds. The resulting 12 curves form a
hypersurface which may have surfaces on the boundary surface of the exact
solution.

To show the solution set for a group of parametric linear system with three
interval parameters, the same example as the two-parameter case is considered.
For entries ½J11� and ½J12� and J21½ � as interval parameters p1 2 �0:760;�0:706½ �,
p2 2 �0:497;�0:469½ � and p3 2 0:530; 0:595½ �, respectively, ½J22� as a function of
½p1�, and ½vx� and ½vy� as constant values, the three-parameter solution set is plotted
in Fig. 1d. As illustrated, some edges of this solution set lie on the boundary of the
exact solution. The commonly calculated smallest box containing the exact
solution is depicted in Fig. 1d in green color. As shown, this solution is much
larger than the exact solution.
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In general, for K-parameter case, the number of curves involved to form the
solution set of each parameter group is calculated to be K � 2ðK�1Þ. For instance,
in three-parameter case, the number of curves which forms the solution set for
each parameter group is 3� 22 ¼ 12: It should be noted that as the size of the
interval matrix, especially the interval entries of the matrix, increases, the total
number of the parameter groups which have different solution sets drastically
grows.

The drawback of the two-parameter solution set is that the indented vertices of
the exact solution, if there is any, may be ignored. The three-parameter solution set
overcomes this limitation as more curves are contributed to characterize each
three-parameter solution set, and hence the actual vertices of the exact solution set
are obtained. The interval analysis in this paper is performed using INTLAB [10].

5 Discussion and Conclusions

In this paper, the motion analysis of manipulators considering uncertainty in the
kinematic parameters were investigated, and a novel method to identify the exact
solution of joint velocities for the given end effector velocities was presented. To
model the uncertainty in kinematic parameters, interval analysis was applied and
the lower and upper bounds of each entry of the Jacobian matrix were determined
and the interval linear equations were formulated to relate the velocity of joints to
the end effector velocity. Although the range of uncertainties in the kinematic
parameters was small, the accumulation effect of uncertainties caused a relatively
wide solution for the velocity of the joints. The lower and upper bounds of the joint
velocity components depended on the length of the links, the range of uncertainties
and the configuration of the manipulator. When the manipulator is close to the
singular configuration, even for small values of uncertainties, the width of joint
velocity components increases. The proposed method has been implemented for
the serial and parallel manipulators. Due to space limitation, only the results for a
serial manipulator were reported here.

Generally, there is a trade-off between the accuracy of the solution and the
computation time. The parametric interval system provides the exact solution with
more computation effort. For offline analysis such as the investigation of work-
space of manipulators, since the calculation time is not a concern, the parametric
interval method is valuable. In real time applications, methods that are not com-
putationally expensive are better suited. As a future work, the motion analysis of
manipulators with uncertainty in the kinematic parameters, velocity limits of the
joints and the joint failure will be investigated.
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Self-Adjusting Isostatic Exoskeleton
for the Elbow Joint: Mechanical Design

V. A. Dung Cai and Philippe Bidaud

Abstract This paper describes the mechanical design of an active orthosis device
for the human elbow joint. The device can be used in muscle stretching application
to help the patient’s elbow recovering its full range of motion after surgery
intervention. We use a 6 degree of freedom mechanism, including an 4D parallel
Delta type mechanism, to assure that the motor torque can be fully transmitted to
the anatomical axis of the elbow without creating residual efforts that may limit the
natural motion of the joint.

Keywords Orthosis devices � Parallel manipulators � Design � Experimental
tests

1 Introduction

1.1 Related Work

Recent works on the design of exoskeletons for human anatomical joint have
figured out the importance of the use of passive joints in the device’s mechanism
so that the whole mechanical chain will become isostatic when it is attached to the
human corporel segments. Indeed, a human anatomical joint is in most cases
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spatial and can not be reduced to simple elementary mechanical joints [1, 2, 9, 10].
Thus, the design of exoskeletons for functional rehabilitation must take into
account the complexity of anatomical joints. A misalignment between the
instantaneous anatomical axis and the actuated axis of the mechanism will create
residual efforts that may limit natural motion of the joint, or even cause permanent
injuries in extreme cases.

In 2006, Schiele and Van der Helm [8] presented a novel design for human arm
exoskeleton which has 9 d.o.f. in total. In this design, a RPR mechanism is used at
the elbow joint. Only the first rotational joint is actuated while the two other joints
are passive, assuring that only the actuator torque will be transmitted to the elbow.
It was followed by different original designs in literature such as [3, 5, 7, 9]. Later
in 2011, Cai et al. [3] established a general design rule for exoskeletons that can be
summarized as follow:

• The mechanism must have at least 3 d.o.f. in the case of planar anatomical
joint. It must have at least 6 d.o.f. in the case of spatial anatomical joint.

• The number of passive joints used in the mechanism is equal to the difference
between the space dimension (3 or 6) and the mobility of the anatomical joint.

• The number of actuators is the difference between the degree of freedom of the
mechanism and the number of passive joints.

• Generally, for passive rehabilitation exercises, the mechanism must be
designed adequately so that it can mobilize the anatomical joint in flexion or in
extension by transmitting opposing torques on the two limbs of the subject. The
transmitting torque orientation must be close to the that of the human ana-
tomical axis. All other force and torque components must be minimized.

1.2 Elbow Exoskeleton

The design proposed by Schiele and Van der Helm [8] did not take into account
the fact that the elbow joint, formed by the humero-ulna joint, the humero-radial
joint and the proximal radio-ulna joint, is a complex spatial joint which might not
be modeled by a simple serial mechanism with 2 rotation joints representing the
flexion/extension and the forehand axial rotation (supination/pronation). Bottlang
et al. and Ericson et al. [1, 6] figured out that the elbow kinematic should be
modeled by a screw displacement axis which allow the representation of all
anatomical kinematic data, which are flexion/extension, valgus/varus angles and
proximal/distal, anterior/posterior displacement.

This paper describes a novel design of an active orthosis for the passive
rehabilitation of elbow joint. The device kinematics is equivalent to a 3R-3P
mechanism which is quasi-isotropic. The use of a Delta-type parallel mechanism
not only allows the substitution of the 3 prismatic joints by bearing joints but also
gives the mechanism a better torque transmission capability by its symmetric
structure.
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2 Isotropic Property

According to Chablat and Angeles [4], isotropy is always sought in the mechanical
design of manipulators because it increases the robustness of the assembly and
measurement errors. Isotropy also assure uniform force transmission capability,
and for this reason, designers should try to use isotropic mechanisms in the design
of active rehabilitation devices. Cai et al. [3] presented a knee exoskeleton with 6
d.o.f. RRRPRR mechanism which has a conditioning number around 3. However,
the most commonly used mechanism is 3R-3P (A serial mechanism which
includes 3 intersecting rotary joints and 3 prismatic joint). It is possible to dem-
onstrate that the condition number of the latter is close to 1.

The Fig. 1 represents the kinematic model of a 3R-3P mechanism. By defini-
tion, the conditioning number of a matrix can be defined by the ratio between the
largest and smallest singular values, which are the square roots of the eigenvalues
of the positive semi-definite matrix JJt. In this case we have a matrix J homoge-
neous in dimension. Thus the computation of JJt yields:

JJt=R2
¼

cos2 h2 � sin h2 cos h2 0 0 0 0
� sin h2 cos h2 sin2 h2 þ 1 0 0 0 0

0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

0
BBBBBB@

1
CCCCCCA
: ð1Þ

(0)

 ISA (Instantaneous Screw Axis)

(0)

(1)

(2)

(3) (4)

(5)

(6)

Fig. 1 Frame assignment of a 3R-3P mechanism
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The eigenvalues of the matrix JJt are the roots its characteristic polynomial,
which can be determined by:

PðXÞJJt ¼ det

cos2 h2 � X � sin h2 cos h2 0 0 0 0

� sin h2 cos h2 sin2 h2 þ 1� X 0 0 0 0

0 0 1� X 0 0 0

0 0 0 1� X 0 0

0 0 0 0 1� X 0

0 0 0 0 0 1� X

��������������

��������������

¼ det

cos2 h2 � X � sin h2 cos h2 0

� sin h2 cos h2 sin2 h2 þ 1� X 0

0 0 1� X

�������

�������
� det

1� X 0 0

1� X 0

0 0 1� X

�������

�������

¼ ð1� XÞ4ðX2 � 2X þ cos2 h2Þ:
ð2Þ

The eigenvalues of the matrix JJt are thus:

X ¼ 1;
X ¼ 1� j sin h2j

�
ð3Þ

Therefore we can obtain the conditioning number of the mechanism as follow:

K ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1
1� j sin h2j

s

ð4Þ

where h2 represents the varus/valgus angular position, which is limited to 20� here.
Consequently, the maximum conditioning number of the mechanism is 1.23. The
mechanism is thus quasi-isotropic.

3 Mechanical Design

3.1 Kinematic Choice

Beside the quasi-isotropic property, The 3R-3P mechanism also allows the
decoupling of torques and the forces, then pure torques can be transmitted to the
human anatomical joint, without any linear force components which may cause
sliding movements of the attaches. However, the use of prismatic joints is usually
not suitable due to their massive weight and expensive cost. Then replacement
mechanisms, composed by parallelograms, using only bearing joints should be
considered. For that purpose, we proposed the use of Delta type parallel mecha-
nism to substitute the 3 prismatic joints.
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The proposed mechanism in this paper is a hybrid structure composed by 2
rotational joints in series with a 4D Delta parallel mechanism, forming a 6 degrees
of freedom mechanism. With this design, the motor torque will be transmitted in
the sagittal plane of the elbow, thus assuring the stability of the whole system.

3.2 Description of the Design

Figure 2 show the details of the mechanical linkage of the device. The 4D Delta
type parallel linkage is composed by 3 chains. Each chain is formed by 3 rotary
joints in series with a parallelogram that connects to the extremity base through a
4th rotary joints (which can be called here a R-R-R-Pa-R mechanism). The 3 first
rotary joint added at each chain allow to free an additional rotational degree of
freedom for the 4D Delta linkage, besides the 3 other degrees of freedom in
translation. The virtual axis of rotation of this 4th degree of freedom is located near
to the that of the forearm, thus allowing the elbow supination/pronation movement.

Figure 3 illustrates the transmission module. The device can provide a torque of
20 Nm through the use of a DC motor and a three-stage, backdrivable, 120:1
transmission. It comprises two high-speed friction drives followed by a low speed
cable-drive. The 2nd and the 3rd stage give a torque gain 10 and 12 respectively.

The first friction drive operates through direct contact between the surface of a
disk (directly fixed to the motor shaft) and 2 disk drives (of type cylinder—elastic
half space contact). The elasticity is regulated by 4 compression springs pushing
on the motor disk. The second friction drive is of type contact between two
cylinders with parallel axes. For this 2nd stage, contact is regulated by a com-
pression spring pushing on rollers so that slip does not occur. These systems allow
the adjustment the threshold of slipping, and thus provides an extra level of safety
for users.

Fix base

Power transmission 
module

Motorized joint 

2nd rotational
joint

4D Delta mechanism (4 d.o.f.)

parallelogram

Rotary joint

Rotary joint
Rotary joint

Fig. 2 a 3D computer model of the device. b The 4 d.o.f. delta type linkage: the close-loop
mechanism is composed by 3 chains, each chain is a R-R-Pa-R mechanism
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4 Result

The first version of the device was manufactured, assembled and tested. Figure 4
shows the set up protocol on the user’s arm. As the device is designed for muscular
stretching exercises with patient having flexed elbow then the protocol must begin
at full flexion. One of the 3 mechanical chains is detached at the beginning so that
the rehabilitation practitioner can attach the mechanism to the user’s forearm. This
chain will be re-attached to the mechanism once the forearm is firmly in place.

motor

Friction drive 
transmission

Friction drive 
transmission

Capstan 
transmission

Location of compression
spring 

Friction drive
roller

Friction drive
disc

Capstan disc

Fig. 3 The transmission module with a power ratio of 120:1

(a) (b) (c) (d)

Fig. 4 Set up protocol to attach the device to the subject’s limbs. a The subject’s arm is being
attached to the fixed base. b The forearm is being attached to the mechanism, the third
mechanical chain is detached. c The third mechanical chain is re-attached to the mechanism.
d End of set up protocol, the system is ready to use
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Preliminary results are satisfactory. We used a current sensor to monitor the
motor torque and an optical encoder to measure the flexion angular position. The
following algorithm was implemented for our very first experiments:

• 1st step: Pull the elbow to a certain predefined angle. The torque is controlled
so that the user elbow can oscillate around this angular position.

• 2nd step: Let the elbow return to full-flexion by setting the torque set-point to zero.
• Return to the 1st step to repeat the exercise (Fig. 5).

5 Conclusion

In this paper, we presented an isostatic 6 d.o.f active orthosis device for the elbow
joint. The device is composed by 2 rotational joints and a 4D Delta-type parallel
mechanical linkage, assuring the stability of the whole system and keeping the
mechanism’s conditioning number near to 1. The first rotational joint is actuated,
transmitting the motor torque to the forearm to drive the elbow in flexion-exten-
sion. Friction drive and cable drive are used to provide a safe, back-driven and high
ratio mechanical power transmission. First experiments have shown the relevance
of this approach. In near future, clinical trials will be realized on this device.
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Design of Ankle Rehabilitation
Mechanism Using a Quantitative
Measure of Load Reduction

Daisuke Matsuura, Shouta Ishida, Tatsuya Koga
and Yukio Takeda

Abstract In order to achieve a desired flexion motion with adjustable load and to
provide objective measure of recovery status which is important to verify the
condition of therapeutic exercise to support physiotherapists, as well as to establish
self-rehabilitation by patients themselves, a simple spatial rehabilitation mecha-
nism based on an extended Oldham’s coupling was employed. A kinetostatic
analysis was performed to determine reasonable values of design parameters to
achieve practical working range for therapeutic exercises without exerting
unnecessarily large joint load. By utilizing the analysis scheme, adjustment of the
joint load by attaching passive springs was also conducted, and a quantitative
measure of load reduction ratio was formulated to evaluate the effectiveness of the
additional springs. Reduction efficiency among several different configurations of
link length was compared to search for the possibility to find an optimum design
considering both compactness and safeness of the rehabilitation device.

Keywords Rehabilitation robotics � Ankle joint rehabilitation � Mechanism
design � Kinetostatic analysis � Passive adaptation to spatial eccentricity of human
joint

1 Introduction

In the coming highly-aged society, increasing of dependents on caregivers will
become a big issue. To solve this problem, recovery and enhancement of body
functions of elderly people is important, since they are likely to become bedridden
due to the weakening of their lower limb. For prompt therapeutic exercises,
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physiotherapists (PT) need effective treatment protocols based on objective mea-
sures of mobilization as well as on exerted and resistant force and torque on
affected parts. With this information, PTs can decide on suitable exercise
programs.

In order to carry out safe rehabilitation, inadequate conditions called misuse
caused by unnecessary joint load should be suppressed. It is well known that
human’s joint has complicated structure, and its spatial movement is thus also
complicated and has no constant axis of rotation [1, 2]. Many specially-designed
mechanisms have been developed to adapt to the motion of joint axis, e.g. making
offset to match the orthosisrotation center to user’s joint [3], planar 6-DOF closed-
loop mechanism [4], grooved cams and non-circular gears [5]. However, these
apparatuses have to be custom-made to fit each user. This requirement can be
satisfied by introducing self-adapting features e.g. a combination of two-prismatic
joints [6] or a series of P-R-P joints [7], but such features entail more DOFs than
the motion of target joints, and thus make the apparatuses complicated, heavy, and
expensive. In addition, they cannot adapt to spatial motions.

To solve these problems, the authors have proposed an effective solution by
introducing a simple spatial mechanism capable of passively adapting to an
eccentricity of user’s joint axis, and adjustment of exerted load by attaching
passive spring [8]. As an important and practical application, dorsiflexion (DF) and
plantar flexion (PF) of user’s ankle joint was attempted, but design parameters
have not been proofed by quantitative evaluations. In this paper, a reasonable link
length to fit to user’s physique while achieving practical ROM will be newly
determined, and properties of additional springs to achieve effective reduction of
the joint load will also be found through a kinetostatic analysis. An evaluation
index of reduction ratio of the ankle joint load will be calculated regarding several
different combinations of design parameter values to demonstrate the possibility to
find out an optimum design regarding the compactness and safeness of the device.

2 Synthesis of the Rehabilitation Mechanism

There are four phases in typical therapeutic exercises of ankle joint which need to
restore its range of motion (ROM) after tendon injury or high sprain [9]. Since the
allowable range of motion and joint load in each phase are different, PTs manage
ROM and joint load during the exercises based on their haptic sensations. The
mechanism proposed in this paper aims to achieve suitable ROM and joint load at
each phase just like PTs are doing. First, required ROM for the mechanism was
determined by analyzing the movement of the human ankle joint using an optical
3D motion capture setup (MAC3D, Motion Analysis Corp.). From the result of the
analysis and literature values shown in Table 1 [10–12], required angular ampli-
tudes in plantar-dorsi and inversion–eversion axes for the mechanism have been
determined to be ±30� and ±10�, respectively.

28 D. Matsuura et al.



As mentioned above, the mechanism must be capable of avoiding unnecessary
joint load, namely shear, tensile and compressive force, while transmitting only
torque from an input link to the ankle joint. To satisfy this requirement, Oldham’s
coupling mechanism can be effective. Figure 1 is a conceptual schematic drawing
of the mechanism. Since the user’s leg and foot are fixed on links, the user’s body
and the mechanism form a monolithic mechanical system. In the drawing, ankle
joint is represented by a virtual joint J7, of which location changes continuously
with respect to the orientation change of the foot, and there is also a virtual link
between the joints J6 and J7. The degrees of freedom (DOF) of the system can be
calculated with Gruebler’s equation,

F ¼ Fs N � 1ð Þ �
XFs�1

f¼1
ðFs � f ÞPf : ð1Þ

where Fs is the DOF of the workspace, N is the number of links, and Pf is the
number of joints having f-DOF. By substituting Fs = 6, N = 5, and P1 = 3 and
P2 = 2 to the equation, DOF of the mechanism becomes 1. In contrast, when the
mechanism is detached from the user’s leg, the virtual link and virtual joint J7 are
disappeared, and the value of N and P1 become 4 and 2, respectively. As the result,
DOF of the mechanism becomes 6, which is the same as DOF of the workspace.
This means that the mechanism is settled only when the mechanism is attached to
user’s leg, and can drive the user’s foot with any the location and direction of the
rotation center of user’s ankle joint, while passively adapting to fluctuation.

3 Kinetostatic Analysis of the Mechanism

3.1 Kinematic Analysis

A kinematic analysis is performed using several parameters and coordinate sys-
tems illustrated in Fig. 1 to obtain the relationship between the input angle, h1, and
output angle, h7. Although all the coordinate axes are drawn as they are parallel
with each other, they can take arbitrary directions due to the actual design and
spatial motion of the mechanism. The rotation of the virtual joint J7 around x7 and
y7 axes are evaluated as u and c, respectively. First of all, location of all joints
and the distance between J1 and J7 are denoted as ri=1…7 = [xi yi zi]

T and

d ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2

x þ d2
y þ d2

z

q
, respectively. Since the location of J7 in O-XYZ coordinate

can be noted as [x7 y7 z7]T = [x1 + dx y1 + dy z1 + dz]
T, that of J3 and J5 are

described as:

Table 1 Range of motion of
healthy ankle joint (unit: �)

Direction Maximum Functional

Plantar–Dorsi -20� \ h\ 45� -10� \ h\ 20�
Inversion–Eversion -25� \u\ 35� -10� \u\ 10�
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r3 ¼ d2e1 þ r1; r5 ¼ ðr6 � r7Þ þ l56z6; ð2Þ

where d2, l56, e1 and z6 denote the displacement of joint J2, distance between J5 and
J6, a unit vector toward J3 from J1, and a unit vector toward J5 from J6. The
coordinate rotation from O1 - x1y1z1 to O7 - x7y7z7 is written as:

RxðcÞRzðuÞ ¼
cos c sin c cos u sin c cos u

0 cos u � sin u
� sin c cos c sin u cos c cos u

2

4

3

5: ð3Þ

From the relationships between certain links, J2J3 ? J3J5 and J4J5 ? J5J6;

e1 � ðr3 � r5Þ ¼ 0; z6 � ðr3 � r5Þ ¼ 0 ð4Þ

can be obtained. By introducing parametric representations

sin h7 ¼
2k

1þ k2
; cos h7 ¼

1� k2

1þ k2
: ð5Þ

Equation (4) is written as the following quadric polynomial;

k4ðA5 � A1Þ þ 2k3ðA2 � A3Þ þ 2k2ð2A4 � A5Þ þ 2kðA2 � A3Þ þ ðA1 þ A5Þ ¼ 0;

ð6Þ

where A1…5 are constant terms determined by design parameters. For want of
space, their detail is abbreviated except in case of A1,

A1 ¼ dxcðh1Þ � dzsðcÞ � d67sðcÞcðcÞcðuÞc7ðh1Þ
þ d67cðcÞsðuÞsðh1Þcðh1Þ � dycðcÞsðh1Þcðh1Þ � dxcðcÞc2ðh1Þ:

ð7Þ

By solving Eqs. (5) and (6), intput–output relationship of the mechanism is
calculated in such a way that output angle, h7, regarding given orientation angles
of the ankle joint, c and u, and input angle, h1, can be obtained. In order to fit the
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Fig. 1 The special
rehabilitation mechanism and
given coordinate system
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mechanism to typical adult user’s physique while minimizing its volume, essential
design parameters are defined as Table 2. The input–output relationship in the
range of -30� \ u\ 30� while holding c = 0 is obtained as shown in Fig. 2. By
comparing Fig. 2 and typical ROM of a healthy ankle joint shown in Table 1, it
can be said that the rehabilitation mechanism will achieve linear input/output
relationship within the functional region, -10� \ u\ 10�.

3.2 Static Analysis

In order to estimate the load exerted on the ankle joint, static analysis was per-
formed considering the gravitational force applied to each link and the friction of
the two prismatic joints. According to the free-body diagram shown in Fig. 3,
equilibrium of force and moment on the links are expressed as;

(a) Equilibrium of force:

F1 � F2 þ m1g� Fa ¼ 0; F2 � F3 þ m2gþ Fa � Fb ¼ 0;

F3 � F4 þ m3gþ Fb ¼ 0; F4 � F5 þ m4g ¼ 0:
ð8Þ

Table 2 Design parameters
(unit: m)

Parameters Value (m)

dx 0.0
dy -0.1
dz 0.15
l65 0.053
l73 0.1
a76 0.1
d76 -0.15

7
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Fig. 2 Input–output
relationship of the
mechanism
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(b) Equilibrium of moment:

s1 � s2 þ lg1 � m1g� l1 � F2 ¼ 0; s2 � s3 þ lg2 � m2g� l2 � F3 ¼ 0;

s3 � s4 þ lg3 � m3g� l3 � F4 ¼ 0; s4 � s5 þ lg4 � m4g� l4 � F5 ¼ 0:

ð9Þ

where m1…4 and g denote the mass of links #1,…,#4 and gravitational accelera-
tion. lgi and li are the vectors pointing towards the i-th center of mass, Gi, and i-th
end point, Oi, from J1, J2, J4 and J6. From Eqs. (8) and (9), frictional force on the
prismatic joints on J2 and J4 and the magnitude of ankle joint load are obtained:

Fa;Fb ¼ l
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F2

a;i þ F2
b;i

q ���
i¼2;4

; ð10Þ

Fload ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F2

7x þ F2
7y þ F2

7z

q
; ð11Þ

where l is a friction coefficient which is given as l = 0.2 in the following
analysis. Fa,i and Fb,i are the coaxial forces with respect to each link and its
orthogonal force, respectively. In order to carry out the calculation, the mass of
each link shown in Table 3 were substituted. Values in the table were calculated
based on the assumption that all the links were made of carbon steel. Figure 4 plots
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Fig. 3 Free body diagram of
the proposed mechanism

Table 3 Link mass No. Length (m) Mass (kg)

1 0.30 (‘31) 0.089
2 0.25 (‘53) 0.074
3 0.05 (‘31) 0.044
4 0.425

+
3.075 [force sensor]
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the relationship between the input angle h1 and the amplitude of Fload with respect
to different inversion/eversion angles. The result indicates that the amplitude of the
ankle joint load within the functional range was approximately 40 N at most.

4 Adjustment of Ankle Joint Load Using Passive Springs

Although it is difficult to completely avoid ankle load, it can be compensated by
adding springs to certain joints. To select the joints to attach the springs, optimum
amplitude and direction of compensation force on each joint to minimize Fload

with respect to different h1 were firstly calculated. From the result of this calcu-
lation, it was found that springs on J2, J3 and J4 are effective to reduce Fload. Since
J2 and J4 are prismatic joints and J3 is a revolute joint, suitable types of springs are
attached as shown in Fig. 5. Next, spring coefficient and initial displacement of the
three springs were determined by simply applying line-fitting to the distribution of
the optimum compensation force/torque against displacement of each joint as
shown in Fig. 6. The spring constant and initial length of each spring were
therefore determined as shown in Table 4. The negative sign in the table indicates
the direction of the spring force. In order to search for the possibility to optimize
the length of each link, ankle load was calculated with several different combi-
nations of dy and l76, 0.05 m longer and shorter ones than the original value in
Table 2. The obtained ankle load in case of three different dy is plotted in Fig. 7.
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The effectiveness of each configuration on the load reduction was evaluated by an
index,

g ¼ 1�

PN

j¼1
Fload;j � F̂load;j

ffi �

N � Fload
; ð12Þ

where Fload and F
_

load are the ankle load with and without the springs at the j-th
sampling and N is the number of acquired data. Based on the value of g shown in
Table 5, the ankle load was reduced 91 % at most or 34 % at least by attaching the
springs, and the reduction ratio can be increased by using larger dy. In case of
dy= 0.20, Fload was less than 20 N among entire maximum ROM. That condition is
suitable for typical therapeutic exercise shown in [9]. However, there is a trade-off
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relationship on J2 at different
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Table 4 Properties of the
springs

No. Type Initial displacement Spring coefficient

J2 Tensile -0.13 m 375.5 N/m
J3 Torsional 0.09 rad 39.04 Nm/rad
J4 Tensile -0.14 m 393.0 N/m

0

10

20

30

40

50

-50 -40 -30 -20 -10 0 10 20 30 40 50

F
lo

ad
[N

]

θ1[° ]

-10
   0
 10

[  ]

dy [m] 0.05 0.10 0.20

ϕ

Fig. 7 Compensated ankle
load distribution with respect
to different link length
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that increasing of link length will also enlarges the size of the rehabilitation
apparatus. Optimum link length should be determined by considering both com-
pactness and safeness. This adjustment technique can be used not only to reduce
the load but also to exert a desired force. Furthermore, the resistance of a joint can
be estimated by substituting the measured motion to the theoretical model. The
estimated resistance will become useful information in evaluating the recovery
status of joints and determining suitable rehabilitation programs for each patient.

5 Conclusion

This paper has discussed the design and analysis of a simple rehabilitation
mechanism capable of adapting to fluctuation in the rotation axis and the adjusting
of exerted load. The obtained results can be summarized as follows;

(1) Based on the extended Oldham’s coupling mechanism, a simple spatial
rehabilitation mechanism which can transmit only driving torque while
adapting to changes in the axis of rotation has been proposed. The compo-
sition of the 1-DOF mechanism is very simple and thus contributes to the
development of a lightweight and inexpensive rehabilitation device.

(2) A practical design of a prototype to achieve a desired working range was
determined according to the result of human motion analysis experiments and
literature data. Subsequently, a kinetostatic analysis considering the effects of
gravitational force and friction on cylindrical joints was done to estimate the
magnitude of the load on the joints.

(3) Adjustment of ankle joint load by means of springs was introduced and a
practical number, location and physical properties of springs were system-
atically determined. The result of our theoretical analysis with the spring
configuration obtained was that the load force could be reduced greater than
34 %.

(4) Possibility to determine optimum length to reduce joint load was shown by
evaluating several different combination of design parameters. There is a
trend that larger link length tends to achieve less joint load. However, since
not only the compactness but also safeness should be paid attention to figure
out practical design, those two factors should be simultaneously considered.

Table 5 Load reduction index g (%)

Ankle inclination u (deg) -10 0 10

Orig (dy, ‘76) = (0.10, 0.10) 44 91 34
dy (m) Short (0.05) -8 76 3

Long (0.20) 63 90 57
‘76 (m) Short (0.05) 24 89 7

Long (0.20) 58 89 48
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Characterization of the Subsystems
in the Special Three-Systems of Screws

Dimiter Zlatanov and Marco Carricato

Abstract The paper examines the subspaces of a space spanned by three inde-
pendent twists (or wrenches) with axes parallel to a common plane. A complete
characterization of all screw cylindoids nested within a special three-system of
screws is given. The results are illustrated by means of geometric models of three-
dimensional projective space incorporating the Ball circle diagram of the
cylindroid.

Keywords Screw systems � Projective space � Mechanism synthesis

1 Introduction

In robotic systems, the possible instantaneous motions of a rigid body, or the
systems of forces acting on it, are described by a subspace of the six-dimensional
vector space of twists, or wrenches. Such linear subspaces, or the underlying
projective spaces, are referred to as screw systems. Screw systems were first
studied in [1], but a comprehensive classification and detailed geometrical char-
acterizations were obtained in [6]. See also [4, 5, 7, 8].

Two screw systems are equivalent if one can be seen as a rigid-body dis-
placement of the other. This relation divides the space of linear subspaces of se(3)
into infinitely many equivalence classes. Geometrically similar classes are
grouped into types: one general and a variety of special, according to [6].
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Following Gibson and Hunt [5] a screw-system class can be labeled by: its
dimension; I or II, indicating whether or not there are screws of more than one
finite pitch; a letter (from A to D) denoting the number (from 0 to 3) of inde-
pendent infinite-pitch screws; and additional parameters. In this paper we study
three-systems of B- and C-types, such as the seventh special [6], i.e., class
3–IBðh�; cÞ with special pitch h� and angle c.

One aspect of screw-system geometry, not yet explored in detail, is the nesting
of lower-rank systems within ones of higher dimension. The key issue is the
characterization of all two-systems within a three-system. (Nesting in higher-rank
systems reduces to lower dimensions via reciprocity.) For each three-system, one
can ask: what two-subsystem classes have representatives, and where are these
two-systems located? Such questions are of theoretical value and have practical
relevance in mechanism analysis and synthesis: subspaces describe end-effector
freedoms under additional constraints; the orbits of SE(3) action in the Grass-
manian are important when trying to find serial chains with a persistent screw-
system class [3].

This paper examines the subspaces of any three-system whose screw axes are
parallel to a plane. For those of A types, see [2]. In the most complex cases,
3–IBðh�; cÞ and 3–IB�ðh�Þ, this is done via a novel way of representing the screws
of the system as points on a plane.

2 Screws and Projective Spaces

A twist (or a wrench) is given by a pair of vectors, ðx; vÞ 2 seð3Þ, the body’s
angular velocity and the linear velocity at the origin (or ðf;mÞ 2 seð3Þ�, the
resultant force and moment at the origin). An element, n ¼ ðx; vÞ, of seð3Þ
(similarly seð3Þ�) is associated with a screw about which the body twists (or the
wrench is applied)—a line in space, ‘ðnÞ, the screw axis, with a metric scalar, the
pitch h, given by

h ¼ x � v
x � x ; r? ¼

x� v

x � x ð1Þ

where r? is the axis point closest to the origin. Conversely,
n ¼ ðx; vÞ ¼ ðx; hxþ r� xÞ, for any r 2 ‘ðnÞ. An infinite-pitch screw is a pure
direction of a translation ð0; vÞ (or a force couple ð0;mÞ).

Each screw is identified with a class, n½ �, of twists obtained from each other by
(real-number) scalar multiplication, i.e., it is an element of the five-dimensional
real projective space, n½ � 2 Pðseð3ÞÞ, generated by seð3Þ. Real projective n-space,
PðRnþ1Þ ¼ RP

n, is defined by imposing the equivalence relation x� kx, k 6¼ 0, on
R

nþ1 � f0g, identifying vectors that are scalar multiples. The equivalence classes
can be thought of as lines through the origin in R

nþ1.
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It is often desirable to visualize the elements of projective n-space as points of
an n-manifold. One classic way is the so-called straight model, which maps RP

n

onto R
n with an added hyperplane at infinity, by intersecting the lines (in R

nþ1)
through the origin with an n-plane away from it. The prestereographic model [9]
uses a sphere SnðsÞ, with antipodal points O and some s 2 R

nþ1. For a line through
O not tangent to SnðsÞ, we take the second intersection point as the image. The
lines tangent to the sphere at the origin have no such second point, and so the
image space needs to be augmented by ‘‘blowing-up’’ the origin and replacing it
with a copy of RPn�1. The sphere SnðsÞ can then be mapped onto a hyperplane via
stereographic projection from the antipode, s. If n = 2 this results in a plane image
(a circle inversion of the straight model) with a single point at infinity and a finite
point blown-up. In Sects. 4 and 5 we use two models which map a three-system
onto exactly such an image: a single-point-compactified plane with one other point
blown-up.

3 The Ball Circle of the General Two-System

The screw system, P1 ¼ PðA2Þ, of a two-dimensional subspace A2 	 seð3Þ, is
classified as general, when it has a pair of generators, A2 ¼ Span ðn1; n2Þ, on the
principal screws of the system, with different finite pitches, h1 [ h2, and inter-
secting perpendicular axes. In a coordinate frame with Ox and Oy along these axes:

n1 ¼ ði; hiiÞ; n2 ¼ ðj; h2jÞ ð2Þ

n ¼ chn1 þ shn2 ¼ ðchiþ shj; h1chiþ h2shjÞ ð3Þ

with ch ¼ cos h, sh ¼ sin h, where h is the screw-axis direction angle from Ox.
It is easy to obtain the pitch and the axis location:

h ¼ h2 þ Hc2
h; r? ¼ Hchshk ð4Þ

where H ¼ h2 � h1. Eliminating h we obtain

ðp� H

2
Þ2 þ z2 ¼ H2

4
ð5Þ

the equation of a circle in the (z, p) plane. This Ball circle, models geometrically
the relationship between screw-axis location and pitch in the cylindroid [1, 6, 9]. It
can be shown to be a prestereographic model of P1 [9]. This reflects the fact that
the angle between the (projected) axes of any two screws is subtended by the arc
between their image points on the circle.

Since translations in the (z, p) plane will just shift a circle, it follows that the
two-system can be represented with a circle of the same size in a plane (Z, h),
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where h is the absolute pitch (rather than the relative, p) and Z is the elevation with
respect to some arbitrary horizontal zero plane (rather than the central plane of the
cylindroid identified with Oxy in the special coordinate system chosen above).
This allows various different two-systems, with screws normal to a common
direction, to be represented as circles on the same pitch-to-elevation plane.

In fact, some three-systems can be faithfully parameterized by the pair (z,
p) [10]. In all such models, general two-systems appear as circles in the parameter
plane. Moreover, this will be true after any change of variables which maps circles
into circles, e.g., reflections, rotations, and dilations can be used. One novel such
parameterization yielding a useful planar model is introduced in the following
section.

4 Model and Subsystems of the Seventh-Special Three-
System

A seventh-special three-system, class 3–IBðh�; cÞ [5, 6], has basis and generic twist

nx ¼ ði; h�iÞ; ny ¼ ðj; h�jÞ; s ¼ ð0; cciþ sckÞ ð6Þ

n ¼ chnx þ shny þ ms ¼ ðchiþ shj; ðh�ch þ mccÞiþ h�shjþ msckÞ ð7Þ

The system’s finite-pitch screws are all parallel to Oxy, Fig. 1. Those with pitch
h� form two pencils: concurrent at O in Oxy and a Oy-parallel in the plane through
Oy normal to cciþ sck.

For the pitch and the axis location of n we have:

z

x

y

y

x

θ θ

θ

γ
γ

ξ

τ

ξ

σ

Fig. 1 The axes of the
screws with any given
direction, h, in 3–IB ðh�; cÞ
form a plane, rh.
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h ¼ h� þ p ¼ h� þ mchcc ð8Þ

r? ¼ dþ zk ¼ mðshsci� chscjÞ � mshcck: ð9Þ

We notice that almost every finite-pitch screw is defined univocally by the
projection, d, of r? on Oxy. The only exceptions are the screws in the central h�-
pitch pencil at O, for which d ¼ 0. Thus we can use the plane ðdx; dyÞ with point
O blown up (to include the concurrent h�-pencil) and an added single point at
infinity (to represent the1-screw) as a model of the three-system. Moreover, since

d ¼ dxiþ dyj ¼ �zðtan cÞi� pðtan cÞj ð10Þ

this geometric representation also describes the pitch and location of the screw.
From what was said in the previous section, general two-subsystems are

mapped into circles in the ðdx; dyÞ plane. Each such circle must pass through O,
because every two-subsystem includes a screw in the central pencil. (Every two
projective two-subspaces in a three-space intersect.)

For example, the platform twists of the Exechon tripod form a 3–IBð0; cÞ
system in almost every configuration, (including the singular one in) Fig. 2 [11]. If
an actuator is blocked, the constraint-wrench basis can be augmented by the pure
force along the leg, uA, shown in Fig. 2—left with the original concurrent and
planar force pencils. This leaves only a two-system of freedoms, A, spanned by

rotations q1 and q2, with axes intersected by ‘ðuÞA. In the model plane, Fig. 2—
right, A is the circle through the image point d2 of q2, and with tangent at
O perpendicular to thedirection of q1 direction at O.

The principal screws of a general two-subsystem are represented on the circle
by the antipodal points with tangents parallel to Ox. Conversely, given h1 [ h2, a
nested 2–IA ðh1; h2Þ system is given by a circle tangent to the (Ox-parallel) lines
dy ¼ y ¼ �ðhi � h�Þ tan c, i ¼ 1; 2. If h�[ h1 or h2 [ h�, there is no solution,

Fig. 2 The freedoms, A ¼ Span ðq1;q2Þ, of the Exechon platform with a blocked actuator
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when h� ¼ hi there is a unique solution, and when h1 [ h�[ h2 there are exactly
two subsystems of this class, Fig. 3. The elevation, z, and the Oxy projection, r, of
the center are

z ¼ e
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðh1 � h�Þðh� � h2Þ

p
ð11Þ

r ¼ e tan cð2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðh1 � h�Þðh� � h2Þ

p
iþ ðh1 � h2ÞkÞ; e ¼ 
1: ð12Þ

The special two-subsystems are: the 2–IIðh�Þ central pencil in Oxy; the IIB ðh�Þ
parallel pencil in a plane through Oy normal to cciþ sck (the abscissa axis in the
model); and two representatives of each class 2–IBðbÞwith c\ch ¼ b\p=2, Fig. 1.

5 Model and Subsystems of the Eigth-Special
Three-System

A system of class 3–IB�ðh�Þ (eighth-special in [6]) is spanned by
nx ¼ ði; h�iÞ; ny ¼ ðj; h�jÞ; and sz ¼ ð0; iÞ, Fig. 4. For finite-pitch normalized
twists in the system,

n ¼ chnx þ shny þ msz ¼ ðchiþ shj; ðh�ch þ mÞiþ h�shjÞ ð13Þ

Fig. 3 Nested general two-
subsystem in 3–IBðh�; cÞ: top
h1 [ h�[ h2; bottom
h1 ¼ h�
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h ¼ h� þ p ¼ h� þ mch; r? ¼ zk ¼ �mshk : ð14Þ

We notice that almost every screw is defined univocally by the vector

w ¼ wxiþ wyj ¼ mchi� mshj ¼ pi� zj: ð15Þ

The only exceptions are the screws in the central h�-pitch pencil at O, for which
w = 0, and the1-pitch screw. We can, therefore, model the system with the plane
ðp;�zÞ, supplemented with a single point at infinity (the1-screw) and with point
(0, 0) blown up (adding a copy of RP1, the h�-pencil).

This is a mirror image of the ðp; zÞ plane, and so general two-subsystems appear
as circles. As in the model of 3�IBðh�; cÞ, all such circles pass through O, as every
two-subspace intersects the concurrent pencil, another two-subspace. However,
here the screw of the pencil has an axis on the tangent (rather than the normal) to
the circle.

As in the 3–IBðh�; cÞ model, given h1 [ h2, there are: no subsystems of class
2–IAðh1; h2Þ if h�[ h1 or h2 [ h�; exactly one when h� ¼ h1 [ h2 or
h1 [ h2 ¼ h�; and exactly two when h1 [ h�[ h2, Fig. 5. The centers of all
cylindroids project on O and the formula for z in (11) remains valid, as is obvious
from the figure.

There are special two-subsystems of all types except IIC (only1-screws): one
2–IIðh�Þ (the central pencil); one IIBðh�Þ (in the Oyz plane, the abscissa axis in the
model); one IB� (on Ox); and two representatives of each class 2–IBðhÞ, Fig. 4.

6 Nested Two-Systems in the Remaining Three-Systems

We briefly review the subsystems in all other three-systems of type B, C, and D.
A system of class 3–IBðhx; hyÞ is spanned by ði; hxiÞ, ðj; hyjÞ, ð0; kÞ.

A 2–IAðhx; hyÞ cylindroid is reproduced at every point of Oxy. All other subsys-
tems are of classes 2–IIBðhÞ, hx� h� hy, each spanned by a cylindroid screw and
ð0; kÞ.

Fig. 4 The 3–IB�ðh�Þ
system and the plane formed
by the screw axes with
direction angle h
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In 3�ICðcÞ, a basis is ði; 0Þ, ð0; jÞ, ð0; cciþ sckÞ. The finite pitch screws are all
parallel to Ox and arranged in planes, normal to Oy, each with a 2–IIB(h) system,
where h ¼ �y cot c. All other subsystems are of type 2–IBðbÞ, with 0\b\c, lying
in planes parallel to Ox.

A 3–IC� system, with basis ði; 0Þ, ð0; iÞ, 0; jÞ, comprises all screws parallel to
Ox in the Oxz plane. There is a single subsystem of each class 2–IIB(h) and
2–IBðbÞ. There is also one helical system, 2–IB� for every z.

The subsystems in the three remaining special three-system classes are well
known and trivial to characterize. In 3– IIB(h) (all h-screws in a plane),
3–IIC(h) (all parallel h-screws, and IID (the 1-screws) they are of classes:
2–IIA(h) and 2–IIB(h); 2–IIB(h) and 2–IIC; and 2–IIC, respectively.

7 Conclusions

The paper analyzes the nesting of two-subsystems within the screw systems of
rank three containing infinite-pitch screws. In the important case of the so called
seventh- and eighth-special systems, 3–IBðh�; cÞ and 3–IB�ðh�Þ, convenient and
sophisticated plane models are used to visualize the system, to represent geo-
metrically the relationship between pitch and axis location, and to provide a simple
geometric characterization of all existing subspaces. For each of these two three-
system classes, the ‘‘most general’’ of the special systems considered herein, it is
shown that there can be no more than two screw cylindroids of any given class,
and the subcases with zero, one, and two solutions are identified using the models.

− z

p = 0p = p2 p = p1

ξ 2

w2
ξ 1

w1

O

ξ 2

w2
ξ 1

w1

p

− z
p = 0 p = p1

ξ 2

w2 = 0 w1

ξ 1

p

Fig. 5 Nested general two-subsystem in 3–IB�ðh�Þ: left h1 [ h�[ h2; right h2 ¼ h�
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Singularity Analysis of 3-DOF
Translational Parallel Manipulator

Pavel Laryushkin, Victor Glazunov and Sergey Demidov

Abstract In this paper we analyze singularities of the 3-DOF translational parallel
mechanism with three kinematic chains, each consisting of five revolute joints.
Both Jacobian and Screw theory methods are used to determine singular points of
different types. Constraint singularity is also studied.

Keywords Parallel mechanism � Three degrees of freedom � Singularity � Screw
theory � Constraint singularity

1 Introduction

For last decades, the class of parallel robots is certainly attracting much attention
of researchers and manufacturers. For instance, Gogu [1] has over 700 pages
concerning only 2- and 3-DOF translational parallel mechanisms’ topologies.
However, along with undoubted advantages, several typical problems also exist for
this class of manipulators.

The problem of singularities is a very common issue in parallel robots. There
are some points within the workspace of a mechanism where losing a degree of
freedom or uncontrollable motion of a moving plate is possible. These points are
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called singular [2]. Minimizing the number of such points [3], finding reasonable
ways to avoid them [4] and determining singularity-free zones [5] are among the
main problems in parallel mechanism design.

It is also possible to design singularity free manipulators. For translational
parallel mechanisms this topic was deeply studied in Carricato [6].

There exist several approaches in finding and classifying singularities, for
instance [7, 8]. The most popular method of finding singular points and zones is
based on Jacobian analysis [9], and Screw theory approaches [10, 11] is also used
quite often. Here we will be using a classification proposed in Gosselin and
Angeles’ paper.

In this paper we present a singularity analysis of 3-DOF translational parallel
mechanism with three RRRRR legs. The mechanism was mentioned earlier as a
part of a family of translational parallel mechanisms, for instance in [12] and [13].
Later it was analyzed in detail in [14] where results of the overall kinematics,
dynamics and workspace analysis of the mechanism were presented.

2 Mechanism Overview

In this section we provide a quick overview of the analyzed parallel mechanism
and the results obtained during initial singularity analysis presented in our previous
paper.

The mechanism has three legs (or kinematic chains) with five revolute joints
each (Fig. 1).

Let l1 = AiBi, l2 = BiCi, l3 = CiDi, l4 = DiEi, l5 = EiF, lA = OAi then the
relationship between Cartesian coordinates x, y, z and generalized coordinates
(rotation angles) h1, h2, h3 can be expressed using system of three equations which
we can treat as three implicit functions

f1ðx; y; z; h1Þ ¼ ðy� lx sin h1Þ2 þ ðzþ lx cos h1Þ2 � l2
2 ¼ 0

f2ðx; y; z; h2Þ ¼ ðz� ly sin h2Þ2 þ ðxþ ly cos h2Þ2 � l2
2 ¼ 0

f3ðx; y; z; h3Þ ¼ ðx� lz sin h3Þ2 þ ðyþ lz cos h3Þ2 � l22 ¼ 0

ð1Þ

where

lx ¼ l2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� xþ l2
l2

� ffi2
s

; ly ¼ l2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� yþ l2
l2

� ffi2
s

; lz ¼ l2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� zþ l2

l2

� ffi2
s

Note that we assume l4 = l2 and lA + l2 = l1 + l3 + l5. These conditions
ensure that in initial position (Fig. 1) all angles between links are right angles.

Previously we have conducted a singularity research based on Jacobian and
Screw theory methods.
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Using both methods, it was analytically discovered that Type 1 singularity (loss
of moving platform mobility) can occur only at the theoretical edge of the
workspace. For Type 2 singularities (uncontrollable motion of the moving plat-
form) no analytical conditions were found, and iteration analysis was used instead.
Analytical conditions for Type 3 singularities (can be treated as a manifestation of
both Type 1 and Type 2 singularities simultaneously) were proven to be included
in conditions for Type 1 singularities.

Iteration analysis of Type 2 singularities resulted into a statement that the
mechanism has no such singularities. Later we found that is only true for two of
eight possible mechanism configurations, corresponding to the number of inverse
kinematics solutions, and for iteration step 0.05l2 that we used in our previous
paper during singularity analysis.

In next two sections we present a more detailed iteration analysis of Type 2
singularities followed by analysis of constraint singularities. All numerical cal-
culations are done in MATLAB (using built-in functions if needed), and took no
longer than 787 s on a laptop with average characteristics.

3 Type 2 Singularities Analysis

We start with Jacobian analysis of Type 2 singularities. We can find partial
derivatives of (1) and form the following matrix.

Fig. 1 Scheme of the
mechanism
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A ¼ of

ox
¼

of1ðx;y;z;h1Þ
ox

of1ðx;y;z;h1Þ
oy

of1ðx;y;z;h1Þ
oz

of2ðx;y;z;h2Þ
ox

of2ðx;y;z;h2Þ
oy

of2ðx;y;z;h2Þ
oz

of3ðx;y;z;h3Þ
ox

of3ðx;y;z;h3Þ
oy

of3ðx;y;z;h3Þ
oz

0

BB@

1

CCA ð2Þ

Type 2 singularity occurs when matrix (2) is singular, i.e. det(A) = 0.
As we mentioned earlier, we use an iteration method to find such singularities.

The idea is to scan a workspace of the mechanism with a relatively small step and
find a value of matrix determinant in each point. Then we assume that if for two
neighbor points the determinant value have different signs (‘‘+’’ and ‘‘-’’) than
there is a some point between those two where det(A) = 0, so Type 2 singularity
occurs.

With this said and assuming iteration step is equal to 0.025l2 and l2 = 20, we
have found that for two of eight possible configurations of the mechanism’s legs
approximately 0.27 % of analyzed workspace points have det(A) [ 0 while all
other points have det(A) \ 0. These points form three small volumes lying very
close to the edge of the workspace (Fig. 2). Thus, these volumes are separated
from the workspace by surfaces consisting of Type 2 singular points.

Mechanism configuration is determined by choosing the solution of inverse
kinematics problem. Figure 3 illustrates two possible configurations of Leg 1 with
two different values of rotation angle h1.

Thus having two different possible configurations for each leg with corre-
sponding hi one can easily see that for any point in the workspace (except Type 1
singular points) there are eight possible configurations and eight different sets of
(h1,j, h2,j, h3,j) in total where j = 1, 2. For example, configuration in Fig. 1 cor-
responds to a set (h1,2, h2,2, h3,2).

Figure 2 corresponds to a set (h1,1, h2,1, h3,1). Using set (h1,2, h2,2, h3,2) also
produces only 0.27 % loss of total workspace volume, however volumes shown in
Fig. 2 will be rotated by 90�.

For other six possible configurations, Type 2 singularities divide the workspace
into several significantly large zones. Shape of these zones varies depending on the
configuration. In Fig. 4 two ‘‘slices’’ of the workspace are shown. Slice (a) cor-
responds to a set of angles (h1,1, h2,1, h3,1) and slice (b) corresponds to a set (h1,2,
h2,1, h3,1). Here l2 = 20 and coordinate z is fixed at z = -18.

Darker areas present points where det(A) [ 0 and lighter areas present points
where det(A) \ 0. The lightest area around does not belong to the workspace.

One can see that for set (h1,1, h2,1, h3,1) the area separated by Type 2 singu-
larities from the main workspace is quite insignificant while for set (h1,2, h2,1, h3,1)
it appears to be much bigger, and Type 2 singularity can occur in the middle part
of the workspace. Furthermore, moving plate of real mechanism most likely will
not be capable to reach the volumes shown in Fig. 2 because it requires AiBi, BiCi,
and CiDi to be on the same line and at the same place.
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Thus, Type 2 singularities depend on mechanism configuration but undesirable
configurations can be easily avoided by choosing one of two optimal configura-
tions and corresponding set of rotation angles: (h1,1, h2,1, h3,1) or (h1,2, h2,2, h3,2).

Fig. 2 Volumes separated
from the workspace by Type
2 singularities

Fig. 3 Two possible
configurations of Leg 1
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4 Constraint Singularities Analysis

Constraint singularity is a phenomenon that arises for mechanisms with less than
six degrees of freedom while legs of the mechanism have more degrees of freedom
than a mechanism itself [15]. This type of singularity cannot be analyzed by
Jacobian method because it deals with degrees of freedom that a mechanism
normally does not have. For instance, a translational parallel mechanism can
obtain a rotational degree of freedom when such singularity occurs.

In order to analyze constraint singularities, Screw theory approach must be
used. We need to find screws that form a matrix of constraints.

First step is to find corresponding twists for each leg. Using Plücker coordi-
nates, such twists for Leg 1 can be written in the form of a matrix as follows

1 0 0 0 0 0
0 cos h1 sin h1 0 � sin h1 lA � l1ð Þ cos h1 lA � l1ð Þ
0 cos h1 sin h1 lx � sin h1 xþ l5 þ l3ð Þ cos h1 xþ l5 þ l3ð Þ
1 0 0 0 �lx cos h1 �lx sin h1

1 0 0 0 z �y

0
BBBB@

1
CCCCA

For these twists we can now find a reciprocal wrench. Doing this for each leg,
we obtain three wrenches and can form a matrix of wrenches. For the discussed
mechanism this matrix is

0 0 0 0 sin h1 � cos h1

0 0 0 � cos h2 0 sin h2

0 0 0 sin h3 � cos h3 0

0
@

1
A

Fig. 4 Slices of the workspace at z = -18
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When this matrix loses its maximum rank (3 in this case) a constraint singu-
larity occurs.

Using the same iteration approach as for Type 2 singularities analysis we have
found that for sets (h1,1, h2,1, h3,1) or (h1,2, h2,2, h3,2) approximately 4.48 % of total
workspace volume will be separated by a surface consisting of points of constraint
singularity. This volume is situated at the top part of the workspace (Fig. 5).

The research shows that for other six possible configurations the workspace
divided into several parts. Though, the shapes of these parts are different, such
situation is clearly as unacceptable as it was with undesirable mechanism con-
figurations when we analyzed Type 2 singularities.

The volumes shown in Figs. 2 and 5 intersect, and total theoretical workspace
volume loss is 4.69 % due to both Type 2 and constraint singularities.

Thus, constraint singularities, just like Type 2 singularities, depend on mech-
anism configuration. Undesirable configurations can be avoided by choosing
between two optimal configurations which are the same for Type 2 singularity
avoidance.

5 Conclusion

In this paper the analysis of 3-DOF translational parallel mechanism (focused on
Type 2 and constraint singularities) is presented. The two optimal configurations
of mechanism links and corresponding sets of input rotation angles were discov-
ered, so the total loss of the theoretical workspace volume is about 4.69 %. This

Fig. 5 Volume separated
from the workspace by
constraint singularities
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means that for actual mechanism, if designed with taking these results into
account, at least 95.31 % of the workspace volume will be singularity-free with
singular points of any kind only at the edge of this volume.
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Generalised Complex Numbers
in Mechanics

J. Rooney

Abstract Three types of generalised complex number provide concise represen-
tations for spatial points and transformations useful in geometry and mechanics.
The most familiar type is the ordinary complex number, aþ ib ði2 ¼ �1Þ, used to
represent stretch-rotations about a point in 2D space. A second type of generalised
complex number is the dual number, aþ eb ðe2 ¼ 0Þ, used to represent shear
transformations and inversions in 2D space. The third type of generalised complex
number is the double number, aþ jb ðj2 ¼ þ1Þ, used to represent boosts (simple
Lorentz transformations) in 2D space-time. Each of the three types may be
expressed in various explicit forms (Gaussian, ordered pair, matrix, parametric,
exponential) for algebraic convenience, computational efficiency, and so on.
Combining dual numbers with vectors and quaternions provides an efficient rep-
resentation of general spatial screw displacements in 3D space.

Keywords Complex � Dual and double numbers � Stretch-rotations � Shears �
Boosts

1 Introduction

Mechanics is a very extensive subject area with a long history. It encompasses not
only classical mechanics but also relativistic mechanics and quantum mechanics.
In the field of robotics numerous different mathematical approaches have been
adopted to facilitate the modelling, analysis, and design of a large range of robot
systems. However, whereas to date most such systems operate in the ‘classical’
régime of relatively low speed it is envisaged that the subject will expand to
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encompass robot designs for application in ultra-high speed scenarios. In this paper
the emphasis is theoretical and it explores three efficient mathematical represen-
tations of geometrical transformations relevant in both classical and relativistic
mechanics. The paper simplest class on the algebraic representation of geometric
transformations (stretch-rotations, shears, inversions, and boosts) in 2D space.
Three types of ‘generalised’ complex number are compared that lead to efficient
formulations of these transformations.

The Fundamental Theorem of Algebra, proves that so-called complex numbers
of the form aþ ib with i2 ¼ �1 are necessary and sufficient for the solution of all
polynomial equations. However, it is not commonly known that it is possible to
construct two further distinct types of ‘complex’ number [1, 2]. These are the dual
number, aþ eb, where e2 ¼ 0, and the double number, aþ jb, where j2 ¼ þ1.
They are not necessary for obtaining solutions to polynomial equations but they
are very useful as algebraic representations in geometry, especially for some types
of constructs in mechanics.

Here the algebraic representations of the three types (complex, dual, and
double) are discussed in Sect. 2 and their geometric interpretation as both points
and transformations in an Argand plane is discussed in Sect. 3. Then, in the same
way that the unit complex number expðiaÞ can describe a rotation about a point in
a plane through an angle a, the unit dual number expðesÞ describes a plane shear
transformation parallel to the y-axis through a shear s, and the unit double number
expðjbÞ describes a plane boost (a simple Lorentz transformation) through a
rapidity b. Similarly, non-unit complex, dual and double numbers produce stretch-
rotations, stretch-shears and stretch-boosts respectively.

2 Generalized Complex Numbers

The simplest polynomial equation which does not have a real root, is the quadratic
x2 þ 1 ¼ 0. Its eventual solution led to the now familiar complex numbers aþ ib,
where a and b are reals and i2 = -1. However, it is possible to start with a more
general quadratic x2 þ k1xþ k2 ¼ 0, with discriminant D ¼ k2

1 � 4k2, and Yaglom
[2] proposed a generalized imaginary unit, E, where E2 ¼ �k1E � k2, leading to
the construction of generalized complex numbers of the form a + Eb. Three
different types of generalized complex number are possible, forming three disjoint
equivalence classes, according as the discriminant D is negative, zero, or positive.

The simplest class with D\0 has k1 ¼ 0; k2 ¼ 1, in which case E is denoted by
iði2 ¼ �1Þ; and aþ Eb is essentially the ordinary complex number, aþ ib. Sim-
ilarly, the simplest class with D ¼ 0 has k1 ¼ 0; k2 ¼ 0. The imaginary unit E is
then denoted by e where e2 ¼ 0, although e is not itself zero nor a small quantity,
and aþ Eb is defined as the dual number, aþ eb. The dual numbers were first
introduced by Clifford [3] in a geometrical context. Finally, the simplest class with
D [ 0 has k1 ¼ 0; k2 ¼ �1. The imaginary unit E is then denoted by j where
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j2 ¼ þ1, although j is not the real number 1 nor -1, and aþ Eb is defined as the
double number, aþ jb.

Addition and subtraction of two numbers from the same class are performed
component-wise, whereas multiplication is defined by three different multiplica-
tion rules (and hence algebras) for the product of two numbers, as follows:

ða1 þ ib1Þða2 þ ib2Þ ¼ a1a2 � b1b2ð Þ þ iða1b2 þ a2b1Þ complex numbers
ða1 þ eb1Þða2 þ eb2Þ ¼ a1a2ð Þ þ eða1b2 þ a2b1Þ dual numbers
ða1 þ jb1Þða2 þ jb2Þ ¼ ða1a2 þ b1b2Þ þ jða1b2 þ a2b1Þ double numbers

A multiplicative inverse for each type of number is defined in terms of a
conjugate and a norm. For the complex number these are a� ib and a2 þ b2

respectively, whence the inverse is ða� ibÞ=ða2 þ b2Þ. For the dual number the
equivalents are a� eb; a2 and ða� ebÞ= a� ebð Þða2Þ. For the double number they
are a� jb; a2 � b2 and a� jbð Þ= a2 � b2ð Þ. The inverse exists for all nonzero
complex numbers. The dual-number inverse does not exist if a ¼ 0, so dual
numbers of the form eb have no inverse. Similarly the double number inverse is
not defined if aj j ¼ bj j, so double numbers of the form a� ja have no inverse.

The most common representations for these numbers are the standard Gaussian
forms: aþ ib; aþ eb; and aþ jb (Table 1), but several others are in use for the
ordinary complex number, namely: ordered pair, matrix, polar, and exponential.
These have analogues in the dual and double numbers. The ordered pair form for
each of the three types is an obvious one. The matrix forms are obtained by
treating the three fundamental quadratics x2 þ 1 ¼ 0; x2 ¼ 0; and x2 � 1 ¼ 0 as
matrix equations. The matrix forms of the imaginary units, i, e and j, and the
complex, dual and double numbers aþ ib; aþ eb; and aþ jb are respectively:

0 �1
1 0

� �
;

0 0
1 0

� �
;

0 1
1 0

� �
; and

a �b
b a

� �
;

a 0
b a

� �
;

a b
b a

� �

Note that the square of the second of these matrices is the zero matrix but it is
not itself the zero matrix. Similarly the third matrix is not the unit matrix, nor its
negative, yet its square is the unit matrix.

The polar forms and the exponential forms of the three types of number are
expressed in terms of two real parameters referred to as modulus and argument.
These are: r and h (essentially polar coordinates) for the complex numbers; R and
T for the dual numbers; and q and / for the double numbers (Table 1).

The polar and exponential forms greatly simplify the multiplication rules, so
that the modulus of the products is given by the product of the individual moduli,
whereas the argument of the products is the sum of the individual arguments. Note
that the exponential forms are derived by using Taylor-series expansions for
functions of a generalized complex number.
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3 Geometrical Interpretations

Treating the ordered pair forms (a, b) of the complex, dual and double numbers as
the Cartesian coordinates of the points of a plane (the Argand diagram) the three
algebras generate three different geometrical transformations on the points. The
complex number algebra produces stretches, rotations and reflections, whereas the
dual number algebra produces stretches, shears and inversions, and the double
number algebra produces stretches and boosts.

3.1 Stretch-Rotations in a Plane

The complex-number algebra generates stretch-rotations on the points of a plane.
A general point (x, y) is associated with the complex number x + iy. Its modulus

r is the distance,
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
, of the point from the origin, and its argument h is the

angle between the radial line to the point and the x-axis (Fig. la). The lines of
constant modulus are concentric circles, x2 þ y2 ¼ r2, centred on the origin, and
the lines of constant argument are straight lines passing through the origin with
slope tanh. Expressing x + iy in polar form as rðcoshþ isinhÞ and pre-multiplying
it by another complex number with argument a and unit modulus, gives
ðcosaþ isinaÞr coshþ isinhð Þ ¼ r cos hþ að Þ þ isin hþ að Þ½ �. The equivalent in
exponential form is expðiaÞrexp ihð Þ ¼ rexp i hþ að Þ½ �.

The pre-multiplication increases the argument of x + iy by a while leaving the
modulus unchanged, and so it rotates the point about the origin through a distance
ra along a circular arc to the new position, x0 þ iy0 (Fig. 2a). The effect of pre-
multiplying by expðiaÞ is to rotate all points in the plane anticlockwise through the
angle a. Pre-multiplication by a non-unit complex number gives a stretch-rotation
of the plane (a rotation with a change of scale).

Table 1 The three types of generalised complex number

Complex Dual Double

Gaussian aþ ib aþ eb aþ jb
Modulus r ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2
p

R ¼ a q ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � b2
p

; aj j[ bj j
q ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � a2
p

; aj j\ bj j
Argument h ¼ tan�1 b=að Þ T ¼ b=a; a 6¼ 0 / ¼ tanh�1 b=að Þ; aj j[ bj j

/ ¼ tanh�1 a=bð Þ; aj j\ bj j
Polar rðcoshþ isinhÞ Rð1þ eTÞ qðcosh/þ jsinh/Þ; aj j[ bj j

qðsinh/þ jcosh/Þ; aj j\ bj j
Exponential r expðihÞ R expðeTÞ q expðj/Þ; aj j[ bj j

qj expðj/Þ; aj j\ bj j
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It is useful to interpret the argument h of an ordinary complex number as twice
the area of the sector of the unit circle, x2 þ y2 ¼ 1, bounded by the x-axis and the
radial line to the point (Fig. la) [4]. Thus a rotation through a corresponds to an
increase in this area by a/2 (Fig. 2a). This interpretation more clearly demonstrates
the analogies with the arguments of the dual numbers and double numbers
(Sects. 3.2 and 3.3).

3.2 Shears and Inversions in a Plane

The dual-number algebra generates shear transformations of the points of a plane.
A general point (x, y) is associated with the dual number x + ey. Its modulus R is
the xcoordinate of the point. Its argument T is twice the area of the triangle defined
by the x-axis, the line x ¼ 1 (or x ¼ �1 if the x coordinate of the point is negative),
and the radial line to the point (Fig. lb). The lines of constant modulus are straight
lines, x2 ¼ R2, parallel to the y-axis, whereas the lines of constant argument are
straight lines passing through the origin with slope T. Pre-multiplying x + ey by

Fig. 1 The interpretation of the three types of complex number as points in a plane: a the
complex number xþ iy; b the dual number xþ ey; c the double number t + jx

Fig. 2 The effect on a single point in a plane of: a unit complex-number pre-multiplication by
expðiaÞ; b unit dual-number pre-multiplication by expðesÞ; c unit double-number pre-
multiplication by expðjbÞ
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another dual number with argument s and unit modulus, gives in polar form
ð1þ esÞRð1þ eTÞ ¼ R½1þ eðT þ sÞ�. The equivalent in exponential form is
expðesÞRexp eTð Þ ¼ Rexp½eðT þ sÞ�. The pre-multiplication increases the argument
of xþ ey by s. Figure 2b shows that this corresponds to a translation of the point,
parallel to the y-axis, through a distance Rs, to the new position x0 þ ey0. The effect
of pre-multiplying by expðesÞ is thus to shear the plane parallel to the y-axis
through the shear s, where the angle of shear is tan�1s. Pre-multiplication by the
dual number �ð1þ esÞ with negative modulus R ¼ �1 produces a shear trans-
formation accompanied by an inversion (reflection in the origin). Also, if the pre-
multiplication is by a non-unit dual number the resulting transformation is a
stretch-shear of the plane (a shear with a change of scale).

3.3 Boosts in a Plane

The double-number algebra generates boost transformations of the points of a
plane. These involve equal shears along x- and y-axis, that are useful in special
relativistic mechanics [5]. A general point (x, y) is associated with the double
number xþ jy, but, it is better to consider the general point to be an event in 2D
space-time with coordinates (t, x), where t represents time (considered as a spatial
dimension), x represents a single space dimension in which motion can take place,
and the system of units is chosen so that the speed of light, c, is unity. The point is
then associated with the double number t þ jx.

The points on the lines tj j ¼ xj j lie on the light-cone through the origin O and
they are in a sense singular since they have no double-number inverse (Sect. 2).
The plane is divided into four quadrants by the light-cone (Fig. lc). The two
quadrants given by tj j[ xj j represent future and past events of O, and consist of all
points (t, x) which can be reached from O or from which O can be reached at a
speed less than that of light ðso x=tj j\1Þ. These are time-like points. The other two
quadrants given by tj j\ xj j are elsewhere, and points in these regions can neither
reach O nor be reached from O at a speed less than that of light ðso x=tj j[ 1Þ. The
points in these two quadrants are space-like points.

The double-number modulus q of a time-like point t þ jxð tj j[ xj jÞ represents

the space-time interval,
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 � x2
p

between the point and the origin. The argument
/ is twice the area of the hyperbolic sector defined by the unit rectangular
hyperbola, t2 � x2 ¼ 1, the t-axis, and the radial line to the point (Fig. lc). The
lines of constant modulus in the time-like quadrants are rectangular hyperbolae,
t2 � x2 ¼ q2, centred on the origin with the light-cone tj j ¼ xj j as asymptotes,
whereas the lines of constant argument are straight lines through the origin with
slope tanh/ ¼ x=t:

Similarly, the modulus q of a space-like point t þ jxð tj j\ xj jÞ is
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � t2
p

and the
argument / is twice the area of the hyperbolic sector defined by the unit rectangular
hyperbola, x2 � t2 ¼ 1, the x-axis, and the radial line to the point (Fig. lc). The lines
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of constant modulus in this case are the rectangular hyperbolae, x2 � t2 ¼ q2, and
the lines of constant argument are straight lines through the origin with slope coth
/ ¼ x=t. Pre-multiplying t þ jx by another double number (from the time-like
quadrants) with argument b and unit modulus, gives, in polar form:
ðcoshbþ jsinhbÞqðcosh/þ jsinh/Þ ¼ q½coshð/þ bÞ þ jsinhð/þ bÞ� if tj j[ xj j;
ðcoshbþ jsinhbÞqðsinh/þ jcosh/Þ ¼ q½sinhð/þ bÞ þ jcoshð/þ bÞ� if tj j\ xj j.
The exponential forms are expðjbÞqexpðj/Þ ¼ qexp½jð/þ bÞ�; or expðjbÞ
qjexpðj/Þ ¼ qjexp½jð/þ bÞ� respectively dependent on the quadrant in which t þ
jx is located.

The pre-multiplication thus leaves the modulus q unchanged and increases the
argument of t þ jx by b. By reference to Fig. 2c this clearly corresponds to a
displacement of the point along an appropriate rectangular hyperbola through the
space-time interval qb, to the new position t0 þ jx0. Time-like points remain time-
like, and space-like points remain space-like. The transformation is a type of shear
transformation symmetric about the line t ¼ x, and known as a boost (the simplest
type of Lorentz transformation), which is the standard connection relating the
space-time coordinates of a point in a fixed frame of reference to those in a frame
moving with constant velocity [5]. The latter velocity is given by tanhb, where b
itself is termed the rapidity [6]. Pre-multiplication by expðjbÞ is equivalent to a
boost through the rapidity b. Pre-multiplication by a unit double number,
sinhbþ jcoshb, from the space-like quadrants produces a boost with a reflection in
one of the two lines tj j ¼ xj j representing the light-cone. If the pre-multiplication is
by a non-unit double number the transformation is a stretch-boost of the plane (a
boost with a change of scale).

4 Discussion and Conclusions

Three types of generalised complex number were considered in this paper, pro-
ducing various types of geometric transformation. In exponential form the unit
complex, dual, and double numbers expðiaÞ; expðesÞ; and expðjbÞ generate rota-
tions, shears and boosts respectively. These transformations have been interpreted
in the active sense acting on the points of a plane, leaving the coordinate system
fixed. For passive transformations acting on the coordinate system rather than on
the points the appropriate complex, dual, and double numbers to use are
expð�iaÞ; expð�esÞ; and expð�jbÞ respectively. Non-unit complex, dual and
double numbers produce stretch-rotations, stretch-shears, and stretch-boosts,
respectively. Combinations of these transformations can be performed within a
given plane by successively representing the points of the plane by the appropriate
type of generalised complex number at each stage. But this must be done carefully,
because combining, for example, the complex number cosaþ isina with the
double number coshbþ jsinhb by multiplying them together produces the 4D
object, cosacoshbþ isinacoshbþ jcosasinhbþ ijsinasinhb. Here, as before,
i2 ¼ �1 and j2 ¼ þ1, but their product ij is a new object to be defined.

Generalised Complex Numbers in Mechanics 61



Combinations of complex, dual or double numbers with other algebras leads to
efficient representations of more general types of transformation. For example,
combining the dual number algebra with the quaternion algebra produces the dual
quaternion algebra, now used widely in mechanics. Thus the dual unit quaternion
[7]:

cos
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� e

S

2
sin

h
2

� �
þ l sin

h
2
þ e l

S
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cos

h
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þ lo sin

h
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þ m sin
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þ e m
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þ e n
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2
cos

h
2
þ no sin

h
2

� �� �
k

represents a general spatial screw displacement of the coordinate system about the
line with direction cosines (l, m, n) and moment about the origin (lo, mo, no),
through an angle h and a distance S, where e2 ¼ 0; i2 ¼ �1; j2 ¼ �1;
k2 ¼ �1; and ijk ¼ �1. Further work will explore these combinations in more
detail as well as extending the generalized complex number approach to gen-
eralized hypercomplex numbers for application in 3D mechanics.
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On the Perturbation of Jacobian Matrix
of Manipulators

Leila Notash

Abstract The wrench capabilities of manipulators under uncertainties in param-
eters are examined. The forces/torques of joints are calculated utilizing the per-
turbed and interval forms of Jacobian matrix. The differential of Jacobian inverse
and the resultant differential joint inputs are considered. Reported example parallel
manipulators show the implementation of methods and the validity of distinct
errors compared to uncertainties set as interval.

Keywords Parallel manipulators � Parameter uncertainty � Wrench capabilities

1 Introduction

In parallel manipulators, the mobile platform (end effector) is connected to the
base by several legs that act in parallel to share the payload and control the
platform motion (Fig. 1). When the number of actuated joints n is equal to the task
space dimension m, n ¼ m, the inverse of Jacobian matrix gives a unique solution
for the vector of joint forces/torques. When n\m, in general, there is no solution
for the joint vector and the generalized inverse results in a minimum 2-norm least
square solution that minimizes the error in the required platform wrench. When
n [ m there are infinite solutions for the joint inputs for a given wrench.

Because of the error introduced during the manufacturing and assembly pro-
cesses, as well as actuator/sensor resolutions and round-off errors, generally the
exact values of manipulator parameters and data are not known. Using the nominal
values, the calculated characteristics of manipulators may differ from their actual
performance. Calibration improves their functioning to a degree but will not result
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in the exact values of parameters. Hence, their performance may be degraded due
to the calculations/analyses conducted with inexact parameters/data. In addition, it
may be desired to investigate the performance of a family of manipulators for an
interval of values for the design parameters, identify all designs that fulfill the
requirements and then select the best ones (appropriate designs) for a given
application and required characteristics, e.g., [1]. Therefore, knowledge on how
the variations in parameters, with exact and inexact data/input, could affect the
manipulator performance is very valuable during their design, implementation and
operation. In Sect. 2, formulation of joint forces/torques in the presence of
uncertainties in design parameters and error in data is discussed. Simulation results
are presented in Sect. 3. Article concludes with Sect. 4.

2 Formulation of Joint Inputs with Parameter Uncertainty

For the n degrees of freedom (DOF) parallel manipulators operating within their

workspace, the n� 1 vector of joint forces/torques s ¼ s1 � � � sn½ �T is related
to the m� 1 (m� 6) vector of forces and moments (wrench) F applied by the
platform with the m� n transposed Jacobian matrix JT as

F ¼ JTs ¼ JT
1 JT

2 � � � JT
i � � � JT

n�1 JT
n

� �
s ¼

Xn

j¼1

JT
j sj: ð1Þ

Column j of JT , JT
j , corresponds to the wrench applied on the platform by the

jth active joint. The solution of F ¼ JTs is

s ¼ sp þ sh ¼ J#T Fþ I� J#T JT
ffi �

k ¼ J#T Fþ N k

slmin� s l ¼ sp l þ sh l ¼ sp l þ
Xn�m

j¼1

nljkj� slmax for l ¼ 1; . . .; n
ð2Þ

where J#T is the Moore-Penrose generalized inverse (GI) of JT . If n [ m and the
joint vector is not physically consistent, e.g., manipulator has a combination of

actuated revolute and prismatic joints, J#T ¼W�1
s J JT W�1

s J
ffi ��1

is the weighted

(a) (b) 
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Mobile     

Platform
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Fig. 1 Planar parallel
manipulators with
a 3 actuators; and b 2
actuators
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GI of full-row rank JT . The weighting metric Ws is chosen to have sTðWs sÞ
physically consistent. The homogenous solution sh ¼ ðI� J#T JTÞ k ¼ N k van-
ishes when JT is of full-column rank as J#T JT ¼ I. When one or more entries of
the minimum 2-norm (particular) solution sp ¼ J#T F exceed the limit, the joint
forces/torques may be adjusted by identifying the homogenous solution sh that
would set all the joint forces/torques at or within their limits, i.e.,
smin� sp þ sh � smax. For example, the novel methodology of [2] provides closed-
form, minimum 2-norm least square solution for joint inputs, to recover from
failures (such as exceeding joint limits), and is continuous as long as the GI is
continuous, i.e., for locally constant rank JT .

2.1 Perturbation Bound

The uncertainty in parameters and error in data will result in perturbation of the

transposed Jacobian matrix JT , i.e., ~J
T ¼ JT þ E. Then, the absolute error is

defined as ~J
T � JT

���
��� ¼ Ek k, and for JT

�� �� 6¼ 0 the relative error is

~J
T � JT

���
���= JT
�� �� ¼ Ek k= JT

�� �� where JT
�� �� is the norm of the m� n matrix JT ,

and so on. When there is a matrix R such that ~J
T ¼ JTðIþ RÞ and a consistent

norm is used, i.e., JT R
�� ��� JT

�� �� Rk k, then the relative error is less than or equal

to the norm of R, i.e., ~J
T � JT

���
���= JT
�� ��� Rk k. It is noteworthy that the Frobenius

norm JT
�� ��

F
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Pm

i¼1

Pn

k¼1
jikj j2

s
¼ traceðJJTÞ1=2 and spectral norm (matrix 2-norm)

JT
�� ��

2
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kmaxðJJTÞ

p
¼ rmaxðJTÞ, with kmaxðJJTÞ and rmaxðJTÞ being respectively

the largest eigenvalue and singular value of JJT and JT , are consistent.
For a given F, ~s will be the solution for the perturbed form of linear system (1)

as

F ¼ ~J
T
~s ¼

Xn

j¼1

~J
T
j ~sj: ð3Þ

The solution exists if and only if the GI of ~J
T

is a continuous function of its

entries, i.e., for constant rank ~J
T
. When rank ðJTÞ = rank ð~JTÞ the perturbed

Jacobian matrix ~J
T ¼ JT þ E is an acute perturbation of JT . When rank ðJTÞ\

rank ð~JTÞ at least one of the singular values of ~J
T

approach zero as ~J
T

gets close to

JT . Then ~J
#T

, with its spectral norm ~J
#T

���
���

2
¼ 1=rmin, diverges. If JT and ~J

T
are

not acute ~J
#T � J#T

���
���

2
� 1= Ek k2 and ~J

#T
���

���
2
� 1= Ek k2 Stewart and Sun [3].
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When the n� n square matrix JT is nonsingular the open set of matrices ~J
T ¼

JT þ E with Ek k\1= J�T
�� �� are non-singular Ben-Israel and Greville [4]. For ~J

T

to become singular, a relative perturbation of at least Ek k= JT
�� ��� j�1ðJTÞ is

required Stewart and Sun [3], where jðJTÞ ¼ JT
�� �� J�T

�� �� is the condition number

of JT using a consistent matrix norm, e.g., j2ðJTÞ ¼ rmax=rmin.

2.2 Perturbation in Parameters

The effect of perturbation in np number of parameters could be investigated using
Eq. (1) and the change in the transposed Jacobian matrix JT or its generalized
inverse J#T , as well as the finite real values dF or dsp as dF ¼ dJTsþ JTds or
dsp ¼ dJ#T Fþ J#TdF. The 3 dimensional m � n � np array dJT is a linear
transformation (linearization) of JT at the given point and is formed by np number
of m � n matrices, with each m � n matrix containing the partial derivatives of
the entries of JT with respect to one of np parameters. Then

sp þ dsp ¼ J#TðFþ dFÞ þ dJ#T F: ð4Þ

For a given F, dF ¼ 0 and sp þ dsp ¼ J#T Fþ dJ#T F. The differential of
perturbed Moore-Penrose GI of Jacobian matrix dJ#T could be formulated using
the change in JT for (locally) constant rank JT as [5]

dJ#T ¼ �J#T dJT J#T þ J#T J#dJ I� JT J#T
ffi �

þ I� J#TJT
ffi �

dJ J#J#T : ð5Þ

The unique Hermitian, idempotent matrices PJT ¼ JT J#T and RJT ¼ J#T JT are
respectively the orthogonal projectors onto the range (column) and row space of
JT , and P? ¼ I� JT J#T and R? ¼ I� J#T JT are the projectors onto their
orthogonal complements. When JT is of full-row rank the second term on the right-
hand side of Eq. (5) vanishes as P? ¼ I� JT J#T ¼ 0, and when JT is of full-
column rank the third term vanishes as R? ¼ I� J#T JT ¼ 0. When JT is a full
rank square matrix dJ�T ¼ �J�T dJT J�T and both second and third terms vanish.

The perturbed least squares solution for differential dsp is [6]

dsp ¼� J#T ðJT J#TÞ dJT J#T JTsp � I� J#T JT
ffi �

dJ JT J#TJ#sp

þ ðJ JTÞ#J#T JT dJ I� JT J#T
ffi �

F:
ð6Þ
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2.3 Interval Arithmetic’s

Using interval arithmetic’s, with parameters/data modelled/given as intervals,

the point Jacobian matrix becomes an interval matrix JT ¼ ½JT ; J
T � ¼

½JT
c � DJT ; JT

c þ DJT �, where JT
c is the midpoint transposed Jacobian matrix. F ¼

½F; F� and s ¼ ½s; s� are interval vectors due to inexactness of parameters/data. If

JT ¼ ½JT ; J
T � does not include a singular matrix it is regular. Then, the exact/sharp

lower and upper bounds of s (e.g., interval hull of solution set) are computed for
the prescribed intervals of parameters/data. The dependency among entries of JT

may be addressed by preconditioning, e.g., by the inverse of midpoint matrix JT
c , in

order to tighten the solution set enclosure.
When JT is a square matrix left multiplication of JT with an exact or approx-

imate inverse of the midpoint matrix J�T
c usually results in a diagonally dominant

matrix J�T
c JT ¼ J�T

c ½JT
c � DJT ; JT

c þ DJT � ¼ ½I� J�T
c DJT ; Iþ J�T

c DJT �, which
is almost the identity. Then, the bounds for s are calculated solving

Fpcon ¼ J�T
c F ¼ J�T

c JTs ¼ ½I� J�T
c DJT ; Iþ J�T

c DJT �s: ð7Þ

When the m� n matrix JT is full-column rank with n\m, then J#T
c JT

c ¼ In

J#T
c F ¼ J#T

c ½JT
c � DJT ; JT

c þ DJT �s ¼ ½I� J#T
c DJT ; Iþ J#T

c DJT �s: ð8Þ

For over-determined systems of linear equations, residual r ¼ JTs� F belongs
to the orthogonal complement of the range space of JT or null space of J as

<ðJTÞ? ¼ NðJÞ, i.e., r 2 <ðJTÞ?. Then, Jr ¼ 0 and JJTs� JF ¼ 0 [6]. Hence,
the bounds for s could also be calculated by solving the following ðmþ nÞ �
ðmþ nÞ extended linear system#

JT �I
0 J

� 	
s
r

� 	
¼ F

0

� 	
) JT

ext sext ¼ Fext: ð9Þ

When the m� n matrix JT is full-row rank with n [ m then JT
c J#T

c ¼ Im. For
Jy ¼ s, JT Jy ¼ JTs ¼ F is solved for y and s is calculated from s ¼ Jy. Alter-
natively, the extended linear system of underdetermined case is used [7]

J �I
0 JT

� 	
y
s

� 	
¼ 0

F

� 	
) JT

ext sext ¼ Fext: ð10Þ

It is noteworthy that for the point Jacobian matrix, when JT is full-column or
full-row rank the pertinent point matrix JT

ext has full rank of mþ n. For nonsingular
interval JT , direct methods such as Gaussian elimination can produce enclosure for
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the set of exact solutions using infinite precision arithmetic. With iterative
methods, the sequence of approximate solutions converge to the unique one when
M ¼ I� JT has maximum row sum norm smaller than 1 [8].

3 Case Study

Example 1 For the redundant 2 DOF translational manipulator of Fig. 1a, with
three legs and point mass platform rBi/P = 0 (Fig. 2), the leg attachment points Ai,
i = 1, …, 3, are at (-2, -1.5), (2, -1.5) and (0, 1.5). For the pose p = [0 0]T

JT ¼ cos a1 cos a2 cos a3

sin a1 sin a2 sin a3

� 	
¼ �0:80000 0:80000 0
�0:6000 �0:6000 1:0000

� 	
ð11Þ

J#T ¼
�0:6250 �0:3488
0:6250 �0:2488

0 0:5814

2

4

3

5: ð12Þ

When F = ½ 8 10 �[8 10]T Newton’s, sp ¼ J#T F ¼ ½�8:4884 1:5116 5:8140 �T is

the minimum 2-norm vector of joint forces, with a magnitude of sp

�� ��
2
¼ 10:3990

Newton’s.
Uniformly distributed random error with bounds of ±10 mm are added to the

coordinates of Ai, then the perturbation and perturbed transposed Jacobian matrices
are

E ¼ 0:0015 �0:0023 �0:0017
�0:0021 �0:0030 �0:0000

� 	
;

~J
T ¼ �0:7985 0:7977 0:0017

�0:6021 �0:6030 1:0000

� 	
:

ð13Þ

Fig. 2 Parameters of planar
parallel manipulators
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~J
T

is far from singularity as Ek k2= JT
�� ��

2
¼ 0:0031\j�1

2 ðJTÞ ¼ 0:8627. The per-
turbed minimum norm input is

~sp ¼ ~J
#T

F ¼ ½�8:5144 1:5190 5:7899�T : ð14Þ

For the full-row rank JT , I� JT J#T ¼ 0 and the perturbed least squares solu-
tion for dsp in terms of the differential of transposed Jacobian matrix dJT is

dsp ¼� J#T ðJT J#TÞ dJT J#T JTsp � I� J#T JT
ffi �

dJ JT J#T J#sp

þ ðJ JTÞ#J#T JT dJ I� JT J#T
ffi �

F ¼ ½�3:45939:0407�4:6512�T :
ð15Þ

Considering an interval radius of 10 mm for the coordinates of Ai, the
nominal coordinates are taken as the midpoint of corresponding interval, e.g., A1

as ([-2.0101, -1.9899]; [-1.5101, -1.4899]). Each interval parameter ai, cal-
culated using the coordinates of Ai, appears once in terms of its cosine and once
in terms of its sine functions, both with the first powers. Hence, the possibility of
overestimation is much lower than the case when multiple occurrences of the
same interval argument happen. The interval matrices JT and J�T are

JT ¼¼
½�0:8086;�0:7915�½0:7915; 0:8086�½�0:0068; 0:0068�
½�0:6075;�0:5926�½�0:6075;�0:5926�½0:9867; 1:0135�

" #
ð16Þ

J#T ¼
½�0:6538;�0:5962�½�0:3736;�0:3241�
½0:5962; 0:6538�½�0:3736;�0:3241�
½�0:0193; 0:0193�½0:5580; 0:6050�

2

64

3

75: ð17Þ

For F = [8 10]T Newton’s, i.e., a degenerate interval of F = [[8] [-10, -10]]T,
the INTLAB routine ‘‘verifylss’’, which is based on the 5 � 5 extended system in
Eq. (10), was utilized with ‘‘SharpIVmult’’ option. The verified enclosures for the
minimum norm vector of joint forces of underdetermined linear system, with
infimum-supremum representation, are

sp ¼ ½½�8:7247;�8:2509�½1:2747; 1:7485�½5:6006; 6:0265��T : ð18Þ

with an interval norm of sp

�� ��
2
¼ ½10:0533; 10:7469�. Solving for y first results in

wider bounds as sp ¼ ½½�8:9662;�8:0157�½1:0367; 1:9873�½5:4290; 6:2033��T .

Example 2 For the 2 DOF translational manipulator of Fig. 1b at p = [0 0]T

JT ¼
�0:80000:8000

�0:6000�0:6000

" #
; � � � J�T ¼

�0:6250�0:8333

0:6250�0:8333

" #
: ð19Þ
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For F = [8 -30]T Newton’s, the unique vector of actuator forces is s ¼
J�T F ¼ ½2030�T with a magnitude of sk k2¼ 36:056 Newton’s.

With uniformly distributed random error with bounds of ± 5 mm added to Ai,

E ¼ 1:0e� 3 �
0:1546�0:2294

�0:2060�0:3058

" #
; � � � ~J�T ¼

�0:6252�0:8329

0:6251�0:8330

" #
: ð20Þ

and ~s ¼ ~J
�T

F ¼ ½19:986629:9913�T Newton’s, j�1
2 ð~J

TÞ ¼ 0:7525,
Ek k2= JT

�� ��
2
¼ 0:0017\j�1

2 ðJTÞ ¼ 0:7500,

Ek kF= JT
�� ��

F
¼ 0:0016\j�1

F ðJTÞ ¼ 0:4800.

The square JT is full rank, hence ds ¼ J�T dJT s ¼ 25:4167 �12:0833½ �T .
For an interval radius of 5 mm for the Ai coordinates, interval JT and J�T are

JT ¼
½�0:8043;�0:7957�½0:7957; 0:8043�

½�0:6037;�0:5963�½�0:6037;�0:5963�

" #
ð21Þ

J�T ¼
½�0:6322;�0:6178�½�0:8430;�0:8237�
½0:6178; 0:6322�½�0:8430;�0:8237�

" #
ð22Þ

with I� JT
�� ��

1¼ ½2:5915; 2:6086� being larger than 1. For F = [8 -30]T New-

ton’s, s ¼ J�T F ¼ ½½19:6527; 20:3466�½29:6525; 30:3465��T , sk k2¼
½35:5738; 36:5362� Newton’s. If the joint limits are ±30 Newton’s., the solution
over 30 Newton’s is not acceptable for s2. The solution enclosure is slightly
reduced using J�T

c

s ¼ ½½19:7105; 20:2888�½29:7104; 30:2886��T ð23Þ

with sk k2¼ ½35:6540; 36:4560�.

4 Concluding Remarks

In this article, the effect of uncertainty and error in design parameters and data
(sensor/actuator inputs), which exist in physical devices, on the Jacobian matrix of
manipulators were investigated. The perturbed, differential and interval forms of
the Jacobian matrix and their inverse/generalized inverses were examined to cal-
culate the joint forces/torques. Planar parallel manipulators with square and
rectangular Jacobian matrices (over-determined and underdetermined linear sys-
tems) were simulated. Due to space limitation, results for two cases were reported
to facilitate appreciation of methods and their implementations.

70 L. Notash



References

1. Merlet, J.-P.: Interval analysis for certified numerical solution of problems in robotics. Int.
J. Appl. Math. Comput. Sci. 19(3), 399–412 (2009)

2. Notash, L.: A methodology for actuator failure recovery in parallel manipulators. Mech. Mach.
Theory 46(4), 454–465 (2012)

3. Stewart, G.W., Sun, J.-G.: Matrix Perturbation Theory. Academic Press, New York (1990)
4. Ben-Israel, A., Greville, T.N.E.: Generalized Inverses: Theory and Applications. Springer,

New York (2003)
5. Golub, G.H., Pereyra, V.: Differentiation of pseudo-inverses and nonlinear least squares

problems whose variables separate. SIAM J. Numer. Anal. 10(2), 413–433 (1973)
6. Stewart, G.W.: On the perturbation of pseudo-inverses. Proj. Linear Least Squares Probl.

SIAM Rev. 19(4), 634–662 (1977)
7. Rump, S.M.: Verified bounds for least squares problems and underdetermined linear system.

SIAM J. Matrix Anal. Appl. 33(1), 130–148 (2012)
8. Moore, R.E., Kearfott, R.B, Cloud, M.J.: Introduction to Interval Analysis. SIAM (2009)

On the Perturbation of Jacobian Matrix of Manipulators 71



Accuracy Improvement of Robot-Based
Milling Using an Enhanced Manipulator
Model

Alexandr Klimchik, Yier Wu, Stéphane Caro, Benoît Furet
and Anatol Pashkevich

Abstract The paper is devoted to the accuracy improvement of robot-based
milling by using an enhanced manipulator model that takes into account both
geometric and elastostatic factors. Particular attention is paid to the model
parameters identification accuracy. In contrast to other works, the proposed
approach takes into account impact of the gravity compensator and link weights on
the manipulator elastostatic properties. In order to improve the identification
accuracy, the industry oriented performance measure is used to define optimal
measurement configurations and an enhanced partial pose measurement method is
applied for the identification of the model parameters. The advantages of the
developed approach are confirmed by experimental results that deal with the
elastostatic calibration of a heavy industrial robot used for milling. The achieved
accuracy improvement factor is about 2.4.

Keywords Robot-based milling � Elastostatic calibration � Gravity compensator
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1 Introduction

At present, the conventional CNC machines are progressively replaced in industry
by robotic manipulators to perform main manufacturing tasks. For those appli-
cations, industrial robots are considered to be very competitive due to their
manufacturing flexibility, large workspace and cost-effectiveness. At the same
time, the robotic-based machining introduces some difficulties. For instance, link
and joint compliances become non-negligible when robot is under substantial
external loading. So, in order to achieve high processing accuracy, essential
revision of relevant mathematical models and control strategies are required.

The stiffness modeling of robotic manipulators has been in the focus of the
research community for more than 30 years [1]. There exist different approaches
that are able to take into account particularities of serial and parallel manipulators
[2, 3]. Among a number of existing stiffness modeling approaches, the Virtual
Joint Modeling (VJM) method looks the most attractive in robotics. Its main idea
is to take into account the elastostatic properties of flexible components by pre-
senting them as equivalent localized virtual springs [4]. However the stiffness
modeling of the manipulators with gravity compensators has not found enough
attention yet. Another difficulty related to the stiffness modeling of robotic
manipulators is the identification of their model parameters. This issue is quite new
in robotics, the existing approaches are usually suitable for strictly serial manip-
ulators only [5]. Therefore, this paper aims to obtain a sophisticated elasto-static
model for heavy industrial robots with a gravity compensator and to identify their
parameters.

2 Problem of the Compliance Errors Compensation

In common engineering practice, robot behavior under an external loading can be
described by the following force-deflection relation [6]

Dt ¼ Jh � Kh �Hhhð Þ�1 �JT
h

� �
� F ð1Þ

where Jh and Hhh are the Jacobian and Hessian matrices respectively, the matrix
Kh describes the elastic properties of the manipulator components. This model
allows us to compute the end-effector deflection Dt due to the external loading
F. Since the manipulator deflection caused by the loading is known, it can be used
to improve the positioning accuracy by means of error compensation technique
(Fig. 1). However in practice, only geometrical parameters are provided by the
robot manufacturer, while elastostatic parameters should be identified using ded-
icated calibration techniques. Usually the force-deflection relation (1) is rear-
ranged in the linear model suitable for the identification procedure, which is a
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linear mapping between the parameters to be identified and the end-effector
displacement

Dti ¼ Ai k; A ¼ J1iJ
T
1iFi; . . .; JniJ

T
niFi

ffi �
ði ¼ 1;mÞ ð2Þ

where the vector k collects elastostatic parameters of the matrix kh ¼ K�1
h .

It should be mentioned that such a model can be efficiently applied for strictly
serial manipulators (without closed-loops) while for heavy manipulators with a
gravity compensator this procedure should be revised in order to take into account
particularities of the stiffness model. Another difficulty is related to the gravity
compensator modeling, whose parameters are usually not given.

