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Abstract. The system reliability depending on some system components states
changes is investigated in this paper. This investigation assumes the representa-
tion of the initial system by the structure function. This function definition
agrees to the Boolean function. Therefore the mathematical approach of Logical
Differential Calculus is used in the analysis of the system reliability change
depending on the changes of components states. Based on this mathematical
approach, calculation of two measures is considered — Dynamic Reliability In-
dices and Birbaum’s Importance Measure. These measures are indices of im-
portance analysis, that allow estimating the system reliability depending on
components states changes.
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1 Introduction

Reliability evaluation methods exploit a variety of tools for system modeling and
reliability indices calculation. A discrete model has been used in reliability analysis
frequently. There are two mathematical types of this model: a Binary-State System
(BSS) and a Multi-State System (MSS). The system and its components are allowed
having only two possible states (completely failed and perfect functioning) in a BSS.
This approach is well known in reliability analysis, but can prevent the examination
of many situations where the system can have more than two distinct states [1-3].
MSS reliability analysis is a more flexible approach for evaluation of system reliabili-
ty. A MSS and its components are allowed having more than two levels of working
efficiency. These levels are interpreted as states of reliability of the system and its
components. However, when only consequences of the failure have to be identified,
then BSSs are more suitable for this task. In what follows, we assume that the system
is presented as a BSS.

Principal measures of BSSs are reliability function that defines probability that sys-
tem is functional. There are other measures in reliability analysis. Importance meas-
ures are one of groups of these measures [4]. Principal goal of the importance analysis
is the investigation of influence of different components states changes on the system
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reliability. Researchers have developed various methods to calculate importance in-
dices. For example, Markov processes are used to analyze the system state transition
process [5] or the structure function approach is used to investigate the system topol-
ogy [6]. We propose another method that is based on system description by the struc-
ture function. This function defines the correlation between system reliability and its
components states. The mathematical background of this method is Logical Differential
Calculus. This mathematical approach investigates the influence of the variables values
on the function value [7].

Two importance measures are considered in this paper. Component Dynamic Re-
liability Indices (CDRIs) allow measuring an influence of each individual component
or a fixed group of components on the system reliability. Another importance measure
that is very often used in reliability analysis is the Birnbaum’s Importance Measure
(BIM), which defines the probability that given component is critical for system oper-
ation [4]. The calculation of these measures for one system component using Logical
Differential Calculus has been considered in [8, 9].

In this paper, we develop the investigation of the influence of state changes of
more than one component on the system reliability by Direct Partial Logic Deriva-
tives (as the part of Logical Differential Calculus). System failure and its repair
caused by changes of some components states are defined in Direct Partial Logic
Derivative terminology for two variants of components states changes: for simultane-
ous and successive changes in the states of components group.

2 Direct Partial Logic Derivatives in Reliability Analysis

2.1  Direct Partial Logic Derivatives

Mathematical approach of Logical Differential Calculus has been introduce for the
investigation of the Boolean function value changes depending on the changes of the
variables of this function [7]. Therefore, Logical Differential Calculus can be used in
applications, where an investigated object is defined and presented by the Boolean
function. One of such application problems is reliability analysis. As a rule in reliabil-
ity analysis, the investigated object is defined as a system with two states that allows
analyzing the condition of the system failure and functioning [6, 10]. Such system is
named as a Binary-State System (BSS).

Consider the system of n components with states x; (i = 1,2,..., n). A system in sta-
tionary state will be considered in this paper. At that, the value x; = 1 corresponds to
the operable state of the i-th component and x; = 0 to its failure. The correlation of the
system state in the fixed time (system availability) and components states is defined
by the structure function ¢(x):

P (x1, %z, .., %) = $(x): {0,1}" - {0,1}, ey

where x = (x;, xa,..., X,,) 1S a state vector.
Every system component is characterized by probabilities of its working and failed
state:
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pi=Pr{ix; =1}, ¢;=Pr{x; =0}, p;+q; =1 (2)

The system availability A and unavailability U are defined based on the structure
function in the following way:

A=Pr{p(x) =1}, U=Pr{¢p(x) =0}, A+U =1. 3)

In reliability analysis, the following assumptions are used for the system that is co-
herent [4]:

(a) The structure function can be interpreted as Boolean function,
(b) The structure function is monotone,
(c) All components are s-independent and are relevant to the system.