Hence, the goal of this work is to obtain a sophisticated elastostatic model that
can be used for compliance errors compensation. Accordingly, two problems
should be considered: (i) developing the model for the compensator and meth-
odology for the identification of its parameters; (ii) integration of the compensator
into conventional elastostatic model and identification of its parameters.

3 Parameters of the Enhanced Manipulator Model
and Their Identification

Considered industrial robot KUKA KR-270 incorporates gravity compensator that
is used to balance link-weights but also affects manipulator elastostatic properties.
The mechanical structure of the gravity compensator under study is presented in
Fig. 2. The compensator incorporates a passive spring attached to the first and

Fig. 1 Off-line compliance errors compensation strategy
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second links, which creates a closed loop that generates the torque applied to the
second joint of the manipulator. The compensator geometrical model includes
three node points P0, P1, P2, which yield three principal geometrical parameters
L ¼ P1;P2j j; a ¼ P0;P2j j; s ¼ P0;P1j j. Let us also introduce some auxiliary
parameters (such as ax and ay), whose geometrical meanings are described in
Fig. 2. The fact that the gravity compensator affects on the second joint only
allows us to replace the constant parameter Kh2 in the model (1) by the non-linear
one that also takes into account elasto-static properties of the compensator.

The variable s describing the compensator spring deflection can be computed as
a function of the second joint coordinate q2 as follows:

s2 ¼ a2 þ L2 þ 2 a L cosða� q2Þ ð3Þ

Therefore, the equivalent stiffness of the second joint (comprising both the
manipulator and compensator stiffnesses) can be expressed as

Kh2 ¼ K0
h2
þ Kc a L

s0

s

a L

s2
sin2ða� q2Þ þ cosða� q2Þ

� �
� cosða� q2Þ

� �
ð4Þ

where Kc is the gravity compensator stiffness, the value s0 corresponds to the
distance P0;P1j j for the unloaded spring. This allows us to extend the classical
stiffness model (1) of the serial manipulator by modifying the virtual spring
parameters in accordance with the compensator properties. In this case, the
Cartesian stiffness matrix Kc can be computed using the following expression:

KC ¼ Jh � ðKhðqÞ �HhhÞ�1 � JT
h

� ��1
ð5Þ

which includes both the first and second order derivatives (Jacobians and
Hessians) of the functions g(q, h) describing the manipulator geometry [4]. Here,
the vectors q and h collect actuator coordinates and the corresponding deflections.

The equivalent stiffness of the second joint (4) depends on several geometrical
parameters (L, ax, ay) that are unknown and should be identified using reference

Fig. 2 Gravity compensator and its model
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points shown in Fig. 2b. By considering particularities of the experimental setup
for the geometric parameters identification, where for each measurement of the
point P1 joint coordinate q2 is given, the value of L can be computed as

L ¼
Xm

i¼1

p
_T

i R u
_

i

,
Xm

i¼1

u
_T

i u
_

i ð6Þ

where p
_

i ¼ pi � m�1
Pm

i¼1 pi; u
_

i ¼ ui � m�1
Pm

i¼1 ui; ui ¼ ½cos qi; sin qi; 0�T ;
pi is the Cartesian coordinate vector of point P1 for the ith measurement and m is
the number of measurements and the orthogonal matrix R = VUT can be obtained

using the following SVD-factorization
Pm

i¼1 u
_

ip
_

i ¼ U R VT . The remaining geo-
metrical parameters (ax and ay) are x and y coordinates of the vector

p0 ¼
1
2

I�nnT
� 	 Xk

j¼1

Xm

i¼1

p
_ j

i p
_jT

i

 !�1Xk

j¼1

Xm

i¼1

s
_ j

i p
_ j

i þ k�1m�1 nnT
Xk

j¼1

Xm

i¼1

p
_ j

i ð7Þ

where p
_ j

i ¼ p j
i � m�1

Pm
l¼1 p j

l ; s
_ j

i ¼ pjT
i p j

i � m�1
Pm

l¼1 pjT
i p j

i ; p j
i is the Cartesian

coordinate vector of point P0j for the ith measurement, k is the number of reference
points and m is the number of measurements. Here, the vector n is the last column

of the matrix V of the following SVD-factorization
Pk

j¼1

Pm
i¼1 p

_ j

i p
_jT

i ¼ U R VT .
Since all geometrical parameters are known, the elastostatic ones can be

identified. To take into account the compensator influence while retaining the
approach developed for serial robots without compensators, manipulator elasto-
static parameters can be identified into two steps. The first step aims to compute
the extended set of elastic parameters that includes all equivalent virtual springs
for the second joint by using the standard least-square technique

k ¼
Xm

i¼1

B
ðpÞT
i B

ðpÞ
i

 !�1

�
Xm

i¼1

B
ðpÞT
i Dpi

 !
ð8Þ

where the vector Dpi is the small displacement of the end-effector under the

external loading Fi, matrix B
ðpÞ
i is a rearranged matrix Ai that integrates positional

components only and considers the shape and meaning of vector k. The second
step deals with the identification of the gravity compensator parameters and
compliance of joint #2 that can be obtained from the following equation

K0
h2

Kc s0 �Kc
ffi �T¼

Xmq

i¼1

CT
i Ci

 !�1 Xmq

i¼1

CT
i Kh2i

 !
ð9Þ

where mq is the number of different angles q2 in the experimental data,
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Ci ¼ 1 � aL � cos a� q2ið Þ aL=s � aL=s2 � sin2 a� q2ið Þþ cos a� q2ið Þ
� 	ffi �

ð10Þ

In order to ensure high calibration efficiency, the design of experiments should
be considered while choosing measurement configurations. To the best of our
knowledge, the best results for particular industrial applications can be achieved
by using the test-pose based approach [7], which reduces optimal pose selection to
the following optimization problem:

trace A
ðpÞ
0

Xmq

j¼1

Xm

i¼1

A
jðpÞT
i A

jðpÞ
i

 !�1

A
ðpÞT
0

0
@

1
A! min

fqi;wig
ð11Þ

Here matrix A
ðpÞ
0 has the same structure as matrix A

ðpÞ
i , but is defined by the

desired test pose configuration q0 and the external loading F0. The values of q0, F0

are usually related to a typical machining configuration and force generated by the
tool-workpiece interaction. Such an approach allows us to ensure the highest
positioning accuracy after compensation compliance errors caused by the tech-
nological process.

Using theoretical results presented in this section, it is possible to obtain a
sophisticated elasto-static model that can be used for further error compensation.
In the next section, these results are used to obtain the stiffness model of the
KUKA KR-270 robot.

4 Experimental Results and Comparison Analysis

The main geometric parameters of the gravity compensator are L, ax and ay (see
Fig. 2). They can be identified by using relative locations of points P0 and P1 with
respect to point P2. Since the adopted geometric model is a planar one, here the
laser tracker base frame is defined in a particular way in order to ensure that the
marker locations relative to the XY-plane are not significant. Another important
issue is related to the selection of the marker point locations on the rigid part of the
gravity compensator. To ensure high identification accuracy, these markers should
be located on the opposite sides of the compensator rotational axis, such that the

optimal conditions
Pk

j¼1 Rj cos bj ¼ 0 and
Pk

j¼1 Rj sin bj ¼ 0 are satisfied. To
increase the identification accuracy, four marker points are used in the calibration
experiments and are denoted as P01, P02, P03 and P04, respectively. Their locations
are shown in Fig. 1, where the radii R1 = R3 and R2 = R4, and the angles b3 ¼
pþ b1 and b4 ¼ pþ b2. The measurement data have been obtained using a Leica
laser-tracer for the set q2 ¼ 0�;�30�;�60�;�90�;�120�;�140�f g. The values of
the identified geometrical parameters and corresponding confidence intervals are
given in Table 1.
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For the identification of manipulator elastostatic parameters, 15 measurement
configurations (with 5 different values for q2) were obtained based on the industry
oriented performance measure (10), for which the Cartesian coordinates of the
reference points (P1, P2 and P3) were measured three times (before and after the
loading). The corresponding experimental setup is illustrated in Fig. 3. The desired
elastostatic parameters have been obtained using a two-step identification proce-
dure. On the first step, the base and tool transformations have been computed. On
the second step, all measurement data as well as the obtained base and tool
transformations have been used for the identification of the manipulator elasto-
static parameters. Corresponding numerical results are given in Table 2.

To show the advantages of the developed approach, the manipulator accuracy
after calibration has been compared for two distinct plans of calibration experi-
ments. The first one has been obtained using the industry-oriented performance
measure and implements enhanced numerical routines. In this case, the manipu-
lator was presented as a quasi-serial chain, and the calibration data were obtained
using the enhanced partial pose measurements. The second plan used measurement
configurations that were selected semi-intuitively, in accordance with some
kinematic performance measures [5]. A relevant manipulator model corresponding
to the strict serial architecture, and the calibration data were obtained using con-
ventional full-pose measurements.

Using these two sets of calibration data, the identification yielded two slightly
different sets of manipulator parameters (Table 2). Then, the obtained parameters
(both sets) may be used to compute the end-effector positions for the validation
configurations (that were not used in both identification routines). Comparing these

Table 1 Identification
results for the compensator
geometric parameters

L (mm) ax (mm) ay (mm)

Value 184.72 685.93 123.30
CI ±0.06 ±0.70 ±0.69

Fig. 3 Experimental setup for manipulator elastostatic calibration
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results with the corresponding position measurements, it is possible to evaluate the
‘‘calibration quality’’ and relevant plans of the experiments.

For comparison purposes, the manipulator accuracy improvement due to elas-
tostatic errors compensation has been studied based on the error analysis before
and after compensation. Relevant results are shown in Table 3, where the maxi-
mum and RMS values of the distance-based residuals are provided. As follows
from the obtained results, using the identified elastostatic parameters, it is possible
to compensate 91.2 % of the end-effector deflections (in average). In general, the
manipulator positioning accuracy has been improved by a factor of 11.1 compare
to a non-compensated robot. Compare to the previous results, the compensation
efficiency has been increased by a factor of 2.4 using almost the same number of
configurations, which is also referred to as the accuracy improvement factor.
Hence, the above presented analysis shows the advantages of theoretical contri-
butions presented in this work. The developed calibration technique allows us to
increase essentially the manipulator positioning accuracy under external loading
using a reasonable number of measurement configurations. It should be noted that
the obtained elastostatic parameters can be used for elaso-dynamic analysis.

5 Conclusion

The paper deals with the accuracy improvement of a heavy industrial robot used
for milling operations. It provides a sophisticated geometric/elastostatic model for
quasi serial manipulators with gravity compensator and techniques for the iden-
tification of their model parameters. In order to improve the identification accu-
racy, design of experiments technique based on industry oriented performance
measure was used. The advantages and practical significance of the proposed
approach have been shown by experimental results and a comparison analysis. The
improvement factor is about 2.4.

Table 2 Manipulator elastostatic parameters obtained using different approaches, [lrad/Nm]

k1 k2 k3 k4 k5 k6

The results
obtained in this work

0.623 Inline media 0.416 2.786 3.483 2.074

Dumas et al. 2011 [5] 3.798 0.248 0.276 1.975 2.286 3.457

Table 3 The manipulator accuracy improvement after elastostatic error compensation

Criterion Before
compensation

After compensation Improvement factor

Dumas et al. 2011
[5]

(This
work)

Dumas et al. 2011
[5]

(This
work)

max [mm] 8.28 1.77 0.78 4.6 10.4
RMS [mm] 5.90 1.27 0.53 4.6 11.1
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Design and Optimization
of a Tripod-Based Hybrid Manipulator

Dan Zhang and Bin Wei

Abstract In this paper, a novel 3DOF hybrid manipulator 3PU*S-PU is proposed
based on the general function (Gf) set theory. After discussing the advantages of
this new type of manipulator, the kinematic and Jacobian matrix of this manipu-
lator are first analyzed, then the kinematic performances which include stiffness/
compliance and workspace are analyzed and optimized, and the multi-objective
optimization on the compliance and workspace is subsequently conducted.

Keywords Gf set � Type synthesis � Compliance � Multi-objective optimization

1 Introduction

Type synthesis for parallel manipulators is a vital important task for the future
parallel manipulator developments, analysis and applications, and the type syn-
thesis for the parallel manipulators is and still will be a main issue for many
scholars and its related applications. Type synthesis can simply put as this way:
using various methods to combine the advantages of serial and parallel manipu-
lators to design new application-orientated mechanisms. Furthermore, if we want
to design a new type of parallel manipulator, we cannot just stick to the con-
ventional joints, i.e. prismatic joint, revolute joint, universal joint and spherical
joint. We can use, for example, parallelogram (Pa joint) or pure-translational
universal joint (U* joint, U* joint can also be seen as a special parallelogram) or
the double parallelogram (Pa2 joint) as a leg or part of structure instead of con-
ventional fixed length leg or actuated leg, because the parallelogram structure has
higher stiffness compared to the conventional legs. Obviously, parallelogram has

D. Zhang (&) � B. Wei
University of Ontario Institute of Technology, 2000 Simcoe Street North,
Oshawa, ON L1H 7K4, Canada
e-mail: Dan.Zhang@uoit.ca

M. Ceccarelli and V. A. Glazunov (eds.), Advances on Theory and Practice
of Robots and Manipulators, Mechanisms and Machine Science 22,
DOI: 10.1007/978-3-319-07058-2_10,
� Springer International Publishing Switzerland 2014

83



two links acting in parallel, which can distribute the loads whereas the normal leg
just has one leg, so the stiffness can be improved for the parallelogram structure
based parallel robotics. In addition, by using a parallelogram, the tilting angle or
rotation capacity can also be improved [1]. Until now, numerous methods have
been proposed to provide guidance for designing new type of parallel manipulators
for the purpose of further improving parallel manipulators’ performances. The
most common way to design a new parallel manipulator is the one that based on
the Chebychev-Grübler-Kutzbach formula and then enumerate all the possibilities,
which is a cumbersome work. In [2], the systematic enumeration method which is
based on the idea that some of the functional requirements of desired mechanisms
are transformed into structural characteristics is proposed; in [3], the theory of
groups of displacements is used to develop some new architecture of four DOF
(3T1R) fully-parallel manipulators by resorting to the parallelograms, each par-
allelogram based structure is treated as a ‘‘motion generator’’, and by combing
different motion generators, new types of parallel manipulators can be generated;
similarly in [4], two identical kinematic chain that serve as a Schonflies-Motion
Generator is proposed as a kinematic chain for the parallel manipulator, which also
employed the parallelograms. Recently, the general function (Gf) set theory was
proposed for the type synthesis of parallel manipulators, and our new proposed
manipulator is based on this method. The detail steps and procedures of applying
the Gf set theory can be found in [5]. Based on the Gf set theory, a number of three
degrees of freedom parallel manipulators can be derived, but some of them are not
useful at all. Among them, one is 3PU*S-(CR)o parallel manipulator and another is
3PU*S-(RC)o parallel manipulator, but these parallel manipulators have a rotation
axis perpendicular to the moving platform, i.e. they have two rotations, one of
them is to rotate about Z axis, which is not what we wanted, what we wanted is
two rotations about X and Y axes, i.e. two rotation axes parallel to the moving
platform. In [6], a hybrid head mechanism 4UPS-PU was proposed to serve as the
head section of a groundhog-like mine rescue robot, the unique feature of that
mechanism is that a central passive P-U type limb was incorporated in the
mechanism so that it can constrain the whole structure to be three degrees of
freedom, i.e. two rotations about X and Y axes and one translation along Z axis,
inspired by the design in [6], we changed the middle passive leg from the original
to the PU type, this passive leg consists of a universal joint attached to the moving
platform and a passive link fixed to the base, by this way the manipulator has three
desired degrees of freedom, i.e. two rotations about X and Y axes, and one
translation along Z axis.

The novelty of our new proposed 3PU*S-PU manipulator can be concluded as
follows: firstly, by employing the U* joint, the stiffness of this parallel manipulator
can be greatly improved; secondly, by changing the structure of the middle passive
leg, i.e. changing the dof of the middle passive leg, the whole parallel manipulator
can be reconfigured, for example, if we remove the middle passive leg, the three
dof mechanism will turn to six dof.
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2 Kinematic and Jacobian Analysis of the Mechanism

The 3PU*S-PU mechanism is shown in Fig. 1. The moving platform is connected
to the base by three active legs P-U*-S and one central passive leg P-U. In the
active leg, the pure-translational universal joint U* (fixed leg structure) is used
instead of conventional leg. This U* joint is connected to the base and moving
platform by a prismatic joint and a spherical joint, respectively. There is passive
leg in the middle consisting of a universal joint and a passive link. There are two
purposes of using this passive leg, one is to constrain the moving platform to have
only three degrees of freedom, which are rotations about X and Y axes and
translation along Z axis, another is to further increase the stiffness of this parallel
manipulator [7]. By actuating these three prismatic joints on the guide ways, the
moving platform can achieve desired motions.

The guide ways intersect at the point O of the fixed coordinate system. The
coordinates of Biði ¼ 1; 2; 3Þ and Pi with respect to the fixed coordinate system
OðX, Y, ZÞ and moving coordinate system Pðx, y, zÞ are denoted as oBi and PPi,
respectively; the coordinates of Pi with respect to the fixed coordinate system are
denoted as oPi. Then oPi can be written as follows:

oPi ¼
xo

pi
yo

pi
zo

pi

2
4

3
5 ¼ Re

PPi þ oP ¼
�Rp cos hi sin hy

Rp sin hi sin hx � Rp cos hi cos hx cos hy

ze þ Rp cos hx sin hi þ Rp cos hi cos hy sin hx

2
4

3
5

ð1Þ

Differentiate the above equation yields:

dxo
pi dyo

pi dzo
pi

� �T¼ Ji½ � dhx dhy dhz dx dy dze½ �T ð2Þ
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Fig. 1 Kinematic structures of 3PU*S-PU mechanism and central passive leg
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From the vector loop equation, the following equation can be obtained:

oPi � oBi � uini ¼ lisi ð3Þ

where ui is the actuated input, ni is the unit vector pointing along the rails, li is the
length of the U* link, si is the unit vector pointing along the link DiEi. Dot
multiplying Eq. (3) with itself can yield the inverse kinematic solution. Since

l2
i ¼ ðxo

pi � Rb cos ai þ ui cos aiÞ2 þ ðyo
pi � Rb sin ai þ ui sin aiÞ2 þ ðzo

piÞ
2 ð4Þ

Take the derivative of Eq. (4) with respect to xo
pi, yo

pi and zo
pi, and rearrange the

equations yields the following:

oui ¼ Jparallel dhx dhy dhz dx dy dze½ �T ð5Þ

The central passive leg can be viewed as serial component. The kinematic
structure of the central passive leg is shown in Fig. 1. The Jacobian matrix of the
central passive leg of the mechanism Jserial can be expressed as follows [7]:

Jserial ¼
zerosð3; 1Þ e42 e43

e41 e42 � r42 e43 � r43

ffi �
ð6Þ

The Jacobian matrix of the whole mechanism can be written as JparallelJserial [6].

3 Compliance Modeling and Optimization

Due to space limitation, the general derivation process of the Cartesian compliance
matrix is as follows. Based on the principle of virtual work [7], one has the
following equation:

ðJcoJserialÞTs ¼ JT
serialw ð7Þ

where s is the vector of actuator forces, w is the force or torque applied to the
moving platform, and

Jco ¼ l1x

l1

l1y

l1

l1z

l1

h i
J1½ � l2x

l2

l2y

l2

l2z

l2

h i
J2½ � l3x

l3

l3y

l3

l3z

l3

h i
J3½ �

h iT

An actuator compliance matrix C is defined as:

Cs ¼ Dq ð8Þ

where Dq is the joint displacement. Equation (7) can be rewritten as follows:
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Dq ¼ CðJcoJserialÞ�T JT
serialw ð9Þ

Further, for a small displacement vector Dq, one has

Dq ¼ JcoDc ð10Þ

where Dc is a vector of small Cartesian displacement and rotation [7]. Plug
Eq. (10) into (9), and rearrange the equation, the following can be derived,

Dc ¼ JserialðJcoJserialÞ�1CðJcoJserialÞ�T JT
serialw ð11Þ

So the Cartesian compliance matrix is obtained as follows:

Cc ¼ JserialðJcoJserialÞ�1CðJcoJserialÞ�T JT
serial ð12Þ

In order to implement the optimization process, the objective function should
be first established.

(1) Objective function: ObjF ¼
P6

i¼1
Ccði; iÞ

(2) Design variables and constraints are as follows:

RP 2 ½0:04; 0:15�m;Rb 2 ½0:4; 0:6�m; li 2 ½0:35; 0:5�m; angle1 2 ½15�; 45��;
angle2 2 ½15�; 45��

where Rb and Rp are the radii of the base and moving platform, angle1 is the angle
between X axis and OB1, and angle2 is between x axis and PP1. The optimization
result of the global compliance using DE is illustrated in Fig. 2.

By using differential evolution (DE) optimization algorithm, the optimal
parameters are obtained as follows after about 50 generations, and illustration of
the configuration of the mechanism after optimization is shown in Fig. 3.

½RP;Rb; L; angle1; angle2� ¼ ½0:15 m; 0:5716 m; 0:35 m; 0:2740 rad; 0:2995 rad�

4 Global Condition Index of the Mechanism

One found that making the parallel mechanisms have the maximum workspace
volume could sometimes lead to bad kinematic performances, and later the global
condition index [8] was proposed for workspace optimization in order to have a so
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called ‘‘well-conditioned workspace’’. Here the index is used as an objective
function for workspace optimization. The derivation process for the index is
briefly described as follows: firstly, many points ntotal are randomly selected in the
possible workspace; secondly, we need to check whether each point falls inside of
the workspace, this can be done by solving inverse kinematic for each actuated
input to see if the prismatic joint is in the range of guide ways; thirdly, determine
the kinematics condition index KCI for every point that falls in the workspace;
finally, the global condition index g can be obtained by multiplying KCI and the
possible workspace volume (pwv), then dividing by the total number of previously
selected points ntotal:
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g ¼ pwv � KCI=ntotal ð13Þ

Using similar method, i.e. we can use GA, DE or PSO to single optimize the
global condition index to have the maximum well-conditioned workspace, here we
are not doing this anymore, we are straight going to the multi-objective optimi-
zation for the stiffness and workspace due to the fact that the stiffness and
workspace normally conflict to each other.

5 Multi-objective Optimization

Normally, when the stiffness of the parallel manipulator is increased, the work-
space of the parallel manipulator will be affected, and vice versa. One should
always compromise between these two and find the optimal solution according to
our specific design requirements and preferences. Here the objective function for
the stiffness and workspace can be written as the sum of the leading diagonal
elements of the compliance matrix and global condition index, respectively.

ObjF1 ¼
X6

i¼1

Ccði; iÞ;

ObjF2 ¼ pwv � KCI=ntotal

After optimization, the Pareto front of compliance and global condition index is
illustrated in Fig. 4. One can see that the compliance sum and the global condition
index conflict to each other, which means if we want to have higher stiffness, we
have to sacrifice the workspace, so the results are comprised. And one can see that
there is no single optimum value, the optimal solution is not just one solution but
rather several solutions, which are called non-dominated solutions. We can select
from those results based on our requirements, different requirements may select
different values, i.e. if we want higher stiffness and the workspace is not important,

Fig. 4 Pareto front
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then we can select those higher value for stiffness and sacrifice some workspace.
Here we give four typical results for the objective function and the corresponding
design variables as shown in Table 1.

6 Conclusion

A novel 3DOF hybrid manipulator 3PU*S-PU which is based on the Gf set theory
is proposed and analyzed. The advantages of this new type of manipulator are first
briefly described, and then the relatively most important kinematic performances,
i.e. stiffness/compliance and workspace, are analyzed and optimized by resorting
to the differential evolution algorithm, finally, the multi-objective optimization on
the compliance and workspace of the mechanism is implemented based on the
Pareto front theory. The novelty of this new proposed Gf set based manipulator
can be concluded as follows: firstly, by changing the original passive leg to PU
type, the manipulator therefore has desired three degrees of freedom, secondly, by
changing the structure of the middle passive leg, the whole parallel manipulator
can be reconfigured, thirdly, by applying U* joints as three limbs instead of the
conventional limbs, the stiffness of this hybrid/parallel manipulator can be greatly
improved. The future work will focus on the nonlinear control of this new parallel
manipulator based on the Lagrangian dynamics.
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Moving Mechanism Design and Analysis
of Suspension Insulator Inspection Robot

Shujun Li, Hongguang Wang, Shichao Xiu, Xiaopeng Li
and Zhaohui Ren

Abstract To drive synchronously and simply control system of insulator
inspection robot, a single-driving moving mechanism of suspension insulator
inspection robot is designed. The parallel transmission mechanism is designed to
drive two sets of impeller shafts synchronously by single motor, which achieves
synchronizing movement. Analysis and simulation are completed to verify struc-
tural parameters and kinematic performance of the moving mechanism. It is also
discussed that the application of differential drive systems to obtain synchroni-
zations of the driving branches and adjustment of structural errors of insulator
strings.

Keywords Inspection robot � Moving mechanism � Parameter design � Analysis
and simulation

S. Li (&) � S. Xiu � X. Li � Z. Ren
College of Mechanical Engineering and Automation, Northeastern University,
Shenyang 110004, People’s Republic of China
e-mail: shjunli@mail.neu.edu.cn

S. Xiu
e-mail: shchxiu@mail.neu.edu.cn

X. Li
e-mail: xpli@mail.neu.edu.cn

Z. Ren
e-mail: zhhren@mail.neu.edu.cn

S. Li � H. Wang
State Key Laboratory of Robotics of China, Shenyang 110016, China
e-mail: hgwang@sia.ac.cn

M. Ceccarelli and V. A. Glazunov (eds.), Advances on Theory and Practice
of Robots and Manipulators, Mechanisms and Machine Science 22,
DOI: 10.1007/978-3-319-07058-2_11,
� Springer International Publishing Switzerland 2014

93



1 Introduction

Insulator deterioration of extra-high-voltage (EHV) transmission lines has a
potential damage to the reliability of power supply, and online detection of
insulator has important practical value. At present, many domestic and foreign
researchers focus on the development of robotic detection devices, which
accomplish insulator detection on live line instead of manual operation by line
workers. Regarding the study of early detection of insulators in the 1980s [1, 2],
Japan’s Sumitomo Electric Machinery Co., Ltd. presented a patent of a poor
insulator detection device, which can automatic crawl and detect double insulator
string by mechanical automatic walking equipments [3]. In 1990s, many research
works were published about online automatic cleaning and testing for EHV
transmission line insulator [4–7]. Korea Electric Power Research Institute (KE-
PRI) developed an automatic operation insulators robot for cleaning and inspection
of insulator strings in 2006 [8]. This robot mechanism consists of upper and lower
fixed frame body, middle cleaning mechanism and two picking mechanisms.
During 2008 and 2009, KEPRI designed a kind of suspension insulator inspection
robot [9]. The robot mechanism is dominated by a crawling module which is a
combination of three legs, and the movement of each group impeller is drived by
the motor individually. Crawling mechanism of the robot system is compact and
light weight. In 2010, KEPRI produced the physical prototype of the robot and
conducted experiments and testing on the transmission line [10]. This paper pre-
sents a crawling detection robot mechanism formed by two sets of single-impeller.
The mechanism can drive two sets of impeller shaft synchronously by parallel
transmission driven by single motor, which achieves synchronized movement.
Analysis and simulation were completed to get structural parameters and kine-
matic performance of the moving mechanism.

2 Configuration Design of the Mechanism

2.1 Configuration Arrangement of the Overall Robot System

Suspension insulator inspection robot consists of impeller rotary moving mecha-
nism, detection mechanism, and guiding mechanism. The mechanism sketch of the
overall robot system is shown in Fig. 1, in which 1, 2, 3 and 4 is the impeller rotary
movement mechanism, 5 and 6 is timing belt, 7 and 8 is a pair of transmission
gear, 9 is the transmission mechanism of gear detection mechanism, 10 is the
probe of detection mechanism, 11 is the detection mechanism of suspension
insulator inspection robot and 12 is the insulator.
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2.2 Works of Suspension Insulator Inspection Robot

Works of impeller rotary moving mechanism: A motor M drives the impeller 3 and
4 through one pair of gears, drives gears 7 and 8 by timing belt 6, and drives the
impeller 1 and 2 through timing belt 5, which makes suspension insulator
inspection robot rise as a whole (or to balance gravity). The robot can be stopped
in any position, so that the detection mechanism can implement inspect operation.

3 Parameter Design of the Mechanism

The length of impeller: as shown in Fig. 2, a is the Length of the impeller arms,
the dotted line with an arrow is the movement direction of the impeller, L is the
distance between the two insulators (L is also known as the height insulators), and
l is the distance between adjacent impeller claws.

When l = L, impeller rotary moving mechanism can just stride over the
insulator body skirt flash, and there is no impact force. So, the Length of the
impeller claws a can be determined.

a ¼
ffiffiffiffiffiffiffiffiffi
l2=2

p
ð1Þ

The main dimensions of suspension insulators are structural height (H) and disc
diameter (D), the design object in this paper is XP-210 suspension disc insulators
with H = 170 (mm) and D = 180 (mm). Because L = H = 170 mm, make
l = L, so a = 120 mm.

The distance between the two output axes of the impeller: as shown in Fig. 3,
d is the distance between the two output axes of impellers, dmin and dmax are the
maximum and minimum values of the distance.
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Fig. 1 The mechanism sketch, a 2D mechanism sketch b The 3D assembly model
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As shown in Fig. 3, dmin can be got:

dmin ¼ Rþ 2a ð2Þ

where, R is the diameter of the insulator iron cap.
The maximum distance between the two output shafts dmax is:

dmax ¼ Dþ
ffiffiffi
2
p

a ð3Þ

Because R = 140 (mm) and D = 280 (mm), from formula (2) and formula (3),
dmin = 380 mm, dmax = 450 mm. The value of d is in the range between dmin and
dmax, in order to reduce the weight of the robot system and get compact con-
struction, so d = 400 (mm).

4 Kinematic Analysis of Suspension Insulator Inspection
Robot

4.1 Geometry Modeling of Walking Track

The surface of the insulator sheds can be approximated as a conical surface. The
coordinate of insulator’s sheds is shown in Fig. 4.

L l

a

D

Fig. 2 The schematic
diagram of the optimal size of
the impeller

a

dmin

dmax

D

R

Fig. 3 The limit position
diagram of the distance
between the output shaft
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As shown in Fig. 4, Lq is the alignment of insulator sheds conical surface, Ln is
the bus bar, Ln goes through two points (R, h0) and (r, h1), vertex M is the
intersection of the axis Z and the bus bar Ln. Where, r ¼ 1

2 d ¼ 60 mm, R ¼
1
2 D ¼ 140 mm, h0 = 57 mm, h1 = 80 mm. After the calculation, formula (4) can
be obtained:

z ¼ 97:25� 0:2875y ð4Þ

Formula (4) is the equation of bus bar Ln, and the coordinates of the vertices
M is (0, 0, 97.25).

x2 þ y2 ¼ 19600

z ¼ 57

(
ð5Þ

Formula (5) is the equation of alignment Lq. For the conical surface equation,
when vertex M, bus equation and alignment equation are known, so the conical
surface equation can be deduced:

x2 þ y2 � 140ð97:25� zÞ½ �2

40:252
¼ 0 ð6Þ

The contact position of impeller is taken x = ±42 according to the structure
design, walking trajectory equation of the rotating small wheel of impeller rotary
moving mechanism is described in formula (7):

z ¼ 97:25� 0:2875
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y2 þ 1764

p
ð7Þ

h 0h 1 R

X

Y

Z

LLq

M

r
Fig. 4 Coordinate of
insulator’s sheds
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4.2 Kinematic Analysis

r = d/2 = 200 mm, R = D/2 = 140 mm, R0 = D0/2 = 60 mm, h0 = 57 mm,
h1 = 80 mm, a = 120 mm. The coordinate of main moving mechanism of sus-
pension insulator inspection robot is shown in Fig. 5; A is the center of impeller,
B is the touching position of impeller and insulator. r = d/2 = 200 mm, R = D/
2 = 140 mm, R0 = D0/2 = 60 mm, h0 = 57 mm, h1 = 80 mm, a = 120 mm.
The relationship between position A of the moving mechanism and rotation angle
h of the impeller is established.

From Fig. 5, formula (8)–(10) can be deduced.

yA ¼ r ð8Þ

zA ¼ a cos hþ zB ð9Þ

yB ¼ yA � a sin h ð10Þ

According to formula (7), coordinate expression of point B can be got as:

zB ¼ 97:25� 0:2875
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y2

B þ 1764
q

ð11Þ

The main moving mechanism position of suspension insulator inspection robot
can be calculated.

yA ¼ r

zA ¼ a cos hþ 97:25� 0:2875
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr � a sin hÞ2 þ 1764

q

8
<

: ð12Þ

r
R

h1

a

θ
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Z

h0

R0
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B ra

Fig. 5 Coordinate of main
moving mechanism
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It is known that the motor speed is 5(r/min), work time t = 7 s. The trans-
mission ratio between drive motor and the output shaft is 2:1, so the rotation speed
of the impeller mechanism is 2.5(r/min).

The rotation speed of the impeller mechanism is p/12 (rad/s), supposed that the
motor accelerates to rated speed 1 s, so from rated speed to static is also 1 s. When
position varies from h0 = 0.25p to h1 = 0.75p, displacement, velocity and
acceleration variation graphs of main moving mechanism are shown as in Fig. 6.

As shown in Fig. 6, the displacement stroke of the moving mechanism is
probably 170 (mm), which accords with the distance L between two insulators in
line insulator string (i.e. the height of insulators H). And the velocity of mecha-
nism is no mutation, which indicates that the design of the moving mechanism is
reasonable. Although the acceleration of the main moving mechanism occur
mutations, it is permitted for the DC servo motor.

5 Mobile Detection Process Simulation of Suspension
Insulator Inspection Robot

For impeller rotating mechanism, the motion characteristics (displacement,
angular velocity and angular acceleration of the output shaft) in detection z are
simulated. Simulation results are consistent with the motor speed, and the centroid
position of the impeller changes continuously as shown in Fig. 7a. The velocity
changed and the acceleration shocked between 3 and 4 s, because suspension
insulator inspection robot is just transited from a contact with one insulator to a
contact with two insulators during this time, which accords with the actual oper-
ating conditions. Simulation results (Fig. 7) show good motion characteristics of
the mechanism.
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Fig. 6 The displacement, velocity and acceleration of the moving mechanism
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6 Conclusions

Analysis indicated that the moving mechanism of single-driving suspension
insulator inspection robot designed in this paper can satisfy the operational
requirements of suspension insulator detection, and can also achieve the crawling
operations along the suspension V-shaped and L-shaped insulator string without
considering manufacturing errors and mounting errors of the insulator string. It is
necessary to verify the actual working ability of the moving mechanism by
physical prototype experiment for suspension insulator inspection robot.

Acknowledgments The authors would like to acknowledge the financial support of the National
natural Science Foundation of China (Grant NO. 51175069), State Key Laboratory of Robotics of
China (2012-O16).

Fig. 7 The motion
characteristics of the impeller
rotating mechanism
movement detection,
a displacement, b velocity,
c acceleration
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Design of 4-DOF Parallelogram-Based
RCM Mechanisms with a Translational
DOF Implemented Distal
from the End-Effector

A. Gijbels, D. Reynaerts and E. B. Vander Poorten

Abstract Numerous passive and active tool holders for minimally invasive sur-
gery consisting of a remote center of motion (RCM) mechanism with four degrees
of freedom (DOFs) have been developed. These are mostly serial mechanisms
composed of three 1-DOF RCM mechanisms and a 1-DOF translation stage. In the
vast majority, the translation stage is implemented proximal to the end-effector
resulting into a heavy and voluminous end-effector. To provide easier access to the
surgical site and facilitate use of multiple instruments and holders, this work
elaborates on the design of 4-DOF parallelogram-based RCM mechanisms fea-
turing a 1-DOF translation mechanism implemented distal from the end-effector.
Kinematical design rules to develop such mechanisms are derived. Guidelines on
how to apply these design rules and three interesting embodiments are given.

Keywords RCM mechanisms � Minimally invasive surgery � Robotics

1 Introduction

The shift towards less invasive surgical procedures is an ongoing trend in medi-
cine. Minimally invasive surgery (MIS) is performed inside the patient’s body
using instruments that are inserted through small incisions in the body wall.
Compared to open surgery, MIS results in less pain, trauma and recovery time for
the patients. Disadvantages of MIS for the surgeon include reduced dexterity and
poor vision. This has led to the development of numerous passive and active tool
holders to assist surgeons during MIS [1].
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The incision ports used in MIS act as a kind of kinematical constraint on the
mobility of the surgical tools. The incision port limits the degrees of freedom
(DOFs) of the tool shaft from six to four (Fig. 1). These will be referred in the
following as two rotations H and U about the incision, a rotation W around the
tool’s axis and a translation R along the direction of the tool’s axis and through the
incision. A good tool holder provides undiminished access to these four DOFs
while adhering to the two kinematical constraints and as such prevents excessive
forces between the tool shaft and the surrounding tissue. However, it is undesirable
to implement any physical joint at the incision because of spatial constraints,
limited accessibility and sterilization issues. The rotational DOFs are rather
implemented by virtue of a remote center of motion (RCM). An RCM is a fixed
point in space about which a part of a mechanical system can rotate and which is
located distal from any joint [2]. It is imperative to have an RCM located at the
incision. Likewise, the translational DOF should be implemented using one or
multiple joints located distal from the incision.

2 State-of-the-Art RCM Implementation

An RCM can be implemented through software (virtual RCM) or mechanically
(mechanical RCM). A virtual RCM is realized through coordinated joint control of
a multi-DOF robot. A mechanical RCM is realized with a specially designed
mechanism, called a RCM mechanism. Virtual RCMs have as benefit that the
location of the RCM can be easily adapted i.e. reprogrammed. However, many
researchers advocate the use of mechanical RCMs [1]. First, using a mechanical
RCM minimizes the number of actuators and thus the complexity of the system.
Second, in case of a power failure, the tool holder maintains the RCM and
therefore the tool cannot cause any harm to the tissue surrounding the incision.

Numerous RCM mechanisms have been reported in literature [3]. They can be
grouped into serial and parallel mechanisms. Parallel RCM mechanisms have as
advantage a high inherent stiffness. Furthermore, it is often easy to incorporate the
actuation of all DOFs at the base of the mechanism, which limits the mechanism’s
inertia. This typically results in a high-bandwidth system. Serial RCM mechanisms

Fig. 1 During MIS, the tool
shaft is allowed to move with
four DOFs. The two
translational DOFs in the
plane tangential to the body
wall could cause damage to
the tissue
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are popular because of their mechanical simplicity, easy control and larger and
more isotropic workspace per mechanism volume.

Serial multi-DOF RCM mechanism are composed out of different 1-DOF RCM
mechanisms. Zong et al. introduced six types of such mechanisms. Especially the
revolute joint and double-parallelogram RCM mechanism are very popular. In
case of a revolute joint (Fig. 2a), all points on the axis of a revolute joint,
excluding the points enclosed within the joint, can be considered as RCMs.
Figure 2b shows a double-parallelogram RCM mechanism. Here, two parallelo-
grams copy the rotation of a linkage l1 about a local center of motion (LCM) distal
from the tool. By doing so the tool will rotate about the RCM.

A popular 3-DOF RCM mechanism for MIS tool holders combines two 1-DOF
revolute joint RCM mechanisms to implement rotations U and W and a 1-DOF
double-parallelogram RCM mechanism to implement the H-rotation (Fig. 2c) [4].
A linear drive mechanism is commonly added proximal to the end-effector to
create a translational DOF (Fig. 3d). Mechanisms like the one of Taylor are widely
applied because of their simplicity and relatively large workspace. However, for
many MIS applications, such a heavy and voluminous end-effector is undesirable.
For example, in microsurgical applications where instruments needs to move in a
highly confined space below a voluminous microscope [5]. When space is an issue,
it is desirable to use a 4-DOF RCM mechanism with a translational DOF imple-
mented distal from the end-effector. Only a few mechanisms of this type have been
reported. These mechanisms all consist of a prismatic joint at points B and C
(Fig. 2e). In order to guarantee a stable RCM, the translations of linkages l1 and l2
need to be synchronized. This is done either actively by using two synchronized
actuators [6] or passively by adding a synchronization mechanism (Fig. 2f) [4].
However, calculating the number of DOFs of the latter mechanism shows that it is
in fact overconstrained. DOFs R and H are only decoupled when the opposing
linkages are equal in length or when play or flexibility is introduced into the
mechanism. Such mechanism characteristics are disadvantageous in applications
where precision matters.

Fig. 2 State-of-art parallelogram-based RCM mechanisms
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Fig. 3 Derivation of the kinematical design rules to copy motions R and H from a distal linkage
l1 at an LCM to a linkage l2 at a stable RCM
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3 Kinematical Design Rules for Stable 4-DOF
Parallelogram-Based RCM Mechanisms with a Distal
Translational DOF

This section is dedicated to the derivation of kinematical design to develop stable
4-DOF parallelogram-based RCM mechanisms with a translational DOF imple-
mented distal from the end-effector. DOFs U and W are omitted in this derivation
since their implementation, using a 1-DOF revolute joint RCM mechanism, is
trivial. Therefore, the goal is to derive kinematical design rules to copy motions R
and H from a distal linkage l1 at an LCM to a linkage l2 at a stable RCM (Fig. 3a).
The prismatic and revolute joint at the RCM are dashed in this figure to indicate
that these components are non-physical. The derivation is split into two steps.
First, two LCMs are considered to derive the design rules to copy motions R and H
from one LCM to another. Second, the kinematical design rules are derived to
transform one of the LCMs into a stable RCM.

In the absence of a translational DOF, the orientation of linkage l1 can be
copied to linkage l2 by coupling the linkages in a parallelogram configuration
ACDB using two arbitrarily shaped linkages l0 and l3 and four revolute joints
(Fig. 3b). A prismatic joint at points A and B is needed to add the translational
DOF at both LCMs (Fig. 3c). Unfortunately, the resulting mechanism has three
instead of two DOFs. The third DOF destabilizes parallelogram ACDB and
therefore desynchronizes the linkages’ rotation and translation (Fig. 3d). An
additional linkage l4 connected to l1 and l2 with revolute joints F and E respec-
tively eliminates this third DOF (Fig. 3e). Hereby, a new parallelogram ECDF is
formed, which forces l1 and l2 to remain parallel at all times. It must be mentioned
that linkage l4 cannot guarantee at all times identical translations of l1 and l2. A
transition of parallelogram ACDB into an isosceles trapezoid is possible when
ACDB reaches a rectangular shape (Fig. 3f). When forming an isosceles trapezoid,
l1 and l2 will translate with identical magnitude but in opposite direction. This
issue will be dealt with later on in this derivation. Since linkages l1 and l2 were
chosen to be straight, joints A, E and C and joints B, F and D respectively are
collinear. This is however an unnecessary kinematical constraint. When linkages l1
and l2 are equally bended and non-collinear joints are used, the motions of l1 and l2
can still be synchronized (Fig. 3g). In fact, to guarantee motion synchronization
between l1 and l2, it is sufficient that the two prismatic joints are initially chosen
parallel and that parallelograms ACDB and ECDF exist and share the opposing
linkages l1 and l2. These conditions result in a general mechanism (Fig. 3h) to
copy motions R and H from one LCM to another.

Next, one could remove the physical joints at A when trying to create an RCM
if this would not introduce an additional DOF into the mechanism as shown in
Fig. 3i. Such extra DOF destabilizes the imaginary parallelogram ACDB and
desynchronizes the motion of l1 and l2 (Fig. 3i). It is sufficient that linkage l3 and
the imaginary linkage l0 remain parallel in order to synchronize the motions of l1
and l2 (Fig. 3j). This condition guarantees a stable RCM for both translations
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(Fig. 3k) and rotations (Fig. 3l) of these linkages. Note that by definition, this
kinematical condition also keeps the imaginary parallelogram ACDB from
transforming into an isosceles trapezoid. In order to comply with this kinematical
condition, it is mandatory that the orientation of linkage l3 remains unchanged for
any motion of linkages l1 and l2. This can be done by connecting linkage l3 rigidly
to a 2-DOF translation mechanism. Both parallel and serial 2-DOF translation
mechanisms exist. Figure 4 depicts four examples of 1-DOF translation mecha-
nisms that can be connected in series to form a 2-DOF translation mechanism. The
translating linkages, at which connections must be made, are indicated as lt.

4 Guidelines on How to Apply the Kinematical Design
Rules

Figure 5 demonstrates how to apply the derived kinematical design rules when
developing a stable 2-DOF parallelogram-based RCM mechanism with a trans-
lational DOF implemented distal from the end-effector.
Step 1 Choose an arbitrary but appropriate location for a RCM and a LCM

consisting of a revolute and prismatic joint
Step 2 Connect parallel linkages l1 and l2 to the LCM and the RCM respectively
Step 3 Position revolute joints C and D at a convenient arbitrary but equal

relative position with respect to the RCM and the LCM respectively.
Connect joints C and D with a linkage l3. Note that this in fact
implements a virtual parallelogram ACDB

Step 4 Introduce revolute joints E and F and linkages l4, l5 and l6 to form an
arbitrary but appropriate parallelogram ECDF

Step 5 Unite linkage l5 with linkage l1 and linkage l6 with linkage l2 using
arbitrary but appropriate rigid connections

Step 6 Choose a 2-DOF translation mechanism and rigidly connect its 2-DOF
translation linkage lt rigidly to linkage l3

Figure 5g and h demonstrate the stability of RCM for a translation and a
rotation of linkage l1 respectively.

Fig. 4 Embodiments of 1-DOF translation mechanisms. a Prismatic joint. b Parallelogram.
c Synchronous transmission. d Lift mechanism [2]
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Figure 6 depicts three examples of stable 4-DOF parallelogram-based RCM
mechanisms with a distal translational DOF. Figure 6a shows an embodiment with
two stacked parallelograms as a 2-DOF translation mechanism [5]. The second
embodiment uses two prismatic joint mechanisms in series as a 2-DOF translation
mechanism (Fig. 6b). Notice that in this embodiment, the RCM and revolute joints

Fig. 5 Guidelines on how to apply the derived kinematical design rules. a Step 1. b Step 2.
c Step 3. d Step 4. e Step 5. f Step 6. g Translation. h Rotation
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C and E are chosen non-collinear. This results in an even smaller end-effector. The
third embodiment uses two synchronous transmissions in series as a 2-DOF
translation mechanism (Fig. 6c). Note that an additional synchronous transmission
replaces parallelogram ECDF.

5 Conclusion

RCM mechanisms are widely used as tool holders for MIS interventions. When
aligning the RCM with the incision into the body damage to surrounding tissue can
be kept to a minimum. Many mechanisms adopt a serial parallelogram-based
configuration with a bulky translational DOF implemented at the end-effector. For
many MIS applications where only limited working space is available at the level
of the incision, implementing the translational DOF distal from the end-effector is
more favorable. So far, only a limited number of such mechanisms does exist,
current designs have limitations in achievable precision and RCM stability. This
paper derives kinematical design rules to develop stable 4-DOF parallelogram-
based RCM mechanism with a translational DOF distal from the end-effector.
Guidelines on how to apply these kinematical design rules were presented and
three examples of such mechanisms were given. While the current derivation
focused on combinations of revolute joints and a double-parallelogram mecha-
nism, future work will study how other types of 1-DOF RCM mechanisms can be
employed to create compact 4DOF RCM mechanisms.
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Rotational Axes Analysis of the 2-RPU/
SPR 2R1T Parallel Mechanism

Yundou Xu, Shasha Zhou, Jiantao Yao and Yongsheng Zhao

Abstract This paper presents a novel 2-RPU/SPR 2R1T parallel mechanism,
which has one translational degree of freedom (DOF) and two rotational DOFs.
The properties of the rotational axes of the mechanism are analyzed by using
screw theory, and the results show that the 2-RPU/SPR mechanism has two
rotational continuous axes. The position analysis of the 2-RPU/SPR mechanism is
also carried out. The proposed 2R1T mechanism has very simple kinematic model,
which reduces difficulties in calibrating kinematic parameters.

Keywords 2R1T parallel mechanism � Screw theory � Continuous rotation axes �
Position analysis

1 Introduction

The 2R1T parallel mechanism (PM) is an important category of the lower-mobility
PMs [1], which has one translational DOF and two rotational DOFs. Since Hunt
proposed the 3-RPS parallel mechanism in 1983 [3], the 2R1T lower-mobility PM
has attracted a lot of attention. For instance, Z3 head (3-PRS mechanism) in
machine tool [10], the parallel part of the Exechon kinematically equal to a 2-
UPR-SPR PM, these are typical examples of success. The 2R1T PM was also
implemented in many applications such as telescope application, motion simulator
[8] micro-manipulator, and coordinate measuring machine [6]. Therefore, the
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kinematics analysis, dimensional synthesis [9], singularity analysis [5] and
dynamics analysis [2] of the 2R1T parallel mechanism have been extensively
studied. The notation of R denotes a revolute pair, P a prismatic pair, S a spherical
joint, and U a universal joint.

For the 2R1T PM, two translational motions are restricted, the rotational axes
cannot be chosen arbitrarily, which is also called as incomplete rotation. Instan-
taneous rotational axes and continuous rotational axes are two types of rotational
axes of the PM. If the moving platform can only rotate around the rotational axes
in a specified pose, such axes are rotational instantaneous axes. Otherwise, the
moving platform can rotate around the rotation axes continually, the rotational
axes are named rotational continuous axes. Some investigations on the rotation
axes of the 2R1T PM can be found [4], and the analysis results show that the 2-
PRS/PRRU parallel mechanism without parasitic motion has two continuous
rotational axes, the 2-UPR/SPR overconstrained PM has also two continuous
rotational axes [7]. However, except the above-mentioned two kinds of 2R1T PMs,
very few 2R1T PMs with two continuous rotational axes have been reported.
Therefore, a novel 2R1T PM with two continuous rotational axes will be proposed,
and the properties of rotational axes will be analyzed.

2 Rotational Axes Analysis of a 2-RPU/SPR Parallel
Mechanism

As shown in Fig. 1, a novel 2-RPU/SPR 2R1T PM is composed of a moving
platform, a fixed base, two RPU supporting limbs, and a SPR supporting limb. The
three points, S, R1, and R3, on the base constitute an isosceles triangle with
SR1 = SR3. Another three points, U1, R2, and U3, on the moving platform also
constitute an isosceles triangle with R2U1 = R2U3. The limb RPU connects the

Fig. 1 The 2-RPU/SPR
parallel mechanism in the
initial configuration
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moving platform to the base by a U joint on the moving platform at Ui (i = 1, 3),
an actuated P joint along the limb, and the R joint on the base at Ri in sequence.
The axis of the U joint within the R1P1U1 limb, proximal to the base, is denoted by
r1, and that closes to the moving platform is denoted by r2. The axis of the U joint
within the R3P3U3 limb, proximal to the base, is denoted by r3, and that closes to
the moving platform is denoted by r4. The SPR limb connects the moving platform
to the base by the R joint on the moving platform at R2, an actuated P joint along
the limb, and the S joint on the base at S in sequence.

For the RPU limb, the axis of the R joint is parallel to the axis of the U joint
connecting to the base, the axis of the actuated P joint is perpendicular to the axis
of the R joint, the axes of the R joints of two UPR limbs are parallel to each other,
and r1 and r3 are aligned. The axis of the R joint within the SPR limb is parallel to
r1 and r3.

When the mechanism is in the initial configuration, the points R1, R3, U1, and
U3 are located on a same plane, and the plane is perpendicular to the planes SR1R3

and U1R2U3, the vector Oo is also perpendicular to the planes SR1R3 and U1R2U3,
in which O and o are mid-points of R1R3 and U1U3 respectively. The vector SO is
parallel to the axis of the R joint within the RPU limb.

For the purpose of analysis, a fixed coordinate frame B: O-XYZ is attached at
point O on the base, with Y-axis pointing along vector SO and X-axis parallel to
vector R1R3. A moving coordinate frame m: o-xyz is attached at point o on the
moving platform, with x-axis pointing along vector U1U3, y-axis parallel to vector
R2o, and z-axis perpendicular to the plane U1R2U3, just as shown in Fig. 1.

2.1 Rotational Axes Analysis of PM in the Initial
Configuration

When moving platform in the initial configuration, in the fixed frame B, the

coordinate of point Ri is xRi 0 0½ �T , the coordinate of point Ui is

xUi yUi zUi½ �T , the coordinate of S is 0 yS 0½ �T , the coordinate of point R2 is

xR2 yR2 zR2½ �T .
The twist system of limb RiPiUi with respect to the fixed frame B is given by

$i1 ¼ 0 1 0 0 0 �xRi½ �T

$i2 ¼ 0 0 0 Li 0 Ni½ �T

$i3 ¼ 1 0 0 0 �zUi 0½ �T

$i4 ¼ 0 1 0 zUi 0 �xUi½ �T

8
>>>><

>>>>:

ð1Þ

where [Li 0 Ni]
T denotes the unit vector along the axis of prismatic joint within the

limb RiPiUi.
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The constraint wrenches supplied by the limb RiPiUi can be identified in the
fixed frame B as

$r
i1 ¼ 0 0 0 0 0 1½ �T

$r
i1 ¼ 0 1 0 zUi 0 k½ �T

(
ð2Þ

where $r
i1denotes a constraint couple, whose direction is parallel to the Z-axis,

$r
i2denotes a constraint force that is parallel to the Y-axis and passes through point

Ui, and k is an arbitrary value.
The twist system of limb SP2R2 with respect to the fixed frame B is given by

$21 ¼ 1 0 0 0 0 yS½ �T

$22 ¼ 0 1 0 0 0 0½ �T

$23 ¼ 0 0 1 �yS 0 0½ �T

$24 ¼ 0 0 0 0 M2 N2½ �T

$25 ¼ 1 0 0 0 �zR2 yR2½ �T

8
>>>>>><

>>>>>>:

ð3Þ

where [0 M2 N2]T denotes the unit vector along the axis of P joint within the limb
SP2R2.

The constraint wrench supplied by the limb SP2R2 can be identified in the fixed
frame B as

$r
21 ¼ 1 0 0 0 0 yS½ �T ð4Þ

where $r
21denotes a constraint force that is parallel to the x-axis and passes through

point S.
The twist system of the 2-RPU/SPR 2R1T PM with respect to the fixed frame

B can be calculated as

$pm
1 ¼ 0 0 0 0 0 1½ �T

$pm
2 ¼ 0 1 0 0 0 0½ �T

$pm
3 ¼ 1 0 0 0 �zU1 0½ �T

8
><

>:
ð5Þ

where $pm
1 denotes a translational DOF along Z-axis, $pm

2 denotes a rotational DOF,
whose axis is parallel to the Y-axis and passes through point O, that is, points along
vector SO, and $pm

3 also denotes a rotational degree of freedom, whose axis points
along vector U1U3.

The configuration of 2-RPU/SPR parallel mechanism is shown in Fig. 2 after
the moving platform rotates only around the Y-axis in the fixed frame B.

The constraint wrenches supplied by the limb RiPiUi can be identified in the
fixed frame B as
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$r
i1 ¼ 0 0 0 n12 0 �l12½ �T

$r
i2 ¼ 0 1 0 z0Ui 0 �x0Ui½ �T

(
ð6Þ

where l12 0 n12½ �T denotes the unit vector of r1 and r3 after the moving plat-

form’s rotation around the Y-axis in fixed frame B, x0Ui 0 z0Ui½ �T denotes
coordinate of points Ui in the fixed frame B.

The constraint wrench supplied by the limb SP2R2 can be identified in the fixed
frame B as

$r
21 ¼ l12 0 n12 �n12yS 0 l12yS½ �T ð7Þ

where n12 m22 �l12½ �T is the direction cosines of the axis of P joint within the
limb SP2R2.

Thus, the twist system of the 2-RPU/SPR PM with respect to the fixed frame
B can be calculated as

$pm
1 ¼ 0 0 0 n12 0 �l12½ �T

$pm
2 ¼ 0 1 0 0 0 0½ �T

$pm
3 ¼ l12 0 n12 0 n12x0U � l12z0U 0½ �T

8
><

>:
ð8Þ

The configuration of 2-RPU/SPR parallel mechanism is shown in Fig. 3 after
the moving platform rotates around the x-axis in the moving frame m.

In this situation, the twist system and the constraint wrenches of limb RiPiUi do
not change compared with the situation that the PM is the initial configuration.

The constraint wrench supplied by the limb SP2R2 can be identified in the fixed
frame B as

Fig. 2 The configuration
after rotation around the Y-
axis in frame B
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$r
21 ¼ 1 0 0 0 0 yS½ �T ð9Þ

where ½ 0 y0S 0 �T denotes coordinate of point S in the fixed frame B after the
moving platform’s rotation around the x-axis in moving frame m.

As a result, the twist system of the 2-RPU/SPR PM with respect to the fixed
frame B can then be obtained as

$pm
1 ¼ 0 0 0 0 0 1½ �T

$pm
2 ¼ 0 1 0 0 0 0½ �T

$pm
3 ¼ 1 0 0 0 �zU1 0½ �T

8
><

>:
ð10Þ

The configuration of 2-RPU/SPR parallel mechanism is shown in Fig. 4 after
the moving platform rotates around the fixed Y-axis and the moving x-axis
simultaneously.

Fig. 3 The configuration
after rotation around the x-
axis in frame m

Fig. 4 The configuration
after rotation around the Y-
axis and the moving x-axis
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The constraint wrenches of limb RiPiUi are the same as the wrenches when the
PM in the configuration after the moving platform rotates around the Y-axis in the
fixed frame B.

The constraint wrench supplied by the limb SP2R2 can be identified in the fixed
frame B as

$r
21 ¼ l12 0 n12 �n12yS 0 l12yS½ �T ð11Þ

which is also identical with that in the situation when the PM in the configuration
after the moving platform rotates around the Y-axis in the fixed frame B.

Obviously, the twist system of the PM is also expressed as

$pm
1 ¼ 0 0 0 n12 0 �l12½ �T

$pm
2 ¼ 0 1 0 0 0 0½ �T

$pm
3 ¼ l12 0 n12 0 n12x0U1 � l12z0U1 0½ �T

8
><

>:
ð12Þ

From the above analysis, it can be seen that the Y-axis in the fixed frame B and
the x-axis in the moving frame m are always the rotational axes of the moving
platform, so the Y-axis in the fixed frame B and the x-axis in the moving frame
m are two continuous rotational axes of the PM.

3 Position Analysis of the 2-RPU/SPR Parallel Mechanism

Since the fixed Y-axis and moving x-axis are two continuous rotational axes of the
PM, the homogeneous transformation matrix from the moving frame m to the fixed
frame B can be described directly as

B
mT ¼ Rot Y; h1ð ÞTrans 0 0 dð ÞRot x; h2ð Þ

¼

cos h1 0 sin h1 0

0 1 0 0

� sin h1 0 cos h1 0

0 0 0 1

0
BBB@

1
CCCA

1 0 0 0

0 1 0 0

0 0 1 d

0 0 0 1

0
BBB@

1
CCCA

1 0 0 0

0 cos h2 � sin h2 0

0 sin h2 cos h2 0

0 0 0 1

0
BBB@

1
CCCA

¼

cos h1 sin h1 sin h2 sin h1 cos h2 d sin h1

0 cos h2 � sin h2 0

� sin h1 cos h1 sin h2 cos h1 cos h2 d cos h1

0 0 0 1

0

BBB@

1

CCCA

ð3Þ

Rotational Axes Analysis of the 2-RPU/SPR 2R1T Parallel Mechanism 119



where h1 and h2 represent the angles that the moving platform rotates around the Y-
axis and x-axis, respectively, and d denotes the displacement that the moving
platform translates along the z-axis in the moving frame m.

The position vectors of U1, R2 and U3 can then be obtained in the fixed frame
B as

UB
1 ¼ xU1ch1 þ zU1sh1ch2 þ dsh1 � zU1sh2 � xU1sh1 þ zU1ch1ch2 þ dch1½ �T

RB
2 ¼ ½xR2ch1 þ yR2sh1sh2 þ zR2sh1ch2 þ dsh1yR2ch2 � zR2sh2

� xR2sh1 þ yR2ch1sh2 þ zR2ch1ch2 þ dch1�T

UB
3 ¼ xU3ch1 þ zU3sh1ch2 þ dsh1 � zU3sh2 � xU3sh1 þ zU3ch1ch2 þ dch1½ �T

8
>>>><

>>>>:

ð14Þ

Then, the length of there actuated limbs can be obtained as

li ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðBxUi � xRiÞ2 þ By2

Ui þ Bz2
Ui

q
; i ¼ 1; 3

l2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
BxR2 þ ðByR2 � ySÞ2 þ Bz2

R2

q

8
><

>:
ð15Þ

4 Conclusion

In this paper, a novel 2R1T mechanism 2-RPU/SPR is proposed, and rotational
axes of the PM are analyzed, the results show that the proposed mechanism has
two rotational continuous axes, which are the Y-axis fixed on the fixed platform
and x-axis fixed on the moving platform, respectively. The relationship between
the pose of the moving platform and the length of actuated limbs can be estab-
lished easily. In a word, the 2-RPU/SPR 2R1T mechanism proposed has simple
kinematic model, which can reduce the difficulties in kinematic parameters
calibration.
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Recursive and Symbolic Calculation
of the Stiffness and Mass Matrices
of Parallel Robots

Sébastien Briot and Wisama Khalil

Abstract This paper presents a symbolic and recursive calculation of the stiffness
and mass matrices of parallel robots. In order to reduce the computational time
required for simulating the elastodynamic behavior of robots, it is necessary to
minimize the number of operators in the symbolic model expression. Some
algorithms have been proposed for the rigid case or for parallel robots with lumped
springs. In this paper, we extend the previous works to parallel robots with dis-
tributed flexibilities. The proposed algorithm, that takes advantage of recursive
calculations for the computation of the Jacobian matrices defining the kinematic
constraints, is used to compute the natural frequencies of a robot developed at
IRCCyN: the NaVARo.

Keywords Parallel robots � Flexibilities � Natural frequencies

1 Introduction

The large computational time required for calculating the natural frequencies of a
robot prevents to use them in many applications, such as real-time control, design
optimization process, etc. To decrease the computational cost, this paper focuses
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on the efficient symbolic computation for the stiffness and mass matrices of
flexible parallel robots. This approach could be combined with model reduction
methods [6, 9, 10], but this is not the main goal of that paper.

For the computation of the robot natural frequencies, two main approaches are
generally proposed (see [11] for a large literature review): (i) lumped modeling
[13, 18] and (ii) modeling using distributed flexibilities [2, 3, 7, 16, 17]. The
lumped modeling is generally simpler to use by non-experts in finite element
methods but, to obtain a correct model accuracy, higher number of elements is
required, thus increasing the computational time.

Contrary to lumped modeling, using distributed flexibilities allows the
improvement of the model accuracy. However, such methods require highly-
skilled users. In [2, 16, 17], some general methodologies are proposed. In the case
of closed-loop mechanisms, some Jacobian matrices are computed that allow
taking into account the kinematic dependencies. However, such general method-
ologies are not specifically designed for parallel robots and they do not guarantee
the minimization of the number of operators for the symbolic computation of the
model. To the best of our knowledge, a systematic procedure to compute the mass
and stiffness matrices (using distributed flexibilities) of parallel robots with a
minimal numbers of operators has never been proposed.

The present work aims at filling this gap. In order to minimize the number of
operations, the Jacobian matrices defined in the principle of virtual powers (PVP)
are computed using recursive algorithms. For computing the stiffness and mass
matrices of parallel robots, the approach proposed in [5] is adapted. It proposes to
(1) convert the parallel robot into a virtual system defined by a tree-structure robot
composed of the kinematic chains of the actual robot for which all joints (passive
and active) are considered actuated and a free body (the platform which is con-
sidered as rigid) (Fig. 1), (2) compute the elastodynamic model of this new virtual
system, and (3) finally, close the loops by using the PVP.

This method is effective, systematic, can be applied to any parallel robot.
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Fig. 1 A general parallel robot composed of flexible elements. a Kinematic chain. b Virtual tree
structure. c A single flexible link
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2 Stiffness and Mass Matrices for the Virtual System

Let us consider a parallel robot composed of one rigid fixed base (denoted as
element 0), one rigid moving platform and n legs, each leg being a serial kinematic
chain composed of ðmi � 1Þ elements1 connected by mi joints of coordinates qik

(revolute, prismatic or fixed joints—i ¼ 1; . . .; n) located at points Aik

(k ¼ 1; . . .;mi—Fig. 1a). The j-th element of the i-th leg is denoted by ij and its
displacement can be parameterized by the coordinates ijtij

2 which represents the
twist of the body ij at the origin of the local frame Fij (Fig. 1c) and _qeij

that are the

generalized velocities characterizing the elastic displacement of the body ij

ijteijðMijÞ ¼ UijðM0ijÞ _qeij
ð1Þ

where ijteijðMijÞ is the deformation twist due to the body elasticity that can be
parameterized using truncated series of Rayleigh-Ritz shape functions Uij [4].

The vector of generalized coordinates of the tree-structure is given by

qt ¼ qT
t1
� � � qT

tn

h iT
, where qti regroups all joint variables (denoted as

qT
pi
¼ qi1 . . .qimi½ �) and elastic generalized coordinates qT

ei
¼ qT

ei1
� � � qT

ei;mi

h i
for the

real i-th leg.
The Lagrangian of the tree structure system can be expressed as:

Lt ¼
1
2

X

i;j

ijtT
ij _qT

eij

h i
Mij

ijtij

_qeij

� �
� qT

eij
Kijqeij

ffi �
ð2Þ

where Mij and Kij are the mass and stiffness matrices of the link ij whose full
expressions in the most compact form are given in [4, 15]. To express the
Lagrangian as a function of qt and _qt, let us express the displacement of the
element ij frame located at Aij using the following equations obtained by a
recursive algorithm [4]

ijtij ¼ Jtij _qt with Jtij ¼ij Tiðj�1ÞJtiðj�1Þ þUqeij
þ Aij and ð3Þ

Uqeij
¼ 0 � � � ij Riðj�1ÞUiðj�1ÞðAijÞ � � � 0
� �

; Aij ¼ 0 � � � ij aij � � � 0
� �

ð4Þ

where aij is the unit twist describing the joint ij axis [4] and, in Uqeij
(Aij, resp.), the

term ijRiðj�1ÞUiðj�1ÞðAijÞ (ijaij, resp.) is located at the columns corresponding to the
variables _qeiðj�1Þ

( _qij, resp.). Moreover, in the previous expressions,

1 Note that each robot link can be composed of one element or several elements.
2 In what follows, the preceding superscript ‘‘ij’’ denotes that the vector is given in the frame
Fij.
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ijRiðj�1Þ ¼
ijRiðj�1Þ 0

0 ijRiðj�1Þ

� �
; ijTiðj�1Þ ¼ ij Riðj�1Þ

I3 �iðj�1Þr̂iðj�1ÞðAijÞ
0 I3

� �
ð5Þ

where I3 is the (3 9 3) identity matrix, ijRiðj�1Þ is the rotation matrix between

frames Fij and Fiðj�1Þ, iðj�1Þr̂iðj�1ÞðAijÞ is the cross-product matrix associated with

the vector iðj�1Þriðj�1ÞðAijÞ, i.e. the position of point Aij � Biðj�1Þ in Fiðj�1Þ (Fig. 1c).

Finally, a global Jacobian matrix Jij defined such as ijtT
ij _qT

eij

h iT
¼ Jij _qt can be

computed as JT
ij ¼ JT

tij
OT

qeij

h i
where Oqeij

is defined such that _qeij
¼ Oqeij

_qt.

Introducing ijtT
ij _qT

eij

h iT
¼ Jij _qt into (2) leads to

Lt ¼
1
2

X

i;j

_qT
t JT

ijMijJij _qt � qT
t OT

qeij
KijOqeij

qt

� 	
¼ 1

2
_qT

t Mt _qt � qT
t Ktqt


 �
ð6Þ

where Mt and Kt are the mass and stiffness matrices of the tree structure.
Adding the contribution of the rigid platform into (6), the Lagrangian of the

total system can be written as:

L ¼ 1
2

_qt

tp

� �T
Mt 0
0 Mp

� �
_qt

tp

� �
� qt

xp

� �T
Kt 0
0 0

� �
qt

xp

� � !

¼ 1
2

_qT
g Mg _qg � qT

g Kgqg

� 	
ð7Þ

Mp is the mass matrix of the rigid platform and xp represents the platform dis-
placement (tp its twist). Mg and Kg are the total mass and stiffness matrices of the

virtual system. qT
g ¼ qT

t xT
p

h i
is its vector of generalized coordinates.

3 Stiffness and Mass Matrices for the Parallel Robot

It is now necessary to determine one possible subset of generalized coordinates for
the parallel robot. Using (3) for computing the twist i;mi ti;mi of the tip of leg i:

i;mi ti;mi ¼ Ji
ti;mi

_qti ð8Þ

where Ji
ti;mi

can be obtained from Jti;mi
by extracting the columns corresponding to

the vector _qT
ti
¼ _qT

pi
; _qT

ei

h i
, i.e. the vector stacking all variables of the leg i.

As the leg extremity is also linked to the rigid platform, its twist can be related
to the platform twist tp via the rigid body displacement relation:
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i;mi ti;mi ¼ Ji
ptp;where Ji

p ¼ i;mi R0
I3 �0p̂i

0 I3

� �
ð9Þ

in which 0p̂i is the cross product matrix of vector 0pi that characterizes the position
of the attachment point Ai;mi w.r.t. the platform center (Fig. 1a) and i;mi R0 is the
(6 9 6) rotation matrix between the global frame and the local frame Fi;mi .

Thus, the following set of equations can be obtained:

J1
t1;m1

� � � 0

..

. . .
. ..

.

0 � � � Jn
tn;mn

2

664

3

775

_qt1

..

.

_qtn

2
64

3
75�

J1
p

..

.

Jn
p

2
64

3
75tp ¼ 0, Jt _qt � Jptp ¼ Jt �Jp½ � _qt

tp

� �

¼ Jg _qg ¼ 0

ð10Þ

where Jg is a ðrn� nqgÞ matrix, nqg [ rn (r = 6 for a spatial robot, r = 3 for a
planar robot). This means that a subset _qd of rn variables in vector _qg is linked to
the others. This subset is not unique. As most of parallel robots have identical legs,
an idea is to put in _qd the last r components _qf

ti
of each vector _qti which can be

decomposed into two parts _qT
ti
¼ _q0T

ti
_qfT

ti

h i
:

�
Jf 1

t1;m1
� � � 0

..

. . .
. ..

.

0 � � � Jfn
tn;mn

2

664

3

775

_qf
t1

..

.

_qf
tn

2

64

3

75 ¼
J01

t1;m1
� � � 0 �J1

p

..

. . .
. ..

. ..
.

0 � � � J0n
tn;mn

�Jn
p

2

664

3

775

_q0
t1

..

.

_q0
tn

tp

2
6664

3
7775, Jf

t _qf
t

¼ Jtp _q:

ð11Þ

This can be rewritten as

_qf
t ¼ Jf

t


 ��1
Jtp _q ¼

Jd1;1 � � � Jd1;n Jd1;nþ1

..

. . .
. ..

. ..
.

Jdn;1 � � � Jdn;n Jdn;nþ1

2
64

3
75 _q ¼ Jd _q: ð12Þ

If the coordinates _qf
ti

are those of the last elastic element of the leg (which is

most often the case), the k-th column of matrix Jfi
til corresponds to a unit twist that

describes the displacement of the leg extremity due to the k-th coordinate of qf
ti ,

i.e. [12]
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Jfi
til
¼

i;mi Ril �i;mi Ril
ilp̂il

0 i;mi Ril

� �
ð13Þ

where i;mi Ril is the rotation matrix between the local frame linked at element i;mi

and the local frame linked at element il and ilp̂il is the cross product matrix of the
vector ilpil that characterizes the position of the leg extremity with respect to the
frame linked at element il. Thus its inverse is equal to

Jfi
til

� 	�1
¼

i;mi RT
il p̂i;mi

il RT
il

0 i;mi RT
il

� �
ð14Þ

which does not require much calculation. Finally, from (12) and the definition of

_qT
g ¼ _qT

t1
; . . .; _qT

tn
; tT

p

h iT
, the matrix J defined such that _qg ¼ J_q can be computed.

Introducing _qg ¼ J_q into (7) leads to:

L ¼ 1
2

_qT JTMgJ_q� qT JT KgJq

 �

¼ 1
2

_qT M_q� qT Kq

 �

ð15Þ

from which the natural frequencies fi ði ¼ 1; . . .; nqg � r nÞ of the parallel robot can

be computed as fi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
eig M�1K

 �q

=ð2pÞ. It should be noticed that obviously,

matrices M and K depend on the robot configuration.
To automatize the calculation of the mass and stiffness matrices of the robot, for

each computation, the elements of a vector or a matrix containing at least one
mathematical operation are replaced by an intermediate variable. This variable is
written in an output file which contains the model. The elements that do not
contain any operations are not modified. The obtained vectors and matrices are
propagated in the subsequent equations. Consequently, at the end, the model is
obtained as a set of intermediate variables. Those that have no effect on the desired
output can be eliminated. This algorithm has been successfully implemented with
Mathematica.

4 Case Study: The NaVARo

The NaVARo is a 3-dof planar parallel manipulator developed at IRCCyN
(Fig. 2a) and composed of 3 identical legs and one moving platform made up of 3
segments E1P, E2P and E3P rigidly linked at point P. The i-th leg contains four
links connected with five revolute joints in such a way that AiBiCiDi is a paral-
lelogram linkage, i ¼ 1; 2; 3. The base frame Fb O; x0; y0; z0ð Þ (not shown in
Fig. 2b) is defined such as point O is located at the geometric centre of the
equilateral triangle A1A2A3. Frame Fp P; xp; yp; zp


 �
is attached to the moving

platform. In the home configuration shown in Fig. 2, Fb and Fp P; xp; yp; zp


 �
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(attached to the moving platform) coincide. xp; yp


 �
are the Cartesian coordinates

of point P expressed in frame Fb and hp is the orientation angle of the platform
(the angle between x0 and xp).

Three double clutches are mounted to the base at points Ai, i ¼ 1; 2; 3, in order
to actuate either angle q1i or angle q2i. As a consequence, the NaVARo has 8
actuation modes [1, 14]. Therefore, the platform can be moved throughout the
workspace without reaching any parallel singularity thanks to a judicious actuation
scheme. The kinematics of the i-th leg is described by the modified Denavit-
Hartenberg parameters (MDH) [12] given in Table 1, in which ci ¼ p=2 if i = 1,
ci ¼ �5p=6 if i = 2 and ci ¼ �p=6 if i = 3. Besides, the circumradius of the
moving-platform is equal to 0:2027 m, i.e., l5i ¼ 0:2027 m. Each link, of rectan-
gular cross-section, is made up of duraluminum alloy. Table 1 gives their cross-
section area and inertia.

In the experimental setup, the rotation of links 1i and 2i about point Ai,
i ¼ 1; 2; 3, is locked thanks to the double clutch mechanisms. A single 3D beam
element is used to model links 1i, 2i, 3i and 5i while two 3D beam elements of
equal lengths are used to model links 4i, the latter being twice longer than the
former.

(a) (b)

Fig. 2 The NaVARo. a Prototype of the NaVARo. b Shematics of the NaVARo

Table 1 MDH parameters of the i-th leg and characteristics of the beam cross-sections

ji a(ji) rji cji bji aji dji ðmÞ hji rji

1i 0 0 ci 0 0 d1 ¼ 0:4041 q1i � ci 0
2i 0 0 ci 0 0 d1 ¼ 0:4041 q2i � ci 0
3i 2i 0 0 0 0 d3 ¼ 0:2100 q3i 0
4i 3i 0 0 0 0 d4 ¼ 0:2100 q4i 0
5i 4i 0 0 0 0 d5 ¼ 0:4200 q5i 0

link Aij ðm2Þ Iyij ðm4Þ Izij ðm4Þ Ipij ðm4Þ I0ij ðm4Þ
1i, 2i, 3i, 4i 2:4 � 10�4 1:152 � 10�8 2:000 � 10�9 1:352 � 10�8 5:902 � 10�9

5i 4 � 10�4 3:333 � 10�8 5:333 � 10�8 8:666 � 10�8 1:123 � 10�8
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Thus, the NaVARo is modelled as a spatial mechanism and its model contains
144 generalized coordinates, among which only 90 are independent (see Sect. 3).
The model has been calculated using the proposed procedure and compiled into C
code to obtain the robot natural frequencies. The computation involve the use of
36183 ‘+’ or ‘-’and 37341 ‘*’ or ‘/’ operators, while 21383 variables are defined.

To the best of our knowledge, there exist no works that try to minimize the
number of operators in the elastodynamic models of parallel robots. Therefore, the
efficiency of the proposed solution may be difficult to analyze. However, for
reasons of comparison, the obtained frequencies were validated by means of an
equivalent model developed using Cast3 M software [8]. For the simulations,
Cast3 M gives the result after around 6 s of computation while our model send the
results in around 0.01 s (for a Pentium 4 2.70 GHz, 8Go of RAM). Both models
give the same values for the first 90 natural frequencies of the NaVARo. Table 2
gives the first 5 natural frequencies of the NaVARo for the 4 robot postures shown
in Fig. 3.

5 Conclusions

The paper has presented a symbolic and recursive calculation of the stiffness and
mass matrices of parallel robots. The proposed algorithm, that takes advantage of
recursive calculations for the computation of the Jacobian matrices defining the
kinematic constraints, is used to compute the natural frequencies of a robot
developed at IRCCyN: the NaVARo. Results have shown that the proposed model
was able to give the same values as a FEA software for the first 90 natural
frequencies of the NaVARo but in a considerably reduces computational time
(around 0.01 s for our model while FEA results were obtained in several sec.).

(a) (b) (c) (d)

Fig. 3 The four test poses fxp; yp; hpg (positions in meters, orientation in radian). a f0; 0; 0g.
b f0; 0;�p=3g. c f0:12; 0:07;�p=3g. d f0:18; 0:11;�p=3g
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Kinematics, Dynamics, Control
and Accuracy of Spherical Parallel Robot

Sergey Kheylo and Victor Glazunov

Abstract This paper deals with the kinematical and dynamical properties of
parallel spherical manipulators with three degrees of freedom. Accelerations,
dynamics, control and accuracy are considered. Algorithm of control is based on
the inverse problem of dynamics and allows minimizing deviations of coordinates,
velocities and accelerations.

Keywords Spherical parallel mechanism � Dynamics � Control � Accuracy

1 Introduction

Spherical mechanisms are used as orienting devices, machine tools, medical
equipments, etc. The first works were focused on the mechanisms of one degree of
freedom and open kinematic chain [1]. It was one of the first monographs dealing
with the spherical mechanisms.

Furthermore these mechanisms were applied in parallel robots that contain
several kinematic chains [2–6]. A lot of publications describe 3-dof spherical
parallel mechanisms. Such 3-dof spherical parallel mechanism is composed of
three limbs connecting a moving platform (end-effector) to a fixed base and all the
axes of kinematic pairs intersect at one point [7]. But not all the mentioned axes
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may intersect at a single point. An intermediate rotating kinematic pair can be
replaced by three pairs with parallel axes. [8–10].

Spherical mechanisms were subjects of many publications dealing with the
structure [6, 7], the problem of positions and velocities and workspace modeling
[11], problems of optimization and design [12, 13], dynamical analysis and sin-
gularity analysis [14].

However, not all the important problems have been addressed earlier. These
concern the problem of accelerations and accuracy. Besides, the problem of
control is very important [15]. This article is devoted to these issues. Proposed
algorithm is based on concept of minimized deviations of coordinates, velocities
and acceleration, using inverse problems of dynamics

2 Mechanism Configuration

In the considered spherical mechanism with three kinematic pairs in each chain
(Fig. 1), the input link is connected to the engine. The output link is a platform that
revolves around three axes intersecting at a point O. The output coordinates are
angles of rotation of the platform a, b, c around the axes, whose relative positions
are described by a fiction kinematic chain (Fig. 2a). The generalized coordinates
are angles u11, u21, u31. Each of the three kinematic chains has three joints with
intersecting axes.

Let us associate the output link of the mechanism with a moving coordinate
system n, g, f, whose axes are situated along the main inertia axes of this link.
Therefore for the orientation angles (a = b = c = 0) the directions of the axes n,
g, f coincide with directions of the axes x, y, z, respectively. The constrain
equations are derived from geometry of mechanism, transfer matrixes absolute and
moving coordinate systems.

The constrain equations for a spherical mechanism with three kinematic chains
can be represented by the following system:

Fig. 1 Spherical mechanism
with three kinematic pair in
each chain
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F1 ¼ tgu11þ
cosa � sinc � sinb� cosc � sina

cosa � cosb
¼ 0 ; F2 ¼

sinb
cosc � cosb

� tgu21 ¼ 0;

F3 ¼ tgu31þ
cosc � sina � sinb� cosa � sinc
cosa � coscþ sina � sinb � sinc

¼ 0

ð1Þ

3 Dynamical Analysis

Differentiating these expressions (1) with respect to t, we obtain a system of
equations of velocities of the input and output links:

oFi

oa
_aþ oFi

ob
_bþ oFi

oc
_cþ oFi

oui1
_ui1 ¼ 0 ð2Þ

Differentiating the Eq. (1) again with respect to t, we obtain equations of
accelerations:

oF1

ou11
u
::

11
¼ o2F1

oa2
_a2 þ 2

o2F1

oaob
_a _bþ 2

o2F1

oaoc
_a _cþ o2F1

ob2
_b2 þ 2

o2F1

oboc
_b _cþ o2F1

oc2
_c2

þ o2F1

ou2
11

_u11 þ
oF1

oa
€aþ oF1

ob
b
::

þ oF1

oc
€c. . .

ð3Þ

The equation of motion of a spherical mechanism with three degrees of freedom
has the following form (mass of the arc shaped links are ignored):

Fig. 2 The angles a, b, c: a fiction kinematic chain, b coordinate systems
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Jn � u
::

n
¼ M1 �

ou11

oun
þM2 �

ou21

oun
þM3 �

ou31

oun
þ _ug � _uf � Jf � Jg

� �
ð4Þ

where Jn = Jg, Jf are the inertia moments in respect to the axes n, g, f; M1, M2,

M3, are the moments in the drives,
ouij

oun
are variable coefficients, u

::

n
¼ _xn; _un ¼

xn; u
::

g
; _ug; u

::

f
; _uf are the projections of accelerations and velocities on the axes n,

g, f. Other equations are similar. The torques are determined using the algorithm
represented in [15]. Let ri be the vector perpendicular to the axes of the passive
joints of the i-th chain. This vector has coordinates rix, riy riz and rif, rig, rin in the
absolute and moving coordinate systems correspondingly. It may be shown that:

xn � rin þ xg � rig þ xf � rif ¼ xi1 � ðxi1rix þ yi1riy þ zi1rizÞ ð5Þ

where xn, xg, xf are projections of velocity of the output link to the axes n, g, f,
xi1, yi1, zi1 are the coordinates of the unite vector ei1 (Fig. 1).

Then from (5) the variable coefficients can be determined. By this we take into
account that yi1 = 0, zi1 = 0 (Fig. 1).

ou11

oun
¼ x11

xn
¼ r1n

r1x
;

ou11

oug
¼ x11

xg
¼ r1g

r1x
;

ou31

oug
¼ x31

xg
¼ r3g

r3z
¼ 0 ð6Þ

Other coefficients have similar forms.

The velocities _a; _b; _c may be obtained from linear equations:

xn ¼ _a � an þ _b � bn þ _c � cn; . . .;xf ¼ _a � af þ _b � bf þ _c � cf ð7Þ

where (an, ag, af) are the projections of the unit vector ea of the joint corre-
sponding to the velocity _a (Fig. 2a), (bn, bg, bf) and (cn, cg, cf) are defined
analogously.

4 Control of the Manipulator

Control of parallel manipulators is one of the most important problems. There are
different approaches to solve this problem. The applied algorithm is based on the
inverse problems of dynamics [15].

The desired laws of the coordinates of the mobile platform are described by
equations aT(t), bT(t), cT(t).

The task is to minimize the errors Da = aT(t) - a(t), Db = bT(t) - b(t),
Dc = cT(t) - c(t), where a(t), b(t), c(t) are the actual coordinates of the mobile
platform.
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Equations of errors are

D
::

aþ KD
_Daþ KPDa ¼ 0; . . .;D

::

cþ KD
_Dcþ KPDc ¼ 0 ð8Þ

where KD, KP are the feedback coefficients. The value feedback gains coefficients
are determined according the theory robotic control [15].

According to Eq. (8) the actual accelerations become:

a
:: ¼ a

::

T
þKDð _aT � _aÞ þ KPðaT � aÞ; . . .; c

:: ¼ c
::

T
þKDð _cT � _cÞ þ KPðcT � cÞ ð9Þ

The laws of errors is described oscillatory second-order systems, which control
time is minimize. Let us consider an example: the desired laws of the coordinates
of the moving platform are aT(t) = 0.1�sin(x t), bT(t) = 0.11�sin(x t),
cT(t) = 0.12�sin(x t). Moment of inertia Jn = Jg = 0.0012 kg�m2,
Jf = 0.002 kg�m2, KD = 120, KP = 7200. Result of the simulation is presented on
Fig. 3. The maximal errors are about 6�10-3 rad.

5 Accuracy of the Manipulator

The full differential of input-output equation can be written:

Fig. 3 The simulation result of displacement
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oFi

oa
daþ oFi

ob
dbþ oFi

oc
dcþ oFi

ohi1
dhi1 þ

oFi

ohi2
dhi2 þ

oFi

oui1
dui1 ¼ 0 ð10Þ

where hi1, hi2 are the angels between the axes of kinematic pairs (Fig. 1).
According to the linear theory of accuracy, we assume increment in the actu-

ators are equal to zero: du11 = du21 = du31 = 0. Therefore the system of
equations can be represented as:

oFi

oa
daþ oFi

ob
dbþ oFi

oc
dcþ oFi

oh11
dhi1 ¼ �

oFi

oh12
dhi2 þ

oFi

ou11
dui1

� �
ð11Þ

Thus, knowing the deviations of angles between the axes of kinematic pairs we
can determine the deviations of the position of the output link.

For example, if errors are: h11 = 0.01 rad, h12 = 0.005 rad, h31 = 0.01 rad,
hi2 = 0.0075 rad, h12 = 0.005 rad, h22 = 0.005 rad, h23 = 0.005 rad, then the
deviations of the position of the output link are da = 0.012 rad, db = 0.017 rad,
dc = 0.005 rad.

6 Prototyping of the Manipulator

We considered the mechanism where all the axes of the kinematic pairs intersect at
a single point. But one rotating kinematic pair can be replaced by three pairs with
parallel axes. [8–10]. Thus, we introduce a mechanism with five kinematic pairs in
each kinematic chain [9, 10] (Fig. 4).

Fig. 4 Spherical mechanism
with five kinematic pair in
each chain
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One of versions of spherical mechanisms with five kinematic pairs in any chain
is prototyped One of the versions of spherical mechanism with five kinematic pairs
in two kinematic chains and three kinematic pairs in one kinematic chain is pro-
totyped (Fig. 5).

7 Conclusion

In this article, the problem of kinematics and dynamics of the spherical parallel
manipulator is considered. Dynamical properties are analyzed applying the virtual
work principle. Algorithm of control is based on the inverse problem of dynamics
and allows minimizing deviations of coordinates, velocities and accelerations. Our
further work will focus on determination of workspace of the prototype (Fig. 5).
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Dynamics and Control of a Two-Module
Mobile Robot on a Rough Surface

N. Bolotnik, M. Pivovarov, I. Zeidis and K. Zimmermann

Abstract A two-module (two-body) locomotion system moving along a straight
line on a rough horizontal plane is considered. The motion of the system is excited
by a periodic change in the distance between the bodies. Friction between the bodies
and the plane obeys Coulomb’s law. The conditions for the system to be able to start
moving from a state of rest and the steady-state motion are studied. The friction
force acting on the system is assumed to be small as compared with the excitation
force, and the method of averaging is applied to the equation of motion of the
system’s center of mass. On the basis of the averaged equation, necessary and
sufficient conditions subject to which the system can start moving from a state of rest
in a dry friction environment are obtained. The excitation law that implies a
piecewise quadratic time history of the distance between the bodies is considered.
For this excitation law, the system can start moving from a state of rest if the bodies
have different masses and the times of increase and decrease of the distance between
them do not coincide. Closed-form expressions for the steady-state velocity of the
system’s center of mass are obtained and investigated as a function of the parameters
of the system and the excitation law. The maximum magnitudes of the steady-state
velocities and the respective values of the parameters are found. An experimental
prototype of the robot under consideration was built. The experimental results
demonstrate qualitative agreement with the theoretical predictions.
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Keywords Mobile robot � Dry friction � Periodic excitation � Method of
averaging

1 Introduction

A two-body system excited by a periodic change in the distance between the
bodies is a simple model of bio-inspired limbless worm-like locomotors. Such
systems can move progressively in nonlinear resistive environments. This prin-
ciple of motion can be used for mini-sized biomimetic mobile robots. This paper is
closely related to studies [3, 4, 6] in which the motion of a two-body system in a
dry friction environment was considered. In [3], the system is controlled by a
periodically changing force of interaction between the bodies, while in [4, 6], the
rate of change in the distance between the bodies is taken as the control variable.
In [3, 4], explicit expressions are obtained for the average velocity of the system
relative to the environment, and the optimal control parameters that maximize this
quantity are found. The conditions, subject to which the system can move pro-
gressively in an isotropic dry friction environment, were analyzed in [6]. A number
of problems related to the locomotion of two-body systems in anisotropic dry
friction environments are solved in [7]. In our paper, we investigate a two-body
system excited by a periodic change in the distance between the bodies and
moving in an isotropic Coulomb friction environment for the case of low friction.
Two-body systems are a simplest class of limbless (snake-like and worm-like)
multilink artificial locomotors. For a review of publications on the motion plan-
ning, control, and optimization of multilink locomotors see, e.g., [2, 5].

2 Mechanical System and Basic Assumptions

Consider a model of a locomotion system shown in Fig. 1.
The system consists of two bodies coupled by a prismatic joint that allows the

bodies to move translationally relative to each other along a rectilinear guide (the
axis of the joint). We will indicate the bodies of the system by numbers 1 and 2.
The joint is actuated by a drive that increases or decreases the distance between the
bodies according to a prescribed law. The forces generated by the drive are the
internal forces acting between the system’s components. The bodies of the system
interact with an environment that resists their motion with the forces depending on
the velocities of the bodies relative to the environment. These forces are external
with respect to the system. The forces generated by the drive change the velocities
of the system’s bodies relative to each other and relative to the environment, which
causes change in the environmental forces acting on the system. Thus, by con-
trolling the relative motion of the system’s components we can change the external
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forces acting on the system, controlling thereby the motion of the entire system in
the environment. In what follows, we confine ourselves to the case where both
bodies and the entire system move along a horizontal straight line that coincides
with the axis of the joint. In this case, the bodies of the system can be treated as
point masses. Let M1 and M2 denote the masses of bodies 1 and 2, respectively; x1

and x2 the coordinates characterizing the positions of the bodies on the line of their
motion relative to a point O fixed on this line; l the coordinate of body 2 relative to
body 1 (l = x2 - x1); Fið _xiÞ (i = 1, 2) the friction forces acting on the bodies.

We assume that the time history l(t) of the relative motion of bodies 1 and 2 is
prescribed and that the drive of the joint perfectly sustains this law. In terms of
mechanics, this means that the motion of the system is subject to a time-varying
constraint defined by the relation

x2ðtÞ � x1ðtÞ ¼ lðtÞ: ð1Þ

The constrained system has one degree of freedom, and its configuration can be
completely defined by the coordinate of a single characteristic point of the system.
It is natural and convenient to characterize the motion of the system by the motion
of its center of mass, the coordinate of which relative to the point O is defined by

X ¼ M1x1 þM2x2

M
; M ¼ M1 þM2: ð2Þ

Use Eqs. (1) and (2) to express the coordinates x1 and x2 in terms of X and l:

x1 ¼ X �M2

M
l x2 ¼ X þM1

M
l: ð3Þ

According to the linear momentum principle, the motion of the center of mass
of the system under consideration is governed by the equation

M _V ¼ F1 V �M2

M
u

� �
þ F2 V þM1

M
u

� �
; ð4Þ

V ¼ _X; u ¼ _l: ð5Þ

The right-hand side of Eq. (4) expresses the resultant of the external forces
acting on the system. The variable u occurring in this equation can be interpreted
as the control variable for the system under consideration.

Fig. 1 Two-body system with a prismatic joint
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For what follows, we assume that the excitation law l(t) is T-periodic, i.e.,
l(t + T) = l(t) and that the period T is prescribed. Hence, the control function
u(t) is also T-periodic and, in addition, has zero average over the period.

3 Non-dimensionalization

Introduce the dimensionless variables (marked by asterisks) for Eq. (4) as follows:

t� ¼ t

T
; V� ¼ T

L
V; u� ¼ T

L
u; F�i ðV�Þ ¼

1
kMg

Fi
L

T
V�

� �
; mi ¼

Mi

M
; i ¼ 1; 2;

ð6Þ

where k is the coefficient of friction, g is the acceleration due to gravity, and L is
defined as a quantity coinciding in order of magnitude with the amplitude of
oscillation of the variable l:

L� max
t

lðtÞ �min
t

lðtÞ: ð7Þ

We assume that the friction between the bodies and the environment is Cou-
lomb’s dry friction. Then

F�i ð _x�i Þ ¼ miF
�ð _x�i Þ; F�ð _x�i Þ ¼

� sgn _x�i ; if _x�i 6¼ 0;

� U�; if _x�i ¼ 0;

(
U� 2 ð�1; 1Þ ð8Þ

Proceeding in Eq. (4) to the dimensionless variables and then omitting the
asterisks, we arrive at the equation

_V ¼ e GðV ; tÞ; GðV; tÞ ¼ m1F V � m2uðtÞð Þ þ m2F V þ m1uðtÞð Þ; e ¼ kgT2

L
:

ð9Þ

The function G(V, t) is 1-periodic in t, since u(t) is 1-periodic in t, the parameter
e characterizes the ratio of the force of friction to the force of interaction between
the bodies of the system produced by the drive. Without loss of generality we will
assume m2 [ m1. If m2 \ m1, we apply the change of variables
(m1, m2, u) ? (m2, m1, -u). This means that we invert the direction of the
coordinate axis along the line of motion of the system and renumber the bodies.
This change of variables preserves the right-hand side of Eq. (9). We do not
consider the case where m1 = m2, because in this case, G(0, t) : 0 for any u(t),
and the system cannot be set in motion from a state of rest.
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4 Excitation Mode

We confine ourselves to the piecewise quadratic excitation mode that is charac-
terized in the dimensionless variables by the function l(t) defined as follows:

lðtÞ ¼

t2=s; 0� t\s=2;

� ðt � sÞ2=sþ s=2; s=2� t\s;

� sðt � sÞ2=ð1� sÞ2 þ s=2; s� t\ð1þ sÞ=2;

sðt � 1Þ2=ð1� sÞ2; ð1þ sÞ=2� t\1;

8
>>>><

>>>>:

for 0\s� 1=2;

ð10Þ

lðtÞ ¼

t2ð1� sÞ=s2; 0� t\s=2;

� ð1� sÞðt � sÞ2=s2 þ ð1� sÞ=2; s=2� t\s;

� ðt � sÞ2=ð1� sÞ þ ð1� sÞ=2; s� t\ð1þ sÞ=2;

ðt � 1Þ2=ð1� sÞ; ð1þ sÞ=2� t\1;

8
>>>><

>>>>:

for 1=2\s� 1:

ð11Þ

To represent these expressions in the dimensional variables according to
Eq. (6), we should replace formally the variables l, t, and s in Eqs. (10) and (11)
by l/L, t/T, and s/T, respectively. It can be shown that the maximum absolute
value of the rate _l is equal to L/T in the dimensional units and to 1 in the
dimensionless units. Hence, when non-dimensionalizing, we defined the period
T as a unit of time, and the maximum absolute value of the relative velocity of the
system’s bodies as a unit of velocity.

The functions l(t) and uðtÞ ¼ _lðtÞ are plotted in Fig. 2.

5 Low Resistance Averaged Equation

In what follows, we assume that the parameter e in Eq. (9) is small, while the
function G(V, t) has an order of unity. The right-hand side of Eq. (9) is 1-periodic
in t. Then the method of averaging [1] can be applied to Eq. (9). According to this
method, the time-varying Eq. (9) is replaced by the time-invariant averaged
equation

_v ¼ e �GðvÞ; �GðvÞ ¼
Z1

0

Gðv; tÞdt ¼
Z1

0

m1F v� m2uðtÞð Þ þ m2F vþ m1uðtÞð Þ½ � dt:

ð12Þ
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The solution v(t) of the averaged Eq. (12) provides an acceptable approxima-
tion to the solution V(t) of the primary Eq. (9).

The evolution of the velocity from the value v = 0 to the steady-state value is
governed by the equation

_v ¼ e �GðvÞ ¼ e

ðm2 � m1Þð1� 2sÞ � 2
m2

1s
2 þ m2

2ð1� sÞ2

m1m2s

 !
v; 0\s� 1=2;

ðm2 � m1Þð1� 2sÞ � 2
m2

2s
2 þ m2

1ð1� sÞ2

m1m2ð1� sÞ

 !
v; 1=2\s\1:

8
>>>>><

>>>>>:

ð13Þ

According to this equation, the system moves rightward for s\ 1/2 and left-
ward for s[ 1/2. The system cannot start moving from a state of rest if s = 1/2.
For s 6¼ 1/2, the velocity v(t) approaches its steady-state value exponentially as
t ? ?. The steady-state velocity v* is defined as a root of the equation �Gðv�Þ ¼ 0.
Figure 3 plots the maximum of the absolute value of the steady-state velocity
|v*|max as a function of m1 for 0 \ m1 \ 1/2.

From Fig. 3 it is seen that there exists an optimal value of m1 & 0.28 that
corresponds to the maximum steady-state velocity.

Fig. 2 Time histories of l and u
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6 A prototype of the Mobile Robot and the Experiments

A prototype of the locomotion system under consideration is shown in Fig. 4.
This prototype was built at Technische Universitaet Ilmenau. The masses of

bodies 1 and 2 are M1 = 0.125 kg and M2 = 0.245 kg, respectively, the coeffi-
cient of friction k = 0.065, and the distance by which the bodies of the system can
move apart is max tl(t) - min tl(t) = 2. The excitation period and the switching
time are defined as T = 0.37 s and s = 0.12 s, respectively. For this case,
e = 0.71. The steady-state velocity of the robot measured in the experiment is
Vexp = 0.54 cm/s, while the calculation in accordance with the averaged equation
of motion yields Vtheor = 0.63 cm/s.

Fig. 3 The maximum
steady-state velocity |v*|max

versus m1

Fig. 4 Prototype of the
mobile robot
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7 Conclusion

The system under consideration can move progressively, if the bodies have dif-
ferent masses and the times of increase and decrease in the distance between them
during the period do not coincide. The motion changes in direction if the bodies of
the system change in place or the difference between the times of increase and
decrease in the distance between the bodies changes in sign. A prototype based on
the principles described above was built, and the experiments demonstrated an
acceptable qualitative agreement with the theoretical predictions.
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Shaking Force and Shaking Moment
Balancing in Robotics: A Critical Review

Vigen Arakelian

Abstract The continuous demand for increased operation speeds of manipulators
challenges designers with various issues. One of them is the vibration in the base
due to the shaking force and shaking moment. Thus, it is desirable that a high-
speed manipulator will be balanced in order to reduce the variable dynamic loads
transmitted to the frame. Various design concepts for balancing of manipulators
are available in the literature. The aim of this paper is to propose a critical review
of shaking force and shaking moment balancing methods used in robotics.

Keywords Shaking force � Shaking moment � Static balancing � Dynamic bal-
ancing � Reactionless manipulator � Optimal motion planning

1 Introduction

It is known that a high-speed mechanical system with unbalance shaking force/
moment transmits substantial vibration to the frame. Thus, a primary objective of
the balancing is to cancel or reduce the variable dynamic loads transmitted to the
frame and surrounding structures. The reduction of vibrations leads to the increased
accuracy of manipulators [1], which is the major advantage of the balancing.

Different approaches and solutions devoted to the shaking force and shaking
moment balancing have been developed and documented for one degree of
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freedom mechanisms [2–5]. A new field for their applications is the design of
mechanical systems for fast manipulation, which is a typical problem in advanced
robotics.

The balancing of manipulators is generally carried out by two steps: (i) the
cancellation (or reduction) of the shaking force and (ii) the cancellation (or
reduction) of the shaking moment.

2 Shaking Force Balancing

The review of methods devoted to the shaking force balancing of manipulators
showed that five principal approaches can be distinguished.

2.1 Shaking Force Balancing by Adding Counterweights
in Order to Keep the Total Centre of Mass of Moving
Links Stationary

In the case of open-chain manipulators the balancing of shaking force start from
the outermost link and add a counterweight to it bring the center of mass of this
link on the preceding joint axis. Such a balancing process must be repeated
sequentially until the center of mass of the whole chain will be at the fixed pivot
[6]. It is obvious that the adding of a supplementary mass as a counterweight is not
desirable because it leads to the increase of the total mass, overall size of the
manipulator and the efforts in joints. That is why in many constructions of
industrial robots the masses of the motors are often used as counterweights [7].

With regard to the parallel manipulators, the purpose is the same: by adding
counterweights keep the total centre of mass of moving links stationary. However,
it is easier to carry out such a balancing in planar parallel manipulators [8] than in
spatial parallel manipulators [9].

2.2 Shaking Force Balancing by Adding Auxiliary
Structures

The different approaches have developed in order to keep the total centre of mass
of moving links stationary by adding auxiliary structures.

In [6] the parallelograms, as auxiliary structures, were used in order to create
the balanced manipulators. The three links are added to form parallelograms and
then used to identify the center of mass. For the 3-link mechanism, the system
consists of parallelograms in two layers: the first layer has two parallelograms
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while the second layer has one. As it mentioned in the cited paper, this procedure
can be extended to n links.

The pantograph has also been used in order to balance the shaking force of the
Delta robot [10, 11]. The different solutions were proposed: by adding a panto-
graph to each leg or by adding a pantograph connected with the center of mass
localized by using the parallelograms.

2.3 Shaking Force Balancing by Elastic Components

These studies are focused on optimum force balancing of a five-bar parallel
manipulator with combination of a proper distribution of link masses and the
springs connected to the driving links. The force balancing is formulated as an
optimization problem such that a mean-square-root of the sum-squared values of
bearing and spring forces. However, it should be noted that the springs connected
to the driving links produce elastic forces which are the internal forces and the
added springs cannot have any influence on the shaking force minimization due to
the inertia of the moving links. Nevertheless, they influence on the gravitational
forces and the input torques which are also included in the objective function. In
the mentioned studies, the authors overlook this fact [12, 13].

2.4 Shaking Force Balancing by Adjustment of Kinematic
Parameters

This study deals with the synthesis of the balanced five-bar mechanism via
changing the geometric and kinematic parameters of the mechanical structure. The
shaking force balancing leads to the conditions which are traditionally satisfied by
the redistribution of moving masses. In the mentioned studies the link’s mass is
considered unchanged and the lengths and the mass centers of the links are
determined in order to carry out the shaking force balancing. Thus, a new kine-
matic chain is obtained which is fully force balanced. With regard to the trajectory
planning, the authors propose to assume the given positions of the end effector of
the mechanism by the controllers of servomotors. As it is rightly mentioned in
these studies, the proposed design approach will change the workspace, so some
regions of the original workspace may not be reachable. The drawback of this
approach is that the designers, firstly, set the structural and kinematic tasks, then
the dynamic optimization. It is really rare such a situation when it is necessary to
impose the fixed values of moving masses and then to find the kinematic
parameters of the mechanism [14].

This approach was also applied on the design of a spatial three-degree-of-
freedom parallel manipulator [15]. The theoretical results were obtained, which
was not feasible for real application.
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It seems that the combined optimization including mass and geometric
parameters will be more attractive for a wide range of applications of this
technique.

2.5 Shaking Force Minimization via Centre of Mass
Acceleration Control

Solution developed in [16] was based on the optimal control of the robot links
centre of masses. The aim of the suggested method consists in the fact that the
manipulator is controlled not by applying end-effector trajectories but by planning
the displacements of the total mass centre of moving links. The trajectories of the
total mass centre of moving links are defined as straight lines and are parame-
terized with ‘‘bang-bang’’ displacement law. Such a control approach allows the
reduction of the maximum value of the centre of mass acceleration and, conse-
quently, the reduction in the shaking force. It should be mentioned that such a
solution is also very favourable for reduction of input torques because it is carried
out without adding counterweights.

3 Shaking Moment Balancing

With regard to the shaking moment balancing of manipulators, the following
approaches were developed.

3.1 Shaking Moment Balancing by Counter-Rotation

The concept of the shaking moment balancing by counter-rotation was studied for
the first time in [17]. This approach was developed further in the various studies
devoted to the balancing of 1-dof mechanisms and later in [8, 18–21] to multi-dof
mechanisms.

As it was rightly pointed out in [22], this technique leads to the unavoidable
increase in the initial mass, as well as the mechanism dimensions and the price
paid for complete shaking moment balancing is unjustifiably high.

Taking into account this criticism, in [23–28], a new design concept was pro-
posed, studied and optimized for light-weight shaking moment balancing by gears.
The aim of this concept is to assume both the functions of counter-rotation and
counterweight simultaneously, and help reduce the mass of the resulting
mechanism.

At the end of this subsection it should be noted that the major disadvantage of
the balancing technique by counter-rotation is the need for the connection of gears
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to the oscillating links. The oscillations of the links of the manipulator will create
noise unless expensive anti-backlash gears are used. Anti-backlash gears are
devices that bias the gear always to favour one side of the tooth through spring
action. Regardless of the direction of movement, they should always ‘push’ up
against the same side of the tooth. They are basically comprised of two gears that
are spring-loaded in opposing directions. One gear is attached to the mechanism
being moved, the other simply ‘floats’ to provide the bias.

3.2 Shaking Moment Balancing with Modules Based
on Dynamically Balanced Four-Bar Linkages

In this case, the complete shaking force and shaking moment balancing is carried
out without any separate counter-rotation. It becomes possible thanks to the syn-
thesis of fully balanced four-bar linkages. It was shown that a four-bar linkage
having specific geometric parameters and assuming some report between the
lengths of links can be fully balanced only by optimal choice of mass and inertia
parameters of moving links. This principle is also practicable when the input
angular velocity of the four-bar linkage is variable. Thus, the various structures of
manipulators are designed by special legs constructed with modules based on
dynamically balanced four-bar linkages [29–32].

3.3 Shaking Moment Balancing by Generating Optimal
Trajectories of Moving Links

In [33] a redundant 3-DOF manipulator is designed in which the system center mass
is fixed by optimal redistribution of masses and the dynamics of the system is
decoupled. The letter feature simplified the planning of optimal motions in order to
balance the shaking moment of the manipulator. A similar study is carried out in [34].

The study [35] deals with a novel scheme for motion planning of a dual-arm
free-floating planar manipulator where one arm is commanded to perform desired
tasks while the other provides compensating motions to keep the base inertially
fixed.

Shaking moment balancing by prescribed rotation of the end-effector was
proposed in [36–38]. The shaking moment of 3-DOF planar parallel manipulator
[36] was cancelled using two approaches: thought proper choice of inertia and
geometric parameters and using appropriate motion planning. The shaking
moment of the SCARA-type robots with 4-DOF has been vanished by prescribed
velocity of the end-effector [37]. Taking into account that the two angles of the
linear positioning don’t depend on the orientation angle, it was proposed to bal-
ance the shaking moment of the robot by rotation of the end-effector during its
linear displacement. The advantage of such a balancing is simplicity because the
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complete balancing of the shaking moment is achieved without important design
modifications. The major drawback is the increasing the inertia moment of the
end-effector in order to compensate the inertia moment all other rotating links. A
similar approach has been applied on the PAMINSA manipulator in [38].

3.4 Shaking Moment Balancing by Adding an Inertia
Flywheel Rotating with a Prescribed Angular Velocity

It is well known that after shaking force balancing the shaking moment applied on
the base is constant relative to any point, i.e. for a given position of the manip-
ulator it has the same value for any point of the base. Taking into account this
property the shaking moment of any planar manipulator can be balanced by adding
an inertia flywheel rotating with a prescribed angular velocity [39]. A similar
approach based on the active balancing of the shaking moment of the Delta robot
by three additional rotating inertia flywheels was discussed in [10].

It should be noted that the new balanced structures were also developed. In [40]
a dynamically balanced 3-DoF planar parallel manipulator was presented and
tested. The manipulator is composed of two independently force-balanced five-bar
linkages pivoted to the base and coupled with an end-effector link. In this
manipulator each leg was balanced separately, which was made possible by dis-
tributing the inertia of the platform on each of its attachment points [39, 41].

In [42] a novel 3-DOF parallel mechanism referred to as the parallelepiped
mechanism was developed. Counterweights and counter-rotations were used to
dynamically balance the proposed mechanism.

The design of a dynamically balanced redundant planar 4-RRR parallel
manipulator was also presented together with the design approaches of adapting a
given kinematic architecture and of composing it from known balanced archi-
tectures [43].

The complete shaking force and shaking moment balancing of planar parallel
manipulators with prismatic pairs [44] and with variable payload [32, 45] were
also studied.

Finally, it should be noted that the various optimization methods were also
applied in order to reduce the dynamic loads due to the shaking force and shaking
moment of manipulators [46–50].

4 Conclusion

The survey of investigations into the shaking force and shaking moment balancing
of manipulators showed that not only the known methods of linkage balancing
found further development but new approaches were also proposed. The counter-
rotation balancing, which seemed to be essential technique in linkage balancing is

154 V. Arakelian



not so indispensable in robotics. It seems promising the design of reactionless
manipulators with dynamically balanced modules, as well as the balancing by
generation optimal motions of moving links of manipulators.

With regard to the various optimization techniques, it is obvious that they can
be a useful tool for designers. Nevertheless, it is important to pay attention to the
physical interpretation of the obtained results in order to avoid the possible errors.

Finally, it should be noted that although quite rich theoretical results the
practical applications of developed balancing methods are fairly limited.

The strict space limitations did not permit the inclusion in this review of all the
works worthy of attention. The list of references is in no way complete, but it
covers the major part of the literature. In the future, a similar review with full
references and more detailed discussion will be presented as a paper to an
appropriate journal.
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Investigation into the Influence of the Foot
Attachment Point in the Body
on the Four-Link Robot Jump
Characteristics

S. Jatsun, O. Loktionova, L. Volkova and A. Yatsun

Abstract In this paper the settlement scheme of the four-link jumping robot is
submitted, the mathematical model of movement of object in which the jump of
the device is presented in the form of sequence of phases is developed, depen-
dences between the jump characteristics and the position of the point of fixing of a
foot are received.

Keywords The jumping robot � Multi-link mechanism � Jump stages � Posi-
tioning � Acceleration � Flight � Landing

1 Introduction

Nowadays the mobile robotic systems are widely used in inspection, repairing,
dismantling, transportations and rescue operations, especially when the latter
appear to be dangerous and potentially hazardous or being conducted in least
accessible areas. Relatively new but rapidly developing area of robotics is con-
struction of devices that are able to move above the surface. Such a great demand
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of this area of robotics is easily explained by device’s increased ability to move
cross-country, on rough or uneven terrain and the possibility of their use for
military intelligence purposes, buildings examination and monitoring the envi-
ronment after natural and technological disasters.

Devices that are able to move above the surface are being researched by many
scientists, such as S. Kesner, G. Zeglin, S. Dubowsky, P. Fiorini, M. Kovac,
D. Floreano, M. Raibert, V. Lapshin, S. F. Jatsun, S. Komarov, N. Miskaktin and
many others [1–8]. At the same time, hopping devices dynamics, modes of their
movement and jump stages are not studied enough, which significantly limits the
possible use of these devices. Therefore, the crucial tasks nowadays are the
investigation of device’s dynamic motion regimes with regard to the positioning
parameters and acceleration before the lift-off from the surface, dynamic effects
arising from the implementation of the jump, development of parameters calcu-
lation methods of the device and synthesis of control laws for realization of the
required characteristics of the jump.

2 Mathematical Model of the Jumping Apparatus

Jumping apparatus, analytical model of which is presented in Fig. 1, consists of
the links 1–4, link 1 is the foot, links 2 and 3 are the leg, and link 4 is the body [7,
8]. Links 4 and 2 hold drives 5 and 6 of the rotational motion, respectively; they
provided rotation the links 3 and 1 relatively to the links 4 and 2. Link 2 also holds
drive 7 of the progressive movement, allowing parts 2 and 3 move relative to each
other. The jump of the apparatus is considered in the vertical plane Oxy with a
horizontal rough absolutely rigid surface, which belongs to the axis Ox.

There has been developed an apparatus jump realization method (Fig. 2).
During stages 1–3 there is the positioning of the object for the jump, the body of
the robot interacts with the surface and accelerating module consisting of links 1–3
changes its position relative to the body for jump realization under a demanded
angle to the horizon. At a stage 1 links 1, 2 and 3 rotate in the body so that the link
2 is settled down under a demanded angle to the horizon. The second stage is
characterized by rotation of a link 1 to the point where it is paralleled to the side of
the body on which points interact with a surface. During the third stage links 1 and
2 move forward from the body until link 1 interacts with surface. The fourth stage
corresponds to acceleration of the device during which the link 1 appears on a
surface, and links 3 and 4 move with an increasing speed at the expense of sliding
pair. The stage 5 is described by robot movement above the surface, links 1 and 2
are thus involved in the body. Stages 6 and 7 describe an object landing on the
body and its positioning until the body won’t reach steady position on a surface.
And the stage 7 can be observed if the device lands on one point of the body,
otherwise after a stage 6 the object is ready to realization of the following jump.

While developing mathematical model of the device the following assumptions
were accepted. It is considered that all links of the device are absolutely rigid
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bodies, links 1–3 represent cores lengths li, i = 1-3, and link 4 is the rectangle
A1A2A3A4 sizes the 2a 9 2b. The centers of mass of links i = 1-3 are located in
the centers Ci of their symmetry. The body’s center of mass is a point C4 displaced
with respect to the center of symmetry of a rectangle (the point M) on distance l5 at
an angle c. Length of a leg is defined by distance l23 between points O2 and O4,
position of the point O4 in the body is set by distance l4 and an angle b.

There has been developed a mathematical model of interaction of links 1 and 4
with the surface considering jump stages. The assumption taken states that at
interaction of each link with a surface as the centers of normal reaction of a surface
the extreme points with the support elements of the corresponding link which have
been conditionally designated R and P. If interaction of a link 1 or 4 to a surface
occurs in one point, this point becomes a point of normal reaction forces appli-
cation. Friction force in both cases arises only in one contact point K and is
described by the following formula:

FfrK ¼
� fNKsgnð _xKÞ; if _xK 6¼ 0;

� F0; if _xK ¼ 0; jF0j � fNK ;

� fNKsgnðF0Þ; if _xK ¼ 0; jF0j[ fNK ;

8
><

>:
ð1Þ

where F0 is a horizontal projection of total force, except dry friction force,
enclosed to the link interacting with a surface; f is a sliding friction coefficient; NK

Fig. 1 Settlement scheme of the jumping apparatus
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is the normal reaction in a point K; _xK is the speed of point K along axis Ox. At
interaction of one of links 1 or 4 with a surface four options of movement of object
(substage) are possible: (1) the link is not movably on a surface and interacts with
it in two points NK [ 0ð Þ ^ NP [ 0ð Þ ^ F0j j � fNKð Þ; (2) the link interacts with a
surface in two points and moves along an axis Ox NK [ 0ð Þ ^ NP [ 0ð Þ
^ _xK 6¼ 0ð Þ; (3) the link contacts with a surface in one motionless point
NK [ 0ð Þ ^ NP ¼ 0ð Þ ^ F0j j � fNKð Þ; (4) the link interacts with a surface in one

point which moves along an axis Ox NK [ 0ð Þ ^ NP ¼ 0ð Þ ^ _xK 6¼ 0ð Þ.
Movement of each link of the device is described by three coordinates xCi, yci,

ui, i = 1-4, where xCi, yCi are the projections of position of the center of mass of
the link to axes Ox and Oy, ui is the angle of inclination of the link to the positive
direction of a horizontal axis, for the body an angle u4 represents an angle under
which the side A1A4 of the body is inclined to an axis Ox. Thus, total number of the
coordinates defining position of the robot, is equal W = 12. At the same time
constrains of two types are imposed on the mechanism:

(1) constantly operating constrains s = 7 determined from the kinematic scheme
of the robot. Six constrains describe ratios between projections of positions of
the centers of mass of links 2–4 and the same parameters of the first link, and
the seventh constrain is caused by that links 2 and 3 represent prismatic joint;

(2) periodically arising constrains l caused by sequence of stages of a jump and
interaction with a supporting surface.

Thus, the number of degrees of device freedom is determined by a following
formula n = W - s - 1. The length n of a vector �q of the generalized coordinates
is a variable. In a general view for m substage (m = 1 … 4) k stage (k = 1 … 7) of a

jump a generalized coordinates vector can be written as follows: �qkm ¼ q1 . . . qnð ÞT .
At a stage 4 when the link 1 contacts the surface, the generalized coordinates

vector �q ¼ xC1 yC1 u1 u2 u4ð ÞT is used for the description of device
position on the surface Oxy without l constrains. The generalized coordinates

vector is described as �q ¼ xC4 yC4 u1 u2 u4ð ÞT at the stages of a jump
when the body of the robot interacts with a surface or the object is flying . Taking
into account the pattern of friction force that describes object links interaction with
a surface and types of link movements at jump stages we should remember that for
each stage there are specific conditions for object’s presence at each substage,
specific l constrains and the generalized coordinates that form a �q vector.

For the sake of analysis convenience, the differential equations system of
jumping device movement, calculated with Lagrange equation of the second kind,
can be presented in a matrix form.

AkmðgÞ g
::
þBkmðgÞDð _gÞ _gþ CkmðgÞ _g6 _g8 ¼ Qkm: ð2Þ

Thus instead of a vector �q of the generalized coordinates the generalized
matrix-column g representing a matrix of eight coordinates by means of which it is
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possible to describe object movement at any stage of a jump is used: g1 = xC4,
g2 = yC1, g3 = xC4, g4 = yC4 are coordinates of the centers of mass of links 1 and
4, g5 = u1, g6 = u2 and g7 = u4 are angles of rotation of the corresponding links,
g8 = l23 is the length of a foot of the device. Matrixes of coefficients Akm(g),
Bkm(g), Ckm(g) and generalized forces Qkm are defined at each substage m of all
stages k of movement of the robot according to the developed technique of a jump,
Dð _gÞ is a diagonal matrix of the first derivative coordinates g.

3 Results of Mathematical Model

The jump of the device is program-controlled, and control is exercised at stages
1–5, the moments and force, created by drives 5, 6 and 7 respectively are the
operating influences (see Fig. 2). As operating influences will consider moments
M43, M21, generated drives 5 and 6, and force F32 generated drive 7. In this article
it is accepted that these influences are piecewise-constant functions, numerical

Fig. 2 Methodology of the jump
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values of which at each stage of the jump are constant. Transition to dimensionless
sizes using scaling coefficients of mass M0 = 0.05 kg, time T0 = 0.1 s, distances
L0 = 0,1 m is carried out for generalization of modeling results. Geometrical and
inertial parameters of the robot: mi = 1-3 = 1, m4/mi=1-3 = 5, a = 1, b = 1,
l1 = 0.5, l2 = 0.9, l3 = 0.9, l12 = 0.5, l23

min = 0.4.
It is established that four modes of acceleration are possible: at interaction of a

link 1 with a surface in one and two points with slipping and without it (Fig. 3),

where l
::4

23 is the acceleration that moves links 3 and 4 at a stage 4, the top index
corresponds to stage number. Areas of parameters at which acceleration occurs
without slipping and capsizing are defined, also it is revealed that with increase of
an angle u2

0 a foot inclination to a surface, the relations of the body mass to the
mass of other links m4/mi = 1-3 at m1 + m2 + m3 + m4 = const, the coefficient

of friction f, reduction of distances l23
0 and l4 the range of accelerations l

::4

23 without
slipping and capsizing extends.

Dependences of height and length decrease of the jump on acceleration of links
retraction of a foot in flight are received: at small accelerations height and length
of a jump decrease curvilinearly, at large accelerations of retraction the law of
decrease of characteristics of a jump asymptotically aspires to direct (Fig. 4).

At uniformly accelerated foot retraction at a flight stage the device rotates in the
direction, opposite to the moment created by force of retraction, except for cases
when the line of action of this force passes through point C4. Values of an angle u4

Fig. 4 Influence on height
and length of a jump of
acceleration of retraction of
links 1 and 2 in flight

Fig. 3 Dynamic modes of acceleration: a–f = 0.9; b–f = 0.7; 1—two points of contact without
slipping; 2—two points of contact with slipping; 3—one point of contact without slipping; 4—
one point of contact with slipping
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that are formed at the beginning of stage 6, change at a variation b in the range of
0 … 2p under the sinusoidal law, the max value of an angle u4max is observed at
b = u2

0 + 3p/2, and the min value u4 min at b = u2
0 + p/2, in the considered case

u2
0 = p/4 (Fig. 5a). Values u4max and u4min increase on the module in proportion

to increasing distance l4. Body rotation in flight leads to sinusoidal dependence of
height of a jump on an angle b, max value is observed at the smallest angle of
rotation of the body in flight, and the min value at the greatest angle, that is visible
according to Fig. 5b. Function LðbÞ has discontinuous character and consists of
three areas, discontinuities between which correspond b = u2

0 and b = u2
0 + p,

when rotation of the body in flight doesn’t carried out (Fig. 5c).
Body rotation in flight leads to various modes of a landing that is shown in

Fig. 6.
In case when rotation occurs clockwise at big accelerations of retraction of links

of a foot, at the end of a jump there will be a device overturn on 900 regarding the
initial position, A4 is the first point of a landing, A3 is the second point of a landing
(area 3). If there is no rotation in flight, or rotation is occurres counterclockwise or
clockwise at small values of acceleration of retraction, at the end of the jump the
object will be on the same side of the body with which the jump was carried out.
The first and second points of a landing will change thus, in the first case the
landing is carried out at the same time on two points A1A4 of the body (area 0), in
the second case A1 is the first point of a landing, A4 is second point of a landing
(area 1), for the third case is characteristic that the first point of a landing is A4, the

Fig. 5 Dependences of characteristics of a jump on the position of a point O4: a—u4(b); b—
H(b); c—L(b); 1—l4 = 0.1; 2—l4 = 0.15; 3—l4 = 0.2

Fig. 6 The diagram of
modes of a landing at
l4 = 0.1, _l023¼ 4; u0

2 = p/4
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second is A1 (area 2). Character of the landing diagram is correct irrespective of
values of varied parameters u0

2; l4; m4=mi¼1�3, and the initial speed of a stage of

flight _l023.

4 Conclusion

This article presents the four-link jumping robot consisting of the body, the foot
formed by two links, and feet. The jump of the device is presented in the form of
sequence of stages, each stage is characterized by certain types of link movements.
For the following device there has been developed the mathematical model con-
sisting of systems of the differential equations describing movement of the robot
on each of stages with regard to the constrains imposed on system. According to
this mathematical model numerical modeling of a jump of the device is carried
out. Considering the results of mathematical modeling modes of acceleration and a
landing of this device are revealed, regularities of jump characteristics from the
position of a point of fixing of a foot in the body are received. This dependences
can be used in design of the jumping robots that use a foot as the jumping module.
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Numerical Detection of Inactive Joints

Marek Wojtyra

Abstract Inactive joints are the joints that cannot perform relative motion due to
structural limitations in a mechanism. They are usually introduced in order to
eliminate redundant constraints. A joint can be inactive in the whole range of the
mechanism motion or only in selected configurations. A numerical method of
detection of inactive joints is presented. The method is based on multibody system
approach and utilizes the constraint Jacobian matrix. The ability to perform rel-
ative motion is investigated and inactivity of joints in both regular and singular
configurations is discussed. A numerical example is provided.

Keywords Inactive joints � Redundant constraints � Jacobian matrix

1 Introduction

Redundant constraints existence within the mechanism structure, combined with
manufacturing imperfections of the mechanism parts or thermal loads, usually
results in introduction of unwanted self-stresses and thus additional joint loads [1–
3]. Consequently, the level of joint friction increases which—especially in robotic
systems—causes problems with accurate controlling of the mechanism [4].

Modeling and simulation of overconstrained mechanisms is also impeded. It is
impossible to find unique values of joint reaction forces using rigid body models
[5–9]. Moreover, in the case of joint friction, the rigid body model does not lead to
a unique solution of the direct dynamics problem [10].

The mechanisms intentionally designed to avoid redundant constraints are
sometimes called rational mechanisms [11] or exact constraint designs [1]. Since
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overconstrained structures of robotic mechanisms are often unwelcome, the
designers of parallel manipulators frequently propose structures without redundant
constraints.

One of the method of constraint redundancy elimination consists in introduction
of idle mobilities. The idle mobility is a potential mobility of a joint that is not
used by the mechanism, under the hypothesis of perfect manufacturing and
assembling precision [12]. When all motilities of a joint are idle, the joint is
regarded as an inactive joint. Inactive joints are present in some types of structures
of parallel manipulators [12–14]. Sometimes inactive joints are introduced to
mathematical model of an overconstrained mechanism in order to avoid compu-
tational problems associated with the presence of redundant constraints [15].

It should be noted that introduction of inactive joints makes no contribution to
the movement of the mechanism, however, it changes the number of over-con-
straints as well as the reaction forces in the joints [14]. In particular, when all
redundant constraints are eliminated, the problem of joint reactions indeterminacy
disappears [8].

When inactive joints are introduced in order to relax redundant constraints,
their inactivity is observed in the whole range of mechanism motion. On the other
hand, mechanism—that in regular configurations has no inactive joints—may
reach a singular position, called a lock-up configuration [16] or stationary con-
figuration [17], at which one or more joints become inactive.

In the case of designing structures of parallel manipulators’ legs, the inactive
joints are introduced deliberately, after thorough examination of the manipulator
kinematics, thus there is no need to detect them. However, in the case of modeling
and simulation of large and complicated multibody mechanisms or trusses, which
were designed less carefully or even automatically generated, a method of auto-
matic detection of inactive joints would be welcome. Such a method would be also
useful in the detection and analysis of lock-up configurations of robotic mecha-
nism as well as more general multibody systems.

This contribution presents a proposition of a numerical method of detection of
inactive joints. A typical for multibody systems analyses approach, based on the
constraint Jacobian matrix investigation, is adopted. The proposed method can be
easily automated and applied to arbitrarily large and complex system.

2 Numerical Detection of Inactive Joints

2.1 Coordinates, Constraints and Jacobian Matrix

Let us consider a multibody system, consisting of rigid parts, whose configuration
is described by n dependent generalized coordinates q. Let us assume that con-
straints imposed on generalized coordinates are represented by a set of m scalar
algebraic equations, which can be concisely written in a matrix form:
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U qð Þ ¼ 0m�1: ð1Þ

In further considerations absolute Cartesian coordinates [16, 18], often used in
multibody modeling, are utilized. The main reason for choosing this type of
coordinates is the fact that, in this approach, all kinematic pairs are treated in the
same way, i.e. each pair is represented as a subset of Eq. (1). Moreover, for any
moving body, information about its position and velocity is explicitly present in
vectors q and _q (there is no need for recursive calculations).

The constraint Eq. (1) can be differentiated with respect to time to obtain
constraints for velocities:

Uq qð Þ _q ¼ 0m�1; ð2Þ

where Uq is the constraint Jacobian matrix of m 9 n size. In nonsingular con-
figurations of the mechanism rank r of the Jacobian matrix is equal to m, if there
are no redundant constraints, and is less than m when the mechanism is
overconstrained.

2.2 Feasible Velocities of Bodies

For any movable mechanism r = rank(Uq) is less than n, thus there exist infinitely
many vectors _q that satisfy Eq. (2). If the multibody system forms an unmovable
structure (e.g., a truss), r = n and _q ¼ 0 is the only solution.

Let matrix N of size n 9 (n–r) be defined as a basis for the null space of Uq, so
that:

Uq N ¼ 0: ð3Þ

In accordance with Eq. (2), any feasible vector of multibody system velocities
can be represented as a linear combination of columns of matrix N:

_q ¼ N r; ð4Þ

where column vector r consists of coefficients of the linear combination.
When absolute coordinates are used, a global reference frame p0 is established

on the mechanism basis, and body-fixed local reference frames pi are embedded in
the other bodies. For a planar system comprising of b bodies (only planar mech-
anisms are considered henceforth, however the presented ideas are valid for spatial
systems as well), the vector of coordinates qT ¼ qT

1 . . .qT
i . . .qT

b

� �
consists of body-

related subvectors qT
i ¼ rT

i ui

� �
, where ri and ui represent the position and

orientation of the local reference frame pi with respect to the global frame p0,
respectively (note that n = 3b).
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The feasible linear velocity of body i local frame origin (vi) and the feasible
angular velocity of body i (xi) can be acquired from vector _q, i.e., calculated as:

vi

xi

ffi �
¼ _qi ¼

Nv
i

Nx
i

ffi �
r ; ð5Þ

where matrices Nv
i and Nx

i consist of rows of N associated with linear and angular
motion of body i, respectively.

2.3 Method of Checking Ability to Perform Relative Motion

When searching for relative velocity of two bodies, linear velocities vi and vj

cannot be compared directly, since origins of local frames i and j usually do not
coincide. However, at each considered configuration, for each body k of the
mechanism, it is possible to define an auxiliary point Ak which is rigidly connected
to body k (the point moves along with the body) and—at the considered moment—
coincides with the origin of the global frame. The linear velocity of point Ak can be
calculated as:

vA
k ¼ vk �X rk xk ¼ Nv

k �X rk Nx
k

� �
r ; X ¼ 0 �1

1 0

ffi �
: ð6Þ

Now, taking into account feasible velocities of two bodies i and j, i.e. bodies
that form an investigated kinematic pair, one can calculate feasible relative
velocity of these bodies.

vij

xij

ffi �
¼ vA

i
xi

ffi �
� vA

j
xj

ffi �
¼ Nv

i �X ri Nx
i � Nv

j þX rj Nx
j

Nx
i � Nx

j

ffi �
r ¼ Uij r : ð7Þ

The velocity constraints given by Eq. (2) are satisfied for any choice of coef-
ficients r, hence the relative motion of bodies i and j must be investigated for all
vectors r. It is clear that when Uij = 0, the relative motion is impossible. In such
a case, the joint formed by bodies i and j is inactive. Thus, to decide whether or not
the investigated joint is active, it is sufficient to calculate matrix Uij and inspect
whether it consists of zeros only.

2.4 Comments and Remarks

The proposed method of detection of inactive joints acts only locally, i.e. it does
not inform whether a joint classified as inactive at configuration q* holds this
property in the whole range of the mechanism motion or is inactive only in the
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isolated point q* at which the mechanism reaches lock-up configuration. To dis-
tinguish a permanent inactivity of joint from a temporary inactivity, the inspection
should be repeated at a neighboring configuration q* + dq.

Usually, to detect a lock-up configuration some driving constraints must be
formulated [16]. The method proposed here does not require driving constraints. It
is worth noting that, when no driving constraints are formulated, rank of the
Jacobian matrix does not change at lock-up position. Nevertheless, by inspecting
inactivity of joints, it is possible to detect that configuration is somehow special
(lock-up), even though rank of the constraint Jacobian does not degenerate.

The proposed method may be amended in order to detect idle mobilities within
joints with more than one degree of freedom. The amendment would consist in a
convenient, i.e. joint-related selection of points Ai and Aj and appropriate rotation
of local frames. In that way relative motion in joint-specific directions could be
investigated.

3 Examples

For brevity and clarity a simple mechanism is analyzed, however, the discussed
method of detection of inactive joints can be used for arbitrarily complex system.

The proposed method was utilized to investigate a mechanism presented in
Fig. 1. The mechanism consists of the basis 0 and five moving bodies 1–5. The
bodies are connected by five revolute joints (A, B, C, D, E) and two translational
joints (K, L). The mechanism has one degree of freedom. The absolute coordinates
that describe the mechanism form a vector consisting of n = 15 elements:

q ¼ rT
1 u1 rT

2 u2 rT
3 u3 rT

4 u4 rT
5 u5

� �T
.

Each revolute joint, formed by bodies i and j at point P, is represented by
constraint equations of the form:

Ur ¼ ri þ Ris
ðiÞ
P � rj � Rjs

ðjÞ
P ¼ 0; Rk ¼ Rk ukð Þ ¼

cos uk � sin uk

sin uk cos uk

ffi �
;

ð8Þ

where s
ðkÞ
P is the position vector of point P in the local reference frame pk and Rk is

the direction cosine matrix (ri and rj are expressed in the global frame p0).
Each translational joint, formed by bodies i and j, is represented by constraint

equations of the form:

Ut ¼ rj þ Rjs
ðjÞ
Q � ri � Ris

ðiÞ
P

� 	T
Rjv

ðjÞ
ij

ui � uj � wij

" #
¼ 02�1 ; ð9Þ
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where points Pi and Qj lie on the axis of relative joint motion, vector vij is
perpendicular to this axis and wij is a constant angular value.

Equation (8) for five revolute joints and Eq. (9) for two translational joints
constitute constraint equations for the whole system (m = 14 scalar equations):

U qð Þ ¼ UrT

A UrT

B UrT

C UrT

D UrT

E UtT

K UtT

L

h iT
¼ 0 ð10Þ

The constraint Jacobian Uq is a matrix of size 14 9 15 (details of its derivation
are omitted). The Jacobian matrix was evaluated for different configurations of the
mechanism, represented by different values of angle u (see Fig. 1). For each
investigated configuration of the mechanism matrix N was calculated, and then—
for each joint—matrices Uij were computed. Finally, inactive joints were detected.

For several investigated regular configurations, i.e. for 0 \u\ p/2, it was
found that no redundant constraints exist, since constraint Jacobian is a full rank
matrix (r = 14), and consequently, matrix N is of size 15 9 1. In every investi-
gated regular configuration matrix U45 (that corresponds to joint E) was a zero
matrix of size 3 9 1. All other matrices Uij were nonzero matrices. As a result,
revolute joint E was detected as the only inactive joint. These results agree with
the outcome of an intuitive inspection of the mechanism—it is clear that body 4
cannot rotate with respect to body 5.

The results obtained for configuration described by u = p/2 were different.
This configuration, depicted in Fig. 2a, can be classified as a lock-up or stationary
configuration, since body 5 cannot continue its upward motion. It should be
emphasized that the configuration is not regular, nevertheless, the constraint
Jacobian is a full rank matrix. As a result, matrix N is of size 15 9 1 and matrices
Uij are of size 3 9 1. The rank of Uq does not suggest that the configuration is
somehow special, however, the search for inactive joint does. It was found that this
time two joints are inactive: the revolute joint E and the translational joint L. Note
that a careful inspection of the mechanism reveals that in the considered config-
uration it is pointless to actuate joint L.

4

A
x0

y0 π2 π4 π5

π1 π3

1 3

0

B C

0

5
D

EK

L

0

2

ϕ

Fig. 1 Bodies, joints and reference frames of the investigated mechanism
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Completely different results are obtained for configuration described by u = 0,
shown in Fig. 2b. This position of mechanism is singular, since the parallelogram
formed of bodies 0, 1, 2 and 3 attains bifurcation configuration [16]. For u = 0,
the rank of the Jacobian matrix decreases to r = 13, which means that constraint
dependency arises. Consequently, matrix N is of size 15 9 2 and matrices Uij are
of size 3 9 2. In the considered configuration matrix U24 (that corresponds to
translational joint K) is a zero matrix, and all other matrices Uij are nonzero. It
should be stressed that joint E, which was inactive in all previous cases, becomes
active for u = 0. On the contrary, the translational joint K, which was active so
far, becomes inactive. As it is shown in Fig. 2c, d, at the bifurcation configuration
the mechanism can switch from parallel to skew assembly mode, which explains
the possible activity of joint E.

The results obtained for u = 0 and u = p/2 show that detection of inactive
joints may be helpful in singular configurations analysis.

4 Conclusions

A numerical method of detection of inactive joints was developed. The method
conforms with multibody system approach to modeling of mechanisms and can be
easily generalized to the case of spatial systems. After slight modifications, the
method can be used to detect idle mobilities within joints with more than one
relative degree of freedom. Potentially, the method can be used in analysis of
mixed truss-mechanism systems. It was shown that in some situations the state of
activity of a joint can change, thus the proposed method may be helpful in the
analysis of singular configurations. This issue, however, needs to be further
investigated.

E

L

(a)

(c)

(d)

K
(b)

Fig. 2 Investigated configurations of the mechanism
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Quasi-Static Motions of a Three-Body
Mechanism Along a Plane

I. Borisenko, F. Chernousko and T. Figurina

Abstract Quasi-static motion of a three-body system along a horizontal plane in
the presence of dry friction is considered. The control forces are due to pairwise
interaction between the bodies. For the quasi-static motion, the control forces
should be chosen so that the equilibrium conditions hold for each body and, hence,
for the entire system. The quasi-static motions, for which one of the bodies is
moving, while the other two bodies are in a state of rest, are described. It is shown
that if the products of the weight of each body by the corresponding friction
coefficient satisfy the triangle inequalities, then each body can be quasi-statically
moved to any prescribed position in the plane, whereas the other two bodies are at
rest. Thus, quasi-static controllability of the system, subject to the aforementioned
assumptions about the parameters, is proved. An optimal control problem for the
moving body is solved, and the shortest (minimizing the work against friction)
trajectory is shown to be a two-link broken line or a straight line segment. An
algorithm for transferring the system to a given state is presented. The results
obtained can be used for designing control strategies for mobile robotic systems.

Keywords Multibody mechanism � Control � Optimization � Dry friction �
Robotics
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1 Introduction

This paper is closely related to the studies that deal with the motions of robotic
systems with variable configuration in resistive media. The control variables in
such systems are either the forces acting between the components of the system or
the rate at which the generalized coordinates that characterize the relative positions
of these components change. When the configuration of the system changes, the
velocities of its components, in the general case, change too, which causes a
change in the external resistance forces.

One of the classes of systems outlined above are multilink systems moving
along a horizontal plane, subject to dry friction. In papers [1–3] control problems
for two-link and three-link systems that form an open chain of consecutively
connected bodies are solved. It was proved that these multilink systems can be
driven to any prescribed position in a plane by alternating slow (quasi-static) and
fast motions.

There were also studied the quasi-static motions of multilink systems in the
plane in the presence of dry friction forces, i.e., the motions where accelerations
and velocities can be neglected. The control forces in a quasi-static motion
coincide in order of magnitude with the forces of friction. It was proved [4] that
multilink systems with at least four links can move quasi-statically along a straight
line, whereas two-link systems are quasi-statically uncontrollable and their motion
is fully preset by the initial position [5]. A three-link system of star-like type, as
well as a three-link system with consecutive connection of the links can be moved
to any position in the plane [6]. However, these motions are rather complex
because of the kinematic constraints between vertices of the system.

In this paper, a three-body locomotion system on which no kinematic con-
straints are imposed is considered. The forces of interaction between the bodies are
taken as the control forces. Dry friction forces act between the contact points and
the plane. The system under consideration can be a model of a mobile robot that
can move along a plane. Since the system has three contact points, it is statically
determinate.

2 Equation of a Quasi-static Motion

Let us consider the system consisting of three point masses Mi, i = 1, 2, 3, on a
horizontal plane (Fig. 1). Between each pair of masses Mi, control forces act. The
system is a model of a mobile robot that can move along a plane, and we study
possible quasi-static motions of the system.

Dry friction force Fi exerted upon point Mi of mass mi is given by equations
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Fi ¼ �kimig
vi

jvij
; vi 6¼ 0; jFij � kimig; vi ¼ 0; ð1Þ

where vi is the velocity of point Mi, ki is the friction coefficient, and g is the gravity
acceleration. For any pair of indices i 6¼ j , we have the interaction control force
fij acting from point Mi upon point Mj and directed along MiMj

f ij ¼ �f ji; f ij � ðri � rjÞ ¼ 0; i; j ¼ 1; 2; 3; i 6¼ j ð2Þ

where ri is the radius-vector of Mi. We consider only such control forces fij that
lead to quasi-static motion of each point Mi. In such motions, the equilibrium
equations hold

Fi þ f ji � f ik ¼ 0; i 6¼ j 6¼ k; i; j; k ¼ 1; 2; 3: ð3Þ

From Eqs. (2), (3), it follows

X3

i¼1

Fi ¼ 0;
X3

i¼1

ri � Fi ¼ 0: ð4Þ

It is shown that if forces Fi satisfy Eq. (4), then forces fij exist such that Eq. (3)
hold. Suppose the parameters of the system satisfy the following triangle
inequality

k1m1 þ k2m2� k3m3 ð5Þ

and two other analogous inequalities that differ from (5) by the permutation of
indices. It can be shown that (5) is a necessary condition for the possibility to move
mass M3.

Fig. 1 Three-body
mechanism
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3 Quasi-Static Motions with One Moving Point

Let us find all quasi-static motions such as two masses of the system (for example,
M1 and M2) do not move, whereas the third mass (M3) moves. Let D be the
intersection of the circles with centers at points M1 and M2 and radii
ak2m2=ðk3m3Þ; ak1m1=ðk3m3Þ respectively, where a is the distance between the
fixed points. The radii of the circles are the distance a between the fixed points
multiplied by the ratio of the maximal friction forces at the fixed points to the
maximal friction force at the moving point. Set D is not empty, according to
inequality (5).

Proposition 1 Quasi-static motion of mass M3, with points M1 and M2 fixed, is
possible iff the straight line containing point M3 and parallel to its velocity
intersects set D.

Corollary Under conditions (5) the system consisting of three masses M1, M2,
and M3 is quasi-statically controllable, i.e., can be quasi-statically brought to any
preset position.

4 Optimal Quasi-static Motions

Let us consider optimal control problem for the moving mass. Let two points A and
B be fixed on the plane. It is required to move quasi-statically mass M3 from point
A to point B with minimal work against friction, i.e., to construct the trajectory of
quasi-static motion for mass M3 with the minimum length. If the straight line AB
intersects set D, then the trajectory with the minimum length is the segment AB.

Proposition 2 If the intersection of the setDwith the straight line AB is empty,
then the trajectory with the minimum length for mass M3quasi-statically moving
from pointAto pointB,is polygonal chain ACB.The line segments ACandBCbelong
to the supporting straight lines of set D; here, pointAand set Dare located on
different sides of straight lineBC, and pointBand setDare located on different sides
of straight lineAC(Fig.2).

The algorithm for the displacement of the three—body system from any initial
position to any given terminal one is presented. At any moment, only one mass Mi

is moving, and each mass moves only during one time interval. There exist six
ways of displacement, corresponding to six possible permutations of mass num-
bers. If permutation (i, j, k) is chosen, then points Mi, Mj, Mk move one after
another, while two other masses are at rest. During each time interval the moving
mass follows along the shortest trajectory which is either a straight line or a
polygonal chain of two line segments, according to Proposition 2. Comparing
these six ways of displacement, the algorithm corresponding to the minimum work
can be chosen.
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5 Conclusions

Quasi-static motions of a three-body system on a horizontal plane in the presence
of dry friction is analyzed. Interaction forces between each pair of bodies are
considered as controls. The case in which one body is moving whereas two others
are at rest is considered. It is shown that, if the triangle inequality for the masses
and friction coefficients holds, then the moving body can be relocated from any
initial position to any terminal one. Optimal trajectory (minimizing the work
against friction along the trajectory) is found and is proved to be a polygonal chain
of one or two line segments. Quasi-static controllability of the system is estab-
lished. The algorithm for relocating of the system to the given state is presented.
The results obtained can be used for the development of control for mobile robotic
systems.
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Control Design for 3D Flexible Link
Mechanisms Using Linearized Models

Erfan Shojaei Barjuei, Paolo Boscariol, Alessandro Gasparetto,
Marco Giovagnoni and Renato Vidoni

Abstract This paper presents an approach to the optimal control of a spatial
flexible mechanism. A highly accurate dynamic model of the system is briefly
resumed. Then, in order to be able to employ the classical optimal control theory, a
linearization of the model with consideration of gravity force is done. After that
the chosen optimal control is described, and the most important results of the
simulation are presented and discussed.

Keywords Flexible links mechanisms � Dynamic model � Spatial mechanism �
Control

1 Introduction

Robot motion control is an important criterion for robot manufactures, so the
current investigations are focused on increasing the robot performance, robot cost
reduction, safety improvements, and increasing new functionalities. Therefore,
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there is a need to continuously improve the mathematical models and control
methods in order to achieve conflicting requirements, such as performance
increasing of a weight-reduced robot, with lower mechanical stiffness and more
involved vibration modes.

Vibration control of flexible mechanisms as a subset of robot motion control is
still an open issue in scientific researches [18]. A large amount of work has been
carried out in the field of flexible mechanism modeling, analysis, and control since
the early 1970s. Several techniques are currently available for modeling flexible
mechanisms. Most researchers have concentrated their investigation on the
describing of accurate mathematical models both for single body and multi-body
system [1, 7, 18]. The classical approaches applied in flexible multi-body systems
deals with mechanisms featuring large displacement and small deformations. Two
main techniques have been adopted in literature [7, 8, 11–15]: the Finite Element
Method (nodal approach) and the Assumed Mode Method (modal approach). Rigid
body and elastic motion coupling effects have been considered in different works
and approaches, firstly by considering only the effect of the rigid body motion on
the elastic deformation [11, 14] and then by considering also the effect of the
elastic deformation on the rigid body motion [15]. Floating Frame of Reference
(FFR) formulation [16, 17] is the consequence of these works.

In this paper a linearized model is developed with the aim of designing model-
based control techniques for spatial flexible link mechanisms. Linear models are
often used to develop control strategies for this class of mechanism, including
robust control [6], model predictive control [2–4] and sliding mode control [10],
just to cite a few notable works on the subject. The accuracy of the linearization
procedure introduced in this paper is measured by a comparison with the nonlinear
model, and its use is demonstrated through the development of a LQR position and
vibration control.

2 Dynamic Model of a Flexible Mechanism

One of the most studied problems in flexible robotics is dynamic modeling. Dif-
ferently to conventional rigid robots, the elastic behavior of flexible robots makes
the mathematical deduction of the models, which govern the real physical
behavior, quite difficult. Here the method used for accurate modeling of the sys-
tems with large displacements and small elastic deformation is based on the
Equivalent Rigid Link System (ERLS) concept which first was introduced for a
planar mechanisms [9], and then expanded to spatial environment in [19, 20]
which is briefly recalled in this section. According to the work [5], the ERLS-FEM
dynamic model for flexible-link mechanisms is described by the ODE system of
equations:
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in which M is the mass matrix, J is the Jacobian matrix of the manipulator,
MG1and MG2 are the Coriolis contribution terms, K is the stiffness matrix, and
MC1, MC2 and MC3 are the terms introduced by the centrifugal terms of accel-
eration. f is the vector of nodal forces, g is the gravity vector, q is the vector of
rigid displacements and u is the vector of nodal displacements. Rayleigh damping
has been considered in the model, through a and b constants.

3 Linearized Model

The dynamic model represented by Eq. (1) is nonlinear, due to the quadratic
relation between the nodal acceleration and the velocities of the free coordinates.
Thus it cannot be used to design a linear-model based control. In order to develop a
state-space form linearized version of the dynamic system of Eq. (1) a lineariza-
tion procedure has been developed. First of all, Eq. (1) can be written in the
following form, by defining a state vector x(t) and an input vector v(t):

AðxðtÞÞ _xðtÞ ¼ B x tð Þð ÞxðtÞ þ CðxðtÞÞvðtÞ

In which matrices A, B and C do not depend on v(t). If xe is a steady equi-
librium point for the system in Eq. (1), a linearization procedure can be set by
applying a Taylor series expansion:

A xe þ Dx tð Þð Þ _xe þ D _x tð Þð Þ ¼ B xe þ Dx tð Þð Þ xe þ Dx tð Þð Þ
þ C xe þ Dx tð Þð Þ ve þ Dv tð Þð Þ ð2Þ

Since xe(t) is an equilibrium point for the system, the following equation holds:

B xeð Þxe þ Ce xeð Þve ¼ A xeð Þ _xe ¼ 0 ð3Þ

Therefore the system linearized around the equilibrium point can be written as:

A xeð ÞD _x tð Þ ¼ B xeð Þ þ
oB

ox

ffiffiffiffi
x¼xe

� xe

 !
þ oC

ox

ffiffiffiffi
x¼xe

� ve

 !" #
Dx tð Þ þ CðxeÞDvðtÞ

ð4Þ
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The matrices in Eq. (4) are constant, so we have obtained a linear model in the
form:

AD _xðtÞ ¼ BDxðtÞ þ CDvðtÞ ð5Þ

The constant matrices A and B can be evaluated as:

A ¼

M MJ 0 0
JT M JT MJ 0 0

0 0 I 0
0 0 0 I

2
664

3
775

x¼xe

ð6Þ

B ¼

�2MG � aM � bK 0 �K B14

JTð�2MG � aM � bKÞ 0 0 B24

I 0 0 0
0 I 0 0

2

664

3

775

x¼xe

ð7Þ

in which:

B14 ¼ �
oK

oq
� ue þ

oFg

oq
ð8Þ

B24 ¼ �
oJT

oq
� Fg þ JT � oFg

oq
ð9Þ

Matrix C remains unchanged after the linearization process, since it is com-
posed of only zeros and ones. Equation (5) can be brought to the most common
form of a Linear Time Invariant (LTI) model by using the simple relations Flin ¼
A�1B and Glin ¼ A�1C:

D _xðtÞ ¼ FlinDxðtÞ þ GlinvðtÞ
yðtÞ ¼ HlinxðtÞ þ DlinvðtÞ

(
ð10Þ

4 Reference Mechanism

The mechanism chosen as the basis of the simulations is a L-shape mechanism,
made by two steel rods, connected by a rigid aluminum joint (Fig. 1). The rota-
tional motion of the first link, which is rigidly connected to the motor, can be
imposed through a torque-controlled actuator. The whole mechanism can swing in
3D environment, so the effects of gravity on both the rigid and elastic motion of
the mechanism can be considered and taken into account in the formulation.
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The mechanism shown in Fig. 1 is made by two aluminum beam whose length
is 0.5 m, and their square section is 8 mm wide. Two Euler-Bernoulli finite ele-
ments have been used for each link (Fig. 1). Since each finite element has 12
degrees of freedom, every link has 18 degrees of freedom. After assembling the 2
links and considering the constraints fixed by the kinematic couplings and
neglecting one of the nodal displacements in order to make the system solvable
(see [20]), the resulting system is described by 24 nodal elastic displacements and
one rigid degree of freedom, as shown in Fig. 1.

4.1 Accuracy of the Linearized Model

In order to estimate the accuracy of the linearized model, a comparison between
the impulsive response for linear and nonlinear models is set. The mechanisms is
fed with a 5 Nm torque impulse applied to the crank with 0.1 s delay. The initial
configuration has been arbitrarily chosen as qeq ¼ 0 deg, but similar results can be
obtained for any choice of the linearization configuration of the mechanism. The
comparison is set in terms of rigid displacement q and of nodal displacement u8,

but it could be extended also to all the other nodal displacements belonging to the
model leading to similar results. As it can be seen from Fig. 2 the linearized model
shows a very high level of accuracy, both in terms of q displacement and nodal
displacement u8. It can be noticed that the impulsive response of the two models
lead to two very similar responses, since the error, defined as the difference
between the two responses, is almost negligible.

Fig. 1 The mechanism built in the laboratory for the experimental validation of the model (left),
FEM discretization and nodal displacements (right)
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5 Results

The linearized dynamic model of the system, obtained in Sect. 4 Eq. (10), can be
used to synthesize an optimal LQR controller. The output vector y was defined to
be the full state vector (i.e. H was taken as the identify matrix).

The goal is to determine the control action sðtÞ, which allows minimizing the
performance index W, defined as:

W ¼ Z1

0

yT tð ÞQy tð Þ þ sT tð ÞLs tð Þ
� �

dt ¼ Z1

0

½xT tð ÞHT QHx tð Þ þ sT tð ÞLs tð Þ�dt ð12Þ

Q and L matrices are used to tune the control system, by defining the weight of
each value of the state vector x(t) and of control action sðtÞ on the cost function
c. The resulting gain matrix K can be evaluated using the well-known results of
optimal control theory [12].

The results of two numerical tests are reported in Figs. 3 and 4. The results refer
to two test case: in the first one only the angular position q is weighted in matrix Q,
while in the second one also the elastic displacements are weighted. The initial
position of the L-shape mechanisms is taken as q = 90�. A step reference input
with amplitude Dq ¼ 4 deg with 0.05 s delay was given to the mechanisms
actuator which is an electrical motor. Our aim is to reach the defined position for
the rigid DOF coordinate with a limited amplitude of vibrations.

Figure 3 shows the step response of the free coordinate (left) and the torque
produced by the actuator (right). The amplitude of nodal vibrations u7 and u12 are
shown in Fig. 4. All the simulations have been run with the linear controller acting
on the nonlinear mechanism. It can be seen that the LQR control can achieve a
good vibration damping: the amplitude of nodal displacement are kept constant

Fig. 2 Impulsive response: comparison between nonlinear and liner model: angular position
q (left), nodal displacement u8 (right)

186 E. S. Barjuei et al.



within 0.5 s approximately. The angular displacement q can track quite well the
reference signal, but with a constant error. This could be reduced by introducing an
integral action in the controller.

6 Conclusion

In this work a linearized model for spatial flexible link mechanism has been
developed. The dynamic model can account for gravity acting on any direction. The
accuracy of the linearized model is evaluated trough a comparison with the response
of the nonlinear model. The linearization procedure allows to develop model-based
control strategies for this class of mechanisms. A model design procedure has been

Fig. 3 LQR control: angular position (left), applied torque (right), with and without vibration
control

Fig. 4 LQR control: time evolution of elastic displacements u7 and u12, with and without
vibration control
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applied to build a LQR position and vibration control. The results show that the
synthesized LQR produces fast response with a good vibration damping.
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Walking on Slippery Surfaces:
Generalized Task-Prioritization
Framework Approach

Milutin Nikolić, Borovac Branislav and Mirko Raković

Abstract Like humans, bipedal robots can easily fall on slippery and low-friction
surfaces. In order to avoid costly breakdowns, fall avoidance is of major impor-
tance. Recently reported generalized task-prioritization framework enables us to
impose dynamical inequality constraints on the robot motion, which we used to
create quasi-static walk using task prioritization. Created walking is tested on
high- and low-friction surfaces and resulting walking patterns are observed.

Keywords Task prioritization � Walking � Low friction � Contact constraints

1 Introduction

In view of the fact that future robots will act in the immediate environment of humans,
such as offices, apartments, hospitals, etc., ‘‘the living and working coexistence’’ of
men and robots seems to be inevitable. Since the environment of humans is well suited
for the way the humans move, legged locomotion brings itself as a natural choice.
However, like humans, bipedal robots can easily fall over or slip on slippery surface.
Changes in gait on slippery surfaces are topic of numerous biomechanical papers [2].
When robot is walking on slippery surface, it can change its locomotion pattern so it
doesn’t slide [1]. For example it can intentionally perform shorter locomotion steps or
reduce the walking speed. However, in order to do so, relationship between friction
coefficient and step length (walking speed) has to be established, and those parameters
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have to be changed artificially. In Kaita et al. [4] authors have calculated minimum
friction coefficient for a given walking pattern, and then modified walking pattern in
order to further minimize that coefficient. It would be of great interest if a robot could
simply be provided with friction coefficient, so that the control system would auto-
matically adapt walking pattern, and thus be able to perform the walk as close to the
nominal as possible, while still avoiding slipping. For such a purpose, the task pri-
oritization framework introduced in [3, 5] could be extended and used.

Task prioritization framework allows redundant robot to perform multiple tasks
where secondary tasks are handled without interfering with the primary ones.
Control methodology was based on successive null-space projections where each
task is performed in null-space of all higher priority tasks. However that frame-
work was well-suited only for tasks of equality type. Avoiding slipping is
inequality type task, since magnitude of tangential contact force has to be lower
than the product of the friction coefficient and the normal contact force. Also,
keeping zero moment point (ZMP) within the supporting area (vital for walking) is
of inequality type. The way of resolving this with possibility of prioritizing
inequalities as well is described in [6]. In this paper constraints were introduced on
kinematic level so these dynamical constraints cannot be included.

One of the most recent generalizations of this framework [7] has showed us how
dynamical constraints can be included in the framework. Authors kept ZMP between
predefined bounds, and the robot was able to reject the disturbance without predefining
compensation movement. We will try to employ such a framework in this paper.

In Sect. 2, the generalized framework has been briefly introduced. In Sect. 3,
simulation results are presented to demonstrate the behavior of the system on high
and low friction surface. Conclusions are given in Sect. 4.

2 Generalized Framework

In this section we introduce the framework presented in [7]. Let us consider a
robotic system consisting of n links. The coordinate, velocity, and acceleration at

the i-th joint are denoted by qi; _qi; q
::

i. The joint is driven by the torque si. The
equation governing the system dynamics is:

H q
:: þ h0 ¼ s ð1Þ

where H is a positive definite inertia matrix, h0 is the vector that comprises the
velocity and gravitation effects, q

::
is vector of joint accelerations and s = [s1, s2,

…, sn]T is vector of joint driving torques. Let us suppose that goal is to control the
system described by (1) to fulfill p tasks given by:

Ai q
:: ¼ bi or Ai q

::
4bi ð2Þ

depending on task nature (equality or inequality-type task). The size of the matrix Ai is
mi 9 n, with mi � n, and the length of the vector bi is mi. The tasks are prioritized,
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whereby the first task has the highest and the p-th the lowest priority. A higher-priority
task will be realized without regard to the lower priority ones. Although this form of
task representation looks deficient, it can represent wide variety of tasks. Any task
written in forms f(q, t) = xdes or f q; _q; tð Þ ¼ xdes can be represented in form (2) by
differentiating with respect to time once (for the second case) or twice (for the first
case). This class of tasks can be illustrated by the example of reaching a point in the
space around the robot. Inequality tasks of form f q; tð Þ4xlimit and f q; _q; tð Þ4xlimit

can be represented in form (2) using Taylor expansion up to a second derivative.
Also, system can be constrained, for example contact with the environment, which
can also be represented in form (2), where constraint matrices would be denoted by
A0 and b0. The objective is to find an appropriate torque s which needs to be applied
to (1) so that the p tasks set by (2) are fulfilled. According to [7] procedure for
determining torques is shown by Algorithm 1. Also, importance of matrix AiH

-1/2

was demonstrated so the whole procedure was rewritten in such a manner. The
modified task matrices are Bi = AiH

-1/2, while modified vector of joint acceleration
is r

:: ¼ q
::

and modified vector of velocity and gravitational effects is p = H-1/2h0.
Null space of constraint is Nc while modified torque induced by constraint is denoted
by Tc. Null space of all tasks preceding current task is denoted by Nprev and modified
torque which needs to be applied in order to fulfill all tasks preceding current one is
Tprev. Matrix C and vector d are used in order to include inequality tasks in the
framework. Set S contains indexes of inequalities that are strictly fulfilled after the
optimization and the set �S contains indexes of inequalities that have reached the
equality sign.

Algorithm 1 Procedure for determining control torques
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2.1 Constraints on Contact Forces

In maintaining stable contact the vertical component of ground reaction force has
to be positive, CoP of each contact must not be on the edge of the contact area to
avoid foot inclination. That can be written as:

Fz [ FzjMIN ; My

�� ��\ ZMPxjMAXFz; Mxj j\ ZMPyjMAXFz ð3Þ

where Fx, Fy, Fz, Mx and My are components of ground reaction force and torque.
ZMPx|MAX and ZMPy|MAX are maximal ZMP position in x and y directions. Fz|MIN is
minimal vertical ground reaction force. Although it just has to be above zero, we
have chosen Fz|MIN = 50 N in order to provide safety margin. Ground reaction
force can be calculated using d’Alambert’s principle F ¼

P
miai, where mi is the

mass and ai is the acceleration of i-th segment. Since accelerations of the segments
are linear in joint accelerations, then the force is linear in joint accelerations as
well. As a result, inequalities (3) can be written in required form (2).

In order to avoid slipping, (Coulomb friction is assumed) constraint in quadratic

form F2
x þ F2

y � l2F2
z

� ffi
has to be fulfilled, but in this form it cannot be included in

Algorithm 1. In order to include it in the framework, tighter linear bounds which
ensure that no slipping occurs are created:

ffiffiffi
2
p

Fxj j\lFz;
ffiffiffi
2
p

Fy

�� ��\lFz ð4Þ

Using d’Alambert’s principle, it can be shown that these constraints can be
represented in form (2), which enables us to include them in the Algorithm 1.

3 Simulation Results

In this section we present the simulation results obtained by applying the proposed
prioritization framework on a complex and redundant humanoid robot. Firstly first,
we describe briefly the model, and then present the simulation results illustrating
the influence of friction coefficient on walking.

The humanoid model is very similar to the models already used by the same
authors [7, 8]. It consists of two 7-DoF legs, two 4-DoF arms (wrist joint is
omitted) and 1-DoF head. Thus, the model of the robot has 23 joints in total.
Taking into account additional 6 coordinates needed to describe position of robot
in world coordinate frame, the overall number of DoFs for mechanism is 29.

The simulation results are related to the quasi-static robotic walk. A quasi-static
robotic walk means that the center of mass (CoM) is always above supporting area.
The walk will consist of two distinctive phases; during the first where robot moves
its CoM above the center of one of the feet, while the second phase represents
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swing phase, where robot moves its foot from one position to the other while
maintaining CoM above the foot which is in contact with the ground. By changing
the support area by moving the feet the robot is able to move forward. During
those two phases robot performs a list of tasks split in several groups based on their
importance and function, starting from a group which enables self-collision and
fall avoidance. The task of the highest priority is keeping the torques at all joints
between saturation values. The task of second highest priority is to keep coordi-
nates at each joint between the upper qu and lower limits ql, T represents preview
time interval. These two tasks written in form of (2) are:

H1=2

�H1=2

" #
Tpþ1jpref4

ssat

ssat

" #
;

T2

2
023�6 I23�23

023�6 �I23�23

� �
q
::
4

qu � q� _qT

�ql þ qþ _qT

" #
ð5Þ

Third task of this group was to maintain stable contact between the feet and the
ground (inequalities (3)). At first two simulated cases (walk on high friction sur-
face with nominal speed and walk on low friction surface with reduced speed)
inequalities (4) were neglected. In the last one (walk on low-friction surface with
nominal speed), all the constraints were are included.

Second group of tasks is comprised of tasks of moving center of mass and
swinging leg (if in swing phase). The first task of this group was to maintain the
CoM above the desired position. In stepping phase, additional task is that robots
foot has to follow given trajectory. Task matrices are:

A4 ¼ JCMjxy; b4 ¼ x
::

4jdes � _JCMjxy
_Q; A5 ¼ Jfoot; b5 ¼ x

::
5jdes � _Jfoot

_Q; ð6Þ

where JCM|xy and Jfoot represents the Jacobian associated with the CoM in the x and
y directions and Jacobian associated with the foot, while x

::
4jdes and x

::
5jdes denote the

desired acceleration of CoM and foot respectively. Desired trajectories of the CoM
and the foot are obtained using qubic spline, where initial, middle and final
positions are given. Last group of tasks were posture-related. First was that the
robot should keep the torso at the constant height without changing its orientation.
The last one was that the robot should keep its joint angles as close as possible to
the middle of joint motion range in order to minimize joint movement.

3.1 Simulated Cases

Proposed approach was tested by simulation of walking in three different cases. In
the first one, walk is performed on high-friction surface (l = 0.9) which would
serve as benchmark. Resulting walking pattern is shown in Fig. 1. It is important
to note that no care about sliding was taken ((4) is omitted). Since the walk is
performed on high-friction surface no slipping appeared. During simulation (25 s)
the robot managed to cover 2.5 m, step length was 0.25 m and duration was 2.35 s.
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In the second case, walking on low-friction surface (l = 0.2) was performed,
without taking care of the friction and sliding. When walking with same speed as
in previous case, the robot fell down due to the slipping of the feet. When landing
the swinging foot, it had tendency to slip forwards, causing the robot to fall. In
order to avoid slip, the step length was reduced to 0.15 m. While transferring CoM
from above back foot to above front foot, back foot was sliding, so the step
duration of this phase was increased 3.8 s (105 %). Results of the simulation are
shown in Fig. 2. It can be seen that with shorter step length and increased stepping
time the robot managed to cover only 0.9 m during the same time.

For the third case walking on low-friction surface (l = 0.2) was performed
with friction constraint (4) introduced, while stepping duration and step length
remain same as in benchmark case. Figure 3 shows the results and it can be
noticed that it closely resembles Fig. 1. Robot managed to cover distance of 2.5 m
during the 25 s. On Fig. 4, positions of feet, desired and obtained positions of CoM
as well as ZMP position during the walk are shown. One can clearly notice that
CoM follows almost the same trajectory when walking on high and low-friction
surfaces, although robot had to comply with additional constraints induced by low-
friction surface. It can be noticed that during the walk on low-friction surface there
was still some foot sliding and twisting, but that only occurred during the touch-
down of the swinging foot when no special care was taken regarding swinging leg.
That did not compromise the walk, but, interestingly, the distance covered was
increased by about 0.04 m. In the Fig. 4 it can be seen that ZMP is always within

Fig. 1 Walk on high-friction surface with neglected sliding

Fig. 2 Walk on low-friction surface with neglected sliding
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supporting polygon which is ensured by introduced dynamical constraints (3).
Also, one can see that CoM follows closely desired path,1while ZMP slightly
oscillates around it due to induced inertial forces.

4 Conclusion

In this paper we used generalized and improved task prioritization scheme to create
a walk appropriate for slippery surface. Prioritized tasks in form of equalities and
inequalities are introduced, so that the robot was able to perform walking. The
control scheme was tested on high and low-friction surfaces. Since the generalized
task prioritization framework enables us to impose dynamical inequality constraints
we were able to secure feet-ground contact. The ZMP was always within support
polygon, the vertical component of ground reaction force had always higher
intensity than predefined minimal value and horizontal components were

Fig. 3 Walk on low-friction surface with sliding constraint introduced

Fig. 4 ZMP and CoM during walk on low-(above) and high-friction (below) surfaces

1 Desired CoM path during double support phase follows line which connects centers of the feet.
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constrained to prevent slipping. Without introduction of constraints on horizontal
components of ground reaction force, the robot had to walk with shorter step length
and increased step duration. When the constraints were introduced, walking was
performed same way as on high-friction surface. There was some minimal slipping
during touchdown of the swinging foot but that did not affect the walk.

Although friction coefficient is unknown, by setting it to some estimated value,
framework will create appropriate walking pattern. Naturally, next step is to create
dynamically balanced walk which is not quasi-static and this will be our next task.
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Autonomous Robot Control in Partially
Undetermined World via Fuzzy Logic

S. Yu. Volodin, B. B. Mikhaylov and A. S. Yuschenko

Abstract The paper presents a fuzzy logic approach to the mobile robot control in
the undetermined environment. Initially, a 3D computer vision system has to
process available information and identify the objects using a fuzzy classifier. The
fuzzy controller is to plan out and correct the robot trajectory to avoid the obstacles
unknown beforehand. The experimental investigation has proved that the proposed
algorithms are efficient.

Keywords Mobile robot � Computer vision system � Fuzzy logic � Linguistic
variables

1 Introduction

Nowadays in robotics the autonomous mobile robot control in the partially
undetermined environment is the challenge that requires an urgent solution. The
proposed robot control system enables solving one of the problems i.e. avoiding
the previously unknown obstacles both indoors and outdoors. The 3D computer
vision systems may serve for avoidance recognition. Such systems are capable to
recognize the objects appeared in the working space and appreciate their dimen-
sion and coordinates. It allows the robot to plan the necessary maneuver to avoid
the obstacles and correct the trajectories of movement. Information the control
system receives from the 3D computer vision systems, usually, is incomplete and
fuzzy. That is why the on-board fuzzy algorithms to identify the obstacles are to be
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applied to the robot movement control. The control algorithms also become fuzzy.
So the fuzzy logic approach may be effectively applied to solve both problems the
working scene identification and the movement of robot control.

2 3D Computer Vision System

Applying the structural light to 3D computer video system (CVS) may solve the
task of 3D vision. The system consists of high definition TV-camera and pulse
source to generate a special light flat matrix on the work scene. Consequently the
CVS forms 3D description of the real work scene, as Cartesian coordinates data
file. Moreover, the CVS forms a set of the elementary triangles, each including
three nearest points of scene.

The obstacles recognition requires that the points are determined with coordi-
nates having the level exceeding the threshold over zero. The scene segmentation
for the separate objects is fulfilled by the algorithm based on the analysis of normal
vectors of elementary triangles [1].

To plan the robot movement in the space with unknown obstacles the appre-
ciation of the scene relief is not enough. The identification of the objects is
necessary to realize the algorithms previously entered the robot knowledge base.
These algorithms are based on the comparison of the object fuzzy features detected
on the work scene with those of accessed in the database. At first, the fuzzification
procedure should be applied to the geometric features measured by computer
vision system such as D—the distance for the obstacle, W—the width of the object,
L, R—the distances from the main axis of robot platform to the left or to the right
edge of the obstacle, H—the height of the obstacle etc.

Note that a geometric description of the obstacles and the separate objects may
demand the special robot movements of cognitive type to obtain the relevant
information to determine the type of unknown object. An analysis of the typical
situation for indoor operation proved the need for determining the types of the
obstacles such as Wall, Door, Threshold, Block, etc. The database contains the
typical obstacles with the vectors of fuzzy features obtained from the CVS. Among
them there are coordinates and an object dimension, a mutual disposition of the
objects, their geometrical characteristics, etc. For example, the object is extensive,
flat, horizontal, not high, to the right, not distant, etc. The linguistic variables
allow the user easily to continue the list of the possible objects using their char-
acteristic features.

The fuzzy features allow object identification as well when the object
description is incomplete for obstacles or shadows. In these cases the cognitive
behavior of robot may be planned to seek the relevant information for the object
classification. For example, for appropriate observation the robot vision system
may require a special position.

The identification algorithms are the fuzzy logic inference using the previously
determined classification rules and fuzzy features of the reference model of objects
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contained in the knowledge base. The base also contains the production rules of
object classification and the corresponding maneuvers representation. The fuzzy
features of the objects are represented by the membership functions for the cor-
responding linguistic variables. These functions are to be correlated with the
technical characteristics of robot and its computer vision system. For example, the
robot dimension itself determines the meaning ‘the doorway width is enough’. The
dimension of the robot platform determines the meaning ‘the obstacle height is not
enough’. The meaning ‘the obstacle is distant’ is restricted by the CVS charac-
teristics. The membership functions of the linguistic variables are to be assigned
beforehand during the calibration procedure of the 3D CVS as a part of a definite
mobile robot [2].

The fuzzy classifier realized the Mamdany fuzzy inference procedure to
determine the type of the object [3]. The first maximum approach is applied at the
defuzzification stage. Both the choice of the fuzzy features for object classification
and that of the production rules and membership functions depend on the task
under consideration. It may be different depending on the importance of those
either another features for the task to be fulfilled by the robotic system.

The situation in the working scene, in general, may be represented as a kind of
fuzzy chart where the binary relations between all the objects have been deter-
mined. Robot is one of these objects. Such a fuzzy chart allows the robot control
system to determine its own position in relation for the benchmarks.

The important peculiarity of the mobile robot control system is in the fact that
the scale of the image is continuously changing due the robot movement. That is
why the membership functions for mobile robot sensing system depend on the
distance. In this case the 3D membership functions have been introduced [3].

3 Mobile Robot Behavior in the 3D External World

It seems quite possible to use the term ‘‘behavior’’ for autonomous mobile robot
operation in the partially undetermined world. We can represent the pattern of
behavior determined by the characteristic situation as the production rules ‘‘if the
situation is Si then the tactics is Ti’’. The tactics here is the list of production rules
of typical patterns of behavior represented with the linguistic variables. These
rules determine the previously described robot movement for any typical situation.
For example, ‘‘if the obstacle is near and to the left then go around slow and
anticlockwise’’. The typical movement (go around slow and anticlockwise) in its
turn also may be determined by a list of production rules contained in the database
[4]. Such a data base allows the user to develop the new tactics such as ‘‘to pursuit
the moving objects’’, ‘‘move to the prescribed object’’, ‘‘pass the doorway’’, ‘‘go
around the obstacle’’ etc.

In general, the tactics of robot behavior may be determined with a task frame:
\current situation[\robot characteristics[\tactics name[\the objects and
obstacles[\the conditions of the operation feasibility[.
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Robot characteristics such as dimension parameters (weight, power of drivers,
possible velocity etc.) are contained in the database. These characteristics together
with the features of the environment (relief, ground parameters, obstacles types)
determine the possibility of the prescribed operation feasibility. The latter may
include also the post condition to be met after completing the operation such as a
stable robot position. The feasibility conditions for operation such as the objects
persecution or the obstacle avoidance are to be classified beforehand in accordance
with their features.

When some slots of the operation frame are empty the robot itself has to plan a
movement of cognitive type to find the necessary information [5] e.g. the
parameters of the doorway to pass through. The cognitive operations are also
contained in the robot knowledge base as a list of fuzzy production rules.

4 Experimental Investigation

We supposed that the most of indoor situations might be represented as a com-
bination of the following typical objects: ‘‘Wall’’, ‘‘Threshold’’, ‘‘Block’’, ‘‘Left
angle’’, ‘‘Right angle’’, ‘‘Doorway’’ (Fig. 1). Each object detected by the 3D
computer vision system is classified as one of the typical objects via the fuzzy
inference procedure discussed above. Then the desirable movement trajectory may
be planned.

The following linguistic variables were introduced: ‘‘The object position’’ (to
the right, to the left, in the centre); ‘‘The object height’’ (tall, middle, low) ‘‘The
object width’’ (wide, compact), ‘‘Distance to the object’’ (dangerous, safety, the
edge of the vision area). The diversity of the terms of the linguistic variables may
be easily expanded, if necessary.

The experiment has been conducted in the laboratory using a small mobile
robot equipped with the 3D vision system described above.

As mentioned above, the scale of CVS image based on the robot platform was
changing during the robot movement. So it is important to take into consideration
the membership functions as being the functions of current distance to the
obstacle. So for the terms of the linguistic variable ‘‘object height’’ the member-
ship functions are formed taking in consideration the angle of the TV camera
arrangement on the robot board (Fig. 2). The object classified as tall on the edge of
the vision area may be classified as middle at the distance dimension. The same is
for the linguistic variable ‘‘object position’’. The object situated at the centre may
be found as to the right at small distance (Fig. 3). It makes possible to plan the
maneuver beforehand e.g. to begin planning the walk round the block at the safe
distance from the obstacle.

The identification of the obstacles has been developed in accordance with the
prescribed classification rules e.g. ‘‘slow and wide object is a Threshold’’; ‘‘slow
and compact object is a Block’’; ‘‘Tall or middle object to the left is a Left angle’’;
‘‘Tall and wide object in the center is a Wall’’. Note that the features conjunction

200 S. Yu. Volodin et al.



related both to the object features and to its position leads to description of the
situation on the whole using the description of separate objects. An example of the
real experiment is presented in Fig. 1 where the robot has determined the object
‘‘The doorway’’ as ‘‘The tall object to the left (Left angle) and The tall object to the
right (Right angle) almost at the same distance’’. To perform the operation: ‘‘To
walk into the doorway’’ the feasibility condition of the operation ‘‘The doorway is

Tall

Middle

Low

Fig. 2 Membership functions ‘‘Tall’’, ‘‘Middle’’, ‘‘Low’’

Fig. 1 The typical obstacles and their parameters
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free’’ is to be examined. The condition is not fulfilled in the case the system has
found another obstacle (Block, for example) between the Left and the Right
angles.

After the situation has been completely determined the necessary trajectory
may be planned as a sequence of the typical operations contained in the database
as described above.

Figure 4 shows the membership functions ‘‘To the left’’, ‘‘To the right’’, ‘‘In the
centre’’ as functions of distance. Such representation allows the robot movement to
be planned beforehand with its no-interruption operation. Such control mode can
improve the safety of operations and eliminate the possibility of collision. It may
be of great importance when the moving objects appear, thus allowing to correct
the trajectory and to avoid the possible collision.

To the left In the center To the rightFig. 3 Membership
functions ‘‘To the left’’, ‘‘In
the center’’, ‘‘To the right’’

Fig. 4 Membership
functions ‘‘To the left’’, ‘‘In
the centre’’, ‘‘To the right’’ as
the functions of the distance
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5 Conclusion

The experiments prove that the proposed algorithms of information processing and
mobile robot control are efficient. It has been shown that the obstacles identifi-
cation procedures based on the fuzzy logic inference are quite effective in the
indoor navigation when most of the adequately represented obstacles can be
included in the list of fuzzy features beforehand. The fuzzy control system allows
robot to fulfill the stated task autonomously in partly determined environment.
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Laplacian Trajectory Vector Fields
for Robotic Movement Imitation
and Adaption

Thomas Nierhoff, Sandra Hirche and Yoshihiko Nakamura

Abstract Vector field methods for trajectory following are generally computed
offline before execution and thus only applicable to static trajectories. In contrast
this paper introduces Laplacian trajectory vector fields (LTVF) as a computa-
tionally efficient method for creating convergent vector fields towards a discretized
reference trajectory. In case of environmental changes both the vector field and the
reference trajectory can be quickly recomputed. The conducted experiment uses a
HRP-4 robot in order to display the applicability to daily life problems.

Keywords Manipulators � Trajectory � Vector fields

1 Introduction

Vector fields are a standard method for reactive trajectory adaption, allowing one to
calculate a desired movement vector for any point in space while avoiding obstacles
and maintaining a desired movement behavior. Probably the oldest and most used
vector fields in robotics are potential fields [1, 2], focusing on collision avoidance in
both static and non-static environments by superimposing repellent forces from
each obstacle. Other approaches have the goal of a safe physical interaction with a
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human user [3], goal convergence in constrained environments [4] or global con-
vergence towards closed curves [5]. A recent trend focusing on imitation learning
incorporates the modulation of a dynamical system [6, 7], thus overcoming the
problem of getting stuck in a local minimum and being able to encode more
complex movements. An elaborate approach for convex-shaped obstacle avoidance
while maintaining the shape of a goal-driven motion is presented in [8].

Most of the presented vector field methods for trajectory following are learnt
offline and assume the underlying trajectory not to be changed during execution.
Yet in the presence of large disturbances or environmental changes this can cause
undesired and possibly diverging trajectories [9]. An alternative option presented
in this paper is to recompute the trajectory and recalculate the resulting vector field
for faster convergence.

The contribution of this paper is a method to construct converging vector fields
for arbitrarily, discretized trajectories. Regarding computational complexity, the
vector field is recalculated quickly whenever the trajectory has to be updated.
Convergence of the integral curves along the trajectory towards an end point can
be ensured by interpolating between multiple first-order dynamical systems.
Continuity of the vector field within specified bounds is proven. Because the
vector field depends only on a few parameters its calculation can be automatized
fully and combined with a Programming by Demonstration approach as shown in
the experiment using an HRP-4 robotic platform.

2 Approach

2.1 Laplacian Vector Fields

Let a trajectory be the combination of a path P ¼ ½pðt1Þ; pðt2Þ; . . .; pðtnÞ�T 2 R
n�m

with n sampling points pðtiÞ and associated temporal information ti 2 R. For

simplicity, P ¼ ½pðt1Þ; pðt2Þ; . . .; pðtnÞ�T is rewritten as P ¼ ½p1; p2; . . .; pn�T . The
trajectory consists of trajectory segments si defined as the line segment between
two subsequent sampling points pi; piþ1; i 2 f1; . . .; n� 1g, see Fig. 1. Every

trajectory segment has a mid point pm;i ¼
piþpiþ1

2 , lying on the hyperplane hi with

corresponding normal vector ni ¼ piþ1�pi

kpiþ1�pik. The vector fields for the remainder of

this paper are of the general form

_p ¼ Aipþ bi; ð1Þ

with A 2 R
m�m; b 2 R

m. For the i-th trajectory segment, they can be split up as

Ai ¼ Aki þ A?i;

bi ¼ bki þ b?i;
ð2Þ
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consisting of a parallel vector field Vki ¼ fAki; bkig responsible for guiding an
object along the trajectory and an orthogonal vector field V?i ¼ fA?i; b?ig for
convergence towards the trajectory in case of a sudden disturbance. In order to
calculate the elements of the vector fields, we define an orthonormal basis in R

m

with basis vectors aj;i; j 2 f1; . . .;mg such that a1;i coaligns with piþ1 � pi. It is
assumed that the eigenvectors ej; i of Ai coincide with aj;i. The scalar values kkj;i
and k?j;i denote the eigenvalues of Aki and A?i. Then the parallel vector field Vki
has to fulfill the conditions

kk1;i ¼ kk2;i ¼ � � � ¼ kkm;i ¼ 0;

_pðpm;iÞ ¼
piþ1 � pi

tiþ1 � ti
[ 0;

ð3Þ

that is a vector field with constant velocity parallel to the i-th trajectory segment.
The orthogonal vector field V?i has to fulfil the condition

k?1;i ¼ 0;

k?2;i ¼ k?3;i ¼ � � � ¼ k?m;i\0;

_pðpm;iÞ ¼ 0;

ð4Þ

i.e. the line through pi; piþ1 being the only stable set of equilibrium points. By
defining Aki and bki as

Aki ¼ 0;

bki ¼
piþ1 � pi

tiþ1 � ti
;

ð5Þ

it suffices (3). A heuristic approach is used to find a solution that suffices (4). By
remembering that

Fig. 1 Vector field example for a trajectory consisting of two segments si and siþ1. Left side
Calculated vector field both after superposition and split up into individual parallel and
orthogonal vector fields. Right side Schematic view
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_p ¼ A?ipþ b?i; ð6Þ

one can create the equation system

_pðpm;iÞ ¼ 0;

_pðpm;i þ a1;iÞ ¼ 0;

_pðpm;i þ aq;iÞ ¼ �ji aq;i; 8q 2 f2; . . .;mg
ð7Þ

and solve it for the variables in A?i and b?i in order to construct the orthogonal
vector field. The strength parameter ji [ 0 adjusts the influence of the orthogonal
vector field V?;i, accounting for the rate at which any object converges back to the
trajectory after a disturbance. Note that the norm of any vector v?i caused the
vector field V?i is directly proportional to the minimal distance dm;i to the line
through piþ1; pi as

kv?ik ¼ dm;iji: ð8Þ

When moving along a trajectory, an interpolation scheme according to (9) with
the weighting factor wi 2 ½0; 1� blending over the vector fields of subsequent tra-
jectory segments is proposed in order to avoid discontinuities

_p ¼ wiðAi þ biÞ þ ð1� wiÞðAiþ1 þ biþ1Þ: ð9Þ

The trajectory segment si is defined by the two points pi; piþ1, the trajectory
segment siþ1 by piþ1; piþ2. Let the projection of an object position onto the si

segment be pp;i and its relative length ri ¼
kpp;i�pik
kpiþ1�pik. The interpolation scheme

weight wi is given as

ri0 ¼ jri � 0:5j;
r
0

iþ1 ¼ jriþ1 � 0:5j;

w
0

i ¼
r
0

iþ1

ri0 þ r0iþ1

;

ð10Þ

with the offset of 0:5 moving the moment of switching to the hyperplane hi. Note
that this interpolation scheme is only well defined for intersection angles ci

ci ¼ arccos
ðpiþ2 � piþ1Þ � ðpiþ1 � piÞ
kpiþ2 � piþ1kkpiþ1 � pik

� �
\

p
2
; ð11Þ

The approach can be readily combined with Laplacian Trajectory Editing [10],
allowing one to deform the underlying trajectory proactively while still being able
to recompute the new vector field quickly. For collision avoidance, one can use an
arbitrary superimposing method, for example potential fields or the method in [8].
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2.2 Convergence

Two aspects of convergence are investigated: Transition convergence (any point s
either on the hyperplang hi or in between hi and hiþ1 eventually converges to hiþ1)
and point converge (any point on the last hyperplane hn�1 or beyond convergence
to the last point pn). By combining both convergence properties one can thus
ensure that a point moving along the trajectory eventually converges to pn.

To prove transition convergence, the vector field _pðsÞ always has to point in
direction of niþ1 as

_pðsÞT niþ1 [ 0: ð12Þ

By decomposing _pðsÞ as

_pðsÞ ¼ w1ðvki þ v?iÞ þ w2ðvkiþ1 þ v?iþ1Þ; ð13Þ

it accounts both for the orthogonal/parallel components of the vector fields Vi;Viþ1

and a interpolation scheme with weights w1;w2. Looking at the geometric prop-
erties, (12) can be rewritten as

w1ðkvkik cosðciÞ � kv?ik sinðciÞÞ þ w2kvkiþ1k[ 0;

w1ðkvkik cosðciÞ � dm;iji sinðciÞÞ þ w2kvkiþ1k[ 0:
ð14Þ

The minimal values of (14) are given for w1 ¼ 1;w2 ¼ 0, resulting in

kvkik cosðciÞ[ dm;iji sinðciÞ: ð15Þ

Equation (15) is a necessary condition for transition convergence. Depending
on the intersection angle ci it defines an admissible region around the trajectory
segment whose extent can approach 1 for ci ! 0 in the limiting case or 0 for
ci ! p

2.
Point convergence for pn can be achieved by creating a vector field V for the

last trajectory segment such that it fulfills

k1;n ¼ k2;n ¼ � � � ¼ km;n\0;

_pðpnÞ ¼ 0;
ð16Þ

that is a point attractor for pn which can be created following the idea in (7). The
proof is analogous to the one for transition convergence.
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2.3 Spatial Bounds Approximation

Whereas conservative spatial bounds of the deviation of the integral curve C from
the reference path can be given which hold for any ji [ 0, a good approximation
can be made under the assumption of ci � 0 and kvkiþ1k � kvkik. Then for an
object starting from the hyperplane h1 with an initial distance dm;1 to the trajec-
tory—see (8)—the resulting distance dm;s when passing the hyperplane hs can be
calculated as

dm;s ¼ dm;1 �
Z

C
V?dx;

� dm;1

Ys

i¼1

expð�jiDtiÞ;

� dm;1

Ys

i¼1

expð�ji
kpm;iþ1 � pm;ik
kvkik

Þ;

ð17Þ

with
R

C as the integral over the integral curve C and Dt as the time required to
traverse from the hyperplane hi to hiþ1.

3 Experimental Evaluation

The experiment consists of a movement imitation task where a button has to be
pressed while avoiding an obstacle. To adapt to environmental changes, LTVF and
Laplacian trajectory editing [10] are combined with a Programming by Demon-
stration (PbD) framework [11, 12]: Whereas the PbD framework produces a
prototypic (i.e. regressed) trajectory, Laplacian trajectory editing is used to deform
the prototypic trajectory in case of large environmental changes. Subsequently,
LTVF are used to create movements converging to the prototypic trajectory in case
of small disturbances (e.g. a slightly varied starting position).

The human hand movement is recorded at a frame rate of 200 Hz using a
Vortex motion capture system. Five demonstration rollouts are performed in which
the hand is moved from various starting positions through a narrow tunnel to press
a button, see Fig. 2a. All demonstrations are aligned in the temporal domain using
Dynamic Time Warping. Then Gaussian Mixture Regression gives a prototypic
trajectory with corresponding spatial covariance matrix Ri for the i-th sampling
point. The spatial variance is used to determine the strength parameter ji / 1ffiffiffiffiffiffiffiffi

det Ri
p

of the vector field. This ensures quick convergence towards the trajectory wher-
ever the spatial variance is low, corresponding to constrained sections of the
trajectory. On the other hand a high variance implicitly assumes free space,
resulting in low values of ji. Shown in Fig. 2b are the five rollouts (orange
trajectories). The colorful tube is centered around the prototypic trajectory.
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The color of the tube represents the vector field strength ji whereas the tube
diameter is directly proportional to the distance dm;s in (17). The result is a funnel
in which convergence according to the spatial bounds approximation can be
guaranteed. Adaption to a varied environment (varied obstacle position, different
button to press) can be achieved by retargeting the trajectory using Laplacian
trajectory editing, see Fig. 2c. Figure 2d shows the reproduction of only two
trajectories from different starting positions using a HRP4 robotic platform.