The assumption (a) is very important because it allows using the mathematical ap-
proaches of Boolean algebra for the investigation of the system availability. One of
such approaches is Logical Differential Calculus [7].

The structure function (1) is a Boolean function; therefore, the mathematical ap-
proach of Logical Differential Calculus can be used for the analysis of the influence
of component state changes on the system availability. Direct Partial Logic Deriva-
tives are part of Logic Differential Calculus. These derivatives reflect the change in
the value of the underlying function when the values of variables change and can be
applied for analysis of dynamic behavior of a system that is declared by the structure
function (1) according to the assumption (a).

A Direct Partial Logic Derivative with respect to variables vector for the structure
function allows estimating the change of system reliability caused by state changes of
some system components. These components are interpreted as the vector of compo-
nents. A Direct Partial Logic Derivative with respect to variables vector for the struc-
ture function permits to analyze the system availability change when values of every
variable of this vector changes from a™ to a™. The Direct Partial Logic Deriva-
tive of the structure function ¢(x) of n variables with respect to vector of components
xM = (x;,%;,, ..., ;) is defined as follows [10]:

1, ifp(a®™,x) =j AND (a™,x) =T
0, otherwise ’

p( — N/9x™ (a™ - atm) = { “)
where ¢(a™,x) = ¢(a;,,a;,, ..., a;,,x) is the value of the structure function,
when Xi, = Qi Xiy = Qjyeeens X = Qg and ¢(W,x) = ¢(a_ll,a_lz, ...,m,x) is
the value of the structure function, when x; L= 0, Xy = Aysenss X,

Equation (4) for m = 1 is Direct Partial Logic Derivative d¢(j — J)/0x;(a —» @)
of the structure function ¢(x) with respect to variable x;. This derivative reflects the

fact of changing of function from j to j when the value of the variable x; is changing
froma to a:

=qa,,.

1, if¢(a;x) =jAND ¢p(a, x) =]
0, in other cases ’

06 = D/0xi(a~ @) = | )

where #a;, X) = XX1,..., X1, A, Xip1ye -5 Xp) A0 XAy, X) = HX1,e ooy Xty Ty Xippse - os Xp)-
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Direct Partial Logic Derivative (4) is a mathematical description of the system re-
liability change depending on state changes of the fixed system components. This
derivative is used to investigate system reliability change when states of the fixed
system components change.

2.2  System Failure

Consider the system failure and repair depending on some system components states
changes in terms of Direct Partial Logic Derivatives. There are two types of changes
of components states for fixed system components: simultaneous states changes and
state changes one by one.

The first variant, the simultaneous state changes, is represented using Direct Partial
Logic Derivative terminology as follows [11, 12]:

ap(1 - 0)/ax™ (1M - om), (6)

where 1™ = (1,,1;,,...,1; ) and 0™ =(0;,,0;,,...,0; ).

The assumption (b) that the structure function is monotone is used in (6). There-
fore, the system failure is declared by change of function ¢(x) from state 1 to state O
and only decreases of every of m system components from state 1 to state 0 is taken
into account. This assumption is also used in the second variant of mathematical de-
scription of the system failure.

The second variant of the system failure (system components fail one by one, if
they can) is represented as m-times Direct Partial Logic Derivative:

amp(1 - 0)/dx;, (1 - 0)dx;,(1 - 0)...9x;, (1 - 0). @)

The m-times derivative (7) is calculated by successive computation of Direct Par-
tial Logic Derivatives with respect to variable Xi» fors=1,2,..., m:

0¢s-1(1 = 0)/0x; (1 - 0),

where the initial function for s-step is defined as ¢¢(x) = (j)(Oil, 0iy) e’ Ois,x) and
$o(x) = p(x).