4 Discussion

Experiments show how the presented approach can be readily combined with other
approaches and applied to robotic movement imitation problems. Differing from
other approaches based on Gaussian mixture models which have to learn the

(a)

(b)

(d)

(c)

Fig. 2 Experimental results. Human demonstration (a), processed results (b), adaption to a
changed environment (c) and adapted movement using a HRP-4 robot (d). Highlighted in (a) and
(d) in red are the human/robot arm, two boxes representing the obstacle, the button to be pressed
and the hand trajectory
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mixture model for every new trajectory, no learning is necessary when using
LTVF. This makes the approach applicable for real-time applications where online
trajectory modifications are necessary. Because at any time instance the vector
field has to be computed based only on two adjacent trajectory segments, its
computational complexity is independent of the shape or length of the trajectory.
Moreover, tight spatial boundaries can be specified which are helpful for collision
prediction and avoidance. A drawback is that methods based on Gaussian mixture
models like Dynamic Movement Primitives have useful theoretical properties in
terms of global stability and robustness to disturbances. Convergence for LTVF on
the other hand can be shown only on a local scale. Hence any disturbance large
enough may lead to divergent behavior, making it necessary to recompute the
reference trajectory. Differing from Gaussian mixture models which are generally
time-independent, the presented approach is time-variant as one has to keep track
of the object’s current trajectory segment. This can be used to resolve issues
regarding self-intersecting paths.

5 Conclusion and Future Work

This paper presents a generic method to construct convergent vector fields towards
a discretized reference trajectory. In case the trajectory is retargeted, the vector
field can be reconstructed quickly without the need of an explicit optimization
routine. The guaranteed convergence, low computational complexity and large
spatial adaption range makes it predestined to be used with other approaches for
collision avoidance and vector field adaption.

Future work will be focused on an improved version extending the presented
approach to continuous trajectories.
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Trajectory Planning of Redundant Planar
Mechanisms for Reducing Task
Completion Duration

Emre Uzunoğlu, Mehmet _Ismet Can Dede, Gökhan Kiper,
Ercan Mastar and Tayfun Sığırtmaç

Abstract In the industry there is always a demand to shorten the task completion
durations in order to maximize the efficiency of the operation. This work aims to
provide a solution to minimize the task completion duration for planar tasks by
introducing kinematic redundancy. An example setting of a redundant planar
mechanism is considered and an algorithm developed for resolving redundancy
order to minimize task completion duration is discussed based on this mechanism.

Keywords Trajectory planning � Redundant manipulator � Redundancy
resolution

1 Introduction

Kinematically redundant manipulators have numerous advantages over the suffi-
cient manipulators since they can provide the task designer with infinite number of
solutions that can achieve the same primary task. Self-motion of the redundant
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manipulator, which has no effect on primary task [4], is used to achieve subtasks
(e.g. singularity avoidance, minimizing total joint motion). Redundancy resolution
algorithms that allow the ability to optimize for various criteria using subtask
controllers have been proposed in literature. Redundancy resolution in velocity
making use of pseudo-inverse approaches has been widely used in various subtask
controls such as singularity avoidance [10], joint velocity minimization [7],
obstacle avoidance [1, 2], mechanical joint limit avoidance [8], and manipulability
[3]. In addition, different redundancy resolution approaches have been proposed
including in velocity level [5] and in acceleration level [9]. Examples presented
above address optimization for various sub-tasks. However, in this work, our focus
is on reducing the total task completion duration with maximum allowable
accelerations.

The motivation of this paper is to use the advantage of extra degrees of freedom
(DoF) of redundant manipulators to develop trajectory generation algorithm to
achieve higher acceleration motions in global task space in order to reduce the
operation time. Shortening the operation time as much as possible is crucial since
it will increase the productivity of the machine. As a fact, in many industrial and
robotic applications that include sharp curves in their paths, robot’s acceleration
performance is required to be as high as possible not to lose much time at the
curves. However, in industrial settings, where the manipulators have large work-
space, higher accelerations at the tip of the manipulator will call for higher force/
torque demands from the actuators of the manipulator. Nevertheless, mechanisms
that have higher inertia cannot achieve high acceleration motions since it results in
poor precision and may create physical damage in the mechanism due to high
amplitude vibrations. Therefore, there are limitations for maximum allowable
accelerations for high inertia manipulators. This study claims that making the
system kinematically redundant, by integrating a mechanism with lower inertial
characteristics, can be used for operation time reduction with the proposed algo-
rithms in this paper. Next section provides a general description of a redundant
mechanism for planar tasks. Following this, algorithm developed for redundancy
resolution in order to minimize the end-effector task completion time is presented.
Algorithm is devised from the work of [6], which comprises designing the velocity
profiles separately for two mechanisms to impose a desired joined velocity profile
generation of end point.

2 Planar Redundant Mechanism for Higher
Acceleration Motion

Planar redundant manipulator that is used in aimed trajectory generation algo-
rithms is composed of two mechanisms that have independently controlled two
DoFs in planar space. As illustrated in Fig. 1, the secondary mechanism, with
relatively smaller workspace, is mounted onto the primary mechanism, which has
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lower acceleration capabilities due to its higher inertial properties. End-effector is
assembled on the second mechanism, which will project the desired output E(x, y)
of motion as a result of unified motions of the two mechanisms.

Motion of the primary mechanism is indicated with capital X and Y, while the
secondary mechanism’s motion occurs along u and v axes. The workspace location
of u and v axes, which is shown in red in Fig. 1 depends on the position of X and
Y axes. End-effector path in this case is defined with respect to the global coor-
dinates which are x- and y-axes. It should be noted that, since the designated
system is planned to be used in industrial applications, such as machining tools, the
end effector velocity is limited for application type. For example, during operation,
mounted tool will be most likely required to have relatively lower speed limit
below the maximum achievable speed of mechanism for proper operation.

3 Trajectory Planning Algorithm

Trajectory planning algorithm is developed to achieve the main task, which is
position tracking of end-effector provided in global workspace. In general, the
algorithm uses advantage of higher acceleration capabilities of secondary, low
weight mechanism to reach maximum allowed velocity of end point, E, as quickly
as possible. Unlike defining a main task and subtasks for redundant mechanisms,
this algorithm comprises trajectory planning and control of two different mecha-
nisms simultaneously. A possible solution to achieve a high acceleration trajectory
planning algorithm for redundant manipulator can be determined in velocity
profile generation level. In this algorithm, end-effector velocity profile is designed
to have trapezoidal velocity profile with highest possible acceleration for end-
effector as proposed in [6]. Main aim is to shorten task completion duration
compared to the conventional machine with only two axes.

The main function of the algorithm is to deploy end-effector position demands
extracted from G-codes segments on redundant machining device (RMD) to utilize
formerly mentioned capabilities. Trajectory planning algorithm is to be used as a

Fig. 1 Redundant
mechanism
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built-in function in between G-code extractions of RMD and machine controller,
which is typically a CNC system. The input data for motion planning are extracted
from G-codes as segments in two categories: machining segments or travelling
segments. In machining segments, the maximum speed of end-effector, or
machining tool specifically, is limited by machining process type specifications.
On the other hand, the travelling segments are created as positioning of tool before
or in between machining segments with maximum motion capabilities of RMD.
After the segments are created, the algorithm creates motion profiles sequentially
with respect to the presented flowchart in Fig. 2. Segments data are fed as input to
the motion planning scheme, which contain information about motion (distance
travelled, start and end points of segment) and segment type. At first, the algorithm
checks if there are any motions on the primary and secondary mechanisms from
previous segments while the end-effector is kept at a constant position, which is
further discussed in next sections. After that, if necessary, when acceleration
adjustment is completed, the algorithm generates the velocity profile according to
motion limitations for either travelling or machining segments.

In this study, the acceleration of the primary axes are designed to be limited
with 9.81 m/s2 for primary mechanism and 49.05 m/s2 for secondary mechanism,
and end-effector velocity is limited with 40 m/min. The maximum velocities are
set 200 m/min for primary mechanism, and 100 m/min for secondary mechanism.
Position demands delivered to secondary mechanism were held within workspace
limitations as predesigned between ±50 mm along both u and v axes.

Fig. 2 Flowchart of trajectory planning algorithm
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3.1 Velocity Profile Generation for Machining Segment

A machining segment represents the motions that the end-effector follows during
working on a workpiece. With redundancy resolution, this is achieved by adding
two independently created velocity profiles for primary mechanism, va, along
X–Y axes and secondary mechanism, vb, along u–v axes to obtain the end-effector
velocity profile. A continuous velocity profile, which is usually a small part
G-code sequence, is illustrated in Fig. 3. This velocity profile is applicable in cases
where distance to be traveled is long enough to achieve proposed method. When
distance is not enough to reach the maximum allowable velocity limits, a triangle
velocity profile of the end-effector is used. Velocity of the end-effector is limited
with ve (max), which is the velocity limit for the designated machining process.
Profile generation is designed such that secondary mechanism is designated to start
motion at the center of its workspace, which is marked in red (Fig. 1).

After ve(max) is reached with combined accelerations of the two mechanisms,
velocities of the two mechanisms are consistently regulated to preserve end-
effector velocity at ve(max) until time t6. The duration that end-effector reaches its
maximum velocity, t1, is found by the combined acceleration of two mechanism
which are primary axis limit, aa, and secondary axis limit, ab (Eq. 1).

t1 ¼ t7 � t6 ¼
veðmaxÞ
aa þ ab

ð1Þ

Secondary mechanism, after t1 seconds, decelerates at with a -aa value and
comes to a full stop at t2. After the primary mechanism reaches the ve(max) at t2,
the velocity of both mechanisms are kept constant until t3. Velocity of primary
mechanism exceeds the end-effector velocity between t3 and t5 in order to retract
secondary mechanism to the center of its workspace. Thus, when the total motion
is completed, relative position of secondary mechanism will be at the center of its
workspace to be ready for the next motion segment. Advantage of this algorithm is
that the acceleration and deceleration are much higher at the beginning and ter-
mination of the motion, which shortens the total task completion duration.

Fig. 3 Velocity level motion generation for machining segments
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Distance traveled by secondary mechanism as identified by A1 and A2 in Fig. 3
is calculated as presented in Eq. (2), where A2 = 2 9 A1.

A1 ¼ 1=2abt2
1 þ 1=2aaðt2 � t1Þ2; A2 ¼ 1=2abðt�Þ2 ð2Þ

t* is the duration between t5 and t3. which is calculated in Eq. (3).

t� ¼ t1 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ aa

ab

ae

aa
� 1

� ffi2
s

ð3Þ

Time elapsed during constant velocity is calculated from required distance to be
travelled, dT, as represented in Eq. (4).

t3 � t2ð Þ ¼ dT

veðmaxÞ
� 2t2 þ t1 þ t�ð Þ ð4Þ

Motion planning of a machining segment with a traveling distance of 0.5 m for
the end-effector is presented in Fig. 4. Motion is generated with respect to the
described algorithm in this section for continuous motion of end-effector.
According to calculations, the task is completed in 0.761 s with a maximum
velocity of 40 m/min. When compared with task completion duration (0.818 s) of
the conventional mechanism, there is a 6.97 % time gain. Although time reduction
magnitudes for longer-distance machining are smaller, for a task with many
smaller-distance contours, algorithm results in remarkably higher reductions in
total.

3.2 Velocity Profile Generation for Travelling Segment

Travelling segments are reserved for motions generated for moving end-effector or
machining tool to the desired initiation coordinates of the machining process.

Fig. 4 Velocity level motion generation for 0.5 m machining distance
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Travelling segments are planned between machining segments if there is an offset
between termination and initiation coordinates of sequences of G-codes. Like in
machining segment, travelling velocity profile generation is carried out for primary
mechanism velocity, va, along X–Y axes and secondary mechanism, vb, along u–
v axes. In travelling velocity profiles, maximum acceleration duration and velocity
generated by secondary mechanism is limited due to its workspace.

In Fig. 5, the velocity profiles generated for travelling segment are drawn
according to primary and secondary mechanisms’ velocity limits, va(max) and
vb(max). va(max) is set by primary mechanism’s maximum velocity and vb(max) is
chosen to preserve secondary mechanism’s motions inside its workspace. During
t0 - t1, secondary mechanism accelerates with maximum acceleration and
decelerates with the same acceleration magnitude of the primary mechanism to
stop at its workspace limit. As a result of this, the velocity of end-effector is kept
constant while secondary mechanism decelerates and comes to a stop.

Since at initiation and termination secondary mechanism should be located at it
center point, distance travelled by end effector is calculated from motion of pri-
mary mechanism. Therefore, the t3 and t4 time values are determined by con-
ventional trapezoidal velocity calculations using the maximum velocity and
acceleration limits of primary mechanism and required distance to be travelled by
end-effector.

The velocity limit of secondary axes vb(max) is chosen to preserve secondary
mechanism’s motions inside its workspace. Thus, t1 and duration between t6 and
t5, is found by using the acceleration limit of the secondary mechanism t1 = vbmax/
ab. t2 is calculated by Eq. (5), which is also the equal to duration between t7 and t5.

t2 ¼
ðab þ aaÞt1

aa
ð5Þ

During the deceleration of end-effector, secondary mechanism moves in the
reverse direction of the end-effector motion with its maximum acceleration initi-
ating from the limit of its workspace. This results in a faster deceleration of the
end-effector and the end-effector reaches the travelling segment’s termination
location. However, at t6, while the end-effector completes its designated motion,
the primary and secondary mechanisms still move. The motion on each

Fig. 5 Velocity level motion generation for travelling segment
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mechanism from t6 to t7 is described to hold the end-effector position constant
while retracting the secondary mechanism to the center of its workspace. This is
achieved by demanding 9.81 m/s2 acceleration from both mechanisms in different
directions. Primary mechanism velocity is designed to have a trapezoidal profile
with maximum acceleration (9.81 m/s2) and maximum speed (200 m/min)
between t0 - t7. At the end of the motion described in Fig. 5, from t6 to t7, end-
effector does not move and reaches its motion termination location. This may be
seen as a loss of time. However, for any machining operation, there should be a
time interval to cut into the workpiece and this dead time can be utilized for this
purpose.

For the numerical example, motion planning of a travelling segment with a
traveling distance of 0.5 m of the end-effector is presented in Fig. 6. The calcu-
lations show that the travelling segment task is completed in 0.4515 s with a
maximum velocity of 132.88 m/min for primary mechanism. As it can be deduced
from Fig. 6, there is 0.17 s of time gain (dead time) that can be used for initiation
of the cutting process of tool. As a result, there will be time reduction from total
completion of sequences of RMD’s process.

4 Conclusion

Conventional machines that have larger workspaces suffer in providing higher
accelerations while preserving their precision specifications due to moving higher
inertia components during the execution of the task. In this work, kinematic
redundancy is proposed to enhance the acceleration capability for executing the
same task with larger workspace limits. An example case study is carried out for
planar motion. An algorithm is generated and discussed to distribute the global
motion demand to the primary mechanism and secondary mechanism. Advantage
of the algorithm is proved by numerical examples conducted for both machining
and travelling segments. This algorithm also has an advantage with respect to
pseudo-inverse methods that numerical calculation load is less since this method

Fig. 6 Velocity level motion generation for 0.5 m travelling distance
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uses only simple algebraic calculations rather than dealing with matrix inversions.
This method also guarantees that maximum allowable acceleration is achieved
throughout the task to minimize total task execution duration. However, algorithm
has a practical disadvantage that jerks are not infinite as utilized in this study.
Thus, effects and compensation for these effects will be investigated.
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Design Choices in the Development
of a Robotic Head: Human-Likeness,
Form and Colours

Scean Mitchell, Gabriele Trovato, Matthieu Destephe,
Massimiliano Zecca, Kenji Hashimoto and Atsuo Takanishi

Abstract The design of what a robot could look like is a matter of growing
importance. Variations of style, size, shape and colour open endless design pos-
sibilities. It is important to create a look that poses no visual uncanny valley effects
on the human user and that is appropriate to potentially serve in different job areas
in human society. In this paper we want to share the methods applied in the design
of a new head for the humanoid robot KOBIAN-R. Our creation process is similar
to that of the product design process taking into account the psychology of shape,
colour and functionality to name a few. Following the creative process we con-
ducted some surveys to assess our new design. Feedback data from participants
from a diverse age range and cultural backgrounds are a precious input towards the
future development of this robotic head.

Keywords Robot design � Prototyping � Service robots � Humanoid robots

1 Introduction

As humanoid robots enter our everyday life, it is necessary to think ahead about
the acceptability and effectiveness of a robots’ external appearance. Face-to-face
communication was once person to person; even person to animal, and now it has
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reached a stage where it is person to machine. Usually when we consider person to
person communication, the face is one of the primary areas of focus [15]. The
human face can relay an important amount of information about emotion as well as
other non spoken messages. For this reason, robotic face aesthetic design must be
thought carefully. The dimensions of the head, and the presence and number of
facial features can heavily influence the perception of humanness in robot heads
[3]. Human-like cues can potentially have a positive effect on acceptance [4].

Recently, some humanoid heads are built with a large number of DoF, such as
KOBIAN-R [7], and design aesthetics are on the rise thanks to carefully designed
anthropomorphic robot heads like are Snackbot [8–10]. Different humanoid heads
can be identified based on a character design space diagram of cartoon illustrated
face types [2, 11]. This measurement system has also been used and modified to
help the robotic industry categorize robot faces. The parameters are Realistic/
Objective, Iconic/Subjective, and Abstract [1, 16]. A few examples of realistic
robotic faces are [5, 6, 13].

Is human-likeness in humanoid robots a goal that is necessary to achieve? If we
intend human-likeness as a concept inclusive of the ability of moving like humans,
understanding human society rules and adapting to a human environment, then the
answer is certainly positive. If we intend human-likeness as just appearance, then
we should make sure that such an appearance does not cause a negative effect on
humans’ acceptance of the robot.

Our final purpose is to create and refine a head that can appeal to the public. In
the present study, we compare a new humanoid robot head design with two
existing robot heads and gather comments from an international audience, and we
studied the role of colour in identifying the hypothetical robots job in the society.

The rest of the paper is organised as follows: in Sect. 2 the concept behind the
design is introduced; experiments are carried out in Sect. 3 and results are dis-
cussed in Sects. 4 and 5 concludes the paper.

2 Development of a New Head

2.1 Requirements and Constraints

The head to be developed should have both an active function (expressing emo-
tions, conveying information actively) and a passive function (give a context and
background information about the status of the robot). It should also convey
positive feelings as friendliness, trust, kindness and safety, through its looks. One
more constraint is the application: as it has to be mounted on KOBIAN, it should
match with the rest of the body and appear as robot-like more than human-like.
This constraint influences details such as the colour of the face and the presence of
an artificial skin. We discussed the factors with a professional designer, and
various head sketches from simple to highly detailed were considered. Designs
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ranged from life like human, symbolic, character, anthropomorphic, mechanical
and simplified futuristic styles. Materials to be used were also discussed, such as
soft rubbery material verses metal, or hard plastics.

2.2 Influence of Nature in Design

What determined the definition of the final version was the influence of nature in
design. Our idea is to make the robot have a mix of nature design motifs, a
simplified representation of human form, mechanical commercial product styling
and likeable popular culture characteristics.

Based on this we refined our sketches (Fig. 1). In order to lower the uncanny
valley effect we simplified this new design by removing excess biological human
details. This should always be done to prevent a robotic design from crossing the
line from visually acceptable to biologically eerie, due to a less than perfect life
like representation. It is important to omit or simplify and stylise biological details
like hair, pore glands, soft imitation skin material and adult like facial structures.

Then, we mixed functional and subtle nature-inspired design (Fig. 2). The reason
for this is that nature inspired forms are documented in the design industry to be
functional, pleasing to the eye and stimulating. Details like soft curves and circles
found in cut sections of wood, water ripples and the smooth surface of a rounded
stone, have appeal in the consumer product market.

Eyes are a highly important feature for interaction, as Oculesics is one separate
category of Kinesics. Though not yet implemented, we plan to add around the lens
a symbolic eyelash to soften the look and allow blinking behaviour.

Lips and eyebrows were kept in the 3D stylized form. Both parts should be soft
(using silicon-like material such as the Dragonskin used for KOBIAN-R) and
allow smooth movements; we decided to make them as removable (attached by
magnets). In the case of the lips, this means that inside the mouth there will be just
a smooth surface: there should not be any intrusions entering the surface.

These design decisions were taken in order to keep a more natural or close to
natural interface: something the human viewer is used to interact with. By keeping
lips and eyebrows on 3D physical plane, we can manage keep the sense of natural
facial emotional communication, in a physical sense. The reason for this is sup-
ported by natural human face to face interaction that is already a part of natural
day to day life. This starts from the early stages of childhood where babies are
naturally drawn to the facial features of others as a primary mode of communi-
cation which continues through one’s life [15]. These parts, as previously said,
must go through a process of simplification and become more symbolic rather than
realistic. For instance, organic details such as the tongue should be avoided.

The refined digital design sketches were followed by the creation of the solid
body data using 3D modelling and CAD software. The data was then 3D printed
and checked for any minor surface discrepancies. In order to remove aggressive
lines and angles, the printed parts were hand sanded. This way of producing

Design Choices in the Development of a Robotic Head 227



objects is done in product design to convey non-threatening and approachable
forms. The final result is just a container, with no sensing capabilities. As such, the
model is very generic and the technique and design style are something that can be
applicable in other researches too.

3 Results

The evaluation of the head consisted in a questionnaire divided in two parts:

1. Comparison of the new head with two other robotic heads.
2. Investigation on the use of colour.

All the pictures used for the new design are photos of the real prototype with
some retouching such as colour overlay. In total, 45 subjects (32 male, 13 female)
participated in this experiment: 14 Americans, 11 Japanese, 8 Europeans and a few
from other countries. Average age was 33.3; standard deviation 11.9. As the
questionnaire was made through a web survey, it was possible to gather partici-
pants from several countries.

3.1 Human Likeness

The first part was focused on human-likeness. We displayed three humanoid head
types differing in likeness: KOBIAN-R, our new head design and HRP-4C

Fig. 1 Early planning sketches (left) and CAD 3D design (right)

Fig. 2 Nature product design influence

228 S. Mitchell et al.



(Fig. 3). We specifically wanted to compare the new design with one very realistic
robotic face and with the current design of the head of KOBIAN, which is non-
realistic. All of the faces were shown in the survey with their neutral expression
and on purpose without labels.

Table 1 shows that the preference for the new head is quite clear. Therefore, it
is important to understand the reasons that led to this preference. The subjects were
asked to leave some comments freely. We categorised those comments in the
labels shown in Fig. 4.

Fig. 3 The three robot heads, as they were presented in the survey, without specific labels

Table 1 Comparison of percentage of preference for the robotic heads

Robot Comfortable (%) Would like to use at home (%) Do not like (%)

HRP-4C 15.6 20.0 53.3
KOBIAN-R 8.9 6.7 35.6
New head 75.6 73.3 11.1

Fig. 4 Comments gathered on the three robot heads
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3.2 Preference on Colours

The second part of the questionnaire was focused on finding out which colour of
the new head is preferred by subjects, and the association of each colour with a job
type that the robot could hypothetically do. The choices were presented as in
Fig. 5, and results are shown in Fig. 6. The cyan/yellow combination (Robot 2)
was the most selected, however gender-related differences can also be noticed, as
in some cases (black/grey (Robot 1) and blue/grey (Robot 6) the percentage of
preference by female subjects is very low. These results confirm the ones obtained
in the survey reported in a previous publication (Mitchell et al. [12]. Further
investigation in Table 2 gives us suggestions about how to customise the robot for
different targets. The best job/colour combinations are highlighted.

4 Discussion

Regarding the survey on human likeness, a few interesting point of discussion can
be seen analysing the graph in Fig. 4:

• Uncomfortable and creepy are adjectives used mostly about HRP-4C and to a
lesser extent, about KOBIAN-R, while the design of the new head does not
cause such discomfort.

Fig. 5 Possible choices of different colours of the new head

Fig. 6 Preferred colour by gender
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• HRP-4C’s head is the most realistic and human-like, and the comments about
human-likeness were divided between positive and negative. As the negative
ones (‘‘too realistic’’) were more common than the positive, we believe that
realism in human-likeness is the main reason of discomfort.

• Negative comments KOBIAN-R are mainly due to the raw/mechanical
appearance. This is more evidence that supports our view that robots should be
designed with shapes aesthetically inspired by nature.

• The last column of the graph in Fig. 4 contains comments not related to
appearance, but rather on usefulness and perceived friendliness of a hypo-
thetical robot using the new head. This seemed to be a consequence of the
appearance. In this regard, interaction mechanisms described in The Media
Equation [14] seem related, as human perception of a machine can be influ-
enced by indirect factors, such as, in this case, just facial design.

As for the survey on colours, study on such small details may seem done for its
own sake; however, these subtle variations could make the difference, in a future
society, between a product that gets sold and a product that does not get sold. In
our previous investigation [12], we also found out that children have their own
taste regarding robots seen as toys. Even in the case of applying a robot in a public
role, we should be careful to consider the implication of a colour in the particular
culture. For instance, the colour green, depending on the context or on the culture,
can be associated to nature, to spring, to envy or poison.

5 Conclusion

In this study, we described the nature inspired design of a new head for humanoid
robot. The results of a comparison with two other, more human-like robotic heads
show that human-likeness is not always perceived as positive by humans and
therefore design should be carefully considered. It is also investigated how colour

Table 2 Association of head colours with possible role in society

Cleaning 8 13 17 11 10 15
Sales 6 8 8 1 9 15
Nature 2 5 10 30 5 4
Elderly helper 2 17 13 8 13 8
Child care 2 21 13 8 17 5
Theme park 4 11 16 10 18 8
Security 28 3 3 6 2 15
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styles can be useful in establishing ideas for personal market preferences and job
types. Through all these design features, using a product design method with
interesting shapes, we believe that a robot will potentially get a better acceptance
and have a wider range and role in tomorrow’s society. These studies gave us a
direction to follow. For the future, we are planning to mount the real prototype on
the body of the robot KOBIAN-R and evaluate it again through metrics like
Bartneck’s Godspeed scales. Furthermore, a study on lights and colours will be
carried out. As lights of different colours can convey different messages depending
also on the context, the ability of displaying lights is important for improving
communication capabilities of the robot.

Acknowledgements This study was conducted as part of the Research Institute for Science and
Engineering, Waseda University, and as part of the humanoid project at the Humanoid Robotics
Institute, Waseda University.
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Hopping Robot Using Pelvic Movement
and Leg Elasticity

Takuya Otani, Kazuhiro Uryu, Masaaki Yahara, Akihiro Iizuka,
Shinya Hamamoto, Shunsuke Miyamae, Kenji Hashimoto,
Matthieu Destephe, Masanori Sakaguchi, Yasuo Kawakami,
Hun-ok Lim and Atsuo Takanishi

Abstract Analysis of human running has revealed that the motion of the human
leg can be modeled by a compression spring because leg’s joints behave like a
torsion spring. In addition, the pelvic movement in the frontal plane contributes to
the increase in jumping force. We therefore assumed that human-like running,
which requires higher output power than that of existing humanoid robots, could
be realized based on these characteristics. Hence, we developed a model composed
of a body mass, a pelvis and a rotational joint leg, and fabricated the leg by
incorporating a stiffness adjustment mechanism that uses two leaf springs. In this
way, we were able to achieve a human-like joint stiffness, which could be adjusted
by varying the effective length of one of the leaf springs. We achieved hopping by
resonance of the pelvic movement and joints’ elasticity.
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1 Introduction

In a previous study, we developed a biped humanoid robot to simulate human
motions, which we named WABIAN-2R (WAseda BIpedal humANoid-No. 2
Refined) [1]. The robot can be used to understand the mechanism of the human
body [2] and to test welfare devices [3]. If the robot could be made to mimic
human hopping and running, it would be possible to realize more human motions.

This robot, however, is limited to walking. In human running, the joints of the
standing leg require about 1,000 W [4], which is higher than the power of the
WABIAN-2R actuator. Some biped robots are capable of running; for example,
ASIMO can run at a speed of 9 km/h [5], and MABEL at a speed of 11 km/h [6].
Compared to a human sprinting at a speed of 36 km/h [7] and jogging at a speed of
14 km/h [8], the running speeds of those biped robots are lower and we would like
to get closer to those higher human speeds.

To solve this problem, we propose the utilization of lower body movement
which is a human characteristic in running. Human running can be modeled by a
Spring Loaded Inverted Pendulum (SLIP) model, which is composed of a body
mass and spring leg inspired by the linear relationship between the ground reaction
force and the vertical body displacement during running (McMahon et al. [9]. This
model describes human running in a simple, straightforward way and is used on
the studies of running robots. Moreover, the knee and ankle joints of the standing
leg act like torsion springs which emerge the leg stiffness [10]. Furthermore, an
important characteristic that has not yet been reported is that a human pelvic
movement in the frontal plane can help to increase takeoff forces. Considering the
above, our aim was to mimic human pelvic movement and joint stiffness using
elastic bodies to reproduce its high power.

In this paper, we propose a running model that is a combination of a traditional
SLIP model and a pelvis. We then describe a hopping robot using this model. We
developed a mechanism comprising two leaf springs for adjusting the joint stiff-
ness and implemented it in the new leg. We completed a hopping experiment with
a real hopping robot.

This paper is organized as follows. In Sect. 2, we describe the development of the
hopping robot. In Sect. 3, we present the experiment and its results. Finally, in
Sect. 4, we draw our conclusions from the results and discuss about the future works.

2 Development of a Hopping Robot

2.1 Model of Human Running

In previous studies, the human leg during running was modeled by the traditional
SLIP model, which is composed of a body mass and compression spring. More-
over, human has the characteristics that the knee and ankle joints of the standing
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leg act like torsion springs [10]. In an attempt to identify other characteristics of
human running motion that could be useful for robot design, we conducted a series
of motion capture experiments with human subjects. Based on the human motion
analysis, we found that the human pelvic sine movement in the frontal plane can
help to increase takeoff forces.

We propose a new model which is composed of a body mass, a pelvis, and spring
legs (Fig. 1). In this model, the knee and ankle joints of the standing leg act like
torsion springs and the pelvic sine movement causes the resonance for hopping.

2.2 Development of Pelvis Mimicking Human Pelvic
Movement

We aim to develop a hopping robot that can successfully execute a hopping motion
using real hardware. We determined the requirements for velocity and torque in
the hip roll joint based on human running data [8]. We also fixed the requirements
for the velocity of the pelvis roll joint based on human running data [11]. To the
best of our knowledge, no work has previously been conducted on the torque of the
pelvis roll joint. We calculated these requirements by substituting appropriate
values in the mentioned model.

We chose a 150-W DC motor (Maxon Co., Ltd.), a timing belt, and a harmonic
drive to actuate the pelvis and hip joints (Fig. 2).

2.3 Model of Joint Stiffness Adjustment Mechanisms

During the stance phase of human running, the joints alternately lengthen and
shrink like a spring. As mentioned above, the leg stiffness and joint stiffness vary
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R
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Knee
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Waist

Fig. 1 Scheme of a new
model
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according to the running speed. We targeted the running speed between 4 and
10 m/s. The joint stiffness requirements are given in Table 1.

There are several ways of mimicking joint stiffness. For example, one can use
an actuator to control like a spring, implementation of a spring, and a combination
of these methods. During human running, each joint of the leg requires more than
1,000 W [4]. However, the output of the DC motors used in the legs of WABIAN-
2R is 150 W, which is much lower than the required power of the human leg joint.
If motors with higher power are used, their size and weight would make it difficult
to mimic a human leg. Although hydraulic actuators can be used to produce the
required high output, huge and heavy pumps are needed. It is therefore very
difficult to realize human running by using existing actuators.

Hence, we considered the possibility of mimicking this characteristic by using a
compression coil spring, a torsion spring, or a leaf spring for the elastic bodies. To
mimic the variation of the joint stiffness with the running speed, we used a leaf
spring for easy adjustment of the stiffness by varying the distance between a
supporting point and a load point. Figure 3 is a scheme of the proposed joint
stiffness adjustment mechanism. The load point is fixed on Link A and the leaf
spring is fixed on Link B via the joint axis. When a force is applied to Link A, the
force is transmitted to the leaf spring through the load point. Link A then rotates in
accordance with the deformation of the leaf spring. By this means, we could adjust
the joint stiffness by changing the position of the load point. The theoretical
formula for the joint stiffness is as follows:

Kj ¼
T

2 sin�1 Tl
6EI

� � ð1Þ

X

Z
Y

Hip joint

Pelvis joint

29
5

Fig. 2 Developed pelvis

Table 1 Joint stiffness
requirements

Max. [Nm/deg] Min. [Nm/deg]

Knee 10 7
Ankle 10 9
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where Kj is the joint stiffness, T is the joint torque, l is the effective length of the
leaf spring, E is the Young’s modulus of the leaf spring, and I is the area moment
of inertia of the leaf spring.

2.4 Development of Rotational Joint Leg

The joint stiffness adjustment mechanism can change its stiffness. However, in
mimicking low joint stiffness, it was difficult to install the leaf spring in the leg
which is about as big as that of a human. We need to position the load point far
from the supporting point. Moreover, the leaf spring could not withstand the force
when its thickness was reduced to decrease the stiffness. This leaf spring joint
stiffness adjustment mechanism could therefore not be used to achieve the required
joint stiffness.

To solve this problem, we incorporated an additional leaf spring in the mech-
anism. We show the schematic view of the joint stiffness adjustment mechanism
with two leaf springs in Fig. 4. The modified mechanism is comprised two units of
the previous one, but the stiffness of only one of the leaf springs is adjustable. This
was because the stiffness adjustment mechanism occupied much space. By this
means, the stiffness of the knee and ankle joints can be adjusted over a wide range
and the mechanism can be installed in the leg (Fig. 5). The theoretical formula for
the joint stiffness using two leaf springs is as follows:

Kj0 ¼
T

2 sin�1 Tl1
6E1I1

ffi �
þ sin�1 Tl2

6E2I2

ffi �n o ð2Þ

Roller

Leaf spring

Effective length

Rotation center

l

Link B
Link A Load

Joint torque T

F

(a) (b) 

Fig. 3 Scheme of the joint stiffness adjustment mechanism. When the load is applied to Link A,
the force is transmitted to the leaf spring through the load point. Link A therefore rotates in
accordance with the deformation of the leaf spring. The joint stiffness can thus be varied by
changing the distance between the supporting point on Link A and the load point on Link B. a No
load, b Loaded
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where K 0j is the joint stiffness, T is the joint torque, and l1 and l2, E1 and E2, and I1

and I2 are respectively the effective lengths, Young’s modulus, and area moment
of inertia of the two leaf springs. The values of the design stiffness of the knee and
ankle joints are given in Table 2.
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Fig. 4 Joint stiffness adjustment mechanism with two leaf springs. The mechanism basically
comprises two units of the previous mechanism, but the stiffness of only one of the leaf springs is
made adjustable because the adjustment mechanism occupies much space. By this means, the
joint stiffness can be adjusted over a wide range and the mechanism can be installed inside the
leg. a Low joint stiffness, b High joint stiffness

Leaf springs for 

knee joint

Leaf springs for 

ankle joint

Z Y

XO Z

X

Y

O

10
00

(b)(a)

Fig. 5 Rotational joint leg. The joint stiffness adjustment mechanisms with two leaf springs are
installed in the knee and ankle joints to mimic the joint stiffness similar to that of a human.
a CAD, b Overview
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3 Hopping Experiment

We tested hopping by resonance using the pelvic oscillation movement. At the
beginning of the experiment, the robot stood with its one leg. Then, the robot
started moving its pelvis. The pelvis oscillation movement is expressed as follows:

hpelvisðtÞ ¼
A sinðxtÞ for zf ðt)� 0 (stancephase)
0 for zf ðt) [ 0 (flightphase)

�
ð3Þ

where A is the pelvic rotation amplitude, x is the natural frequency, t is the time of
the stance phase and zf ðtÞ is the vertical mass displacement. In this experiment, the
pelvic rotation amplitude was 1�. The knee and ankle joint stiffness were 7 and 9
Nm/deg, respectively. The robot motion is restricted to the vertical direction with
linear guides. When the leg rose off the ground, the mass displacement was 0 mm.
This indicated that the robot hopped when the displacement of the mass was
greater than 0 mm.

The results of the experiment are shown in Fig. 6. We successfully performed a
continuous hopping by the pelvic sine movement. We intend to use larger pelvic
movement and hip pitch joint for higher hopping.

Table 2 Design value of the
joint stiffness adjustment
mechanism with two leaf
springs

Adjustable [Nm/deg] Fixed [Nm/deg] Joint [Nm/deg]

Knee 10 * 42 24 7 * 16
Ankle 16 * 28 28 9 * 12
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4 Conclusion

In this paper, we described the development of a hopping robot with a pelvis and a
joint stiffness adjustment mechanism that uses two leaf springs to mimic the joint
stiffness of a human leg during running. The new mechanism is able to adjust the
joint stiffness by variation of the effective length of leaf springs. By this means, the
joint stiffness can be adjusted over a wide range and the mechanism can be
installed in the leg. We evaluated the performance of the new mechanism and
confirmed that it produced a joint stiffness similar to that of a human. The robot
could achieve hopping by resonance, which confirmed that the mechanism could
be used for human-like hopping and running.

We note that the leg only mimics the motion of a human leg in the standing
phase. In the flight phase, a human bends the knee of the swing leg to prevent its
hitting the ground before lifting the foot forward, and to decrease the moment of
inertia of the leg. By mimicking this motion, we would be able to realize human-
like running.
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A Robotic Head that Displays Japanese
‘‘Manga’’ Marks

Tatsuhiro Kishi, Hajime Futaki, Gabriele Trovato, Nobutsuna Endo,
Matthieu Destephe, Sarah Cosentino, Kenji Hashimoto
and Atsuo Takanishi

Abstract This paper describes the development of a robotic head with ability to
display marks commonly used in ‘‘manga’’ (Japanese comics). To communicate
with humans, robots should have an expressive facial expression ability for
indicating its inner state. Our previous research suggests that, robots can express
its emotion clearly if it perform facial expressions that can adapt with the cultural
background of the communication partner. As a first step, we focus on making
expressions for Japanese people. Manga mark is a unique and famous way of
emotion expression in Japanese culture. In a previous preliminary experiment, we
determined facial expressions for the robot KOBIAN-R with manga marks. Those
expressions included four manga marks as ‘‘Cross popping veins’’ for ‘‘Anger’’,
‘‘Tear mark’’ for ‘‘Sadness’’, ‘‘Vertical lines’’ for ‘‘Fear’’ and ‘‘Wrinkle’’ for
‘‘Disgust’’. A new head that express these marks was developed. Flexible full
color LED matrix display and mechanism for indicating black lines were
implemented. Experimental evaluation shows that the new robotic head has over
90 % average emotion recognition rates by 30 Japanese participants for each of
the six emotions.
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Keywords Humanoid � Human-robot interaction � Facial expressions � Emotions

1 Introduction

In our elderly society there is a growing need of robots that can perform not only
simple tasks instead of humans but that can also support humans daily life
including medical and nursing. In order to support humans both physically and
psychologically, robot should communicate with human fluently. Communication
between humans is achieved through both verbal and non-verbal information.
Non-verbal information performs an important role and especially facial expres-
sion is important [1]. Therefore, robot should have understandable facial expres-
sion ability for indicating its inner state in order to achieve a fluent communication
with a human.

Many robots with some facial expression ability have been developed, such as
EMYS [2], Albert-HUBO [3] and Geminoid [4]. We have also developed a robotic
head for KOBIAN-R (Fig. 1) that can express exaggerate facial expressions
(Fig. 2). That head has 24 DoFs and electro luminescence sheet for blue facial
color. Our previous research [5] shows that exaggerated expressions with wide
movable range of facial parts and exaggerate facial color are effective for the
robotic head to express emotion understandably. However, for all these robotic
heads it is difficult to obtain high recognition rates for the expressions of all the six
basic [6] emotions. In fact, the average recognition rates of KOBIAN-R was
68.5 %.

One of the probable reasons for that usually robots facial expressions are not
culture-specific. Previous study shows that when human recognize the emotions
from facial expressions, there is a aspect of cultural background [7, 8, 9] and our
previous study suggested that this is also true in robotic facial expressions [10].
Therefore, in order to achieve expressions that are easy to understand, robot should
express facial expressions that adapt to different cultural backgrounds. For the first
step of this study, we focus on Japanese culture. Japanese comic (‘‘manga’’) marks
is unique and widely used way for expressing emotions in Japan. The potential
advantages of their use were proved in our previous research [10]. In our pre-
liminary study, we obtained facial expressions with manga marks with sufficiently
high recognition rates for Japanese (Figs. 3 and 4). We defined these expressions
as a model to use with Japanese people. In this paper, we describe the development
of the new robotic head that aims to improve even more recognition rates for
Japanese people through implementing these manga marks.
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Fig. 1 KOBIAN-R and its head

(a) (b) (c) (d) (e) (f)

Fig. 2 Facial expressions of KOBIAN-R. a Anger, b Sadness, c Surprise, d Happiness,
e Disgust, f Fear

(a) (b) (c) (d) (e) (f)

Fig. 3 Model facial expressions (Photo edited). a Anger, b Sadness, c Surprise, d Happiness,
e Disgust, f Fear
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Fig. 4 Emotion recognition rates of model expression
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2 Hardware Development of Expressing Manga Marks

The model expressions were designed using red ‘‘Cross popping veins’’ for ‘‘Anger’’
and black ‘‘Vertical lines’’ for ‘‘Fear’’ should be expressed on forehead. Blue ‘‘Tear
mark’’ and black ‘‘Vertical lines’’ for ‘‘Fear’’ for ‘‘Sadness’’ should be expressed on
cheeks. Black marks as ‘‘Wrinkle’’ for ‘‘Disgust’’ should be expressed under the lip
ends.

First, we tried to implement all of these expressions with LED or liquid crystal
displays. However, we couldn’t implement the black color for ‘‘Vertical lines’’ or
‘‘Wrinkle’’ with high contrast by this method. In addition, there are no commercial
liquid crystal displays or LED displays that bend on the curved surface of the head
cover. Therefore, we decided to develop two mechanisms for expressing these
marks. One is a full color LED matrix display for expressing red and blue marks
for ‘‘Anger’’ and ‘‘Sadness.’’ The other is the mechanism with a sheet with black
lines for ‘‘Disgust’’ and ‘‘Fear’’. Especially, the new forehead mechanism is
consisted of five layers structure (Fig. 5). Between the magnet for moving eye-
brows on the outer and inner head case, light diffusion sheet, LED display for
expressing marks and EL display for expressing facial color are placed. Those
mechanisms are implemented as Fig. 6. LED displays are implemented on fore-
head and cheeks. Sheet mechanisms for black marks are implemented on the
forehead, the cheek and the jaw. The outer dimension of the new robotic head was
almost same as that of Japanese adult female and total weight was 3.0 kg. We
named the whole body emotion expression robot with this new head as KOBIAN-
RII (KOBIAN-Refined II).

2.1 LED Display for Expressing ‘‘Cross Popping Veins’’
and ‘‘Tear Mark’’

Required size of mark expressing area of LED display was not smaller than
35 9 48 mm. As for the mount place’s space limit, the device size including
control area should be no larger than 35 9 110 mm. In addition, the area LEDs are
mounted should be bent along the face surface, the area around LEDs or backside
of it couldn’t be used for mounting other parts. Furthermore, on the forehead, the
device is placed between the magnets which drives the eyebrow. Therefore, the
thickness of the device should be as thin as possible. Size of LED itself and the
pitch defines the preciseness of marks and thickness of the sheet. We used the
1 9 1 and 0.2 mm thick LED, which is smallest full color LED in the world
(SMLP34RGB2 W by ROHM) and placed them in 2 mm pitch on both X and Y
axes. In the expression area, 24 9 16 LEDs were placed (Fig. 7). In order to
minimize the control part of the device, the active matrix control was used for
controlling the image. Active matrix is implemented with two 12ch full color LED
drivers and three shift registers. Brightness of each RGB color can be controlled in
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16 bit level. Image on the display can be controlled via SPI connection. The
refresh rate is 10 ms. SPI signal is input from the motor controller unit which is
already mounted on the robotic head for controlling motors (Fig. 8). Five displays
(three on the forehead, one on each cheek) were mounted on the new head.

Z

YX

Layer1: Head cover
(Painted white from back side)

Layer2: Light diffusion sheet

Magnet

Not painted
(Clear)

Layer5: Head cover

Layer4: EL sheet

Layer3: LED display

Vertical lines on clear sheet

Motor

White plate to cover EL sheet
1.9

Fig. 5 Layer structure of forehead

Z

Y
X

LED Display

Mechanism for
expressing 
black lines

Fig. 6 Placement of the mechanisms for manga marks

Fig. 7 Full color LED matrix display that has high flexibility
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2.2 Mechanism for Expressing ‘‘Vertical Lines’’
and ‘‘Wrinkle’’

As the light emitting device can’t express black color with high contrast, we
decided to design a new mechanism for expressing black marks for expressing
‘‘Vertical lines’’ and ‘‘Wrinkle’’ for ‘‘Fear’’ and ‘‘Disgust’’. ‘‘Vertical lines’’ for
‘‘Fear’’ should be displayed on the forehead and on the cheeks. These are achieved
with mechanisms of a clear sheet, on which black lines are printed (Fig. 9), which
moves pushed and pulled on front and back of the head case. Especially on the
forehead, the sheet is pushed and pulled by link and come out from back of the
LED display. ‘‘Wrinkle’’ for ‘‘Disgust’’ is achieved by a mechanism in which a
black plate is pushed and pulled in and out of window-like non painted part of the
jaw front cover (Fig. 5).

3 Experimental Evaluation

We conducted a questionnaire for evaluating the facial expression ability of the
new robotic head. 30 Japanese subjects (15 men and 15 women, average age was
20.9, S.D. 1.27) joined the experiment. Picture of facial expression of KOBIAN-
RII used in the experiment is shown in Fig. 10 and the result is shown in Fig. 11.
As no effective manga marks were found for ‘‘Surprise’’ and ‘‘Happiness’’, the
results without marks were only shown. Results show that over 80 % emotion
recognition rate was obtained for each six basic emotion. The average rate was
92.2 %.

Especially, the rates for ‘‘Anger’’, ‘‘Sadness’’ and ‘‘Surprise’’ were 100 %.
Though the rate for ‘‘Fear’’ of KOBIAN-R was only 27 %, the one of KOBIAN-
RII increased to 80 %. Focusing on the effect of manga marks, the results show
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Fig. 8 Control system of the LED matrix display
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that all of them were effective for emotion expression. With ‘‘Tear mark’’, the
emotion recognition rate for ‘‘Sadness’’ increased from 83 to 100 %. With
‘‘Wrinkle’’, the rate for ‘‘Disgust’’ increased from 70 to 80 %. We couldn’t find the
increase of emotion recognition rate for ‘‘Anger’’ because the rate was still 100 %
without the mark expression. Figure 12 shows ‘‘Fear’’ expressions with the
combination of manga marks achieved by KOBIAN-RII. Figure 13 shows the
difference of the emotion recognition rates for them. Emotion recognition rate for
the facial expression without ‘‘manga’’ marks was only 37 %. On the other hand,
recognition rate of the facial expression with blue facial color was 53 % and the
one of the facial expression with ‘‘Vertical lines’’ was 73 %. This shows that
‘‘Vertical lines’’ are more effective than blue facial color for expressing ‘‘Fear’’.

X Y
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Mat color
Black lines

Fore head Cheek

45
30 20

100

Clear plate (t=0.2)

Fig. 9 Sheet with black line

(a) (b) (c) (d) (e) (f)

Fig. 10 Facial expression of KOBIAN-RII. a Anger, b Sadness, c Surprise, d Happiness,
e Disgust, f Fear
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Fig. 11 Emotion recognition rates of KOBIAN-RII. For ‘‘Surprise’’ and ‘‘Happiness’’, we
couldn’t find effective manga marks
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Furthermore, with the combination of blue facial color and ‘‘Vertical lines’’
emotion recognition rate increased to 80 %. This suggests the effectiveness of
combination of manga marks for expressing understandable facial expressions.

4 Conclusions and Future Work

In order to improve the facial expression ability of KOBIAN-R, our goal is to
develop a robot whose facial expression can adapt to different cultural back-
grounds. As a first step, we focused on Japanese culture and found effectiveness of
using Japanese comic (‘‘manga’’) marks in making the expression clearer. In order
to display ‘‘manga’’ marks on the curved surface on the face cover on the robotic
head, we developed the full color LED matrix display for expressing red ‘‘Cross
popping veins’’ mark for ‘‘Anger’’ and blue ‘‘Tear’’ mark for ‘‘Sadness.’’ In
addition, we developed a mechanisms consisting in a sheet with black lines for
expressing black ‘‘Vertical lines’’ for ‘‘Fear’’ and ‘‘Wrinkle’’ for ‘‘Disgust.’’ The
result of experimental evaluation shows that the new robotic head for KOBIAN-
RII had over 80 % emotion recognition rates for each of the six basic emotions and
suggested the positive effect of using manga marks on the robotic head for
expressing emotions clearly for Japanese. In the future, we would like to evaluate
the effect of cultural background or age.
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Terrain-Adaptive Biped Walking Control
Using Three-Point Contact Foot
Mechanism Detectable Ground Surface

Kenji Hashimoto, Hyun-jing Kang, Hiromitsu Motohashi,
Hun-ok Lim and Atsuo Takanishi

Abstract In this study we describe a terrain-adaptive biped walking control using
a new biped foot mechanism with the capability of detecting ground surface. The
foot system consists of three spikes each of which has an optical sensor to detect
ground height. A robot modifies a foot-landing motion along the vertical axis and
about pitch and roll axes according to sensor values, and this enables the robot to
walk on unknown uneven terrain. Verification of the proposed control was con-
ducted through experiments with a human-sized humanoid robot WABIAN-2R.

Keywords Humanoid robot � Foot mechanism � Uneven terrain � Ground
adaptation

1 Introduction

The final goal of this research is to develop a biped walking technology to realize a
stable walk on uneven terrain in real environment. One solution when walking on
unexpected ground surface is to detect obstacles and ground surface conditions by
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using external sensors such as a laser range finder, stereo cameras and so on [1, 2].
Most vision sensors, however, have some measurement errors. Therefore, a biped
robot equipped with external sensors should have an ability to walk on unknown
uneven terrain with 20 mm height, considering the distance from the ground
surface to the position where sensors are mounted.

There are many previous works on biped stabilization controls on uneven ter-
rain [3–5]. Most of them assume that a biped robot can maintain large support
polygons on uneven terrain. Small unevenness and irregularities in outdoor sur-
faces, however, make it difficult for biped robots with rigid, flat soles to maintain
large support polygons, meaning that such robots easily lose their balance even
when they use stabilization controls. To deal with these problems, we have
developed a new biped foot system, WS-1R (Waseda Shoes—No. 1 Refined) [5],
which can maintain large support polygons on uneven terrain by only a hardware
mechanism. Its weight is 2.0 kg, and it is heavier than usual rigid, flat soles.
Therefore, it will be better for a biped robot to deal with uneven terrain from both
sides of hardware mechanisms and controls.

In this approach, a biped foot system, WAF-2 (Waseda Anthropomorphic Foot—
No. 2) [6], has been proposed, which can absorb foot-landing impact and detect
ground height. It, however, assumes that a robot maintains large support polygons
with four spikes at each corner of the foot. It’s possible to maintain four-point
contact on even ground but it’s almost impossible to maintain it on uneven terrain.

In this paper, we propose a terrain-adaptive walking control using three-point
contact foot mechanism which can detect ground unevenness. A robot modifies a
foot-landing motion along the vertical axis and about pitch and roll axes according
to sensor values, and this enables the robot to walk on unknown uneven terrain.
This paper is organized as follows. Section 2 describes the details of the foot
system design, and Sect. 3 describes the terrain-adaptive control by using the foot
system developed. In Sect. 4, experimental results are shown. Section 5 provides
conclusions and future work.

2 Three-Point Contact Foot Mechanism Detectable
Ground Surface

It is difficult to maintain a large support polygon on uneven terrain with rigid, flat
soles due to the lack of plane contact. In this research, we deal with ground
undulation by adopting three-point contact with the ground. While walking on
uneven ground, it is difficult to maintain four-point contact, and support polygons
are not determined uniquely in some cases. The number of contact point should be
three to determine support polygons uniquely. The proposed biped foot system has
three spikes at each corner of the foot, and it maintains three-point contact on both
even and uneven terrain.

The biped foot system developed is shown in Fig. 1. Its size is almost the same
as that of the rigid, flat feet of WABIAN-2R (Waseda Bipedal Humanoid—No. 2
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Refined) [7], and it weighs 1.3 kg. The thickness of the operating spike is 20 mm
as shown in Fig. 2, so it can avoid convex surface up to 20 mm and adapt to
ground undulation. We use optical sensors to detect ground height because it is
lighter and smaller than linear encoders. The optical distance sensor unit is covered
because optical sensor is weak at external light. The spikes at three edges contact
the ground earlier than the foot’s base part. Then, the distance between the ground
surface and the base part can be detected by measuring the displacement of the
spike with optical sensors.

3 Terrain-Adaptive Biped Walking Control Using
Three-Point Contact Foot Mechanism

In this method, a support polygon can be formed by three-point contact on uneven
terrain. A robot modifies a foot-landing motion along the vertical axis and about
pitch and roll axes according to sensor values, and this enables a biped robot to

90

Z

X Y

Fig. 1 New biped foot mechanism with three spikes each of which has an optical distance sensor
unit to detect ground height. The foot weighs 1.3 kg
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Fig. 2 Mechanical structure of foot spike. a Actual foot mechanism structure. b Schematic view

Terrain-Adaptive Biped Walking Control 257



walk on unknown uneven terrain. The proposed control consists of the following
three key points:

(i) Landing pattern modification along the vertical axis
(ii) Landing pattern modification about pitch and roll axes

(iii) Returning to a preset walking pattern at each step

Figure 3 shows the timing chart of the proposed terrain-adaptive control during
one walking cycle. One walking cycle is divided into seven parts, and the foot
position and orientation are controlled during each phase as follows:

• Control phase: a foot-landing pattern is modified according to sensor values of
the 3-point contact foot mechanism.

• Holding phase: modified position and orientation at the last step are held.
• Returning phase: foot position and orientation return to a preset walking

pattern.

In the last half of a swing phase, a foot-landing pattern is modified to follow
uneven terrain. The modified position and orientation are held during the stance
phase. The foot position along the vertical axis returns to the preset pattern in the
first half of a stance phase, and the foot orientation about pitch and roll axes returns
in the first half of a swing phase. We also use a virtual compliance control to
reduce a foot-landing impact [8].

3.1 Landing Pattern Modification Along the Vertical Axis

A foot-landing motion along the vertical axis is modified according to sensor
values. In case of the sensor stroke is Dl, while the sensors are shortened by Dl,
terrain height is detected by comparing an actual and a theoretical sensor length. A
theoretical sensor length Dxth(t) for a biped robot walking on even terrain is
described as follows:

Double Support Double Support Double Support
Phase first half last half Phase first half last falf Phase

z Preset Pattern Preset Pattern Control phase Holding phase Returning phase Preset Pattern Preset Pattern

Roll Holdingphase Returning phase Controlphase Holdingphase Holdingphase Holdingphase Holdingphase

Pitch Holdingphase Returning phase Controlphase Holdingphase Holdingphase Holdingphase Holdingphase

Axis
phaseStancephaseSwing

Fig. 3 Timing chart of terrain-adaptive biped walking control
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(i)
Dlþ �zlegðtÞ\zwaistðtÞ

DxthðtÞ ¼ 0 ð1Þ

(ii)
Dlþ �zlegðtÞ� zwaistðtÞ

DxthðtÞ ¼ Dlþ �zlegðtÞ � zwaistðtÞ ð2Þ

where �zlegðtÞ is the height of the foot in the reference walking pattern, and
zwaist(t) the height of the robot’s waist. Variables are also depicted in Fig. 4.

Foot movement along the vertical axis is modified by feeding back landing
height error e(t) at each control cycle. Foot height displacement along the vertical
axis, H(t), is calculated as follows:

eðtÞ ¼ DxthðtÞ � DxacðtÞ ð3Þ

HðtÞ ¼ Hðt � DtÞ � Ke � eðt � DtÞ ð4Þ

where e(t) is landing height error, Dxth(t) theoretical sensor length, Dxac(t) actual
sensor length, Dt the control cycle of 1 ms, H(t) foot height displacement along the
vertical axis, and Ke gain.

3.2 Landing Pattern Modification About Pitch and Roll Axes

A foot motion about pitch and roll axes is modified according to two sensors’
values, and a foot orientation is modified around the landing point of the spike.
The modification angle h(t) is calculated as follows:

hðtÞ ¼ sin�1 DxacðtÞ
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

DxacðtÞ2 þ L2

qffi �
ð5Þ

where h(t) is modification angle, and L the distance between two sensors. Vari-
ables are also shown in Fig. 5.

Sensor values are obtained at every 1 ms, and the average of displacement
amount is calculated at every 10 ms to reduce noise effects. The modification
amounts are added to a preset walking pattern.
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3.3 Returning to a Preset Walking Pattern at Each Step

Modification displacement in the vertical direction at the end of a swing phase is
maintained during the double support phase, and a foot movement along the
vertical axis returns to a preset walking pattern during the first half of a stance
phase. Roll and pitch displacements obtained at the end of a swing phase are held
during the stance phase, and the roll and pitch foot movements return to a preset
walking pattern in the first half of the swing phase. A quintic polynomial is used to
generate returning motion because we can arbitrarily set position, velocity and
acceleration values of starting and end points.

lΔ
Z

X

Foot

Waist

( )legz t

( )waistz t

Fig. 4 Definition of variables

Z

X
( )acx t

)(t

(a) (b)

Fig. 5 Modification about pitch and roll axes. a Before contacting the ground. b Just after
contacting the ground

260 K. Hashimoto et al.



4 Evaluation Experiments

We conducted evaluation experiments to verify the effectiveness of the proposed
terrain-adaptive control by using a biped humanoid robot WABIAN-2R.

First we randomly placed acrylic boards whose maximum thickness was 20 mm
as shown in Fig. 6a. WABIAN-2R walked stably forward on such uneven terrain
by using the control we developed. Figure 6b shows ZMP trajectories, and we can
find that they are inside support polygons during walking.

(a) (b)

Fig. 6 Walking experiment on uneven terrain with random obstacles. The maximum height of
the obstacles is 20 mm. Its walking cycle is 1.0 s/step and its step length is 200 mm/step.
a Experimental photo. b ZMP trajectories

(a) (b) 

Fig. 7 Walking experiment on 7.0� slope. Its walking cycle is 1.0 s/step and its step length is
200 mm/step. a Experimental photo. b Modification angle of right foot
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The terrain-adaptive control also can be applied to an inclined surface. We
performed a walking experiment on an inclined surface of 7.0� as shown in
Fig. 7a. The walking cycle was 1.0 s/step, and the step length was 200 mm/step.
The robot started to land on the slope from the 3rd step. The robot finished
climbing down the slope at the 7th and 8th step, and a stable walk on inclined
surface was realized. Figure 7b shows modified foot angles, and about 7.0�
modification is confirmed about the pitch axis.

5 Conclusions

We aimed a stable biped walking on unknown uneven terrain and developed a
terrain-adaptive control using a new biped foot mechanism with three spikes each
of which has an optical distance sensor unit to detect ground height. A robot
modifies a foot-landing motion along the vertical axis and about pitch and roll axes
according to sensor values, and this enables a biped robot to walk on uneven
terrain.

Through walking experiments, we confirmed the effectiveness of the proposed
method that maintained a support polygon on uneven terrain with bump and slope,
and WABIAN-2R succeeded in walking on uneven terrain with the mixture of
bump up to 20 mm. In this study we generated a walking pattern offline, but
integrating walking pattern generation is our future work to change ZMP trajec-
tories during walking on uneven terrain.
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Biped Walking on Irregular Terrain
Using Motion Primitives

Mirko Raković, Branislav Borovac, Milutin Nikolić and Srd̄an Savić

Abstract Effective and efficient motion of humanoid robots is a prerequisite for
their activity in the unstructured environment. It is of great importance to enable
the walk on uneven ground surface. This work presents a method for the synthesis
and realization of the online modifiable robot walk that is adjustable to the par-
tially unknown configuration of ground surface. Walk is composed of tied simple
movements—primitives which are parameterized with established relationship
with overall motion parameters. Proposed approach was tested by simulation and it
was demonstrated that it is possible to generate a online modifiable dynamically
balanced walk. For such walk is tested the ability to adapt to uneven configuration
to uneven terrain.

Keywords Biped locomotion � Motion primitives � Irregular terrain

1 Introduction

Usual example of dynamic and unstructured environment is the living and working
environment of humans, but it also can be scene of catastrophic events with ruins
and debris. While walking is such environments we do not have precise

M. Raković (&) � B. Borovac � M. Nikolić � S. Savić
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information about the configuration of the terrain and we can’t be confident how
the surrounding will act. These are the reasons why the robots have to have the
ability to adapt and to online modify the walk for successful activity in our
environment.

Neurological studies of human walk Breniere and Bril [1], Keenan and Evans
[2] have shown that certain modes of legs motion become the patterns, which are
during execution modified to adapt to the instantaneous situation. We propose
same concept. Straight forward walking on flat surface should be synthesized and
used as basic motion pattern which can be modified and adapted to the terrain
conditions, even during execution, to suit new requirements.

This is why we proposed that biped basic walking pattern is composed of
simple parameterized movements—primitives. Overall walk parameters i.e. speed,
step length, height of the leg during the swing phase, and the motion direction
should be able to change primitive execution even if initiated during motion. It is
achieved by introducing relationship between overall parameters and parameters
of the primitives. However, any change of primitive execution should not endanger
dynamic balance which must be permanently ensured.

2 Existing Approaches and Motion Primitives

The first approach to the synthesis of dynamically balanced gait is semi-inverse
method introduced by Vukobratović and Juričić [3]. Methods that have appeared
afterwards represent just modifications and upgrading.

With the majority of modern humanoid robots the gait is generated by pre-
scribing the desired position of the feet on the ground Morisawa et al. [4], Perrin
et al. [5] along the path by which the robot should walk, while additionally
ensuring its dynamic balance. In order to preserve dynamic balance of the system
it is necessary to assign a reference trajectory for the zero-moment point (ZMP)
and the motion of the rest of the system is calculated to satisfy it.

Besides, the application of primitives for the generation of movements is not an
entirely new approach, but different authors define primitives in different ways. In
Schaal [6], the author introduced the notion of Dynamic Movement Primitives
(DMP), defined as the desired state of the kinematics of the extremities, obtained
by prescribing in advance the values of the angles, angular velocities and angular
accelerations for each robot joint. In Hauser et al. [7] there is a library in which
each primitive represents one step. Based on the preset requirements and current
state of the robot, a new step which corresponds to the requirements is selected
from the library. In Zhang et al. [8], the leg motion primitives are obtained by
segmenting and modifying the movements recorded from man.
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2.1 Notion of Motion Primitives

The approach presented here differs in several important points from those men-
tioned above. We define primitive as a simple movement which is realized by
simultaneous and synchronized motion of a number of joints. Illustrative examples
are presented in Fig. 1. The complex motion (i.e. walking) is composed by
combining and tying different primitives, without having a reference trajectory that
was prescribed in advance.

Each primitive is parameterized, so that a form of the realization is adjusted by
choosing the appropriate parameters, even during execution. There are no limita-
tions in the defining of new primitives, either in the number of parameters or in the
number of joints that will be activated. Every primitive can be considered as a
movement to be realized on the basis of the task assigned and the current situation.
To define execution trajectory, we propose to associate coordinate frame to a
particular link of the kinematic chain performing the primitive and then to assign
the target positions to which is necessary to bring it by the realization of the selected
primitive. Another important point is smooth continuation of tied primitives.

For the gait synthesis, we introduced five primitives realized by the legs, along
with one realized by the trunk and one by the arms. The primitives that are realized
by the legs in the single-support phase are: bending of the leg in the swing phase,
stretching of the leg in the swing phase, and inclining the robot forward. The
primitives realized during the double-support phase are: making the foot surface
contact after the heel strike, and transferring the body weight onto the subsequent
supporting leg. The primitives that are realized by the trunk and arms are:
maintenance of the trunk upright posture, and arms swinging during the walk.

The trunk is used to keep the upright posture and at the same time to maintain
dynamic balance. However, the maintenance of dynamic balance is of higher
priority, and task assigned to trunk at each time instant depend on ZMP position
whose desired position is predefined for each primitive. If actual ZMP distance
from its desired position exceeds threshold, it has been considered dynamic

(a) (b) (c) (d)

Fig. 1 Stick diagrams of the primitives: a leg bending, b leg stretching, c inclining the robot
forward, d making the foot surface contact
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balance is jeopardized, and the trunk is used to return the ZMP back, to prevent the
system from falling down. When dynamic balance is not jeopardized, it is possible
to tackle the task of correcting deviations of the trunk from its upright position.

2.2 Primitives Smooth Tying

Let us assume that the locomotion mechanism moves and that the primitive
realized by the leg in swing phase has just been completed, so that at the beginning
of execution of the next primitive the leg is not at rest. While walking, the robot
finds itself in such a situation when, in the single-support phase (Fig. 2a), the leg
bending is ended, and the realization of leg stretching is about to start. The vector
rA represents the instantaneous position of the coordinate frame OA (in Fig. 2a) it
is the heel tip, while the vector rB represents the target position (defined by the
coordinate frame OB) to which OA is to be brought. In view of the fact that
the swing leg in the given moment is moving, it is necessary to determine first the

desired velocity at point A. i.e. sA ¼ vA xA½ �T of the coordinate frame OA to
ensure that the leg stretching follows smoothly after the just completed leg
bending.

The trajectory (as well as the velocity sA in each moment) by which the foot is
to move from the starting position OA to the target position OB depends on the
intensity and direction of the velocity sA

0 at the starting moment tp0. Figure 2b
shows a set of possible paths from OA to OB.

The desired velocity sA is calculated as:

sA tið Þ ¼ 1� b tið Þð Þ � s0
A þ b tið Þ � vint � port

e xint � oort
e½ �T

where pe
ort and oe

ort represent the orts of the pe = pB - pA and oe = oB - oA i.e.
the position and orientation between rA and rB. The coefficient b changes during
the prescribed time interval from 0 to 1. This ensures smooth tying of primitives by

(a) (b)

Fig. 2 Stick diagram of the robot for leg stretching: a robot posture with the preset target
position OB to which the coordinate frame on the heel tip OA should be brought b possible paths
of OA for different initial velocities
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a gradual change of the velocity sA(t) from the initial value sA
0 to the value that will

lead the frame OA to the target position.
Intensities of the linear and angular velocities vint and xint are dependent on the

cruising speeds vc and xc, which are set by the primitive parameters. To ensure the
leg gradual stopping the intensities of the velocities vint and xint are to be reduced
when OA comes close to the target. Having thus determined sA(ti), and using
inverse kinematics, the desired joint angular velocities can be calculated.

2.3 Joints Motion Control and Preservation
of Dynamic Balance

For control synthesis we propose cascade control loop as shown in Fig. 3. The
inputs to the first block are parameters of the desired overall motion. In this block,
the primitives are combined by calling the functions for each primitive used. To
check the fulfillment of the conditions for starting and ending the realization of
each primitive the inputs to this block are also the feedback values of the robot
instantaneous state (angles and angular velocities, along with the current positions
of ZMP and vertical projection of the mass centre-PCM). The outputs from the
first block are the desired values of joint angular velocities des _q tið Þ as well as
the desired positions of ZMP and PCM. The role of the second block is to ensure
the maintenance of dynamic balance which is performed by corrections of the
desired angular velocities des _q tið Þ.

Corrections are determined on the basis of the desired and the current values of
ZMP and PCM, as well as of the current values of the joint angles and angular
velocities q and _q. The corrections of the angular velocities depend on the devi-
ations of ZMP and PCM from the desired values that are generated online with

Fig. 3 Block diagram of the robot control for realization of the motion synthesized
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respect to current position of feet. In Vukobratović et al. [9] was shown that the
movements of the ankle joint in one direction and of the hip in the other direction
ensured a very efficient control of the positions of PCM and ZMP. An different
approach can be seen at Peuker et al. [10].

After determining the reference angular joint velocities ref _q tið Þ the voltages of
the motors have to be calculated. For realization of this motion we used nonlinear
regulator which is a combination of feedback linearization, sliding mode control
and disturbance estimator [11].

3 Online Modifiability and Adaptability of Walk

As a overall walk parameters we introduced: walk speed WS, height to which the
foot is lifted during the swing phase FH, step length SL, and walking direction WD.
All these parameters can be changed within an predefined range, but the basic walk
with the parameters: WS = 1, FH = 1, SL = 1, WD = 0 should be synthesized
first.

The gait speed (WS) has a direct influence on the speed of execution of each
primitive, FH influences the height to which the foot is to be lifted during leg
bending, the step length (SL) influences the parameters for leg stretching. The
desired gait direction WD, (the turn angle with respect to the x axis of the fixed
coordinate frame) influences also the parameters of the primitive for leg stretching.

The synthesis of one half-step is performed in four phases involving the exe-
cution of the corresponding primitives that are realized by the legs. Also, for each
phase is given the desired goal position of the PCM. Simultaneously with the
primitives that are realized by the legs, irrespective of the current phase, the
primitive for keeping the trunk in an upright position and the primitive for arms
swinging are constantly executed during the walk.

Figure 4 shows the stick diagrams of the robot, disposition of the feet, and
positions of the ZMP and PCM during the realization of the basic motion by the
previously described procedure. The trajectories of ZMP and PCM were all the
time inside the support area, i.e. the robot’s dynamic balance was constantly
preserved.

Figure 5 presents the case when the robot is online adjusting the pace, direction
of the walk and height of the foot during the swing phase in order to pass between
the tables and step over the bar on the ground. It can be seen that walk combined
from primitives is online modified by changing the overall parameters of walk.

In Fig. 6. is shown the walk of a robot over the irregular terrain. The terrain is
uneven with different heights of the ground surface. The starting and ending
conditions for primitives execution made possible for robot to adapt to such a
terrain. At the end of first half-step ground is 2 cm above the initial ground level, at
the end of second half-step it is 3 cm above the ground level, and finally, during
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Fig. 4 Stick diagram of the robot, positions of the feet, and the trajectories of ZMP and PCM for
the basic walk

Fig. 5 Example of on-line change of the walking direction, foot height during the swing phase
and speed to pass around the obstacles
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third step it is 1 cm above the ground level. The robot performed walk without
knowing in advance the configuration of the terrain.

4 Conclusion

In this work we proposed use of primitive based bipedal walk for motion in
unstructured and irregular environment. The walk was composed of tied primitives
without exact reference to be followed. Motion was generated online and modified
according to current situation. The preservation of dynamic balance was also
secured by monitoring the deviation of the actual ZMP from its desired position.

The main achievement of this paper is that has been shown that walk combined
from primitives can easily be performed and modified online by simply changing
parameters of the overall motion (turn left or right, step over obstacle, …). This
was achieved by establishing the relationship between the primitive parameters
and the parameters of the overall motion which can be estimated, for example,
from visual information (robot can see obstacle in front of it and estimate its size
and position). The presented approach is also robust and adaptable to unknown
terrain configuration because primitive will be executed only if its execution is
feasible i.e. if conditions for primitive execution exist. This enables versatile and
robust walk.

Acknowledgments This work was supported in part by the Ministry of Education, Science and
Technological Development of Republic of Serbia under Grant III44008 and in part by the
Provincial Secretariat of Science and Technological Development of AP Vojvodina under Grant
2012/12345.

Fig. 6 Stick diagram of the robots’ legs, positions of the feet, and the trajectories of ZMP
(crosses) and PCM (circles) for t he case when robot is walking on uneven terrain with unknown
terrain configuration
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Experimental Investigation of Human
Exoskeleton Model

V. G. Gradetsky, I. L. Ermolov, M. M. Knyazkov,
E. A. Semyonov and A. N. Sukhanov

Abstract This paper describes a kinematic model of a human arm exoskeleton for
which direct and inverse kinematics are solved. The results of experimental
research are also delivered.

Keywords Exoskeleton � Kinematic model � Parametric analysis � Multilink
system

1 Introduction

Contemporary studies in the field of the exoskeleton research and development
allow us to estimate perspectives of using such devices in human activities:
medical research and treatment, sports, space research, virtual reality applications
etc. The great interest is represented by the studies describing control techniques
for such robotic devices designed for different human limbs and also studies
describing the interaction between human-operator and robotic device. The design
of an exoskeleton often appears to be a multilink system which provides unloading
power during its operation [1] or even additional force to operator [2]. The
additionally controlled force is used as a feedback in virtual environment appli-
cations [3, 4] and in research on force-torque loading from exoskeleton compo-
nents to operator [5]. Such devices are often used in medical treatment after limbs
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traumas or for telemechanics. Along with mathematical modeling of multilink
systems selection of correct control system is an important part. The type of the
control system depends on the exoskeleton’s technical parameters, operational
modes and the field of its application. The most prospective type of the interface
between an operator and an exoskeleton is electromiografical (EMG) control
technique [6–10]. This approach includes reading data from operator’s muscles by
using EMG-sensors and applying Hill-model which predicts muscle force as a
function of human muscle’s neuroactivity level. Researchers often use genetic
algorithms to control an exoskeleton device and optimize its control model.

In telemechanics exoskeletons are used in master-slave control of different
manipulators which are situated far away from an operator. These devices are
essential for microsurgery, space researches and military forces.

Kinematic research is essential for developing exoskeletons. Our paper is
devoted to mathematical model of the exoskeleton arm.

2 Mathematical Model of the Exoskeleton Arm

One of the basic tasks for developing control system for a such multibody device
as an exoskeleton is estimation of its position error due to links and joints toler-
ances. These errors depend on linear and angular dimensions’ errors, type of the
actuator, type of motion system, materials and sensors, integrated in the con-
struction. General coordinates input error is caused by control system and causes
output shaft of the actuator:

Dqj ¼
Duj

Uj

; ð1Þ

where Duj—motor shaft rotation error, Uj—gear ratio of the actuator.
The object of our research was the physical model of the exoskeleton arm

designed in the Robotics and Mechatronics laboratory of the Institute for Problems
of Mechanics of the Russian Academy of Sciences [11]. It is a multibody structure
with 4 degrees of freedom. The kinematics of the device is presented on Fig. 1.

The virtual model of the designed exoskeleton is shown on Fig. 2.
In order to describe mathematical model of the designed exoskeleton it is

necessary to solve the forward and inverse kinematics tasks. The forward kine-
matics means finding the rotation matrix and the position vector of the multibody
system as functions of general coordinates [12, 13]. To find the rotation matrix and
the position vector we used 4 9 4 DH matrixes technique. Here is the algorithm of
local coordinate’s definition (Fig. 1b) for further combination of (i-1)-coordinate
system Oi-1Xi-1Yi-1Zi-1 with i-coordinate system OiXiYiZi:

Rotation around Zi-1-axis with qi-angle (Xi-1- and Xi-axes should be parallel);
Moving along Zi-1-axis with di (Xi-1- and Xi-axis should coincide);
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Moving along Xi-1-axis with ai (points Oi-1 and Oi should coincide);
Rotation around Xi-1-axis with ai-angle (OiXiYiZi and Oi-1Xi-1Yi-1Zi-1 coordi-
nate systems should coincide).

Here is the transition matrix 4 9 4 for combination (i-1)-coordinate system
with i-coordinate system:

Ai;i�1 ¼

cosðqiÞ �cosðaiÞsinðqiÞ sinðqiÞsinðaiÞ aicosðqiÞ
sinðqiÞ cosðaiÞcosðqiÞ �cosðqiÞsinðaiÞ aisinðqiÞ

0 sinðaiÞ cosðaiÞ di

0 0 0 1

��������

��������
ð2Þ

We can find the following transformation matrixes in each joint of the
exoskeleton:

Fig. 1 The kinematics of the exoskeleton arm (a the kinematic structure, b local coordinates
definition)

Fig. 2 Designed exoskeleton for human arms
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A0A ¼

C1 0 S1 L1C1

S1 0 �C1 L1S1

0 1 0 0

0 0 0 1

����������

����������

AAB ¼

C2 0 �S2 0

S2 0 C2 0

0 �1 0 L2

0 0 0 1

����������

����������

ABC ¼

C3 �S3 0 L3C3

S3 C3 0 L3S3

0 0 1 0

0 0 0 1

����������

����������

ACD ¼

C4 �S4 0 L4C4

S4 C4 0 L4S4

0 0 1 0

0 0 0 1

����������

����������

8
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

; ð3Þ

where Ci = cos(ui), Si = sin(ui).
To find the final transformation matrix we should product these matrixes (3):

A0D ¼ A0AAABABCACD; ð4Þ

A0D ¼
nx

ny

nz

0

sx

sy

sz

0

ax

ay

az

0

XD

YD

ZD

1

�������

�������
¼ Trot bT

0 0 0 1

� ffi
; ð5Þ

where Trot is rotation matrix. b ¼ ðXD; YD; ZD Þ is radius-vector of the
working point (D) of the exoskeleton.

Trot ¼
C4ðC1C2C3 � S1S3Þ � S4 C1C2S3 þ S1C3ð Þ �S4ðC1C2C3 � S1S3Þ þ C4 C1C2S3 þ S1C3ð Þ �S2C1

C4ðS1C2C3 þ C1S3Þ � S4ðS1C2S3 � C1C3Þ �S4ðS1C2C3 þ C1S3Þ þ C4ðS1C2S3 � C1C3Þ �S2S1

C4S2C3 � S4S2S3 �S4S2C3 þ C4S2S3 C2

�������

�������

ð6Þ

Coordinates of the point D are:

XD ¼ L4 C4ðC1C2C3 � S1S3Þ � S4 C1C2S3 þ S1C3ð Þð Þ þ L3 C1C2C3 � S1S3ð Þ þ L2S1 þ L1C1

YD ¼ L4 C4ðS1C2C3 þ C1S3Þ � S4ðS1C2S3 � C1C3Þð Þ þ L3 S1C2C3 � C1S3ð Þ � L2C1 þ L1S1

ZD ¼ L4 C4S2C3 � S4S2S3ð Þ þ L3S2C3

8
><

>:
:

ð7Þ
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The rotation matrix (6) and coordinates of the point (D) are the forward
kinematics solution.

The inverse kinematics is the problem of finding generalized coordinates to
produce the given position and orientation of the construction. If we have the
rotation matrix (6) and coordinates of the point (D) we can find ui-angles:

u1 ¼ arctg ay

ax

� �

u2 ¼ arctg �ax

azcosu1

� �

u3 ¼ arccos
ðL4nz�zDÞcosu1

L3ax

� �

u4 ¼ arctg sz cos u3�nz sin u3
sz sin u3�nz cos u3

� �

8
>>>>>><

>>>>>>:

: ð8Þ

The system (8) is the inverse kinematics solution. It is useful if we already
know the rotation matrix and coordinates of the end-point.

3 Experimental Results

Experimentation was done in Robotics and Mechatronics Laboratory of Institute
for Problems of Mechanics.

Fig. 3 Elbow component of
exoskeleton
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During experimentation physical model of exoskeleton-arm based on pneu-
matic drives was explored. Figure 3 presents elbow component of exoskeleton and
Fig. 4 shows exoskeleton in working mode.

This exoskeleton was constructed using standard arm’s orthosis. The latter was
additionally equipped with 2 Ø32 pneumatic drives with 80 mm stroke. The
overall weight of a system was 4.1 kg.

Within our experimentation the time of exoskeleton’s links operation was
measured for 1208 angular motion. This was done for both free-load functioning
and with a load of 10 kg applied.

The results are presented in Table 1.
The experiment shows that operation time is dependent from a load. To

improve the operation time a torque sensor in the joint and a controlled valve are
needed. In this case the elbow’s controller will get torque, pressure level and angle
as input data and will calculate opening time for the valve. Thus we will be able to
control the angle and the operation time. The future work is to create the shoulder
part of the exoskeleton and verify its kinematics.

Fig. 4 Exoskeleton lifts
10 kg load

Table 1 Exoskeleton
performance in various
modes

Working mode Operation time (s)

Free load 1.5
2.5 kg load 1.7
10 kg load 3.2
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4 Conclusion

This paper presents mathematical model of human arm exoskeleton. The direct
and inverse kinematics tasks are solved for this model. Experiments performed on
elbow part of exoskeleton.
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Underactuated Finger Mechanism
for LARM Hand

M. Zottola and M. Ceccarelli

Abstract An underactuated mechanism is designed for improving grasping
adaptability of LARM Hand fingers. The proposed design is presented with
numerical results of simulations for operation characterization and design
feasibility.

Keywords Artificial hands � Finger mechanisms � Underactuated mechanisms �
Design � Simulation

1 Introduction

Manipulation of objects with fingered robotic hands is an aspect which involves
many applications, also in industry and service contexts and it attracts still great
interest as indicated for example in [2, 6, 14].

Since a recent past, in order to develop anthropomorphic finger mechanisms
researchers have used two different approaches: complex mechanisms in order to
perform manipulation tasks with high dexterity, or design of mechanisms with a
reduced number of degrees of freedoms (DOFs) and actuators with less perfor-
mances but a fairly simplified device operation.

Using underactuated mechanisms it is possible to achieve an adaptive grasp that
mimics the human grasping action for which it is possible to consider two kinds of
structures, namely using flexibility of links or designing underactuated mecha-
nisms as pointed out in [9]. A mechanism is defined underactuated when its
number of actuators is smaller than the number of degrees of freedom of the
mechanism. It is possible to identify two types of underactuated finger

M. Zottola � M. Ceccarelli (&)
LARM: Laboratory of Robotics and Mechatronics, University of Cassino and South Latium,
Cassino, FR, Italy
e-mail: ceccarelli@unicas.it

M. Ceccarelli and V. A. Glazunov (eds.), Advances on Theory and Practice
of Robots and Manipulators, Mechanisms and Machine Science 22,
DOI: 10.1007/978-3-319-07058-2_32,
� Springer International Publishing Switzerland 2014

283



mechanisms, depending on whatever a tendon or link transmission is used.
Examples of tendon finger mechanisms are reported in [4, 10, 13]. A finger
mechanism with tendons is presented in [1], while a pulley-cable solution is
described in [5].

When large grasping forces are required, underactuated linkage mechanisms are
usually preferred, like for example in [11], where a 1-DOF mechanism with
suitable four-bar linkages and flexible elements is used to move all phalanxes of
fingers, in [18], where an underactuated linkage with force control is studied or in
[19], where a 5 fingered underactuated prosthetic hand is reported.

Since the end of 1990s at LARM in Cassino design and research activities have
been carried out in order to design a low-cost easy-operation robotic hand with
anthropomorphic fingers, denominated LARM Hand [7].

In this paper the design of a new underactuated finger mechanism has been
proposed for LARM Hand, as focused on requirements referring to 1-DOF,
anthropomorphic grasp, and mechanism’s compact size.

2 LARM Hand

Last version of LARM Hand is reported in Fig. 1a, with three 1-DOF fingers, a
palm, and a standard flange for connection with robots [7]. The size of this pro-
totype is 1.2 times larger than an average human hand. The physical sizes of the
phalanx bodies is given by height 2 cm with length of 6, 3.7 and 3.5 cm for
phalanx 1, 2 and 3, respectively [8]. The actuation system consists of three DC
motors with a reduction gear train on each axis. A 1-DOF human-like finger
mechanism for LARM Hand was designed as in the scheme in Fig. 1b. Each finger
is composed of a cross two four-bar linkage. Phalanx 1 is the input bar of the first
four-bar linkage and is also the base frame of the second four-bar linkage. Phalanx
2 is the input bar of the second four–bar linkage and it is also the coupler of the
first four-bar linkage. Phalanx 3 is the coupler of the second four-linkage. The
LARM design for finger mechanism is characterized by link ratios in Table 1 with
limited grasping adaptability. In order to improve the capability of grasping
objects with different sizes and shapes, solutions with underactuated mechanism
have are considered [16].

3 Problems for Adaptable Grasps

The articulated finger mechanism in LARM Hand IV is composed of rigid links, so
that the phalanxes have predetermined grasping configurations. A finger mecha-
nism has no possibility to adapt its configuration to the shape of grasped objects,
with the exception of those sizes and shapes that have been considered during the
design process for predetermined finger grasping configuration. In order to
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improve the capability of grasping objects with different sizes and shapes, a
solution with underactuated mechanism can be used.

Self-adaptive fingers envelope objects to be grasped by adapting mechanism
configuration to their shape with only one actuator and without complex control
strategies. While a finger closes against an object, the configuration of the finger is
determined at any time by external constraints that are associated with the object.
When the object is fully grasped, the force generated by the actuator is distributed
among all phalanges as pointed out in [12]. As an example a closing sequence of
an underactuated 2-DOFs finger is shown in Fig. 2, in order to illustrate the
concept of underactuation for grasping. The finger is actuated through the smaller
link, as shown by the arrow in the figure. Since there are 2-DOFs and 1 actuator, 1
elastic element must be used. Thus, a spring is aimed to maintain the finger fully
extended. In Fig. 2a, the finger is in its initial configuration and the finger
mechanism behaves as a four-bar linkage. In Fig. 2b, the first phalanx makes

Fig. 1 LARM hand IV: a Prototype built in 2007; b Finger mechanism’s scheme [7]

Table 1 Structural parameters of the LARM hand in Fig. 1

[mm] [deg]

l1 l21 l22 l3 l51 l52 l6 l8 d1 d2 d5

8.8 24.1 3.9 28.5 6 19.9 25 6.9 83.5 51 129

Fig. 2 An example of a closing sequence a–d of an underactuated 2-DOFs finger mechanism
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contact with the object. In Fig. 2c, the second phalanx moves with respect to the
first one and the finger closes against the object since the first phalanx is con-
strained by the object. During this phase, the actuator produces the force that is
required to stress the spring. Finally, in Fig. 2d, both phalanges are in contact with
the object and the finger has completed the shape adaptation phase. The actuator
force is distributed among the two phalanges in contact with the object. It should
be noted that the sequence occurs with a continuous motion of the actuator as
pointed out in [12].

Due to different shapes or positions of objects, sometimes a distal phalanx will
be in contact with the object before the proximal phalanx. In addition it is possible
to reach singular positions, where the grasp is not stable and the finger could lose
contact with the object, as explained in [3].

In order to obtain an underactuated finger for LARM Hand, it is possible to
slightly modify the articulated mechanism shown in Fig. 1b. The goal is to pre-
serve the main features of LARM Hand design concerning with a 1-DOF mech-
anism structure with anthropomorphic grasping behavior and a mechanism size
that permits a mechanical design within the finger body during all grasping phases.

4 A Proposed Underactuated Finger Mechanism

In order to design a new 1-DOF underactuated finger for LARM Hand, new
kinematic mechanisms have been developed by using considerations in [9]. In [20]
in order to obtain a new underactuated finger mechanism for LARM Hand a
mechanism search has been reported to identify several possible solutions.

The selected solution for a new finger mechanism is shown in Fig. 3. It is
composed by 8 links and 9 revolute joints. Phalanxes are respectively links 2, 6
and 8. This mechanism has a limited manufacturing complexity because of the
reduced number of bodies and linkage design. Because of underactuation this
mechanism is able to grasp objects with different shapes remaining within the
finger body during its movement. The closure sequence of the finger motion
grasping a cylinder is reported in Fig. 4 as a characteristic operation example.

The mechanism operation can be described according to characteristic situa-
tions for specific contacts through suitable virtual equivalent mechanisms as used
in [15–17]. Namely, equivalent mechanisms can be identified for the cases: no
phalanxes in contact; only phalanx 1 in contact with an object; phalanxes 1 and 2
in contact. Referring to the first situation, a phalanx is free when there is no contact
force and torque acts on it. Generally a phalanx is free before it will touch an
object. In this case, links that are connected by spring can be considered as a single
virtual link. Here links 3 and 4 can be considered as acting as one virtual link 9 as
shown by dashed line segment BD in Fig. 3b. Link 6 and 7 can be considered as
another virtual link 10 through segment FI. Therefore, the proposed finger
mechanism can be simplified as the equivalent mechanism Fig. 3b, which recall
the original linkage in LARM Hand, shown in Fig. 1b. In the second situation,

286 M. Zottola and M. Ceccarelli



phalanx 1 is stopped while phalanxes 2 and 3 are free. In this case, link 2 and joints
E and F are fixed and they act as a virtual base as shown in Fig. 3b. Spring 1 will
start to be deformed because of motor push. But spring 2 will be not activated
because phalanxes 2 and 3 are free. Links 6 and 7 can still be considered as one
single virtual link 10. Thus, the finger mechanism can be simplified as the
equivalent mechanism in Fig. 3b. When phalanx 2 is stopped because in contact
with object, link 6 and joints E, F and G are fixed and phalanxes 1 and 2 act as a
virtual base. Thus, also spring 2 will start to be deformed.

A characterization of the new finger mechanism has been worked out through
simulation in ADAMS environment. Considering the design criteria and finger
mechanical design in Fig. 5, structural parameters have been determined as
reported in Table 2, referring to the kinematic scheme in Fig. 3a.

From values of Table 2 a CAD model has been built in Solidworks, as shown in
Fig. 4. In ADAMS model joint friction and friction between objects surface and
phalanxes have been defined as reported in Table 3. This table reports also
mechanical parameters for springs that are used in underactuated DOFs.

Fig. 3 A new underactuated solution for LARM hand fingers: a Scheme with structural
parameters; b Equivalent mechanisms during functioning

Fig. 4 A closure sequence of a–f object grasping by finger mechanism in Fig. 1
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5 Simulation Results for a Characterization

Referring to Fig. 6, from each simulation in ADAMS environment it is possible to
determine contact force values Fc0, Fc1, Fc2, Fc3, actuation torque s at joint B,
joints reactions Ra, Rb, Rc, Rd, Re, Rf, Rg, Rh, Ri as depending of friction
parameters, contact point accelerations af1, af2, af3 and spring deformations from
initial length D1 and D2. Several simulations have been worked out in grasping
different objects with closure sequences of 1, 4 and 5 s duration.

Results in Figs. 7 and 8 are reported for the case in Fig. 4 for a 3 s grasping
action with a generally shaped rigid object made of aluminum of a 3 N weight
when an input motion is given with a sinusoidal law. Figure 7 shows results of
contact and reaction forces from which it is easy to identify the corresponding
configurations (b), (d), (f) in Fig. 4, when phalanxes 1, 2 and 3 reach contact. In (b)
configuration forces on phalanx 1 and palm are about 0.5 N, while in (d) forces on
palm and phalanx 2 reach about 20 N. The maximum reaction force is reached at E
joint with a value of 170 N. The maximum values of phalanxes contact point
accelerations are computed of about 500.00 mm/s2 for contacts of phalanx 1 and
about 1,100.00 mm/s2 during phalanx 2 and 3 contacts.

In Fig. 8a torque history recalls the situation for the contact and reactions forces
as depending from them, with a maximum value of 2.48 Nmm. In Fig. 8b

Fig. 5 Finger mechanical design with phalanxes dimensions and embedded mechanism

Table 2 Structural parameters, referring to kinematic scheme in Fig. 3a

[mm] [deg]

l1 l21 l22 l3 l4 l51 l52 l6 l7 l8 d1 d2 d5

5.4 50.8 6 17 51.3 5.4 46.5 34.3 12.3 14.5 83.5 87.7 128.6

Table 3 Friction values and springs mechanical parameters

Friction Joints Object—Phalanx Springs

Static 0.1 2 Stiffness [N/mm] 0.2
Dynamic 0.01 1.1 Damping [N*s/mm] 1
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deformation history of the two springs in the mechanism is reported with their
maximum elongation of 2.59 and 5.71 mm that are reached when also phalanx 3 is
in contact with the object at the final grasp configuration.

Referring to Figs. 1b and 3a with Tables 1 and 2 it is possible to compare the
finger mechanism of LARM Hand with the new underactuated finger mechanism.

Fig. 6 Finger scheme with variables that are calculated in ADAMS simulations

Fig. 7 Simulation results for the grasping test in Fig. 4: a Contact forces on phalanxes and palm;
b Joint reaction forces

Fig. 8 Simulation results for the grasping test in Fig. 4: a Input torque; b Spring deformations
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6 Conclusions

An underactuated mechanism is presented as an evolution from the linkage design
of the original LARM Hand finger. The kinematic design is characterized by
underactuation that is obtained by springs as passive actuators between two con-
nected links and by permitting a motion of the whole mechanism still within the
finger body. The smooth human-like operation is tested through numerical simu-
lations that give results for a characterization of a feasible implementation as
shown also in functionality first tests of a prototype.
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Design and Kinematic Analysis of a Novel
Cable-Driven Parallel Robot for Ankle
Rehabilitation

Runtian Yu, Yuefa Fang and Sheng Guo

Abstract In this paper, a novel cable-driven parallel robot based on the motion
characteristics of human ankle joint is proposed for ankle rehabilitation. Because
of the novel mechanical design of the equivalent spherical joint and platform, the
mechanism centre of rotations can easily match the ankle axes of rotations, which
is an advantage over some existing rehabilitation robots. The mechanism design is
described and the kinematics are studied, then the workspace of the robot under
ankle rehabilitation working mode is analyzed. Finally, a reality model of the
parallel robot simulated under the ADAMS environment. It shows the design can
well meet the needs of ankle joint rehabilitation requirements.

Keywords Ankle rehabilitation � Cable-driven � Parallel robot � Kinematics �
Simulation

1 Introduction

Ankle sprains can occur in everyday activities or athletic events, especially, those
professional basketball and soccer players tend to suffer from more ankle sprains
than ordinary people. In addition, the stroke and the traffic accident causes a large
increase in patients with lower limb disability who need to perform specific
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movements driven by motor and carry on rehabilitation training. If the patients
cannot be treated timely and thorough, it is possible to cause repeated sprains and
loss of function. In recent years, with the development of economy, people pay
more attention to the health and quality of life so that the disabled have an
increasing demand on the rapid ankle rehabilitation. The study on the robot of
ankle rehabilitation has aroused widespread attention of scientific researchers.

In the last decade, a number of robotic devices for ankle physiotherapy have
been proposed. Liu et al. [1] discussed the 3-RSS/S parallel robot with three DOFs
(degree of freedom) for ankle rehabilitation. Bian et al. [2] proposed a 2-RRR/
UPRR parallel robot for ankle rehabilitation and analyzed its kinematics. One of
the successful active foot orthoses is the MIT’s Anklebot, an actuated exoskeleton
that users wear while walking over ground, proposed by Roy et al. to train stroke
survivors to overcome common foot drop and balance problems [3]. In 1999, The
State University of New Jersey developed the ‘‘Rutgers Ankle’’ [4], based on a 6-
DOF Stewart platform that applies variable forces and virtual reality exercises on
the patient’s foot, can perform any complicated spatial motions including three-
dimensional rotation. But it is too complicated to be commercially available. Dai
and Zhao [5] proposed a 3 or 4-DOF parallel robots with a central strut for ankle
rehabilitation and analyzed the mobility and the stiffness. Later on, a 2-DOF
parallel robot with a central strut as well was developed and studied by Saglia et al.
[6]. However, all the forgoing robots have the same problems: the robot axes of
rotation are far offset from the ankle axes of rotation, which is likely to cause
secondary sprain; Majority of ankle rehabilitation robots make use of rigid rods as
the driving elements. Hence, due to limitations of the hinge angle, working space
is reduced. In addition, the harmful impact will be easily produced by rigid rods
during rehabilitation training process causing the patient anxious.

The existing rehabilitation robots are far from perfect. It is still not an easy task
to design a robot to possess reasonable performance with simple structure. In
addition, there are no cable-driven robots for ankle rehabilitation in literatures.
Hence, based on the above discussed, a novel cable-driven ankle rehabilitation
robot is proposed with several advantages as follows:

1. The robot has 3-DOF rotations such that it can fully meet the requirements of
ankle rehabilitation.

2. The robot center of rotation match the ankle axes of rotation as closely as
possible so as to avoid the secondary sprain during operation.

3. The cable-driven robot increases its work space and also avoids the inertial
impact from rigid bars.

4. The flexibility of the system is enhanced by designing a special redundancy
scheme.
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2 Design of the Ankle Rehabilitation Robot

2.1 Ankle’s Motion Characteristics

The human ankle joint complex is one of the major weight bearing structures in the
body, which bears the whole weight of the body when a person stands and walks.
If translations in the ankle motion are ignored, then the ankle motion can be
described as rotations of a ball joint about X, Y, Z three directions, as shown in
Fig. 1. The actual ankle movement is more complex. Thanks to previous work, the
estimated range of motion of the ankle in each direction is given in Table 1 [7]. It
is worthy of noting that the range of motion can vary greatly among different
persons.

Based on the above analysis, robot for ankle rehabilitation should be designed
to be able to achieve three rotations of ankle movement. The maximum allowable
rotational ranges should satisfy the requirements in Table 1 to ensure the safety of
auxiliary rehabilitation.

2.2 Brief Introduction of the Rehabilitation Robot

To solve the above mentioned problems of the existing robots, this paper proposes
a cable-driven ankle rehabilitation robot, as shown in Fig. 2a. In the figure, R
represents revolute pair; P represents prismatic pair. The rehabilitation robot can
rotate around three axes and consists of a frame, a moving platform and constraint
limbs. By controlling the four linear actuators and the rotation of redundant motor,
desired motions can be achieved. In Fig. 2b, shortening (elongating) linear actu-
ator 1 and 2, or elongating (shortening) linear actuator 3 and 4 will make the
moving platform rotate around x-axis; meanwhile shortening (elongating) linear
actuator 2 and 3, or elongating (shortening) linear actuator 1 and 4 will make the
moving platform rotate around y-axis. The redundant motor on the lower frame
drive the constraint limb and make the moving platform rotate around the z axis.
When redundant motor is self-locked, the robot turns to be a two degrees of
freedom robot. Since the cable can only apply force in one direction, it is necessary
to implement a redundant actuators to finish closing force of the moving platform.
To achieve ‘‘n-DOF’’ montions, a cable-driven robot needs ‘‘n + 1’’ actuators [8].
Such we use four cables to pull the moving platform. The novel design of the
constraint limb which is equivalent to a spherical pair and the adjustable double-
deck moving platform ensure that the center of rotation coincides with one of the
ankle joint. The flexible cable of the robot increases the working space of the
system and avoids inertial impaction during rehabilitation.
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X
Y

Z

Transverse

Frontal

Sagittal
Plantarflexion
/dorsiflexion inversion

/eversion

abduction 
/adduction

Fig. 1 Some definitions about ankle rotation

Table 1 The ankle range of motion [7]

Type of motion Maximum allowable motion

Dorsiflexion 20.3�–29.8�
Plantarflexion 32.6�–40.8�
Inversion 14.5�–22.0�
Eversion 10.0�–17.0�
Abduction 15.4�–25.9�
Adduction 22.0�–36.0�

Fig. 2 a The model of cable-driven parallel robot for ankle rehabilitation. b The kinematic
diagram of the robot for ankle rehabilitation
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3 Inverse Kinematics

Figure 2b depicts the geometrical model of the robot. The reference frames
Kb XbYbZbObð Þ and Kp XpYpZpOp

� �
are attached at the base and the moving platform

respectively, and locate at the rotational center of the moving platform. Ai is the
joint of cable i and moving platform, Bi is the joint of cable i and the end of linear
actuator i. Ci is the joint of linear actuator i and the frame, bRp represents the
orientation or rotation matrix of the moving platform with respect to the fixed base,
qi is the displacement of linear actuator, LAB is the length of cable, LiðAi ! BiÞ is the
vector of the cable, i represents the number of cables. In the subsequent modeling
process, assuming that the cable is always tensioned, in elastic and in the zero gravity
status. Euler angles are used to describe the orientation of the moving platform. With
reference to the fixed coordinates system, if the moving coordinate system rotates an
angle a about X-axis, rotates an angle b about Y-axis, and rotates an angle c about
Z-axis, the orientation of the moving platform bRp can be expressed as follows:

bRp ¼ RZ cð ÞRX að ÞRY bð Þ ð1Þ

where, ca ¼ cos a, sa ¼ sin a and so forth.
The inverse kinematics problem can be stated as follows: given the orientation

a; b; cð Þ of the moving platform, the displacements q1; q2; q3; q4ð Þ of the linear
actuators and rotation angle q of driving motor are calculated. The coordinates of
the points Ai (i = 1, 2, 3, 4) attached at the moving platform and expressed in the
reference frame XbYbZbOb, can be calculated using the known orientation matrix
bRp and the coordinates of the same points but expressed in the frame XpYpZpOp,
as follows:

ab
i ¼ bRpap

i ¼ axi ayi azi½ �T ; i ¼ 1; 2; 3; 4 ð2Þ

Bi and Ci can be expressed as bb
i and cb

i , respectively in fixed coordinate system
XbYbZbOb. According to the constraint relations, we can get the following
equation:

bb
i � ab

i

� �
� bb

i � ab
i

� �
¼ l2

AB ð3Þ

cb
i � bb

i

� �
� cb

i � bb
i

� �
¼ q2

i ; i ¼ 1; 2; 3; 4 ð4Þ

From Eqs. (3) and (4), we can get q1, q2, q3, q4.
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4 Workspace Analysis

Work space of a robot manipulator is the working volume, whose size is an
important indicator to measure the performance of a robot. Configuration
parameters of the robot are shown in Table 2.

The linear actuator’s stroke is limited to be 100 mm, the motion range of
passive joints have also been considered. For cable-driven robot, Due to the
unidirectional feature of the cable tension force, work space is affected not only by
cable length, but also the tension values. It need to be ensured that the tension of
each cable remain between the minimum pre-tightening force and maximum
permissible force, and that the forces and moments acting on the moving platform
should be balanced.

Force and torque equilibrium equation of the ankle rehabilitation robot’s
moving platform can be expressed as follows:

JT + F = 0 ð5Þ

where, J = J1 J1 J1 J1½ � 2 R3�4 is the cable matrix.

Ji ¼
bRp

op Ai

� �
� ob Bi � bRp

op Ai

� �

ob Bi � bRp
op Ai

�� �� ð6Þ

T represents tension vector of the cables, T ¼ t1 t2 t3 t4½ �T2 R4, F rep-
resents complex moment vector, acting on moving platform.

Based on the consistent solving strategy of m DOF parallel robot’s workspace
driven by n cables. The mass and tension parameters of the moving platform are as
follows: m = 5 kg, ti;min ¼ 5 N, ti;max ¼ 200 N. According to the flowchart of
feasible workspace’ solving method [9], the feasible workspace of ankle rehabil-
itation robot’s wrench is programmed as Fig. 3.

Table 2 The Architectural
parameters of the robot

Parameter Value

LAB 0.175 m
ap

1 0:070; 0:070;�0:090½ �T

ap
2 �0:070; 0:070;�0:090½ �T

ap
3 �0:070;�0:070;�0:090½ �T

ap
4 0:070;�0:070;�0:090½ �T

cb
1 0:095; 0:045; 0:310½ �T

cb
2 �0:095; 0:045; 0:310½ �T

cb
3 �0:095;�0:045; 0:310½ �T

cb
4 0:095;�0:045; 0:310½ �T
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The numerical solutions of the feasible workspace of the moving platform
under the condition of wrench balance are shown in Fig. 3. The result shows that
the allowable rotation around any one of the three axes is highly dependent on the
angular displacements at the other two axes.

By analyzing various ‘slice’ of the workspace, the maximum achievable
angular displacement in each direction are given in Table 3. Comparing with the
data in Table 1, it can be seen that the rotational ranges of the robot satisfy the
required angle range of ankle.

5 Simulation

To meet the requirements of the ankle recovery, this paper selects a set of suitable
mechanical parameters as shown in Table 2. Based on these parameters, the model
of ankle recovery facility is constructed, and is imported into ADAMS system for
kinematics simulation. The recovery exercises adopt the method of passive
recovery movement according to the recovery therapy and requirements of
physical therapists. As required by the physical therapist, the movement includes

Fig. 3 The feasible workspace of the robot under the condition of wrench balance

Table 3 The workspace
limits of the ankle
rehabilitation robot

Direction of motion Workspace limits (�)

Dorsiflexion/plantarflexion 40
Inversion/eversion 44
Abduction/adduction 45
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dorsiflexion/plantar flexion, inversion/eversion and adduction/adduction in 10 s. In
the process of simulation, the moving platform will move around X, Y, Z axes in
turn at ±30-degree angle on the hypothesis that the angle along the axis is varied
in sine function. The cycle time is 3.14 s, and the total time for simulation is
9.42 s. The corresponding simulation results are as follows:

(1) Orientation simulation
Fig. 4. Shows the robot is making the movement of dorsiflexion, inversion
and abduction.

(2) The result of the inverse kinematics simulation is shown in Fig. 5.
(3) The simulation results show that the angle displacements about X, Y, Z axes

can reach the design requirements in Table 3.

Fig. 4 The ankle rehabilitation robot are making the movement of dorsiflexion, inversion and
abduction

Fig. 5 a The variation curve of the moving platform rotation angle b The variation curve of low
end’s coordinate of linear actuator. c Velocity variation of linear actuators. d Acceleration
variation of linear actuators
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Figure 5 illustrate rotational angles, low end’s coordinate, velocity and accel-
eration curves of four linear actuators. As a whole, every curve is smooth. This
indicates that the robot can move smoothly in this range.

The result of the simulation indicates that the robot can achieve the motion
pattern of the ankle rehabilitation exercises. The orientation workspace of the
moving platform, can meet the requirements set by the exercise.

6 Conclusion

In this paper, a new cable-driven robot for ankle rehabilitation is proposed. The novel
mechanical design of the equivalent spherical joint and platform guarantees the
performances in terms of torque and load capacity while ensuring that the mechanism
axes of rotation match the ankle axes of rotation as closely as possible and main-
taining a simple structure. Then, the analysis of kinematic and workspace has con-
firmed that the robot can meet the motion requirements of ankle. Finally, a reality
model of the parallel robot simulated under the ADAMS environment, the result of
which also indicates this mechanism can meet the needs of ankle rehabilitation.

Acknowledgements The authors gratefully acknowledge the financial support of Beijing
Natural Science Foundation under grant No. 3132019.
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Position/Force Control of Medical Robot
Interacting with Dynamic Biological Soft
Tissue

V. Golovin, M. Arkhipov and V. Zhuravlev

Abstract Most applications of position/force control theory relate to the
machining but not to a technique where a tool interacts with patient’s soft tissue. In
medicine the compliant motion is more necessary then strict program one. Firstly it
refers to noninvasive restorative medicine, namely to various massage and
extremities movement in joints. In the present paper the position/force control of
robot interacting with inertial viscoelastic biological soft tissue is considered. In
this practical case the number of contact force components is less then the number
of robot degrees of freedom. These investigations can be used for medical robot
control.

Keywords Position/force control � Medical robot and biological soft tissue

1 Introduction

The position/force control theory appears in contact tasks to account not only
program motion but desired force interaction with environment. Significant con-
tribution to the development of the position/force control theory is made by sci-
entists of the Serbian school under the leadership of Miomir Vukobratovic [1].

The theory applications are in general in area of machinery. However the
necessity to consider the compliance interaction with biological soft tissue arises
in problems of medical robotics including noninvasive restorative medicine [2].
There is direct compliance interaction of robot with soft tissue during various
massage or by means of levers for extremities movements in joints. In these
procedures compliance movement is more essential than strict program one.
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Depending on the procedure complexity the various soft tissue models and
control methods are used. The description of inertial and viscoelastic properties of
soft tissue is necessary for more fine solutions.

The employment of multilink manipulation robots for restorative medicine is a
very promising trend [3].

2 Soft Tissues Dynamic Characteristics

Soft tissue can be presented as an anisotropic, multilayered, nonlinear, inertial,
viscoelastic, plastic and non-stationary environment in the most general models.
The nonlinear properties especially evident for soft tissues overlaying the rigid
bones. Some soft tissues characteristics are described in monograph [4].

The elasticity coefficient on the soft tissue characteristic part, which is close to
the linear one, is in the range of 500–5000 N/m and soft tissue viscosity coefficient
is in the range of 10–100 Ns/m.

The data on soft tissue inertia were obtained in experiments with high-speed
video camera use.

On Fig. 1 the experimental curves of transition processes of relaxed forearm
front surface deformation by ball are shown. On the soft tissue the balls of
diameter 7 and 20 mm fall from the height 13 mm.

The soft tissue dynamic model in one-dimensional case can be given in the
impedance form:

m x
::þl _xþ kx ¼ F; ð1Þ

where m, l, k are the mass, the viscosity coefficient and the soft tissue elasticity
coefficient accordingly.

Let us approximate the soft tissue characteristics in experiments (Fig. 1) using
an impedance models. In these experiments for k = 1000 N/m we have
m = 0.1 kg, l = 10 Ns/m.

Experiments described above represent soft tissues dynamics using transients.
There are methods of soft tissue dynamics description in frequency region [5].

3 Position/Force Control of Robot Interacting
with Dynamic Environment

The theory of position/force control of robot interacting with dynamic environment
is expounded within the framework of analytical mechanics in monograph [1].

The robot interacting with the dynamic environment can be presented by the
following differential equation:
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MðqÞ q:: þhðq; _qÞ ¼ sþ JTðqÞF; ð2Þ

the environment dynamics can be described by the following differential equation:

MðqÞ q:: þLðq; _qÞ ¼ �STðqÞF; ð3Þ

where q; _q; q
:: 2 Rn are the vectors of the generalized coordinates of position,

velocity and acceleration accordingly, HðqÞ 2 Rn�n is the matrix characterizing
inertial properties of the manipulator, hðq; _qÞ 2 Rn is the vector characterizing
gravitational, centrifugal, Coriolis’ forces, MðqÞ 2 Rn�m is the matrix character-
izing inertial properties of the environment, Lðq; _qÞ 2 Rm is the vector charac-
terizing viscoelastic properties of the environment and its weight, s 2 Rn is the
vector of the input control, F 2 Rm is the vector of the forces operating on the end
link (tool) of the manipulator from outside the environment, SðqÞ 2 Rm�m is the
nonsingular matrix.

The robot control goal is to synthesize the control law s(t) that provides the
following:

qðtÞ ! q0ðtÞ; _qðtÞ ! _q0ðtÞ; FðtÞ ! F0ðtÞ; ; t!1: ð4Þ

-8

-6

-4

-2

0

2

0 0,02 0,04 0,06 0,08 0,1 0,12

h , mm

t , s

Ball of diameter 7 mm

Ball of diameter 20 mm

Point of the 
first touch of 

the ball

Lower point 
of quitting

Steady-state 
value

Ball
Marker

Soft
tissue

Fig. 1 The transition processes of relaxed forearm front surface deformation by ball
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Let the model with the assigned transients in generalized coordinates q(t) is
described by a linear differential equation of the second order:

q
::þk1 _qþ k2q ¼ 0; ð5Þ

or in deviations eq = q0(t) - q(t):

e
::

qþk1 _eq þ k2eq ¼ 0; ð6Þ

where k1 b k2 are n 9 n matrix providing necessary quality transients of coordi-
nates q(t).

We have:

q
:: ¼ q

::

0� e
::

q ¼ q
::

0þk1 _eq þ k2eq: ð7Þ

To guarantee the necessary quality transients the control law should be as
follows:

s ¼ HðqÞðq::0þk1 _eq þ k2eqÞ þ hðq; _qÞ � JTðqÞF: ð8Þ

This is a control law of system having feedback loops with respect to q; _q;F.
The task of force stabilization can be determined as a guarantee of condition:
F(t) ? F0(t), t ? ? and the necessary quality transients defined by the dif-

ferential equation:

T _eF þ eF ¼ 0; ð9Þ

where eF(t) = F0(t) - F(t),
T is time constants matrix providing necessary quality transients of forces.
From Eq. (9) we have:

T _F ¼ T _F0 þ eF:

Integrating we obtain:

F ¼ F0 þ
1
T

Z t

t0

eFðxÞdx: ð10Þ

If environment dynamic parameters are known and m = n then one of the control
laws of system having feedback loops with respect to q; _q;Fcan be the following:

s ¼ HðqÞM�1ðqÞ½�Lðq; _qÞ � STðqÞðF0 þ
1
T

Z t

t0

eðxÞdxÞ�þhðq; _qÞ � JTðqÞF:

ð11Þ
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If m \ n, then it is proposed to part the vector q into two subvectors:

qð1Þ 2 Rn�m and qð2Þ 2 Rm; q ¼ qð1Þ

qð2Þ

� �
; ð12Þ

so that

M qð Þq ¼ M1 qð1Þ
ffi �

qð1Þ þM2 qð2Þ
ffi �

qð2Þ; ð13Þ

where M1(q) e Rm 9 (n-m) and M2(q) e Rm 9 m are submatrix of matrix M(q).
In this case, when m \ n, the requirement F(t) ? F0(t) can be guarantee only

for m robot degrees of freedom with respect to coordinates q
2ð Þ

0 tð Þ. So it is nec-
essary to have the following conditions:

qð1ÞðtÞ ! q
ð1Þ
0 ðtÞ; _qð1ÞðtÞ ! _q

ð1Þ
0 ðtÞ; t!1: ð14Þ

These conditions must be performed to guarantee the necessary quality tran-
sients of coordinates q(1)(t), determined by the differential equation:

e
::

q1
þk1 _eq1 þ k2eq1 ¼ 0; ð15Þ

where eq1 ¼ q
ð1Þ
0 tð Þ � qð1Þ tð Þ, k1 and k2 are n-m 9 n-m matrix guaranteeing the

necessary quality transients.
We also assume the transients F(t) are defined by the following model:

1
T

_eF þ eF ¼ 0 and F ¼ F0 þ
1
T

Z t

t0

eFðxÞdx: ð16Þ

Let us introduce the notation:

W(q, _q,t,F) ¼ �M�1
2 ðqÞ½Lðq; _qÞ þ STðqÞFþM1ðqÞðq

::0
1þk1 _eq1 þ k2eq1Þ�; ð17Þ

q
::

cðFÞ ¼ q
:: ð1Þ

0 þk1 _eq1 þ k2eq1

Wðq; _q; t;FÞ

� �
: ð18Þ

We have the following equations of robot and environment:

HðqÞ q::
c
ðFÞ þ hðq; _qÞ ¼ sþ JTðqÞ F0 þ

1
T

Z t

t0

eFðxÞdx

0
@

1
A; ð19Þ
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MðqÞ q::cþLðq; _qÞ ¼ �STðqÞ F0 þ
1
T

Z t

t0

eFðxÞdx

0

@

1

A: ð20Þ

Performing algebraic transformations on matrices we find the control law:

s ¼ HðqÞ q::cðFÞ þ hðq; _qÞ � JTðqÞ F0 þ
1
T

Z t

t0

eFðxÞdx

0

@

1

A: ð21Þ

This is one of the control laws of system having feedback loops with respect to
q; _q;F and integral of the force deviation eF. Let us consider the next chapter the
ability to control medical robot using proposed control law.

4 Control of Massage Robot Interacting with the Dynamic
Soft Tissue

Let us consider the control of robot interacting with inertia soft tissue. As well as
robot with press motion on soft tissue can be modeled by one-drive robot, the robot
with shear motion of soft tissue can be modeled by two-drive robot (Fig. 2).

In this task the position/force control aim consists in realization of movement
along x axis with assigned constant speed while providing assigned force along
y axis.

On Fig. 2 the following designations are introduced: sx and sy are the input
control, Fx and Fy are resistance forces of soft tissue in directions axes x and y.

Fx ¼ l � _xþ f � Fy � sgn _x

Fy ¼ my y
::
þl � _yþ k � y;

ð22Þ

where k is soft tissue elasticity coefficient, l is soft tissue viscosity coefficient, f is
coefficient of friction of the robot tool relatively soft tissue. The mass my is soft
tissue part which characterizes dynamic properties of soft tissue in transient pro-
cess of robot interaction with soft tissue. If the transition process is close to the
aperiodic one with response time T then my ¼ k � T2. If for soft tissue k = 1000 N/
m and T = 0.1 s, then my = 0.1 kg. Let us introduce the following vectors and
matrix calculated for this example:
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q ¼
x

y

� �
; HðqÞ ¼

m1 þ m2 0

0 m2

� �
; hðq; _qÞ ¼

l � _x
0

� �
; Lðq; _qÞ ¼

0

k � y

� �
;

JTðqÞ ¼
�f � sgn _x 0

0 �1

� �
; STðqÞ ¼

0 0

0 1

� �
; F ¼

Fy

Fy

� �
:

Then the robot control laws are as follows:

sx ¼ ðm1 þ m2Þðk1 _ex þ k2exÞ þ l � _xþ f � ðF0 þ
1
T

Z t

t0

eFðxÞdxÞ � sgn _x; ð23Þ

sy ¼
m2

my
þ 1

� �
F0 þ

1
T

Z t

t0

eFðxÞdx

0

@

1

Aþ m2

my
ðl � _yþ k � yÞ: ð24Þ

The control laws take into account the parameters of the manipulator and soft
tissue, suggest feedbacks loops with respect to q; _q;F and integral of the force, that
allows identify robot controller structure.

Measurement and the introduction in control law changing soft tissues
parameters such as my, k, l, f are problematic in the general case. These are tasks
of adaptive position/force control.

The simplified model of robot interacting with soft tissues in tool direction axis
is considered in [4]. The robot performing massage and extremities movement
techniques has been developed at Moscow State Industrial University. The force
module containing a strain sensor is mounted on the end link. The position/force
control with force training is implemented to expand possibilities of the standard
robot [4].

y

m1

Soft 
tissue

y

Fx

Fy

m2
x

x

Fig. 2 The scheme of planar
robot interacting with soft
tissue
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5 Conclusion

The robots for restorative medicine should have position/force control and con-
sider features of the environment with which they interact. The position/force
control taking into account soft tissue dynamics is necessary for robot control in
fine massage techniques, speed methods, for example for vibration and impulse
mobilization massage techniques, especially during the deformation of massive
areas of the body. The research results allowed identifying the structure of the
robot controller. The experimental investigations of soft tissues and extremities
properties and adaptive position/force control development are required.
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Biomimicking a Brain-Map Based BCF
Mode Carangiform Swimming Behaviour
in a Robotic-Fish Underwater Vehicle

Abhra Roy Chowdhury and S. K. Panda

Abstract The objective of this paper is to biomimic a rectilinear swimming
behaviour propulsion mechanism of a carangiform robotic fish with impressive
speeds and show its exceptional characteristics in the fluid environment. Major
kinematic parameters analysed from Lighthill (LH) mathematical model are
chosen as major parameters to be adapted. Parameter information is drawn from a
brain map similar to fish memory. Based on an environment based error signal
robotic fish selects the proper parameter/s value showing adaptive behaviour.
A DES methodology has been used to model the brain-kinematic-map, then
integrated with a set-point control to track the brain map generated reference
command for fish–tail undulation. Parameter adaptation for the three parameters
have been shown to successfully emulate fish swimming. Joint-position tracking
results are found to be satisfactory as the error converges in quick time.

Keywords Biomimetic � Carangiform � Robot behavior � Lighthill equation �
DES � Closed loop control

1 Introduction

Considering the propulsive features of existing fish modes [1], a novel propulsive
mechanism that integrates 2-joint, 3-link body caudal fin BCF carangiform fish
[1, 2]—like swimming with modular links and fin movements has been proposed
[2]. We demonstrate that fishes use an alternative strategy for rectilinear swim-
ming across large distances over impressive speed, the combination of the kine-
matic variables [1, 2] such as caudal amplitude (CA), propulsive wavelength (PW)
and tail-beat frequency (TBF) on the robotic fish can reveal the way fishes manage
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to energy efficient swimming. Kinematic studies [1] and experimental results [2]
have shown that most carangiform fishes are believed to swim by creating a
trailing-edge vortex that remains attached to the caudal-fin tail as it translates
through a stroke. Nearly every vertebrate including carangiform fishes sensory
system consists of multiple brain maps [3]. Each map has many neuron popula-
tions with distinct physiological traits and found to handling different sensory
kinematic parameters [1, 2]. Each of the kinematic parameter correspond to a
stream of information that are stimulated to be combined or modulated across
these brain maps to evoke the adaptive behavior in response to a changing stim-
ulus. The two significant parameters that are varied to adapt these signals are their
TBF and CA. These parameters when combined in a unique way result in different
body waves physiologically reflected in the overall fish swimming.

Various underwater swimming robots with neuro-muscular pattern signals [3]
are studied and implemented in many other research papers to obtain different
swimming behaviors [4] have been reported in literature. The research proposed a
neuromechanical model implementation of pattern generators for gait modulation
[3, 5] through velocity and direction in an amphibious salamander robot [3].
Swimming behaviour is seen to be dominated by kinematic parameters like TBF
and/or CA. These have also been used as control variables to regulate the speed [1,
2, 6]. State machine [7] based gait transition is used to define neurological systems
in biology as state transitions can realize gait transition successfully [5]. A Smooth
gait transition of a robotic fish swimming motion using a FSM based method has
been proposed [6]. Gait transition realization from forward swimming to turning
by a combination of time and event. A temporal FSM based gait transition method
was investigated for a quadruped robot [8]. The locomotion gait involves event
enforcing and synchronization successfully.

2 System Model

The dynamic equations of the 6 degree of freedom (DoF) robot are obtained using,
the Lagrange-Euler formulation [9]. Therefore, the vehicle’s three translational
and three rotational motions derived from the momentum conservation laws
defined in usual notation [10] are expressed as a condensed non-linear equations of
motion in earth fixed coordinate (ve):

Mveðq; g; fÞ€nþ Cveðq; g; fÞ _nþ Dveðq; g; fÞ _nþ gveðq; gÞ ¼ F½ve� ð1Þ

where n ¼ ½gT ; xT
t �

T Mve is vehicle inertia matrix including the added inertia, Cve is
Coriolis-centripetal matrix, Dve is damping (hydrodynamic) matrix, gve is gravity
matrix, Fve is propulsion force vector, g is position and orientation vector [x, y, z, /
, h, w] in earth fixed coordinate and m is linear and angular velocity vector
[u, v, w, p, q, r] and q is joint angle variable in body fixed coordinate [9, 10].
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2.1 Lighthill Equation and Kinematic Parameters

Lighthill [8] in his slender body theory reported about the inviscid flow around a
slender fish whose cross-section varies along its length. It results into swimming
movements in a direction transverse to its direction of undulatory caudal tail
movement. Supporting this flow value conditions the motion of a standing wave
displacement vector y(x, t) was introduced as a empirical expression. The fish
body is represented by a planar spline curve [2, 8] due to the propulsive wave
behavior as lateral curvature in spine and musculature.

ybodyðx; tÞ ¼ ½ðc1xþ c2x2Þ�½sinðkxþ xtÞ� ð2Þ

where ybody is the transverse displacement of body, x is the displacement along
main axis, k is the body wave number (k = 2p/k), k is the body propulsive wave
(PW), c1 and c2 are linear and quadratic wave amplitude envelope respectively
(CA). x is the tail-beat frequency (TBF). Lateral velocity w(x, t) [2] resulting due
to it can be written as

wðx; tÞ ¼ oh

ot
þ U

oh

ox

� �
ð3Þ

where U is the mean forward speed.

3 DES Based Brain Map and Control Architecture

Translating a biology based behavior of a vertebrate [3] fish to a mobile robot is
challenging. Present system is built on a behavior-based approach called sub-
sumption architecture [11] which is well braced by a vast ethology community.
Behaviors [11], are organized in layers made up of individual finite state machine
according to a predefined priority of action. This structure has an edge to allow
robustness to perturbations and shorter reaction times in a complex environment. It
is similar to the present set-point control system integrated with the DES aided
behaviour model to adapt a real-time dynamic environment with only joint-posi-
tion sensing capabilities. Different swimming behaviours are shown by the bio-
logical fish in response to different stimuli [3] needs arising due to food search,
predator escape, successful reproduction etc. [1]. Each of these different life
motives are supported by kinematic priorities follow actions like straight swim-
ming, turning (C turn, S turn), sudden start/stop and so on [6]. A DES [7] model of
forward swimming behaviour is presented here shown in Fig. 1.

These correspond to a stream of information that are stimulated to be combined
or modulated across the brain maps to evoke the adaptive behavior in response to a
changing stimulus. We emulate these kinematic changes in the robotic fish by
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modulating the major kinematic parameters [1, 2] TBF(x), PW(k) and CA (c1, c2)
based on a priority logic decision. These kinematic parameters values are obtained
from open-loop experiments and lie in the operating range of the robot. These
values are grouped into distinct look-up tables from which they are accessed based
an action or priority state. The logic decision variables are chosen based on a
feedback error signal e from joint position sensors (in operational space). The
graph model is shown below.

The coordination of the brain-map system can be modeled as a discrete-event
system (DES) [7] occurring asynchronously over time. DES behaviour of stimuli
selection is realized by Finite State Machines (FSMs). They represent a centralized
mathematical behavior sub-sumption model. As shown in Fig. 2a it has been used

Fig. 1 Block diagram of Kinematic brain-map based Behaviour Control scheme

Fig. 2 Behaviour architecture using DES model. a Sub-sumption architecture automata. b DES
model of error based action selection
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to describe a neurological system. DES based brain kinematic-map model has been
used to design and analyze the coordination of the distinct environment based
stimuli corresponding to different major kinematic variables. Each stimulus is
represented by a state. Based on a purpose (food, predator escape etc.) is tagged to
a kinematic parameter or a combination of parameters mention in Lighthill
equation [2]. Switching action takes place between two states as the biological
species use memory maps in their brain [3] to use a data (pre-recorded or expe-
rience) for a present event. Here, we try to emulate the same brain mechanism.

3.1 Error Based Action Selection

We have shown to implement the action based on a outer feedback loop error
signal (position or velocity) to the DES model. In uncertain environment, a
feedback error signal coming to the PID controller is used by the brain map to
decide state priority. This approach is environment based as the feedback signal
from operational space helps to select/switch a transition to another suitable action
state. As mentioned in the adaptation algorithm 1 in Fig. 2b and depicted in Fig. 3,
we select a change in state only when the error bound is greater or less than a given
limit to achieve a desired speed profile. Adaptation here refers to select the apt
kinematic parameter corresponding to the suitable environment based stimuli.

It is necessary to identify set of states (including an initial state), set of events,
and transition structure of system based on kinematic parameters. The robotic fish
behaviour is modeled as a DES which specifies set of states, set of events and the
transition function of the system [7]. Formally, a DES is represented by an
automaton or generator. The sequence of events called a string is formed by
concatenating events. Events are function of LH kinematic parameters and event
transition is based on a error function algorithm given in Fig. 3. The generator is
deterministic in the sense that if an event occurs the transition leads the system to
unique system state.

Fig. 3 Error based action
selection algorithm
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4 Kinematic Behaviour Based Tracking Control

4.1 Tail Beat Frequency and Phase Shift

This parameter adaptation is important because TBF, PW, CA play important role
in generating thrust created by the undulating body wave [1, 2, 8]. For example in
the case of TBF, using one value of constant TBF will use a level of energy and
control signal whereas if the adpatation/modulation concept is brought into exis-
tence it allows choosing distinct values at different time periods based on envi-
ronment feedback stimuli. That means lesser energy used for control effort for a
given distance. The forward swimming velocity increases with the raise of TBF.
Further after reaching a peak velocity at the given frequency a descending pattern
follows. This results embodies the fact that efficient swimming speed is achieved
only at a given frequency further increasing which will result into a waste of
energy. As shown in Fig. 4a we took three intervals for u = 0.12 m/s at
f = 0.1 Hz, u = 0.115 m/s at f = 0.64 Hz) and umax = 0.138 m/s at f = 0.33 Hz
for the kinematic profile obtained for the robot [2] at 1.1BL/s (body length per
second). Figure 4d shows the change in phase angle at the changing TBF
parameters. In this paper, forward velocity, u results were obtained by varying the
oscillating frequency or the tail-beat frequency parameter fixed at different values
of wavelength and amplitude. Other parameters are kept at c1 = 0.002,
c2 = 0.00835, and k = 0.5.

4.2 Caudal Amplitude Shift

The existing second order amplitude envelop is chosen to produce three body-waves
by three distinct values of c1 and c2 shown in Fig. 4b. In practice, oscillatory-
amplitude-based speed control method adjusts the transverse movement at a con-
stant oscillating frequency (at k = 1.4 m and f = 0.5) to change the changed thrust
and swimming speed. The variation of these two combined kinematic parameters
TBF and CA is shown in Fig. 4d using the brain-kinematic map information and
DES switching logic based on tail position error. Both kinematic parameters change
at different time-sequences like in real fish in real-time environment to generate
forward propulsion. The overall improvement in path traveled using the Lighthill’s
algorithm is over 14 % [2]. The choice of the CA between two speed limits also
depend on TBF at a fixed wavelength [2]. Joint Position tracking and its tracking
error signal response for the control scheme are depicted in Fig. 4e, f respectively
with respect to a simple trajectory reference signal to yield satisfactory convergence
rates. Controller tuning algorithm and control methodology improvement will be
explored in future. The above simulation results verify the real time carangiform fish
kinematic behaviour studies reported by Dewar [1, 2] biomimicked in a robotic fish
within the framework of Lighthill theory [8].
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Fig. 4 Kinematic parameter adaptation and joint position tracking. a TBF shift. b CA shift.
c Phase shift. d TBF and CA sync shift. e Joint angle. f Joint angle velocity

Fig. 5 Robotic fish swimming modes
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Robotic fish project with different swimming modes is shown in Fig. 5. Its
implementation is carried out in MATLAB and Simulink. The yaw-axis servo-
motor is a Hitec HS-5646WP (11.3 kg cm/6 V) used in all the joints. Arduino-Uno
with ATMEGA328P serves as central processing unit for the robotic fish. The
mechanical CAD design and animation has been implemented with the help of the
Solidworks and MATLAB Sim-Mechanics, VRML (3D motion).

5 Conclusions

Present research work translates biology based behaviour of a vertebrate fish to a
mobile robot in a dynamic environment. A DES based brain map model consisting
of major kinematic parameters information is made. Integrating it with a set-point
control methodology demonstrates behaviour stimuli based adaptation in a robot.
Joint position tracking signal shows a satisfactory convergence rate. The built
prototype is a 74 cm long, weighs 4.5 kg, BCF (Body Caudal Fin) mode 6 DOF
fishlike underwater robot with a horizontal caudal fin (tail).
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Variable Inertia Muscle Models
for Musculoskeletal Dynamics

Minyeon Han and F. C. Park

Abstract We proposes a general framework for musculoskeletal dynamic
simulation that takes into account changes in muscle inertia that occur during
movement. We first develop a general shape-varying muscle mass model in which
muscle deformations are modeled via linear volume-preserving transformations,
and derive a corresponding muscle mass matrix and Jacobian in a Lagrangian
setting. A dynamic musculoskeletal model is then constructed, in which each
muscle is segmented into multiple segments that are each modeled using our
earlier muscle deformation model. To improve computational efficiency, a spline-
based dynamics algorithm based on interpolating sampled values of the system
mass matrix is developed. Case studies involving planar arms with multiple shape-
varying muscles attached demonstrate the feasibility and computational advanta-
ges of our proposed method for musculoskeletal modeling and simulation.

Keywords Musculoskeletal simulation � Deformable volumetric muscle model �
Riemannian geometry � Geometric interpolation

1 Introduction

Muscles comprise the majority of mass in many body segments. Existing muscu-
loskeletal simulators typically model muscles as rigid bodies, by lumping the
muscle mass with its body segment, and then performing a multibody dynamic
simulation. Somewhat surprisingly, there has been little previous work on simu-
lation methods that explicitly take into account the changing muscle mass distri-
bution during movement, and the overall effect of these shape-varying muscles on
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rigid body inertias. In recent work with significant implications for musculoskeletal
simulation, Pai [1] showed that the traditional approach of lumping the muscle mass
with the body segment, and performing a standard rigid body dynamics simulation,
can incur considerable errors. In short, as the muscle length varies during move-
ment, the corresponding muscle mass also moves accordingly and clearly affects
the overall system inertia. Examining both monoarticular and biarticular muscle
models that span a single revolute joint, Pai shows that these errors can be quite
large and nonuniform, dependent on both the skeletal posture and joint velocities,
and that they will likely not cancel themselves even if, e.g., effects such as soft
tissue behavior and muscle wobble are included.

As Pai himself points out, the models used in [1] are of the simplest variety, in
which a muscle is modeled as a line and does not take into account the volumetric
shape of the muscle. Moreover, given that failure to take into account the effect of
muscle masses on system inertia can lead to large errors, even for single joint
systems, the consequences for whole-body musculoskeletal dynamic simulation
are potentially significant. On the other hand, the computational difficulties in
simulating the dynamics of such a high-dimensional, highly constrained multibody
system also cannot be ignored. For example, musculoskeletal dynamic simulations
are used extensively in designing exercise bicycles and rowing machines, which
involve numerous closed chains subject to a variety of contact constraints.

In this paper we extend Pai’s mode so that the system inertia correctly reflects
the changes in the muscle’s length and shape during movement. We assume that
shape deformations are volume-preserving, and propose a multisegment muscle
model. An interpolation-based, computationally efficient algorithm for approxi-
mately integrating the dynamics is also proposed, that respects the intrinsic
geometry [2] of system inertias (e.g., symmetric, positive-definite). After briefly
reviewing Pai’s model, we provide details of our shape-varying muscle model, and
a brief overview of our approximate dynamics algorithm, followed by numerical
experiments on a simple arm simulation.

2 Shape Varying Muscle Mass Model

2.1 Single Segment Model

In Pai [1] a muscle is modelled as a line segment of uniformly distributed mass
along its length, with a total mass of lm. Following standard convention the muscle
is regarded as a unit actuator whose behavior is determined by its length and time
derivative of length. Denote the joint angles of the musculoskeletal system by
h 2 R

n, and let p 2 R
3 be a material point of the muscle, parametrized by some

intrinsic non-dimensional material coordinate s 2 ½0; 1� (s ¼ 0 at the muscle origin
and s ¼ 1 at the point of attachment). The value of s is assumed to remain fixed for
a given material point even when the muscle stretches. The point velocity _p is
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assumed to be linearly related to the system’s joint velocity _h via the muscle

Jacobian JmðsÞ, as _p ¼ JmðsÞ _h. For space reasons we omit the derivation, but the
muscle mass matrix Im becomes

Im ¼ lm

Z1

0

JmðsÞTJmðsÞ ds: ð1Þ

We now extend Pai’s model so that the muscle inertia varies according to both
changes in the muscle length and shape deformations. We assume that all shape
deformations of the muscle are volume-preserving linear transformations, and that
points on the muscle can be expressed as a function of h. The muscle shape shown
in Fig. 1a is taken to be the reference. The frames f0g and fmg respectively
represent the fixed frame and moving muscle frame. To represent the location of a
point pr on the reference muscle in frame f0g frame coordinates, the rigid body
motion T0;m 2 SEð3Þ describing frame fmg relative to f0g is needed, together with
pr

m, the description of the muscle point in moving frame fmg coordinates.
Figure 1b illustrates the displacement of pr to p as the joint angle is changed from
hr to h. In terms of the moving frame fbg, the reference point pr

m 2 R
3 is displaced

to pm 2 R
3 as follows:

pm ¼ TðlÞpr
m; ð2Þ

where TðlÞ is an element of the Special Linear group SLð3Þ (i.e., the set of 3� 3
real matrices of unit determinant), and l is the muscle length divided by the length
of the reference muscle.

Now taking into account the joint angle h, a reference material point pr on the
muscle is then assumed to be deformed via the following 4� 4 affine transfor-
mation TðhÞ:

Fig. 1 1-DOF shape varying muscle mass model. a Reference state with joint angle ¼ hr .
b Deformed state with joint angle ¼ h
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p
1

� �
¼ TAðhÞ AðlðhÞÞ 0

0 1

� �
pr

1

� �
; ð3Þ

where TA 2 SEð3Þ is the earlier T0;m of Fig. 1, and AðlðhÞÞ 2 SLð3Þ defines the
muscle shape deformation.

We now derive the muscle mass matrix based on the above affine transfor-
mation matrix TðhÞ. Differentiating Eq. (3) with respect to time, we obtain the
muscle Jacobian matrix as follows:

_p
0

� �
¼ oT

oh1

pr

1

� �
� � � oT

ohn

pr

1

� �� �
_h, Jm

_h: ð4Þ

From above the kinetic energy of the muscle can be written

Km ¼
1
2

Z

v

q _pT _p dv ð5Þ

where dv0 ¼ detðTÞ dv and q is the muscle density. The ði; jÞ entry of the muscle
mass matrix is therefore given by

Mij ¼ tr q
oT

ohi

Z
pr

1

� �
pr

1

� �T

dv0
oT

ohi

T
 !

: ð6Þ

From the above we can observe that the mass matrix is defined by the moment
of the reference muscle volume, which is fixed, and a partial derivative of TðhÞ.
The mass matrix can now be straightforwardly calculated from the partial deriv-
atives of TðhÞ.

2.2 Multi-Segment Model

Real muscles can assume a variety of shapes during deformation, and it is in
practice difficult to model muscle deformations using a single volume-preserving
linear transformation. In this subsection we describe a method for dividing a
muscle into several segments, and applying a transformation matrix for each
segment. We illustrate our method with a three segment muscle model (see Fig. 2)
with initial (s ¼ 0) and final (s ¼ 1) muscle shapes given.

In the figure Mi, mi, fig, and pi respectively denote the ith muscle segment, a
point in Mi, a local coordinate frame attached to Mi, and the position of mi in the
local coordinate frame. We further assume that the muscle is fixed at coordinate
frame f1g (also the global coordinate frame) and that relative motion between the
local frames is linear; for this purpose we assume adjacent local frames are
attached to each other via a prismatic joint.
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For space reasons we are unable to show the complete derivation, but we finally
obtain the deformation of Mi in global coordinates as follows:

m0iðsÞ
1

� �
¼
Yi�1

j¼1

Tj;jþ1ðsÞ
liðsÞ
lið0Þ 0 0

0 lið0Þ
liðsÞ 0

0 0 1

2
64

3
75 mið0Þ

1

� �
: ð7Þ

The total muscle mass matrix can be constructed by combining the mass
matrices of each muscle segment as shown above.

3 Dynamics Algorithm

The most direct way to derive the dynamic equations for our musculoskeletal
system is to formulate the associated Lagrangian:

Lðh; _hÞ ¼ 1
2

_hTMðhÞ _h� VðhÞ; ð8Þ

where h 2 R
n denotes the joint vector, the first term corresponds to the total kinetic

energy of the system, and the second term denotes the total potential energy. The
n� n symmetric positive-definite matrix MðhÞ is denoted the mass matrix. For our
musculoskeletal systems, the total kinetic energy is obtained by summing the
kinetic energy contributions of each muscle segment. As the shape of the muscle
mass varies with the motion, this will influence the kinetic energy of the muscle.
Recall also that in our model the muscle mass shape over each segment is
determined from the overall muscle length, and from the choice of volume-pre-
serving transformation over the segment. The muscle length is in turn determined
by the joint angles; hence, the total kinetic energy can be expressed as a function

of the joint vector h and its derivative _h. For similar reasons the total potential
energy VðhÞ can also be expressed as a function of h.

Substituting the above Lagrangian into the Euler-Lagrange equations then leads
to the equations of motion. The mass matrix MðhÞ here should not be confused
with the usual mass matrix for rigid multibody systems; it involves determining the
kinetic energy contributions of each shape-varying muscle mass segment, and its

(a) (b)

Fig. 2 Muscle shape data a s ¼ 0 b s ¼ 1
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evaluation is computationally highly intensive. Moreover, the remaining terms in
the dynamic equations depend on the derivatives of the mass matrix, making real-
time numerical integration of the dynamics extremely difficult. In the next section
we describe a method for evaluating the dynamics in real-time, based on a B-spline
approximation of the mass matrix.

3.1 Mass Matrix Approximation

Since evaluating the mass matrix MðhÞ for arbitrary values of h is a highly
computationally intensive task, we propose an interpolation-based method, in
which MðhÞ is evaluated a priori at uniformly sampled values of hi, i ¼ 1; . . .;N,
and for arbitary values of h, MðhÞ is approximated by appropriately interpolating
between the two nearest sampled values to h. For this purpose we require a means
of interpolating between two symmetric positive-definite matrices, or two ele-
ments of the manifold PðnÞ. As has been pointed out in the related literature, e.g.,
[3], ad hoc methods for interpolating between two elements of PðnÞ can have the
undesirable property of being local coordinate-dependent, and also failing to
preserve certain invariant features of PðnÞ (for example, given two elements
P1;P2 2 PðnÞ with det P1 ¼ det P2, one would like for an interpolating curve PðtÞ
between P1 and P2 to preserve the determinant).

The Riemannian geometry of PðnÞ has been extensively studied in the litera-
ture, e.g., [3, 4], and we refer the reader to the literature for details. One convenient
means of interpolating on PðnÞ using the Euclidean space notion of B-splines is as
follows. Suppose we wish to determine M 2 PðnÞ by appropriately interpolating
among the control points Ci 2 PðnÞ that are nearest to M. Then

MðhÞ ¼ arg min
M

X

i

wiðhÞ distðM;CiÞ2; ð9Þ

where wi denotes a B-spline basis function, and dist(�; �) denotes a distance metric
on PðnÞ. Various distance metrics for PðnÞ are introduced in [5].

4 Experiments

In order to test the accuracy of our approximate dynamics algorithm, we consider a
two-DOF planar closed chain system that structurally resembles the musculo-
skeletal structure of a planar arm (see Fig. 3). For convenience we assume all the
link lengths and masses are of value 1. The rigid body dynamic equations are
derived analytically, in particular the mass matrix MðhÞ, and the results are
compared with those obtained from our approximate dynamics algorithm.
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We first extract 100 mass matrix samples (essentially 100 points in PðnÞÞ, by
uniformly sampling along h1 and h2 in ten intervals, at p

5 radians per interval. We then
determine 100 B-spline control points such that the B-spline mass matrix approxi-
mation (essentially, a two-dimensional surface in PðnÞ parametrized by h1 and h2)
passes through these 100 sampled points in PðnÞ. We then randomly generate 1,000
samples of ðh1; h2Þ, and compare the values of the approximated mass matrix at these

samples with the actual mass matrix. We also generate random samples of _h, and
compare the values of the approximated Coriolis forces with the actual Coriolis
forces as determined from the analytical equations of motion.

In order to compare the accuracy of approximated values, we define the error
ratios for the mass matrix and Coriolis force values respectively as

eM ¼
kMðhÞ � ~MðhÞk
kMðhÞk ð10Þ

eC ¼
kCðh; _hÞ _h� ~Cðh; _hÞ _hk

jjCðh; _hÞ _hjj
: ð11Þ

Figure 4 shows the histogram for the error ratios.
In the case of the mass matrix computations, the average of the error ratio is less

than 0.1 %, and the maximum value is less than 1 %. Even if we use only 100
samples, the mass matrix can be reconstructed quite accurately. The error ratios for
the Coriolis forces are somewhat larger, but these originate from the scale of the
Coriolis terms; the absolute error still remains small because the Coriolis forces
themselves are comparatively small.

The accuracy of the approximate dynamics can be further improved by
increasing the sample size. To determine the extent of the improvements, we
quadruple the number of samples by decreasing by half the sampling interval along
each of the two joints h1 and h2. A comparison of the results obtained for 400
samples with those for 100 samples is given in Table 1; the improvements in
accuracy are clearly evident. Moreover, the sample size does not affect compu-
tational performance during the reconstruction process; this process requires only
the weighted average of a fixed number of control points, which in turn depends on
the degrees of freedom of the system and the degree of the B-spline, and not on the
scale of the control points.

Fig. 3 Three-bar 2-DOF
linkage
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5 Conclusion

In this paper we have proposed a shape-varying muscle mass model for muscu-
loskeletal simulation. In contrast to existing algorithms that assumes the muscle as
a rigid body to be lumped with the nearest link, our model takes into account the
changes in inertia that occur during movement, as a result of the time-varying
changes in the muscle mass distribution. We show that our model can be applied to
various muscle shapes including fusiform and convergent muscles. Using our
model and a newly proposed approximate dynamics program, it is possible to
perform more accurate dynamic simulations of musculoskeletal model, and also
perform, e.g., motion optimization in a computationally tractable way.

We emphasize that the shape varying muscle model employed in our work is
but one possible formulation, and that several variations are possible, e.g.,
allowing for more general affine transformations, rather than volume-preserving
linear transformations, to describe the muscle deformations. We do not make any
claims about the biomechanical accuracy of the explicit choices made in our
model. Rather, our intent is to provide a general and computationally efficient
dynamic model that takes into account muscle shapes and their effect on inertias,
and offers enough flexibility to adjust any parameter values and mapping choices
so as to best fit any available muscle data while being computationally tractable
and accurate to some user-specified resolution.
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Fig. 4 Error ratio histogram using intrinsic Riemannian metric. a Mass matrix error ratio.
b Coriolis term error ratio

Table 1 Error ratio from 400 mass matrices interpolation

Metric AVG(eM) (%) MAX(eM) (%) AVG(eC) (%) MAX(eC) (%)

Cholesky metric 0.0034 0.0316 0.1515 11.7976
Log-Euclidean metric 0.0051 0.0519 0.2098 6.9240
Riemmanian metric 0.0056 0.0568 0.2611 7.7334
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UGV Epi.q-Mod

Giuseppe Quaglia, Luca G. Butera, Emanuele Chiapello
and Luca Bruzzone

Abstract This paper presents the functional design and the related detailed
mechanical design embodiment of UGV Epi.q-Mod, which is a new version of the
Unmanned ground vehicles Epi.q. UGVs Epi.q are mobile robots used for sur-
veillance/reconnaissance/transport operations and they are based on a hybrid
wheeled-legged locomotion system. The locomotion system consists of three-
wheeled units with epicyclical mechanism capable of switching between wheeled
and legged locomotion even without an active control intervention, depending on
the dynamic condition of the vehicle. The main characteristic of this robot is the
application of the modular approach that allows to generate different architectures
based on functional requirements.

Keywords Unmanned ground vehicle � Mobile robot � Hybrid locomotion �
Modular UGV
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1 Introduction

An Unmanned Ground Vehicle (UGV) is defined as any piece of mechanized
equipment that moves across the surface of the ground and serves as a means for
carrying or transporting something, but explicitly does not carry a human being [5].

The use of UGVs is growing very rapidly in several fields because they have
many potential applications and the demand for them is ever increasing. The
exploitation of UGVs ranges from planetary exploration, police operations, mili-
tary operations such as reconnaissance, surveillance and target acquisition,
industrial and home usage, to special intervention tasks such as rescue operations.

UGVs are used also in hazardous sites and this use is gaining popularity
because they can be sent ahead or in place of humans, act on the surroundings with
a manipulator arm or other active means attached to an arm, collect data about the
environment, and send it back to the operator without risks for humans. UGVs are
classified based upon their main characteristics, such as locomotion mode, control
strategy and intended operating area.

This paper presents the functional and the embodiment design of UGV Epi.q-
Mod, and is organized as follows. Section 2 introduces the UGV operational and
technical requirements while the design methodology of the UGV Epi.q family is
showed in Sect. 3. Section 4 describes the functional principle of the robot
locomotion unit. The new modular architecture and the embodiment design of the
UGVEpi.q-Mod are discussed in Sect. 5, whereas the last section, Sect. 6, presents
the conclusions and the future developments of the robot.

2 UGV Operational and Technical Requirements

Currently many UGV architectures are presented by industry, research institutes
and universities and each vehicle is designed in order to fulfill specific operational
and technical requirements.

An important field of application is military application, however UGVs are
used in others important operational fields like security and surveillance, for
monitoring hazardous locations, agriculture and planetary exploration.

The category of UGVs covers a wide range of capabilities and degrees of
autonomy, but in general an unmanned ground vehicle, and in particular a tele-
operated or autonomous ground vehicle, has to fulfill the following technological
requirements:

• Mobility: this is the term used to describe the ability of the vehicle to travel across
an uneven terrain without any information from sensors or others devices. In
literature the mobility of a UGV is often expressed in terms of the ratio between
the size of an obstacle (both negative and positive) and the height of the vehicle.

• Energy: One of the most important key factors of a UGV is the energy source, and
especially the rate at which it can be utilized. The power train system must be
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able to support mobility and the others technical requirements in the most effi-
cient way.

• Recognition: Sensors, computers, and software modules are used for the fun-
damental UGV capability that is to acquire knowledge about the working
environment and the internal status of the robot. There is a broad variety of
sensors that can be used on UGVs. There are sensors used for a simple mea-
suring and others for a complex measuring in order to acquire information
about environmental characteristics and the vehicle’s motion.

• Human–robot interaction: HRI is the interdisciplinary study of interaction
dynamics between humans and robots. In particular the human–computer
interfaces are important because they allow to manage the vehicle in a simpler
way and how humans will interact with a team of robots.

• Communication: This covers how a specific set of information is transported
from one electronic device to another. A teleoperated vehicle, for example,
needs a very high-bandwidth, low-latency and high-reliability communication
system because any delay in the communication system can generate a problem
during the supervision of the vehicle.

3 UGV Epi.q Family

In general, on the basis of their locomotion systems, mobile robots can be clas-
sified in wheeled [7], tracked [6] and legged [1]. Moreover, hybrid solutions with
various combinations of wheels, tracks and legs are possible. An overview of
robotic locomotion systems is outlined in [3].

UGVs Epi.q are vehicles that can be used for surveillance and reconnaissance
operations. The main characteristic of this robot family is its hybrid wheeled-
legged locomotion system, even if each robot is different from the others due to its
peculiarities, that influence its performance [13]. The locomotion system consists
of three-wheeled units with an epicyclical mechanism capable of switching
between wheeled and legged locomotion without an active control intervention,
depending on the dynamic condition of the vehicle.

The first prototype was Epi.q-1 [9], designed and built by a team from
Politecnico di Torino—Department of Mechanics. Epi.q-1 is a mobile robot
designed to move small robotic devices, such as mini robotic arms. The Epi.q-1
peculiarity is its driving unit. The driving unit can be switched from a closed
configuration, suitable for motion in narrow spaces, to an open configuration,
useful to traverse higher obstacles, and vice versa. Epi.q-2 [2] was the first robot
designed in collaboration between Politecnico di Torino and Università di Genova.
Differently from the first versions, the locomotion units employ a new mechanism,
based on an epicyclical mechanism, that is simpler and more compact than Epi.q-
1. The driving unit ability to change configuration has been removed because the
related mechanical complexity was not repaid by significant benefits in terms of
performance for most applications. Epi.q-TG FWD and Epi.q-TG AWD were
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respectively the second and the third prototypes designed and built in collaboration
between Politecnico di Torino and Università di Genova [11]. With respect to
Epi.q-2, the mechanical design has been refined in order to improve performance
and reliability. Epi.q-Lizard [4] is the second to last vehicle designed and it is
characterized by a higher level of modularity. It is composed of two identical
frame modules and each one is equipped with two locomotion modules. The two
frame modules are connected by a central passive longitudinal revolute joint that
lets the robot adapt to ground unevenness and obstacles.

Epi.q-Mod is the last version of UGVs Epi.q and it is the subject of this paper.
The main characteristic of this version is the application of the modular approach
to the single driving unit that allows to generate different configurations based on
functional requirements.

The main advantages of UGVs Epi.q are the high level of mobility and the low
energy consumption. The locomotion system, thanks to an epicyclical mechanism
and its mechanical efficiency, allows the robot to change locomotion mode, from
rolling on wheels (advancing mode) to rotating legs (automatic climbing mode)
according to local friction and dynamic conditions. The transition between
advancing mode and automatic climbing mode occurs in presence of obstacles and
also when the robot is moving on a slope that exceeds a limit value or when the
robot is accelerating over a limit value, as discussed in [10].

Another important characteristic is the modular approach that, starting from the
modules, allows several alternatives to be generated, which can be evaluated and
compared. Moreover, from a manufacturing point of view, the modular approach
allows robots to be built that fulfill various operative requirements, without the
need to redesign the whole robot.

4 UGVEpi.q-Mod Driving Unit

The peculiar feature of UGVs Epi.q is their three-legged locomotion unit (Fig. 1),
with three radial wheels mounted at the end of each leg. The transmission system
is based on an epicyclical mechanism. Its frame, whose angular velocity is X,
represents the planetary carrier and houses:

• one sun gear connected to the input shaft, with angular velocity xi,
• three idler gears,
• three planetary gears connected to the three wheels, with angular velocity xw.

The locomotion unit frame can rotate with respect to the robot frame and the
relation between its angular velocities is expressed by the Eq. (1):

xi ¼
zp

zs
xw þ

zs � zp

zs
X ð1Þ
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where zs is the tooth number of the sun gear and zp is the tooth number of the
planetary gears. If the torque required for moving on wheels exceeds the torque
required for moving on legs, the locomotion unit switches from wheeled loco-
motion to legged locomotion, and vice versa.

In wheeled locomotion (advancing mode) the robot weight and the contact
between the two lower wheels and the ground constrain the angular position of the
locomotion unit frame. When the robot bumps against an obstacle, the friction
between the front wheel and the obstacle stops the rotation of the front wheel;
consequently, the locomotion unit starts to rotate around the front wheel axis,
allowing the robot to climb over the obstacle (automatic climbing mode). Further
details can be found in [11].

The main difference between the UGV Epi.q-Mod and the others UGVs Epi.q is
the installation of two driving motors on the driving unit (Fig. 2). One motor,
defined the primary motor, is connected to the input shaft of the sun gear while the

sun gear

planetary gear

idler gear

Fig. 1 Epi.q locomotion unit

primary motorsecondary motor

Fig. 2 Epi.q-Mod 2 M driving unit
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secondary motor is connected to the planetary carrier. This solution provides a full
control of the planet carrier movement during the legged locomotion. The presence
of two motors causes the loss of the automatic switching from advancing to
climbing mode and require a more complex sensing and control architecture, but is
an interesting solution for applications where a full control of the robot motions,
both for climbing and descending obstacles, is required.

The design of the driving unit also allows the installation of a single primary
motor (Fig. 3), bearing in mind that the bevel gears of the input shaft must be
replaced. Obviously this last solution ensures the movement of the vehicle but with
a reduced control of the vehicle during the legged locomotion.

5 UGV Epi.q-Mod Functional and Embodiment Design

In this section of the paper, the first part presents the functional design of a solution
of UGV Epi.q-Mod. A version, called Epi.q-Mod PSU, with a suspension system is
also shown. In the second part the mechanical design embodiment of the vehicle is
described.

The Epi.q-Mod (Fig. 4) measures 160 9 540 9 330 mm (height 9 le-
ngth 9 width) and is similar to the UGVs Epi.q prototypes, but with respect to the
previous versions, it has a higher level of modularity. It is composed of four
identical frame modules, each one equipped with one locomotion unit. The frame
modules are connected to the central case (for batteries and electronic devices) by
joints that let the robot adapt to ground unevenness and obstacles. The front
modules are actuated while the rear modules can be actuated or not. The robot
center of gravity is low-rise, increasing the stability margin and allowing the robot
to negotiate steeper slopes both frontward, backward and sideways; moreover the
robot is symmetrical with respect to a horizontal plane, so it can continue walking
even after an overturn.

Thanks to its modularity, the robot can be reconfigured on the basis of the
specific task requirements; for example, Epi.q-Mod PSU is a solution with a

bevel gears

Fig. 3 Epi.q-Mod 1 M driving unit
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passive suspension system (Fig. 5). It loses the symmetry with respect to the
horizontal plane and the capability of operating after an overturn, but it gains the
ability of climbing higher steps and obstacles.

Every module carries one locomotion units that is actuated by two direct current
motoreducers. The primary transmission system has a gearmotor (12 V maximum
voltage, 0.18 Nm maximum torque, 200 rpm maximum speed) connected to the
locomotion unit input shaft by bevel gears (16/16 teeth, 0.8 mm module); the
secondary transmission system has a gearmotor (12 V maximum voltage, 0.25 Nm
maximum torque, 12 rpm maximum speed) connected to the planetary carrier by a
bevel gears (15/30 teeth, 1 mm module). The motors are positioned with their axes
along the robot’s longitudinal direction to avoid the use of belts and to reduce the
robot’s transversal width (Fig. 6).

The frame modules are realized using aluminum alloy plates (5 mm of thick-
ness), joined by M3 screws. The locomotion unit frame is composed of two
aluminum alloy shells (one flat, one hollow) connected by screws, and hosts the
seven toothed wheels of the epicyclical mechanism. The epicyclical mechanism of
the locomotion unit consists of a solar gear with 80 spur teeth, three idler gears
with 72 spur teeth, and three planetary gears with 20 spur teeth; all the gears have a
0.5 mm module and are realized in steel.

In terms of performance, the robot is able to:

• move on the horizontal plane with a linear speed of about 10 km/h,
• climb a flight of stairs, for example, at the speed of one step every 4 s.

Fig. 4 Epi.q-Mod

Fig. 5 Epi.q-Mod PSU
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6 Conclusions

The paper presents the new version of the UGVs Epi.q. This prototype is the last
development stage of the UGV Epi.q family of small-scale ground robots for
surveillance and inspection tasks. Their hybrid legged-wheeled locomotion prin-
ciple, compared to other robots with similar obstacle crossing capabilities, appears
advantageous in terms of mobility and energy consumption.

Besides the constructive refinements of the locomotion units, the main novelty
of this version is the strong tendency to modularity, in fact UGV Epi.q-Mod is
composed of four identical frame modules with different possible internal layouts.

The benefits of the modular conception are evident. The most important of
these is the possibility of adapting the robot to the specific task requirements.
Furthermore, only a small set of spare parts is necessary, and this reduces the
overall maintenance costs. Future steps will be to create a prototype of the robot
and carry out experimentation on the vehicle. Following this, most of the future
research efforts will be devoted to the integration of an intelligent navigation
system for autonomous operation.
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Six-Link In-pipe Crawling Robot

S. Jatsun, O. Loktionova and A. Malchikov

Abstract The paper describes the design and principles of locomotion of six-link
mobile robot for monitoring pipelines with varying diameter. The description of
the mathematical model of the robot movements in various modes of working is
presented.

Keywords In-pipe robot � Pipeline monitoring � Mathematical modeling �
Multi-link mechanisms

1 Introduction

Today, pipelines are the main element of the transportation systems for transfer
gaseous, liquid substances and solids in the form of solutions, over long distance.
In the process of maintaining operating condition of pipelines the monitoring of
inner surface of pipe it is needed. Actively developing and promising solution for
those tasks it is use of a snake—and worm-like principles of locomotion of robots
to move in confined spaces of pipelines [1–7].

The important task in design of mobile robots is to consider the effects of
interaction devices with external environment [8–10] the dynamic effects of the
robot body moving by the electric motor.
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This paper presents the mathematical models of the in-pipe crawling robot
movements in different mode and comparison of the results of mathematical
modeling and data from experiments.

2 Structure and Description of In-pipe Crawling Robot’s
Motion Principle

Initially we have to take a look at structure and robot’s motion principle in the
peace of straight pipeline.

The main body of mobile in-pipe crawling robot is made by six articulated
segments—links, and between these links set up joints 7–12, which are settled by
electric motors. These electric motors provide angular displacement for each
segment of this robot. In the joints and at the end of links it contains support
element with inboard contact sensor (Fig. 1).

Interaction of support elements 17, 18 and 19 are provided by rotation of
robot’s link in joint 7–11 by electro motor. Interactions of support elements are
determined by inboard contact sensors and the data transmitted to the robot control
system. Further actuators 12–16 move link to the desired angle for a given initial
position of the robot.

Initial position of the robot is defined as follows. Any pair of robot’s segments
(for example 1 and 2) should remain in contact with the surface of pipe wall, but
other links of robot are angularly situated on zero degree relatively to each other.

Robot should occupy the initial position when the electric motors get power
from the power source.

The algorithm for straight-line motion of robot shown in Fig. 2.
As is clear from Fig. 2, on the basic principle of robot’s motion along the

pipeline there will be periodically exit affixation due to friction force at the contact
points of robot with pipeline surface. In this case, the interaction force between
support elements and surface of pipe is provided by the wedging of link robot. In
this case the interaction force between support elements and surface of pipe is
provided by wedging of link of the robot inside the pipeline.

Fig. 1 Scheme of in-pipe robot’s structure
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We should be attentive to these things, at the first, robot’s motion can be happen
in deformation processes at the contact points. And the second one is similar to the
first fact, that the robot is moving along vertical line or sloping surface, there may
be deformation.

For the purpose of dynamics research for controlled objects, mathematical
modeling motions of this are developed. After analyzing the motion algorithm of
this object, we can divide two basic functional parts. The first condition is fixation
of object in pipeline by wedging of link inside of pipeline and the other condition
is the movement of center mass along the direction of motion. Note that while
robot is trying to get it is own position, only one electric motor will be working.
But, while the robot is in action, the amount of working electric motors is two at
least.

3 Mathematical Modeling of In-pipe Robot in the Fixation
Mode

The scheme for mathematical model for fixation mode is shown in Fig. 3.
The indexes in illustrated scheme of fixation model are as the following: G—

gravitational force, in these case, direction of this force is vertically down and put
the centre of entire force system; mig—gravitational force of i-th link; R12—
reaction of joints A2; R32—reaction of joints A3; which attached at angle b to
normal of second link, a— angle between links and horizontal line; FA3

fr —friction
force, which allowing the robot to keep its position under the action of gravity. To
be able to obtain a solution for this system, we assume that points A2 and A1 do not
have friction force. Based on our experimental studies of the behavior of the
system (as discussed at length in paper [11]) we draw a conclusion that making
that assumption does not result in a significant simulation error (in a sense that the
results of the simulation, made with this model, agree with the results obtained
from the experimental study), while makes the analytical derivation of the
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Fig. 2 Algorithm of in-pipe
robot straight-line motion
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equations of motion significantly easier. Thus point A3 has generalized friction
force that is determined as:

Ffr ¼ kðNA1 þ NA2 þ NA3Þ; ð1Þ

where NA1, NA2, NA3—normal reaction forces, k—coefficient of dry friction force.
Let’s consider that lengths of each link are equal l, and will take a look at statics

balance of segment 1 and 2.

NA2 � NA1 � Rx
21 ¼ 0;

Ry
21 þ m2g ¼ 0;

�M12 þ m1g d
2 þ NA1l

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� d

l

� ffi2
q

¼ 0:

8
><

>:
ð2Þ

NA2 � NA3 þ Rx
12 þ R32 � cosðb� aÞ ¼ 0;

Ffr � m1g� Ry
12 � R32 � sinðb� aÞ ¼ 0;

M12 þM32 þ m2g � l
2 cosðaÞ � Ffrl cosðaÞ�

�NA3l � sinðaÞ þ R32 cosðbÞ � l ¼ 0;

8
>><

>>:
ð3Þ

where m1g m2g—gravitational force of segment A1 A2, and A2 A3; M12, M32—
torques between links of robot 1–2, and 3–2; R12, R32—reaction in the joints,
which have two components Rx and Ry.

Fig. 3 Scheme of fixation model of robot
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Fixation of robot is provided by due to dry friction force at the point A3.

Ffr ¼

k
P3

i¼1
NAi

� �
signð _yÞ; if _y 6¼ 0;

Fsum; if _y ¼ 0 u F0j j � k
P3

i¼1
NAi

� �
;

k
P3

i¼1
NAi

� �
signðFsumÞ if _y ¼ 0 Fsumj j[ k

P3

i¼1
NAi

� �
;

8
>>>>>>><

>>>>>>>:

ð4Þ

where Fsum—total force, except dry friction force, NAi—normal reaction force at
the point Ai.

When the magnitude of friction force, which provides by electric motor torque,
less than the gravity along axis A3Y, robot slips through the pipe. For this case the
equation of motion can be shown as following:

M y
::
¼ FA3

fr � G� l _y; ð5Þ

where M—total mass of robot, G—gravitational force, l—coefficient viscous
resistance.

Torques M23 ¼ CmIr
2

ired
;M34 ¼ CmIr

3
ired

, which are provided by electric motors can be

written by the equation of each electric motor as the following:

Lr
dIr

dt
þ rrIr þ Ce _u � ired ¼ U; ð6Þ

where Lr and rr—inductance and active resistance; Ce and Ce—proportional
coefficients; u—angular angle of segment; ired—transmission ratio of gear; Ir—
current in coil of electric motor; U—voltage for motor, formed by automatic
control system.

4 Mathematical Model of the Mobile Robot in the Move
Mode

When moving the center of gravity of the robot, generally it will use 4 drive device
(actuator 1 is required to maintain the fixed state). Considering the simplest case,
when the movements of links are affected by the drive torque 8 and 9. Design
scheme of mode motion of the links are shown in Fig. 4.

To obtain the equations of motion we have written Lagrange equations
describing the system with two degrees of freedom, and Kirchhoff’s circuit laws
for the motors’ coils, and then we worked out the derivation from there.
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u
::

3
JA3 þ m3l23
� ffi

þ 1
2 m4l3l4 u

::

4
cosðu3 � u4Þ þ 1

2 m4l3l4 _u2
4 sinðu3 � u4Þ

¼ M23 �M3
fr þ F5l4 sinða5 � u3Þ þ m4gl4cos(fþ u3Þ þ m3g l3

2 cos(fþ u3Þ;
u
::

4
JA4 þ

m4l24
4

� �
þ 1

2 m4l3l4 u
::

3
cosðu3 � u4Þ � 1

2 m4l3l4 _u2
3 sinðu3 � u4Þ

¼ M34 �M4
fr þM5 þ F5l4 sinða5 � u4Þ þ m4g l4

2 cos(fþ u4Þ;
Lr

dI3
r

dt þ rrI3
r þ Ce _u �3 �ired ¼ U3;

Lr
dI4

r
dt þ rrI4

r þ Ce _u �4 �ired ¼ U4;

8
>>>>>>>>>><

>>>>>>>>>>:

ð7Þ

where u3, u4—the generalized coordinates, angles of links, _u�3 ¼ u3 � n and
_u�4 ¼ u4 � u3—angles relative displacement of links, JA3, JA4—moments of
inertia, m3, m4 l3, l4—mass and length of robots links; F5 and M5 reduced power
and reduced moment acting on the system units, a5—angle application of external
force F5; M23 and M34—torques produced by motors. Based on the Coulomb’s
model of friction, the torque produced by friction force can be written as the
following:

Mfr ¼
Mfr:statsignð _u3Þ; if _u3 6¼ 0;
P

Mext
3 ; if _u3 ¼ 0 and

P
Mext

3

		 		�Mfr:stat
3 ;

Mfr:statsignð
P

Mext
3 Þ; if _u3 ¼ 0

P
Mext

3

		 		[ Mfr:stat
3 ;

8
><

>:
ð8Þ

Fig. 4 Design scheme of the
robot in move mode
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where
P

Mext
3 —the sum of external moments acting pivotal connection Mfr.stat—

torque of static friction.
To reduce the effects of dynamic contact interaction, and process control

locking device decided to use elastic support elements, equipped with contact
switch.

5 Conclusion

Development of robots using principle motion based on the variable shape of the
body is impossible without the study of the dynamics of movement, the effects of
interaction the robot with pipe surface and the elaboration of algorithms for robot
motion.

Adequacy of the mathematical models of the mobile robot, which presented in
this paper, was confirmed experimentally and it is can be used to calculate
structure parameters and for designing of mobile in-pipe crawling robot.
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Dynamics Model of STB Projectile Loom

Assylbek Jomartov, Skanderbek Joldasbekov and Gakhip Ualiyev

Abstract In this paper we develop a dynamic model of STB projectile loom. STB
projectile loom is a complex machine, containing various types of cyclic mech-
anisms and the mechatronic devices. A dynamic model of STB projectile loom
allows analysis of the dynamics for different speeds of the main shaft of the loom.
For practical modeling of the dynamics of the STB projectile loom is applied
package software SimulationX. SimulationX is a multidisciplinary software for
modeling complex physical and technical facilities and systems. Dynamic model
of the STB projectile loom on software package SimulationX allows taking into
account backlash at the joints and nodes, the force of resistance and electric motor
performance.

Keywords Dynamics � STB loom � Model � SimulationX

1 Introduction

One of the main tasks in the development of textile machinery, is to increase the
rapidity looms, consequently, their productivity. With increasing of speeds looms,
dynamic loads on their separate mechanisms and moving joints sharply increasing.
In these circumstances, identification of the weakest points and elements of the
loom is a priority for the dynamic calculation.

The STB projectile loom consists of a large number of structurally different
mechanisms. This is cam, lever, gear, friction and combined cyclic mechanisms.
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The modern STB projectile loom contains the various mechatronic devices:
device for automatic removal of faulty weft, electromechanical drive warp yarns,
electronic controllers, servos, etc. All this allows STB projectile loom to work
without the participation of the weaver, so there is reason to assume STB projectile
loom is the mechatronic system.

Real mechanical system has an infinite number of degrees of freedom. Ideali-
zation of real mechanical system when it is displayed by the dynamic model
depends on many factors [1�4]. Suggesting that inertial parameters of the system
(or mass moments of inertia) are concentrated at separate points or sections that
are connected inertialess, elastic, dissipative constraints, it is possible to make a
dynamic model with a limited number of degrees of freedom [5�10].

2 Dynamic Model of STB Projectile Loom

Let’s consider the creation of a dynamic model of STB projectile loom based on
structural scheme. The structural scheme of STB projectile loom [11], shown in
Fig. 1, which shows the main units and mechanisms, where denoted: #1—the drive
of mechanism for pushing of projectile weft from right receiving box; #2—the
drive of mechanisms of right receiving box; #3—the drive of mechanism of right
scissors; #4—the drive of mechanism of right formation hem; #5—upper shaft,
#6—the drive of mechanism of left formation hems; #7—the drive of mechanism
of left scissors; #8—the drive of mechanism for pushing of projectile weft; #9—
the drive of mechanism of upper left box; #10—the drive mechanisms of a brake
and a compensator weft; #11—roller locking mechanism; #12—goods shaft;
#13—Scalo; #14—the drive of scalo; 15—lower shaft; #16—warp beam; #17—
differential; #18—the drive of lower shaft; #19—cross shaft of left weft box;
#20–23—the drives of mechanisms respectively: left weft box, opener of springs

Fig. 1 The structural scheme of STB projectile loom
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of projectile weft, lifting of projectile weft, opener springs thread catcher, picking
mechanism; #24—transmission from the main shaft to the cross shaft of left weft
box; #25—transmission from the main shaft to the upper shaft; #26—the main
drive shaft of loom; #27—beam of sley; #28—conveyor of projectiles weft; #29—
electric motor of the main drive shaft of loom; #30—V-belt drive transmission of
the main drive shaft of loom.

We consider the task of constructing a dynamic model of STB projectile loom
to study performance and interaction of separate mechanisms in terms of
improving overall system productivity [11�13]. Dynamic model of STB projectile
loom is considered as a multimass torsional vibrational mechanical system. Inertial
and elastic properties of the elements are included as appropriate reduced values.
Distributed along the shaft moments of inertia are reduced to the relevant sections
of shaft of loom.

We represent the dynamic model of STB projectile loom in the form of chain
(see Fig. 2).

The basis of the model is the main shaft of the loom from which are driven by all
its mechanisms. Rotation of asynchronous AC motor with a moment of inertia
J0 ¼ const of the rotor and pulley is transmitted to the main shaft through a belt
drive P1 with stiffness c1 to pulley and crossbar of the friction clutch with moment
of inertia J1 ¼ const (group mechanisms—I). The main shaft the loom consisting of
separate parts different length and torsional stiffness ck1 ; ck2 ; ck3 ; ck7 . The following

Fig. 2 Dynamic model of STB projectile loom
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is a sley mechanism, moments of inertia ~J2 which are variable, because drives are
cam rocker mechanism (group mechanisms—II). From the bevel gear P2, the
moment of inertia which is designated J3 ¼ const, the rotation is transmitted to the
left cross camshaft of weft box. From it driven mechanisms whole group variable
and constant structure associated with laying weft threads.

Shaft section at the left end with the torsional stiffness ck7 ending helical gear
P3 with inertia J7 ¼ const (group mechanisms—III). Mechanisms and details of
the left weft box associated with the camshaft, form a group IV.

By the mechanism of V-th group are cam-lever mechanisms of compensation
and braking weft a permanent structure with cams and variable moment of inertia
~J8. Torsional stiffness of the upper shaft section from the drive gear to the cams is
denoted ck8 . By VI-th group mechanisms upper left box assigned mechanisms: the
returners of the weft yarn with opener of returners of springs, left scissors, cen-
tering device, left weft controller, the total reduced variable moment of inertia
which is denoted by ~J9 a dynamic model. Torsional stiffness of the upper section of
the shaft from the drive gear is denoted ck9 . The mechanisms of left formation
hems and thread catcher are assigned in this group, reduced the total moment of
inertia which denotes ~J10 in the diagram and the torsional stiffness ck10 of the shaft
section between the selected subgroups mechanisms. By VII—that group mech-
anisms assigned mechanisms of right receiving box, the total reduced moment of
inertia ~J11, and the torsional stiffness of the upper section of the shaft between the
groups VI and VII mechanisms denoted ck11 . This group covers mechanisms of
braking, control planting and returns projectiles, opener of springs projectiles,
projectiles ejection and stacking onto conveyor, right weft control and scissors.
Their total reduced moment of inertia denotes ~J12, and the torsional stiffness of the
shaft section between the selected subgroups mechanisms denoted ck12 . All
mechanisms of the left and right upper boxes (groups VI and mechanisms VII) is
driven by the upper shaft, is a cam-lever mechanism, fixed and variable structure
with flat grooves and the cylindrical cams with cam speed corresponding to the
speed of rotation of the main shaft, and a relatively small reduced mass the moving
units. From the cross camshaft of left weft box, through a spur gear P4, the
reduced moment of inertia which denotes J13, driven chain conveyor of projectiles
with constant mass of moving parts m1 (group mechanisms—VIII). Torsional
stiffness of the upper conveyor drive shaft and safety clutch torque limit is denoted
ck13 , the longitudinal stiffness of chain conveyor is denoted c4; c2.c4; c2. IX group
of mechanisms are driven from the lower shaft machine, namely: (a) Mechanisms
carriage (harness mechanism, shedding mechanism) and the mechanism of color
change of weft with reduced total inertia ~J14 are driven by dual chain drive P5. (b)
Goods shafts with constant reduced moment of inertia J15 ¼ const, torsional
stiffness section of the drive shaft is denoted ck15 ; (c) Mechanisms of control and
tension warp are driven from the rear end of the lower shaft, reduced the total
moment of inertia which denotes J16 ¼ const, and the torsional stiffness of the
shaft section of the drive sprocket to the worm gear—ck16 .
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Mechanisms subgroup (b) and (c) in the group IX (goods shafts, control and
tension of warp) have large mass of links, small speed and perceive large static
load. We can obtain the differential equations describing the dynamics of the loom
based on the dynamic model STB projectile (see Fig. 2) using the Lagrange
equations of the 2nd kind with redundant coordinates [2]

X19

j¼1

aij qj
:: þ bj q; _qð Þ þ ciiqi ¼ Qi; i ¼ 1; 2; . . .; 19: ð1Þ

where qi—generalized coordinates, aij—inertial coefficients, cij—quasi-elastic
coefficients, Qi—generalized forces, bi—dissipative coefficients.

Dynamic equation of asynchronous electric motor loom

x0 1� mdðMd þ Td _MdÞ
� �

¼ _q1 ð2Þ

where x0—the angular velocity of idle speed, md—the steepness of the static
characteristics of electric motor, Td—the electromagnetic time constant of electric
motor, Md—the electric motor torque.

The solution of system of differential Eqs. (1, 2) and analysis of the results is a
very complex task, which is shown in [11].

3 Dynamics Model of STB Projectile Loom on Software
Package SimulationX

For convenience, we use to calculate the dynamics of the STB projectile loom
software package SimulationX at the moment. SimulationX (ITI [14], is a multi-
domain CAE simulation software for virtual prototyping of physical systems. It is
developed and sold commercially by ITI GmbH, based in Dresden, Germany.
Scientists and engineers in industry and education use the tool for the design,
analysis and virtual testing of complex mechatronics systems, as the software
models the interaction of components from a multitude of domains including their
mutual interaction and feedback on one platform.

Figure 3 shows the dynamic model of the STB projectile loom on software
package SimulationX.

3.1 The Simulation Results

Calculation of the dynamic model STB-180PN projectile loom conducted without
external forces at motor speed is 1,440 revolutions per minute. Figure 4 shows a
diagram of Campbell (ITI [14]).
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Figures 5 and 6 shows graphs the angular velocity and acceleration of the
driving pulley of loom.

As can be seen from the diagram of Campbell (see Fig. 4), the resonances arise
for 3rd harmonic of natural frequencies with revolutions of the main shaft of the
loom n ¼ 380 rev=min and the 2nd harmonic of natural frequencies with revo-
lutions of the main shaft of the loom n ¼ 560 rev=min.At present, Russian
enterprises to develop new high-speed STB projectile looms with the number of
revolutions of the main shaft to n ¼ 500 rev=min. Therefore necessary to consider
the 2nd and 3rd harmonic of natural frequencies of STB projectile looms at process
of designing.

Fig. 3 Dynamic model of STB projectile loom on SimulationX

Fig. 4 Diagram of Campbell
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4 Conclusion

Dynamic model of STB projectile looms loom STB on software complex Simu-
lationX allow taking into account backlashes at the joints and links, forces of
resistance and characteristics of the electrical motor. Required results can be
obtained in graphical form and conduct automated analysis of natural frequencies
and mode shapes. Dynamic models on software complex SimulationX can be
applicable for the analyze of complex mechatronic systems.
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Development of an Origami Type Robot
to Realize Transformation and Movement

Kazuma Otani and Mitsuharu Matsumoto

Abstract In this research, we introduce a prototype of origami type robot to
achieve free transformation of its shape. Although some transformation robots,
which can adapt to the environmental change, have been proposed in the pasts, the
structure of the robot is complicated and the robot is relatively big due to using
gears and motors. To solve the problems, we have developed an origami type
robot to miniaturize the robot and to reduce its weight. To achieve the origami
type robot, we have employed a new material named biometal. The expansion and
contraction of biometal can be controlled by giving an electric current to it. We
conducted some experiments and confirmed that the developed robot not only
could transform its shape but also could move unlike previous origami type
robots.

Keywords Origami � Biometal � Miniaturization � Weight saving � Transfor-
mation robot

1 Introduction

Currently, there are many studies on the transformation robots that can adapt to the
environmental change. For example, Nakai et al. have proposed the transformation
robot that uses the phase change of low melting metal [10]. In this research, the
robot is made of a low-melting-point alloy and its leg can be transformed by
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softening the alloy by heating process. Kosett et al. have proposed a hybrid robot.
It has two transforming modes, that is, wheel mode and helicopter mode [6].
Although it has flight capability and can achieve wheeled ground locomotion, the
transformation range of the robot is limited.

Regarding reconfigurable robots, there are other approaches that aim to give
robots several functions by combining plural robots called modules.

For example, Murata et al. have developed the robot called M-TRAN (Modular
Transformer). The M-TRAN system can change its three-dimensional structure
and its motion by connecting the modules in order to adapt itself to the geo-
graphical features [8]. Suzuki et al. also proposed a modular robot named CHOBIE
[14]. They reported computational simulation of CHOBIE and developed some
prototypes of modular robots.

Although module type robots can form various structures, the appropriate
control is necessary to connect each module. In addition, the structure is com-
plicated and the robots become relatively big due to the parts required in the
connection mechanism such as gears, sensors and motors. To solve the problems,
we aim to develop a robot that does not require the module connection with light
weight. For this purpose, we pay attention to origami, and developed a prototype
of the origami type robot whose shape can be transformed from two-dimensional
sheet to three-dimensional structure. As origami type robot is basically a two-
dimensional sheet, it does not require the large space to be placed. As all the parts
of the origami type robot have been connected in advance, the origami type robot
does not require the position adjustment between modules. Some authors proposed
an origami type material using shape memory alloy related to this approach [5,
11]. This material can be transformed from two-dimensional sheet to three-
dimensional structure by using the shape-memory alloy and magnet. However, the
developed material is irreversible, that is, it is not possible to return to former
shape when it is transformed once. As the authors also consider only shape
transformation, the material cannot move itself to any direction.

There are also some related works from two-dimensional sheet from three-
dimensional structure in self-assembly field. For example, Boncheva et al. realized
a three-dimensional closed circuit from a sheet using magnetic force [2]. However,
their research is basically self-assembly and the procedure is also irreversible.

In our previous trial, we employed a new material named biometal [15, 16] to
realize reversible transformation [1]. Biometal is lighter and is smaller than the
motor. The expansion and contraction of biometal can be controlled flexibly by
applying electrical current to biometal. Although we could achieve simple
reversible transformation, it still cannot move to any direction. In this paper, we
show a prototype of an origami type robot that can not only do the simple
transformation but also achieve the movement.
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2 Origami Type Robot

Origami is a traditional Japanese art of paper folding. In origami art, we can form
many complex structures from a paper.

Kawasaki rose and Fujimoto cube shown in Fig. 1 are typical examples of
origami folding. Due to its complex and interesting topological features, geometry
of origami has been studied in mathematical area. In theoretical field, there are
some researches on computational origami and the conditions from a planar sheet
into a given three-dimensional shape are analyzed. Various complicated structures
can be created according to theoretical approaches [3, 9]. The studies on origami
also have some applications to engineering fields. For example, Miura-fold is a
famous folding, which can easily pack and unpack itself by pushing and pulling
the two ends of the paper [7]. Due to its easy packing and unpacking feature, it is
used for solar panel arrays for space satellites. Some authors focus on origami as
paper packaging and have developed some robots to fold origami using robotic
finger [4].

To clarify the feature of origami type robot, we describe the difference between
origami type robot and modular type robot. There are several differences between
modular type robot and origami type robot. Modular type robot requires the
position adjustment of each part. It is also necessary for the modules to commu-
nicate with each other. As the size of the parts is fixed, it requires the space to be
placed. On the other hand, origami type robot does not require the position
adjustment because phase structure is fixed and we only need to consider how to
fold the parts. Origami type robot also can miniature its size because it becomes
two-dimensional thin structures. Unlike modular type robot, it can be miniaturized
by folding.

3 System Implementation

The circuit diagrams of the developed origami type robot are shown in Fig. 2. The
number in Fig. 2 is to explain how to fold the parts of the robot in the experiment.
As shown in Fig. 2, we collected copper wires into the central position to avoid the
collision of the parts. The robot is composed by cardboard, biometal, copper wire,
copper foil, low density polyethylene film, and sticky mat. In our robot, we

Fig. 1 Kawasaki rose and
Fujimoto cube [12, 13]
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employed low density polyethylene film for lightening, flexibly and durability. As
biometal is the important actuator in our robot, we briefly explain its feature.
Biometal is the wire made from shape-memory alloy.

It is a thin soft actuator that shrinks by supplying electricity. Although it is soft
and very flexible like the string of nylon in normal air temperature, it shrinks by
strong power and becomes hardened like the piano wire if we pass an electric
current to it. Biometal can be categorized into two types. One is BMF (BioMetal
Fiber) and the other is BMX (BioMetal Herix). BMF is a thin line type actuator
and the power is stronger than BMX. However, the displacement is 5 % of the
total. On the other hand, BMX is a coil type actuator. Although the power is
weaker than BMF, displacement is about 50 % of the total. As our robot does not
require very strong force and the big displacement is preferable, we have
employed BMX for our robot. The specification of the robot and biometal is shown
in Tables 1 and 2, respectively. We also attached urethane elastomers to the robot
as sticky mat material for gripping the ground. The control system is shown in
Fig. 3. As shown in these figures, the robot is controlled by field-effect transistor
(FET). Figure 4 shows Gainer and FET circuit for origami robot control, and the

(a) (b)

Biometal Copper 

Fig. 2 Circuit diagram of
origami-robot. a Front side,
b back side

Table 2 Specification of
biometal (Toki corporation)

Parameters Value

Length (mm) 20
Weight (g) \0.1
Allowable upper temperature limit (K) 320–330
Standard electric resistance (X/m) 400
Standard drive current (mA) 200–300
Repeatability (times) 100,000

Table 1 Specification of the
robot

Parameters Value

Size (cm) 19.5 9 19.5 9 0.1
Weight (g) 24
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circuit diagram for biometal control. The voltage to FET was controlled by I/O
module named Gainer. Gainer is controlled through serial communications from
the control computer, and the whole movement is managed. The program is
developed by Microsoft Visual C#. DM-330MV of the ALINCO Company is used
for power supply.

4 Experiments

We conducted fundamental experiments to evaluate the robot transformation and
the movement. In our prototype, we designed both shape transformation and robot
movement. For shape transformation, the robot first transforms its shape from two-
dimensional sheet to the state of airplane. The robot next transforms its shape from
the state of airplane to the state of folding up twice through two-dimensional sheet.
For moving system, we referred inchworm motion in consideration of the torque of
the biometal, and weight and performance of the robot.

Fig. 3 System setup

(a) (b)

Fig. 4 Gainer and FET circuit for origami robot control. a Circuit for origami robot control,
b circuit diagram for biometal control
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The process of transformation and movement are summarized as follows:

Step (1) The robot first starts from a planar sheet.
Step (2) The robot is transformed from the sheet to the state of the airplane. (Power
supply: biometal 1 and 7 in Fig. 2.)
Step (3) The robot is transformed from the state of the airplane to the two-
dimensional sheet. (Power stop: biometal 1 and 7. Power supply: biometal 5.)
Step (4) The robot is transformed from the two dimensional sheet to the moving
mode. (Current stop: biometal 5. Power supply: biometal 2 and 3.)
Step (5) The robot moves with inchworm motion.

The movement of the robot is inspired by inchworm motion. Figures 5 and 6
show the appearance of actual transformation and the procedure of the movement.
The movement process is summarized as follows. The number of the explanation
corresponds to the number in Fig. 2. The folding and unfolding are achieved by
biometal.

Fig. 5 Transformation process of the robot

Step 1 Step 4

Step 5

Step 6 (Step 1)

Step 2

Step 3

Moving direction

4 3 2 1

Fig. 6 Movement process of the prototype robot
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Step (1) The robot first starts from the moving mode.
0Step (2) The fourth part is folded to reduce frictional force. (Power supply: biometal 8.)
Step (3) The second and third parts are folded to shrink the robot. (Power supply:
biometal 6. Current stop: biometal 8.)
Step (4) The first part is folded to reduce frictional force. (Power supply: bio-
metal 4.)
Step (5) The second and third parts are unfolded to move forward. (Power stop:
biometal 6.)
Step (6) The first part returns its first position. (Power stop: biometal 4.)

The process from Step (1) to Step (6) is repeated. As shown in Fig. 5, we could
confirm that the robot could transform from a plane to three fold via airplane in a
series of operation. In these prototype, we did not implement the special function
for bending 180 degrees except biometal. The paper was bent by its weight and
inertia when we folded the paper using biometal. To be bent in two opposite
directions, we set biometal on the front and back as shown in Fig. 2. We confirmed
that the robot could perform the reversible operations unlike the past origami type
material. We also confirmed the robot movement with inchworm motion.

5 Conclusion

In this research, we developed a prototype of an origami type robot that could
achieve not only the transformation but also the movement. Although the trans-
formation and movement are still beginning, we could achieve both functions,
which could not be achieved in the past related works. In the future, it aims at the
development of the origami type robot that achieves a further miniaturization and
lightening. We also would like to achieve more complex shape transformation and
a new movement model to do some tasks. For example, the picking up the object
from narrow space will be suitable for origami type robot. Theoretical limitation
due to the phase structure of origami should also be studied.

Acknowledgments This work was supported by Japan Prize Foundation, Foundation for the
Fusion Of Science and Technology and NS promotion foundation for science of perception.