For example, consider the failure of system that is presented in Fig. 1. This system
consists of three components (n=3) and its structure function is defined as
@#x) = OR(AND(x}, x), x3). The two aforementioned variants of the failure of this
system when component 1 or 2 failed are presented in Table 1, where symbol °-’
means that the Direct Partial Logic Derivative does not exist.

{xl—xz—"
X3

Fig. 1. Series-parallel system
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In Table 1, Direct Partial Logic Derivative d¢(1 — 0)/dx®((14,15) - (04,03))
models situations, in which the simultaneous breakdown of the 1-st and the 3-rd com-
ponent causes the system failure. In this case, the system has two boundary states for
components xxx3: {101, 111}. The second Direct Partial Logic Derivative
0% /(1—0)/9x3(1—0)dx,(1—0) describes system failure when the 3-rd component
breaks firstly and then the 1-st component (if can, i.e. if the first component is not
failed). The system for this variant of the failure has the following boundary states
xixx3: {001, 011, 101, 111}. The last Direct Partial Logic Derivative
9% /(1—0)/9.x,(1—0)dx3(1—0) describes system failure when component 1 breaks as
first and component 3 as the next one. There are three situations xx,x3: {110, 101,
111} in which successive failures of the first and the third components cause the sys-
tem breakdown (if the third component can fail).

Table 1. The structure function of the system in Fig. 1 and two variants of its failure

ap(1 - 0) 2¢p(1 - 0) 92¢(1 - 0)
Hon % ) S e (T 1) = (0r,05)) 9% = 051 = 0) 9% = 0)9xs(1 = 0)
000 0 ] ]
00 1 1 | ]
010 0 i i
0 1 1 1 1 -
100 0 - 0
1 0 1 1 1 1 1
1 1 O 1 - 1
1 1 1 1 1 1 1

2.3  System Repair

The system repair, using Direct Partial Logic Derivatives, has been defined for state
change of one system component in [10] and for state changes of fixed system com-
ponents in [11]:

(0 > 1)/9xM (0™ - 10m), ®)

where 0™ = (0,,,0;,,...,0; ) and 1™ = (1,,1;,,..,1; ).

The system repair in Direct Partial Logic Derivative terminology (8) is declared as
the structure function change from value O into 1, when states of m failed system
components change from 0 into 1.

Here, we present state changes of fixed system components one by one for system
repair in Direct Partial Logic Derivative terminology as m-times Direct Partial Logic
Derivative:

"¢ (0 > 1)/0x;,(0 » 1)9x;,(0 > 1) ...9x;,, (0 > 1). 9)

The computation of derivative (9) is similar to calculation of derivative (7).
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3 Importance Measures

Importance measures are very often used in reliability analysis. They estimate coinci-
dence between component failure (repair) and system failure (repair). In this section,
we generalize some of them for the simultaneous or successive failure (repair) of
components group.

3.1 Component Dynamic Reliability Indices

In this paper, the concept of the CDRIs is generalized for the reliability changes that
are caused by state changes (simultaneous or successive) of a group of system com-
ponents. The basic mathematic model for these indices is based on (6) — (9).

Definition 1. The CDRI of the first type of a group of m components for the system
failure is probability of the system failure caused by simultaneous failure of given
system components:

P
P (x™) = =TT gy (10)

where p;f is a number of situations when the breakdown of m system components
results the failure of the system; p; is a number of operational system states when
<;b(1i1, 1y, 1im,x) =1 (it is computed by the structure function); and qi; is the
failed state of component ; (2).

Number p;f is calculated as a number of nonzero elements of Direct Partial Logic
Derivative (6):

piy = 0¢p(1 - 0)/9x™ (1M - ™) = 0. (11)

Definition 2. The CDRI of the second type of a group of m components for the sys-
tem failure is probability of the system failure caused by successive failure of given
system components:

m
Pfig _
Pop(x™) = E A (12)
s=1 s

where p, ;. is a number of system states when x; =x;, =+ =x;, =1 and @x) =
1; qi; is the i-th component unreliability and p;_ is the i;-th component reliability

according to (2); pyr ;. is a number of system states for which breakdown of s compo-
nents, from the i;-th to the i;-th, cause system failure and it is calculated by the struc-
ture function as a number of nonzero elements of Direct Partial Logic Derivative (7).