References

1. Ameda, K., Matsumoto, M.: Trial manufacture of an origami type robot enabling free
transformation. In: Proceedings of the SSI2012, pp. 172–174 (2012)

2. Bocheva, M., Andreev, S.A., Mahadevan, L., Winkleman, A., Reichman, D.R., Prentiss,
M.G., Whitesides, S., Whitesides, G.M.: Magnetic self-assembly of three-dimensional
surfaces from planar sheets. Proc. Natl. Acad. Sci. 102–11, 3029–3924 (2005)

3. Cerda, E., Mahadevan, L., Pasini, J.M.: The elements of draping. Proc. Natl. Acad. Sci.
U.S.A. 101, 1806–1810 (2004)

Development of an Origami Type Robot to Realize Transformation and Movement 363



4. Dai, J.S., Caldwell, D.G.: Origami-based robotic paper-and-board packaging for food
industry. Adv. Food Process. Packag. Autom. 21(3), 153–157 (2010)

5. Hawkes, E., An, B., Benbernou, N.M., Tanaka, H., Kim, S., Demaine, E.D., Rus, D., Wood,
R.J.: Programmable matter by folding. Proc. Natl. Acad. Sci. 107–28, 12441–12445 (2010)

6. Kossett, A., Papanikolopoulos, N.: A robust miniature robot design for land/air hybrid
locomotion. In: 2011 International Conference on Robotics and Automation, pp. 4595–4600
(2011)

7. Miura, K.: Science of Miura-ori—a review. In: 4th International Conference on Origami in
Science, Mathematics, and Education (4OSME), A K Peters (2008)

8. Murata, S., Kakomura, K., Kurokawa, H.: Toward a scalable modular robotic system—
navigation, docking, and integration of M-TRAN. IEEE Robot. Autom. Mag. 14(4), 56–63
(2008)

9. Nagpal, R.: Programmable self-assembly: constructing global shape using biologically-
inspired local interactions and origami mathematics. Dissertation (2001)

10. Nakai, H., Hoshino, Y., Inaba, M., Inoue, H.: Softening deformable robot: development of
shape adaptive robot using phase change of low-melting-point alloy. J. Robot. Soc. Jpn.
20(6), 625–630 (2002)

11. Paik, J., An, B., Rus, D., Wood, R.J.: Robotic origamis: self-morphing modular robots. In:
Proceedings of the 2nd International Conference on Morphological Computation (2011)

12. Philip, C.B.: Fujimoto cube with 16-gon iris closure. http://www.flickr.com/photos/oschene/
(2008). Accessed 5 March 2014

13. Ryan, R.: Kawasaki rose crystallization. http://www.flickr.com/photos/infinite-origami/
(2006). Accessed 5 March 2014

14. Suzuki, Y., Inou, N., Kimura, H., Koseki, M.: Reconfigurable group robots adaptively
transforming a mechanical structure (numerical expression of criteria for structural
transformation and automatic motion planning method). In: Proceedings of the 2007 IEEE/
RSJ International Conference on Intelligent Robots and Systems, pp. 2361–2367 (2007)

15. Toki Corporation: BioMetal. http://www.toki.co.jp/biometal/english/contents.php (2010).
Accessed 3 March 2014

16. Toki Corporation: BioMetal video library. http://www.toki.co.jp/biometal/video/index.php
(2011). Accessed 10 March 2014

364 K. Otani and M. Matsumoto

http://www.flickr.com/photos/oschene/
http://www.flickr.com/photos/infinite-origami/
http://www.toki.co.jp/biometal/english/contents.php
http://www.toki.co.jp/biometal/video/index.php


From Lawnmower Dynamics to Modeling,
Simulation and Experiments
of a Differentially Driven Robot

Qirong Tang and Werner Schiehlen

Abstract One kind of very useful service robots is the lawnmower, for example,
the Automower� developed since two decades by the Swedish company Hus-
qvarna. From a robotic point of view, this is a mobile platform driven by two big
wheels along one axis and it has two small omnidirectional supporting casters.
Thus, Automower� has three positional degrees of freedom in the plane, and two
controllable velocity degrees of freedom subject to its nonholonomic constraint.
Combined with a student project, the modeling, simulation and experiments of this
kind of a differentially driven mobile robot is investigated in this study. The
equations of motion are derived and the motion strategy is discussed. They are
further tested on an experimental mobile platform on which the modeling
assumptions for the nonholonomic robot dynamics is investigated, too.

Keywords Lawnmower � Differentially driven mobile robot � Nonholonomic
constraint � Model validation

1 Introduction

Nowadays, service robots appear more and more in our daily surroundings and
promise significant improvements to the quality of human life. Mobile robots may
perform many service tasks [1]. Particularly the wheeled mobile robots play an
important role in the service area and are well accepted by both, industry and
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domestic scenarios [2]. Moreover, wheeled robots are often used for understanding
many of the robotic fundamentals during high school and university education [3, 4].

Nevertheless, for private use the service robots are still rare and currently under
their developing. Very successful service robots are private robotic lawnmowers
which are available on the market for about twenty years. The Swedish company
Husqvarna generated and also made-up the word Automower� which is now their
trademark, too. Another competitive product is the Robomow� from the Israeli
company Friendly Robotics. Two exemplars of these products are shown in Figs. 1
and 2 respectively.

From a robotic point of view, differentially driven lawnmowers are nonholo-
nomic mobile platforms carrying the cutting knives, the power unit with battery, as
well as all the sensors and microelectronics. Nevertheless, they are just handy
devices weighting several kilograms what are easy to be carried. Due to its non-
holonomic constraint, this kind of mobile platform has unique features such as
vanishing lateral motions along the drive axis, and control by two wheel inputs.
Since it is oriented for grass cutting, the cutting strategy or in the robotic view the
motion planning becomes important.

Motivated by above considerations, in this paper the modeling of lawnmowers
is presented in Sect. 2 as a general differentially driven mobile robot and the
simulations are presented in Sect. 3 while some experimental results on a platform
developed and tested at the University of Stuttgart, Germany, is shown in Sect. 4.
Conclusions and outlooks are given in Sect. 5 to close this paper.

Fig. 1 Automower� (photo
from [5])

Fig. 2 Robomow� (photo
from [6] )
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2 Modeling of a Lawnmower

2.1 Kinematics of a Differentially Driven Mobile Robot

The Automower� can be modeled as a typical differentially driven mobile robot,
see Fig. 3 for the basic kinematic relationships. This robot has two wheels
mounted along one axis. Additionally, it has two omnidirectional casters for the
support and balance of the robot body located at the front of the body. However,
for the analysis of the driving and motion mechanisms, only one caster is used at
the front sensor location ‘F’. In the literature different support and balance designs
are found which are more or less consistent, see examples in [7–9].

One can easily derive the global velocity of the robot body as

_xc

_yc

_c

2
4

3
5 ¼

cos c 0
sin c 0

0 1

2
4

3
5 � v

x

� �
; ð1Þ

where xc; yc; c describe the three positional degrees of freedom of the robot’s
planar motion. Moreover, v is the robot body translational velocity with respect to
point ‘C’ and x is its rotational velocity, representing the two velocity degrees of
freedom. Here ‘C’ coincides with both the center of mass and the wheels axial
center.

From (1) we can also obtain the nonholonomic constraint in implicit form as

_xc � sin c� _yc � cos c ¼ 0 ð2Þ

what means vanishing lateral velocity of wheel axis e2;c.
If the rotational velocities of the right and left wheels are denoted by xr and xl

separately, then it yields for the body local velocity

Fig. 3 Kinematics
relationship of the
differentially driven mobile
robot
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¼ r=2 r=2

r=b �r=b

� �
� xr
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� �
; ð3Þ

where r is the wheel radius and b represents the distance between the two wheel
centers. Substituting (3) into (1) yields the kinematic model of the robot which is

_xc

_yc

_c

2

4

3

5 ¼
ðr cos cÞ=2 ðr cos cÞ=2
ðr sin cÞ=2 ðr sin cÞ=2

r=b �r=b

2

4

3

5 � xr

xl

� �
: ð4Þ

2.2 Equations of Motion

In this study the dynamics model of the robot is derived by two methods. The first
one is related to multibody system dynamics and based on Newton-Euler equations
and Jourdain’s principle. The second one is also briefly presented which is based
on Lagrange’s equations in conjunction with the constraint Eq. (2) from the tra-
ditional robotics point of view. The authors will show the different features of the
two methods and seek the inspiration for the readers for different applications.

First, the robot mass is denoted by m, and the inertia tensor is written as

I ¼
I11 I12 I31

I12 I22 I23

I31 I23 I33

2

4

3

5 : ð5Þ

For this system, there are four generalized constraint forces. The normal forces
g1 and g2 from the left and right wheels, respectively, and g3 originates from the
front caster. In addition, g4 is the constraint force along the wheels axis. Therefore,
the reaction forces and moments are

f r ¼
0 0 0 � sin c

0 0 0 cos c

1 1 1 0

2

64

3

75 �

g1

g2

g3

g4

2
6664

3
7775 ;

lr ¼

b
2 cos c � b

2 cos c l sin c 0

b
2 sin c � b

2 sin c �l cos c 0

0 0 0 0

2

664

3

775 �

g1

g2

g3

g4

2
666664

3
777775
:

In addition, the applied forces are the weight and the drive forces of the wheels.
Thus, based on the six Newton-Euler equations and a transformation with the
transposed global Jacobi matrix following Jourdain’s principle
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LT ¼ cos c sin c 0 0 0 0
0 0 0 0 0 1

� �
ð6Þ

in the inertial system, the equations of motion of the robot can be obtained as

m 0
0 I33

� �
� _v

_x

� �
¼ 1

r
1 1

b=2 �b=2

� �
� sr

sl

� �
; ð7Þ

where sr and sl are the torques from the right and left wheels, respectively. For
more details please refer to [8]. Thus, there are remaining with (1) five state
equations as pure first order ordinary differential equations (ODE) without any
constraint forces.

Based on the system’s Lagrange function, the dynamics model can be described
by

m€xc

m€yc

I33 €c

2
4

3
5�

0
0
0

2
4
3
5 ¼ 1

r

cos c cos c
sin c sin c
b=2 �b=2
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3
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sl

� �
þ
�k sin c
k cos c

0

2
4

3
5 ; ð8Þ

where k is the Lagrange multiplier. Based on (8) the dynamics performance of the
robot is governed, too. Due to the second derivatives in (8), now there remain six
differential equations and in addition the unknown Lagrange multiplier k char-
acterizing differential algebraical equations (DAE). For the computational solu-
tions of DAEs, one can refer to the monograph [10].

Equations (7) and (8) derived are based on two different methods. The first one
uses the minimal coordinates of the system and there remains only ordinary dif-
ferential equations and with (1) altogether has five unknowns, see (1) and (7). This
brings a lot of computational convenience. The second is more standard, however
it involves more unknown variables. In this case, it has differential algebraical
equations with altogether seven unknowns which needs reasonable transformations
to obtain the solutions. This is more challenging from the computational point of
view, and more expensive. Nevertheless, this study gives both of the forms for the
different applications according to different tasks of the readers. This study uses
the minimal representation.

2.3 Cutting Strategy

The cutting strategy used in our simulation and experimental tests is straightfor-
ward and applied to validate our model, too. The robot is initially located in the
grass area, and then begins to move meanwhile cutting grass by its equipped
knives set. Once the robot detects any boundary or obstacle, it brakes and goes
backward a little bit. Then, it rotates with certain degrees with respect to its
forward direction for the next step. If it is still in the range with conflict to the
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boundary or obstacle, it continues to rotate until it gets free for its forwarding.
After the process of avoiding collisions, it continues its task. At the moment, the
rotation degree taken by the robot in each step of obstacle avoidance is randomly.
However, due to the users specific algorithms, it can be changed easily to improve
the motion performance. More algorithms are currently under investigation.

3 Simulation

This section shows the cutting strategy within the simulation platform developed.
Figure 4a demonstrates the simulation environment. Figure 4b is the beginning
phase of one run, at which the robot is cutting the grass basically has no area to
overwrite, whereas Fig. 4c is the phase after 30 min. The entire grass ground has
been divided into many small segments and the robot begins to overwrite some
areas which has been cut already, i.e., some areas are repeated for cutting. Nev-
ertheless, at this phase the overwrite happens mainly because of trajectory crosses.
Due to the nonholonomic feature and the non-zero rotation radius of this kind of
robot, it generates a margin to the boundary. That is to say, a small stripe near each
of the four boundaries are not reachable by the robot since the knife kit is usually
not as wide as the robot body.

Figure 4d is the status after 1 h. Obviously, more areas are covered by the
robot. However, the robot gets a higher chance to repeat some already cut places,
even it happens the long trajectories overwrite not only crosses. Figure 4e is at the
phase of closing the task. Due to the random walking strategy, there are still some
small areas haven’t been reached yet. The complete coverage is not guaranteed by
this strategy. Some more advanced strategies with optimization are still under
investigation. The coverage percentage is presented in Fig. 4f, from which we can
see that the covered area is larger and larger.

This simulation platform includes a physical engine, thus many of the
mechanical tasks are performed. By using this results, our model is verified via
grass cutting experiments.

4 Experimental Differentially Driven Mobile Platform

4.1 Design and Construction Kits

The layout of the components of the designed robot is shown in Figs. 5 and 6
demonstrates the assembled robot in Pro/Engineer.
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Fig. 4 A typical run of the simulation with four different phases demonstrated. a Simulation
environment, b At the start phase (after 42 s), c After 30 min, d After 1 h, e Approaching goal
(after 213 min), f Coverage rate over time
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Fig. 5 Layout of construction kits of the designed robot

Fig. 6 Assembled in Pro/Engineer

Fig. 7 A typical run of the grass cutting experiment during the start phase. a Start from the
center of the area, b meet boundary first time, c backwards a little bit, d turn to another direction
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4.2 Experiments

The experiments of the grass cutting motion planning are also done in the labo-
ratory, see Fig. 7 where the first set of critical motions are outlined.

The mechanical behaviors of the nonholonomic differentially driven robot in
the laboratory environment is consistent to the simulations with the derived model.
It moves forward (Fig. 7a), until it meets the boundary (Fig. 7b), where it back-
wards a little bit (Fig. 7c) and turns to another direction (Fig. 7d). This exactly
reflects the behavior of the nonholonomic mobile robot under the aforementioned
desired motion strategy.

5 Conclusions and Outlooks

This work is inspired from one kind of service robots, the lawnmower, specifically
the Automower� and Robomow�. The kinematic and dynamic models of this kind
of differentially driven mobile robots are first derived. Furthermore, the nonhol-
onomic feature of this robot is emphasized and analyzed. The equations of motion
are presented in minimal and Cartesian coordinates what gives more choices for
robotic research. Based on these, a simulation platform which includes a physical
engine is developed. The random cutting strategy of a lawnmower is analyzed with
simulations and the results are compared with the motions of an experimental
platform from a student project. Thus, the nonholonomic robot models are vali-
dated. More optimal motion planning strategies are currently under investigation
with both simulations and experiments. Through this study, the authors highlighted
the research tools for differentially driven mobile robots from both, multibody
system dynamics and traditional robotic approaches, too.
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Kinematic Analysis Validation
and Calibration of a Haptic Interface

Mehmet _Ismet Can Dede, Barıs� Taner, Tunç Bilgincan
and Marco Ceccarelli

Abstract Initial calibration tests of a novel hybrid-structured kinesthetic haptic
device based on an R-CUBE mechanism is presented in this paper. Experimental
validation of the kinematics along with the experimental test set-up description is
provided for the manufactured R-CUBE mechanism.

Keywords Haptics � Parallel mechanism � R-CUBE � Kinematic analysis �
Calibration

1 Introduction

The word Haptic, based on an ancient Greek word, haptesthai, means related with
touch [1]. As an area of robotics, haptics technology provides the sense of touch
for robotic applications that involve interaction with human operator and the
environment [1]. The sense of touch accompanied with the visual feedback is
enough to gather most of the information about a certain environment. It increases
the precision of teleoperation and sensation levels of the virtual reality (VR)
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applications by exerting physical properties of the environment such as forces,
motions, textures. Currently, haptic devices find use in many VR and teleoperation
applications such as computer aided design [2], entertainment [3, 4], education [5],
training [6], rehabilitation [7], nano-manipulation [8], virtual prototyping [9] and
virtual sculpting [10].

Various types of haptic devices are developed, and they are employed in dif-
ferent types of tasks. Especially for accurate teleoperation [11] and precision
required VR applications [12], high precision haptic systems are required with
respect to the current commercially available haptic devices. In order to meet this
precision criterion, a 6-DoF desktop haptic device, HIPHAD v1.0, was studied and
constructed previously [13].

This paper focuses on the validation of mechanism analysis of the R-CUBE and
the initial calibration tests. Next section of the paper is reserved for explanation of
the HIPHAD v1.0 properties and kinematics. Later, the experimental test set-up
for initial calibration is described. Finally, the test results are provided including
the necessary calculation procedure for adaptation of the device in hardware-in-
the-loop simulation environment.

2 Properties of HIPHAD v1.0

The device is designated to provide feedback signals to determine the pose of the
tool handled by the user in space, therefore it is configured as a 6-DoF mechanism.
Only point-type of contact is considered therefore, the motion and the force
simulating activity of the tool can be grouped as 3-DoF active translational and 3-
DoF passive rotation. The properties of the device designed are listed in Table 1.

In open-loop impedance type haptic devices, due to the random motion of the
operator, no control can be employed to avoid singular positions. Therefore,
motion through singular positions must be restricted. During the design procedure
two singularity conditions are encountered and avoided by necessary precautions
in design. Information on mechanical design can be found in [13].

Table 1 Properties of
HIPHAD v1.0 design

Properties of the design

Sensation type Kinesthetic
Mechanical structure Hybrid
Control structure Open-loop impedance
Application type Desktop device
DoF of motion 6
Type of contact simulation Point-type of contact

(forces in 3D)
Continuous exertable force [0.8 N in all directions
Nominal positional resolution \0.1 mm
Workspace 120 W 9 120 H 9 120 D
Footprint \200 mm2
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3 Kinematics Analysis of HIPHAD v1.0

Kinematics of the device can be easily obtained from the sketch representation of
the device in Figs. 1 and 2.

The translational motion demand send to the slave system is based on the
calculation of the Wr point by utilizing the real-time measurements from the
positions sensors. Thus, direct kinematics is used to calculate the motion demand.
In Eq. 1, the calculation of the position vector of the tip point, Wr, with respect to
the global origin point, O, is described.

~Wr ¼
P3

i¼1
Wri~ui

Wri ¼ Si þ li � sin hi1ð Þ
i ¼ 1; 2; 3 ð1Þ

The zero position of the angle, hi1, is represented with solid red line in Fig. 2a.
~Wc presented in Eq. 2 indicates the workspace limitation of the mechanism.
Therefore, in Fig. 2, Wci1 is theoretically half of the workspace limit along ~ui.

~Wc ¼
X3

i¼1

Wci~ui; i ¼ 1; 2; 3 ð2Þ

Fig. 1 Mechanism parameters: a CAD model, b sketch view

li1

iWc+(a) (b)Fig. 2 a Link and joint
parameters, b Joint limit
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4 Experimental Test Set-up

The purpose of this experiment is to first find the absolute measurement of the
mechanism’s workspace. Later, this information will be transferred into joint space
in order to find the joint motion limits. Finally, the joint limits will be matched
with joint sensor reading (measured in V) to complete the calibration process.

Workspace is divided into two planes,~u1 �~u2 and~u1 �~u3. On those planes, we
are able to measure three displacement values by two cameras, which are parallel
to the normal of the selected planes as shown in the Fig. 1 with red arrows (Fig. 3).

Cameras are calibrated by finding the distance between two defined circles,
whose distance in between their centers are known prior and attached on the end
effector’s vicinity. The translation of the end effector is measured by 2D-Cross
Correlation in Matlab Simulink [14].

Total translation of the device along each direction, Wci, is divided into two.
The two parts are denoted as Wcþi and Wc�i representing the positive and negative
translations that will be used for calculating hþi1 and h�i1 angles.

Test procedure is initiated by finding the mid-position of the joint range, where
hi1 = 0�, with a set-square. Then, the positive and negative limits, which are Wcþi
and Wc�i , of the mechanism are measured via cameras. Measured workspace limits
are also used for calculating the joint limits hþi1 and h�i1 as described in the Eq. 3.

Fig. 3 Experimental test set-up
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hþi1 ¼ arcsinðWcþi =l1iÞ
h�i1 ¼ arcsinðWc�i

�
l1iÞ

; i ¼ 1; 2; 3 ð3Þ

5 Test Results

Mechanism is located at its limits to measure workspace limits. Measured work-
space limits and calculated joint limits are tabulated in the Table 2. Workspace
limits are given as the mean value for six successive measurements with the same
test procedure. Total angle swept by each joint within the workspace is calculated
to have mean values of 140.58�, 136.50� and 137.79� for h11, h21 and h31

respectively. Standard deviation for value for each joint limit is calculated to be
s11 ¼1.60, s21 ¼1.26 and s31 ¼1.47. According to the statistics of data acquired
from six sets of measured displacement values, error bounds are calculated for the
95.45 % of measurement as; first joint limit bounded within ±3.20� error, second
joint limit bounded within ±2.94� error and third joint limit bounded within
±2.51� error.

Voltage values measured from the potentiometers in each axis are given in the
Table 3 with respect to the axis numbers. These values are measured at the joint
limits, indicated with min and max, and also for the mid-position of the workspace,
indicated by mid. In addition, the measurement ranges in between the joint limits
are provided to be used in constant gain, Ki, calculation for converting the raw data
into measured joint positions by using Eq. 4.

Ki ¼ ðhþi1 þ h�i1Þ
�

Vri; i ¼ 1; 2; 3 ð4Þ

Finally joint angles at an instant during operation are calculated by the Eq. 5 by
using measured voltage from the sensors of the joints, Vmi for i ¼ 1; 2; 3.

ðVmi � VmidiÞ � Ki ¼ hi1; i ¼ 1; 2; 3 ð5Þ

Table 2 Measured values from cameras and calculated joint limits

Workspace limits Means of measured values (mm) Joint limits Calculated values (�)

Wcþ1
�

Wc�1 60.65/61.67 hþ11

�
h�11 71.64/68.94

Wcþ2
�

Wc�2 60.15/60.55 hþ21

�
h�21 68.72/67.79

Wcþ3
�

Wc�3 61.22/59.99 hþ31

�
h�31 67.38/70.41
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6 Conclusions

The aim of this work was to calibrate and experimentally validate the kinematics
of a novel haptic device, HIPHAD v1.0. External measurement of the absolute
position of the mechanism is carried out by using a vision-aided algorithm. Cal-
ibration of the mechanism is done in accordance with the test results. Test results
also indicate the precision errors in manufacturing and assembling the device
which are accounted for by performing the calibration. As a result of the tests,
repeatability of the device is calculated to be around 2�/100�. This performance
can be improved for applications calling for increased precision by changing the
joint sensors with encoder with higher resolutions. Future work includes the cal-
ibration of forces exerted by the mechanism to the human operator.
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Problems of Increasing Efficiency
and Experience of Walking Machines
Elaborating

E. S. Briskin, V. A. Shurygin, V. V. Chernyshev, A. V. Maloletov,
N. G. Sharonov, Y. V. Kalinin, A. V. Leonard, V. A. Serov,
K. B. Mironenko and S. A. Ustinov

Abstract The issues around problem of increasing efficiency of walking machine
motion have been discussed in this paper. Among them: ground or bearing cross-
country ability, profile cross-country ability, maneuverability, the energy
consumption.

Keywords Walking machine � Interaction with the ground � Practicability �
Energy efficiency � Maneuverability

1 Introduction

It is well known and obvious that overwhelming majority of the ground transport
and technological machines have wheeled or crawler mover. The usage and
continuous perfection of such movers are based on the simplicity of the con-
struction and the effectiveness in the work. However the exploiting situations take
place when the usage of such movers is not effectively and sometimes even
impossible.

The researches on the development of new types of movers for the transport and
technological machines that meet the requirements of high profile and a bearing
practicability, ecological compatibility with a ground, maneuverability, energy
efficiency continuously carries out at present time. To such movers, in particular,
belong walking mover [1].

However, it is known a limited number of walking machines, which are used or
can be used in transportation and technological operations [2].
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The reason of such situation is the relative complexity of the walking movers
and control systems compared to traditional, and in this regard to their lower
reliability. Therefore, main efforts of the developers of walking machines should
be directed to the development of effective walking movers and control systems.

2 Statement of the Problem

The methods of increase efficiency of walking machine on the basis of mathe-
matical modeling and experimental investigation real walking machine ‘‘Vosmi-
nog’’, ‘‘Vosminog-M’’, ‘‘Ortonog’’, sprinkling machine ‘‘Kuban’’ (Fig. 1) in real
conditions [3] need to be developed.

Among them:

1. Problem improvement of ground practicability.
2. Problem of increase of profile cross-country ability for walking machines with

cycle movers and machine with double orthogonal-rotating movers.
3. Problem of increase of the energy efficiency.

(a) (b)

(c) (d)

Fig. 1 Walking machines have developed in Volgograd State Technical University a Sprinkling
machine ‘‘Kuban’’with walking supports b Walking machine ‘‘Vosminog’’ c Walking machine
‘‘Vosminog -M’’ d Walking machine ‘‘Ortonog’’
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3 Problem Solutions

3.1 Ground Practicability

For a walking machine average strength of the resistance movement is given by
the expression

F ¼
XNM

j

P2
jmaxh=2cnL ¼

XN

j

P2
jmax

.
2kSL ð1Þ

where Pjmax is the largest normal interaction force of walking mechanism of
support with the ground, h—rate regime; cn ¼ kS is the normal rigidity of the
system of soil-pacing mechanism; S is bearing area, k is coefficient of volume
crumbling soil, L is the length of the pitch; M is number of mechanisms pacing; N
is number of movers.

Thus, it can be concluded that resistant to the motion of walking machine the
less than more the step length and the contact area with bearing surface.

The increase of bearing practicability for walking machines is possible even at
the expense of two effects, which are impossible for wheeled and tracked vehicles.

First. In the study of the dependence of the coupling bearing mover and soil
from the character of distribution of external forces, it is found that you can
increase the trailer coupling properties of support, and even restore traction in its
complete loss due to additional applications pair forces to a specific moment. The
scheme of interaction of the foot with the ground is presented in Fig. 2. The
effective coefficient of adhesion f ef instead of f increases with growth of angle u

f ef � f þ tgu ð2Þ

This result was obtained with the help of preparing the equilibrium equations.

(a) (b)

c

N

F

G

M

Æ
Q

Fig. 2 The interaction of the foot with the ground. a Design scheme: G is load on foot; Q is
resistance force; N is the normal reaction of the soil; F is the force grip; c is the stiffness of soil
per unit length; M is moment of force; u is rotation angle of the foot. b Cyclic dependence of the
relative change in total normal reaction of soil N from its static value Nst for the cycle s for elastic
ground
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Second. When the shifting weight from one to other mover the oscillation
occurs, influencing the value of a normal reaction. The characteristic of normal
reaction dependence from time are presented in Fig. 2b.

The growth of the support reactions in some moments of the cycle is the reason
of increased trailer coupling properties, and their decrease in other moments of the
cycle contributes to the relative sliding of interacting bodies.

3.2 Profile Cross-Country Ability

A high lifting of walking mechanism pads can be based by the additional mech-
anisms of lifting of the walking machine ‘‘Vosminog-M’’ [4]. When it is necessary
to overcome the rigid obstacle the motion of walking machine may be subdivided
into some phases: first—stopping in front of the obstacle (Fig. 3a), second—lifting
of walking machine with the help of mechanisms of lifting (Fig. 3b); third—
putting on the driver of course motion, in this case the pads accomplish the motion
and take position over the obstacle (Fig. 3c); fourth—sinking of the walking
machine with the help of mechanisms of lifting (Fig. 3d).

Walking machine ‘‘Ortonog’’ (Fig. 1) is based on application of double
orthogonal-rotating movers (Fig. 4)

The transition across the ledge by two pairs of legs is showed on Fig. 5.

(a) (b) 

(c) (d) 

Fig. 3 The algorithms of
overcoming obstacle

2 
3 

1

4 

2 
3

Fig. 4 The kinematical
scheme of the double
orthogonal rotating mover. 1
the body of walking machine,
2 the drive adaptation, 3 the
drive of course motion, 4 the
drive of rotation
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3.3 Maneuverability

In order to secure the kinematical exact turn for walking machine ‘‘Vosminog’’ the
mechanisms of lifting have to be mounted on the turning circle. Such turning circle
can accomplish the motion about fixed axis relatively the frame of the walking
machine. The turn may be subdivided into three phases: first—lifting of the
walking machine with the help of lifting mechanisms, second—turn of the walking
machine frame relatively the turning circle, third—sinking of walking machine
with the help of lifting mechanism.

The kinematic scheme of the machine ‘‘Ortonog’’ (Fig. 1) for definition of laws
of motion is presented in Fig. 6.

Fig. 5 Walking machine ‘‘Ortonog’’ across the ledge. a Start overcoming the ledge b completion
of overcoming the ledge

X

Y

XC

YC

jM

γ

!

ϕ

jψ

jρ

jε

jr

CV ω

Ω
jhjR

jO

jA

y

x

Fig. 6 The kinematic diagram of plane motion of housing and one of those in support of walking
mechanisms
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The motion of the walking machine body in the plane Oxy (Fig. 6) is given by
the speed ~VC of the pole and the angular velocity of the rotational motion around
the pole X. The position of the fastening points Mj on the body of the walking

machine is set by radius-vector ~Rj relatively conventional centre C forming the
angle ej of the longitudinal axis of the machine and the radius-vector~r j of points
M relatively to the bearing point of the mover Oj. OjAj—the drive shaft of the
longitudinal movement of walking mechanism which is in a supporting phase,
AjMj ¼ h ¼ const—lever actuator mounting, wj—is the angle of mover rotation
relatively to the frame.

The programs laws of executive mechanisms motion are determined from these
equations.

VCs � XRj sin ej ¼ _qj cos wj þ Xþ _wj

� �
�qj sin wj � hj cos wj

ffi �

VCn þ XRj cos ej ¼ _qj sin wj þ Xþ _wj

� �
qj cos wj � hj sin wj

ffi �

8
><

>:
ð3Þ

where VCn, VCs—is the projection of the velocity of the pole C on the normal and
the longitudinal axis of the machine, qj—relative displacement of j support.

3.4 Energy Efficiency

In the model estimation of power expenditures, the machine is a system of three
solid bodies (Fig. 7): the body and two feet joined with each other by inertialess
invertible mechanisms, and is set in motion by a single motor.

The motion equations of the considered mechanical system having a single
common drive for walking mechanisms staying in the support phase and in the
carrying phase contain differential equations of the motion of the machine body
and feet regarded as rigid bodies, which move rectilinearly along the horizontal
axis, the constraints equations that establish a dependence between movements of
the leading link and the machine body with walking mechanism, and the motor
equations under a constant velocity of its output link.

M€x1 ¼ k1 � Qðx1; _x1Þ; m€x2 ¼ k2;1�P1ðuÞ ¼ 0; x2 �P2ðuÞ ¼ 0;

L� k1
oP1

ou
� k2

oP2

ou
¼ 0

ð4Þ

where M and m are the mass of the machine body and the equivalent mass of links
of the walking mechanism that are at the carrying state reduced to the support
point; x1 and x2 are absolute horizontal coordinates of the machine body and the
support point of the carried walking mechanism; k1 and k2 are indefinite Lagrange
multipliers, Q is depending in the general case on its coordinates and body
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velocity; u is the generalized coordinate of the drive motor (e.g., the angle of
rotation), and _u ¼ x ¼ const; P1ðuÞ, and P2ðuÞ are transfer functions deter-
mining the holonomic stationary constraints between the motor and the considered
bodies; and L is the generalized force generated by the motor (in the considered
case, it is the torque). As a result of solving the variational isoperimetric problem
we have [5, 6].

_T þ Q _x1 ¼ �Q �V1 ð5Þ

where T is kinematic energy, �Q is average force, �V is average velocity.

4 Conclusion

The performed analysis of the walking machine allows to make the following
conclusion.

1. In order to increase the ground practicability it is necessary to increase the
length of pitch, square feet, to be able to control the orientation of the foot and
to be able quickly away from the ground at a moment of change feet.

2. It is possible to use additional lifting movers installed on the turn circle in order
to increase the profile cross-country ability and insure kinematical exact turn
for walking machines with circle movers (for example ‘‘Vosminog’’). In order
to increase the profile cross-country ability and ensure maneuverability for
walking machines as ‘‘Ortonog’’ we must know how to choose the gait and
control algorithm accordance with (3).

3. Energy efficiency of walking movers can be providing by the refusal of
absolute comfort of motion in accordance with (5).

Acknowledgments This work is executed at financial support of the Russian Fund of Basic
Researches (13-08-01144, 13-01-97057, 14-08-01002, 14-08-31214, 14-01-31376).
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Fig. 7 Model diagram of the rectilinear motion of a walking machine: 1 is for the body, 2 is for
the equivalent walking mechanism at the carrying stage, 3 is for the equivalent walking
mechanism at the support stage, 4 is for the course motion drive, and 5 is for the ground
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Stiffness Analysis of WL-16RV Biped
Walking Vehicle

Giuseppe Carbone, Kenji Hashimoto and Atsuo Takanishi

Abstract This paper proposes a stiffness analysis of biped walking vehicle that is
based on a parallel kinematics architecture. Namely, WL-16RV (Waseda Leg
No.16 Refined V) is a biped walking vehicle that can carry on board a human
while overcoming typical human environment barriers. Experimental tests have
been carried out on a built prototype of WL-16RV by using a specific set up for
validation purposes.

Keywords Stiffness analysis � Biped robots � Parallel mechanisms

1 Introduction

In the last decades several industrialized countries have experienced an increase of
number of elderly and disabled wheelchair users. Accordingly, the avoidance of
environmental barriers for elderly and disabled wheelchair users is getting more
and more interest. In this frame, investigations at Waseda University have been
carried out aiming to design a bipedal robot that may let a human overcoming the
typical human environment barriers (stairs, obstacles), [1] and on 2003 WL-16
(Waseda Leg -No.16), has achieved the world first dynamic biped walking by
carrying an adult human [2]. Several improved version have been proposed up to
the current version named as WL-16 RV (Waseda Leg No.16 Refined V), Fig. 1.
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Also other research teams are investigating the use of walking robots for
helping or assisting humans as reported for example in [3–5]. An electric
wheelchair named ‘‘iBOT’’ capable of ascending and descending stairs and slopes
is even available on the market, [6]. Nevertheless, these solutions have several
drawbacks as compared with WL-16RV such as the need of a rigid stair rail to
ascend and descend stairs or other special environment conditions also due to very
high own weight and relatively low payload capacity.

Key aspects for achieving a successful human carrying walking vehicle are high
payload to weight ratio as well as low compliant displacements. Thus, a careful
stiffness analysis becomes a key issue for achieving a suitable design solution.
Several analyses of stiffness performance have been carried out for different
robotic architectures as reported for example in [7–9]. However, few stiffness
models have been experimentally validated mainly due to the lack of a simple
standard procedure for carrying out the necessary experimental tests.

The main goals of this paper are to define a suitable stiffness model for WL-
16RV. Then, numerical simulations have been carried out in order to estimate its
stiffness performance also in terms of compliant displacements. Additionally, a
proper experimental set up as been defined as based on a simplified version of
Milli-CaTraSys (Milli-Cassino Tracking System). The proposed set-up consists of
two sets of three wire encoders and two six-axis force-torque sensors. This system
can measure both applied wrench and resulting compliant displacements on a foot.
Experimental tests have been carried out on a prototype of the biped walking
vehicle WL-16RV under various operation conditions.

Fig. 1 WL-16RV: a a photo with a human on board; b a kinematic scheme
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2 The Biped Locomotor WL-16RV

WL-16RV consists of two legs and a waist and is capable of walking indepen-
dently. Each leg is composed of a 6-DOF Gough-Stewart parallel architecture, as
also shown in the kinematic model of Fig. 1b. Main components of the mechanical
design of WL-16RV prototype are a pelvis, 12 linear actuators, 12 conventional
universal joints (upper joints), 6 customized spherical joints (lower joints). WL-
16RV is actuated by 12 DC servomotors that are controlled by using 12 on-board
servo drivers and an on-board master computer. An encoder and an optical photo
micro sensor are embedded in the assembly of each linear actuator for control and
calibration purposes. The mobility range of each linear actuator is about 350 mm
from the maximum stretched configuration to the minimum stretched configura-
tion. Other components such as batteries and control system are installed on-board.
Table 1 reports the main kinematic parameters of WL-16RV by referring to the
model in Fig. 1b. In particular, xAi, yAi, zAi, (i = 1*6) are the Cartesian coor-
dinates of the joints Ai on the waist and xBi, yBi, zBi, (i = 1*6) define the location
of the joints Bi on the left foot.

3 A Stiffness Model of WL-16RV

Considering Cartesian reference frames, 6 9 1 vectors can be defined for the
compliant displacements DS and for the external wrench W in the form

DS ¼ ðDx; Dy; Dz; Da; Dg; DdÞt;
W ¼ Fx; Fy; Fz; Tx; Ty; Tzð Þt

ð1Þ

where Dx, Dy, and Dz are the variations of Cartesian coordinates for the origin of a
moving frame on manipulator extremity and Da, dc, Dd are the variations of
angular coordinates for a moving frame; FX, FY and FZ are the force components
acting upon a point on the moving frame along X, Y and Z directions, respectively;
TX, TY and TZ are the torque components acting upon the same point on the

Table 1 Kinematic parameters for the left leg of WL-16RV

i-th link xAi (mm) yAi (mm) zAi (mm) xBi (mm) yBi (mm) zBi (mm)

1 55.0 -274.7 0.0 80.0 -31.0 59.0
2 -55.0 -274.7 0.0 80.0 -31.0 59.0
3 -224.7 -105.0 0.0 -80.0 -31.0 59.0
4 -120.0 -45.0 0.0 -80.0 -31.0 59.0
5 120.0 -45.0 0.0 0.0 62.0 59.0
6 224.7 -105.0 0.0 0.0 62.0 59.0
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movable plate about X, Y, and Z directions, respectively. Under the assumption of
small compliant displacements, one can write

W ¼ K DS ð2Þ

where K is the so-called 6 9 6 Cartesian or spatial stiffness matrix.
Several different formulations can be used for the computation of the Cartesian

stiffness matrix as discussed for example in [6–9]. A simplified approach widely
used in robotics is based on the use of lumped stiffness parameters and Jacobian
matrices so that the Cartesian stiffness matrix K can be computed as

K ¼ JtKLJ ð3Þ

where J is a 6 9 6 Jacobian matrix; t stands for the transpose operator, KL is a
diagonal matrix of the lumped stiffness parameters ki (i = 1,…,6) in the form

KL ¼

k1 0 0 0 0 0
0 k2 0 0 0 0
0 0 k3 0 0 0
0 0 0 k4 0 0
0 0 0 0 k5 0
0 0 0 0 0 k6

2
6666664

3
7777775

ð4Þ

A simplified stiffness model with lumped parameters can be defined for WL-
16RV as shown in Fig. 2 where six springs are used to represent the lumped
stiffness properties of the six limbs in one leg. It is to note that the above men-
tioned simplified model can give convenient advantages in terms of reduced model
complexity and in terms of computational costs while still giving a sufficient
accuracy.

Fig. 2 A simplified stiffness
model of WL-16RV with
lumped parameters
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During the walking of WL-16RV, one can identify three main phases. Namely,
single support phase on left leg, double supporting phase, and single supporting
phase on right leg. The single supporting phase occurs most frequently. Moreover,
in the double support phase WL-16RV is significantly stiffer since both legs are in
contact with the ground. Thus, only the single support phase will be addressed in
details in the followings.

The position and orientation of the movable frame that is attached to the
standing leg can be defined through the rotation matrix

R ¼
ðc/ chÞ ðc/ sh sw� s/cwÞ ðc/ sh cwþ s/swÞ
ðs/ chÞ ðs/ sh swþ c/cwÞ ðs/ sh cwþ c/swÞ
�s/ ch sw ch cw

2

4

3

5 ð5Þ

where ch, sh, cu, su, cw, sw, are shorthands of cosh, sinh, cosu, sinu, cosw, sinw,
respectively. It is to note that the rotation matrix in Eq. (5) has been defined by
referring according to the notation Yaw–Pitch–Roll angle rotations, where a
rotation w about the x axis (Yaw) is followed by a rotation h about y axis (Pitch),
and ending with a rotation / about z axis (Roll).

The length of each limb can be defined as the distance between its initial and
final coordinate. Thus, one can write

Li ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xBi � xAið Þ2þ yBi � yAið Þ2þ zBi � zAið Þ2

q
ð6Þ

where xBi, yBi, zBi (i = 1,…,6) can be computed in the fixed reference frame by
using the rotation matrix in Eq. (5). Then, the Jacobian matrix of the left leg of
WL-16RV can be computed as

J ¼ Jix; Jiy; Jiz; Jiu; Jiw; Jih
� ffit ð7Þ

where i = 1,…,6; t is the transpose operator, and

Jix ¼
oLi

ox
; Jiy ¼

oLi

oy
; Jiz ¼

oLi

oz
; Jiu ¼

oLi

ou
; Jiw ¼

oLi

ow
; Jih ¼

oLi

oh
ð8Þ

4 Numerical simulations

Numerical evaluation of stiffness performance of WL-16RV has been achieved by
implementing Eqs. (3)–(8) into a Matlab code to calculate the Cartesian stiffness
matrix for a specific pose of WL-16RV. Additionally, Eq. (2) has been used for
computing the compliant displacements DS at a given pose under the action of a
specific wrench W. Required input data are the numerical values of kinematic
parameters, the numerical values of the joint variables, the numerical values of
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applied wrench at a given pose, the value of the lumped stiffness parameter of the
limbs ki (i = 1,…,6).

The considered values of kinematic parameters have been those reported in
Table 1 as referring to the real sizes of WL-16RV. The considered numerical
values of the joint variables have been taken from the pattern generator of WL-
16RV as referring to a real walking gait. Similarly, the numerical values of applied
wrench at each given pose have been taken from measures during a real walking
gait. Experimental tests have been carried out for estimating the lumped stiffness
parameter of a limb ki by means of a specific test-bed. The computed lumped
stiffness parameter of a limb is equal to an average of 600 N/mm. Moreover,
experimental tests show a clearance of the limb of about 0.3 mm at unloaded
conditions.

Several simulations have been carried out in Matlab environment in different
operation conditions. For example, Fig. 3 shows the plots of compliant displace-
ments that have been obtained during a simulation of a four steps walking of WL-
16 RV with the above-mentioned input value. Simulation results show maximum
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Fig. 3 Simulation of compliant displacements for a forward walking: a Dx; b Dy; c Dz; d Du;
e Dw; f Dh
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Fig. 4 Designed location of sensors on WL-16RV: a a 3D model; b a zoomed view of the foot
with the attachment of wire sensors

Fig. 5 Position and orientation of left foot of WL-16RV during a stamping experiment (black
dash line is pattern data, blue solid line is no load case; red dot line is 9 kg load on waist case):
a X-component; b Y-component; c Z-component; d pitch angle; e roll angle; f yaw angle
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absolute values of linear compliant displacements as 6.62 mm along X direction,
10.14 mm along Y direction, 3.91 mm along Z direction. These values do not take
into account the effect of clearance.

5 Experimental Setup and Tests

Figure 4 shows the proposed experimental set-up for stiffness tests. Its design and
operation has been derived from Milli-CaTraSys design, [8]. It is composed of six
Micritech MLS-12 linear encoder wire sensors for measuring the compliant dis-
placements DS of the foot via a trilateration technique, [8], and a Nitta
IFS67M25T50 force/torque sensor that provides the values of the wrench W acting
on the foot. Experimental tests have been carried out both in static and dynamic
conditions for various configurations or walking operations of WL-16RV. The
experimental data have been postprocessed in order to get the plots of compliant
displacements such as shown in Fig. 5. These plots well match the shape of the
numerically computed compliant displacements. Maximum measured compliant
linear compliant displacements have been 9.63 mm along X direction, 21.17 mm
along Y direction, 6.88 mm along Z direction. These values have the same
magnitude order of the numerically computed maximum compliant displacements
while absolute values are slightly higher also due to the effect of clearance.

6 Conclusions

This paper proposes a stiffness model for the biped walking vehicle WL-16RV.
The proposed stiffness model has been implemented in Matlab environment for
estimating the compliant displacements for various operation conditions. A spe-
cific experimental set-up has been proposed for measuring both linear and angular
compliant displacements during the robot operation. Results of experimental tests
provide a proof of the effectiveness of the proposed experimental set-up and a
validation of the proposed stiffness model.
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Compliance Based Characterization
of Spherical Flexure Hinges for Spatial
Compliant Mechanisms

Farid Parvari Rad, Giovanni Berselli, Rocco Vertechy
and Vincenzo Parenti Castelli

Abstract In this paper, the closed-form compliance equations for spherical
flexures are derived. Each element of the spatial compliance matrix is analytically
computed as a function of both hinge dimensions and employed material. The
theoretical model is then validated by relating analytical data with the results
obtained through Finite Element Analysis. Finally, for a generic loading condition,
spherical flexures are compared to circularly curved-beam hinges in terms of
secondary compliance factors and maximum stress.

Keywords Spherical flexures � Compliance matrix � Finite element analysis �
Parasitic motions

1 Introduction

Flexure hinges can profitably substitute traditional kinematic pairs in those artic-
ulated mechanisms which require absence of backlash and friction but restricted
range of motion. Common applications span high precision manufacturing,
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minimally invasive surgery and micro-electromechanical systems (MEMS). Sev-
eral studies have been dedicated to the design, the characterization and the com-
parative evaluation of straight-beam flexures and compliant mechanisms formed
therewith (see e.g. [1–3]). Lobuntiu and Cullin [4] have recently introduced the
two-segment circular-axis symmetric notch flexure and compared its in-plane
compliance with that of the straight-axis counterpart. Parvari Rad et al. [5] have
evaluated the spatial compliance of Circularly Curved-Beam Flexures (CCBFs)
that feature an arc of a circle as centroidal axis (see Fig. 1) and a rectangular cross-
section. In addition, Berselli et al. [6] have qualitatively compared CCBFs with
straight-beam flexures in terms of maximum achievable rotation and selective
compliance.

Most of the aforementioned flexures have been conceived and applied to planar
compliant mechanisms. Despite the practical relevance, investigations on com-
pliant hinges for spatial mechanisms are instead quite limited. One of the most
important classes of spatial mechanisms is the spherical linkage. In spherical
mechanisms, all points of the end-link are constrained to move on concentric
spherical surfaces that are fixed with respect to the base. With regard to compliant
spherical mechanisms, Jacobsen et al. [7] studied a spherical bistable micro-
mechanism for 2D mirror arrays that is based on lamina emergent torsional joints.
Greenberg et al. [8] explored the analogy between flat-folding origami models and
spherical lamina emergent mechanisms. Callegari et al. [9] employed the finite
element method for designing and analysing a spherical micro-mechanism with
flexure hinges. Li and Chen [10] proposed a pseudo rigid body model approach to
obtain compliant spherical mechanism designs that are based on CCBFs with
rectangular cross-section.

Here, Spherical Flexures (SFs), specifically designed for spherical compliant
mechanisms, are first introduced and analyzed (Fig. 2). A SF features an arc of a
circle as centroidal axis and an annulus sector as cross-section. Circle and annulus
have a common center coinciding to that of the desired spherical motion. The axis
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Fig. 1 Circularly curved
flexures

Fig. 2 Spherical flexures
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of the smaller SF central moment of inertia points towards the desired center of
spherical motion. In the paper, the analytic expressions for the principal compli-
ance factors of general SFs are obtained by using the method proposed by Jafari
and Mahjoob [11]. After compliance factor verification via Finite Element Anal-
ysis (FEA), the proposed SF is compared in terms of parasitic motions and
maximum stress to a CCBFs with rectangular cross section, that features equiv-
alent compliant behavior with respect to moment-induced rotations.

2 Closed-Form Compliance Equations for Spherical
Flexures

Similarly to [11], referring to Fig. 3, let one consider a cantilever curved beam
with a uniform cross section and generically loaded at the free end. Node 1 and
node 2 are located on the beam fixed and free end respectively. In addition, let one
define a global coordinate system Sg, with axes i, j and k, located at Node 2, and a
local coordinate system Sl, with axes l, m and n (namely the cross section tangent
and principal unit vectors), located on the centroid of a generic beam cross section.

Let the external load, gw, and the corresponding deformation, gs, be expressed

with respect to Sg as gw ¼ fx fy fz mx my mz½ �T and gs ¼ u v w a½
/w�T . The symbols u, v, w and a, /, w denote, respectively, the three displace-
ments and the three rotations of Node 2, whereas fx, fy, fz and mx, my, mz denote,
respectively, the forces and the three moments acting on the beam cross section
along the i, j and k directions. The curve defining the centroidal axis (i.e. curve C
with center O0 in Fig. 1) is denoted as grðsÞ, the variable s referring to the
coordinate variable along the same curve.

The relative orientation of the local and global coordinates can be expressed by
means of the rotation matrix lRgðsÞ, where s is the curvilinear coordinate

describing curve C (see Fig. 1), so that lRgðsÞ ¼ l m n½ �T � i j k½ �.
The load gw acting on the free end is balanced by a load lw0 acting on the

element ds. This load lw0 produces a deformation per unit length, lE, on the same

Node 1  Node 2

Fixed
end  

ds

θ
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s

i

j
k

l
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m

w

Fig. 3 SF loaded at the free
end
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element. The vectors lw0 and lE and the corresponding analytical relation can be
expressed as:

lw0 ¼ fl fm fn ml mm mn½ �T ; l E ¼ ell clm cln jll jlm jln½ �T ; lw0 ¼ K �l E ð1Þ

The matrix K is the stiffness matrix of the element ds that can be written as:

K ¼ Diag EA bmGA bnGA GJ EImEIn½ � ð2Þ

where A, bm, bn, Im, In, J, E and G are, respectively, cross section area, shear
coefficients, principal moments of inertia and polar moment of inertia of the
beam’s cross section, Young’s modulus and shear modulus of the employed
material. The deformation, dls0, of the element ds, due to the load lw0, is defined
by:

dls0 ¼ du0 dv0 dw0 da0 d/0 dw0
� �T¼l E � ds ð3Þ

where u0, v0, w0 and a0, /0, w0 are respectively displacements and rotations of the
element ds in the l, m and n directions. The load lw0, acting on ds and due to the
presence of a load gw on the free end, can be computed via the adjoint transfor-
mation matrix lTg between global and local coordinates. In particular, the fol-
lowing relation holds:

lw0 ¼ l Tg �g w; where gTl ¼
gRl 0

gRl � g ers
gRl

ffi �
ð4Þ

having defined grs as the position vector connecting the centroid of the section to
the center of Sg. In addition, the deformation of the element ds, denoted as dls0,
causes a deformation at the free end, dgs, that can be calculated by merging Eqs. 1,
3, and 4 as:

dgs ¼ l TT
g � dls0 ) dgs ¼ l TT

g �K�1 � l Tg � g w � ds ð5Þ

By integrating Eq. 5, one can find the relation between the load gw and the
deformation gs of the free node as follows:

gs ¼ g C � g w; where gC ¼
Z l

C

TT
g �K�1 � l Tg � ds ð6Þ

Matrix gC is the compliance matrix for a general cantilever curved beam loaded
at the free end and represents the relationship between the applied loads and the
corresponding deformations at the free end. Applying this method on a generic
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cantilever circular beam (Fig. 1) with constant cross section, matrix gC can be
computed as follows:

gC ¼

Cx;fx Cx;fy 0 0 0 Cx;mz

Cy;fx Cy;fy 0 0 0 Cy;mz

0 0 Cz;fz Cz;mx Cz;my 0
0 0 Chx;fz Chx;mx Chx;my 0
0 0 Chy;fz Chy;mx Chy;my 0

Chz;fx Chz;fy 0 0 0 Chz;mz

2
6666664

3
7777775

ð7Þ

where:

Cx;fx ¼�
R �AR2ð3hþ SðhÞðCðhÞ � 4ÞÞ � In EA2Gbmðh� SðhÞCðhÞÞ þ hþ SðhÞCðhÞð Þð Þ

2EAIn

Cx;fy ¼Cy;fx ¼
R ðCðhÞ � 1Þ �AR2ðCðhÞ � 1Þ þ InðCðhÞ þ 1Þ EA2Gbm � 1ð Þð Þð Þ

2EAIn

Cx;mz ¼Chz;fx ¼
R2ðSðhÞ � hÞ

EIn

Cy;fy ¼
R EA2GInbmðhþ SðhÞCðhÞÞ þ AR2 þ Inð Þðh� SðhÞCðhÞÞð Þ

2EAIn

Cy;mz ¼ Chz;fz ¼ �
R2ðCðhÞ � 1Þ

EIn

Cz;fz ¼
R GJR2ðh� SðhÞCðhÞÞ þ 1

2 EIm 4AG2hJbn þ R2ð6h� 8SðhÞ þ Sð2hÞÞð Þ
� �

2EGJIm

Cz;mx ¼ Chx;fz ¼
R2 GJðh� SðhÞCðhÞÞ þ EImðhþ SðhÞðCðhÞ � 2ÞÞð Þ

2EGJIm

Cz;my ¼Chy;fz ¼ �
R2 �GJC2ðhÞ þ GJþ 4EImS4 h

2

� �� �

2EGJIm

Chx;mx ¼
R GJðh� SðhÞCðhÞÞ þ EImðhþ SðhÞCðhÞÞð Þ

2EGJIm

Chx;my ¼Chy;mx ¼
S2ðhÞR �GJ þ EImð Þ

2EGJIm

Chy;my ¼ �
R �GJðhþ SðhÞCðhÞÞ þ EImðSðhÞCðhÞ � hÞð Þ

2EGJIm

Chz;mz ¼
hR

EIn

with SðhÞ ¼ sinðhÞ and CðhÞ ¼ cosðhÞ. In these equations, R and h represent the
radius and subtended angle of the centroidal axis.

As previously said, the SF cross section is an annular sector (Fig. 4). It can be
considered as the common section of two concentric circular sectors with different
radius. Let us consider ri and ro as the radius of the inner and the outer circular
sectors respectively. The cross section properties can be obtained as follows:
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A ¼ A2 � A1 ¼
ðr2

o � r2
i Þb

2
ð8Þ

Im ¼
1
8
ðr4

o � r4
i Þðb� sin bÞ ð9Þ

In ¼
1
8
ðr4

o � r4
i Þðbþ sin bÞ � 8

9
ðr3

o � r3
i Þ

2
sin2ðb=2Þ

ðr2
o � r2

i Þb
ð10Þ

J ¼ Im þ In ¼
1
4
ðr4

o � r4
i Þb�

8
9
ðr3

o � r3
i Þ

2
sin2ðb=2Þ

ðr2
o � r2

i Þb
ð11Þ

Replacing Eqs. 8, 9, 10 and 11 in Eq. 7, the SF compliance matrix is deter-
mined as a function of the hinge geometric parameters and the employed material.

3 Numerical Example and Model Validation

The SF depicted in Fig. 2 is considered as a case study. The geometric parameters
employed in the simulation are ro ¼ 60 mm; ri ¼ 50 mm; h ¼ p=3 and a ¼ p=180.
The hinge is made of Acrylic Plastic with Young’s modulus E ¼ 3000 MPa and
Poisson’s ratio m ¼ 0:33. Being a slender beam hinge, shear induced deformations
are reasonably neglected. The aforementioned theoretical procedure is adopted to
estimate the SF compliance matrix. Results are then validated through FEA per-
formed with the commercial software COMSOL. FEA simulations are executed by
individually loading the flexure along the axes i, j and k. The compliance factors are
simply computed as the ratios between each load and the corresponding deforma-
tions. Table 1 compares the results obtained via numerical model and FEA. The
comparison shows a close agreement between the two methods.

In order to evaluate the flexure performance, we have compared the afore-
mentioned SF with a rectangular cross section CCBF having identical centroidal
axis and subtended angle. In addition, the two flexures are suitably dimensioned in
order to present the same compliant behavior with respect to moment-induced
rotations. The resulting CCBF width and thickness are w ¼ 9:98 mm and
t ¼ 0:963 mm. By applying the method described in Sect. 2, the CCBF compliance
matrix has been computed and numerical data are shown in Table 2. As we can
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see, the compliance factors become identical for the two flexures with the
exception of Cx;fx , Cx;fy and Cy;fx , which represent undesired (secondary) compli-
ances in all those application requiring a spherical motion. Naturally, unavoidable
secondary compliances should be minimized in order to decrease parasitic motions
as much as possible.

A quantitative comparison between SF and CCBF can then be achieved by
defining two compliance ratios as follows:

rx;x ¼
CSF

x;fx

CCCBF
x;fx

; rx;y ¼
CSF

x;fy

CCCBF
x;fy

¼
CSF

y;fx

CCCBF
y;fx

ð12Þ

where each SF compliance factor (referred to with SF superscript) is divided by the
corresponding CCBF compliance factor (referred to with CCBF superscript). In
order to understand the behavior of SFs and CCBFs in terms of parasitic motions,
we have assessed the influence of the geometric parameters on these two factors.
This goal is achieved by evaluating the compliance ratios rx;x and rx;y for varying
values of R and h. Figures 5 and 6 respectively represent the values ð1� rx;xÞ �
100 and ð1� rx;yÞ � 100 as function of R and h. From these two graphs, rx;y is
always negative whereas rx;fx is always positive, meaning that it is impossible to
assess which flexure presents the best selectively compliant behavior without
considering a specific loading condition.

It is also worth mentioning that, by increasing the length of the flexures, the
ratios rx;x and rx;y are tending to 1, which imply a similar deformation behavior for

Table 1 Compliance factors for the SF and comparison between analytical and FEA results

Compliance
factors

Cx;fx Cx;fy ¼ Cy;fx Cx;mz ¼ Chz;fx Cy;fy Cy;mz ¼ Chz;fy Cz;fz

Analytic 4.0146e-5 -8.6900e-5 -0.0023 2.1584e-4 0.0064 0.0232
FEA 4.0149e-5 -8.6947e-5 -0.0023 2.1594e-4 0.0064 0.0232
Error(%) 7.5e-3 0.054 0 0.046 0 0
Compliance

factors
Chx ;mx Cz;mx ¼ Chx ;fz Cx;my ¼ Chy ;fz Chy ;my Chx ;my ¼ Chy ;mx Chz ;mz

Analytic 8.0448 0.4147 -0.5158 18.4932 -9.0486 0.2413
FEA 8.0466 0.4148 -0.5159 18.4966 -9.0492 0.2413
Error (%) 0.022 0.024 0.019 0.018 6.6e-3 0

Table 2 Compliance factors for the similar CCBF

Compliance
factors

Cx;fx Cx;fy ¼ Cy;fx Cx;mz ¼ Chz;fx Cy;fy Cy;mz ¼ Chz;fy Cz;fz

Value 4.0144e-5 -8.6901e-5 -0.0023 2.1584e-4 0.0064 0.0232
Compliance

factors
Chx ;mx Cz;mx ¼ Chx ;fz Cx;my ¼ Chy ;fz Chy ;my Chx ;my ¼ Chy ;mx Chz ;mz

Value 8.0448 0.4147 -0.5158 18.4932 -9.0486 0.2413
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relatively large length-to-thickness ratios. For what concerns the overall Von
Mises stress on each flexure when loaded with a (principal) bending moment my on
the free end (see Fig. 7), the following stress ratio has been defined:

rr ¼
rSF

max

rCCBF
max

ð13Þ

Performing a series of FEA simulations, we have obtained this ratio for varying
values of R and h. In particular, the ratio rr assumes a constant value equaling
0.918 at varying R whereas the influence of h is shown in Fig. 8. As we can see, SF
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outperforms CCBF, being characterized by a lower stress level for equal load
(meaning that the SF outperforms CCBF in terms of maximum achievable
rotation).

4 Conclusions

The closed-form compliance equations for SFs as a function of both hinge
dimensions and employed material have been presented and validated via FEA.

In addition, SFs have been compared to CCBFs in terms of secondary com-
pliance factors and maximum stress. For what concerns secondary compliances,
the selection of the best design solution strongly depends on the loading condition.
Nonetheless, SFs always outperform CCBFs for what concerns maximum
achievable rotations under the action of a principal bending moment.
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Analysis and Synthesis of Thin-Walled
Robot Elements with the Guided
Deformation Law

S. Gavryushin

Abstract The numerical technique and practical experience are discussed in the
field of analysis and designing of new generation of functional and executive
elements of robotic devices and drives created on base of thin-walled mechanical
structures. The distinctive features of examined elements is the realization of a
principle of the guided deformation, allowing to create ordered law of moving.
The results of the analysis and synthesis of real designs are exposed.

Keywords Actuators � Large displacements � Nonlinear deformation � Robot �
Road � Thin shell � Numerical analysis

1 Introduction

Into the overall progress in the field of robotics and micro-technology acquisition
subsystem information (sensors) and subsystems for mechanical object (actuators)
are the weakest link. The main idea of the article—to present the new approach to
the analysis and design of mechanical actuators and mechatronic systems. In the
traditional sense robotic drive motors, hydraulic, pneumatic and other apparatus,
are considered as rigid components movable relative to each other, which entails
problems associated integrity, reduce friction, lubrication of the contacting sur-
faces, etc. In this respect, a special class of actuators may be considered deforming
mechanical structures, i.e. structures capable to significantly change its original
form without violating the integrity.
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Such elements were essential when designing ‘‘white’’ robots, conclusions
movement in vacuum, for the work of the aggressive and high temperature
environments, including inside the human body [1–3]. The main property of
actuators, using the principle of guided deformation, is obtaining movements.
Deformation processes should provide a large displacements move [4]. It is known
that in thin-walled structures large displacement can be implemented by means of
small deformations. Deformation of such elements can be caused by pressure,
temperature, or occur due to the effect of shape memory.

When implementing the proposal in article numerical methods of design con-
struct is used, matching the two, in our opinion, the most promising design models:
analytical model of spatial rod and design scheme ax symmetric thin-walled shell.

2 Multivariate Approach to the Study of Processes
of Nonlinear Deformation of Thin-Walled Structures

To ensure the required operational characteristics in the process of numerical
simulation and design of a deformable element is required to conduct a kind of
programming properties of future construction, which laid the possibility of
implementation of the required nonlinear deformation processes. To describe the
current deforming state is vector-function of state X(s0, q) depending on the
Lagrangian coordinates s0 and the q parameter has the meaning of the continuation
parameter [5–7]. One method of calculation and designing components with the
guided elastic deformation is based on the idea of multi parameter approach [5] at
the mathematical modeling of computer essentially nonlinear processes. The
numerical simulation is used the strategy of successive studies one parameters
nonlinear problems belonging multi parameters family in which the task is
immersed. Algorithm of the numerical research is based on the use of the
parameter continuation method, in conjunction with the changing parameters
subspaces technique [5].

The transition from problem analysis to synthesis of structures implemented in
the framework of the multi parameters approach. The essence of which consists in
the following. We write a system of resolving equations in operator form (1).

F Xð1Þ;Xð2Þ
� �

¼ 0 ð1Þ

It is assumed that in the general case, the system (1), as the order of m has
m unknown, xj

(1)(j = 1, 2, …, m) which are internal parameters characterizing the
state of the system, and depends on the variables xj

(2)(j = 1, 2, …, m) which are
treated as external parameters or control options. The number of independent
external parameters defines the codimension of the problem.

Control parameters in an individual case may be design parameters, that is,
parameters, which varies developer. Division of parameters of the two groups is
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somewhat subjective. The ultimate aim of the synthesis problem is to find the
rational values of parameters. Research of processes of deformation in solid
mechanics, traditionally seen as a process dependent on external perturbation, the
components of which constitute X(2). If all functional components of the vector
X(2) we can express only through one independent parameter—q, we obtain the
one parametric process with codimension equal to one.

The set of all solutions of (1) for a given number of m + n external and internal
parameters, for clarity could be interpreted as the equilibrium hyper surface built
in the Euclidean space of parameters R(m+n). Each one parameter process is
interpreted as a trajectory belonging to this hyper surface.

When analyzing one parametric process controlling parameter q is conveniently
considered equal with the rest of the parameters of the task, considering it as a
(m + 1)-th unknown advanced vector Xext and write the system of equations
describing the single-parameter process in the form (2).

r Xextð Þ ¼ 0 ð2Þ

fðXext; kÞ ¼ 0 ð3Þ

Note that the order of the system (2) is equal to m, and its solution is carried out
with the use of additional Eq. (3) that contains an independent value k—called the
continuation parameter.

It is known that in nonlinear mechanical systems even with simple types of
disturbances can produce complex and difficult predictable transitions. The
problems are studied in the framework of the catastrophe theory [8]. In the case of
one-parameter family of systems in general position may be fatal features only
type folds. Procedure of realization of calculations with the passage of the sur-
roundings of limit points proposed in 1968 Valishvily and is known as the
changing parameters technique [9]. The problem of choosing the optimal
parameter for one-parametric problems considered in [6]. Features of codimension
two and higher can be addressed through the stirring of the parameters of the
system that basically allows you to select the path of the process that runs past the
surroundings such singular points. Crawl around the singular point is carried out
by means of the changing subspaces of parameters technique [5]. The essence of
the technique is the following: at the approach to the neighborhood of a singular
point, you should go to another parametric system, for which the projection of the
equilibrium surface on the control parameter axis in the considered range of its
variations has features of codimension not above the first. Strategy of numerical
analysis is a piecewise-smooth continuation of the solution on the parameter of the
space of states of all systems, with each smooth stretch of the process; numerical
analysis is reduced to the one-parameter problem.
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3 The Numerical Model of the Spatial Rod

At the analysis of spatial rod used equations describing a nonlinear deformation of
a flexible tensile spatial rod assuming justice hypothesis Euler-Bernoulli. Analysis
of deformation is reduced to the solution of a boundary problem for a system of
nonlinear differential Eq. (5), supplemented by algebraic relations (6).

To describe the motion are two orthogonal right coordinate systems: the global
system, and the local system. Axes of a local system coincide with the positive
direction of the tangent to the centerline of the rod and the main axes of its cross
section. As an independent variable used in the Lagrangian coordinate s0, counted
out along the unstrained the rod axis. Unknown geometric components are the
coordinates of the center of gravity of section xi and rotation angles hi necessary
for transition from global coordinate system to the local. Use the following
sequence of three rotations: rotation around a common axis i2; turn around the new
position of the axis i3; turn a new position relative to the axis of i1. As static
unknown values were used internal efforts Qi and Mi moments specified in the
global basis. In (4) on the rights of the auxiliary unknown includes: the value of the
deformation of the rod axis—e and the components of the curvature of contem-
porary state—ji, calculated in local basis.

dx1

ds0
¼ 1þ eð Þ � cosðh2Þ � cosðh3Þ

dx2

ds0
¼ � 1þ eð Þ � sinðh3Þ

dx3

ds0
¼ 1þ eð Þ � sinðh2Þ � cosðh3Þ

dt1

ds0
¼ ð1þ eÞ � ðj1 � cosðh1Þ � tgðh3Þ � j2 þ sinðh1Þ � tgðh3Þ � j3Þ

dt2

ds0
¼ ð1þ eÞ � ðcosðh1Þ

cosðh3Þ
� j2 �

sinðh1Þ
cosðh3Þ

� j3Þ
dt3

ds0
¼ ð1þ eÞ � ðsinðh1Þ � j2 þ cosðh1Þ � j3Þ

dQ1

ds0
¼ �ð1þ eÞ � q1

dQ2

ds0
¼ �ð1þ eÞ � q2

dQ3

ds0
¼ �ð1þ eÞ � q3

dM1

ds0
¼ �ð1þ eÞ � ðl21 � Q3 � l31 � Q2 þ m1Þ

dM2

ds0
¼ �ð1þ eÞ � ðl31 � Q1 � l11 � Q3 þ m2Þ

dM3

ds0
¼ �ð1þ eÞ � ðl11 � Q2 � l21 � Q1 þ m3Þ

8
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

ð4Þ
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In the case of a linear-elastic behavior of the material under constant temper-
ature, auxiliary equations take the form (5)

eðs0Þ ¼ 1
B0
� ðQ1 � l11 þ Q2 � l21 þ Q3 � l31Þ

ji s0
ffi �
¼ 1

Bi
�
X3

j¼1

Mj � lij þ ð1� eÞ � j0
i

ð5Þ

In formulas (4 and 5) the following notation is used: qi and mi—projection
distributed power and torque loads in the global system of coordinates, respec-
tively;—functions curvatures, asked when describing the unstrained status bar; B0,
B1, B2, B3—geometrical characteristics of the expansion-compression, torsion and
bending around its local axes associated with the principal axes of the cross-
section, respectively. If necessary, recalculation of forces, moments and loads in
the local coordinate system is carried out using the matrix of rotation [l(s0)].

The results of numerical analysis of the elastic element on the switch [10]
shown in Fig. 1. The element has a fairly complex form (Fig. 1). Characteristic
size of the element sizes: length—10 mm, width—15 mm, thickness—0.3 mm.

Main operating characteristic element is its operating characteristics—the
relationship between the vertical force—F, applied at the point C with vertical
moving of contact w at point A. The operating characteristic element formed at the
stage of preliminary deformation in the assembly. During this operation, the billet
of the elastic element on the switch deform through the modification and sub-
sequent fixing adjustable clearance. Thus, the elastic characteristic element is

Fig. 1 Analysis of pre-strained spatial element with discrete feature of the switch
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formed at the stage of preliminary deformation. The elastic characteristic of the
element depends from the size of preload For small values of the preload u elastic
characteristic 1 has no singular points, and elastic element will not snap.

When increasing the preload, the operating characteristic two acquires a typical
S-shaped character with the upper and lower critical points. Deformation of the
elastic element with such elastic characteristic is implemented discretely (snap).

When reaching the force F and the upper critical values of the element snapping
in the bottom position of equilibrium, and at lower values of power to the lower
critical value of the force-returned to the top position. At the further increase in
preload the operating characteristic three is complicated; the lower critical value of
force may become negative, which corresponds to the so called ‘‘stuck’’ element in
the lower equilibrium position. The problem of synthesis of the element consists in
the selection of values preload at which the process switching is implemented with
snap and without sticking. Found a rational value corresponds to about 0.65 mm.

4 The Numerical Model of the AxiSymmetric Shell

For description of nonlinear deformation of the used variant of the theory of thin
elastic ax symmetric shells such Arnold [8]:

du

ds0
¼ ð1þ em0Þ cos h� cos h0;

dv

ds0
¼ ð1þ em0Þ sin h� sin h0;

dh
ds0
¼ ð1þ em0Þjm0 þ

dh0

ds0

dU

ds0
¼ �ð1þ em0Þ

cos h
X0 þ u

U � Nt

X0 þ u
þ qu

� �
;

dV

ds0
¼ �ð1þ em0Þ

cos h
X0 þ u

V þ qv

� �
;

dMm

ds0
¼ �ð1þ em0Þ

cos h
X0 þ u

Mm �Mtð Þ � U sin hþ V cos h

� 	

8
>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>:

ð6Þ

Here s0—independent coordinate, counted out along the arc unstrained
meridian shell; u, v,—horizontal and vertical components of displacements of the
points belonging to the middle surface; h0 and h—angle tangent to the meridian in
the original and current positions; emo and kmo—linear deformations and curvature
at the current point of the middle surface; U, V, Mm, and Mt—intensity of internal
forces and moments; qu and qv—components of the external pressure. Values
corresponding to the meridian direction, marked index—m and the circumferential
ones—t. With regard to solving the problem on deformation of the bimetallic
dome auxiliary values, included in (7) were determined by proportions [11].
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Here X0 and X—radial coordinate of the current point in the middle surface in
the original and current position; E1, E2, h1, h2—modules of elasticity and thick-
ness of the active and passive layers of the shell, respectively; l—Poisson ratio.

em0 ¼
1� l2

E1h1 þ E2h2
U cos hþ V sin hð Þ � l

u

X0
þ T(1 + lÞ

E1h1 þ E2h2
E1h1a1 þ E2h2a2ð Þ;

jm0 ¼
3ð1� l2Þ

E1h3
1 þ E2h3

2

Mm � l
X0 þ u

X0

sin h
X0 þ u

� sin h0

X0

� �
þ 3Tð1� lÞ

2 E1h3
1 þ E2h3

1

ffi � E1h2
1a1 þ E2h2

2a2
ffi �

;

Nt ¼
E1h1 þ E2h2

1� l2
þ u

X0
þ lem0

� �
� T

1� l
E1h1a1 þ E2h2a2ð Þ;

Mt ¼
E1h3

1 þ E2h3
2

3 1� l2ð Þ
X0 þ u

X0

sin h
X0 þ u

� sin h0

X0

� �
þ ljm0

� 	
� T

2 1þ lð Þ E1h2
1a1 þ E2h1

2a2

ffi �
:

ð7Þ

The following design the snapping thermo bimetallic (TB) disk gives an idea of
the implementation of the algorithm for numerical synthesis. By preliminary
mechanical loading conducted with the help of the adjusting screw (see Fig. 2a),
you need to configure the TB disk switching for given temperature T*.

In unstrained state the TB disk pressed to the plane of the outer perimeter of the
force F, distributed along the contour holes in the top. The characteristics of the
disk: diameter—5 mm radius of curvature in unstrained state—22.2 mm; thick-
ness—0.04 mm, diameter of the central hole—0.5 mm. Physical characteristics of
materials: E1 = 1.50 9 105 MPa, E2 = 1.35 9 105 MPa, l1 = l2 = 0.3,
a1 = 1.0 9 10-6 1/oC, a2 = 18.0 9 10-6 1/oC. Results are presented in Fig. 2b.
Curve 1 corresponds to the process of deformation of the disk in the absence of
preload. Curve 2 corresponds to the power loading item at a constant temperature.
Piecewise smooth curves 3 and 4 correspond to the complex process of deformation.

Technique of the changing subspaces of parameters was applied at points A and
B. To determine the efforts preload ensures the operation at a given temperature,
we used the following strategy to address the problem of synthesis.

Fig. 2 Synthesis thermo bimetallic element for a temperature switching
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At the first stage was done temperature loading along the curve 1 up to the set
temperature T*. The point B was made in a change of parameter continuation and
further loading was carried by a force until it reaches a singular point C. Force F,
corresponding point C, is equaled desired preload force F, which ensures the
operating of element at the required temperature T*. To check the problem
solution we used the way of loading 3, which showed the identity of the results.

5 Conclusions

Use of elements of a guided elastic deformation, caused by pressure, temperature,
or occur due to the effect of shape memory, opens up the prospect of creating new
types of mechanical devices, sensors, actuators, functional elements of robotic
systems. Elements may work in vacuum, high-purity or in aggressive environ-
ments and is subject to miniaturization. Using the principle of guided elastic
deformation during designing of technical systems, including in the construction of
robots will enhance their functionality and to leave on a new technical level
corresponding to the needs of modern society.
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HCLC Integration Design
and High-Precision Control of a Joint
for Space Manipulator

Zhihong Jiang, Hui Li, Que Dong, Xiaodong Zhang, Zixing Tang,
Wei Rao, Yang Mo, Chenjun Ji and Qiang Huang

Abstract A novel method is presented to solve many problems of joints for space
manipulator, such as large volume, large flexibility, complex routing and low
system-control precision, which can realize integrated design for space manipu-
lator joint with high-cohesion and low-coupling (HCLC) performance. Moreover,
the mechanical and electrical interfaces of designed joint are especially suitable for
space manipulator. First, To achieve higher system performance, the joint is
designed as a whole for perfect match among components including permanent
magnet synchronous motor (PMSM), motor controller and driver, sensors, space
environment controller, reducer, routing and other mechanisms, which could
eliminate redundant shell packages and mounting surfaces existed in traditional
manipulator joint. Second, a new method is presented to design the rotors of two
resolvers as joint sensors at the same axis shared with motor rotor, this kind of
design has the advantages of redundant and high-precision sensing for the posi-
tions of motor rotor and joint, and joint position signal is differential sensing and
has high robustness. Then, a kind of high-precision controller is presented for
space manipulator based on a new PMSM model with model difference, and this
controller is robust to joint nonlinear factors, such as friction and other disturbance
torque. Finally, the experimental results showed the designed joint had fine
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performances with high power density, high controlling precision and high oper-
ation stability and so on, and it is suitable for the application of space manipulator.

Keywords Integration design � High-precision control � Space manipulator joint

1 Introduction

Space manipulator is generally configured with the joints and connecting rod, and
the joint is actuator, and space manipulator joint is a kind of complex mechatronic
system. At present, main problems for space manipulator joint are as following.
Low internal integration resulted in big size, low ratio of power to weight and low
system precision, its reason is that there are so many discrete components for
motor, reducer, sensors and others in space manipulator joint, each discrete
component has its own shell and mounting interface, and these redundant shells
and interfaces resulted in low joint performance. Moreover, space manipulator
joint usually have complex mechatronic interface, this would cause that routing is
difficult, reliability is low and standardization is poor. Sensors, driver and con-
troller circuits and others usually are configured at the outside of the joint, and
many cables need to be routed, so the external interface of the joint is complex.
Because of the poor standardization, any change of joint may affect the whole
space manipulator much, so it will increase developing cycle and cost on repetitive
work. Figure 1 showed a typical space manipulator joints here.

To solve above problems to enhance space manipulator, several kinds of
modular joints of CANADARM2 at the international space station in 2001,
ROKVIS of German Aerospace Center in 2005 and so on [1–5] had been designed,
and Harbin Institute of Technology and Beijing University of Posts and Tele-
communications from China also designed some kinds of modular joints for space
manipulator in 2007. However, modular joint only integrates the discrete com-
ponents, and all redundant interfaces are still kept.

Disturbance torque compensation is an essential issue for high-precision servo
system, for example, nonlinear friction generally existed in high-precision servo
system, has very bad influence on servo system, it could mainly generate position
tracking error, margin loop and crawl, especially in the velocity reversal, owing to
the difference between the static friction moment and sliding friction moment, it
could induce biggish tracking error. It is a barrier to improve the function of high-
precision servo system, so the researchers have great concerns about it [6, 7].
Currently, the relative study methods to compensate for disturbance are mainly
based on model and multi-parameters identification of disturbance torque model
[8, 9], disturbance observation [10], PD regulator [11] and intelligent control
methods [12, 13]. These methods are not easy to implement in application because
of disturbance torque model not accurate, especially, velocity signal is not accu-
rately measured in ultra-low velocity. Therefore, this paper presents a
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compensation method for disturbance torque, which does not depend on its model
and is easy to implement in application. Based on model reference difference, we
adopt AW-PI (Anti-Windup PI) regulator and high-pass filter to identify and
compensate for disturbance torque in servo system.

The organization of this paper is as follows. In Sect. 2, we describe the details
of HCLC designing method. A new method to design two resolvers’ rotors at the
same axis and its advantage will be presented in Sect. 3. In Sect. 4, the new
PMSM model and model differential controller are introduced. Experiment results
are given in Sect. 5. Finally, our conclusions are given in Sect. 6.

2 HCLC Integration Designing Method

In the space environment, the temperature changes drastically and electromagnetic
environment is worse, moreover, during the process of launching with rocket,
space manipulator has to sustain the impact, vibration, overload, and noise, so
HCLC joint can meet this sharp requirement with double resolvers as sensors. As
shown in Fig. 2, according to HCLC integration designing requirement, the motor,
resolver and harmonic reducer are synchronously designed as a whole and inte-
grated into the joint structure. The stators of motor and resolver have no shells only
with cores and coils, and the joint shell is designed as their shells. The rotors of
motor and two resolvers, harmonic generator of harmonic reducer are all inte-
grated at the same motor axis. Controller and driver are installed inside the joint,
cables can go through the hollow axis. The HCLC method can design all joint

Fig. 1 Two typical joints for space manipulator
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components with exact match to enforce joint cohesion and increase the ratio of
weight to volume.

3 Redundant High-Precision Detection for Motor
and Joint

This paper presents a method to design two rotors of two resolvers at the same axis
share with motor, and one stator of resolver is fixed on motor side and the other is
fixed on joint side, as shown in Fig. 2. On basis of this kind of mechanical
designing, we can implement redundant high-precision detection for positions of
motor and joint at the same time with the rotation difference of motor to joint. The
relationship of the tested positions of motor and joint can be written in Eq. (1)

h2 ¼ h1 þ
h1

n
¼ nþ 1

n
h1 ð1Þ

Where h2 is the position from the resolver on motor side, and h2 is the position
of motor rotor; h1 is the position from the resolver on joint side; n (=160) is the
ration of harmonic reducer, and ratio of harmonic reducer. The positions of motor
rotor and joint can be written in Eq. (2) from (1),

hmotor ¼ h2 ¼
nþ 1

n
h1 ; hjoint ¼ h2 � h1 ¼

h1

n
ð2Þ

 Flexible wheel 
of harmonic 

reducer

harmonic reducer

Harmonic 
generator of the 

harmonic reducer

Fig. 2 Configuration of HCLC integrative joint of space manipulator
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Where hmotor is the position of motor rotor, hjoint the position of the joint. From
Eq. (1), it can be found the positions of two resolver is very close, especially when
n is big, so when one resolver is out of work, the other one can also detect both
positions in high accuracy. Therefore, redundant detection is achieved for motor
and joint position.

4 High-Precision Controller Design

This paper presents a reference model difference method to eliminate the distur-
bance from nonlinear factors for high system precision, and it can guarantee that
the control output error of reference mode and actual servo system only contains
the disturbance torque information, so the disturbance torque in servo system can
be identified. Moreover, in order to guarantee the speed of identification conver-
gence and easy implementation in practice, AW-PI regulator is presented here for
disturbance torque identification, and its scheme is shown in Fig. 3.

As shown in Fig. 3, rh(s) - hf(s) is the output control difference of reference
mode and actual servo system, namely f(Mf), which is a function of the disturbance
torque, and it is estimated by AW-PI regulator, then the output of AW-PI regulator
is the disturbance torque of ideal reference model, when rh(s) - hf(s) equals to
zero, the ideal reference model output is equal to the actual output of servo system,
namely M̂f sð Þ ¼ Mf sð Þ, so M̂f sð Þ could be used to compensate for the disturbance
torque of the servo system and improve the servo precision.

In order to solve the influence that AW-PI regulator has on the controlled
precision during the convergence process of identification when the disturbance
torque of the servo system changes, a first-order high-pass filter to solve this
problem.

DriverPID

PID

AW-PI

PMSM Reducer

PMSM
Model

Reference Model

Actual Servo System

Driver

High-pass
Filter

1/n

Fig. 3 Scheme of disturbance torque identification and compensation
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5 Experimental Results and Analysis

The designed HCLC integrated joint was manufactured and its performance
parameters were listed in Table 1, and the Designed HCLC integrated joint for
space manipulator was shown in Fig. 4.

HCLC Joint is shown in Fig. 4. A series of performances test has been done,
and the results were shown in Table 2.

The parameters of PMSM were listed in Table 3.
We added disturbance torque to servo system at 10 % of motor rating moment

when tested, and disturbance torque equaled to 0.05 Nm, but in order to guarantee
the stability of system and compensation margin, the max output of AW-PI reg-
ulator is limited to 20 % of motor rating moment and was set as 0.1 Nm, The
experimental results were as shown in Fig. 5.

Figure 5a is the identification waveform of disturbance torques only with the
AW-PI regulator. We can see that, during the convergence process of identifica-
tion, it has big surge when the disturbance torque changes from one value to
another. Therefore, first-order high-pass filter is introduced here to identify and
compensate for the disturbance torque with AW-PI regulator together, and we can
see from Fig. 5b, this method improves the convergence process of identification
when the disturbance torque changes.

Figure 6a is the positioning error waveform with added disturbance torque into
servo system without compensation, and the maximum control error is 0.03769�.

Table 1 Performance parameters of HCLC integrated joint

Weight Max torque Standby torque Routing lines Positioning precision

3.0 kg 80 Nm 3.2 Nm 6 0.001�

Fig. 4 Designed HCLC joint
for space manipulator

Table 2 Test results of joint Performance Experiment results

Stiffness (kN �m/rad) 19.2
Velocity (rad/s) 2.5
Output torque (N �m) 80.0
Ratio of power to size (W/m3) 248679
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Figure 6b is the positioning error waveform based on AW-PI regulator and first-
order high-pass filter to identify and compensate for the disturbance torque, and
the maximum control error is only 4.784 9 10-5�.

6 Conclusion

The main results of this paper were as follows.

(1) A kind of HCLD integrative joint has been designed and manufactured for
space manipulator. This joint was suitable for space manipulator with high
ratio of power to size and very simple external interface & routings.
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Fig. 5 Identified waveforms of added disturbance torque. a With AW-PI regulator. b With AW-
PI regulator and high-pass filter

Table 3 Parameters of PMSM

Power supply Max torque Standby torque Pole pairs Phase resistance Phase inductor

24 V 0.5 Nm 0.02 Nm 8 4.1/4.05/4.2 X 1.1/0.99/1.0 mH
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Fig. 6 Control error of servo system with friction compensation. a No disturbance compensa-
tion. b Disturbance compensation
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(2) The rotors of two resolvers have been designed at the same axis shared with
motor rotor, this kind of mechanical designing realized redundant and high-
precision sensing for the positions of motor rotor and joint, and joint-position
signal sensing was differential sensing with high robustness.

(3) A novel and simple PMSM model was built, and it was suitable for micro-
processor, and based on this PMSM model, a high-precision controller was
presented based on model difference. The test results showed this controller
was robust to nonlinear factors, such as friction or other disturbance torque.

Finally, the experimental results validated the presented HCLC integrative
design and high-precision controller, and showed the designed joint was suitable
for the application of space manipulator.
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A Novel Robotic Joint Actuation Concept:
The Variable Mechanical Fuse, VMF

Yoichiro Dan and Oussama Khatib

Abstract This paper presents a novel robotic joint actuation concept, the Variable
Mechanical Fuse, VMF. This actuation system realizes a rigid behavior for high
control performance and an elastic behavior for safer human-robot interaction. The
VMF adapts its behavior throughout a motion to ensure that both endpoints have
high position accuracy and the intermediate trajectory maintains safety. Since the
VMF changes its behavior passively from rigid to elastic, this actuation system is
intrinsically safe even when unexpected collisions occur. A compact prototype has
been designed and fabricated to verify its performance and safety.

Keywords Elastic joint � SEA � Variable stiffness joint � Compliant motion and
torque control

1 Introduction

Industrial robots have been used in unmanned environments for a long time. Safety
is enforced by not having humans within close proximity of robots in operation.
However, applications that require robots to cooperate with humans are expected
to increase in the near future. This has sparked a wide variety of research on safer
robots. The research on human safe robot design started with SEA [1] developed
by Pratt et al. SEA has springs as elastic components that allow compliant motions
against external forces. Edsinger et al. developed a robot that is equipped with
SEAs for safe human-robot interactions [2]. Due to the elasticity in SEAs, they
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usually have limited position accuracy. In order to overcome this problem, elastic
mechanisms with variable elasticity were developed. Wolf et al. developed a
variable stiffness joint [3, 4] and realized a mechanism that has variable elastic
constants by non-linear cams and rollers. Morita et al. developed a variable
stiffness joint that has a cantilever with a variable active length [5]. Tsagarakis
et al. developed a variable stiffness joint that has springs and a lever [6]. Their
design uses a separate mechanism to vary the pivot point of the lever that connects
to the springs. Using a multi-stage elastic actuator concept, Kuan et al. developed a
SEA with two springs of different constants [7]. However it is observed that these
designs still do not have position accuracy that comes close to that of rigid joints.

A safe mechanism that does not sacrifice position accuracy while maintaining
acceptable level of safety is required in industry. Zinn et al. developed a macro-
mini actuation system that implements safety while being able to produce highly
responsive position control [8]. However the performances such as position
accuracy and frequency response are still not high enough compared to conven-
tional rigid joints. The VMF concept attempts to solve the safety vs. performance
trade-off by having two vastly different behaviors.

2 Principle

High position accuracy and safety of robot arms can be achieved in a single
mechanism. The VMF actuation concept introduced here achieves both a rigid and
elastic behavior by setting the threshold to external forces.

Figure 1 shows the basic elastic joint principle of the VMF. The VMF has a
specific stiffness and a variable threshold to external forces. When the external
force is lower than the threshold, the VMF shows a rigid behavior because the

Fig. 1 Principle of VMF
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force is not large enough to produce a displacement. When the external force is
higher than the threshold, the VMF shows an elastic behavior similar to that of an
SEA. Since the threshold can be set to any value, the VMF can display a purely
elastic behavior when the threshold is set to zero.

3 Analysis

Figure 2 shows a schematic diagram of a VMF model. The VMF has springs as
elastic components between a motor and a link. The threshold is produced by
applying preloads on the springs. The dynamic equation of the VMF is expressed
by the following two equations.

Jm h
::

�Dl u
: � h

:� �
� f u

:
; h
:� �
¼ s

Jl u
:: �Dl u

: � h
:� �
� f u

:
; h
:� �
¼ sex

ð1Þ

where Jm and Jl show inertia of the motor and the link respectively, Dl shows
friction coefficient between the motor and the link. h and / show angle of the
motor and the link respectively. s and sex show torque of the motor and external
torque that is applied on the link respectively.

The torque applied by the springs is described by the function f that contains the
preload on the springs.

f u
:
; h
:� �
¼ spsgn u

: � h
:� �
þ Kl u

: � h
:� �
;

�sp sp½ �;

(
u
: � h

:ffiffiffi
ffiffiffi[ 0

u
: � h

:ffiffiffi
ffiffiffi ¼ 0

ð2Þ

Fig. 2 Schematic diagram of
VMF model
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where sgn is the sign function implemented to express the preload on springs. sp

and Kl show the preload and the spring constant respectively.
Figure 3 shows a simulation result of position step responses with various

preload values. The preload can be set from zero to the maximum value that is
large enough to cancel acceleration torque and holding torque of payloads. From
the graph, the oscillation on the trajectory of / is reduced with increased preloads.
Eventually the trajectory of / matches the trajectory of h at 100 % preload which
corresponds to the behavior of a rigid joint.

Figure 4 shows a comparison of impact forces between an ordinary rigid joint
and the VMF. Here is assumed that a weight of 250 g is placed at the tip of the link
of 250 mm length, and the weight is collided with an obstacle at the angular
velocity prad/s. The impact force of the VMF is reduced by approximately
40–60 % compared to a rigid joint. It indicates that the VMF is safer than ordinary
rigid joints even when unexpected collisions are occurred while the VMF shows
rigid behavior with the maximum preload.

4 Mechanism

4.1 Design of VMF

A VMF prototype for a single joint has been designed and assembled. Figure 5
shows a picture of the prototype. This joint has an elastic unit with springs and a
mechanism to produce the preload on the springs for setting the threshold to
external forces. The mechanism supports an encoder for sensing the angular

Fig. 3 Position step response
of VMF with different
preloads
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displacement of the elastic unit. An important characteristic of a VMF is that this
unit also works as a torque sensor and allows compliant motions by torque control.

Figure 6 shows the cross-sectional CAD image of the elastic unit. This unit is
equipped with a small geared electric motor coupled to a slide screw that is placed
in the center of the unit. When the slide screw is rotated by the motor, it drives a
preload generator downward in the picture to deform the springs and produce the
preload. When an external force is applied to the link shown in Fig. 2, a pushing
rotor that is placed in the center is rotated to the direction of the blue arrow since it
is connected directly to the link. Then the pushing rotor pushes the spring on either
side via a pushing plate to the direction of the red arrows. When the force applied
to the spring by the pushing rotor is smaller than the preload, this unit shows a
rigid behavior. When the force exceeds the preload, this unit shows an elastic
behavior.

Fig. 4 Comparison of impact forces between a rigid joint and VMF

Fig. 5 Prototype of VMF
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This mechanism is applicable to joints of a robot arm. When precise motion is
required such as for positioning, the arm can show high position accuracy by the
VMF’s rigid behavior. When safe motion is required during any interaction with
the robot, the arm can show compliant motion by the VMF’s elastic behavior.

4.2 Specification

Table 1 shows the specifications of the prototype. This prototype is designed to be
incorporated into an elbow joint of a human sized robot arm. This design assumes
a 0.5 kg payload at the tip of the link with a length of 0.25 m. The torque capacity
is set at 1.3 Nm by the joint stiffness that is determined by the spring constant and
the maximum angular displacement. The maximum preload is set at 1.1 Nm by the
spring constant and the maximum stroke of preload generator. Since this value is
large enough to cancel the holding torque and the acceleration torque of the
payload, the unit can realize rigid behavior at any posture and velocity.

5 Experiment

An experiment of collisions was performed to investigate the VMF’s safety.
Figure 7 shows the experimental setup. A weight of 250 g is placed at the tip of
the link of 250 mm length. The weight is collided with the load cell at the angular
velocity prad/s and stopped safely within the maximum displacement of the elastic

Fig. 6 Cross-sectional image of the elastic unit
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unit. A rigid joint collision is also performed in the same condition. Figure 8
shows the results of the experiment. Depending on the preload value, the collision
forces are reduced by 30–60 % compared to a conventional rigid joint. The col-
lision forces vary from around 90–200 N linearly. These results correspond
approximately to the simulation results described above. It was confirmed that the
VMF has intrinsic safety in any value of the preload.

Table 1 Specifications of VMF

Parameters Unit Value

Max. payload kg 0.5
Length of link M 0.25
Joint stiffness Nm/rad 7.3
Max. angular displacement rad (deg) 0.17 (10)
Torque capacity Nm 1.3
Max. preload Nm 1.1

Fig. 7 Experimental setup

Fig. 8 Results of collision experiment with different preloads
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6 Conclusion

In this paper, we proposed the concept of VMF (Variable Mechanical Fuse) to
address the challenge of achieving both performance and safety in an actuation
system. Our study has shown this novel actuation system to realize high control
performance while providing intrinsic safety. A compact single DOF prototype has
designed and an experiment of collisions has been performed to confirm the
intrinsic safety. The experiment has demonstrated reductions of 30–60 % of the
collision forces compared to conventional rigid joints. Further experiments such as
step response and frequency response are going to be performed soon.
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Internal Force-Based Impedance Control
for Cable-Driven Parallel Robots

C. Reichert, K. Müller and T. Bruckmann

Abstract In this paper an internal force-based impedance controller for redun-
dantly actuated cable-driven parallel robots (CDPRs) is proposed. For CDPRs,
each actuated cable forms a manipulator equipped with the feature of an imped-
ance to enforce a dynamical relationship between the end-effector (EE) velocity
and the internal forces. No explicit position and force control loops are necessary.
This approach can guarantee a desired tension level in the cable system for given
EE movements. Additionally the platform dynamics do not cause tracking or
steady state position errors. Non-linear effects like model uncertainties take a
negative influence on the controller. The incorporated disturbance observers
guarantee the necessary robustness for the impedance controller. To validate the
described control approach, experiments with a 6-DOF CDPR with industrial
BLDC-Motors are presented.

Keywords Cable-driven parallel robots � Redundant actuation � Internal force-
based impedance control � Disturbance observer � Industrial BLDC-motors

1 Introduction

Cable-driven parallel robots (CDPR) have some advantages over serial manipula-
tors like high end-effector (EE) accelerations over a wide workspace. The cables
guiding the platform are usually wound up by winch drives attached to the base. Due
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to the unilateral properties of the cables, usually actuation redundancy is required to
completely restrain the platform. This redundancy allows to enforce a desired
tension level in the cable system and can be used to increase the stiffness of the
mechanism. Moreover, it affects the dynamic performances of a redundantly actu-
ated CDPR. To take full advantage from the capabilities of a CDPR, these properties
must be supported by the controller. Preferred model-based control approaches like
the computed torque control (CTC) or augmented PD (APD) control are designed to
achieve accurate trajectory tracking. However, these approaches do not consider the
regulation of the desired tension level in the cable system. Thus, force control
strategies need to be integrated, having a significant influence on the dynamical
behavior of the CDPR. Eppinger and Seering [1] provide an analytical overview of
the involved dynamics and clarify possible influences which can lead to bandwidth
limitations in robot force control. To overcome these limitations, the well-known
impedance control approach introduced by Hogan [2] represents an elegant solution.

The paper is organized as follows: First the dynamics of a CDPR are formulated
in EE coordinates. In Sect. 3 the derivation of the control law is introduced. In
Sect. 4 experiments on a 6-DOF CDPR with industrial BLDC-Motors are pre-
sented and summarized in Sect. 5.

2 Manipulator Dynamics

2.1 Formulation in EE Coordinates

A CDPR consists of a working platform (end-effector) with d degrees-of-freedom
(DOF) constrained by m flexible cables in a parallel configuration which can be
modeled as a multi-body system (MBS). The EE is described as a rigid body
driven by constraint forces and task forces from the environment. The equations of
motion for a CDPR can be formulated by Lagrange’s equation of the first kind,
with n generalized coordinates q 2 V

n describing the motion of the mechanism

and d 2 N EE coordinates x ¼ r w½ �T (task-space) according to the EE position
r and orientation w. As shown by Hufnagel et al. [3], these equations can be
obtained by cutting each kinematic chain of the mechanism at the EE and intro-
ducing redundant geometric and kinematic closure conditions

0 ¼ h q; r;wð Þ; h q; r;wð Þ 2 R
n ; ð1Þ

0 ¼ J qð Þ _qþ JX wð Þ _x; J qð Þ ¼ oh

oq
2 R

n�n ; JX wð Þ ¼ oh

ox
2 R

d�n; ð2Þ

where h q; r;wð Þ defines the forward kinematics of each kinematic chain between
the cable exit point and the EE’s center of mass. Typically, a CDPR is directly
controlled by m external control forces u generated by the winch drives and the
equations of motion become
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D€qþQ
MX€xþKX þQX

� �
¼ u

0d

� �
þ JT

JT
X

� �
k ; ð3Þ

where D is the inertia matrix related to each winch and Q represents all remaining
potential forces as friction forces. The subscript X denotes elements for the par-
ticular linear EE equations of motion. Accordingly, the generalized mass matrix is
MX and the generalized Coriolis and centrifugal forces are summarized in KX. The
Lagrange multipliers k represent the constraint forces. The set of all valid con-
figurations of a CDPR, according to the constraints, defines the so-called config-
uration space (c-space) V :¼ q 2 V

njh q; r;wð Þ ¼ 0f g of the CDPR [3].
The constraint Jacobian J has locally full rank and its inverse is denoted as J�1.

Hence, the generalized velocities can be expressed as

_q
_x

� �
¼ F_x; F ¼ �J�1JX

Id

� �
ð4Þ

to parametrize all admissible configurations q 2 V
n. Herein F represents an

orthogonal complement of J JX½ �, fulfilling J JX½ �F � 0. The time derivative
of Eq. (4) yields the accelerations €q ¼ F€xþ _F_x. By the use of the defined
orthogonal complement, the unknown constraint forces k can be eliminated by the
projection of the equations of motion (3) onto the c-space V . Since the vector of
external control forces u only comprises non-zero entries for the m actuated joints
with generalized coordinates, a submatrix A of the orthogonal complement F can
be identified so that

FT u
0d

� �
¼ ATc ;

where c � c1; . . .; cmð Þ is a vector of generalized control forces corresponding to
the actuator coordinates. The parameterization in Eq. (4) and its time derivative
give rise to the equations of motion in EE coordinates

M qð Þ€xþK q; _qð Þ þQ q; _q; tð Þ ¼ AT qð Þc; ð5Þ

where

M :¼ FT diag D;MXf g½ �F ;
K :¼ FT diag 0m;KXf gFþ diag D;MXf g _F

ffi �
;

Q :¼ FT QT QT
X

ffi �T
:

In Eq. (5), the matrix AT is the so-called structure matrix which allows to
classify the degrees-of-actuation (DOA) a ¼ rank Að Þ: Hufnagel et al. [3] define
the degree of redundancy as follows q :¼ m� a. Hence the DOA determines how
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many generalized accelerations are affected by the controller. To fulfill the
requirements of a fully constrained CDPR, the DOA needs to lead to q� 1
guaranteeing that the cables can be tensed within the wrench-feasible workspace.

2.2 Inverse Dynamics in EE Coordinates

The inverse dynamics approach is used to determine the required cable forces for a
given motion. For a redundantly actuated CDPR, the number of cables exceeds its
DOF by q. The structure matrix is supposed to have full rank d. Accordingly, AT is
not square and its kernel (null-space) is of dimension q. Therefore Eq. (5) cannot
be solved unambiguously for the control forces c. It is possible to generate control
forces lying in the kernel of AT, which have no effect on the motion but can be
used to generate a tension level. Let c0 2 R

m be a vector representing a desired

tension level, a solution for c such that c� c0
ffi �T

W c� c0
ffi �

! min is

AT
� �þ

W
M qð Þ€xþK q; _qð Þ þQ q; _q; tð Þ
� �

þ NAT;Wc0: ð6Þ

Therewith AT
� �þ

W
:¼W�1A ATW�1A

� ��1
is a weighted pseudo inverse, where

W is a positive definite weighting matrix, with respect to the drive capabilities.
The null-space projector NAT;W generates the tension level in the cable system

close to the desired value of c0 [4]. In the field of redundantly actuated CDPRs, the
desired tension level must be chosen in a way that the unilateral properties of
cables are met. Based on this requirement Müller et al. [5] delivers real-time
capable force distribution algorithms based on geometrical approaches.

3 Internal Force-Based Impedance Control

3.1 Motivation

CDPRs can be considered as a multi-manipulator system handling an object,
where every actuated cable forms a manipulator. Therefore, a control algorithm for
CDPRs must feature the characteristic of achieving a cooperating interaction of the
manipulators—contrary to controlling each manipulator without knowledge of
the others—to eliminate contradicting (antagonistic) control forces. There are
some further desirable properties, which should be provided within the design of
the controller:

• Each manipulator features a compliance to eliminate contradicting control
forces.

• Platform dynamics take no influence on tracking or steady state position errors.
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All these properties can be considered in the design of an internal force-based
impedance controller. This control approach represents a class of control algo-
rithms where the controller directly gives each manipulator the property of an
impedance and as proposed by Bonitz and Hsia [6]. This remarkable feature gives
each manipulator the necessary robustness to cope with harsh interacting forces.
Thus, impedance control becomes an attractive strategy for controlling CDPRs.

3.2 Derivation of the Control Law

The equation of motion for each winch drive is described by

ui ¼ Di;i qð Þ€qi þQi qi; _q; tið Þ þ f i; ð7Þ

where D :¼ Dþ AT
� �þ

MX Að Þþ represents the joint space mass matrix. Under a
perfect compensation of disturbances Q the external control forces u are exactly
generated by the winch drives. Thus, the forces f can be replaced by the inverse
dynamics solution (6) to improve the controller performance.

When multiple manipulators are connected to a platform, the forces ~f generated
by each manipulator expressed in the cartesian space can be decomposed into
motion-inducing forces ~fM and internal forces ~fI, with

~f ¼ ~fM þ ~fI: ð8Þ

Internal forces ~fI produce no net forces on the EE, however, a tension in the cable
system and, thus, they must be chosen to lie in the range of the null-space projector
NAT . That means internal forces ~fI are not affected by motion-inducing forces ~fM

and can be regulated simultaneously. Using this fact, following decomposition
method to compute the internal forces for each manipulator can be used:

~fIi ¼ AT
i Im � AT

� �þ
AT

� 	
f: ð9Þ

As described by Bonitz and Hsia [6], impedance control in the application of
cooperating manipulators must enforce a relationship between the EE velocity and
the internal forces on the manipulated EE comparable to the interaction forces
between the manipulators. Otherwise, if the total forces imposed by the environ-
ment onto the manipulator will be incorporated in the impedance relationship,
platform dynamics will contribute to tracking and steady-state position errors.

Each manipulator is equipped with the following impedance describing a linear
second-order function expressed in the cartesian space
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Mid€xi þ Bid _xi þ Cidxi ¼ d~fIi; ð10Þ

where
dxi = xid - xi pose errors of the platform,
d~fIi ¼ ~fIi � ~fIid internal force errors,

Mi;Bi;Ci desired mass-, damping- and stiffness matrices

Here d represents a desired quantity.
An interesting choice of the impedance mass M is to set it equal to the projected

mass matrix M :¼MX þ ATDA. This choice of mass assures that the stability
constraints shown by Bonitz and Hsia [6] are met. It should be mentioned that the
selected mass matrix affects all EE coordinates simultaneously.

Each joint acceleration is related to the EE acceleration by its structure matrix

€qi ¼ Ai€xi þ _Ai _xi: ð11Þ

Solving Eq. (10) for €x, substituting into Eq. (11), and incorporating into each
winch drive dynamic Eq. (7), yields the following control law for each
manipulator:

ui ¼ Di Ai €xid þM
�1
i Bid _xi þ Cidxi � d~fIi

ffi �� 	
þ _Ai _xi

n o
þQi þ f i ð12Þ

In general, the internal force-based impedance controller is governed by a CTC
structure with a shaping of the internal forces resulting from the chosen mass
matrix.

One advantage of the proposed impedance control scheme is that separate force
and position control loops are not required. Therefore, the impedance parameters
can be chosen almost freely in contrast to the mentioned bandwidth limitations
shown by Eppinger and Seering [1]. Additionally, internal forces produce no net
forces on the EE and therefore, the platform dynamics have no influence on
tracking or steady state position errors.

4 Experimental Results

The presented internal force-based impedance controller was implemented on the
6-DOF SEGESTA prototype shown in Fig. 1. The CDPR is controlled by means of
eight BLDC-Motors (Maxon RE 60) linked to the winches with a nominal torque
generation of cnom ¼ 0:85 Nm. Thus m ¼ 8, i.e. the CDPR is redundantly actuated.
The winches are placed at the vertices of a nearly symmetric cuboid with an
overall dimension of 1.2 m 9 1.4 m 9 1 m (l x L x h). The mass of the EE is
approximately 0.825 kg. Strain-gauge beam arrangements (Megatron KM302) are
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integrated into the winch drives and used to measure the cable forces. The applied
encoders have a resolution of 2000 increments per turn.

To measure the EE pose the forward kinematics as proposed by von Zitzewitz
et al. [7] is used. Additionally the cable stiffness to alter the cable length is
in-cooperated in the forward kinematics. A high-gain observer as proposed by
Khalil [8] is used to get all state variables to fulfill the requirements of the
impedance controller. The BLDC-Motors have high stiction of about 0.1 Nm
which makes it necessary to use an additional friction observer as proposed by Le
Tien et al. [9] to support the internal force-based impedance controller. In addition,
the compensation of further unmodelled effects as a variable mass matrix M are
handled by a disturbance observer presented by Reichert et al. [10]. To compute a
desired tension level in the cable system, the so-called Puncture Method presented
by Müller et al. [5] is used due to its property to deliver nearly minimum cable
forces. Here, fmin is equal to 3 N.

Each manipulator impedance was chosen using the guidelines introduced by
Bonitz and Hsia [6] examining the projected mass matrix M. The stiffness matrix
C was chosen such that an impedance bandwidth of approximately 3 Hz is
achieved and B was chosen to achieve critical damping: C ¼ 1000M and
B ¼ 63M.

The EE was controlled along the path shown in Table 1 with a maximum
acceleration of 2.5 g and the maximum velocity was 1.5 m/s.

The parameter Radius describes the curve between the points in z-direction.
The evolution of the EE errors and the internal force errors expressed in the

joint space, respectively, during the run are shown in Fig. 2.

Fig. 1 SEGESTA prototype

Table 1 Coordinates of the chosen Pick-and-Place maneuver

Path 1 2 3 4 5

xyz-Pose in m (0/0/0.5) (-0.1/0.1/0.5) (-0.1/-0.1/0.5) (0.1/-0.1/0.5) (0.1/0.1/0.5)
Radius in m 0 0 0.1 0.1 0.1
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The results show that the controller has a good accuracy and the EE errors in
Fig. 2 (left) are below 50 lm at the rest positions. During the run, peaks of about
1.25 mm due to the high stiction can be observed. The results demonstrate further
(not shown in this paper) the importance of the disturbance observers, due to the
elimination of steady state EE errors at the rest positions. In addition, the internal
force errors shown in Fig. 2 (right) are going to zero at steady state, too.

5 Summary

In this paper, the equations of motion for CDPRs in terms of EE coordinates based
on a projection method are presented. By using this formulation, an internal force-
based impedance controller has been derived. No explicit position and force
control loops are necessary. Its implementation is discussed and the feasibility is
shown. Experimental results are reported for a 6-DOF CDPR, showing that an
accurate trajectory tracking performance and a desired tension level in the cable
system can be guaranteed during the EE movement.
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Time Sub-Optimal Path Planning
for Hyper Redundant Manipulators
Amidst Narrow Passages in 3D
Workspaces

Elias K. Xidias and Nikos A. Aspragathos

Abstract A novel approach is proposed for the time sub-optimal motion of a
hyper redundant manipulator used for manipulations in a 3D workspace with
narrow passages. This method is based on the Hyper-Bump Surface concept to
represent the entire 3D workspace. A number of feature points randomly scattered
on the surface of each link are used to estimate the degree of intruding into
obstacles, which is obtained by the ‘‘flatness’’ function. An optimization problem
is formulated including the error to the desired pose of the end-effector, the time
spent for the motion and the flatness, which is solved by a GA. Simulation results
are presented for manipulations in 3D complex environments to show the effi-
ciency of the proposed method.

Keywords Hyper-redundant manipulator � Three dimensional workspace � Hyper
bump-surface � Flatness � Time sub-optimal � Genetic algorithm

1 Introduction

In recent years, efforts have been made to develop manipulators with high numbers
of degrees of freedom (DoF) that can be used in rescue missions, inspection and
manipulation in quite complex pipe and nuclear energy installations [1] either
moving autonomously or by remote control. In these applications, apart from free
motion requirements, the time to complete a manipulation or inspection is crucial.
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The extra number of DoFs increases the motion capabilities and the dexterity of
the manipulator in highly cluttered environments with narrow passages, while the
complexity of the motion planning problem is increased, so approaches for high
dimensional motion planning spaces are required.

The motion planning algorithms can be classified into three categories: cell
decomposition, roadmap and potential field methods, which are used in the motion
planning of hyper redundant manipulators too. Cell decomposition based methods
[2] are computationally very expensive and for higher dimensional Configuration
Spaces require large storage means. Potential field based approaches [3] are
computationally efficient, but the manipulator can be trapped at local minima.
Techniques have been introduced to overcome these local minima trapping at a
high computational cost.

The roadmap techniques and particularly the Probabilistic Roadmap [4]
approach proved successful in finding feasible paths in a wide range of path
planning problems involving robots with high DoFs. However, the generated path
often involves redundant movements, which is far from optimal in any sense and
has poor quality.

In this paper a process is developed for planning time sub-optimal collision free
motions for a hyper redundant manipulator in a 3D workspace able to move via
narrow passages based on the Hyper-Bump Surface (H-BS) concept to represent the
entire 3D workspace by one mathematical entity [5]. The motion planning problem
is formulated as a global optimization problem which is solved using a Genetic
Algorithm with multiple populations (MPGA). The main innovations and contri-
bution of the proposed approach are the following: (i) the workspace is presented as
one entity analytically; (ii) the determination of the H-BS is fast and independent of
the manipulator, so there is no need for high storage capacities, (iii) Any shape of
the obstacles and of the robot can be accommodated. The collision avoidance
checking is not combinatorial, since the algorithm does not find the distance
between the various combinations of objects. In fact, it checks the flatness of the
H-BS in the coordinates of a set of points by simply comparing two numbers, and
the deviation from the flatness is punished in the searching procedure.

2 General Assumptions and Notations

In this paper, we assume a hyper redundant manipulator (Fig. 1a) operating in a
3D workspace cluttered with static obstacles of arbitrary size and shape. In
addition: (i) the links are represented by identical (length and diameter) cylinders,
(ii) each joint has 2-dofs described by two rotation angles: yaw and pitch so the
joint variables are denoted by q ¼ q1; . . .; qj; . . .; q2n

� �
, where n is the overall

number of links and (iii) the velocity of each joint is constant. The joints of the
manipulator are moving simultaneously and the travel time between two config-
urations is determined by the joint that takes longer. The hyper-redundant kine-
matics is trivial so their derivation is omitted.
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The obstacles have fixed and known geometry and are static. The initial and the
desired position and orientation of the end-effector are fixed and known.

3 Time Sub-Optimum Path Planning in 3D Workspace

In order to provide an optimum or even a near-optimum path for the manipulator’s
end-effector an objective function is formulated including: (a) the clearance
between the robot and the obstacles and (b) the time required for executing the
required kinematics mode motion by the hyper redundant manipulator to reach the
goal. In this section, the formulations of the objective function and the Genetic
Algorithm with multiple populations (MPGA) for the determination of the sub-
optimal solution are presented.

Given a 3D workspace the construction of the Hyper-Bump Surface (H-BS) is
an application of the Z-value algorithm [5], where the fourth coordinate of each
grid point takes a value in the interval (0, 1] if the corresponding grid point lies
inside an obstacle and the value 0 otherwise. A tensor product B-Spline surface
with uniform parameterization [6] represents the H-BS S:[0, 1]3 ? [0, 1]4.
Figure 1b illustrates the projection of the H-BS on x - z plane of a wall obstacle
with a window (Fig. 2). It must be noticed that, the initial discretization is used for
the definition of the control points net and it is not used in the definition of the
objective function and in searching for the optimum. Furthermore, the computa-
tional time required to construct the H-BS depends only on the algorithm, which is
used to determine the location [5] of the grid point and especially on the algorithm,
which is used to determine the fourth coordinate of each grid point. The H-BS is
independent from the anatomy and the shape of the manipulator so it is not
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2,..., nl l

2 dofs joint
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w
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Fig. 1 a The hyper redundant manipulator. b The projection of the H-BS on x - z plane of the
wall with a window
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necessary to reconstruct the H-BS when the manipulator is moving in the work-
space or when the manipulator structure is changed.

On the surface of each manipulator’s link a set of N random points am
l with

m = 1,…, N, and l = 1,…, n. Larger value for N represents the links more
accurately, but increases the computational time, thus a trade-off is required.

The objective for collision avoidance implies points am
l on S(x, y, z) with

minimal ‘‘flatness’’ given by:

H ¼ max
qtotal

Sw a1
1

ffi �
; . . .; Sw a1

N

ffi �
; . . .; Sw an

1

ffi �
,. . .,Sw an

N

ffi �ffi �
ð1Þ

with respect to the joint variables qtotal ¼ q1; . . .; qm; . . .; qRþ2ð Þ, with

qm 2 ½0; 11p
6 �

2n, and Sw al
m sð Þ

ffi �
denotes the w-coordinate (fourth coordinate) of each

point am
l on S(x, y, z). R is the number of intermediate manipulator configurations

between the initial and final goal defined by the user.
The time optimal motion of the manipulators could be considered as a two stage

process [7]. In the first stage the kinematics and the geometry of the environment are
considered so the time required to move from one configuration to another one
depends on the path in the configuration space and on the velocity of each joint. In the
next stage of trajectory implementation on the determined optimal path the time
could be further reduced based on the dynamics of the manipulator. The joints of the
current industrial manipulators are moving simultaneously with a trapezoidal profile
of velocity from configuration to configuration. Since the major part of the motion
has constant joint speed and the acceleration of the actuators is increasing, the joint
velocity is approximated by a constant for the first stage of the path planning [8, 9].

Considering that the joints of the manipulator are moving simultaneously with
constant velocity, a simple approximation of the time t required for executing a
path from the initial goal to the desired goal passing through a number R of
intermediate configurations is given by,

t ¼
XRþ2

m¼2

max
j

qm
j � qm�1

j

���
���

_qj

0
@

1
A; j ¼ 1; . . .2n ð2Þ

Fig. 2 a An intermediate and a final configuration, respectively. b Another point of view
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where qm
j expresses the intermediate mth configuration, and _qj is the average

velocity of the jth-joint that is assumed to be constant.
Considering the metrics for the rigid body pose in SE [7], in order to represent

the orientation of the hyper redundant manipulator’s end-effector we use unit
quaternions due to their advantages [10]. We define as D ¼ pc � pdk k the position
error between the current position pc of the manipulator’s end-effector and desired
one pd, and Rot ¼ arccosðRc � RdÞ expressing the angle (orientation error) between
the two unit quaternions the current Rc and the desired orientation Rd. The
requirement for the manipulator’s end-effector to reach the desired pose (position
and orientation) is defined by the following weighted metric:

DR ¼ wdDþ wrRot; wd þ wr ¼ 1; 0�wd;wr � 1 ð3Þ

Considering the collision free motion and the time required for moving along
the determined path, he following combined objective function is formulated:

E(qtotal) ¼ t � ew1DRþw2H; w1 þ w2 ¼ 1; 0�w1;w2� 1 ð4Þ

The scalars wd, wr, w1, w2 are weights factors. For example higher values for
w2and wdenforce the optimization method to search for paths with optimum
clearance and the smallest position error ignoring to some degree the end-effec-
tor’s orientation and the required time for executing the path and vice versa. It
should be noted that, if we do not take into account the required time t then we find
a collision free path which connect the initial goal with the desired goal.

Equation (4) presents a penalized time function, which takes a value in the
interval (t, + ?), if the manipulator collide with the obstacles and the value t,
otherwise. Furthermore, E expresses the total cycle time obtained taking into
account the manipulator’s configurations at the initial and desired states and the
R intermediate configurations and simultaneously ensures that no collision occurs
during the motion between these configurations.

Considering that our objective function is procedural, non-linear and multi-
modal, a GA with parallel populations and migration [11] technique has been
implemented to search for sub-optimal solution. This GA has multiple, indepen-
dent populations, and at each generation, some individuals migrate from one
population to another. When migration occurs, the best individuals from one
population replace the worst individuals in another population (the nth population
migrates into both the (n - 1)th and the (n + 1)th population). The master pop-
ulation is updated in each generation with best individuals from each population. It
is worth to notice that, each chromosome represents the strat, goal and interme-
diate configurations qtotal of a path. The fitness function of the problem is
expressed by the inverse of the objective function (Eq. 4), thus the maximization
of the fitness function leads to the minimization of the objective function.
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4 Experiments

The performance of the proposed method was investigated through simulation
examples for a hyper-redundant manipulator operating in a 3D environment. Due
the space limits we present only one test case of manipulation with Hyper
Redundant manipulators. The length of each link is equal to li = 0.5, i = 1,…, 12,
(n = 12 is the total number of the links) the radius of each cylinder is equal to
r = 0.1. Suitable setting for number of feature points N on the surface of each
manipulator’s link and for the GA’s parameters were experimentally determined in
preliminary tests and defined as follow: feature points N = 20, population
size = 50, number of generations = 80, crossover rate = 0.7, probability of
boundary mutation = 0.003, Migration-Interval = 10 and Migration-Frac-
tion = 0.1. The grid size for the construction of the H-BS is 80 9 80 9 80 and the
manipulator’s base is lying on (0.5, 0, 0).

In the present test case, the environment is cluttered with obstacles forming
narrow passages (one window on each wall) from where the manipulator is
requested to pass, in order to reach the desired state, shown in Fig. 2. The hyper
redundant manipulator initially is lying on the floor. The end-effector should
approach the desired point with a rotation of a 60� angle about the global axis z
where the corresponding quaternion is (0.866, 0, 0, 0.5). Figure 2a, shows an
intermediate configuration and the final configuration of the hyper redundant
manipulator. The total travel time is equal to 18.03 and when the time optimization
is not taken into account the total travel time is equal to 25.06.

It must be noticed that, in all our experiments the mean square error for the
position is 0.34 % and for the orientation is 0.43 %,respectively. Furthermore,
Fig. 3, shows the increase of the CPU time versus the number of DoFs for the
second case. The percentage increase of the CPU time is calculated with respect to
the computational time required for a manipulator with 16 DoFs. It could be

Fig. 3 The effect of DOFs in CPU time
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noticed that the increase of computational time is almost linear which shows the
efficiency of the proposed algorithm for redundant manipulators with even quite
high number of DoFs.

5 Conclusions

This paper proposes a method for time sub-optimal path planning of a hyper
redundant manipulator for manipulations or inspection in complex 3D environ-
ments. The proposed method is based on the H-BS concept for representing the 3D
workspace. The path planning problem is transformed to a global optimization
problem which is solved using a GA with multiple populations. Simulated
experiments are conducted showing the effectiveness and efficiency of the pro-
posed method for high DoF manipulators. Apart from avoiding the obstacles and
reaching the desired pose with very good accuracy, the manipulator saves about
32 % of the time to reach the desired pose with respect of the time required when
the time optimization is not taken into account. Thus the proposed method could
be used in time crucial handling and inspection operation either autonomously or
by remote control.

Future work will be concentrated on applying the proposed concept in more
complicated environments where a hyper redundant manipulator is requested to
serve a set of task points while is moving safely in its environment.
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A Blocking Plate Manipulation Robot
System Based on Image Recognition

Yonggui Wang, Xingguang Duan, Amjad Ali Syed, Meng Li,
Xiangzhan Kong, Chang Li, Yang Yang and Ningning Chen

Abstract Since the intricate and dangerous working environment of steam gen-
erator, it’s risky for staffs to complete fastening bolts of blocking plate. This paper
introduces the blocking plate manipulation robot system based on image recog-
nition. The mechanical design was proposed gradually to satisfy the requirement
of compact structure, light weight and quick installation. Then the control system
is displayed to guarantee precise control and safe operation. In addition, the center
coordination values of the bolt based on the image recognition are extracted to
guide the robot to fasten the bolts. Finally the experiment validates the effec-
tiveness of the image recognition.

Keywords Robot � Image recognition � Mechanical design � Blocking plate

1 Introduction

As the development of nuclear power automation, the robot, image processing has
been widely applied to play an important role in the dangerous environment. In the
nuclear power plants, the equipment and operating environment are radioactive.
Therefore, the robot application is not only lower the cost of artificial protective
equipment and management, but also reduce the staff radiation dose and labor
intensity [1]. After the Chernobyl disaster and Fukushima disaster, the more
attention has been taken to nuclear safety by government and other related
organization.
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In recent years, many robots have been applied in the nuclear plant. The Pioneer
(RedZone robot company), which has 6 DOFs arm, was an electric tracked vehicle
and used for reprocessing nuclear accident [2]. The radiation-resistant robot
RaBOT (JAERI Robot Company) was a mobile robot with double arm and
equipped seven CCD cameras [3]. It could work under the c radiation field of
105 Sv and complete switching valves, sample collections. The PackBot robot
(iRobot company, American) aimed to detect the working condition, analyzing and
recording the parameters [4]. In addition, it could provide tipping self-adjusting,
self-recovery communication and GPS positioning. The TWS system (AREVA
company, French) including robot, ultrasonic phased array module and analysis
system, was a general detection tools for reactor pressure vessel. Furthermore,
other robot has also been used under the complex environment of nuclear power
plant.

During the maintenance period of the nuclear power plant, the inlet and outlet of
steam generator, which are on the 40� slope, should be blocked in order to protect
the maintenance staff and guarantee the normal work of other steam generator. Now
the seal of inlet and outlet of steam generator allows for the rubber inflatable
capsule and blocking plate. The aluminum blocking plate, which is divided into
three parts to be convenient to carry and attaches 14 bolts in order to connect with
the steam generator, is delivered into the steam generator one by one from the
manhole, then the staff put the blocking plate and rubber inflatable capsule on the
inlet of steam generator, as shown in Fig. 1. In the current way, the staff would
fasten the bolt from the manhole by using a long fastening tool on which the camera
was installed. This process spends much time in fastening bolt and the staff also
would be long time exposure to the radioactive environment [5–7].

So this paper proposes a blocking plate manipulation robot system based on the
image guide to deal with current difficulties, which has the characteristics of compact
structure, light weight and easy to handle. The system overview is introduced in
Sect. 2. The mechanical design and control system of robot are recommended by
Sects. 3 and 4. The Sect. 5 provides a center coordinate recognition method.

Fig. 1 Blocking plate and
fastening the bolt
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2 System Overview

In this section the designed and implemented system components are discussed.
The blocking plate manipulation robot system includes the robotic manipulator,
control system and image recognition system, as shown in Fig. 2.

The manipulation robot being a system carrier completes fastening 14 bolts in
the steam generator. Because of the limitation of work space, the mechanical
structure of robot is compact and light weight. Taking account for the function of
fastening bolt, the manipulation robot adapts a typical structure of cylindrical arm
with roll wrist. So the robot allows for four DOFs, three DOFs of them determine
the target positions, another one is used for fastening bolt through the cooperation
of first three DOFs.

The control system aims to control the robot to move stably and smoothly. In
order to improve the control quality and safety, a reliable control system must be
needed. Therefore, distributed control system is selected built on CAN-bus.
Because of reliable communication, real-time, flexibility, strong robustness, long
transmission distance, CAN-bus is widely applied in all kinds of industry control
field [8].

The image recognition system played an important role in entire system. As the
blocking plate consists of three parts, each bolt position of blocking plate is
uncertain. Through processing the image from the camera, which is installed in the
robot arm in order to keep the constant distance from the camera to the surface of
blocking plate so that the image recognition system could acquire the bolt center
coordinates by designed algorithm. Then convert and transfer the center coordi-
nates to the blocking plate manipulation robot so that the manipulation robot
completes the bolt fastening.

Fig. 2 The blocking plate manipulation robot system. a Manipulation robot. b Control system.
c Image recognition
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3 Mechanical Structure

The blocking plate manipulation robot aims to be easy to carry into the steam
generator, and quick installation on the blocking plate. So the robot should be the
characteristic of compact structure, light weight, quick installation and safety. By
analyzing the working space, the typical structure of cylindrical coordinate system
with roll wrist was used for completing the task on the blocking plate. The robot
has four DOFs driven by four AC servo motor, three of them are used for deter-
mining the position and another for fastening the bolts, as shown in Fig. 3.

Based on analyzing the dexterous workspace, some parameters about the
manipulation robot could be confirmed. The first joint is supported by the servo
motor and harmonic reducer realizes the circular motion of robot in order to
control the robot to every bolt. The second joint is maintained by the motor and
linear module allows for the radial movement to adapt the bolt position. The three
joint is just as the second joint, aiming to be used for lifting motion. The fourth
joint realized to fasten bolts, so the servo motor and reducer are chosen to output
the required torque.

4 Control System

Communications among these electric devises are required to be stable and fast.
Compared with other sort of communication bus, CAN field bus is remarked as a
competent choice. Whole structure of the system is shown in Fig. 4. Control
system consists of an industry computer, a CAN card with PCI slot, motor con-
troller and other devises as mount points on the CAN bus.

CAN open protocol, a high-layer protocol base on CAN field bus, is widely
accepted in industry uses. Promoted by BOSCH company, it is a serial bus pro-
tocol with outstanding properties, such as high reliability, strong interference
immunity, low cost and development simplicity. CAN open is object-oriented, and

Fig. 3 Mechanical sketch of
manipulation robot
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is characteristic of modularization and remarkable adaptability make it widely
used in plenty of fields. The hardware of control system is displayed in Fig. 5.

According to the motion sequence of real time and workflow, firstly control the
motor 1 to the proper position. Then acquire the image and detect the coordination
values of bolt’s center, calculate the angle and distance of motor 1 and motor 2 in
order to guarantee the robot to move just above the bolt. Finally the motor 3 and
motor 4 could complete the fastening and loosening bolts.

5 Image Recognition

The image recognition system goals to capture the image, extract that bolt center
coordinate values and convert into the joint angles [9–11]. As the structure of bolts
is special, identifying hexagon is more effective than the circle in the process.
Because the blocking plate could have a number of circular structures and it is
prone to recognize other center coordinate values rather than the bolts, circle isn’t
an ideal recognition feature. The camera is special designed for radiation pro-
tection due to complex working environment.

As acquiring bolts image in real-time, the light, uneven exposure and other
factors brought to the image noise. Without noise removal, image segmentation,
image enhancement and image analysis and judgment would be affected. So the
corresponding approach is applied in order to realize the image recognition and
acquire the center coordinate values [12, 13].

Fig. 4 control system of
blocking plate manipulation
robot
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Image recognition aims to acquire the center coordinate values of bolts.
Through the procedure as shown in Fig. 5, the center values calculated. In this
procedure, the image binaryzation and identification of the center become key
steps.

Through the analysis of different image recognition algorithms, Canny operator
could obtain optimum efficiency of edge detection. High signal noise ratio, better
positioning performance and only a single response to a single edge are the
advantages of Canny algorithm. The basic principle of Canny algorithm is to
calculate the gradient magnitude and direction of the Gaussian filter impulse
response [14].

Supposing gradient vectors is rf ðx; yÞ ¼
fxði; jÞ
fyði; jÞ

" #
, boundary strength is

ri;j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f 2
x ði; jÞ þ f 2

y ði; jÞ
q

, and the gradient direction angle is h ¼ arctan
fyði;jÞ
fxði;jÞ

� ffi
.

However, geometrical figure is incomplete, which will make a difficult to find
the center of bolt. Besides that, the light direction and illumination have a great
influence on image recognition. Non-maximum suppression method and two
threshold judgment are applied in edge detection.

After the adjustment of threshold, a satisfy result can be obtained, as shown in
Fig. 6.

Through the analysis of the hexagonal spatial moment, the center values of the
hexagonal could be calculated by

x ¼

Pn

i¼1
xipðxi; yiÞ

Pn

i¼1
pðxi; yiÞ

y ¼

Pn

i¼1
yipðxi; yiÞ

Pn

i¼1
pðxi; yiÞ

ð1Þ

Then transform the center values to joint angles which enable manipulation
robot to get the target position, and complete fastening the bolts.

Fig. 6 The result of image
recognition
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6 Experiment

The experiment aims to validate the image acquisition and processing system,
affirm the scope of taking image and calculation the relationship between the pixel
and joint angle. The image recognition plays an important role on the robot system
so that the camera guides the robot to the suitable position. Because it is difficult
for camera to acquire image just above the bolt, we need to calculation the scope in
which the algorithm of image recognition could detect the bolt’s center. The
procedure of experiment is presented as follows:

(1) Move the camera to just above the bolt and recode the center coordination
values of the bolt, such as (500, 500). So when the joint 1 moves hb, the
fastening device could be moved to just above of the bolt and complete
fastening and loosening the bolt.

(2) The joint 1 rotates 0.2� each time along the clockwise direction. Recode the
center coordination values of bolt by the image recognition system.

(3) Along the counterclockwise direction, the joint 1 rotates 0.2� each time and
recodes the values, as shown in Fig. 7.

The result shows in the Fig. 7 that the relationship between the camera location
and center coordination values is linear in certain scope. Given the location of the
above bolt as the zero point, the scope of taking image is (-2.70, 5.69). In
addition, the relationship between the joint angle and pixels could be calculated.

h ¼ ðx)� 500� 0:1=2þ hb

l ¼ ðy� 540Þ � 0:5=3
ð2Þ

Fig. 7 Result of precision experiment. a The different position. b The relationship between the
pixel and joint 1
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Where, the coordination value (x, y) is the bolt center when the camera moves
to above the scope. The relationship is used to guide the robot to complete that
task.

7 Discussion

A blocking plate manipulation robot is designed and implemented in this paper in
order to protect the staffs and reduce the radiation duration. Through the
requirements of the blocking plate manipulation, the mechanical design and
control system are introduced to achieve this function. At last the image recog-
nition system is narrated to display the process of identifying the center values of
the bolt. The robot has the characteristic of small volume, light weight and easy-to-
handle. After a lot of experiments were conducted, the system has been proved to
be effective. But the image recognition is not enough stable because of the light
intensity. Now the system is used for low torque, the high torque unloading
problems should be considered. So it still has a lot of work to make the system
better and higher reliability.
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Walking Mobile Robot with Manipulator-
Tripod

V. Zhoga, A. Gavrilov, V. Gerasun, I. Nesmianov, V. Pavlovsky,
V. Skakunov, V. Bogatyrev, D. Golubev, V. Dyashkin-Titov
and N. Vorobieva

Abstract This paper describes the design of an autonomous mobile robot of a
small class, equipped with manipulator-tripod with a swivel block. The robot
movements software optimization methods are shown here. The positional prob-
lem of manipulator pickup device changing over from the starting position to the
set finite one was solved. The trajectory and the law of motion along the trajectory
from the minimum pickup device acceleration were synthesized.

Keywords Mobile robot with walking movers �Manipulator-tripod with a swivel
block

1 Introduction

Mobile robots equipped with manipulators are used to monitor and predict the state
of the environment, disaster management. The vast majority of mobile robots have
wheeled or caterpillar movers. However there are operational situations where the
use of such movers is impossible. Application of robots with walking mechanism
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allows to improving the robot’s flotation, to navigate along the flights of stairs, as
well as to reduce the damaging influence on the soil fertile layer [1].

Usually manipulators are installed on the robot, which represent consequently
connected chain links. These manipulators have a low weight-lift index and are
characterized by high static and dynamic errors. One of the ways of overcoming
these shortcomings is to use the manipulator-tripod with parallel kinematics [2].

In this regard it is relevant to study mobile robots with walking propellers
equipped with manipulators-tripods.

1.1 Mobile Robot

The Fig. 1 shows a robotic system consisting of a mobile robot equipped with a
manipulator-tripod [3].

The robot consists from a top frame 1, connected by the rotation mechanism
with the bottom body 2. Each of the body parts are connected with pair of guide
blocks 3, 4 made in the form of a splined shaft with a ball screw LBST30 DD CL,
with a stroke of 942 mm and 1,042 mm, with the horizontal displacement drives
[4, 5]. The drives of the company «Maxon motors» are used as horizontal dis-
placement drives and rotation drive. Each drive includes a servo motor RTG060,
planetary gear, brake, position sensor (encoder HEDL9140, 500 imp/rev). Twist-
ing moment on the drive shaft of horizontal movement is 4 Nm; angular velocity is
425 rev/min. Maximum twisting moment on the rotating drive shaft is 34 nm; the
angular velocity of the output shaft is 17 rev/min. Robot vertical adaptation drives
5 to the supporting surface are mounted at the ends of the rods. The linear actuators
CAT33Hh400h4AG1F, «SKF group» are used as drives. Bearing rod dynamic
load is 500 N; the speed is 0.174 m/s; the stroke is 400 mm. The robot is powered
by the battery with the voltage of 24 V.

The robot is equipped with sensors to determine when to touch the surface
support stand; guide block motion sensors, infrared distance meter, two-axis
inclinometer and video cameras.

1.2 Manipulator-Tripod

Manipulator gripper movement is provided by variable-length units (actuators
SKF). One ends of the links are secured via two movable pivot points on the support
base. Opposite ends of the links are connected by the spherical joint assembly [2],
whereby the longitudinal axes of the links converge at a single point. Support base
has a possibility to rotate the expense of a variable-length link 4 (actuator SKF).

The task of the operating gripper movement consists of three stages—the
positioning of the gripper, its trajectory synthesis and determination of the motion
law along the trajectory.
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2 Robot Dynamic Model

Mechanical part of the robot is resented in the form of six absolutely rigid bodies
of mass m1, m2, m3, m4 connected with moving drives (Fig. 2).

The robot motion relative to a fixed reference system Ong1 is considered. The
coordinate axes C1XYZ are connected with the mass center of the lower main body.
The mass center location is determined by the radius—vector~r1, velocity vector
~Vand angular velocity vector ~x. The movable coordinate system CkXkYkZk,
(k = 1 7 6) are closely connected with each of solid bodies. Their position rel-
atively to the axis C1XYZ is defined by using Euler ship angles u, w, h.

The equations of motion are written in the form of Lagrange equations of the
2nd kind

A q
::
¼ Bðq; q

:
Þ þ Fðq; q

:
; tÞ þ Nðq; q

:
Þ; ð1Þ

where A is 10 9 10 a symmetric matrix of inertia coefficients; B(q, q.)is a matrix
column terms depending on generalized coordinates and velocities; F(q, q., t) is a
column matrix of control forces; N(q, q.)is the matrix column of supporting sur-
face reaction forces.

The mathematical model describing the dynamics of the robot spatial move-
ment is implemented as a set of programs written in C# using .NET Framework 4.

Fig. 1 Walking mobile robot
with manipulator-tripod: 1
bottom body; 2 top body; 3, 4
guide blocks; 5 vertical
adaptation drives
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The main objective of the program is the calculation and visualization of the robot
based on the differential motion equations integration results.

In the robot movements’ numerical simulation the cyclic gait with a constant
factor regime was defined. The carried out numerical study allowed us to for-
mulate technical requirements for the mobile robot drives experimental model.

Along with discrete algorithms of movement (start-stop), the robot’s kinematic
scheme allows us to implement the algorithm in which a robot moves uniformly in
a straight line. Unaccented robot adaptation to uneven support surface is provided
by a software laws relatively to its links movement [6].

3 Optimization of Robot Program Motion

The robot prototype experimental studies showed that basic energy consumption
for movement is caused by friction in the joints of its parts.

One of the methods of reducing energy consumption to overcome the frictional
forces is the realization of the software moving optimum laws of robot frames
found by minimizing a criterion for determining irreversible losses in electric
motors. The set problem is solved by the methods of classic calculus of variations
[6, 7].

I1 ¼
Zt1

0

F2
1ðtÞ þ F2

2ðtÞ
� �

dt

F1, F2—driving force control actuators
When implementing the got motion optimal law, the energy on the robot

movement is reduced, compared with the ‘‘triangular’’ law by 25 %. Figure 3
shows the coordinates velocity and acceleration of the frame change program laws.
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Fig. 2 The calculation
scheme of the robot. Reaction
of the surface is determine the
forces ~Ni(i = 1 7 8)
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4 Manipulator Research

4.1 Structural Analysis

Manipulator-tripod structural analysis from the conditions required movements’
realization without redundant links and local mobility was carried out. Figure 4 is
a block diagram of the manipulator, wherein the linear movement axes geomet-
rically converge via the universal spherical five-flexible pivoting unit.

Links of slave cylinders with kinematic pairs are 2–3, 5–6, and 8–9 V class,
while at the points of attachment A, B, C must be installed two-flexible pivoting
units. In this case manipulator has 3 degree of freedom.

The required robot platform working area and dimensions parameters are
adopted as basic geometric constraints in the synthesis of a manipulator based on
the spatial mechanism.

Static loads affecting on the manipulator links, depending on the position and
the pickup device are determined from its equilibrium under the influence of the
spatial system reaction N1;N2;N3 forces converging manipulator links and the
force applied to grab G. Effort N4 in the link L4 is determined from the equilibrium
conditions of the rotary base (Fig. 5). Point M equilibrium equation is obtained
from the principle of virtual movements in the projections on the axes of the fixed
coordinate system. Efforts in the manipulator links for each point Mi (yi, zi) of
manipulator service areas were determined (Fig. 6).

4.2 Positioning Task

Manipulator gripper positioning is to move it from the initial state
M0(xM0, yM0, zM0) to the finite position Mk(xMk, yMk, zMk) [2]. As the number of
generalized manipulator coordinates exceeds the number of generalized gripper
coordinates that has a non-zero maneuverability, and the target position corre-
sponds to a variety of configurations.

1 20,50,25 0,75 1,25 1,5 1,75 2,250

0

0,1

0,2

0,3

0,4

-0,1

-0,2

-0,3

-0,4

( )t

)t(

t,c

Fig. 3 Optimal kinematic
parameters of portable frame
x.(t)—speed, x(t)—coordinate
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Coordinates of the gripper center xM, yM, zM units and manipulator links 1–4 in
the coordinate system OXYZ are connected by the equations

x2
M þ ðyM � yAÞ2 þ ðzM � zAÞ2 ¼ l21; ðxM � xBÞ2 þ ðyM � yBÞ2 þ z2

M ¼ l2
2;

ðxM � xCÞ2 þ ðyM � yCÞ2 þ z2
M ¼ l23; y2

M þ ðzA � zDÞ2 ¼ l24;

ffi
ð2Þ

Fig. 4 Manipulator-tripod
with universal spherical pivot
point scheme

Fig. 5 Manipulator-tripod
power analysis design
scheme
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Links length l2k, l3k uniquely determined from Eq. (2), and the segments lengths
l1k(yA, zA), l4k(yA, zA) are found according to the by quadratic function [7] mini-
mizing problem setting [7]

U yA; zAð Þ ¼ C1 l1k � l10ð Þ2þC4 l4k � l40ð Þ2

equality constraints, f(yA, zA) = zA
2 + (yB-yA)2 - O1A2 = 0

and inequalities L1min B L1 B L1max, L4min B L4 B L4max.
In accordance with the Kuhn-Tucker theory the necessary problem setting for

stationary are written in the form [7]

oU�

oYA
¼ C1

o L1k � L10ð Þ2

oYA
þ C4

o L4k � L40ð Þ2

oYA
þ k1

of YA; ZAð Þ
oYA

� k2 � k3 ¼ 0

oU�

oZA
¼ C1

o L1k � L10ð Þ2

oZA
þ C4

o L4k � L40ð Þ2

oZA
þ k1

of YA; ZAð Þ
oZA

¼ 0

ð3Þ

Here k2
� 0; if YA ¼ YAmin;

¼ 0; if YA [ YAmin;

(
k3

� 0; if YA ¼ YAmax;

¼ 0; if YA\YAmax:

(

From which the values L1k YA; ZAð Þ; L4k YA; ZAð Þ are found.

4.3 Trajectory Synthesis

The system of differential equations describing the manipulator motion with
holonomic constraints (1) can be written using the Lagrange equations with
undetermined multipliers.

The notations x1 = x, x3 = y, x5 = z, x7 = u, Fk, k = 1, 2, 3, 4 are intro-
duced; they control efforts in the manipulator links. Functions that transform

Fig. 6 Efforts change in
manipulator links at the link
length change
L1min� L1� L1max at
L2min;L3max;u ¼ 30�
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manipulator gripper from the initial position to the finite position during the time
T are found from the minimum of the functional [7].

J ¼ U x7 Tð Þð Þ þ 1
2

ZT

0

_x2
2 þ _x2

4 þ _x2
6 þ O1A2 � _x2

8

� �
dt: ð4Þ

Unknown functions must satisfy the following boundary conditions
x2S-1(0) = x2S-1,0, x2S-1(T) = x2S-1,T, x2S(0) = x2S(T) = 0. The function value
x7(T) is unknown. Writing the necessary conditions of stationary for xk(t), k = 1, 3,
5 taking into account the boundary conditions, we have

xkðtÞ ¼
�2 xkðTÞ � xkð0Þ½ �

T3
t3 þ 3 xkðTÞ � xkð0Þ½ �

T2
t2 þ xkð0Þ: ð5Þ

According to [1, 4] the boundary condition for the influence function is

k7 Tð Þ ¼ oU ðx7 Tð Þ½ �
ox7 Tð Þ ; U x7 Tð Þð Þ ¼ � lx2

7 Tð Þ
2T3

l—constant factor which value is determined by the result of obtained solution

analysis. Then vx7 Tð Þ ¼ const ¼ vx7 tð Þ ¼ x7 Tð Þ
T3 , and after the integration we obtain

uðtÞ ¼ luðTÞ
6T3

t3 � luðTÞ
4T2

t2 þ uð0Þ: ð6Þ

For t = T we define the unknown basis rotation angle at the finite time
x7 ¼ u � O1A, and from Eq. (2) we can find manipulator links lk(t) length changes
laws.

Programmatic efforts are found from the dynamics equations solution.

5 Management Control

The robot control system (CS) is based on a modular microprocessor system
ROBOCON-1 [8]. The system realizes 16 channels of control drives with analog
and digital feedback and includes four 4-channels controllers and, respectively, 16
channels to control DC drives. The format of the drive control unit boards is PC104.
The computers connection with the drive control unit is provided via RS-232 or
USB. The robot’s control system is built under the scheme with speed feedback and
solves the problem of contouring control actuators on the robot. The robot sensors
are connected to the drive control unit modules. The control system realizes syn-
thesized and described above software laws of the robot movement. The system
supports autonomous, semi-autonomous (with the possibility of operator inter-
vention) and remote modes of the robot control.
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6 Conclusions

Scientific and technical principles of energy efficient, high profile patency auton-
omous mobile robot systems with orthogonal walking movers had been developed.
On their basis experimental sample of robot have been designed and built. Robot
has curb weight about 184 kg and carrying capacity about 300 N. It’s dimensions
(LxWxH): 1890 9 764 9 1257 mm—(operating position), 1290 9 764 9 857—
transport position. Max speed—1.35 km/h. Surmountable obstacle height)—up to
400 mm, pace—600 mm. Max soil bearing pressure—0.84 kg/cm2. Movement on
a slope (maintaining the horizontality)—24�.
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Brain Flow in Application for New
Robotic POLIMI Platform

Alberto Rovetta

Abstract This paper deals with Locobot and Polimi Platform, a new robotic
platform, able to interpret the actions of the persons operating in its environment.
It uses not a deterministic logic, as usually in industrial and not industrial robotics.
It adopts a structuralistic logic, where reality experience is executed with the
personal structure, which is different from person to person. Polimi Platform uses
nodes structures, with a total participation of all sensors and actuators. Application
and realization is reported here, in its first phase. Polimi—Platform is the devel-
opment of one of the first voice controlled robots, called Gilberto, in 1981 (see
Refs. [1], [2]), after that LOCOBOT European Union Project, (see Ref. [3])
proposed an intelligent Platform, performed in the applicative results. Locobot
means LowCost Robot and the platform performed in Politecnico di Milan had
practical demonstrations on 14th March 2013 and July 2013 in AUDI Co., Partner
in the Project. Now Polimi—Platform is a subsequent development, after 1st
August 2013, for increasing a new type of intelligence in the system, substantially
in the platform, which is equipped with a new nano microphone system for high
level performances and new logical and emotional software to have the partici-
pation and cooperation of the worker(s) with the robotic system.

Keywords Robotics � Brain � Emotional robotics � Interface � Robotic special
intelligence
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1 Introduction

In 1981 (see Ref. [1, 2]) the Author designed and developed Gilberto, which was
able to recognize voice, to speak, and to have a vision system to recognize objects.
It was controlled by a microprocessor, as reported by Isaac Asimov in its book on
Robotics. As presented in [2], the movies show the flexibility and reliability of the
robot Gilberto in 1983. Polimi—Platform Platform is the development of one of
the first voice controlled robots, called Gilberto, in 1981 (see Refs. [1, 2]). In
2010–2013 in LOCOBOT European Union Project, (see Ref. [3]) Politecnico di
Milano, Laboratory of Robotics, proposed an intelligent Platform, performed in the
applicative results. Locobot means Low Cost Robot and the platform performed in
Politecnico di Milan had practical demonstrations, as in the contract, in 2013 in
AUDI Co., Partner in the Project. The Polimi Platform for Locobot is able to have
speech recognition, voice control, vision recognition, lidar and vision control,
autonomous motion with exploration and navigation, an a high level sensor fusion.
It is applied in tests in Audi Co. for the best improvement of manufacturing
activities in cooperation between workers and robotic systems.

Polimi Platform (which is the previous design and practical working application
of Polimi—Platform) performs a controlled motion, in synchronization with pro-
duction line, according to the planning of Locobot Project, as reported in Ref. [3].
Movies, photographs, tests and analytical developments of studies are reachable in
EU Commission. Polimi Platform for Locobot was presented officially in the
Celebration Day of European Union in Bruxelles, in the event called EU Open
Doors, as honored example of one of the best (15 on 3700) research scientific
results of all European Union Projects. Locobot is a new step towards the future of
robotics. Its dissemination is running now and the research on Locobot Platform
will lead to real new steps in real robotics, out of the old and surpassed ways and
methods, which must be day by day adjourned. Now Polimi Platform is a sub-
sequent development of Locobot, after 1st August 2013. It wants to increase a new
type of intelligence in the system, substantially in the platform, which is equipped
with a new nano microphone system for high level performances and new logical
and emotional software to have the participation and cooperation of the worker(s)
with the robotic system. Robotics till 2000 developed mainly industrial robots, and
research followed. Now it is time of a new research, and the research must have
immediate applications, as Polimi Platform for Locobot with Audi, towards a real
reality of cooperation man/robots in the real environment. Laboratory of Robotics
of Politecnico di Milano dedicated the years from 1992 to 2013 also to develop
substantial research and applications (see Ref. [2]) to the neurological aspects of
human behaviour, with studies on neuromotor control in cooperation with Nobel
Prizes (see Ref. [5, 6]). References [7–10] can give a survey of the problems. Now
we present our results in new robotics, and new robotics means also low cost, high
performances, great reliability, as Polimi Platform and its development Polimi—
Platform offer in great measure.
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From 1981 to today we have developed the useful (and patented) robotics (see
Ref. [2]) and Polimi Platform is one of the best trends which Politecnico di
Milano, Dept. of Mechanics, is developing.

2 Special Intelligence

The POLIMI Platform has developed the new version, characterized by special
intelligence. The structure of the platform is defined by many independent sensors
connected to a central PC via software, which uses independent and interconnected
nodes. Any information of each sensor reaches directly the central computer and,
based on the data processing, controls the movement. The entire system is mon-
itored on the screen of the Platform and can also be seen from the remote com-
puter, from tablet, from cellphones, on the Internet. Polimi Platform goes a step
further, and adapts to the new frontiers of bio robotics and modern neurology.

Polimi acts in presence of human intellectual perception and logic, feelings and
emotions. Polimi Platform uses a special node with logic, born from structuralism,
which is pervading in recent years all the human sense, natural and theoretical
sciences, philosophical and engineering disciplines, neurological and physical
knowledge.

The logic of materialism considers as the only reality is external nature to man,
who lives this reality as a passive protagonist. The idealist logic (especially by
Plato and Aristotle [4] as many works in Thomas Aquinas and Kant to Hegel)
considers instead the IDEAS as existing and reality must adapt to the ideas that
encloses the whole. Today neither setting is accepted. Today is born structuralism,
where perception and intelligent understanding of things and reality are different
from individual to individual. Everyone structures own life according to the
experience of every moment. Structuralism knows that reality is perceived and felt
differently by each person, depending on his/her sensory system, nervous system,
memory capacity and interpretation, conscious and unconscious experience.
Materialism and idealism do not consider unconscious and instinctive, which
instead have a great importance in human life. Polimi—Platform wants to be the
first robot (or robotic system) that works with structuralism. It uses the same
hardware used by POLIMI PLATFORM, uses the same nodes, as if they were the
dendrites of the human brain, and uses them in a new way, by interpreting the
patterns of structuralism. Polimi Platform behaves differently depending on the
reality surrounding human beings who interact. The human person interprets
reality, not with digital values, but with models created by each person through the
senses, and the models are filtered and modified in each step by the sense organ.
They transduce signals to the brain analysis, providing synthetic information, short
and compact, so that the information is present in few elements. Polimi Platform
uses self-learning to grow and increase its basic statistical information and to
become more and more safe and reliable. The perception of Polimi Platform limi
can be changed according to the environment, to the people around, to the
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developed and expected events. Polimi Platform will have its own special intel-
ligence, adaptive, not as a machine but as an object built by man for man, with a
special intelligence gained from reality and life through restructuring.

The restructurism involves processing signals, derived from each sensor in
order to provide the values of the models and the signals as indices of perception
and communication. They are sent to all nodes of the computer to be processed by
the network of nodes, passing through the nodes of the ‘‘special intelligence’’ that
uses new logical models of interpretation.

The ‘‘new logic models’’ are nothing more than the recovery of some aspects of
formal logic, ancient and ever born alive. They connect logic action, affection,
emotion, without any distinction between quality and quantity, and application of
brain control goes back to the basic principles of Aristotle, who first spoke. The
first consideration is that the formal logics has filled completely the robotics and
the systems engineering, till some years ago, starting from ancient Egyptian and
Chinese cultures. Today the technical determinism has been transformed in an
operational activity, which is very interrelated, and no more sequential. Only
formal logics and traditional engineering are maintaining a rigid structuralism. The
modern science is communication between disciplines, is emotional participation
towards the progress of mankind, and is a political and strategical choice for the
driving of society towards the development and best quality of life. Ref. [5] by Sir
John Eccles, Nobel Prize, represents the first step for the new developments in
Robotics in Dept. Mechanics, Politecnico di Milan. After his visit and comments
on 1992, the Robotic Lab. took care of the real neurological aspects of intelligence,
searching for the behavior of the human body. Grasping of the hand is a very
complicated process, and robotic really can only reproduce a part of the human
grasping process, with alfa and gamma circuits of the brain in parallel actions. The
same neurological aspects have been considered and Daphne results, with neu-
rological aspects, have been developed, with very active and practical results (See
Refs. [2]), [6] by Montalcini, Nobel Prize, is very well considered after her visit
and cooperation in new ideas and design towards new frontiers of robotics, of new
robotics. Her skill on neurology was the first support to have the courage to over
go the traditional robotic logics, where the mechanisms obey the software,
according to deterministic laws, which really do not exist in life.

3 Description of Polimi Platform

The Fig. 1 shows the Polimi Platform, with the webcam, the lidar, the infrared
sensors, the ultrasonic sensors, the Kinect, the stereo camera, the omnidirectional
mecanum wheels. The safety is guaranteed.

The mental spaces that led to the design of Polimi—Platform were born in the
search for a robotic system that interprets the face, words, movements, and also
the intentions and actions of human beings, adding a real active cooperation to the
robotic machine. The concepts are spatial, in the sense that concepts are not
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running the traditional engineering method, the consequentiality after execution of
the project, but working for cyclic rings linked together, as in a necklace. The
strength of the series lies in its ability to add rings, and bring new systems,
attached to the preferred or more suitable ring. Polimi Platform does not want to
look like a humanoid robot, with face, legs, arms (see Author website, multipur-
pose hand 1979 Gilberto, 1981, prosthesis, 1984, etc.). Its genetic shape is to have
a horizontal drooped body, that is linked to a movement parallel to the ground. The
movement in the version examined here occurs with 4 wheels, and have been
studied and developed versions with 6 legs, also at a stage of intelligence so far.

Polimi Platform has four omnidirectional wheels, such that the robot platform
can move in any direction in the floor, with a control that allows the pure rotation
or pure translation, and of course the rotation and translation motion.

The main feature of the software developed in Polimi Platform is linked to the
use of software packages referred to as Robot Operating System (ROS). They have
been downloaded from the network in a very short time, have been adapted to the
different needs of the platform and were integrated into the controller board. The
management of the movement occurs with the use of packages modular, simple,
developed only for Locobot. The signals come from Lidar radar and allow the
mapping of the surrounding area, with fixed objects, obstacles, people still and

Fig. 1 Polimi Platform
Locobot—Polimi, with the
webcam, the lidar, the
infrared sensors, the
ultrasonic sensors, the Kinect,
the stereo camera, the omni
directional mecanum wheels
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people on the go. The map appears on the touchscreen of the platform. With the
use of a mouse or of the computer keyboard and also with smart phones and tablet
computer, the platform is controlled in all its functions. A significant point is the
use of nodes in the structure. The whole system has been designed in a parametric
way, and also each sensor node is connected in a network to the main program. All
nodes are working in a parallel manner, and this property makes platform Locobot
as very flexible and adaptable. All sensors act together and therefore the security of
the system is absolutely guaranteed. We have 16 infrared sensors and ultrasonic
sensors, 3 cameras, radar and also all the positioning information of the system
through GPS and odometry measurements of the movement, voice control, kinect
interface. The intelligence of the platform is also in the sharing of data, as a GPRS
card allows to transmit via satellite all the relevant information. The control cir-
cuits take the fuzzy logic and neural circuits to control, to decide what action to
perform. The number one priority is safety. The safety of the highest priority
concerns humans, the second priority is on the machines, on the platform and on
the environment. The integration of the software for the movement with all other
controls is done through the property of nodes, which activate the individual parts
of the platform. In addition, the icons are taken to have an easily manageable
handling. There are no written phrases, but only icons without words.

3.1 Exploration and Automatic Navigation, with Perfect
Understanding of the Environment and People

The Fig. 2 shows Polimi Platform during its navigation, after exploration, with the
action of all sensors and actuators.

Polimi Platform explores by the radar 3D (and 2D) the whole environment, a
webcam explores the ceiling and stores the main data; a stereo camera explores
stores and analyzes all side walls and pulls out the main features. All results come
in the memory of the PC board and are stored. A special tool widely used, called
Kinect, is adopted to recognize people in their handling of arms, legs, and also to
recognize the faces and expressions. These data are part of the exploration of the
environment where Polimi Platform is chosen to operate. If the environment
changes, Polimi Platform runs a new scan and stores all the obtainable data.

Simple algorithms traditional as well as new ones are applied, beyond the formal
logic that is expressed with usual logical determinism, even with statistical forecasts.

Each received, read and interpreted data must pass through the filter of a logical
structure non-formal and must obtain an index of validity and truth, which is now
used in the application. In this way, it is like building a ‘‘mental space’’ for the
robot with a ‘‘special intelligence’’ that must be filled, and must be made active
and positive. The new ‘‘intelligent special robotics’’ can free the worker, the
designer, the user, every person who interacts with the robot, from the bondage of
the obligation of an asset.
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3.2 Emotions in Action and Sharing

Polimi Platform presents a software connection to the sensors and actuators using the
system ROS, applied with operating ‘‘nodes’’, so as each sensor runs independently
of the other. In the same time Polimi Platform integrates data into an active and
simple network, and each new sensory element can be added. Polimi Platform shall
participate in personal, emotional state of the person with whom it interacts, or with
the emotional state of the group of people who interact, and also to the physical
environment in which it operates. To perform these operations in an interactive way,
it must be used a non-deterministic logic that has been designed and built in a
‘‘special node’’ of the network of data and commands in the computer. This node only
performs with algorithms, which are enriched by the experience of Polimi Platform.
The structure of the ‘‘intelligent node’’ can be expanded with the experience of
Polimi—Platform and all other similar robots in operation, which are networked via
the Internet and via satellite with active tabs positioned in intelligent robot.

3.3 Expression of Emotion and Participation by Polimi
Platform

Polimi Platform can express itself in relation to the input it receives from the outside
world, consisting of the persons, from environment, from other Polimi—Platform and

Fig. 2 Polimi Platform during its navigation, after exploration, with the action of all sensors and
actuators
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other machines. The expression of Polimi Platform used, possibly with music, flashing
and stained with led, by action of mechanical and mechatronic systems placed on the
platform, and also from any external interfaces to the Polimi Platform platform placed
in the environment of existence. It must therefore be build a reaction protocol of Polimi
Platform that best shows its expressions and makes clear its reactions.

4 Applications

The application of Polimi Platform is devoted to the systems and environments
where there is an interaction of the machines, the robots with the human presence.
Locobot applications are performed in a manufacturing Company, which is Audi,
as a Partner in Locobot project. Locobot can synchronize its motion with the
automotive production line, where different cars are produced. It is very smart and
nice to see the cooperative motion of the Polimi Platform for Locobot with the
suspended production line, where cars are moved. Locobot supports the assembly
line increasing the efficiency and the velocity of all the line. The web site of
Locobot Project (see Ref. [3]) shows all the actions and demonstrations, which are
spectacular in front of the traditional robotics. The meaning of ‘‘robot’’ must
change. Up to now, in industrial field ‘‘robot’’ is a system to be programmed, which
can perform programmed tasks, and no autonomous existence. Some research
robots look as independent and it is not correct, because all the behaviors of robot
depend on a line of a software program. When we mean ‘‘emotional and intelligent
robot’’ we mean clearly that a new kind of internal controlled logic can be used, and
this ‘‘internal logic’’ considers also the psychological effects that the human
behaviour induces in the robot itself. The effect of human psychology always acts in
all our actions, and robots, which are the most sophisticated production machines,
can participate of this reality in an optimizing and performing way.

Possible Polimi Platform applications for normal use are here reported.

1. Manufacturing industry for moving parts
2. Neurodegenerative cares
3. Cleaning of supermarkets
4. Cleaning of offices
5. In restaurants
6. In the stations
7. Robotics platform for space exploration
8. Building construction
9. Replacement of items in supermarkets

10. Industry: logistics
11. Mobility in hospitals
12. Transport in airports
13. Assembly in manufacturing industry
14. Buggy self-guided.
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5 General Specifications of Polimi: Platform for Normal
Applications

The Input may be endless, and yet the main categories are the following: type of
person view, with levels of hierarchy and authority on the type of movement; type
of voice command embossed, with level of significance on the function of Polimi
Platform; type of emergency declared from zero to maximum, with action on the
type of movement of Polimi Platform; kind of Safety imposed and verified, with
management of the movement of Polimi Platform.

Polimi Platform enters in a logical manner to obey commands, takes them into
account and performs the necessary operations, not like a robot but as an object
with its special intelligence. ‘‘Intelligence’’ is born from the embedded logic in the
computer and experience growth is based on the actions carried out. The safety
immediately reduces speed and acceleration, almost cancels the jerk, slows down
and stops the movement, to assume a position of verification. The Safety engages
an automatic trajectory, if necessary, even in extreme conditions of operation. The
safety index ranges from 0, when the situation is critical and dangerous to the
value 1 one when the system is always in the best possible safety.

For voice, Polimi Platform receives voice commands with a few keywords and
executes the corresponding orders. The way to zero 0, is completely passive and
the execution is not critical. Level 1 is a budget higher and the software manages
the voice as a manifestation of human phenomenon, to create a deep interaction
between Polimi—Platform, the human beings who speak, and the equipment
which plays the sound. When the output is followed by a voice response system on
Polimi—Platform, the position of the source is identified by the system that cal-
culates the GPS coordinates of the local source, and repeats in a loud voice, as well
as write them on PC monitor process. The answer is vocally in the base language,
which is English or other language according to the country chosen as the base of
Polimi Platform. The vocal response of the position is clear and unambiguous. If
the Input is a command word or phrase with words declaring control, Polimi
Platform takes inputs and actuates links also to motion and to vision, sends the
signal in the subsequent ‘‘Node of special intelligence’’ and executes orders in
sequence, according to the rules in the node. Consequently, orders are executed by
Polimi Platform in a way like an intelligent way.
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A Dual Formation Constraint Mechanism
of Mobile Sensor Network Based
on Congestion Will

Cheng Yang, Ping Song, Chuangbo Hao, Guang Wang, Lin Xie
and Wenjuan Guo

Abstract For the weakness of formation adjustment in formation control of
mobile sensor network nodes and formation disorder caused by long distance
travel, a dual formation constraint mechanism based on congestion will is pro-
posed in this paper. The mobile nodes use both general constraint and local
constraint to maintain a stable formation based on the analysis of the kinematics
model of the mobile node. The general constraint makes the nodes coordinated and
improves the efficiency. The local constraint ensures the balanced position of each
node in the formation. Simulation results show that the mobile nodes can move to
the target in a stable and regular formation utilizing this method.
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1 Introduction

Mobile sensor network combines the wireless sensor network with mobile robot
technology. The wireless sensor network expands the perceived space of mobile
robot and provides the possibility of improving collaboration of the mobile robot
and extending application scope.

Formation control is a significant research context for mobile sensor network
and mobile robot. Most formation control methods are mainly applied to the field
of mobile robot, such as leader-follower method, virtual structure method,
behavior-based method and graph theoretic method [1].

However, there are two prominent different points between mobile sensor
network and mobile robot.

On one hand, since most actuators of mobile sensor nodes are designed to be
simple in order to reduce both energy consumption and size, the control accuracy
is not high. For instance, the execution errors due to differences of mechanical
properties between each nodes will be introduced. These errors will result that
some nodes may deviate from their balanced positions in the formation.

On the other hand, the amount of nodes in the mobile sensor network is much
larger than that in traditional muti-mobile robots system. System perception and
communication robustness is achieved by the wide layout of cheap nodes [2]. On
account of the complex communication and wide distribution range, some nodes
may miss the instruction, which cause collisions with other nodes.

A constraint mechanism to the mobile sensor network based on congestion will
has been presented in Ref. [3] for formation control. The kinematic model,
however, is not taken into account in simulation. Each mobile node is supposed as
an omnidirectional platform, the local constraint is demanded in the actual for-
mation control in order to preserve the holistic motion state of the node group.

Above that, a dual formation constraint mechanism based on congestion will is
proposed in this paper, taking the kinematics model of the four-wheel mobile node
into account, in which the general constraint and the local constraint are designed
for mobile nodes to keep a stable formation with existence of the problems
described as above.

2 Mobile Sensor Network Nodes

2.1 The Group of Mobile Sensor Network Nodes

The group of mobile nodes consists of one leading node and several following
nodes. The former is responsible for starting a network, while the others can join
this network utilizing self-organizing and multi-hop through the wireless module
based on ZigBee protocol [4].
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Every node is equipped with hall sensor and electronic compass. The hall
sensor is used to measure the mileage, while the electronic compass is used to get
the information of course. Dead reckoning method [5] based on these two sensors
is utilized to obtain the node’s coordinate.

The leader-flower method [6, 7] is utilized as the formation control strategy.
The formation of the node group is determined by the leading node, which also
transmits instructions to other nodes together with their positions in the formation.
Next, the following nodes successively move to their coordinate points determined
by the leading node. Then, all nodes of the group move to the target in the
established formation.

2.2 Kinematics Model of the Mobile Node

The mobile platform discussed here is a four-wheel car, controlled by two
PWM signals, one of which is for steering action, while the other is for forward-
backword action. All motion control behaviors are carried out by changing the
speed of rear wheels and the deflection angle of front wheels. Therefore, it should
be allowed firstly for the relation between the pose of the car and the speed of
wheels.

Figure 1a depicts the kinematics model, d is a wheel base between the front and
rear wheels. The dashed line represents the veer of front wheel in arc movement, u
denotes deflection angle. So, the radius of circular motion, r, is calculated in
Eq. (2.2.1)

r ¼ d

sin u
ð2:2:1Þ

Figure 1b depicts the arc model, where arc AB is the movement locus of a
mobile node. The line segment AB is the displacement, which calculated through
the radius r by Eq. (2.2.2).

dl ¼ v � T

ds ¼ 2 � r � sinðdl

2r
Þ

ð2:2:2Þ

where, dl is the arc length, T is the moving time. v and u are respectively the speed
and deflection angle of the mobile node, which conform to the constraint condition
of Eq. (2.2.3).

vmin\v\vmax

�umax\u\umax

ð2:2:3Þ
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We assume that arc AB is a portion of a circle, as is illustrated in Fig. 1c. h1 is
the angle between the tangent N1 across point A and Y-axis, h2 is the angle
between the tangent N2 across point B and Y-axis. h can be calculated by
Eq. (2.2.4).

h ¼ h1 þ h2

2
ð2:2:4Þ

The displacements of a mobile node along X-axis and Y-axis are separately
derived from Eq. (2.2.5)

x ¼ ds sin h

y ¼ ds cos h
ð2:2:5Þ

3 Dual Formation Constraint Mechanisms

3.1 General Constraint Mechanism

General constraint mechanism adjusts the moving step based on the congestion
will between the group of mobile nodes and the target. The moving step regulated
by the speed and deflection angle of a mobile node is increased with the distance
between the group of mobile nodes and the target, which also means that the
congestion will becomes stronger.

Firstly, the leading node calculates the distance from its current position to the
target.

dst ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðxs � xtÞ2 þ ðys � ytÞ2

q
ð3:1:1Þ

ϕ  

d

r

r

A

Bdl

ds

A

B
N1

O X

Y

θ1 θ

θ2
N2

(a) (b) (c)

Fig. 1 Kinematics model of a mobile node. a depicts the kinematics model, d is a wheel base
between the front and71 rear wheels. The dashed line represents the veer of front wheel in arc
movement, u72 denotes deflection angle, b depicts the arc model, where arc AB is the movement
locus of amobile node, c arc AB is a portion of a circle, h1is the angle between the tangent N1

across point A and Y-axis, h2 is the anglebetween the tangent N2 across point B and Y-axis
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where, (xs, ys) is the current coordinate of the leading node. (xt, yt) denotes the
target position.

Secondly, the moving step determined by general constraint is defined as
Eq. (3.1.2)

stepðdstÞ ¼ stepminð1þ b � lg
Wk

group

d0 Þ dst� d0

stepmin dst\d0

8
><

>:
ð3:1:2Þ

where, Wgroup
k = a*dst is the strength of congestion will, a is congestion coeffi-

cient, stepmin is the smallest step determined by the smallest actuating speed, b is
rate factor which can regulate the change rate between each step. If the distance
between the leading node and the target is smaller than d0, step(dst) equals the
smallest step. Otherwise, step(dst) varies with the dst. The output of step(dst) is the
speed and deflection angle of the mobile node.

Finally, the leading node gets the next position Xi
k+1 = Xi

k + step(dst). i means
the ith node. Then, the rest nodes move to their respective positions in accordance
with the established formation.

3.2 Local Constraint Mechanism

Sometimes the following nodes will miss the instruction of the leading node, or
produce the execution error because the control accuracy of servo and motor is not
very high. In addition, nodes might not arrive at the desired position because of
restrict of kinematics features. Local constraint mechanism adjusts the position of a
node based on the congestion will of its neighbour nodes to eliminate these devi-
ations and avoid affecting the holistic movement. Adjustment is not required when
the node is in balanced position where the congestion will strength is very small.

The node group moves toward with the step determined by general constraint,
and the strength of congestion will is calculated by the distance between node i and
node j as is shown in Eq. (3.2.1)

Wij ¼ W1 þW2 ð3:2:1Þ

where, Wij,W1,W2 are all vectors. The value of W1 is the attract constant u, whose
direction is from i to j. The value of W2 is k/dij

2, whose direction is from j to i. k is
repulsive coefficient, dij means the distance between i and j.Pneighbor

j Wk
ij is the sum of congestion will strength of all neighbors to node i.

adjust stepð
Pneighbor

j Wk
ijÞ, named as adjustment step, is required when

Pneighbor
j Wk

ij is larger than the threshold value m.
Adjustment step is proportional to the sum of congestion will strength, which is

not necessary if
Pneighbor

j Wk
ij is smaller than m, that is to say,
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adjust stepð
Pneighbor

j Wk
ijÞ ¼ 0. The nodes demanding adjustment step move to

their next positions according to Eq. (3.2.2).

Xkþ1
i ¼ Xk

i þ stepðdstÞ þ adjust stepð
Xneighbor

j

Wk
ijÞ ð3:2:2Þ

adjust stepð
Pneighbor

j Wk
ijÞ is controlled by speed v and angle u which have to

conform to Eq. (2.2.3). u is determined by the direction of
Pneighbor

j Wk
ij and v is

confirmed by the value of
Pneighbor

j Wk
ij. v is increased with

Pneighbor
j Wk

ij, which is

maximum when
Pneighbor

j Wk
ij is larger than threshold value p, as is defined by

Eq. (3.2.3)

v ¼
vmax if ð

Pneighbor

j
Wk

ij [ nÞ

Pneighbor

j

Wk
ij

c � vmax else

8
>>>><

>>>>:

ð3:2:3Þ

The flow chat of the dual formation constraint mechanism is shown in Fig. 2.

Start

The leading node send the 
coordinates to the following 

nodes in the formation

All following nodes get their 
positions in the formation?

No

The leading node calculates dst

Wgroup
k  is calculated based on dst

Yes

step(dst) is calculated based on 
Wgroup

k

Yes
Xi

k+1=Xi
k+step(dst)

No

Xi
k+1=Xi

k+step(dst)+adjust_step

Each node calculates the sum of 
congestion will strength of all 
neighbours

Arriving at target?

No

stop

adjust_step is calculated based 
on 

Fig. 2 The flow chat of the dual formation constraint mechanism
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4 Simulation

The node group moves to the target in 3 9 3 formation and stops when arriving at
the target. The step is adjusted according to the general mechanism during the
moving process. The congestion coefficient a = 3, the rate factor b = 0.2, d0 = 3,
stepmin = 0.9, the abstract constant u = 3, the repulsive coefficient k = 12 and the
coefficient of speed c = 5.vmin = 0.2, vmax = 0.5, umin = -20, umax = 20.

The simulation results are shown in Fig. 3 where circle points denote the
mobile nodes and hexagon denotes the target. Figure 3a shows the initial state, b
shows the moving state and c shows final state. The step is 1.1219 when the nodes
start to move from the initial state where dst equals 17.088. Then, the step reduces
with the decrease of dst.

When the random errors of speed and angle are introduced in each mobile node,
the moving state without local constraint mechanism is depicted in Fig. 4. As we
can see, the nodes gradually deviate from its balanced position and eventually
disorder. When the constraint mechanism is introduced, the nodes can move to the
target staying their balanced position within the formation, as is shown in Fig. 5.
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Fig. 3 Moving process based on general constraint mechanism. The blue dots denote the mobile
nodes, the red star denotes the target position
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Fig. 4 The moving process without local constraint mechanism with all nodes having random
errors
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5 Conclusion

We propose a dual formation constraint mechanism based on the analysis of the
kinematics model of mobile sensor network node. The node group, whose for-
mation is controlled by the general and local constraint mechanism, can move to
the target stably and efficiently. The simulation verified the feasibility of the dual
mechanism.
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Kinematic Uncertainties in Human
Motion Tracking and Interaction

Qilong Yuan and I-Ming Chen

Abstract Human kinematic model is crucial for precise human motion tracking
and representation. While using wearable sensors to track the human motion, the
human kinematics cannot be measured exactly due to the complexity of the human
body and the sensor measurement errors. For the existence of these uncertain
parameters in the human kinematics, the contact interactions with the environment
during the activity cannot be correctly captured. Research works on the kinematic
uncertainty problem for motion tracking is still lacking. In this paper, after dis-
cussing on the kinematic uncertainties, a method to re-adjust the body posture for
correct motion and interaction tracking is introduced. In the preliminary experi-
ment validation, an IMU based motion and interaction tracking system is used to
capture the human motion with contact interactions in the environments. After
considering the kinematic uncertainties in the tracking, motions like climbing
ladders, rock climbing, gym etc., can be captured and represented with correct
interactions with the environment.

Keywords Human kinematic uncertainty � Human motion tracking

1 Introduction

Motion capture technology has been important research topics during the past
decades. Applications in biomechanics [1–3], gait analysis [4–6] entertainment
(dancing, gaming est.) [7–9], sports etc. [10–12] have been developed using the
existing off the shelf tracking systems. Nowadays, tracking the human movement
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is technically quite common and there are many types of capture systems available
[7, 9, 13, 14, 15]. However, while considering the physical interaction between
human and the acting environments, only tracking the body movement of the
human subject cannot fully describe the motion interaction with the surroundings.
For example, when a human subject is climbing a ladder as shown in Fig. 1, the
human uses hands to hold on the ladder and uses the feet to stand on the steps. The
hands holding the ladder and the feet standing on the steps represent the contacts
between the ladder and the human. From the kinematic point of view, these contact
interactions in the environment become the kinematic constraints imposed on the
human body motion, which needed to be satisfied in the captured human motion—
interaction.

Unlike the robotic systems whose kinematic parameters are very precise, the
human body kinematic model has uncertain parameters in the description: (1)
Uncertainties in the dimensions of the limbs. (2) Uncertainties in the orientation of
limbs. (3) Uncertainties in the joint motions. Due to this uncertain parameters,
although the body movement can be accurate captured, the kinematic constraints
from the physical interaction may not be satisfied in the captured motions.

For a human motion and interaction tracking system, the research problem is:
How to use appropriate sensor systems and corresponding tracking methodologies
to accurately track the human motion and interaction with the environment based
on a proper human kinematic model of the human subject. In order to correctly
capture the motion interactions like ladder climbing, we need to study the property
of the body kinematic uncertainty and the corresponding methods to re-adjust the
postures to satisfy the kinematic constraints from the environment are very crucial.

In this paper, we introduce the uncertainties of the kinematic parameters in
motion tracking. Then, based on the kinematics and uncertain model of the human,
a posture re-adjustment model is introduced to correctly describe the motion and
interaction with the environment.

Contact Change

Root Trajectory

′
c4p

c1p
c2p

c3p
c4p

0p

Fig. 1 Climbing a ladder
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2 Kinematics and Uncertainties

The Local POE formula is applied to model the kinematics of human body in this
work [16, 17]. Let a pair of adjacent limbs be itemized as i-1 and i and connected by
joint i. If we denote the body coordinate frame on the limb i by frame i, then the
relative pose of frame i with respect to frame i-1, under a joint displacement qi can be
described by a 4 by 4 homogeneous matrix, such that T i�1ð Þ;i qið Þ ¼ T i�1ð Þ;i 0ð Þeniqi ,
where Tði�1Þ;ið0Þ represents the initial pose of frame i in frame i-1 which depends on

the constant limb link parameters. en
_

iqi is the joint motion which need to be
determined based on the sensor measurement in the motion capture.

For convenience, in the initial standing posture, all the body coordinate systems
of the subject are chosen such that X-axis points forward, the Z-axis points
downward. The Y-axis is determined such that a right-handed coordinate frame is
formed. Thus, in the kinematic model, the initial relative postures between the
frame i in frame i-1 are pure translational matrix which can be determined using a
calibration procedure, as discussed in [18, 19]. This calibration can provide a
skeleton model with around 1 cm accuracy. The joint motion is represented by a

twist motion en
_

iqi which is captured by the sensors. The general case is that a
complex body joint can include both rotational motion Rði�1Þ;i and translational
motion dpi. Therefore, the twist motion of each joint is a 6 DOF displacement in
general that can be represented by a SE (3) matrix,

Ti ¼ en
_

iqi ¼ Rði�1Þ;i dpi

01�3 1

� �
ð1Þ

In this simplified human kinematic model, it is assumed that the limb joints
only have rotational motion: dpi¼0. A root frame is defined at this point on the
pelvis. The posture of this frame represents the absolute location and orientation of
the person in the environment. The relative posture between the root frame and the
distal limbs (feet, hands and head etc.) frame n are defined by the kinematic chain
between them. The POE formulas of the kinematic chains depend on the initial
relative posture of the body frames Tði�1Þ;ið0Þ and the joint twist motions as follow,

T0nðq1; q2; . . .; qnÞ ¼ T0;1ð0Þen
_

1q1 T1;2ð0Þen
_

2q2 � � � Tðn�1Þ;nð0Þen
_

nqn ð2Þ

2.1 Uncertainty in Human Kinematics Model

After determining the dimensions of the limbs, a proper kinematic model to
describe the human motion can be generated. The limb dimensions and orienta-
tions bound to have measurement errors. This is crucial because such uncertainty
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would affect the accuracy of the body postures and also the correct presentation of
the contacts with the environment. Firstly, we assume that the skeleton dimensions
are imprecise, and let dli�1;i represent the slight dimension errors of the limb i.
Then, we assume that the limb orientation is also imprecise. Let dR0;i represent the
rotational error of joint i with respect to the base root frame.

Because of the complexity in the human kinematics, having an exact uncer-
tainty model for the complex human body mechanism is almost impossible. In this
paper, the properties of these parameters are assumed to be normally distributed
with the standard deviation of 2� and 1.5 cm for position and orientation. Because
the simplified model does not consider collarbone inside, the shoulders joint
positioning uncertainty is set to be larger (3 cm).

2.2 Uncertainty in Position

Due to the kinematic uncertainty, the relative posture between the root and the
distal limbs are also inaccurate. With the orientation error of limb i dR0;i, and the
link length error dli�1;i, and according to Eq. (1), we have:

p00n ¼
Xn

i¼1
R00;i�1ðli�1;i þ dli�1;iÞ ð3Þ

Note that R00;i ¼ dR0;iR0;i ¼ edx̂i R0;i, dR0;i represents the orientation measure-
ment errors and dx̂i denotes the corresponding se (3) skew-symmetric matrix.

Thus, the position error on this distal limb is

p00n � p0n ¼
Xn

i¼1
½ðedx̂i�1 � IÞR0;i�1li�1;i þ R00;i�1dli�1;i� ð4Þ

Note that when dxi is small, ðedx̂i � IÞ � dx̂i, and R00;i�1 � R0;i�1. Thus, we
have

dpn ¼ p00n � p0n �
Xn

i¼1
½�ðR0;i�1li�1;iÞ � dxi þ R0;i�1dli�1;i� ð5Þ

Rearrange the above Equation, we have, dpn ¼ BX.
Where B ¼ diagð�ðR0;1l1;2Þ^;�ðR1;2l2;3Þ^; . . .;�ðR0;n�1ln�1;nÞ^; I; R0;1; . . .;

R0;n�1Þ; B 2 <6n�6n, and X ¼ ½dxT
1 ; dxT

2 ; . . .; dxT
n ; dlT

0;1; dlT
1;2; . . .; dlT

ðn�1Þ;n�
T ; X 2 <6n�1 .

For posture correction, the location of the person presented by the root point is
quite crucial since this frame is the central base representing the spatial location of
the person. Details on the human localization can be found in [12]. Once the root
location is known, the location constraint points can be estimated from the forward
kinematics of the limbs.
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3 Posture Fine-Tuning

It is known that once the location of the root point is calculated, the absolute
positions of the distal limbs (feet and hands) on the body are directly available
from the forward kinematics of the human body. Meanwhile, the actual positions
of the contact points on the ladders are fixed (In this paper the contact points are
assumed to be known.). Then, the location errors of the contacting points (hands
and feet) dPn can be calculated by comparing the difference between the position
of the distal limbs and the contacting positions on the ladder. The posture fine
tuning is to re-adjust the parameters inside the kinematic chains to eliminate these
position errors on the distal limbs (Fig. 2, (1)). The properties of these parameters
are important in the posture re-adjustment because the amounts of readjustment on
the limb parameters are much dependent on their accuracy. Thus, it is closely
related to the kinematic uncertainty model of the human body.

3.1 Posture Fine Tuning Algorithm

In the ladder climbing example, there are multiple contact constraints to be sat-
isfied. In this posture fine tuning, the human skeleton should be considered as an
integrated kinematic system instead of separated kinematic chains. Otherwise, the
symmetry of the skeleton model will be broken and the dimension of the limbs
shared by two or more chains cannot be uniquely determined. Thus, in the posture
fine tuning, the human body should be considered as one mechanism with all the
distal limbs satisfying the kinematic constraints from the contacts. Thus, referring
to Eq. (2), we have

PA ¼ BAXall ð6Þ

1p c1p
c2p

c3p
c4p

2p

3p
4p

0p
0p

δ δ

δ
δ

(a) (b)Fig. 2 Demonstration of
contact constraint correction
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where PA ¼ ½dPT
rh; dPT

lh; dPT
rf ; dPT

lf �
T 2 R

12�1 is the vector representing the distal
limb location errors (the hands and the feet with the subscript rh, lh, rf, lf denoting
the chain of the right hand, the left hand, the right foot and the left foot
respectively).

Xall 2 R
69�1 is the column vector of the uncertain error parameters for all limbs.

BA ¼ ½BT
rh;B

T
lh;B

T
rf ;B

T
lf �

T 2 R
12�69 is the matrix that maps the uncertain

parameters to the location errors of the distal limbs based on the forward kinematic
of the human body.

Although the lengths of humans’ legs and arms on different sides can have some
slight difference, for a healthy human subject, the skeleton model of the body can
be considered as symmetric on the right and the left sides. Therefore, the sym-
metric relationship of all the corresponding limbs in the kinematic model is
defined based on the following equation, 0 ¼ BSXall. Where BS 2 R

18�69 is a
constant matrix defining the symmetric relationship. Then, the constraint equations
of the uncertain parameters become PF ¼ BFXall.

Based on the distribution of these error parameters, the optimal posture should
be determined such that the following probability is optimized under the constraint
equations: PF ¼ BFXall � PðXallÞ ¼

Qm
i¼1 PðxiÞ.

Based on the assumed uncertain model of the kinematic parameters, all the
uncertain parameters (xi) are normally distributed with a variance rxi representing

the uncertainty. Thus, we have PðXallÞ ¼
Qm

i¼1 PðxiÞ ¼ C � expð�
Pm

i¼1
x2

i
2r2

xi

Þ,
where C is a constant defining the normalized coefficient.

The solution of Xall should be the values that maximize the probability PðXallÞ
under the constraint equations from the human kinematic model: PF ¼ BFXall. It
means that the solution is most likely to be Xall among all the possible solutions.
The solution that maximize the probability PðXallÞ corresponds to the solution

minimizing the following function f ¼
Pm

i¼1
x2

i
2r2

xi

under the constraint equation:

PF ¼ BFXall. For the minimization of f under the constraint equation PF ¼ BFXall,
the solution can be found using the Lagrange multiplier method [20]. The ana-
lytical solution is as follows,

y ¼ k BT
F

BF 0

� ��1
0

PF

� �
;where ki;j ¼

o

oxj
ðof

oxi
Þ � y ¼ ½XT

all; f
T �T ð7Þ

In this way, all the parameters Xall are determined for the posture fine tuning.
The computation time is very quick, almost immediate because the solution is
analytical. All the constraints are satisfied after the posture refinement.
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4 Experiments

4.1 Devices and Skeleton Model

In this demonstration, the IMU sensors are used as the orientation measurement
devices for posture measurement. As shown in Fig. 3, totally 15 IMUs are used to
measure the posture of the body. Sensors are tightly attached on the limbs (head,
chest, pelvis, upper arms, forearms, hands, shanks, thighs, and feet). This IMU
sensors [21] measures its own orientation with respect to the global frame. From
[12] we know that the orientation of limbs can be calculated from the sensor
orientation after a coordinate mapping calibration. The skeleton dimensions can be
calibrated before actual capturing.

4.2 Experiments of Re-adjustment

To verify the posture refinement method, four fixed contact constraints with known
locations are arranged in the environment to constrain the location of the feet and
the hands. These locations are pre-defined with the measured dimensions. The
experiment procedure of the posture fine tuning experiment is as follows. Step 1
The subject wears the sensors, and calibrates the full body skeleton dimension
model. Step 2 He stands in front of the table and conducts the system calibration.
Step 3 The subject locates his feet and hands to match the constraint points. The
footprints are used to constraint the location of the feet and the markers on the
table are used to define the location of the wrists. Step 4 The subject changes some
postures while maintaining the contact positions as shown in Fig. 3.

Fig. 3 Movements with
constraints

Kinematic Uncertainties in Human Motion Tracking and Interaction 497



The system tracks the motions of the subject based on the sensor measurement
and the calibrated human kinematic model. Based on the experiment, before
posture refinement, the error on the distal limbs (hands and feet) can be as large as
4 cm. The captured postures and the postures after the fine tuning are shown
Fig. 4. The black stars indicate the reference location of the constraint points. The
multi-color models indicate the captured motions. The fine-tuned posture is pre-
sented as the red-color models. As shown in Fig. 4, all the contact interactions are
satisfied after the posture fine tuning.

5 Conclusion

This paper discusses on the human kinematic uncertainty model for motion
tracking. To correct the posture errors in the captured motions resulted from these
uncertainties, a method to re-adjust the body motion for correct motion and
interaction tracking is introduced afterward. Experimental results show that the
introduced method can correctly represent the contact interactions with the envi-
ronment. This method statistically takes the uncertainty of the errors into account.
Thus, the posture can be refined with respect to the accuracy of the error
parameters. The geometric constraint conditions and the symmetry of the human
kinematic model are satisfied after the posture refinement.

Since the IMU sensor based MoCap systems are now widespread, this method
can be useful to correctly monitor the correct interaction between the human and
the environments. Especially for those applications in daily environments where
the lab-based system cannot handle, this method can help the IMU based system to
achieve accurate motion tracking with contact interactions. Therefore, after con-
sidering the kinematic uncertainties in the tracking, motions like climbing ladders,
rock climbing, gym etc., can be captured and represented with correct interactions
with the environment.

Fig. 4 Postures before and
after refinement
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Experiments of a Human-Robot Social
Interactive System with Whole-Body
Movements

Gan Ma, Qiang Huang, Zhangguo Yu, Xuechao Chen,
Weimin Zhang, Junyao Gao, Xingguang Duan and Qing Shi

Abstract One crucial problem for a humanoid service robot is to be able to
communicate with humans naturally. This study focuses on this issue and develops
a social interactive system for a humanoid robot to interact with human beings.
The interactive system features hearing, voice conversation, and facial and full
body emotional expression capability. Experiments are conducted on the robot to
interact with humans in a real human indoor environment, and the effectiveness of
the system is evaluated.

Keywords Human-robot interaction � Whole-body movement � Humanoid robot

1 Introduction

Humanoid robots feature humanlike appearance and structure; they have the
advantage to perform tasks without changing the mankind environment [1].
Therefore, they have a wide application prospect in serving people in future.

Face-to-face communication plays a major role in our daily communications.
Only 7 % of information is transferred using spoken language, whereas 38 % is
transferred using paralanguage and 55 % using facial expressions [2]. Therefore,
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in order to interact with people more effectively, it is better for a humanoid robot
to have a human-like face and interact with humans in a way similar to humans.