Definition 3. The CDRI of the first type of a group of m components for the system
repair is probability of the system repair caused by simultaneous replacements of m
failed system components:
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where p;, is a number of system states when the simultaneous replacements of m
failed system components causes the system repair and it is calculated by Direct Par-
tial Logic Derivative (8):

p1r = 09(0 - 1)/3x™ (0™ - 1) = 0, (14)

and p, is a number of zero system states for which ¢>(0i1, 0; ,Oim,x) =0 and

150 e
q;; is the probability that component j; is failed (2).

Definition 4. The CDRI of the second type of a group of m components for the sys-
tem repair is probability of system repair caused by successive replacements of m
failed system components:

m
Pr,is -
Py () = E oo qi, [Tjz1py, (15)
s=1

where pg ;s is a number of situations when x;, = x;, = -+ =x;. = 0 and #x) = 0;
pi; is the i-th component reliability and g;, is the i-th component unreliability ac-

cording to (2); p,;, is a number of system states for which replacements of system
components, from the i;-th to the i-th, cause the system repair and p,.;_ is calculated

by the system structure function and Direct Partial Logic Derivative (9) as a number
of its nonzero elements.

3.2  The Birnbaum’s Importance Measure

The Birnbaum’s Importance Measure (BIM) defines probability that given compo-
nent is critical for system operation, i.e. its failure causes the system failure [4]. In
papers [8, 11], there has been proposed the definition of the BIM for component i as
the probability that Direct Partial Logic Derivative d¢(1 — 0)/3x;(1 — 0) contains
nonzero values:

BIM(x,) = Pr{d¢(1 - 0)/dx,(1 - 0) = 1}. (16)

Generalizations of the BIM for two system components have been considered in
paper [13]. Those generalizations are known as Joint Reliability (Failure) Importance
Measures and they represent the degree of interactions between two system compo-
nents. However, they do not estimate the probability that simultaneous or successive
failures of some components cause the system failure. Therefore, in this paper, the
definition of the BIM is generalized for these cases. We denote these generalizations
as the Modified BIM (MBIM).

Definition 5. The MBIM of the first type of a group of m components for the system
failure is probability that the simultaneous failure of the fixed group of system com-
ponents results the failure of the system:



518 E. Zaitseva, V. Levashenko, and M. Kvassay

MBIM, (x™) = Pr{a¢(1 - 0)/dx™(1(™ > 0™) = 1}. (17)

Definition 6. The MBIM of the second type of a group of m components for the sys-
tem failure is probability that the successive failures of the fixed system components
cause the system failure:

z a 51 (150) ~1p{29j-1020
MBIM,(x™) = :xlstwo) = 1}H§=1Pr{ a,fijzlam - 0}’ (18)

where ¢,(x) = ¢>(0i1, 0;,, ...,Ois,x) and ¢y (x) = ¢(x). The assumption (c) for the
structure function, i.e. all components are independent and relevant to the system,
must hold for the definition (18) of the MBIM of the second type.

3.3  Examples for Calculation of the CDRIs and the BIM

Consider the example in Fig. 1 and calculation of the CDRIs and the MBIM for it. Let
the probabilities of the states of components be the ones in Table 2. The structure
function of this system is:

¢(x) = OR(AND(x4, x3), X3). (19)

Let us calculate the probabilities of this system failure if two components of it fail.
The CDRISs for this system failure are determined according to (10) and (12).

Table 2. State probabilities of components of the system in Fig. 1

Components
X, X, X,
q 0.03 0.12 0.03
0.97 0.88 0.97

The CDRIs of the first type Plf(x(2>) (for two simultaneous components breakdown)
for this system are: P/(x;, x,) = 0.4268, P /(x;, x3) = 0.9409 and P,/(x,, x3) = 0.8536.

Numbers p, for different changes of system components (11) are determined by
derivatives ¢ (1 - 0)/9x® ((111, 1i2) - (0i1' 0, ) and number p; is computed by
the structure function of this system.

The CDRISs of the second type for the system in Fig. 1 are calculated for successive
components breakdowns by (12) and this equation in this case is:

Pfi Pfi
PZf(x(Z)) = Pi_iipll qupo? (20)

where p,;, is a number of system states where x;; =1 and ¢(x) = 1; p,;, is a number
of system states where x;; = x;, = 1 and @(x) = 1; ps; is a number of state vectors for
which the i-th component breakdown causes system failure and pf;, is a number of
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state vectors for which the i;-th and the i,-th components breakdowns cause system
failure; p;; (¢;,) and p;, are the ij-th and the i,-th components reliabilities (unreliabili-
ty) according to (2).

Numbers p,;, and p,;, in (20) are computed by structure function (19) of the sys-
tem. Numbers p;;, and p,;, are determined by Direct Partial Logic Derivative (7) as
a number of its nonzero elements.

The CDRIs of the second type sz(x(z)) for this system are calculated for successive
components breakdowns by (20) as follows: Py (xy, x2) = 0.3233, Pys(x, x1) = 0.2933,
sz(xl, X3) = 03524, P2f()C3, )Cl) = 07421, P2f(.X2, X3) =0.4097 and P2f(.X3, Xz) =0.7407.
These numbers show that the most probable scenarios which lead into the failure of
the system are successive failures of the 3-rd and the 1-st component or successive
failures of components 3 and 2.

The MBIM of the first type (for two simultaneous components breakdown) for this
system are: MBIM,(x,, x;) = 0.03, MBIM(x,, x3) = 1 and MBIM|(x,, x3) = 1. These
numbers mean that the simultaneous failure of component 1 and 3 or 2 and 3 causes
the failure of the system regardless to state of another component.

The MBIM of the second type are computed for this system according to (18) as
follows:

¢ (1-0 ¢ (1-0 a 1-0

MBIM, (x®) = Pr {2020 = 1} 4 pr{Z202% = o} pr {32250 = 1), 1)
where ¢, (x) = ¢(0;,,x).

Using (21), we get the next values of the MBIM of the second type for the system
in Fig. 1: MBIM,(x,, x) = 0.0264, MBIM,(x,, x3) = 1 and MBIM,(x,, x3) = 1. These
numbers mean that the successive failure of component 1 and 3 or 2 and 3 causes the
failure of the system every time, i.e. regardless to state of another component.

4 Conclusion

Two new importance measures are proposed in this paper: extension of the CDRI and
the BIM. The CDRI is used to investigate the system availability depending on the
components states changes. New type of the BIM has been denoted as the Modified
BIM, because it does not estimate the overall criticality of given group of components
for the system activity but only the influence of their simultaneous or successive fail-
ures.

The novelty of the proposed measures consists of two aspects. One of them is in-
vestigation of influence of some fixed components states changes on the system
availability. As a rule, importance measures are defined for only one system compo-
nent. In this work, the simultaneous or successive components states changes are
considered.

Another aspect of the novelty is using of the Direct Partial Logic Derivatives with
respect to the vector of variables for calculation of these measures. The advantages of
this mathematical approach are: (a) the application for analysis of system with any
complexity and (b) the simplicity of the calculation. The computational complexity of
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the Direct Partial Logic Derivatives calculation depends on the number of system
components only and is not influenced by other topological complexity of the system.
The Direct Partial Logic Derivatives are calculated based on the comparison of the
values of the structure function only, and therefore, their calculation is very simple.

Logical Differential Calculus is very perspective for analysis of dynamic properties
of the investigated system. Its potential in reliability analysis can increase in combina-
tion with Logical Integral Calculus [14] that allows revealing the structure function
when it is not completely defined. However, this idea needs another research.
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