Numerous face robots have been presented in recent years. Some researchers
[3–10] present robots that can make basic humanlike facial expressions with a
mechanical head. Some of them can indeed interact with humans through facial
and body emotional expressions, but the mechanical head cannot express facial
expressions vividly. Meanwhile, android-type robots have been developed
[11–17]. These robots can vividly interact with humans as they are generally
designed to have an appearance with human-like skin, teeth, hair and clothes.

However, few of these reports focus on the study of the interactive system with
whole-body android-type emotional expressions. In this study, an interactive
system for android-type humanoid robot is introduced. The system, which can
make a humanoid robot to communicate with humans through full body move-
ments, is implemented on a humanoid robot platform.

The remainder of this paper is organized as follows: First, the overview of a
humanoid robot is presented. Then, the implementation of an interactive system on
the robot is presented. Finally, experiments are carried out to validate the effec-
tiveness of the interactive system.

2 The Implementation of a Human-Robot Interactive
System

2.1 The Overview of Humanoid Robot BHR-4

In this study, a humanoid android robot named BHR-4 [18] is used as the platform
to design our social interactive system. Thus, this section will make a short
description of the platform BHR-4.

BHR-4 is a humanoid service robot developed by our institute. It is unveiled in
2010 with its nickname of ‘‘Xiao Gao’’. This robot features hearing, voice con-
versation, force sensing capability. It can walk straight and sideways, go around,
negotiate stairs, perform Taiji (a Chinese traditional Kongfu), and some other
complex motions, without resorting to external cables. Also, it can speak as well as
make some facial expressions like humans.

This robot consists of a torso, a head, a waist, two arms and two legs. The
height of the robot is 1.65 m and the weight is approximately 60 kg. This robot has
51 degrees of freedom (DOF), including 13 facial joints to make vivid facial
expressions. The maximum walking speed is 1.5 km/h.
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2.2 Structure of the Interactive System

In this section, an interactive system is developed for the humanoid robot BHR-4
to communicate with humans in human domestic environment. The interactive
system is composed of the speech recognition module, the dialogue control
module, the mouth control module, the emotional control module and the body
movement control module. There are two computers in this system; one is a main
control computer used to control the motion of the robot; the other is a speech
recognition computer.

1. The speech recognition module: In this study, Microsoft Speech SDK is
employed to recognize diverse voices from different individuals. When an
individual speaks certain dialogue through microphone, the program receives
and recognizes the words spoken. Then the program would compare the words
with keywords stored in advance. If the words are similar to one of the key-
words in the database, the robot would then send certain protocol to the main
control computer through Socket Communication.

2. The dialogue control module: When the main control computer receives certain
protocol from the speech recognition computer, it begins to work. In the dia-
logue control module, the system extracts the specified dialogue results from
the voice library, and plays the dialogue using a speaker mounted inside the
mouth of the robot. The voices from the voice library are recorded from a real
person in advance, and correspond to questions which include the keywords in
the speech recognition module.

3. The mouth control module: In order to make the interaction more vividly, a
mouth control module is designed. When the robot is speaking, the mouth of
the robot would be opened and closed according to the rates of the dialogue.

4. The emotional control module: In order to vividly interact with humans, it is
crucial for the robot to have humanlike appearance and make facial expressions
similar to humans. The facial design methods were originally proposed in
[18, 19]. In the current study, when the interactive program is executing, the
robot would make the six vivid facial emotions, along with winking from time
to time. The six basic emotions, which are happiness, sadness, surprise, anger,
fear and disgust, would be made by the robot based on the contents of the
interaction.

5. The body movement control module: When the robot is executing the inter-
active program, a real-time program is utilized to control the body movement
to make the interaction more vivid. In this study, the body movement includes
the movements of arms, legs, and waist of a humanoid robot.
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2.3 Planning of Full Body Motion Trajectories
for Communication

In this study, we intend to design a humanoid robot to be able to communicate with
humans in a way similar to humans. Thus, human facial and body motions when
communicating are adopted as the basic database for humanoid robots. We pre-
sented a method to generate humanoid motion from a human actor based on
motion capture system in our previous studies [20], and it is employed here.

Two professional actors (one man and one woman, Chinese, 22 years old) are
invited to perform social interactive movements. They are informed to commu-
nicate based on the contents of the dialogue database. Motion capture system is
utilized to record the movements of the arms, legs and waist of the actors. Once the
data from motion capture system are obtained, we can generate the emotional
movement trajectories of the robot according to similarity analysis and evaluation
method [20].

In this study, body motion trajectories when making some basic social inter-
actions are made, such as social hand gesture, bow, walk, goodbye gesture. These
trajectories are saved in the body motion trajectories library. When one trajectory
is needed, the control system would call it to execute.

3 Experiments

In this section, two experiments are designed to evaluate the effectiveness of the
interactive system. In the first experiment, the robot is controlled to communicate
with human subjects using only facial expressions and verbal behavior; while in
the second one, the robot would communicate with human subjects with facial
expressions, verbal behavior and body movements. Figure 1 indicates the inter-
active screen.

3.1 Experimental Procedures

For each one of the two experiments, ten subjects (five men and five women,
Chinese, average age: 25) were invited to communicate with the robot. These
subjects held a microphone into the room. Once the robot heard ‘‘Hello’’ from the
microphone, the interactive system began to work. Then, the subject can chat with
the robot using the preset questions. Once the robot recognized one of the ques-
tions, it would response to humans. Table 1 shows a simple demo of the inter-
action. Note the body movements accompanied with the communication are only
implemented in the second experiment.
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Fig. 1 The interactive screen

Table 1 Demo of a social interaction

Verbal communication Facial
expressions

Body
motion

Subject Hello
Robot Hello, I am Xiao Gao and I am glad to talk with you Happiness Bow
Subject Thank you. Where are you from?
Robot I came from Beijing Institute of Technology, China Happiness
Subject Do you have hobbies?
Robot I am really into the Chinese Kongfu, Taiji Winking Gesticulate
Subject Who do you like most?
Robot I like the teachers and students in our lab the most Happiness Gesticulate
Subject That’s it for today, see you later
Robot OK, goodbye Happiness Wave hands
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3.2 Evaluation Methods

The aim of this study is to develop an interactive system for humanoid robots to
vividly interact with humans. Thus, the object of the evaluation is to evaluate the
verisimilitude and naturality of the robot compared with humans.

Five questions were prepared for the subjects to evaluate the results of the
interaction (Table 2). These questions were evaluated on a scale from -5 to 5,
values over zero mean positive evaluation, while when the values were less than
zero, it means negative. The answers to these questions by the subjects are shown
in Fig. 2.

Table 2 Questions to the subjects

Q.1 How did you feel at first glance of the robot?
Q.2 Did you feel more nervous than normal communication?
Q.3 Did the robot chat with you vividly?
Q.4 Did you have a good time when chatting with the robot?
Q.5 Do you wish to communicate with the robot again?

Q1 Q2 Q3 Q4 Q5
-5

-4

-3

-2

-1

0

1

2

3

4

5

Questions 

E
va

lu
at

io
n 

va
lu

e

Communication with facial expression and verbal behavior
Communication with facial expression, verbal behavior and body movements

Fig. 2 The evaluation value of the questionnaire
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3.3 Experimental Results

It is seen from Fig. 2 that the results are acceptable, and the results of the
experiment 2 are better than that of the experiment 1. Specifically, the overall rates
of both the systems are acceptable. Also, subjects feel the robot system with body
motions are more vivid than without it, and they are also tend to chat with the
robot with body motions.

Meanwhile, some subjects are a little bit nervous when communicating when
the robots. We consider this is because it is the first time the subjects participate in
the communication, and although the voices from the robot are recorded from a
real person, it is still very different from the voices of a real person.

4 Conclusion

This study aims to develop a social interactive system for a humanoid robot to
interact with humans in a way similar to humans. The contributions of this study
are as follows.

1. A human-robot social interactive system with whole-body movements is
introduced.

2. Experiments are made for the robot to interact with humans in the indoor
environment to validate the effectiveness of the system.
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Distributing the Supporting Heads
for Robotized Machining

Teresa Zielinska, Wlodzimierz Kasprzak, Cezary Zielinski
and Wojciech Szynkiewicz

Abstract The paper presents a method of placement for the movable supporting
heads of a self-reconfigurable robotic fixture system. The whole system consists of
two mobile platforms carrying parallel type manipulators equipped with deform-
able heads. The heads are providing the dynamic support for large flexible
workpieces during machining. The two heads consecutively relocate and affix
themselves to the supported thin metal sheet, so that one of them supports the
workpiece while the other relocates itself in such a way as to precede the working
tool. The method for heads positioning for circular contours is presented. Formulas
are derived and the results are summarized.

Keywords Robotized machining � Motion planning � Mobile manipulators �
Supporting heads

1 Introduction

Components made of thin metallic or composite sheets are common in automotive
and aircraft manufacturing, they are also becoming increasingly popular in other
sectors. Traditional processing of such parts is costly, it requires non-reconfigurable,
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especially shaped supporting molds. In the case of frequent modifications of the
workpieces a reconfigurable fixture composed of robots is much cheaper. With still
dominating classical approach in the industry which is applying the molds, in the
engineering research it can be noticed the increasing interest in flexible fixturing.
The method for fixturing using small number of supports is presented in [1]. The
localization of supports is not trivial and requires specific solutions, typically it is
viewed as a global optimization problem. Thus nonlinear programming is often
applied to obtain the fixture layout with an optimum value of some objective
function taking into account the material properties [1, 2]. Most of the research
related to fixture modeling and design considers fixturing in static conditions, but
often the tool is in motion. Coordinated displacement of mobile bases and manip-
ulators propelling the heads provides an adequate support to the thin-sheet work-
piece, it is enabling the dynamic machining. Moreover, the controlled flexibility of
the heads facilitates their adaptation to the diverse local shapes of the supported
sheets. In our system stationary thin-sheet workpiece is subjected to a sequence of
machining actions (such as milling or drilling) executed by a moving machine tool.
The workpiece is kept in place by a limited number of static fixtures that support its
weight, but cannot adequately resist both sagging due to gravitation and the sig-
nificant dynamic machining forces.

2 Robotic System

Every supporting element is a robot composed of: a mobile base, a parallel
manipulator mounted on the base and an adaptable head being the end-effector of
the manipulator (Fig. 1).

The mobile base is docked to a flat bench with protrusions (pins) [3]. During
machining it is docked to three pins forming an equilateral triangle. When the
mobile base has to translocate itself two docking elements are released and lifted
so that the base can rotate itself around the third pin. Once the rotation is complete
the docking elements are lowered and secured to the new pins. The parallel
manipulator positions and orients the supporting head thus assuring a rigid support.
The head is able to adapt to the local geometry of the sheet by using a phase-
change fluid and vacuum adhesion [4, 5]. The problem is decomposed into three
hierarchical subproblems which all together constitute the planner:

• the head placements,
• mobile base positioning,
• manipulator positioning.

Obtaining an admissible sequence of head placements is the most difficult part of
the planning process. The overall solution, properties of developed and imple-
mented control system are outlined in [6–8]. The planning task is solved off-line.
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The plan fulfilling constraints for head, manipulator and mobile base positioning
(including the limits due to motion dynamics) is implemented and realized by
developed control system [8].

3 Heads Positioning

When the tool is in the vicinity of the head, this head provides the support and the
second head moves to the next location. When the tool leaves the proximity of the
first head the next part of the edge is already supported by the second head, there
are brief periods when the support is provided by two heads. The head positioning
constraints result from the FEM (Finite Elements Method) analysis of deforma-
tions of thin workpieces [3]. The following constraints are considered: dmin—the
minimum distance of the supporting head from the contour edge, or from
the drilled point (safety margin to avoid the head damage by the tool), dmax—the
maximum distance of the head from the edge, or from drilled point (both
are the limits for providing sufficient support), dhmax—the maximum permissible
distance between two adjacent head locations for sufficient support. The head is a
regular triangle with the length of edge equal to a. Machined is circular contour
with radius r. The two extreme cases are: the small circles, and the contours with
small curvatures (with big radius). The drilled points are located in constant dis-
tance from the edge, the milling is performed on the contour edge. Depends on
machining operation r is denoting the radius of drilled or milled contour. For
satisfactory support the distance c between the drilling tool (or milling tool) and
the head edge must be in range \dmin; dmax [ . This value can be different for
drilling and for milling. Two reference frames are defined, the frame OBXBYB

attached to the head in the point being in minimum allowable distance to driller

Fig. 1 Robotic system; graphical representation—left, system during the work—right
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(for drilling point), or to the milling tool (for milling), and reference frame
OAXAYA with origin attached to the center of circular contour. The frame OBXBYB

changes its position and orientation according to the heads placement. Its origin is
attached to the point OB on the head edge which is in minimum permissible
distance dmin from the machined edge or from the drilling point. Let us consider
the situation when the initial head position is symmetrical towards OAXA axis—
Fig. 2. The tool moves counterclockwise along circular contour. Point M, being in
distance dmax from the head, marks end of fragment supported by this head. As it is
illustrated in Fig. 2 the upper half of the head gives the satisfactory support
between points P1 and P2 (and symmetrically the similar situation will be for its
lower half). Coordinates of those points are:

AxP1 ¼ r þ dmin

AyP1 ¼ 0
AxP2 ¼ r þ dmin ¼ r cosð/Þ þ dmax

AyP2 ¼ r sinð/Þ

ð1Þ

AxP1 ¼ A xP2 (Fig. 2a). Using (1) the angle / marking the supported fragment
is obtained:

cosð/Þ ¼ 1þ dmin � dmax

r

/ ¼ arccosð1þ dmin � dmax

r
Þ

ð2Þ

When r is much bigger than the head edge, the head support is ended before the
maximum permissible distance dmax is reached (see Fig. 2b). In this situation
AyP [ Ayc (Ayc is coordinate of head upper vertex) and / is evaluated using:

/ ¼ a sinðAyc=rÞ ð3Þ

Note: in our graphical representation AyP and Ayc are in the upper part od
reference frame, therefore they are positive. The distance do to the machined point
where the head ends its support is equal to:

do ¼ r þ dmin � r cosð/Þ ð4Þ

After obtaining / from (2) or (3) AyP2 is evaluated using (1).
The vertex of next supporting head is located in the point Pp on the circle with

the radius r þ ds where dmin\ds\dmax. The coordinates of Pp are:
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AxPp ¼ ðr þ dsÞ cosð/Þ
AyPp ¼ ðr þ dsÞ sinð/Þ

ð5Þ

Next the coordinates of OB are expressed in frame OAXAYA. Let us define the
frame PpXCYC with origin in point Pp and rotated towards the frame A by angle
/—Fig. 3a. Having in mind that the supporting edge of next head is tangent to the
circle r þ dmin, we can get the rotation angle /0 of the frame OBXBYB towards the
frame PpXcYC.

/0 ¼ a cosððr þ dminÞ=dÞ ð6Þ

where d is the distance from the center of the circle to the point Pp—Fig. 3,

d ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ax2

P þA y2
P

p
.

The coordinates of OB (origin of frame OBXBYB) are:

AxOB ¼ ðr þ dminÞ cosð/þ /oÞ
AyOB ¼ ðr þ dminÞ sinð/þ /oÞ

ð7Þ

Introducing c ¼ /þ /o we express transformation matrix from frame OBXBYB

to frame OAXAYA:

A
BT ¼

cosðcÞ � sinðcÞ AxOB

sinðcÞ cosðcÞ AyOB

0 0 1

2
4

3
5 ð8Þ

With this transformation coordinates of head points (e.g. head vertices) given in
frame OBXBYB can be expressed in frame OAXAYA.

Fig. 2 Coordinate frames and heads placements (a, b)
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APi ¼A
B T BPi ð9Þ

This brings:

AxPi ¼ cosðcÞBxi � sinðcÞByi þA xOB

AyPi ¼ sinðcÞBxi þ cosðcÞByi þA yOB

ð10Þ

The first head localization in frame OAXAYA is symmetrical towards XA axis
(Fig. 2). The coordinates of next head vertex—Pp (rel. (5)) and point OB (rel. (7))
on its edge are obtained in frame OAXAYA. This is sufficient for the next head
positioning. Knowing head geometry we obtain easily the coordinates of two
remaining vertices in frame OBXBYB. For the purpose of graphical representation
we transform it to OAXAYA. Next we consider the new reference frame OAXAYA

which is rotated by c ¼ /þ /0 towards the previous one—Fig. 3b. Coordinates of
Pp and OB marking the third head position are evaluated taking into account the
new OAXAYA frame. Procedure is repeated with every new OAXAYA until the plan is
ready for the whole contour. The distance between the previous and next head is
dheads ¼ jr þ dmin � ðr þ dsÞ cosð/Þj . It must be checked towards the maximal
permissible dhmax. Taking into account (2) we obtain this distance for circular
fragments with smaller radiuses:

dheads ¼ absðdmax � ds þ ds
dmax � dmin

r
Þ� dhmax ð11Þ

Fig. 3 Rotated reference frames: a frame OBXBYB, b the new OAXAYA frame
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When the minimal distance mindheads ¼ dhmin is also given, then the following
must be fulfilled

dhmin� absðdmax � ds þ ds
dmax � dmin

r
Þ� dhmax ð12Þ

For r ¼ 75 and the other parameters as considered dheads changes from 1:33 mm
(for ds ¼ dmin ¼ 1 mm) to 9:13 mm (for ds ¼ dmax ¼ 10 mm) what is acceptable.

For the contours with big r angle / is expressed by (3), cosð/Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ðAyc=rÞ2

q
.

Applying it in dheads ¼ jr þ dmin � ðr þ dsÞ cosð/Þj we obtain:

dheads ¼ absðr þ dmin � ðr þ dsÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�ð Ayc=rÞ2

q
ð13Þ

For r much bigger than yc it can be estimated by dheads ¼ absðdmin � dsÞ, ds

must fulfill dhmin� absðdmin � dsÞ� dhmax.

4 Results

Described method was tested in MATLAB. For the real implementation the
mobile bases and manipulators positioning assuring the head positions must be
obtained, this is discussed in [7]. In MATLAB program the following parameters
were used: head edge—a ¼ 70 mm, dmin ¼ 1 mm, dmax ¼ 10 mm, dhmax ¼ 10 mm.
The smallest circle had the radius r ¼ 75 mm. In Pp calculations the distance ds

was gradually increased from dmin do dmax. For each ds the heads placement was
evaluated. Depends on ds (influencing the head twist towards the edge) needed
number of supporting head positions can differ. Solution with smallest number of
heads covering the whole machined edge is the candidate for realization. Figure 4
illustrates two plans of heads positioning. Every odd number marks first head and
even number marks the second one. The planning starts with given position of
head denoted by 1, in Fig. 4a this position is symmetrical towards the horizontal
axis as it was considered in our transformations. In Fig. 4a dotted edges are
marking the plan obtained for ds ¼ 0:436dmax, and the solid ones—for
ds ¼ 0:96dmax. For the more twisted heads position with ds ¼ 0:436dmax 8 posi-
tions is needed, what is by one more than for ds ¼ 0:96dmax. The second plan (for
ds ¼ 0:96dmax) saving the number of head displacements therefore saving the time
and energy is the proper one. In Fig. 4b for small curvature the greater distance is
covered by dotted heads with ds ¼ 0:1dmax.
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5 Conclusion

In our works several strategies for heads position planning were proposed.
The most universal one (applied to all possible workpiece shapes) is formulated as
the Constraint Satisfaction Problem [6]. In CSP there is no formal description of
the heads transfers. The CSP program rearranges the heads allocation fulfilling
defined constraints. Presented methods applies geometrical approach, it is dedi-
cated for the regular contours with defined curvature positioning. The first
developments of this method were described in [9] without testing it and without
analyzing the distances between the heads. The generated heads positioning plan
together with manipulators and mobile bases position is stored as an XML data file
which is subsequently supplied to the real-time control system. The developed
control system is presented in [8], and a detailed description of robot kinematics is
presented in [10]. The whole system including the mobile robots was launched
successfully and its work was tested with drilling and milling operations
performed on thin metal sheets.
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The Founder of Russian School
of a Robotics (to the 100 Anniversary
Since the Birth of Academician
E. P. Popov)

Evgeny Kotov, Anaid Nazarova and Sergey Vorotnikov

Abstract This article is devoted to the main stages of life of E. P. Popov
(1914–1999), the engineer and the mathematician, the outstanding scientist in the
field of mechanics, the theory of automatic control and a robotics, the academician
of the Russian Academy of Sciences, the major general, the winner of the state
awards of USSR 1949, 1972 and 1984.

Keywords Elasticity and deformation of rod structures � Nonlinear systems of
automatic control � Method of harmonic linearization � Chart of quality of
oscillatory processes � Robotics

Evgeny Pavlovich Popov was born on February 14, 1914 in Moscow. In 1934 he
became the student of Moscow Institute of Mechanical Engineering, as was called
Bauman Moscow State Technical University (BMSTU) at that time. E. P. Popov
started his scientific work in the second year of Institute in the course of resistance
of materials. By the results of a number of academic projects he published two
articles in the magazine of Academy of Sciences of the USSR ‘‘Applied mathe-
matics and mechanics’’. One of the solved tasks was connected with deformation
of not cylindrical springs, and another—with research of a bend of thin loaded
rods. While investigating deformation of springs, he found out that rigidity of a
spring at its compression increases, and dependence of movement on compressing
force becomes nonlinear, and this is characteristic for springs of any form.

The second task was a finding of big movements of a bend of thin rods and
plates when the general deformation of a bend turns out very high so the ends of a
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rod receive movements, comparable with length of the rod. It was first obtained by
Euler, who also suggested that the appropriate mathematical method in general
terms. E. P. Popov developed the universal method of calculation including all
special cases.

Essential development of a material of the first of these student’s works become
the master’s dissertation, and the second—the doctor’s.

After the Institute graduation in 1939 E. P. Popov was going to leave to
postgraduate study, but mass mobilization at this time began, and he was called up
to the army, where served in technical units of the Air Force. The Finnish war
began soon, and after it—the Great Patriotic War. Sergeant E. P. Popov had to
share with the colleagues all burdens of service on time of hostilities. However
even in these conditions he found possibility to write serious scientific articles,
which academic magazines continued to print. In 1942 his unit was transferred to
Ioshkar Ola. There the Leningrad military and air engineering academy, created in
1941, was evacuated, feeling need for the qualified teaching personnel. In a rank of
the senior sergeant E. P. Popov was transferred to teaching work in Academy. The
young scientist received the first officer rank in 1943.

Here, in the conditions of military academy, E. P. Popov’s ability had extremely
fast and powerful development. On the basis of the tasks solved in a student time,
in 1944 in Bauman Institute he made a master’s dissertation: ‘‘The theory of
deformation of twisted springs taking into account the phenomenon of screws
connections’’. Reworked dissertation materials were published in 1950 in the
collection of Academy of Sciences of the USSR ‘‘Dynamics and durability of
springs’’ [6].

After finishing of the master’s dissertation, E. P. Popov, despite big pedagogical
load, began to prepare the doctoral dissertation. It was theoretical work: the
classical task set by L. Euler was solved. However it was necessary not only to find
mathematically beautiful decision, but also to create engineering methods of
research and calculation of flexible structures. Work was complete already in
Leningrad where academy returned in autumn of 1944.

The dissertation was called ‘‘Calculation of flexible parts of devices and
machines (the applied theory of a flat bend of a direct and curve bar of small
rigidity)’’. The scientific works, which were available in this area, came to an end
with the basic mathematical decisions, which were not allowing to the engineer the
possibility to apply them in the calculations. E. P. Popov found the universal
equations and the ratios, allowing to solve practically any special problem in this
area with a uniform method. For convenience of engineering calculations special
numerical tables and nomograms were made. In 1946 at the age of 32 E. P. Popov
successfully finished the doctoral dissertation, and the military rank the engineer
major was appropriated to him.

The main scientific results of the performed work were published in 1947 in the
form of the book ‘‘The theory and calculation of flexible elastic parts’’ for which
the author in 1949 was awarded the Stalin award. In 1948 an academic status of the
professor of theoretical mechanics was appropriated to E. P. Popov, and in 1949—
the military rank the engineer lieutenant colonel.
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By the results received in the doctoral dissertation, E. P. Popov published in
1948 the monograph ‘‘Nonlinear problems of statics of thin cores’’ in a series
‘‘Modern problems of mechanics’’. The outstanding scientist–mechanic the pro-
fessor A. I. Lurye was the title editor of this series.

Science development often makes tasks, which decision demands development
of new areas of research. Automatic equipment and telemechanics became such
areas in the 50th years. In 1949 E. P. Popov received a task to create in Academy
automatic equipment and telemechanics department, the first among military
higher education institutions. Automatic equipment and telemechanics at that time
did not develop yet as a science. There were no textbooks, which could be offered
to listeners. Having processed a large quantity of available literature, mainly
magazine articles, E. P. Popov builds, in essence, a new science—the theory of
automatic control. The first books written by him in this subject were published as
the manual in the Leningrad Military and Air Academy: ‘‘The theory of automatic
control’’ p. 1 in 1952 and p. 2 in 1953. The book—‘‘Dynamics of systems of
automatic control’’ was published by Gostekhizdat in 1954 [6]. It’s essentially
extended and reworked version ‘‘Automatic control and management’’ sustained
five editions in publishing house Fizmatgiz from 1956 to 1966 [6]. During this
period the book was translated to foreign languages and published in Germany,
England and the USA. Let’s note that a large number of the books which have
been released subsequently according to the theory of automatic control and
regulation generally follows sections of this theory, offered by E. P. Popov, accepts
his definitions and basic provisions. Thus, it is possible to consider the author as
one of founders of this science in Russia and in the world.

E. P. Popov’s particular interest was caused by the theory of nonlinear systems
of automatic control. Probably, it was connected with its previous works in the
field of mechanics as it there were essentially nonlinear tasks. In the 60-th years he
published some works, which have founded methods of harmonic linearization.
This method till this day remains to one of the most effective methods of research
and design of automatic systems with essential nonlinearities. Being based on
decomposition of signals on an exit of a nonlinear element in a Fourier row, and
being limited to the first harmonic, it is possible to receive rather simple equations
for determination of parameters of self-oscillations in nonlinear automatic sys-
tems. In 1960 E. P. Popov’s and Paltov’s book ‘‘Approximate methods of research
of nonlinear automatic systems’’ was published containing mathematical justifi-
cation of a method of harmonic linearization, the analysis of symmetric self-
oscillations and their stability, an assessment of quality of nonlinear transients and
calculation of the highest harmonics of self-oscillations [7]. This book also was
published abroad—in Germany, USA and Poland.

The next ten years E. P. Popov continued work on the theory of nonlinear
automatic systems. In 70-th the researches in this area were generalized in the
monograph ‘‘The applied theory of control processes in nonlinear systems’’ [3]. He
and his students solved new tasks for a separate class of systems, in particular,
analysis of multi-frequency fluctuations, and also harmonic linearization of sys-
tems with several non-linearities. Charts of quality of the oscillatory processes,
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generalizing a method of harmonic linearization, and giving the chance not only to
analyze, but also to design nonlinear systems of automatic control should be noted
especially. The main idea of charts consists in consideration of oscillatory pro-
cesses with variable amplitude. The signal arriving on an entrance of a nonlinear
node of F(x, _x), in the system shown on Fig. 1a, is represented in a form:

x tð Þ ¼ A tð Þ sin H tð Þ;

dA

dt
¼ An Að Þ; dH

dt
¼ x Að Þ;

where nðAÞ and xðAÞ—an indicator of attenuation and frequency, defined as
functions of variable amplitude A from the characteristic equation of system after
its harmonic linearization:

H pð Þ þ R pð Þ q Að Þ þ q0 Að Þ p� nð Þx�1
� �

¼ 0;

p ¼ nþ jx

RðPÞ; HðPÞ—polynomials of any degree of numerator and a denominator,
respectively, of the linear part, qðAÞ; q0ðAÞ—factors of harmonic linearization.

Thus, charts of quality (or charts of attenuation) allow to investigate dynamics
of nonlinear systems in all range of amplitudes. From the engineering point of
view they give information about system in such form that creation of the
equivalent model representing closed single circuit system and consisting of
considered nonlinearity and some oscillatory node with variable parameters is
possible. It follows from the main idea of a method of harmonic linearization
according to which dynamic process in the closed nonlinear system is defined by
the roots next to an imaginary axis. Equivalent model can be useful for purposeful
change of parameters of system. If, for example, we want construct family of
charts for various values of any parameter of system (Fig. 1b), it is possible to
choose such values of this parameter at which the system of automatic control will
meet the requirements shown to it. These diagrams are useful in the design of
separate drives manipulation systems.

Use of charts of attenuation is of special interest for research of multilink
(multi-axial) manipulators. If in some of n of degrees of movability of the
manipulator are include same essential nonlinearity, for example, elastic

Fig. 1 Research of nonlinear
systems by means of charts of
quality of oscillatory
processes: a the block
diagram, b family of charts of
quality
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mechanical gear backlash, the model of system can be presented in the form of the
block diagram (Fig. 2a):

Here F(x)—the diagonal matrix (n 9 n) which elements are, in general,
essential nonlinearity; W(p)—a functional matrix (n 9 n) of the linear part; x(t)—
the vector (n 9 1), which coordinates—the dynamic signals arriving on an input of
nonlinearities (Fig. 2b):

xðtÞ ¼
Xl

i¼1

AiðtÞ sin hiðtÞ

dAi

dt
¼ AiniðA1;A2; . . .AlÞ;

dhi

dt
¼ xiðA1;A2; . . .AlÞ

where l—quantity of harmonics in considered process.
For a certain class of systems with the aid of diagrams damping parameters can

be defined harmonic components and their stability. For this purpose harmonic
linearization of each of nonlinearity, for example, by a method of minimization of
a mean square of a difference between the valid and approximate values of signals
is carried out.

The results of these investigations were implemented in the program package
‘‘Robot’’, developed in Bauman Institute for simulation, research and design of
complex manipulation systems together with a set of drivers.

The Popov’s researches in the theory of nonlinear control systems have been
reflected in a number of monographs. Under E. P. Popov’s edition and with his
participation the Mashinostroenie publishing house in 1978–1980 released a series
from 10 books according to the theory of nonlinear systems of automatic control
[6]. In 1972 E. P. Popov was awarded the second state award for works on the
theory of nonlinear control systems.

In 1960 E. P. Popov was elected as the member–correspondent of Academy of
Sciences of the USSR in section of mechanics and control processes. In 1964 in a
rank of the major general it was transferred to work to Moscow in Scientific and
technical committee of the General Staff and appointed as the chairman of just
created Section of applied problems at Presidium of Academy of Sciences of the
USSR. On this post he was from 1964 to 1971. Despite of big organizational work
and continuous business trips, E. P. Popov continues the scientific activity. In 1966
the new book written together with V. A. Besekersky ‘‘The theory of automatic
control systems’’, which was three times republished and became the main

Fig. 2 a The block diagram
of multilink nonlinear
manipulator system,
b multi-frequency oscillatory
processes
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textbook for several generations of students, was released [2]. For work in Section
of applied problems of E. P. Popov it was awarded the order a labor Red Banner.

After demobilization from army in 1971 E. P. Popov returned to Bauman Insti-
tute. One of the initiators of this transition was the rector of Institute—the acade-
mician G. A. Nikolayev, which E. P. Popov regularly met at meetings of Academy of
Sciences. In the beginning he became heads of the department of applied mathe-
matics, but soon was appointed as the head of the department ‘‘Automatic systems’’
with which collective started to create bases of a new science—robotics. At the
initiative of E. P. Popov in the list of the USSR scientific specialties there was a new
specialty—‘‘Robots, manipulators and robotics systems’’. In the 80-th years the state
programs providing wide introduction of a robotics in the industry were accepted.
The need of the industry for engineers—developers of new robotics systems
essentially increased. Regarding to this, it was decided to start the new specialty
‘‘Robotics systems and complexes’’. Scientific and methodical council was created
on this specialty, headed by E. P. Popov. One of the first monographs in this area in
the USSR was ‘‘Manipulation Robots. Dynamics and Algorithms’’ [8].

In 1984 E. P. Popov created in Bauman Institute new department—‘‘Robotics
systems’’ which became head in ‘‘Robotics Systems and Complexes’’ specialty.

One of principles which E. P. Popov follows in his pedagogical work consisted
in combining actually educational process with active scientific work of students.
Creation in 1981 of Scientific Training Center ‘‘Robotics’’ became an important
initiative in this direction. It was one of the first scientific and pedagogical estab-
lishments in Russia in which the idea of integration of the academic science with a
high school science and with educational process was realized. In 1991 the Center
was transformed to Scientific Training Center of a robotics and automation of
BMSTU and the Russian Academy of Sciences. Association of the scientific and
pedagogical forces working on common problems, allowed to solve many actual
problems of the industry and the national economy, connected with a robotics.
Principles of creation of robotic system were developed for service of the ther-
monuclear reactor Tokamak, the mobile robots which were taking part in elimi-
nation the consequences of the Chernobyl, researches for the Center of preparation
of cosmonauts of Y. Gagarin were carried out. Researches on application of robotic
systems in mining industry were carried out. For the practical results connected
with introduction in practice of robotic systems, including flexible production
systems in the industry, E. P. Popov was awarded by the third state award in 1984.

In the 90-th years the new tendencies connected with use of methods of arti-
ficial intelligence were outlined in a robotics, and also in control of groups of
robots. E. P. Popov actively supported these new directions of scientific research.
The staff of the Center with his direct participation developed ways of adaptive
control for robots with use of system of the technical vision, introduced in pro-
duction. The main results of scientific work in the field of a robotics in BMSTU
found the reflection in a multivolume series of engineering monographs ‘‘Auto-
matic manipulators and robotic systems’’ under Popov’s edition [9].

Being the head of Scientific Training Center ‘‘Robotics’’ of BMSTU,
E. P. Popov constantly cared about scientific and business connections of the

524 E. Kotov et al.



Center with Academy of Sciences of the USSR. In Academy coordination council
on scientific researches in the field of a robotics which headed E. P. Popov was
created.

E. P. Popov combined qualities of the outstanding scientist and the wonderful
teacher. His textbooks, written during work in BMSTU ‘‘The theory of linear
systems of automatic control’’ [5] and ‘‘The theory of nonlinear systems of
automatic control’’ [4] have not equal so far on laconicism and clarity of a
statement. These books were the first in a series of textbooks according to the
theory of automatic control under Popov’s edition in publishing house ‘‘Nauka’’.

In 1990 E. P. Popov left the position of the head of the department ‘‘Robotic
systems’’, remaining the research supervisor of the Center of a robotics of
BMSTU. In 1992 he was elected the full member of the Russian Academy of
Sciences.

In the 90-th years there came hard times for a science and for University.
Robotics Center did not avoid these processes. The industry lost any interest to a
robotics for a while. But Evgeny Pavlovich kept the Centre. Educational process
and scientific researches did not stop. It was possible to keep and the main sci-
entific and pedagogic collective in department ‘‘Robotic systems’’.

Interest to new paths in a science, ability to notice this new in time did not
abandon E. P. Popov till the end of life. The last large monograph in which writing he
participated as the author and as the editor, was the multivolume encyclopedia
‘‘Mechanical engineering’’ [1]. Volume 1–4 of this edition is entirely devoted to the
theory of automatic control. In the section ‘‘Theory of nonlinear systems’’ written by
him it is possible to find absolutely new fragments, such as phase space of system of
a high order and processes of emergence of chaotic movements with strange
attractor in dynamic systems. It seems that the author faced new opening and only
withdrawal from life in 1999 stopped continuous process of scientific search.
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Scaffold with Improved Construction
Rigidity

Y. S. Temirbekov and S. U. Joldasbekov

Abstract A scaffold system has been developed; practically coinciding by its
kinematic parameters with the scaffold based on the ‘‘Nurenberg Scissors’’. The
construction based on this system is superior by its rigid characteristics to an
analogical construction based on the ‘‘Nurenberg Scissors’’. An experimental
construction of such scaffold (PMD-2.2) has been created, with an elevated
working platform up to 4 m. A comparative analysis of the rigidity and condition
on the stability of the—PMD-2.2 construction and the analog on the basis the
‘‘Nurenberg Scissors’’ has been presented.

Keywords Scaffold � Nuremberg scissors � Rigidity

1 Introduction

The hinge-lever scaffold on the kinematic basis of ‘‘Nurenberg Scissors’’ (NS) is
widely used abroad. The analysis of the kinematic diagram of the ‘‘Nurenberg
Scissors’’ has shown that, along with all its advantages, it still has rooms for
increasing its rigidity. The authors have developed a kinematic system that is
better than the kinematic system of the ‘‘NS’’, in terms of the rigidity character-
istics. While possessing all the merits of the ‘‘NS’’, this system also has an increase
longitudinal and lateral rigidity, on account of the introduction of a sliding cou-
pling, located on the additionally inserted vertical strut rail. Several Patents of the
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Republic of Kazakhstan have been obtained on this engineering solution, on the
functional model and Industrial specimen [1–4]. The insertion of an additional
sliding coupling creates an anchor point for constructing its movement in space.
While the various well-known foreign scaffold constructions based on the ‘‘NS’’,
have anchor points only on the plane of the horizontally lying frame. To show the
advantages of the scaffold system developed by the authors, a comparative rigidity
analysis is given of the end-component models of the scaffold construction PMD-
2.2 and their analog on the basis of ‘‘NS’’.

For the rigidity analysis of the scaffold construction, their end-component
models (ECM), consisting of 40 joints have been built (Fig. 1).

Two end-components models are being considered here (Fig. 1), all the joints
are the same but they differ only in the fact that, for the construction designed by
the authors, the additional sliders move on rigidly fixed vertical guideways, and for
the second, they are free from them (Table 1).

2 Structure and Cross-Sectional Geometry, Material
Properties

To carry out the calculation; the elastic and geometric characteristics of the con-
structions are set, the geometry of the cross sections and properties of the material
(the same for both ECM): the area of the cross section of all end core components

Fig. 1 End-component models of the ‘‘nuremberg scissors’’ and the PMD-2.2
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(ECC) is equal to A = 12000e-02, moments of inertia, IV ¼ 198e�05;
IW ¼ 0:1790e�06, E = 2*1011, m ¼ 0:3. Concordance of numbers of the ECC and
ECM joints (same for both ECM) is given in Table 2,

To calculate the boundary fixers and the geometry of the models in the corre-
sponding joints, limitations have been set and in the joints between the elements,
rotational and translational kinematic couplings have been introduced (Tables 3 and 4).

The weight of the construction does not take into consideration the external
forces for both models and it is given in the form of complex loading of the
working platform (Table 5).

Table 2 Concordance of ECC numbers and joints

ENR KNR1 KNR2 ENR KNR1 KNR2 ENR KNR1 KNR2 ENR KNR1 KNR2

1 1 3 14 13 15 26 2 24 38 10 35
2 2 4 15 14 16 27 12 25 39 20 34
3 3 4 16 15 38 28 12 26 40 20 36
4 4 5 17 16 18 29 5 27 41 33 34
5 3 6 18 17 18 30 15 28 42 35 36
6 5 37 19 18 19 31 27 29 43 8 37
7 6 7 20 17 20 32 27 30 44 17 38
8 7 8 21 4 21 33 28 31 45 37 40
9 7 9 22 13 21 34 28 32 46 38 40
10 8 10 23 8 22 35 9 33 47 39 40
11 11 14 24 17 22 36 19 34 48 2 39
12 12 13 25 2 23 37 10 33 49 12 39
13 13 14

ENR—number of RFE
KNR1, KNR2—beginning and end numbers of joints ECC

Table 3 Boundary coupling of joints along the axis (differs for both by ECM addition)

KNR VX VY VZ DX DY DZ KNR VX VY VZ DX DY DZ

1 1 2 3 4 5 6 Negative addition for the construction PMD-2.2:
11 1 2 3 4 5 6 29 1 2 – 4 5 6
23 – 2 3 4 5 6 30 1 2 – 4 5 6
24 – 2 3 4 5 6 31 1 2 – 4 5 6
25 – 2 3 4 5 6 32 1 2 – 4 5 6
26 – 2 3 4 5 6

KNR—number of the joint being fixed
(VX, VY, VZ) and (DX, DY, DZ)—direction of linear and corner coupling
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3 Elastic Displacement ECM Nodes

Therefore, one end-component model corresponds to the scaffold PMD-2.2, and
the other scaffold on the basis of the ‘‘NS’’, is that which is widely used abroad.
The rigidity is calculated using the computer software ‘‘LIRA’’ and ‘‘INVEN-
TOR’’ [5, 6]. The elastic movements of the joints of the models have been found
(Tables 6 and 7).

Elastic linear displacement has been found for the extreme upper position of
both constructions, since this the most dangerous position when the operator is
working on height. The relations of corresponding elastic displacement of joints
have been taken for both ECM ‘‘NS’’ and ECM PMD-2.2 (Table 8).

As seen from the presented results, the rigidity of the PMD-2.2 construction as
compared to that of the construction based on ‘‘NS’’ increased on the average by
not less than two times, and the lateral rigidity (displacement along axis OY) was
even more. Therefore, introduction of additional sliding coupling allowed for
increase in rigidity of the construction as a whole, and especially ‘‘lateral’’ rigidity.
The authors have designed and built an experimental specimen of the scaffold
PMD-2.2 construction with elevated working platform of up to 4 m (Fig. 2).

Table 4 Calculation of hinge joints (the same for both ECM)

ENR KNL KZ ENR KNL KZ ENR KNL KZ

1 1 5 6 1 5 9 2 5
11 1 5 16 1 5 36 1 4
3 1 4 5 2 5 19 2 5
13 2 4 15 2 5 10 2 5
2 1 5 7 1 5 20 2 5
12 1 5 17 1 5 37 1 1
4 2 5 8 1 4 38 1 1
1 2 5 18 2 4 39 1 1

35 1 4 40 1 1

ENR—ECC with hinge; KNL—local joint (1—begining, 2—end) ECC; KZ—local degree of
freedom

Table 5 Joint loading (the same for both ECM)

NUMM X Y Z NUMM X Y Z

33 0.25e+03 0.25e+03 -0.375e+03 35 0.25e+03 0.25e+03 -0.375e+03
34 0.25e+03 0.25e+03 -0.375e+03 36 0.25e+03 0.25e+03 -0.375e+03

NUMM—number of joint loading; (X, Y, Z)—joint coordinates

Scaffold with Improved Construction Rigidity 531



T
ab

le
6

E
la

st
ic

di
sp

la
ce

m
en

t
of

jo
in

ts
of

E
C

M
‘‘

N
S

’’
(F

ig
.

1)

N
X

Y
Z

N
X

Y
Z

1
0.

00
00

E
+

00
0.

00
00

E
+

00
0.

00
00

E
+

00
21

6.
46

00
E

-
05

2.
38

40
E

-
04

-
2.

80
52

E
-

05
2

-
1.

02
34

E
-

04
1.

78
49

E
-

06
-

2.
36

37
E

-
07

22
3.

22
41

E
-

04
1.

49
12

E
-

03
-

5.
27

60
E

-
05

3
-

5.
95

53
E

-
05

2.
38

43
E

-
04

4.
05

25
E

-
05

23
-

1.
02

34
E

-
04

0.
00

00
E

+
00

0.
00

00
E

+
00

4
-

5.
27

43
E

-
05

2.
38

45
E

-
04

2.
98

54
E

-
05

24
-

1.
02

34
E

-
04

0.
00

00
E

+
00

0.
00

00
E

+
00

5
3.

10
50

E
-

04
8.

56
04

E
-

04
2.

31
32

E
-

04
25

3.
43

07
E

-
04

0.
00

00
E

+
00

0.
00

00
E

+
00

6
-

1.
30

55
E

-
04

7.
87

44
E

-
04

7.
87

12
E

-
05

26
3.

43
07

E
-

04
0.

00
00

E
+

00
0.

00
00

E
+

00
7

2.
80

27
E

-
04

1.
49

11
E

-
03

3.
00

43
E

-
04

27
2.

93
20

E
-

04
8.

56
04

E
-

04
3.

40
50

E
-

04
8

2.
72

55
E

-
04

1.
49

11
E

-
03

2.
56

38
E

-
04

28
7.

00
05

E
-

05
8.

55
60

E
-

04
-

2.
83

29
E

-
04

9
7.

09
06

E
-

04
2.

23
94

E
-

03
5.

32
05

E
-

04
29

2.
93

20
E

-
04

7.
10

48
E

-
04

3.
40

50
E

-
04

10
4.

11
90

E
-

04
2.

52
15

E
-

03
1.

79
88

E
-

04
30

2.
93

20
E

-
04

1.
00

16
E

-
03

3.
40

50
E

-
04

11
0.

00
00

E
+

00
0.

00
00

E
+

00
0.

00
00

E
+

00
31

7.
00

05
E

-
05

7.
05

47
E

-
04

-
2.

83
29

E
-

04
12

3.
43

07
E

-
04

1.
82

28
E

-
06

-
2.

65
85

E
-

06
32

7.
00

05
E

-
05

1.
00

57
E

-
03

-
2.

83
29

E
-

04
13

1.
84

59
E

-
04

2.
38

34
E

-
04

-
9.

34
18

E
-

05
33

6.
96

87
E

-
04

2.
23

94
E

-
03

4.
75

92
E

-
04

14
1.

91
89

E
-

04
2.

38
32

E
-

04
-

1.
06

20
E

-
04

34
3.

84
60

E
-

04
2.

23
95

E
-

03
-

3.
60

43
E

-
04

15
4.

20
43

E
-

05
8.

55
60

E
-

04
-

1.
70

69
E

-
04

35
0.

00
00

E
+

00
3.

17
08

E
-

03
-

2.
77

94
E

-
04

16
5.

65
70

E
-

04
7.

73
21

E
-

04
-

3.
10

45
E

-
04

36
-

3.
64

11
E

-
04

3.
17

07
E

-
03

-
1.

12
11

E
-

03
17

3.
95

19
E

-
04

1.
49

13
E

-
03

-
3.

62
17

E
-

04
37

2.
57

12
E

-
04

1.
34

62
E

-
03

2.
64

29
E

-
04

18
3.

93
12

E
-

04
1.

49
13

E
-

03
-

4.
06

22
E

-
04

38
3.

07
51

E
-

04
1.

34
60

E
-

03
-

3.
14

29
E

-
04

19
3.

74
38

E
-

04
2.

23
95

E
-

03
-

4.
17

00
E

-
04

39
1.

39
62

E
-

04
1.

83
22

E
-

06
-

1.
63

48
E

-
05

20
8.

71
95

E
-

04
2.

50
41

E
-

03
-

6.
22

32
E

-
04

40
2.

57
03

E
-

04
1.

34
61

E
-

03
-

4.
53

39
E

-
06

N
—

nu
m

be
r

of
jo

in
t;

(X
,Y

,Z
)—

di
re

ct
io

n
of

li
ne

ar
di

sp
la

ce
m

en
t

532 Y. S. Temirbekov and S. U. Joldasbekov



T
ab

le
7

E
la

st
ic

di
sp

la
ce

m
en

t
of

jo
in

ts
E

C
M

P
M

D
-2

.2
(F

ig
.

1)

N
X

Y
Z

N
X

Y
Z

1
0.

00
00

E
+

00
0.

00
00

E
+

00
0.

00
00

E
+

00
21

1.
15

40
E

-
05

1.
95

93
E

-
06

-
6.

19
19

E
-

06
2

-
9.

62
55

E
-

05
-

8.
93

90
E

-
07

1.
11

16
E

-
07

22
1.

06
26

E
-

04
3.

05
29

E
-

04
-

7.
20

99
E

-
05

3
-

5.
64

60
E

-
05

2.
00

43
E

-
06

3.
04

90
E

-
05

23
-

9.
62

55
E

-
05

0.
00

00
E

+
00

0.
00

00
E

+
00

4
-

5.
47

38
E

-
05

1.
99

98
E

-
06

2.
71

27
E

-
05

24
-

9.
62

55
E

-
05

0.
00

00
E

+
00

0.
00

00
E

+
00

5
6.

59
62

E
-

06
2.

09
44

E
-

06
6.

76
45

E
-

05
25

1.
57

65
E

-
04

0.
00

00
E

+
00

0.
00

00
E

+
00

6
-

3.
27

45
E

-
05

1.
30

27
E

-
04

1.
62

95
E

-
05

26
1.

57
65

E
-

04
0.

00
00

E
+

00
0.

00
00

E
+

00
7

6.
06

37
E

-
05

3.
05

16
E

-
04

6.
53

80
E

-
05

27
4.

18
95

E
-

07
1.

81
94

E
-

06
7.

37
21

E
-

05
8

5.
43

55
E

-
05

3.
05

12
E

-
04

4.
76

16
E

-
05

28
-

1.
60

55
E

-
07

1.
62

00
E

-
06

-
9.

77
23

E
-

05
9

2.
51

47
E

-
04

6.
99

41
E

-
04

1.
68

71
E

-
04

29
0.

00
00

E
+

00
0.

00
00

E
+

00
7.

37
21

E
-

05
10

2.
35

35
E

-
04

9.
09

25
E

-
04

-
5.

14
97

E
-

05
30

0.
00

00
E

+
00

0.
00

00
E

+
00

7.
37

21
E

-
05

11
0.

00
00

E
+

00
0.

00
00

E
+

00
0.

00
00

E
+

00
31

0.
00

00
E

+
00

0.
00

00
E

+
00

-
9.

77
23

E
-

05
12

1.
57

65
E

-
04

-
8.

51
57

E
-

07
-

1.
44

23
E

-
06

32
0.

00
00

E
+

00
0.

00
00

E
+

00
-

9.
77

23
E

-
05

13
8.

36
99

E
-

05
1.

91
88

E
-

06
-

4.
32

01
E

-
05

33
2.

47
21

E
-

04
6.

99
41

E
-

04
1.

44
95

E
-

04
14

8.
71

35
E

-
05

1.
92

34
E

-
06

-
4.

75
89

E
-

05
34

1.
50

32
E

-
04

6.
99

49
E

-
04

-
2.

00
04

E
-

04
15

-
3.

64
98

E
-

06
1.

86
49

E
-

06
-

9.
12

93
E

-
05

35
0.

00
00

E
+

00
1.

51
32

E
-

03
-

4.
05

88
E

-
04

16
2.

77
93

E
-

04
1.

11
83

E
-

04
-

1.
51

86
E

-
04

36
-

3.
21

72
E

-
04

1.
51

31
E

-
03

-
7.

82
47

E
-

04
17

1.
77

26
E

-
04

3.
05

46
E

-
04

-
1.

90
97

E
-

04
37

2.
78

48
E

-
05

2.
38

52
E

-
04

6.
12

72
E

-
05

18
1.

75
73

E
-

04
3.

05
49

E
-

04
-

2.
08

44
E

-
04

38
1.

21
99

E
-

04
2.

38
26

E
-

04
-

1.
60

35
E

-
04

19
1.

47
88

E
-

04
6.

99
49

E
-

04
-

2.
24

30
E

-
04

39
4.

80
67

E
-

05
-

8.
86

14
E

-
07

-
1.

53
66

E
-

05
20

5.
23

30
E

-
04

8.
93

90
E

-
04

-
3.

80
43

E
-

04
40

5.
38

20
E

-
05

2.
38

40
E

-
04

-
3.

02
77

E
-

05

N
—

nu
m

be
ro

f
jo

in
t;

(X
,

Y
,

Z
)—

di
re

ct
io

n
of

li
ne

ar
di

sp
la

ce
m

en
t

Scaffold with Improved Construction Rigidity 533



Table 8 Relation of corresponding elastic displacement of joints of ECM PMD-2.2

N X Y Z

1 0.000 0.000 0.000—Fixed column
2 1.063 -1.997 -2.126—minus sign indicate opposite displacement along Y and Z
3 1.055 118.959 1.329
4 0.964 119.237 1.101
5 47.073 408.728 3.420
6 3.987 6.045 4.830
7 4.622 4.886 4.595
8 5.014 4.887 5.384
9 2.820 3.202 3.154
10 1.750 2.773 -3.493
11 0.000 0.000 0.000—fixed column
12 2.176 -2.141 1.843
13 2.205 124.213 2.162
14 2.202 123.906 2.232
15 -11.519 458.791 1.870
16 2.035 6.914 2.044
17 2.229 4.882 1.896
18 2.237 4.882 1.949
19 2.532 3.202 1.859
20 1.666 2.801 1.636
21 5.598 121.676 4.530
22 3.034 4.885 0.732
23 1.063 0.000 0.000—displacement only along X
24 1.063 0.000 0.000—displacement only along X
25 2.176 0.000 0.000—displacement only along X
26 2.176 0.000 0.000—displacement only along X
27 699.845 470.507 4.619
28 -436.032 528.148 2.899
29 0.000 0.000 0.000—displacement along Z
30 0.000 0.000 0.000—displacement along Z
31 0.000 0.000 0.000—displacement along Z
32 0.000 0.000 0.000—displacement along Z
33 2.819 3.202 3.283
34 2.559 3.202 1.802
35 .000 .000 0.000
36 1.132 2.095 1.433
37 9.233 5.644 4.313
38 2.521 5.649 1.960
39 2.905 -2.068 1.064—minus sign indicate opposite displacement along Y
40 4.776 5.646 0.150

Number of joint; (X, Y, Z)—relations of directional linear displacement

534 Y. S. Temirbekov and S. U. Joldasbekov



4 Conclusions

As the seen from the calculation obtained, the rigidity of the PMD-2.2 construc-
tion, is on the average two times greater than the rigidity of ‘‘NS’’ construction,
and the lateral rigidity is even greater. Thus, introduction of an additional sliding
coupling, located on a rigid vertical guideway, increases the rigidity of the scaffold
construction as a whole and especially the ‘‘lateral’’ rigidity.
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Force Capability Polytope of a 3RRR
Planar Parallel Manipulator

L. Mejia, H. Simas and D. Martins

Abstract This paper shows how the characteristic force capability polytope of a
3RRR parallel manipulator can be obtained from the optimization of its static
equations. The objective function of the optimization problem of force capability is
defined by employing the Screws Theory and Davies’s method as a primary
mathematical tool. In order to solve the problem regarding the global optimization,
an evolutionary algorithm known as Differential Evolution (DE) is used. Finally,
some force capability polytopes are obtained for different kinematic positions and
different working modes of the manipulator.

Keywords Force capability polytope � Optimization � Screws theory � Davies’s
method

1 Introduction

The increased complexity of the tasks of industrial manipulators requires further
studies on robots interaction with the environment. When the movement of the
manipulator is slow, as it is common in force interaction tasks, it is possible to
consider the interaction as quasi-static, [8].

The task space capabilities of a manipulator to perform motion and/or to exert
forces and moments are of fundamental importance in robotics. Their evaluation
can be useful to determine the structure and the size of a manipulator that best fit
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the designer’s requirements or they can be used to find a better configuration or a
better operation point for a manipulator to perform a given task [2].

In robotics, the force capability of a manipulator is defined as the maximum
wrench that can be applied (or sustained) by a manipulator for a given pose based
on the limits of the actuators. By considering all possible directions of the applied
wrench or by considering specific directions along spatial trajectories, a force
capability plot can be generated for the given pose [5].

The force capability of a manipulator depends on its design, posture and actu-
ation limits [9]. The scaling factor method and the explicit method to evaluate the
force capabilities of parallel manipulators have been presented in [11], Nokleby
et al. [4] used those methods to show some results for 3-RRR, 3-RPR and 3-PRR
parallel architectures with redundant and non-redundant actuation. The main
objective of this study is to develop a method to obtain the force capability polytope
of a 3RRR parallel manipulator in static or quasi-static conditions.

2 Geometric Representation of a 3RRR Planar Parallel
Manipulator

Parallel manipulators usually consist in a mobile platform connected to a fixed
platform by several branches in order to transmit the movement. Generally, the
number of branches of parallel manipulators is equals to their degree of freedom
(DoF), and the motors are usually located near the fixed base [7].

In this paper, a ‘‘3RRR Planar Parallel Manipulator (PPM)’’ is studied. In this
parallel manipulator, the fixed and mobile platforms are joined by using three branches.
Each branch has three rotational joints whose axes are perpendicular to the ðx� yÞ
plane, and the first of the three joints in each branch is actuated, as shown in Fig. 1.

Furthermore, the mobile and fixed platforms are formed by equilateral triangles
with sides lm and lf respectively. The branches are formed by two links with
lengths l1 and l2 respectively, the distance between one of the mobile platform
vertices and its centroid is called l3 and the angle / represents the orientation of
the mobile platform. For the studied manipulator, the link lengths and platform
edge lengths are specified as l1 ¼ l2 ¼ lm ¼ 0:2 m, lf ¼ 0:5 m, the manipulator’s
final effector is located in ½0:25 m; 0:144 m�, the mobile platform is oriented in
/ ¼ 0� and the maximum torque capability for each actuated joint of the
manipulator is �4:2 Nm.

3 Statics of the Manipulator

In the static analysis of manipulators, the goal is to determine the force and
moment requirements in the joints. It is possible to apply forces and moments in
the mechanism joints to analyse the efforts obtained in the final actuator, or to
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apply external forces and calculate the necessary forces and moments in the joints
to balance these external forces.

The wrenches (force and moments) applied (or sustained) can be represented by

the vector F ¼ ½Fx;Fy;Mz�T , where Fx and Fy denotes the force in the directions
‘‘x’’ and ‘‘y’’ respectively, and Mz denotes the moment around the ‘‘z’’ axis. The
actuator torques of joints A1, A2 and A3 (denoted by the vector s) are respectively
sA1 , sA2 and sA3 . The manipulator does not have actuation redundancy and knowing
the three independent variables the manipulator is statically solved.

Using the formalism presented in Davies [3], the primary variables are known,
and the secondary variables are the unknown variables. Considering the actuation

torques as the primary variables, the bAN matrix can be obtained using graph

theory, screw theory and Kirchhoff-Davies cutset law [1], where bAN is the
diagonalized unitary action matrix and V is a vector comprising all the unknown

wrenches in the manipulator as shown in this equation: ½bAN �21�24s24�1 ¼ V21�1.
The complete manipulators action graph is shown in Fig. 2, where the vertices

are the manipulator links and the edges are the joints. Existing wrenches in each
joint are represented by the symbol $. In this model the gravitational effects were
not considered.

The cutset law states that: when a manipulator is in static equilibrium, the sum
of wrenches acting in a single cut must be zero. Each one of the k cuts divides the
manipulator in subsets of links and joints, where in each subset, the static equi-
librium must be preserved [9].

Since the manipulator is planar, the space dimension k is three and only the Fx,
Fy, and Mz wrench components are considered, while Fz, Mx, and My are always
equal to zero [9] and will not be represented in this paper. For revolute joints, the
wrench can be written as shown in Eq. (1), where x and y are the location of the
joint axis given in Cartesian coordinates, Fx and Fy are respectively the forces in

Fig. 1 Schematic representation of a 3RRR PPM
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directions x and y, and s is the actuation torque. If the joint is passive, s is zero and
the last term of equation Eq. (1) vanishes [9].

$ ¼
�y
0
1

2
4

3
5Fx þ

x
0
1

2
4
3
5Fy þ

1
0
0

2
4
3
5s ð1Þ

For each cutset there are three independent equations that can be written in the

matrix as shown in Eq. (2), where AD is the cut action matrix, bAN is the unitary cut
action matrix, W is the vector comprising the wrenches magnitudes, k is the space
dimension, and C represent the manipulator’s gross [1, 3, 9].

R$ ¼ ½AD�k�C ¼ ½bAN �k�CfWgC�1 ¼ f0gk�1 ð2Þ

Algebraic manipulation of Eq. (2) allows us to obtain the expressions for the
forces and the moment in the manipulator’s final effector as shown in Eq. 3, in
these equations the k1; . . .; k9 terms represent the kinematic expressions as func-
tions of the manipulators joints positions, and the sA1 ; sA2 ; sA3 terms represent the
torques in the actuated joints.

Fig. 2 Manipulator action graph of a 3RRR PPM
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4 Optimization Problem

The aim of the optimization problem studied in this paper, is to maximize the force Fm

applied or sustained for the manipulator in a given direction by the angle h, while the
moment is imposed as a constant. As shown in Fig. 3, a force capability map is
obtained when all the possible directions of the maximum force Fm are considered.
The force capability map shown in Fig. 3 was first studied by Nokleby [4, 5].

The optimization problem can be described as the process in which the torque
in the actuators sA1 , sA2 , and sA3 must be optimized in order to maximize the pure
force and minimize the error in the imposed value for the moment in the
manipulator’s final effector. This optimization must be done in all possible
directions given for the angle h. In our simulations, were used 360 repetitions, one
repetition per degree of the angle h, and the imposed moment was increased
positively and negatively until the force in any direction was zero.

4.1 Objective Function and Differential Evolution Algorithm

The objective function used in the optimization process is shown in Eq. (4), where
the terms Fx and Fy are the components of the force obtained in each iteration of
the optimization, ad is the desired angle of the application of the force, ao is the
obtained angle of the application of the force as a function of the Fx and Fy

components, Mz is the moment obtained in the manipulator’s final effector, Mk is
the constant moment imposed in the manipulator’s final effector and finally the
‘‘P’’ term is the penalization of the objective function.

In Eq. (4), the ad � ao=adj j term minimizes the normalized error between the

obtained and desired force direction, the 3l1sAnmax=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F2

x þ F2
y

q���
��� term maximizes

the normalized force obtained, and the Mz �Mk=Mkj j term minimizes the nor-
malized error between the obtained moment and the desired moment in the
manipulator’s end effector.

Fobj ¼
ad � ao

ad

����

����þ
3l1sAnmaxffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

F2
x þ F2

y

q

�������

�������
þ Mz �Mk

Mk

����

����þ P ð4Þ
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The penalization term ‘‘P’’ included in Eq. (4) is activated when the condition
½sAnmin

� sAn� sAnmax
� is not satisfied, this condition is imposed as the maximum

admissible torque in the actuators sAn. In this paper was used sAnmin
¼ �4:2 Nm

and sAnmax ¼ 4:2 Nm.
In order to solve the problem regarding the global optimization, an evolutionary

algorithm known as Differential Evolution (DE) was used. DE is a very simple
population based, stochastic function minimizer and very powerful at the same time.

DE optimizes a problem by maintaining a population of candidate solutions,
and creating new candidate solutions by combining existing ones, according to its
simple formula, and then keeping whichever candidate solution has the best score
or fitness on the optimization problem at hand. In this way, the optimization
problem is treated as a black box that merely provides a measure of quality given a
candidate solution, and therefore, the gradient is not needed [10].

The performance of the DE algorithm is sensitive to the mutation strategy and
respective control parameters, such as the population size (NP), crossover rate
(CR), and the mutation factor (MF). The best settings for control parameters can be
different for different optimization problems, and the same functions with different
requirements, for consumption time and accuracy [9]. In this study the parameters
NP ¼ 30, MF ¼ 0:5, CR ¼ 0:8 were used, as suggested in [6], and the maximum
iteration number was established in 4,000.

5 Results

From the optimization of the objective function shown in Eq. (4) and using the
topology shown in Sect. 2, is possible to obtain the maximum force in a desired
direction. By repeating the optimization process for each possible direction the
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Fig. 3 Force capability map of a 3RRR PPM
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Fig. 4 Force capability polytope of a 3RRR PPM (first studied case)

Fig. 5 Force capability polytope of a 3RRR PPM (second studied case)
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force capability map as shown in Fig. 3 is obtained. Finally, by varying the value
for the imposed moment in the manipulator’s final effector, the manipulators force
capability polytope as shown in Fig. 4 is obtained.

Using the same manipulator shown in Fig. 1, but changing the final effector’s
position to ½0:35 m; 0:244 m�, the orientation of the mobile platform to / ¼ 12�,
and inverting the working mode of the branch A1;B1;C1, is obtained the manip-
ulator’s force capability polytope shown in Fig. 5.

6 Conclusions

This paper presents a method to obtain the force capability polytope in a 3RRR
parallel manipulator optimizing the torque in the actuators of the manipulator and
imposing the moment in the manipulator’s final effector.

The force capability polytope is composed by the superposition of several force
capability maps and depends on several parameters as their kinematic position,
orientation and working mode. Two study cases were shown in order to illustrate
these dependencies, but, using the same strategy, is possible to obtain the
manipulator’s force capability polytope for each position into the manipulator’s
workspace.

The present study may be extended in various ways. Manipulators with dif-
ferent DOFs, kinematic chains and including dynamic behavior may be studied,
and the minimization of the force and the maximization of the moment may be
considered.
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Interactive Design of a Controlled
Driving Actuator

G. V. Kreinin and S. Yu. Misyurin

Abstract The interactive design of a fast driving actuator consisting of a motor,
transferring mechanism and control system is considered. The design procedure is
based on a set of a normalized, mathematical model with increasing complexity.
The procedure is illustrated as an example of the positioning actuator. The initial
model of the actuator represented by an ideal motor and an ideal transferring
mechanism gives the opportunity to determine approximate power parameters of
the motor and to construct the controlling algorithm. The dates obtained at the first
stages are corrected further by taking into account the motors characteristics,
structure of the mechanism, a time lag of the control system and others factors.

Keywords Dialog mode � Design procedure � Motor � Transfer mechanism �
Control system � Mathematical models � Normalization � Similar criteria

The fast acting driving actuator is a combination of a power and control units. The
first one consists of a power source, power converter and an actuating device
(a motor plus transfer mechanism), where the primary power is transformed in a
motion mechanical power of the actuating parts of a drive. The control unit (error
sensors, signal transformers etc.) controls the power ensuring the specified motion
mode of the output link. The actuator considered is used for the transfer control of
an object, its positioning and other goals.

The mode of the actuator behavior can deviate from the specified mode if: (1)
the power unit does not provide the required power; (2) the control unit does not
cope with the power control. In the last case the problem is solved by optimizing of
the control algorithm. It is possible only under one condition that the power unit
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has to deliver the required rates, accelerations, driving forces (or moments) at the
output link of the drive.

At the initial stage of a synthesis the driving actuator structure is presented as a
constructive suggestion. Owing to a relative complex mathematical model a dialog
mode using is to be sensible. Its efficiency contributes the following regulations
[1, 2, 6].

At individual steps of the design one should use most simple mathematical
model gradually complicated step by step.

The use of the normalized (dimensionless) models is recommended insistently
since the real parameters and other characteristics of the system transforms to the
generalized dimensionless complexes and simulations criteria. As a result the
number of the basic parameters is reduced what facilitates the analysis and syn-
thesis of the system considered.

The structure of the driving actuator is shown in Fig. 1.
The motor can be electric, hydraulic, pneumatic or other types. The motion to

the controlled object is performed by a mechanical system with a constant or
varying ratio. As at initial stage the structure of the components is either not
determined or is presented in the form of the structure analogies, one should
consider the motor as an ideal unit and to start the constructing of the controlling
system structure from a relatively simple algorithm proceeding from the actuators
function. The driving force of an ideal motor is completely identified by the
controlling signal and does not depend on the motor speed or other factors. A
motor current driving force Px = Pxmaxc, where c is a controlling action, is
determined the driving force mode. The actuator dynamic equations, written rel-
atively of the output link, are

m€y ¼ Py � c _y � _yþ PL

Py ¼ Px � i
Px ¼ PxðcÞ ¼ Pxmax � c

8
<

: ð1Þ

where y is the position coordinate of the object (output link), m is the inertial load
of the moving object, Py is the driving force (moment) applied to the object, PL is
the constant resistance force (moment). An alternating resistance force (moment)
that is proportional to the speed is also included in (1); c _y is a coefficient of
proportionality. If needed, others types of load can be taken into consideration.
The inertial load of the motor is accepted here relatively small.

A transfer mechanism in the Eq. (1) is represented by the transfer ratio i ¼ _x= _y,
(x is the position coordinate of the input link); x and y can be linear or angular
coordinate. Their cooperation is determined by the ratio i, which in general
depends on the position of the mechanism, for an example, as a iðyÞ. If i = const,
we have i = sx /sy, where sx, y are a corresponding travels of the motor and object.

By the synthesis of the actuator with a transfer mechanism with the i = var, not
only its parameters, but also the structure of the mechanism, previously were either
not determined, or presented as some analog. Therefore it is suggested at the first
stages of the synthesis to use a kinematic model i(y) of the mechanism. For
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convenience a concept of an equivalent ratio ie ¼ �sx=�sy is introduced, where �sx;y

are basic travels of the input and output links of the mechanism. If the function i(y)
is known, then

ie ¼
1

Dsy
�
Zy2

y1

iðyÞdy

where y1,2 are coordinates of initial and final positions of the output link,
Dsy = y2 – y1 is its travel. The displacement of the input link of the mechanism

is

Dx ¼
Zy2

y1

iðyÞdy

By the construction of the ratio function i(y) and estimation its influence on the
actuator dynamics it is expedient to use a relative transfer ratio I = i/ie = I(y) as a
function of y. On the first step i = ie is defined. It gives the way to construct
gradually an approximate I(y) function using the simplified form for its repre-
sentation included the complex linear form. At the final stages of the designing
procedure the real mechanism can be realized using the method of the stepwise
approximation of a real transfer function to a function preliminary accepted.

The system (1) is reduced to a normalized state by replacing variables: y = symy,
Py = Py

*vy, Py
* = Pxmaxie, Px = Pxmaxc, PL = Py

*vL, t = st*, i = ieI, where
t* = (msy /Py

*)0,5sy is the travel of the output link accepted as a scale. As a result
we have the normalized dynamic equations of an actuator.

€m ¼ vy � k _m � _mþ vL

vy ¼ c � I

(
ð2Þ

where k _m ¼ c _y � ðsy=mP�yÞ
0;5. If ratio i = const, then we have ie = i and I = 1.

3

γ hyd

pne   

m

Cont.
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1
2

Fig. 1 Schema of the driving
actuator: 1 motor, 2
transmission mechanism,
3 control, m object
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The controlling action c (a relative driving force of the motor) is generated by
the income control signal cC of the controlling system. Under real conditions
c 6¼ cC due to a time lag factor. The controlling algorithm cC is set depending on
the function of the actuator. For example, for the position sensing mechanism the
following simple controlling algorithm can be used

cC ¼ K1ðye � yÞ � K2 _y� K3€y ð3Þ

where K1, K2 and K3 are the feedback position, velocity and acceleration gains; ye

is a final position sensing coordinate of the object. Using accepted relations
between dimensioned and dimensionless values, we obtain the normalized form of
the controlling algorithm

cC ¼ j1ðme � mÞ � j2 � _m� j3 � €m ð4Þ

where k1 = sy K1, k2 = (sy /t*)K2, k3 = (sy /t*2)K3. The (2–4) equations are a
model of the lowest level used to start the designing. At the beginning km’ = 0,
vL = 0 and I = 1 can be accepted, i.e. taking into account only the inertial load
and a constant mechanism ratio.

A preliminary analysis showed, that the controlling algorithm (4) does not
guarantee a smooth mode without the considerable jerk by the transferring into the
deceleration motion. To eliminate this defect and provide simultaneously the high
feedback position gain in position sensing point, k1 is made variable from the k1i in
the start of the motion to the k1e in the end of the positioning, why k1i \\ k1

j1 ¼ 1=ð1=j1e þ ð1=j1i � 1=j1eÞ � me � mj jÞ ð5Þ

The current values of k2 are determined according to the fixed relation
k1/k2 = h, which were established owing to a simulation results.

In Fig. 2 the simulation results of the two positioning processes of the electric
motor actuator are presented. In Fig. 2a where k1i = k1e = 100 the abrupt jump of
the acceleration takes place. In the second case where k1i = 2 and k1e = 100, this
defect is absent. The rational values of the feedback gains and relation h were
defined as a result of the simulation.

At the next stages of the designing process other addition characteristics of the
actuator model are to be taken into consideration. The first one is the dependence
of the motor moving force (moment) on its velocity. If the mechanical charac-
teristic is linear (a direct current motor), then the motion equation is

€m ¼ vy � ð1=~Kþ k _mÞ _mþ vL ð6Þ

where ~K ¼ K=i, K ¼ _xidt�=sy, _xid is the idle velocity of the motor. The criterion ~K
depends on the behavior of the motor mechanical characteristic reduced to the

output link. In the area of low values of ~K the motion of the object is close to
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uniform motion. As a value of ~K increases the system strives to uniform accel-
erated motion.

The actuators with the motor having nonlinear mechanical characteristic are
described by a more complex equation. For example, the actuator with the
hydraulic piston motor, which has the quadratic mechanical characteristic, is
described at first approximation by

€m ¼ 1� ðð1=b~KÞ _mÞ2 � k _m _m� vL ð7Þ

where b(c) is the relative opening mode of the hydraulic operating channels. In
details the mathematical models of the actuators with the motors of different types
were considered in [2–5].

The next feature which has an effect on the actuator dynamics is the dynamic
flexibility of the motor. Its flexibility can be measured by an elasticity index 1y,

included in the equation describing the transformation of the primary power to the
mechanical power of the moving parts

_vy ¼ 1y W � _mð Þ ð8Þ

where W is the controlling action generated by the control unit. The 1y value
depends on the type of the motor and actuator parameters [2–4]. As a rule, the
greatest value of 1y has an actuator with the hydraulic motor, followed by the
system with the electric motor. The lowest value of 1y has the system with
pneumatic motor.

In Fig. 3 the mðsÞ; _mðsÞ,r1ðsÞ and r2ðsÞ curves are shown as the functions of the
normalized time s. They illustrate the positioning process worked out by the
actuators employed an electric, hydraulic and pneumatic motors; r1 and r2 are
the relative pressures in the motors chambers; ss = ts/t

* is travel time factor, ts—
the real travel time. The curves show the motion of the object from the start point
mi = 0 to the end position sensing point me = 1. The considered processes should

ττ

saturation line

line switch

τ

(a)

(b)

Fig. 2 Dynamics of an actuator with constant a and variable b gain v1: 1 the switching line, 2 the
saturation line
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be appreciated in some degree as optimal. The _mðsÞ curves are symmetric relating
to the speed up and slow down parts, the abrupt jerks absent, the high operating
rate is realized, the differential pressure acting on the piston is fully employed and
final sensing position is successfully achieved.

The rational values of j1; j3 and # (Table 1) were determined according to the
simulation results of the dynamic processes.

The k1e = 100 were selected for all types of motors to provide the same res-
olution ability. The k1e value defined is optimal: its further increasing gives no
positive effect, but its decreasing can lead to the loss of the system stability. The
other dates presented in the Table 1 are needed in some commentary.

The actuators with the electric and hydraulic motors have close dynamic
characteristics. In both cases the value k1i = 1 provides sufficiently smooth
transferring to the decelerated motion of the output link. The deceleration gain k3

is relatively low and in many cases may be presumed as k3 = 0. The controlling
parameters k1e, k1i, k3 are stable and practically do not depend on the parameter �K.

The controlling parameters of the actuator with the pneumatic motor are dif-
ferent in a great extend. First of all, here k1i = k1e = 100 is reasonable; at the
second place the parameter k3 should be rather high and it considerably depends on
the criterion �K. The both factors are the consequence of the poor dynamic rigidity
of a pneumatic motor, which provides the smooth motion mode, but makes the
problem in the resolution ability at the final position sensing point. The problem
should be solved by means of an acceleration gain realized by the feedback circuit
with acceleration sensor or an observer system [5].

(a)

(b)

(c)

Fig. 3 Positioning processes of an actuators with the motors: a electric; b hydraulic; c pneumatic
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The next step in the mathematical model verification is to take into consider-
ation the time lag effect typical for the transition stage cC ! c. The time lag effect
can be described by the relatively simple relation

_c ¼ ð1=seÞðcC � cÞ ð9Þ

where se is a time constant of the controlling circuit. The value of se should be at
last one order lower than the travel time factor ss. The more detailed relations can
be used if necessary.

1 Conclusion

An employment of the gradually complicated dynamical models presented in the
normalized state, opens the way to form a set of the simulation criteria which
should be useful in the designing procedures of a different systems. A typical
example is the parameter synthesis of the position system considered in this paper.

As a result of the simulation its normalized models there were revealed some
basic relations, for example the highly important law-governed nature of the ssð�KÞ
function. By the �K increasing above some limit (�K� �K�) we have nearly constant
value ss � �ss. This gives an opportunity to formulate the optimal value
i ¼ _xidts=�ss

�Koptsy of the transfer ratio which gives the minimal value
�Pxmax ¼ ms2

yg= _xidt3
s of the motor starting force (moment), where ts is the set travel

time of the object, g is equal to ð�Ks3
s Þmin. For example for the electric motor

actuator we have g ¼ 28� 30.
It should be noted that the values of the normalized controlling parameters

practically do not depend much on the �K criterion and this fact considerably
simplifies the selection of control system.
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Design and Implementation
of Self-Balancing Camera Platform
for a Mobile Robot

Mehmet Volkan Bukey, Emin Faruk Kececi and Aydemir Arısoy

Abstract One of the most common sensors used on mobile robots are cameras.
An important issue of the image obtained from the camera on the mobile robot is
that the image is affected by the posture of the robot. In this study, a camera is
placed on a mobile robot and the equilibrium of the camera system is achieved by
a camera tower system. In this way, the impact of the changing robot orientation
on the image obtained from the camera is reduced. In order to measure the ori-
entation of the robot body, an inertial measurement device is used and the sensory
data is corrected with a Kalman filter. With the field test, the effectiveness of the
camera stabilization system is proven.

Keywords Camera stabilization � Kalman filter

1 Introduction

Robots use sensors to detect both the outside environment and their own situation.
According to these sensory data, they achieve their tasks. The optimization of the
sensory data in a robotic system and the calibration of the system are very
important.
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Since using a camera system the motion of the robot can be detected, in mobile
robot applications the camera systems are widely used. One of the biggest prob-
lems with camera systems on a mobile robot is that the image received changes
depending on the posture of the robot. When the camera is tilted or facing to a
different angle, it becomes very difficult to control the robot. In order to overcome
this problem the image needs to be corrected to show the interested area.

There are number of methods to fix the image distortion caused by the mobile
robot orientation change. These methods can be grouped as image processing [1],
optical methods [2] and mechanical methods [3].

In this study, in order to balance the camera placed on the mobile robot a
mechanical system powered by servo motors is utilized. With the help of this
system roll, pitch and yaw angles of the camera are controlled. The orientation of
the mobile robot body is measured by an inertial measurement unit. In order to
optimize the sensory data, a Kalman filter is used, which provides the Euler angles
for the orientation of the robot body. By using the orientation angles, the roll and
pitch angles are corrected automatically, leaving the yaw angle to be controlled by
the operator to select the interested area for the user.

2 System Design

In this study, a camera tower is designed and placed in between a tracked mobile
robot base and a wireless camera. The robot is remotely controlled and the camera
tower powered by servo motors adapts to the orientation changes of the mobile
robot and provides an undistorted image. The camera tower system is explained in
two sections: mechanical and electronic.

2.1 Mechanical Components

The mechanical parts of the system consist of a tracked robot powered by two DC
motors and the tower structure powered by the servo motors. The servo motors are
automatically controlled to adapt to the motion of the robot to control the roll and
pitch angles of the wireless camera. Three servo motors capable of 180 degrees of
rotation are used to control the orientation of the camera. Two of the servo motors
control the roll and pitch angles while the third servo motor is controlled by the
operator manually. Figures 1 and 2 show the robot base and the camera tower
system. During this study, it is assumed that the orientation of the camera is only
changing with the orientation of the mobile robot body. This assumption elimi-
nates the translational components of the kinematic equations and only a rotation
matrix is used to derive the kinematic equations. It is also assumed that the rotation
axes of the robot and the camera intersect. Since the yaw angle is not intended to
be controlled automatically, a rotational matrix is not calculated for this axis.
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The orientation of the camera related to the earth is given in Eq. 1. The
equation is a combination of rotational movements in three axes, Since the yaw
angle is not controlled, the value of the yaw angle is considered as zero. In this
equation h denotes the pitch angle and w denotes the roll angle.

R12ðh;w; 0Þ ¼
cos h sin w sin h cos w sin h

0 cos w � sin w
� sin h sin w cos h cos w cos h

2
4

3
5 ð1Þ

Since the pitch angle is only controlled with one servo which rotates about the y
axis and the roll angle is only controlled with the second servo which rotates about
the x axis, two matrices are defined to show the rotational motion as Eqs. 2 and 3.

RYservoðh1Þ ¼
cos h1 0 � sin h1

0 1 0
sin h1 0 cos h1

2
4

3
5 ð2Þ

Fig. 1 Camera stabilization system components

Fig. 2 Mobile robot base components
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RXservoðw1Þ ¼
1 0 0
0 cos w1 sin w1
0 � sin w1 cos w1

2

4

3

5 ð3Þ

It is assumed that at the beginning of the robot motion the earth’s coordinate
and the camera coordinates are superimposed. At the initial position all the Euler
angles at Eq. 1 become zero and the rotation matrix is equal to identity matrix.

During the robot motion the orientation changes causing different values to the
Euler angles. The two servo motors, controlling the roll and the pitch angle move
the camera towards the initial position. This motion is achieved by actuating the
servo motors in reverse direction with the same angle values of roll and pitch
angles.

2.2 Electronic Components

Table 1 summarizes the electronic components used in this robotic system to
create a remote controlled robot with a camera stabilization system.

2.3 System Operation

After the prototyping stage; the mobile base, camera tower and control unit are
shown in Figs. 1 and 2.

Table 1 Robot electronic
components and their tasks

Part Task

Arduino UNO Microprocessor
MinIMU-9 v2 IMU
MC33926 Dual Motor Driver Motor driver
XBee Pro 50 mW Wire

Antenna-Series 2
Wireless communication

DL-007 WS + Receiver Wireless camera
Arduino Uno + Joystick Shield Control unit

Fig. 3 Control method of the
camera stabilization system
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The different parts of the robotic system are: 1-wireless camera, 2-pitch
direction servo motor, 3-yaw direction servo motor, 4-inertial measurement sensor,
5-servo motors battery, 6-microprocessor 7-wireless camera and microprocessor
battery, 8-circuit board for connections, 9-motor connections, 10-control unit, 11-
mobile base, 12-tracks and 13-yaw servo.

The camera stabilization system’s control scheme is given in Fig. 3. When the
user is driving the mobile base, he can change the camera orientation by using the
yaw servo motor. The orientation of the mobile base is measured by the inertial
measurement unit and with a Kalman filter the sensor data is fed to the controller
to move the roll and pitch servo motors.

3 Kalman Filter

In order to increase the performance of the camera stabilization system, the data
received from the IMU unit must be accurate. In the measurement of the pitch and
roll angles both a accelerometer and gyroscope are used [4]. The vibration of the
mobile base causes noise in the IMU system. A gyroscope is more immune to the
vibration of the system. On the other hand since the gyroscope data must be
integrated, for an extended time the error in a gyroscope system increases.

A Kalman filter is used in this study to eliminate the sensor data. Euler angles
obtained from the accelerometers are updated by using the gyroscope data. At the
same time with the help of accelerometer data, the gyroscope error has been
corrected. The filter equation given in Eq. 5 is written in consideration of the
relationship between the gyroscope offset value and the rotation angle.

ak ¼ ak�1 þ ðuk � bk�1ÞT ð5Þ

In this equation the variables are defined as k step size, a Euler angle parameter,
u the angular velocity obtained from the gyro variable and b the offset of the
gyroscope. The T value represents the microprocessor code specifies a fixed cycle
time. This constant is used in the calculation of the integral value in Eq. 5. The
dynamical equations are simplified to decrease the calculation time on the
microprocessor. Consequently, the state and measurement equation to be used in
Eq. 5 is formulated as:

xk ¼
a
b

� �

k

¼ 1 �T
0 1

� �
xk�1 þ

T
0

� �
uk þ wk�1 ð6Þ

zk ¼ 1 0½ � xk þ vk ð7Þ
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3.1 Kalman Filter Application

First of all, the Euler angles are calculated by using the accelerometer. Figure 4
shows the effect of the vibration on the calculated angle. Since with a single
accelerometer there is also sensor noise in the system, the effectiveness of the
control will be limited.

In this study, a Kalman filter is used to eliminate the error in the inertial
navigation unit. From Eq. (5) for both of the axes Euler angles and gyroscope
offset values are used for system state. When a Kalman filter is used, noise
covariance matrices should be selected as an initial condition. By adjusting these
parameters, the speed of the convergence and accuracy can be improved.

Measurement noise covariance shows the reliability of the measured sensor
data. When the value of this covariance decreases, it is possible to trust the sensor
data during the estimation. It means that the sensor data error is small. Since the
measurement noise covariance depends on the sensor error it can be measured
experimentally. With the experiments for x axis, it is found as 0,4461 and for y
axis it is found as 0,4369.

Process noise covariance can be described as the effect of system states to the
Kalman filter outputs. Smaller values of the process noise covariance increase the
system stability whereas the bigger values cause better adaptation to the changes in
the system states.

Since the current Kalman filter has two states the process noise covariance is
written as a matrix, Eq. (8).

Q ¼ Qa Qab

Qba Qb

� �
ð8Þ

Qa and Qb are system state covariance whereas Qab and Qba are proportional to
the standard deviation of these two values. Since the noise values are independent
of each other for two states, Qab and Qba values are zero. Qa and Qb values are

Fig. 4 Euler angle values
measured by the
accelerometer
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found experimentally and when they are smaller than 0,0001 the stabilization of
the camera is achieved.

Figures 5 and 6 shows the results of the Kalman filter. With the help of the
Kalman filtering, the effects of the vibration on the accelerometer measurements
are decreased and system stability is achieved.

4 Conclusion

By using a Kalman filter the camera stabilization is achieved. By adapting the
system parameters, the speed and the stability of the controller is adjusted. Since
the inertial measurement unit is placed on the mobile base, the current system
controls the camera position depending on the robot orientation. By placing a
second IMU on the camera, the control of the camera angles can be improved.
However, the usage of two IMU will require higher processing performance.

Fig. 5 x axis Kalman filter
output

Fig. 6 y axis Kalman filter
output
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In this application the noise covariance values are considered as constants. This
implies that standard deviation at the system states and sensor working conditions
are constant. In order to improve the Kalman filter performance, noise covariance
values can be updated with a control algorithm.
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Action of Robot with Adaptive Electric
Drives of Modules

Konstantin S. Ivanov

Abstract Action of robot with modules which have adaptive electric drives is
considered. Adaptive electric drive contains electric motor and adaptive con-
necting gear with two degrees of freedom. The adaptive gear has a form of closed
differential mechanism and is extremely simple. It changes a transfer ratio
depending on loading continuously only at the expense of mechanical properties
and does not demand any control. The equations of adaptive mechanism param-
eters interconnection are worked out. Definability of the adaptive electric drive
motion is confirmed by experimental research. Stop regime of the module motion
takes place when working body of the module is motionless. This regime allows to
avoid an overloading and to overcome emergencies. In the robot with adaptive
drives of modules the stop regime of motion can be overcome at the expense of
motions of other modules leading to decrease of resistance.

Keywords Module � Drive � Adaptation � Parameters � Interconnection

1 Introduction

Adequate to loading drive of manipulator module should have the variable transfer
ratio. However application of the adjustable gear box in the manipulator drive is
impossible. Recently there were compact adaptive mechanical stepless adjustable
transfers [1–3]. Such transfer provides ideal conformity to variable load and allows
choosing the propeller on average power of resistance. The adaptive electric drive
of the manipulator module is now developed and bases of its research are created
[4, 5]. Adaptive mechanical transfer is investigated in Ivanov’s works [6, 7]. It is
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the elementary adjustable transfer as it contains only a wheelwork with constant
cogging of toothed wheels (without the gear change). Transfer has small gabarits
and weight. Power adaptation of the module creates possibility of sampling of the
electric motor not on maximum and on average loading power.

Definability of motion takes place in the absence of friction account. Presence
of definability of motion of the adaptive electric drive is confirmed by an exper-
imental research of adaptive transfer [8]. Motion of modules at a steady load is
uniform.

The present work is devoted describing of action of robot with adaptive drives
of modules. Work is executed on the basis of mechanics laws.

2 Design of Adaptive Drive

The module of the manipulator with the adaptive drive of translational motion [5]
is presented on Fig. 1.

A—module stationary part: 1. Plate. 2. Butt for joint with previous module. 3.
Guides for screw nut. 4. Electric motor. 5. Adaptive reducer. 6. Working screw.

B—module moving part: 7. Running screw nut. 8. Butt for joint with the
subsequent module.

In operating time the electric motor with constant power 4 transfers rotation
through the adaptive reducer 5 to the working screw 6. Working screw 6 moves the
running screw nut 7 together with the module moving part on guides 3. The
adaptive reducer 5 provides rotation of the working screw 6 with a speed inversely
proportional to resistance moment which is conforming to external loading of
module.

Module of manipulator with adaptive drive of rotary movement has mobile part
which is fixed directly on output reducer shaft (instead of working screw 6).

The adaptive mechanism (reducer) of the manipulator module (Fig. 2.) contains
frame 0, input carrier H1, input satellite 2, block of central wheels 1–4, block of
ring wheels 3–6, output satellite 5 and output carrier H2.

Number of degrees of freedom of the kinematic chain is equal 2.

3 Interconnection of Parameters of a Wheelwork
in Operating Conditions

Interconnection of parameters in operating regime for the wheelwork with two
degrees of freedom is defined by theorem: mobile closed contour in kinematic
chain with two degrees of freedom under action of any way set superposed forces
is in equilibrium [6, 7]. Basic equations of parameters interconnection of wheel-
work with two degrees of freedom have following form.
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Sum of powers of internal forces is equal to null

M1�4x1 þM3�6x3 ¼ 0 ð1Þ

Sum of powers of external forces is equal to null

MH1xH1 þMH2xH2 ¼ 0 ð2Þ

A2 3

4 5 6 B 7 8

1

Fig. 1 Manipulator module of translational motion
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K
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B

6

H2H1

2

3

D
G

E 5

1
4

C

0

Fig. 2 Adaptive mechanism
of manipulator module
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From formula (2) follows

xH2 ¼
MH1xH1

MH2
ð3Þ

Formula (3) defines effect of force adaptation: at constant input power NH1 ¼
MH1xH1 output angular speed xH2 is inverse proportional to external output
resistance moment MH2. The effect of power adaptation characterizes the major
property for machines with variable technological resistance—ability indepen-
dently and continuously to adapt for variable technological loading.

4 Experimental Testing of the Drive

Testing of force adaptation effect in the mechanism presented on Fig. 2 has been
executed on the test-bed in LARM of university Cassino [8].

On Fig. 3 experimental tractive characteristic of the gear adaptive mechanism
presented as function of output traction moment (or resistance moment) in Nm
from output angular speed in rpm at constant input angular speed and engine
torque. On the graph of function the following curve pieces take place: 0A—
motion in condition with one degree of freedom in absence of internal mobility in
gear mechanism contour (start up), ABC—motion with two degrees of freedom
(operating regime), B—intermediate point, C—operating regime end (maximum
resistance moment and stop).

5 Interconnection of Robot Adaptive Modules

Let’s consider the robot with two adaptive modules (Fig. 4) containing basis 0,
module of lifting 1 with the adaptive drive of rotary motion in point A and module
of pulling out of the arm 2 with the adaptive drive of translational motion in point
B. In capture 3 (point C) the moved product with weight G is placed. Product
lifting is made by the module 1. The drive of the module 1 provides rotation
in direction of an circular arrow and overcomes resistance moment M ¼ Gh
(h—variable shoulder of resistance force G relatively point A). In an initial
position the module of turn 1 has vertically position and shoulder h ¼ 0.

During turn of module 1 relatively point A when AC ¼ const the shoulder h is
increasing and resistance moment M is increasing. At achievement of maximum
resistance moment for drive M ¼ Mmax the module 1 is stopped and the drive of
module 1 passes in stop regime. The drive electric motor continues to work and the
module 1 as line AC remains motionless. The point C of tractive characteristic
(Fig. 3) takes place. In this moment a motion sensor of robot control system is
switching on the drive of translational motion of module 2. This drive starts to
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move capture 3 with product in an linear arrow direction. Shoulder h begins to
decrease. Drive of the rotary motion module 1 gets out from stop regime of motion
and provides product lifting together with the translational motion module 2 of the
arm. Sensors of angular moving of module 1 and linear moving of module 2 in
common are controlling by moving of capture 3 under the set program. Final
position of the robot is shown by a dotted line. Thus, there is a continuous
adaptation of the robot to motion conditions. Separate movement of modules (at
first turn of module 1 in horizontal position and then linear horizontal moving of
module 2 in final position) would demand use of more powerful engine of turn of
module 1.

Fig. 3 Experimental tractive characteristic of gear adaptive mechanism

0 1

2

3

G

h

A

B

C

Fig. 4 Robot with two
adaptive modules
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6 Conclusion

Regularity of interconnection of power and kinematic parameters of the robot in
which each module has the adaptive electric drive are developed. The adaptive
electric drive contains the electric motor and the adaptive connecting gear with
two degrees of freedom. The adaptive mechanism provides motion of module
mobile part with a speed inverse to force loading at constant power of electric
motor. The adaptive mechanism has the variable transfer ratio which depends on
loading. The adaptive drive provides at first a regime of start-up or start with one
degree of freedom and then operating regime of motion with two degrees of
freedom. It is proved that the adaptive mechanism has definiteness of motion in a
condition with two degrees of freedom and in a condition with one degree of
freedom because it contains the closed mobile contour which imposes additional
constraint on motion of links under action of forces. The mechanism analysis can
be executed a classical method without a friction. Presence of definability of
motion of the adaptive electric drive is confirmed by the drive experimental
research. The experimental tractive characteristic containing a regime of start-up
and operating regime is gained. The tractive characteristic matches to the theo-
retical characteristic.

The adaptive drive is extremely simple in design. It changes the transfer ratio
depending on loading independently only at the expense of mechanical properties
and does not demand control of the transfer ratio. Power adaptation allows
reducing sizes and weight of the drive at the expense of decrease of a required
power of the electric motor. The equations of interconnection of parameters of
motion of the adaptive mechanism are developed. The adaptive drive of the
module of the robot provides a stop regime of motion at achievement of the
maximum value of variable resistance. In this moment the module mobile part
appears as motionless and the electric motor continues motion with former speed.
Stop regime allows to avoid an overloading and to overcome emergencies. In the
robot with adaptive drives of modules stop regime can be overcome at the expense
of motion of other modules leading to decrease of resistance.

The adaptive drive of the robot provides a high efficiency.
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presentation.
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